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AN EXACTLY DIVERGENCE-FREE HYBRIDIZED DISCONTINUOUS
GALERKIN METHOD FOR THE GENERALIZED BOUSSINESQ EQUATIONS
WITH SINGULAR HEAT SOURCE

Haitao LENG*

Abstract. The purpose of this work is to propose and analyze a hybridized discontinuous Galerkin
(HDG) method for the generalized Boussinesq equations with singular heat source. We use polynomials
of order k, k— 1 and k to approximate the velocity, the pressure and the temperature. By introducing
Lagrange multipliers for the pressure, the approximate velocity field obtained by the HDG method
is shown to be exactly divergence-free and H (div)-conforming. Under a smallness assumption on the
problem data and solutions, we prove by Brouwer’s fixed point theorem that the discrete system has a
solution in two dimensions. If the viscosity and thermal conductivity are further assumed to be positive
constants, a priori error estimates with convergence rate O(h) and efficient and reliable a posteriori
error estimates are derived. Finally numerical examples illustrate the theoretical analysis and show the

performance of the obtained a posteriori error estimator.
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1. INTRODUCTION

Let Q Cc R d € {2,3} be an open, bounded polygonal or polyhedral domain with Lipschitz boundary 0.
In this work, we consider the following stationary generalized Boussinesq equations consisting of incompressible
Navier—Stokes equations and convection diffusion equations with singular heat source:

—div(y(T)Vu) + (u-V)u+ Vp — gT' = F,

—div(k(T)VT) +u-
u=0,

in €, (1a)
in Q, (1b)
in Q, (1c)
on 012, (1d)

where the velocity u, the pressure p, and the temperature 7' are unknowns. g € (L>(2))? is the external
force per unit mass, usually acting in the opposite direction to gravity. §, is the Dirac delta supported at
the interior point z € 2. Functions v and k that depend on the temperature denote the fluid viscosity and
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thermal conductivity. F € (L%(Q2))¢ and ‘H € R. Throughout this paper, we suppose that v and  are Lipschitz
continuous and bounded from above and below, i.e., there are positive constants vy, Kk, v—, v4, k_, k4 such
that

[v(z1) — v(xe)| < vpler — 2|, |k(x1) — k(x2)| < Kplzr — 22, Vi, x2 € R, (2a)
0<v_ <vw(t) <vy, 0< k- <k(t) < kg, vt € R. (2b)

If the right hand side of (1c) is replaced by a datum in L? space, the coupled problem (1) describing an
incompressible nonisothermal fluid flow has been extensively investigated both theoretically and numerically
[2,5,6,13,15,16,24,38,42,44-46], and relevant industrial applications include heat exchangers, cooling of electronic
equipments, cooling of nuclear reactors, climate predictions, oceanic flows, and many others.

To the best of our knowledge, one of the first work concerning the investigation of solution techniques
for the classical Boussinesq problem where v and k are positive constants is [15]. For the same problem in
two dimensions, Farhloul et al. [24] studied the regularity of solutions and proposed and analyzed a mixed
formulation where the gradients of velocity and temperature are introduced as new unknows. In [42], Oyarzia
and Serén considered a divergence-conforming finite element method for the primal formulation of the fluid
flow and the dual-mixed formulation of the heat equation. The resulting discrete velocity field was exactly
divergence-free. Thus, it exactly preserves the essential constraint (1b) and was probably energy-stable without
the need of modifying the underlying differential equations.

For the generalized Boussinesq problem where the fluid viscosity v and thermal conductivity x are
temperature-dependent, Lorca and Boldrini [37] investigated the existence and regularity of solutions by spectral
Galerkin methods and fixed point arguments under certain assumptions on v and . In addition, the unique-
ness of small solutions was established if the domain was sufficiently smooth. For more complicated boundary
conditions, a similar result corresponding to the existence, uniqueness and regularity of solutions was obtained
in [45] for two dimensional case. Based on the result in [45], Pérez et al. [46] analyzed a conforming finite
element method, proved its well-posedness, and derived a priori error estimates under a smallness assumption
on the problem data. In [43], Oyarzia and Zuniga studied a conforming finite element method for the primal
formulation of the fluid flow and the primal-mixed formulation of the heat equation, proved the existence of
discrete solutions, and derived a priori error estimates under a smallness assumption on the problem data.
In [5,6], Allendes et al. investigated the lowest-order stabilized finite element method, proved the existence of
discrete solutions by Brouwer’s fixed point theorem, and derived a priori and a posteriori error estimates under
a smallness assumption on the problem data and solutions. Note that the discrete velocity field obtained in [5,6]
could be divergence-free by adding the jump of the pressure to the conforming velocity field.

Since solutions of multi-scale nonlinear equations are sensitive to small errors and high-order accurate schemes
reach a smaller error tolerance with a few degrees of freedom than low-order accurate schemes, it is worth to
develop a high-order and physically conservative scheme to Boussinesq problems. In [44], Oyarzia et al. studied
the generalized Boussinesq problem and employed divergence-conforming Brezzi-Douglas—Marini (BDM) ele-
ments of order £ > 1 for the velocity, discontinuous elements of order k — 1 for the pressure, and continuous
elements of order k for the temperature to derive a discrete system with exactly divergence-free velocity approx-
imations. Under a smallness assumption on the problem data and solutions, the existence of discrete solutions
and a priori error estimates were proved. In [51], Ueckermann and Lermusiaux designed a numerical scheme for
the time-dependent classical Boussinesq problem by using hybridizable discontinuous Galerkin methods, projec-
tion methods, and implicit-explicit Runge—Kutta time-integration schemes. It is worth mentioning that Gatica
et al. [11-13] published a series of papers to investigate a priori and a posteriori error estimates of high-order
and fully-mixed finite element methods for an augmented fully-mixed formulation of Boussinesq problems with
temperature-dependent viscosity and temperature-dependent or -independent thermal conductivity.

As for the Boussinesq problem (1), we only found one relevant literature [7]. There Allendes et al. proved
by Leray—Schauder fixed point theorem the existence of continuous solutions in Muckenhoupt weighted space
under a smallness assumption on the problem data and solutions. Then they utilized inf-sup stable finite element
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methods to approximate the model and under a similar assumption with the continuous case the existence of
discrete solutions was obtained by Brouwer’s fixed point theorem. Finally, reliable and efficient a posteriori
error estimators for the lowest-order Taylor-Hood and mini elements were derived under additional assumption
that v and k were two positive constants. An instance where singular sources appear is in the modelling of the
motion of active thin structures [27], there the right hand side is a linear combination of Dirac deltas supported
at interior points of Q. Another instance emerges in Darcy [10] and Darcy-Forchheimer [9] problems coupled
with heat equation and PDE-constrained optimal control problems [8, 18,26, 41].

In this paper, our purpose is to propose and analyze a divergence-free and H (div)-conforming HDG method
for the Boussinesq problem (1). The main source of difficulty and interest is that the external heat source is
singular, say a Dirac measure concentrated at an interior point so that the problem can not be understood
with the usual energy setting. In Section 2, a weak formulation of problem (1) is provided and the existence of
continuous solutions is proved in HE(Q) x L2(Q) x W,* () space by Leray-Schauder fixed point theorem under
a smallness assumption on the problem data and solutions. Based on idea of [48,54], we propose an HDG method
with divergence-free and H (div)-conforming velocity field. Under a similar assumption with the continuous case,
we prove by Brouwer’s fixed point theorem that the discrete system has a solution in two dimensions. Notice
that HDG methods were first proposed by Cockburn et al. [20] for second order elliptic problems. Later, it
was extended to convection diffusion problem [25,39,54], incompressible Navier—Stokes problem [19,35,40,47],
and so on. The results so far show that HDG methods are competitive with both continuous Galerkin and DG
methods. Compared with the standard finite element methods, HDG methods are easier to design an exactly
mass-conservative scheme for incompressible flow. Compared with DG methods, HDG methods can yield a
discrete system with significantly reduced degrees of freedom by introducing Lagrange multipliers.

In order to obtain a priori and a posteriori error estimates, from Lemma 2.4 we assume that the domain
Q C R? and from Section 3 we assume that v and k are two positive constants. By duality argument and BDM
interpolation, a priori error estimates with convergence rate O(h) for L?-norms of the velocity gradient, the
pressure and the temperature are obtained in Section 3 by imposing a smallness assumption on the problem data
and solutions (see Thm. 3.2 and Cor. 3.1). Note that due to the singular nature of §, a priori error estimates
for the duality problem of (1c) (see Thm. 3.1) are necessary for error estimates of the temperature. Moreover
error estimates of the velocity are independent of the pressure (see Lem. 3.5) because of the divergence-free and
H (div)-conforming properties of the discrete velocity field.

In Section 4, we develop a computable a posteriori error estimator and prove that it is globally reliable
and locally efficient with respect to an energy norm by using Oswald interpolation and BDM lifting operator
(see Thms. 4.1 and 4.2). Since the approximate velocity field is divergence-free and H (div)-conforming, the
indicator ||V - uy|lo,7, is not included by our a posteriori error estimator. On the other hand, the indicators
lup, — Unllr20K) and [|T}, — thLs(g,\K), that are special for HDG methods, appear in our a posterior: error
estimator.

In Section 5, a fixed-point algorithm is designed to solve the discrete system and a series of numerical examples
are provided to validate the theoretical analysis and show the performance of the obtained a posteriori error
estimator. We conclude this paper by some conclusions in Section 6.

2. NOTATION, WEAK FORMULATION AND HDG DISCRETIZATION

Here, we adopt the standard notation [1] for Sobolev spaces W™*(D) (m nonegative integer and 1 < s < 00)
equipped with the norms || - ||, and seminorms | - |5, 5 o, where ® C R? or ® C R4~! denotes an open and
bounded set. If s = 2, we write H™(®) in place of W™?2(D) endowed with the norms || - ||,,,o and seminorms
||m,. For s € (1,00), let s’ be the conjugate number of s such that < 4+ X = 1, then the dual space of Wy"*(£2)
is denoted by W= (Q), where Wy™*(Q) is the completion of C§°(Q) in W*(2) and C°(Q) is the space of
functions with continuous derivatives of arbitrary order and compact support in 2. The space L3(2) is a space
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of functions in L?(Q) with vanishing mean value over . Furthermore, we define
V :{V € (H&(Q))d :divv =0 in Q}

In the subsequent analysis, we denote by C , > 0 the embedding constant such that (see [1], Thm. 5.4) for
any s < d

Wy Q) — LI(Q) s<q< dd—ss’

and  ||¢[|za) < CsqllVellLs () (3)

Moreover, we shall frequently use notations C' and ¢ with or without subscripts to denote generic positive
constants independent of discretization parameters. Note that the values of C' and ¢ might change at each
occurrence.

The variational formulation of problem (1) amounts to finding (u,p,T) € (H () x L3() x W, *(Q),
s € (dz—fQ, -4+, such that

AF(T; u, V) + OF(u; u, V) - B(V,p) - D(Tv V) = (Fa V)a (43')
B(u,q) =0, (4b)
Ar(T; T, w) — Or(w; T, w) = (Hd, w), (4c)

for any (v, g, w) € (H}(Q))?x LE(Q) x Wol’s,(Q), where (-, -) denotes the duality paring between spaces W ~1:(Q)
and W, (),

Ap(f;u,v) = (v(0)Vu,Vv), Op(w;u,v)=((w-V)u,v),

Ar(0;T,w) = (k(O)VT, V), Or(w;T,¢) = (WT, V),

B(v,q) = (divv,q), D(T,v) = (gT,v),

and (-, -) denotes the standard inner product in L?(2). Utilizing the embedding result (3), we have the following
bound for the convective term:

Or(w; T, w) < |[uT|

Le@IVellper o) < llullLa@) 1T e (Q)||Vw| L' (9)
2d
< C2,aC, _ae [Vl L2y VT |10 [Vl Lo (), dr2 S8 <y 1 ()

Thus according to assumption (2), embedding theory, and the above bound for the convective term, it is easy
to observe that the terms appeared in (4) are all well-defined.

