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NITSCHE METHOD FOR NAVIER–STOKES EQUATIONS WITH SLIP
BOUNDARY CONDITIONS: CONVERGENCE ANALYSIS AND VMS-LES

STABILIZATION
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Abstract. In this paper, we analyze Nitsche’s method for the stationary Navier–Stokes equations on
Lipschitz domains under minimal regularity assumptions. Our analysis provides a robust formulation
for implementing slip (i.e., Navier) boundary conditions in arbitrarily complex boundaries. The well-
posedness of the discrete problem is established using the Banach Nečas–Babuška and Banach fixed
point theorems under standard small data assumptions. We also provide optimal convergence rates for
the approximation error. Furthermore, we propose a quasi-static VMS-LES formulation with Nitsche for
the Navier–Stokes equations with slip boundary conditions to address the simulation of incompressible
fluids at high Reynolds numbers. We validate our theory through several numerical tests in well-
established benchmark problems.
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1. Introduction

The Navier–Stokes equations describe the motion of incompressible fluids and pose significant challenges
across different disciplines. The numerical analysis community has put considerable effort into developing robust
and efficient techniques for their numerical approximation. It is typically assumed that the fluid adheres to its
recipient’s walls, known as the no-slip boundary condition. The accuracy of this assumption has been a subject
of intense debate [33]. There are several scenarios where slip boundary conditions are more appropriate, such as
inkjet printing [45], pipe flow [10], complex turbulent flows [28], and slide coating [17]. These situations require
the consideration of slip/Navier boundary conditions for accurate description. Slip boundary conditions are
crucial in microfluidics and nanofluidics, where fluid flow occurs at small scales. This is a well understood phe-
nomenon in statistical mechanics, where the Navier–Stokes equations have been shown to solve the Boltzmann
for small Knudsen number [56]. This field is known as generalized slip-flow theory.
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Navier boundary conditions impose a constraint only in the normal direction of the flow velocity, which can
make the implementation not trivial. The first method to enforce slip conditions weakly was through a Lagrange
multiplier; see [44,61,62]. However, the Lagrange multiplier method introduces additional computational costs
due to the addition of an extra degree of freedom in the discrete domain. Further studies have been devoted
to penalty methods that enforce the slip conditions using a regularization term; see [4, 6, 55]. This method
is inconsistent and requires additional regularity from the solution, but they remain popular due to their
simplicity. For the Navier–Stokes/Stokes equations with slip conditions, works with Lagrange multiplier and
penalty methods were also developed [13, 23, 24, 60], with emphasis on the case of curved boundaries, where
a Babuška type paradox may appear. Other recent studies have focused on using penalty terms along with
Lagrange finite elements [41,67,68] and Crouzeix–Raviart finite elements [42,69], which adequately characterize
the impact of the variational crimes.

The Nitsche method was proposed by Nitsche [48] and is a consistent boundary penalty technique to incor-
porate Dirichlet boundary conditions. Several variants of the Nitsche method exist, but our work is grounded
in the symmetric variant. Numerous references present the symmetric variant of the Nitsche method; refer to
[16,35,57,59]. In this formulation, it is necessary for the value of the stabilization parameter 𝛾 to be sufficiently
large to guarantee well-posedness, but not excessively large, as the slip error diminishes with arbitrarily large
values of 𝛾. A specific treatment of the Navier boundary condition has been examined in [66], based on the
Nitsche method developed by Juntunen and Stenberg [40] to discretize robustly Robin-type boundary conditions.
Gjerde and Scott [31] provide the best convergence rate that can be expected for a polygonal approximation of
a curved boundary by considering the projection of the normal and tangent vectors, thus avoiding the paradox.
Finally, we highlight that Araya et al. [2] discussed both symmetric and non-symmetric variants of Nitsche for
imposing slip boundary conditions on the Stokes equations with stabilized finite elements.

The turbulent behavior of the Navier–Stokes equations for high Reynolds numbers gives rise to numerical
instabilities that make their numerical approximation very challenging and severely impact the accuracy of
the finite element method. The most common strategies for modeling turbulent flows are direct numerical
simulations (DNS), Reynolds averaged Navier–Stokes equations (RANS), and large eddy simulations (LES).
LES methods are more accurate than RANS [34] and less computationally intensive than DNS [47, 53]. DNS
simulations achieve complete resolution of features without employing models, but their major limitation lies
in their high computational cost, rendering them impractical for most cases. Conversely, with LES, only the
large scale features of the flow field are fully represented. Unresolved scales are managed using models based
on the resolved scales, thus making the computational costs more affordable. The weak imposition of the no-
slip boundary conditions for turbulent flows is discussed in [8]. The first attempts to perform LES using the
Variational Multiscale (VMS) framework as presented in [37–39, 43], involved the introduction of an explicit
LES model to account for the stress tensor at small scales. The VMS-LES scheme uses projectional methods,
splitting the continuous unknown into a resolvable FE (finite element) component and an unresolvable subscale
component. The action of the unresolvable component onto the FE scales is approximated in various ways,
resulting in different VMS models based on residual, ensuring consistency. The formulation of adequate subscale
models has been an intense research topic, see [18–20] for subgrid scale modeling, and [9, 22, 27, 50] for VMS
based models.

Our main contribution is twofold: on the one hand, we provide a complete convergence analysis of the slip
boundary condition for the stationary Navier–Stokes equations on a polygonal boundary using a symmetric
variant of Nitsche’s method. On the other hand, we propose a quasi-static VMS-LES formulation with Nitsche
to address behavior of an incompressible flows at high Reynolds number with slip boundary conditions. Finally,
numerical examples are provided to verify the theoretical findings and to test our stabilized formulation on
benchmark problems with high Reynolds numbers.

1.1. Outline of the paper

In Section 2, we present the Navier–Stokes equations with the slip boundary condition, derive the weak
formulation of the problem, and then discuss the solvability analysis of the continuous case. In Section 3, we
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introduce the Nitsche scheme, then derive the variational formulation and establish the well-posedness of the
discrete Oseen problem using the Banach Nečas Babuška theorem. The well-posedness result is extended to the
Navier–Stokes equations using Banach’s fixed point theorem in a standard way. In Section 4, we derive a priori
estimate and prove the optimal convergence of the method. In Section 5, we propose a quasi-static VMS-LES
formulation with Nitsche for the Navier–Stokes equations with slip boundary conditions to address behavior of
flows at high Reynolds numbers. Therefore, we consider the unsteady case to overcome the challenges associated
with the stationary Navier–Stokes equations when studying numerical simulations at high Reynolds numbers.
In Section 6, we perform some numerical tests to support our theoretical results. The first one validates the
theoretical results of the Nitsche scheme and collects computational results consisting of verification of spatio-
temporal convergence for high Reynolds numbers. Finally, computational tests on benchmark problems, one
on the lid-driven cavity problem and the other on flow past through a circular cylinder with high Reynolds
numbers, are discussed. We also compare the results with slip and no-slip boundary conditions.

1.2. Notations and preliminaries

Let Ω ⊆ R𝑑, 𝑑 ∈ {2, 3} be an open and bounded domain with a Lipschitz polygonal boundary Γ. The Sobolev
spaces are denoted by 𝑊 𝑠,𝑝(Ω) with 𝑠 ≥ 0. They contain all 𝐿𝑝(Ω) with 𝑝 ≥ 1 functions whose distributional
derivative up to order 𝑠 are in 𝐿𝑝(Ω). The norm and seminorm in 𝑊 𝑠,𝑝(Ω) are denoted by ‖·‖𝑠,𝑝,Ω and |·|𝑠,𝑝,Ω. For
𝑝 = 2, 𝑊 𝑠,𝑝(Ω) is denoted by 𝐻𝑠(Ω) and its corresponding norm and seminorm is denoted by ‖ ·‖𝑠,Ω := ‖ ·‖𝑠,2,Ω

and |·|𝑠,Ω :=|·|𝑠,2,Ω, respectively. The space 𝐿2
0(Ω) represents all 𝐿2 functions with average zero condition over

Ω. The vector-valued Sobolev spaces will be represented using boldface letters as H 𝑠(Ω). Additionally, we will
denote with 𝐻1

Γ𝑎
(Ω) the subspace of 𝐻1(Ω) with homogeneous boundary conditions on Γ𝑎 (or 𝐻1

0 (Ω) when
Γ𝑎 = Γ ), for which the Friedrichs-Poincarè inequality holds [21] i.e., there exists 𝐶FP > 0 which depends on Ω
and Γ𝑎 such that

‖𝑓‖1,Ω ≤ 𝐶FP|𝑓 |1,Ω ∀𝑓 ∈ 𝐻1
Γ𝑎

(Ω). (1)

The Hölder inequality is given by∫︁
Ω

|𝑓𝑔| ≤ ‖𝑓‖𝐿𝑝(Ω)‖𝑔‖𝐿𝑞(Ω), ∀𝑓 ∈ 𝐿𝑝(Ω), ∀𝑔 ∈ 𝐿𝑞(Ω), with
1
𝑝

+
1
𝑞

= 1. (2)

We have that the following Sobolev embedding 𝐻1(Ω) →˓ 𝐿𝑞(Ω) holds for 1 ≤ 𝑞 < ∞ when 𝑑 = 2 and 1 ≤ 𝑞 ≤ 6
when 𝑑 = 3. In particular, there exists a constant 𝐶Sob (𝑞, 𝑑) > 0, that depends only on the domain, such that

‖𝑓‖0,𝑞,Ω ≤ 𝐶Sob(𝑞, 𝑛)‖𝑔‖1,Ω for
{︂

𝑞 ≥ 1 if 𝑑 = 2,
𝑞 ∈ [1, 6] if 𝑑 = 3.

(3)

Finally, we will consider the norm of a product space V × Π to be ‖(·, ·)‖ = ‖ · ‖V + ‖ · ‖Π. Also, whenever
an inequality holds for positive constants that do not depend on the mesh size, we write . or & and omit the
constants.

2. Continuous problem

In this section, we introduce the model problem, define the weak formulation, discuss the stability properties,
and finally prove the existence and uniqueness of the solution.
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2.1. The model problem

The stationary incompressible Navier–Stokes equations are stated as follows

−𝜈∆𝑢 + (𝑢 · ∇)𝑢 +∇𝑝 = 𝑓 in Ω,

div 𝑢 = 0 in Ω,

𝑢 = 0 on Γ𝐷,∫︁
Ω

𝑝 d𝑥 = 0,

(4)

posed on a spatial domain Ω ⊆ R𝑑, 𝑑 ∈ {2, 3} with Lipschitz boundary Γ, where 𝑢 is the fluid velocity, 𝜈 > 0
is the viscosity, 𝑝 is the fluid pressure and 𝑓 represents the external body force on Ω. The Navier boundary
condition on ΓNav is defined as

𝑢 · 𝑛 = 0 on ΓNav,

𝜈𝑛𝑡𝐷(𝑢)𝜏 𝑖 + 𝛽𝑢 · 𝜏 𝑖 = 0 on ΓNav, 𝑖 = 1, . . . (𝑑− 1)
(5)

where the boundary Γ = Γ𝐷 ∪ ΓNav and Γ𝐷 ∩ ΓNav = ∅. The Navier boundary condition allows the fluid
to slip along the boundary. It requires that the tangential component of the stress vector at the boundary
be proportional to the tangential velocity. The strain tensor is denoted by 𝐷(𝑢) = ∇𝑢 + (∇𝑢)𝑇 , and 𝑛
and 𝜏 𝑖 are unit normal and tangent vectors to the boundary Γ. The friction coefficient 𝛽 will require some
controlled behavior for well-posedness, as shown in Lemma 3. The assumption of homogeneity in the boundary
conditions is made to simplify the subsequent analysis, as lifting operators have already been established [42].
Non-homogeneous boundary conditions are utilized in the numerical tests in Section 6.

2.2. Weak formulation of the continuous problem

Define the spaces:
V :=

{︀
𝑣 ∈ 𝐻1(Ω) : 𝑣 · 𝑛 = 0 on ΓNav, 𝑣 = 0 on Γ𝐷

}︀
,

Π := 𝐿2
0(Ω).

The standard weak formulation of (4) and (5) is given by: Find (𝑢, 𝑝) ∈ V ×Π, such that

𝒜[(𝑢, 𝑝); (𝑣, 𝑞)] = ℱ(𝑣) ∀(𝑣, 𝑞) ∈ V ×Π, (6)

where

𝒜[(𝑢, 𝑝); (𝑣, 𝑞)] :=
𝜈

2
(𝐷(𝑢), 𝐷(𝑣))Ω + (𝑢 · ∇𝑢, 𝑣)Ω − (𝑝,∇ · 𝑣)Ω − (𝑞,∇ · 𝑢)Ω

+
∫︁

ΓNav

𝛽

𝑑−1∑︁
𝑖

(︀
𝜏 𝑖 · 𝑣

)︀(︀
𝜏 𝑖 · 𝑢

)︀
d𝑠,

ℱ(𝑣) := ⟨𝑓 , 𝑣⟩Ω,

where ⟨·, ·⟩ represents the duality pairing between V and its dual V′. Assuming that the load function 𝑓 belongs
to V′, we can express (6) in the following form: Find (𝑢, 𝑝) ∈ V ×Π, such that

𝐴(𝑢, 𝑣) + 𝐵(𝑣, 𝑝) + 𝑐(𝑢; 𝑢, 𝑣) = ℱ(𝑣) ∀𝑣 ∈ V,

𝐵(𝑢, 𝑞) = 0 ∀𝑞 ∈ Π,
(7)

where
𝐴(𝑢, 𝑣) := 𝑎(𝑢, 𝑣) + 𝑎𝜕

𝜏 (𝑢, 𝑣),
𝐵(𝑣, 𝑝) := 𝑏(𝑣, 𝑝),

(8)
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with forms defined so that

𝑎(𝑢, 𝑣) :=
𝜈

2
(𝐷(𝑢), 𝐷(𝑣))Ω,

𝑏(𝑣, 𝑝) := −(div 𝑣, 𝑝)Ω,

𝑎𝜕
𝜏 (𝑢, 𝑣) :=

∫︁
ΓNav

𝛽

𝑑−1∑︁
𝑖

(︀
𝜏 𝑖 · 𝑢

)︀(︀
𝜏 𝑖 · 𝑣

)︀
d𝑠,

𝑐(𝑤; 𝑢, 𝑣) := (𝑤 · ∇𝑢, 𝑣)Ω,

ℱ(𝑣) := ⟨𝑓 , 𝑣⟩Ω.

The derivation of the weak formulation is detailed in [31]. In what remains of this section, we will establish the
continuity, ellipticity, and inf-sup properties of some operators that will be instrumental for our analysis ahead.

Lemma 1. There exist positive constants 𝐶1, 𝐶2, and 𝐶3 such that

|𝐴(𝑢, 𝑣)| ≤ 𝐶1‖𝑢‖1,Ω‖𝑣‖1,Ω ∀𝑢, 𝑣 ∈ V,

|𝑐(𝑤; 𝑢, 𝑣)| ≤ 𝐶2‖𝑤‖1,Ω‖𝑢‖1,Ω‖𝑣‖1,Ω ∀𝑢, 𝑣, 𝑤 ∈ V,

|𝐵(𝑣, 𝑝)| ≤ 𝐶3‖𝑣‖1,Ω‖𝑝‖0,Ω ∀𝑣 ∈ V, 𝑝 ∈ Π,

|ℱ(𝑣)| ≤ ‖𝑓‖V′‖𝑣‖V ∀𝑣 ∈ V.

