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ELASTOSTATICS WITHIN MULTI-LAYER METAMATERIAL STRUCTURES
AND AN ALGEBRAIC FRAMEWORK FOR POLARITON RESONANCES

YouJuN DENG'*®, LINGZHENG KONG!®, HONGYU L1u%?® AND LivAN ZHU!

Abstract. Multi-layer structures are ubiquitous in constructing metamaterial devices to realise vari-
ous frontier applications including super-resolution imaging and invisibility cloaking. In this paper, we
develop a general mathematical framework for studying elastostatics within multi-layer material struc-
tures in R?, d = 2, 3. The multi-layer structure is formed by concentric balls and each layer is filled by
either a regular elastic material or an elastic metamaterial. The number of layers can be arbitrary and
the material parameters in each layer may be different from one another. In practice, the multi-layer
structure can serve as the building block for various material devices. Considering the impingement
of an incident field on the multi-layer structure, we first derive the exact perturbed field in terms of
an elastic momentum matrix, whose dimension is the same as the number of layers. By highly intri-
cate and delicate analysis, we derive a comprehensive study of the spectral properties of the elastic
momentum matrix. This enables us to establish a handy algebraic framework for studying polariton
resonances associated with multi-layer metamaterial structures, which forms the fundamental basis for
many metamaterial applications.
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1. INTRODUCTION

We are concerned with the mathematical study of elastic deformation within multi-layer solid structures and
the peculiar resonance phenomena it induces. Specifically, we allow the presence of negative elastic materials, i.e.
elastic materials with negative bulk moduli which form an important class of the so-called elastic metamaterials.
In fact, exotic elastic materials with negative stiffness have been artificially structured [23,24], and have been
proposed for many revolutionary applications including super-resolution elastic imaging and invisibility cloaking.
In constructing metamaterial devices to realise those frontier applications, multi-layer structures are frequently
used as the building blocks. Moreover, we would like to point out that the so-called polariton resonances induced
by those negative structures form the fundamental basis of those applications.

In [13], the authors studied the surface polariton resonance associated with a single elastic metamaterial
particle in linear elasticity and considered its application in elastic wave imaging. This can be regarded as a
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single-layer metamaterial structure. In [8,9,25,28], the core-shell structures were proposed for realising invisibility
cloaking of elastic deformation based on the so-called anomalous localised resonance. Here, the core is filled with
a regular elastic material whereas the shell is filled with a negative elastic material, and both the regular and
negative elastic materials are uniform. If the material parameters in the core and the shell match in a delicate
way involving the geometric configurations as well, then anomalous localised resonance can occur which in
turn induces the cloaking effect due to an impinging field. The core-shell device can be regarded as a two-layer
metamaterial structure. The aforementioned studies have also been extended from the micro-scale to the macro-
scale in [12,14,30]. Similarly, one-layer or two-layer metamaterial structures have also been extensively used
and theoretically investigated in optics and acoustics; see e.g. [2,7,10,15,16,18,19,21,22,26,27, 29, 32, 33] and
the references cited therein; and in particular in [20], multi-layer metamaterial structures have been studied
in electrostatics. Motivated by those studies, we consider elastostatic deformation within much more general
layered metamaterial structures in R%, d = 2,3. In fact, we consider the case that the multi-layer structure is
formed by concentric balls and each layer is filled by either a regular elastic material or an elastic metamaterial.
The number of layers can be arbitrary and the material parameters in each layer may be different, though
uniform. This can cover many of the existing studies mentioned above with the number of layers being 1 or
2. Then we consider the polariton resonance that can be induced by such general layered elastic metamaterial
structures. To that end, we first derive the elastostatic field within the multi-layer structure due to an impinging
field in terms of the so-called elastic momentum matrix, whose dimension is the same as the number of the
layers. By highly intricate and delicate analysis, we derive a comprehensive study of the spectral properties of
the elastic momentum matrix. It in turns establishes a convenient and handy algebraic framework for studying
polariton resonances associated with multi-layer metamaterial structures. In practice, the multi-layer structure
can serve as the building block for various material devices, and our algebraic framework can facilitate the proper
selection of the metamaterial parameters in order to induce the desired resonance and in turn the realisation of
customised applications. We shall investigate along this direction in our forthcoming work.

There is one more motivation and physical relevance of our study which can be described as follows. In
fact, as mentioned earlier, the multi-layer structure in our study can be completely occupied by regular elastic
materials, i.e. there is no presence of metamaterials. Such regular multi-layer structures have been proposed for
achieving the so-called GPT-vanishing (Generalised Polarisation Tensors) or ESC-vanishing (Elastic Scattering
Coefficients) structures and hence cloaking devices with enhanced invisibility effects via the transformation
approach; see [1,31] for the related study in the elastic case, [5] in the electromagnetic case, [3] in the electrostatic
case and [4] in the acoustic case. The key technical ingredient in those studies is an algebraic system defined
by certain integral operators whose coefficient matrix is exactly the momentum matrix derive in this paper in
the elastic case. The explicit formula of the characteristic polynomial and the estimation of the corresponding
roots of the momentum matrix are set to be open problems in [3, Page 258] and [4, Page 497]:

(1) However, as the number of layers gets larger, solving analytically the characteristic polynomial seems
too complicated, and even proving existence of solutions to the characteristic polynomial seems to be quite
challenging. These numerical evidences show us that the characteristic polynomial has solutions, even though
we are not able to prove it.

(2) As in the conductivity case [3], it should be emphasized that one does not know if a solution exists for any
number of layers.

Due to such a reason, in the works mentioned above, the authors only considered the numerical verification of
the existence of such multi-layer structures with a small number of layers. Clearly, in the current article, we can
completely address these open problems, at least in the elastostatic case. This paves the way for constructing
much more general GPT-vanishing structures for enhanced invisibility cloaking devices by following a similar
spirit as the works mentioned above. However, we choose to explore along that direction somewhere else and to
focus on the development of the algebraic framework for the polariton resonance in the current paper.

The remainder of this paper is organized as follows. In Section 2, we first present the elastostatic scattering
problem with multi-layer structures. Second, we give the representation of the perturbed field in terms of the
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FIGURE 1. Schematic illustration of an N-layer elastic structure.

elastic moment matrix. In Section 3, we establish an algebraic framework for polariton resonances and give the
main results on the explicit formula of the characteristic polynomial and the estimation of the roots. Section 4
is devoted to the proofs of the main results in Section 3. In Section 5, we give some similar results in the two
dimensional setting. In Section 6, numerical examples are presented in finding all the polariton resonance modes
in a fixed multi-layer structure and polariton resonance is simulated. Some conclusions are made in Section 7.

