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LOWEST-ORDER NONSTANDARD FINITE ELEMENT METHODS FOR
TIME-FRACTIONAL BIHARMONIC PROBLEM

SHANTIRAM MAHATA!, NEELA NATARAJ!* AND JEAN-PIERRE RAYMOND?3

Abstract. In this work, we consider an initial-boundary value problem for a time-fractional bihar-
monic equation in a bounded polygonal domain with a Lipschitz continuous boundary in R? with
clamped boundary conditions. After stating the well-posedness, we focus on some regularity results
of the solution with respect to the regularity of the problem data. The spatially semidiscrete scheme
covers several popular lowest-order piecewise-quadratic finite element schemes, namely, Morley, discon-
tinuous Galerkin, and C° interior penalty methods, and includes both smooth and nonsmooth initial
data. Optimal order error bounds with respect to the regularity assumptions on the data are proved for
both homogeneous and nonhomogeneous problems. The numerical experiments validate the theoretical
convergence rate results.
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1. INTRODUCTION

Let Q be a bounded polygonal domain with a Lipschitz continuous boundary 99 in R? and T be a fixed
positive real number. For 0 < o < 1, consider the following initial-boundary value problem for time-fractional
biharmonic equation that seeks u(t) € HZ(f2) such that

Ofu(t) + Au(t) = f(t) nQ, 0<t<T,
u(0) = ug in £,

(1.1)
where A is the unbounded operator in L?(Q) corresponding to the biharmonic operator A% with clamped bound-
ary conditions. For an absolutely continuous real function u over [0,T], 9fu(t) denotes the Caputo fractional
derivative defined by

ofu(t) = 1_‘(11_04)/0 (t—s)" %/ (s)ds =TI/ (t), 0<a<l, (1.2)
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where v/ (t) := dyu(t) and Z°, 0 < 3 < 0o, denotes the Riemann-Liouville fractional integral defined by

(1) = /O kst — s)o(s)ds,  rp(t) = 51T (B), (1.3)

with the gamma function I'(z) = [;° e~"t*~* dt, Re(z) > 0. In Definition 2.4, we will use (1.2) for absolutely
continuous functions with values in a Hilbert space V* introduced later.

It is well-known that fractional order models describe physical phenomena more accurately compared to
the usual integer-order models (cf. [35]). The equation in model (1.1) represents a particular case of the time-
fractional Cahn-Hilliard equation [2,18].

The main goal of this work is to study the convergence analysis of semidiscrete approximation with lowest-
order nonstandard finite element methods (FEMs).

To present our contributions, we introduce below some standard notations. For any real r, H"({2) denotes the
standard Sobolev space associated with the Sobolev-Slobodeckii semi-norm |-|gr(q) (cf. [15]). Let Hy(£2) denote
the closure of D(£2) in H™(Q), V := HZ(Q), and let H="(2) = (Hj(£2))* be the dual of H} (). The notations (-, -)
and ||-|| denote the L? scalar product and L? norm in Q. For a Hilbert space H with norm ||- ||z, let LP(0,T; H),
1 < p < oo denote the standard Bochner space equipped with the norm ||g||zs(0,7;5) = (fOT llg(®)|%, dt)/>. 1f
p = 00, the space L*°(0, T; H) has the norm ||g|| (0, 7;z) = inf{C : ||g(t)||z < C almost everywhere on (0,T)}.

In addition, for m > 0, 1 < p < 0o, W™P(0,T;H) := {g : (0,T) — H such that ij—g € LP(0,T;H) for 0 <

j < m} is equipped with the norm |\g[lwm.ro,r:m) = g ||?;T?HLP(O}T;H) (cf. [14]). Hereafter, vy € (1/2,1] is
the elliptic regularity index of the biharmonic problem introduced in Section 2.1. Throughout the paper, a <b
denotes a < Cb, where C' is a positive generic constant that may depend on fractional order o and the final
time 7" but is independent of the spatial mesh size.

In Theorem 2.6, we state that when initial data wug is simply an element of L?(2) and source function f
belongs to W11(0,T; V*), problem (1.1) admits a unique weak solution with

lullzro,mvy + 1 e o, mvey S lluoll + 11w o750+
The main contributions of this work are summarized below.

(1) We derive regularity results for the solutions of both homogeneous and nonhomogeneous problems useful
for the error analysis in Theorems 2.8 and 2.10.

(2) In (3.4), we introduce a novel Ritz projection Ry, : V — V},, where V}, denotes the space of lowest-order
piecewise-quadratic polynomials for (1.1) with clamped boundary conditions in the proposed semidiscrete
schemes and includes the popular Morley, discontinuous Galerkin (dG), and C° interior penalty (C°IP)
methods. We establish the quasi-optimal approximation property displayed below in Lemma 3.4.

o = Ravll + 7 [o = Ruvlla S B2 [0l 125,

for all v € [0,70] and for all v € H?>*7(Q), where the regularity index vy belongs to (1/2,1) if Q is not
convex and g = 1 if Q is convex. These properties are crucial to obtaining optimal order error bounds for
both smooth and nonsmooth initial data.

(3) We use an energy argument in a unified framework for the nonstandard FEM analysis with lowest-order
piecewise-quadratic polynomials for (1.1). Since the solution of model (1.1) reflects a singular behavior near
t = 0 (see below Thms. 2.8 and 2.10), a straightforward analysis of numerical scheme is problematic. This
is addressed by multiplication by weights of type t/, j = 1,2 in the semidiscrete scheme. For initial data in
L?(Q2) and a source term equal to zero, in Theorem 4.2(i) we obtain the following error bound in the L?(2)
and energy norms for each fixed time ¢ € (0,71,

lu(t) —un(O)] S (h*701~ + B2~ EHI2) g,
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() = un()lln £ B0t ol + (P22 4 2= F2) g,

where h is the mesh size of the FEM. Similar error bounds are also proved for the nonhomogeneous problem
with an appropriate assumption on f and ug € D(A) in Theorem 4.2(ii) for ¢ € (0,T].

(4) Numerical experiments that validate the theoretical results are presented for examples with smooth and
nonsmooth initial data.

The article is organized as follows:

— In Section 2, we introduce some notations, state the well-posedness of (1.1), and derive regularity results of
the solution of (1.1).

— This is followed by a discussion on the semidiscrete schemes and error analysis in Sections 3 and 4. Optimal
order error bounds are proved for both smooth and nonsmooth initial data.

— Finally, Section 5 presents the results of the numerical implementations that validate the theoretical esti-
mates.

Below, we compare our findings with those already known from the literature and review the existing results
for (1.1).

— The well-posedness result is inspired by the work in [36] for second-order fractional diffusion-wave equations.
For (1.1), the well-posedness result is summarized in appendix of [25]. However, in (A.1) and (A.2) of [25],
the well-posedness and regularity results are stated with higher regularity assumptions on the problem data,

for example, initial data ug € D(A72) and source function f such that alg}“ € D(A7), where j € N and
1=0,1,2,3. These studies to (1.1) in our work are done comparatively with less smoother assumptions on
the problem data (c¢f. Thms. 2.6, 2.8, and 2.10).

— The introduction of the Ritz projection for lowest-order piecewise-quadratic based FEM on HZ(Q)NH?*t7(Q)

for all v € [0,70] and its quasi-optimal approximation properties on H2T7(Q) in L?(2) and energy norms
are new. The idea of this operator is borrowed from [7] for the analysis of FEMs for biharmonic plates. In
[25], the authors have introduced the Ritz projection on H3(2) N HIT1(Q), j > 2 for the analysis of virtual
element methods, and have proved optimal projection errors which demand at least H?3(Q2) regularity of
the continuous solution u(t). We also have to mention that the idea of using a Ritz projection is suggested,
without proof, in Remark 3.1 of [12], for the Morley finite element approximation of fourth-order nonlinear
reaction-diffusion problems.
There are technical difficulties that arise in the error analysis because (i) the space discretization is not
conforming and (ii) the error estimates are established under lower regularity of the solution. To overcome
these challenges, we introduce a novel Ritz projection Rj using a smoother (or companion) operator @
in (3.4). This leads to an error equation in (4.13) that is different from those obtained for the conforming
second-order problems [22,32]. The idea is also completely new in comparison to the available works for
time-fractional fourth-order problems in the literature.

— The semidiscrete convergence analysis in this work is inspired by the technique in [22, 30, 32] for time-
fractional parabolic problems with and without memory. The cited works discuss only second-order problems
and the conforming case, where the discrete trial space is a finite-dimensional subspace of H}(€2). In contrast,
the analysis of conforming FEMs for fourth-order problems demands C' continuity and requires a high
polynomial degree, which imposes many conditions on the vertices and edges of an element, and hence, is
prohibitively expensive. Most of the available literature for (1.1) discuss simply supported boundary conditions
(u = Au = 0) that enables a mixed formulation via an auxiliary variable v = Aw and subsequently, the
reduction of the problem to a system of two second-order equations.

As far as we know, the semidiscrete error analysis with uy € L%(Q) is a totally new result for the time-
fractional biharmonic problem with clamped boundary conditions.

