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CONVERGENCE OF A SECOND-ORDER SCHEME FOR NON-LOCAL
CONSERVATION LAWS

VEERAPPA GOWDA G. D.!, SUDARSHAN KUMAR KENETTINKARA?* AND NIKHIL MANOJ?

Abstract. In this article, we present the convergence analysis of a second-order numerical scheme for
traffic flow models that incorporate non-local conservation laws. We combine a MUSCL-type spatial
reconstruction with strong stability preserving Runge-Kutta time-stepping to devise a fully discrete
second-order scheme. The resulting scheme is shown to converge to a weak solution by establishing
the maximum principle, bounded variation estimates and L' Lipschitz continuity in time. Further,
using a space-step dependent slope limiter, we prove its convergence to the entropy solution. We also
propose a MUSCL-Hancock type second-order scheme which requires only one intermediate stage unlike
the Runge-Kutta schemes and is easier to implement. The performance of the proposed second-order
schemes in comparison to a first-order scheme is demonstrated through several numerical experiments.
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1. INTRODUCTION

In recent years, conservation laws with non-local flux have emerged as a vital area of research due to its
wide-ranging applications in various physical models. These models include sedimentation [13], crowd dynamics
[17,31-33], supply chains [8], conveyor belts [49,64], weakly coupled oscillators [5], gradient constrained equations
[6], traffic flow [9,14,20,23,28,67], structured population dynamics in biology [62], etc. Various aspects of these
non-local conservation laws are extensively studied in the literature, such as their well-posedness addressed in
[3,7,14,18,20,30,38,47,64] and non-local to local limits studied in [15,16,29,34-37,58]. Extended studies include
non-local balance laws in [1,57,59] and the non-local pair interaction model in [39,40], and references therein. In
this article, we specifically focus on the traffic flow models governed by non-local conservation laws, originally
proposed in [14] and further studied in [21,24, 26,42, 46]. These models account for the interaction between
drivers and the surrounding density of vehicles and have been widely studied in the literature. In particular,
stability estimates for non-local traffic flow equations have been derived in [24,54] and regularity results for
solutions of these equations have been investigated in [10]. Also, there is a recent trend to derive general
numerical schemes for non-local conservation laws, see [4,45,55]. Furthermore, the traveling wave solutions for
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non-local traffic flow models were discussed in [63,65]. Different versions of non-local traffic flow equations also
have been proposed and analyzed in the literature. That include models for one-to-one junctions [26], models
with on-off ramps [27], multilane models [43], network models [44] and non-local conservation law models with
discontinuous flux [22].

Our main aim here is to devise a second-order numerical scheme and show its convergence analysis for the
one-dimensional non-local traffic-flow modeling equations studied in [20,41,42]. In the field of computational
fluid dynamics, first-order methods are generally considered robust and reliable, and they aid in establishing
well-posedness of problems. However, second- or high-order methods offer the advantage of considerably more
accurate solutions with the same computing cost, particularly for two- or three-dimensional problems. As a
result, there has been a surge of research activities aimed at improving these high-order methods. For instance,
in the context of non-local conservation laws, [25,46] treat second-order schemes, while [19,41] propose and
compare high-order discontinuous Galerkin methods and central WENO schemes. These studies suggest that
high-order schemes offer better solutions than the low-order schemes. In an attempt to obtain better resolution
for solutions of non-local conservation laws, the authors in [25] studied the Lagrangian anti-diffusive scheme.

In this work, to derive a second-order scheme, we employ a MUSCL-type spatial reconstruction [68] along
with a strong stability preserving Runge-Kutta time stepping method [50,51]. Such schemes are commonly
used to discretize local conservation laws, for a detailed description we refer to [50,66]. In [25], a second-order
scheme of this type was presented for non-local multi-class traffic flow problems, showing its positivity preserving
property analytically and through numerical examples. In this work, our focus is on the convergence analysis
of this second-order scheme which we denote by RK-2. To obtain the convergence results, we also utilize a
suitable numerical integration rule for approximating the convolution term. The convergence analysis involves
two main stages. In the first stage, we aim to show that the proposed scheme converges to a weak solution.
This is achieved by deriving a sequence of results that establish L°>° estimates, Lipschitz continuity property
in time and total variation (TV) bounds on the family of approximate solutions. We then use a version of the
Kolmogorov’s theorem to extract a subsequence that converges to a weak solution. Through the classical Lax-
Wendroff type argument [60] we show that the limit of the convergent sequence is a weak solution of the given
problem. Importantly, in a specific case (where g(p) = p, as we see later), weak solutions are already unique and
an entropy condition is not necessary, see [57]. In the second stage, for the more general case, building on the
ideas presented in [73], we employ a space-step dependent slope limiter (see [2,71]) to establish the convergence
to the entropy solution. Furthermore, we also consider a different type of non-local traffic-flow model, referred
to as the downstream velocity model, proposed in [42]. We note that the convergence analysis presented in this
work is applicable to this model as well.

In addition to this, we propose a MUSCL-Hancock type second-order scheme for the non-local problems
of [20,41,42]. We denote this scheme by MH. The MUSCL-Hancock scheme, initially introduced in [69] and
subsequently explored in [11,70], is widely recognized for its simplicity and accurate shock capturing capabilities.
In our work, we have tailored this approach to create a second-order scheme through appropriate numerical
integration of the non-local flux term. Our analysis shows that the MH scheme provides a solution that is
comparable to that of RK-2, while requiring only one stage of spatial reconstruction. This characteristic would
save computational time, particularly when dealing with two-dimensional problems. However, the convergence
analysis of this scheme will be reserved for a future work.

The rest of the paper is organized as follows: Section 2 describes the mean-downstream density traffic flow
problem and discusses the notion of weak and entropy solutions of the underlying problem. Next, in Section 3,
we present a second-order scheme that combines a MUSCL-type spatial reconstruction and Runge-Kutta time
stepping to solve the underlying problem numerically. Further, we demonstrate that the approximate solutions
obtained using this scheme possess desirable properties such as the maximum principle, a BV estimate and
L!-Lipschitz continuity in time. In Section 4, we prove the existence of a subsequence which converges to a weak
solution of the given problem. In Section 5, we establish the convergence of the scheme to the entropy solution. In
Section 6, we propose a MUSCL-Hancock type second-order accurate scheme for the approximation of non-local
traffic flow problems. Finally, in Section 7, we provide numerical experiments to illustrate the performance of the
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second-order schemes in comparison to a first-order scheme. We conclude with our final remarks in Section 8.
An Appendix includes the proof of Kolmogorov’s theorem adapted to our context, a description of the mean
downstream velocity model and results that aid in proving the convergence to the entropy solution.

2. MEAN DOWNSTREAM DENSITY TRAFFIC FLOW MODEL

We consider the following initial value problem for the non-local conservation law, originally proposed in
[14,20]:

Orp + 0y (g(p)v(p * w'ﬂ)) =0, zeR te (OvTL
p(0,2) = po(z), z €R, (2.1)

which describes the evolution of the vehicle density p(t, x). Here, g and the velocity v are given functions of the
density such that the map p — g(p)v(p) is the corresponding local conservation law flux. The function w, is a
convolution kernel with compact support in [0,7] for some 1 > 0. The convolution term p * w,, is defined as

z+n
prugftin) = [ pltpuny - o) dy. (2.2
xr

We denote RT := [0, +00) and make the hypotheses on the functions v, g and w,, as follows: v € C?(I; RT) with
v < 0,9 € CHL;RT) with ¢ >0, w, € C*([0,7; R") with w] <0, [ w,(z)dz = 1, where I = [0, pmax] €
RT, pmax > 0. Further, we assume pg € BV(R; [0, pmax]). Through the convolution of the density profile p with
the kernel w,,, the non-local flux function denoted by f(t,x, p) := g(p)v(p * w,) takes into account the reaction
of drivers to the neighbouring density of vehicles. In the case of traffic flow, the assessment of surrounding
density generally happens only in the downstream direction by looking ahead, giving greater importance to
closer vehicles. In this context, at a given time ¢, the velocity of cars at the point x has to be thought of as a
function of not just the density p(¢,x) but of a weighted mean of the density in a right neighbourhood of x.
This leads to the mean downstream density term p * w, as a convolution with a non-increasing kernel function
wy, in the domain [z, + 7] (see [14]). Through this mechanism, the non-local conservation law model turns to
be suitable for describing traffic flow in a congested or heterogeneous road network. In general, the solutions
of (2.1) need not be smooth, necessitating the definition of a weak solution given in the following lines.

Definition 2.1. (Weak solution) A function p € (L= NLY)([0,7) x R;R), T > 0, is a weak solution of (2.1) if
T “+oo 400
/ / (PBrp + g(p)v(p * wy)Dpep) (¢, ) dz dt + / po(2)p(0,z)dz =0 (2.3)
0 —oo —o0
for all p € CL([0,T) x R;R).
Further, we consider the following definition of entropy solution of (2.1) given in [20,42].

Definition 2.2. (Entropy solution) A function p € (L*°NLY)([0,T) x R;R), T' > 0, is an entropy weak solution
of (2.1) if

T 400
/O [ (\p*ﬁlatswrsgn(p*ﬂ)(g(p)*g(ﬂ))v(p*wn)&:s@

+oo
wa—mwmvwmawwm@@mmw+[ Ipo() — klp(0,2) da > 0 (2.4)

for all p € CL([0,T) x R;R*) and & € I = [0, pmax], Where sgn is the sign function.

Note that, with this definition, uniqueness of entropy solutions of problem (2.1) follows from Theorem 2.1 of
[20].
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Remark 2.3. In a recent paper by Friedrich et al. [42], a new non-local conservation law model for describing
traffic flow, known as the mean downstream velocity model, was introduced and studied. This model posits
that drivers adjust their velocity based on the average velocity of vehicles in their vicinity. In our study, we will
primarily examine the mean downstream density model, but it is worth noting that all of the results we present
can be extended to the downstream velocity model as well. Additional information on this point can be found
in Appendix B.

