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A HYBRID FINITE ELEMENT METHOD FOR MOVING-HABITAT MODELS IN
TWO SPATIAL DIMENSIONS

JANE SHAW MACDONALDM?*®, YVES BOURGAULT! AND FRITHJOF LUTSCHER!?

Abstract. Moving-habitat models track the density of a population whose suitable habitat shifts as a
consequence of climate change. Whereas most previous studies in this area consider 1-dimensional space,
we derive and study a spatially 2-dimensional moving-habitat model via reaction-diffusion equations.
The population inhabits the whole space. The suitable habitat is a bounded region where population
growth is positive; the unbounded complement of its closure is unsuitable with negative growth. The
interface between the two habitat types moves, depicting the movement of the suitable habitat poleward.
Detailed modelling of individual movement behaviour induces a nonstandard discontinuity in the
density across the interface. For the corresponding semi-discretised system we prove well-posedness for
a constant shifting velocity before constructing an implicit-explicit hybrid finite element method. In
this method, a Lagrange multiplier weakly imposes the jump discontinuity across the interface. For a
stationary interface, we derive optimal a priori error estimates over a conformal mesh with nonconformal
discretisation. We demonstrate with numerical convergence tests that these results hold for the moving
interface. Finally, we demonstrate the strength of our hybrid finite element method with two biologically
motivated cases, one for a domain with a curved boundary and the other for non-constant shifting
velocity.
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1. INTRODUCTION

Moving-habitat models are mathematical models that describe the evolution of the density of a biological
population when environmental conditions shift in space due to climate change; see for example [5,15,29,36,44].
Specifically, as temperature isoclines move towards higher altitude or latitude, the optimal temperature niche
of a species moves, so that individuals have to follow in order to stay in optimal conditions. One modelling
approach consists of reaction-diffusion equations for the population density over the whole space, divided into two
subdomains: a bounded domain where the population growth rate is positive (good habitat) and the unbounded
complement of its closure where growth is negative (bad habitat). In contrast to free boundary problems, the
spatio-temporal shift of the good habitat is externally prescribed so that the equations are non-autonomous.

Keywords and phrases. Finite element methods, hybrid formulations, reaction-diffusion equations, moving-habitat models.

1 Department of Mathematics and Statistics, University of Ottawa, 150 Louis-Pasteur Pvt, Ottawa, ON KIN 6N5, Canada.
2 Department of Mathematics, Oregon State University, Kidder Hall 368, 2000 SW Campus Way, Corvallis, OR 97331-4605, USA.

3 Department of Biology, University of Ottawa, Marie-Curie Private, Ottawa, ON KIN 9A7, Canada.
*Corresponding author: jmacd142@uottawa.ca

© The authors. Published by EDP Sciences, SMAI 2025

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/m2an/2024075
https://www.esaim-m2an.org
https://orcid.org/0000-0002-8493-1720
https://orcid.org/0000-0001-7380-7647
mailto:jmacd142@uottawa.ca
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0

332 J.S. MACDONALD ET AL.

Matching conditions of flux and density across the interface between good and bad habitat complete the model
description, with continuity in population flux but a potential discontinuity in density, representing different
movement behaviour and habitat preference of individuals [29, 31, 34].

Unlike river systems, where an advective term describes the influence of the current on the population density
[27,28,43], a population living in a climate-driven moving habitat does not passively move with the shifting
environment. Rather, the advective component of such a system is determined by the shifting properties of the
interface between good and bad habitat.

In 1-dimensional space, the good habitat is an interval. Analytical results exist in special cases of constant
and periodic shifting speeds when the length of the interval is constant [5,29,36,41]. We previously developed a
finite difference scheme to study the population dynamics for arbitrary movements of the interfaces, for example
accelerating shifting speeds and variable length of the good habitat [30].

Realistic terrestrial landscapes require at least 2-dimensional models to capture the heterogeneity that results
from topographical variation across space. The simplifying assumption that the landscape is an infinitely wide
strip in the direction perpendicular to the shifting direction (as is often done in models for biological invasions)
leads to overestimation of the ability of a population to persist in a moving habitat [35]. Few analytical studies
of moving-habitat models in two dimensions exist [3,4,10,42]. They typically focus on proving the existence
of (forced) traveling waves under simplified geometries, constant shifting speeds, and without consideration of
individual movement behaviour. The analytical results in 2-dimensional space are not yet ripe for addressing the
questions of concern from ecologists and conservation scientists. To address these concerns, we need a numerical
approach that can capture the complex structure of a shifting terrestrial habitat, where even in the simplest case
of constant shifting speeds we have still to advance our knowledge on the mechanisms supporting population
persistence in 2-dimensional space.

We develop a finite element method to study a 2-dimensional reaction-diffusion moving-habitat model that
considers habitat-dependent dispersal rates and habitat preference. We subdivide space into two distinct domains
as indicated above. The interface between these two domains represents the edge of the good habitat. Across
the interface, there is a jump in density. It states that the population density approaching the habitat edge
from inside the good habitat is proportional to the population density approaching this edge from outside. The
proportionality coefficient depends on the ratio of the diffusion rates and on the habitat preference [29,31,34]. In
contrast, the standard jump conditions in domain coupling systems, like those arising in domain decomposition
methods and conjugate heat transfer [23,37], describe the difference of the densities across the interface as equal
to some measurable function. The challenges in developing the finite element method for our problem stem from
the movement of the interface and the nonstandard jump in density across it.

To resolve the challenge of the moving interface, we employ the arbitrary Lagrangian-Eulerian (ALE) description
of motion. This method was originally developed for computational fluid dynamics, in particular fluid-structure
interaction, where a velocity field is available at every point in the domain at all times [16]. In our setting, the
only points with prescribed velocity lie along the interface. Through an invertible mapping, the ALE description
introduces a new coordinate system (“reference frame”), over which the interface is fixed in space. Over this
coordinate system, we build our finite element method. With this approach, by exploiting the fact that the
location of the interface is known at all times, our interface remains conformal to the mesh. In this way, we
avoid complications in implementation due to lack of mesh conformity at the internal interface that can arise in
methods like CittFEM and the immersed interface method [11,20, 24].

To handle the jump in density across the interface with common finite element methods, the equations
describing the jump would appear as an essential condition strongly enforced in the solution space. This approach
requires special modifications of the finite element code to handle the lack of conformity of the numerical solution
at the interface. Moreover, nonconformal discretisations across the interface can lead to a loss of accuracy of the
numerical solution, with a sublinear convergence order. To avoid these difficulties, we propose a new variant
of the mortar finite element method; see for example [2, 7,8, 32]. Mortar methods enforce the usual transfer
conditions, in particular continuity of the solution at the interface, weakly through an additional variational



HYBRID FEM FOR MHM IN TWO SPATIAL DIMENSIONS 333

equation with a dual variable, or Lagrange multiplier. This results in an optimal convergence order, even with
nonconformal discretisations, at the expense of solving a saddle point problem.

Our mortar finite element method deviates from the usual ones in two ways, namely in the jump condition
itself and in the discretisation of the Lagrange multiplier near vertices of the domain. To our knowledge, only
Sacco et al. enforce a comparable discontinuity of density across a stationary interface, in particular using
Lagrange multipliers together with a Three-Field formulation in 3-dimensional space [39]. We introduce the dual
variable without the Three-Field formulation to enforce the prescribed discontinuity in density.

One particular challenge in the analysis of the method is to prove the well-posedness of the variational system,
which often rests on the coerciveness of the bilinear form associated with the elliptic operator [9,38]. The
interface conditions and movement of the interface define a non-coercive bilinear form so that the Lax—Milgram
lemma does not directly apply. The first and most natural mortar method to address our problem leads to a
generalised saddle-point problem, for which well-posedness is equivalent to the bilinear forms each satisfying
inf-sup conditions [6,33]. In the present paper, the well-posedness of our mortar method relies on the well-
posedness of an auxiliary problem involving a bilinear variational form. We prove well-posedness for this problem
in two important subcases; the first case, a stationary habitat, with differing diffusion rates across habitat
types contributing to a nonstandard jump in density across the interface, and the second case, a constant-speed
advective velocity with constant diffusion across habitat types. In the second case, a jump in density across the
interface still occurs due to habitat preference. The general case requires analysis of a noncoercive bilinear form
that is beyond the scope of this paper.

We are mainly interested in the accuracy of the primal variable describing the population density. With this
consideration, concerning the discretisation of the Lagrange multiplier, we relax the usual condition imposed on
its finite element space [2,7,8,32]. We define the mortar space from the trace of the finite element space for
the primal variable on one side of the interface. This leads to a simple implementation of the method, with no
impact on the accuracy and stability for the primal variable. In our analysis, we make no assumption on the
mortar space near vertices and still find, in contrast with the literature, optimal convergence estimates for the
primal variable [2,7,8,32]. We prove the well-posedness and obtain a priori error estimates for our hybrid finite
element formulation assuming a stationary interface with no conditions on the other model parameters, and
investigate the general case with a moving interface via a numerical study.

Finally, our numerical method is an implicit-explicit solver. That is, we apply explicit time-stepping to the
nonlinear terms and implicit time-stepping otherwise. The result is an optimally convergent scheme that does
not require a nonlinear solver to achieve accurate solutions to a nonlinear system.

