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A PRIORI ERROR ESTIMATES OF RUNGE-KUTTA DISCONTINUOUS
GALERKIN SCHEMES TO SMOOTH SOLUTIONS OF FRACTIONAL
CONSERVATION LAWS

FAB1IO LEOTTA* AND JAN GIESSELMANN

Abstract. We give a priori error estimates of second order in time fully explicit Runge-Kutta dis-
continuous Galerkin schemes using upwind fluxes to smooth solutions of scalar fractional conservation
laws in one space dimension. Under the time step restrictions 7 < ch for piecewise linear and 7 < h/3

for higher order finite elements, we prove a convergence rate for the energy norm || - ”Ltoo 2+ A/2
x

x

L?2H
that is optimal for solutions and flux functions that are smooth enough. Our proof relies on a novel
upwind projection of the exact solution.
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1. INTRODUCTION

We consider the fractional conservation law

Opu(t, ) + 0, f(u(t,x)) = gaful(t,z) (t,z) € Qr :=[0,T] xR
u(0, z) = ugp(x) z € R,

(1.1)

where gy is the nonlocal fractional Laplace operator —(—d2)*/2 for some A € (0, 1). The operator can be defined
by Fourier transform via

nlely) =~y By), (12)
or, equivalently, by the integral formula of Droniou and Imbert [10],
T+ z)— plx
wlidlla) = er [ EETHZD g, (1)
R |21+

where ¢y > 0 is a constant that depends solely on the value A.
While the standard Laplacian A can be used to describe diffusion of particles that are governed by a Gaussian
probability density p(dz) for a displacement of dz in an incremental time step, the fractional Laplacian g, can
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be used to model diffusion processes that are governed by Lévy probability densities; cf. [1, 14]. Physically
motivated applications may range from molecular biology and radiation to hydrodynamics, cf. [4,13]. See also
[7] for applications in mathematical finance.

In the case A € (1,2), it has been shown in [11] that (1.1) turns L initial data into a unique smooth solution
as for the classical case A = 2. This general regularizing effect, however, is lost for A € (0,1) and the solution
may develop shocks in finite time (cf. [3]) even for smooth initial data. Accordingly, an entropy formulation
for fractional conservation laws has been developed by Alibaud [2] that guarantees well-posedness in the L
framework for A € (0,2).

Regarding numerical methods for (1.1), Droniou [9] was the first! who considered a (fully discrete) finite
volume method for A € (0,2) and proved convergence (for L> NBYV initial data) to the unique entropy solution
but did not recover any convergence rate. In [5], Cifani and Jakobsen have been able to give convergence rates
in the L'-norm for a low order numerical method in the general case A € (0,2). In [6], Cifani et al. propose a
discontinuous Galerkin (DG) method for A € (0,1) and prove convergence in the L° L'-norm for an implicit-
explicit and a fully explicit finite volume scheme (for L' N BV initial data) with order v/A and min{v/h, h*=*},
respectively. Additionally, they proved that in the case of linear fluxes the semidiscrete DG method converges
in L>®°L? with order h¥*3 provided the exact solution is smooth. Similarly, for A € (1,2), Xu and Hesthaven
propose a semi-discrete discontinuous Galerkin method in [15] and prove convergence in the L?-norm with order
hk+3,

Since the convective part of fractional conservation laws (1.1) with A € (0, 1) seems to dominate the dynamics,
it is natural to compare to established results from the purely hyperbolic community. As has been proven by
Zhang and Shu [16], explicit second order in time Runge-Kutta discontinuous Galerkin (RKDG) methods using
upwind fluxes for purely hyperbolic conservation laws d,u + 9, f(u) = 0, converge with the optimal order of
hF+1 4 72 as long as the solution is smooth enough. In this paper, we generalize this high order accuracy to
second order in time RKDG methods for the fractional conservation law (1.1).

Although the appearance and persistence of shocks in the exact solution of a fractional conservation law may
inhibit optimal convergence rates for higher order methods, one expects better convergence properties away
from the shocks where the solution is regular. In this sense, it is of interest to investigate not only worst case
but also best case approximation results for such non-regularizing PDEs.

A short overview of this paper is given as follows. In Section 2 we formulate the second order total variation
diminishing RKDG scheme and state our main result, the convergence theorem, in Section 3. In Section 4 we
present the proof of our main result. Here we establish the central energy identity for the numerical scheme,
introduce a novel upwind projection operator and show how it facilitates optimal estimates for the right-hand
side of the energy identity; it culminates in the application of a modified Gronwall argument which yields the
convergence rates stated in our main result.