Proof. These inequalities are a direct consequence of (1), (2), (3), Cauchy–Schwarz and Hölder’s inequalities.
The constants 𝐶1, 𝐶2, and 𝐶3 depend on the domain Ω, 𝜈 and 𝛽 and it can be seen that

𝐶1 = max
{︁𝜈

2
, 𝛽
}︁

,

𝐶2 = 𝐶Sob(𝑞, 𝑛),
𝐶3 = 1.

�

Let Z be the kernel of 𝐵, that is

Z := {𝑣 ∈ V : 𝐵(𝑣, 𝑝) = 0, ∀𝑝 ∈ Π} = {𝑣 ∈ V : (div 𝑣, 𝑝) = 0, ∀𝑝 ∈ Π}.

It can be rewritten as:
Z := {𝑣 ∈ V : div 𝑣 = 0 in Ω}.

Lemma 2. Assume |Γ𝐷| > 0 and that 𝑏 satisfies 𝑏 > 𝑏0 for some sufficiently small negative 𝑏0. Then there
exists a positive constant 𝐶𝑏 such that the following Poincarè type inequality holds:∫︁

Ω

|𝑣|2 d𝑥 ≤ 𝐶𝑏

(︂
1
2

∫︁
Ω

|𝐷(𝑣)|2 d𝑥 +
∫︁

ΓNav

𝑏|𝑃𝑇 𝑣|2 d𝑠

)︂
∀𝑣 ∈ Z, (9)

where 𝐶𝑏 depends on Ω, ΓNav, and 𝑏. It is considered to be the smallest positive constant such that (9) holds
and 𝑃𝑇 is the projection on the tangent space. For more details on this condition, see [54].

The following lemma establishes the ellipticity of 𝐴 on Z.

Remark 1. We emphasize that this result allows for negative values of 𝛽. For instance (see [31]), in the case
of potential flow around a circular cylinder, 𝛽 = −2.
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Lemma 3. There exist a constant 𝜉 > 0 depends on 𝛽, 𝜈, Ω and ΓNav such that

𝐴(𝑣, 𝑣) ≥ 𝜉‖𝑣‖21,Ω ∀𝑣 ∈ Z, (10)

where 𝜉 = min{𝜈
2 , 𝜈

4𝐶4𝛽/𝜈
} and 𝐶4𝛽/𝜈 is the constant 𝐶𝑏 from Lemma 2 with 𝑏 = 4𝛽/𝜈.

Proof. Consider the bilinear form

𝐴(𝑣, 𝑣) =
𝜈

2
(𝐷(𝑣), 𝐷(𝑣))Ω +

∫︁
ΓNav

𝛽

𝑑−1∑︁
𝑖

(︀
𝜏 𝑖 · 𝑣

)︀(︀
𝜏 𝑖 · 𝑣

)︀
d𝑠.

By introducing the tangent space 𝑇 and the projection 𝑃𝑇 onto the tangent space, allows the boundary term
to be expressed in coordinate free form i.e., 𝑃𝑇 = 𝐼 − 𝑛⊗ 𝑛 [66]. Then

𝑑−1∑︁
𝑖=1

(︀
𝜏 𝑖 · 𝑣

)︀(︀
𝜏 𝑖 · 𝑢

)︀
= (𝑃𝑇 𝑣) · (𝑃𝑇 𝑢),

and also we use the Lemma 2 as follows:

𝐴(𝑣, 𝑣) =
𝜈

2

∫︁
Ω

|𝐷(𝑣)|2 d𝑥 +
∫︁

ΓNav

𝛽|𝑃𝑇 𝑣|2 d𝑠

=
𝜈

4

∫︁
Ω

|𝐷(𝑣)|2 d𝑥 +
𝜈

4

(︂∫︁
Ω

|𝐷(𝑣)|2 d𝑥 +
∫︁

ΓNav

4𝛽

𝜈
|𝑃𝑇 𝑣|2 d𝑠

)︂
≥ 𝜈

4

∫︁
Ω

|𝐷(𝑣)|2 d𝑥 +
𝜈

4𝐶4𝛽/𝜈

∫︁
Ω

|𝑣|2 d𝑥

≥ 𝜉‖𝑣‖21,Ω ∀𝑣 ∈ Z.

where 𝜉 = min{𝜈
2 , 𝜈

4𝐶4𝛽/𝜈
}. The constant 𝐶𝑏 depends on Ω, ΓNav and 𝑏, but given that the geometry is fixed,

we denote the dependence only on 𝑏. Interestingly, it was shown in [32] that the function 𝑏 ↦→ 𝐶𝑏 is monotone
decreasing. �

Next, we present the continuous inf-sup condition for the bilinear form 𝐵.

Lemma 4. There exist a positive constant 𝜃 > 0 dependent on the shape of the domain Ω such that

sup
0 ̸=𝑣∈V

|𝐵(𝑣, 𝑞)|
‖𝑣‖1,Ω

≥ 𝜃‖𝑞‖0,Ω ∀𝑞 ∈ Π. (11)

Proof. See [30] for a proof. �

2.2.1. The fixed point operator

In this section, we assume that the data is sufficiently small and utilize the Banach fixed point theorem to
establish the existence and uniqueness of a solution for equation (7). Let us introduce the bounded set

𝐾 :=
{︀
𝑣 ∈ V : ‖𝑣‖1,Ω ≤ 𝛼−1‖𝑓‖V′

}︀
, (12)

with 𝛼 is a positive constant defined in (18). Now, we define the fixed point operator as

𝒥 : 𝐾 → 𝐾, d𝑤 → 𝒥 (𝑤) = 𝑢, (13)
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where given 𝑤 ∈ 𝐾, 𝑢 is the first component of the solution of the linearised version of problem (7): Find
(𝑢, 𝑝) ∈ V ×Π, such that

𝐴(𝑢, 𝑣) + 𝐵(𝑣, 𝑝) + 𝑐(𝑤; 𝑢, 𝑣) = ℱ(𝑣) ∀𝑣 ∈ V,

𝐵(𝑢, 𝑞) = 0 ∀𝑞 ∈ Π.
(14)

Based on the above, we establish the following relation

𝒥 (𝑢) = 𝑢 ⇔ (𝑢, 𝑝) ∈ V ×Π satisfies (7). (15)

Therefore, to demonstrate the well-posedness of (7), it is sufficient to prove that the fixed point operator 𝒥
possesses a unique fixed point. Let us now introduce the bilinear form as

𝒞[(𝑢, 𝑝); (𝑣, 𝑞)] = 𝐴(𝑢, 𝑣) + 𝐵(𝑢, 𝑞) + 𝐵(𝑣, 𝑝). (16)

Lemma 5. There exist a positive constant 𝛼 such that

sup
0̸=(𝑢,𝑝)∈V×Π

𝒞[(𝑢, 𝑝); (𝑣, 𝑞)]
‖𝑣, 𝑞)‖

≥ 𝛼‖(𝑢, 𝑝)‖ ∀(𝑢, 𝑝) ∈ V ×Π, (17)

with

𝛼 = 𝜉𝜃 min
{︂

1
𝜉 + 𝜃 + 1

,
𝜃

(𝜉 + 1)(𝜃 + 1)

}︂
, (18)

where 𝜉 and 𝜃 are the coercivity and inf-sup stability constants respectively.

Proof. Proposition 2.36 from [26] in which Lemmas 3 and 4 are used. �

It is possible to establish the well-posedness of 𝒥 and thus the unisolvence of (7). These results are well-
established, so we report them without proof.

Theorem 1. Assume that

2
𝛼2
‖𝑓‖V′ ≤ 1. (19)

Then, given 𝑤 ∈ 𝐾, there exists a unique 𝑢 ∈ 𝐾 such that 𝒥 (𝑤) = 𝑢.

Theorem 2. Let 𝑓 ∈ V′ such that

2
𝛼2
‖𝑓‖V′ ≤ 1. (20)

Then, there exists a unique (𝑢, 𝑝) ∈ V × Π solution to (7). In addition, there exists a positive constant
𝐶(𝜈, 𝛽, Ω) = max{ 2

𝛼 , 1
𝛼} such that

‖𝑢‖1 + ‖𝑝‖0,Ω ≤ 𝐶‖𝑓‖V′ . (21)
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3. Discrete problem

This section studies the solvability and convergence analysis of Nitsche’s scheme for the problem (7). We
assume that the polygonal computational domain Ω is discretized using a collection of regular partitions, denoted
as {𝒦ℎ}ℎ>0, where Ω ⊂ R𝑑 is divided into simplices 𝐾 (triangles in 2D or tetrahedra in 3D) with a diameter
ℎ𝐾 . The characteristic length of the finite element mesh 𝒦ℎ is denoted as ℎ := max𝐾∈𝒦ℎ

ℎ𝐾 . For a given
triangulation 𝒦ℎ, we define ℰℎ as the set of all faces in 𝒦ℎ, with the following partitioning

ℰℎ := ℰΩ ∪ ℰ𝐷 ∪ ℰNav

where ℰΩ represents the faces lying in the interior of Ω, ℰNav represents the faces lying on the boundary ΓNav,
and ℰ𝐷 represents the faces lying on the boundary Γ𝐷. Additionally, ℎ𝑒 denotes the (𝑑−1) dimensional diameter
of a face. Here faces loosely refers to the geometrical entities of co-dimension 1. Now, let us introduce the finite
element pair.

Vℎ :=
{︀
𝑣ℎ ∈ 𝐶(Ω) : 𝑣ℎ = 0 on 𝐸 ∈ ℰ𝐷, 𝑣ℎ|𝐾 ∈ P𝑘(𝐾) ∀𝐾 ∈ 𝒦ℎ

}︀
,

Πℎ :=
{︀
𝑞ℎ ∈ C(Ω) : 𝑞ℎ|𝐾 ∈ P𝑘−1(𝐾) ∀𝐾 ∈ 𝒦ℎ

}︀
∩Π,

where P𝑘(𝐾) is the space of polynomials of degree less than or equal to 𝑘 defined on 𝐾.

Remark 2. It is noted that Πℎ is a subspace of Π, but Vℎ is not a subspace of V. In that sense, Nitsche’s
method can be considered a non-conforming finite element approximation.

3.1. Nitsche’s method

The main objective of Nitsche’s method [57, 66] is to impose boundary conditions weakly so that they hold
only asymptotically, which for this work will hold for the Navier boundary condition 𝑢 · 𝑛 = 0 only. As a
result, the weak formulation with the symmetric variant of the Nitsche method can be expressed as follows:
Find (𝑢ℎ, 𝑝ℎ) ∈ Vℎ ×Πℎ, such that

𝒜ℎ[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)] = ℱ(𝑣ℎ) ∀(𝑣ℎ, 𝑞ℎ) ∈ Vℎ ×Πℎ, (22)

with the forms are defined as

𝒜ℎ[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)] :=
∑︁

𝐾∈𝒦ℎ

(︁𝜈

2
(𝐷(𝑢ℎ), 𝐷(𝑣ℎ))𝐾 + (𝑢ℎ · ∇𝑢ℎ, 𝑣ℎ)𝐾 − (𝑝ℎ,∇ · 𝑣ℎ)𝐾 − (𝑞ℎ,∇ · 𝑢ℎ)𝐾

)︁
+

∑︁
𝐸∈ℰNav

(︂
−
∫︁

𝐸

𝑛𝑡(𝜈𝐷(𝑢ℎ)− 𝑝ℎ𝐼)𝑛(𝑛 · 𝑣ℎ) d𝑠−
∫︁

𝐸

𝑛𝑡(𝜈𝐷(𝑣ℎ)− 𝑞ℎ𝐼)𝑛(𝑛 · 𝑢ℎ) d𝑠

+
∫︁

𝐸

𝛽

𝑑−1∑︁
𝑖

(︀
𝜏 𝑖 · 𝑣ℎ

)︀(︀
𝜏 𝑖 · 𝑢ℎ

)︀
d𝑠 + 𝛾

∫︁
𝐸

ℎ𝑒
−1(𝑢ℎ · 𝑛)(𝑣ℎ · 𝑛) d𝑠

)︃
,

ℱ(𝑣ℎ) := ⟨𝑓 , 𝑣ℎ⟩,

and 𝛾 > 0 is a positive constant that needs to be chosen sufficiently large, as proved in Lemma 8 later. We can
rewrite (22) as: Find (𝑢ℎ, 𝑝ℎ) ∈ Vℎ ×Πℎ, such that

𝐴ℎ(𝑢ℎ, 𝑣ℎ) + 𝐵ℎ(𝑣ℎ, 𝑝ℎ) + 𝑐(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) = ℱ(𝑣ℎ) ∀𝑣ℎ ∈ Vℎ,

𝐵ℎ(𝑢ℎ, 𝑞ℎ) = 0 ∀𝑞ℎ ∈ Πℎ,
(23)

where
𝐴ℎ(𝑢ℎ, 𝑣ℎ) := 𝑎(𝑢ℎ, 𝑣ℎ) + 𝑎𝜕

𝜏 (𝑢ℎ, 𝑣ℎ) + 𝑎𝜕
𝛾(𝑢ℎ, 𝑣ℎ)− 𝑎𝜕

𝑐 (𝑢ℎ, 𝑣ℎ)− 𝑎𝜕
𝑐 (𝑣ℎ, 𝑢ℎ),

𝐵ℎ(𝑢ℎ, 𝑞ℎ) := 𝑏(𝑢ℎ, 𝑞ℎ) + 𝑏𝜕(𝑢ℎ, 𝑞ℎ),
(24)



NITSCHE METHOD FOR NAVIER–STOKES EQUATIONS WITH SLIP BOUNDARY CONDITIONS 2087

with forms defined so that

𝑎(𝑢ℎ, 𝑣ℎ) :=
∑︁

𝐾∈𝒦ℎ

𝜈

2
(︀
𝐷(𝑢ℎ), 𝐷(𝑣ℎ)

)︀
𝐾

,

𝑏(𝑢ℎ, 𝑞ℎ) := −
∑︁

𝐾∈𝒦ℎ

(div 𝑢ℎ, 𝑞ℎ)𝐾 ,

𝑏𝜕(𝑢ℎ, 𝑞ℎ) :=
∑︁

𝐸∈ℰNav

∫︁
𝐸

𝑞ℎ(𝑛 · 𝑢ℎ) d𝑠,

𝑎𝜕
𝑐 (𝑢ℎ, 𝑣ℎ) :=

∑︁
𝐸∈ℰNav

∫︁
𝐸

𝑛𝑡𝜈𝐷(𝑢ℎ)𝑛(𝑛 · 𝑣ℎ) d𝑠,

𝑎𝜕
𝜏 (𝑢ℎ, 𝑣ℎ) :=

∑︁
𝐸∈ℰNav

∫︁
𝐸

𝛽

𝑑−1∑︁
𝑖

(︀
𝜏 𝑖 · 𝑢ℎ

)︀(︀
𝜏 𝑖 · 𝑣ℎ

)︀
d𝑠,

𝑎𝜕
𝛾(𝑢ℎ, 𝑣ℎ) :=

∑︁
𝐸∈ℰNav

∫︁
𝐸

𝛾

ℎ𝑒
(𝑢ℎ · 𝑛)(𝑣ℎ · 𝑛) d𝑠,

ℱ(𝑣ℎ) := ⟨𝑓 , 𝑣ℎ⟩,

𝑐(𝑤ℎ; 𝑢ℎ, 𝑣ℎ) :=
∑︁

𝐾∈𝒦ℎ

(𝑤ℎ · ∇𝑢ℎ, 𝑣ℎ)𝐾 . (25)

We note that the terms that appear for the slip boundary condition, i.e., the ones with the 𝜕 superscript,
can be used also within a RANS framework, as the treatment of boundary conditions is identical.