3. SECOND-ORDER NUMERICAL SCHEME

To begin with, we discretize the spatial domain using a uniform mesh of size Az, ensuring that the length
of the convolution kernel’s support n = NAz for some N € N. The spatial domain can then be represented as
a union of cells, given by [z Ti 1, ]+2] where Tjg1 =Ty 1= = Az for all j € Z. The time domain is discretized
with grid points t" = nAt, where At is a time step Wthh is chosen according to a CFL condition that will be
specified later. Also, the ratio A = <% is kept as a constant. Finally, we denote w = wy(kAz) for k=0,--- N
and note the following propertles

Ozwf]forallk:l,u-,]\f (3.1)
and
N-1
Az Z wf, < ngAa: = wgn. (3.2)
k=0

Moving on to the numerical scheme, given the cell-average solution p;(t) at time ¢, we proceed with reconstructing
a piecewise polynomial denoted as p; (¢, z) which is given by

~ r— Ty .
pi(t,x) = p;(t) + %aj(t) forz € (z;_1,2;,1), jEZL (3.3)

Here,

. 1 )
o,(6) = minmmod ((55(6) = 95100, Jlosna(0) = pir (). (psa (0 = ps(0) ) G2 (30
represent the slopes obtained using the minmod limiter, where the minmod function is defined as

sgn(a;) min {|ag|}, ifsgn(a;) =--- =sgn(ay),
minmod(ay, - ,ap) = 1§’f§m{‘ Y (3.5)
0, otherwise.

o;(t)

ir1(t
At each interface x;, 1, the terms pj+%7_(t) = p;(t) + J2 911(t)

and pj 1 (1) = pja(t) — denote the
left and right values of the reconstructed linear polynomial p(¢, z). With a finite volume integration, a spatially

second-order semi-discrete scheme is obtained as

dp;(t)  Jirs () = f-1(®) o L /wH%

0 Ar s pi(0) = Az po(x)dx for j € Z, (3.6)

1
2

where f; 1 is the numerical flux. An immediate choice of the numerical flux is the Lax-Friedrich flux [14,20].
However, we deal with a more accurate Godunov-type flux proposed in [42], given as

Fiay® =9 (pas-(0) Viy (), e,
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where V1 (t) = v(RjJr%(t)) and R;, 1 (t) denotes the approximation of the convolution term R(t,z) :=
p* wy(t,x) at the interface Ti1. The terms R 1 (t) are computed using the trapezoidal rule as

2

Ax .
5 (Pj+k+%,+(t)w§ + pj+k+%,7(t)w§+l) , JEL. (3.7)
0

-
I

Finally, to obtain a second-order fully-discrete scheme, we evolve the semi-discrete formulation (3.6) in time
using the strong stability preserving (SSP) Runge-Kutta method (as in [50,66]). The resulting scheme is written
as

A = = A (906 Vi 9oy V),
P =Y = (9o, VL =g, VD), (38)

1 .
3 (p] +p(2)>, JEL

n+1
Pj

The second-order scheme (3.8) can also be written in the conservative form as

n n n L 1 7 1 1 .
0] — =pj - /\(FH% - FTL_%), where F;‘+% = (g(p?+l Vi —|—g(p(, )1 _)V.( )1) , JEL. (3.9)

J 2 25 JT3 Jt3z, Jjt3

We denote the corresponding approximate solution as pa.(t,x) = pj for (t,x) € [t", ") x (z;_
PR, () = paz(t", ). Also, define p(l) (t,z) = py) for (t,x) € [t",t"*1) x (zj_1,2;41] and | = 1,2. Here, p( )
(2

and p;” are taken to be the values computed from p! for all j € Z, when (¢,z) € [t7, 17 HL) x (x];%?mﬁ%].

1@, 1] and

Remark 3.1. The linear reconstruction procedure (3.3) possesses the following properties which play an impor-
tant role in the convergence analysis:

(i) The interface values have the property
Pivt,— () pira o (8) € [min{p;(t), pja (t) },max{p;(t), pjr1(t) }], € 2. (3.10)

(if) The functions p and p defined as p(t,x) = p,(t), p(t,z) = p;(t,z), = € (a:jfé,ijr%),j € 7 satisfy the
following equality (see Lem. 3.1, Chap. 4, [48]) on the total variation (TV):

TV(p(t,-) = TV (p(t,-) = D _lpj1(t) = pi(t)]- (3.11)
JEZ

(iii) The slopes {Uj(lf)}jeZ satisfy

051(8) = 03 (O)] < |pya1(t) — py(8)], for all j € Z. (3.12)

Remark 3.2. To ensure non-negative velocity terms, we require that the convolution terms R, 1 (t) in (3.7)
fall within the range [0, pmax]. In cases where the trapezoidal quadrature rule used to compute R; 1 (t) in (3.7)

is not exact for the given kernel function, i.e., % ZkN:_O (w + wk“) # 1, we adopt the same approach as in
N-1
[41]. In this context, we define Qa, = 4% (w + wkH) and replace wj by
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so that

This allows us to write the term R;_ 1 (¢) in (3.7) as a convex combination of the density values p; ;1 () and
pj+k+%’7(t), where k =0,1,..., N —1. As a result, the convolution terms fall in the desired range provided the
density values can be made to lie within the range [0, pmax|, which we will see later. Consequently, the velocity
terms remain non-negative. Moreover, replacing the terms w}; by u?’; does not affect the order of accuracy of the
approximation as we have Qa, ~ 1. In addition, let us observe that, the modified terms 12;’; also preserve the

non-increasing property of w,’? With these observations, henceforth, in our convergence analysis of the RK-2

k

scheme (3.8), we replace wf; by u?’;, while still denoting it as w,.

3.1. Maximum principle

We establish that the approximate solution constructed using the scheme (3.8) satisfies the maximum
principle. Initially, we examine the first-order forward Euler time stepping involved in the RK-2 scheme
(3.8). Subsequently, we demonstrate the maximum principle for the RK-2 scheme (3.8). Note that through-
out this paper ||| denotes the supremum norm ||-||Le. Also, for any a,b € R, we denote the interval
Z(a,b) := (min{a, b}, max{a,b}) and BV denotes the space of bounded variation functions. Now, we have
the following lemma.

Lemma 3.3. Let p} € [Pms Par] C [0, pmax] for all j € Z. Assume that the CFL condition

At 1
=< - (3.13)
Az = 2(|lgllllv [ % ws + [lollllg’lD
holds. Then the approximate solution obtained using the first-order Euler forward time step
n+l _ n _ n n n n
pit = pj A(g(pj+%,,)‘/;+% g(pj,%,,)Vj,%) (3.14)
satisfies ppy, < p}”‘l < pum forall j €Z.
Proof. Using the mean value theorem we write
VI Vi = u(RY )~ (R, ) = v (G)RL, — Ry, (3.15)
for some (; € Z (R?,; ) R;,‘ 1 ). The difference of convolution terms reads as
2 2
Ap N1
n n _ ki n n k+1/ n n
s TR = 5 > (wn(pj+k+%,+ ~Pn-g) Ty Py - pj+k+%,f)) : (3.16)
k=0

Using summation by parts yields
N—-1
Ax
n n _ N—-1 n .0 n n k-1 _ k
ey Ry =5 W PNy WPy T E:pﬂkﬁﬁ(wn wy)

k=
Az N-1
N k_,k
Ty (wn Piines - —WaPiys ¥ ) Pierry,—(Wy = “’nH)) : (3.17)
k=1
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Upon substituting the expression (3.17) into (3.15) and considering the assumptions that w,, is non-increasing,
wy, > 0 and v' < 0 as well as the property (3.10) of the reconstructed values, it follows that

N-1
" " Az _ n B
Vitg = Vi = _U/(Cj)T <w117v Yo — wSpj_%,+ + pm Z(wﬁ t— wf;))
k=1
N-1
Az n
U/(Cg)7 (wf,va - w%pﬁl _t+pom (w’; — w’,j“))
k=1
/ Az ¢y 0 n 0 N-1
< v (Cj)T (w,} PM = WyPi_ 1 4 + pur (w, — wy )) (3.18)

Ax
—'(¢) == (wr];va — w%p?+%7_ + pM(w}7 — wév))

< V| Azwd prmax. With a similar argument, we can show that

Subsequently, we get that V" , — V" |
J=3 It3
n n / Az 0 n 1 n
Vi = Vi = =G5 (whom = Py )+ whom = o4y ) (3.19)
which yields V" ; — V™, > —|[v/|| Azw? ppmax. Consequently, we have
J—s3 Jj+s n
VI = V] < 0 A0t pr (3.20)
Multiplying the inequality in (3.18) with g(pas) and subtracting g(p?+l _)V,’j_l, we get
27 2

n n n AI’ n N
VI sg(oan) = Vi a a6y ) < gl 115 (woar = iy )+ whions = oy )
Vit (g(pM) *9(/’%%,7)) (3.21)
Ax . .
= ||g||\|v’\|7 <w2(pM ~Pio14) +wy(py — Pj+%,f))
+1vlllg'll(oar = pjs _)-

Given that the CFL condition (3.13) holds, the observation p? = %(P?,; L TP )
3 3

tonicity of g and the estimate (3.21) lead to the following estimate:
ot = A (Vi gy ) = Vg, )

<oy + A (V] sgloan) = Visg(olys )

together with the mono-

(P 00 ) A
J—35.t J+3:— T n n
< 5 + Mg 155 (whoas = Py )+ whlons =ty )

