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A STRONGLY CONSERVATIVE HYBRIDIZABLE DISCONTINUOUS
GALERKIN METHOD FOR THE COUPLED TIME-DEPENDENT
NAVIER-STOKES AND DARCY PROBLEM
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Abstract. We present a strongly conservative and pressure-robust hybridizable discontinuous Galerkin
method for the coupled time-dependent Navier—Stokes and Darcy problem. We show existence and
uniqueness of a solution and present an optimal a priori error analysis for the fully discrete problem
when using Backward Euler time stepping. The theoretical results are verified by numerical examples.
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1. INTRODUCTION

In this paper we present an analysis of a hybridizable discontinuous Galerkin (HDG) method for the coupled
Navier—Stokes and Darcy equations that model surface/subsurface flow. While various conforming and noncon-
forming finite element methods have been studied for the stationary Navier—Stokes and Darcy problem, see for
example [3,13,14,18,19,22,23], the literature on numerical methods for the time-dependent problem is limited.
The first numerical methods for the time-dependent problem were studied in [10,11]. To simplify the analysis,
however, these papers included inertia effects in the balance of forces at the interface. Existence and uniqueness
of a weak solution to the physically more relevant model, without inertia effects on the interface, was proven
in [7], while convergence of a discontinuous Galerkin method for this model was proven in [12]. Conforming
methods for the transient problem have been studied in [25,43].

The aforementioned papers for the time-dependent Navier—Stokes and Darcy problem have in common that
they consider the primal form of the Darcy problem. In contrast, we consider the mixed form of the Darcy
problem as this facilitates the formulation of a strongly conservative discretization, i.e., a discretization that is
mass conserving in the sense of H(div; ) where the velocity is globally H(div; Q)-conforming and, in the absence
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of sources and sinks, pointwise divergence-free on the elements [28]. In particular, we consider an HDG method
[16] that is based on the HDG method for the Navier—Stokes equations [35] and a hybridized formulation of the
mixed form of the Darcy problem [2], although nonconforming formulations based on other strongly conservative
discretizations, for example, [15,21,31,41], are possible.

Previously, we proved pressure-robustness of strongly conservative HDG methods for the Stokes/Darcy [9]
and stationary Navier—Stokes/Darcy [6] problems, leading to a priori error estimates for the velocity that do
not depend on the best approximation of the pressure scaled by the inverse of the viscosity (see [27,32] for a
review of other pressure-robust discretizations). Using Backward Euler time stepping we now show existence
and uniqueness of a solution and derive an a priori error estimate to the fully-discrete time-dependent problem.
Compared to previous work on the time-dependent Navier—Stokes/Darcy problem [7,10-12,25,43], the novel
contributions of this work is therefore the introduction and analysis of a strongly conservative HDG discretization
and an a priori error estimate for the velocity that is independent of pressure.

The remainder of this paper is organized as follows. We present the time-dependent Navier—Stokes/Darcy
problem in Section 2 and its HDG discretization in Section 3. Consistency and well-posedness of the discrete
problem are shown in Section 4 while a priori error estimates are proven in Section 5. We end this paper with
numerical examples in Section 6 and conclusions in Section 7.

2. THE NAVIER-STOKES AND DARCY PROBLEM

We consider the time-dependent incompressible Navier—Stokes equations coupled to the Darcy equations on
a polyhedral domain €2 in RY™ dim = 2,3, and on the time interval J = (0,7'). The domain is partitioned into
two non-overlapping subdomains Q° and Q¢ such that Q = Q* U Q% Q* N Q¢ = (), and T := 9Q° N 9Q?. The
boundary of the domain 9 and the interface I'! are assumed to be Lipschitz polyhedral. We define I'* and I'*
to be the exterior boundaries of Q% and Q¢, respectively. We partition T'¢ := I'4, UT'%, with T4 N T4 = () and
IT4| > 0 and |T'%| > 0, and denote the outward unit normal on TV to Q7 (j = s,d) by n.

The Navier—Stokes equations are given by

O’ + V- (u¥ @u’)+Vp® — V- (2ue(u®)) = f* in Q° x J, (1a)

V-u®=0 in Q° x J, (1b)

where u® : Q% x J — RY™ js the velocity in Q°, p* : Q° x J — RYU™ is the pressure in Q°, e(w) = 3 (Vw+(Vw)T),

u > 0 is the constant fluid viscosity, and f* : Q° x J — RY™ is a body force. In Q¢ the Darcy equations are
given by:

pe " tud +Vpl =0 in Q¢ x J, (2a)

~V-ut = f4 in Q¢ x J, (2b)

where u? : Q¢ x J — RY™ ig the fluid velocity in Q¢, p? : Q¢ x J — R is the piezometric head in Q%, and x > 0

is the permeability constant. The Navier—Stokes equations are coupled to the Darcy equations by the following
interface conditions

. d.n on T x J, (3a)

u
—2u(e(u®)n)" = aps™ 2 (u®)" on T x J, (3b)
on I x J, (3c)

g
3
|

(p°n — 2pe(u®)n) - n
where 7 is the unit normal vector on I'! pointing from Q° to Q¢, (v)! := v — (v - n)n is the tangential com-
ponent of a vector v, and a > 0 is an experimentally determined dimensionless constant. Note that equa-
tion (3a) ensures continuity of the normal component of the velocity across the interface, equation (3b) is the
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Beavers—Joseph—Saffman law [4,38], and equation (3c) is a balance of forces. We assume the following initial
and boundary conditions:

u®(z,0) = up(x) in Q°, (4a)
u® =0 on I' x J, (4b)
ul-n =0 on I'Y x J, (4c)
pl=0 on 'Y x J, (4d)

where ug : Q% — RY™ is a solenoidal initial velocity field. We close this section by introducing u : Q x J — R4m
and p: Q x J — R to be the functions such that u|g; = v’ and plg; = p’ for j = s,d.

3. THE HDG METHOD

3.1. Notation

Let j = s,d. We denote by Thj = {K} a conforming triangulation of Q7 of shape-regular simplices K. Our
goal is to present a strongly conservative and pressure robust HDG discretization. A necessary requirement for
our discretization to achieve this is that the velocity field is globally H(div;2)-conforming [35, 36]. For this
reason we assume that 7, = 7,;° U 7,4 is a matching simplicial mesh, i.e., 7;* and 7% match at the interface.
Without this assumption, technical complications may arise to obtain a globally H (div; Q2)-conforming velocity
field. We denote by hx the diameter of K € 7}, and define the meshsize as h := maxge7, hix. A face F'is an
interior face if for two elements K™ and K~ in 771, F =0KT™NAK~, and a boundary face if F' € 0K lies on
the boundary 9€2. The set of all facets in Q and € are denoted by, respectively, F; and f}JL, while the set of all
facets on the interface I'/ is denoted by F{. The set of all facets on IV are denoted by F2 .7 while the set of all

facets interior to €/ are denoted by }“,i"t 7 The sets of facets on 'Y, and T'%, are denoted by, respectively, ]_-}le od

and .7-"hD <, By I'g and Fé we denote the union of facets in Q and €. The outward unit normal vector on 9K
for any element K € T}f is denoted by n’. On the interface I'', n = n® = —n%. We will drop the superscript j if
the definition of the outward unit normal vector is clear.

We partition the time interval J into N equal intervals of length At = T/N. We define t" := nAt for
n=0,...,N and note that t° = 0 and tV = T'. A function f evaluated at t = t" will be denoted by f™ := f(t").
Furthermore we define "1 = f+tl — fm and d, f*H = 6fn T /At = (frH — ) /At

Denoting by P,,,(D) the space of polynomials of total degree m on a domain D, we define the following finite
element spaces for the velocity approximation:

dim

Xp = {vh e [L2Q)]™™ ¢ vy € [P(K)T™, VK € T},

dim

ijl = {’Uh € [L2(QJ)} DU € [Pk(K)]dim7 VKEe TJ}» ] = Svdv

dim i
X = {@h € [L2)] ™ vy € [P(F)™ ¥ F e F*, 5, =0 on rS} .
For notational purposes, we write vy, = (vj,0,) € Xp := X, x Xp, and v5, = (v3,9,) € X, = X; x Xp,.
Furthermore, for the pressure approximation we define the finite element spaces

Qn={an € L*(Q):qn € Po_1(K), VK €T},

QL ={ane (V) :q,e P (K), YK eT}, j=s,d,
Qi =1{a € L*(T}) : @, € Pu(F)V F € F°},

Ql={gl e L*(TY) : ¢ e P(F)YVFeF! gl =0onT%}.

We write q), = (qn, G5, ) € Qp := Qn x Q5 x Qf and @), = (qn, 7)) € Q) := Q}, x Q1.
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For scalar functions p and ¢, we define

(p7 q)K ::/ pqua VK € 7717 <p7 Q>8K ::/ pqd87 VK € 7717
K 0K
(p.q)r :=/pqu, F C 0K, VK € Ty, (P @)os == Y, 00k, §=s5.d,
F KeT)
P, Dori = > qox, §=s.d, (P Qo= > / pgdz,
KeTy KeT, K
P oz, = > (P qox, p.a)rr = > (p.)r
KeT, Fe]_-’{

Similar notation is used for vector- and matrix-valued functions.