3.1.1. Discrete stability properties

In this section, we leverage well-known inverse and trace inequalities to establish two results: the ellipticity
of 𝐴ℎ and the inf-sup property 𝐵ℎ.

Lemma 6. Let 𝑣ℎ ∈ Vℎ then for each 𝐾 ∈ 𝒦ℎ; 𝑙,𝑚 ∈ N, with 0 ≤ 𝑚 ≤ 𝑙, there exists a positive constant 𝐶4,
independent of 𝐾, such that

|𝑣ℎ|𝑙,𝐾 ≤ 𝐶4ℎ
𝑚−𝑙
𝐾 |𝑣ℎ|𝑚,𝐾 .

Proof. Lemma 12.1 from [26]. �

Lemma 7. Let 𝑣ℎ ∈ Vℎ then for each 𝐾 ∈ 𝒦ℎ, 𝐸 ⊂ 𝜕𝐾, there exists a positive constant 𝐶5, independent of
𝐾, such that

‖𝑣ℎ‖0,𝐸 ≤ 𝐶5ℎ
− 1

2
𝐾 ‖𝑣ℎ‖0,𝐾 .

Proof. See [65]. �

We need to define the energy norm on Vℎ as

‖𝑣ℎ‖21,ℎ := ‖∇𝑣ℎ‖20,Ω +
∑︁

𝐸∈ℰNav

1
ℎ𝑒
‖𝑣ℎ · 𝑛‖20,𝐸 . (26)

In contrast to the one found in [2], we highlight that this norm contains only those boundary terms that
correspond to normal components because we impose only the Navier boundary condition weakly in the weak
formulation. Still, our proof would remain mostly unmodified if we also weakly considered the Dirichlet boundary
conditions. We would only require adding the missing velocity for this energy norm. All estimates would remain
the same. We now state the continuity of the discrete bilinear forms in this norm.
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Theorem 3. There exist positive constants 𝐶7, 𝐶8, and 𝐶9 independent of ℎ such that

|𝐴ℎ(𝑢ℎ, 𝑣ℎ)| ≤ 𝐶7‖𝑢ℎ‖1,ℎ‖𝑣ℎ‖1,ℎ, ∀𝑢ℎ, 𝑣ℎ ∈ Vℎ,

|𝑐(𝑤ℎ; 𝑢ℎ, 𝑣ℎ)| ≤ 𝐶8‖𝑤ℎ‖1,ℎ‖𝑢‖1,ℎ‖𝑣ℎ‖1,ℎ, ∀𝑤ℎ, 𝑢ℎ, 𝑣ℎ ∈ Vℎ,

|𝐵ℎ(𝑣ℎ, 𝑞ℎ)| ≤ 𝐶9‖𝑣ℎ‖1,ℎ‖𝑞ℎ‖0,Ω, ∀𝑣ℎ ∈ Vℎ, 𝑞ℎ ∈ Πℎ.

Proof. The proof of the above inequalities is a direct consequence of Lemmas 6 and 7, Sobolev embedding with
𝑟 = 4, Cauchy–Schwarz and Hölder inequalities. Moreover, it can be seen that

𝐶7 =
𝜈

2
+ 𝛽 + 𝛾 + 𝜈𝐶5,

𝐶8 = 𝐶Sob(4, 𝑛),
𝐶9 = 1 + 𝐶5,

i.e., the above constants can bounded by a constant that depends only on the trace inequality constant 𝐶5, and
on the parameters 𝜈 ,𝛾, and 𝛽. �

The discrete kernel of 𝐵ℎ is defined by:

Zℎ := {𝑣ℎ ∈ Vℎ : 𝐵ℎ(𝑣ℎ, 𝑝ℎ) = 0,∀𝑝ℎ ∈ Πℎ}.

It can be equivalently written as

Zℎ :=

{︃
𝑣ℎ ∈ Vℎ :

∑︁
𝐾∈𝒦ℎ

∫︁
𝐾

𝑝ℎ∇ · 𝑣ℎ d𝑥−
∑︁

𝐸∈ℰNav

∫︁
𝐸

𝑝ℎ(𝑛 · 𝑣ℎ) d𝑠 = 0 ∀𝑝ℎ ∈ Πℎ

}︃
. (27)

The following lemma establishes the ellipticity of 𝐴 on Vℎ.

Lemma 8. There exist positive constants 𝛾0, 𝐶0 and 𝐶𝑆 = 𝐶𝑆(𝛽, 𝜈, Ω), independent on ℎ, such that

𝐴ℎ(𝑣ℎ, 𝑣ℎ) ≥ 𝐶𝑆‖𝑣ℎ‖21,ℎ ∀𝑣ℎ ∈ Zℎ, (28)

where 𝐶𝑆 = min{𝜉 − 𝜈𝐶2
5𝐶0, 𝛾 − 𝜈

𝐶0
} with 𝛾 ≥ 𝛾0 > 𝜈

𝐶0
, 𝐶0 < 𝜉

𝐶2
5𝜈

, and 𝜉 is the coercivity constant defined in
the continuous case.

Proof. For the proof, we use (24) to obtain

𝐴ℎ(𝑣ℎ, 𝑣ℎ) =
𝜈

2
(𝐷(𝑣ℎ), 𝐷(𝑣ℎ))Ω +

∑︁
𝐸∈ℰNav

∫︁
𝐸

𝛽

𝑑−1∑︁
𝑖

(︀
𝜏 𝑖 · 𝑣ℎ

)︀(︀
𝜏 𝑖 · 𝑣ℎ

)︀
d𝑠

−
∑︁

𝐸∈ℰNav

2
∫︁

𝐸

𝑛𝑡𝜈𝐷(𝑣ℎ)𝑛(𝑛 · 𝑣ℎ) d𝑠 +
𝛾

ℎ𝑒

∫︁
𝐸

(𝑣ℎ · 𝑛)(𝑣ℎ · 𝑛) d𝑠.
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Using Lemmas 3 and 7, Cauchy–Schwarz and Hölder’s inequalities, the following estimate can be established

𝐴ℎ(𝑣ℎ, 𝑣ℎ) ≥ 𝜉‖∇𝑣ℎ‖20,Ω − 2𝜈
∑︁

𝐸∈ℰNav

‖𝑣ℎ · 𝑛‖0,𝐸‖𝐷𝑣ℎ𝑛‖0,𝐸 +
𝛾

ℎ𝑒

∑︁
𝐸∈ℰNav

‖𝑣ℎ · 𝑛‖20,𝐸

≥ 𝜉‖∇𝑣ℎ‖20,Ω − 2𝜈
∑︁

𝐸∈ℰNav

ℎ−1/2
𝑒 ‖𝑣ℎ · 𝑛‖0,𝐸ℎ1/2

𝑒 ‖𝐷𝑣ℎ𝑛‖0,𝐸 +
𝛾

ℎ𝑒

∑︁
𝐸∈ℰNav

‖𝑣ℎ · 𝑛‖20,𝐸

≥ 𝜉‖∇𝑣ℎ‖20,Ω − 2𝜈
∑︁

𝐸∈ℰNav

(︂
ℎ𝑒𝐶0

2
‖𝐷𝑣ℎ‖20,𝐸 +

ℎ−1
𝑒

2𝐶0
‖𝑣ℎ · 𝑛‖20,𝐸

)︂
+

𝛾

ℎ𝑒

∑︁
𝐸∈ℰNav

‖𝑣ℎ · 𝑛‖20,𝐸

≥ 𝜉‖∇𝑣ℎ‖20,Ω − 𝜈𝐶2
5𝐶0

∑︁
𝐾∈𝒯ℎ

‖𝐷𝑣ℎ‖20,𝐾 − 𝜈

𝐶0𝛾

∑︁
𝐸∈ℰNav

𝛾

ℎ𝑒
‖𝑣ℎ · 𝑛‖20,𝐸 +

𝛾

ℎ𝑒

∑︁
𝐸∈ℰNav

‖𝑣ℎ · 𝑛‖20,𝐸

≥ 𝜉‖∇𝑣ℎ‖20,Ω − 𝜈𝐶2
5𝐶0‖∇𝑣ℎ‖20,Ω +

(︂
1− 𝜈

𝐶0𝛾

)︂ ∑︁
𝐸∈ℰNav

𝛾

ℎ𝑒
‖𝑣ℎ · 𝑛‖20

≥
(︀
𝜉 − 𝜈𝐶2

5𝐶0

)︀
‖∇𝑣ℎ‖20,Ω +

(︂
𝛾 − 𝜈

𝐶0

)︂ ∑︁
𝐸∈ℰNav

1
ℎ𝑒
‖𝑣ℎ · 𝑛‖20,𝐸

≥ 𝐶𝑆‖𝑣ℎ‖21,ℎ.

By selecting the positive parameter 𝐶0 that satisfies 𝐶0 < 𝜉
𝐶2

5𝜈
, we ensure that (𝜉 − 𝜈𝐶2

5𝐶0) > 0. Additionally,
we define 𝐶𝑆 = min{𝜉 − 𝜈𝐶2

5𝐶0, 𝛾 − 𝜈
𝐶0
} with 𝛾 ≥ 𝛾0 > 𝜈

𝐶0
. �

Next, we proceed to derive the discrete version of Lemma 4.

Remark 3. The inf-sup condition is associated with the construction of inf-sup stable element in an incom-
pressible flow modeling. However, this condition is not automatically fulfilled and needs to be verified for specific
choices of the approximation spaces Vℎ and Πℎ. It is worth mentioning that the Taylor-Hood element are inf-sup
stable, meaning they meet the necessary conditions for stability. The proof can be demonstrated using any pair
of inf-sup stable element.

Lemma 9. There exists 𝜃 > 0 independent of ℎ such that

sup
0 ̸=𝑣ℎ∈Vℎ

|𝐵ℎ(𝑣ℎ, 𝑞ℎ)|
‖𝑣ℎ‖1,ℎ

≥ 𝜃‖𝑞ℎ‖0,Ω ∀𝑞 ∈ Πℎ. (29)

Proof. Consider the Taylor–Hood Finite element spaces Vℎ × Πℎ such that the discrete inf-sup holds for the
bilinear form 𝑏(𝑣ℎ, 𝑞ℎ), see Section 5.5 from [25] i.e., there exist a positive constant 𝜃 > 0, independent of ℎ
such that

sup
0 ̸=𝑣ℎ∈Vℎ

|𝑏(𝑣ℎ, 𝑞ℎ)|
‖𝑣ℎ‖1,Ω

≥ 𝜃‖𝑞ℎ‖0,Ω ∀𝑞ℎ ∈ Πℎ.

Consider the discrete space of strongly imposed Navier conditions

Vℎ,0 = {𝑣ℎ ∈ Vℎ : 𝑣ℎ · 𝑛 = 0 on ΓNav}.

This space naturally yields that 𝑏𝜕(𝑣ℎ, 𝑞ℎ) = 0 for all 𝑣ℎ in Vℎ,0, so we obtain

sup
0̸=𝑣ℎ∈Vℎ,0

|𝐵ℎ(𝑣ℎ, 𝑞ℎ)|
‖𝑣ℎ‖1,ℎ

= sup
0 ̸=𝑣ℎ∈Vℎ,0

|𝑏(𝑣ℎ, 𝑞ℎ)|
‖𝑣ℎ‖1,ℎ

= sup
0 ̸=𝑣ℎ∈Vℎ,0

|𝑏(𝑣ℎ, 𝑞ℎ)|
‖𝑣ℎ‖1,Ω

≥ 𝜃‖𝑞ℎ‖0,Ω ∀𝑞ℎ ∈ Πℎ
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in virtue of the classical inf-sup condition. Now, use this space for a lower bound:

sup
0̸=𝑣ℎ∈Vℎ

|𝐵ℎ(𝑣ℎ, 𝑞ℎ)|
‖𝑣ℎ‖1,ℎ

≥ sup
0̸=𝑣ℎ∈Vℎ,0

|𝐵ℎ(𝑣ℎ, 𝑞ℎ)|
‖𝑣ℎ‖1,ℎ

≥ 𝜃‖𝑞ℎ‖0,Ω ∀𝑞ℎ ∈ Πℎ.

This concludes the proof. �

Next, we aim to establish the well-posedness of problem (23). We will utilize a fixed-point operator linked
to a linearised form of the problem and demonstrate that this operator has a unique fixed point. We can prove
the well-posedness of problem (23) using the Banach fixed-point theorem.

3.1.2. The discrete fixed-point operator and its well-posedness

Let us introduce the set

𝐾ℎ :=
{︀
𝑣ℎ ∈ Vℎ : ‖𝑣ℎ‖1,ℎ ≤ 𝛼̂−1‖𝑓‖V′

}︀
, (30)

with 𝛼̂ > 0 being the constant defined below in Theorem 4. Now, let us define the discrete fixed point operator
as

𝒥ℎ : 𝐾ℎ → 𝐾ℎ, d𝑤ℎ → 𝒥ℎ(𝑤ℎ) = 𝑢ℎ,

where given 𝑤ℎ ∈ 𝐾ℎ, 𝑢ℎ represents the first component of the solution of the linearised version of problem
(24): Find (𝑢ℎ, 𝑝ℎ) ∈ Vℎ ×Πℎ

𝐴ℎ(𝑢ℎ, 𝑣ℎ) + 𝐵ℎ(𝑣ℎ, 𝑝ℎ) + 𝑐(𝑤ℎ; 𝑢ℎ, 𝑣ℎ) = ℱ(𝑣ℎ) ∀𝑣ℎ ∈ Vℎ,

𝐵ℎ(𝑢ℎ, 𝑞ℎ) = 0 ∀𝑞ℎ ∈ Πℎ.
(31)

Based on the above, we can establish the following relation

𝒥ℎ(𝑢ℎ) = 𝑢ℎ ⇔ (𝑢ℎ, 𝑝ℎ) ∈ Vℎ ×Πℎ satisfies (24). (32)

To guarantee the well-posedness of the discrete problem (24), it is enough to demonstrate the existence of a
unique fixed-point for 𝒥ℎ within the set 𝐾ℎ. However, before delving into the solvability analysis, we first need
to establish that operator 𝒥ℎ is well-defined. Let us introduce the bilinear form.

𝒞ℎ[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)] = 𝐴ℎ(𝑢ℎ, 𝑣ℎ) + 𝐵ℎ(𝑢ℎ, 𝑞ℎ) + 𝐵ℎ(𝑣ℎ, 𝑝ℎ). (33)

Theorem 4. There exist a positive constant 𝛼̂ such that

sup
0̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

𝒞ℎ[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)]
‖(𝑣ℎ, 𝑞ℎ)‖

≥ 𝛼̂‖(𝑢ℎ, 𝑝ℎ)‖ ∀(𝑢ℎ, 𝑝ℎ) ∈ Vℎ ×Πℎ,

with

𝛼̂ = 𝐶𝑆𝜃 min

{︃
1

𝐶𝑆 + 𝜃 + 1
,

𝜃

(𝐶𝑆 + 1)(𝜃 + 1)

}︃
.

where 𝐶𝑆 and 𝜃 are the coercivity and inf-sup stability constants.