— The work in [11] deals with a compact finite difference scheme with clamped plate problem, where the author
has discretized the spatial derivatives by the Stephenson scheme on uniform meshes, and fractional derivative
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by L1 scheme on graded time meshes, and established the stability of the scheme and convergence analysis

under the assumptions |2 o Z(f;(f)H < C with 0 <i+j <8 and ||d v || < C(14t*79), 0 < j < 2, for some
positive constant C'. In contrast the semidiscrete finite element approxunation in this work assumes a lower

regularity on the solution u(t) and includes the case uy € L?(2).

Several numerical methods to (1.1) and its nonlinear variants with simply supported boundary conditions
(that is, u = Au = 0) are studied in literature with stability and convergence analysis. These methods include,
for example, Adomian decomposition method [20], finite difference method [41], weak Galerkin method [40],
mixed FEMs [18, 19, 27-29], local discontinuous Galerkin methods [13,39], Petrov—Galerkin method [1], and
spline-based methods [16,42]. The FEM based works in [18,19,27-29] for fourth-order problems are studied for
simply supported boundary conditions. An auxiliary variable v = Aw is introduced for the mixed formulation,
and subsequently, the problem reduces to a system of two second-order equations with boundary conditions
u=1v=0.

2. WELL-POSEDNESS AND REGULARITY

We introduce function spaces and norms and present some useful properties of the Mittag—Leffler functions
in Section 2.1. The well-posedness results for (1.1) are stated in Section 2.2. In Section 2.3, regularity results
for the solutions of both homogeneous and nonhomogeneous problems are derived.

2.1. Preliminaries

The elliptic operator A

To study the well-posedness results, we start with the solution representation. The results are based on the
eigenfunction expansion of the corresponding elliptic operator associated with homogeneous boundary condi-
tions. Consider the following eigenvalue problem

A%p=pgin Q, ¢ = % =0 on 0N. (2.1)

Here v is the outward unit normal to 9Q. It is well-known ([3], p. 761) that there exists a family (u;, ;)52
such that (u;, ¢;) is solution of (2.1), 0 < pu1 < pe < ..., p; — 00 as j — oo, and the corresponding family
of eigenfunctions {¢; 521 1s an orthonormal basis of L?(2). For further development of this work, define the
unbounded operator (A, D(A)) in L*(Q) by
D(A)={pc H3(Q)| A%¢p € L*(Q)} and Ap = A%¢p for all ¢ € D(A).
It is known that [15]
D(A) c VN H*™(Q) with V = H3(Q) and v* € (1/2,2], (2.2)

where the index v* belongs to [1,2] if 2 is convex and v* € (1/2,1) if Q is not convex. The value of v* can
be related to the greatest angle of the polygon. Define the domain of the fractional power A", r € Rt ([34],
Chap. 2), of the operator A, by

Ay =(v= Zv]qﬁj | v; € R, Z/L lvj|? < ooy, A"v = Zugngbj = ZM;(Ua¢j)¢j~ (2.3)
j=1

j=1
The space D(A") is equipped with the norm
1/2

”v”D(AT) = Z#%\ . (2.4)
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The orthonormality of the basis {¢; };";1 is used above and throughout in this section. In particular, for r = 0,
we obtain || - [ paoy = [ |2y = [ [I-
When r = 1/2, we have D(A'/?) = V. From Part II, Chapter 1, Proposition 6.1 of [4], it follows that

D(A") = [L*(Q), D(A)], for all r € [0,1].
Therefore, with (2.2) and interpolation, we can prove that
D(A") c VN H*>C=0(Q)  forall r € [1/2,1].
Now, for r > 0, let D(A™") := (D(A"))* be the dual of D(A"), consisting of all bounded linear functionals

on D(A"). Identifying the dual of L?(Q) with itself, we write D(A") C L?(2) C D(A™"). The space D(A™") is
a Hilbert space with the norm

1/2
e}

1
lgllpa—ry = Z F|<ga¢j>‘2 ; (2.5)

j=1"7

where for g € D(A™") and ¢ € D(A"), the symbol (g, ®) stands for the duality pairing of g with ¢. Further,
with g € L?(Q2) and ¢ € D(A"), we write (g, ¢) = (g,¢) (cf. ([6], Chap. V)).

Remark 2.1. In addition to the index 4* introduced in (2.2), we need to introduce the so-called regularity
index (as defined in [5] or [7]) which is an index vy € (1/2, 1] for which the operator A is an isomorphism from
H?T0 NV into H=2T0, If Q is convex, 79 = 1, while if  is not convex we have v € (1/2,1). If Q is not
convex, we can choose yg and v* such that vy = v*, and the value of «y can be related to the greatest angle of
the polygon.

Let a(-,-) : V x V — R be the bilinear form associated with A? defined by

2

2 2
a(v,w) /Dv Dwdx_/zaxax]axzaxjdx’

where D?v denotes the Hessian matrix of v. Then, we can verify that
(Av,w) = a(v,w) for all v € D(A) and for all w € V.

In the convergence analysis of the semidiscrete scheme, we need the following version of Gronwall’s lemma (cf.
([9], Lem. 2.1)).

Lemma 2.2 (Gronwall’s lemma). Assume that ¢, 1, and x are three non-negative integrable functions on [0,T].

If ¢ satisfies

o(t) < w(t) + / X()é(s)ds for t € (0,T),

then,

/ P(s f X(Mdrqs  for t € (0,T).
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Mittag—Leffler functions and their properties

The Mittag—Leffler functions play a very important role in the analysis of fractional differential equations.
The two-parameter Mittag-Leffler function E, g(-) is defined ([23], p. 42) by

o0

2
Ea’ﬁ(z)—z::m, ZEC, OZ>O,HGR

It is a generalization of the exponential function e in the sense that E; 1(z) = e®. Further, we can directly
verify that it is an entire function in z. The following properties of the Mittag—LefHler function E, s(-) ([23],
(1.8.28)) or ([35], Thm. 1.4), and ([36], Lems. 3.2 and 3.3) are essential in Sections 2.2 and 2.3.

Lemma 2.3 (Properties of Mittag-Leffler functions). Let r be a real number with <F < r < min{r, ar}, where
€ (0,2). Then for any real number B and r < |arg z| < T,

1 _
JENpEER (B—a) ez u{o},
|Emu>s{ ! . (2.6)
SEnpl otherwise.
Further, for a,p >0 and k € N,
k
R ) — a—k et
dtkEa,l( Mt ) /Jt Ea,akarl( Mt )a te (OvT]v (27)
EO&,CK(_M) 2 Oa OS (Oa 1)7 p= 0.

2.2. Well-posedness

Definition 2.4 (Weak solution). Let us assume that ug € L?(Q2) and f € Wh1(0,7;V*). A function u €
LY0,T; V)N WHi(0,T;V*) is called a weak solution to (1.1) if the following identities hold.

O (u(t),v) + a(u(t),v) = (f(t),v) in L*(0,T) for all v € V, (2.8)
and

lim [[u(t) = uollv+ = 0.

Remark 2.5. Since we have

(t—9) 0‘

105 (u(8), 0} 2 0.3 = H/ﬁ s

< |l 1o mvallvlly  forallv eV,

S () )l Lo,
L'(0,T)

we can define 9w in L1(0,7;V*) by the equation
(Ogu(t),v) :== 0 (u(t),v) for all v € V and all ¢ € (0,T).

Theorem 2.6 (Well-posedness of (1.1)). Assume that ug € L*(Q) and f € WHY(0,T;V*). Then, (1.1) admits
a unique weak solution determined by

u(t) = E(t)uo + / F(t— 8)f(s)ds, (2.9)
0
with the operators E(t) € L(L*(Q)) and F(t) € L(V*) defined by
E(tyug =Y _(uo, ;) Ea1(—pit*)d; (@),
= (2.10)

=Z ) O3 B (—p15t%) 5 (), t € (0,T).
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Moreover, we have

lullLro, vy + 1| L0, mv ey S llwoll + 1 lwrao,rsv+)-
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(2.11)

The following stability properties of the solution operator F(t) of the nonhomogeneous problem are essential
in the proof of Theorems 2.6 and 2.10. For related results of second-order time-fractional differential equations,

we refer to Lemma 2.2 of [21].

Lemma 2.7 (Stability). For ¢ > —1, t € (0,T], and v € D(AY?), we have

(a—p)
z

IE@)ollpearrzy S i (rs2) [0l paarzy, 0<p—q<4.

Proof. In view of (2.10), (2.4) (or (2.5)), and (2.6), we obtain

VOB gy = S W02 B (=1t 2] (0, 65) 2 S £20 22 e HCENIE
= J
a— « - M ta o— — «
=gy g J,m S0, )P < 2@
j:1

where we have used % <1for0<p—qg<4andje N. This concludes the proof.

O

Proof of Theorem 2.6. The statement follows from standard arguments using the stated properties of the
Mittag—Leffler functions from Lemma 2.3 to show the claimed regularity v € L(0,T;V) N WhH(0,T;V*).

The details of the proof are omitted for the sake of brevity. For a complete proof, see [31].

2.3. Regularity results

O

The following regularity results for the solutions of both homogeneous and nonhomogeneous problems are

employed in the error analysis.