2. THE RKDG METHOD

Let us introduce (for simplicity) the equidistant space grid «; = jh, j € Z and let us label the cells as
I; = (xj,xj41). The space of polynomials of degree at most k € {1,2,3,...} with defined on the interval I; is
denoted by P*(I;) and we will work with

Vi, =ViF ={¢ € L*R): ¢|;, € P"(I;) Vj € Z} (2.1)

as our finite element space. Further, the time grid is given by ¢, = n7, where n € {0,..., N} and N7 =T.
It holds that V;, ¢ H?(R) with

|¢|§{/\/2(R) S hiAHQSHZL?(R)v (2.2)

IThere have been some probabilistic approximation approaches for A > 1 before, as in [12], where the conservation law is
differentiated to derive a stochastic interpretation.
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for all ¢ € Vp; cf. the appendix in [6]. Note that here and in the following we write < y if there exists a
constant a > 0 independent of n, h and 7 such that = < ay.

Given uj' € Vj, the approximate solution at time ¢"*! is given by the second order in time fully explicit
RKDG scheme as follows: find wy!, uZH € Vj, such that for all j € Z and py,, g, € P* (I;) there holds

/ whpp dz = / uppp dz + 7H,; (uyy, pr) + 7D; (uy, pr) (2.3a)
n+1 1 n n T n T n
i up g dr = 2/ (uj + wi)qp dz + §Hj(wh,a qn) + §Dj(wh,qh) (2.3b)

with the initial datum u?L given by a suitable projection H?Luo; cf. Section 4.2. The operators H; : ! (I;)xVy —
R and D; : H?(R) x H»?(R) — R are defined by

Hylp.a) = [ F0)aa o~ hp)yagsi + hip)sa (2.4)
I;
Dj (pa Q) = (g)\ [p]a 1[]‘ q)H—A/Q(R)7HA/2(R)7 (25)

where h(p) = iz(p;, p;“) is a numerical flux that depends on the two traces of the function p at the boundary
point x;, namely pj[ = p(xji) Note that by Fourier characterization of the fractional Sobolev norm it can be

readily seen that the fractional Laplacian gy : H?(R) — H~*/2(R) is indeed bounded; cf. [8]. In particular,
we have

|D](p7Q)| ,S |p|HA/2(R)|]-Ijq|H)\/2(]R)' (26)
We consider fluxes fz(a, b) satistying the following conditions:

(i) It is locally Lipschitz continuous.
(ii) It is consistent with the flux f(p), i.e. h(p,p) = f(p).
(iii) It is monotone, i.e. a nondecreasing function of its first argument and a nonincreasing function of its second
argument.
(iv) Tt is an upwind flux.

Recall that a numerical flux h(p) is called upwind if it satisfies
f(p™) i f'(q) 20 Vg € [min(p~,p*), max(p~, p*)] @7)
f*) if f(¢) <0 Vg € [min(p~,p™), max(p~,pT)].

2.1. The difference between numerical and physical flux

In the upcoming proofs, we will need to measure the difference between the numerical flux and the physical
flux. Following Zhang and Shu (cf. Lem. 3.1 and (5.23) in [16]), for any piecewise smooth function p € L?(R)
we define on any boundary z; € R the quantity

1 _ 2 .

_ , ) —h(p);) if i #0

a(p)j = a(p+,p )j — {Hp}]]_ (f(pj) (P)j) . [[P]]j # (2.8)
|/ (2;)] if [p]; =0,

where [p],; = pj' —p; and p; = (pj' + p; )/2. We will drop the subscript if no confusion can arise.

Lemma 2.1. Let f € C3(R). Then a(p) is non-negative and uniformly bounded for all (p*,p~) € R2. Moreover,
there holds

S ®) < ap) + .l (290)
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I O] < ap) + e oI, (290)

where the constant ¢, > 0 depends solely on the mazimum of |f"| and |f"|.

Note however, that the numerical flux h need not be upwind for Lemma 2.1 to hold; monotonicity of h and
Taylor expansion of f suffice.
Furthermore, we assume that there exist constants ¢ and ¢, independent of f and p such that

a(p) < o f' ()| + el [P, (2.10)

which, for example, is satisfied by the Godunov or Roe numerical flux, as can be seen by Taylor expansion.

3. MAIN RESULT

The main result of this work is given by the following a priori estimate.

Theorem 3.1. Let a € N with a > 3, f € C*TYR) and u € C*([0,T]; H**1(R)) be the evact solution to the
fractional conservation law (1.1). Let u}, a piecewise discontinuous polynomial of degree k > 1, be the numerical
solution of the RKDG scheme from Section 2, at time level t", with CFL condition T < ch for a certain ¢ > 0
in the case k=1 and 7 < h*/3 for k > 2. Then we have

n—1

1/2
™ = upll 2y + (Z Tlu™ — uzl|§ix/2(R)> ST WS g 2, (3.1)

m=0
forallm € {1,...,N}, where u™ := u(t",-).
Remark 3.2. The convergence rate is optimal for o > 2/ due to the H*/2-norm on the left-hand side of (3.1).

