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THE MIXED PENALTY METHOD FOR THE SIGNORINI PROBLEM

JINGYAN HU!, Q1 WANG! AND GUANYU ZHOU?**

Abstract. We investigate two penalty approaches for the Signorini problem in the mixed form. The
well-posedness theory has been established for the two mixed penalty problems in both the continuous
and discrete sense. For the continuous case, we obtain the error of the penalty for both two approaches.
We also study the error estimates of the discrete mixed penalty problems, which depend on the mesh
size and the penalty parameter. Based on the two penalty approaches, we design two algorithms and
show their convergence. Several numerical experiments are carried out to confirm the theoretical results.
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1. INTRODUCTION

The Signorini problem modeling the interaction between a deformable body and a rigid frictionless foundation
[34] has many engineering and physics applications that arise in contact problems [13, 18, 35], elastoplastic
problems [19, 31], the blood flow problems [33,37], the transmission problem [17], electropainting and shallow
dam problems [1,2], etc. The Signorini boundary conditions have both equality and inequality constraints (see
(1.1c)), which leads to a nonlinear problem. Many mathematical and numerical analyses of this well-known
problem have been carried out in recent years, such as the finite element method (FEM) (see [6, 15, 21] for
recent analysis result), the hybrid finite element method [7], the discontinuous Petrov—Galerkin (DPG) method
[16], the boundary element methods [1] and the mixed FEM [4,17,22] and so on (we only list a few references
for these methods).

In this study, we develop new approaches combining the mixed formulation and penalty techniques to approx-
imate the simplified Signorini problem and establish the theoretical analysis. These results can be applied to
handle the generalized Signorini problem in elastic mechanics without any challenges.

The Signorini problem (P) is stated as follows

—Au=f in Q, (1.1a)
u=0 on I'p, (1.1b)
u>0, Vu-n>0, u(Vu-n)=0 on I'g. (1.1c)
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Here and hereafter, to avoid the issue of domain perturbation when introducing the triangulation, we assume
that € is a polygonal /polyhedral domain in R? (d = 2,3) for simplicity in finite element analysis. The boundary
0N =TpUlg with'pNTg =0, |Tp|>0and [['s| >0. fe L) is a given function. The unit outer normal
vector to the boundary 912 is represented by 7.

The penalty approach is commonly utilized for approximating the Signorini condition (see [18,26]), which is
to solve the elliptic equation with a nonlinear Robin-type boundary condition, i.e.,

—Aue = f in £, (1.2a)
u =0 on I'p, (1.2b)
1
Vue -n = —[ug]— on I'g, (1.2¢)
€
where ¢ is the penalty parameter (0 < ¢ < 1) and [s]- := max(0, —s) represents the negative part of s. The

variational form of (1.2) is stated as follows.
(P). Find u. € X such that

(VuE,Vv)—l/ [ue]—vds = (f,v) (Vv e X),
€ Jrg
where X := Hjp (Q) = {v € H(Q) : v = 0onTp}. For the elastic problem with the Signorini contact
condition, one can refer to [12,14] for the convergence analysis of the penalty method combining with the finite
element approximation, under the H 3w 0<v< %)—regularity assumption. The Tresca type friction condition
is also considered in [12,14]. Besides the above penalty approach, the barrier (or interior penalty) functionals
are also introduced to approximate the Signorini condition, and a full investigation is given by Oden and Kim
[30].

In our study, we utilize the mixed method for the Signorini problem, which results a weaker variational
formulation. Let o := Vu be an additional unknown. We reformulate (1.1) into the (formally) equivalent mixed
system (MP):

oc—Vu=0 in Q, (1.3a)

Viot+tf=0 inQ, (1.3b)

u=0 on I'p, (1.3¢)

©u>0, o-n>0 wuwuo-n=0 onI'g. (1.3d)

The mixed method provides various computational benefits, such as preserving the conservation law locally,
preventing the loss of precision in stress, and approximating solutions with low regularity [8]. Additionally, for
the Signorini problem, we will show that designing iteration schemes becomes more flexible when considering
the mixed formulation. To see that, let us introduce the mixed penalty problems. Set the function spaces:

Vi=H(div;Q), Q:=L*Q), Ayp:=Hg(Ts), A=L*Ts)=A" A_ip=H *(Tg)=A;,.
For 7 € V, the trace 7 - n on I'g is defined by ([8], Lem. 2.1.1)
(T -n,v)rg = (7, Vo) + (V- T,0) (Vv € X). (1.4)

Since the trace v|ry is a surjection from X onto A /5, it follows from (1.4) that 7-n|r; € A_q/5. Let V be the
subspace of V' where the trace 7-n on I's enjoys a better regularity:

Vi={reV:r-nlp, € A}.

We introduce two types of mixed penalty problems:
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(MP.-I) Find (0., us,pe) €V x Q x Ay /9 such that:

(0c,7)+ (ue, V7)) — (T -n,p)r, =0 (VT eV), (1.5a)
(V-o,v)+ (f,v)=0 (Vv € Q), (1.5b)
(7 mya)rs — <(pelsa)re =0 (Y € Aypo); (1.5¢)

(MP.-II) Find (o.,u.) € V x Q such that:

1 N
(O'E,T)—i—(uE,V-T)—g([0'5~n],,7'-n)ps =0 VT eV), (1.6a)
(V-o.,v)+ (f,v)=0 (Vv € Q). (1.6b)
The strong forms of (MP.-I) and (MP.-II) are presented below.
(MP_.-T')
—V-.o.=f, o:—Vu.=0 in Q, (1.7a)
ue =0 on I'p, (1.7b)
1
0. n = g[ug]_ on I'g; (1.7¢)
(MP.-IT')
—-V-o.=f, o.—Vu.=0 in Q, (1.8a)
ue =0 onI'p, (1.8b)
Ue = é[ag “n_ on I'g. (1.8¢)

Apparently, the above two mixed penalty problems are not equivalent. Nevertheless, we will demonstrate that
the solution to both penalty problems will eventually converge to the same solution (o, u) as ¢ — 0. When the
solution is smooth enough, (1.7c) is equal to (1.2¢) because o. = Vu, and p. = u.|r,. However, in the discrete
case, we will see that o.p, # Vuep and pep, # Uen|rg-

Note that to make (1.6a) well-defined, we require o, € V for (MP.-II), which is a stronger regularity
requirement than that of (MP.-I). From the point of view of implementation, (MP.-II) is easier to deal with
than (MP.-I). For (MP.-I), in view of (1.5c), we need to enforce o. - n = e ![p.|]- on I's, which can be
regarded as the essential boundary condition. We propose an iteration algorithm to solve (MP.-I) in Section 3
(see Algorithm 1), where we have to modify the value of o, - n on I'g at each iteration. It is worth mentioning
that both two penalty approaches have similar convergence results (see Thms. 2.3 and 2.4). Meanwhile, the
same convergence performance for the two penalty formulations is observed in our numerical experiments (see
Sect. 5).

The term “mixed formulation” is also used for saddle-point problems arising from Lagrange multipliers for the
inequality contact boundary conditions [4,5,20], which differs from what we have mentioned in this work. Here
we introduce o = Vu as a new unknown and reformulate the original problem into the mixed form incorporating
the penalty methods. Utilizing mixed method provides additional techniques for solving the Signorini problem.
The theories of abstract mixed variational inequalities (M'VI) (see (2.1)) were first established by Brezzi et al.
[10]. Slimane et al. [35] proposed a mixed formulation with the penalty-type stabilization term é(V co-+ f) for
the unilateral elastic contact problem which enforces the constraint V-o + f = 0 in the weak sense with penalty.
In [19,31], the elastoplasticity problem was analyzed in the mixed form, where [19] stated a regularized approach
for approximation based on a friction-type boundary problem. The DPG method for the Signorini problem is
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investigated by Fiihrer et al. [16], which is adapted to the singularly perturbed case of reaction-dominated
diffusion. As far as we know, the penalty for the Signorini problem in mixed form has not been investigated yet.

We provide a summary of our main results here. Firstly, we analyze two penalty approaches, saying (1.7¢) and
(1.8¢), in the continuous sense. We use the monotone operator theory to obtain the well-posedness of (MP.-I)
and (MP.-II) (see Thms. 2.1 and 2.2). Moreover, we obtain the error of penalty (see Thms. 2.3 and 2.4).

Secondly, we study the finite element discretization of two types of mixed penalty approaches. The unique
existence is obtained by using the monotone operator theory (see Thms. 3.1 and 3.2). We conduct a convergence
analysis of two discrete mixed penalty problems (see Thms. 4.1 and 4.3), with the error estimates dependent
on both mesh size h and penalty parameter €. In addition, we devise two algorithms to solve the discrete
mixed penalty problems (MP.-I);, and (MP.-II); (see Algorithms 1 and 2, respectively), which mimic the
Active/Inactive Set algorithm (or called the primal-dual active set strategy [23,24,27]). Such strategy has also
been applied to solve the Stokes problem with a frictional condition [25].