Theorem 2.8 (Regularity for homogeneous case). Let u be the solution of (1.1) with f = 0. Then, fort € (0,T],

the following results hold true:
(i) (Nonsmooth initial data) For ug € L?(2), we have

[ @)pean S P uoll for i € {0,110 <p< 1,
" () ¢l
|35 S ol

In addition, ||u||c (0,T]:L2(Q) S HUOH
(il) (Smooth initial data) For ug € D(A),

lu®)llpay S lluollpeay
o/ (t) | peary St TP lug||pay for 0<p <1,
u” ()] S t**lluoll peay,

0Fu(@®)[l < lluollpeay-

Furthermore, ||ullc(o,r;pca)) S lluollpa)-

(2.12)
(2.13)
(2.14)
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Remark 2.9. In view of the estimates in Theorem 2.8(i) and (ii), by means of interpolation we obtain for time
t € (0,77,

lu(t)|pcary S tia(piq)”uO”D(AQ) for0<g<p<1,
[ ()| peary St~ OFC=D Jug | paay  for 0 < p,q <1,
(GBS tqa_2||u()HD(At1) for 0 < ¢ <1, and,
|05 u(t)]| St~ U9 luo]| p(as) for 0 < ¢ <1.

Theorem 2.10 (Regularity for nonhomogeneous case with zero initial data). Let u be the solution of (1.1)
with ug = 0 and f € WH([0,T]; D(A%?)) nW?21(0,T; L*(Q)), q € [~1,1]. Then, for all € € (0,1), we have

[u) | peaarztiery S 6_1ta6/2||f”Lm(O,t;D(A‘Iﬁ))) t 0,77, (2.19)
[/ ()| paarzer-er2y S e_ltae/z”fI”LOO(O,t;D(Aq/?)) + t_1+a6/2||f(0)”D(Aq/2)v te (0,71, (2.20)
" @O S T ONE) + MO+ 22 £ O], t € (0,7, (2.21)

107 w() | S € /2| fll oo 0, (acr2y) + IF D], tefo0,7]. (2:22)

Remark 2.11. The combination of (2.16) with 5 € [1/2,1) and (2.20) with ¢ € [28 — 2 + ¢, 1] results in the
following estimate for the solution u of (1.1): For ¢ € (0, 7],

1/ ()| pasy S T Nugllpay + € 2 F | oo (0.0 a0r2)) + 1 T2 £(0)] paasz)-

Proofs of Theorems 2.8 and 2.10. The proofs of these assertions are based on the solution representation in
(2.9), the properties of Mittag—Leffler functions in (2.6) and (2.7), and Lemma 2.7. For details, see [31]. O

3. SEMIDISCRETE SCHEME

In this section, we describe the lowest-order finite element discretization schemes for the spatial variable in
Section 3.1. The Ritz projection operator and its approximation properties are stated in Section 3.2.

3.1. Lowest-order finite element discretizations

Let 7 denote a shape regular triangulation of the polygonal Lipschitz domain into compact triangles. Asso-
ciate its piecewise constant mesh-size hy € Py(7) with hx := hr|x := diam(K) ~ |K|'/? in any triangle
K € T of area |K| and its maximal mesh-size h := max hz. Let V (resp. V(£2) or V(912)) denote the set of all
(resp. interior or boundary) vertices in 7. Let £ (resp. £(Q2) or £(IN)) denote the set of all (resp. interior or
boundary) edges. The length of an edge e is denoted by hc. Let the Hilbert space H™(7) = [[xcr H™(K).
The edge-patch w(e) := int(K;+ U K_) of the interior edge e = 0Ky NOK_ € £() is the interior of union
KUK _ of the neighboring triangles K| and K_; the jump and average of ¢ are defined by |[<p]| =¢lr, —¢lK_
and {gp} = %(<p|1<+ + 90|K_) across the interior edge e of the adjacent triangles K and K_ € 7 in an order
such that the unit normal vector VK+|6 = v, = —Vk_|. along the edge e has a fixed orientation and points
outside K; and inside K_; vk is the outward unit normal of K along 0K. Further for e € £(9f), define
w(e) := int(K), and the jump and average by [¢] := ¢|. and {¢} := ¢|.. For functions in H§(2), the notation
Il-1l :== |- |2 stands for the energy norm. The notation || - [lpw := | - |g2(7) := | D3, - || refers to the piecewise
energy norm with the piecewise Hessian Dgw. Define the piecewise polynomials space P,.(7) of degree r € N by
P.(T)={ve L*Q) :v|x € P-(K) for all K € T}.

The nonconforming Morley finite element space M(7) [10] is defined as

M(T) := {xn € P>(7T) : x» is continuous at the vertices and its normal derivative Oy /Ov is
continuous at the midpoints of interior edges, x;, vanishes at the vertices on 0f2

and its normal derivative dxj,/0v vanishes at the midpoints of boundary edges}.
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On a finite-dimensional space Vj, C H%(7 ), define a mesh-dependent broken norm [8] by

Ixaullh = Y baltego + 22 Y2 | Dal@)f +Z7[[[8Xhﬂ

KeT e€€ zeV(e) eef
where f denotes the integral mean over the edge e. In particular, for x; € M(T), [[xnlln = lIxallpw as the
jump terms in (3.1) vanish. Further, the discrete bilinear form ayp, : (V3 + M(7)) x (Vi + M(7)) — R in all the
examples in this paper has the form

2
: (3.1)

ah(" ) = apw('» ) + bh('a ) + Ch('a ')7
and satisfies (H) below.

(H) an(-,-) is symmetric, positive-definite, and continuous on V}, with respect to the discrete norm || - ||, e,
3 constants (1, f2 > 0 independent of h such that, for all wp, xn € Vi, an(wn, xn) = an(xn, wr) and

an(Xn> xn) > Billxalli and ap(wn, xn) < Bollwn[nllxna- (3.2)
The semidiscrete problem that corresponds to the weak formulation in Definition 2.4 seeks u;, € W(0,T; V},)
such that
O (up(t), xn) + an(up(t), xn) = (f(t), xn) for all xp € V3,0 <t < T,
Uh(O) = Pyug € V3.

Here Py, : L?(Q2) — V}, denotes the L2-projection defined by (Pnv, x1) = (v, xx) for all xj € Vj,.
Now we present Examples 3.1-3.3 below for which the discrete bilinear form ap (-, ) satisfies (H) ([7], Sect. 5).

(3.3)

Example 3.1 (Morley). In this case, V;, := M(7T), and for all wy, xp € M(7),
an(Why Xn) = Qpw (Why Xn) = / D3 wp, = D2 xn d.
Q

The discrete Morley norm on Vj, is defined by || - [[» = || [low = @pw(:,-)}/2. Notice that this norm is equivalent
on Vj, to that introduced in (3.1).

Example 3.2 (dG). Choose V}, := P»(7), and for all wp, xp, € Vi, let
an(Wn, Xn) := apw(Wh, Xn) + ba(wn, Xn) + cac(Wh, Xn),

br(wn, xn) == =T (W, Xn) — T (Xn, wn), T (Wh, X1) : Z/ V] - { D3y xn v ds,

ecé

cactnsn) = 3 (% [ fun] [ as+ 56 [ 12 ] [0 ] ),

ecé €

where 0, 03¢ > 0 are the penalty parameters and apy (-,
on P5(7T) is defined by ||wp|lag = (|Hwh||\pW + cac (wn, wp))?
is equivalent on V}, to that introduced in (3.1).

-) is as defined in Example 3.1. The dG norm || - |lag
/2wy, € Vj,. As in the previous example, this norm
Example 3.3 (C°IP). Choose V}, := P»(T) N H () and for all wy, x5 € Vi, define

an(whp, Xn) = apw(Wh, Xn) + bn(wh, Xn) + cp(Wh, X4),

cip(Wh, Xh) Z o /[{awhﬂ [[aXhﬂ ds,

ecé
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where orp is a positive parameter, apw(-,-) and by (-,-) are as defined in Examples 3.1 and 3.2. The discrete
norm || - [lip on the space Vj, reads [|wp|[ip = (Jlwn |3, + crp(wp, wy))Y/? for wy, € Vi, In this example as well,
| - llrp is equivalent on V4, to that introduced in (3.1).

The equivalence of the common norm || - ||, with the norms defined in the Examples 3.1-3.3 (see [7]) is helpful
in the proofs of the approximation properties of the Ritz projection in the next section.

3.2. Ritz projection and its approximation properties
We introduce the Ritz projection which is the elliptic projection for the biharmonic problem and state its
approximation properties. The Ritz projection Ry : V' — V}, is defined by
an(Rpv, xn) = a(v,Qxp) forall xp, € Vi and v €'V, (3.4)

where Q := J1y is a smoother defined from H?(7) to V, with Iy : H*(T) — M(7) and J : M(7) — V denoting
the extended Morley interpolation operator and the companion operator, respectively (see appendix of [31] for
the details of the definitions and properties of the interpolation and companion operators). The Lax—Milgram
lemma shows that the projection Ry, is a well-defined operator on V.

In the semidiscrete error analysis discussed in Section 4, the error u(t) — uy(t) is split by introducing the Ritz
projection Ry as

u(t) —un(t) = (u(t) — Ruu(t)) + (Rau(t) — ua(t)).

Given the approximation properties for the Ritz projection from Lemma 3.4, the main task will be to establish
bounds for up(t) — Rpu(t) in the next section.

Lemma 3.4 (Approximation properties [7,31]). For any v € V and the Ritz projection Ry : V. — V;, defined
in (3.4), the approximation properties in the energy and L? norms stated below hold.