Remark 3.3. The regularity assumption u € C*([0,T]; H***(R)) is chosen for convenience as it implies all
the conditions used in the proofs of this paper, namely u € C3([0,T]; H'(R)) for consistency (cf. Lem. 4.1),
u € HY(0,T; H**1(R)) to control (time step differences of) projection errors (cf. (4.10) and (4.11)) and lastly
u € C*([0,T); Cp(R)) to quantitatively control sign changes in f’(u) (cf. Lem. 4.10). In particular, the latter
regularity assumption is the only one added to those made in the setting of purely hyperbolic conservation laws
in [16].

4. ANALYSIS OF THE SCHEME

In this section, we present the proof of our main result, Theorem 3.1. We follow the ideas of Zhang and
Shu [16] in splitting the numerical error into a projection and a discrete error to then track the time evolution
of the latter. Firstly, we thus establish consistency of the RKDG method and derive an energy identity for
the evolving discrete error. After bounding the energy terms appropriately, the error estimate is obtained by
a Gronwall argument. Of course, the choice of a suitable projection operator is necessary to derive an optimal
convergence order. On each time level and in each element, the projection operator is chosen as the interpolation
on Gauss—Radau quadrature points including either the right or the left boundary point. Depending upon the
behavior of the exact solution on that time level, a judicious choice of the included boundary point is made
that may reuse the choice made at the previous time level. This constitutes the main difference between our
framework and [16], where the projection operator can be chosen to only depend on the initial datum w;
cf. Remark 4.5. We also want to note here that an extension of the following analysis to third (or higher) order
in time RKDG methods is possible on the basis of the work of Zhang and Shu [17] together with our presented
upwind projection strategy.
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4.1. Consistency, error equations and energy identity

In the following, we will abbreviate || - || = || - || L2(r) and II}; shall denote a generic time-dependent projection
operator that will be specified later.
Define
& = up — I, ¢y = wy — pw™,
& =u" —Iju", Cri=w" —jw",

with w := u + 70,u and w" := w(t",-). Using these quantities, the numerical errors can be split as

ni= -l = (- G (4.1)

T

In order to track the time evolution of the discrete errors &;', (;' we first need to establish

Lemma 4.1 (Consistency). Let f € C*(R) and u € C3([0,T]; H'(R)) be the exact solution to the fractional
conservation law (1.1). Then, for all j € Z and pp,qn € P*(I;) there holds

/ w™pp, dr = / u"pp dx + 7H,; (u", pr) + 7D; (u", pr) (4.2a)
n+1 1 n n T n T n n
", de = 3 (u"™ + w")gp dx + §Hj(w ,qn) + §Dj(w Jqn) + | E™qpdz, (4.2b)

with ||E™|| < 73.
Proof. By Taylor expansion in time we have
1 1 3
u(t+7,z) —ut,x) — iTatu(t,x) - iTatu(t +7,2) =0(7%).

Note that indeed u(-, z) € C3([0,T]) for all z € R due to Morrey’s inequality. On the other hand, the fractional
conservation law (1.1) and Taylor expansion yield

Owu(t +7,7) = —(Opw(t, @) + O R(t, 2)) f (w(t, x) + R(t, x)) + ga[w](t, x) + ga[R](t, z)
_6xf(w(t7 'T’)) + gx [’LU] (t7 1‘) + 0(7-2)a

where R is the Taylor residual of the first order expansion. In total, we thus get

u(t +7,2) = %u(t,x) + %w(t,x) _ %T@If(w(t, ) + %Tgx[w(t,x)] 10>,

and therefore

Note that the consistency error E™ is integrable and of order O(73) in the L?(R)-norm due to the regularity
assumptions on f and u. What is left to do now, is to multiply the above two equations by test functions and
integrate over I;. After an integration by parts, we can conclude the proof by consistency of the numerical
flux. O

Remark 4.2. In the proof of Lemma 4.1 we have made use of the fact that, by the maximum principle
(cf. [2]), f can be replaced by a function with compact support without changing the dynamics of the fractional
conservation law (1.1). This will also be tacitly applied in subsequent proofs.
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Since the numerical error can be split as (4.1), the scheme (2.3) together with its consistency (4.2) yield the
Lemma 4.3 (Error equations). For all j € Z and py,, qn € P*(I;) there holds