Proof. Owing to Theorem 3, it is clear that 𝒞ℎ[·; ·] is bounded. Moreover, from Lemmas 8, 9, and Proposition 2.36
from [26], it is not difficult to see that the above inf-sup condition holds. �

Now, we are in position to establish the well-posedness of 𝒥h .



NITSCHE METHOD FOR NAVIER–STOKES EQUATIONS WITH SLIP BOUNDARY CONDITIONS 2091

Theorem 5. Assume that
2
𝛼̂2
‖𝑓‖V′ ≤ 1, (34)

Then, given 𝑤ℎ ∈ 𝐾ℎ, there exists a unique 𝑢ℎ ∈ 𝐾ℎ such that 𝒥ℎ(𝑤ℎ) = 𝑢ℎ.

Proof. Given 𝑤ℎ ∈ 𝐾ℎ, we begin by defining the bilinear form:

𝒜𝑤ℎ
[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)] := 𝒞ℎ[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)] + 𝑐(𝑤ℎ; 𝑢ℎ, 𝑣ℎ), (35)

where 𝒞ℎ and 𝑐 are the forms defined in Theorem 4 and (25), respectively, that is

𝒜𝑤ℎ
[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)] = 𝐴ℎ(𝑢ℎ, 𝑣ℎ) + 𝐵ℎ(𝑢ℎ, 𝑞ℎ) + 𝐵ℎ(𝑣ℎ, 𝑞ℎ) + 𝑐(𝑤ℎ; 𝑢ℎ, 𝑣ℎ).

Then, problem (23) can be rewritten equivalently as: Given 𝑤ℎ in 𝐾ℎ, find (𝑢ℎ, 𝑝ℎ) ∈ Vℎ ×Πℎ, such that

𝒜𝑤ℎ
[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)] = ℱ(𝑣ℎ) ∀(𝑣ℎ, 𝑞ℎ) ∈ Vℎ ×Πℎ. (36)

First, we establish the well-posedness of 𝒥 in order to demonstrate the well posedness of problem (36) using
the Banach Nečas Babuška theorem ([26], Theorem 2.6). Consider (𝑢ℎ, 𝑝ℎ), (𝑣̂ℎ, 𝑞ℎ) ∈ Vℎ ×Πℎ with (𝑣̂ℎ, 𝑞ℎ) ̸=
0, from Theorem 3 we can observe that

sup
0 ̸=(𝑣ℎ,𝑝ℎ)∈Vℎ×Πℎ

𝒜𝑤ℎ
[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)]
‖(𝑣ℎ, 𝑞ℎ)‖

≥ |𝒞ℎ[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)]|
‖(𝑣ℎ, 𝑞ℎ)‖

− |𝑐(𝑤ℎ; 𝑢ℎ, 𝑣̂ℎ)|
‖(𝑣̂ℎ, 𝑞ℎ)‖

≥ |𝒞ℎ[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)]|
‖(𝑣ℎ, 𝑞ℎ)‖

− ‖𝑤ℎ‖1,ℎ‖(𝑢ℎ, 𝑝ℎ)‖,

which together with Theorem 4 and the fact that (𝑣̂ℎ, 𝑝ℎ) is arbitrary, implies

sup
0 ̸=(𝑣ℎ,𝑝ℎ)∈Vℎ×Πℎ

𝒜𝑤ℎ
[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)]
‖(𝑣ℎ, 𝑝ℎ)‖

≥ (𝛼̂− ‖𝑤ℎ‖1,ℎ)‖(𝑢ℎ, 𝑝ℎ)‖, (37)

where 𝛼̂ is independent of 𝑤ℎ. Hence, from the definition of set 𝐾ℎ see (30), and assumption (34), we easily
get

‖𝑤ℎ‖1,ℎ ≤
1
𝛼̂
‖𝑓‖V′ ≤ 𝛼̂

2
, (38)

and then, combining (37) and (38), we obtain

sup
0̸=(𝑣ℎ,𝑝ℎ)∈Vℎ×Πℎ

𝒜𝑤ℎ
[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)]
‖(𝑣ℎ, 𝑞ℎ)‖

≥ 𝛼̂

2
‖(𝑢ℎ, 𝑝ℎ)‖ ∀(𝑢ℎ, 𝑝ℎ) ∈ Vℎ ×Πℎ. (39)

On the other hand, for a given (𝑢ℎ, 𝑞ℎ) ∈ Vℎ ×Πℎ, we observe that

sup
0 ̸=(𝑣ℎ,𝑞ℎ)∈𝑉 ℎ×Πℎ

𝒜wℎ
[(𝑣ℎ, 𝑞ℎ); (𝑢ℎ, 𝑝ℎ)] ≥ sup

0̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

𝒜𝑤ℎ
[(𝑣ℎ, 𝑞ℎ); (𝑢ℎ, 𝑝ℎ)]
‖(𝑣ℎ, 𝑞ℎ)‖

= sup
0̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

𝒞ℎ[(𝑣ℎ, 𝑞ℎ); (𝑢ℎ, 𝑞ℎ)] + 𝑐(𝑤ℎ; 𝑣ℎ, 𝑢ℎ)
‖(𝑣ℎ, 𝑞ℎ)‖

,

from which,

sup
0̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

𝒜𝑤ℎ
[(𝑣ℎ, 𝑞ℎ); (𝑢ℎ, 𝑞ℎ)] ≥ sup

0 ̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

|𝒞ℎ[(𝑣ℎ, 𝑞ℎ); (𝑢ℎ, 𝑝ℎ)] + 𝑐(𝑤ℎ; 𝑣ℎ, 𝑢ℎ)|
‖(𝑣ℎ, 𝑞ℎ)‖

≥ sup
0 ̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

|𝒞ℎ[(𝑣ℎ, 𝑞ℎ); (𝑢ℎ, 𝑝ℎ)]|
‖(𝑣ℎ, 𝑞ℎ)‖

− |𝑐(𝑤ℎ; 𝑣ℎ, 𝑢ℎ)|
‖(𝑣ℎ, 𝑞ℎ)‖

,
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for all 0 ̸= (𝑣ℎ, 𝑞ℎ) ∈ Vℎ ×Πℎ, which together with Theorem 3, implies

sup
0 ̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

𝒜𝑤ℎ
[(𝑣ℎ, 𝑞ℎ); (𝑢ℎ, 𝑝ℎ)] ≥ sup

0̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

𝒞ℎ[(𝑣ℎ, 𝑞ℎ); (𝑢ℎ, 𝑝ℎ)]
‖(𝑣ℎ, 𝑞ℎ)‖

− ‖𝑤ℎ‖1,ℎ‖(𝑢ℎ, 𝑝ℎ)‖. (40)

Therefore, using the fact that 𝒞ℎ[·; ·] is symmetric, from the inequality in Theorem 4 and (40) we obtain

sup
0 ̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

𝒜𝑤ℎ
[(𝑣ℎ, 𝑞ℎ); (𝑢ℎ, 𝑝ℎ)] ≥ 𝛼̂‖(𝑢ℎ, 𝑝ℎ)‖ − ‖𝑤ℎ‖1,ℎ‖(𝑢ℎ, 𝑝ℎ)‖,

which combined with (38), yields

sup
0 ̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

𝒜𝑤ℎ
[(𝑣ℎ, 𝑞ℎ); (𝑢ℎ, 𝑝ℎ)] ≥ 𝛼̂

2
‖(𝑢ℎ, 𝑝ℎ)‖ > 0 ∀(𝑢ℎ, 𝑝ℎ) ∈ Vℎ ×Πℎ, (𝑢ℎ, 𝑝ℎ) ̸= 0. (41)

By examining (39) and (41), we can deduce that 𝒜𝑤ℎ
(·, ·) satisfies the conditions of the Banach Nečas Babuška

theorem ([26], Theorem 2.6). This guarantees the existence of a unique solution (𝑢ℎ, 𝑝ℎ) ∈ Vℎ ×Πℎ to (24), or
equivalently, the existence of a unique 𝑢ℎ ∈ Vℎ such that 𝒥ℎ(𝑤ℎ) = 𝑢ℎ. Furthermore, from (39) and (36) we
derive the following inequality:

‖𝑢ℎ‖1,ℎ ≤ ‖(𝑢ℎ, 𝑝ℎ)‖ ≤ 1
𝛼̂
‖𝑓‖V′ .

This concludes the proof by showing that 𝑢ℎ ∈ 𝐾ℎ. �

3.1.3. Well-posedness of the discrete problem

The subsequent theorem establishes the well-posedness of Nitsche’s scheme (24).

Theorem 6. Let 𝑓 ∈ V′ such that

2
𝛼̂2
‖𝑓‖V′ ≤ 1. (42)

Then, there exists a unique (𝑢ℎ, 𝑝ℎ) ∈ Vℎ ×Πℎ solution to (23). In addition, there exists 𝐶 = max{ 1
𝛼̂ , 2

𝛼̂} > 0,
independent of ℎ, such that

‖𝑢ℎ‖1,ℎ + ‖𝑝ℎ‖0,Ω ≤ 𝐶‖𝑓‖V′ . (43)

Proof. According to the relations given in (32), we aim to establish the well-posedness of (23). This can be
accomplished by using Banach’s theorem to demonstrate that 𝒥ℎ possesses a unique fixed point in 𝐾ℎ.

The validity of Assumption (42) as shown in Theorem 5, ensures that 𝒥ℎ is well-defined. Now, let 𝑤ℎ1, 𝑤ℎ2,
𝑢ℎ1, 𝑢ℎ2 ∈ 𝐾ℎ, be such that 𝑢ℎ1 = 𝒥ℎ(𝑤ℎ1) and 𝑢ℎ2 = 𝒥ℎ(𝑤ℎ2). By employing the definition of 𝒥ℎ and (36),
it follows that there exist unique 𝑝ℎ1, 𝑝ℎ2 ∈ 𝐿2(Ω), satisfies the following equations:

𝒜𝑤ℎ1 [(𝑢ℎ1, 𝑝ℎ1); (𝑣ℎ, 𝑞ℎ)] = ℱ(𝑣ℎ), and 𝒜𝑤ℎ2 [(𝑢ℎ2, 𝑝ℎ2); (𝑣ℎ, 𝑞ℎ)] = ℱ(𝑣ℎ) ∀(𝑣ℎ, 𝑞ℎ) ∈ Vℎ ×Πℎ.

By adding and subtracting appropriate terms, we can derive the following:

𝒜𝑤ℎ1 [(𝑢ℎ1 − 𝑢ℎ2; 𝑝ℎ1 − 𝑝ℎ2), (𝑣ℎ, 𝑞ℎ)] = −𝑐(𝑤ℎ1 −𝑤ℎ2; 𝑢ℎ2, 𝑣ℎ) ∀(𝑣ℎ, 𝑞ℎ) ∈ Vℎ ×Πℎ. (44)

Given that 𝑤ℎ1 ∈ 𝐾ℎ and using (44), (39), and Theorem 3, we can deduce:

𝛼̂

2
‖𝑢ℎ1 − 𝑢ℎ2‖1 ≤ sup

0 ̸=(𝑣ℎ,𝑝ℎ)∈Vℎ×Πℎ

𝒜𝑤ℎ1 [(𝑢ℎ1 − 𝑢ℎ2, 𝑝ℎ1 − 𝑝ℎ2); (𝑣ℎ, 𝑞ℎ)]
‖(𝑣ℎ, 𝑞ℎ)‖

= sup
0 ̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

−𝑐(𝑤ℎ1 −𝑤ℎ2; 𝑢ℎ2, 𝑣ℎ)
‖(𝑣ℎ, 𝑞ℎ)‖

≤ ‖𝑤ℎ1 −𝑤ℎ2‖1,ℎ‖𝑢ℎ2‖1,ℎ,
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which together with the fact that 𝑢ℎ2 ∈ 𝐾ℎ, implies

‖𝑢ℎ1 − 𝑢ℎ2‖1,ℎ ≤
1
𝛼̂
‖𝑓‖V′‖𝑤ℎ1 −𝑤ℎ2‖1,ℎ

‖𝑢ℎ1 − 𝑢ℎ2‖1,ℎ ≤
𝛼̂

2
‖𝑤ℎ1 −𝑤ℎ2‖1,ℎ.

Assumption (42) directly implies that 𝒥ℎ is a contraction mapping. Now, to establish the estimate (43), let
𝑢ℎ ∈ 𝐾ℎ be the unique fixed point of 𝒥ℎ and let 𝑢ℎ ∈ Vℎ be the unique solution of (23) with (𝑢ℎ, 𝑝ℎ) ∈ Vℎ×Πℎ.
By the definition of 𝐾ℎ, it is evident that 𝑢ℎ satisfies the following

‖𝑢ℎ‖1,ℎ ≤ 𝛼̂−1‖𝑓‖V′ .

Consequently, utilizing (39) on 𝒜𝑢ℎ
, referring back to the definition of 𝒜𝑢ℎ

given in (35), and using the fact
that (𝑢ℎ, 𝑝ℎ) satisfies (23), we obtain

‖𝑝ℎ‖0,Ω ≤ ‖(𝑢ℎ, 𝑝ℎ)‖ ≤ 2
𝛼̂

sup
0 ̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

𝒜𝑢ℎ
[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)]
‖(𝑣ℎ, 𝑞ℎ)‖

=
2
𝛼̂

sup
0 ̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

ℱ(𝑣ℎ)
‖(𝑣ℎ, 𝑝ℎ)‖

,

Thus

‖𝑝ℎ‖0,Ω ≤
2
𝛼̂
‖𝑓‖V′ .

�

Let us denote Iℎ be the interpolation operator. Under usual assumptions, the following approximation prop-
erty hold.

Lemma 10. Let there exists 𝐶9 > 0 and 𝐶10 > 0, independent of ℎ, such that for each 𝑢 ∈ H𝑙+1(𝐾) with
0 ≤ 𝑙 ≤ 𝑘, there holds

‖𝑢− Iℎ(𝑢)‖L2(𝐾) ≤ 𝐶9
ℎ𝑙+2

𝐾

𝜌𝐾
|𝑢|H𝑙+1(𝐾) ≤ 𝐶1ℎ

𝑙+1
𝐾 |𝑢|H𝑙+1(𝐾)

|𝑢− Iℎ(𝑢)|H1(𝐾) ≤ 𝐶10
ℎ𝑙+2

𝐾

𝜌2
𝐾

|𝑢|H𝑙+1(𝐾) ≤ 𝐶2ℎ
𝑙
𝐾 |𝑢|H𝑙+1(𝐾)

where ℎ𝐾 is the diameter of 𝐾, 𝜌𝐾 is the diameter of the largest sphere contained in 𝐾, and 𝑘 is the degree of
the polynomial. The constants 𝐶1 and 𝐶2 are defined as

𝐶1 = 𝐶9
ℎ𝐾

𝜌𝐾
≤ 𝐶9𝜎̂ and 𝐶2 = 𝐶10

ℎ2
𝐾

𝜌2
𝐾

≤ 𝐶10𝜎̂
2,

Here 𝜎̂ denotes the shape regularity constant.