Remark 2.1. If g € (L%(Q))? and d = 3, Holder inequality and embedding result (3) yield

6 3
D(T,v) < llgl ooy T g IV ey s 2 <5< 5
By a careful calculation,
6s
> 6,
55 — 6

which indicates that the space L5 s (€2) can not be embedded in H'(Q2), hence the bilinear form D is not well
defined. This is why we restrict the data g in the space (L°°(£2))? in this paper.
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2.1. Existence of weak solutions

This subsection is devoted to explore the existence of solutions of weak formulation (4) based on the approach
introduced in Section 3 of [7].

First of all, for any given 6 € L?(12), we consider the Navier—Stokes equations (4a) and (4b) with T replaced
by 0: Find (u,p) € (H} ()¢ x L2(Q) such that

AF(Q; u, V) + OF(u; u, V) - B(Vap) - D(Qa V) = (Fa V) (63’)
B(u,q) =0
for any (v,q) € (HA(@)" x T3(9).

Theorem 2.1. For any given 0 € L*(Q) problem (6) has at least one solution (u,p) € (HE(Q))4 x L3(Q)
satisfying

IVl 12y < V21 Coa (|1 Fllz2 () + llgllze@l0]l22@)- (7)
In addition, if
C3 4Co0 (|| Fll 20y + gl oo 10l 2()) < V2, (8)
the solution is unique. Here Ca 2 and Ca 4 are the constants in (3).

Proof. For any given € L?(2), it is easy to observe that F + 6g € (H~!(2))?. Thus from Theorem 2.1 of [28]
we know that problem (6) has at least one solution (u,p) € (H(Q))4 x L3(€). Let v = u in (6a), we yield

v [IVul[Z2(0) < Coa(I[F |2 + llgll =@ 191l 22 (@) VUl 2 0.

which derives the bound (7) by dividing v_||Vul|2(q) from both sides.
Next we assume that uy,uy € V satisfying the bound (7) are the velocity part of two solutions of problem
(6). Then

Ap(0;u1 — g, v) = —(Or(u;u1,v) — Op(ug;uz, v))
= —Op(u;;u; —uy,v) — Op(u; — ug;us, v),
for any v € V. Let v =u; — us in the above equality, we have
2 2
v-[|V(a, — u2)||L2(Q) < C’22,4||V112||L2(Q)||V(ul - 112)HL2(Q)
< O = Cop (IF || L2(0) + I8l oe () 101l 2(2)) IV (w1 = w2) |72 0

which, together with (8), leads to u; = us. This shows that if the condition (8) holds the solution of problem
(6) is unique. O

Next, we study the existence and uniqueness of solutions of problem (4c) for any given w € V and 6 € L?(Q):

Find T € W, *(Q), dQ—fQ < s < 7%, such that

Ar(6;T,¢) — Op(w; T, 0) = (Hb., ), Vg € Wg™ (Q). 9)

If w = 0, problem (9) has a unique solution 7' € W,*(Q) (see [50], Thm. C), 8=9+¢ < 5 < -4 where € > 0 is

5—d+e
a constant depending on the domain 2. Then according to Theorem 2.6 of [23] the following inf-sup condition
holds, i.e., there exists a positive constant 5 depending on (), s and  such that

0 —d d
p < s SOVOVE) g, g Sodbe o 4 (10)
pew ) (Q) ||V<PHLS’(Q)

BlIVwl

b—d+e d—1
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Theorem 2.2. Let $=4¢ < s < _<_ then for any given w € V and 6 € L*(Q) problem (9) has a unique

5—d+e d—1’
solution T € Wy**() satisfying
H|
IVT|Le @) < m|\5z||_1,s,m (11)
if
1
BCQ,dCS,ddjS Vw2 <a <1, (12)

where Ca q and 087% are the constants in (3) and [ is the constant in the inf-sup condition (10).
Proof. If T is the solution of problem (9), we have by (5)

Ar(6:T,0) < (IHI6: ]y + CoaC g

d—s

Vwl20) VT

Ls(Q)) IVl L' (Q)» (13)

which, together with the inf-sup condition (10) and (12), results in

H
il AR

ey < —
||VT| Ls(Q) > 6(1

—a
Now we consider a mapping F: for any given w € Wy'*(Q), F(w) = 1 € Wy*(2) being the solution of
Ar(0:9,9) = Or(wiw, ) = (Ho.,9), Vo € Wy (Q).

Due to the inf-sup condition (10), we know that the above equation has a unique solution. Moreover, by using

(13) and (12), it is easy to observe that the mapping F maps the space W to itself, where W := {p € WOI’S(Q) :
H
IVellze @ < i 10:1-1,5.0}

Let w1, ws € W, then the inf-sup condition (10), (13), and (12) yield
BIV(F(wr) = Fw2))ll s () < af||V (w1 — ws)|

This shows that the mapping F is contractive on the space WW. Thus according to Banach’s fixed point theorem,
we know that problem (9) has a unique solution satisfying (11) under condition (12). O

Le(Q)-

With Theorems 2.1 and 2.2 at hand, now we are ready to study the existence of solutions of problem (4). To
achieve the goal, we consider a mapping F* : V x Wy *(Q) — V x Wy*(Q) (g:giz < 5 < 3%): For any given
(w,0) € V x W) *(Q), F*(w,0) = (u,T) € V x W;*(Q) being the solution of

Ap(0;u,v) + Op(u;u,v) — D(0,v) = (F,v), Vv ey, (14a)
A7 (0; T, w) — Op(w; T, w) = (M., w),  Ywe Wh'(Q). (14b)
Lemma 2.1. For g:gii <s< %, if the singular heat source satisfies

[HI[02]-1,5.0 < B(1 — @), (15)
the mapping F* is well-defined on the space Wy, x Wrp and maps W,, X Wr to itself. Here

o min{Gv_,v? /C3 ;} — Cy || Fl| 12 (q) G__ o8
Cs2Co 219l L= () ’ CZdCs,ﬁ’
Co.2,C5,.4,Cs2,Co,4,C _as are the constants in (3), B is the constant in the inf-sup condition (10), and o is

given in Theorem 2.2.
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Proof. For any 0 € Wy, Theorem 2.1 shows that equation (14a) has a unique solution u € V satisfying

IVullr20) < v Copn(IF | L20) + Cs 2118l e o) VO]

@) <G

Hence u € W, satistying the condition (12), then according to Theorem 2.2 we know that problem (14b) has a
unique solution 7' € W, *(Q). With the help of (11) and (15), we have

H|
Al —a)

Thus T' € Wr. O

[VT|Ls ) < [02]]-1,5,0 < S.

Theorem 2.3 (Existence). If the singular heat source satisfies the condition (15), problem (4) has a solution
(u,p, T) € W, x L3(2) x Wr, where the spaces W,, and Wr are defined in Lemma 2.1.

Proof. If the mapping F* has a fixed point (u,T) € W,, x Wr, by equation (4a) we can derive a unique pressure
p € LE(Q) corresponding to the velocity u with the inf-sup condition, and the triplet (u,p, T) € W, x L3(2) x Wr
is a solution of problem (4).

Hence we only need to prove that the mapping F* has a fixed point on the space W, x Wr in this theorem.
On the one hand, it is easy to observe that the space W, x Wr is nonempty, closed, bounded, and convex,
and F* maps the space W, x Wr to itself (see Lem. 2.1). On the other hand, according to Leray—Schauder
fixed point theorem, we know that we still need to prove that the mapping F* is compact. To this end, let
{Wn, 00 }n>0 C Wy xWr be such that (w,,,0,,) — (w, ) in (HZ (2))*xWy*(2), then we prove (u,, T},) — (u,T)
in (H}(Q))? x Wy (Q), where (up, T;,) = F*(Wy, 0,) and (u,T) = F*(w,6).

Since (uy,, 1)) C Wy, x Wr is bounded, there exists a subsequence (still labeled by n) such that (u,,T,) —
W, T) C Wy x Wy in (HE (€))% x Wg*(€2), and which, together with 6,, — 6 in L*(Q) and u,, — @ in (L™ (£2))
for m = d, 4, yields

D(6n,v) — D(0,v), Op(un;Tp,w) — Or (a;’f, w) Op(up; tn, v) — Op(&; 1, v) (16)

(v(0)V(u, — @), Vv) — 0, (n(@)V(Tn - T),vw) 0, (17)

as n — oo, for any test functions v € (H}(Q2))¢ and w € Wol’S/(Q). Furthermore, with the Lipschitz continuity
of v and x and the Lebesgue dominated convergence theorem, we have

((v(bn) —v(9))Vu,,Vv) — 0, ((k(0,)—k(0))VT,,Vw) — 0, asn — oo, (18)
which, together with (17), leads to

Ap(0p;u,,v) — Ap(0;0,v) and AT(H,L;Tn,w)HAT(O;T,w)

Hence (0,7) = (u,T) and (u,,,T,) — (u,T) in (HL(Q))? x Wy ().
Next, we are going to prove strong convergence. By a simple calculation and inf-sup condition (10), we infer
that

v_||V(u, — u)||2Lz(Q) < ((v(0n) —v(0))Vu,V(u, —u)) + Op(u—uy;u,u, —u) + D@ —0,,u—u,), (19)

and

(K(0,)V(T,, — T), Vuw)
IVl

BIV(Tn =Tl ooy < sup
vwewr® (@)

L' (Q)
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_ sup ((K(H) — "@(en))vT’ Vw) + OT(“n? Tn7 w) — OT(u; Ta U}) . (20)

vwewd* () IVwliz o

Then the strong convergence of u in (L™(£2))¢ for m = 2,4, (16), and (18) derive that the right hand sides of
(19) and (20) tend to zero as n — oo. Thus we conclude the proof. O

Remark 2.2. In order to guarantee the existence of solutions for problem (4), we know from Lemma 2.1 and
Theorem 2.3 that the heat source |H|||d]| -1 5,0 and the data ||F||;2(q) need to be sufficiently small.

Remark 2.3. Due to the low regularity of 7" induced by the Dirac delta, the approach introduced in The-
orem 2.3 of [44] to prove the uniqueness of solutions by assuming that the maximum norm of temperature
gradient is sufficiently small is unavailable in this paper.