Xl oar — 7y )

p?_l*'i' ! Az 0 n
<22 + Algllv ||7wn(PM P14

IN

p?—i-l,— Az
+< | +A(|g||v’|Qw%+llvlig’”)(pM‘f’?ﬁﬁ—))

Py 1 pM =P 1 Pl =P
S < J 227"1‘ + 2] 2»+> +< J+227 + 2]+27 ) = pur. (322)
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Similarly, using (3.19) we can see that the following inequality holds

Ax
Vi y0(om) = Vg olofy ) 2 Mol 155 (whom =y )+ wiom = 2y )
10l = £y )
n+1

Using this inequality, in the same line of argument as in (3.22) we get the lower bound p; " = pm, provided
the CFL condition (3.13) holds. This concludes the proof of the lemma. O

Theorem 3.4. Let p} € [pm; pa] C [0, pmax] for all j € Z. Assume that the CFL condition (3.13) holds. Then
for all n € N the approzimate solution obtained using the second-order scheme (3.8) satisfies

pm < pj < pr o forall je€Z. (3.23)

Proof. Proof of this theorem uses the principle of mathematical induction. The base case n = 0 is trivially
satisfied. For the inductive step, we assume that the inequality (3.23) holds for n € N, and show that it
also holds for n + 1. We use Lemma 3.3 to show that the first and second stages of the second-order scheme
(3.8) also satisfy the maximum principle. First, we apply the Euler forward step to p; to obtain pgl). By
(1) ( (2)

1) .
; ;* to obtain p;

(€]

< pu for all j € Z. Next, we apply the Euler forward step to p
1. a

Lemma 3.3, we have p,,, < p

Again, by Lemma 3.3, we have pﬁ) < p§»2) < pg\?, where p/ = sup;cy p; ) and pi}) = infjez p; . Finally, as
p?"‘l = %(p? + p§-2)), the result holds true for the case n + 1. This completes the proof of the theorem. ]

Remark 3.5. As a consequence of Theorem 3.4, it follows that the second-order scheme (3.8) is positivity
preserving, in the sense that when the initial datum is positive then the approximate solution remains positive
with evolution in time. Further, provided that the initial datum pg is positive, by using the conservative form
(3.9) and the positivity property, it is immediate to see that the approximate solution pa, obtained using the
scheme (3.8) satisfies the following

lpaz(t, )L ®) = llpaz(0,)|lLi®) = llpollLi(w), for all £ > 0.

3.2. Total variation estimate

We derive an estimate on the total variation of the approximate solutions obtained through the second-order
scheme (3.8), when applied to the problem (2.1). This is done by initially examining the Euler forward step
(3.14) and subsequently extending to the second-order scheme.

Lemma 3.6. If p’k, € BV(R; [0, pmax]) and the CFL condition (3.13) holds, then pxt' computed using the
Euler forward step (3.14) has the space total variation estimate

Dol = o < (L CAY Y Ipf — pfl, (3.24)
JEZ JEZ

where C':= wy pmax|V'[[[19]] + 10pmax (wy)? ([0 [ llglln + 3wy llgllllv"]]

Proof. Let p}”l be computed through (3.14). We proceed by subtracting and adding the term
—/\(Vji%g(p;r%’_) + ‘/ji%g(p;?+%7_)) to the difference p'f} — p*'. By using the observation p7 = %(p?_%7+ +
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,D?Jrl _) and rearranging the terms, we obtain:
3

P = o = (= o) = A Vs (90 ) = 90ys ) = Vits (9(ees ) = 9(e) s )

N
0y Iy =2V V)]
= (Pfy1—Pf) — A {Vﬁ%g’(%ﬂ,—)(pﬁg,_ — Py ) = Vg (05-) (0 - — Py )

(0 (Vg =2V + V)]

1 1
= 30— )+ Gy~ (5 Amgg'wﬂw)
+ )\‘/;Ti%g'(%,)(p?+%’7 — p;.l%ﬁ) — )\g(pzﬁr%ﬁ)( 2V+1 + V” ) (3.25)

where 6; _ € I(p;‘_% —’p?+é ). We can write

2V+1 JrV" 18— Z%)*(]—i%*vjﬂ,%)

= (Viis
= V(G (B g — B y) = 0GRy — RY )

( (Git1) _U(CJ))( J+%_R?+%)+U/(Cj)( j+%_2R;}+%+R;}7%)
=

(G2 (G — G (R JAE ?ﬁ)‘“”(@)( ez T 2R R

s -

%), (3.26)

where ¢; € Z(R} 1, R?, 1) and ;1 € Z(G;, Gi+1). By inserting the identity (3.26) into the expression (3.25),
2 2

applying the CFL condition (3.13) and taking the modulus, it follows that

7 1 n n
ot = o < 51T +|+|AJ+1_|(—Avj+sg'<<j+1,_>)+xvj ¢ )IAn_|

+ A9 I (GlIGin = GlIRY, s — R4

+)\g(p;’+%7_)|v ()| R? To = 2RI+ RT | where AfL =0y = pf s L (3.27)
Rearranging the terms of the expression (3.17) obtained through summation by parts, we can write
n n —
s~ 2R+1 + R 1 =( ;‘Jr% —R;Zr%)—( it T R” %)
Ax N—-1/ n n 0/ n n
-2 (wn (O N2+~ Pien—2,4) —Wn(Pj = PG 1 )
N—1
k—1 k
3 s = Py )b —wh))
k=1
Az N/ n n 1
T(wn (Pianrg— — Pieneg,—) —wn(Pfg =Py )
N—1
2 E+1
+ (p;‘l+k+%,— - p?+k+%,_)(wn - wn+ )) (3.28)

o
_
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Since ¢; € Z(R” 1,R;’Jrl), for some «, 8 € (0,1) we can write
2

Giv1 — G = Rt +3+(1 a) ?+1 p J+1_( ~BR;_,

Ag VoL Ax N— 1
— k+1 k k+1
a5 > (P11t 3 s LW + P s Wy )+ 7 (P d W+ Py gps —wy )
k=0 =0
N-1 N— 1
Az k41 Ax WF k+1
- ﬁ? (p]+k+ +Wn +pg+k+3 —Wy ) 7 ]+k71 Wy +p?+k+%,fwn )
k=0 =0
N-1
Az & Az k1
-4y Z(p3+k+ 4+ TPy e) + 0 —a)— O +p]+k+ _wy )
k=1 k=0
Ap N1 Ap N2
k k+1 k+1 k+2
B D (P ey 0 T P g ) — (1= P~ D (gt g w0y ™)
k=0 k=—1
Ax
= T(Ql + 92)7
where
N-2
o Y ey (o0 (= )k — Bk — (1 )
k=1
N—2
+ Z p?+k+3 _ (aw]; +(1- a)werl — ﬂwf,+1 —(1— B)w’fr?),
k=1
N
=a (p f+N—1 .+ + Pien+1, _wp Tt PieNtit wy 7+ Pirntg, W )
N—1 N
+(1- ( Pit1 +Wy + p;‘l+%,fwn t PN LWy PN Wy )
1 N—1 N
—h (pH +W Piva Wyt Piyn 1 Wy P Ny Wy )
) (p?_%7+w2+p?+1 wy +p3+ + 77+pj+3 - 2)'
As the function w,, is non-increasing, w]; > w’,j“ for each Kk =0,..., N — 1 and it follows that
ozwf;_l +(1- a)ws - Bwf; —(1- ﬁ)wﬁ“ > 0. (3.29)

Now using (3.29), property (3.1) and property (3.10) of the linear reconstruction, we have the following bound

|Q1| < Pmax (awzil + (]- - OZ)U)Z - 5'107’; — (1 — ﬁ)U)Z;Jrl)
k=1
N—2
+ (aw5 + (1 - a) B+l _ ﬁwﬁ“ —(1- ﬁ)wf]”)]
k=

1
< Punax (awg + (1= B)w) —aw 2 — (1 - 5)@0%1)
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In a similar way, using property (3.1) and since 0 < «, § < 1, we obtain the following bound for @
‘Q2|E§16u£pmaw
Thus, we have
Ax 0
G — Gl < 7(|Q1| +1Qa|) < 10AzwW, prmax- (3.30)

Now, from (3.27) we write

zzzvgif n+1 EE:LA +|4‘§£:LA +14J ( AL7+39 CJ+1* ) +‘§£:A‘/ Cj*)hﬁ |

JEZ ]EZ JEZ JEZ
+Z/\g(pﬁ%,_)\“"(cﬁ%ﬂ|Cj+1 GlIRY, s — BT
JEZ
+ D A7 W (GIIRY s = 2R}y + RI 4| < Au+ As + Ag + Ay,
JEZL

where

1 <n n n
Ay = §Z|AJ‘,+|7 Az = Z|Ag+1 - ( + )\(V V]+ (G- )

JEZ JEZ
n " A.%' k gy Ax k+1
Az = Z)\Q(Pj+%,_)|v (<j+%)||<j+1 =Gl Z B) |Aj+k+1+ + Z 9 |Aj+k+27| )
JEL k=0 k=0
N-1
A=Y Mol ' (G)] ( DA N g A+ D AT (w §‘I—w§)>
JEL k=1

Az
+7 ( N|A]+N+1 |+wn|AJ+1 | + Z|Aj+k+1 (wk —wsﬂ))] .

