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A NUMERICAL VIEW ON 𝛼-DISSIPATIVE SOLUTIONS OF THE
HUNTER–SAXTON EQUATION

Thomas Christiansen and Katrin Grunert*

Abstract. We propose a new numerical method for 𝛼-dissipative solutions of the Hunter–Saxton
equation, where 𝛼 belongs to 𝑊 1,∞(R, [0, 1)). The method combines a projection operator with a
generalized method of characteristics and an iteration scheme, which is based on enforcing minimal
time steps whenever breaking times cluster. Numerical examples illustrate that these minimal time
steps increase the efficiency of the algorithm substantially. Moreover, convergence of the wave profile
is shown in 𝐶([0, 𝑇 ], 𝐿∞(R)) for any finite 𝑇 ≥ 0.
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1. Introduction

In this paper we derive a novel numerical algorithm for 𝛼-dissipative solutions to the Cauchy problem of the
Hunter–Saxton (HS) equation

𝑢𝑡(𝑡, 𝑥) + 𝑢𝑢𝑥(𝑡, 𝑥) =
1
4

∫︁ 𝑥

−∞
𝑢2

𝑥(𝑡, 𝑧) d𝑧 − 1
4

∫︁ ∞

𝑥

𝑢2
𝑥(𝑡, 𝑧) d𝑧, 𝑢|𝑡=0 = 𝑢0. (1.1)

Originally proposed as an asymptotic model describing nonlinear instabilities in the director field of nematic
liquid crystals in [19], the equation has been subject to extensive research due to its intriguing properties. A
main concern, from a numerical perspective, is the fact that weak solutions in general develop singularities
within finite time, causing a loss of uniqueness for weak solutions.

The formation of singularities is referred to as wave breaking. Any time 𝑡𝑐 for which wave breaking takes place,
is characterized by the existence of a null set 𝐸 ⊂ R such that for any 𝑥 ∈ 𝐸, 𝑢𝑥(𝑡, 𝑥) → −∞ pointwise as 𝑡 ↑ 𝑡𝑐,
while 𝑢(𝑡, ·) remains Hölder continuous and bounded, and 𝑢𝑥(𝑡, ·) belongs to 𝐿2(R), see [5, 11]. Furthermore,
energy can concentrate on sets of zero measure. Consequently, in order to properly describe the solution 𝑢 along
with its energy, a finite, nonnegative Radon measure 𝜇 is introduced. This measure satisfies d𝜇ac = 𝑢2

𝑥 d𝑥 and
contains all the information about wave breaking. In particular, it is precisely at the times for which d𝜇 ̸= 𝑢2

𝑥 d𝑥
that energy can concentrate on sets of zero measure.
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The task of continuing weak solutions past wave breaking is intricate, and various continuations have been
proposed and studied in the literature, see [1, 2, 6, 11, 19, 21]. A common denominator for these is that they
require the energy to be nonincreasing as a function of time, thereby implicitly imposing the measured-valued
inequality

𝜇𝑡 + (𝑢𝜇)𝑥 ≤ 0. (1.2)

The particular case of equality, in which case no energy dissipation takes place, leads to conservative solutions,
for which existence was shown in [2] and uniqueness in [10]. On the opposite end of the spectrum, one has
the family of solutions experiencing maximal energy dissipation [4] – known as dissipative solutions, for which
existence and uniqueness were established in [1, 6], respectively. In this work on the other hand, we focus on
the family of 𝛼-dissipative solutions, where 𝛼 ∈ 𝑊 1,∞(R, [0, 1)). To be more precise, if wave breaking occurs at
(𝑡, 𝑥) = (𝑡𝑐, 𝑥𝑐), an 𝛼(𝑥𝑐)-fraction of the concentrated energy is removed. Thus, the amount of energy removed at
any wave breaking depends on the spatial location of its occurrence. Existence of such solutions was established
in [11], whilst uniqueness is still an open question.

Over a time interval where no wave breaking takes place, one can apply the method of characteristics to
show that the HS equation is formally equivalent to a system of ODEs. This is done in [2, 11]. However, at
wave breaking, the classical method of characteristics is no longer applicable. To overcome this issue, one
introduces a mapping which transforms the Eulerian initial data (𝑢0, 𝜇0, 𝜈0), into a tuple 𝑋0 = (𝑦0, 𝑈0, 𝑉0, 𝐻0)
in Lagrangian coordinates, see [2, 10–12]. Here 𝜈0 is a measure added exclusively for technical reasons, in the
sense that the same solution pair (𝑢, 𝜇)(𝑡) for 𝑡 ≥ 0, is recovered for any choice of 𝜈0, see Lemma 2.13 of [13].
Under this coordinate transformation, the HS equation rewrites into a system of ODEs that attains unique,
global solutions. In particular, the evolution of the 𝛼-dissipative solution in Lagrangian coordinates emanating
from 𝑋0 is governed by, see [11],

𝑦𝑡(𝑡, 𝜉) = 𝑈(𝑡, 𝜉), (1.3a)

𝑈𝑡(𝑡, 𝜉) =
1
2
𝑉 (𝑡, 𝜉)− 1

4
𝑉∞(𝑡), (1.3b)