3.2. The semi-discrete problem

An HDG method for the stationary Navier—Stokes and Darcy problem was proposed in [6]. Its extension to
the time-dependent problem is given by: Let u,SL’O € X; N H(div; ©Q°) be the initial condition for the velocity in
Q° such that V - u}° = 0 pointwise on each K € 7,. For t € J, find (up,(t), p,(t)) € X1, x Q,, such that for all
(vn,qp) € Xn xQy

(Osun, vn) s + an(un; wh, vR) + ba(Vn, Py) + b (wn, q) = (f*,vn) g + (F%,a0) qa- (5)

The different forms are defined as:

ay (u,v) == (2ue(u),£(v))g. + (2Bphy' (u —@),v — 1‘1)87}5 (6a)
— (2ue(un,v— By, — (2us(o)nu— s
at(u,v) == (st u, v)m (6b)
al (@,7) = <oz/m 12t vt>FI, (6¢)
ar (u,v) = aj (u,v) + a’(u,v) + a’ (3, ), (6d)
th(w;u,v) == — (U@ w,Vv)g. + (Fw-n(u+a),v— @>aT; (6e)
(-l (=)0 = )+ (), B
an(w; u, v) =ty (w; u, v) + ay; (u, v) (6£)

where 3 > 0 is a penalty parameter and where aﬁ is the linear part of aj. For the velocity-pressure coupling we
have, for j = s,d, the forms:

b0, @) == (0, V - V)gy + (@0 1)y,
I (5,7) 1=~ (@),
bu(v,q) =0} (0,0°) +b,°(9,8°) + bj (v, ") + b, (9,0).
3.3. The fully-discrete problem

Using backward Euler time-stepping, and lagging the convective velocity in the nonlinear term, we obtain
the following linear implicit discretization: Let u‘;’o € X; N H(div; Q%) be the initial condition for the velocity
in 2% such that V - ufl’o = 0 pointwise on each K € 7. Find (uj ', pp*') € X\, x Q), with n > 0 such that for
all (vi,q,) € X x Qy:

(dtuz+17 Uh)Qs + an (u;zlv ’LLZ+1, Uh) + bh (vha pZ-O-l) =+ bh (uz+1a qh) = (fsmﬁkl, vh)Qs + (fd’n+17 qh)Qd' (7)
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Remark 3.1. As observed previously in [6] for the stationary Navier—Stokes and Darcy problem, the velocity
solution to equation (7) satisfies the following properties: (i) it is exactly divergence-free on elements in Q°, i.e.,
V - up = 0 pointwise on each K € 7;%; (ii) it satisfies —V - uf} = Hded’" pointwise on each K € 7,¢ (where
HdQ is the L2-projection operator into Q%); (iii) the velocity solution is globally divergence-conforming, i.e.,
up € H(div;Q); and (iv) ull - n = 4} - n pointwise on each F' € F!. Furthermore, ufl’” -n =0 on I'Y, and
u;™ -n=0onT*.

4. WELL-POSEDNESS

4.1. Preliminary results

Let D be a domain. Norms on W} (D), LP(D) = W)(D), H*(D) = W§(D), and L*(D) are denoted by,

respectively, H'”Wk(D)v Il (pys Illg, p» and ||| p. Furthermore, for two real numbers a, b, and a Banach space
X with norm ||| y, (a b; X) is defined as the space of square integrable functions from [a,b] into X with
norm [| f{| 24 4 x) : f IIf (¢t ||X dt)'/? and L>(a, b; X) is the space of essentially bounded functions from [a, b]

to X with norm ||fHLoo(a’b;X) = esssupp, ) [1F ()]l -
On 9° and Q¢, we define the function spaces

X° = {UEHQ(QS)dim:v:Oon Fs}, Q° == H'(Q),

X4 .= {v € Hl(Qd)dim :v-n=0on I‘ﬁlv}, Q= {q € HQ(Qd) :q=0on I‘%}.
On Q, we then define X := {v € H(div;Q) : u* € Xs,iud € X%} and Q == {q € L*(Q) : ¢* € Q°, ¢ € Q*}.
The trace space of X* on facets in I'§ is denoted by X. If u € X*®, we denote its trace by @ := yx(u) where
vx P X — X is the trace operator restricting functions in X* to I'§. Similarly, the trace space of @’ on facets
Iy is denoted by Q, vqs : @’ — Q7 is the trace operator, and if ¢ € @7, then 7 := yqi(q) € Q7.

Using the notation X := X x X and Q := Q x Q° x Q¢, we define
Xh)=X,+X, X°0h):=X;+X°, X0h)=X,+X, Q0h):=Q,+Q.

As in [6], we define the following norms on the extended function spaces:

2 2 2 42
oIl == loll o + ol 0 + 191 v e X(h),
2 2 2 2 2 4112
ol = llollly + D b ol i = llwllly v+ 17 pr v e X(h),
KeTs
2 2 2
gl = gL, + llg®ll;.q q € Q(h),

where

2 2 — _12
ol = 3= (IFoli + At o = ol3x)

KeT;®
2 2 2
|||UH|U’,5 = v,8 + Z h%{ ‘UIQ,K’
KeTy?
2 2 - 2 - ~ 2
ollly,q = lvllgiv00 + > Wt - ol + D2 i 1w = 9) - nllggaps
FeFI\(FlurP?) KeT

g lI2; = llalley + > hxc |@ 5 - 5 = 5.0
KeT)
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Here [v - n] is the usual jump operator and ||v||(2hv;9d = Hv||?2d + V- vHéd. Let us furthermore note that
[vrlly pas = l[(on, fon I, 5 where [lvpll; , os is the standard discrete H'-norm of vy, in Q° [8]. Finally, we
will also require the following two norms on the pressure in Q%

2 2 - 2
||Qh||1,h,9d = Z IVanllx + Z hF1 [ lan] % Yan € Q1
KEThd Fe]_-}int,duj_-hD.d
2 2 - _ 2
g 1,h,d *= Z (HV%”K + h’Kl llgn — %Hax) Vg, € Qi‘f-
KeT?

That [|gnll; j, ga is @ norm on Q¢ follows because |T'%| > 0.
The following inequalities will be used in the remainder of this paper (see [42], Eq. (5.5), [22], Thm. 4.4 and
Prop. 4.5, and [17], Lem. 1.46):

lloalll, < sl < cellvnll, Yo, € X, (8a)
lonllgs < cp llonllypge < collonlll, . Yo, € X3, (8b)
lanllga < cpp ||‘Ih||1,h,9d < Cpp|||‘lh|||1,h,d vq;, € Q(iiw (8¢c)
il e rry < ot lonllypge < airlllvnlll,, Vo, € X5, 7> 2, (8d)
ollox < i 0l Yo € Py(K), K € Th, (8e)

where ce, ¢p, Csi,r, and ¢y, are positive constants independent of h and At.
For b, we have:

brn(vn, q

ewllanll, < sup  22(@dn) Van € @, (98)
0#vp€X ) |||vh|||v

bu (v, )| < el llall, (v.q) € X(h) x Q. (9b)

Due to the use of different function spaces, the inf-sup condition equation (9a) is different from that proven in

[6]. We therefore prove equation (9a) in Appendix A. Equation (9b) is proven in Lemma 3 of [6]. For af, a?,

and a!, we have that for all w,v € X (h),
i, (w, )| < pesellullly vl o fad(u0)] < ps™ ulgo [vlge, o’ (@0)] < aps™ 2 (@ (105, (10)
where ¢, > 0 is a constant independent of h and At. For v;, € X, we have

— _t 112
Y215kl (11)

where the first inequality holds for 3 large enough and where ¢, > 0 is a constant independent of h and At. A
direct consequence of equations (10) and (11) is that

2 - 2 o
a;(vn,vn) > pcgellvnllye,  a’(on,vn) > pe™ lonllga,  a (o, o) > aus

|ak (uw,v)] < peg|ulll, o]l Vu,v € X(h), (12a)
|aj; (vn,vn)| = petlloall; Yoy, € X, (12b)
where ¢k, := max(cs,, s, ar~?) > 0 and ¢k, := min(c,, k™', ax~/?) > 0 are constants independent of h

and At, and where equation (12b) holds for 8 large enough.

We also recall the following inequality from Lemma 4 of [6], Proposition 3.4 of [8] related to the form ¢,.
Assuming that wy,wqy € X?(h) N H(div; Q°) are such that V- w; = V- ws = 0 on each K € 7° it holds for any
u € X°(h), v € Xj that

[tn (w1 u,v) = th(we; w, )| < e [lwr —wally oo el L, o (13)
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where ¢, > 0 is a constant independent of h and At.
Assuming w € X*®(h) N H(div; Q*) is such that V- w = 0 on each K € 7,%, then ([6], Lem. 5)

lan(w; w,v)| < cacpill|wll], V]l Vu,v € X(h), (14a)
lan (w; wp,vp)| < cacpll|wnlll, lvnlll, Yuy, vy, € Xp, (14b)

where ¢, = 2¢2 max(c,pu ! ||w|\1’h’Qs + ¢S, k7t ak™1/?). Let us now define
Z;, = {on € X5, 1 (on, 43) + 01 (0, 43) = 0 Va;, € Q3 |

Zy = vp € Xy Z (b%(vh,lﬂ) + by (Bha(j{t)) =0Yg, €Q,

J=Ss;

If w € X*(h) N H(div; Q%) such that V-w = 0 on each K € 7,f and ||w-nllp < duci./(c2, + ¢ 4) on the
interface, and if 3 is large enough that the first inequality in equation (11) holds, then it was shown in Lemma 6
from [6] that,

an(w;vn,vn) > cacpll[onllly  Voi € Zn, (15)

where cqe = min (3¢5, k71 an™l/?).