Note that As is obtained by shifting the index and grouping the second and third terms in (3.27), Aj is obtained
using (3.16) and A4 using (3.28). The property (3.11) of the reconstruction reads as .., |A% | < TV(px,).
Consequently, using the estimate (3.20) the following bound holds

1 n
| < (5 + AU w9l pmax ) TV (P

Further, using the estimate (3.30), property (3.11) and using the fact that 0 < Zg 01 A:Ew ONAx = wnn,
we obtain

| As| < 10pmax At g[l[[v” [ (w§)*nTV (pk,.)-

N—1 0 N-1/ 'k
wy n <w, and 0 < Y ket (wn —

witl) = w} —w]) <w) <wd), we have the bound |A4| < 3Hg\|||v’||w0TV(pAT) Finally, we can write

By using property (3.11) and observing that 0 < Z ( k=l k) = w

dO

Sloptt = o < TV (o) (14 At () om0 N9/ 1] + 10w (w))2[" llgln + 3 lgll]) )
JEL

Hence we obtain the desired bound on the total variation as
TV(ptY) < (1+ CAHTV(pA,).
where C' = w pmax [V [[[|¢[] + 10pmax (wi)*|o” [[|glln + 3wdlgl[|v']]- O
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Theorem 3.7. (BV estimate in space) Let the initial data pg € BV(R; [0, pmax]) and the CFL condition (3.13)
holds. Then for every T > 0 the approzimate solution pa, obtained using the second-order scheme (3.8) satisfies
the space total variation estimate

TV (paz(T, ")) < exp(2TC)TV(po), (3.31)
where C' = wy pmax][V[[[19[| + 10pmax (w))[[v" [lg]ln + 3willgl[[v"]]-
Proof. Let {p;»”rl}jez be calculated using the second-order scheme (3.8). We can write
n n n 2 2
pA“’z_l Z‘p]i_ll +1| < <Z|p.7+1 p_] ‘ + Z|p§-‘21 ; ) )
JEL JEZ JEZ

Applying Lemma 3.6 on the two Euler forward steps in (3.8) we get the following bound,

2 2 1 1 n n
ST - 0P <+ can Il - ol < @+ can > ot — ol
JEL JEZ JEZ
Therefore,

7 1 i T u T T 7
TV < 5 (Dolefen = 51+ L+ CAH2 D Ipiy = 1) < (L+CAO2 Y Iy — o}

JEL JEL JEL

< (14 CALPMED N 00, — ] < exp(2At(n + 1)C) TV (po) < exp(2T'C)TV (po),
jEL
whenever (n + 1)At < T. Thus we have TV (pas(T,-)) < exp(2T'C)TV (py). O

3.3. L!-Lipschitz continuity in time

Lemma 3.8. Let pi, € BV(R;[0, pmax]) be the piecewise constant function given by pj,(x) = pff for v €

(acjf%,ijr%]. If pxt! is computed using the Euler forward step (3.14) with the CFL condition (3.13), then the
following estimate holds

A" = Pl < At(llgllle’ lwhn + g’ llvl ) TV (o). (3.32)

Proof. From (3.14) we write

ks — pRollLiey = Az Y _|pf Tt = pf| = ALY |ESy — F7 |,
JET JET
mean value theorem, we deduce that

, . Subtracting and adding g(p? )V;jrl to the term F‘J?ll — F;ﬂr; and using the
2 2 2 2

= ‘g(p” VL =V + (9(ef_s ) —9(efy s D)V

2

= |~ a0 R = R )+ g 05 )0y = ps VL

2 20

1
2

Az
< HQHHU/HT > (wv’?lﬂ?+k+%,+ Pivn—y 4|+ wk+1|pg+k+%,— - p?+k+§,—|>
k=0

Tl elloy =gy | for G € T(RY, RY, ) and 0;— € Z(o0_, _.plyy ).
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Further, invoking the properties (3.11) and (3.2) yields

IpAs" = PAellL @) = AtZIFf_% — F} |
jez
o=
< At lgllf’ ” Z w, Z‘p?-i-k-i-%,-i- T wy ! Z'p?+k+%,— .

k=0 JEZ jez

P

JEL
< At (lglllvI TV (pRa)wnpN Az + [|g' 0] TV (pA,))
= At (lgllllv'lwyn + Ig'lvll) TV (pxa)-

O

Theorem 3.9. (L'- Lipschitz continuity in time) Let py € BV(R; [0, pmax]) and the CFL condition (3.13) holds.
Then the approximate solution constructed using the second-order scheme (3.8) is an L'- Lipschitz continuous
function of time, i.e, for any T > 0, there exists a constant kp such that

lpaz(t, ) = paz(s, Mliw) < kr(|t —s| + At) fort,s €[0,T]. (3.33)
Proof. For the second-order scheme (3.8), we see that

(2)
P+ ps n Ax 2 n
%—pj _7§ :|p;)—pj‘_ (3.34)

JEL

||PZ pr”Ll(]R) sz

Upon subtracting and adding p§-1) to the term p;?) — pj, employing Lemma 3.8 together with Lemma 3.6 and

subsequently using Theorem 3.7, it follows from (3.34) that

n A.Z‘ 2 1
&5 = Phelliie < 5 | Doloy = o5 1+ D10 —p
JEZ JEZL
At TV (1) .. / 0 / TV (" / 0 ’
5 (TV(eaz ™)) gl e + g o ll) + TV (pAa) gl lwym + g lvll)
At n n
< - (llgll’ lwgn + lg'Hol]) (1 + CAOTV (k) + TV (PXs))

At

/\

< Sl g + 19/ Mol TV (o3, (2 + CA)
ﬁAmmwwm%+mmmmmmm@nvmﬁQ+c§§7
provided that the CFL condition (3.13) holds. Furthermore, we can write
lPRs = PRzl ) < 1PRe = PRG ur@) + -+ I0AL = PRalliim) < Athe + - + Athe = rln —m|At,

with &p = (|lgll[[v/[[wdn + [lg'[l[[v]]) exp(QTC)TV(po)<1 + %C) and for m,n € N;m > n with mAt < T and
nAt < T. Thus we can conclude that for sufficiently small At,

PRz = PRzllL1(R) < Fr|n —m|At (3.35)
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for n,m € N with nAt < T and mAt < T, where
rr = (lgllllv"lwyn + [lg'l[[[0]]) exp(2TCYTV (po) (1 + C).

Now, for t,s € [0,T], let n,m be such that ¢t € [t",¢t"*!) and s € [t™,t™F!). Since |n — m|At < |t — 5| + At,
from (3.35) it follows that

lpax(t,-) = paa(s:)llLiw < wr(t —s|+ At) fort,s € [0,T]. (3.36)

O

4. CONVERGENCE TO A WEAK SOLUTION

The results in Theorems 3.4, 3.7 and 3.9 allow us to use the Kolmogorov’s theorem (as described in Theo-
rem A.8 of [53]) to extract a convergence subsequence of approximate solutions obtained using the second-order
scheme (3.8). We have adapted the Kolmogorov’s theorem to fit our specific context. For the sake of com-
pleteness, we state the modified theorem here and the proof is given in the Appendix A. Further, we use a
Lax-Wendroff type argument to show that the limit is a weak solution.

Theorem 4.1. Let ug : [0,+00) x R — R be a family of functions such that for each positive T,
ug(t, z)| < pr (4.1)
for (t,z) € [0,T) x R and a constant ur independent of £. Assume in addition for all compact set B C R and
fort €[0,T] that
sup / lug (t,z + C) — ug(t, )| dz < vE|7, (4.2)
[<I<I|T| /B

for a modulus of continuity vE . Furthermore, assume for s and t in [0,T] that

/BIUf(t,z) —ug(s,z)| de < WE (|t - s]) + O(€), (4.3)

as & — 0 for some modulus of continuity wX. Then there exists a sequence & — 0 such that for each t €

[0,T] the sequence {ue,(t,-)} converges to a function u(t,-) in Li (R). Furthermore, the convergence is in
C([O’T]7L10C(R))

Now, in the following theorem we establish the convergence of a subsequence of the approximate solutions to a
weak solution of the problem (2.1).

Theorem 4.2. (Convergence to a weak solution) Let pg € BV(R; [0, pmax]) and let pas be the approzimate solu-
tion obtained using the second-order scheme (3.8) under the CFL condition (3.13). Then corresponding to any
sequence Axy, — 0, there exists a subsequence, still denoted by Axy, such that pas, converges in C([0,T]; LL (R))
to a weak solution of (2.1).

Proof. Firstly, the existence of a convergent subsequence is proven by using the Kolmogorov’s Theorem 4.1
invoking the estimates derived in Theorems 3.4, 3.7 and 3.9 given by

loazll < [lpoll, (4.4)

TV (paz(t,-)) < exp(2T'C)TV(py) for t € [0,T] (4.5)
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and
lpac(t, ) = paz(s,)llLiw) < kr(|t —s| + At) for t,s € [0,T7, (4.6)

respectively. Under the CFL conditon (3.13), the family {pa,} obtained from the second-order scheme (3.8)
satisfies (4.1) with ppr = ||po||. By Lemma A.1 of [53], the total variation bound (4.5) ensures that the family
satisfies (4.2) with v2 = exp(2TC)TV (po). Additionally, using (4.6), we observe that the family {pa,} satisfies
(4.3) with w® = k7. Now by Theorem 4.1, corresponding to any sequence Az, — 0, there exists a subse-
quence, still denoted by Axy, such that pa,, converges to a function p in C([0,T]; L%OC(R)) and consequently
in LL _([0,T) x R).