𝑉 (𝑡, 𝜉) =
∫︁ 𝜉

−∞

(︀
1− 𝛼(𝑦(𝜏(𝜂), 𝜂))𝜒{𝜔:𝑡≥𝜏(𝜔)>0}(𝜂)

)︀
𝑉0,𝜉(𝜂) d𝜂, (1.3c)

𝐻𝑡(𝑡, 𝜉) = 0. (1.3d)

Here 𝑉∞(𝑡) = lim𝜉→∞ 𝑉 (𝑡, 𝜉) is the total cumulative energy in the system at time 𝑡 and 𝜏 : R → [0,∞] is the
wave breaking function given by

𝜏(𝜉) =

⎧⎪⎨⎪⎩
0, 𝑈0,𝜉(𝜉) = 𝑦0,𝜉(𝜉) = 0,

− 2𝑦0,𝜉

𝑈0,𝜉
(𝜉), 𝑈0,𝜉(𝜉) < 0,

∞, otherwise.

(1.4)

Note, the subindex 0 refers to the initial data, whereas a subindex 𝜉 or 𝑡 refers to partial derivatives with respect
to 𝜉 or 𝑡, respectively, for instance, 𝑦0,𝜉(𝜉) = 𝜕𝜉𝑦0(𝜉). We will stick with this notation throughout the paper.

One way to physically interpret the Lagrangian quantities is to consider 𝜉 as a variable identifying a particle.
Then 𝑦(𝑡, 𝜉) represents the particle trajectory emanating from 𝑦0(𝜉), and 𝜏(𝜉) the collision time of the particle.
This way, 𝜏(𝜉) = ∞ indicates that the particle does not participate in any collision. Furthermore, 𝑈(𝑡, 𝜉) =
𝑢(𝑡, 𝑦(𝑡, 𝜉)) represents the particle velocity, while 𝑉𝜉(𝑡, 𝜉) is its energy. Finally, 𝐻(𝑡, 𝜉) is a conserved quantity
stemming from 𝜈, lacking an obvious physical interpretation.

Naturally, there has been proposed a variety of numerical methods for the HS equation. A collection of finite
differences schemes of upwind-type were proved to converge towards dissipative solutions in [18]. In [24,25] two
discontinuous Galerkin methods for conservative and dissipative solutions, respectively, were introduced. The
latter one turns out to be equivalent with a finite-difference scheme from [18] when choosing piecewise constant
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DG-elements, and it therefore converges. A convergent scheme of Godunov-type tailored to conservative solutions
was introduced in [16]. In addition, this scheme was shown to converge in 𝐿∞(R) with order a half prior to
wave breaking. Moreover, both multi-symplectic and Hamiltonian-preserving discretizations were proposed in
[22], albeit without any proof of convergence.

One drawback with the aforementioned methods, is that they are all tailored to one particular class of weak
solutions; either conservative or dissipative. More recently a convergent numerical method for 𝛼-dissipative
solutions was proposed in [3], where 𝛼 ∈ [0, 1] is held fixed. A major benefit of this scheme is its ability to
continuously interpolate between conservative (𝛼 = 0) and dissipative (𝛼 = 1) solutions. In other words, it
provides a numerical framework for uniformly treating solutions with nonincreasing energy.

The method in [3] relies on the observation that if the initial data 𝑢0 for (1.1) is piecewise linear, the solution
𝑢(𝑡, ·) remains piecewise linear for 𝑡 ≥ 0, see [20]. Taking advantage of this fact, the scheme combines a novel
piecewise linear projection operator, which preserves some of the essential underlying structure of solutions to
(1.1), with exact evolution via the generalized method of characteristics, i.e., according to (1.3). The algorithm
presented here can be viewed as an extension of the one from [3], as it is applicable to a larger class of 𝛼-
dissipative solutions, but it is still based on the same underlying idea. However, some new challenges appear
due to 𝛼 ∈ 𝑊 1,∞(R, [0, 1)).

Firstly, the amount of energy to be removed at any wave breaking occurrence cannot be computed a priori,
cf. (1.3c). In particular, if the solution experiences wave breaking along the characteristic labeled by 𝜉, then the
fraction of removed energy is 𝛼(𝑦(𝜏(𝜉), 𝜉)). However, the time evolution of 𝑦(𝑡, 𝜉) depends heavily on 𝑉𝜉(𝑡, ·) on
all of R, see (1.3a). Consequently, the value of 𝑦(𝜏(𝜉), 𝜉) depends on all other wave breaking occurrences taking
place prior to 𝑡 = 𝜏(𝜉). To resolve this issue, we introduce an iteration scheme, inspired by Lemma 2.3 of [11],
which is based on computing successive approximations of the energy to be removed at wave breaking.

A second challenge is posed by the possibility of accumulating wave breaking times. This was not a problem
in [3], because when 𝛼 is constant, the time evolution of 𝑋𝜉(𝑡) = (𝑦𝜉, 𝑈𝜉, 𝑉𝜉, 𝐻𝜉)(𝑡) is given by a closed system
of ODEs. However, as already observed, 𝑉𝜉(𝑡, 𝜉) and 𝑦(𝜏(𝜉), 𝜉) are closely intertwined for 𝛼 ∈ 𝑊 1,∞(R, [0, 1)),
cf. (1.3c). Thus, the differentiated Lagrangian variables can be evolved between successive breaking times, but
in order to determine the correct amount of energy to be removed at wave breaking, one needs to compute
𝑦(𝑡, ·). To avoid the risk of having to compute 𝑦(𝑡, ·) repeatedly at nearly identical wave breaking times, we
extract a finite sequence of breaking times {𝜏*𝑘}, which acts as a non-uniform temporal discretization of [0, 𝑇 ],
for any finite 𝑇 ≥ 0. The proposed numerical scheme then evolves the differentiated Lagrangian variables, with
the iteration scheme, between successive times in this extracted sequence {𝜏*𝑘} until the final time 𝑇 is reached.