/ Chpndz = / Enpndx + KJ (pn) + 7D (uj, — u”, ) (4.3a)
/ Gt lgnde = - /1.(52 + G )gn da + Eﬁy(qh) + %Dj(wﬁ —w", qn), (4.3b)
where J
3 = [ (G2 = €pn o + 7 ) = T (0" ) (4.4
L (pn) = /Ij (260 = ¢ — & — 2B )p dw + 7H; (w, pr) — TH; (W™, pp). (4.5)

For the next proof we will use the fact that there exists ¢y > 0 such that

[ 9616 do = L1002 (4.6)
R

for all ¢ € H*?(R); cf. the appendix in [6].
From the error equations (4.3) we derive the central

Lemma 4.4 (Energy identity). Denoting K" :=3_,, K}, L =37, 7 L7 and D :=} .5 Dj, there holds

)" = Nlepl® = et = ¢rl|” + KMER) + L7 — 7(D(CE, ¢F) + DIER, 1)
—r*(mhww )+ G ) (47)

Proof. Testing (4.3b) with ¢ and (4.3a) with &}’ before summing over j € Z, one gets

/ Entien dr = / encide + ICPIP + £7(CP) + D(wf — " ¢F)

= ERIZ + G + K™ (ER) + £7(GR) + T(D(ufy = u™, &) + Dlwpy — w", ).

On the other hand, the binomial formula

e =Gl = e " -2 /f"“ch de +[1G%,

holds and we conclude the proof by (4.6) after rearranging terms. (]

Remark 4.5. By a Gronwall argument, bounding the right hand side of the energy identity (4.7) will yield
a bound on the discrete error &;. However, to produce an optimal error estimate, we must choose a suitable
projection operator IT7. For example, taking the standard L2-projection in each time step will not suffice to deal
with the fluxes between elements and one is forced to sacrifice a power of h'/2 by use of an inverse inequality
for the operator H in (2.4). On the other hand, changing the projection each time step to control the fluxes
between elements will increase the error bound due to the time step difference £7+! — £ occurring in (4.28);
cf. (4.11) and the paragraph thereafter. In the setting of purely hyperbolic conservation laws, Zhang and Shu
chose to work with what they call the Gauss—Radau projection Ry, in [16] to handle the fluxes between elements.
However, since the solution is conserved along characteristics, the projection operator indeed does not change
in time. Let us briefly discuss why the strategy does not work in the presence of a diffusion term as in the
fractional conservation law (1.1).

In [16], the projection at time level ¢, by definition depends on the exact solution u" = wu(t",-) of the
conservation law Oyu + 9, f(u) = 0 and is defined locally, namely
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— if f’(u™) > 0 on I, interpolation on Gauss—Radau points including the right boundary point is used,
— if f/(u™) < 0 on I, interpolation on Gauss—Radau points including the left boundary point is used,
— if f/(u™) has a zero in I, the standard L2-projection is used.

If now initially f/(u®(z*)) = 0 for some x* € I;, one has f'(u™(z*)) = 0 for all times ¢", due to the
characteristic being a vertical line and u being constant along characteristics. Furthermore, since characteristics
cannot cross due to smoothness of f and wu, this means that the Gauss—Radau projection is actually not time
dependent at all.

Now, it is clear that the characteristics argument breaks down in the presence of a diffusion term and thus
in particular, the Gauss—Radau projection Rj, as defined above for u being the exact solution to the fractional
conservation law (1.1), must be expected to change each time step.

4.2. The upwind projection operator

In this section we will introduce the upwind projection operator that is related to the projection employed by
Zhang and Shu [16] in the setting of purely hyperbolic conservation laws. In the context of fractional conservation
laws, taking the same projection operator as in [16] is not viable since time differences of projection errors would
introduce sub-optimal error estimates; cf. Remark 4.5.

Let us first define the left and right Gauss—Radau projections, such that at each time level, the upwind
projection will be given by a judicious choice of the Gauss—Radau projections.

Deﬁniiion 4.6. The left and right Gauss—Radau projection Hl}fft’j v and H;Light’j v € Pk (I;), respectively, of
v € C(I;) are the unique polynomials of degree k such that

Hfft,jv(x;r) = o(a}), H’;jght,jv(x];l) =v(z7,)

and

/ (v — Hfﬁ’jv)ph = / (v — H;Light’jv>ph =0 Vpy, € Pk_l(Ij). (4.8)
I I

For functions at time level t", the upwind projection operator II} depends on the exact solution u" and
possibly Hﬁ_l. The definition is given inductively as follows.