2.2. HDG discretization

Let 7, be a conforming and shape-regular triangulation of the domain 2. Denote by &} the set of all interior
edges/faces of 7;, and £ the set of all boundary edges/faces. We define &, = £ |J &7 and 07;, := {0K : K € Tp,},
where 0K is the boundary of the element K. For any K € 7}, and F € &, let hx and hg be the diameters of
K and F. For the interior point z € ), let 7, := {K € 75, : z € K} and #7, be the number of elements in 7. In
addition, we set

h=max hg, h= min hg
KeT, =  KeT,

and define

(,)e = Z OBy (-, Vos = Z (-, Yox,

Kes Kes
-5y = D - oy 1<p<o00, |- lloe(e) = max || - ||z (),
Ke6
1B oey = D I Feory 1<P<00, |-ll~oe) = max || - [| 2= (o),
KeTy,

for any & C 7j,, where (-,)i and (-, -)gx denote the inner products in L*(K) and L?(9K).
Next, we introduce discontinuous finite element spaces corresponding to the partition 7j:

Vi={ve (L2(2)": vk € (PH(K))", VK € T3},
Qn=1{q€ L§) : qlx € P""1(K), VK € T;,},
Wy, = {w € L*(Q) : w|x € PH(K), VK € Tp,},
Vi = {v € (L2(En)" :¥p € (PF(F))! VF € &, ¥=0on 5,?},
Qn=1{7€ L*(&) : Glr € PH(F), VF € &},
Wy, = {@ € L*(&,) : @|p € PX(F) VF € &, @ =0o0n &},

where P™ (D) is the set of polynomials of degree no larger than m on the domain © and &k > 1.

Based on idea of [35,47,54], we take the following discretizations for the bilinear forms Ap, Ay, B and the
convective terms Op, Or:

~ ~ Vo +vy)a
Al (On; (s Un), (Vi Vi) = ((00)Vun, Vvi) g + Y %

KeTy,

(up — Un, Vi — Vi) g
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—{W(0n)Vap)n, vi, = Vi) or, — (v(0n)VVvp)n,up — Un)yg,

O (Wh; (un, Tp), (i, Vi) = —(up @ Wi, Vvi) 7+ =((wh - n)(un 4+ Us), vin — Vi) o,

2
1 ~ ~
+ §<|Wh ‘n[(up —Un), Vi — Vr)or, s
Bh((Vh,Oh), (thah)) = (Qh’ V- vh)'j’h - <(Vh - 0h) - n, ah>6']’ha
and
(k- +Kq)ar

Al <9h; (Thyfh)v(whalﬁh)) = (k(0n)VTh, Vwn) g, + Z : 2h
KeTy, K

— k(08 VT - 1 w05, — D)y, — </€(9h)th ‘0, T, — :Fh>8T ,

<Th — T, wp, — @h>
oK

O} (Wh; (Th7fh)7 (n; @h)) = (WnTh, Vo), — %<(Wh ‘) (Th + fh)#Ph - @h>87h

1 ~
— {jwp-n T—T), —A> :

2<| h |(h n)ioh=%n),
where n denotes the unit outward normal vector to K, ar and ar are the stabilization parameters, and ®
denotes the tensor product. R R

Then the HDG discretization of problem (4) reads as follows: Find (up, Up, ph, Dh, Th, Th) € Vi X Vi, X Qp, ¥
Qn X Wy x Wy, such that

AR (Ty; (an, ), (Vi, V1)) + O (ay; (ap, Gn), (Vi, Vi)

)
)=

—B"((vi, V), (pnsPn)) — D(Th, v, (F Vi), (21a)
B"((un,0n), (qn, @) = (21Db)
A}% (Th; (Th,fh>, (w;“@h)) — O;ﬂ (uh; (T;“T\h) wh,wh ﬁT Z wh|K (21(3)

for any (vi, Vi, qn, Gn, wn, Wy) € Vi, X Vi X Qn X Qn x Wy, X Wh.
In equation (21b), let g5, = 0, we have

((ap —Un) -1, qn)yr, =0, Yan € Qn,

Since Uy, and @, are single-valued on each edge/face, the jump [uy, - n] is zero on each edge/face. This shows that
the approximate velocity field obtained by (21) is H(div)-conforming. For each interior edge/face F, let KT and
K~ be two elements sharing the common edge/face F, then the jump is defined as [uy, - n] = uZ ‘nt+u, -n,
where u; and u,, are restrictions of u; on FNOK T and FNOK~, and nt and n~ denote unit outward normal
vectors to FNOK™T and FNOK~. As for the boundary edge/face, we set [uy - n] = up, - n.

On the other hand, it is easy to show by the property of H(div)-conformity that (V -uy, 1)z, = 0. Thus we
can set ¢, = V - uy, and @, = 0 in equation (21b). This leads to

V- uhH%Z(Th) =0,

which means that the approximate velocity field derived by (21) is pointwise divergence-free within each element.
We conclude this subsection by recalling some useful properties for A%,O%,Aéﬂ and O%. Before this, we
introduce mesh-dependent seminorms

I, IR = IVl Z2 gy + D b v = sllZz0m)s
KeT,
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2
o, )l = MM, ) 7+ D kel Vo nll7z ok,
KeT,

and set

[v

1 = [l (o, foD)[n,

where the average of v, {v}, is defined as follows. On the interior edge/face, we have {v} = (v +v7). As for
the boundary edge/face, we set {v} = 0. Note that |[v||1 5 is nothing but the standard discrete H'-norm of v.

Lemma 2.2. If 1 <qg< oo ford=2 and1 < q <6 ford=3, we have
[vllza) < Cillvll1,n, (22)
[vllza) < Crll (v, ]Il (23)

for anyv € Wi+ Hg(Q) and p € /Wh+HS/2(5h), where Hé/Q(Eh) ={pe HY2(&,) : p=0on&}. In addition,
the following estimate holds

1/4
( > hxlvll‘i4(aK)> < Colloflin < Co |l (v ) Ml - (24)

KeTy,

Proof. The inequalities (22) and (23) have been proved in Proposition A.2 of [19], Theorem 2.1 of [21], and
Theorem 5.3 of [22]. As for the inequality (24), it is a direct result of (22) and (7.7) of [33]. O

In Lemmas 4.2 and 4.3 of [48] and Lemmas 5.2 and 5.3 of [54], it was shown that for sufficiently large ap and
ar the bilinear forms A% and A% are coercive and bounded, i.e., there are positive constants C5., C%, Cs., C%.
independent of mesh parameters such that for any (v, V) € V3 X XA/h, (w,w) € V(h)x V(h), (vp,0p) € Wi X Wh,
(w, @) € W(h) x W(h)

v-Cq Il (va, Vi)l < Ak (5 (Va, ¥n), (Va, V1)), (25)
Al (5 (W, W), (Vi ¥n)) < v Cp [l (W, %) llw (v, ¥0) s (26)
and
k=C Il (wn, Ol < AT(5 (vn, Dn), (vn, Tn)), (27)
Al (5 (w, @), (vn,00)) < k1O Il (w, @) [llnr I1(vn, ) lllns (28)

where V(h) = Vi, + (H3 ()% 0 (H>*(), V(h) = Vi, + (Hy* (€))%, W(h) = Wi, + H3(Q) 0 H>(S), W (h) =
W + HS/Q(S;L)7 and Hg/2(5h) ={ue H3?(&,): p=0o0on &}

In Propositions 3.4 and 3.6 of [19], it was shown that the convective terms O% and —O& satisfy the following
continuity and positivity, i.e., there are positive constants Cor and Cor independent of mesh parameters
such that for any (vj,,vp) € Vi, x Vi, (w,w) € V(h) x V(h), wi,wo € V(h), &€ € Vi, (vn,0h) € Wy X Wh,
(w, @) € W(h) x W(h)

O (& (vi, Vi), (Vi Vi) = %<|5 n|(vi, = Vi), (Vi = Va)) o, 2 0, (29)

Ok (w1 (W, ), (V& V1)) = Of(wa; (W, W), (v&, ¥1))| < Corllwi = wally, Il (%, %) [ln Ml (va, ¥n)llln, — (30)

and
~ ~ 1 ~ ~
OF(&; (vn,0n), (v, Dn)) = *§<|€ “1|(vp = n), (v — Un))ag, <0, (31)
|OF(W1; (w, @), (v, 0n)) — Op(Wa; (w, @), (05, )| < Corlwi = wally j | (w, @) s lIl(vn, Tu)llns  (32)

where Vj, = {vi € Vi, : B*((v1,,0), (g, @) = 0, ¥(qn,Gn) € Qn x Qn}-
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2.3. Existence of discrete solutions

In this subsection, we devote to prove the existence of solutions for problem (21) under a similar assumption
to Theorem 2.3. Before this, we introduce the following well-known trace and inverse estimates.

Lemma 2.3 ([17], Lem. 4.5.3 and [29], (2.3)). For any K € Tp,, v € P*(K) and w € W1*(K),

m— 9+,

s,l,K < Cznuh

||v\|m,q}K7 1<g¢g<i<oo, 0<m<s<k+1, (33)
and

1—1
Ls(x) T hy [Vl

s(oK) < Ctm< < llwl LS(K))7 1<s< 0. (34)

Similar with the continuous case, we first consider the discrete problems (21a) and (21b) with T}, replaced
by a given 0, € Wy: Find (up, Un, pr, pr) € Vi X Vi, X Qp, X Qp, such that

Al (0n; (un, Gn), (v, Va)) + O (an; (an, Gn), (Va, V1)) — B"((vi, ¥a), (P, Bn)) — D (0w, v1) = (F,vy), (35a)
Bh((uhvﬁh)a (qhvz']\h)) =0, (35b)
for any (Vi, Vi, qn, Gn) € Vi X Vi X Qi X Qi

Theorem 2.4. Assuming

(v_C3)?

e VA 36
C1Cor (36)

1|22 + 190nl 12 () <
@)

where Cy is the constant in Lemma 2.2, C% and Cop are the constants in (25) and (30), then problem (35)
has a unique solution (Wp, Un, Pr,Dn) € Vi X Vh X Qp X Qh satisfying

~ C
I @)l < = (1o + 99020 ) (37)
—~'F

Proof. Let f=F +gf), € (L*(Q))4, then the proof of the theorem is the same as Lemma 1 of [35], thus we omit
it. O

Next for any given 0;, € W), and wy, € Vy, we study the discrete problem (21c): Find (T;“fh) c Wy, x Wh
such that

A?’(%; (Th,fh),(wh,@h)) *O%(Wh; (Th,fh>,(wh,wh ) = ﬁ - Z wn|k (2 (38)

KeT,
for any (wp, @) € Wp, x Wy,

Theorem 2.5. For any given 6, € W), and wy, € Vy, problem (38) has a unique solution (Th,fh) e Wy x Wh,
Ifd=2,

()], < et v )

where Cypny is the constant in Lemma 2.3, Cy is the constant in Lemma 2.2, and C% is the constant in (27).
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Proof. Since the bilinear form A% is coercive and the convective term —O% possesses positivity (31), problem
(38) has a unique solution. If d = 2, by (18) of [36] we have

3 ) = 4 0 (1) (1 22) O s (7. 7). (7 )

=i 2 i) < 20w | (7T
* KeT,

which derives the bound (39) by dividing k_C# ||| (Th, Ti)|ll» from both sides. O

Remark 2.4. Compared with Proposition 14 of [7], the discrete scheme (38) does not need the smallness
assumption on wy to guarantee the existence and uniqueness of solutions. The reason is that the convective
term O% in this paper includes the upwind schemes.

Now we are ready to study the existence of solutions for problem (21) To achieve the goal we define a Inapplng
fh For any (Wh7 Wh, 0h7 eh) eV, x Vh x Wy, x Wh, let fh(Wh, Wi, Gh, Gh) (uh, uy, Th, Th) eV, x Vh x Wy, x Wh
be the solution of

AR (On; (wn, n), (i, V1)) + O (W (an, @), (Va, Va)) = D(On, vi) = (F Vi), (40a)
Ag(ﬁh; <Th,fh), (wh,@h)) — O%(uh; (Th,j_\'h), (wh,wh ) = ﬁT Z wh|K (4012))

for any (Vh,vh,wh,ﬁ}\h) eV, x ‘7}1 x Wy, x Wh.
Lemma 2.4. Ifd =2 and H satisfies
S*k_Ch
|H| a 2C'm'ucl
the mapping Fj. is well defined on the space Wh = Wh x Wh and maps W" to itself. Here

o G*'v_C% — C1|| F||12(q)

. v-Cp
Cillgll= (o) ’ 2Cor"
WLL = {(wha'a]h) S Vh X ‘7h : m(wh’@h)‘”h < G*}’
wi = {(04,8:) € Wi x W+ || (00.1) ]| <57},
Cinvy, C1, C5, C5., and Cop are the constants in Lemmas 2.3, 2.2, (27), (25), and (30).