2. ELASTOSTATICS WITH MULTI-LAYER METAMATERIAL STRUCTURES

2.1. Multi-layer metamaterial structures

We give the general N-layer elastic nanostructure as shown in Figure 1.
Precisely, we construct a sequence of layers, Dy, D1,..., Dy, by

Dy:={r>mr}, Dj:={rjpi<r<r;}, j=12,...,N—1, Dy:={r<rn}, (2.1)
and denote the interfaces between the adjacent layers by
S;={lz|=r;}, j=12,...,N,

where N € N and r; € Ry. The elastic structure configuration in R?, d = 2,3, is characterized by the Lamé
parameters A and & which are given by

(i) = () - (A) and  £(x) = e.(x)x(D) + cox(RA\D), (2.2)

where x denotes the characteristic function; R\ D is the matrix, namely the background space; and D = U, D;
is the N-layer elastic structure. In (2.2), A and p signify the bulk moduli of a regular elastic material which are
real constants satisfying the following strong convexity conditions [6,11,17],

w>0 and dX+2p > 0. (2.3)

(A, p) serves as the reference elastic configuration in our study. ¢ is set to be a positive constant and hence
g0 - (A, i) defines a regular elastic material in the matrix R¥\D. For the N-layer structure, we set . to be of
the following form

ee(x)=¢;, x€Dj, j=12,...,N, (2.4)
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where
g; € C with Se; >0, j7=1,2,...,N. (2.5)

That is, €. is of a layered-piecewise constant structure. If Re; > 0, then ¢; - (A, 1) defines a regular elastic
material in D; with the bulk moduli being Re; - (A, 1) which clearly fulfils the strong convexity conditions in
(2.3), and Se; - (A, ) signifying the lossy/dampling parameters of the material. If Re; < 0, then ¢; - (A, p)
defines an elastic metamaterial in D; with the bulk moduli Re; - (A, 1) clearly broken the convexity conditions
(2.3). In this paper, we simply refer to ¢; - (A, ) with fe; < 0 as a negative elastic material in D,.

In summary, we consider a rather general multi-layer structure where the number of layers can be arbitrarily
given and the material in each layer can either be regular or negative. Moreover, the material parameters in
each layer can be different from one another.

2.2. Elastostatic scattering and momentum matrix
Let Cx,u(x) = (Cijm(x)){

ik i=1 be a four-rank tensor such that

C;\7ﬂ = (Cijkl); Cijkl(x) = S\(X)(Sijtskl + ﬂ(x)(dlkéﬂ + 52'15]']@)7 X = (Xl, e ,Xd) S Rd,

where 6 is the Kronecker delta, and X and i are the elastic moduli defined in (2.2). The corresponding Lamé
operator E;\7 5 s defined by

L5 u:=V-C5 ;Vu=pnAu+ A+ )VV - u, (2.6)

with the strain tensor 1
Viu= E(Vu + vul),

where u is a C%valued function, which signifies the elastic deformation field, and 7" denotes the the transpose
of a matrix.

Associated with the multi-layer elastic structure configuration described by (2.2)—(2.4), the elastostatic scat-
tering is governed by the following Lamé system:

{ﬁ; Au=0, in RY,

u"H = O(x]'~4), x| — x. 27

where the displacement field u € H} (R?)%, and the background field H satisfies £, ,H = 0 in R? with £, ,
defined in (2.6) with the subscripts replaced by A and p.

In what follows, we shall confine our study of the elastostatic system (2.7) within the three dimensional
setting, and shall present the corresponding two-dimensional extension in Section 5. Recall that, in Lemma 3.2
of [12], three types of vectorial polynomials are introduced:

T(x) =V (%) xx, nxzl, —-n<m<n,
MP(x) =V M(x), n=1l, —-n<m<n,
and m
N () = 3 Y (0% + (L= 22 =) V(Y (8),
where

2(n — DA+ 2 -2
g = AR DA 2680 =2 sy oy <mgn—1,
(n+2)A+ (n+4)u

which are solutions to the Lamé £, ,u =0 in R?. By straight forward computations, one can also verify that

T'(x) = V(" YN®) xx, n>l, —n<m<n,
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M™(x) = 7™y (R)x 4+ (14 0 )V Y (%), n=1l, —(n—-1)<m<n—1,

2n +1
where
em  2(n+ 1A+ (6n411)p
T = (mn=DA+(n—-5)p ’
and

NMx) =V YM&), n=1, —n<m<n,

are solutions to the elastic system £, ,u =0 in R? excluding the origin.
Since {7,”*, M™ N} forms a complete system, we can suppose that the background field H is represented
by

H=> Y (6,77 +m) My +n) N7 (2.8)

n,m n,m
n=1m=—n

Then the displacement field u can be written as the following form:

SN WL T w Ml N, x € Dy,

n=1m=—n

SN (T w My, N

u=yg " (2.9)
+3 Y @+, M+, N, xeD;, j=N-1LN-2...1,

n=1m=-—n

H+ Y > (@, +m), Mr+a, N, x €Dy

n=1m=-n

By using transmission conditions on each layer and making use of the orthogonality of the vectorial spherical
harmonic functions, one can separate each term above and form different transmission equations. In order to
ease the exposition, we next mainly consider the case that the background field contains only one type of modes
with n = 1 and m = 0; see Remark 2.3 for more related discussion about this point.

Suppose the background field is uniformly distributed in R3, i.e. the field H can be represented as

H = aoN? (x). (2.10)

Based on the symmetric properties of the multi-layer structure, we assume that the displacement field u takes

the form
anN?, x € Dy,

u=< N +r 20Ny, xe€eD;, j=N-1,N-2,...,1
aoNl()+T_3boN1(J, XEDo,

The solution u satisfies the transmission conditions

Ou ou
u_=ul, and €%, = gi-1g, N on Sj, (2.11)
for j =1,2,..., N, where the conormtal derivative (or traction) on S; is defined by
Ju T
=AV-u)y+p(Vu+vVu')v (2.12)

=
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where v is the exterior unit normal vector to S; and
v|, (x) = lim v(x+hv), x€S5;,
(0= lim o(xEh), x€S;
for an arbitrary function v. In what follows, we define

4p
5 Ei—1 T E&;
ﬁj:%, j=1,2,...,N. (2.13)
j—1—Ej

Now we give the representation of the perturbed field u — H outside the multi-layer structure.

Theorem 2.1. Suppose u is the solution to the Lamé system (2.1)—(2.7) in R3, with the parameter . given by
(2.4). Let H be given by (2.10). Define the elastic momentum matrix Py as follows

B -1 —1 R
4
oty (r2/m1)° Ba 1 1
4 4 4
ﬁ(m_l/m)g‘ ﬁ(mv_l/rg)?’ ﬁ(rl\,_l/rsﬁ S|
ﬁ(”\’/rl)3 ﬁ(m/m)?’ ﬁ(m\r/m)?’ - By

If Py is invertible, then the Lamé system (2.7) is uniquely solvable with the solution given by the following
formula:

u—H=r3e"TyPL) eH, (2.15)
where e == (1,1,..., )T, and
0 0 0
0730 ---0
Y= |00 0] (2.16)
000 -7

Remark 2.2. It is clear that the invertibility of the momentum matrix Py is equivalent to the well-posedness
of the Lamé system (2.7). If Re > 0, namely C;\’ﬂ is a regular elastic medium, then E;\ﬂ is an elliptic PDO
(Partial Differential Operator), which guarantees the well-posedness of (2.7) and hence the invertibility of Py.
On the other hand, if for some layers the elastic materials are negative, the ellipticity of Py might be broken.
Nevertheless, if for those negative materials, say ¢, if one has 3e; > 0, then the ellipticity of E;\ﬂ is retained
and hence the invertibility of P . This can be seen in our subsequent analysis.