Proof. See [11]. �

4. A priori error bounds

This section aims to establish the convergence of Nitsche’s scheme (23) and determine the convergence rate.
We derive the corresponding Cèa’s estimate.
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Theorem 7. Assume that

2
𝛼𝛼̂
‖𝑓‖V′ ≤ 1

2
, (45)

with 𝛼 and 𝛼̂ being the positive constants in (18) and Theorem 4, respectively. Let (𝑢, 𝑝) ∈ V×Π and (𝑢ℎ, 𝑝ℎ) ∈
Vℎ×Πℎ be the unique solutions of problems (7) and (23), respectively. Then there exists 𝐶cea(𝜈, 𝛽, Ω) = (1+ 2

𝛼̂ ) >
0, independent of ℎ, such that

‖(𝑢− 𝑢ℎ, 𝑝− 𝑝ℎ)‖ ≤ 𝐶cea inf
0 ̸=(𝑣ℎ,𝑞ℎ)∈Vℎ×Πℎ

‖(𝑢− 𝑣ℎ, 𝑝− 𝑞ℎ)‖. (46)

Proof. In order to simplify the subsequent analysis, we define 𝑒u = 𝑢 − 𝑢ℎ and 𝑒𝑝 = 𝑝 − 𝑝ℎ, and for any
(𝑧ℎ, 𝜁ℎ) ∈ Vℎ ×Πℎ, we write

𝑒𝑢 = 𝜉𝑢 + 𝜒𝑢 = (𝑢− 𝑧ℎ) + (𝑧ℎ − 𝑢ℎ), and 𝑒𝑝 = 𝜉𝑝 + 𝜒𝑝 = (𝑝− 𝜁ℎ) + (𝜁ℎ − 𝑝ℎ). (47)

By recalling the definition of the bilinear forms 𝒞 and 𝒞ℎ in (16) and (33), respectively, and considering (7) and
(23), we can observe the validity of following identities

𝒞ℎ[(𝑢, 𝑝); (𝑣, 𝑞)] + 𝑐(𝑢; 𝑢, 𝑣) = ℱ(𝑣) ∀(𝑣, 𝑞) ∈ V ×Π.

and
𝒞ℎ[(𝑢ℎ, 𝑝ℎ); (𝑣ℎ, 𝑞ℎ)] + 𝑐(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) = ℱ(𝑣ℎ) ∀(𝑣ℎ, 𝑞ℎ) ∈ Vℎ ×Πℎ.

Based on these observations, we can deduce the Galerkin orthogonality property

𝒞ℎ[(𝑒𝑢, 𝑒𝑝); (𝑣ℎ, 𝑞ℎ)] + [𝑐(𝑢; 𝑢, 𝑣ℎ)− 𝑐(𝑢ℎ; 𝑢ℎ, 𝑣ℎ)] = 0, ∀(𝑣ℎ, 𝑞ℎ) ∈ Vℎ ×Πℎ. (48)

Subsequently, by utilizing the decompositions given in (47), the definition of 𝒜w in (35) for discrete 𝒜wℎ
,

and the identity

𝑐(𝑢; 𝑢, 𝑣ℎ) = 𝑐(𝑢− 𝑢ℎ; 𝑢, 𝑣ℎ) + 𝑐(𝑢ℎ; 𝑢, 𝑣ℎ). (49)

Now, using (35), (49), and (48), we deduce that for all (𝑣ℎ, 𝑞ℎ) ∈ Vℎ ×Πℎ, the following relationship holds

𝒜𝑢h [(𝜒𝑢, 𝜒𝑝); (𝑣ℎ, 𝑞ℎ)] = 𝒞ℎ[(𝜒𝑢, 𝜒𝑝), (𝑣ℎ, 𝑞ℎ)] + 𝑐(𝑢ℎ; 𝜒𝑢, 𝑣ℎ)
= −𝒞ℎ[(𝜉𝑢, 𝜉𝑝); (𝑣ℎ, 𝑞ℎ)] + 𝒞ℎ[(𝑒𝑢, 𝑒𝑝); (𝑣ℎ, 𝑞ℎ)] + 𝑐(𝑢ℎ; 𝜒𝑢, 𝑣ℎ)
= −𝒞ℎ[(𝜉𝑢, 𝜉𝑝); (𝑣ℎ, 𝑞ℎ)]− 𝑐(𝑢− 𝑢ℎ; 𝑢, 𝑣ℎ)− 𝑐(𝑢ℎ; 𝑢, 𝑣ℎ)

+ 𝑐(𝑢ℎ; 𝑢ℎ, 𝑣ℎ) + 𝑐(𝑢ℎ; 𝜒𝑢, 𝑣ℎ)
= −𝒞ℎ[(𝜉𝑢, 𝜉𝑝); (𝑣ℎ, 𝑞ℎ)]− 𝑐(𝜉𝑢 + 𝜒𝑢; 𝑢, 𝑣ℎ)− 𝑐(𝑢ℎ; 𝜉𝑢 + 𝜒𝑢, 𝑣ℎ) + 𝑐(𝑢ℎ; 𝜒𝑢, 𝑣ℎ)
= −𝒞ℎ[(𝜉𝑢, 𝜉𝑝); (𝑣ℎ, 𝑞ℎ)]− 𝑐(𝜉𝑢; 𝑢, 𝑣ℎ)− 𝑐(𝜒𝑢; 𝑢, 𝑣ℎ)− 𝑐(𝑢ℎ; 𝜉𝑢, 𝑣ℎ).

which together with the definition of 𝒞ℎ given in equation (33), implies

𝒜𝑢h [(𝜒𝑢, 𝜒𝑝); (𝑣ℎ, 𝑞ℎ)] = −𝐴ℎ(𝜉𝑢, 𝑣ℎ)−𝐵ℎ(𝜉𝑢, 𝑞ℎ)−𝐵ℎ(𝑣ℎ, 𝜉𝑝)− 𝑐(𝜉𝑢; 𝑢, 𝑣ℎ)
− 𝑐(𝜒𝑢; 𝑢, 𝑣ℎ)− 𝑐(𝑢ℎ; 𝜉𝑢, 𝑣ℎ), (50)

for all (𝑣ℎ, 𝑞ℎ) ∈ Vℎ × Πℎ. Next, utilizing the discrete inf-sup condition (41) at the left hand side of (50), and
applying the continuity properties of 𝐴, 𝐵, and 𝑐 stated in Theorem 3 to the right hand side of (50), we can
derive the following

‖𝜒𝑢‖1,ℎ + ‖𝜒𝑝‖0 .
2

𝛼̂‖(𝑣ℎ, 𝑞ℎ)‖
(︀
‖𝜉𝑢‖1,ℎ‖𝑣ℎ‖1,ℎ + ‖𝜉𝑢‖1,ℎ‖𝑞ℎ‖0 + ‖𝜉𝑝‖0‖𝑣ℎ‖1,ℎ + ‖𝜉𝑢‖1,ℎ‖𝑣ℎ‖1,ℎ‖𝑢‖1
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+ ‖𝜒𝑢‖1,ℎ‖𝑣ℎ‖1,ℎ‖𝑢‖1 + ‖𝜉𝑢‖1,ℎ‖𝑣ℎ‖1,ℎ‖𝑢ℎ‖1,ℎ

)︀
.

2
𝛼̂

(︀⃦⃦
𝜉𝑝

⃦⃦
0

+
(︀
2 +

⃦⃦
𝑢ℎ

⃦⃦
1,ℎ

+ ‖𝑢‖1
)︀⃦⃦

𝜉𝑢

⃦⃦
1,ℎ

+
⃦⃦
𝜒𝑢

⃦⃦
1,ℎ
‖𝑢‖1

)︀
.

2
𝛼̂

(︀⃦⃦
𝜉𝑝

⃦⃦
0

+
(︀
2 +

⃦⃦
𝑢ℎ

⃦⃦
1,ℎ

+ ‖𝑢‖1
)︀⃦⃦

𝜉𝑢

⃦⃦
1,ℎ

+
⃦⃦
𝜒𝑢

⃦⃦
1,ℎ
‖𝑢‖1

)︀
.

‖𝜒𝑝‖0 +
(︂

1− 2
𝛼̂
‖𝑢‖1

)︂
‖𝜒𝑢‖1,ℎ .

2
𝛼̂

(︀⃦⃦
𝜉𝑝

⃦⃦
0

+
{︀

2 +
⃦⃦
𝑢ℎ

⃦⃦
1,ℎ

+ ‖𝑢‖1
}︀⃦⃦

𝜉𝑢

⃦⃦
1,ℎ

)︀
. (51)

Therefore, by taking into account the fact that 𝑢 ∈ 𝐾 and 𝑢ℎ ∈ 𝐾ℎ based respectively on assumptions (45)
and (51), we can conclude that

‖𝜒𝑝‖0 + ‖𝜒𝑢‖1,ℎ .
(︀⃦⃦

𝜉𝑝

⃦⃦
0

+
⃦⃦
𝜉𝑢

⃦⃦
1,ℎ

)︀
. (52)

In this way, from (47), (52) and the triangle inequality we obtain

‖(𝑒𝑝, 𝑒𝑢)‖ ≤ ‖(𝜒𝑝, 𝜒𝑢)‖+ ‖(𝜉𝑝, 𝜉𝑢)‖ . ‖(𝜉𝑝, 𝜉u)‖.

This, together with the fact that (𝑧ℎ, 𝜁ℎ) ∈ Vℎ ×Πℎ is arbitrary, leads to the conclusion of the proof. �

Theorem 8. Let (𝑢, 𝑝) ∈ V×Π and (𝑢ℎ, 𝑝ℎ) ∈ Vℎ×Πℎ denotes the unique solutions of the continuous problem
(7) and discrete problem (23), respectively, with 𝑓 satisfying (45). Suppose that (𝑢, 𝑝) ∈ (H𝑙+1(Ω)∩V)×(𝐻 𝑙(Ω)∩
Π) with 𝑙 ≥ 1, Then there exists 𝐶rate (𝜈, 𝛽, Ω) = (1 + 2

𝛼̂ ) max{𝐶1, 𝐶2} > 0, independent of ℎ, such that

‖(𝑢− 𝑢ℎ, 𝑝− 𝑝ℎ)‖ ≤ 𝐶rate ℎ𝑙
{︀
|𝑢|H𝑙+1(Ω) + |𝑝|𝐻𝑙(Ω)

}︀
.

Proof. The conclusion can be easily obtained by directly applying Theorem 7 and Lemma 10. �

5. Stabilized formulation for high Reynolds numbers

The complex dynamics described by the Navier–Stokes equations at high Reynolds numbers lead to numerical
instabilities, presenting significant challenges for their accurate numerical approximation, particularly affecting
the accuracy of the finite element method. This section provides a VMS-LES formulation with Nitsche for the
Navier–Stokes equations with slip boundary conditions. In Section 6 we show numerical evidence of the utility
of the VMS-LES method within a Nitsche framework in solving the Navier–Stokes equations for high Reynolds
number flows. In a time interval (0, 𝑇 ] with 𝑇 > 0, the model problem is formulated as follows:

𝜕𝑡𝑢− 𝜈∆𝑢 + (𝑢 · ∇)𝑢 +∇𝑝 = 𝑓 in Ω× (0, 𝑇 ),
div 𝑢 = 0 in Ω× (0, 𝑇 ),

𝑢 = 0 on Γ𝐷 × (0, 𝑇 ),
𝑢 · 𝑛 = 0 on ΓNav × (0, 𝑇 ),

𝜈𝑛𝑡𝐷(𝑢)𝜏 𝑖 + 𝛽𝑢 · 𝜏 𝑖 = 0 on ΓNav × (0, 𝑇 ), 𝑖 = 1 . . . (𝑑− 1),
𝑢(0) = 0 in Ω× {0},

(𝑝, 1)Ω = 0.

(53)

The weak formulation of problem (53) can be written as: for all 𝑡 ∈ (0, 𝑇 ], find (𝑢, 𝑝) ∈ 𝒴0 = V × Π with
𝑢(0) = 0 such that

𝒜[(𝑢, 𝑝); (𝑣, 𝑞)] = ℱ(𝑣) ∀(𝑣, 𝑞)V ×Π, (54)
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where
𝒜[(𝑢, 𝑝); (𝑣, 𝑞)] := (𝜕𝑡𝑢, 𝑣)Ω +

𝜈

2
(𝐷(𝑢), 𝐷(𝑣))Ω + (𝑢 · ∇𝑢, 𝑣)Ω − (𝑝,∇ · 𝑣)Ω − (𝑞,∇ · 𝑢)Ω

+
∫︁

ΓNav

𝛽

𝑑−1∑︁
𝑖

(︀
𝜏 𝑖 · 𝑣

)︀(︀
𝜏 𝑖 · 𝑢

)︀
d𝑠,

ℱ(𝑣) := ⟨𝑓 , 𝑣⟩Ω.

5.1. The VMS-LES formulation

The VMS technique involves decomposing the solution into coarser and finer scales. As a result, we decompose
the weak formulation of the Navier–Stokes equations (54) into two subproblems, considering the coarse scale and
the fine scale. The finite element method approximates the coarse-scale solution, while the fine-scale solution is
formulated analytically. Now, we decompose the space into the direct sum of two subspaces:

𝒴0 = 𝒱ℎ
0 ⊕ 𝒱 ′0 (55)

where 𝒱ℎ
0 known as coarse scale spaces, are the finite element spaces used for the numerical discretization, i.e.,

𝒱ℎ
0 = Vℎ ×Πℎ,

and 𝒱 ′0 are infinite dimensional, known as the fine scale spaces, and orthogonal to 𝒱ℎ
0 respectively. Then, we

have the following decompositions from (55):

𝑢 = 𝑢ℎ + 𝑢′,

𝑝 = 𝑝ℎ + 𝑝′,

where (𝑢, 𝑝) ∈ 𝒴0 and this is the starting point of VMS-LES method i.e., the separation of the flow field into
resolved scales (𝑢ℎ, 𝑝ℎ) and unresolved scales (𝑢′, 𝑝′). Following the approach proposed in [3], Performing the
two-scale decomposition on the problem (54), we obtain two subproblems, one for the coarse and other for the
fine scales:

𝒜
[︀
𝑉 ℎ; 𝑈ℎ + 𝑈 ′]︀ = ℱ(𝑉 ℎ) (56)

𝒜
[︀
𝑉 ′; 𝑈ℎ + 𝑈 ′]︀ = ℱ(𝑉 ′) (57)

where the abbreviations 𝑈 = (𝑢, 𝑝) and 𝑉 = (𝑣, 𝑞) are used for simplicity. The fine-scale solution is typically
modeled analytically, expressed in terms of both the problems data and the coarse-scale solution, and then
substituted into the coarse-scale subproblem. A finite-dimensional system for the coarse-scale solution is obtained
by projecting the fine-scale solution into the coarse-scale solution.

The solution of (57) is represented as

𝑈 ′ = 𝐹𝑈 (𝑅(𝑈ℎ)), (58)

which can be interpreted as the unresolved scales derived as a function of the residual of the resolved scales.
By substituting (58) into the resolved scales equation (56), a unified set of equations for the resolved scales is
obtained.