Using a proof similar to Lemma 1 from [6], it is straightforward to obtain the following result.

Lemma 4.1 (Consistency). Suppose that (u,p) is the solution to equations (1)—(4) that satisfies u € L?(J; X),
p € L*J;Q), and Ou € L2(J;L%(Q°)). Let uw = (u,u) and p = (p,p°,p?) and assume that f° €
CO(J; L2(Q*)4m) and f4 € CO(J; L?(Q9)). Then (u,p) satisfies equation (5) for all t > 0.

4.2. Existence and uniqueness

We start this section with some auxiliary results.

Lemma 4.2. For pi’n and uzn that satisfy equation (7), there exists a cpq > 0, independent of h and At, such

that
d,n d,n
|t

< cpd/m_l Huh

(16)

1,h,d Qd’

Proof. We will prove equation (16) in three dimensions only noting that the proof in two dimensions is similar.

To ease notation we will drop the “time” superscript n. The proof follows the proof of Lemma 2.1 from [34] with

modifications made to take into account Brezzi-Douglas-Marini (BDM) elements and HDG facet functions.
The local degrees of freedom for the BDM element are ([5], Prop. 2.3.2):

<Uh ‘M, Fh>6K7 V7, € Rk(ﬁK) and (Uh, Zh)K, Yz, € Nk_g(K), (17)

where R (0K) := {F € L*(0K) : T|p € Px(F), VF C 0K} and Nj_2(K) is the Nédélec space. Therefore, given
p} € Qi, we define wy, € Vi N H(div; Q) such that

(wh 1, ) e = g (Dft = D Th) g Vi, € Ri(0K), VK € T,2, (18a)
(wl’uzh)K = _(sz,zh)K Yz, € Nk_Q(K), VK € IZ;Ld. (18b)

Since Vp§ € VP 1(K) C [Py_2]® € Ni_o(K) and since p? — pf € Ri(9K), we obtain from equation (18) that

<wh : nap(}iz, 725(]’1L>6K - h}_(l ||pz 7th2K VK € Zld’ (19&)
(wn, Vi) o = — |Vl |5 VK € T (19b)
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Setting now vj = 0 and g;, = 0 in equation (7), and after integration by parts, we find for all vy, € V,f that:

1

0 = (™" 0n) g — (7 )+ (5%

= (iu‘ﬁilu(}iw vh)Qd + (vpguvh)ﬂd - <p(}iL - ﬁ(}imvh : nd>87};i' (20)

Choose v, = wy, with wy, defined in equation (18). By equations (19), (20), and the definition of |||p%|”ih,d’ we

find

Mpd 7 0= (s s wn) a < g [fu s m e - (21)

To find out more about ||wy||g4, let us define the norm ||-|, , for functions in VN H(div; Q%):
2 2 2
lwnllg s = llwnllgs + > hr wn - nll . (22)
FeFg

Consider now a single element K and denote by Fx the set of faces of K. In an approach similar to that used
in the proof of Lemma 4.4 from [33], we have:

lwallie + > hellwn-nllp S sup [(whozn) g+ sup il (wy - n, ) gl
FeFk zn€NE_2(K)® FrERy(OK)
llznll =1 IPrllox=1

= sw [(Vpha) [+ s bl [ o) o]

2n €ENg—2(K)* ThERy (OK)
lznll =1 I7rllg =1
<|[Vpil +hx Iph — Bl » (23)

where the first line on the right hand side is by using the degrees of freedom equation (17), the second by
definition of wy, given by equation (18), and the last is by the Cauchy—Schwarz inequality. Therefore, after
summing equation (23) over all K in 7,%:

henlif < lenly S 3 (VPRI + 8 12 = P2l ) = IIPRILS
KeT?

The result follows after combining this with equation (21). O

An immediate consequence of equation (8c) and Lemma 4.2 is that if pi’” and uZ’" satisfy equation (7), then
for1<n<N:

i (24)

d,n d,n d,n —1 d,n
D <c ‘p <c Hp < crapik Hu
’ hollqga = PP UIER Iy paa = PPIITE il pa H h

where ¢ = cppCpa-
The following result, which was shown in Theorem 5.2 from [12], will be used to prove the next lemma: there
exists a constant ¢ > 0, independent of h and At, such that

[(gn, vn - n)pe| < cllanlly pga lonllgs  Von € Vi, Van € QF, (25)

where V¢ := {v, € X} : bs(vn, qn) = 0 Vg € Q3 } with by (v, q) :== —(¢, V-v)qs —l—zFe}-’iﬂ,t,.euff,.;({{q}, [v] -n)p.

Lemma 4.3. Let u;", ui’" and ﬁi’" be (part of ) the solution to equation (7). There exists a constant csq; > 0,

independent of h and At, such that for alln > 1

—dn sn
Dy Uy o n

— d, 5,
| = s | i (26)
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Proof. For ease of notation we will drop the “time” superscript n. Then, note that
|<ph7ﬂh >FI’ < |<;5fffp‘,il,ﬂi'n>rl| + |<pgaai'n>lﬂ1| S |<ﬁ(}i],7pi7uz,.n>r‘l|+|<p;iL7u?L.n>FI|‘ (27)

Since u§ is a solution to equation (7), by Remark 3.1 we know that V-u§ = 0 and [uj]-n = 0 on F € F;""*UF}*
so that uj € V7. Therefore, using equation (25),

‘<pivui : n>p1’ < C ||qu||S23 szl,}th . (28)
Next, using equation (8¢) and Lemma 4.2, we note that
1/2 1/2
_ s 2 —1 (|~ 2
[(h = piluh )| < (D0 Rl 5 > net e - pilok
KeTp? KeThd
1/2
1 |2
Z hi [|ph - thaK
KeT?
< Clluillge NP4l 5a < Crr™t llujllg. [ludflg. - (29)
The result follows by combining equations (24) and (27)—(29). O
For the remainder of this section we define
) -1 _
v {vie Zis il < Sumin (e (R, + 2 e ) -

Let us remark that by equation (8d) with 7 = 2, |lvg - nl|p2pr) < sucs (2, + % )7t for all v € Bj. This
result, in combination with equation (15), is used in the following lemma to prove a well-posedness result.

Lemma 4.4. For 0 < n < N —1, let u;" € Bj,. Then equation (7) has a unique solution (u "'H,pZ‘H)

Xh X Qh'
Proof. Consider equation (7) for the solution at time level "*! which we write here as:
A (o) (™ on) (o, ) b ()
Alt (u;,n7v )QS + (fS,n+1’ Uh)QS + (fd7n+1a qh)Qd' (30)

Given u;" € B} we remark that, by equation (8d) with r = 2 and equation (15),

a7 (0nson)ge + an(up; o, vn) = caeptlllonlll;  Voi € Zy, (31)
Furthermore, by equations (14b) and (8b), we obtain the following boundedness result:

A7 (Uf,vn) e + lan(uy s wn, o) < (2560 + cpp) llwnll llvall, Y, ve € X, (32)

where .
5.2 1. 1(.2 2\~ s -1 —1/2
¢y = 2c; max (5 min (cwcaec% 2( Coq T csi,4) ,cae> +c., Kk, ak / ) .

Here ¢y is an upper bound for ¢,. using that w;" € Bj,. Since u;" € By, boundedness of the right hand side

of equation (30) follows from the Cauchy—Schwarz inequality. Existence of a unique solution (u "H,pZH)

X, x Q, to equation (7) is now a consequence of equations (31), (32), (9) and Theorem 3.4.3 from [5]. O
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Lemma 4.4 guarantees existence and uniqueness of a solution (u "H,p}f“) € X x Q, at time level n 41

provided that u;" € Bj. However, Lemma 4.4 does not guarantee that w;’ "+ ¢ Bj. Therefore, the remainder
€ Bj under a smallness assumption on the data. First we

of this section is dedlcated to showing that u)’ mtl

o- and At~ 1/2|||'u, [ll, s (which are proven in Lem. 4.5) after which we prove a bound

obtain bounds on Hdtuh
on [||luf||, (see Lem. 4.6). The steps used to obtain these results are similar to [12]. In Lemma 4.7 we then impose
a smallness assumption on the data to show existence and uniqueness of the solution (uj,p}) € X, x Q,, for
all time levels 1 <n < N.