This paper is organised as follows: In Section 2, we develop the 2-dimensional analogue of the moving-habitat
model presented in [30], that is, we consider arbitrary movement of the interface and a jump in density across
this interface. Given an appropriate mapping, we map the physical frame to a reference frame where the suitable
habitat is then fixed in space. In Section 3, we develop a hybrid variational system for a constant shifting speed
of the interface, which is yet easily extendable to more general cases as demonstrated in a later section. The
subsequent analysis relies on the assumption on the shifting speed, and we prove that the system is well-posed
and equivalent to the original system. In Section 4, assuming a polygonal domain, we develop a finite element
method for this system. In Section 5, in the case of a stationary interface (zero shift), we obtain error estimates
for the primal variable. In Section 6, for a moving interface (non-zero shift), we show that the theoretical order
of convergence is matched in test cases for linear finite elements. In the same section, we validate our numerical
method via comparison to the previously validated 1-dimensional finite difference scheme developed in [30].
Finally, we conclude with a demonstration of two biologically motivated applications, that our method can be
applied to non-polygonal domains and non-constant shifts of the bounded domain, largely relaxing assumptions
made within the analysis.
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2. THE MODEL

In this section, we introduce our system of interest in its most general form. This master equation is posed over
a shifting domain, which imposes difficulties for a numerical scheme. We circumvent any need for interpolation
due to the shift by a change of variable, which restates the system over a fixed reference frame in which the
shifting domain is replaced by an advective term in the system.

The suitable habitat is represented by an open, bounded region Qq(t) C R?, dependent on time, ¢, with a
C? boundary. We denote its closure by Qg(¢). The complement of its closure, () = R?\Q(), represents the
unsuitable habitat. The interface, I'(t) = Qo (t)\Q0(t), represents the habitat edge between the suitable and
unsuitable habitat.

The density of the population over space, x = (z,y), and time is denoted by u(z,y,t) and we denote the
restriction of u to §; as

ulg, = u; =01

We assume that population dynamics and dispersal happen simultaneously and on the same time scale. Thus,
the system representing the population dynamics over space and time is

Orug = doAug + up(r — aug), in Qo(t), (2.1a)

Opur = d1Auy — myug, in Q4 (¢), (2.1b)
with interface conditions

ug = kug, on I'(t), (2.1c)

doOyug + (¢ V)ug = d10puy + (¢ - v)uq, on I'(t), (2.1d)
and asymptotic conditions at infinity

\zlgloo u(z,y,t) = 0. (2.1e)

The operator A is the Laplacian; i.e., Au = uys + uy,, where the subscripts here denote partial derivatives. The
coefficients d; are the constant diffusion rates, r is the intrinsic growth rate, a is the intraspecific competition
coefficient, m; is the mortality rate, ¢ = ¢(z,y,t) is the velocity of I'(¢), and the proportionality coefficient across

the interface in equation (2.1c) is
Oé((E, y) dl
k=k =y
(x’ y) 1- Oé(x, y) dO

Here, o represents the probability that an individual enters the suitable habitat when at a point on the interface.
The variable v denotes the unit normal pointing outward from Q(¢) into Q4 (¢). We denote by 9, the unit normal
derivative on T'(t). Equation (2.1d) describes continuity of flux across the interface. We provide its derivation in
Appendix A. System (2.1) is the 2-dimensional analogue of the 1-dimensional systems presented in MacDonald
and Lutscher [29] (moving-habitat model) and Maciel and Lutscher [31] (stationary patch) where more details
on the formulation, derivation, and biological meaning can be found, particularly with respect to the jump
condition.

2.1. Change of variable

To resolve the challenge of the moving interface, we rewrite the system onto a reference frame, wherein we
will build our numerical scheme. Detailed calculations are available in [19] where the authors derive a mapping
for a reference frame of an evolving domain. Here, we provide the derivation of the system over the reference
frame for the bi-domain spatial construction.

We can group equations (2.1a) and (2.1b) and write

uy = D(z,y)Au+ G(u), in R*\I'(¢), (2.2)
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where
u(r —au), on g,

D(z,y) =d;, on;, and G(u):{ o
—mu, on diq.

We assume, for each ¢ € [0, 7], that the moving domain, Qq(#), is the image of a reference stationary domain Q.
That is, there exist mappings x and y such that

Qo(t) = {(a:,y) € R? | L= 93(5777,75)’ Y= y(fﬂ%t)v (6’77) € Q{)}a

where 0 C R? is independent of time and € is open and bounded. We define 0 := R?\Qj and I := Q\Qp.
We assume that all functions involved are smooth enough so that the inverse mappings, £ = £(z,y,t) and
n=mn(z,y,t), exist; that is, at the very least, the vector mapping from the reference frame to the physical frame,
has a positive Jacobian determinant [16].

We set w(&(x,y,t),n(z,y,t),t) = u(z,y,t), where w = w; (&, n,t), for (§,n) € Q. Then, using the chain rule,
we compute the first-order temporal partial derivative

up = wy + we&y + wyne = w + (a- Ve p)w, (2.3)
with a = (&, 7). We assume that we, = wye, so that the second-order spatial partial derivatives are
Uzy = wéé(gr)z + welaa + wnn(nr)2 + Wyllee + 2Wen€ata, (2.4)
Uyy = wé&(gy)2 + wedyy + wnn(ny)Q + wnyy + 2wen&yny- (2.5)
Therefore, the dynamics in the (£, 7,t)—coordinate system are
Wy = D(l‘(&n,t),y(& U,t))[wgg((fx)2 + (fy)z) + wrm((%ﬁ)Z + (T}y)Q)
+ we AL + wy An + 2wey (Eae + §ymy)] — (@ Ve)w + G(w),  (§,1) € R\I. (2.6)

For the flux condition, we have that
Ou; = (v - V)u,

where V = (0;,9,). Therefore, the flux condition in the (&, n, t)-coordinate system is
do(v - V)wo +woe v =di(v-Vwi +wic-v, ({n) €T’ (2.7)
where
(v Vw; = wig(v1&s +128y) + win (V11 + vany).
With these mappings, the proportionality coefficient in the density-matching condition becomes (&, 7,t) =
k(x(§,m,),y(&,m,1)).

Example 2.1. We consider an open, bounded domain 4(t), where the outward unit normal is known on I'(0).
If Q¢ moves only by linear translations x — ¢;t and y — cot, then ¢ = (¢1,¢2). At any point (z/,y’) on I'(¢) the
outward unit normal is equal to the outward unit normal at (2’ — ¢1t,y" — cat) on I'(0). Furthermore, the change
of variable £ = x — ¢1t and 7 = y — cat sets Qf = Qp(0) and IV = I'(0). The first-order partial derivatives are all
constant and therefore, all second-order partial derivatives vanish.

Setting w(&,n,t) = u(zx,y,t), we find

w; = D'(&,1)A¢ qw + crwg + cow, + G(w),  (&,1) € RATY, (2.8)
where D'(£, 1) := D(£ + c1t, 1 + cot). The flux condition is
do(Vl’ong + Vg’won) + wO(01V1 + 021/2) = d1 (Vl’wlg + 1/2111177) + ’U)l(ClUl + 021/2), (&, 77) S F/, (29)

and the density condition is
wo = k(€ + cit,n + cot)wy, (&,n) e T,



336 J.S. MACDONALD ET AL.

Going forward, we set £ = x and 1 = y, and simplify notation by dropping all prime notation. From now on,
we assume linear boundary shifts of the same form as in Example 2.1. We focus our attention to finding solutions
to the system

Ow = d;Aw + (¢ V)w + G(w), in R*\T, (2.10a)
wo = k(z,y)wi, onT, (2.10b)
doOywy + (¢ - v)wy = d1Opwy + (¢ - v)wy, on T, (2.10¢)
wy — 0, as |[(z,y)| — . (2.10d)

Within the present analysis, we will make assumptions on the properties of the shifting speed, and at times,
for analytical purposes or to define auxiliary problems, take the shifting speed to be zero. In implementation,
we resolve these limitations by matching numerical results in more general scenarios of non-zero shifts to our
theoretical conclusions.

3. SEMI-DISCRETE VARIATIONAL FORMULATIONS

We are mainly interested in the spatial discretisation of our model. Particularly, our goal is to derive a scheme

that can treat the interface conditions. Within this section, we assume that both ¢ and x are constant. We

approximate the time derivative so that O;w ~ M, where 7 is the time step. We use a forward-backward

Euler scheme; i.e., we take all the linear terms at the (n + 1)th time step and the nonlinear term at the nth time
step. Then the system at every time step becomes

wn+1 ,wn
— d;Aw" T — (e V)" = Gw™) + —, on R*\T, (3.1a)

T T
wit = kPt on T, (3.1b)
doOpwi ™ + (e v)witt = diopw + (e - v)w] T, on T, (3.1c)
wit =0, as x| — oo. (3.1d)

For the variational formulation, we take 2 to be a bounded domain. We let Q = Qg U Q7 UT'. We assume
homogeneous Dirichlet boundary conditions on the boundary of €, which we denote by 0. That is, we consider
the system

n+1 n

Y @AW — (- V)t = Gw™) + on O\, (3.2a)
T T

witt = kw on I, (3.2b)

doOywi™ + (c- v)wi™ = did, Wit + (e - v)wi T, onT, (3.2¢)

wy =0, on ON). (3.2d)

With this formulation, we are no longer studying a nonlinear problem, as the left-hand side containing the
nonlinearity of the problem is known at every time step. Going forward, we replace w™*! with w and G(wl*) + %
with g;. Our proofs hold for any g; € L?(€2;).