Proof. A simple calculation yields

1(v_Cy)?
F + ||gf <|F + . 0 < .
H ||L2(Q) Hg h||L2 Q) || ||L2(Q ||gHL Q) || h||L2(Q) ) C.Cor

According to Theorem 2.4, we know that equation (40a) has a unique solution (up,uy) € Vi, X Vi satisfying

G (v-Cy)

v C3 20 Cor 0

(I1(an, dn)llln <

On the other hand, Theorem 2.5 shows that equation (40b) has a unique solution (Th,fh) e Wy x Wh.
Moreover if d = 2, (39) and (41) yield

@Bl < g <5~

Thus F; is well defined and maps the space W to itself. O
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Theorem 2.6 (Existence). If d = 2 and H satisfies the condition (41), discrete problem (21) has a solution
(tn, U, ph, Dh, Tny Tn) € W X Qn x Qi x W, where the spaces W' and Wi are defined in Lemma 2./.

Proof. Similar with Theorem 2.3, we only need to prove that the mapping ¥, has a fixed point in the space
W™, Since the problem (40) is finite dimensional, by Brouwer’s fixed point theorem we know that the remaining
task is to prove the continuity of Fj .

Let (Whym,vAvh’m,@h’m,gh,m) € W" be a sequence converging to (wh,ﬁ\vhﬁh,ah) e Whin [|(,)lln- In
addition, we let f;(wh’m,wh,m,ﬁh,m,ﬁh’m) = (uh,m,ﬁh,m,Th’m,Th,m) € Wh and f;(wh,vAvh,Hh,Gh) =
(up, Up, T, Tp) € W". By a simple calculation, we have for any (v, Vy,wp, W) € Vi X Vi, x Wi x W),

Al (On,m; (Whm — ny Unn — Gn)y (Vi Va)) + OB (ks (Whm — U, pm — Us), (Vi, Vi)
= AL (On; (up, ), (Vi, V1)) — AR (On s (n, Tn), (Va, V1)) + D(Ohm — On, Vi)

+ O (wp; (W, Un), (Va, Vi) = OF (Whm; (Un, Gn), (Vi V1))

According to the definition of A%, we get by Lemma 2.3

AR (On; (wp, Un), (Vs Va)) — A (Ohm; (un, Tn), (Vh, Va))
= (k(0n) — K(Op,m)Vuy, Vvh)Th — (k(0n) — K(Oh,m)(Vup)n, vy, — Gh>6'fh
— <I€(9h) — n(@hym)(Vvh)n, u, — ﬁh>6Th (42)

< Clln = Onmll 20 |||(Vhth)\||h(||VuhHLoc(Th) + 07 |y, — ﬁh||Loo(aTh))'
Set (vp, V) = (Up,m — Up, Up,m — Up) in the above, then (25), (30), and Lemma 2.2 yield
v O3l (wp = Wh i, Ty — T}
< CllOn = Onnll 2o I (an — A m, s — ﬁh,m)mh(”vuh”LOC(Th) + b7y, - ﬁhHmo(@ﬂ))

+ Cl||0h - ohﬂn”LZ(Q) ”g”LM(Q) |||(uh — Unm, ﬁh - ﬁhﬁn)‘”h

+ Corll(un — nm, Un — Un,m) I, [l (s, Wa) ([0 | (an = @hm, Gn — )|,

Due to (u,1dp) € Wh,

1 N — _ ~
5= Cll(n = W B = B, < ClOn = Onmll oy (V00 e 7y + 27 Itk = Bl 7, )

+01H9h _eh,mHm(Q)”gHLW(Q)a (43)

which leads to [||(up, — up m, Up — Up,m)|[|n — 0 as m — oo.
Similar with the velocity, a simple calculation can derive that for any (wp,w,) € Wp, x Wy,

~

Al (eh,m§ (Th,m - Thyfh,m - fh), (wm@h)) ~ Ok (llh,m; (Th,m - Th,fh,m - Th>7 (wh,@h))
= Al (9h§ (Th;fh); (’wh,”@h)> — AL (ah,m; (Th,fh), (wh,@h))
+ Ok <Uh,m; (Th,fh)’ (wh,’@h)) - 0% (uh; (Th,fh>, (wm@h)), (44)

which, together with (27), (31), (32), and Lemma 2.3, results in

N 2
k_CF (Th,m — T, Thm — Th) ‘Hh
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< C|6n — eh,mHL2(Q)H‘ (Th - Th,mafh - fh,m) H‘h(VThlL‘”(Th) +h71HTh - thLm(aT’ ))

+ Corll(wn = wnm, G = Tnn)l, || (70, 70

|l = T B~ T, )

by setting (wp, Wn) = (Th,m — Th, fhym - fh) This shows that |||(Th,m — Th, fh,m —fh)mh — 0 as m — oo. Thus
Fj is a continuous mapping from Wh to itself. O

Remark 2.5. In three dimensions, since (23) is only correct for 1 < ¢ < 6, a similar result with (39) can not be
established. However, in order to prove the existence of solutions for the discrete problem (21) by Brouwer’s fixed
point theorem, a suitable bound for T}, is necessary, hence we only consider the case of d =2 in Theorem 2.6.

3. A priori ERROR ESTIMATES

Since the existence of solutions of problem (21) can only be guaranteed theoretically for two dimensional case,
we assume from now on that d = 2. In addition, we shall require that the viscosity v and thermal conductivity
K are two positive constants.

For ease of exposition, in the subsequent analysis we use a < b to denote a < Cb, where C' with or without
subscript denotes a generic positive constant independent of discretization parameters. The value of C' might
change at each occurrence.

Based on analysis in Section 2.2 we know that the approximate velocity field obtained by (21) is divergence-
free and H (div)-conforming. Thus the velocity error should be independent of the pressure error. This is the
so-called pressure-robustness. To achieve the attractive property, we introduce the BDM interpolation operator
in the following lemma.

Lemma 3.1 ([30], Lem. 7). If the mesh consists of triangles (d = 2) or tetrahedron (d = 3) there is an
interpolation Uppy : (HE ()4 — Vi, satisfying the following properties for v € (H**1(K))? and K € Tj,:

(1) Mppmv-n] =0;

(2) ||lv— Tepm|lm ik < Chpnbie ™ 1vllx, m=0,1,2 and max{l,m} <1 <k+1;
(3) IV (v—=TppMm)|lm.x < Cipuh ™IV - vllik, m=0,1andm <I1<k;
(4)
(5)

4) [ a(V-v—V -Tgpyv)dz =0, Vge P*1(K);
5) [pq(v—Tlgpyv) - nds =0, Vg€ P*(F), where F is an edge/face of OK.

First of all, we consider error estimates to the temperature. Before this, for any f € L%() we introduce a
duality problem: Find ¢ € HE () such that

(kV, V) — (up - Vo,w) = (f,w),  Vw e Hi(Q), (46)
where uy, € V}, is the velocity part of solutions of problem (21).

Lemma 3.2 (Regularity for duality problem). For any f € L?(2), problem (46) has a unique solution ¢ €
HY(Q) satisfying

KIVollz2(0) < Copll fllz2)- (47)

If domain Q is convexr and

4C;pC1C: =R
—IZEL N (s )l < 1, (48)

the solution ¢ € H?(Q) and

kP2, < 2Cs| fllL2 ), (49)
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where Cs is a positive constant depending on the domain Q, Cza, Ci, and Ciy, are the constants in (3),
Lemmas 2.2, and 2.3, and (up, up) is the velocity part of solutions of problem (21).

Proof. Since uy, is divergence-free and H (div)-conforming, it is easy to observe that (u; - Vw,w) = 0 for any
w € H(2). Thus the existence of a unique solution for problem (46) can be guaranteed by the Lax—Milgram
theorem, and the bound (47) holds.

On the other hand, Lemma 2.2 and (18) of [36] yield

[unllLo(75) < 2CinyCh ||| (un, Un) [I[n - (50)

Hence uy, - V¢ € L?(Q2), and under assumption that the domain © is convex we have ¢ € H%(Q) satisfying

K¢

20 < Co (I @) + o V9l (e )
K
< Cslfllz2(a) + §||v¢||LQ(Q)’
which concludes the proof. O

Corresponding to problem (46), we consider an HDG discretization: Find (¢, ggh) € Wi x Wy, such that
Al ('; <¢h7$h), (wm@h)) + 0k (U-h; (¢h7<gh)7 (whaﬁ}\h)) = (f,wn), V(wp, @) € Wi, x Wi, (51)

where Ai} and Oé}« are defined in Subsection 2.2.
Lemma 3.3. If

2C(inv Cl

il )l < 1 52
wCs Il Can, ) [l < 1, (52)

discrete problem (51) has a unique solution (¢p, g/b\h) e Wy, x Wh satisfying

(o8l < 21 1exc )

S
kC3,

where Cy, C%, and Ciy,y are the constants in Lemma 2.2, (27), and Lemma 2.3, and (uy, Uy,) is the velocity part
of solutions of problem (21).

Proof. Using (50), positivity (31), and condition (52), we have for any (wp, W) € Wy, x W

IN

B ~ 1 B
— O (ap; (wp, @), (wp, ©n)) 3Pl e oz (I Coms @)1

IA

1 .
35CH I wn, @u)lI7,

which along with coercivity (27) leads to
. _ . . 1 .
AT (5 (wn, Bn), (wn, D)) + OF (Wn; (wn, @n), (wn, @r)) > SECT ||| (wn, @n) I - (54)

Thus discrete problem (51) has a unique solution under condition (52) and the bound (53) holds. O

With Lemmas 3.2 and 3.3 at hand, we state a priori error estimates in the following theorem for the duality
problem (46).
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Theorem 3.1. For any f € L*(Q2), let ¢ and ((bh,QASh) be the solutions of problems (46) and (51). If domain Q
is convex, partition Ty, is quasi-uniform, and conditions (48) and (52) hold, we have

[[(¢=0n0=an)|, < nlolaan (55)
Proof. For any (wp,, W) € Wy, X W), coercivity (54) and consistency
AL(5(6,9), (w, ®)) + O (un; (6, 9), (w, D)) = (fw),  V(w,@) € H'(T) x Hy'*(&n), (56)
yield
1 - 2 —~
57C | (wn = onsion = n ) || < A% (5 (wn = 6,0 = ). (wn = 6n, 00— ) )
+ O%(“h; (wh — ¢, W, — @), (wh — Op, Wy — 5h)>,

which, together with triangle inequality, bounds (28) and (32), and condition (52), leads to

208 Cor )
(wp,Wp,

¢ Tane

inf —_|[[(¢ — wn, & — @n) [[[n - (57)
)EWhXWh

[(o-omo-3)], = (1

Thus we conclude the proof by using interpolation error estimates. O
Now, we are ready to prove error estimates of the temperature.