The rest of this paper is organized as follows. Section 2 is devoted to the analysis of the two kinds of mixed
penalty approaches in the continuous sense. The well-posedness and iteration schemes of the discrete mixed
penalty methods are developed in Section 3. The error estimates of the discrete problems are established in
Section 4. Section 5 reports the numerical experiments.

Notations. Throughout this paper, we denoted the C' by the general positive constant depending on (2. Note
that C is independent of the mesh size h and the penalty parameter €. The constant C'g; of the inverse trace
inequality (2.4), the constant Cy of the discrete inverse trace inequality (3.5), the constants C and Cy of the
elliptic regularities (2.8b) and (3.11b), and the constant C3 and Cy of the inf-sup conditions (3.13) and (3.9),
are all independent of h.

2. THE MIXED PENALTY METHODS

This section is devoted to the well-posedness and error analysis of two penalty approaches in the continuous
sense. We set the notations of the inner and dual products:

(a,b) := / a-bdx (Va,be L*(Q) or L2(Q)Y), (a,b)rs :z/ abdl (Va,b € L*(T's)),
Q s

(a,b)ry == / abdl  (Yae H 3(Tg),be HE (Ts)).
s

1
Forac H 2(Tg)and b € HZ(Tg), we adopt the same notation in ([28], p. 76), which uses the integral st abdl
to represent a continuous linear functional (associated with a) acting on b. If a € L?(T'g), then (a, b)r, is same

1
to the L? inner product of a and b (noting that b € HZ(I's) C L*(I's)). We denote by p«(a,b)p the dual
product between the Banach space B and its dual B*.
Set the function spaces:

Vi={reV:V.-r=0}, Vio:={reV:(r-nuvp, =0 ((weX)}
Vi={reV:(r -nvr, >0 (Yo X with v|p, >0 ae. )},
A={peA:p>0ael, ]\1/2 ={peAiy:p>0ae.l},

12 = {n € H 2(Ts) : {,prs >0 (¥p € Ay o)}

=t

We refer to ([8], (2.1.21)) and [17] for the definition of Vr; and V, respectively. For briefness, we will write
7-m >0 (resp. p > 0) for 7 € V (resp. p € A_12). In fact, for any distribution p € (C§°(T's))", we can define
w1 > 0 by the technique of ([9], 1.1.4).

Let us first introduce the mixed variational inequality, which will be used for convergence analysis.
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(MVI) Find (o,u) € V x Q such that

(o,7r—0)+(u,V-(r—0))>0 (V1 e V), (2.1a)

(V-o,v)+ (f,v)=0 (Vv € Q). (2.1b)

The well-posedness of the mixed variational inequality (MVI) was demonstrated in [10,17]. Introducing the
Lagrange multiplier p € Ay /2(p = ulry if u € H L)), we present two equivalent mixed variational forms:

(MLM-I) Find (o,u,p) € V x Q x A4 /2 such that

(o,7)+ (u,V-7T) = (T -n,p)rs =0 (VreV), (2.2a)
(V-o,0)+ (f,v)=0 (Vv € Q), (2.2b)
(t-m—0-n,p)ry >0 (YreV). (2.2¢)

(MLM-II) Find (o,u,p) € V x Q x A, /5 such that

(o,7)+ (u,V-7) = (T -n,p)rs =0 (VT eV), (2.3a)
(V-o,0)+ (f,v)=0 (Vv € Q), (2.3b)
(o-m,q=pjrs 20 (Vg € Ayja). (2.3¢)

It is not difficult to check that both (MLM-I) and (MLM-II) are equivalent to (MVT).

Remark 2.1. By the extension theorem (or called the reverse trace inequality), for any g € A; /o, there exists
a vy € X satisfying v,y|rg = ¢ and
[vgllx < Crrllglla, .- (2.4)

By using (1.4), (2.4) and v|rg € Ay, for all v € X, we have

(-1, qQ)rg < (1, Vug) + (V- 7,vq)

|7 n|a_ sup < Cgitlv. (2.5)

v q€EN /2 ||q||/\1/2 vge€X Cb_jllnvq”X

Lemma 2.1 ([8]). There exists a constant C1 > 0 such that, for any f € Q and £ € A_y,5, one can find a
o €V satisfying

Vio=finQ, o-n=¢onlg, (2.6a)
lellv < Cilllfll + lElay,.)- (2.6b)

In the following, we develop the well-posedness theory of (MP.-I) and (MP.-II) by using the nonlinear
monotone operator theory. Then we turn to estimate the error of o — o, and u — u. for both two penalty
methods.

2.1. The well-posedness of (MP.-I)
Theorem 2.1. There erists a unique solution (oc,uc,p:) € V x Q X Ay of (MP.-I) satisfying

1
lolI¥ + el + Z Pl -7z eg) + lIpll3, . < CUFG: (2.7)

Proof. (Unique existence) According to Lemma 2.1 (in the case of { = 0), for any f € @, there exists a o5 € V
satisfying

V-o'f:finQ7 O'f-’n,zoonl—‘s, (2'83‘)
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losllv < Cillfll; (2.8b)

where Cy is the same as that of (2.6b). Since (2.8) and Vi, € V C V, we have

ClevHQ < sup M < sup M < sup M (Vv e Q). (2.9)

reves  I7llv rev Tllv rev  ITllv

Given o € V, the above inf-sup condition ensures the unique existence of u € @) satisfying

(u,V-&) =(—0,8) Y€€, (2.10a)
lulo <1 oswp V8 o qup £28 < oo (2.10D)
gevig  |€llv gevig  €llv
Next, we consider the problem:
(MP_.-I)° Find (6.,p.) € V x Ay/5 such that:
(6c,%) — (F-m,pIry = (07,7) (Vi eV), (2.11a)
(e mahrs — ~(pedars =0 (Vg € Ayjo). (2.11b)

If (2.11) admits a unique solution (o, p.), then by taking . := . — o and using the inf-sup condition (2.9),
we assert the unique existence of u. satisfying

(ue, V-1) = —(0,7) + (T -n,p)ry, (VT V), (2.12a)
[uello < Cr(llocllq + [IPella, ) (2.12b)

To conclude the existence of (MP.-I), it remains to show the well-posedness of (2.11). To this end, we set
M=V x Ay, Mp:={(6,p)€M:(6,%)— (+-n.p)rs = (07, 7) (VF € V)}.

Note that M is a closed subspace of M. Now we define the operator AL M — M* by

M~ <A£(&vp)7 (70-7Q)>]V[ = (&770-) - <7°_ ' n7p>Fs + <& : n7q>Fs - %(Lp]77Q)Fs (V(é’,p), (‘qu) € M)

The following properties hold for AZ.

(1) AL is coercive on My. By using Lemma 2.1 (in the case of f = 0), for any p € A_y o, there exist a 7, € 1%
such that
ruom=ponTs, |rullv < Calllla_, .. (2.13)

Following from (2.13) and the duality of A/, and A_;/5, we have the inf-sup condition

Pla = sup AP o gy (T MoPlrs
HEA_1/2 HMHA—l/Q TEV ”T : nHA—1/2 (2 14)
< Cysup TS o (TIPS g g
TV HT”V TEV HTHV
For any pair (¢,p) € My, by using (2.14), we have:
<70- . nap>Fs (& — oy, 70-) °
[plla, ), < Crsup ———=——= = Crsup ————= < Ci([|lo]lq + lloslle)- (2.15)

rev I7lv rev IFllv



THE MIXED PENALTY METHOD 1829
In addition, for all (o,p) € M,
I(s . sz, L 2
m-(A(,p), (0,p))ar = llollg + Zllp)- 3 (2.16)
Following from (2.15) and (2.16), we validate the coercivity: for (&, p) € My,

ar- (AL p), (o)) llollG + = llpl- IR
lolle +lIpla,. — ~ llolle + Cilllglle +llosle)

as [[&]lq + [Iplla, . — oo

(2) Al is continuous and bounded. By using (2.5) and |[a]_ —[b] _| < |a—b|, we have: for any (&1, p1), (G2, p2) €
M

)

S ° * AI & s P _AI & s P2), 70-7q
1AL(61,p1) — AL(Ga po)llare = sup M A(CLP) = A (G, p2), (F,0))
(+,q)EM I7llv + llglla, .