Our next step is to show that the limit p is a weak solution of (2.1). Typically, we will use a Lax-Wendroff type
argument [60], with certain modifications to deal with the numerical flux which also depends on Az. Denote
the convergent subsequence obtained above by pa,. Let ¢ € CL([0,T) x R). Let T}, be such that 0 < T, < T
and ¢(t,z) = 0 for t > T, and let ny be such that T, € (nrAt, (ny + 1)At]. Multiplying the conservative form
(3.9) by ¢(t",z;) and summing over n and j yields

nr
S0 e ) ) = NSl )y~ Fy)
n=0j€Z n=0j€Z
Further, summing by parts we get
PILCRALES 95 9] CTONTERECN) LRSS 9) IS OIS BRI B
JEZL n=0 j€Z n=0 j€Z
Now, multiplying the above expression by Ax we see that
P1+ P2+ P3 =0, (4.7)

where we define the terms

t n+1 Tk .
Py = AxZga 0,z;) p]7 Py = AtAa:ZZ 2 25) — ¢ ’m]))pﬂ“,

J
JEZ n=0 j€Z At
nr ", x; —o(t", x;
Py = AtAz > S FI (e xﬂ“i Pl ;).
n=0j€Z .
We can also write
“+oo “+oo
P+ Py = / paz(0,2)oaz (0, z) dx +/ / Paz(t + At, 2)0ipa. (t, x) do dt, (4.8)

where

Paz(0,2) == (0,z;) forz € (z;_1,2;,1],
Orpas(t,z) = @i(t,x;) fort €[t t"h) x € (zj_1,2;41] for some te ("),

By the dominated convergence theorem it follows that

“+o0 T “+o0
Ahmo(Pl +Py) = / p(0,2)p(0, ) dz + / / p(t, x)pe(t, ) dx dt.
T t=0J —o0

— 00
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We define R} = Ax N 1 wk R(1 = Az i\:ol wkptt) V= v(R}) and Vj(l) = 11(1‘%§1))7 where W

77'0]+k’ n j—'rk’

k N 1

Az k=0
‘QAw -

Ax

that

S e

wy
- and QAI = Ax Z w . Note that QAE =~ fo wy(y)dy = 1. Further, there exists a constant L > 0 such

‘ < LAz for sufficiently small Az. Here we use the modified weights w to ensure that R} and

R§-1) fall in the range [0, pmax). By adding and subtracting At (g PPV +g(p (1))1/}(1)) (p(t™, 1) — (™, z;))

into the term Ps in (4.7), it reads as

Py =81+ Ss,

where we define

L gV gV (e w) — ot )
S, = AtAmZZ (F - 5 ) Az ,

n=0 j€Z

n (1) & no.. _ n o
Sy = AtAxZZ( 7)V; +9( Vi ) (p(t ,mmix P(t",25))

n=0j€Z

Further, by the mean value theorem we observe that

9oy =g (p? = Mo(Pfs IV —glpf_y, )Vj"_%))

=9(p}) — ' (¢5) (g(pﬁ%,_)Vﬁr% —9(p}_1 _)Vj"_%) for some ¢; € Z(p", pi")).

Similarly,
N-1
(1) _ ~k (1)
Vi =v (Ax wnpj+k>
k=0
N-1 N-1
s K
:1’<Ax W Py — AL “%(90%@k+;)yﬁk+;'_90ﬁ4k;)Vﬁk§)>
k=0 k=0
N-1 N-1
~k ~k
= (Ax wnp;uk> — AW(0;) S @ (900 sy Vi =900y Vi s)
k=0 k=0

(4.9)

(4.10)

n ~ n n n n n 1
=V — Atv'(6;) Z w,’; (g(pj+k+%77)‘/j+k+% - g(pj+k7%’7)‘/j+k7%> for some 0; € I(Rj,R; )).

k=0

As a result, the term Ss in (4.9) can be written as

So=T1+TL+T3+7,

(4.11)
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where

T, = AtAx i Zg(p?)vjn ((p(tn’ Tjv1) — (", %))

: Az '
n=0 jeZ
ny N-1
1 n . QD(tn,,I' )_ (p(tn,.’b)
Ty = —§At2AxZ Z Z 9(p} ' (6;)(n, j, k) ( ]HA:L’ : )7
n=0 jeZ k=0
1 nr n n n n n @(tnax’—i-l) 7¢(tn’x)
T = _§AtAxZZ>\Vj 9'(¢) (Q(Pﬁ%ﬁ)vﬁ% - g(pj,;,,)Vj,é) ( : Az : )’
n=0j€Z
1 nr N-1 n n n n . (", 1) — p(t", z5)
T = 5 AP A D> M) (9(Pj+%ﬁ)vj+% - g(pj,%,,)Vj,Q U/(aj)e(n’J7k)( - Az ] )’
n=0 jEZ k=0

with the definition 4(n, j, k) = 11)7’3 (g(p;.’+k+%’7)Vj1k+% - g(p;.‘Jrkf%ﬁ)Vj’;ki%) .
Note that, the term 77 can also be written as

T —+00
T [ o(panttia)) o (Raslt2)) dupsa(t.z) o,
0 —o0
where

Raq(t,x) =R} foraz € (x;_1,2;1],t€ (", ),

Onpna(t, w) = (1", ) forwe (z;_1,2;,1] t€ [t",¢" 1) for some T € (2, 7j41)-

Note that

z;_1+m
Raalt) = [ psalt g anty —a, ) dy fora € (o, gl e e,
xj7%
where wy A, (2) == W} for 2 € (kAz, (k+1)Az]. By the dominated convergence theorem, it is clear that Ra.(t,x)

converges to f;“’ p(t, y)w,(y — x) dy as Az — 0. Now, applying the dominated convergence theorem again, we
have

T ~+oco
lim 7y :/0 [m g(p(t,2))v(p * wy(t, ) s (t, z) dz dt.

Az—0

We will now show that the terms 75,73 and 74 in (4.11) tend to 0 as Az — 0. To proceed further, we consider
the following fact

n

90y VI = 908y V4| < g 18708 pras + [ollg oy~ — 0y
< gl N A0 prma + 200llg' 107 = o1y, (4.12)

which is obtained by writing

91 Vi —9(f_y Vs =g(pfs (Vi = V) + Vi (9(pfs ) —9(pf_s )

-5,

g
=90 Vi = Vi) + an_%g/(ﬁjﬁ)<f’?+%7_ —pj_1 )

—35,—
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for some (; — € 1'(p;?7l 7,p?+l _) and using (3.20) and property (3.12). Now, using summation by parts, the
2 2
term in 759 can be reformulated as

N—-1 N—-1
Un, g, k) =y tg(pf noy IV oz —ng(oy_y V") + > glp e IV (g7 =),
k=0 k=1

Taking absolute values and using property (3.1), we deduce that

N-1 N—-1
> Un, g k)| < 2anlglllol + lgllloll D (o~ — )
k=0 k=1
< 2apllgllllvll + llglllvlly < 3wylgllfvll- (4.13)

Let R > 0 be such that ¢(t,z) = 0 for |z[ > R. Let jo,j1 € Z such that —R € (z;,_1,2; 41] and R €

(zj,-1,2;, 41]. By using the estimate (4.13) and the mean value theorem, we obtain a bound on the term 7; as

nr  Ji -

T3] < 52 Al gl ||||%\|ZZ\ZW, )|

n=0j=jo k=0
nr  Ji
oA g ollexll Y Y AtAz < 35 Atlg)* [l ||[[v]l]| ¢ | RT.

n=0j=jo

Additionally, using (4.12) and Theorem 3.7, the term 73 in (4.11) can be bounded as

<

w\w

nr  J1
Tl < gAtAlon| S 3 AV ) |aloy,y VL, — oy VI,
n=0 j=jo
nr  J1
< gdt8aligal) 3 D0 AV (G) (gl 1 Az0)pmas + 2l — 1)
n=0j=jo
nr  Ji nr  J1
< A lealellg Mol | Azwgpmae - S Atz + AtaaAlgall o212 S D10k — s
n=0 j=jo n=0 j=jo
lpac(t, @) — pas(t, x — Az
< At o 2T + Mgl 128 [ [ ba. dz i

< Atllez[lIlvllg' gV |wppmaxRT + Atlloal0]*[lg'||*exp(2TC)TV (po) T

where C' is as given in Theorem 3.7. Furthermore, using the Theorem 3.7 and the estimates (4.12) and (4.13),
we obtain a bound for the term 74 in (4.11) as

nr J1

1 S
74| < §At2AwZ >~ Mg I (gl | Azw) pmax + 2[10llllg" 105 = p5—11) 305 glllv]]|px |
n=0 j=jo
3 R
< ARGl (lgllllv’ [ Azw;) prmax) o gl 0]l o] 2RT
R T
. |pas(t,2) = pas(t,z — Ac)

JF3At}\Hg/”||UI||||'U||||9/Hw2||9||||U|H|S%||Ax/R/O Az dz dt

IN

3 ;
S AN I Pl v llwyey 2] 2RT pmas
+ 3889|211 gl [y | ez llexp(2TCYTV (po) T
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Thus, from the estimates obtained for the terms 75,73 and 74, we can conclude that

lim 75 = hm 7?),— hm ’]Z;f()

Az—0

Therefore,

Az—0

T “+o00
lim S = limo(Tl + L +T:+ 7?1) = / / g(,o(t, x))v(p s wy(t, x))(pm(t, x) dx dt. (4.14)
Az— 0 —00

Finally, we show that the term S; in (4.9) converges to 0 as Az — 0. Now, using the form of F . in (3.9), the

2
term S7 can be expressed as

_ AIA I & D 4D (", xj11) — p(t", z5))
th§:1+2 Az : (4.15)
n=0 j=jo
where the terms D; and D5 are defined as
n n n\{/n 1 1 1 1
(90y+%ﬁj¥3+%-—guy)vy) (QUﬁﬁ%,)Vf+g-—gUé))Vf))

Dy = Doy =
1 D) ] 2 2

Next, with the observation p§-1) ;(p;_)l LT pﬁ:l _
PR

Lemmas 3.3 and 3.6, we obtain a bound on the distance between R;i)l and R;l)as
2

) and using the property (3.12) in conjunction with the

! 1
‘R(l) R(1)| o Ax Jvil wk p(l) pﬁ":k—fa-‘r N N— 1wk+1 (1) p;-:k—&-%,—
5 4 2 ' 3 3 _ T =
" ’ L e TR Qa, k=0 Pitk+s, Qax
N—1 p(l)
J+k+2, k+1 &
+ —w )
kz() Qax "
N-—1 )
e kW) (1) (1) Qaz—1
BERPOR (pj+,c+;,+ gty G