Lemma 3.4. Let (u,T) and (up, ﬁh,Th,fh) be the velocity and temperature parts of solutions of problems (4)
and (21). If domain Q is convez, partition Ty, is quasi-uniform, and conditions (48) and (52) hold, we have

IT = Thl 20y < Car™ (AIH] + Tl L2 () Il (v — wn, w — @) |1)- (58)
Proof. In order to estimate || — T} 2(q), let T" € H§(S2) be the solution of
Ar (5 T" w) — Or (up; T, w) = (Hop, w), Yw € Hy(Q), (59)

where §, = 0 on 7;,\7, and

1
(5h,wh)K = uT wh(z), Ywy, € Pk(K), KeT,.

Under condition (48), we know from the proof of Lemma 3.2 that problem (59) has a unique solution 7" €
HY(Q) N H%(Q) satisfying

RIT" |20 < 205 H[[I0n] 220y < [HIAT". (60)

Using integration by parts, consistency (56), and bounds (28) and (32), we infer that

(T" =Ty, f) = Al}(-; (6, 0), (Th T, T — fh)) +Oh (uh; (6, 9), (Th T, Th — fh))
b3 (7" =TT = 1) (0.9) = O (wii (7" = 1. 7" = Th ), (6. 9))

G (s (T =T, T =), (6= 60— ) )

ot (11t (oo -5
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< (50 + Corlltw, a)ll) | (7" = T 7 =T )| (6 = om0 = 30|,

which, together with Lemma 3.2, Theorem 3.1, (52), (60), Lemma 5.5 of [54], and the duality argument, results
in

17" = Ti| 2 ) < 7 MR (61)

L2(Q)

Obviously, the remaining task is to prove a priori error estimates for |7 — T"||12(q). According to (4c), (59),
and the definition of d;, we have

(T-T" f) = (kV(T —T"),V¢) — (up(T — T"),V¢)
(0 =up)T, Vo) + Ho(2) — (Hon, ¢)
(w=up)T, Vo) + H(d(2) = rd(2)) = (Hon, ¢ — L),

where I, denotes the Lagrange interpolation operator onto continuous linear finite element spaces, which along
with interpolation error estimates of II;, Lemma 3.2, and the duality argument derives that

17 = 7" gy < 5 (T sy I (n = = ) [ +7]R). (62)

Combining (61) and (62) we conclude the proof. O
Next we are going to prove error estimates of the velocity.

Lemma 3.5. Let (u,p,T) and (uh,ﬂh,ph,ﬁh,Th,fh) be the solutions of problems (4) and (21). If domain Q
18 convezx, partition Ty is quasi-uniform, and

s { a0, [Vt 20} < G (63)
we have
3. Ch 2C
= = )l <2t (5 + G2 ) + 26 lallme|IT = Thl oy (649

where G* is defined in Lemma 2.4, C is the constant in Lemma 2.2, C},, C’%, and Cop are the constants in
(25), (26), and (30), and Cs is the constant in (67).

Proof. By integration by parts, we have the following consistency:

AL (5 (w), (Wi, i) + Of(u; (0, u), (wa, W) — B"((wi, W), (p,p)) — D(T, wh)
= WVu,Vw,)r — ((vVu)n,wy, — Wi)az, — (W@ u, Vwy,) .
+((u-n)u,wy, —Wp)oz, — (, V- W) + (Wh — W) -1n,p)or,
— (Tg,wp) = (F,wp), Y(wn,Wp) € Vi x V. (65)

In the rest of the proof, we set v;, = IIgppmu and vy, = [T u, where Il is the standard L2-projection operator
onto V},. Then coercivity (25) and consistency (65) yield

VO || (Vi — 0 9 — @B < AL (v — 0,9 — W), (Vi — wa, T — )
+ A (5 (0= wp, u =), (vi, — uap, Vi — Up))
—Ah( (vh—u Vi —u), (v —up, Vv —Uy))

OF(up; (up, ), (Vi — p, Vi — Up)) — Of(u; (u, 1), (vi, — up, ¥y, — G))]
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+D(T —Th, v, —up) =1 + I + 1. (66)
Using interpolation error estimates of IIgpy and Iy and Lemma 2.3, it is easy to obtain that
1(va —w, Vi — )| < Cshluls0. (67)
Thus bound (26) and Lemma 2.2 infer that
I <vCpCshlulzo Il (Vi — wn, Vi = ) |, (68)
and
Iy < CillgllLe @) IT = Thll L2 (o) Il (Vi — an, Vi —Gp) ([l - (69)
Now, we turn to estimate 5. By using positivity (29), (30), and (67), we have

I < Op(ap; (Vi — w0, ¥y, — 1), (v — up, Vi, — )
+ O (up; (u, ), (vi, — up, Vi — Up)) — O (u; (u,u), (v, — up, vy — Uy)) (70)
<CorCshlulz,q || (an, un) n l(ve — un, va = dn)|l|n
+ Cor||Vulrzo) Il (w —ap,u—ap) [I[n [[(vie — wp, Vi —n) |5 -

Combining (66) and (68)—(70),

vOp || (v —up, Vi, — Up)||n
< Cshlula o (vCh + Cor ||| (un, W)ln) + Crllgll Lo @) IT = Tl 12q
+ Cor||Vul[Lz(q) [I| (@ —up, u—1ap)||[n,

which, together with (67), triangle inequality, and assumption (63), derives the desired result (64). O

Remark 3.1. Under assumption that the domain  is convex, Farhloul et al. has proved in Theorem 3.1 of
[24] that the velocity u and pressure p for problem (4) belong to the spaces (H?(£2))? and H'(Q).

With Lemmas 3.4 and 3.5 at hand, now we are ready to prove the main result of this section in the following
theorem.

Theorem 3.2. Let (u,p,T) and (uh,ﬂh,ph,ﬁh,Th,fh) be the solutions of problems (4) and (21). If domain Q
is convex, partition Ty, is quasi-uniform, conditions (48), (52) and (63) hold, and

max{ I} < g ol o (™)
we have
1w — wp, w—wn) [0 < B, (72)
and
1T = Thll 20y S vh, (73)

where Cy is the constant in Lemma 2.2, Cy is the constant in Lemma 3.4, and C% is the constant in (25).
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Proof. According to Lemmas 3.4, 3.5, and condition (71), we have

- 3, Ck
l(a —up, u—1p)[[n < 2Cshlulzaf 5+ =5
2" Cy

1 1 ~
) 3t g Il = = )l

which results in (72).
As for (73), it is a direct result of Lemma 3.4 and (72). O

Finally, we conclude this section by proving error estimates of the pressure.

Corollary 3.1. Let (u,p,T) and (uh,ﬁh,ph,ﬁh,Th,fh) be the solutions of problems (4) and (21). If domain §2
is convex, partition Ty, is quasi-uniform, and conditions (48), (52), (63) and (71) hold, then we have

lp = pnll2@) S b (74)

Proof. From (76) of [48], we know that there exists a positive constant 7 independent of mesh parameters such
that

B"(vh, V1), (wh, Wh
’YHwhHL?(Q) < sup (( ) ( ))

2 ) Y(wh, @) € Qn x Q. (75)
(Vi Fn)EVa X Tn I1(vh, Vi)llln

On the other hand, for any (wp, @) € Qp X @h and (v, Vp) € Vi, X I7h, consistency (65) yields
B"((Vi, V4, (wh = Py @h — Pn)) = B"(Va, Vi), (wn = p,@h = p)) + B"((V1s V1), (0 — Ph, P — Pn))
= B"((vi, V1), (wp — p, @ — p)) + D(T, — T, v4)
+ A}I?(-; (u—up,u—1uy), (v, vn)) + [O%(u; (u,u), (v, vp))
— O (up; (up, ), (vh,Vh))] =J+Jo+ J3+ Jy.
In the rest of the proof, we set wy, = llgp and W), = H@p, where Ilg and H@ denote the standard L?-projection

onto P*~1(K) and P*(F) for K € 7;, and F € &,. Thus interpolation error estimates of Il and Il and the
definition of B" infer that

J1 S hIVPlz@) Il (Vi Vi) [lla - (76)
Moreover, bound (26) and Theorem 3.2 can derive that
Jo+Js Svb || (Va, Vi) lln - (77)
Hence combining (75)—(77) and (70), we get
lwn = phll2) S s

which along with triangle inequality and interpolation error estimates of Il concludes the proof. (I

4. A posteriori ERROR ESTIMATES

This section is devoted to develop a computable a posteriori error estimator and show its global reliability
and local efficiency for errors in the velocity, the pressure and the temperature. Due to the singularity induced
by the Dirac function ¢, and the coupling characteristic of system (4), it is obvious that this is not an easy task.

As a start, we introduce the well-known Oswald interpolation, which shows that for any w; € W) we can
find a continuous function wy, € H}(Q) N W), such that (see [36], Lem. 3.3 and [34], Thm. 2.2)

S wicllwn = @l S S BE Il e (78)
KeTy, Feé&y
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and

D BV wn = B e ey S Y b T N wnlll e (79)
KeTy, Fe&y

for 1 < g < oo, where s is a real number. Here for each interior edge F € &7, let K™ and K~ be two elements
sharing the common edge F, then we define [wy]|F = w;{ — wy, , where w;LL and w, are restrictions of wy on

FNOKT and FNOK~. As for the boundary edge F € £, we set [wy]|r = wh.

4.1. Reliability

Since the temperature T belongs to W *(2) (éiz < s < 2), we use the duality argument to prove a posteriori

error estimates for the temperature. Before this , we introduce some properties corresponding to the temperature.

Lemma 4.1. Let (uh,ﬁh,ph,ﬁh,Th,fh) be the solution of problem (21), then we have

aATK ™
0= = 3 Fe (BT, (5T o,
KeTy
1 SN L 7). @ G, € W)
B 7<('U«h -m) (Th +Th)awh> B 7<|“h | (Th - Th)’wh> o TenE (~0)
9 8T, 2 9Ty,

and

(RAT), — uy, - VTh,wh)Th = (kVT} - n, wh>aT — <1£th -n, Ty, — fh>a7’
h

- <( )Th7wh>dT; ﬁT Z ”U.)h|K ) (81)

KeTy,
for any continuous wy, € H} () N W),

Proof. The equality (80) can be derived by setting wp, = 0 in (21c), and (81) is a result of using integration by
parts and (80). O

Lemma 4.2 (Upper bound for the temperature). Let (u,T) and (upn, n, Th, Tp) be the velocity and temperature
parts of solutions of problems (4) and (21). If

=N 1
2CflC’GC(invC’s,s’{_1 H| (uha uh)|||h S ) (82)

[\)

we have

IV(T = Th)|

L*(T1) < CT?S + ZCchC ('U. Up, U — uh)|||h, (83)

for giz < s < 2, where C1, Cs, and Cip, are the constants in Lemma 2.2, (86), and Lemma 2.3, Cs s and

Cy, 2= are the constants in (3),
ns = Z (15 x + 15 01) + Z Me,F>
KeTy, Fegyp

Mox = WO|T =Tl nie = RElIV T wll e,

S

L (9K)
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and
s hj(HATh — k- VTh| SLS(K), z is a node of the partition 7,
e = {ASHSh%(_Sx(K NT.) + hic|| ATy — 67wy - VT 25([{), otherwise.
Here x(KNT,) =11if KNT, is nonempty, otherwise, x(K NT,) =0.
Proof. Since the space W,*(Q) is reflexive,
Vwl| L) = sup _w f) Yw € W, * (), (84)