The following lemmas will be proven in three dimensions with similar proofs holding for two dimensions. We
assume that f* € C°(J; L%(Q%)?) and f?¢ € C°(J; L?(924)). It will furthermore be useful to define

c
Fmﬁ=ci/“§3“df”*”aa it ALY (33)
ae (l k 1
(Mm)2 = (MO) + §Cae,uG2 + F™, (34)
where
0 “At 2 s,1 -1 d1
M™ = {1+ csai 2% Hf7 HL2(Qs)3 + CsdiftK " Ctd ||f7 ||L2(Qd) (35)
1 1 3, 2 2.t 2
2. sdi s,1 sdi~td d,1
6% 1= g (3 G200 ) 1 + S5 141 ). e

Lemma 4.5. Let ufl’o = 0 and let M°, G, F™ and G™ be defined as in equations (33)—(36). Suppose that
equation (7) has a solution (uf,pk) for all1 <k <n. Fork=1,

s,1
Hdtuh’

0 S MO, (37a)

<G. (37b)

v,s

1 s,1
(At)1/2 ‘Huh

Furthermore, if uflk €Bj forall0<k<n, withl <n<N—1, then

Hd u;’"“‘ LS. (38)

Proof. We first prove equation (37). Choose v = uy"', g5 = —p;'', vf =0, ¢} =0, and g = —p" in equation
(7). At n =0, since ufl’o = 0, this reduces to:

e o () ! () = (90 ) (o (001)). (39)

We bound the second term on the right hand side:

d —d,1 d,l d,1 d d,l d,1 d
(01 = (it 0, | = (),

s,1 —1 d,1
= (gt )| < e

s,1

)

h

)

Qd Qs

where the first equality is by definition, the second equality is because ﬁi’ and ui Lnd are single-valued on

F c f,i"t ¢ ﬁi "= 0on 'Y and ui’l -n? = 0 on I'%, and the third equality is because u} € H(div;Q) (see
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Rem. 3.1). Finally, the inequality is by Lemma 4.3. Combining this with equation (39), the coercivity of aj and
a’ equation (11), and the Cauchy-Schwarz inequality,

| @) <

directly implying, after ignoring the non-negative second and third terms on the left hand side, and canceling
1
0%

s,1

—1/2
Uy

u
bl e

s,l‘

2
,1 — d,1
1 2+

Q4

Qs

o], <1

Furthermore, applying Young’s inequality to both terms on the right hand side of equation (40) we also find:

—1 d,1
Qs + Csditk Huh ‘

" (41)

s,1

L et + el 02, + o

At

1/2

2 2 2
chag? | 1
o T 2k24) Qd

s,1 2
u HQ (42)

(@) < o e
h =%

Choosing ¥ = 1/At and reordering,

2
Cail! H“d’l‘ ?
a: T 2K2c8, Qd

||| I [

43
o e (13)

2
To further bound equations (41) and (43) we require a bound on Hui’lHQd. To obtain this bound, we set n =0
and choose (vy,q;,) = (up, —p}) in equation (7) and recall that qu’O = 0 to find

(dtuh ,qul)Q + ay (up, uj,) = (fSI 51) L (fd’lvpr’l)Qd‘

1 _ 1
% )QS = At 1”“;

Using that (dtuh ,uy
Young’s inequality,

the Cauchy—Schwarz inequality, equations (11) and (24), and

Qs

2
A i !Q +caeu|||u S 17 VA [ [ Py e
. T c D a1l
< A S+ B U 2 w
Choosing ¢ = 2/At and ¢ = ux~!, we find from equation (44), after reordering, that
At
H Zl‘ Qd S5 g Hfs 1HL2(QS)3 + ctd Hfd 1HL2(Qd)3 ) (45)

Equation (37a) follows from equations (45) and (41). Equation (37b) follows from equations (45) and (43).
We proceed with proving equation (38). Let 1 < n < N — 1. Consider equation (7) at time levels n+1 and n:

(dtUZ’"H,UZ) +an (upswp ™ on) + bn (vp, PR ) + bn(wp @) = (T on) g + (P an) s
(dtuh , U )Qs +ap, (’I,Lh Y ’U/Z, ’Uh) + bh(vhapﬁ) + bh(’u’Za qh) = (fsvnvvh)ﬂb‘ + (fdma qh)Qd

n+1)

Subtracting the latter from the former, choosing (v, q;,) = (5u2+1 —op and noting that

+1 +1 s,n—1, +1
th(u, " upt, Suy )—t( sy, ou) )

=t (up" souptt, 6u”+1) + tp (ug" ,uh,éuzﬂ) — 1t ( sn=l, uﬁ,&uzﬂ),
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we find

1

s,n+1 s,m s,n+1 sn, .. n n+1 sm—1,_n n+1
E((;Uh — duy", duy )QS—Fth(uh suy, duy )—th(uh suy,, oy )

o an (" dup T Sup ) = (a0 5u2’”+1)98 + (gt appn ) " (46)

Equation (8d) and u}* € Bj imply ||uf - n|, < sucso (2, +c% 4) 7 for 0 < k < n. Therefore, coercivity of aj,
equation (15) holds. Also using the Cauchy—Schwarz inequality and equation (8b):

1 _
Az (6ui’"+1 —ouy", (5ui’"+1)95 + tp (u) " up, 5uz+1) —tn (uzn L, 6u2+1)
+11)12 n+1 s,n+1 d,n+1 d,n+1
a1 < e 0527 g o | ot g anii L (47)
A simple modification of the proof of Lemma 4.2 allows us to show that [|5p®&" " 1 pge < Cus™! 605" | -
Then, following the same steps used to find equation (24), ||(5pfl’n+1||9d < crapk! ||(5ui’"+1||ﬂd so that
1 n+1 s ,n+1 +1 2
A7 (5u2” Y e )QS + cacpr|Sup |
n+1 41 —1 || 5 pdn+1 dn+1
< e 57 g [lowm ||+ cuamn 7 g i
+ ‘th (u;", uy", 6u‘;’"+1> —tn (u‘;’"_l; uy", 5u‘;’"+1> ‘ (48)
To bound the convective terms we use equations (13), (8b), and Young’s inequality:
(s i, 0wy *) =t (" S )| < eullowy L g ||
c : 2 c i nt1]))?
< 5l Mow™ 1 o + 5 Mei™ I, o | dun™ |
Applying Young’s inequality to the first two terms on the right hand side of equations (48),
e 77 g [ e 859 g |
v,8
2 22
¢ 2 Cralt 2 ¢ 41| dnt1||?
< P 5 s,n+1 td § d,n+1 b H‘éus’" ‘H(S’U, )
—2¢ || f |Qs+2ﬁ2¢ || f HQ‘1+2 h v,s+ h v.d ’
and choosing ¢ = cgep, we find after combining with equation (48) that
1 n+1 , n+1 , 2
= (0wt = supm ouy™) o+ (Yewen = Sllup™l,, ) 1w
2 2
Cp n+1 2 Cralt d,n+1 2 Cy s,m s,m 12
< o oo ot o o+ L N, (19)

Multiplying both sides by 2, using the assumption that u;" € Bj, that a(a —b) > %(az —b?), and that
1
6wy, o < Nowp ™I,

v,§ —

1 . 1 2 1 . 2 2
ot N + eaenllou
2
2 Ctd
o T K2cq

<

o+

Eloremtt|2, + Leqepllous™ |
€

v,s’

2
c
_b_ 50
Caeld ( )
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Replacing n by k, summing for k = 1 to k = n, using that dyu;’ nl At’%ui’”“ and that 5u2’1 = qul

(because uh = 0), and the definition of F™ (see Eq. (33)):

2
s,n+1 s,1 Caell s,1 mn
oL, < e[+ Sl [ + 1)
Equation (38) now follows by inserting equations (37a) and (37b) into the above inequality. O
n+1

We are now ready to prove a bound on u,

Lemma 4.6. Let ufl’o =0, and let M™ be defined as in equations (34) and (35) for 0 < n < N — 1. If equation
(7) has a solution (uf,p¥) for all 0 < k < n such that uZ’k € Bj, then

n+1 2 % w2 b2 Chalt [ a2
[eaadls _@ @(M) Tt IIf ||L°O(J;L2(QS))+2HQC(1€ e 2y | - (52)

Proof. Choose (vp,qp) = ('uZ+1 —p}™!) in equation (7). Coercivity of aj, equation (15) (which holds by Eq. (8d)

and the assumption that u;™ € Bj}) then implies:

(dtuz,n—&-l u; n—i—l) o + CaeM|Huh+1 |H (fs,n—&-l’ u}sl7n+l) _ (fd,n—&-l’pi,n-ﬁ-l) ) (53)

QS Qd

Using the Cauchy—Schwarz inequality, equations (8b) and (24), Young’s inequality and equation (38), we obtain:

B o

sl H‘ +eeapr ||
v,s

_ (dtuz,n—i-l U2n+1)
QS

d,n+1
|

dtus n+1H ‘Hus n+1

Qd

< i(Mn)2 H’usn—‘rl Ct2d'u2 |’fd,n+1||2 f H d,n+1‘
- 2X 1),5 /€2(b Q4 Qd’
The result follows by choosing X = 3cqeft, and ¢ = cqept, and using the definition of [||-[|],,. O

We end this section by proving existence and uniqueness for all time levels under a suitable data assumption.

Lemma 4.7. Let M™ be defined as in equation (34). Assume the data satisfy for 1 <n < N —1,

2 0127 n\2 0127 512 cfd,u d||2
7<M )"+ ool 1 e 102000y T+ 2r2cq. 1/ HLoo(J;LZ(Qd))

Caelt Cae ae

2
: PCoe Caelt
< . 54
- [mln (2051"2(012,(1 + C§i74)7 2¢y >‘| ( )

Then, starting with ufl’o = 0, equation (7) has a unique solution. Furthermore, for 1 < n < N, the velocity
solution is such that u;" € B} and the pressure solution satisfies,

2
3u2 Ca c
. 2 1 9 2 u . M ae ae/’l’
o 3u° ) 55
llpnll, < (3¢ae +cac) ) lmln (2631,2( 2 2ia) )1 )

bb Cpq + Csi,4) 2Cw
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Proof. Existence and uniqueness of (uZ“,pZ“) under the assumption that u;™ € Bj, for 0 < n < N is
established by Lemma 4.4. That ;"™ € Bj for 1 <n < N is due to equations (52) and (54).