The content of this paper is organized as follows. In Section 2 we present the generalized method of charac-
teristics based on [2,11], before we in Section 3 recall the projection operator from [3] and derive the numerical
algorithm. This derivation consists of: motivating the minimal time evolution criterion, presenting the iteration
scheme, and discussing the numerical implementation. In addition, we show that the proposed iteration scheme
terminates and derive a uniform bound on the number of iterates. Section 4 is devoted to proving convergence
for any 𝑡 ∈ [0, 𝑇 ]. This is done in two steps. First we equip the set of Lagrangian coordinates by a metric
introduced in [11] which allows us to analyze the error introduced by the projection operator. We thereafter
introduce a function, inspired by the metric from [13], which provides an upper bound on the metric from [11]
and allows us to estimate the error introduced by the iteration scheme. Finally, in Section 5 we complement the
numerical analysis by applying the method on two examples to illustrate the effect of the minimal time step.

2. 𝛼-dissipative solutions and their stability

In this section we outline the construction of 𝛼-dissipative solutions via the generalized method of charac-
teristics from [2, 11]. We restrict our attention to the sets of Eulerian and Lagrangian coordinates, relevant
mappings between these sets and a discussion about the time evolution in Lagrangian coordinates. In addition,
we recall the definition of a metric from [11], which renders 𝛼-dissipative solutions stable with respect to the
initial data in Lagrangian coordinates.
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Let 𝛼 ∈ 𝑊 1,∞(R, [0, 1)) be fixed and denote by ℳ+(R) the space of positive, finite Radon measures on R.
To introduce the set of Eulerian coordinates, we need to recall some function spaces from [2,11].

We start by defining the Banach space

𝐸 :=
{︀
𝑓 ∈ 𝐿∞(R) : 𝑓 ′ ∈ 𝐿2(R)

}︀
,

equipped with the norm
‖𝑓‖𝐸 := ‖𝑓‖∞ + ‖𝑓 ′‖2.

Moreover, let

𝐻1
𝑑(R) := 𝐻1(R)× R𝑑, 𝑑 = 1, 2,

and choose a partition of unity 𝜒+ and 𝜒− on R = (−∞, 1)∪ (−1,∞), i.e., a pair of functions 𝜒+, 𝜒− ∈ 𝐶∞(R)
satisfying

– 𝜒+ + 𝜒− = 1,
– 0 ≤ 𝜒± ≤ 1,
– supp(𝜒+) ⊂ (−1,∞) and supp(𝜒−) ⊂ (−∞, 1).

This allows us to define the following linear, continuous, and injective mappings

𝑅1 : 𝐻1
1 (R) → 𝐸,

(︀
𝑓, 𝑎
)︀
↦→ 𝑓 = 𝑓 + 𝑎𝜒+,

𝑅2 : 𝐻1
2 (R) → 𝐸,

(︀
𝑓, 𝑎, 𝑏

)︀
↦→ 𝑓 = 𝑓 + 𝑎𝜒+ + 𝑏𝜒−.

Accordingly, we introduce the Banach spaces 𝐸1 and 𝐸2 as the images of 𝐻1
1 (R) and 𝐻1

2 (R), respectively, i.e.,

𝐸1 := 𝑅1(𝐻1
1 (R)) and 𝐸2 := 𝑅2(𝐻1

2 (R)),

endowed with the following norms

‖𝑓‖𝐸1 :=
⃦⃦
𝑓 + 𝑎𝜒+

⃦⃦
𝐸1

=
(︁⃦⃦

𝑓
⃦⃦2

𝐻1(R)
+ 𝑎2

)︁ 1
2

,

‖𝑓‖𝐸2 :=
⃦⃦
𝑓 + 𝑎𝜒+ + 𝑏𝜒−

⃦⃦
𝐸2

=
(︁⃦⃦

𝑓
⃦⃦2

𝐻1(R)
+ 𝑎2 + 𝑏2

)︁ 1
2

.

By construction, the spaces 𝐸1 and 𝐸2 do not rely on the particularly chosen partition of unity, see [14].
Furthermore, the mapping 𝑅1 is also well-defined when applied to functions in 𝐿2

1(R) = 𝐿2(R)×R. Consequently,
let

𝐸0
1 := 𝑅1

(︀
𝐿2

1(R)
)︀
,

and equip this space with the norm

‖𝑓‖𝐸0
1

:=
⃦⃦
𝑓 + 𝑎𝜒+

⃦⃦
𝐸0

1
=
(︁⃦⃦

𝑓
⃦⃦2

2
+ 𝑎2

)︁ 1
2

.

Finally, we can define the set of Eulerian coordinates 𝒟𝛼.