< C(loy = oallv + [Ip1 — p2llay .+ ML — p2lla)-
By taking (&2,p2) = (0,0), we get the boundedness of AL
(3) Al is strongly monotone on My. For any (&4, p1), (62, p2) € M,

. . . . . . 1
m-(AL(d1, p1) — AL(G2,p2), (61 — G2, p1 — p2))ur = |61 — Ga |y + g||[p1]— = [p2]-I%. (2.17)

where we have used

—([p1)= — [p2]-)(p1 — p2) = [[p1]= — [p2] -1 + [pa] - [p2]+ + [p2]—[p1]+

> il = el (sl 1= max(0,5)) 219
In addition, for any (61, p1), (62,p2) € My, we have
(61— 69, 7) — (F-n,p1 — pa)rs =0 (V7 € V).
Applying the inf-sup condition (2.14) to the above equation, similar to (2.15), we get
lp1 —p2lla,,, < Cillor — 02llq- (2.19)
A combination of (2.17) and (2.19) implies the strong monotonicity of AL on My, that is
m+(AL(G1,p1) — AL(G2, p2), (1 — G2, p1 — p2))u > C(|61 — 092||23 + |lp1 —p2||?\1/2) + %H[p J— — [p2)- I3

According to the monotone operator theory (cf. [36]), the equation AL(&.,p.) = (o7,0), or equivalently

(2.11), admits a unique solution (¢, p;) € M.

(A-prior estimate) Substituting (7, v,q) = (¢, ue,pe) into (1.5), we get

1
loll + Zlllpe) 113 = lloll&, + ello- - nllx = (f;ue) < [Iflllucllo-

Together with (2.12b), (2.15) and (2.8b), we conclude (2.7). O

2.2. The well-posedness of (MP.-II)

Theorem 2.2. There exists a unique solution (o, ue) € V xQ of (MP_.-II) with the estimate

1
lo<lI¥ + luelig + Zlllo= - n] |3 < ClIfI5- (2.20)
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Proof. (A-prior estimate) Substituting (7,v) = (¢, u.) into (1.6), we obtain
2 1 2
loellg + Zllloe - n]-l[3 = (f,ue) < I fllelucllq-

By the inf-sup condition (2.10b),

(ue, V- T) (1.6a) —(o¢,7)

luelg <C1 sup ———= ="C1 sup ——— < Ci|lo:|o-

TEVg ||T||V TEVg HTHV

Together with (2.21) and V - . = —f, we conclude (2.20).

(Unique existence) Recall the definition of o (see (2.8)) and consider the problem:

(MP.-II)° Find &. € V := V NV such that

(6#) = 262 ] 7 w)p, = (o, 7) (V€ V)

(2.21)

(2.22)

(2.23)

Obviously, if (o, u.) solves (MP.-II), then 0. := o.+0 satisfies (2.23). Conversely, if (2.23) admits a solution
o, then by taking o. := 6. — o and using the inf-sup condition (2.10b), there exists a unique u. € @ such
that (o, ue) solves (MP.-II). The well-posedness of (MP.-II)° is demonstrated below. Define the operator

Al V-V,
o o 1., 0 o o F
‘e/*<A£IO',T>‘c/ =(o,7) — g([a' -n]_,7-n)ry (Vo,7eV).
The following properties hold for AL
(1) AU is coercive:
. . 1. . &
g Ao 6)p = ol + Zlle-nl-lR (Yo eV).

(2) AU is continuous and bounded. In fact, we have: for any &,7# € V,

A — ALl <l —7Fllv +e o n]- — [+ n]_||.

(3) AU is strictly monotone: for any &,7 € V,
V*
o o (12 1 o ° 2
2 llo =7y + Zllle -nl- —[7-n]-|l;.
It follows from properties (1)—(3) that (2.23) admits a unique solution &-.
2.3. The penalty error of (MP.-I)

To simplify the notation, we set

€oe =0 — 0y, Cpeci=P Pey Cyegi=U— Ug.

(Ao —AlT o —7)p = 6 — 7§ - —((o-n]- —[7-n]) (6 - n—7 n)r,

Theorem 2.3. Let (0., ue,p:) and (o,u,p) be the unique solution of (MP.-I) and (MLM-I) respectively.

Assume that o -n € A. Then we have the error estimate

Aryp T VEl€o e mfls < CVE|o - na-

Hecr,EHV + Heu,EHQ + Hep,6|

Additionally, if o -n € Ay /o, then we have

leacllv +llewclo + lepella, . + Velleoe - nla < Cello - nla, -

(2.24)

(2.25)
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Remark 2.2. Before starting the proof, we make a comment on the regularity assumptions, because the error
estimates of Theorems 2.3, 2.4, 4.1 and 4.3 all rely strongly on the regularity of (o, u,p). Note that (o,p) =
(Vu,u|rg) if the solution u of (P) is sufficiently smooth. It is known that u has the H?-regularity if the domain
is C?-smooth or convex polygonal [9]. However, contact problems are restricted in terms of regularity on I's
due to the Signorini condition (1.3d). Singularities arise at contact (u = 0)-noncontact (u > 0) transitions [13].
Recently, Apel and Nicaise [3] has studied the regularity of the Signorini problem in a general polygonal domain
and has investigated the leading singularity at the transition points.

To fulfill the assumption o - n € A of Theorems 2.3 and 2.4, we need u € H*(Q?) (s > 3/2) such that
Vu-n e H%(g) C A (s > 3/2). To guarantee that o - n € Ay /2 (the assumption of Thm. 2.3 to get O(¢)-

convergence), we require that u € H*(Q) (s > 2) so that Vu-n € H*3(I'y) C Ay/2 (5 > 2). In Theorems 4.1
and 4.3, we require more regularity assumptions (see Rem. 4.1 for details).

Proof of Theorem 2.3. Under the assumption that o - n € A, it follows from (1.5) and (2.2) that

(ege,T)+ (€ue, V-T)— (T -m,epe)rg =0 (VT eV), (2.26a)
Vies.=0  inQ (2.26b)

Substituting 7 = e into (2.26a) results
Hea,ngQ - <ea,s "n, ep,s>l“s = Hea,sné - (ea,s "n, ep,s)Fs =0. (2.27)

Note that o -n € A, 0. - n = é[pe}, € A, and p,p. € Ay C A, we can replace the dual-product (-,-)rg of
(2.27) with the inner-product (-, ‘)rg.
By using (o - n,p)rs =0 and o - n = %[pg],, we calculate — (€. - 12, €p o)1y as follows.

7(60',6 ", ep,E)Fs = 7(‘7 ‘N —0:-N,p— ps)f‘s

=—(o- ’I’l,p)rs + (o - nap)r‘s +(0-n—0.-n,pls — [pe]—)l"s

=0+ %([pe]—ap)l‘s + (o - n, [pe]4)r, — (i[ps]—7 [p€}+>rs +(0-n—-0.-n,—co. - n)Fs

1
~(2p) Hompde 04 elo - o nl
I's

—ele-n—o0.-n,0-n)r,.

In view of o -m > 0 and p > 0, we obtain form (2.27) and (2.28) that (228)
leo el 23 t+ello-n—o.-n|i <cless -n,0-n)r,

< {<€||e,,,5~n/\_1/2||a'~nA1/2 if o-neAp.

~ | sllecs - mlli + 5llo - nl3.
Since |ege - nla_,,, < Crillescllv = Crillescllg (by (2.5) and V - €5 = 0), we get

lew el +ellee nl < {052”" iy, ifoenedy (2.29)
Cello - n||3-

Applying the inf-sup condition (2.9) to (2.26a) with V being replaced by Vr., we have

levelle < Cilles cllq- (2.30)

Furthermore, applying the inf-sup condition (2.14) to (2.26a) yields

lepellas. < Cillesclo + llewellQ)- (2.31)
A combination of (2.29)—(2.31) results in (2.24) and (2.25). O
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2.4. The penalty error of (MP.-II)
We set p. := %[a’e -n]_ € A. Notice that €pe =D —De €A

Theorem 2.4. Assume that o-n € A. Let (o¢,u:) and (o, u) be the unique solution of (MP.-II) and (MVI).
We have the error estimate

@+ Velepella < CVelplla- (2.32)
In addition, if [o. -n]_ € Ay/y (or equivalently, p. € Ay)3), then we have

les.cllv + ||eu,5|

leacllv + lewcllo + Velepela+ llepella,. < Cellplla_,.- (2.33)
Proof. Subtracting (1.6a) from (2.3a), we get
(e oy T) + (€ue, V-T) = (T-m,e,)rs =0 (VT V). (2.34)

It follows from (2.3b) and (1.6b) that V - e, . = 0. Under the assumption o -n € A), substituting 7 = e, . € V
into (2.34) yields
||e,,}5Hé +0—(ege-Mn,ep:)rs =0. (2.35)

The second term of the above equation is calculated as follows.