We now prove the pressure bound equation (55). By the inf-sup condition equation (9a) and the HDG method
equation (7), with g, =0, we find for 0 <n < N —1:

s |H sup M = sup | (fs’nJrlv vh)QS — (dtuzﬂ, vh)Qs (uh’ uZJrl7 'Uh) ’ .
vendx, Toall, o foull

e[

By the Cauchy—Schwarz inequality, equations (8b) and (14b), squaring and using Hélder’s inequality for sums,

llei I < 3(chew £ 12 i

+c2 5Cob ||dtuh ot ciccbb U |||uh+1||| )
A bound for [|u}™!||, is given by Lemma 4.6 and the data assumption equation (54). Together with equation
(38) we obtain

S

2
n 2 - 5112 n\2 - . HCqe Caelt
121 3 5 (i + O ) i oo (s 52 )| ) o

Note that the data assumption equation (54) implies that

2
-2 2 : MCZG Caelt
e’ (I znon + (M)7) < el lmm <2c (2, + 2, 2 )1 | 7
51,2\"pq si, w

The result follows from equations (56) and (57). O

5. A PRIORI ERROR ESTIMATES

Let IIg be the L2-projection into Q, and let Iy, and I , j = s,d, be the L?-projections into the facet spaces
Vi, and Qi, Jj = s,d, respectively. Let Iy : H(div;Q) N [LT'(Q)]dim — Xp N H(div;Q), where r > 2, be an
interpolant such that

(gn, V -Tlyu) r = (qn, V - ) Vi, € Pp_1(K), (58)
(Gn,n-Tvu) p = (Gr,n-u) g Yan € Py(F), V faces F' of K, (59)

and with the properties that for any u € [H*+1(K)"™,

w—vull,, x < Cht™ lully r m=0,1,2, max(l,m) </l<k+1, (60)

and for any u € [W1 (K)]dim7
llu — Hvu||Loo(K) < Chxlulw (k)- (61)

Examples of such operators are the Brezzi-Douglas—Marini (BDM) and Raviart—-Thomas (RT) interpolation
operators [5].

We partition the errors into their interpolation and approximation parts as ( —(p = eé - 64 for ¢ = u, @, p, P’
and for j = s,d, where

e, = u—Iyu, e = up — Iy, ey, =p—gp, ey = pn — lgp,
e, =(u) = Myu, éh = w, — Iy, el =~v(p’) — Iy, er = pj, — ip.
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To be consistent with the notation for elements in X, Q;,, Q{L, j = s,d, we also define
eg: (eiaég)v eg: (6;276( eid)a egj = (egjvéf;j)a CZIah

In the following we will use that the initial condition is given by uh = Ilyug and so e’ = 0.

To determine the error equation we first note that by Lemma 4.1, the exact solution (u, p) satisfies equation
(5). Therefore, subtracting equation (5) at time level ¢t = "1 with (up, p;,) replaced by (u,p), from equation
(7), splitting the errors into their interpolation and approximation parts, using that by (v, eI m+l) = 0 for
all v;, € X, (since g, Iy are L2-projections onto Q) and Q, respectively, and V -V}, = Qh) and that
br(el"*1l q,) =0 for all g, € Q,, (by Egs. (58) and (59) and properties of the L?-projection IIy/) we obtain:

(™ 00) g+ 0 (o ) — 0 (00 ) af (el ) b (v, ™) £ (el )

= (deel) "H,Uh)ﬂs + (Ot — dyu"t ,vh)ﬂs +ap (el vy). (62)

The following theorem now determines an upper bound for the approximation error e*"
Theorem 5.1. Suppose that w € L*(0,T; [Hk+1(Q)]dim) such that v® € L*(0,T; [Wg(ﬂs)]dim), Oiu €

L2(0,T; [ H*(Q* )]dlm), and Oyu € L2(0,T;[L*(Q° )]d ). Suppose also that the data satisfies the assumptions
of Lemma 4.7. Then, for 1 <m < N,

m—1 m—1
lebm 12, + A ST ([diech™ 2+ cacust 3 [l
n=0 n=0

_ 2 - 2 2
< CCq [th {M ! ||8tu||L2(J;Hk(Qs)) +T ((N +u 1) ||UHL°C(J;H7€+1(QS))) ||u||L°°(,];Hk'+1(Q))}

_ 2 2 2
+ (At)?p! {||attu||L2(J;L2(QS)) + ||8tu||L2(J;L2(QS)) HUHLOO(J;HI(Qs))Ha (63)
where C; = exp(At Y C’;fl ||u”+1||W 1))

Proof. Consider the convective terms in equation (62). We note that

th(uh,uxﬂ,vh) — th(u”H;u”H,v ) = th(u ;efmtl 'vh) — th(u"“;ei’"ﬂ,vh)
+ [th (uh,l_[vu"“,’vh) — it (u”;l’[vunﬂ,vhﬂ
+ [th (u";Hvu"H,vh) —tp (u”“;l’[vunﬂ,vh)]

We furthermore note that
hn+1 )

Y (Uhv Al ’Uh) +ah( bl vh)v
vp) =

( n+1;e£,n+1 )+a ( In+1’vh)’

ap (uh, th
anp (u"+1; ei’"Jrl, th
so that we can write equation (62) as

(deen ™ vn) . + an (uiy ™, vn) + bn (vn, ") + b (e qy,)
= (dtefb "H,vh)gs (agu’”r1 - dtu"H,vh)QS + ay, (u”Jrl ei’”“,vh)

+ [th(u";ﬂvu"“,fvh) - th(uZ;HVu"H,vhﬂ + [th(u"“;ﬂvunﬂ,vh) - th(u";l'[vunﬂ,vh)] (64)
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Let us now choose (vp,q;) = (eZ’”“,—e'Z}’”H) in equation (64). By the assumption on the data we have
coercivity of aj, equation (15) so that:

(A, ), el < (deckm )y (B = da el
+ ap (unJrl; quL,nJrl’ eZ,n+1)

+ [th (u”;]_—_[vun-&-l,ez,n—i-l) —t (UZ;HVU”H,eZ’”Hﬂ

+ [tn (un+1; Iyu"tt, EZ’nJrl) —tp (u"; Hvun+1,eﬁ,n+1)}

=y I (65)
j=1

Using equations (B.3), (60), (8b), and Young’s inequality we find:
I < |[deel™ Y|, [Jehm Y|, < CRF(ALTH? 18ctl L2 pn gn ;e et ™ I,

c )
§7|||eﬁ’”“|||i+§h2k(m) N0l 2 e s ey (66)

Qs

where v > 0 will be chosen later. By equations (B.1), (8b), and Young’s inequality,
I < [0 = dp™ |, [l |
1/2 h,n
< c(an 18eeull Lo (g gns1; 200y len™ ],
¢
Y
Observe that by equations (14a), (8a), Lemma 7 of [6], and Young’s inequality,

e Ml < Cuh® [l [,y g fllew™ I,

< V‘HezynHH‘i + At ||3ttu||2L2(tn,tn+1;L2(Qs)) : (67)

In+1
u

Iy < cacte

,U/
2 C
<lew™l, + Zuh [ v

For 1, we have

c c
I < 2|l I, + S o e e + = bl ™+ gy (68)

the proof of which, due to its length, is given in Ap_)pendix C.
By equations (13), (B.3), properties of ITy and Ty so that [[Tlyu™ [, , < c[lu"|; o. (see [36], Eq. (28))
and Young’s inequality,

Is < e ||V (" = u?) ||, [[T0va ], lew™ ],

< CADY2110yull oy gz oy 14" |y e et ™ ],
¢
Y
Collecting the above estimates for Iy, ..., I5, combining with equation (65), using that a(a — b) = 1(a® — b* +

(a —b)?), choosing v = 1—120[18#, and multiplying by 2At:

(et Mg = llet™ . ) + llel™ " = el + cacntiely™

<llelm I + ZAtIdulFagn s,z 1o g

_ 2 2 _ 2 2
< C{h%{ﬂ ! [OsullT2(n gnsr,pr(sy) + Dtp ||un+1||k+1,ﬂ +Atu! " [l 41,00 ||un+1Hk+1,QS}
_ 2 2 2
+ (At)*p 1{Hatt“HLz(tn,tnﬂ;m(ns)) + 100wl 2 (pn gns1,12(00)) H“”HHLQS}

EERTISIRET nil2
At s e 16 -
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Summing from n = 0 to n = m — 1 and noting that e/? = 0 gives

m—1 m—1
el lg. + A8 3 [[del™ 6 + cacnrt D [let
n=0 n=0

_ 2 — 2 2
< O {10l ey + T (07 Nl e s ey ) Nl s o |

_ 2 2 2
+CAPu! {HattuHLQ(J;Lz(QS)) + 10l 72 5120 ||UHLoo(J,H1(Qs))}

m—1

-1 n+11|2 h,n 2
+CAtZ:O/‘ [ u™* stl(ﬂs) lea™ [l -
The result now follows by Gronwall’s inequality ([29], Lem. 28) for all A¢ > 0. O

By a triangle inequality and properties of the interpolant Il and projection IIy, we obtain the following
velocity error estimate that is independent of the pressure.