The objective is to approximate 𝐹𝑈 using models that are not dependent on the underlying physics of high
Reynolds number flows but are derived solely based on mathematical reasoning. Finally, we adopt a similar
approach to [19] in modeling the fine-scale velocity and pressure variables as:

𝑢′ ≃ −𝒮𝑀 (𝑢ℎ)𝑟𝑀 (𝑢ℎ, 𝑝ℎ)
𝑝′ ≃ −𝒮𝐶(𝑢ℎ)𝑟𝐶(𝑢ℎ)
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where 𝑟𝑀 (𝑢ℎ, 𝑝ℎ) and 𝑟𝐶(𝑢ℎ) indicate the strong residuals of the momentum and continuity equations:

𝑟𝑀 (𝑢ℎ, 𝑝ℎ) = 𝜕𝑡𝑢ℎ + 𝑢ℎ · ∇𝑢ℎ +∇𝑝ℎ − 𝜈∆𝑢ℎ − 𝑓 ,

𝑟𝐶(𝑢ℎ) = ∇ · 𝑢ℎ,

respectively. Moreover, 𝒮𝑀 and 𝒮𝐶 are the stabilization parameters designed by a specific Fourier analysis
applied in the framework of stabilized methods, which we choose similarly to [9] as:

𝒮𝑀 (𝑢ℎ) =
(︂

𝜎2

(∆𝑡)2
+ 𝑢ℎ ·𝐺𝑢ℎ + 𝐶𝑟𝜈

2𝐺 : 𝐺

)︂−1/2

𝒮𝐶(𝑢ℎ) = (𝒮𝑀 (𝑢ℎ)𝑔 · 𝑔)−1 (59)

where ∆𝑡 denotes the time step, while 𝜎 represents the order of the BDF (Backward Differentiation Formulas)
time scheme [52]. Furthermore, the constant 𝐶𝑘 = 60 · 2𝑘−2 is calculated using an inverse inequality which
depends on the polynomial degree 𝑘 associated with the velocity finite element space [27]. Moreover, 𝐺 and 𝑔
correspond to the metric tensor and vector, respectively defined as

𝐺𝑖𝑗 =
𝑑∑︁

𝑘=1

𝜕𝜉𝑘

𝜕𝑥𝑖

𝜕𝜉𝑘

𝜕𝑥𝑗
,

𝑔𝑖 =
𝑑∑︁

𝑘=1

𝜕𝜉𝑘

𝜕𝑥𝑖
,

with 𝑥 = {𝑥𝑖}𝑑
𝑖=1 represents the coordinates of element 𝐾 in physical space, 𝜉 = {𝜉𝑖}𝑑

𝑖=1 represents the coordi-
nates of element 𝐾̂ in parametric space, and 𝜕𝜉

𝜕𝑥 represents the inverse Jacobian of the element mapping between
the reference and physical domains. We make the same assumptions as [9]:

⎧⎪⎨⎪⎩
𝜕𝑣ℎ

𝜕𝑡 = 0,

𝑢′ = 0 on Γ,

(𝐷(𝑣ℎ), 𝐷(𝑢′))Ω = 0.

(60)

By explicitly expressing the left-hand side of (56) and adding the Nitsche terms to the action of the Laplace
distribution, we arrive at the following result:

𝒜
[︀
𝑉 ℎ; 𝑈ℎ + 𝑈 ′]︀ = (𝜕𝑡𝑢ℎ, 𝑣ℎ)Ω + (𝜕𝑡𝑢

′, 𝑣ℎ)Ω +
𝜈

2
(𝐷(𝑢ℎ), 𝐷(𝑣ℎ))Ω +

𝜈

2
(𝐷(𝑢′), 𝐷(𝑣ℎ))Ω

+ ((𝑢ℎ + 𝑢′) · ∇(𝑢ℎ + 𝑢′), 𝑣ℎ)Ω − (𝑝ℎ + 𝑝′,∇ · 𝑣ℎ)Ω − (𝑞ℎ,∇ · (𝑢ℎ + 𝑢′))Ω

+
∑︁

𝐸∈ℰNav

(︂
−
∫︁

𝐸

𝑛𝑡(𝜈𝐷(𝑢ℎ + 𝑢′)− (𝑝ℎ + 𝑝′)𝐼)𝑛(𝑛 · 𝑣ℎ) d𝑠

−
∫︁

𝐸

𝑛𝑡(𝜈𝐷(𝑣ℎ)− 𝑞ℎ𝐼)𝑛(𝑛 · (𝑢ℎ + 𝑢′)) d𝑠 +
∫︁

𝐸

𝛽

𝑑−1∑︁
𝑖

(︀
𝜏 𝑖 · 𝑣ℎ

)︀(︀
𝜏 𝑖 · (𝑢ℎ + 𝑢′)

)︀
d𝑠

+𝛾

∫︁
𝐸

ℎ𝑒
−1((𝑢ℎ + 𝑢′) · 𝑛)(𝑣ℎ · 𝑛) d𝑠

)︂
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Thereafter, we apply integration by parts to the fine-scale terms that appear in the coarse-scale equations, by
considering the aforementioned assumption (60) and we get

𝒜
[︀
𝑉 ℎ; 𝑈ℎ + 𝑈 ′]︀
=
∑︁

𝐾∈𝒦ℎ

(︁
(𝜕𝑡𝑢ℎ, 𝑣ℎ)𝐾 +

𝜈

2
(𝐷(𝑢ℎ), 𝐷(𝑣ℎ))𝐾 + (𝑢ℎ · ∇𝑢ℎ, 𝑣ℎ)𝐾 − (𝑝ℎ,∇ · 𝑣ℎ)𝐾 − (𝑞ℎ,∇ · 𝑢ℎ)𝐾

)︁
+

∑︁
𝐸∈ℰNav

(︂
−
∫︁

𝐸

𝑛𝑡(𝜈𝐷(𝑢ℎ)− 𝑝ℎ𝐼)𝑛(𝑛 · 𝑣ℎ) d𝑠−
∫︁

𝐸

𝑛𝑡(𝜈𝐷(𝑣ℎ)− 𝑞ℎ𝐼)𝑛(𝑛 · 𝑢ℎ) d𝑠

+
∫︁

𝐸

𝛽

𝑑−1∑︁
𝑖

(︀
𝜏 𝑖 · 𝑣ℎ

)︀(︀
𝜏 𝑖 · 𝑢ℎ

)︀
d𝑠 + 𝛾

∫︁
𝐸

ℎ𝑒
−1(𝑢ℎ · 𝑛)(𝑣ℎ · 𝑛) d𝑠 +

∫︁
𝐸

𝑝′(𝑛 · 𝑣ℎ) d𝑠

+
∫︁

𝐸

𝑞ℎ(𝑛 · 𝑢′) d𝑠−
∫︁

𝐸

𝜈𝑛𝑡𝐷(𝑢′)𝑛(𝑛 · 𝑣ℎ) d𝑠−
∫︁

𝐸

𝜈𝑛𝑡𝐷(𝑣ℎ)𝑛(𝑛 · 𝑢′) d𝑠

)︂
+
∑︁

𝐾∈𝒦ℎ

((∇(𝑞ℎ), 𝑢′)𝐾 − (𝑝′,∇ · 𝑣ℎ)𝐾 + (𝑢ℎ · ∇𝑢′, 𝑣ℎ)𝐾 + (𝑢′ · ∇𝑢ℎ, 𝑣ℎ)𝐾 + (𝑢′ · ∇𝑢′, 𝑣ℎ)𝐾)

Now, substitute the values of the fine scale components and this results into the semi-discrete VMS-LES formu-
lation of the Navier–Stokes equation with Nitsche which is expressed in terms of the weak residual as follows:
for all 𝑡 ∈ (0, 𝑇 ], Find 𝑈ℎ = {𝑢ℎ, 𝑝ℎ} ∈ 𝒱ℎ

0 with 𝑢ℎ(0) = 0 such that

𝐻[𝑉 ℎ; 𝑈ℎ] = 𝐿(𝑉 ℎ) (61)

for all 𝑉 ℎ = {𝑣ℎ, 𝑞ℎ} ∈ 𝒱ℎ
0 , where we considered the following definitions:

𝐻[𝑉 ℎ; 𝑈ℎ] := 𝒢𝑁𝑆(𝑉 ℎ, 𝑈ℎ) + 𝒢SUPG (𝑉 ℎ, 𝑈ℎ) + 𝒢VMS (𝑉 ℎ, 𝑈ℎ) + 𝒢LES (𝑉 ℎ, 𝑈ℎ),
𝐿(𝑉 ℎ) := ⟨𝑣ℎ, 𝑓⟩Ω,

with

𝒢𝑁𝑆(𝑉 ℎ, 𝑈ℎ) =
∑︁

𝐾∈𝒦ℎ

(︁
(𝜕𝑡𝑢ℎ, 𝑣ℎ)𝐾 +

𝜈

2
(𝐷(𝑣ℎ), 𝐷(𝑢ℎ))𝐾 + (𝑣ℎ, 𝑢ℎ · ∇𝑢ℎ)𝐾

−(∇ · 𝑣ℎ, 𝑝ℎ)𝐾 − (𝑞ℎ,∇ · 𝑢ℎ)𝐾)

+
∑︁

𝐸∈ℰNav

(︂
−
∫︁

𝐸

𝑛𝑡(𝜈𝐷(𝑢ℎ)− 𝑝ℎ𝐼)𝑛(𝑛 · 𝑣ℎ) d𝑠−
∫︁

𝐸

𝑛𝑡(𝜈𝐷(𝑣ℎ)− 𝑞ℎ𝐼)𝑛(𝑛 · 𝑢ℎ) d𝑠

+
∫︁

𝐸

𝛽

𝑑−1∑︁
𝑖

(︀
𝜏 𝑖 · 𝑣ℎ

)︀(︀
𝜏 𝑖 · 𝑢ℎ

)︀
d𝑠 + 𝛾

∫︁
𝐸

ℎ𝑒
−1(𝑢ℎ · 𝑛)(𝑣ℎ · 𝑛) d𝑠

)︃
(62)

𝒢SUPG(𝑉 ℎ, 𝑈ℎ) =
∑︁

𝐾∈𝒦ℎ

(︂(︀
𝑢ℎ · ∇𝑣ℎ − 𝐶∇𝑞ℎ,𝒮𝑀 (𝑢ℎ)𝑟𝑀 (𝑢ℎ, 𝑝ℎ)

)︀
𝐾

+ (∇ · 𝑣ℎ,𝒮𝐶(𝑢ℎ)𝑟𝐶(𝑢ℎ))𝐾

)︂
(63)

𝒢VMS(𝑉 ℎ, 𝑈ℎ) =
∑︁

𝐾∈𝒦ℎ

(︂(︀
𝑢ℎ · (∇𝑣ℎ)𝑇 ,𝒮𝑀 (𝑢ℎ)𝑟𝑀 (𝑢ℎ, 𝑝ℎ)

)︀
𝐾
−

∑︁
𝐸∈ℰNav

(︂∫︁
𝐸

𝒮𝐶(𝑢ℎ)𝑟𝐶(𝑢ℎ)(𝑛 · 𝑣ℎ) d𝑠

+
∫︁

𝐸

𝑞ℎ(𝑛 · 𝒮𝑀 (𝑢ℎ)𝑟𝑀 (𝑢ℎ, 𝑝ℎ)) d𝑠−
∫︁

𝐸

𝜈𝑛𝑡𝐷(𝒮𝑀 (𝑢ℎ)𝑟𝑀 (𝑢ℎ, 𝑝ℎ))𝑛(𝑛 · 𝑣ℎ) d𝑠 (64)

−
∫︁

𝐸

𝜈𝑛𝑡𝐷(𝑣ℎ)𝑛(𝑛 · 𝒮𝑀 (𝑢ℎ)𝑟𝑀 (𝑢ℎ, 𝑝ℎ)) d𝑠

)︂
(65)

𝒢LES(𝑉 ℎ, 𝑈ℎ) = −
∑︁

𝐾∈𝒦ℎ

(︂
(∇𝑣ℎ,𝒮𝑀 (𝑢ℎ)𝑟𝑀 (𝑢ℎ, 𝑝ℎ)⊗ 𝒮𝑀 (𝑢ℎ)𝑟𝑀 (𝑢ℎ, 𝑝ℎ))𝐾

)︂
. (66)
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In our formulation, we introduce an additional constant 𝐶 in (63) to discuss two choices for finite element.
Expressly, we set 𝐶 = 0 when we use P2 − P1 inf-sup stable finite element. Conversely, when we use stabilized
equal order finite element for both the velocity and pressure variables, we set 𝐶 = 1, as stated in [3]. We
highlight that (62) represents the weak formulation of the Navier–Stokes equation with Nitsche. Subsequently,
(63) represents the classical Streamline Upwind Petrov Galerkin (SUPG) stabilization terms and (65) captures
additional terms introduced by the VMS (Variational Multiscale) method. Finally, (66) models the Reynolds
stress, which realizes the LES modeling of turbulence.

Remark 4. This formulation differs from the standard one because of the contribution of normal component
of the traction vector on the boundary ΓNav.

Remark 5. It is observed that as the time step ∆𝑡 approaches zero, the stabilization parameters in (59) behave
as follows:

𝒮𝑀 ∼ ∆𝑡 → 0 𝒮𝐶 ∼ 1
∆𝑡

→∞.

Similar behavior is also demonstrated in [51] i.e., the VMS-LES modeling may lose its effectiveness for
small time steps. It is observed that as ∆𝑡 → 0, the term associated with the LES modeling of turbulence
(∇𝑣ℎ,𝒮𝑀 (𝑢ℎ)𝑟𝑀 (𝑢ℎ, 𝑝ℎ)⊗ 𝒮𝑀 (𝑢ℎ)𝑟𝑀 (𝑢ℎ, 𝑝ℎ))𝐾 becomes negligible, while the dominant term
(∇ · 𝑣ℎ,𝒮𝐶(𝑢ℎ)𝑟𝐶(𝑢ℎ))𝐾 fails to effectively act as a turbulence model in the semi-discrete VMS-LES weak
formulation of the Navier–Stokes equations (61).

5.2. Time discretization

The time discretization of the problem is formulated according to the Backward Differentiation Formulas
(BDF) [49] of order 𝜎. Let us consider a partition of the time domain (0, 𝑇 ) into 𝑁 subintervals of equal size
∆𝑡 = 𝑇

𝑁 . The subscript 𝑛 denotes the time step, such that 𝑛 = 0, 1, . . . , 𝑁 and ∆𝑡 = 𝑡𝑛+1 − 𝑡𝑛. We write the
approximation of the time derivative as:

𝜕𝑡𝑢ℎ ≈
𝛼𝜎𝑢𝑛+1

ℎ − 𝑢𝑛,BDF𝜎
ℎ

∆𝑡
.

Then, we define 𝑢𝑛,BDF𝜎
ℎ as follow:

𝑢𝑛,BDF𝜎
ℎ =

⎧⎪⎨⎪⎩
𝑢𝑛

ℎ for 𝜎 = 1, if 𝑛 ≥ 1 (BDF1)
2𝑢𝑛

ℎ − 1
2𝑢𝑛−1

ℎ for 𝜎 = 2, if 𝑛 ≥ 2 (BDF2)
3𝑢𝑛

ℎ − 3
2𝑢𝑛−1

ℎ + 1
3𝑢𝑛−2

ℎ for 𝜎 = 3, if 𝑛 ≥ 3 (BDF3)

and 𝛼𝜎 :

𝛼𝜎 =

⎧⎪⎨⎪⎩
1 for 𝜎 = 1 (BDF1)
3
2 for 𝜎 = 2 (BDF2)
11
6 for 𝜎 = 3 (BDF3)

.