Definition 2.1. The space 𝒟𝛼 is composed of all triplets (𝑢, 𝜇, 𝜈) such that

(i) 𝑢 ∈ 𝐸2,
(ii) 𝜇 ≤ 𝜈 ∈ℳ+(R),
(iii) 𝜇ac ≤ 𝜈ac,
(iv) d𝜇ac = 𝑢2

𝑥 d𝑥,
(v) 𝜇((−∞, ·)) ∈ 𝐸0

1 ,
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(vi) 𝜈((−∞, ·)) ∈ 𝐸0
1 ,

(vii) d𝜇
d𝜈 (𝑥) > 0, and d𝜇ac

d𝜈ac
(𝑥) = 1 if 𝑢𝑥(𝑥) < 0.

Since 𝜇, 𝜈 ∈ ℳ+(R) we can introduce the primitive functions 𝐹 (·) = 𝜇((−∞, ·)) and 𝐺(·) = 𝜈((−∞, ·)).
These are bounded, left-continuous, increasing, and satisfy

lim
𝑥→−∞

𝐹 (𝑥) = lim
𝑥→−∞

𝐺(𝑥) = 0.

By Theorem 1.16 of [7] there is a one-to-one relationship between (𝐹,𝐺) and (𝜇, 𝜈). We will therefore
interchangeably use the notation (𝑢, 𝐹, 𝐺) and (𝑢, 𝜇, 𝜈) to refer to the same triplet in 𝒟𝛼. Furthermore, 𝐹
admits a decomposition into an absolutely continuous part, 𝐹ac(𝑥) = 𝜇ac((−∞, 𝑥)), and a singular part,
𝐹sing(𝑥) = 𝜇sing((−∞, 𝑥)), i.e.,

𝐹 (𝑥) = 𝐹ac(𝑥) + 𝐹sing(𝑥).

A similar decomposition exists for 𝐺 as well.
Before we introduce the set of Lagrangian coordinates, ℱ𝛼, let 𝐵 := 𝐸2 × 𝐸2 × 𝐸1 × 𝐸1, equipped with the

norm
‖(𝑓1, 𝑓2, 𝑓3, 𝑓4)‖𝐵 := ‖𝑓1‖𝐸2 + ‖𝑓2‖𝐸2 + ‖𝑓3‖𝐸1 + ‖𝑓4‖𝐸1 .

Definition 2.2. The set ℱ𝛼 contains all quadruplets 𝑋 = (𝑦, 𝑈, 𝑉,𝐻) with (𝑦 − id, 𝑈, 𝑉,𝐻) ∈ 𝐵 satisfying

(i) (𝑦 − id, 𝑈, 𝑉,𝐻) ∈
[︀
𝑊 1,∞(R)

]︀4,
(ii) 𝑦𝜉, 𝐻𝜉 ≥ 0 and there exists 𝑐 > 0 such that 𝑦𝜉 + 𝐻𝜉 ≥ 𝑐 a.e.,
(iii) 𝑦𝜉𝑉𝜉 = 𝑈2

𝜉 a.e.,
(iv) 0 ≤ 𝑉𝜉 ≤ 𝐻𝜉 a.e.,
(v) there exists 𝜅 : R → (0, 1] such that 𝑉𝜉(𝜉) = 𝜅(𝑦(𝜉))𝐻𝜉(𝜉) a.e., with 𝜅(𝑦(𝜉)) = 1 whenever 𝑈𝜉(𝜉) < 0.

The following subsets of ℱ𝛼 will play an important role in the upcoming convergence analysis,

ℱ𝛼,0 = {𝑋 ∈ ℱ𝛼 : 𝐻(𝜉) = 𝑉 (𝜉) for all 𝜉 ∈ R},
ℱ𝛼

0 = {𝑋 ∈ ℱ𝛼 : 𝑦 + 𝐻 = id},

and the intersection of these two
ℱ𝛼,0

0 = ℱ𝛼
0 ∩ ℱ𝛼,0.

The construction of 𝛼-dissipative solutions via a generalized method of characteristics is based on examining
the time evolution in Lagrangian coordinates rather than in Eulerian coordinates. Thus, the mappings between
𝒟𝛼 and ℱ𝛼 are essential.

Definition 2.3. Let 𝐿 : 𝒟𝛼 → ℱ𝛼
0 be defined by 𝐿((𝑢, 𝜇, 𝜈)) = (𝑦, 𝑈, 𝑉,𝐻), where

𝑦(𝜉) = sup{𝑥 ∈ R : 𝑥 + 𝜈((−∞, 𝑥)) < 𝜉}, (2.1a)
𝑈(𝜉) = 𝑢(𝑦(𝜉)), (2.1b)
𝐻(𝜉) = 𝜉 − 𝑦(𝜉), (2.1c)

𝑉 (𝜉) =
∫︁ 𝜉

−∞

d𝜇

d𝜈
(𝑦(𝜂))𝐻𝜉(𝜂) d𝜂. (2.1d)

Definition 2.4. Define 𝑀 : ℱ𝛼 → 𝒟𝛼 by 𝑀((𝑦, 𝑈, 𝑉,𝐻)) = (𝑢, 𝜇, 𝜈), where

𝑢(𝑥) = 𝑈(𝜉) for any 𝜉 ∈ R such that 𝑥 = 𝑦(𝜉), (2.2a)
𝜇 = 𝑦# (𝑉𝜉d𝜉) , (2.2b)
𝜈 = 𝑦#(𝐻𝜉d𝜉). (2.2c)

Here 𝑦#(𝑉𝜉d𝜉) denotes the pushforward of the measure 𝑉𝜉d𝜉 by the function 𝑦.
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Well-definedness of these transformations follows from Propositions 2.1.5 and 2.1.7 of [23]. Furthermore, we
emphasize that triplets (𝑢, 𝜇, 𝜈) are mapped to quadruplets (𝑦, 𝑈, 𝑉,𝐻). Hence there cannot be a one-to-one
correspondence between Eulerian and Lagrangian coordinates. However, one can identify equivalence classes
in Lagrangian coordinates, such that each equivalence class corresponds to exactly one triplet in Eulerian
coordinates, see [23].