Corollary 5.2. Suppose that u, wy, and the data satisfy the assumptions of Theorem 5.1. Then, for1 < m < N,

m—1
™ — B + cacndt S [t — w2

n=0
- 2 - 2 2
< C{hzk{ﬂ ' HatuHL?(J;Hk(QS)) + (1 + T(M +u 1) HU’HLOO(J;HkJrl(QS))) Hu||L°°(J;Hk+1(Q))}

_ 2 2 2
+ (At)*pt {Hattu||L2(J;L2(QS)) + 10wl 2502000y ||u|\Loo(J,H1(Qs))H~

6. NUMERICAL EXAMPLES

We implement the fully discrete HDG method equation (7) in Netgen/NGSolve [39,40]. For all examples we
choose the penalty parameter as 3 = 8k? (see [1,37]), where k is the polynomial degree in the approximation
spaces.

6.1. Rates of convergence

In this section we verify the rates of convergence by the method of manufactured solutions. For this we
consider the domains Q° = (0,1) x (0,0.5) and Q¢ = (0,1) x (—0.5,0). The interface is given by I'/ = Q° na’
while I'$, = {z €I : 23 =0or 2 = 0.5}, 'y = T5\I'5,, 'Y, = {z € I'"": 25 = —0.5}, and 'Yy, = T\I'},. To
construct a manufactured solution, we consider the following inhomogeneous boundary conditions and modified
interface conditions:

u® =U?® on 'y, x J,

ogn = S° on I'y x J,
ul.n=U" on T4 x J,

pd =Pl on T} x J,
won=ul-n4+ M on T'T x J,

—2u (e(u®)n)" = aps™ () + (M€ on I x J,

(o5m) -n = p* + MP on I x J,
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where U®, S, U, P? M" M€, and MP, and the functions f* and f¢ in equations (1a) and (2b) are chosen
such that the exact solution is given by:
s wxy cos(maxiry —t) + 1

S — sin(3 —t 4 in(2 s - ’
p® =sin(3zy — t) cos(4xs) + sin(2rz122) u i cos(mmms — 1) + 2

p? = cos(3x1xy — t/10), u® = —(k/p)Vp.

The initial condition for the velocity is set by first solving the stationary Stokes—Darcy problem with the above
boundary /interface conditions and functions f* and f¢. In our simulations we choose £ = 107 and a = 1. We
consider polynomial degrees k = 1 (corresponding to approximating the cell pressure by piecewise constants
and the other unknowns by piecewise linear polynomials) and k = 2 (in which the cell pressure is approximated
by piecewise linears and the other unknowns by piecewise quadratic polynomials). We compare results obtained
by choosing = 107!, 4 = 1073, and p = 107°.

Let us define e, := u — uy, and, similar to [22], [leu|| = (X gere leul? x + lewl|fa). From Corollary 5.2
we expect that, for smooth enough solutions, ||e, |, = O(h* + At). The spatial rate of convergence is indeed
observed in Table 1 (to obtain these results we chose our time step as At = 0.8h**1 and set J = (0,0.1)). Table 1
also lists the L%norm of e, and e, := p — p,. For the velocity we observe that |le,||q = O(hFT1) for p =101
and |le, || = O(RF*1/2) for g = 107°. For u = 1072 we have that ||e,]|, lies between O(h¥*1/2) and O(h**1),
depending on whether & = 1 or k = 2. The slower convergence in the L?-norm for y = 10~° is not surprising;
the flow problem is advection dominated and analysis of HDG methods for the scalar advection equation reveals
a priori error estimates for the solution to be O(h**+1/2), see Lemma 4.8 from [42]. We furthermore observe
optimal rates of convergence for the pressure: ||, |, = O(h*).

We next consider the temporal rates of convergence. For this we consider a fine mesh with 9508 cells and set
k =2and J = (0,1). In Table 2 we vary the time step and present the errors and rates of convergence. All
errors are O(At).

Finally, let us remark that despite our analysis holding only under the small data assumption (see Eq. (54)),
we are nevertheless able to compute the solution for very small values of viscosity. From Tables 1 and 2 we even
observe that the variation in ||e, || ; for the different values of y is small, despite the upper bound in Corollary 5.2

depending on p and p~ .

6.2. Surface/subsurface flow with nonuniform permeability field

In this example we consider surface/subsurface flow. For this example we divide the domain 2 = (0,1) x
(—0.5,0.5) into two subdomains Q* and Q. We consider a case where the interface I'/ = Q5N is not horizontal
(see Fig. 1a). Furthermore, let I'Y, = {z € I'": x5 = —0.5}, and I'Yy, = I'\I'},. We then impose the following
boundary conditions:

u® = (35 (102 + 1)(1 — 1/5) (cos(nt/5) + 15),0) on I’ x J,
ul-n =0 on 'Y x J,
pi=0 on 'Y x J,

and set f* = 0 and f¢ = 0. We consider both g = 10~! and p = 1072 together with a = 0.5, and choose
the permeability to be piecewise constant such that p~'x = 107" with r € [2,6] a random number that is
chosen differently in each element of the mesh in Q7. (The analysis presented in this paper assumes a constant
permeability, but noting that 0 < Kmin < K(z) < Kmax the analysis is easily extended to this situation.) A
plot of the permeability is given in Figure 1b. To set the initial condition for the velocity in 2° we solve the
stationary Stokes—Darcy problem.

We compute the solution on a mesh consisting of 91720 elements, using k = 2, a time step of At = 0.01,
and on the time interval J = (0, 10). Plots of the velocity and pressure fields at different time levels are shown
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TABLE 1. Errors and spatial rates of convergence for a manufactured solution (see Sect. 6.1).
Results are for k = 1 and k = 2 with parameters k = 1074, a = 1, and p € {107,1073,107°}.
Here e, = v — up, and e, = p — py. The rate of convergence is denoted by 7.

Cells leully, 7 lleallsy 7 llenllo r

k=1, pu=10""

152 4.8¢—01 0.9 9.4e—03 1.9 1.1e—01 0.7
580  2.1e—01 1.2 1.8e—03 2.4 4.5e—02 1.3
2362 1.0e—01 1.0 4.2e—04 2.1 22e—02 1.0
9508 5.1e—02 1.0 9.8¢—05 2.1 1.0e—02 1.1
k=1,pu=10"3

152 5.5e—01 0.9 1.4e—02 2.0 6.7¢—02 1.1
580 2.5e—01 1.1 39e—03 1.9 3.3e—02 1.0
2362 1.2e—01 1.1 1.2e—03 1.7 1.6e—02 1.0
9508 5.6e—02 1.1 3.6e—04 1.7 7.9e—03 1.0
k=1,pu=1075

152 2.4e+00 3.8 1.5e—01 4.3 7.8e—02 6.5
580  3.2e—01 2.9 25e—02 26 3.3e—02 1.3
2362 1.4e—01 1.2 5.6e—03 22 1.6e—02 1.0
9508 7.2e—02 0.9 1.6e—03 1.8 7.9e—03 1.0
k=2, p=10""

152 3.7e—02 2.1 5.9e—04 3.1 8.7e—03 2.5
580  7.6e—03 2.3 b5.6e—05 3.4 1.9e—03 2.2
2362 1.7e—03 2.2 5.6e—06 3.3 4.8¢e—04 2.0
9508 4.0e—04 2.1 6.4e—07 3.1 1.2e—04 2.1
k=2, p=10"3

152 4.7e—02 2.0 1.0e—03 2.7 5.5e—03 2.2
580  9.2e—03 2.3 1.3e—04 3.0 1.3e—03 2.1
2362 2.0e—03 2.2 1.6e—05 2.9 3.0e—04 2.1
9508 4.9e—04 2.0 22e—06 2.9 7.6e—05 2.0
k=2, p=10"°

152 59e—02 4.0 3.6e—03 4.2 5.5e—03 3.1
580  1.0e—02 2.5 4.3e—04 3.1 1.3e—03 2.1
2362 2.4e—03 2.1 6.1e—05 2.8 3.0e—04 2.1
9508 5.3e—04 2.1 1.1e—05 2.5 7.6e—05 2.0

in Figures 2 and 3, both for i = 107! and p = 1073, The velocity fields at ¢t = 0 and ¢ = 10 for both values
of viscosity are similar: flow in Q° away from the interface is more or less horizontal while in Q¢ flow finds
its way through the permeability maze in the direction of negative pressure gradient. At ¢ = 5.2 (when the
inflow magnitude of the velocity is close to its minimum), the behavior of the velocity fields when p = 1071
and g = 1072 are significantly different: when p = 107! the velocity field is similar to that at ¢ = 0 and ¢ = 10,
but when p = 1073 we obtain a large area of circulation. The pressure fields are similar for the two values of
viscosity and follow a more or less linear profile in Q%. Pressure variations in Q° are small.

7. CONCLUSIONS

We presented a strongly conservative HDG method for the coupled time-dependent Navier—Stokes and Darcy
problem. Existence and uniqueness of a solution to the fully discrete problem were proven assuming a small
data assumption. We furthermore determined a pressure-independent a priori error estimate for the discrete
velocity. This estimate is optimal in space in the combined discrete H'-norm on Q° and H(div)-norm on Q¢
and optimal in time. Our analysis is supported by numerical examples.
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TABLE 2. Errors and temporal rates of convergence for a manufactured solution (see Sect. 6.1).
Parameters: k = 2, k = 107*, o = 1, and p € {1071,1073,10°}. Here e, = u — uy, and
ep = p — pp. The rate of convergence is denoted by 7.