Therefore, BDF1 corresponds to the Backward Euler scheme. In this work, we choose the semi-implicit method
to discretize the non-linear term of the Navier–Stokes equation. In the semi-implicit method, we linearise the
convective term and all related terms with the following scheme:

(𝑣ℎ, (𝑢𝑛
ℎ · ∇)𝑢𝑛+1

ℎ ).

The non-linear term is linearised using the Newton-Gregory backward polynomials with a degree equal to the
time discretization order, referred to as ”extrapolated variables” denoted as ′𝑛 + 1, EXT′. See [15] for further
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details.

𝑢𝑛+1,EXT
ℎ =

⎧⎪⎨⎪⎩
𝑢𝑛

ℎ for 𝜎 = 1, if 𝑛 ≥ 0 (BDF1)
2𝑢𝑛

ℎ − 𝑢𝑛−1
ℎ for 𝜎 = 2, if 𝑛 ≥ 1 (BDF2)

3𝑢𝑛
ℎ − 3𝑢𝑛−1

ℎ + 𝑢𝑛−2
ℎ for 𝜎 = 3, if 𝑛 ≥ 2 (BDF3),

𝑝𝑛+1,EXT
ℎ =

⎧⎪⎨⎪⎩
𝑝𝑛

ℎ for 𝜎 = 1, if 𝑛 ≥ 0 (BDF1)
2𝑝𝑛

ℎ − 𝑝𝑛−1
ℎ for 𝜎 = 2, if 𝑛 ≥ 1 (BDF2)

3𝑝𝑛
ℎ − 3𝑝𝑛−1

ℎ + 𝑝𝑛−2
ℎ for 𝜎 = 3, if 𝑛 ≥ 2 (BDF3).

5.3. Fully discrete VMS-LES formulation

We obtain a fully discrete VMS-LES Nitsche weak formulation of the Navier–Stokes equations by using
the BDF and a semi-implicit discretization scheme. Given 𝑢𝑛

ℎ, . . . ,𝑢𝑛+1−𝜎
ℎ for any 𝑛 = 0, 1, . . . 𝑁 − 1, Find

𝑈ℎ =
{︀
𝑢𝑛+1

ℎ , 𝑝𝑛+1
ℎ

}︀
∈ 𝒱ℎ

0 :

𝒢𝑁𝑆(𝑉 ℎ, 𝑈ℎ) + 𝒢 SUPG (𝑉 ℎ, 𝑈ℎ) + 𝒢 VMS (𝑉 ℎ, 𝑈ℎ) + 𝒢 LES (𝑉 ℎ, 𝑈ℎ) = ⟨𝑣ℎ, 𝑓𝑛+1⟩Ω, (67)

for all 𝑉 ℎ = {𝑣ℎ, 𝑞ℎ} ∈ 𝒱ℎ
0 , for all 𝑛 ≥ 𝜎 − 1 with 𝑓𝑛+1 = 𝑓(𝑡𝑛+1).

The bilinear forms 𝒢𝑁𝑆(𝑉 ℎ, 𝑈ℎ),𝒢 SUPG (𝑉 ℎ, 𝑈ℎ),𝒢 VMS (𝑉 ℎ, 𝑈ℎ), and 𝒢 LES (𝑉 ℎ, 𝑈ℎ) are defined
below. These forms are modifications of the bilinear forms defined in (61).

𝒢𝑁𝑆(𝑉 ℎ, 𝑈ℎ) :=
∑︁

𝐾∈𝒦ℎ

(︃(︃
𝑣ℎ,

𝛼𝜎𝑢𝑛+1
ℎ − 𝑢𝑛,BDF𝜎

ℎ

∆𝑡

)︃
𝐾

+
(︁
𝑣ℎ, 𝑢𝑛+1,EXT

ℎ · ∇𝑢𝑛+1
ℎ

)︁
𝐾

+
𝜈

2
(︀
𝐷(𝑣ℎ), 𝐷

(︀
𝑢𝑛+1

ℎ

)︀)︀
𝐾

−
(︀
∇ · 𝑣ℎ, 𝑝𝑛+1

ℎ

)︀
𝐾
−
(︀
𝑞ℎ,∇ · 𝑢𝑛+1

ℎ

)︀
𝐾

)︂
+
∑︁

𝐸∈ℰ𝑏
ℎ

(︂
−
∫︁

𝐸

𝑛𝑡
(︀
𝜈𝐷
(︀
𝑢𝑛+1

ℎ

)︀
− 𝑝𝑛+1

ℎ 𝐼
)︀
𝑛(𝑛 · 𝑣ℎ) d𝑠

−
∫︁

𝐸

𝑛𝑡(𝜈𝐷(𝑣ℎ)− 𝑞ℎ𝐼)𝑛
(︀
𝑛 · 𝑢𝑛+1

ℎ

)︀
d𝑠 +

∫︁
𝐸

𝛽

𝑑−1∑︁
𝑖

(︀
𝜏 𝑖 · 𝑣ℎ

)︀(︀
𝜏 𝑖 · 𝑢𝑛+1

ℎ

)︀
d𝑠

+𝛾

∫︁
𝐸

ℎ𝑒
−1
(︀
𝑢𝑛+1

ℎ · 𝑛
)︀
(𝑣ℎ · 𝑛) d𝑠

)︂

𝒢 SUPG (𝑉 ℎ, 𝑈ℎ) :=
∑︁

𝐾∈𝒦ℎ

(︂(︁
𝑢𝑛+1,EXT

ℎ · ∇𝑣ℎ − 𝐶∇𝑞ℎ,𝒮𝑀

(︁
𝑢𝑛+1,EXT

ℎ

)︁
𝑟𝑀

(︀
𝑢𝑛+1

ℎ , 𝑝𝑛+1
ℎ

)︀)︁
𝐾

+
(︁
∇ · 𝑣ℎ,𝒮𝐶

(︁
𝑢𝑛+1,EXT

ℎ

)︁
𝑟𝐶

(︀
𝑢𝑛+1

ℎ

)︀)︁
𝐾

)︂
𝒢 VMS (𝑉 ℎ, 𝑈ℎ) :=

∑︁
𝐾∈𝒦ℎ

(︁
𝑢𝑛+1,EXT

ℎ · (∇𝑣ℎ)𝑇
,𝒮𝑀

(︁
𝑢𝑛+1,EXT

ℎ

)︁
𝑟𝑀

(︀
𝑢𝑛+1

ℎ , 𝑝𝑛+1
ℎ

)︀)︁
𝐾

−
∑︁

𝐸∈ℰ𝑏
ℎ

(︂∫︁
𝐸

𝒮𝐶

(︁
𝑢𝑛+1,EXT

ℎ

)︁
𝑟𝐶

(︀
𝑢𝑛+1

ℎ

)︀
(𝑛 · 𝑣ℎ) d𝑠

+
∫︁

𝐸

𝑞ℎ

(︁
𝑛 · 𝒮𝑀

(︁
𝑢𝑛+1,EXT

ℎ

)︁
𝑟𝑀

(︀
𝑢𝑛+1

ℎ , 𝑝𝑛+1
ℎ

)︀)︁
d𝑠

−
∫︁

𝐸

𝜈𝑛𝑡𝐷
(︁
𝒮𝑀

(︁
𝑢𝑛+1,EXT

ℎ

)︁
𝑟𝑀

(︀
𝑢𝑛+1

ℎ , 𝑝𝑛+1
ℎ

)︀)︁
𝑛(𝑛 · 𝑣ℎ) d𝑠

−
∫︁

𝐸

𝜈𝑛𝑡𝐷(𝑣ℎ)𝑛
(︁
𝑛 · 𝒮𝑀

(︁
𝑢𝑛+1,EXT

ℎ

)︁
𝑟𝑀

(︀
𝑢𝑛+1

ℎ , 𝑝𝑛+1
ℎ

)︀)︁
d𝑠

)︂
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𝒢 LES (𝑉 ℎ, 𝑈ℎ) := −
∑︁

𝐾∈𝒦ℎ

(︂
∇𝑣ℎ,𝒮𝑀

(︂
𝑢𝑛+1,EXT

ℎ

)︂
𝑟𝑀

(︁
𝑢𝑛+1,EXT

ℎ , 𝑝𝑛+1,EXT
ℎ

)︁
⊗ 𝒮𝑀

(︁
𝑢𝑛+1,EXT

ℎ

)︁
𝑟𝑀

(︀
𝑢𝑛+1

ℎ , 𝑝𝑛+1
ℎ

)︀)︂
𝐾

The extrapolated residual and the stabilization parameters for this formulation are defined as:

𝑟𝑀

(︀
𝑢𝑛+1

ℎ , 𝑝𝑛+1
ℎ

)︀
=

𝛼𝜎𝑢𝑛+1
ℎ

∆𝑡
+ 𝑢𝑛+1,EXT

ℎ · ∇𝑢𝑛+1
ℎ +∇𝑝𝑛+1

ℎ − 𝜈∆𝑢−
𝑢𝑛,BDF𝜎

ℎ

∆𝑡
− 𝑓𝑛+1,

𝒮𝑀

(︁
𝑢𝑛+1,EXT

ℎ

)︁
=
(︂

𝜎2

∆𝑡2
+ 𝑢𝑛+1,EXT

ℎ ·𝐺𝑢𝑛+1,EXT
ℎ + 𝐶𝑟𝜈

2𝐺 : 𝐺

)︂−1/2

,

𝒮𝐶

(︁
𝑢𝑛+1,EXT

ℎ

)︁
=
(︁
𝒮𝑀

(︁
𝑢𝑛+1,EXT

ℎ

)︁
𝑔 · 𝑔

)︁−1

.

6. Numerical tests

Computational examples are now presented to validate the numerical scheme. All numerical computations are
performed using the open-source finite element library FEniCS [1] and plotted with Paraview [36]. We present
three tests: convergence tests (Test 1), lid-driven cavity test (Test 2), and the flow past through a circular
cylinder (Test 3). A Lagrange multiplier is used to implement the average zero condition for the pressure
approximation.

6.1. Test 1: convergence tests against manufactured solutions

6.1.1. Convergence test for Nitsche scheme (stationary)

In this numerical test, we approximate the velocity and pressure by Taylor-Hood element P2−P1 and compute
the convergence rate for the Nitsche method described in Section 3. Consider the square domain Ω = (−1, 1)2

and a sequence of uniformly refined meshes. We present a numerical test based on the following exact solution.

𝑢(𝑥, 𝑦) =
(︀
2𝑦(1− 𝑥2),−2𝑥(1− 𝑦2)

)︀𝑇
𝑝(𝑥, 𝑦) = (2𝑥− 1)(2𝑦 − 1).

The slip boundary condition is imposed on 𝑥2 = −1, and the essential boundary condition is enforced on rest of
the boundary. We can observe that Table 1 presents the approximation errors for pressure and velocity as well
as the convergence rate, which are in good agreement with the theory. Table 2 gives the error in 𝐿2 norm on
the slip condition on ΓNav and it shows that the larger the Nitsche parameter 𝛾 is, the smaller error on the slip
condition. Additionally, we see that the number of Newton iterations required to reach the prescribed tolerance
of 10−7 is at most three. The velocity field computed at 𝜈 = 1 is depicted on the left-hand side of Figure 1 with
𝛽 = 10 and 𝛾 = 10.

Remark 6. We note that we did not experience conditioning issues during the development of our numerical
tests. This is on one hand due to the use of direct solvers, but another more interesting point is that it has been
shown for the Laplace operator that the Nitsche formulation maintains the conditioning of the system [35]. This
is not the case for penalty methods, and we believe that a similar behavior could be shown for this problem.

6.1.2. Convergence test for VMS-LES Nitsche scheme (unsteady)

In this numerical test, we approximate the velocity and pressure by stabilized finite element P1 − P1 and
compute the convergence rate for the VMS-LES Nitsche scheme described in Section 5.3. The accuracy of the
spatio-temporal discretization is verified using the exact solution from [12], defined on the domain Ω = (0, 1)2:

𝑢(𝑥, 𝑦) = (sin(𝜋𝑥− 0.6) sin(𝜋𝑦 + 0.22) cos(𝑡), cos(𝜋𝑥− 0.6) cos(𝜋𝑦 + 0.22) cos(𝑡))𝑇
,
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Table 1. Test 1: experimental errors, iteration count, number of degree of freedom (D.O.F.),
and convergence rates for the approximate solutions 𝑢ℎ and 𝑝ℎ. Values are displayed for Taylor–
Hood space P2 − P1 with 𝛽 = 10 and 𝜈 = 1.

𝛾 Mesh D.O.F. Newton Its ‖𝑝− 𝑝ℎ‖0 Rate ‖∇(𝑢− 𝑢ℎ)‖ Rate ‖𝑢− 𝑢ℎ‖0 Rate

8× 8 659 3 5.20× 10−2 – 1.12× 10−1 – 4.90× 10−3 –
16× 16 2467 2 1.27× 10−2 2.03 2.23× 10−2 2.32 4.90× 10−4 3.34

1.0 32× 32 9539 2 3.13× 10−3 2.02 4.55× 10−3 2.29 5.00× 10−5 3.30
64× 64 37 507 2 7.78× 10−4 2.01 1.23× 10−3 1.88 7.00× 10−6 2.92
128× 128 148 739 2 1.94× 10−4 2.00 2.59× 10−4 2.25 1.00× 10−6 3.23

8× 8 659 3 5.18× 10−2 – 8.33× 10−2 – 3.47× 10−3 –
16× 16 2467 2 1.27× 10−2 2.02 1.81× 10−2 2.19 3.82× 10−4 3.18

10 32× 32 9539 2 3.14× 10−3 2.02 4.24× 10−3 2.10 4.50× 10−5 3.09
64× 64 37 507 2 7.78× 10−4 2.01 1.03× 10−3 2.04 5.00× 10−6 3.04
128× 128 148 739 2 1.94× 10−4 2.00 2.53× 10−4 2.02 1.00× 10−6 3.01

8× 8 659 3 5.15× 10−2 – 6.32× 10−2 – 2.74× 10−3 –
16× 16 2467 2 1.27× 10−2 2.02 1.59× 10−2 1.98 3.42× 10−4 3.00

100 32× 32 9539 2 3.13× 10−3 2.02 3.90× 10−3 1.99 4.30× 10−5 3.00
64× 64 37 507 2 7.78× 10−4 2.01 1.00× 10−3 1.99 5.00× 10−6 2.99
128× 128 148 739 2 1.94× 10−4 2.00 2.50× 10−4 1.99 1.00× 10−6 2.99

Table 2. Test 1: computation of ‖𝑢ℎ · 𝑛‖0,ΓNav for different values of 𝛾.