[ = Ruoll + h7[Jo = Ryolln $ W7ol g2 @),
for all v € [0,70] and for all v € H?>T7(Q), where vo € (1/2,1] is the regularity index introduced in Remark 2.1.

In the error analysis, we also need the following approximation property of the operator @ for piecewise
quadratic functions.

Lemma 3.5 ([7], Thm. 4.5(d)). For any xn € P2(T), the operator Q = JIy satisfies

Ixn = @xnll (1) < C1h?s Lrél‘r/l lv — xnl|n for any 0 < s <2 and a constant Cy > 0.

4. SEMIDISCRETE ERROR ESTIMATES

In this section, we derive error bounds for the semidiscrete scheme for both smooth and nonsmooth initial
data. To start with, in Section 4.1, we state some important properties of fractional integrals that are relevant
in the context. This is followed by the main results of this section and their proofs in Sections 4.2 and 4.3.

4.1. Properties of Riemann—Liouville fractional integrals

For all o € (0,00), all B € (0, 00) satisfying o+ 8 > 1, all v € L'(0,T), the operators Z% and Z? (cf. (1.3))
satisfy

ToTPu(t) = T%Pu(t), for almost all ¢ € (0, 7). (4.1)

If v € C([0,T]), then (4.1) is satisfied at all points t € [0,7] and «,5 > 0 (¢f. ([37], p.- 34)). Recall that
Ko(t) ;== t*"1/T'(a). In the rest of this subsection, we assume that 0 < o < 1, and so 0 < 1 — a < 1. The three
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identities below hold for vy (t) = tv(t) and va(t) = t2v(t) for t € [0,T] (see Lem. 2 of [22] and Lem. 2.1 of [32]
for a proof).

tT%(t) = % (t) + o2 o(t), (4.2)

tZ%'(t) = I%(v1)'(t) + (o — D)Z%(t) — tha(t)v(0), (4.3)

2T (t) = T%(v2) () + 2(a — 1) T (t) + aa — )T o(t) — t2k4(t)v(0). (4.4)

For ¢,v € L2(0,T; L?(2)), since cos(arn/2) — (1 —a) > 0, the following continuity property with any positive ¥

holds for Z1=* ([33], Lem. 3.1(iii)):

! 1—a ! -« 1 ! 11—«
/0 (T %p,v)ds §19/0 (7%, v) ds—i—m/o (T, ¢)ds. (4.5)

If v: [0,T] — L?() is a piecewise continuous function in time, then Z¢ satisfies ([33], Lem. 3.1(ii))
T T
/ (T, v) dt > cos(ar/2) / 1Z9720]2 dt > 0. (4.6)
0 0

In addition, if v’ : [0,7] — L*(Q) is a piecewise continuous function in time, then for ¢ € (0,77, it follows from
Lemma 2.1 of [24] that

t t
() — 0(O)]2 < t“/ |02 ds < ta/ (T, o) ds, (4.7)
0 0
where the last inequality follows from (4.6).
The proofs of this section use the inequality below frequently. For a,b > 0, it holds that
(a+b)* 5 (a®>+b°) < (a+b)> (4.8)

4.2. Main results

For the semidiscrete error analysis, we split the error u(t) —up(t) by introducing the Ritz projection Ry, from
(34) as

u(t) —un(t) =: p(t) +0(t), (4.9)

with
p(t) :=u(t) — Rpu(t) and 0(t) := Rpu(t) — un(t).

Let
Ao(e,t) == [luol| peay + Eiltae/zHfHLOO(O,T;D(Aem)), e€(0,1), t €10,T]. (4.10)

Recall that D(A) C V. N H**(Q) ¢ V N H*t0(Q). For the homogeneous problem, using (2.12) with i = 0,
p =1, and for the nonhomogeneous problem, applying (2.15) and (2.19) with ¢ = € we obtain

lw(®)|| o+ < J 7 luol| for wug € L?(Q) and f =0, t € (0,71,
H2H70(Q) S Ao(e,t) for ug € D(A) and f #0, t € [0,T].

This and Lemma 3.4 establish the estimates for p(¢) as given below.

h270t=%|Jug]| for up € L?(Q) and f =0, t € (0,T),

le®ll+2let)ln 5 {hQWAo(e,t) for up € D(A) and f #0, t € [0, . (4.11)
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Hence the main task in the remaining part of this section is to bound #(¢) in the L?(2) and energy norms. For
t €[0,7] and an € € (0,1) (determined by the smoothness of f), set

As(e,t) = 12 [luo | pay + 3720 £(0)] p(az) + Sl 0uszre)

+ 6_1t%_“(1_%)|\f'\|m (0.1:p(4%))

Rl t) 1=t unllogay + B0 = )L O 45y + 1 l0naony

1 3a(i-%) (4.12)
te iz HfHLoc(OTD(Az))

Bo(e,t) := |luollpay + €~

Bi(e,t) == Ai(e,t) + Aa(e,t) + | FOI + | fll 20,6220 + I 220,020
F 2 (| FO) + L O)) + 52 |1 0,:22(0)

where B(-,-) denotes the standard beta function. Note that in the above expression and in the sequel, whenever
the norm of the function f is dependent only on the space variable, we denote the dependence of f on t as f(t);
if the norm is space-time dependent, the arguments in f are omitted for notational brevity.

Theorem 4.1 (Estimates for 6(t)). Let u(t) and un(t) solve (1.1) and (3.3), respectively. Let Rpu(t) denote
the Ritz projection of u(t) defined in (3.4). Then for 6(t) = Rpu(t) —up(t), the estimates in (i)-(ii) below hold.

(i) (Nonsmooth initial data) For ug € L?(Q) and f = 0,
16N+ t*/2116() 0 S (P20t~ + B2~ TF2) |ug|, ¢ € (0,T].
(ii) (Smooth initial data) For ug € D(A), f € WL2([0,T]; D(A/?))nW21(0,T; L*(R)), and for all e € (0,1),
161+ "2 [0) 10 S h*Bole, 1) + 222 Bi(e.t), t € (0,T],
with Bo(e, t) and By(e,t) defined in (4.12).

A combination of the estimates for p(¢) from (4.11) and 0(¢) from Theorem 4.1, shows the error estimates for
the semidiscrete scheme for both smooth and nonsmooth initial data in Theorem 4.2.

Theorem 4.2 (Error estimates). Let u(t) and upn(t) be solutions of the continuous and semidiscrete problems
n (1.1) and (3.3), respectively.

(i) (Nonsmooth initial data) For ug € L*(Q), source function f = 0, up(0) = Pyug, and t € (0,T], it holds
that

[u(t) — un ()] S (R0t~ 4+ B2t~ T/2) |y |,
u(t) = un(t)[ln S ROt ugl| + (R0t =3/2 4 h2(@F2)) |y .

(i) (Smooth initial data) For ug € D(A), f € Wh2([0,T]; D(A/?)) N W21(0,T; L*(Q)), ux(0) = Phug,
€ (0,T), and for all e € (0,1), it holds that
lu(t) = un(®)ll S ¥ Ko(e,t) + ¥ Bo(e, t) + /272 By (e, t),
u(t) — un(®)||n < A0 Ao(e,t) + 20t *2By (e, t) + h* 2By (e, 1),
where Ag(e, t) and By(e,t), Bi(e, t) are defined, respectively, in (4.10) and (4.12).

Proof. The error decomposition (4.9), the triangle inequality, the first estimate in (4.11), and Theorem 4.1(i)
lead to the proof of (i). The proof of (ii) follows from (4.9), the triangle inequality, the second estimate in (4.11),
and Theorem 4.1(ii).
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4.3. Proof of Theorem 4.1

First of all, a key inequality is proved in Lemma 4.3, and bounds for the terms appearing in this lemma are
established in Lemmas 4.5-4.8. A combination of these results establishes the proof of Theorem 4.1.
The following notations hold throughout this subsection.

to(t), O(t) := t20(t), and

v(t) :=Zo(t) = /Otv(s) ds, %(t) =T%(t) = /Ot /OS v(7) dr ds.

D
=
—

~
N

Il

Recall the smoother @ from Section 3.2. For each x5, € Vj,, test (2.8) with Qx;, € V and subtract (3.3) from
(2.8) to obtain

(07 u(t), @xn) — (O un(t), xn) + (a(u(t), @xn) — an(un(t), xn)) = (f(t), (Q = I)xn).
Add and subtract (9fu(t), xn), utilize (3.4) and 0(t) := Rpu(t) — up(t) on the left-hand side of the above

expression to obtain

(07 (u(t) = un(t), xn) + (FFu(t), (Q — I)xn) + an(0(t), xn) = (f(1),(Q = D)xn)-

Recall u(t) —up(t) = p(t)+0(t) and the notation from (1.2), that yields 950(t) = Z'=20'(t), 0% p(t) = I =%p'(t),
and 0fu(t) = I~/ (t). For ease of notation in the subsequent estimates, we denote p(t) := Z1=%u/(t). Then
for all x, € Vi, and t € (0,T1], the above displayed identity leads to the error equation in 0(t) as

(Z'720 (1), xn) + an(0(t), xn) = —(Z' 0 (1), xn) — (2(1), (Q — D)xn) + (f (1), (Q — D)xn).- (4.13)

Recall the notations
R t
0;(t) = t'0(t), ps(t) = t'p(t) for i = 1,2; pa(t) = t2p(t), falt) = t2f(t),0(t) :/ 6(s)ds,
0

p(t) = /0 p(s)ds, py(t) = (p(1))', @(t) = (e (1)), fo(t) = (£ f(#))', and
A#) = ~pb(t) + 2apa () + (1 — a)7(t).
Lemma 4.3 (Key inequality). If 6 satisfies (4.13), then for time t € (0,T], it holds that

~

t
oo = o) <2 [ (@ 000) + (@ 000.00) + (T2 ) )as

+h4t”‘4<|<P2(15)II2+/0 (H<P2(5)||2+||S0/2(3)||2)d5+||f2(t)||2+/0 (If2(8)||2+||fé(8)|2)d8>'

Remark 4.4. Note the dependency of the variables 5, é\l, A, etc. on the time variable is suppressed in the above
and in the sequel for notational ease when there is no chance of confusion.