Remark 2.3. We remark that we only consider the uniform background field case to derive the exact pertur-
bation formula (2.15). However, even if the background field contains more modes, one should be able to derive
the related perturbation formula by using the form (2.9). For an illustration, if H = t%,m%m for some specific
m and n, then the displacement field u can be written by

tix I x € Dy,
u=Qt T+ T" xeD;, j=N-1,N-2..,1,
& T+ {g,m’fnm, x € Dy.
By using a similar strategy as the proof of Theorem 2.1 in what follows, one can derive the exact formula for the
coefficient t?z,m' If the background field contain other modes, say e.g. M", the representation formula can be

more complicated, but it will not bring any essential difficulty. For the sake of simplicity and to better express
our main idea, we only study the case for a uniformly distributed background field.
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2.3. Proof of Theorem 2.1

By using the transmission conditions (2.11) across the interface S;, j = 1,2,... N, we can deduce the following
equations

{ aj + by = a1 +bjar; (2.17)

g (BA+2u)a; — 4ubjr;3) =ej1 ((BA+2p)aj—1 — 4,Ubj71/rj73)

where we set by = 0. By using (2.13) and some basic arrangements to the equation (2.17), we obtain that

N
4/,[, rj 3
Pr(ar — ao) + o ;:2(%‘ - aj—1)(rl) = ag,
-1 " N .
J j— —
_ ;(aj —aj—1) + Bila — ar-1) + Mjgl+1(aj — aj_1)<7l) =ag, [=2,3,...,N—1,

2

-1

- (aj —aj—1)+ pn(any —an—1) = ao.
1

<.
Il

The matrix Py is invertible in the case that the elastic material parameters ¢;, j = 1,2,... N, are all positive,
and then there holds that

a= aO(E(IP’TI\})*le +e), (2.18)
where a := (a1, as,...,ax)” and Z is defined by
100---0
110---0
=— (2.19)
111---1

Furthermore, by the first equation in (2.17) and by = 0, we have
N
D (aj—aj_)ri=by, k=12 N. (2.20)
j=k
Combining (2.18) with (2.20), there holds
b=aiETTxN(PL) e, (2.21)
where b := (bg, by,...,by_1)T. By extracting the first element in b, we derive that

u—H =730 =r3a0e’ Tn(PL) eN? = r32el T n(PL)teH.

The proof is complete.

3. AN ALGEBRAIC FRAMEWORK FOR POLARITON RESONANCES

In this section, we shall establish an algebraic framework for polariton resonances. We mention that in order
to analyze the polariton resonance phenomena, one should consider the situation that the elastic material is not
regular, that is (2.3) does not hold any more.
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3.1. Polariton resonance

It is known that polariton resonance is usually relevant to some eigenvalue problem arising from the PDE
systems. We shall also consider the related eigenvalue problem associated with elastostatics system for multi-
layer structure. According to our earlier discussion in Remark 2.2, if the parameters €, j = 1,2,..., N, are
all positive real-valued, the elastostatic system (2.1)—(2.7) has only trivial solution if H = 0. We seek non-
trivial solutions to (2.1)-(2.7) when the parameters are allowed to be negative valued, i.e., ¢; < 0 for some
j=1,2,...,N. In order to simplify the analysis, in our subsequent study, we always assume that

gim

= ion and t} = (r;/r)°, i,j=1,2,...,N,

and
{ —e* +1i6, j is odd,
Ej =

- (3.1)
€0, j s even,

where € is a positive number to be chosen and ¢ > 0 is sufficiently small, signifying a lossy parameter. i = /—1.
Define

eg —e* +1d
= 3.2
s go+er—1id (3.2)
Then one can readily see that
3 = 0, 7 is odd,
7T 1 €E—-1—-0,j Iiseven,
for j =1,2,..., N. Hence, the perturbed field (2.15) can be rewritten by
u-H=r3e"Ty(pI -K%) 'éH, (3.3)
where € := (1,—1,1,...,(=1)¥"HT and the matrix Ky is given by
0 -1 - (—1)N-2 (—1)N-1L ]
=ty &-1 1 - (=12 (=)=t
—Ety &3 0 - (—N-2 (=Nt
Ky = ) . ) ) (3.4)
—gth ) €8y —€th e (€14 (DY) (<D
I 35 S5 VR 5 (—=D)Nety~ (€ =1+ (=DM -1))/2]

Next, we give the definition of the polariton resonance for our subsequent study.

Definition 3.1. Consider the system (2.7) associated with the N-layer structure D, where the elastic material
configuration is described in (3.1). Polariton resonance occurs if there exists elastic material configuration such
that, in the limiting case as the loss parameter d goes to zero, the corresponding PDO ﬁ;\) 5 Possesses non-trivial
kernel which in turn induces resonance.

Theorem 3.2. Suppose u is the solution to the Lamé system (2.1)—(2.7) in R3, with the parameter €. be given
n (3.1). If there holds
lim g = B,

where B* is an eigenvalue of Ky, then the polariton resonance occurs.

Proof. According to Definition 3.1, one only need to verify that the corresponding PDO L5 ; Possesses a non-
trivial kernel as 6 — 0. To this end, let us consider the following Lamé system:

{E;\ﬂu:O, in RY,

u = O(fx ), x| — oc. (35
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We shall search for the solution of the following form:

G,NNlo, XGDN,
u=1q ;N +r30N?, xeD;, j=N-1,N-2...,1,
r3boNY, x € Dy.

By following a similar treatment as the proof of Theorem 2.1, one can show that

N
Ap EANE
Pr(a1) + At 2 > (a; - aJ—ﬂ(ﬁ) =0,

Jj=2

T
=z

1

4ILL ro\3
(a/j_ajfl)“rﬁl(al_alfl)‘i‘mxz (aj—ajfl)(i) :0, l:273,...,N—1,

J=l+1 i
N-1
- ) (aj—aj—1)+Bn(an —an-1) = 0.
j=1
That is
(BI -KL)xta =0, (3.6)
where ¥ and a are defined in proof of Theorem 2.1. By letting § — 0, one has |3 — K%| = 0 and thus the
homogeneous linear equations (3.6) has non-trivial solutions. Note that ¥~'a = (a1,as — ay,...,ay —an_1),
one immediately has that aj, j = 1,..., N are not identically zero and thus the system (3.5) has non-trivial
solutions. 0

In the following, we shall find out the suitable elastic material configurations to make the PDO L5 5 Dossess
a non-trivial kernel by establishing an algebraic framework.

3.2. Resonant fields and energy blowup

For u,v € H} (R3)? | we introduce a bilinear form associated with the Lamé parameters A, s by

(u,v)%’;‘ D= /3 Viu(x) : Cy ,Viv(x) dx
-

(3.7
= / AV -u) (V- v)(x) + 2uViu(x) : Vov(x)] dx
R3
where and also in what follows, A : B = Z?,j:l aijbij for two matrices A = (a;)} ;= and B = (by;)7 ;—;. The
corresponding quadratic form is defined by
Ep (u) = (u,u)py". (3.8)

The resonant field demonstrates an energy blowup. Next, similar to [15,25], we give the formal definition of
the polariton resonance.

Definition 3.3. Consider the system (2.7) associated with the N-layer structure D, where the elastic material
configuration is described in (3.1). Then polariton resonance occurs if the following condition is fulfilled:

3 /\,y, _ — 1 _ _ )‘7#’7:
5£IEOER3\E(U H): 61530(11 H,u—-H) +o00.

where E];;“\E(u — H) is given by (3.7)—(3.8) with the integration domain replaced by R?\ D.