At leally  m el 7 llesllg r

pu=10""1

1/8 3.5e—02 1.1 2.4e—03 1.1 8.0e—02 0.9
1/16  1.7e—02 1.1 1.2e—03 1.0 4.2e—02 0.9
1/32 8.2e—03 1.0 5.8¢—04 1.0 21e—02 1.0
1/64 4.1e—03 1.0 2.9e—04 1.0 1.1e—02 1.0
p=10"3

1/8 1.5e—01 1.0 2.1e—02 0.9 3.0e—02 0.8
1/16  7.7e—02 0.9 1.1e—02 0.9 1.6e—02 0.9
1/32  4.0e—02 1.0 5.5e—03 1.0 8.3e—03 1.0
1/64 2.0e—02 1.0 2.8e—03 1.0 4.2e—03 1.0
p=10"°

1/8 1.5e—01 0.9 28e—02 0.9 2.2e—02 0.7
1/16 7.8e—02 0.9 1.5e—02 0.9 1.2e—02 0.9
1/32  4.0e—02 1.0 T7.4e—03 1.0 6.2e—03 0.9
1/64 2.0e—02 1.0 3.8¢e—03 1.0 3.2e—03 1.0

0,0.5 1,0.5
(

F (1,0.2)

(0.25,0.05)

(0, —0.1) (0.7, —0.07)

(0, —0.5) (1,—0.5) S
() (»)

FIGURE 1. The surface/subsurface domain €2 used in Section 6.2. (a) Domain. (b) Permeability.
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FIGURE 2. Velocity magnitude and velocity vector field at time levels t = 0, ¢ = 5.2, and ¢ = 10.
Left column: p = 1071, Right column: p = 1073. See also Section 6.2. (a) u = 1071, ¢t = 0.
M) p=10"32,¢t=0.(c) p=10"1, ¢t =52.(d) p =103, ¢t = 5.2. (e) p = 1071, ¢t = 10. (f)

p=10"3, ¢ = 10.
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(E) (¥)

FIGURE 3. Pressure magnitude and contour plots at time levels ¢ = 0, ¢t = 5.2, and ¢t = 10. Left
column: p = 1071, Right column: u = 1073, For visualization purposes at ¢t = 0 and ¢t = 10
we consider in ¢ the pressure interval [0,1570] divided into 50 contour lines using a linear
scale while in €2° we consider the pressure interval [1500, 1570] divided into 100 contour lines
using a log scale. At t = 5.2 we consider in ¢ and Q° the pressure intervals [0, 80] and [75, 80],
respectively. See also Section 6.2. (a) u = 1071, ¢t = 0. (b) p = 1073, t = 0. (¢) p = 107%,
t=52.(d) p=10"3t=52 (e) p=10"1 ¢t =10. (f) p = 1073, t = 10.
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APPENDIX A. PROOF OF THE INF-SUP CONDITION EQUATION (9a)

An inf-sup condition of the form equation (9a) was proven in Lemma 2 from [6] assuming that v = 0 on I'®
and u-n = 0 on I'Y. We modify this proof to take into account the boundary conditions equations (4b)—(4d).

The proof requires the BDM interpolation operator Ily : H(div; Q)N [LT(Q)}dim — XpNH(div; Q), r > 2, which
satisfies equations (58)—(60) for all u € [H*1(K )]dlm. We will also require the following function space:

dim im
(B e, @) o= {w € @)™ wlpeury =0}
Defining
bu(on, (@) = 3 (@;Uh ) (g .m>w> |
j:S,d h
Ker(?)h) = {Uh € Xy Bh(”m (@.a) =0V(q.a1) € Q; % Qi}a
and noting that by (vn,qy,) = —(qn, V - vn)a + bu(vn, (35, G})), by Theorem 3.1 of [24] the inf-sup condition

equation (9a) holds for all g;, € Q,, if there exist constants cp1 > 0 and ¢y > 0, independent of h and At, such
that

—(qn, V - vp,
c llanllg < sup W Van € Qn, (A.la)
'U;LEKer(bh) Vh v
’Uh;ﬁO
1/2 R
ill? b (vn, (5, @) e ~ ~
X X welall ) < o MO g cqian
j=s,d KeT} v,’}f;%h hlly

Compared to Lemma 2 from [6], only the proof for equation (A.1a) needs to be modified.
We first seek a suitable v;, € Ker(by). Let g, € Q. By Remark 3.3 of [30] there exists v € [H}

0,I'sur'Y,
such that

(Q)]dim

1,0 < ||q}1HQ7 (A.2)

where ¢,, > 0 is a constant independent of h and At. Let f[v : [Hl(QS)]dmi — X}, be the L?-projection into
the facet velocity space and note that the pair v, = (IIy v, IIyv) lies in Ker(by):

bn (v o, Tyv), (33, q4)) = (@, (Tyv — Tyo) - n®) ., + (@), Tvo - n) .
+ @27 (Tyv — Iyv) - nd>rz + <§Z,HVU : nd>Fd
= <(ﬁw (’U - U) . ns>1"1 + <qga (U - U) . nd>F1 = Oa

2
_(V'Uth)Q = ”CIh”Qa qu ||U|

where the first equality is because IIyv - n/ is continuous on element boundaries and (ﬁ; is single-valued. The
second equality is by properties of ITy, and Iy, v-n’/ = 0 on PSUI‘?V, and (jff =0on I‘%. Therefore, (ITyv, Iy v) €
Ker(?)h).

We now proceed to find a bound for [||(Tlyv, Tiyv)]|, in terms of [|v]|; o, First, note that by definition,

[T, o) I3, = Ty olga: + > het [Ty - ]|
FeFI\(FLuFD?)

+ Z h;(l H(Hv’l} — ﬁv’l)) . nHzKﬂI‘I =: ,[1 + IQ +Ig.
KeTy
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In Lemma 2 of [6] it was shown that I} + I3 < C ||v||? qa- Furthermore, I = 0 because IIyv € H(div; Q4) and
v = 0 on T'{. Therefore, [[|(Ilyv, Ty v)l|, 4 < Clv]l; ga- In the proof of Lemma 2 from [6] it was also shown

that B B .
| (@vo, mv)|l,, < Clielly oo ||(@vo)'| |, < C ol (A3)

By definition of ||-|||, and using the preceding bounds on |||(TIyv, ﬁv’U)mv o ||(1:[Vv)t||F,, and |||(IIyv, ﬁvl})mv &
we find B
| (@yo, o) [, < Clollq -

Equation (A.la) now follows from this and equation (A.2):

— ’V . _ 7v 10 2
sup (qn, V - vn)g > (an, V- Ty v)g > CH(IhHQ > 9l
ey Y R (7N T M
vh?éo

APPENDIX B. USEFUL INEQUALITIES

Let g be a sufficiently smooth function. Using Taylor’s theorem in integral form, it is shown in Lemma 7.67
from [26] that

Hatgn+1 - dtgn+1| Qs S CV At Hattg||L2(t"7t"+1;LQ(QS)) . (Bl)
A minor modification of the proof of equation (B.1) leads to:
||9n+1 -g" Qs S CAL([[0:g9" (s + ||8ttg||L2(tn,tn+1;L2(Qs)))~ (B.2)

We also have, by the fundamental theorem of Calculus and the Cauchy—Schwarz inequality, that
et

gt 1/2 g1 1/2
H/ Brg dt|| < (/ dt) (/ 19:g]1,e dt)
tn tn

S VAL 0ugll p2gn gnt1.12(00) - (B.3)

n+l n

g

ApPPENDIX C. PROOF OF EQUATION (68)
To prove equation (68) we will use the following result, which is due to a discrete Sobolev embedding
Theorem 5.3 from [17] and equation (8b):
1/6
S lonlSoey | < Cllonll,. Von € Xa (C.1)
KeTy

Let us first write I as:

th u”,Hvu 1 h,n+1) _ th (u;LLv Hvun-l-l h,n-‘rl)]
u n+1 hn+1) —th(u”;u HV’LL 1 hn+1)]

) €y
1 h 1 1 1 _h 1
n+ ,n—+ ) n+l _ Hvun—i- 7eu,n+ )]

th<UZ,’UJ — th(uh;u
= [th(u",u ntl gh, n+1) —t (uz;un+lyez,n+1)]
+ [th (uz’ un — Iy un+1 h,n+1> —t (un; un+1 _ Hvun-H, eZ’"‘H)]

=: Iy1 + Iyo.