Proof. To prove the assertion, we first show that 62 € WH1(0,T;V},) and py € WH1(0,T; L?(2)). For nonsmooth
initial data, from (2.12), it follows that

1’ Ollv = v’ (Ol pearrzy S ¢4 fuo].

From which, we deduce that
IRuu’ (@)l <t~ fuol,
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and that t — t?*Ru(t) belongs to W11(0,T;V},). We already know that uj, belongs to W1(0,T;V},). Thus 62
also belongs to W1(0,T;V},). With (2.14), we have

le@I < ¢~ [luoll-

Thus 2 belongs to WH1(0,T; L?(£2)). A similar argument holds for smooth initial data.
Multiply both sides of (4.13) by 2, apply (4.4) (twice) to rewrite both t2Z1=20" and t*Z'~*p’, utilize (p(0) +
6(0), xn) = 0 from the second identity in (3.3), and the definition of A to obtain

(Iliaeévxh) + ah(927Xh) = 20[(11701017Xh) + Oé(l - a)(zliaé\a Xh) + (Ilia}\vxh)
— (92, (@ = D)xn) + (f2, (@ — I)xn) for all xp, € V.

Substitute x, = 05(¢) in the last displayed equation, integrate over (0,t), and apply (4.5) for the first three
terms on the right-hand side with the choice of 9 as m to obtain

~

t t t i
/(Il‘a9§79§)ds+/ ah(92,0'2)ds§1/ (Il—aeg,eg)ds+c/ ((Il—aa, )
0 0 2 0 0
t t
FE0,00) + (@AN) ds = [ (ea,(Q - DB s+ [ (@ Do) .
0 0

The constant C' in the above inequality depends on «. The symmetry of ap(:,:) from (H) shows
2a5,(02(t), 05(t)) = Lan(02(t),02(t)). This with (3.2), (4.7), and 62(0) = 0 on the left-hand side of the above
inequality establishes

t
o0 + A0l S [ (@ 700) + @000+ (@A) ds

+ / (2. (Q — 1)8) ds| + / (J2r (Q — 1)8L) ds|. (4.14)

Now, the task is to bound the last two terms on the right-hand side of (4.14). Since 6 and s belong to
W0, T; L2(£2)), with an integration by parts, we have

Ty :=/ (p2(s), (Q = )05(s)) ds = (2(t), (Q — I)ba(t)) —/ (#5(s), (@ — I)b2(s)) ds.
0 0
The Holder inequality and Lemma 3.5 show

Th| < C1h2<|<p2(t)llll92(t)llh +/0 15 (s)IH162(s) 1 ds>

ﬁl 2 29—114 21It 2 012h4t/ 2
< 1001+ C8 R a1 + 5 | 102 ds + == [ ()] ds,

with an application of Young’s inequality in the last step above. A similar approach is applied to bound the
term Ty := fot(f27 (Q — I1N65) ds and leads to

Ty < clh2(||f2<t>||||92<t>||h - ||f5<s>|||ez<s>||hds)

ﬁl 2 2n9—1p4 2 1 ! 2 Cl2h4 ! / 2
< 6@l + CLbr A 017 + 5 ; 192(s)l15 ds + =5 ; [f2(s)]I” ds.
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Substitute these bounds of |T1| and |T%| in (4.14) to obtain

~

t
201 + Bl (1) S / ((Z26,9) + (261,01 + (T "7, N) ) ds

1 (a0 + [ bR as + 1R01+ [ I7Ras) + [ a1z s
Apply Gronwall’s lemma in Lemma 2.2 with
8(t) = 0201 + B 1) x(1) = €. and
c/ ((T298,8) + (T'0,,01) + (T, ) ds

+ Ch4(||<ﬂ2(t)|2 + / Ioh ()2 ds + 1 F2(0)]12 + / ||f£(5)||2ds),

utilize (4.6) fo Jyg(r)drds < fo s) ds for fo s)ds > 0 (g(t) > 0) and t € (0,7 for the terms corresponding
to a double integral in time, and recall 02(t) = t29( ) to conclude the proof. O

Lemmas 4.5-4.8 bound each term on the right-hand side of the estlmate in Lemma 4 3.
The notations (¢ fo s)ds for the choices v = 0,p,p, f and v(t fo Jo v(r)drds for the choices
v=2~0,p, f are used in the next lemma.

Lemma 4.5 (Estimate for f(f(zl—a@ 0)ds). Fort e (0,T) and 0 satisfying (4.13), the bounds stated below hold.
t N ~ 2
| @8y 0017 S £ (1 )
if up € L*(Q) and f =0, and
t = 2
/0 @ =0.0)ds + [0} < 0 (W70 Aoe, ) + R0 (e.1))

for all e € (0,1), if up € D(A) and f is such that Ag(e, t) and Ai(e,t), defined in (4.10) and (4.12), are finite.

Proof. The proof is split into four steps. The first step derives an intermediate bound, and Steps 2—/ estimate
the terms derived in Step 1.
Step 1 (An intermediate bound). The definition of Z7(-) in (1.3) and (4.1) establish

T2 (1) =T Z(V (1) = T (w(t) — vo) = T v(t) — koo (t)v(0).
Integrate (4.13) over (0,t), utilize the above identity twice, and (p(0) + 6(0), xp) = 0 for all x € V}, from the
second identity in (3.3) to obtain

(T 70, x1) + an(0,x1) = —(T*%p,xn) — (B, (Q — I)x) + (f,(Q — I)xn)  for all xy € Vi

Integrate the above identity in time from 0 to ¢ and choose xp = g(t) to establish

~

(Z'70.0) + an(0,0) = ~(2'5,0) — (2,(Q — D0) + (/. (Q ~ 1)D).
Integrate the above identity once again in time from 0 to ¢, apply (4.5) with ¥ = 1/2 to fot(Ilfo‘(fﬁ), A) ds,
utilize Qah(ﬁ 0) ah(9 9) and (3.2) to obtain

t

~ t . N o ~
/(Il—aﬁ,ﬁ)ds+ﬁlll9”i5/(Il_aﬁ’ﬁ)ds+ , PLQm DO U@ = Do) ds

0 0
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The bounds for the terms ’ fg (:}Z\, (Q— I)é\) ds‘ and | fg(f, Q- I)é\) ds‘ can be established in an analogous way
following the steps of the derivation of the bounds for |T}| and |T3| in Lemma 4.3. In this case, we obtain

-~ ~

t ~ t t
/O (T°8,8)ds + |02 < / (Il‘“ﬁ,ﬁ)ds+h4<ll<ﬁ(t)ll2+ / 13(s)] ds

+ P + / |f<s>||2ds> v/ 1B(s)I12 ds. (4.15)

Apply Gronwall’s lemma in (4.15) to obtain

t

t ~ t
/0(11“9,9)d8+ll9(t)i§/0(11"‘ﬁ7ﬁ)ds+h4<ll<ﬁ(t)2+/0(II@(S)I2+||@(8)|I2)dS

~

+IF@ + / (IFs)I2 + ||A<s>||2>ds>. (4.16)

Step 2 (Estimate for the term fot(l'l’“ﬁ, p)ds on the right-hand side of (4.16)). An application of (4.11) results
in

. s R0 jugl| [P 7= dr < h¥0sM |yl for f =0 and ug € L(9),
s [ ewiar 4l ol 0 € L)
0 h#70s Ag(e, s) for f # 0 and ug € D(A).

This bound, the definition of Z'~%, and 7 < s in the computation of the integral in the second step below lead
to

h?1052729 |y || for f =0 and ug € L*(Q),

Ilfa’\ < _ —a || dr <
” Pl N/O (s =) "llp(r)lldr 5 {h270320‘A0(e,s) for f # 0 and ug € D(A).

The Holder inequality and a combination of the last two displayed bounds show

t ¢ 4o 14—30 2 2
e A h*ot |luo||? for f =0 and ug € L*()
I7'75,p)ds < Il ds < ;
/0 ( pp)ds < /o | Plllizllds 5 {h470t4—“Ao(e,t)2 for f # 0 and ug € D(A).

Step 3 (Estimate for the term (||a5(t)H2 + fg(”@(s)HQ + H@(s)HQ)ds) on the right-hand side of (4.16)). The
approach for the estimates for the nonsmooth and smooth initial data differs here as direct bounds for the
required estimates offer challenges due to the singularity factor ¢! (see (2.12) with i = 1,p = 0) when ug €
L?(Q). However, this issue is resolved below with the help of (4.1).