_(6675 'n’el),é)rs = _(U N — o nap—pe)rs
= _(U : ’n’7p)l—‘s + (UE : nap_pe)l—‘s + (U : naps)l—‘s
> ([ -n]y — [0 -n]_,p—pe)rg (by (6 -n,p)rg =0, o-n >0, p. >0) (2.36)
1

(o= n]4+,p)rs — g([aE ‘nly, [0 n] )+ (—epe,p —pe)rs  (by epe = [oe - n]-)
> EHP _pé‘”?\ - 5(p7p _pa)rs (by p > 0, [S]Jr[s]* =0 (VS € [R))
In view of p € Ay /5, we insert (2.36) into (2.35) to obtain

ellpllallp — pella,
E||p||1\71/2Hp _pEHAl/Q if pe € A1/2~

leacllgy +ellp = pellR < e(p,p —pe)rs < { (2.37)

Replacing the test function space V of (2.34) with the subspace V1, and applying the inf-sup condition (2.22),
we get (2.30).
Moreover, if p. € Ay/5, then e, . € A;/; and we have (instead of (2.34)):

(eoe,T)+ (€ue, V- -T)— (T -nyepe)rs =0 (VT eV),

which, by using the inf-sup condition (2.14), implies (2.31). Combining (2.37), (2.30) and (2.31), we conclude
(2.32) and (2.33). O

3. THE DISCRETE MIXED PENALTY PROBLEMS

In this section, we utilize the RTy/ Py element to discretize the mixed penalty problems (MP.-I) and (MP.-
IT). We will focus on examining the well-posedness of the discrete mixed penalty problems. Furthermore,
we introduce two iteration algorithms based on two mixed penalty problems respectively, and examine their
convergence.

To avoid the issue of geometric domain approximation, we assume that Q is a polygon(d = 2) or
polyhedron(d = 3) and introduce a quasi-uniform regular triangulation 7;, to €, which is a sufficient condi-
tion to derive the discrete inverse trace inequality (see (3.5)). The mesh 7}, is quasi-uniform, i.e., there exists
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C > 0 independent of h and E such that Ch > hg (VE € T3,), where h = maxger, hg is the mesh size, and
hg = diam(F) is the diameter of E. We denote by &, the set of element faces, by &, g the mesh on I'g inherited
from 7. We introduce the finite element spaces:

Vi = {Th eV: ThlE S RT()(E) (VE S 'Th)}, Qh = {Uh € Q : Uh'E S Po(E) (VE S 'Th)},
Ap = {pn € A:pnle € Po(e) (Ve € Enrg)t = {Th nlrs 1 Th € Vi),
Vh,FS = {Th eEVh:m-n=0on Fs}7 f/h = {Th eEVp:V 'Th|E =0 (VE S 'Th)},
where RTy(E) = {(a,b)" + c(z,y)" : a,b,c € R, (2,9)" € E}, Py(E) .= {a : a € R, (v,y)" € E}, and

Pye):={a:a€R, (z,y)" €e}.
We define the L2-projection Pj, : Q — Qp

(f=Puf,on) =0 Vo, € Qn. (3.1)

The following estimates hold for Pj:

1Piflle <llfle (VfeQ),  lIPuf — fllo < Chllflm@y  (Vf e H(Q).
We set f, :== Py f.
Set M(E) :={T € L¥(E)¢: V-1 € L?(E)} for some s € (2, 00]. We introduce the interpolation operator (cf.
[8]):
¢y, : M(E) — RTy(E), /(T —®p7) - nds=0 (Ve € OF). (3.2)

Note that when s = 2, we have 7-n € H~2(0E). For any @), € Rp(9E) := {pn € L2(OE) : p|e € Py(e) (Ve €

OE)}, the integral [, T -ngy ds is not well-defined (see [8], Sect. 2.5.1). As it stated in Section 2.5.1 of [8], we

need 7 € L*(E)? (s > 2) and V - 7 € L*(E) to ensure that the integral [, 7 - ng, ds is well-defined, as well

as the projection [, (7 — ®,7) - ng; ds = 0 (see [8], Example 2.5.3). Here we consider the case o, € Ro(OF).
We set M :=V N L*(2)% and define the interpolation operator:

Iy : M — Vy, H}LT|E:(I)}L(T|E) (VEEIT}L)
For @ and IIj, the following properties hold (¢f. [8], Props. 2.5.1-2.5.4):

div(®,7) = Py p(divr) (VT € M(E)), (3.3a)
div(IT,7) = Py (divT) (VT € M(E)), (3.3b)
|7 — @n7lL2(m) < ChlIT| H1(R) (vr € H'(E)), (3-3¢)
IV - (T = 47| 2(p) < ChIV - 7|1 () (VT € H'(F) with V- 7 € HY(E)), (3.3d)
|7 —1Ix7ll@ < Ch|T|m (vr e H'(), (3-3¢)
IV (r—Tu1)|lo < Ch||V - 7|1 (VT € H'(Q) with V-1 € H(Q)), (3.3f)

where Py, g represents the L2-projection from L?(E) to Py(E).

Remark 3.1. The properties (3.3a) and (3.3b) can also be expressed as commutativity of the diagrams

Furthermore, we define the L?-projection operator Py, : A — Ay by

(Pa,p—Dsqn)rs =0 (Yan € Ap),

which satisfies
| Pa,plla < lplla (Vp € A),

1PAnp = plla < Chllpllmrs) (vp € H'(Is)).
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3.1. The discretization of (MP.-I)
The discretization of (MP.-1I) is stated as follows. (MP.-1),, Find (o cp, ten, Pen) € Vi X Qp X Ay, such that

(Och, Th) + (Uen, V - Th) — (Th - M, Den)rg = 0 (V11 € Vi), (3.4a)
(V-oen,vn) + (fa,vn) =0 (VYun € Qn), (3.4b)
(Ush -n— é[pah]ﬂ Qh)F =0  (Yan € Ap). (3.4c)

Remark 3.2. By using the discrete inverse trace inequality, there is a constant Cp; independent of h such
that,

|7 - nlla < Crih ™2 ||mllq < Crih™ 2|l (V7 € Va). (3.5)

Theorem 3.1 (The well-posedness of (MP.-1);,). There exists a unique solution (o cp, Uech, Pen) € Vi X Qn X Ap,
to (MP_.-I);, with the estimate

1
loenllv + luenllo + ﬁll[Psh]—HA + llperlla < Cllfnllo- (3.6)

Proof. The proof is a discrete analogy to the continuous case (see the proof of Thm. 2.1). Given f € @, let w
be the unique solution to the following elliptic problem:
Aw = fj in €,
w=20 on I'p,

Vw-n=0 on I'g.

We have w € W*(Q) with [|w|[w1.«0) < C||fallq (for some s € (2,00)). Set

on,y =1 (Vw) € Vi rs, (3.7)
which satisfies
V-ons=fn (te (V-onron) = (fon)=(fn,vn) (Non€Qn)),
lonsllv = Cllfnlle < Clifllq-
Now we consider the following problem:
(MP_.-1) Find (6cp,pen) € Vi X Aj, such that

(Gens ) — (Fh -1, pen)rs = (Onpn) (Vi € Vi), (3.8)
. 1
(6en-m = Zlpen-van) =0 (Yan € Ar)- (3.8b)
5 FS

We only need to establish the well-posedness of (MP.-I);. In fact, if (MP.-I), admits a solution
(O ch, Uehs Den), then it is clear that (6 1= Oep + Oh, 1, Pen) solve (MP-I)7. Conversely, let (., pep) solve
(MP.-I)5.. Taking o.p, := 6.5 — o, 5 and applying the inf-sup condition (the discrete version of (2.9))

V. v
lunlo < i sup LV T o gy (B Vo Th)
mevirg  ITnllv mevh ITnllv

(Vuh S Qh) (3.9)

to (3.8a), we assert the unique existence of u.p, € @ such that (o.p, uecn, pen) satisfies (MP-I);. We set

My, == Vi, x Ay, My ¢ :==A{(on,pn) € My : (6h,Th) — (Th - N, pr)rs = (Oh,f, Th) (V70 € Vi)},
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and define the operator AZ, : M), — M} by

My (AL (G on), (s an)) vy, == (G, )
1 (3.10)

— (Tn-n,pr)rg + (On -1, gr)rs ([pr] = an)rs (V(oh,pn): (Thyan) € My).

e
Given p;, € Ay, C L?(T's), there exists a w € W1¥(Q) (for some s € (2,00)) satisfying
Aw=0on, w=0onITp, Vw-n=p,onlg, (3.11a)
[wlws @) < Callpnlla- (3.11Db)

In view of V-7 =0, we set 7 := Vw € M and 73, := II,7 € V},, which satisfies

T m=T-n=p,, V-1,=V-T=0, (3.12a)
Iallv: < CliTllar = ClIVwllLs ) < Csllpnlla (C3:= CCy). (3.12b)
From (3.12), we have the following inf-sup condition
Ionlla = sup PBs o o gy LTI gy, PRTEs g (3.13)
anenn  llanlla mevn Ty mevn  lTnllv

which implies

lpnlla < Cs sup 7@’“?.“)“ = C5 sup (On — ong,Th) _oah’f’Th)
aeve  ITnllv Py 17 llv (3.14)

< Cs(llonllg + llonrlle)  (V(on,pn) € M ).

The following properties hold for Agh.
(1) AL, is coercive on My, : for all (61, pn) € My, ¢,

M (AL (G o), (Gn,pn)) s, oy + 2llpal -3

lonllv + llpalla ~ lenllv + llpnlia
lenlld + Lllpal -3
“ Nlonllv + Cs(llowlle + llonslle)

— 00 as |[onllv + [[prlla — oo (by (3.14)).