Before we introduce the hybrid formulation in which we can weakly enforce the jump condition across I';, we
construct some auxiliary bilinear variational formulations. In these bilinear formulations, the jump across the
interface is an imposed condition on the solution space. The hybrid formulation for which our numerical method
is built, weakly imposes the jump condition, which eases implementation of the finite element method. Yet, the
proof for the well-posedness of the hybrid formulation relies on the well-posedness of the bilinear variational
formulations. We prove their well-posedness for two cases, namely (1) ¢ = 0, and (2) ¢ # 0, with dy = ds, which
are novel results on their own. All the variational formulations are introduced in Section 3.1, the theorems for
well-posedness in Section 3.2 and the corresponding proofs in Section 3.3.
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3.1. The variational formulations
Let
X ={velL*):vlg, € H ()} =I_H; (%),
where H(Q) = H'(Q0) and H; (1) = Hjg o(1) = {v € H(21) : v = 0 on 9Q}. We endow the space X with
the norm

1 3
2
o]l x = (Zui”179i> )
=0

where [|-[|; , denotes the typical H' norm over ;.
For a function w € X, we denote the restriction of w to Q; as w|q, = w;. Let

Vi.={v€ X :vg=rvy onT}.

Then,

Vi ={veEX:v=v; onT}=H}Q).
The last equality results from the fact that vg = v, on I'. To obtain a variational formulation, we multiply
equation (3.2a) by v € Vy, integrate, and find the relation

1 1
Z/Q {—diAwi —c-Vuw; + %] v;dx = Z/ﬂ giv; d. (3.3)
i=0 /i i=0 /<

We apply Green’s formula and integration by parts to the left-hand side of this equation and thus derive the first
variational problem, which we call (P).

(P): Find w € V,, such that
a(w,v) = ((v), (3.4)

for all v € V, where
1
i=0 /<%

and .
L(v) = Z/ 9;v; de. (3.6)
i=0 Vi

There are no terms integrating along T, since v1 = vy on I' and w satisfies equation (3.2c).

This problem is encumbered with the fact that the test space and the solution space are not the same. In other
words, the Lax—Milgram Lemma does not apply. In this case, to directly show that problem (P) is well-posed,
we could try to show that the conditions of the Banach-Nec¢as—Babuska theorem [17] are satisfied. Yet, we
circumvent this challenge by finding an equivalent bilinear variational form to which the Lax—Milgram Lemma is
applicable.

Let us consider a new variational problem, which we call (P’).

(P’): Find w € V,; such that )
(w,0) = (), (37)

for all v € V., where

a(w,v) = doVwoVug + (c - Vg + Z_—O)wo de + &k

diyVwi Vv + (C -V, + E)U)l de, (38)
Qo T

1951

and
g(v):/ govodw+/ kg1v1 de. (3.9)
Qo Q
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For problem (P’), the test functions and the solution belong to the same space. Thus, for well-posedness, we
need only show that the conditions of the Lax—Milgram Lemma are satisfied. Moreover, solving problem (P’) is
equivalent to solving problem (P); see Theorem 3.3.

For these two variational formulations, the jump condition along the interface I" is explicitly imposed in the
functional space V. With a hybrid formulation, the density jump across the interface is weakly imposed through
a Lagrange multiplier, which belongs to the following space:

M= {,u € HY*(I) : 3q € H(div; Q) such that ¢ -v =y on F},

where H(div; Q) = {q € (L? (Q))2 : divg € L3(2)} [38]. With this functional framework, we define a hybrid
formulation, which we call problem (Q):

(Q): Find (w,\) € X x M such that

a(w,v) + bl(’U, )\) = <g, 'U>X/7x, Yo e X, (310)
by (w, p) =0, Ve M, (3.11)

where a(w,v) is defined as in equation (3.5) and

be(w, \) = / Awg — kw1 ) ds,
r

thus,
b1 (w, A) = / AMwy —wr) ds.
r

Here, the integral [, represents the duality product between H~'/%(I') and H'/2(T'); i.e., [, Mwo — kw1)ds =
(A, wo — Kw1) -1/ g1/2, and w; denotes w;|r = y(w;) where v : H'(Q;) — H'/?(T) is the trace operator.

We now state our results on the well-posedness of the variational problem (P’), the equivalence of problem
(P’) and problem (P), and how the well-posedness of problem (P) induces the well-posedness of problem (Q)
(with no restriction on the constant advective velocity for this last result).

3.2. Well-posedness of the variational formulations

The well-posedness of problem (Q) relies on the well-posedness of problem (P), which in turn relies on the
well-posedness of problem (P’). We divide the results for existence and uniqueness for problem (P’) into two
cases, the first, the no shift case, that is ¢ = 0, the second, the non-zero shift case, ¢ # 0. In the first case, we
make no restrictions on the other model parameters. In the second case, we take d; = dy to ensure coercivity
of the bilinear form. Such restrictions on the diffusion coefficient are not uncommon in population models,
particularly when diffusion rates are difficult to estimate. Additionally, when d; # dy, this defines a non coercive
bilinear form and proving well-posedness of that problem reaches beyond the scope of this analysis. The proof
of existence and uniqueness in these cases of a nonstandard jump across a stationary interface with differing
diffusion rates, and a nonstandard jump across a moving interface with a globally constant diffusion rate is novel
to the theory.

Let do(-,+) € L(V, X Vi;R) denote the bilinear form a(-,-) when ¢ = 0. Let (P{) denote the variational
problem obtained by setting ¢ = 0 in problem (P’); i.e.,

(Pg): Find w € V,; such that

aop(w,v) = £(v), (3.12)
for all v € V.

Theorem 3.1. Problem (Pj) is well-posed. Moreover, when ¢ = 0, w € V,, is the unique solution of system
(3.2) if and only if it is the unique solution of problem (Py).
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Theorem 3.2. When ¢ # 0 and dy = dy = d, then problem (P’) is well-posed. Moreover, w € V,, is the unique
solution of system (3.2) if and only if it is the unique solution of problem (P’).

The above two theorems state that problem (P’) and the strong formulation are well-posed in the two cases:
(1) ¢=0; (2) ¢ # 0 and dy = dy. For the general case, we are unable to show that the bilinear form is coercive.
One can try instead to prove that the weaker conditions of the Banach—Nefas—Babuska theorem [17] are satisfied.
We leave this challenge for a future endeavour.

Theorem 3.3. Whenever problem (P') is well-posed, problem (P) has a unique solution.

We now have existence and uniqueness for problem (P). Thus, by the Banach-Nec¢as-Babuska theorem [17]
the following conditions are satisfied:

Jo > 0, inf sup _a(wv) > o, (3.13)
weVe vev, [wllxllvllx
Yo eV, (Yw e Vg, alw,v)=0) = (v=0). (3.14)
Moreover, we have the following a priori estimate:
1
Vg eV lwly, < gl (3.15)

where V] denotes the dual of V;. In particular, this estimate holds for g as defined in system (3.2).

Theorem 3.4. Under the assumption that problem (P) is well-posed in the general case (that is when ¢ # 0
and dg # dy) problem (Q) has a unique solution (w,\) € X x M. Moreover, w € V,; is the solution of system
(3.2) and we have that

A= —(d;Opw; + (¢-v)w;) on T for i=0,1.

3.3. Proofs of well-posedness for the variational formulations
We apply the Lax-Milgram lemma to prove that problem (P’) is well-posed in the two presented cases.

Proof of Theorem 3.1. First, note that V, is a Hilbert space equipped with the norm from X. Indeed, the
following mapping is linear and continuous:

X — HY () x Hjpo(®) — HYXT)xHY2() — HYXT)
v (vo,v1) — (volrsv1|r) = Uy — KU1

Let us denote this jump operator by [v], = vg — kv;. We have that V, = ([v].)~1({0}); i.e., V, is the preimage
of {0}. Since the set {0} is closed in every vector space, V, is a closed subspace of X.

The bilinear form ag(u, v) is coercive, ao(w,w) > ol|w|| y, and bounded, |ao(w,v)| < EHwHi{HvH%{, where o
and @ are dependent only on dy, di, 7, and k.

Thus, from the Lax—Milgram lemma, there exists a unique w € V, such that

ao(w,v) = £(v), Yo € V,,

and
[wllx <Cllgllgg: € >0is a constant.

Here, |||, o denotes the L? norm over Q.

Now, suppose that w € V,, is the unique solution to problem (Pg). Then, for any v € D(Qp) equation (3.12) is
satisfied. Applying Green’s formula, we find that

1
<—d0Aw0 + ’wQ,UQ> = / govo de, Yv € D(Qo)
T Qo
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Similarly, we see that

</€<d1AU/1 + 1’U)1>,’Ul> = / Kg1v1 da:, Yv € D(Ql)
T o}

Thus, we see that w satisfies equation (3.2a) in the sense of distributions when ¢ = 0. We set ® = Ul_,D(Q;).
Then, taking any v € V, N®, and applying Green’s formula, we find that

1 1
<—d0Aw0 + —wo — go,vo> + <f€(—d1Aw1 + e 91)7U1>

+ (do&,wo,vo)F — <f~£d18,,w1, 1}1>F =0, Yu € V.