FEW-1.5(2)/0 ||f||—1,s/,ﬂ ,

where (-, -) denotes the duality paring between the spaces W, **(Q) and W~1¢'(Q). For any f € W1 (Q) with
s’ € (2,4+¢€), let ¢ € Wy* (Q) be the solution of

(kV, Vo) = (f,0),  VoeW;*(Q). (85)
According to Theorem 0.5 of [32], we know that problem (85) has a unique solution satisfying

lldllsa < Coll fll-1.5.0- (86)

Throughout this proof, let T}, be the Oswald interpolation of T}, then we have

<T — T f> — (/{V (T — :Fh) , ws) = Ho(2) + (uT, Vo)

+ (KJV (Th — fh> , V¢) - + (KJATha ¢)Th - <KVT}L 1, ¢>8Th

= Ho(2) + (k9 (T~ T ), Vo) L+ T Y9) + (w - VT, 6),

+ (FLAT}L —uy - VT, ¢)Th — <I€VTh -n, ¢>8Th'

Set wy, =I1¢ in (81) and inset (81) to the above equality, we yield
<T*fh,f>:E1+E2+E3+E4, (87)
where II;, denotes the Lagrange interpolation operator onto continuous linear finite element spaces,

Ey = (kAT, —up, - VT, ¢ — o), — <HVHL¢ -0, T, — fh>87 )

h

Ey = Ho(z) - % S Mudlk(2),

KeT,

By = (mv (Th - Th),w) L~ (RVThn 6~ T6),r,

Ey= T, Vo) + (- VTh, ¢)7, — ((up - n)Th, 11¢) 7, -

By interpolation error estimates of II;,, Lemma 2.3, and (79), it is easy to infer that

S

s 1-s %l
Le() + e HTh B ThHLS({)K)

B 5 ( > Wl AT, — 5wy - VT ) IVl L+ ), (88)

KeTy,
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and

s

SLs(F) K[|Vl

—~ S
By < hHT—TH hil[[VT, -
3 Z x |[4h —1n Ls(aK)+ Z Fl[VT} - nl|
KeT, Fegg

Ls'(Q)" (89)

If the point z is a node of the partition 7, it is obvious that Es = 0, otherwise, we have by interpolation error
estimates of IIj,

[H|

B, <
2Nﬁ7;

21
Z hf{ ||V¢||Ls’(1()~ (90)

KeT.

Finally, we are going to deal with E;. A simple application of integration by parts, Lemma 2.2, (18) of [36],
(78), (79), and (86) yield

Ey = (uT —u,T),, Vo) + <(uh ‘n) (Th - fh)’¢ B HL¢>aTh

= (U= w)T.Y9) + (wn(T = T3, V6) + ((wn-0) (Tu = Th) 6 ~ i)

< (0= w71, 2 g + 1 7 = Tl ) 19000

1
+ Ch”uhHLoo(Th)< Z hic®|[Th — ThHLs(K)> IVollo.s

KeTy

< (01 I (= = 80) T, 2, ) + 261 Cin Co V(T = Tl g <uh,ﬁh>|||h)

2—s (

1
X Cor™ | fll-1,600 + C( Z hiz T — Thl iS(K)> [ fll-1,5.- (91)

KeTy,

Thus combining (84) and (87)—(91), we have

v (r-1.)]

<+ Cor (Gl (a = w8 [l 7]

L3 (Q) 2=5(Q)

+ 2C’1 Cinvcs,s

V(T =Tl I (a8 ) (92)

which, together with triangle inequality, Oswald interpolation error estimate (79), condition (82), and (3),
concludes the proof. |

Obviously, we further need to prove a posteriori error estimates for |||(u — up, u — Uy)|||n. Similar with the
temperature, we first introduce some properties corresponding to the velocity in the following lemma.

Lemma 4.3. Let (up, Up, pr,pr) be the velocity and pressure parts of solutions of problem (21), then

aplV ~ o~ ~
0= — Z = (un, — T, V) o + (V) Un) o,
KeT, K
1 o~ 1 o~ >
— §<(uh . n)(uh + Uh), vh>6Th - §<|uh : n|(uh - uh), Uh>8'2’h’ V/I}h S Vh, (93)

and

(vAup, —V - (up, @ up) — Vpp + g7, ”h>Th = ((vVuy)n, Uh>87’h, —((vVop)n, up, — "A‘h>aTh
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= ((un - m)un, vn) o7, — ((Vn - 1), ph = Ph)og, — (Frvp),  (94)
for any continuous vy, € (H}(Q))? N Vj,.
Proof. The equality (93) is a direct result by setting v, = 0 in (21a). Let v, = 0 in (21a), then (94) can be
derived by applying integration by parts and (93). O

Lemma 4.4 (Upper bound for the velocity). Let (u,p,T) and (upn, Upn, Ph-Ph, Th, fh) be the solutions of problems
(4) and (21). If

2V Cr(Cu Il (uns ) Nl +Hull o) < (95)

1
2 b)
we have

Ve | (u— wp,w—@)|ln < CE+4Vor~%||p — pall2() +4V20 2 Cagllgll L@y IT = Tl 12 q). (96)

for arbitrary 6 > 0, where Cy and Cs,2 are the constants in Lemma 2.2 and (3).

€= (F+&x)+ > &

KeT, Fee&p

and

2 = v WL || F+ vAw, — V- (u, @ up,) — Vpy + gTh||iz(K),
_ _ 2 2
Ex = VhK | un — uh||L2(8K) + v he|lpn _ph||L2(8K)7 & = VhF||[(VUh)n]||L2(F)~

Proof. Throughout this proof, let 1y, be the Oswald interpolation of uy. Then property (94) and integration by
parts yield

V[V (= 80) 720 = #?V(a—up), V(u =)y, + @V (uy — ), V(a—5))g,

= — (vA(u—uy),u— ﬁh)Th (vV(a—up))n,u—up)yy,
+ WV (up —1ap), V(u—1p)) 7,
(F+vAu, — V- (u,®@up) — Vpp + gTh,u—u, — vy)
—(w®@u, —uu,Vu-u) = (pr —p, V- (ap —up))g,
+(&(T —Th),u—up) + (vV(up — 1), V(u— )4,
+{(vV(u—up))n,u— ﬁh>87’h +{(up®up —uu)n,u— ﬁh>aTh
+ ((u—1uy) -n,py —p>aTh —((vVvp)n,uy — ﬁh)a'fh
—((up - m)up, vi) oz — (Vi -10),pn = Pr) oz, + (vVun)n, vi)

for any continuous vy, € (Hg(2))? N Vj. Since vVu — u ® u — pI is normal continuous on each interior edge
F € &, the above equality can be rewritten as

V[V —0n)| 72y = Fi + Fo + F, (97)
where

F, = (F+yAuh —V-(uh®uh) —Vph—i-gTh,u—ﬁh —Vh)7
= —(w®u,—ue@u,V(u-u)) — (pr —p, V- (up —apn)) 7,
+(&(T = Th),u—up) + (WV(uy — up), V(u = up)),
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Fy= — ((WVup)n,u— 0y, — vp)yr + (((un — Up) @up)n,u— Uy — Vi)or,

+ <(ll - l~lh - Vh) N, pp — ﬁh>8’2’h - <(1/Vvh)n, up — ﬁh>87’;l'

In the rest of the proof we set vj, = IIgz(u — uy,), where gz denotes the Scott—Zhang interpolation operator
onto continuous linear finite element spaces (see [17], (4.8.10)). Using interpolation error estimates of Ilgz, (3),

(79), Lemmas 2.2 and 2.3, we have

2

P g ( > BEIF +vAw, — V- (w, ® u,) — Vps + gThiz(K)> IV(a— 1)l 20
KeTy,

Fy < Cy(Cy I (un, Tn) lln +lallzagey) Il (@ = ap,a = 8g) [ [V (0 = ) 20
1
2
~ —_ f 2
+ C(HP - thLZ(Q) +v||V(u— uh)||L2(Q)> ( Z hl{l”uh - uhHL?(aK))
KE,]-}L
+ a8l @) 1T = Thll 12 () IV (0 — R [l 12 (0

and

1

2

2 ~ 12 ~
F3 5 Z hF”[(Vvuh)n]”LZ(F) + Z hk|lpn —Ph”LZ(aK) [V(u-— uh)”LZ(Q)
Fegy KeT,

[N

-~ ~ — -~ 112
+ (l[Can, an) flln +2)[IV (@ = an)| 2 (q) < > s - uh|L2(8K)>
KeTy,

Thus combining (97), Holder inequality, and the above estimates for Fy, Fs, F3, we derive

1 ~ \p2 _ 2 _ 2
ZV”v(u_uh)HLQ(Q) < C& + v al—Ph”Lz(Q) +2v 1022,2Hg||2Loo(sz)||T_Th”Lz(Q)

2
l

+ 2L (C | (o) I sy ) (= w0 = &),

which along with triangle inequality, (79), and assumption (95) leads to
1

2
v | (=, u =) 5 < V2 [ V(u—4)] 1) + C( > §§K>
KeTy,

_1 _1
< CE+2V007 3 ||p — pill 12 +2V20 2 Coalgl| oo (o) IT = Till 120

1. ~
+ 52l (u—un,u =) |l -

This concludes the proof.

(98)

O

Remark 4.1. Obviously, the error estimate result in Lemma 4.4 for the velocity is not like Lemma 3.5 that
does not depend on the pressure error. This is because the Oswald interpolation of the velocity used commonly

in a posteriori error analysis of DG methods is not divergence-free.

Next we provide a posteriori error analysis for the pressure.

Lemma 4.5 (Upper bound for the pressure). Let (u,p,T) and (uh,ﬁh,ph,ﬁh,Th,fh) be the solutions of prob-

lems (4) and (21), we have

ov ™% [lp = pill 20y < CE+ (1+ v Cu(Cr Il (uns Tn) [+l (o))
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1 ~ _1
X V2 || (w = un, w—=un) [l[n +072 Coollgl e @) IT = Thll L2 (0 (99)

where Cq and Ca2 are the constants in Lemma 2.2 and (3), £ is defined in Lemma 4.4, and o is the constant
in the inf-sup condition (100).

Proof. According to Theorem 5.1 of [28], there exists a constant ¢ > 0 such that the following inf-sup condition
holds:

(w,V-v)
ollwllzz() < sup

e —— Yw € L%(Q). (100)
ve(HE(9))*\{0} HVVHLZ(Q)

Since C§°(Q) is dense in HE(Q), for any v € (C§°(£2))? integration by parts and (4a) yield

(¥Vu,Vv) = (u@u,Vv) — (&7, v) = (F,v) + (Vpp, V)7, — (Vv -10,pn) 57,
= — (F+vAu, — V- (u,®@un) — Vpp + 81h, V)7,
+@Vu—up),Vv)r + (up@up —u®@u,Vv) + (g(1Th — T),v)

+((Vup)n, v) . — ((up @ up)n, v)yr — (v -10,pn) o, -

(p_phav'v)

Set v, =IIpv in (94) and insert (94) to the above inequality, we have
(p—pn,V-v) =G+ Gz + G, (101)
where

Gi= — (F+vAu, — V- (up,®@up) — Vpy +gTh, v —1ILv),,
Go=(wV(u—w),Vv)r +(up@u —u®u,Vv) + (g(Th — 1), v),
Gz = (vWVup)n,v —1ILv) 5 — ((up @ up)n, v —ILv) 5

— (v =Tv) -0, pp = D)o, + (WVILV)N, W, = UR) o, s

IT;, is the Lagrange interpolation operator onto continuous linear finite element spaces. Note that G;, G2 and
(I3 are similar with Fy, F5 and F3 that are defined in Lemma 4.4. Thus we have

(p—pn,V-v) < (Cﬁ + 2|V =)l 2z + v 7Ca(Ch [l (wn, Tn) [+l 22 e)
[l = wp,u = Gp) [l A1 Caalgl oo o) 1T — ThHB(Q))”% [VVllLz(),

which together with (100) concludes the proof. O

With Lemmas 4.2, 4.4, and 4.5 at hand, now we prove the main result of this subsection in the following
theorem.