(2) Agh is continuous and bounded: for any (61, pn1), (Gh2, pra) € Mp,
||A£h(&h1aphl) - Aéh(&h%phl)HM;
. . _1 _1ys . 1
< |lont = onellv + Crih™ 2 ||pp1 — prella + Crih™ 2 ||6h1 — On2|lv + nghl — ph2|la,

where we have used |[a]- — [b]-| < |a — | and (3.5).
(3) AL, is strongly monotone on Mj, ;. In fact, for any (64, pn), (Fh,qn) € M ¢, as with (3.14), we have

((6n —any) — (Th — ony),€)

[Pn = anlla < Cs sup : < Gsllon — Tallg- (3.15)
eV, 1€1lv
Furthermore, by using (2.18) and (3.15), we obtain
. . . 0 . 0 1
M (AL (G h,pn) — AL (Fr atn), (6h — Tropn — an))a, > 160 — Tallg) + g||[10h]f — lan)-lIA

> C(ll6n — 7y + llpn — anll3)-
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It follows from (1) to (3) that AL, (G-p,pen) = (o, f,0), equivalently (MP.-I)$, admits a unique solution.

We have shown the unique existence of (MP.-I),. It remains to prove (3.6). Substituting (74, vn,qn) =
(O ch, Uch, Pen) into (3.4), we obtain

1
lo<nlley + <l p=n] I3 = (fn, wen)- (3.16)

Applying (3.9) and (3.13) to (3.4a) results

luznllg < Calloanllor (3.170)
lpenlla < C5 (loenllq + Iluenllq)- (3.17b)
The a-priori estimate (3.6) follows from (3.16) and (3.17). O

We devise the following Active/Inactive Set method to solve the nonlinear mixed penalty problem (MP.-I)j.

Algorithm 1. An iteration algorithm for (MP_.-I)},.
(Step 1) Find (¢'9,u9) € Vi, x Qu such that

Tch > sh

o) - n=0 onTs, (3.18a)
(Ui?fﬁh) + @), Vom) =0 (Vm € Varg), (3.18Db)
(VoS on) + (frvn) =0 (Von € Qn). (3.18c¢)
Find Pg}? € Ay, such that
0,7 -n)rg = (@0, 1) + WD, V1) (Y € Vi) (3.19)

Set n = 1.
(Step 2) Divide I's into two parts:

Fg’(” ={e€ls: p(n Y'> 0} (The active set), Fé’(") = FS\FE’(M (The inactive set).

Find ( o 7“5h ) € Vi X Qp, such that

oW-n=0 onlgy™, (3.20a)
(e )+ W, V) + e(mh-n, 0l )r?") =0 (V1 € Vh,I‘ls’("))’ (3.20b)
Vol on) + (favn) =0 (Yo € Qn). (3.20c)
(Step 3) Modify the value of 0'22) such that
a(h> n>0 on F2 () (see Rem. 3.3 for details). (3.21)
Find p(") € Ay, such that
PS5 m)rg = (05 ) + (W), V1) (Y € Vi), (3.22)

(Step 4) If I‘g’(") = Fg’("_l) (n > 1), then stop iterating. Otherwise, n — n + 1 and go to (Step2) and (Step3).

Remark 3.3. For any face e € I'g 2,(n) , we denote by E. the element with face e, by {z;};* d+1 the vertices of F.,

and by {e; }¢*] the faces of E., Where the vertex x; is opposite to the face e;. Note that {d)l ) =h_t(z— ;) Y}
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is a basis of RTy(E,), where h., is the length of the altitude from z; to e;. We can express agz) in E, by

d+1

ol =Y 0" dilx)
=1

where {Jf")}fil are (d+ 1) constants. Assume that e; =e C I‘2 (") S0 we have ¢1(z) - n=1and ¢;i(z) - n=0
(i=2,3,---,d+ 1) on E.. Essentially, (Step 3) is to reset O’§ ) =0if a§") < 0.

L(no+1) _ F;’(m)

Proposition 3.1. Assume that after ng iterations, I'§ . Then we have: for all n > ng

(oGl ™) = (o5 ul)) = (enuen).
Proof. Under the assumption Fl (ntl) _ I‘é’(n), we obtain from (3.20) that: for all 7, € Vh,l“fg’(")’
(o™ =t m) (6™ i)V om) e ((oh ™ — o) mmon) =00 G2
I's
Ve (ol - al) =0, (3.23b)

Testing (3.23a) by 7, = oézﬂ) - Uéz) €V, 11.on, together with (3.23b), we obtain
s

(n+1) _ (7) (n+1) _ 5(n) _
HJEZ l +EH( i’ Ten ) n‘ 2™y
Hence, O'(h+1) (") . Applying inf-sup condition (3.9) to (3.23a) yields u( ntl) u( ") Tt remains to check
that (e, u{") = (Jeh,ush). It follows from (3.20a), (3.21), (3.20b), (3.22) and the deﬁmtlon of TH"*Y and
120+ that
0< pgl), éz) -n=0 on I‘;’("H),
0>p = .n onrZ"Y.
Hence, we see that [p (n)]_ = ea'éz) -m on I'g, which says (aéz),uiz)) = (Och, Ueh)- O

Remark 3.4. The Algorithm 1 (also Algorithm 2 for (MP.-II); presented in Sect. 3.2) mimic the
Active/Inactive Set method in [23-25,27]. Similar to these works, the analysis is carried out under the assump-
tions that the active/inactive sets are invariant after ng steps of iteration. However, it is uncertain whether this
condition will be satisfied or not. Different from the results obtained in Theorem 4.1(ii) from [25], we discover

that (o ih),ug}?) actually equals to (ocp,uepn) if the active/inactive sets are invariant after the n-th step of

iteration.
3.2. The discretization of (MP.-II)
Now we turn our attention to investigating the discretization of (MP.-IT).
(MP.-11);, Find (ocp, uep) € Vi, X Qp, such that
(och, Th) + (Uen, V - ) — é([a’sh ‘n|_, T, -n)rg =0 (VY7 € Vi), (3.24a)
(V-oen,vn) + (fr,on) =0 (Yo, € Qp). (3.24b)
Introducing the Lagrange multiplier pej, := =[ocp - 1]- € Ap, we can write (3.24a) into the equivalent form:

1
(Och, Th) + (Uen, V - Th) — (Peh, Th - M)rs = 0 (V11 € Vi),
1

(peh - [Ueh n]—#lh) =0 (Ygn € Ap).

s
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Theorem 3.2 (The well-posedness of (MP.-II),). There exists a unique solution (oep,uen) € Vi X Qp to
(MP.-II);, with the boundedness

1
loenllv + luenllo + —=llloen - n]-[la < Cllfnllq- (3.25)
NG
Proof. The proof is a discrete analogy to that of Theorem 2.2. Define the operator Agh Vi, — V,f by

v (AL 6h, Th)v, o= (G, ) — g([ﬂh nl_,Th-n)rg (Yo, Th € Vi)

One can easily validate that:

(1) A5 is bounded and continuous on Vj;
(2) Al is coercive on Vy; ]
(3) Al is strongly monotone on V.
Hence, there exists a unique solution to the problem A &, = o4 5 (see (3.7) for the definition of oy, ),
which is equivalent to the variational formulation:
(MP.-I1)¢ Find 6., € Vj, such that

. 1,. . . 3
(Geh, Th) — g([dsh “n|_,Th - n)rg = (Oh,f, Th) (V7 € Vi). (3.26)

Setting oy, 1= 0.p, — o ¢, and applying inf-sup condition (3.9) to (3.26), we asset the unique existence of u.p
such that (ozp, uepn) solves (MP.-IT),. The estimate (3.25) can be easily obtained by substituting (75, vs) =
(O ch, uen) into (3.24) and using the inf-sup condition (3.9). O

Below we give an iteration scheme to solve the discrete mixed penalty problem (MP.-II);,. In particular, we

(n)

adopt a penalty term to enforce UEZ -n =~ 0 on the inactive set.

Algorithm 2. An iteration algorithm for (MP.-II).
(Step 1) Find (o'é(;b),ui?) € Vi X Qp such that

@D )+ WD, Vom) =0 (V7 € Va), (3.27a)
(Voo o)+ (fr,on) =0 (Yon € Qn). (3.27b)

Set n = 1.
(Step 2) Divide I's into two parts:

ry™ .= {eels: a'iz_l) -m > 0} (The active set), TZ™ :=Ts\I'y™ (The inactive set).

Find (a'(z)7 USZ)) € Vi x Qpn such that

n n 1 n
(0 ) + WG Vom) + (o) nmm) o =0 (Ymw € Va), (3.28a)
S
(V- o)+ (fa,on) =0 (Vou € Q). (3.28D)

(Step 3) If I‘g’(") = Fg’("_l) (n > 1), then stop iterating. Otherwise, n — n + 1 and go to (Step 2).