Moreover, it should be pointed out that all the important information about the solution in Eulerian coor-
dinates is contained in (𝑢, 𝜇), and therefore encoded in the triplet (𝑦, 𝑈, 𝑉 ) in Lagrangian coordinates. Despite
this, 𝜈 heavily influences the mapping 𝐿, in the sense that changing 𝜈 does not only change 𝐻, but also (𝑦, 𝑈, 𝑉 ).

Up to this point the formalism has been stationary, transforming back and forth between Eulerian and
Lagrangian coordinates. Next, we turn our attention to the time evolution.

The 𝛼-dissipative solution in Lagrangian coordinates, 𝑋(𝑡) = (𝑦, 𝑈, 𝑉,𝐻)(𝑡), with initial data 𝑋(0) = 𝑋0 ∈
ℱ𝛼, is the unique solution to the following system of differential equations

𝑦𝑡(𝑡, 𝜉) = 𝑈(𝑡, 𝜉), (2.3a)

𝑈𝑡(𝑡, 𝜉) =
1
2
𝑉 (𝑡, 𝜉)− 1

4
𝑉∞(𝑡), (2.3b)

𝑉 (𝑡, 𝜉) =
∫︁ 𝜉

−∞

(︀
1− 𝛼(𝑦(𝜏(𝜂), 𝜂))𝜒{𝜔:𝑡≥𝜏(𝜔)>0}(𝜂)

)︀
𝑉0,𝜉(𝜂) d𝜂, (2.3c)

𝐻𝑡(𝑡, 𝜉) = 0. (2.3d)

Here 𝜏 : R → [0,∞] is the wave breaking function given by

𝜏(𝜉) =

⎧⎪⎨⎪⎩
0, if 𝑦0,𝜉(𝜉) = 𝑈0,𝜉(𝜉) = 0,

− 2𝑦0,𝜉(𝜉)
𝑈0,𝜉(𝜉) , if 𝑈0,𝜉(𝜉) < 0,

∞, otherwise,

(2.4)

and 𝑉∞(𝑡) = lim𝜉→∞ 𝑉 (𝑡, 𝜉) is the total Lagrangian energy at time 𝑡. For later use, we also introduce 𝐻∞ =
lim𝜉→∞𝐻(𝑡, 𝜉) = lim𝜉→∞𝐻0(𝜉).

Note that the right-hand side of the system (2.3) becomes discontinuous at fixed times given by the function
(2.4). Nevertheless, existence and uniqueness of solutions is shown in Lemma 2.3 of [11] through a standard
fixed point argument.

Based on (2.3) we can define the solution operator 𝑆𝑡.

Definition 2.5. For any 𝑡 ≥ 0 and 𝑋0 ∈ ℱ𝛼, define 𝑆𝑡(𝑋0) = 𝑋(𝑡), where 𝑋(𝑡) denotes the unique 𝛼-dissipative
solution to (2.3) with initial data 𝑋(0) = 𝑋0.

Finally, we obtain the 𝛼-dissipative solution in Eulerian coordinates by combining the solution operator 𝑆𝑡

with the mappings 𝐿 and 𝑀 .

Definition 2.6. For (𝑢0, 𝜇0, 𝜈0) ∈ 𝒟𝛼, the 𝛼-dissipative solution at time 𝑡 ≥ 0 is given by

(𝑢, 𝜇, 𝜈)(𝑡) = 𝑇𝑡((𝑢0, 𝜇0, 𝜈0)) = 𝑀 ∘ 𝑆𝑡 ∘ 𝐿((𝑢0, 𝜇0, 𝜈0)).

As mentioned earlier, 𝐿((𝑢, 𝜇, 𝜈)) is dependent on the choice of 𝜈. In spite of that, it has been established in
Lemma 2.13 of [13] that the choice of 𝜈 has no influence on (𝑢, 𝜇) in the following sense: Given (𝑢A,0, 𝜇A,0, 𝜈A,0)
and (𝑢B,0, 𝜇B,0, 𝜈B,0) in 𝒟𝛼 such that

𝑢A,0 = 𝑢B,0 and 𝜇A,0 = 𝜇B,0,

it then holds that
𝑢A(𝑡) = 𝑢B(𝑡) and 𝜇A(𝑡) = 𝜇B(𝑡) for all 𝑡 ≥ 0.
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Therefore, we will from now on restrict ourselves to initial data (𝑢0, 𝜇0, 𝜈0) belonging to the subset

𝒟𝛼
0 := {(𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼 : 𝜇 = 𝜈} ⊂ 𝒟𝛼. (2.5)