Definition 4.7 (Upwind projection operator). Initially, we define the projection H%j v € P*(I;) of a function

v € C(I;) on any given element I; as follows:

— If f'(u®) > O'on 1;, set H?ij — H;Light7j.
— Else, set H%J = Hiffw,

At time level ", the projection HZ’jv € Pk(1;) of v € C(I;) is defined as follows:

— If f/(un) > h on IJ7 set HZ"J : H;Light’j:
— If f/(u™) < —h on I, set II}"7 := Hff‘w. | |
— Else, the projection of the previous time step is reused, i.e. we set I} := Hz—lﬂ.

The global projection II} (v) € V}, for v € C(R) is then defined accordingly by setting II}(v)|;, := 7 (v).

Note that by a standard Bramble—Hilbert argument the projection operator yields the quasi-optimal approx-
imation property,
€71+ RIER oo 2y + B2 1ER E, + B2 I€R a2 ey S BV (4.9)

for all u € H**1(R), where |u|r, = (Zjez[[u]]?)l/2~
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Remark 4.8. The motivation for Definition 4.7 is as follows: The upwind property is of course central, i.e. for
locally high speeds |f’(u)| > h, information about the flow direction must be incorporated appropriately. In
the other case however, when the speed is of order h (locally), it actually suffices to uphold just the quasi-best
approximation property (4.9). Thus, if the flow direction changes in time, it suffices for the upwind projection
operator to recognize this only after the flow speed becomes large. This way, we obtain an upwind projection
operator that minimizes the number of times for which the time step difference 71 — £7 must be estimated
sub-optimal; cf. Section 4.3.

4.3. Time step differences of projection errors

By linearity and Jensen’s inequality it is clear that

n n||2 2
an+1 - & ’|L2(1j) < h2k+27'||8tu||L2(tn,tn+1;Hk+1(1j))a (4.10)

for all subsequent times at which HZHJ = HZ’j . However, if HZH’j + HZ’j , one is left with only

l|entt - 5?”12(1_7.) < h2k+2(||UOHZk+1(I.) + T||3tu||%2(o,T;Hk+1(Ij))>v (4.11)

J

in general.

Remark 4.9. The prefactor HUOH?qu(I.) +T||8tu||iz(0 T (ry) 1R (4.11) is derived wia Taylor expansion and
will facilitate the Gronwall argument in subsection 4.5 since it is independent of the time level; cf. also the proof
of Lemma 4.12.

Note that due to summation over all time steps in the anticipated Gronwall argument, using the worst-case
estimate (4.11) for each time step would yield an error of magnitude h¥*1771, which is worse than h*¥ under
the considered CFL condition. However, by some additional regularity assumptions on the flux f and the exact
solution u, we can effectively gauge the number of times for which the estimate (4.11) is actually necessary.
This will be explained in the following.

Let O; be the set of time levels for which subsequent projections do not coincide in a given element I;, i.e.

0; == {ne {0,... N =1} I+ ;éHZ’j}, (4.12)

and let t"0 < "t < "2 be a 3-tuple of time levels such that w.l.o.g. f'(u™) < —h, f'(u™) > h, f'(u™) < —h
on I, meaning that there exist m, M € O; with ng < m <n; <M < ny. Then we have

dh (f’(U"O) —flw™)  fu™) - f’(U"2)> 1 < [lo2 (s

l27-2 - t’n(] _ tnl tnl _ tTLQ tng,nl _ t’ﬂl,’nz

o u) HC(QT) =: qug

where "0 € (¢gno ™)) {MM2 g (¢ ¢72) are given by the mean value theorem and [ denotes the time level

distance, i.e. | = ny — ng. Since now
2h3 1
- S lv

\CioT

for every 3-tuple with time level distance [ as above, this means that at most {%\ /Ct’gh_%—‘ such 3-tuples can

fit into the simulation time window [0, T, yielding

#0; <2 H\/Ct,zhﬂ <2T\/Cpoh™ 2,

since the projection changes two times for each such 3-tuple and [z]/x < 2 for all z > 0.
More generally, we obtain the following
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Lemma 4.10. Assume that f € C*TY(R) and u € C([0,T); Cy(R)) for some o > 2. Then
#0; < aT $/Croh™«  forall j €Z, (4.13)
where Cy o = [|05(f" o u)|lc(@q)-

Remark 4.11. The bound (4.13) shows that while larger values of a reduce the loss of powers of h, the
coefficient a §/Ct o might exhibit (at most) linear growth. However, since the convergence rate in (3.1) is
optimal for a > 2/, it is not of concern.