Proposition 3.2. Assume that after ng iterations, F}g’(nﬁl) = Fg’(no). Then we have: for all n > ngy

(C’EZH)’“SZH)) = (aé’é’»ui}?) = (Och, Uen)-
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(n+1) _ plo)

Proof. Under the assumption F}g’ , we have

(o5t —oll ) + (uf) — .V m)

1 I N (3.29a)
+ - /F2,(n> (a'ih ) aéh)> ‘n(ry -n)dl =0 V1, € Vi),
S
v (ol —ali)) =0, (3.29b)
Substituting 7, = o‘éZ‘H) - U'i_z) into (3.29a), we obtain o’izﬂ) = a‘éz), which implies UEZH) = uiz) Note
that (3.28a) implies
n ]‘ n n
péh) =0 on I‘ls’(n) and pgi) = gaéh) - on I‘z’( ),
On the other hand, I‘g’("ﬂ) = F;’(") (also Fé’(nﬂ) = FQS’(n)) implies
0'22) -n >0 on Fg’(n) and Géz) -n <0 on F2S7(”).
Hence, pgfb) = %[aéz) -n]_ on I's, which means
(o5 ul5)) = (@en, wen)-
O

4. THE ERROR ANALYSIS OF THE DISCRETE MIXED PENALTY PROBLEMS

We will focus on the error analysis of the discrete mixed penalty problems (MP.-I);, and (MP.-II),, in this
section. For briefness, we set the notations:

€oeh =0 —0cpp = (0 —1o) + (Il — o) =: pi + O,
€u,ch ‘= U — Ugh, Epeh = P — Peh-

For error analysis, here and hereafter, we assume that o € H'(Q)¢ (see Rem. 2.2 for the discussion of regularity).
By the Sobolev embedding H'(Q)? ¢ L%(Q)? (d = 2,3), the interpolation 10 is well-defined.

Theorem 4.1. Let (ocp,Ueh,pen) and (o,u,p) be the solutions of (MP.-I), and (MLM-I) respectively.
Assume that o € HY(Q)Y, V.o € HY(Q), v € H'(Q), p € H'(T's) and o -n € H*(T's). Then we have
the error estimates:

lesenllv + llewenllq + \/gllea,sh nfa <C(h+ \ﬁ)7 (4.1a)
llepenlla < C(Ve + V). (4.1b)

Remark 4.1. To obtain the O(h)-convergence in Theorems 4.1 and 4.3, we need the regularity assumptions
occ H (V)4 V-o=—fec HY(Q),uec H(Q),pe H'(Ts) and o -n € H(T's). In view of (o, p) = (Vu,u|r),
the above assumptions can be fulfilled if v € H %(Q) and f € H'(Q). However, the regularity theory of the
Signorini problem has not been fully investigated, especially for the 3D case (see [3,13,29]). If Q is a C?-smooth
or convex polygonal domain and f € L?*(Q), we have u € H%(Q) [9,13]. The Sobolev regularity and Hélder
continuity of the solution in a smooth or polygonal domain in R? are investigated in [13,29] comments that the
H %—regularity cannot be passed beyond in general.

In our finite element analysis, to avoid the issue of domain perturbation in triangulation, we assume that
Q) is a polygon or polyhedron. Therefore, we cannot expect v € H %(Q) generally. Nevertheless, in numerical
experiments, we test the scheme on a square domain and a ring domain, and we observe O(h)-convergence in
both cases (see Sects. 5.1 and 5.3). Moreover, we also investigate the experimental convergence rate for the case
with an L-shaped domain, which cannot achieve the first order convergence due to the bad regularity of the
solution (see Sect. 5.2).
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Proof of Theorem 4.1. From (3.4) and (2.2), we obtain

(ea,slh Th) + (eu,eha Y Th) - (ep,sha Th * n)Fs =0 <VTh S Vh)7
(V . EU,Eh,Uh) =0 (Vvh S Qh)

Substituting 7, = 0}, into (4.2a) yields
(eq,chyOn) + (euens V- 0n) — (epen, O -m)rg = 0.
The left-hand side is calculated as follows.

(eq.ch>0n) = 104115 + (n, On),
(euens V- 0p) = (u— Pyu,V-0p) + (Pyu— ucp, V- 0p)
=0+ (Phu—uch, V- €aen — V- pp) (by (3.1))
= (Phu—uep, V- pn)  (by (4.2b)),
(epens On M), = (p = pen, o - m — acp - M)rg
=®—Pr,p+ Prp o -n—o-n)r, — (p,o-n)r; — (p,oen - n)rg
— ([pen]+ = [pen] = TTho - — o - n)rg

1
= (p - PA;Lp7 Hho- ‘n—o- n)FS - <pa E[péh]—> - ([peh}-i-a H}LU : n)FS
I's

1
+ ([peh]Jra E[Psh]> + (eoen, - n, 1o -1 — 0o, - M)y
T's

(by (3.2), (p,o - n)rg =0 and (3.4c))
= (p — Pyyp, o -n—o - n)Fs - EHeh : TLH?\ + €(Hho' “n, 0 - n)Fs
(by p > 0,1y - n > 0 and [s], [s] - = 0).

Inserting (4.4) into (4.3), we arrive

10n115 + €l10n - nl|] < —(pn,On) + (Pht — tch, V - pp)
+ (p— Pr,p, pr - n)rg + £(lho - m, ) - n)pg

1 1
< SlenllG + S10nl1G + [P = uenl|QCRIY - ol (0
€ €
+ CHpls oyl mlls ey + 510 - IR + 5 e w3,
which yields

101115 + €l10n - n|I} < C(R* + 6)(||0||in(m + lpllZ2 (rgy + llo - n”%ﬂ(rs))
+ Chl|Phu = uen |V - ol m1(q)-

Substituting vy, = V - 8, € Qp, into (4.2b), we get
IV -0ulley = =(V - pn, V- 01) < Ch|IV - allg1 )|V - Onllo;

which results
IV -6ullg < ChIIV - ol o).

(4.4a)

(4.4D)

(4.4c)

(4.7)
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By inf-sup condition (3.9) and (4.2a),

(Pru— tuep, V- 1)

| Pru —uenllg < Cy  sup

Thevh,l‘s ||Th||V

=Cy sup —(€gcn, Th) — (u — Pyu, V- 73) (4.8)
ThE€Vh,rg HThHV

< C(hl|ol|m @) + 18nllo + hllull @)

Combining (4.6)—(4.8), we conclude (4.1a). Applying inf-sup condition (3.13) to (4.2a), we derive

(PAhp — Pehs Th * n)Fs

| Pa,p — penlla < Cs sup

THhEVA l7nllv
— Oy sup (ea,ch>Th) + (€wens V- ) — (0 — PauDy Th - M)
ThEVhH HT}LHV (4.9)

< Cs(llea,cnlle + llewenllo + Crin™3Ip = Pa,plla) - (by (3.5))
< C(hllolmo) +16nllq + hllul @) + VAlplmrs))
which implies (4.1Db). O

Remark 4.2. We have shown the O(h)-convergence for ||o — o1 ||v and ||u — uen|lg by using RTy/ Py element.
For the mixed method of the Signorini problem using RT} /Py element (k > 1), as far as we know, the error
analysis has not been fully investigated. One may improve the rate of convergence by utilizing the higher-order
polynomials. It is worth mentioning that, for the Laplace problem with the Dirichlet boundary condition, when
using the mixed method with RT} /Py element (which satisfy the inf-sup condition), to obtain error estimate
o —onllv +||u—unllg < Ch**1 one need the regularity assumptions u € H**1(Q), (Vu =)o € H*1(Q) and
V.o € H*1(Q) (see [32], Thm. 13.12).

Next, we study the errors of (MP.-I);, and (MP.-I). For simplicity, we introduce the following notations:

€oh = 0c — Ogh = (0'5 - Hho-a) + (Hho-a - O-Eh)v

€u,h *= Ug — Ueh, Eph ‘= Pe — Peh-
Theorem 4.2. Let (ocp, Ueh, pen) and (0, ue,pe) be the solutions of (MP-1);, and (MP.-I), respectively.
Assume that
o.c HY()? V-o.c H(Q), u. € H(Q), p. € H'(Ts), 0. -nc H' (). (4.10)
We have the error estimates:

lesnllv +llewnllo + Veleon nlla < Ceh, (4.11a)
lepnlla < C-Vh, (4.11b)

where Ce = C(|loc|lu + [V - oc|m + [loe - nllawg) + Pellar@s) + luellzr)-

Proof. It follows from (3.4a) and (1.5a) that

(e,,,h,Th) + (6u)h,v . Th) - (ep)h,Th . n)ps =0 (VTh S Vh), (4.12)
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Testing (4.12) by 7, = 0 — ocp, we see that

(eo nspoe —oepn) + (€ n, V- Upoe —oen)) — (epp, poe — o) - n)rg = 0. (4.13)
Similar to (4.4a) and (4.4b), we have

(ea,haHhUE - UEh) = ||Hh0'5 - Uah”%} + (UE — o, 10, — GEh)7 (4-143)
(eu,h, V- (HhO'E - Uah)) = (Phug — Uep, V (0'5 — Hhag)). (4.14b)

The third term of (4.13) is calculated as follows.