To simplify the upcoming convergence analysis, we equip the set ℱ𝛼 with a metric rendering 𝛼-dissipative
solutions in Lagrangian coordinates stable with respect to the Lagrangian initial data. Various metrics have
been introduced for this very purpose, see [11, 13]. In our setting, it turns out to be most convenient to work
with the metric 𝑑 presented in Definition 4.6 of [11]. This metric relies on a function, 𝑔1(𝑋), which models the
energy loss at wave breaking continuously in time, in contrast to the actual energy density 𝑉𝜉, which may drop
abruptly. It is defined by

𝑔1(𝑋)(𝜉) :=

{︃
(1− 𝛼(𝑦(𝜉)))𝑉𝜉(𝜉), 𝜉 ∈ Ω𝑑(𝑋),
𝑉𝜉(𝜉), 𝜉 ∈ Ω𝑐(𝑋),

(2.6)

where

Ω𝑑 (𝑋) := {𝜉 ∈ R : 𝑈𝜉(𝜉) < 0} ,

Ω𝑐(𝑋) := {𝜉 ∈ R : 𝑈𝜉(𝜉) ≥ 0}. (2.7)

Here Ω𝑑 and Ω𝑐 split R into a set of points where the 𝛼-dissipative solution will eventually experience wave
breaking, Ω𝑑, and its complement, Ω𝑐, containing all points where no wave breaking takes place in the future.

Furthermore, the metric also involves the two additional functions

𝑔2(𝑋)(𝜉) :=

{︃
‖𝛼′‖∞𝐻∞𝑈𝜉(𝜉), 𝜉 ∈ Ω𝑑(𝑋),

0, 𝜉 ∈ Ω𝑐(𝑋),
(2.8)

𝑔3(𝑋)(𝜉) :=

{︃
‖𝛼′‖∞𝑈𝑈𝜉(𝜉), 𝜉 ∈ Ω𝑑(𝑋),

0, 𝜉 ∈ Ω𝑐(𝑋).
(2.9)

Definition 2.7. Define 𝑑 : ℱ𝛼 ×ℱ𝛼 → [0,∞) by

𝑑(𝑋, 𝑋̂) = ‖𝑦 − 𝑦‖∞ +
⃦⃦⃦
𝑈 − 𝑈̂

⃦⃦⃦
∞

+
⃦⃦⃦
𝐻𝜉 − 𝐻̂𝜉

⃦⃦⃦
1

+ ‖𝛼′‖∞
⃦⃦⃦
𝑈𝐻𝜉 − 𝑈̂𝐻̂𝜉

⃦⃦⃦
2

+ ‖𝑦𝜉 − 𝑦𝜉‖2 +
⃦⃦⃦
𝑈𝜉 − 𝑈̂𝜉

⃦⃦⃦
2

+
⃦⃦⃦
𝑔1(𝑋) + 𝑦𝜉 − 𝑔1(𝑋̂)− 𝑦𝜉

⃦⃦⃦
2

+
⃦⃦⃦
𝐻𝜉 − 𝐻̂𝜉

⃦⃦⃦
2

+
⃦⃦⃦
𝑔2(𝑋)− 𝑔2(𝑋̂)

⃦⃦⃦
2

+
⃦⃦⃦
𝑔3(𝑋)− 𝑔3(𝑋̂)

⃦⃦⃦
2
.

Although originally introduced as a preliminary metric, since it separates Lagrangian coordinates belonging
to the same equivalence class, this metric is well-suited for our analysis due to the following stability estimate.

Theorem 2.8 ([11], Thm. 4.18). Let 𝑋0 ∈ ℱ𝛼,0 and 𝑋̂0 ∈ ℱ𝛼,0
0 . Furthermore, assume that max(𝐻∞, 𝐻̂∞) ≤ 𝑀

and 𝑡 ≥ 0, then
𝑑
(︁
𝑆𝑡(𝑋0), 𝑆𝑡(𝑋̂0)

)︁
≤ 𝐶(𝑡)𝑒𝐷(𝑡)𝑡𝑑

(︁
𝑋0, 𝑋̂0

)︁
, (2.10)

where 𝐶(𝑡) = 𝐶(𝑡, 𝑀, ‖𝛼′‖∞) and 𝐷(𝑡) = 𝐷(𝑡, 𝑀, ‖𝛼′‖∞) are given by

𝐶(𝑡) = 3 +
3
2
𝑡 +

1
2
𝑡2 +

3
16

𝑡3 +
√

𝑀

(︂
1 +

1
4
𝑡 +

1
4
𝑡2 +

1
16

𝑡3
)︂

+ ‖𝛼′‖∞
√

𝑀

(︂
5 + 2𝑡 + 𝑡2 +

3
8
𝑡3
)︂

+ ‖𝛼′‖∞𝑀

(︂
3 +

5
4
𝑡 +

1
2
𝑡2 +

1
8
𝑡3
)︂

, (2.11)

𝐷(𝑡) = 2 + ‖𝛼′‖∞
√

𝑀 +
√

𝑀

(︂
1
2

+
1
8
𝑡 +

1
16

𝑡2
)︂

+ ‖𝛼′‖∞𝑀

(︂
1 +

1
4
𝑡 +

1
8
𝑡2
)︂

.