In view of Definition 3.3, the polariton resonance mode is parallel to the elastic material configurations which
make the parameter 3 the eigenvalue of Ky as § — 0. For this reason, we shall focus on the explicit computation
of eigenvalues to the matrix Ky, or the exact formula to the roots of [Py|.
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3.3. An algebraic framework

In this subsection, we shall derive a precise connection between the polariton resonance and the choice of
parameters . in the multi-layer structure D. By observing the explicit formula of |Py(8)|, 4 < N < 6 (see
Subsect. 4.1 below for details), we give the delicate result about the explicit formula of [Py (8)| for all N € N in
the following theorem. For the convenience of description, we denote by i,, the multi-index (i1, 42, ...,%,,) and
73, its sign given by

7y, = (—1)Zi=1i,

Moreover, we denote by C&™ the set of all combinations of m out n, m < n, say e.g., for one combination
(i1,02, ... im) € CL™  satisfying (i + 1) < i1,d0, ..., 0m < (0 +1),
we order them in ascending way, that is, 11 < i < -+ < ty.

Theorem 3.4. Define

Then for N € N, it holds that

L
PRAC)I Y ﬂ%HtZﬁl : N =2L,
k=0

= leECO 2k
P = 3.9
PN (3)] B (3.9)
DB Y T th;; ), N=2n41
k=0 leeco 2k

Remark 3.5. Theorem 3.4 shows that if the number of layers, NV, is odd then there exists a zero root § = 0
to the equation |Py(8)| = 0. The other roots are contained in a quadratic polynomial, whose constant terms
are the roots of a polynomial equation of order |N/2|. Here we denote by [t]| the integer part of ¢ € R. In
other words, to solve the equation [Py (3)| = 0, we first solve the equation |Py(g)| = 0, which is a polynomial
equation of order | N/2|, with respect to g. We then solve the following quadratic equation

F-(E-1)B-q=0
to find the roots of [Py (5)| = 0.

We shall analyze all the roots to the polynomial equation [Py (3)| = 0. Note that the explicit formula (3.9)
of [Py ()| can also be written by the following compact form:

[N/2]
P ()] = (—1) /2N 2N [N ehg(gyLN/2I=k (R n%Htizjl : (3.10)
k=0

2k
iok ECO

As already mentioned before, in order to ensure that the polariton resonance occurs, it is essential to find the
roots of the polynomial

[N/2]
fula) =) rqNPIR L N n%Htiii aE (3.11)
k=0 12k€CO 2k

To this end, we have the following elementary result on the roots of fn(q):
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Theorem 3.6. Let fn(q) be defined in (3.11) and ¢* be the root to fn(q). Then there exists |[N/2| real values
of roots to fn(q). Moreover, we have

€m0 B2 4w
e E[_ 4 ’5]_[_46A+2mf3k+2u' (3.12)

Remark 3.7.

(i) It follows from Theorem 3.6 that the roots of |Px(5)| are all real values. In fact, for any real solution ¢* to
(3.11), one can derive that the polynomial equation |Py(8)| = 0 has two roots,

¢—1+/E— 1P +4g"

5= : ,
this, togrther with (3.12), implies that
ap
cl-1,¢ = |-1, .
pel-Ld = |-Lgras
(ii) We also remark that if the polariton resonance occurs, the parameters o;_1, j = 1,2,..., N, defined in (3.1)

should have a negative real part, i.e., e* > 0. Indeed, if €* < 0, by the definition of 8 in (3.2) we have that
RG € (—o0, —1) U (§, +00).
Thus in such a case, we cannot have the polariton resonance since the spectrum of the matrix Ky lies in
[-1.¢].
Next, we shall consider that the radius of the layers are extreme large.

Theorem 3.8. Suppose r; = R + ¢;, where R > 1 and c¢; are regular constants, i = 1,2,...,N. Then the
polynomial (3.11) can be rewritten as
[N/2]

fnlg) = > (—1)FekgNRITRCE ) + O(1/R) = (¢ — W/ + O(1/R). (3.13)
k=0

Remark 3.9. This indicates that the possible polariton modes for such a set of multi-layer structure are only
B = —1,¢ if the number of layers N is even and 8 = 0,—1,¢ if N is odd.

4. PROOFS OF THEOREMS 3.4-3.8

In this section, we study the polariton resonances for the elastostatic system, which in turn casts some
light on deriving the explicit formula in Theorem 3.4, and hence facilitates the proofs of Theorems 3.4-3.8.

4.1. Eigenvalue problem

As mentioned above, the polariton mode is parallel to the elastic material configurations which make the
parameter § the eigenvalue of Ky as § — 0. So, we focus on the eigenvalues of the matrix Ky, or the explicit
formula of |Py| defined in (2.14) in this subsection. For this, we first define

B -1 . o1
ot (ri1 /13)° Bi+1 —1 -1

Py = : : : S (4.1)
st (-1 /) gyt (rav—1/ri1)? xtg (rar—1/riga)® -+ =1

3 3

4 4 4
aaron (rm/ri)° adgn(rm/rivn) axten (rae/rive)® o Bu

and set P§ = 1.
Next, we give the recursion formula for |[Py| in the following lemma.
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Lemma 4.1. Let N > 4. Then there holds the following recursion formula:

[Pa| = (B + (B2 = €+ D) (Bn + (By—1 =€+ Dty 1) [PR |
— (B1+ (B2 = £+ 1)t3) (By—1 + 1)(Bn_1 — NP,
— (B2 = Ot3(B2 +1) (B + (By—1 — £+ N ) [Py
+ (B2 = Ot3(B + 1)(Bn-1 + 1)(Bn-1 — &)ty PR _al-
Proof. Denote by E; ;. the elementary matrix which is transform of identity matrix by multiplying each element

of the j-th row of the identity matrix by k, and then adding it to the i-th row. Thus, by using some elementary
translation, we can obtain

IPN| = By (v 1y Bras- ) PNED 5 iy BN v a1
Br+(Bo—E+ 1)ty —Bo—1 - 0 0
(5 - ﬁ?)t% 62 e -1 0 (43)
0 &%, - Bn_1 —Bn-1—1
0 0 (€= BN By + (Bt — E+1)tN

where we only changed the first row and column, together with the last row and column. By virtue of the
notation (4.1) and the Laplace expansion theorem for determinant one thus has that

Pxn| = (81 + (B2 — &+ 1)t3) (By + (By—1 — E+ )N ) | PR_y|
— (B + (B — €+ 1)t3) (By—1 + 1) (By_1 — N PE_,|

— (B = Ot3(Bo+ 1) (By + (Bn-1 — £+ 1)tN ) [Py _4]

+ (B2 — Ot5(Ba + 1)(By—1 + 1) (Bn—1 — NPy,

(4.4)

holds for all N > 4, N € N. O

Next, we shall study the dependence of the determinant of P? defined in (4.1), i < m, on (3. By direct
computations, we first have that for m > 1,

[P (B)] = — (8% — (£ —1)B) + &t g,
IPam it (B)] = (= (8% — (6 = 1)B) + (&t3m ™" + &tom iy — Et3mi1)) B,
2m 2 2m—+1 (45)
|Psmia(B) = (E=1=0)"B+(E—-1-0) (§t2m+1 +&tomia — £t2m+2)

(- (B> = (E-1)B) + (tom s + £t§%1é &m.,)) (E—1-p).