But this means that we don’t have to give up a whole order of 7 in the Gronwall argument. Instead we will
utilize

Lemma 4.12. In the setting of Lemma /.10 let additionally v € H([0,T]; H*TY(R)). Then there holds
N-1
3ot — en||* < nra (4.14)
n=0

Proof. By definition (4.12) of O;, Lemma 4.10 and the approximation properties (4.10) and (4.11), we have

N-—1 ) N-—1 0
Yol =l = >l —alie,
n=0

n=0 j€Z
< Z Z H§7r+1 - £7THL2(IJ-) + Z Z ||§Tr+1 _fﬂHL?(Ij)
JEZLNEO; JEZ n¢O;
T
<20 hzk“(H“OH?ﬁH(m +T/O 3tu||§{k+1(1j>> + Th* 200l T o s (my)
JEZNEO;

5 h2k+2h—é )

4.4. Bounding the RHS of the energy identity

In the following, we will assume that the flux and the exact solution are regular enough such that the
energy identity (4.7) holds, e.g. f € C3(R) and u € C3([0,T]; H'(R)). Furthermore we want to use quasi-best
approximation properties, i.e. we invoke the additional assumption u € H'(0,T; H**1(R)).

A fact that we will use tacitly in the following is that the energy of (;* can be approximately bounded by the
energy of &', more precisely we have

Proposition 4.13. Under a general CFL condition T < h, there holds
n| 2 nn2
GRS €™ + h2*+2. (4.15)

Proof. Along the same line as the proof of Lemma 5.3 in [16], the fractional approximation property (4.9), the
inverse property (2.2) together with Youngs inequality, we have

G — &nll” = K™(¢R — &) + 7D (u)y — u™, § — &)

2 2 2
n| 2 T 2 T 2 T -
< el - 17 + O Gl + 122 + Topen? + o] )

where the constant C'(¢) > 0 is independent of n,h and 7. Choosing e small enough, we conclude with the general
CFL condition 7 < h. O
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We will now proceed to bound the terms on the right-hand side of the energy identity (4.7). For this we note
that there holds )
2l]ent = Il = (€7 — K™ (E+ = )+ 7D(el — el 7 = ). (4.17)

Accordingly, we will now take measures to control the operators on the right-hand side of (4.17).

Remark 4.14. Note that the energy bounds for the time level t**! will necessitate a minimal accuracy assump-
tion for the previous time level ¢, meaning

Ju — ufll S B2, (4.18)

which can be proven inductively, i.e. by the a priori assumption ||u® —u|| < h3/2 and using the energy bounds
presented below for consecutive time steps. In particular we thus have that |[e?||oc + [|€F|loo S A

~

Lemma 4.15. Let € > 0. Then we have, under the general CFL condition 7 < h, that for any vy, € V}, there
holds

(£ = K")(wn) < ellonl? + C{ 27 4+ 78 + 72 £ ([T + 7| (w™) [GR]
il + w2 ok — el + et — ex)*, (4.19)

where |f' () D312 = ez |F/ GO Pp]2. and (Dpi)l1, = 0 (11, Furthermore, there holds

D(el — e, vp) < €|lvg||® + C(e){h2k+2 A+ hj(|§h|§p/2(m) + ¢ |?—I/\/2(]R)) }7 (4.20)
and the constant C(e) > 0 is independent of n,h and 7.

Proof. We obtain (4.19) by using Lemma 5.1 from [16] and bounding the flux terms via (2.10) before applying
Young’s and an inverse inequality in a straightforward fashion together with the asymptotic equivalence from
Proposition 4.13. Also note that in comparison to [16], we have to isolate the time step difference 71 — £ to
treat it by means of Lemma 4.12 in the anticipated Gronwall argument.

To show (4.20), we just use Young’s inequality, the fractional approximation property (4.9) together with the
inverse property (2.2). O

Remark 4.16. The quantity ;—i(\g,’} %A/Q(R) + ¢ %A/Q(R)) in (4.20) ought to be absorbed by the dissipative
terms on the left-hand side of the energy identity (4.7). This is achieved by a time step restriction of the form
7 < ch® with say 0 < ¢ < %>, which is implied by the general CFL condition 7 < h for small enough h.

As a consequence, we have

Corollary 4.17. Under the general CFL condition 7 < h there holds,
i = Gl S W42 4 70 L P IR + 71 (I IGT?
2
2 2 T
+ 7'||€;?H2 —+ TQH@Q(C}? - fﬁ)H + Hfﬁ“ - 5:” + §(|§Z\§{A/2<R> + |C}?|12L1A/2(R))- (4.21)

When trying to bound the quantity 72(|02 (¢ — £2)||? in (4.21), a case distinction can be made for k = 1 and
the case k > 2. The following Lemma will facilitate the argument.