Here, (-,-)r is the duality product between H~/2(T") and H'/?(T'). Since equations (3.2a) are satsified in the
sense of distributions, we conclude that the boundary term must be equal to zero. Since for v € V,, we have that
vy = kv, this boundary equation becomes

<doay’w0 — d18,,w1, K’U1>F =0, Yv € V.

Hence, we recover the flux condition (3.2c), given that ¢ = 0.

Next, suppose that w satisfies system (3.2) in the sense of distributions. We multiply the equation inside €3
corresponding to equation (3.2a) by k. We multiply the resulting coupled equations by v € V, N D, integrate
and then find the relation

<fd0Aw0 — (e V)wo + %,vo> + <l€<*d1Aw1 —(e¢-V)wy + %>701>
= / govo dx + / kg1 de. (3.16)
Qo Q
Applying Green’s formula and integration by parts transforms equation (3.16) into problem (P’), considering

that vg = kv on T for v € V,;, and that w satisfies equation (3.2¢). O

We now consider the case when ¢ # 0 and dy = dy = d. First, following Chapter 2 of [12] and considering
system (3.2), we make the change of variable w; = e~ ®u;. Then, we have that

C _c. _c
V’LUZ‘ = 7g6 d wui +e 4 qui,

and

aln

2 c c
Aw; =V -Vw; = E‘ e d®Py; —2e”dT= . Vu; +e 4T Auy,;.

c
d
Hence, equation (3.2a) becomes

e T

aln

—de” T Au; + ¢ e” TV, + Ui = Gis (3.17)

T

—C.z

where, g; = G(e‘ﬁ'w&i) + & ;. We remind the reader that formally, we have that w] = e~ a®q,, and

p
witt = e~ @ ®y,;. We note that

V- (—de_%“’Vui) = —de”T®Au; +c-e 1%V,

Thus, we can write equation (3.17) as

e"a®

aln

V- (—de” T*Vu;) + u; = gi. (3.18)

B
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The jump interface conditions (3.2b) become

e xT

Tup = ke 4Ty, = uy = Kuq. (3.19)

ale

The flux interface conditions (3.2c) become
de” 19 ug = de” 1 ®dy,u; = Opug = dpuy. (3.20)

Proof of Theorem 3.2. To prove this statement, we look at the following variational problem: Find uw € V,; such
that

ag(u,v) = lg(v), Yo € V.,
where

[ .
—dm T

aln

e e

agq(u,v) = de™ i ®VuyVuo +

Qo T T

uoVo de —|—/ /{(de_g“”Vval + ulvl) dx,
Q

and

Ed(v)zfg govgdm—l—/Q kg1v1 de.

Since e~ @® is bounded and positive on €;, i = 0,1, this bilinear form is coercive and bounded. Thus, by the
Lax—Milgram Lemma, this variational problem is well-posed. Then, by following similar steps as in the proof
of Theorem 3.1, we find that solutions to this variational problem are solutions to system (3.2) and vice-versa.
Thus, there is a unique solution to system (3.2), when ¢ # 0 and d; = dp.

Thus, problem (P’) has a unique solution when ¢ # 0 and d; = dy and

[wllx <Cllgllgg: € >0is a constant.

The proof of well-posedness for problem (P) relies on its equivalence to problem (P’).

Proof of Theorem 3.3. We have that

w is a solution of problem (P) <= w is a solution of system (3.2).

<= w is a solution of problem (P’).

Thus, whenever problem (P’) has a unique solution, we conclude that problem (P) has a unique solution. [

Before we present our proof for the existence and uniqueness of solutions to problem (Q), we establish
characterisations of our variational space V,, parameterised by x > 0 through by.

Lemma 3.5. A continuous linear functional L on the space X wanishes on V if and only if there exists a
unique element p € M such that

Yo e X, L(v) = /M(Uo — Kkvp)ds.
r

In the case that x = 1, the proof of Lemma 3.5 is identical to the proof of Lemma 1 in [38]. The proof in the
case where x # 1 requires more than minor modifications, so we present it here.
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Proof. By the Riesz Representation theorem and the Hahn-Banach theorem, there exist ¢; € L2(%),7=0,1,2,
such that any continuous linear function on H'(€;) can be written in the following way

ov ov
U Ki|l @15~ + g2 + qov | de,
where
1, € Q(),

KR =
! {/@, x € ).

Hence, given a continuous linear functional L on X, there exist ¢; € L*(€), j = 0,1,2 such that

1
0 0
Yo e X, L(v):Z/Q ni(qla;):—i—qgaz?—i—qov) dx.
i=0 /<

Assume that L(v) vanishes on V; i.e.,

1
0 0
Yv €V, L(v) = Z/Q Ki <q18; + qza—z + qm}) dx = 0. (3.21)

=0

Then, for all v € D(€;) C V,, we have that

ov ov
A + @ )de=— | & . 22
/Qin: <q18m+qgay>dm /Qifiqovdcc (3.22)

Using the definition of derivatives in the sense of distributions, we obtain

(ki(V - q),v) :/ Kiqov de.

Q;

Thus, inside each €;, divg = qo € L?(Q;) in the sense of distributions, where ¢ = (q1,¢2). Therefore, q €
H(div; Q;), and the following Green’s formula holds within each ;:

Yo € H' (), / Vv, - q+v; divgde = / v;q - V; ds. (3.23)
Q; T

We replace go with divg in equation (3.21). Let v*(q|o,) = @; - V5, where v* : H(div;Q;) — H~'/2(T") and v; is
the outward pointing normal to the boundary of ;. Then for all v € V., by applying Green’s formula (3.23)
within each ;, we find that

1
Z/ ki(Vo-g+v divg)de =0 < /nvl(ql-ul+q0-uo)ds:o.
i=0 Qi r

This equivalence follows since on I', vy = kvy. Since this relationship is true for all vy € H 1/ 2(I‘ ), we have that
in H-/2(I")

Q- vitq-v=0<+<= q v=q v,
where equivalence holds as v := vy = —vy. Thus, q belongs to H(div; (). Indeed, take ¢ € D(2). Then the
following holds:

/Qqqud:c:;{—/Qi ¢diquw—|—/rqbq~l/¢ds} :—/qudiquw.
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Therefore, divg € L*(Q) and we can write

1
Yo e X, L(v) = Z/ ki(Vv - q+v divg) de. (3.24)
i=0 /i

Conversely, any linear functional of the form (3.24) is continuous on X and vanishes on V.
Using Green’s formula on equation (3.24) and the definition of H -1/ 2(Q;) within each Q; we obtain for all
veX

1
L(v):Z/F/ﬁiviq-uidsz/Fq~V(v0—/-wl)ds:/Fu(vo—m}l)ds, e M.
i=0

The function q is not uniquely determined, but the corresponding element p € M is unique. Indeed, assume that

Vv e X, / p(vg — Kkvy)ds = 0.
r

Then, by taking v; = 0 on Q; and vy € H' () such that vy # 0 in H/2(T"), we find that
/ pvgds = 0.
r

Vv € H(Q), //wds:O,
r

Thus, we have that

which implies that = 0 on T by the surjectivity of the trace operator v — v|r from H'(Q) onto H/2(T). O
As a consequence of Lemma 3.5, we can characterise V; and V, as subspaces of X, in the following ways:
Vi={veX : YueM, bi(v,u) =0}, (3.25)

and
Ve={veX : VueM, b.(v,u) =0} (3.26)

Proof of Theorem 3.4. Let (w,\) € X x M be a solution to problem (Q). Then from the characterisation of V,
equation (3.26), we see that w € V,;. Choosing v € V), from the characterisation of V;, equation (3.25), we obtain

a(w,v) = / gvdx, Yv € V.
Q

This equation is nothing but problem (P). Thus, existence and uniqueness of w € V, follows from the well-
posedness of problem (P). Additionally, w € V, is then a solution of system (3.2).
Now, suppose that w € V, is a solution of system (3.2). Consider the linear continuous function on X

L(v) = /ng dx — a(w,v).

The right-hand side is problem (P). Hence, for v € Vy, L(v) vanishes. Thus, by Lemma 3.5, there exists a unique
A € M such that

Yo e X, bl(v,)\):/gvdm—a(w,v).
Q

Additionally, since w € V,;, we have that b, (w,\) = 0. Thus, (w, A) is the solution to the hybrid formulation.
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Finally, since g; = “* — d;Aw; — (c - V)w; within each ;, by applying Green’s formula in each Q; with
Vw = q, we find that, Vv € X

1
by (v, A) = Z/ﬂ (—diAwi — (e V)w; + 71_w2>vz dx — a(u,v)
i=0 <

= /(dl&,wl + (¢ v)wr)vr — (dodpwo + (€ - v)wo)vg ds,
r

= /F(vo —v1)Ads.

Thus, we have that on T,
A= —(d10pwr + (- v)wy) = —(doOpwo + (€ - V)wy).
|

In the present section, we introduced a hybrid variational formulation, called problem (Q). The hybrid system
has two unknowns, a primal variable, w, and a dual variable, A. We proved that problem (Q) has a unique
solution. Furthermore, we proved that the primal variable is the unique solution for system (3.2), and that
the dual variable is the flux across the interface I'. We are now ready to construct a finite element method to
approximate the solution of problem (Q).