Combining the recursion formula (4.2) with (4.5) we obtain that

Ps(B) =B (1—t3) (6 —1—0) (1—13) (B(E —1—B) +£82)
—BA-8)B+DB-OBE-1-8) — (B+1(B-E(E—1-8)(1-1]) B
+(B+ V(BB +1)(B - )] (4.6)
= (87— (-1’ +EB - (€-1P) D (—1)th+ et

. 0,2
(27])604
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In a similar manner, by straightforward calculations (but lengthy and tedious) we have that

Ps(8)] = B (1—t5) B(1—t3) (— (87 — (€ = 1)B) + (&3 + &3 — &t3)) (€ —1— 1)
—B(1—t3) (B=EB+ s (B(E—1-B)+&t3)
—(B+Dt3(B—- B (1—t3) (B¢ —1—B) + &)
+(B+ V(B - (B - B+ 1)t (4.7)

(P -E-0p) e - -1 Y (—UHE+E S mtitt

(i,5)€Cy? (i.g,k,1)eC?

Similarly,
Ps(8) = — (82— (€ -1)8)° —£ (B — (- 1p)” Y. (-1t
(i,4)€Cy?
—E (B - (E-DB) Y. Tugaptitt +

. 0,4
(Z,j,k,l)ECG'

(4.8)

Observing the above results (4.6)—(4.8) gives us a clue to derive the exact formula in Theorem 3.4. Next, we
prove it by mathematical induction.

Proof of Theorem 3.4. We shall use induction to prove Theorem 3.4. In view of (3.9) we can apply (4.5) to
deduce that (3.9) holds for 1 < N < 3. Suppose that (3.9) holds for all N < Ny, Ny > 4, we show that it also
holds for N = Ny + 1. Note that ¢(§ — 1 — 3) = ¢(8), in what follows, we shall denote ¢(3) by ¢ for simplicity.

Case i Ny is even. Since (3.9) and (4.2) hold for all N < Ny and the fact that N = Ny + 1 is odd, we obtain

Py (B)| =87 (1—t3) (1 —tN ) [PR 1 (—1-B)|+8(1—1t3) (£ - ﬁ)(ﬁ+ Dty PR (€ —1- )
+(BHDE-BBA -ty ) IPR_ (B + (B4 1)%5(E — BN 1Py _o(B)]

=> d;D
= (4.9)

where we use the notations

=31 -t3) (1=t ) (~)N/2He—1-8), dy=B(1—13) (E—B)(B+ 1)ty (-1,

= (B+ D56 - B)B (1 —tn 1) (—1)No/2L, dy = (&= B)*(B+1)°thty ' (—1)N/2p,
and
No/2—1—|j/4] 4
D, = Z ghgNo/2—k=1-1i/4] Z Tion Htgi . (4.10)
k=0 igr Ol 2120

From (4.10), we set

— 20-1 . 1211
A = E Tigy Htlzz , By = E Tigy, Htlm ,

1,2k 1,2k
lzkECN 2 12kECN 3

o 121—1 e 121 —1
¢ = Z Tizk Ht'LZ’l o Dp = Z Tior, Htlzl :

2,2k 2,2k
12keCN 3 12k€CN 4
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By direct computations, we deduce that

No/2—-1
Py (B) = ()28 [q(1—t) (1—tN 1) [ D ghgo/2r ey,
k=0
No/2—1
Ha- A —th)en [ D g,
k=0
No/2—1

Ha-Ot (1—tN ) | D] e
k=0

No/2-2
+(q . é-)Zt%t%—l Z gqu0/27k72©k
k=0

No/2

SRR DR A
k=0

where it can be seen that
Go=(1+tptn "=ty —th )+ (1 —t)tN "+t (1 —tN ") + oty ' =1, (4.11)

and

Gi=(1+toty " —th—tn U+ (1 —t3)tn "Br+ty (1 -ty )& +tpty 'Dy
1\, N—1 1 N—1 1,N—1
—(1—t2)§N —ty (1—ty"") — 25ty (4.12)
= > .t
izGCR,’2
where the last equality follows by using the relations
N—2 _ N—1
A =By + Y ()7L W=+ Y (-1)PE
j=2 j=3
N—2 N—2 .
By =D+ y (—1)*7i, S =D+ Y (—1)IN, .
j=3 j=3
We can also deduce that
Gro2=— (1 —t3) tN "By o1 —t3 (1 =ty 1) Engjom1 + totN "Dy /a2 (4.13)
No/2-1
=—(1-ty)ty ! oo w6 (4.14)
iN072€CJ\;§g72 =1
No/2-1
—ty (1—ty ") S . 1] (4.15)
ing—26CH9 2 =1
No/2-2
+ iyt Yo T 1]t (4.16)
2,Ng—4 1=1

i1\7074€C'N74
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= (gt — e (N2 2N e (N — 13 (D) N2 ey N2 (4.17)
No/2-2
N-—1
+ toth Z Ting H tjjj ! (4.18)
11\/0 4602 NO 4
No/2
= D T H ton (4.19)
1N0€CO No

Furthermore, one can readily obtain that

Ge=(1+thtN " =ty —ty ) U+ (1 —t3) tN " (Br — Bu—1)

. (4.20)
—|—t2(1—t )(Q:k—c:k 1)—|—t2 (@k—TDk 1+ Dk—2),
for all k = 2,3,..., Ny/2 — 1. By some proper arrangements to the equation (4.20), we have
G, =9, + (1 —|—t%t%71 — t% — t%il) (Q[k — ¢, — By +©k)
+(1=t) (Br—D)+ (1 -ty ") (€& —D
(1—t3) (B —Dp) + (L=t ") (& — D) (4.21)

+ (thty P = tNTY) (B — Dp—1) + (3N —13) (o1 — Die—1)
— (th N ") Dior + 3ty Dia,

for k=2,3,...,Ny/2 — 1. By direct computations, there holds the following relations:

— i — 121—1 42k —1
By, — Dy = Z (-1 T12k 1ty H t121+1’ € — Dy = Z (-1) T12k 1 H tml tN_1>

igp— 160?\,%4 ! iog— 16012\,2’1 '
(4.22)
and
Ao — =B +Dp = Y. (—DVFn, ¢ H £ R, (4.23)

2,2k—2
o —2€CYTYy

By substituting (4.22)—(4.23) into (4.21) and straight forward computations, we can deduce that

Ge=Di+ > (D Htizﬁﬂtéék:ﬁ >, (DMt Htiziﬂ

ion_2€0%% 72 ion_2€0%°H 72
(4.24)
io] i2k—2 N+2 2 21 22k 2
+ N (=) 7y, ot HthltN_l + > Tions t2 Htm+1 (4.25)
iog— 26012\7%4 2 iog— 26012\,%4 2
21
+ E ( lek 1t Ht121+1 E Tle i H o111 (4'26)
i2k—1€012\}2,k[1 121«—16012\,’2,’Z ! =1