N-—-1 Q )
E+1 [ (1) @) ) Az —

k= QAx
]+k+ k+1 k
—wh)
kz QAw "7 n
Am N-1
e 0 &) 0 (1)
2 GO N RNISE I 3PP
keZ k=0
N-1 0
1 1
> 1o s = ey el Y A 1>n )
kEZ k=0 Qas
wd)
< 2 (2003 108 e — A+ 2080 L+ 2003 1oy — o] O A
=9 j+k+1 ]+k J+k+1 J+k p Q
keZ kez Az
Az
< 5 (4w (14+ CAH)TV(pR,) +2wnpmaXnL + Pmaxy) . (4.16)



3458 VEERAPPA GOWDA G.D. ET AL.

Subsequently, by subtracting and adding g(pg.i) 1 )Vj(l) to the term Dy and applying the estimate (4.16) as well

207

as the property (3.12), we obtain

2|Dy| < ‘g (1) )(Vgl)l _Vﬁl))’+‘(g( (‘1)1 ) — g0 (1) V(l)‘

1 1 1
< Jlglllv’ ||\RJ+, ~ R+ |lg’ ||||v|\|p<+>, =AY

(1)
Az . loj |
< HgH”U/HT(4w2(1+CAt)TV(pAm)+2w2pmax77L+pmax o) + g’ vl —5—
W)

Az " . |P' 1
< gl 5T (0 + CANTV(pL,) + 20 prasnl + punasii) + '] 224

To proceed further, we observe the following inequality

nr  Jji nr  ji
AtAzYy Y o = pf < AtAe(1+ CAY YD |ty — o
n=0 j=jo n=0 jo

T (R
:(l—i—CAt)/ / lpaz(t,z + Azx) — pag(t,x)| dedt

<(1 +C’At/ AzTV(pas(t, ) dt

< Az(1+ CAt)exp(2TC)TV (po)T. (4.17)
Now, using (4.17) we obtain the bound
nr  Ji t i _ +n R
e 35, (A1) )
n=0j=jo
nr  Jji
< Al S0 ol 157 (11 + CANTV(R,) + 208 pas L + prcit)
n=0 jo
L & ij+1 -S|
+ AtAz|. ]| DD Il ol =
n=0 jo
< TII%IIHQHHU I (4w (1 + CAt)exp(2TC)TV (po) + 2wy prmaxtiL + praaxiy) 2RT
422 H%Hllg [[vll(1 + CAt)exp(2T'C)TV (po)T" (4.18)

In a similar way, a bound can be obtained on the term involving D; in (4.15) as follows

L (", zj11) — p(t", x;))
N DD v |
n=0 j=jo
Ax
< TII%HHQHIIU’II (4w)exp(2TC)TV (po) 4 2w, prmaxNL + pmaxthy ) 2RT
+ II%IIIIQ [llv]lexp(2T°C)TV (po)T. (4.19)

Combining the estimates (4.18) and (4.19), we see that

Alirgo S1=0. (4.20)
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Finally, collecting the results (4.8), (4.14) and (4.20), we can conclude that

0= fim (PrtPotPo) = Jim (P14 7o)+ fim (814 5)

= /+oo p(0,2)p(0, z)dx + /OT /:O p(t, x)pe(t, z) de de

T “+o0
w [ ] alott oo wt.0)es ) deat.
0 —00
This reveals that the limit is a weak solution of the problem (2.1). O

Remark 4.3. Tt is important to note that in the case when g(p) = p, the weak solutions are unique and
no entropy condition is required, as discussed in [57]. Hence, in this specific case, we can conclude that the
second-order scheme (3.8) converges to the unique weak solution without any entropy condition. However, for
the general case, it is required to prove the convergence to the entropy solution. This will be discussed in the
next section.

5. CONVERGENCE TO THE ENTROPY SOLUTION

To prove convergence to the entropy solution, we shall use the same approach as outlined in [73], also see
[72]. These ideas can be combined to form the following theorem which is analogous to the Theorem 3.1 of [72].

Theorem 5.1. Suppose that a scheme can be written in the form:

n+1 ~n+1 n+i +an—i—l (51)

Pj =P 41 i~ 1

where

(i) ﬁ;’“ is computed from p7, using a scheme which yields a sequence of approximate solutions converging in
Ll . to the entropy solution of (2.1).

(i1) |aﬁ—i| < KAz® for some constant K which is independent of Az and for some & € (0,1).
2

(iii) The approzimate solutions pa, obtained using (5.1) are in BV, L* and admits L'- Lipschitz continuity in
time.
Then the approximate solutions generated by the scheme (5.1) converges in L
(2.1).

1

ive to the entropy solution of

Remark 5.2. Proof of Theorem 5.1 follows along the same lines as that of Theorem 3.1 of [72]. Specifically, the
hypothesis (iii) of Theorem 5.1 ensures that the approximate solutions generated by the scheme (5.1) converges
in L . To prove that the limit solution satisfies the entropy condition (2.4), we mainly use two facts. Firstly,

loc*
we utilize the discrete entropy inequality of the scheme ﬁ?“ in hypothesis (i) of Theorem 5.1, which is provided

later in equation (5.5) of Theorem 5.4. Secondly, we make use of the boundedness of the terms |a?ji | < KA2? as
2

mentioned in hypothesis (ii) of Theorem 5.1, and the BV and L estimates of p;”'l. By adding an appropriate
term to both sides of the discrete entropy inequality (5.5) of Theorem (5.4), we get a similar expression as
in the inequality (3.18) of [72]. Further, by employing a similar argument as presented in [72], one can show
that the right-hand side of the obtained expression has a limit supremum that is non-positive as the mesh size
approaches zero. Consequently, the required result follows.
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In this scenario, first we consider the first-order in space and second-order in time scheme (FSST) obtained by
setting the slopes o,(t) = 0 for all j € Z in (3.8):

o = pr = A9V =9V )
pgz) =" = A (g VD, = gV, ),

J+3
n 1 2
Pt =5 (,027‘ + 0 )) : (5.2)
where
n o _ n 1 _ (1)
V;'+% - U(R]-Jr%), ‘/;-+l - U(R]qr%)v
N-1 k—+1 k+1
" n (wp Fwpth) 1) (wy +wpth)
j+y = AT Z pj+k+1f and R by =Az Z p;+k+1f'
k=0 k=0

Further, for some K > 0 and § € (0, 1), we modify the slopes o (t) defined in (3.4) by adding the term KAz°
in its definition, i.e.,

0;(t) = minmod((p;(t) — pj-1(2)), %(ﬂm(t) = pi=1(8)), (1 (t) = p;(1)), sgnlp;(t) — pj—1(t)KAz®). (5.3)

Now, the second-order scheme (3.8) with the modified slope (5.3) can be written as a predictor-corrector scheme
in the form

p;l+1 — p~;L+1 ;’L:} + ’I’L+1 (54)
where a"jr'} = (F]”+ FJTLJr 1) with FI 1 asin (3.9) and ﬁ;”'l is a predictor step obtained from p! using the
2 2 2

FSST scheme (5.2), written as

~n, n n n n 1 n\yYrn ~(1)\yr(1
Py =0 = APy = FTLy), where Py = o (g(pj)‘/;+% +g(7, ))Vj(ﬁ%)
and
1 n n\Yrn n rn rn PN (1 (1
A =p = (g(pj) i g(pj_l)Vj_%) ; Vj+% = U(Rﬁ%), Vfé = v(jog
N-1 k+1 k+1
- (wh + wkt1) B wk +whtt) )
j+%—Ax E Pithel— 5 R(l)1 = Az E pﬁ)k-s-lf for all j € Z.
k=0

We now state our final result in the following theorem which ensures convergence to the entropy solution and
it will be proved using Theorem 5.1.

Theorem 5.3. (Convergence to the entropy solution) Let pg € BV(R; [0, pmax]) and let pay be the approzi-
mate solution obtained using the second-order scheme (3.8) under the CFL condition (3.13), with a space-step
dependent slope limiter (5.3). Then, the corresponding sequence of approximate solutions pa, converges in
LL ([0,T) x R) to the unique entropy solution of (2.1) as Az — 0.

loc

As the first step in proving Theorem 5.3, we show that the numerical solutions obtained by the scheme (5.2)
converges to the entropy solution of (2.1).
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Theorem 5.4. Let pg € BV(R; [0, pmax]) and let par be the approximate solution obtained using the FSST
scheme (5.2) under the CFL condition (3.13). Then pa, converges in Ll ([0,T) x R) to the unique entropy
solution of (2.1) as Ax — 0.

Proof. Tt is clear that the convergence analysis (Thm. 4.2) presented in Section 4 holds for the FSST scheme
by setting o;(t) = 0 for all j in the scheme (3.8). Therefore, it is only left to prove that the limit function p
obtained from the FSST scheme (5.2) satisfies the entropy condition (2.4). To prove this, first we observe that
the first-order time steps in the scheme (5.2) satisfy the following discrete entropy inequalities (see [42]):

0" — k| = |p7 — &] + /\( 1(pf) = Ffi;(p}ll)) + Ag(r)sgn(p{) — R) (Vi = Vil

2 1 1 1 K,(1 1 2 1 1)
P =l = 1o = sl + A (F P () = PP (o)) + Aglmpsen(o® — m(vi L, = vl <o,

) <0,

where k € I = [0, pmax], F¥ 1(p) = (g(p ANk)—glpV fi))V” 1, Ff{’(ll)(p) = (g(p ANk)—glpV H))V,(l)l,

J+2 ]+2 J+2 ]+2
aAb:=max{a,b} and a Vb := min{a, b}. Combining these, we obtain a discrete entropy inequality for the FSST
scheme (5.2) as follows

n n )\ K, K n
o = wl =1} = vl + 5 [FED ) + Fry o) = FED 60 = -y (7))
A @ (1) Wy, A (1) n n
+59(k)sgnlp;” — r)(Viy = Vo) + Salk)sgn(p;” — r)(Viy, = Vit,) <0. (5.5)

From (5.5), we prove that the approximate solutions converge to the entropy solution as in (2.4) of Definition 2.2.