Mesh 𝛾 = 0.01 𝛾 = 0.1 𝛾 = 1 𝛾 = 10 𝛾 = 100

8× 8 1.09× 10−2 1.10× 10−2 1.87× 10−2 1.31× 10−2 5.77× 10−4

16× 16 1.32× 10−3 1.37× 10−3 2.23× 10−3 1.46× 10−3 6.40× 10−5

32× 32 2.16× 10−4 7.35× 10−4 2.24× 10−4 1.60× 10−4 7.00× 10−6

64× 64 2.20× 10−5 1.90× 10−5 4.90× 10−5 1.80× 10−5 1.00× 10−6

128× 128 3.00× 10−6 3.00× 10−6 2.00× 10−6 2.00× 10−6 1.00× 10−7

𝑝(𝑥, 𝑦) = cos(𝑡)(sin 𝑥 cos 𝑦 + (cos(1)− 1) sin(1)),

with 𝜈 = 3.571×10−6. We also choose 𝛽 = 1 and 𝛾 = 10, and the right-hand side datum 𝑓 is manufactured using
these closed-form solutions. We verify convergence in space and time separately using the following time-discrete
norms:

‖𝑒𝑢‖𝑙2(𝐿2) := ∆𝑡

𝑁∑︁
𝑛=1

‖𝑢(𝑡𝑛+1)− 𝑢𝑛+1
ℎ ‖2𝐿2(Ω) and ‖𝑒𝑢‖𝑙2(𝐻1) := ∆𝑡

𝑁∑︁
𝑛=1

‖𝑢(𝑡𝑛+1)− 𝑢𝑛+1
ℎ ‖2𝐻1(Ω),

‖𝑒𝑝‖𝑙2(𝐿2) := ∆𝑡

𝑁∑︁
𝑛=1

‖𝑝(𝑡𝑛+1)− 𝑝𝑛+1
ℎ ‖2𝐿2(Ω).

For the space convergence, we generate successively refined simplicial grids and use a sufficiently small time
step ∆𝑡 = 0.001 and simulate a relatively short time horizon 𝑇 = 0.01 to guarantee that the error produced by
the time discretization does not dominate. Errors between the approximate and exact solutions are tabulated
against the number of degrees of freedom in Table 3. This error history confirms the optimal convergence of the
finite element scheme for both velocity and pressure.

The convergence in time achieved by the backward Euler method is verified by partitioning the time interval
(0, 1) into successively refined uniform discretizations and computing accumulated errors for velocity and pres-
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Table 3. Experimental errors related to spatial discretization and convergence rates are com-
puted for the approximate solutions 𝑢ℎ and 𝑝ℎ, using stabilized finite element P1 − P1. The
computations are performed at the last time step.

D.O.F. ℎ ‖𝑒𝑢‖𝑙2(𝐿2) Rate ‖𝑒𝑢‖𝑙2(𝐻1) Rate ‖𝑒𝑝‖𝑙2(𝐿2) Rate

76 0.3535 2.16× 10−2 – 1.67× 10−1 – 1.96× 100 –
244 0.1767 3.93× 10−3 2.46 7.26× 10−2 1.19 2.65× 10−1 2.88
868 0.0883 5.72× 10−4 2.73 3.21× 10−2 1.17 3.72× 10−2 2.83
3268 0.0442 1.06× 10−4 2.42 1.55× 10−2 1.05 6.58× 10−3 2.49
12 678 0.0221 2.51× 10−5 2.09 7.72× 10−3 1.00 1.43× 10−3 2.20
49 924 0.0110 6.28× 10−6 1.99 3.85× 10−3 1.00 3.25× 10−4 2.14
198 148 0.0055 1.66× 10−6 1.92 1.92× 10−3 1.01 7.14× 10−5 2.18

Table 4. Experimental cumulative errors associated with the temporal discretisation and
convergence rates for the approximate solutions 𝑢ℎ and 𝑝ℎ, using a backward Euler scheme
(BDF1).

Δ𝑡 ‖𝑒𝑢‖𝑙2(𝐿2) Rate ‖𝑒𝑢‖𝑙2(𝐻1) Rate ‖𝑒𝑝‖𝑙2(𝐿2) Rate

0.5 2.37× 10−2 – 8.45× 10−1 – 4.61× 10−2 –
0.225 1.27× 10−2 0.89 4.39× 10−1 0.94 2.49× 10−2 0.88
0.125 6.71× 10−3 0.93 2.27× 10−1 0.95 1.29× 10−2 0.95
0.0625 3.50× 10−3 0.94 1.19× 10−1 0.93 6.57× 10−3 0.97
0.03125 1.79× 10−3 0.95 6.83× 10−2 0.82 3.31× 10−3 0.99

Figure 1. Test 1, velocity field.

sure in the time-discrete norms previously defined. For this test, we use a fixed mesh involving 198148 DOFs.
The results are shown in Table 4, confirming the optimal first-order convergence. The velocity field computed
at 𝜈 = 3.571× 10−6 is illustrated on the right-hand side of Figure 1, with a final time of 𝑇 = 1 and a time step
of ∆𝑡 = 0.25, using parameter values 𝛽 = 1, and 𝛾 = 10.

6.2. Test 2: lid driven cavity test

We perform a lid-driven cavity test for steady and unsteady formulations. First, consider the stationary
Navier–Stokes equations with slip boundary condition. The evaluation includes modeling a planar flow of an
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Figure 2. Test 2, velocity magnitude and streamlines at Re ∈ {100, 400} with slip boundary
conditions and no-slip at the left, right, and bottom for the stationary case.

isothermal fluid inside a cavity driven. The cavity is represented as a square domain Ω = (0, 1)2, with negligible
body force and one moving wall. The velocity imposed on the top boundary {𝑦 = 1} is defined as 𝑢 = (1, 0)T

and the homogeneous slip boundary with 𝛽 = 0 and 𝛾 = 10 is enforced on the other three sides. The Reynolds
number is given by the formula Re = 𝑈𝐿

𝜈 where 𝑈 represents the average velocity of the fluid in the 𝑥 direction,
and 𝐿 corresponds to the length of the cavity. We approximate the velocity and pressure by Taylor-Hood element
P2 − P1, and the domain is discretized with ℎ = 1/128. In Figure 2, the first row shows the velocity magnitude
and streamlines at Re = 100 with slip and no-slip boundary conditions. The second row shows the same at
Re = 400 with and without slip conditions. It also shows that as the Reynolds number increases, the primary
vortex migrates towards the center of the cavity. The results follow the expected behavior and are in agreement
with those reported in [14,46].

Secondly, we consider the unsteady Navier–Stokes equations with slip boundary conditions and apply the
VMS-LES Nitsche scheme to simulate high Reynolds numbers. We approximate the velocity and pressure using
P1 − P1 finite elements, with the domain discretized at ℎ = 1/256, a time step of ∆𝑡 = 0.1, and parameters
𝛽 = 0 and 𝛾 = 10. The final times are 𝑇 = 40 (for Re = 1000), 𝑇 = 192 (for Re = 5000), and 𝑇 = 350
(for Re = 10 000). For each value of Re ∈ {1000, 5000, 10 000}, we compare the streamlines and vortex center
positions of the steady-state solutions for the no-slip boundary case with the results reported in [29, 58], as
shown in Figures 2 and 3. We also compare these for Re ∈ {100, 400}, as they are the solutions of the steady-
state equation. Our results are obtained with a uniform mesh of size ℎ = 1/256 and a total number of elements
𝑁 = 256 × 256, corresponding to 198 148 degrees of freedom. We observe that the results with the no-slip
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Figure 3. Test 2, velocity magnitude and streamlines at Re ∈ {1000, 5000, 10 000} with slip
boundary conditions and no-Slip at the left, right, and bottom for unsteady case.

boundary conditions are qualitatively similar to those reported in [29, 58]; i.e., the number of regions in which
the vortices develop increases with the Reynolds number, specifically at the corners of the domain. For example,
for Re = 10 000, we can observe in Figure 3 that two secondary vortices appear in the bottom corners and
a third vortex appears in the upper right corner. When no-slip conditions are imposed, the stronger inertial
forces due to the lid on the top boundary lead to more complex flow patterns as the Reynolds number rises.
Interestingly, the freedom provided by the slip condition avoids the formation of such patterns, which suggest
that the boundary conditions could play a major role in the formation of vortexes.
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The magnitude and streamline plots of steady-state velocity solutions in Figures 2 and 3 demonstrate that
the velocity near the boundary increases with the Reynolds number under slip conditions. In the slip case,
the viscous forces near the boundaries are reduced, resulting in decreased flow instabilities and, consequently,
no formation of secondary vortices with the Reynolds number Thus, Figures 2 and 3 clearly demonstrate the
impact of slip boundary conditions on the flow behavior.

We have chosen the lines (0.5, 𝑦) and (𝑥, 0.5) and plotted the velocity profile along them. In Figure 4, the
plots for the no-slip boundary condition at the discretization ℎ = 1/128 (for Re ∈ {100, 400}) and ℎ = 1/256
(for Re ∈ {1000, 5000, 10 000}) are similar to those reported in [29, 58]. The corresponding lines for the slip
condition are shown with dotted lines at the same Reynolds numbers, which clearly displays that there is a
non-null tangential component of the velocity at the boundary.

6.3. Test 3: flow past through a circular cylinder (Re= 10 000)

This example is based on a standard three-dimensional CFD (computational fluid dynamics) benchmark
problem: flow past through a circular cylinder. The geometrical settings of the domain are taken from [2, 7].
The computational mesh is depicted in Figure 5.

In this problem, we impose no-slip boundary conditions on all the lateral walls of the box, and we use do-
nothing boundary conditions at the outflow plane. For the surface of the cylinder, we impose the homogeneous
slip condition. Finally, the inflow condition from [7] is given by

𝑢𝐷 :=

(︃
16𝑈𝑚 sin

(︀
𝜋
8 𝑡
)︀
𝑦𝑧(𝐻 − 𝑦)(𝐻 − 𝑧)
𝐻4

, 0, 0

)︃𝑇

, (68)

with 𝑈𝑚(𝑡) := 2.25 m/s and 𝐻 = 0.41 m. The Reynolds number is given by the formula Re = 𝑈𝐷
𝜈 where 𝑈

represents the average velocity of the fluid imposed on the inflow boundary, and 𝐷 corresponds to the diameter
of the cylinder. First, we approximate the velocity and pressure by stabilized finite element P1 − P1, and the
mesh involving 118729 DOFs. Choose the values of the parameters as follows: 𝜈 = 1× 10−5, 𝛽 = 0 and 𝛾 = 10.
Our aim to study the behavior of the fluid velocity at high Reynolds number (Re = 10 000) for both slip and
no-slip boundary conditions around a circular cylinder. The numerical solution of the fluid velocity at different
time intervals, specifically at 𝑇 = 4, 6, 8, using a time step of ∆𝑡 = 0.01 are depicted in Figures 6, 7, and 8,
respectively.

By Enforcing the no-slip boundary condition around the circular cylinder results in fluid adherence to the
boundary, thereby generating frictional forces that significantly influence the fluid flow rate. Furthermore, apply-
ing the slip boundary condition a thin slip layer around the cylinder is observed as shown in top Figures of 6–8.
Upon comparing the overall flow under both conditions, we observe that the flow velocity is more pronounced
with the slip boundary condition in contrast to the no-slip boundary condition. The inflow velocity at 𝑇 = 4,
reaches its maximum (see (68)), and the effects due to imposition of slip boundary condition are more noticeable.
Conversely, the inflow velocity reaches its minimum at 𝑇 = 8. It is noteworthy to emphasize that, to highlight
the effects at 𝑇 = 8, we have narrowed down the range of the corresponding legend. As time progresses from
𝑇 = 4 to 𝑇 = 8, the changes in fluid flow velocities diminish under both slip and no-slip boundary conditions.
Nonetheless, slight variations and fluctuations persist due to flow dynamics.

Additionally, we computed difference between the velocity magnitude with slip and without no-slip boundary
conditions, as shown in Figure 9. Thus, the change in both boundary conditions occurs only at the boundary of
the obstacle (cylinder), but the solution changes globally. Notably, the difference effects are more pronounced
at 𝑇 = 4, also seen in flow velocity magnitude in Figure 6. However, as time progresses, particularly from 𝑇 = 4
to 𝑇 = 8, the overall fluid rate effects, and the difference decreases. The numerical solution for the pressure is
shown in Figure 10.

We conduct a comparative analysis of the drag coefficient 𝑐d(𝑡), lift coefficients 𝑐ℓ(𝑡), and pressure differences
∆𝑝(𝑡) between the front point (0.45, 0.2, 0.205) and back point (0.55, 0.2, 0.205) of the cylinder over time 𝑡. The
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Figure 4. Test 2, velocities computed through the centerlines of the cavity. Horizontal compo-
nent 𝑢𝑥 of the velocity field along the vertical centerline vs. the coordinate 𝑦 (left) and vertical
component 𝑢𝑦 of the velocity field along the horizontal centerline vs. the coordinate 𝑥 (right),
for different values of the Reynolds number Re ∈ {100, 400, 1000, 5000, 10 000} with both slip
and no-slip boundary conditions at the left, right, and the bottom. (a) Re = 100. (b) Re = 400.
(c) Re = 1000. (d) Re = 5000. (e) Re = 10 000.
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Figure 5. Test 3: surface view of the computational mesh.

Figure 6. Velocity magnitude at 𝑇 = 4.

Figure 7. Velocity magnitude at 𝑇 = 6.
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Figure 8. Velocity magnitude at 𝑇 = 8.

Figure 9. Error between the velocity magnitude of slip and no-slip boundary condition.



2110 A. BANSAL ET AL.

Figure 10. Isovalues of pressure at 𝑇 = 4.

dimensionless drag and lift coefficients for the cylinder taken from [63,64] are calculated as

𝑐d =
2𝐹d

𝑈2𝐷𝐻
, 𝑐ℓ =

2𝐹ℓ

𝑈2𝐷𝐻

where 𝐹d and 𝐹ℓ are defined as,

𝐹d =
∫︁

𝑆

(︂
𝜈

𝜕𝑢𝜏1

𝜕𝑛𝑆
𝑛𝑦 − 𝑝𝑛𝑥

)︂
d𝑠, 𝐹ℓ = −

∫︁
𝑆

(︂
𝜈

𝜕𝑢𝜏1

𝜕𝑛𝑆
𝑛𝑥 + 𝑝𝑛𝑦

)︂
d𝑠

with the following notation: surface of the cylinder 𝑆, 𝑛𝑆 = (𝑛𝑥, 𝑛𝑦, 0) be the inward pointing unit normal with
respect to Ω and the tangent vectors are 𝜏1 = (𝑛𝑦,−𝑛𝑥, 0) and 𝜏2 = (0, 0, 1). This analysis involves studying
scenarios with slip and no-slip boundary conditions applied at the inner cylinder’s boundary, as depicted in
Figure 11. In the slip case, we observe a lower drag coefficient, a higher lift coefficient, and a reduced pressure
difference, which indicate a more efficient flow around the cylinder compared to the non-slip case. We also focus
on the highest values of the drag coefficient, lift coefficient, and the final value of the pressure difference.

7. Conclusion

In this paper, we address two main contributions. Firstly, we analyze Nitsche’s method for the station-
ary Navier–Stokes equations on Lipschitz polygonal domains. Our analysis provides a robust formulation for
implementing slip (i.e., Navier) boundary conditions on arbitrarily complex boundaries. We establish the well-
posedness of the discrete problem using the Banach Neas Babuka and the Banach fixed-point theorems under
standard small data assumptions, and we provide optimal convergence rates for the approximation error. Sec-
ondly, we propose the utility of the VMS-LES stabilized scheme within the Nitsche formulation to validate
the simulation of incompressible fluids at high Reynolds numbers. In the numerical part, optimal convergence
rates have been shown for both Nitsche and VMS-LES Nitsche schemes. Moreover, the results of computational
experiments on two benchmark problems show that the proposed method works well for arbitrarily Reynolds
numbers. We also compare the results with slip and no-slip boundary conditions, which validates the application
of slip conditions.
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Figure 11. Test 3, drag coefficient, lift coefficient, and pressure difference.
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