+ Z (_ lek 1 thi ltszk—_ll + Z Tl?k: 1 H tz: ' Z% ! (427)

in_1€CHTT io— 1EC'12\,2k4 !
2N 191 N— 1 2N+1 191 N—-1
+ E ( Tigp— 3t11 H t12l+1t E (_1) Tigp_al H t121+1t (428)

O2:2k=3

. 2,2k—3
12, 3€C N} cy

iop—3€CNTY
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k—2 k—2
N+3 i21—1 42k —1 N+2 121—1 42k —1
+ E : ( 1) Tigg— %t2Ht221 t + E : ( 1) Tigg— %t2Ht221 tN 1 (429)
isn_3€CH 8 =1 isn_3€CH 8 =1

+ Z 37_1% 2t2 thi ' Z ( 2N llek 2 thzi ltN ! (430)

o zecff'; 2 ink_n€C22E2
k—2
2N+2 221—1,N—1
+ > ()22, s [T 62N (4.31)
i2k74ECI2V'2k[4 =1
21 —1
= > ﬂ%Htm : (4.32)
12k€CO 2k

which completes the proof for the case that Ny is even.
Case ii Ny is odd. The proof follows from a similar argument to the case that Ny is even. We shall only briefly
sketch it. First, it can be derived that

N/2—1
P (8)] :(—1)N/2 q (1 _ t%) (1 _ t%_l) Z fquﬂ_k_lQlk
k=0
N/2-2
talg— & (1 — )N Y kNP2,
k=0
N/2-2
talg— Oty (1 -8 | Y ehgri2g
k=0
N/2-2
g — PN YD ehgN R,
k=0
N/2
:(_1)1\//2 Z ghgN/2—kp,
k=0

Similarly to (4.11)—(4.13), we can obtain that Fy = 1 and

i1 _ 41,43 N-—1
E Ti2ti27 FN/Q—t2t4...tN .
iQGC?\;Q

We can also deduce that Fi, k =2,3,..., N/2 — 1, have the same form with (4.21), thus there holds

Fr= Y Tm]'[tgj Lo k=23,...,N/2—1.

IQkGCO 2k
The proof is complete. O
Next, we proceed with the proof of Theorem 3.6.

Proof of Theorem 3.6. Arguing by contradiction, suppose that

_1)2
g ¢ {_(541)’4 , or Sq*#£0. (4.33)
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Combining (4.33) with the fact that 3% — (£ — 1)3 = ¢*, we have

B&[-1¢, or IB#0.

Since 3 satisfies the polynomial equation [Py (3)| = 0, we can obtain that there exists non-trivial solution to
the following linear equations

Py(8)"y =0, (4.34)
where y € RV and y # 0. Next, for x = (x;,X2,x3) € R3, we define

anNX, X € Dy,
_ ajx+bj%, xeD;, j=N—-1,N—2...,1 (435)
0&, x € Dy,
where a = (a1, as,...,an)" and b= (bg,by,...,bx_1)" are determined by
a=Ey, b=E"Tyy,

where Ty is defined in (2.16) and = is defined by (2.19). Then it can be verified that u defined in (4.35) is the
solution to

L5 ;u=0, in R3,
{ = O(|x[71), [x] — oo, (4.36)
where
3 N
(i) = c()(p) and <(x) = 3 ex(Dy) (437)
j=0
and the parameter ¢; is given by
g = { grico, i Dy, g s odd, (4.38)
€0, in Dj, j iseven.

Now we claim that u is not identically zero vector in R3. Indeed, if u = 0, it then follows from (4.35) that

a+ Yy Mb=0, by=0, (4.39)
where
010---0
001---0
M= (4.40)
000---1
000---0

Furthermore, by using the transmission conditions across the boundary of each layer, we have that
(I —M)b="TN(I—-M"a. (4.41)
Combining (4.39) with (4.41), we obtain that
(Yny — MYyMT)a =0, (4.42)

which implies that @ = 0. This is a contradiction since a = Zy and y # 0. Thus the claim is validated.
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On the one hand, by using Green’s formula [6] for Lamé operator, it holds that

N
/ eViu: C, ,Viu(x) dx = Z/ g;Viu: C, ,Viu(x) dx
RS i=JD;

Ju Ju
= —60/ —| -u], do(x)+ EN/ — u|_do(x)
S 81/ + + SN 81/ _
N
ou ou (4.43)
+3 e, / ul l do(x) —/ oul . do(x)
N
ou Ju
= —€5_1 — ul, do(x) +5-/ — u|_do(x)
= O,
where the last equality follows by using the transmission conditions across the interfaces S;, 7 = 1,2,..., N.
On the other hand, by using (4.38) it also holds that
0= / eViu: C, ,Viu(x) dx
R3
IN/2) G_¢ L(N+1)/2] (4.44)
=¢o Viu(x) : Cy ,Vu(x) dx + =——¢¢ / Viu(x) : Cy ,Viu(x) dx.
jz::o Ds; g B+1 ; Daj 1 g
We next distinguish the proof into two cases.
Case i § ¢ [—1,£]. Then one can readily see that
B—¢
— >0,
B+1
which means that the elastic material parameter €;, j = 1,2,..., N, are all positive valued. Then by

the well-posedness of the elastostatic system (4.36), one must have that u = 0 in R3. Indeed, in view
of (4.44), and using that V*u(x) : C, ,V*u(x) > 0, we have that V*u(x) : C, ,V*u(x) = 0 in R3.
Thus, from [6], one then has

uew :span{(l,O,O)T, (07170)Ta (anal)Ta (X277X130)T7 (X3707 7X1)T7 (Oax377X2)T}7

this, together with the decay behavior of u at infinity, implies that u = 0 in R3.
Case ii S0 # 0. It then follows from (4.44) that

%(H) L(N+Z1)/2J/ Viu(x): Cy ,Vu(x) dx =0 (4.45)
1 1 . :Chu . .
Thus we have
Viu(x) : Cy ,Viu(x) =0in Dy;_1, j=1,2,..., (N +1)/2]. (4.46)
By using Green’s formula [6] for Lamé operator in Do;_q ,j = 1,2,..., [ (IN+1)/2], and the transmission
conditions across the interface Sa;, j = 1,2,...,|N/2], one can deduce that
LN/2]

Z Viu(x) : C) ,Viu(x) dx = 0.

j=0 “D2j
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Thus we also have

Viu(x) : Cy ,Viu(x) =0in Doy, j=1,2,..., | N/2].

1431

(4.47)

Combining (4.46) with (4.47), we obtain that V*u(x) : C, ,V®u(x) = 0 in R3. Thus u = 0 in R3.

We have shown that u = 0 holds for either § & [—1,£] or $8 # 0, which contradicts with our assumptions. The

proof is complete.

4.2. Extreme case

O

In this subsection, we consider that the radius of the layers are extreme large. It is worth mentioning that the
structure of the Earth or other celestial bodies can be treated in this case. To describe this case mathematically,

we set r; = R + ¢;, where R > 1 and ¢; are regular constants, ¢ = 1,2,..., N. Then we have
i = (r;/re)® = 1+ O(1/R).