586 T. CHRISTIANSEN AND K. GRUNERT

3. The numerical algorithm

This section is devoted to the derivation of the numerical algorithm. As mentioned in the introduction, the
energy loss at any wave breaking occurrence is unknown a prior. To overcome this obstacle we combine an
iteration scheme, producing approximations of (2.3), with a minimal time evolution criterion, which reduces the
computational complexity, especially when accumulating breaking times are present. The latter phenomenon is
thoroughly discussed for the related Camassa–Holm equation in [9].

3.1. The projection operator

We start by recalling the projection operator 𝑃Δ𝑥 introduced in Definition 3.2 of [3]. Let {𝑥𝑗}𝑗∈Z be a uniform
discretization of R, where 𝑥𝑗 = 𝑗∆𝑥 for 𝑗 ∈ Z and ∆𝑥 > 0. Furthermore, to ease the notation, introduce for
any function 𝑓 : R → R the sequence {𝑓𝑗}𝑗∈Z where 𝑓𝑗 = 𝑓(𝑥𝑗) and the difference operators,

𝐷+𝑓𝑗 :=
𝑓𝑗+1 − 𝑓𝑗

∆𝑥
,

𝐷𝑓2𝑗 :=
𝐷+𝑓2𝑗+1 + 𝐷+𝑓2𝑗

2
=

𝑓2𝑗+2 − 𝑓2𝑗

2∆𝑥
·

Then we can define the projection operator 𝑃Δ𝑥 as follows.

Definition 3.1. Define 𝑃Δ𝑥 : 𝒟𝛼
0 → 𝒟𝛼

0 by 𝑃Δ𝑥 ((𝑢, 𝐹, 𝐺)) = (𝑢Δ𝑥, 𝐹Δ𝑥, 𝐺Δ𝑥), where

𝑢Δ𝑥(𝑥) =

{︃
𝑢2𝑗 + (𝐷𝑢2𝑗 ∓ 𝑞2𝑗) (𝑥− 𝑥2𝑗), 𝑥2𝑗 < 𝑥 ≤ 𝑥2𝑗+1,

𝑢2𝑗+2 + (𝐷𝑢2𝑗 ± 𝑞2𝑗) (𝑥− 𝑥2𝑗+2) , 𝑥2𝑗+1 < 𝑥 ≤ 𝑥2𝑗+2,
(3.1)

with 𝑞2𝑗 given by

𝑞2𝑗 :=
√︁

𝐷𝐹ac,2𝑗 − (𝐷𝑢2𝑗)2,

and

𝐺Δ𝑥(𝑥) = 𝐹Δ𝑥(𝑥) = 𝐹Δ𝑥,ac(𝑥) + 𝐹Δ𝑥,sing(𝑥), for all 𝑥 ∈ R, (3.2)

where the absolutely continuous and singular part are given by

𝐹Δ𝑥,ac(𝑥) =

⎧⎪⎨⎪⎩
𝐹ac,2𝑗 + (𝐷𝑢2𝑗 ∓ 𝑞2𝑗)2 (𝑥− 𝑥2𝑗) , 𝑥2𝑗 < 𝑥 ≤ 𝑥2𝑗+1,
1
2 (𝐹ac,2𝑗+2 + 𝐹ac,2𝑗)∓ 2𝐷𝑢2𝑗𝑞2𝑗∆𝑥

+ (𝐷𝑢2𝑗 ± 𝑞2𝑗)2 (𝑥− 𝑥2𝑗+1), 𝑥2𝑗+1 < 𝑥 ≤ 𝑥2𝑗+2,

(3.3)

and

𝐹Δ𝑥,sing(𝑥) = 𝐹2𝑗+2 − 𝐹ac,2𝑗+2 = 𝐹sing,2𝑗+2, 𝑥2𝑗 < 𝑥 ≤ 𝑥2𝑗+2, (3.4)

respectively.

Remark 3.2. Note that (3.1) and (3.3) leave us with two possible sign choices over each interval [𝑥2𝑗 , 𝑥2𝑗+2].
The accuracy of the numerical approximation is affected by the choice of sign, see e.g. Example 3.4 of [3]. We
therefore implement the sign-selection criterion from [3], which is based on minimizing the difference between
𝑢(𝑥2𝑗+1) and 𝑢Δ𝑥(𝑥2𝑗+1). In particular, let

𝑘2𝑗 := arg min
𝑚∈{0,1}

{︀
(𝐷+𝑢2𝑗 −𝐷𝑢2𝑗)∆𝑥 + (−1)𝑚+1𝑞2𝑗∆𝑥

}︀
,

then we use the sign (−1)𝑘2𝑗 over [𝑥2𝑗 , 𝑥2𝑗+1] and (−1)𝑘2𝑗+1 over [𝑥2𝑗+1, 𝑥2𝑗+2].
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Figure 1. The relation between the Eulerian and Lagrangian gridpoints. Note, that points,
where 𝐺Δ𝑥 has a jump, are mapped to intervals where 𝑦Δ𝑥 is constant.

3.2. Numerical implementation of the algorithm

In this section the focus is on the implementation of the algorithm. For this purpose, fix a discretization
parameter ∆𝑥 > 0, a final time 𝑇 ≥ 0, and an initial datum (𝑢, 𝐹, 𝐺)(0) ∈ 𝒟𝛼

0 .