Theorem 4.1 (Globle reliability). Let (u,p,T) and (uh,ﬂh,ph,ﬁh,Th,fh) be the solutions of problems (4) and
(21). If conditions (82) and (95) hold and

(102)

DN =

32010605’202’205’%5_1V_1HgHLoo(Q)”VTHLs(Q) S
we have
1 ~ _1
3 (1w = wnyw= ) fln +lw = wall 2y ) + 772l = Pl gy + 1T = Till oo

(T =T, T =) llon S s + €, (103)
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for A€ < 5 < 2, where 1, and & are defined in Lemmas 4.2 and 4.4, Cy is the constant in Lemma 2.2, Cg is

3+e
the constant in (86), Cs 2, Ca2 and 087223 are the constants in (3), and

S

~

Th — Ty

|(r-mr-2)[, =19 —m)

s + hl—s .
Loy + D i :
" KeTy, Le0K)

Proof. Insert the result (99) to (96), we infer by condition (95) that

1 . _ 1 1 -
VA (u = wnyu— Gl < C¢ + V30 1(1 n m) I (=, w— )]

+ (V24 Voo )4Cs20 gl @) IT = Thll (0.

By choosing v/§ = T"\@, a simple calculation can derive that

4\/SQ_1 <1 + 4\1/§> = % and 4(\/54- \/gg_l) < 8.

Hence
v || (u =y, u—0y) s < CE +16C2 2072 |lgll e o) |17 = Thll 2 - (104)
On the other hand, a simple application of (78) and Lemma 2.3 deduces that

~ 1 2 14 ~
|7 - 1) < S g < Y nini -7
L) ke, L2OK) e,

Th_fh‘

L (9K)

1

1 1
2
< (z hK> (z ns,aK) < (z nz,M) |
KeTy, KeTy, KeT,

where 7T}, is the Oswald interpolation of T}, which, together with triangle inequality, equations (3), (79), and
(83), leads to

”T*ThHL%Q) SC&?HV(T*T}J )+ Hfh*Th‘

.o
< COns +2C1C6C52C, 2: k7T

2—s

L2 ()

re@) lll (@ —up,u—1p) [|n - (105)

Insert (105) to (104) we yield by assumption (102) that

1 A~
v [ (a = up,u—ap)flln S ns + ¢,

which along with Lemmas 2.2, 4.2, 4.5, (105), and the definitions of |||(-, ) |||l» and |||(-, )|l
g

s,h concludes the proof.

4.2. Efficiency

In this subsection, we analyze the efficiency of a posteriori error estimators obtained in Subsection 4.1. To
achieve the goal, we introduce the following standard element and edge bubble functions (see [3,53]). For each
K €Ty, and F € &7, we define

Bg=21 [[ X Br=4 [[ M.
vEN(K) v EN(F)
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where N (D) denotes the set of vertices on D, and ), is the linear Lagrange basis function associated to the
vertex v.

Since the heat equation involves singular heat source J,, we need to introduce the following bubble functions
(see [4,14]). For each K € 7}, and F' € &, we define the element bubble function

Br(n) 22, itz ek,
K

Bg(x), otherwise,

Y (z) = {

and the edge bubble function

Br(z) |m7z|2, if z € Sp,
F

Bp(z), otherwise,

where Sg := interior(J{K : F € 0K, K € T,})

Lemma 4.6 (Bubble function properties). For each K € T;, and F € &, let Bi, Br, Yk and ¥r be defined
as above. Then we have

Ywy, € PY(K), (106)

1 1
lwnllz2xy S Hth}‘}’ v Nwnllexy S Hwhl/)f(

L2(K) LK)

and
1 1 .
lonllory S NlonBEllL2ry,  lonllzeey S longlleey,  Yon € PI(F), (107)
where j is a nonnegative integer.

Now, we are ready to investigate the local efficiency of a posteriori error estimators obtained in Section 4.1.
First of all, we consider the local error indicators 1, x and {x defined in Lemmas 4.2 and 4.4.

Lemma 4.7 (Local estimates for 1, x and {x). Let (u,p,T) and (uh,ﬁh,ph,ﬁh,Th,fh) be the solutions of
problems (4) and (21). If the point z is a node of the partition Tp,, we have

1 _1
i S 05e(F,K) + v [V (u = w) x ey + v b = pll e
_1
1l ogaey + lnll sy ) = wnll o
_1
™ il I T = Tl 2, + 05c(9, K, (108)

and

M.k SNV = Ti)ll o rey + 6wl oo () IT = Thll e ey + 67T 2

L7=s (K)”u_uhHLQ(K)a (109)

for giz <5< 2and K € T, where

—1 —1
osc(F,K) = v > hyc|[Ily F — FHL2(K)a osc(g, K) = v 2 h||Th| Lo (i) lg — HVg||L2(K)a

Iy denotes the standard L?-projection operator onto Vj,.
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Proof. Let vy, = Iy F+vAu, — V- (up, ®up) — Vpp, + TIly g, then Lemmas 2.3, 4.6, and integration by parts
yield

th||2L2(K) S (Vi ViBr) g = (IlyF — F, v, B ) o + v(V(u — wp), V(v Bk)) i
—(u®@u—u,@up+ (p—pr),V(vyBk))
—(&8(T' = Th) + (g — Uvg)Th, viBr) i
< (||HVF —Fl 2y +rhE IV @ = wn) e

+ i e = pull e+ i (1l ey + el ey ) = wall o ey
+ ||gHL°c(Q)||T - ThHL2(K) + ||Th||Loo(K)||g - HVg||L2(K)> ||Vh||L2(K)7

which along with triangle inequality derives (108).
In order to prove (109), we let wy, = AT}, — k', - VT},. Thus Lemmas 2.3, 4.6, and integration by parts
infer that
Rllwnll7e gy S (RATH — g - VT, i)
= (HV(T — Th), V(wth))K + (u -VT —uy, - VTh,wth)K
= (kV(T' = T0), V(wntk)) g — (an(T = Th), V(wnhk)) i — (0 — wp)T, V(wntk))
S0 H (RIV(T - T0)|

|

L0y + Inl e ) IT = Thll e ) ol s

_z2
+hg®

125 oy 10 Wnll ey lwnll o)

which, together with inverse estimates, leads to (109). O

Remark 4.2. For d = 2, we know from the proof of Theorem 2.5 that ||T}[| L () is bounded, hence oscillation
osc(g, K) is well-defined.
If the point z is not a node of the partition 7, we know from the definition of n, g that the efficiency of the

term xH hI%;l needs to be further proved for each K € 7. To accomplish this task, we introduce a smooth
bubble function By . (see [4], Sect. 3) such that

supp(Bk.2) C Sk, Br:(2) =1, |Br:llpecsey =1 VB :llpes,) S hi, (110)

where Sy := interior(J{K; : K;NK # 0, K; € T,}). In addition, function By . satisfies the following estimates

2 _
<ng™', 1=01,1<¢ <o (111)

|z,s/,sK ~

|BK,z

Lemma 4.8. Let (u,p,T) and (uh,ﬁh,ph,ﬁmTh,fh) be the solutions of problems (4) and (21), then we have

s

kMBS IIV(T - T

ot | D e
Fe&p(Sk)

Le(Sk) T “71||'Ufh||Loo(sK)HT — Tyl

1/s
+ :‘i_lhKHUh”Loc(sK)( Z ni,aK> +”_1||T||L%($K)Hu_ uh”Lz(sK)a (112)
K'eSk

or A€ <« s < 2 and K € T, where £°(Sk) denotes the set of all interior edges in Sk .
3+€ h
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Proof. We let wy, = |H|*'sign(H) B, ., then integration by parts, equations (110), and (111) result in

‘H‘s = <H($Z,U)h> = 7(I€A(T — Th),wh)SK —+ (u -VT — up - VTh, wh)sK
— (RAT}L — Up - VTh,wh)SK
= (HV(T - Th), th)SK + <I€VTh -1, wh>88;< - (uT - llhTh7 vwh)SK
—(up -, Thwn)gs, — (AT, —ap, - VT, wp) g,

—1 Slfl
< AT

1
V(T =Tl ooy + D hic
Fe&p(Sk)

s—1 %—1
N <||uh||Lm<sK)TTh||Ls<sK>+|T|L2Z_SS(SK)||uuh||L2(sK>>

oo S -3,

+ K|H|S_1h}?{/7 Z hKHATh - H_luh ' VTh| Ls(K')
K'eSk

(VT 0]l pe gy

+ |H|S 1

which, together with Lemma 4.7, concludes the proof. O

Next we are going to investigate local estimates for the indicators 7, p and {r. Before this, we recall the
continuation operator Pg : L (F) — L (SF) satisfying (see [52], Sect. 3)

IPrwnll2(s,y S Wpllwnllzey, Ve € PAF), F €&, (113)
where j is a nonnegative integer and Sp is defined in the above of Lemma 4.6.

Lemma 4.9 (Local estimates for n, p and &p). Let (u,p,T) and (uh,ﬂh,ph,ﬁh,Th,fh) be the solutions of
problems (4) and (21), we have

£r S V%Hv(“* uh)||L2($F) + Vﬁ%Hp *PhHm(sF) + Vﬁ%hzérnph *ﬁh”m(asF)
0 (lolacsey + ol ooy )= wnll o,y + v 2hrelgll @ IT = Tl
+u73 ||Uh||Loo(SF)h1%;vH'U;h = Unll 29, + 0sc(F, SF) + osc(g, Sr), (114)
and

ns.r SIV(T = Th)|

Ls(sp) T K lunll oo (s IT = Th

+r = vl + 57 el =T (s)
for 4+6 <s<2and F €&, where
0s¢*(F,8) = Z 0sc*(F,K), osc* Z 0sc*(g, K
Ke® Ke&

for any & C Ty,.

Proof. Let vy, = BpPr([(Vuy,)n]), then integration by parts, Lemmas 2.3 and 4.6 yield

Il S ((Funal.va) = [

s, V. ((Vuh)TVh)
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= (Aup, vi)g, + (Vup, Vvi)g,
= (F+vAu, — V- (0, @uy) — Vp, + gTh, zflvh)SF
—(V(u—up),Vvp)s, + (u@u—u, @up+ (p—pu)l, V’1Vvh)3F
+ (8(T —Tn), V_lvh)SF + ((up ® up, + ppI)n, V_1Vh>35F
y! (||F +vAu, = V- (u, ®@up) — Vpp + 81| 12(sp)
+ VR IV (@ = ap) | o sy + P =Pl pa sy
1t (e + nll s,y ) = wall oy
+ gl @IIT = Tull sy + b lon = il 2oy
S P e R P T/ P

which along with (113) and Lemma 4.7 derives (114).