Lemma 4.18. Under the general CFL condition T < h there holds,
K" (on) < ellonl* + C(e){h%*% + W IIERT + Tl + 7 / RS dx}7 (422)
R

where the constant C(e) > 0 is independent of n,h and 7.
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Proof. A similar estimate is presented in Lemma 5.3 in [16]. The only difference is that the flux terms
are again estimated wia (2.10) before applying Young’s and an inverse inequality and the term (Ch~! +
Cih=Y|em]|2,)h?**27 can be improved to (C + C,h~1|[e?||2,)h?*+27 by the strategy that is presented in the
proof of Lemma 4.21 below. O

We proceed to bound the term 72|92 (¢ — €7)||? in (4.21).

Lemma 4.19. Under the general CFL condition T < h we have for piecewise linear finite elements, i.e. k =1,

2|0k = eI’ S W7+ T I WOIET + 711 + 1 (A + 1€ e ey ) (4.23)
whereas for k > 2 we have
4
n n 2 T n —
TQHQ}DL(QL & < ﬁ”thQ + B2 AL (4.24)

Proof. We start with the case k = 1. Set g, = (' — &} and let g;, be the piecewise constant projection of gy,
hence

/R(gh — )0, dz =0 Yo, € VL. (4.25)
By orthogonality (4.25) and the error equation (4.3a), we have
lgn = Gnll* = (gn. 91 = Gn) = K (gn = Gn) + 7D (uf} —u”, g — Gy,).
Using a bound for £, namely (4.22), we obtain by orthogonality and for small enough e,

7_2

2
— n n n T — mn
lon = ull” S b7+ 11 @ONIERY + 71 + 5 (B + IR s ey )

Thus, by an inverse inequality and the general CFL condition 7 < h, we obtain the bound for 72|97 (¢ — £17)||2.

For higher order polynomials, i.e. kK > 2, the above argument cannot be replicated and one obtains only

4
n n 2 T ni2 _
)05 (G = €D S G I + R (4.26)
by the same arguments used in the proof of Proposition 4.13. |

Remark 4.20. Note that the term ;—ngﬁHQ that arises in (4.24) necessitates a stricter time step condition
7 < h*/3 for higher order polynomials.

It thus remains to bound the last three terms on the right-hand side of the energy identity (4.7).

Lemma 4.21. Let € > 0. Under the general CFL condition T < h then there holds,

1
KM(&) + 51 @I < h¥F2r 4 76h, (4.27)
1
LG + Gl @I T < W27+ 70 + 7|6 ])” + 2 /R (! —€n)¢h da, (4.28)
as well as
TID(ER &) + (G GO < OB 37 e er (15 s + G s 2 ) (4.29)

where the constant C(e) > 0 is independent of n,h and 7.
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Proof. We will prove the inequality (4.27) along the same lines as the proof of Lemmas 5.4, 5.6 and 5.7 in [16];
the proof of (4.28) works analogously and is thus omitted here.

To this end, on each node 41, let us introduce the upwind reference value pZ’* of a function p} (pp = uj, wy
or ITju™, IIw™) at time t"”, depending on the sign of f’(u™) on the adjacent elements I; U I, in the following
way:

—if f/(u™) < —h on I; U Ljtq, set pp™ i=p™,
— else, set pp* == p)~

‘We then write
Kn(ep) = / (Cr—emyende + 7 / (Fu) — f(um))olep de
77 (Als) = £ () ) IET, + 7 DS a"); 164

JEL JEZ
= Wi+ Wa + W + Wi (4.30)

By quasi-best-approximation we have

W1 S W2 4. (4.31)
Next let us study G” := h(u}) — f (u;"™) on each node xj4+1 for different instances of the reference value uh .
If f/(u™) < —h on I; U I;44, the reference value is uh =up *. considering the reference value uh =uy is

analogous and we omit the details. The value of the upwind flux h(uﬁ) however, depends on the sign variation
of f' between u)"~ and uj"":

— If f' < 0 between uh ~and u}’", then G" = 0.

— If f' > 0 between uh ~and u)", then G™ = f(u}"”) — f(uZ *) and there must be a zero u* between the
intervals [min(u)" ", ujp "), max(uh ,up™)] and [infr;ur,,, u”,supy,up,,, u"] with f'(u*) = 0. By the mean

value theorem, this implies |G"| < ||f"||oollu™ — uh||oo|[[uh]]\ since the difference |uj — u*| is bounded by

lup —u™|.

~ If " has a zero between u)"~ and u}"", it follows that [G™| < || f|leo|[u}]]?.

In total, since |[up]] < 2||u™ — u}| o, it follows that
G S " = upl| oo [Tur]l-

Thus, noticing that [u}] = [§7'] — [€2], by Young’s and an inverse inequality we get
_ 2 2 2
Wl  rllu = uf o (BRI + 1€212) S TRI? + H+r (4.32)

where we have used the minimal accuracy assumption (4.18) and the quasi-best-approximation property (4.9)
in the second inequality.