4. FINITE ELEMENT FORMULATION

Our goal now is to construct a finite element method as a solver for problem (Q). In this section, we assume
that I' is a polygon and denote by I';, 7 = 1,...,J, the line segments that form I'. This assumption is necessary
for the construction of our proofs, yet in implementation, we do not consider it a necessary assumption to obtain
accurate results.

We denote by Py the space of polynomials of degree < s. Let 7,° denote a triangulation of €;, where any
element K of 7% is triangular. Here, h denotes the length of the longest edge of all the elements K. Then, we
can define the finite-dimensional spaces

u}; :uh(Qi) = {Uh S C(Qz) : Uh|K S PS(K), VK € 7;3, Uh|aQir‘|aQ = 0}.

We consider the subset of X:
X =Up) x U

The trace of the triangulation within each €2; over I' creates a triangulation, ¢;, : = 0, 1, along I". We denote
by F' the elements of ;. The distinction between these two triangulations is relevant since it is not necessary for
the triangulations to conform across I'. With this notation, we define the finite-dimensional space

My = {pn € C(T) : VF € to, pn|r € Ps(F)}.

Here, we do not make any reduction on the polynomial order near vertices of polygonal domains, as has been
done in comparable decomposition methods; see for example [8].

Remark 4.1. We choose, in line with our numerical implementation, to define M}, through the triangulation
resulting from 7,0. It is possible to define Mj, in other ways, for example, by the triangulation resulting from 7!,
or by the intersection of the two [2].

Our finite-dimensional approximation of the hybrid formulation, which we call problem (Qy,), is:
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(Qp): Find (wp, An) € Xp, x My, such that

a(wp, vp) + b1(vh, An) = (g, vn), Vup, € Xp, (4.1)
b (wh, pn) = 0, Vun € Mp.
For well-posedness of our finite element method, we need the following spaces:
Vih = {vn € Xp @ be(vn, pn) =0, Yun € My},

and
Vin ={vn € Xp : bi(vn, pin) =0, Y € My}
and auxiliary problems:

(Pp): Find wy, € V,p, such that

a(wn, vn) = L(vp), Vup, € Vip, (4.3)
and
(P},): Find wy, € V,, such that

a(wp,vp) = L(vn),  Yup € Ven. (4.4)

Lemma 4.2. The function wy, € Vi, is a solution to problem (Py,) if and only if it is a solution to problem

(P).

Proof. Suppose that wy, € Vyp, is a solution to problem (Pj,). Let (von,v1n) € V1. Then, the equation
vp = (Von, V1n) = (Uon, KU1n)

defines a one-to-one relation between Vi, and V. Upon substituting u, into equation (4.3) we see that wy,
satisfies equation (4.4) for any vy, defined through this relation.

Arguing in a similar manner in the other direction proves that wy, a solution of problem (P},), is also a
solution of problem (P},), thus concluding the proof. |

For the rest of this section, we assume that ¢ = 0. We use the 0-subscript notation, as introduced in Section 3.2,
to indicate that this assumption holds. In later sections, we validate our scheme for cases where ¢ # 0. An
analytical proof of existence and uniqueness for the discretised system in the most general case remains an open
question.

Before proving well-posedness of our finite-dimensional problems, we prove that the compatibility condition
(3.7) in [38] holds.

Proposition 4.3. For any j = k, 1, {pn € My ; Yo, € Xp,, bj(vn, pn) = 0} = {0}.

Proof. Consider pup, € My, and choose vy, € X, such that vi,|r = 0 and von|r = pp. Then

bj(”haﬂh):/ﬂ}%dszo <~ pn=0.
T

Theorem 4.4. (1) Problem (P}) has a unique solution.
(2) Problem (Ppo) has a unique solution.
(3) Problem (Qyg) has a unique solution.
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Proof. The proof is similar to that of Theorem 2 of [38].

(1) We have that V,, C X;, C X. Since ag(vp, vy) is coercive and bounded over X, we conclude that ag(vp, vp)
is coercive and bounded over V. Thus, by the Lax—Milgram Lemma, problem (P}) has a unique solution.

(2) By Lemma 4.2, problem (P}) has a unique solution.

(3) Problem (Qj,) is equivalent to an N x N linear system with N = dim(X}) + dim(M},). Thus, existence of a
solution follows from uniqueness, so that we need only to consider the corresponding homogeneous equation.
We assume that g = 0. Then, necessarily, from problem (Ppg), w, = 0. We have then that Aj, satisfies

bl(vh, /\h) =0, Yy, € Xp,.

Hence, from Proposition 4.3, A\, = 0.

O

With uniqueness and existence proven, we note that in fact, if (wp, Ap) € X X M}, is the unique solution of
problem (Qy,), then wy, € V,, is the unique solution of problem (Ppg).

5. ERROR ANALYSIS

In this section, we derive error estimates on w — wy,. Particularly novel are the optimal convergence rates
of the primal variable given nonstandard jump conditions. Moreover, contrary to the existing literature, is the
absence of restrictions on the discretisation of the dual variable A near the corners of the interface between
subdomains. Throughout this section, we assume ¢ = 0. However, in Section 6, we relax this assumption and
demonstrate that even for nonzero shifts, our results remain relevant. Our overarching goal is to approximate
well the solution w of system (3.2). We leave the error analysis of A for future work.

We introduce the auxilliary hybrid finite element formulation:

(Q/ho)= Find (wp, A\p) € Xp, X M}, such that

do(wmvh) + b,i(’l)h7 >\h) = g(’l}h), Yo, € Xy, (51)
bn(whvuh) = 07 vlj‘h S Mh‘

In the same way that problem (Qy,) has a unique solution, we can show that problem (Q},,) has a unique
solution. Additionally, whenever (wp,, A\y) € X, X M, is the unique solution to problem (Q},,), then wy, € V., is
also the unique solution to problem (Pj},).

We define the following norm:

lonll, = (@o(vn, o))"/,
for which there exist C, and C* dependent only on k, d; and 7 such that for v, € X,
Cillonlla < llonllx < C*[lonll,-
We denote by |-, o, the norm

) :
lwll, o = d;|Vw;|* dz + —|w;|? da
a8 Q, o T

i

Theorem 5.1. The solution wy, € V., of problem (P}, ) satisfies

2 be(om A — )\ 2\
lw—wpl|, = << inf ||w—vh||a> —|—< inf  sup M) ) . (5.3)

VhEVih HhEMn 4, €V, ||UhHa
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Proof. The result is a direct consequence of Theorem 3 of [38]. g

The first term in equation (5.3) is called the approximation error, the second term is called the consistency
error. The consistency error results from V., ¢ Vi; i.e., the finite-dimensional problem results in a nonconformal
method.

Before obtaining bounds on ||w — wy,||,, we introduce some notation. We assume that 7, are regular families
of triangulations in the sense that there exists a constant o1 > 0 independent of h such that

K
max — < 0y,
KeT; PK
where
px = diameter of the inscribed sphere in K.

Additionally, we also assume that there exists a constant oo such that for any two elements F, F' € tg
|F| > oo F'|,
where | - | denotes the length of the segment.

Theorem 5.2. Let My, be associated with a regular family of triangulations. Let ¢ = (¢g, P1) € H"+%(Qo) X
H“Jr%(Ql), where % <o < s+1 such that % =X € M. Then there exists a constant C, independent of h such
that . \
inf sup n(vhv - /féh)
Hh €M vy €V, HUh”a

1is
< O3 (lgolly 4. + 1010t 3.0, ) (5.4)

Proof. We have that

b (Vp, A — pp) = /(/\ — pn)(vor, — Kv1p) ds
r

< A= ol g7y (1orll ey + Nvrll oy )

< ClA = a1 2oy (ool + Ivinly g, )
< CIA= il oy llonla:

Therefore,
b (U, A — pip)
——— < ClIA = pnll g1y,
lonll, HEEm)
which implies
b (Vny A — fin)
sup ———————= < C||A - Mh”Hfl/z(ry
VR E€Vin ”'Uh”a

We can interpret u;, as the orthogonal projection of A = g—f from L?(T") onto Mj,. Thus, from Lemma 2.4 of
[8], we have that

1is|0¢
H)‘—/LhHH—lN(F) < Chg B

1
< CR* (6ol 3,0 + 1911101 3.0, )
o, I’

In the first line, hg is the longest edge of all the elements in 4. The result then follows immediately. O

Before finding bounds on the approximation error, we construct a lifting from M, — UY.
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Lemma 5.3. There exists a lifting Ru,q, : Mp — Uy, such that for any p, € My,
IRon.00 (1)l 0,000 < Cllienlly p-

Proof. Consider any pj, € Mj,. Then, since yy, is continuous along ', uj, € H(T). Thus, by surjectivity of the
1
trace operator, there exists an operator Rq, : Hz(I') — H'(Qq) such that

1R (n)ll10, < Cllinlly p-
We introduce the Scott—Zhang interpolator SZ, (see expressions (2.12) and (2.13) in [40]), where
SZy, : HY(Qg) — U},

and
1821 ()ll1,0, < Clivll; -

The Scott—Zhang interpolator preserves the boundary value; i.e., SZ,(v)|r = v|r, if v|r € Mp,.
We let Ry 0, = SZ) © Rg,. Then we have that,

IR0 (1n)ll4,0, < ClRA0 (1)1 0, < CllRay (1n)ll1 0, < Cllianlls r-

We now present bounds on the approximation error.