(ep,h, Tpoe —0cp) - M)rg = (Pe — Pen, poe -1 — 02 - M) + (P — Peh, Oc - M — Ocp - N1y

1 1
= (pa — Pen, o, 'n_o'a'n) + ( e —pah,g[ a]— - 5[pah}—>
s

1
< (pe = pen, poe -m — 0 - M) — g||[p5], — [pen]-|I3  (by (2.18))
= (pé‘ - PAhpé‘aHho-E ‘N —o¢ - n) - Ellea-,h . n”?\ (by (32))
As a result, we obtain from (4.13) that

[Mhoe — oanllyy +cllesn - nl} < —(o —poo poe — ocp) + (Prue — ueh, V - (0= — y0.))

+ (pe — Pa,pe, Iyo. -m — 0. - n)
< Slloe ol + 3 Mo — oenlld + | Pute — uenlloCHIY - o
+ Ch2HpEHH1(Fs)”UE ‘nllgrg)  (by (3.31)),
which implies

MMhoe — aenllsy + cllean - nli < CR*(loelin + llpellin g + lloe  nllE )

(4.15)
+ Ch|[Phue — uenl[@IV - oc|| m.
Taking 75, € Vj, g into (4.12), similar to the derivation of (4.8), one can obtain
HPhus - UEhHQ < Ch(”U'EHHl(Sl) + ||u5||H1(Q)) + CHHhUS - Ush”Q- (4.16)

Together with (4.15), we conclude that
[Hhoe — oenllq < Ch(l|ocllm + [|pellm gy + lloe - nllm(rg) + lucl i) + IV - oc m).
As with (4.7), we also have
IV-(hoo — o)l = —(V - (0c =1140.),V - (Thoe — 02n)) < Ch|V - ocllmi |V - (Tho: — oan)lo

which implies
IV - (hoe = oen)llq < ChIV - oc||n1(0)- (4.17)

Via a similar calculation of (4.9), we obtain from (4.12) that
1Pa,pe = penlla < Ch(loellmo) + lucll i) + CVR|pellairg) + CllTno: — oenllo- (4.18)

Hence, we conclude (4.11). O
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Now, we deal with the error estimates of (MP.-II)},.

Theorem 4.3. Let (0cp, uen) and (o, u, p) be the solutions of (MP-II);, and (MLM-II) respectively. Assume
that o € HY(Q)?, V-0 € H'(Q), u € H(Q), p€ H'(I's) and o-n € H'(I's). Then we have the error estimate

leaenllv + llewenllo < C(h+ Ve), (4.19a)
lep.enlla < C(VE + V). (4.19b)

Proof. Note that (4.2a)—(4.4b) of the proof of Theorem 4.1 still hold. We only need to recalculate the third
term at the left-hand side of (4.3). Similar to (4.4c¢), we have

1
(ep,eh,On -M)rg = (p— g[o'eh n|_ 1o -n—o.- n)
I's

= (p— Pr,p+ Pr,p,lIo-n—o0 -n)rg + (p,0-n)rg — (p, [0eh - N4 — [0:h - 1))y (420)

- g([aeh n|_, 1o -n)rg L2

— I
1
<(p— Prp,Ipo-n— 0o -n)rg + (p, [0 - 1] )rs — g||[05h -n]_|3,

where we have utilized (3.2), (p,o-n)ry =0, and p > 0, I, -n > 0 on I's. As with (4.5), we derive

1
16113 + EH[Ush n]_|} < —(pn, On) + (Pht — uch, V - pn)
(p - PAhp7 Ph * n)Fs + (pa [O-Eh . n]*)rs

3 (4.21)

+
1 o 1 2
< 5llenllg + 5116ullg + [1Phu — uenllQCRIV - ol i1 (0)
1 €

+ CR2[lplli s llo - mllin sy + o llloen - n]- IR + 51IPIR,

which yields
10117 + e~ lllo=n - nl- |3 < C(h* + e)llolFn @) + lplFrn g + o nlln ry)
+ Chl|Phu = uen @IV - ol (e

Since (4.7) and (4.9) still hold in this case, we conclude (4.19). O

Theorem 4.4. Let (ocp,uen) and (o¢,ue) be the solutions of (MP.-II);, and (MP.-II), respectively. Under
the same assumption of Theorem 4.2, we have the error estimates:

leanllv + llewnlle < Ceh, (4.22a)
lepnlla < CE\/E- (4.22b)
where Ce :=C(|loc|[m + |V - ocllm + o nllmwg) + [IPellar gy + [[uellmr)-

Proof. Note that (4.13) and (4.14) in the proof of Theorem 4.2 still hold. In this case, p. = 1[o. - n]_ and
Peh = é[deh -m]_. We only need to re-estimate the third term on the left-hand of (4.13).

(Lo nl- ~ Lo nl (Mo~ o) m

s
1 1
= g([a's ‘n|_ —[oep 0|, o -n—0.-n)pg + g([o"s ‘n|_ =[O M|, 0. N — 0O N)Dg
1 1
< g([a's n]_ — o n] 0. -n—0.-n)r, — g”[o's ‘n]_ — o n},H?\

= (ps — Ppype, o -n— o, 'n)Fs [ea,h'n]*”?\v

=
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where we have utilized (2.18) and (3.2). As with (4.15), we derive

1
1Mo = el + ~lleon - ml I3 < CH (o3 + -3 sy + e -l e
+ Ol Pyie = uellQ| - o

Tt is easy to check that (4.16)—(4.18) remain valid in this case. Therefore, we conclude (4.4). O

Remark 4.3. Combining (2.25) (resp. (2.33)) and (4.11) (resp. (4.22)), together with the triangle inequality,
we obtain the following convergence results:

leoenllv < lleacllv + [leo nllv < Cle + Cch),
lewenlle < llewell + llewnllo < Cle + Ceh),
lep.enlla < llepella + llepnlla < Cle + CeVh).

Notice that the constant C. depends on the norms ||o.|| g1, ||V 0| a1, (|0 - n|| g1 (rg), |Pellmr(rg) and |Juc|| g1,
which may depend on the reciprocal of . As a result, at this stage, we cannot assert the convergence rate of &
is O(e).

For the penalty problem without using the mixed method, the error estimate ||u — ey g1(0) < C(h|In hlz +
(h)2 +¢) is obtained by Theorem 3.2 from [11]. In Theorem 4.1, we show that |le cn ||lv + [lew.chllo + vEl€o.ch -
n|[a < C(h + /&), which results O(h)-convergence (slightly better than O(h|Inh|2)) when taking ¢ = O(h2).
Note that taking smaller h increases the degree of freedom (DoF), but the penalty parameter ¢ is unrelated to
the DoF. Another benefit of the mixed method is that it offers an error estimate of ||V - €5 cnll22(0)-

Remark 4.4. In the continuous case, we have shown the O(g)-convergence for (MP.-I) and (MP.-II) (see
Thms. 2.3 and 2.4). For the discrete penalty problems (MP.-I), and (MP.-II);, we have proved the error
bound C(y/e+h) for |6 —ou||y and ||u—wuen||q, and the error bound C(y/e+v/'h) for ||p—pen|/a. Nevertheless,
our numerical experiments reveal the O(h)-convergence and O(g)-convergence (see Figs. 4, 8 and 12). We find
that the experimental errors have a better convergence behavior than O(y/e). Meanwhile, the experimental
convergence rate of ||p — pex|/a is better than O(vV/h).

5. NUMERICAL EXPERIMENTS

To investigate the rates of convergence for discretization, penalty, and iteration algorithms, we conducted
three numerical examples using various geometric domains.

5.1. Example 1

Consider the Signorini problem in the square domain € = (0, 1)2, with the Signorini boundary I's = I's; Ul g2,
I's1 = (0,1) x {1}, T'sa = {0} x (0,1), the Dirichlet boundary I'p = dQ\ I's. Set f = 100(3 — z)(3 — y).

We conducted a simulation using Algorithms 1 and 2, which resulted in nearly identical numerical solutions.
Therefore, we only present the numerical solution (o, up,) of Algorithm 1 with (h,e) = (278,107%) in Figure 1.
In addition, for Algorithms 1 and 2, we plot the values of u; and o} - n on the boundary I'g, along with
the Lagrange multiplier pj, with (h,e) = (27%,27°) and a smaller ¢ (h,e) = (27%,107%), which indicates that
up|rs = pr, and the numerical results accurately approximate the Signorini conditions oy, - m > 0, pp, > 0 and
pr(op -m) =0 (see Figs. 2 and 3, respectively).