Nonsmooth initial data (f =0 and ug € L?(Q)). Recall ¢ = Z'~%u/ and apply (4.1) to observe

)

=TT/ (1) =T T(u'(t)) = T (ult) — uo), P(t) =T *(u(t) — uo).

The definition of Z?= (cf. (1.3)), (t — s) < t, and (2.12) with i = 0,p = 0 lead to

2 2

o = [ 452w - s 5 (00 [+ ol as) S el
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This yields

t t 5—2a
= —2a t —2a
[ B as < [ st ol ds = S5l < #2 ul (417)

with ¢ < T (used once) in the last step. The definition of Z1= (¢f. (1.3)) and (2.12) with i = 0,p = 0 establish
2

el =| [ Sy = was|| 5 ([ 6=l + fuolhar) S 2ol

and this shows fo 12(s)]1? ds < 1372 |ugl|?. Altogether, we obtain

2

1)1 + / (1B + 13(5)]2) ds < 372t + 1) Juol|*.

Smooth initial data (f # 0 and ug € D(A)). Using é(t) = I3/ (t), (t — s) < t, and (2.16) with p = 0 and
(2.20) with g = €, we have

t t

2
(0.T:D(4*/?))) ds)

2
S (t2||U0||D(A) + t2_a(1_6/2)”f(O)HD(Af/Z) + 6_1t3_a(1_6/2)Hf/HLO"(O,T;D(AE/z))> .

2

O)llp(acrz)

—1 &€
+et

An integration from 0 to ¢, (4.8), elementary algebraic manipulations, and ¢t < T' (used once) as in (4.17), lead

to a similar bound for fot ||<,AE s)||? ds. Analogous arguments with elementary manipulations lead to

2
/ 182 ds S (¢ fuollpeay + 32D FO a5y + DL o rniasy)

A combination of the last two dlsplayed inequalities establishes the required estimate in this step.

Step 4 (Estimate for the term (||f ®)]1* + fo 1F(s)]12 + Hf( )I2)ds) on the right-hand side of (4.16)). For
nonsmooth initial data, since f is chosen as zero, the term is zero. For smooth initial data, the definitions of f

and f show

= bt =~ 2
IFOI+ [ 7@+ 1R ds S (B2 s ason + iz nasiay) -
A combination of Steps 2-4 in (4.16) and algebraic manipulations conclude the proof. |

The notations vy (t) = tu(t) for v =6, p,p, f and O(t) = fg v(s)ds for v = 6,01, p, 1, f1 are used in the next
lemma.

Lemma 4.6 (Estimate for fOt(Il’o‘Hl,Ql) ds). For 0 that satisfies (4.13) and t € (0,T], the bounds stated below
hold.

‘ R 2
| @ oo as < 1RO < e (1 )
0

if ug € L*(2) and f =0, and

" R 2
[ @00 ds + 1601 < ¢4 (197 Role. ) + RN (e0))
0

for all e € (0,1), if up € D(A) and f is such that Ag(e, t) and As(e, t), defined in (4.10) and (4.12), are finite.
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Proof. The structure of the proof is similar to that of Lemma 4.5. However, the majorizations are different and
for the readability of the paper, we give the necessary details. The proof is presented in four steps. To prove the
desired bounds, we proceed following Lemma 4.3 as follows.

Step 1 (An intermediate bound). Multiply (4.13) by ¢, use (4.3), and (p(0) + 6(0), xx) = 0 for all x; € V} to
arrive at

(Z'701, xn) + an(01, xn) = (T %0, xn) — (TP, xn) + (' %p, xn)
— (1), (Q — Dxn) + (f1(1),(Q = I)xn)  for all x, € V.

Integrate the above equality over (0,t), and next choose x; = 61 (t) to obtain

(Z'7%01,01) + an(61,01) = (2 7°0,01) — (T'~“p1,01) + a(Z' =P, 01)
—(F(1),(Q — Do) + (Fi(t), (Q = )61).

An integration over (0,t) once again, an application of (4.5) to the first three terms on the right-hand side, and

the choice ¥ = m reveal

~

t t N 1 t t R
[ @ oondss [andonds<g [@ oo o [ @08+ @ )
0 0 0 0

1=a5 5| ds t/Is —1)8;)ds tAlsa — 1)b1)ds|.
@) as+ | [ @@= 10 as| +| [ ()@= Do

Apply 2ay, (9A1 (t),0:(t)) = %ah(é\l (1), 9A1(t)), (3.2), approach of Step 1 of Lemma 4.5 to bound the last two terms
of the above displayed estimate, and Gronwall’s lemma to obtain

t N t

t t
/ (T0,,01)ds + 16:.()]2 < / (T'6,0) ds + / (T'=5,p) ds + / (T py, pr) ds
0 0 0 0

+(IFOF + [ @R + G as+ IROF+ [ UAGE+IREF ). @

Observe that the bounds of the first two terms on the right-hand side of (4.18) are available from the statement
and Step 2 of Lemma 4.5. Hence in the steps below, we bound the remaining terms.
Step 2 (Estimate for the term fOt(Ilfo‘pl, p1) ds on the right-hand side of (4.18)). In view of (4.11), we obtain

h270s1= ||y for f =0 and ug € L?(Q),

||P1(S)|| = SHP(S)H S {h2’YUSA0(6, S) for f# 0 and ugy € D(A)

Employ this to establish

s h270 52729 ||lyg || for f =0 and ug € L?(Q)
Tl-a < — )@ dr < 7
12 p1(s)]| < /0 (s =7) “p(T)]ld7 < {h27082—aA0(€75) for f # 0 and ug € D(A).

The Holder inequality plus the last two displayed bounds reveal

t t 4 4—-3a 2 — 2
_ _ h*ot |luol|? for f =0 and ug € L*(£2)
Il ds < Tl ds < ;
/o ( prp1) ds < /o | pullliorlids = {h‘”"t“o‘l\o(st)2 for f # 0 and uy € D(A).

Step 3 (Estimate for the term (||1(t)]|? + fg(||<,01(s)||2 + |@1(s)|I?) ds) on the right-hand side of (4.18)). Since
the nonsmooth data stability estimate reflects a singularity factor ¢! (¢f. (2.12) with i = 1, p = 0), we proceed
as follows for this case.
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Nonsmooth initial data (f =0 and ug € L*(Q)). Recall that ¢ = Z'~%u’ and apply (4.3) to observe
©1(8) = sp(s) = sT' 7/ (s) = ' (su(s)) — aZ'~*u(s) — sk1_a(s)uo
=T (u(s) + su'(s)) — aZ' " u(s) — sk1_q(8)uo.

The definition of Z'= in (1.3) and repeated applications of (2.12) with i = 0,p = 0 and i = 1,p = 0 yield
llo1(s)|| < st7|lug|| and hence [|p1(¢)]|? < t472%|Jugl|?. Utilize this bound to arrive at
t t
[ 1B ds < [ 52 ol ds £ #2 fuol
0 0

with ¢ < T (used once) in the last step. Analogous arguments show fot o1(s)]1?ds < t372%|ugl[*. A combination
of these bounds shows

(=Gl +/0 (ler(N1* + 1Z1(s)I*) ds < 772t + 1) uo]*.

Smooth initial data (f # 0 and ug € D(A)). Apply the definition of Z1= in (1.3), s < ¢, and (2.16) with p =0
and (2.20) with ¢ = € to obtain
2 ¢ s 2
< <t/ / (5—7)0‘|u’(7)||d7'd5>
o Jo
t s e
(¢ [ o= unllows + 7 1O loars

2
+6717—%Hf/||LOC(07T;D(A€/2))) deS) . (419)

G2 = H / Tl (s) ds

For o € (0, 1), recall the following identities involving the beta function B(-,-):

t 1
/ (t—s) ¥ 1ds = / (1—-s)*"1s7*ds = B(a, 1 — a),
0 0
. 5 ) N (4.20)
/ (t—s) %% tds =t o(=</2) / (1—5)%"1s7ds = Blae/2,1 — a)t—0=/2),
0 0

Substitute (4.20) in (4.19) to obtain
2
IZEOI S (Plluolipea) + Blae/2,1 = )2~ 0=/ FO) pgacsa) + € E D e o 1pacray )

Utilize ¢ < T to conclude that an analogous bound holds for the term fg |1 (s)]|? ds. Further, similar calculations
as for ||p1(¢)]|? above and algebraic manipulations with (4.8) reveal

t t t s 2
[eenzas= [ar-vepas<e [ (o= nmelw@iar) as s (@2l
0 0 o \Jo
2
+ Blae/2,1 - a)t3/2_a(1_6/2)Hf(O)HD(AE/2) +5_1t5/2_a(1_6/2)||f/||Loo(o,T;D(Ae/2))> '
Step 4 (Estimate for the term (||j?1(t)||2 + fg(\|fl(s)||2 +1f1()]2) ds) on the right-hand side of (4.18)). Since

J = 0 for nonsmooth initial data, the estimate is trivial. For the case of smooth initial data, the definitions of
f1, f1 lead to

—~ t —~ 2
1187 +/0 AP+ AP ds S (t3/2||f||L2(0,t;L2(Q)) + t||f||L2(O,t;L2(Q))) :

A combination of the estimates from Steps 2—4 with (4.18) concludes the proof. O
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Lemma 4.7 (Estimate for fot(Il’o‘)\, A)ds). For A = —ph+2api+a(l—a)p with ph(t) = (2p(t))’, p1(t) = tp(t),
pt) = f(f p(s)ds, and t € (0,T], the following bounds hold.

t 2
/(IHYA,A) e (e T )
0

for ug € L3(Q2) and f =0, and

2

t
/0 (T20 N ds S 47 (W20 By (e,1))

for all e € (0,1), if up € D(A) and f such that By(e,t) defined in (4.12) is finite.