Theorem 5.4. For w = (wq,w;) € H®(Qo) x H (), with 1 < § < s+ 1, there exists a constant C independent
of h such that

. 5—
int o~ onll, < 07 (ol g, + nlls, ). (55)
VhE€Vikh

Proof. We have that
lw —vnll, < llw—wall,q, + VEllw —vnll,q,-
Let 7,0, be the Lagrange interpolant operator of degree s on €;. We can set vj|q, = 7,0, w1, so that we have
S—
lw = mh0,w1l,.q, < Clw=m0,wil o, <ChHuwlsg,, (5.6)

where the last inequality comes from Theorem 3.1.6 in [14]. We need a suitable function vy, = (g p, W1,,) where
Wy, = Th,0, w1 and Wy, satisfies

/(ﬁ}mh — Ky p)pn ds = 0, Vin € Mp. (5.7)
r

For any i, € M}, we can define
Wo,n = Th,0oWo + R0, (fin)-

In order to satisfy equation (5.7), we need

/(ﬁfo,h — KWy p)pp ds =0, Y, € M), <= /ﬂhuh ds = /("thﬂlwl — Th,QoWo)pn ds, Yup € My,
T I T
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Hence, we choose fi, to be the L?(T') projection of kmj, o, w1 — mh.q0,wo on Mj,. Recalling that b, (w, py) = 0, we
find

[inllo,r < l[Emh.0,w1 = mhgowo + (wo — Kwi) ||y 1

; 1/2 ; 1/2
<O Ylmawi—wilp |+ [ D llwo = mnopwollp r,

Jj=1 Jj=1

1/2 1/2
J J
2(6—1 2(6-1

<ol e 2>|w1|§7%7rj (S end 2)|w0|§7%’1ﬂj

=1 =1 (5.8)

1/2 1/2

J J
_1 2 2
<O (Sl s r |+ D lwolld s,
i=1 =1

<t [(J||w1||§)ﬂl)1/2 + (Jllwollisz(])l/z}

o—1
< 3 (Junllyg, +llwolls o)

In the third line, we applied Proposition 1.12 of [17], while the second last inequality is due to the continuity of
the trace operator ([21], Thm. 1.5.2.1).
Thus, we have that

||w - vh”a < ||’LU - thHa,Qg + \/EHw - wlh”a,ﬂl
~ 5—
< O (Il = mngwilly o, + 1 Bngn (in)ly g, + O wnlls g, )

<y wolls.q, +Cliu

yo+ CR s, ) (5.9)
< C(Chgi1 ||w0||5,s20 + Ch™3 ||ﬂhHo,F + Ch§71||w1||5,szl)

57
< Ch 1(||w0||57Q0 + ||w1||5791).

The second last line comes from the inverse inequality ([17], Cor. 1.141).
The result then follows immediately. (I

We finally have arrived at the error bounds of w — wy,.

Theorem 5.5. For (wo,w;) € H® x H? with 2 < § < s+ 1, there exists a constant C independent of h such
that
lw = wnll, < CAP (llwolls g, + lnls g, )- (5.10)

Proof. The result is a direct consequence of Theorems 5.2 and 5.4. (I

6. NUMERICAL TEST CASES

In the previous section, we provided theoretical a priori error estimates in the case where ¢ = 0. In this
section, we support our theoretical analysis with numerical test cases. We demonstrate that even with a non-zero
shift (¢ # 0), we achieve optimal convergence rates in the H! norm and additionally second-order convergence
rates in the L? norm. We then further validate our scheme with numerical test cases inspired by our previous
study of a finite difference solver for a 1-dimensional moving-habitat model [30]. Finally, from the perspective of
application, we exemplify how the scheme can be used as a powerful tool to further the advancement of research
in moving-habitat models. We implement our numerical solver using the FreeFEM++ finite element library [22].
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6.1. Numerical convergence

We now check the order of convergence of our numerical method considering a non-zero shift; i.e., ¢ # 0. In
our analysis, we consider two cases, the first being a conformal discretisation, the second being a nonconformal
discretisation. In both cases, our computational domain is Q = [3,7)> and Q; = [~17,19] x [—17,27\Qo.
Solutions of system (2.1) with a constant shift approach a unique travelling pulse solution; this statement was
proven analytically for globally continuous solutions [3], and we suspect this to hold even with a jump in density
across I since the reaction term is monostable!. In the reference frame, the travelling pulse translates to a
steady-state solution; i.e., dyw = 0.

In place of an exact solution, we compare our numerical solutions to a reference solution computed over a
conformal discretisation with 200 nodes on each side of the exterior rectangle and 400 nodes on each side of the
interior square. We stop the time-stepping iterations when the solution has reached the travelling pulse profile,
which we determine through the approximate time derivative in the L? norm. The stopping condition is then:

1 n+l _ ,,n 2 %
(X[ (")) < (6.1)
0,0 i—=0 Y T

In the loop, we refine the time step, 7, so that Inequality (6.1) holds for 7 = 2.5 x 1072. To calculate the integral
in FreeFEM++, the software uses a 6th order quadrature formula which is exact for polynomials of degree 5. The
initial condition is the Gaussian function of height 10, with variance (o, 0,) = (0.5,0.5) and centred in Qy; i.e.,

- () ()

We denote the number of nodes along I' from the exterior region, €21, and the interior region, €y, by nr; and
nr,o, respectively. In the conformal discretisation, nr o = nr ;. In the nonconformal discretisation, nro+1 = nr
(Fig. 1). We refine our grid by factors of two determined by nr ;. We calculate the numerical solutions with a
time step 7 = 0.1. We stop the method when the approximate time derivative of the numerical solution is less
than 1075, as in Inequality (6.1). The initial condition for each solution is the Gaussian function as in equation
(6.2). We present results for two test cases. Test 1 has parameter values « = 0.5, dy =2, dg =1, r =12, m =1,
a = 0.8, and ¢ = (1,0). Test 2 has the same parameter values except with a = 0.7. These parameter values
correspond to two qualitatively different solution shapes, where the first is hump shaped in the suitable habitat,
while the second is a steeply decreasing function in the direction of the shift.

We calculate the error in both the L? norm and the H' semi-norm (Tab. 1). The estimated accuracies in the
L? norm and the H' semi-norm between the reference solution and the exact solution for Test 1 are 2.52 x 107°
and 1.50 x 1073, respectively, and for Test 2 are 2.44 x 107> and 2.05 x 1072, respectively.

In the H' semi-norm, the method has order 1 convergence, in agreement with the theory of Section 5. Although
we do not have theoretical error estimates for the L? norm, the method displays numerical convergence of order 2,
one order better than in the H' semi-norm. These results hold irrespective of the discretisation being conformal
or nonconformal, with the method over the nonconformal discretisation performing just as well as the method
over the conformal one. Albeit, with the nonconformal discretisation, the error is slightly larger than with the
conformal one, showing that the consistency error indeed leads to larger overall errors. Additionally, without any
special consideration on the dual variable function approximation near the vertices of the polygonal domain, the
method is accurate with optimal convergence order in the H' norm.

H ,wnJrl _ ,wn

T

6.2. Validation via comparison

In [30], we numerically validated a finite difference method for the spatially 1-dimensional system. We now
numerically validate the finite element method by comparison with this finite difference scheme. Using the

1 In the sense that there is only one positive stable steady-state.
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FIGURE 1. The solution in and around the bounded domain over a nonconformal discretisation.

TABLE 1. Numerical Convergence in the L? norm and H'! semi-norm.

Discretisation nr,; L? error (order) H' semi-norm error (order)
10 4.63x10°2 1.44 x 107!
20 121x10 2 (1.93) 7.09x 10 % (L.02)
Conformal 10 282 x10 ° (2.11) 3.45x10 % (1.04)
80  6.99x 10 * (2.01) 1.76 x 10 % (0.97)
T 160 158 x 10 * (2.15) 9.34x 10 ° (0.90)
est 1 — —
10 4.61 x 10 1.36 x 10
20  1.25x10 2 (1.88) 7.03x10 2 (0.95)
Nonconformal — 40 2.96 x 1077 (2.08) 3.53 x 1072 (0.99)
80  752x10 * (1.98) 1.81x 10 > (0.96)
160 1.66 x 10 * (2.17) 9.46 x 10 ° (0.94)
10 3.79x10°° 1.69 x 10~ "
20 1.05x 10 % (1.86) 8.83 x 10 2 (0.94)
Conformal 10 256 x10 ° (2.03) 4.52x10 % (0.96)
80  6.42x 10 * (2.00) 2.34x10 2 (0.95)
Test 2 160 1.52x10 * (2.08) 1.28x10 2 (0.87)

10 432 x 1077 1.85 x 107"

20 1.09 x 107 (1.99) 8.93 x 102 (L.05)
Nonconformal 40 2.75 x 1077 (1.98) 4.67 x 1072 (0.94)

80  7.18x10 T (1.94) 248 x 10 2 (0.91)

160  1.67x 10 ( ) 1.32x107% (0.91)

technique of Ludwig et al. [26], we can write the 1-dimensional system on the reference frame as

Orwo = dgOzrwo + cOwy + w(r — aw), O<z<lL, (6.3a)
Oywy = d10,,w1 + cOwy — mywy, x <0, (6.3b)
W = KW, x =0, (6.3c)
doOywq + cwy = d10, w1 + cwy, =0, (6.3d)
dpOzw + cw = bw, x=1L, (6.3¢)
zgmoow(m,t) =0. (6.3f)
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FIGURE 2. An illustration of the bi-domain for numerical validation.