In order to prove (115), we set w, = YpPr([VT} -n]). Thus integration by parts, Lemmas 2.3 and 4.6 deduce
that

VT n]lf72 ) S (VT - 0], wh) p = SV'(thTh)

= (ATh7wh)5F (VTh,V’LUh)
= (AT — k7 tap - VT, wn) g, — (V(T = Tn), Vup)g, + (un - VI, —u- VT, 5 wp)
(ATh — K uh VTh, wh) (V(T Th) th)

Sk

+ (uT—uhTh,nf th —|—< up - n (Th —Th) K wh>88
F
4+ h

N (HATh — k- VT V(T - Ty)|

Ls(Sp) Ls(Sr )”/wh”LS "(SF)

(1= 0l 1T )+ Tl i I = Tl )~ 0 s,

— -1 =
1 unl sy [T - T

W7o .
s Tl
It concludes the proof by using inverse estimates, Lemma 4.7, and (113). ([l

In the following lemma, we show that the indicator v~ 'hx|[pn — Pnll72(px) can be controlled by {x and

vhiH[up — ﬁh”%%am'
Lemma 4.10. Let (uh,ﬂh,ph,ﬁh,Th,T\h) be the solution of problem (21), then we have
_1. 1 ~ _ 1, -1 ~
v 2 hicllpn = Prllp2om) S €k + (1 +tv 1hKHuhHL°C(K)>V2hK2 lun — @l 2o - (116)
Proof. For K € Tj,, let v;, = 0 on 7,\ K. Then by a similar manipulation with the proof of (94) we have

(Vi n,pp —Ph)or = — (F+vAu, — V- (u, @uy) — Vpp + 8T, Vi) ¢

+ OéFl/h}_(l (up, — Up, Vi) g — (UV V)DL U, — Up) g
1 N 1 ~
+ §<(uh ‘n)(Up — Up), Va) g + §<|Uh ‘n|(up —Up), Vi) g

1, -1 ~
S (fK +v2he lup — uhHL2(8K)



DIVERGENCE-FREE HDG METHOD FOR THE GENERALIZED BOUSSINESQ EQUATIONS 1377
_1. 1 -~ 1,
0Bl e eyl = Bl ooy ) 723 IV s i) (117)

In the rest of the proof, we set vj, = LEPM(p, —py,). Here LEPM : PF(9K) — (P*¥(K))? denotes a BDM lifting
operator (see [49], Def. 1), which has the property

l A o~
(LBPM,) -1 = @y, HLBDM@hHLz(K) S hillnll2oky,  Vion € PHOK). (118)
Thus combine (117) and (118) we conclude the proof. O

With Lemmas 4.7, 4.8, 4.9, and 4.10 at hand, now we state the main result of this subsection in the following
theorem.

Theorem 4.2 (Local efficiency). Let (u,p,T) and (uh,ﬂh,ph,ﬁh,Th,fh) be the solutions of problems (4) and
(21). If conditions (82), (95) and (102) hold, we have

1 ~
§(K) Sve (Hl(u* Uny &= Un) [llns; +llw—vnllpagsy ) +llu— uth(s;())
_1 _1 * *
Hv 2 = pallpa(sy) F v 2 hllgllie @) IT = Thll 2 sy, ) + 05¢(F, Sk) + 0s¢(g: k), (119)
and

n(K) 5 ||(7 -1 7~ T)

anse T = Thlleqs) +vlle = unll sy, (120)
Jor gii < 8 <2, where Sj; = {K' € Tj, : 0OK' N 0K # 0}, Sk is defined in the above of Lemma 4.8, osc(F,Sj,)
and osc(g,Sy) are defined in Lemma 4.9, ||(-;-)|lln.sz and [[|(-,)|l[s,n.s denote restrictions of the discrete

seminorms |||(-, )| and |||(-, )lls,n on Sk and Sk respectively, and

Nl
m

§K) = |k + &k + Z & ns(K) = | nx +nlox + Z e, F
FedK\Q FedK\Q

Proof. Using condition (95), we infer that for each K € T,
_1 < -1 ~ <}
v 2 ([l oy + llunllnae)) < v (lallzae + Coll (an, Gn)llln) < v2,
and
L v Jupl| oo gy < 1+ Cv7 ] (un, W)l < C

Thus combining (108), (114), and (116) we can derive the desired result (119).
On the other hand, according to the conditions (82) and (102), we have for each K € 7},

~1 -1

e Nl SO KT e S

Hence by (109), Lemma 4.8, and (115), we obtain the result (120). O
5. NUMERICAL EXPERIMENTS

In this section, we provide a series of numerical examples to illustrate the convergence rates in Theorem 3.2
and Corollary 3.1 and show the performance of the obtained a posteriori error estimator.
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TABLE 1. Example 5.1: The convergence histories for the velocity gradient, the pressure, the
temperature and the velocity divergence in L?-norm for k = 1.

h IV (a— uh)“]ﬂ(Th) Order ”p_thL2(9) Order ||T_ThHL2(Q) Order ||V - uh||L2(7'h)
% 1.1574e—03 4.8412e—03 4.8809e—02 6.2608e—18
% 5.2366e—04 1.14 2.7962e—03 0.80 1.9514e—02 1.32 1.1545e—17
3% 2.2871e—04 1.20 1.4883e—03 0.91 7.3253e—03 141 2.2061e—17
é 1.0633e—04 1.10 7.6067e—04 0.97 2.4522e—03 1.58 1.6995e—17

For a given partition 73, we solve the discrete problem (21) by a fixed-point algorithm presented in Algo-
rithm 5.1. Once the discrete solution is obtained, we compute the a posteriori error indicator n%(K) + £2(K)
for each element K € 75, and select a marking set M}, such that

(s +67) < Y (mi(K) + E(K)),
KeMy

where 0 < ¥ < 1 is the marking parameter. Then the longest edge bisection algorithm is applied for the set My,
to generate a new mesh.

Throughout this section, the convergence history is plotted in log-log coordinates, the stabilization parameters
are set as ap = ar = 16k%, F = 0 and g = [1,0]T, where k is the polynomial order.

Algorithm 5.1 (Fixed-point algorithm).
Input: Initial guess (u), Gy, p%, 5%, T2, T0) € Vi, x Vi, X Qn x Qn x Wi, x W, and tol = 1078,
1: For i > 0, find (uj, i+l AZH,p;H,ﬁ;LH) € Vi, x Vi x Qn X @h such that

Al (T3 (w8, v 90) ) + O (s (w67 ) (v %))
=B" (v, V), (0" B)) = D(Th vi) = (F,va),
Bh((ﬂ%“ U, ) (Qhth)) =0,

for any (va,Vh,qn, qn) € Vi X Vh x Qp X @h. Then, we find (T,i+1,f,i+1) e Wy, x Wh such that

A;g (T}z“ (T}l;d’f;;rl)7 (wh7'&)\h)) o O%( i+1, (Tz+1 Tz+l) (whawh ) Z wh‘K ’

for any (wp,wr) € Wp, x Wh.

2: If [|(upt, pitt, Tty — (ud,ph, Ti)|la > tol, set @ = i + 1, and go to step 1. Otherwise, return
(Wn, Uns phs Phy Thy Th) = (u2+17A2+1»p2+17ﬁ+1 T, T

Example 5.1. On the convex domain Q = (0,1)2, we set v = x = 1, z = (0.5,0.5) and H = 1.

In Table 1, the computed L2-errors for the velocity gradient, the pressure, the temperature, and the velocity
divergence are provided for k = 1. Since there have no exact solutions, we take the discrete solutions on
the uniform mesh with 65536 triangles as the reference solutions. Obviously, these errors can all achieve the
convergence order O(h) and the velocity divergence is almost zero.

In Figure 1, the adaptive mesh after 22 adaptive iterations and corresponding plots of the discrete velocity
field and temperature are shown. Notice that the initial mesh consists of 64 triangles and we set ¥ = 0.4. It is
easy to observe that the mesh nodes are concentrated around the interior point z = (0.5,0.5). In Figure 2, we
present the convergence history of a posteriori error estimator ns + & (s = 1.2,1.4,1.6) for k =1 and £k =2 on
adaptive meshes, and convergence rate O(N~*/ 2) can be obtained.
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FIGURE 1. Example 5.1: The adaptive mesh after 22 adaptive iterations (left) and the corre-
sponding plots of the discrete velocity field (middle) and the temperature (right) for k = 2 and
s=1.4.

——estimator ($=1.2)| —+estimator (s=1.2)
—-estimator (s=1.4)} ) +estimator (s=1.4)
~estimator (s=1.6)| { -7-estimator (s=1.6)
—ON?) —ON™)

10°

10"

10?

102 103
10 102 10° 10¢ 10° 10' 102 10° 10* 10°

Dofs Dofs

FIGURE 2. Example 5.1: The convergence histories of the a posteriori error estimators ns+¢€ (s =
1.2,1.4,1.6) for k =1 (left) and k = 2 (right).

Example 5.2. In this example, we consider the problem (1) on a L-shaped domain Q = (—1,1)%\[0,1) x (—1,0].
Here the right hand side of the heat equation is a linear combination of Dirac functions. Specifically, we will
replace (1c) with

—kAT +u- VT = Z Hv5v7
veV

and set
VY = {(0.5,0.5),(—0.5,0.5), (—0.5, —0.5)}, H, ={0.2,-0.3,0.4}.

Throughout this example, we set ¢ = 0.3. The initial mesh of the domain €2 is presented in Figure 3. In
Figure 4, the adaptive meshes generated by 1.4 + £ are shown for k =1 and v = k = 1. It is easy to observe
that the mesh nodes are concentrated around the interior points in V. In Figure 5, plots of the discrete velocity
field and temperature are provided on an adaptive mesh generated by 14 + & for k=1and v = x = 1. In
Figure 6, the convergence history of a posteriori error estimator 7s + & (s = 1.4,1.6) for different &, v and « are
given. Obviously, these error estimators all can derive optimal convergence order O(N —k/ ).
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(0505) \, (0'.5",015)

‘ (0505)

FicUure 3. Example 5.2: The initial mesh of the domain €.

FIGURE 4. Example 5.2:
s=1l4andv=k=1.
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FIGURE 5. Example 5.2: The plots of the discrete velocity field uy, (left) and temperature Tj,
(right) on the adaptive meshes after 22 adaptive iterations for k =1, s =14 and v =k = 1.

6. CONCLUSIONS

In this paper, we consider a hybridized discontinuous Galekin method, which is exactly divergence-free and
H(div)-conforming, for the generalized Boussinesq problem (1) with singular heat source. Specifically, we use
polynomials of order k, k—1 and k to approximate the velocity, the pressure and the temperature. By Brouwer’s
fixed point theorem, the resulting HDG discrete system is proved to has a solution in two dimensions under a
smallness assumption on the problem data and solutions. If we further assume that the viscosity and thermal
conductivity are two positive constants, a priori error estimates with convergence rate O(h) and efficient and
reliable a posteriori error estimates are derived for errors in the velocity, the pressure and the temperature.
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10 - 10? —+—estimator (v=1,k=1,5=14)
i Wt evr (115
; el e=l ~—estimator (+=0.01,x=0.1,s=1.4)
~7estimator §”=8'81'”=3‘1's=1"3 10' %’% estimator (»=0.01,x=0.1,5=1.6)
estimator (»=0.01,x=0.1,s=1. Sl A
o T o)

N 100

107"
10°

10" 10°
10’ 102 10° 10* 10° 10! 10% 10° 10* 10°

Dofs Dofs

FIGURE 6. Example 5.2: The convergence histories of the a posteriori error estimators n;+¢ (s =
1.4,1.6) for k =1 (left) and k = 2 (right).

Finally, two numerical examples illustrate the theoretical analysis and show the performance of the obtained a
posteriori error estimator.
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