J

Let

By direct computations, we have

hN,lz Z Tiy :((_I)N_l)/2’ h’N,2: Z Tiy :_LN/2J7

irecy! i»cCY?
and
_ _ N(N+1)/2 _ _ N/2
hynN = E Tignss = (DN hyoi nge) = § Ty ny2) = (—1) /2,
v 1€CH R ip| /2  €CYZN/2)

Moreover, we can also observe that
vk =hn-1x+ (D)Yhn_15-1, k=2,3,...,N—1,

and
han2k—1 = Z Tign_, =0, k=1,2,... N.

. 0,2k—1
iop—1€C, N

Next, we give some recursion formulae for hy j in the following lemma.
Lemma 4.2. Let hy i be given by (4.49). Then there holds
h2N+1,2k:h2N,2k7 k:1727"'7N7

and
hont2,2r = honyi12k — hoNg12k—2, k=2,3,..., N,

hont1,2k—1 = hon—1,2k—1 — hoN—12k-3, k=2,3,...,N.
Proof. First, by using (4.50) and (4.51) we have

hant1,2k = hanok — han 2k—1 = han 2k,

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)
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which verifies (4.52). Next, by using again (4.50) and (4.51), we obtain

hon+1,2k—1 = han2k—1 — hon 2k—2
= —haon 2k—2
= —hon—12k—2 — haN—12k-3

= hon—1,2k—1 — RaN—1,2k—3,

where the last equality follows the fact that
0 = hon2k—1 = han—1,2k—1 + hon—1,2k—2.

Then the second equation in (4.53) holds. In order to show the first equation in (4.53), we shall make use of
induction. It can be readily verified that the first equation in (4.53) holds for N < 4. Suppose it holds for
N < Ny — 1, Ny > 5, we show that it also holds for N = Ny. Combining (4.50)—(4.52) with the first equation
in (4.53), one finally has

hang+2,2k = hang+1,2k + RaNg+1,2k—1
= hany+1,2k + hang—1,2k—1 — PaNy—1,2k—3
= hany+1,2k — Pang—2,2k—2 + haNg—2,2k—4
= hany+1,2k — PaNg—1,2k—2 + RaNg—1,2k—4
= hany+1,2k — Pang,26—2

= hany+1,2k — PaNg+1,2k—2,

which completes the proof. O
In what follows, we begin with the proof of Theorem 3.8.

proof of Theorem 3.8. By using (3.11) and (4.48), the associated polynomial fx(g) is then given by

[N/2]
()= > &gk hy o + O(1/R), (4.54)

k=0

where hy o, can be calculated recursively by using Lemma 4.2. By using elementary combination theory, we
can deduce that

hn ok = (_1)kcf1\//2j7 (4.55)

where C’fN /2 denotes the number of combinations for k out of [IN/2]. It then follows from (4.54) and (4.55)
that

LN/2]
In(e) =Y (=DM NEITRCE ) + O(1/R) = (¢ - O + O(1/R). (4.56)
k=0
The proof is complete. O

5. TWO DIMENSIONAL CASE

In this section, for the sake of completeness, we consider the elastostatic scattering problem in the two
dimensional space R2.
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5.1. Representation of the perturbed field
Let us keep the notations for the multi-layer structure D. Suppose the background field H is represented as
H = apx. (5.1)
Then the displacement field u takes the following form

anX, x € Dy,
u=<{ ax+r%hx, xeDj, j=N-1,N—-2....1, (5.2)

apX + 7“_2[;0)(, x € Dyg.
By using the transmission conditions across the interface {|z| =r;}, j =1,2,... N, we deduce
a; + i)j?";z =aj_1+ ?)j,ﬂ“jiz,

o - (53)
€j ((2)\ + 2u)aj — Q,Ubj‘?"j_2> =¢&j-1 ((2/\ + 2#)(1]‘_1 — 2[Lbj_1’l”j_2)

where we set by = 0. By similar argument as in the proof of Theorem 2.1, we can obtain the following result:

Theorem 5.1. Suppose u is the solution to the Lamé system

L5 ;u=0, in R2?,
B
L8 1, o (54)
where the Lamé parameters X and i are given by
) N
(L) = e and =(x) = 3 ex(Dy). (5.5)
§=0
Let H be given by (5.1) and
. e +egj
Gy= 2T T g9 N, (5.6)
Ej—1 —¢&j
Then we have o
u—H=r"2"Ty(PL) 'eH, (5.7)
where e == (1,1,...,1)T, the matriz Py and Tn are defined by
By -1 -1 o1
i (ra2/r1)? B2 -1 el
I’FDN = : E : - . : (5.8)
ﬁ(TNﬂ/ﬁ)z ﬁu#(TNfl/TZV Aiﬁ(erl/TB)z fl
sarn/r)? e /r2)? (/s - By
and
00 -0
0720 -0
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5.2. Polariton resonance modes

In this subsection, we study the polariton resonances for the elastostatic system in R?. As in the 3D case, we
shall introduce a similar structural design, i.e., we assume that €;, j = 1,2,..., N, is given by (3.1). Then one
can readily see that the matrix Py in (3.6) is reduced to

16 -1 -1 -1
C(ra/r)?>  ¢—-1-§ -1 - -1
Pu(B)=| z S ; L (3a0)
Clrnv—1/m1)? {(ry—1/r2)* C(rn—1/r3)* - - -1 )
Crn/m)® Clrn/r2)? Clrn/rs)? - (C= 1+ (=D)N(C-1)) 2+ (DN '8
where ¢ _—
I ~ gg—e* 41
C=xyp W A= T
For such a setup, all possible polariton resonance modes are contained in the solution to
By (B)] =0, (5.11)
which is equivalent to
[N/2] LN/2]—k

I
e

s i)

. T2l
ecy =1

el D IR ()
k=0

By similar argument as in the proof of Theorem 3.6, we can obtain that

Theorem 5.2. Let Py () be defined in (5.10) and 3* be the root to (5.11). Then there exists N real values of
roots to (5.11). Moreover, we have

B el-1,¢ = {—1, Aiu] ‘ (5.12)

6. NUMERICAL EXAMPLES

In this section, we present some numerical examples to corroborate our theoretical findings in the previous
sections. From a theoretical point of view (see Thm. 3.4), in order to find the polariton modes for any multi-layer
structure, it suffices to find the roots of the characteristic polynomial (3.9). Moreover, from Definition 3.3, to
show the polariton resonance phenomena, one only needs to observe the elastic energy outside the structure,
determined by the term

r3ef YN (BT —KL)1éH.

We next investigate these two scenarios numerically.

6.1. Roots to characteristic polynomials

First, we consider the radius of layers are equidistance. Let ¢g = 1. For N-layer structure, set
ri=N—i+1, i=1,2,...N. (6.1)

Table 1 shows the roots to the characteristic polynomial f19(g) with £ = 3 and £ = 0.8, respectively. In Figure 2,
we plot the values of the polynomial f19(g) with £ = 3 in the span [2.59,3.0] (approximately the span between
the fourth eigenvalue and last eigenvalue) and the values of the polynomial fi9(g) with & = 0.8 in the span
[0.13,0.8] (approximately the span between the first eigenvalue and last eigenvalue), it is interesting that the
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TABLE 1. Roots to the characteristic polynomial with layers which are chosen by (6.1).