That is, we can rewrite the system on a semi-bounded domain where the boundary coefficient b = b(3, da, ma, ¢),
at x = L is a constant [29]. Here, (3 is the probability with which an individual moves into the suitable habitat
when at © = L, and ds, and ms, are the scaled diffusion and mortality rates, respectively for z > L. Steady-state
solutions to this system over z < 0 are exponential curves; i.e., w1 ~ e % where n™ > 0, and depend on the
parameters of the system [29]. Thus, over x < 0, far enough away from = 0, solutions are flat.

An analogous 2-dimensional system is

dw = d;Aw + (¢ V)w + G(w), on O\T', (6.4a)
wy = Kwy, on I, (6.4b)
doOywy + (¢ - v)wy = d10pwy + (¢ v)wy, on T, (6.4c)
doOnw + (¢ - n)w = bw, on {o, (6.4d)
Opw =0, on 9N\{y, (6.4e)
wli)moC w =0, (6.4f)

where Q = Q1 U Qo UT, and for some real values yo < y1,

QO:{(LC,:Z/)GR2|O<1'<L, y0<y<y1}v
le{(l',y)ER2|ZL'<O, y0<y<y1}7
P={(z,y) eR*[2=0, 50 <y <y},

and

bo={(z,y) eR* |z =L, yo<y<wu1}.

Here, n is the outward-pointing unit normal on 9. In the special case, ¢ = (¢1,0), this system is spatially
homogeneous in the y-direction and heterogeneous in the z-direction. Cross sections of the steady-state solution
of system (6.4) along the a-direction are the steady-state solution to system (6.3).

We apply the hybrid finite element method to system (6.4) by truncating the subdomain Q; at ¢; = {(z,y) €
Rz = —L',y0 <y < y1}, where L' > 0 (Fig. 2). On this boundary, we set homogeneous Dirichlet boundary
conditions. The value of L’ is chosen large enough so that the solutions are flat near the boundary ¢;.

We take Py approximations for both the Lagrange multiplier and the function w. Inside €2y far away from
T, the solution is nearly constant, so, we use an increasing element size progressing away from I' (Fig. 4). The
discretisation is conformal inside each §2;, but across I, it is not. Thus, we have a nonconformal discretisation.
The details of the mesh description are given on a case-by-case basis.

At steady-state, O;w = 0. We let w™ denote the numerical solution at time 7n, where 7 is the uniform time
step. We stop the time-stepping iterations when

<1072,
0,Q

[|w

n|2 o w
o= H
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FI1GURE 3. A 2-dimensional travelling pulse profile.

TABLE 2. The parameter sets for validation.

Test case « Jé] di da m1 ma2 ¢

Humped shaped 03 03 1 1 1 1 1
Decreasing 08 05 1 1 1 0.5 1.5
Sharply decreasing 0.8 0.6 2 1.3 01 14 25

We denote by Upp the solution of the 1-dimensional model, computed using the finite difference scheme
presented in [30]. The computational domain is taken as a cut along the z-direction of the truncated 2-dimensional
domain. We describe the computational grid by the pair (hg, 7rp), where hg is the uniform spacing in the interval
(0, L) and 7pp is the time step. In the interval (—L’,0), we space the grid geometrically with the smallest cell
width h = hg occurring next to the interface x = 0 and geometrically increasing away from the interface with a
common ratio of r, = 1.005. For each test case, Upp is determined via mesh refinement and is a grid independent
solution within 1%. For each simulation, we stop the scheme once the forward difference approximation of
the time derivative in the L® norm is below 10~3. The details of the numerical parameters are given on a
case-by-case basis.

The numerical solution obtained by the finite element method is a travelling pulse that is uniform in the
y-direction (Fig. 3). Using the open-source software ParaView [1], we extract the solution along a cut in the
z-direction, which we denote by Uy, -, where h is a measure of the grid size, and 7 is the time step used in
the scheme. We compare the solution Uy, ; to Urp in MATLAB®. Here, Up,» and Upp are vectors whose jth
component is the approximation of the value of the travelling pulse solution over the reference frame at (&;,70),
where 79 is a constant. We interpolate Urp onto the extracted grid of U .. We calculate the relative error,
€co(Upn.r,Urp), in the infinity norm, where

U -V
(U, V) = Z—2.
> Voo
We choose three different sets of model parameters, called humped shaped, decreasing, and sharply decreasing,
which describe the shape of the profile inside the suitable habitat (Tab. 2). Since the finite-dimensional scheme
is written for the scaled system, we always take dg =r =a = 1.

Humped shaped: We run the simulation twice. We take L = 5, and L’ = 20. Our coarsest grid has 30 nodes
across the z-direction in 2, and 50 uniformly spaced nodes across the z-direction in €2y. In the y-direction,
we place 5 nodes on ¢1, 50 nodes along both sides of I" and 50 nodes along ¢y (Fig. 4). Let h be the measure
of the largest triangle on our coarsest grid.
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FIGURE 4. The coarsest triangulation for validation. Panel a: 7,'. Panel b: T,, stretched for
visual ease. Panel c: T,) UTP. (a) Q. (b) Q. (c) Q.

We compute Upp over the grid (ho, 7rp) = (2.5 x 1073,2.5 x 10~2). This solution is grid independent to the
solution computed on the finer grid (hg, 7rp) = (1.25 x 1073, 1.25 x 1073), with a relative error in the infinity
norm of approximately 3.4 x 1074,

The finite element solutions are superimposed on Ugp (Fig. 5). The relative error, e (Un,-, Urp) is below
0.2% for each solution (Tab. 3).

Decreasing: For the finite element approximation we use the same two meshes as we did for parameter set
“humped shaped”.

We compute Urp over the grid (ho, 7ep) = (1.25 x 1073,1.25 x 10~3). This solution is grid independent to
the solution computed on the coarser grid (ho, 7rp) = (2.5 x 1073,2.5 x 1072), with a relative error in the
infinity norm of approximately 1.3 x 1073,

The finite element solutions are superimposed on Upp (Fig. 5). The relative error, ex(Up,, Urp) for all
the solutions is bounded by 0.1% (Tab. 3). The relative error remains within the bounds of the accuracy
prescribed on Upp.

Sharply decreasing: Here, we take L = 5 and L’ = 250. We impose the exact same number of nodes along
each boundary as we did in the two previous test cases. In this case, to achieve an exponential curve along a
cut in the unsuitable habitat, we stop the time stepping iterations when [[w"||Z o < 1077
We compute Upp over the grid (hg, 7¢p) = (7.8125 x 107°,7.8125 x 10~%). This solution is approximately
grid independent to the solution computed on the coarser grid (hg, 7ep) = (1.5625 x 1074, 1.5625 x 1073),
with a relative error in the infinity norm of approximately 1.1 x 10~2. Simulations for these solutions are
stopped when the forward difference approximation of the time derivative in the L> norm is below 107°.
All the solutions have the correct qualitative behaviour and the solutions on the finer grids are superimposed
on Upp (Fig. 5). On the coarsest grid, the largest error occurs near the interface where the solution visibly
differs from Upp. The relative error on the finer mesh is below 1%.

Remark 6.1. If we choose Py approximations for w, then we cannot choose P; approximations for A, as the
resulting solution is inaccurate along the interface. In this spatial set-up we have that I' N 9 # @. In the
literature, this situation needs to be treated specially, where the approximation of the Lagrange multiplier is of
polynomial order < s —1 on F' if a vertex of F lies on 9 [7]. Going forward, we do not consider situations where
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F1GURE 5. Cross sections along the x-direction of the 2-dimensional numerical solutions of the
finite element method are superimposed on the 1-dimensional numerical solution of the finite
difference method. Uy 0.1 (dashed with triangle markers, purple), and U 1.0.05 (dot-dashed with
hexagram markers, orange), plotted against Ugrp (solid, blue). The vertical line is the interface
I'. (a) Hump shaped. (b) Decreasing. (¢) Sharply decreasing.

TABLE 3. The relative error between the numerical solutions of the finite element solver and
Urp, for P; approximations of the dual and primal variable.

€ (Uh,‘ry UFD)

Parameter set Un,0.1 U%’OA% Urp accuracy
Humped shaped 0.0014 0.0006 3.4 x 107
Decreasing 0.0010 0.0009 1.3 x 1073

Sharply decreasing 0.1266 0.0041 1.1 x 1072

T'NoQ # @. We are interested in situations where the suitable habitat is surrounded by unsuitable habitat in all
directions. Thus, ' N 02 = @.