Proof. Step 1 (Nonsmooth data). For f = 0 and ug € L?*({), Lemma 3.4 and (2.12) (with i = 0,p = 1 and
i=p=1) result in

IMSIT < P+ Bllor ()] + 8%l ()]| S B8 [fuol| + 7705 [[u' (5) | 2440 (0

S B0 lu.

This bound leads to
S
IZ M)l < /0 (s = T)7IAD) I dT < h*05* 72 Jug .
The Holder inequality and the two bounds displayed above establish
t t
[ @eanas < [ ireaiingds s a0 ol
0 0

Step 2 (Smooth data). For f # 0 and ug € D(A), apply Lemma 3.4, (2.15) and (2.19) with ¢ = ¢, (2.16) with
p =1 and (2.20) with ¢ = € to obtain

X< ()] + Blloa ()l + 5[l ()] £ h*sR0(e, 5) + h*082 [ (8) ]| 2420 ()

< hQ’YOSAo(E, s) + B0 (sHuOHD(A) + 1T f(O)||D(Ae/2) +e st Y

f/HLOO(O,T;D(A‘/Q)))'
An application of this bound in the definition of Z'~ shows
IZ X))l < / (s = 1) "Il dT S h*7° s> Ag e, 5)
0
+ h? (52_a||uo||D(A) + 870D £(0) | paerzy + 6_183_a(1_6/2)Hf'HLoc(o,T;D(Aeﬂ)))-
The Holder inequality and the two bounds displayed above establish
t t
[ @ eands< [Izeniads s e (Aage
0 0

2
+ 22| £(0)[| pacrzy + 6_1t1+a€/2Hf/HLm(O,T;D(AE/?))) :

This concludes the proof. O
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Lemma 4.8 (Estimate for the last term in Lem. 4.3). For t € (0,T] and for all € € (0,1), it holds that

2 (leal>+ / (2P + a2 s+ 101 + [ ()IE + 151 ds)

) (e <a+1>/2|\uou) if up € L2(Q), f = 0,
N 2
( h2te/2=23, (e t)) . ifug € D(A), f£0,
where pa(t) = t2p(t), Ph(s) = (s20(s)), f2(t) = 2f(t), fi(s) = (s*f(s)), and f is such that Bi(e,t) defined in
(4.12) is finite.
Proof. Step 1 (Nonsmooth data). For f =0 and ug € L*(Q), we recall (4.4) to arrive at

©ot) = 2T/ (t) = T' % (ua)'(t) — 20T % (u1)(t) — a(l — @)T* % (u(t)) — t2K1_o(t)uo
=T (2tu(t) + 20/ (t)) — 207 (tu(t)) — a1 — a)T?~*(u(t)) — t*k1_a(t)uo.

Applications of (1.3) and (2.12) with i =p =0 and i = 1,p = 0 in the above equality yield [¢2(t)|| < 27 ||uol|
and this leads to

t
ool + [ lleal ds 12 ol
To bound the term 4 (s), we see that
oh(s) = 2sp(s) + 520 (s)  with o(s) = Z'7%u/(s). (4.21)
Differentiating ¢(s) with respect to s we get

1 s/ (0)

o'(s) = Ti—a) /OS 7% (s — 7)ds + i)~ T U (5) 4 Kk1_a(8)u’(0).

Thus, in view of (4.4) we arrive at

529 (s) = T 7(s*u)) — 20T % (su') — a(l — @)Z?7*(v) — 8%k1_a(8)u/(0) 4 s2K1_o(s)u'(0)
=7 (5% — 22 (su)) — a(l — )2~ ().

Hence |[s%¢'(s)|| S |71~ (s*u) ||+ |2~ (su') ||+ [|Z2~*(«)|. The definition of Z'~* and (2.12) first with i = 1,
p =0, next with ¢ =0, p =0, and (2.13) lead to

Is*¢"(s)|l < /0 (s =) (I’ (D)l + I7%a" ()| + u(r) | + uoll) d7 < ' [Juol-
This and Step 3 of Lemma 4.6 in (4.21) show

lps ()]l < lls*¢" ()| + llse(s)ll < 5'~*luoll-
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This shows [ [l (s)]|2 ds < 372 Juol|?.
Step 2 (Smooth data). For f # 0 and ug € D(A), follow the steps to bound ||@7(¢)||? for smooth data in the
Step 3 in Lemma 4.6 and recall (4.20) to arrive at

2
2B < (tQHUOHD(A) + B(ae/2,1 — a)t?= U=/ £(0)|| p(acszy + 6_1t3_a(1_6/2)HfIHLW(O,T;D(AG/?))) .

Tt is easy to establish a similar bound for fg lo2(s)]|? ds. The approach in Step 1 of this lemma and the stability

properties in (2.16) with p =0, (2.17), (2.20) with ¢ = ¢, and (2.21) show

t 2
| leso)1as < (e 2B en)

The definition of f; and (4.8) establish

t 2
120 + [ P + 156 ds S (P01 ] osmw) + 17 @) -

A combination of Steps 1 and 2 establishes the assertion. O
We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. A substitution of the bounds from Lemmas 4.5—4.8 in the key inequality from Lemma 4.3
and algebraic manipulations establish

o)1+ t2180) I <

~

R20t= |lug || 4+ Rt (D72 ||y, for up € L*(Q), f =0,
hZ’YOB()(E, t) + h2ta/2—281 (6, t), for ug € D(A), f#0,

and this concludes the proof. O

5. NUMERICAL ILLUSTRATIONS

The numerical experiments in this section validate the theoretical orders of convergences (OCs) for the
semidiscrete solution established in Section 4. Let EOC denote the expected orders of convergence with respect
to the space variable. The numerical experiments are performed using Freefem++ [17] with the following two
sets of problem data on 2 = (0, 1)2. To compute the discrete solution, we first triangulate Q, and then consider
a uniform partition of [0, ¢] with grid points ¢,, = nk, n =0,1..., N, where k = t/N is the time step size and ¢
is the time of interest. The Caputo fractional derivative dfu(t) at ¢t = t,, is approximated by the L1 scheme (cf.
[26,38]) as shown below:

Jj=0""%
n—1 ts n—1
1 u(tj1) — ulty) / i - u(tn—j) — u(tn—j-1)
~ — Yds = 1
T(l—a) “ k o (tams)ds 2. =
Jj=0 7 Jj=0
n—1
=k ( lou(tn) = Ln—ru(to) + Y (1 = Li)ultn—) |,
j=1

where the weights [; are given by [; = ((j + 1)~ — j'=*)/T(2—«a), j=0,...,N — 1.
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TABLE 1. The L2-OC and energy-OC for the Morley method in case (i) for a = 0.25,0.50,0.75

at t = 0.1 with £ = 0.001.

h @ Errors in L?-norm  L?-OC  Errors in energy norm  Energy-OC
1/16 0.25 4.50057e—05 - 9.30188e—03 -

1/32 1.18977e—05 1.91942 4.69592e¢—03 0.98611
1/64 3.07517e—06 1.95195 2.34989e—03 0.99881
1/128 7.63686e—07 2.00961 1.17378e—03 1.00143
1/16 0.50  5.59721e—05 - 1.14995e—02 -

1/32 1.47909¢—05 1.92000 5.80462e—03 0.98630
1/64 3.82260e—06 1.95208 2.90464e—03 0.99884
1/128 9.49291e—07 2.00963  1.45088e—03 1.00142
1/16 0.75  5.12578e—05 - 1.02222e—02 -

1/32 1.35183e—05 1.92286 5.15662e—03 0.98720
1/64 3.49206e—06 1.95276  2.58010e—03 0.99899
1/128 8.67171e—07 2.00969 1.28878e—03 1.00142
EOC 2.0 1.0

5.1. Examples

FIGURE 1. Numerical solutions of dG method on 256 x 256 mesh with o = 0.25,0.5,0.75.

(i) Choose the nonsmooth initial data as

uo(z,y) = {

L,
-1

. 000030428
y 0.0003122
000021126 Az
0.000168% <
Bl 000015596
5 43060-005 o0010s08
’ 5.17990-005
e -2580460-007
[ e -5.2360-005
000010444
000015852
15941 -0.0002086
-0.00026068
B 00003127
= -0.00036484
- -0.00041652
o.0003809 X0
00004232 Rl

10.00052051
0.00045843
000041636

00020804

x€(0,1/2], y € (0,1),

) z€(1/2,1), y € (0,1

),

and f(x,y,t) = 0. In this case, the exact solution u(zx,y,t) is not known.
(i) The manufactured exact solution u given by u(z,y,t) = (t*T1 +1)(x(1 — 2)y(1 — y))? leads to the smooth

initial data uo(z,y) = (x(1 — 2)y(1 — y))? and source function f(x,y,t)

65

Do+ 2)t(z(1 —2)y(l —y))* +

(tott + 1)(24(2? — 223 + %) 4+ 24(y% — 2% + y*) + 2(2 — 122 + 1222)(2 — 12y + 12y2)). Note that the
initial data is in D(A) and the source function belongs to the appropriate function space mentioned in
Theorem 4.2(ii) for any € € (0,1/4).