To investigate the experimental convergence rates of discretization, we take the reference solution
(Oerefs Usref; Deres) With (R, e) = (278,107%) and apply Algorithms 1 and 2 for simulation. First, we fix e = 1078
and perform the simulation under different mesh sizes. The errors are plotted in Figure 4a, which indicates the
O(h)-convergence. Then, we fix h = 278 and conduct the simulations using the penalty parameter ¢ = 27°, 276
277,278,279 We plot the errors in Figure 4b, which shows O(e)-convergence for ||ocref—0cn v, ||terer —ten o



THE MIXED PENALTY METHOD 1845
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0.2 0.75 - 25
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0135 s IS
0 0.25 ' 1
0 0.5
-0.1

(b)

FIGURE 1. Example 1: the numerical solution (o, up). (a) up. (b) o. (c) |on].

15 T—
1 —— A o=
05 Y
0 :
0 0.5 1 1
€T
(a)
15 —oan|
= = Pen
1
05
0
0 0.5 1 1
€z
(c)

FIGURE 2. Example 1: (ucp, 0cp-n, pep) on U's with (b, ) = (278,27°) (see (a), (b)) and (h, &) =
(278,1078) (see (c), (d)) of (MP.-I); by using Algorithm 1. (a) € = 275 (ucp, ocp - M, pep)
on T'gy. (b) € = 27%: (uch, 0cp - My pep) on Lo, (¢) € = 1078 (uep, 0cp - M, pep) on Tgp. (d)
£ =10"%: (ueh, ocn - M, pep) on go.

and ||peref — Penlla- In Figure 4, we plot the error data using logarithmic scales on the x-axis and the y-axis.
The line y = x represents the first order convergence. The same treatment applies to the below Examples (see
Figs. 8 and 12 in Sects. 5.2 and 5.3, respectively).

Furthermore, we explore the efficiency of Algorithms 1 and 2. We compute the errors IIO',(lnH) - G;(Ln) ||y and

||u§bn+1) - ué”)HQ (n = 1,2,...) at each iteration step for the two algorithms with (h,e) = (27%,1078) and
display in Figures 5a and 5b, respectively.

5.2. Example 2

We consider an L-shaped region = (0,2)?\[1, 2] with Signorini boundary I's = I's;Ul's2, ['s1 = (0,2)x {0},

I's2 = {0} x (0,2) and Dirichlet boundary I'p = 8Q\ I's, and set f = 6sin(r(z — 1)) cos(¥).
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15 15| —onn
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0 0.5 1 0 0.5 1
€T Yy
(a) (b)
15 — o
= = Peh
1
0.5
0 0
0 0.5 1 0 0.5 1

(c) (d)

FIGURE 3. Example 1: (ucp, 0cp-n, pep) on I'g with (b, ) = (278,27%) (see (a), (b)) and (h, &) =
(278,1078) (see (c), (d)) of (MP.-II); by using Algorithm 2. (a) ¢ = 27°: (ucp, Ocp - M, Pen)
on I'sgy. (b) € = 275 (Ueh, Och - M, pep) o0 Tga. (¢) € = 1078 (uep, 0cp - mypep) on Tgy. (d)
e =10"%: (Uch,0ch - M, pep) on Ly

P 1071
10° 5 102
1 ‘/’A 7 A 3
§10 A A §1o' ‘
m -2 ;/ ~@- Algorithm 1 u L2 Ir' 1 0'4 &l - Algorithm 1 u L2
10 & . £\ Algorithm 2 u L2 o £ Algorithm 2 u L2
‘/ =@ - Algorithm 1 o H(div) -5 ~@— Algorithm 1 & H(div)
-#\- Algorithm 2 o H(div) 10 £ Algorithm 2 o H(div)
-3 =@~ Algorithm 1 p L2 Algorithm 1 p L2
1 0 Algorithm 2 p L2 Algorithm 2 p L2
—y =X —y=X
102 1071 1072 102
h €

(a) (b)

FIGURE 4. Example 1: the errors |G cres — oen||v, |[Ueres — u5h||Q and ||peres — penlla computed
by Algorithms 1 and 2. (a) Fixed e = 1078. (b) Fixed h =

The numerical solution is plotted in Figure 6 which is computed by Algorithm 1 with (h,e) = (278,1078%),
as well as the figures of uy, o -;, m and the Lagrange multiplier p;, on I'g; and I'go are displayed in Figure 7.
We observe from Figures 6b and 6c¢ that o, has a singularity at the vertex (1,1).

We adopt Algorithms 1 and 2 to solve (MP.-I); and (MP.-II), respectively. In Figure 8a, we calculate the
errors ||ocrer — enllv, |[Uerer — tenllg and ||peres — Penlla with fixed e = 107® and different h. We observe the
first-order convergence for |[ucyef —ucnllq and ||[peres —pen||a, while the convergence rate of ||ocpep —ozpl|v is less
than 1. Under fixed h = 278, the errors displayed in Figure 8b with ¢ = 27°,276,277, 278 279 which implies



THE MIXED PENALTY METHOD 1847
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B '
o o
i 1]
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1 0-20 s ”u(n+1)_u(n)"L2(m ; 0-20 -+ ||u(n+1)_u(n)"L2(m
0 2 4 6 0 2 4 6
Iteration number Iteration number
(a) (b)
FIGURE 5. E le 1: the iterati (1) _ 5 d [ — 4w of Al
. Example 1: the iteration errors |lo;, "’ — o, |v and |lug, ' —u'||o of Algo-

rithms 1 and 2 with (h,e) = (27%,1078). (a) Algorithm 1. (b) Algorithm 2.

FIGURE 7. Example 2: (up, o - n,pp) on I's. (a) (up, o - n,pp) on Lgy. (b) (up,on - m, pp) on Tgo.
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FIGURE 8. Example 2: the errors ||0cref — 0cnl|v, ||Ueres — u5h||Q and ||peres — Pen|la computed
by Algorithms 1 and 2. (a) Fixed € = 1078. (b) Fixed h = 278,

10° ‘ 10° &
1 1
o o
= =
IT] 10-10 [IT]

(n+1)__(n) (n+1)__(n)
+||0("+1)-0(")||H(div,m | +||0("+1)-a(")||H(div,m |
= u™ V™) 2 = ut™ Va2

‘ L%(Q) ‘ 10_20 L%(@)
0 2 4 6 0 5 10
Iteration number Iteration number
(a) (b)
FIGURE 9. Example 2: the iteration errors ||o; h+1) (n)||v and ||u(”+1) - ueh Mg of Algo-

rithms 1 and 2 with (h,e) = (27%,1078). (a) Algorithm 1. (b) Algorithm 2.

FIGURE 10. Example 3: the numerical solution (op,up). (a) up. (b) op. (¢) |oh].



FIGURE 12. Example 3: the errors ||oerer —Oepl|v, [|Ueres — ugh||Q and ||peref —Pen|la computed
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FIGURE 11. Example 3: (up, o, -
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by Algorithms 1 and 2. (a) Fixed ¢ = 1078, (b) Fixed h = 278,

10°
£
o
1
S
w
lo™ 0Ny 0
-m-||u('"'1)-u(")|||_z(m
10° - ‘
0 2 4 6

O(e)-convergence. We obtain the reference solution (o¢re fsUerefs Pere f) by solving the numerical solution on a
(") ”
v and |lug,

fine mesh with (h, ¢)

= (278,108
shown in Figures 9a and 9b with (h,e) =

Iteration number

(a)

(278,10~

10°

Error

1 0-20

—~——

+lo™ -0y

o "u(n+1)_u(n)"Lzm)

0 2 4 6

FIGURE 13. Example 3: the iteration errors ||o ZH)

rithms 1 and 2 with (h,e) =

). Moreover, the iteration errors ||,
(27 5 ,1078).

Iteration number
(b)

o™y and [[u —

8). (a) Algorithm 1. (b) Algomthm 2.

(nt1)

ulM|lq of Algo-
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5.3. Example 3

We conduct a test on the numerical schemes by solving a problem involving the Signorini condition on a
curved boundary. The computational domain is Q = {(z,y) : % < /2?2 4+ y? < 1}, with the Signorini boundary
I's = {(z,y) : /22 + y2 = 1} and the Dirichlet boundary I'p = 9Q \ I's. We set f = 5sin(37z).

The numerical solution of Algorithm 1 is depicted in Figure 10, while Figure 11 shows the plots of up, o -1
and the Lagrange multiplier p;, on I'g which satisfies the Signorini conditions.

We apply Algorithms 1 and 2 for simulation, similar to Examples 1 and 2. We first take the reference
solution (O eref, Ueref,Peref) With (h,e) = (278,1078) and display the errors ||ocrer — Oenllv, |[teres — tenllo
and ||peres — penlla for fixed ¢ = 10~® in Figure 12a. Next, we fix h = 278 and carry out the simulation for
different penalty parameter e = 272,276 277 278 279 (see Fig. 12b). The experimental errors exhibit first-
order convergence in both Figures 12a and 12b. Finally, we plot the iteration errors of Algorithms 1 and 2 in
Figures 13a and 13b.

This example demonstrates the effectiveness of the mixed formulation even in cases with curved contact
boundaries.
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