Now, consider a non-negative test function ¢ € CL([0,T) x R;RT). Let T, be such that 0 < T}, < T and
@(t,z) = 0 for t > T, and let np be such that T, € (npAt, (nr + 1)At]. Multiplying (5.5) by Azp(t", z;),
summing over n,j and using summation by parts, we obtain

S+ E+E+E+E42>0, (5.6)
where
n+1 n
._ 0 n+l (t yxj) — ot >37j))
Eo:= A} p(0,3))lp] +AtMZZ|p X :
JEZ n=0 jEZ
&= AtAiC Z Z (t aajj-‘rl) - (p(tnvx]))
! J+2 j Ax ’
n=0 jEZ
o AtAz (1", x541) — (1", ;)
82 Z Z F +2 p] Ax ’
n=0 jE€Z
AtAm (Vﬁ% - V'n_%) "
&y = — Z ngn %gp(t R
n=0 jEZ
1) (1)
fu= R S sef? )

First, consider the term & in (5.6) which can be written as

+oo T “+o0
& = / oaz(0,7)|paz(0,z) — k| dx + / / |pas(t + At, x) — K|Orpaq(t, ) dz dt,
0 —00
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where Oypnq(t,z) = @i(t,z;) for z € (x;_1,2;1]t € [t",t" 1), for some £ € (t",¢""1). Through the
dominated convergence theorem it follows that

Alimoé’o :/ lpo () — K|e(0, dx—i—/ / p(t,x) — K|Orp(t, ) da dt. (5.7)

Let R > 0 be such that ¢(t,x) = 0 for |z[ > R. Let jo,j1 € Z such that —R € (zj,_1,2;,,1] and R €
(j,—1,%;, 1] Next, we consider the term &; in (5.6) which writes as

AtAx <& O™ xjp1) — (", x5)
== (g(pﬁl) A ) —g(pf v fi)) Vi, ( G ). (5.8)
n=0 jEZ

Using the definition of p(*) and applying the mean value theorem, it follows that

N-— 1 w + w’““)
V+1 = +1 - Atv Z (g(pj+k+1)‘/j+k+% - g(pj+k)vj+k+%> )
k=0

for some 6,1 € I(R”_F1 ) R;i_)%). Thus the term & can be written as & = £ + £ where

AtA 4 " i) — ot x;
o = D82 85 S5 (0 ) v v, G020~ )
n=0 j=jo
t2A o i o™, 1) — o(t", 34
ghie ZZ( o0 A k) — g(p (1)\/K> Z nojk J+1ix<P( J))’
n=0 j=jo k=0

. s n . (UJ]; + w]?;-i_l) n n 7 n
with the definition, ¢(n, j, k) = ————= (g(pj+k+1)‘/j+k+% — g(pj+k)Vj+k+%> .

Now, summation by parts yields

N-1 N—1 N 0 N—-1 k—1 k+1
. w +w w) + w) (w )
n n n n n
E é n ja 9 g(p;l+N)‘/;1N+% - 2 n V; +1 + g p]Jrk j+k+7 2 ’
k=0 k=1

which implies that

N-1 N— 1 —1 k+1)
> U, k)| < 2upllgllloll + llgll]o] < 2upligllivll + llglllvllwy < 3wylglllvll-
k=0 k=1

Therefore we have the following bound on |£}] :

nr Ji
2 2
£ < At @ lllgll* vl o' ][w) Y > AtAz < 6AL|pq | [lgll*[lv]l[[v|lw)RT. (5.9)

n=0j=jo

Since g is an increasing function, g(p( A K)— g(pg-l) VK)= \g(pg-l)) — g(x)|- Now, note that £ can be written
as follows

/ / Ig PRt x)) — g(k)|v (RAz(t,JS‘FAJS))) Oppns(t,z)dzdt,
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where

Rpz(t,x) = RT.L% for z € (z

: ).t € [, 1)

P 1,T41
J=377i+3

Oopna(t,®) =, (t",2) forz € (z;_1,7;,1], t € [t",t" 1) for some Z € (zj,7j41).
Observe that

1 1+n
Rag(t,x + Ax) = 5/

i—

pax(t,y + Az) (wnyAm(y —Zj_1+ Az) + wyaz(y — Tj_1+ 2Ax)) dy

[N

for z € (x ],t € [t", t"1), where

i=3 Yty
Wy Az (x) = ws for x € (kAz, (k+ 1)Az], wy a,(0) = wy,(0).
By using Lemma C.1 (see Appendix C) and applying the dominated convergence theorem, it follows that

Rax(t, z + Ax) converges to f;ﬂ p(t, y)wy(y — x)dy as Az — 0. Using Lemma C.2 (see Appendix C) and the
dominated convergence theorem, we deduce that

+a>
Alﬁo & = / / z)) — g(r)|v(p* wy(t,2))) e (t, z) da dt. (5.10)

The term & in (5.6) can be expressed as follows

AtAx Z Z 9(0" AK) — g(p7 v H)) Vv (‘P(t”’xjﬂ) —o(t", ajj))

it+3 Az
n=0 j€Z

- % /0 /_ :O (\g(f’m(t’f@) = 9(m)|v(Ras(t,z + Aw)))&:@Aw(t,x) d dt.

Using the convergence of pa, to p and similar arguments as in the case of £, we observe that

T “+o00
lim & = %/0 /_Oo (|g(p(t7x)) - g(ﬁ)|v(p* wy(t,2))) u(t, ) dz dt. (5.11)

Further, the term &; in (5.6) can be written as

AtAx . (Rﬂ% —RT'L_%) "
E3 = Zngn - '(Rj)%go(t L Tj)
n=0j€Z
Foo _ Ra(t,x + Ax) — Rag(t, x
= —*9 / / sgn p(Ali, x) — )v’(RAz(t,x))( au Aa): ae )) oaz(t,z)dzdt,

PN n n
where R} € I(R];%,RJ#%
(1,2 p1] t € 7,87,
Using summation by parts, we obtain

)s Rao(t,x) =R} for w € (z;_1,2;,1],t € [t",¢""), and pa, = p(t", 2;) for z €

n — R»
1 1

1
i+d 3
zAx i 2 oy = P — AT ) Pl (5.12)
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which enables us to write

Rae(t,x + Ax) — Rag(t, ) o (", 2j+n) wnyﬁm(n — Az) + wnyﬁx(n)
AJ) = PAz axJJrN 9
zj7%+77
[ bt (v = (o + A0) (5.13)
mj7%+ x

forz € (x;_1,2;,1],t € [t", " 1Y), where w), A, (2) = wy(F), = € (kAz, (k + 1)Az] for some 7 € (kAz, (k +

2)Ax). Defining R(t,x) = f;Jrn p(t, y)wy(y — ) dy and differentiating yields
OR(t,x o+
) — () — g ©) = [ plel s — o). (5.14)

Using the dominated convergence theorem in (5.13), we have the following for a.e. (¢,z) € [0,T) x R,

. (RAw(t7m + AQS) - RAx(t,ﬂi)) aR(t,SU)
lim = .
Axz—0 Az ox

Now, using Lemma C.2 (see Appendix C) together with the arguments in Lemmas 4.3 and 4.4 of [56], the
following holds for x € I = [0, pmax]

T 400
Alirgo &y = 7%/0 [m sgn(p(t,z) — &) g(r)V' (p* wy(t,2)) 0y (p * wy(t, ) p(t, z) da dt. (5.15)

Further, we consider the term &, in (5.6) which can be expressed as follows

1 T e _ RV t,x + Ax ~ R t,x
£1=—59(x) / / sen(p2)(t.) — ) (R (1, ) Lot A; 2e00) o1, ) daat,
0 —o00

where R(Alg)c(t,x) = Rg»l), v € (zj_1,x1]t € [t",t"+1) for some R;l) € I(R;i)l,R§2l) and R(Ali(t,:c) =
2 2

R;l)l for x € (z; 1,2 1]t € [t", t"t1). Proceeding in a way similar to the derivation of (5.15), we get
2

1 T “+o00
lim & =—= / sgn(p(t, ) — &) g(K)V' (p * wy(t, 2)) 0 (p * wy (t, ) (t, x) dz dt. (5.16)

— 00

Finally, collecting the expressions (5.7), (5.9), (5.10), (5.11), (5.15) and (5.16), we obtain the desired entropy
inequality

T +oo
/0 /_ (Ip — K|0o +sgn(p — k) (9(p) — g(K))v(p * wy)Dup

+oo
—sgn(p — k)g(k)v (p * wy,)0,(p * wn)go) (t,z)dadt + / |po(z) — K|e(0,z) dz > 0.