For the dG method, the numerical computations are performed with the choice of penalty parameters as
UéG = 0’3(} = 2, whereas for the C°IP, we choose orp = 8.
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TABLE 2. The L2-OC and energy-OC for the C°IP method in case (i) for a = 0.25,0.50,0.75
at t = 0.1 with £ = 0.001 and op = 8.

h « Errors in L?-norm  L2-OC  Errors in energy-norm  Energy-OC
1/16 0.25 5.51766e—06 - 3.13001e—03 -

1/32 1.56160e—06 1.82103  1.59248e—03 0.97489
1/64 4.02967e—07 1.95429  7.94704e—04 1.00278
1/128 1.05072e—07 1.93928  4.02570e—04 0.98117
1/16 0.50 6.79515e—06 - 3.85380e—03 -

1/32 1.92315e—06 1.82103  1.96072e—03 0.97489
1/64 4.96266e—07 1.95429 9.78472e—04 1.00278
1/128 1.29399e—07 1.93929 4.95661e—04 0.98117
1/16 0.75  5.92698e—06 - 3.35774e—03 -

1/32 1.67746e—06 1.82102 1.70834e—03 0.97490
1/64 4.32868e—07 1.95428  8.52520e—04 1.00279
1/128 1.12867e—07 1.93930 4.31861e—04 0.98116
EOC 2.0 1.0

TABLE 3. The L?-OC and energy-OC for the Morley method in case (ii) for o = 0.25,0.50,0.75
at t = 0.1 with £ = 0.001.

h «@ Errors in L?-norm  L?-OC  Errors in energy-norm  Energy-OC
1/12  0.25 2.03729e—04 - 2.06933e—02 -

1/24 5.22317e—05 1.96365 1.04746e—02 0.98226
1/48 1.31474e—05 1.99015  5.25437e—03 0.99531
1/96 3.29262e—06 1.99747  2.62936e—03 0.99880
1/12  0.50 1.98919e—04 - 2.02103e—02 -

1/24 5.09999e—05 1.96361  1.02305e—02 0.98222
1/48 1.28375e—05 1.99013  5.13193e—03 0.99530
1/96 3.21502e—06 1.99746  2.56809e—03 0.99880
1/12 0.75 1.96278e—04 - 1.99395e—02 -

1/24 5.03223e—05 1.96363  1.00933e—02 0.98223
1/48 1.26670e—05 1.99013  5.06308e—03 0.99530
1/96 3.17243e—06 1.99741  2.53364e—03 0.99880
EOC 2.0 1.0

5.2. Order of spatial convergence for nonsmooth initial data

Since the exact solution is not known in this case, the OC is calculated by the following formula
OC = log([Wan = Wal[+«/[IWh = Wh/al|+)/ log 2,

where || - || denotes either the L?()- or energy norm and W}, is the discrete solution with mesh size h. The
spatial numerical experiments are performed for case (i) with the mesh size h = {1/16,1/32,1/64,1/128,1/256},
and fractional order o = 0.25,0.50,0.75 keeping the time step size k fixed at k = 0.001.

For the Morley method, the numerical results are illustrated in Table 1. The solution plots for the dG method
are displayed in Figure 1 on 256 x 256 mesh with a = 0.25,0.5,0.75 with fixed & = 0.001. Finally, for C°IP
method, the empirical results are shown in Table 2. The energy norm and L? norm errors demonstrate linear
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TABLE 4. The L2-OC and energy-OC for the dG method in case (ii) for a = 0.25,0.50,0.75 at
t = 0.1 with £ = 0.001 and o} = o35 = 2.

h o Errors in L?-norm  L?>-OC  Errors in energy-norm  Energy-OC
1/12  0.25 1.03592e—03 - 6.45313e—02 -

1/24 2.92835e—04 1.82275  3.05090e—02 1.08076
1/48 7.85626e—05 1.89817 1.41902e—02 1.10434
1/96 2.03336e—05 1.94998 6.97876e—03 1.02385
1/12° 0.50 1.01130e—03 - 6.30133e—02 -

1/24 2.85915e—04 1.82256  2.97960e—02 1.08054
1/48 7.67092e—05 1.89812  1.38593e—02 1.10426
1/96 1.98541e—05 1.94996 6.81611e—03 1.02383
1/12  0.75  9.97939e—04 - 6.21740e—02 -

1/24 2.82122e—04 1.82263  2.93972e—02 1.08063
1/48 7.56902e—05 1.89814  1.36735e—02 1.10430
1/96 1.95904e—05 1.94996  6.72469e—03 1.02384
EOC 2.0 1.0

0.0040298
0.0038283
0.0036268
0.0034253
0.0032238
0.0030223

0.0028208
0.0026194
0.0024179
0.0022164
0.0020149
0.0018134

0.0016119
0.0014104
0.0012089
0.0010074
0.00080595
0.00060447
0.00040298
0.00020149
-6.6938e-010

0.0040711
0.0038675
0.003664
0.0034604
0.0032568
0.0030533
0.0028497
0.0026462
0.0024426
0.0022391
0.0020355
0.001832
0.0016284
0.0014249
0.0012213
0.0010178
0.00081421
0.00061066
0.0004071
0.00020355
-2.6127e-009

FIGURE 2. Exact (left) and numerical (right) solutions of dG method on 96 x 96 mesh, a = 0.5.
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and quadratic orders of convergence, respectively. These findings agree with the theoretical convergence rates

established in Theorem 4.2(i).

5.3. Order of spatial convergence for smooth data

The spatial numerical experiments are performed with the mesh size h = {11—2, i, %, 9—16}, and fractional order
a = 0.25,0.50,0.75 with a fixed time step size kK = 0.001. For the Morley method, the results are presented
in Table 3. The convergence results for the dG scheme are demonstrated in Table 4. Further, the exact and
numerical solutions plots are also shown in Figure 2. Table 5 and Figure 3 display the numerical results and
the exact and numerical solutions for the C°IP method. From the experiments, we observe that the empirical
results are independent of the fractional order .. The energy norm and L? norm errors for the Morley, dG, and
C°IP methods are plotted in a log-log scale in Figure 4. This validates the theoretical OCs of Theorem 4.2(ii).
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TABLE 5. The L?-OC and energy-OC for the C°TP method in case (ii) for a = 0.25,0.50,0.75

at t = 0.1 with £ = 0.001 and op = 8.

h « Errors in L?-norm  L?-OC  Errors in energy-norm  Energy-OC
1/12 0.25 1.15038e—04 - 1.72387e—02 -

1/24 3.29403e—05 1.80419  8.87466e—03 0.95788
1/48 8.67545e—06 1.92484  4.47807e—03 0.98681
1/96 2.21587e—06 1.96907  2.24645e—03 0.99522
1/12 0.50 1.12328e—04 - 1.68369e—02 -

1/24 3.21638e—05 1.80421 8.66785e—03 0.95788
1/48 8.47091e—06 1.92485 4.37372e—03 0.98681
1/96 2.16363e—06 1.96906 2.19411e—03 0.99522
1/12  0.75 1.10834e—04 - 1.66111e—02 -

1/24 3.17360e—05 1.80421 8.55157e—03 0.95788
1/48 8.35815e—06 1.92487  4.31505e—03 0.98681
1/96 2.13470e—06 1.96915 2.16467e—03 0.99522
EOC 2.0 1.0

0.0040298
0.0038283
0.0036268
0.0034253
0.0032238
0.0030223
0.0028208
0.0026194
0.0024179
0.0022164
0.0020149
0.0018134
0.0016119
0.0014104
0.0012089
0.0010074
0.00080595
0.00060447
0.00040298
0.00020149
-6.3337e-010

0.0040249
0.0038237
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FIGURE 3. Exact (left) and numerical (right) solutions of C°IP method on 96 x 96 mesh, a = 0.5.

In this paper, we have studied an initial-boundary value problem for a time-fractional biharmonic problem
with clamped boundary conditions in a bounded polygonal domain with a Lipschitz continuous boundary
in R2. After defining a weak solution, we have stated the well-posedness result of the problem and derived
several regularity results of the solutions of both homogeneous and nonhomogeneous problems which are useful
in the error analysis. Using an energy argument a spatially semidiscrete scheme that covers various popular
lowest-order nonstandard piecewise quadratic finite element schemes (e.g., the Morley, discontinuous Galerkin,
and CY interior penalty) is developed and analyzed. The convergence analysis is carried out for smooth and
nonsmooth initial data cases, including the initial data ug € L?(£2). Numerical results are provided to validate
the theoretical convergence rates of the discrete solution. One future direction is the convergence analysis for

6. CONCLUDING REMARKS

time discretization, which will be addressed in another work.
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FIGURE 4. L? errors (left) and energy errors (right) plots for case (ii) for the Morley, dG, and
CPTP schemes at t = 0.1 with k = 0.001.
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