In this section, we compared our finite element solutions to those of the finite difference scheme. We found in
all cases that solutions agreed well. We see that with steep curves, care should be taken in the mesh size and the
stopping criteria threshold may need to be taken smaller.
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6.3. Ecologically motivated examples

We present an application of the finite element method to two ecologically motivated settings. These examples
serve as demonstrations of how our method performs in scenarios beyond the assumptions of our analysis, namely
non-polygonal domains and non-constant shifting velocities along I'.

6.3.1. Non-polygonal domains

Terrestrial habitat can be well represented with two-dimensions, whereas almost all existing models consider
only one-dimensional simplifications. One way to interpret these one-dimensional models as representations
of 2-dimensional landscapes is to assume that the landscape is homogeneous in the perpendicular direction.
However, this is a gross simplification that we do not need in our truly 2-dimensional model. We choose a circular
disk so that in every direction, there is spatial heterogeneity. We set

Qot) ={x e R? : (z—c1t)® + (y — cat)® < 2},
Q) ={xcR? : (z—c1t)® + (y — cat)® > 2},

and
Pt)={xcR?® : (x —c1t)? + (y — cat)? = 2}.

Through the change of variable £ = x — ¢1t, and n = y — cot, in the reference frame, we have Q= Q;(0) and
I = I'(0). For our computational domain, we truncate 0 at a radius of 10. We impose homogeneous Dirichlet
boundary conditions along 9. We use a conformal discretisation where we place 80 nodes along 9 and 160
nodes along I'. We take a mesh size enlarging from I’ out towards 9. We take a uniform time step of 7 = 0.025.
For an initial condition, we take the Gaussian function

w(§,n,0) = %exp (—0.5((&)2 + (0775)2>>

Solutions of system (2.1) with a constant shift approach a unique travelling pulse solution; see [3] and Section 6.1.
Such a solution is a steady-state solution in the reference frame, and so d;w = 0. As in the previous section, we
employ this as a stopping condition and stop the iterations when ||w”||3OQ < 1075,

Our finite element method was analysed under the assumption that the interface was polygonal. Over this
computational domain, I' is a smooth curve. We ran simulations for multiple parameter sets and found that
solutions were accurate provided the interface is well represented by the linear mesh.

We present the travelling pulse solution for two of these parameter sets, described in the caption of Figure 6.
For these cases, we consider the x and y axes as the latitudinal and longitudinal coordinates, respectively. Thus,
the poleward environmental shift [13] is represented by a constant shift along the positive z-direction. The
population density profile has a local maximum on the z-axis (Fig. 6). The shift causes the maximum of the
density profile within the suitable habitat to skew towards the direction opposite of the shift. The location of the
local maximum of the density profile over the suitable habitat depends on model parameters. For example, when
there is no bias for the suitable habitat, this local maximum occurs within the suitable habitat (Figs. 6¢ and 6d).
Increasing the bias, causes the local maximum to shift towards the boundary I', where a cut of the density profile
along the z-axis is a decreasing curve (Figs. 6a and 6b).

6.3.2. Non-constant shifting speeds

Change in topography and land connectivity can influence the geometry of the suitable habitat. For example,
the suitable habitat may narrow in size as it squeezes between two mountains or shifts onto a peninsula. To
capture such a scenario, we take

Qo(t) ={x € R? : o1t < < L, + it —L,+cot <y < Ly—cot },
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F1GURE 6. Density over a circular suitable habitat in the reference frame. Panels a and b:
a = 0.7. Panels ¢ and d: o« = 0.5. All other parameter values are d; = 2, dy = 1, ¢ = (1,0),
r =12, a =8, m = 1. Density scales are different across rows of panels. (a) High bias. (b) High
bias. (c) No bias. (d) No bias.

Q1 (t) = R:\Qo(1),

and
F(t) = U?—lrla
where
T1(t) :{a:G]R2 cat<z<Lp+eat, y=—Ly+cot },
Do(t) ={x €R?® : 2 =L, +cit, —L, +cat <y < L, — cot},
I3t)={xcR? : eyt <ax < Lp+cit, y= L, — cot},
Dyt)={zeR?® : z=c1t, =L, +cat <y < L, — cot},

where L., L,, and ¢; are all positive constants. In this case, only transient times up to some t; < T = i—j are

relevant since the suitable habitat is reduced to a line segment at time 7.
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FIGURE 7. Density over a shrinking habitat in the physical frame. Parameter values are d; = 2,
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The transformation to the fixed reference frame is

L
=2 —cqt, =y—
=xz—at, n yLygwat
so that Q;(¢) is mapped to €2;(0).
We implement this scenario with Q¢ = [—4, 4] x [0, 10]. We use a conformal discretisation and place 80 nodes
on each side of the interior rectangle and 240 nodes on each side of the exterior rectangle. Again, we take a mesh
size enlarging from I' out towards 92. Our time step is 7 = 0.01. For an initial condition we take the Gaussian

distribution 2
20 -5 ?
wien0 = Zeso(-05((552) "+ (5)) )

Throughout our analysis in previous sections, we assumed a constant shifting speed ¢ along I'. Here ¢ has a
piecewise construction along I'. Using equations (2.6) and (2.7) we can formulate the corresponding hybrid
formulation for which we apply our finite element method.

Figure 7 illustrates how the population density changes over a shrinking domain with model parameters given
in the caption. With the given initial conditions, the population first grows in that higher local densities are
viewed across the suitable habitat within the first nine time units. As time marches forward, the population
eventually starts to feel the effect of the shrinking domain and starts to die out as it is clearly evident after the
first 20 time units.

7. SUMMARY

In the present paper, we developed a 2-dimensional moving-habitat model in a reaction-diffusion framework.
The system can capture arbitrary movement of the interface and jumps in density across the interface. The
main scope of this work is in developing and analysing a hybrid variational formulation and a corresponding
finite element method that can capture a nonstandard jump in density over a shifting interface. For analytical
tractability, we assumed that the shifting speed of the interface was constant or, as in the case of the error analysis,
zero. Yet, in implementation, we showed that with nonzero constant shifting speeds our numerical method
remains optimally convergent. Moreover, in our error analysis, we do not need to impose special conditions on
the space of the Lagrange multiplier of our hybrid finite element method to reach an optimal error estimate on
the primal variable, in our case the population density. This is in sharp contrast with the literature on mortar
finite element methods where special modifications of the finite element discretisation of the Lagrange are always
done near domain corners. These tedious modifications are not needed for the convergence and accuracy of the
primal variable.

The assumptions of the analysis are in general not necessary for implementation of the method. We demon-
strated the strength of our method over a non-polygonal domain and over a shrinking domain, both of which
are ecologically motivated and inspired by the studies of moving-habitat models. In the spirit of conservation,
the method is an optimal tool to identify mechanisms that can help to determine a species’ susceptibility
to extinction in a wide variety of scenarios for climate-driven moving habitats. With this algorithm in hand,
immediate future projects will move towards heavily exploiting the second dimension. For example to gain insight
on the impact of the habitat geometry on population persistence (in both moving and stationary domains) and
studying population dynamics in transient times, applicable to cases such as an ever shrinking domain, where
the asymptotic outcome of the population is inevitably extinction.
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APPENDIX A. DERIVING THE FLUX CONDITION

Here we derive the flux condition equation (2.1d). Let V' denote an arbitrary open control volume (Fig. A.1). Then,
from conservation laws, the change of mass in the control volume V' is equal to the diffusive flux across the boundary plus
the change in mass due to the source term; i.e.,

%/Vudm:f/aVF(u)-nd:c+/VG(u)dm, (A1)
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FIGURE A.1. A control volume V intersecting with Qo (%).

v

where OV denotes the boundary of V, n denotes the outward pointing unit normal on 9V, F(u) = —D(x,y)Vu (Fick’s
Law for diffusive flux), D(z,y) = d;, on Q;(t), and

Glu) = {u(r —au), on Qo(t),

) —mu, on Q4 (t).

Let 3, =T(¢) NV, Vit = Q;(¢) NV, for i = 0, 1. From the previous definitions of v and X, v is also the unit normal
pointing from Vp; into Vi:. Similarly, ¢ is the velocity of 3.
The left-hand side of equation (A.1) is then

1
d d
— de = — d
dt/vugc ;dt/w”,
1
:Z/ uitdw—i—/ uoc‘uds—/ uic-vds,
i=0 Y Vit Bt ¢

1
:Z[/ diAuid:I:—i—/ G(ui)daz} +/ uoc-uds—/ uic-vds,
i=0 L/ Vit Vit pop St

1
aui

= [/ d; ds + G(us) dw] +/ doOpug ds
: OV;:NOV on Vi b

—/ dl&,ulds—i—/ uoc~uds—/ uic-vds,
bR R b

=- F(u)-nde+ / G(u)dx + doOyuo ds
ov v N

— d18VU1 dS + /

St St

upc-vds — / uic-vds. (A.2)
S

The second line is an application of the differentiation formula for moving regions; see Appendix C of [18]. (In fluid
dynamics, this differentiation formula is often called Reynold’s Transport Theorem [25].) Thus, from equations (A.1) and
(A.2)

doOpugds — di10yu1 ds + /

P PP b
Since V' is arbitrary, it follows that

uoc~uds—/ uie-vds =0.
t 3¢

dodvuo + (c-v)ug = didyur + (¢ v)ur, x € I(t).

One can derive the same equation through similar calculations by stating that mass is conserved over R? in the absence
of population dynamics, as we previously did in [29].
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