— 00

In the following lemma we show that the bound in condition (ii) of Theorem 5.1 holds for the terms a;?:i in
2
(5.4).
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Lemma 5.5. Consider the second-order scheme with the modified slope (5.3) written in the form (5.4). Then
|a?:i\ < KAz? for some constant K which is independent of Az and § € (0,1) as in (5.3).
2

Proof. We can write

= 5 (6y Vg + 0008, VI, =) Ty - o))
= 2 (0 )~ 9V + 9l (Vg — V)
o, ) =gV, + gV = V) + (907) — 95V, )
= (@ — AV + o )RSy — 2 )
+ €Y, =V 4 g DR, = B+ g @) - ),
for some suitable §; € I(p?+%,_,p?),nj+% e I( ;?4_%,]%?4_%),5](»1) € I(p;i)%’_,pgl)),fj(-l) € I(p§1),ﬁ;1))
and nﬁ_)% € I(Rg.i)%,ﬁﬁ)%) by the mean value theorem. Also, note that the term p§1) — ﬁ;l) can be written as

1 ~(1 n n n n n Sn
o = 5 = A (Gl s = PV + 9 (0,4 (R — B2 )
0/ (Go)(Pfr = Py Vi g0 (0, (RS — B2 ),

for some (; € I(p?+%7_,p?),9j+% € I(R" ,,R"

1 ]+1>- By the definition of slopes (5.3) and using property (3.2),
2 2

we can easily see that

n n 1 1 1
i s = pjl; Ipﬁj%_ — o] < §KAa:5,
n pn 1 (1 1 ~(1
| 1T RjJr%\ < KjAz®, |R§.+)% —R§£%| < KpAx®, \pg ) —pg )| < K3Az?,
where K1 = 3 Kuwin, Ko = wSU(AK(Hg’HHUH + gV’ [lwyn) + %) and K3 = K (|lg'[ [0l + llgll[[v']lwyn)-
Now, defining K4 := max{%, K, K>, K3} and K = SE4(3]g'|Iv]l + 2[lg|l|v"]|), we can conclude that

o™t < KA2®, § € (0,1).
Jt3
This completes the proof. (Il

Proof of Theorem 5.3: The second-order scheme (3.8) with the modified slope (5.3) can be written in the form
(5.1). Further, the hypotheses (i) and (ii) of the Theorem 5.1 are satisfied through Theorem 5.4 and Lemma 5.5,
respectively. Theorems 3.4, 3.7, and 3.9 hold for the scheme (3.8) even with the modified slopes (5.3), thereby
proving hypothesis (iii) of Theorem 5.1. Thus, using Theorem 5.1 we can conclude that with the modified slope
(5.3), the second-order scheme (3.8) converges to the unique entropy solution of (2.1).

Remark 5.6. In fact, the modification in the slope is needed only for the analysis, in implementation it is not
needed (see [52,61,71-73]). Specifically, it is mentioned just below equation (26), page number 158 of [61] and
just below Figure 3, page 68 of [72]. Also see the Remark in page 577 of [71].
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6. A MUSCL-HANCOCK TYPE SCHEME

In this section, we propose a MUSCL- Hancock type second-order accurate method for approximating the
problem given in (2.1). We discretize the domain with parameters Az and At as in Section 3. Given the cell
average values p7 at time ¢ = {", we reconstruct a piecewise linear function denoted by p" as

. T — 1z,
p(x) = pj + %0? forz € (z;_1,2,1),

where the slope 7' is chosen as in (3.4). To compute the solution at the next time level "1, we follow two steps.

Step 1. The left and right face values at each interface are evolved in time by a unit of % using the Taylor
expansion:

n+3 n A n n n n
Pj+f - TPt~ 5 Y ( (P %’7)U(Rj+%’7) _g(pj7%’+>U(Rj7%)+)) )
n+3 A n n n n
Pt = — 5 (90h s R ) =gl (RS, L))

where the convolution terms R", , L are computed as

J+3,
N-1 N-1
n k n n _ k n
Bjyy = Av) wnpl g and Riy = A ) wppl .
k=0 k=0

Step 2. The updated approximate solution at time t**! is given by

Py =0 = A = )

where f]TLJr 4 is the numerical flux. Here, we use a Godunov-type numerical flux (as given in [42]) defined
2
by

+1 +1
i = g(p?+§,—)v(R;L+§)’ (6.2)

1
where the the convolution term approximation R;l:f needs to be evaluated carefully. For this, we
2

consider the following piecewise linear function

1 (x—x,;_1) 1
2 ) 2 ) )
-4t . (Pj+;, pjiéﬁ) forz € (z;_1,2,1).

1
Subsequently, the term Rjif can be defined as
2
N-1 N-1

R”+% — n+ g Z n+ti
i+t T 2 WPy T A Xk J+k+ T Pitk+i+)
k=0
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(k+1)Az

where v, = [, .. wy(y)dy and xj = fo ywy(y + kAx)dy for k = 0,. — 1. This approxi-
mation of the Convolutlon term is motivated by writing
J+k+3
Ry, ") / L oy, gy — ;) dy
J-Hc+2

J+k+3 n
~ / C (y)wy(y — 2y00) dy

k=0 " Tjtr+d
— n+i Titi+d
=D Piisdt wn(y — ;4 1)dy
k=0 Tith+d
N-1 .
1 ntl ntl Tjtntd
2 _ 2 — . — .
T Az Z(P]—+k+g,_ Pivkyty) . Y =2y Jum(y — 254 1) dy
k=0 Jtk+d

N-1
-y D DR Ao,
- 7kp]+k+2,+ Ag 2 XF\Pitktr3— " Pivksiv )
k=0 k=0

Remark 6.1. Analogous to Remark 3.2, if the quadrature rule used to compute R;‘ in Step 1 is not exact

+3.%
N—-1 k
: . oo k k -k _ Wy .
for the given kernel function (i.e., if Ax Z w, # 1), then we replace wy by wy; = O’ where we choose
Ax
k=0

Qrgz = Aﬂ?Zk 0 w

7. NUMERICAL RESULTS

In this section, we consider several test cases to demonstrate the performance of the proposed RK-2 and
MH schemes described in Sections 3 and 6, respectively, by comparing it with the first-order Godunov-type
scheme of [25,42], which we denote by FO-Godunov. For all the test cases, we use the same CFL as that of
RK-2 scheme, given in (3.13). Also, we choose g(p) = p unless otherwise specified. Consider a uniform partition
{I; } 7, of the spatial domain [a, b] with Az = ;“. We will consider two types of boundary conditions: periodic
and absorblng. In order to implement these boundary conditions, we will introduce ghost cells on either side of
the domain. The ghost cell values, py and pjy/, ; for j =1,..., N, where N = n/Ax, are taken as follows. For
periodic boundary conditions,

PSZPnM and pT]t/[-Q—j:p;Lfor.j:laaNa
and for absorbing boundary conditions,
po =p7 and py=py for j=1,...,N,

where {p] ?, denote the solution in real cells. In all the test cases, as the analytical solutions of (2.1) are
not avallable we use the RK-2 scheme (3.8) with fine mesh to generate reference solutions. These are used
to determine the numerical errors and the experimental order of accuracy. The L'-error for the cell average
solution at time ¢t = t™ is given by

A$Z|PJ nrefl

where p7 and p; are the cell averages of the numerical and the reference solutions, respectively. The exper-
imental order of accuracy (E.O.A) is determined as

n,ref
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O(Az) = log, (e(Aw)/e(Aaz/?)).

7.1. Mean downstream density model

In this part, we consider test cases with various initial data to solve the downstream density model equation
given in (2.1):

0ip+ 02 (9(p)v(p+wy)) =0, xR, t€(0,T],
p(0,z) = po(z), z €R.

Example 1 (smooth test case): To verify the order of accuracy of the proposed RK-2 and MH schemes, we
consider the problem (2.1) with a smooth initial datum (see [25])

po(z) = 0.5+ 0.4sinwz. (7.1)

The numerical solutions are computed in the domain [—1,1] with periodic boundary conditions. We choose
v(p) = 1 — p and the convolution parameter n = 0.1. Here, the reference solution is computed using a mesh

size of Az = ﬁ. The solutions are computed up to time 7' = 0.15 for three different kernel functions
2 2
wy(x) = %, wy(x) = % and wy(x) = % with time steps At = 2+%EA:1:7 At = 2+§0”3A$ and At = Hfﬁ

respectively. From Table 1, we observe that both the RK-2 and MH schemes exhibit the desired experimental
order of accuracy. In Figure 1, we provide the L' error versus CPU time plots for the RK-2 and MH schemes,
corresponding to the initial data (7.1) and considering the three kernel functions mentioned above. Here, we use
the mesh-sizes Az = 0.1,0.05,0.025,0.0125,0.00625 and 0.003125. The results indicate that the MH scheme is
computationally more efficient when compared to the RK-2 scheme.

Example 2: We consider the problem (2.1) with a discontinuous initial datum as given in [46],
0.8, if—05<z<-01

_ )08, ) 7.2

po(2) {0, otherwise, (7.2)

described in the computational domain [—1,1] and using absorbing boundary conditions. The velocity and
convolution parameters are set as v(p) =1 — p and 1 = 0.1, respectively. The numerical solutions are computed
— 2(n—=)

at time T = 0.5 with a mesh size of Az = 0.01 for two different kernel functions: w,(z) = % and wy(z) = =77,

with the respective time steps At = Qﬁﬁ and At = 2_@%. The reference solutions are computed using

a mesh-size of Az = ﬁ. The results are depicted in Figures 2a and 2c, respectively. Also, zoomed images
of the region [0.3,0.55] x [—0.01,0.19] for both the cases are given in Figures 2b and 2d, respectively. It is
observed that both the RK-2 and MH schemes provide better resolution than the first-order Godunov type
scheme. Moreover, the RK-2 and MH solutions are comparable, with the MH solution giving slightly better
resolution near the right discontinuity as seen in Figures 2b and 2d. The L' error versus CPU time plots
for the RK-2 and MH schemes corresponding to the initial datum (7.2), for the kernel functions w, () = %

n
and wy(z) = % are given in Figures 5a and 5b, respectively. The solutions are computed with mesh-sizes

Az = 0.1,0.05,0.025,0.0125,0.00625 and 0.003125. The results show that the MH scheme is computationally
more efficient when compared to the RK-2 scheme.

Example 3: In this example we consider the same initial datum (7.2), particularly to see the behaviour of
the solutions at two different times. Here, we use this initial con