The contributions W5 and W, will be studied jointly by using the following Taylor expansions: In each
element,

flug) = f™) = f'(w")Eg + %f”(un)(fﬁ)2 SR AR i (TR

1

— ST WE + I € 261+ + s, (43

and, on each node,

f/(un)é-;r;,* + %f/l(un)(g}’rll,*)2 _ f'(u”)f;“* _ f//(un)gz,*g;r;,*

-
—~
>3
*
S~—
I
=
<
=
Il
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1 n n,* 1 n n.x\3 ~
=S F W& + S (G - &) = v+ + (434)
where f! and f!/l are appropriate intermediate values. We thus have the following representations:
W2:X1+...+X6 and W4:Y1++}/6,

with
Xi=7 [ o0lgids and Y=Y (00,16
R JEL
fori e {1,...,6}.
After integrating by parts, we obtain
T n,x =n n
Xith=-3 /( W20 f (uh) da 7y f (W), (5h' - fh) [&R1;
R JET J
By a case distinction regarding the chosen reference values, it is easy to see that either f’(u"); (52’* - EZ) i =
=5l f"(@");11€RD; or 1f"(u™); — |f'(u™);]] S h. We thus have
1
X1+ Y1 < Crlgr* = S ()€ (4.35)
By inverse estimates and the minimal accuracy assumption (4.18), we have

Xo+ Yo STRTHIER LER® S TliEr]®. (4.36)

Next, observe that by definition of the reference value on each node, the term — f’'(u™)£2* either vanishes or
|/ (u™)] < h. Thus, by orthogonality (4.25) and an inverse inequality, we have

X3+ Y3 STh?H2 4oren)?. (4.37)

Finally, it is easy to see the remaining estimates,

Xy+Ya ST (4.38)
X5 + Y5 S 7R 4 rlen? (4.39)
X6+ Yo < 7h2H2 4 1€y, (4.40)

by Young’s together with the inverse inequalities, quasi-best-approximation (4.9) and the minimal accuracy
assumption (4.18). This proves (4.27).

The fractional diffusion term is readily handled by Young’s inequality together with (4.9) and (4.6) to yield
(4.29). |

4.5. The Gronwall argument

In order to prepare the last quantity on the right-hand side of (4.28) for the Gronwall argument, we observe

[ (@ e ar = 3 (10,00 + 1050m) [ (€7 ~en)qr

JEL
-1/« 2 2
,S Zloj(n)h2k+2 1/ (HU’OHH’“'H(IJ') +T“atuHL2(0,T;H’€+1(Ij)))
JEZL
allen|2 n2
+ 3 1o, (MRY IR T2,y + TR 4 TlleR | (4.41)

JEZ
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where we have used Taylor expansion up to second order, Jensen’s inequality, Proposition 4.13 and a splitting
with regards to the set of times in Oj; cf. (4.12). Thus, instead of the classical discrete Gronwall framework

a4+ < (1 +~)a™+d",

we have to deal with timestep-specific and elementwise effects that can be formalized as

a4 <> (14A7)a) +dy +d, (4.42)
JEL JEL
where in our setting
n __ n| 2 " — n__ . n2
a; = ||§h||L2(Ij)’ =ctlu Uh|HA/2(R)7

n -1/« 2 2
d? = clo, (n)h2k+2=1/ <||UOHHI<+1(IJ,) +T||atu||L2(0,T;Hk+1(Ij)))7

4" = o(rh?+2 4 7%), 7 = c(loj (n)RY* + 1O]c_(n)7')

<~

for some constant ¢ > 0 independent of n, h, 7 and j. Note that (4.42) in particular yields

a™tt — (1 —I—’yJ )

D N (R

JEZ

FOM <> dy+d” (4.43)
JEZL

Now, summing (4.42) over n we obtain a telescopic sum, i.e.

Z +Zb"<ao+22d"+2d” (4.44)

JEZ (1+ m n=0 j€Z

N

where by invoking Lemma 4.10,

N-1
Z ngz 5 h2k+2—2/(x,

n=0 jEZ

and ag = 0 by definition of the initial datum for our scheme. It remains to use the bound from Lemma 4.10 to
multiply both sides by appropriate factors of (1 + ¢r) and (1 4 ch/®). Indeed, according to Lemma 4.10, we

have for all j € Z,

aT §/Ceah ™/
< (L4 er)T/7 (1 + ch/*) ’

B [Th—o(1+7)

)

and thus in total, we get

N—-1
aV+ Y S (T +aT §/Cra) (h%“*?/“ + B2RE2A 4 74)7 (4.45)
n=0

where oV = Z]ez ; » which ends the proof of Theorem 3.1.
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