N =19 and £ =3
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q 2.9691 2.9496 2.9185
6 0 2.9923 —0.9923 2.9874 —0.9874 2.9795 —0.9795
e; —3.0000 —-0.0019 —517.0116 —0.0032 —315.5802 —0.0051 —194.3029
q 2.8668 2.7735 2.5941
I6] 2.9664 —0.9664 2.9425 —0.9425 2.8958 —0.8958
€; —0.0085 —118.0785 —0.0146 —68.6177 —0.0267 —37.3961
q 2.2295 1.5099 0.4949
I6] 2.7971 —0.7971 2.5843 —0.5843 2.2227 —0.2227
= —0.0534 —18.7110 —0.1160 —8.6217 —0.2412  —4.1458
N =19 and £ =0.8
q 0.7918 0.7866 0.7783
I6] 0 0.7954 —0.9954 0.7925 —0.9925 0.7878 —0.9878
e; —0.8000 —0.0026 —392.1546 —0.0042 —239.1326 —0.0068 —147.0737
q 0.7645 0.7396 0.6918
I6] 0.7800 —0.9800 0.7658 —0.9658 0.7377 —0.9377
€; —0.0112 —89.1786 —0.0194 —51.6170 —0.0358 —27.9008
q 0.5945 0.4026 0.1320
I6] 0.6775 —0.8775 0.5424 —0.7424 0.2768 —0.4768
€; —0.0730 —13.6950 —0.1670 —5.9869 —0.4098 —2.4404
5 x10® 18 x10° ‘
o N V|
or fi Y=y [\
Roots of fis(g) “‘ 14 q“‘ \
0.5 Values of fi9(q) | | \
‘\ 12 ‘\“ \\
1or | \\
<= 18F “ = | \
: \ Z 8 |
= af | | \
| T\
25 | \
| I
-3F ‘ “ 2r ‘\ \\\
35+ H of | S
. . ‘ ‘ A » ‘
0 05 1 15 2 25 3 0.1 0.2 03 0.4 05 06 07 08

q

FIGURE 2. Graph on the left shows the values of fi9(¢) with & = 3 in the span [2.59,3.0] and
plot on the right shows the values of f19(¢) with £ = 0.8 in the span [0.13, 0.8].

values of the characteristic polynomial in the span are all very close to zero (of the order 10~?). These spans
may have great potential applications such as wave guide for seismic wave.
Next, we consider the radius of layers are decreasing with the same scale s, that is

Ti+1 = STy, Z:LZ,N—]. (62)
Let 71 = 1 and s = 0.7. Table 2 presents all the roots to the characteristic polynomial fi19(g) with £ = 3 and
& = 0.8, respectively. Similarly, in Figure 3, one can also find out that the values of the polynomial f19(¢q) with
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TABLE 2. Roots to the characteristic polynomial with layers which are chosen by (6.2).

N=19and (£ =3

q 2.2677 2.2227 2.1412
6 0 2.8077 —0.8077 2.7952 —0.7952 2.7724 —0.7724
g, —3.0000 —-0.0505 —19.7986 —0.0540 —18.5314 —0.0603 —16.5712
q 2.0119 1.8171 1.5334
I6] 2.7355 —0.7355 2.6784 —0.6784 2.5917 —0.5917
€; —0.0708 —14.1215 —0.0874 —11.4391 —0.1137 —8.7959
q 1.1403 0.6549 0.1979
I6] 2.4630 —0.4630 2.2864 —0.2864 2.0945 —0.0945
€i —0.1551 —6.4484 —0.2171 —4.6057 —0.2926 —3.4174
N =19 and £ =0.8
q 0.6047 0.5927 0.5710
8 0 0.6840 —0.8840 0.6764 —0.8764 0.6622 —0.8622
g, —0.8000 —0.0689 —14.5228 —0.0738 —13.5583 —0.0829 —12.0654
q 0.5365 0.4846 0.4089
I6] 0.6393 —0.8393 0.6033 —0.8033 0.5472 —0.7472
€i —0.0981 —10.1980 —0.1227 —8.1490 —0.1634 —6.1211
q 0.3041 0.1746 0.0527
I5] 0.4604 —0.6604 0.3297 —0.5297 0.1505 —0.3505
€; —0.2325 —4.3008 —0.3537 —2.8274 —0.5645 —1.7715
5 x10* ‘ 5 x10° . :
> ol f'/ i N e
0 T ‘r‘ \\\/\) 4 ” \\\ |
| n
2 o st ||
|
G | <, ’ \\
. \ | = | \\
[ ] f |
o | | I
| | | \
8 |/ of 4 \ e -
«Ur‘ \\7//
-10 : -1 : . . . . :
0 0.5 1 15 2 25 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
q

FIGURE 3. Graph on the left shows the values of fi19(¢) with £ = 3 in the span [1.53,2.27] and
plot on the right shows the values of f19(g) with & = 0.8 in the span [0.05, 0.61].

¢ = 3 in the span [1.53,2.27] ( approximately the span between the fourth eigenvalue and last eigenvalue) and
the values of the polynomial f19(¢) with & = 0.8 in the span [0.05,0.61] (approximately the span between the
first eigenvalue and last eigenvalue), are all very close to zero. Besides, it is worth mentioning that in both set
up of structures, the roots ¢ are all positive values. Similar results can be found in Figures 4 and 5 for N = 13

and N = 16, respectively.
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6.2. Illustration of polariton resonances

In (3.1), ; are replaced by

We define the elastic moment tensor here by

ei=9-10"" (1

0.8

fiz(a)

fiz(a)

4 103062
1+ 10461

x10°%

+ Roots of fis(q)

Values of f13(q)

x10®

0.5 1

«  Roots of fi3(q)

Values of f13(q)

0.1

0.2 0.3

) , ¢ is odd.

M = r 3TN (BI - KE) 7L
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(6.4)

The functionality of r 3 appearing in (6.4) is to reduce the scale of the structure. In Figure 6, we show the
norm of the elastic moment tensor defined in (6.4) with the multi-layer structure designed by (6.1), where £ = 3
and N = 14. It can be seen that the peaks of the norm of the elastic moment tensor are in accordance with the

polariton modes in the setup (6.3).

7. CONCLUDING REMARKS

In this paper, we studied the elastostatic scattering from a rather general multi-layer metamaterial structures
and derived the exact scattering field in terms of the elastic momentum matrix. By highly intricate and deli-
cate analysis of the momentum matrix, we established a handy algebraic framework for analysing the polariton
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FIGURE 5. Graphs on the first row show the values of f16(q) with £ = 3 and plots on the second
row show the values of fi6(¢q) with £ = 0.8.
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FIGURE 6. Norm of elastic moment tensor with layers which are chosen by (6.1).
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resonances associated with such material structures which yields explicit relationships between the polariton res-
onance and the geometric and material configurations of the structure. This facilitates the design of metamaterial
structures to induce customised resonances. Our study opens up an intriguing direction of further development
with many possible extensions as well as applications. In practice, the multi-layer structure can serve as the
building block for various material devices. For example, it may serve for constructing elastic/seismic waveguide
with enlarged SPR-like (Surface Polariton Resonance) band by employing more layers of metamaterials. As also
discussed in the introduction, it can be used for the quantitative design of ESC-vanishing structures to produce
elastic invisibility cloaking devices with enhanced cloaking effects with a rigorous basis. Moreover, our study
can be extended to the other physical systems including the electromagnetism and acoustics. We shall study
these and other extensions in our forthcoming works.
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