For I,; we note that since the second argument of ¢; is continuous almost everywhere:

r U r U

I41 = th (Un — uﬁ;um'l eh’"'H) = th( . u”'H 6h7n+1) — th (eﬁ’"; ’U/n+17 eZ,n-‘,—l) = 1411 —+ 1412.
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We have by equation (13) and Young’s inequality,

" e L

L < cw e[|y o [l L et

< OH [ [ 95 g et

c
< gl .+ SR o [V . (C.2)

Next, using that "t = @**! on facets,

_ +1 h,n h,n+1 h,n h,n+1 ~h,n+1 n+1 h,n shn+1 n+1
Ijp = —(u" Mt @ep™, Ve ") o+ (en™ -, (e — et >aT,s+<e n, e, oo
v
At this point We note that since e - n, e+ and u"*! are single-valued on facets, and because v = 0 on T'®,
we have that (efon . n, ehntl. ”+1>37-hs < hon o, elntl . ynt L Therefore,
o n+1 h,n hn+1 h,n h n+1 n+1
Iy10 = 7(u X e, ,Veu )QS + <eu ‘n, e, >8’TS'

h

Integrating by parts, using that V - el™ = 0 on each K € 7,°, the generalized Holder’s inequality, equation
(C.1), and Young’s inequality:

s = (7 (0 @ ), 1) = (et TureH el
< [let™ g ’“nH‘W;(m) Hez’nHHLG(Q

< Cllew™ g |U"“|W ran llew™ L.

s

*)
< plleb I+ = H Bl 1o g ey (C.3)
Combining equations (C.2) and (C.3) we find
C 2 C|

T <Al I+ SR I g 90 2 e [ o ey (©4)

We next consider Iyo which we first write as:

Iy = [th(uh, —IIyu™tt, h"“) th(Hvu”'u Hvu +1 h”“ﬂ
+ [th(Hvu syt — Hvu el ) — gy (wh u T — Tyu™ ™ el )]
= [tn (TTyun; eln+t ghnt1) — th(u el hn-‘rl)]

+ [tn (uf; i”“, el ) — ¢, (Myu™; el el )]
=: Iy21 + I422.

For I;2; we have by equation (13), Lemma 7 from [6], properties of [Ty, and IIy,, and Young’s inequality,

S Mew L

L1 < ey [Ty u”™ —u™|ly 4 0o |||e vs”|e

In+1H‘ hn—i—l‘”

= cu [lei™ [l 5o lle slle

< OW oy o e et
< OP** [w* M|y e 0™ i e llew™ Ml 0
C

< %Wllleﬁ’”“lﬂi * ;h% HunHHiH,ﬂs ”“n”iﬂ,ﬂs : (C.5)
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For I495 we find, after integrating by parts,

I+l _hntl I+l _hontl
Ligo =ty (uf; un+7 et — b, (ITyu™; el " el )

= (Ve @ (uf — Ty, — (e~ el) @ (uf, — Ty ) o, e +)

+ <(max(uz -n,0) — max(ITyu”™ - n, 0))(61{’"+1 — éi’”“), hontl _ ’Z’"+1>

= (Vb e g ), — (e~ ) @ e, el

+ <(max(u2 -n,0) — max(ITyu”™ - n, 0))( Intl _ éi’”“),eﬁ mtl éﬁ’"+1>

_ (ez,n A vei,n+1,ez,n+l)gs < h,n n, eh n+1 | ( i,nJrl _ éiﬁn+1)>67’s

+ ((max(uy, - n,0) — max(Iyu™ - n,0)) (el — elmth), ehntl — ghntt)

= Iy224 + L4205 + I420c.

oTs

aT*
aT*
oTs
For I422,, using generalized Holder’s inequality, equation (C.1), that |u"+! — Hvu"+1|W31(Qs) < c|u"+1|W31(Qs)

(see [20], Thm. 16.4) we have:

— h, In+1 _h,n+1
I422a = (Bu n. Veu” e n )QS

Y u

< [lew™llg- Vew™ aaey llew™ l ocany

< C'Heu’ @ hn+1|H
=C HGZWHQS |un+1 _ HvunJrl‘Wl(Q )|||eh n+1|||
< Clew ol o)

To bound I4295 let us first consider a single facet F' C K. By Holder’s inequality,

(el et (et — éz’n+1)>F| = HeZ’nHLsm HEI ey n+1||L3(F [lew nHHLoc(F) (C.7)
Noting that IIyIIyu = IIyw on F, we have:
||€£,n+1 —e, ||L3(F) = [t = Ty — (") 4 Ty ||L3(F)
= [Ty =Ty u | L
= ||y (uF! — Myu"*) HL3(F)
<l — Ty (©8)

where the inequality is by Lemma 11.18 of [20]. By a multiplicative trace inequality ([20], Lem. 12.15), we have
that

™ = Ty ™ oy

< c||un+1 Ty n+1”2/3 (h 1/3Hun+1 _Hvun+1H1L/33(K) + HV(u"H —Tyu n+1 Hifz}{) (C.9)

and by Theorem 16.4 from [20] we have

Jl* = Ty | o

[V Ty

< ChK‘v“nH |W31(K)

< el

" 1y|W31(K) ) (C.10)

||L3(K)
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Combining equations (C.8)—(C.10),

H In+l _ Gl n+1||L$(F <ch2/3|V n+1|2/3 )(h_1/3h}(/3|Vu”+1|1/3 JrHunHHu:s )

K W3 (K) W3 (K)
< chi(/?’ ||u”+1HW31(K) . (C.11)
We also have, by a discrete trace inequality ([17], Lem. 1.52), that
lew nHL3/2(F) < Ch_2/3 lew nHL3/2(K) ) HeZ’nHHLw(F) <C Hez’nHHLoo(K) : (C.12)

Combining equation (C.7) with equations (C.11) and (C.12)

h,n phomt1 ( i,n+1 7é£,n+1)> } < Chy 2/3 He

|<6u’ RLZEE 2/3 ||un+1HW1

" nHL3/2(K) 1(K) Heﬁ’nHHLw(K)

=C ey HL3/2(K) u” +1HW31(K) |‘ez7n+1HL°°(K) :

By Lemma 1.50 of [17], for dim = 2,3,

SCh(;(im/Gle

et | 2 ) (C.13a)

ew™ HL3/2(K)
ey < O e (130

so that
(e, (et - 1)) | <Ok

h, n+l||
u L6

(K) Hun+1||W1(K) ew (K) "

Since we assumed ' C 9K it follows that
[(eu™ - my e (e — éi’nH»aK} <C ||eZ’nHL2(K) Hun+1||W31(K) HEZWHHLG(K) :

Summing over all elements in 7,’, using a generalized Holder’s inequality for the summation over the elements,
and equation (C.1),

Loy < C Z HeZmHL?(K) HunHHW_;(K) HeZ’nHHLG(K)

KeTy
1/2 1/3 1/6
2 3 6
<C ( Z HeZ’nHLZ(K)> ( Z Hun+1’|w31(1()) ( Z H‘BZWHHLG(K))
KeT? KeTp? KeTp?
< Cllew™ll ey o™ g llew™ (C.14)

Let us now consider I429.. Starting again with a single facet F' C 9K, we find using Hélder’s inequality,

|<(max(uz -n,0) — max(Ilyu™ - n, O))( Il _ _I’"Jrl) h.nt1 _h’"+1>F|

< [|(max(uj; - n,0) = max(Iyu™ -1, 0) ooy e = €™ | Lo oy
x [|efmtt -h,n+1HLw(F) ' (C.15)
Since a — max(a,0) is Lipschitz ([8], Appendix A.3.1), and using equation (C.12):
[max(up, - n,0) — max(Ilyu™ - n, 0)[| a2y
< Cllupt =Ty sz my = C leb™ | pasegr < Chi”> ™ | Laragiey - (C.16)
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Furthermore, by Lemma 1.50 from [17],

el = 2y < L e c1
From equations (C.15), (C.16), (C.11), (C.13a), and (C.17) we therefore find that
[{(masx(uf; - n,0) — max(Tyu" - n,0)) (e ™! — &™), et — et |
< O e g L1 =l g [~y (o B (C16)
< Cn2 Hehn||L3/2(K) 12/3 | n+1HW ) efn+t — g nHHLoo(F) (by Eq. (C.11))
< O e I8 g I — 7 (b Ba. (C:134)
< Oh™ " [l | gy 1 H g aey i ™7 llew™ ™ = o gy (by Eq. (C.17))

< C et e ™ H g ey (B2 le™ = 22l )-

where the last inequality is because pdim /6, (1=dim)/2 < h? for dim = 2,3. Since F' C 9K it follows that
K K K
K(max(uﬁ -n,0) — max(Iyu™ - n, ()))(e{;"+1 — éi’"“),efj’"“ — ghmntl

u >6K|
< Clebn]l (i fletnt = b1,

(K) Hun+1||W31(K) (aK))'

Summing over all elements in 7;° and by the Cauchy—Schwarz inequality,

Iiz2e <€ Z HSZ’nHm(K) ||un+1||W31(K) (hl_(1/2 [lew" " — éﬁﬂ“”L?(aK))

KeTp
< € e oy ) D Mlei ey o ettt = bl o)
Kety
1/2 1/2
2 _ _ 2
< € max [y ( > ||6'J’”||L2(K>) ( > bt e - EZ’HHHL?(MO)
KeTy KeTy
< C Y™ s ey lew e llew™ (C.18)

Combining equations (C.6), (C.14) and (C.18), and applying Young’s inequality, we find the following bound
for I4222
1 h,n+1 h,n n+1
Lz < $rlel™ 7 + = S ek o o
Combining now equations (C.5) and (C.19) we find that

C C 2
Lo <A€Y + Sh a1 4y e ™l 00 + = llewllg ™ 1y ey

) (C.19)

which, when combined with equation (C.4), gives us:

2 C C 2
L < 2yfle™, + Zh* [ [P 17 PP = llewllg- e My o

which is the desired result.
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