3.2.1. Implementation of 𝐿 and computation of 𝜏Δ𝑥

The numerical Lagrangian initial data is given by

𝑋Δ𝑥(0) = (𝑦Δ𝑥, 𝑈Δ𝑥, 𝑉Δ𝑥, 𝐻Δ𝑥) (0) = 𝐿 ∘ 𝑃Δ𝑥 ((𝑢, 𝐹, 𝐺)(0)) . (3.5)

For a detailed account about how to numerically implement the mapping 𝐿 the interested reader is referred to
Section 3.2.1 of [3]. We here emphasize that the uniform grid in Eulerian coordinates {𝑥𝑗}𝑗∈Z is transformed
into a nonuniform Lagrangian discretization {𝜉𝑗}𝑗∈Z, where each pair [𝑥2𝑗 , 𝑥2𝑗+1] and [𝑥2𝑗+1, 𝑥2𝑗+2] possibly
results in three Lagrangian grid cells with gridpoints given by

𝜉3𝑗 = 𝑥2𝑗 + 𝐺Δ𝑥(0, 𝑥2𝑗), 𝜉3𝑗+1 = 𝑥2𝑗 + 𝐺Δ𝑥(0, 𝑥2𝑗+),
𝜉3𝑗+2 = 𝑥2𝑗+1 + 𝐺Δ𝑥(0, 𝑥2𝑗+1), 𝜉3𝑗+3 = 𝑥2𝑗+2 + 𝐺Δ𝑥(0, 𝑥2𝑗+2), (3.6)

where the notation 𝑥2𝑗+ denotes the right limit at 𝑥2𝑗 . Note that 𝜉3𝑗 = 𝜉3𝑗+1 if 𝐺Δ𝑥(0, ·) does not admit
a jump discontinuity at 𝑥 = 𝑥2𝑗 . Moreover, due to Definitions 2.3 and 3.1, 𝑋Δ𝑥(0, ·) will be continuous and
piecewise linear with nodes located at {𝜉𝑗}𝑗∈Z. Consequently, one can recover 𝑋Δ𝑥(0, 𝜉) for any 𝜉 ∈ R by linear
interpolation based on the values attained at {𝜉𝑗}𝑗∈Z, i.e, {𝑋𝑗(0)}𝑗∈Z = {𝑋Δ𝑥(0, 𝜉𝑗)}𝑗∈Z.

The relationship between the Eulerian and Lagrangian gridpoints is illustrated in Figure 1, from which
we observe that 𝑦Δ𝑥(0, 𝜉) = 𝑥2𝑗 for all 𝜉 ∈ [𝜉3𝑗 , 𝜉3𝑗+1] and by (2.1b), 𝑦Δ𝑥,𝜉(0, 𝜉) = 0 = 𝑈Δ𝑥,𝜉(0, 𝜉) for all
𝜉 ∈ [𝜉3𝑗 , 𝜉3𝑗+1]. As a consequence, when computing the numerical wave breaking function 𝜏Δ𝑥 : R → [0,∞] via
(2.4) with initial data (3.5), it holds that 𝜏Δ𝑥(𝜉) = 0 for 𝜉 ∈ [𝜉3𝑗 , 𝜉3𝑗+1]. Furthermore, observe that 𝑈Δ𝑥,𝜉(0, 𝜉) =
𝑢Δ𝑥,𝑥(0, 𝑦Δ𝑥(0, 𝜉))𝑦Δ𝑥,𝜉(0, 𝜉) for all 𝜉 ∈ (𝜉3𝑗+1, 𝜉3𝑗+3) ∖ {𝜉3𝑗+2}, and introduce

𝜏3𝑗+ 3
2

=

{︃
− 2

𝐷𝑢2𝑗∓𝑞2𝑗
, if 𝐷𝑢2𝑗 ∓ 𝑞2𝑗 < 0,

∞, otherwise,

𝜏3𝑗+ 5
2

=

{︃
− 2

𝐷𝑢2𝑗±𝑞2𝑗
, if 𝐷𝑢2𝑗 ± 𝑞2𝑗 < 0,

∞, otherwise.
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Then the wave breaking function 𝜏Δ𝑥(𝜉) for 𝜉 ∈ [𝜉3𝑗 , 𝜉3𝑗+3) takes the form

𝜏Δ𝑥(𝜉) =

⎧⎪⎨⎪⎩
0, 𝜉 ∈ [𝜉3𝑗 , 𝜉3𝑗+1],
𝜏3𝑗+ 3

2
, 𝜉 ∈ (𝜉3𝑗+1, 𝜉3𝑗+2],

𝜏3𝑗+ 5
2
, 𝜉 ∈ (𝜉3𝑗+2, 𝜉3𝑗+3).

(3.7)

To ease notation later on, we will denote by 𝜏3𝑗+ 1
2

the value attained by 𝜏Δ𝑥 on [𝜉3𝑗 , 𝜉3𝑗+1]. The reader is
referred to Section 3.2.2 from [3] for more details about 𝜏Δ𝑥.

3.2.2. Time evolution and numerical iteration procedure
The next step is the implementation of the solution operator 𝑆𝑡 from Definition 2.5.
Note that for a fixed 𝜉 ∈ R with 0 < 𝜏(𝜉) < ∞, we have, due to (2.3c),

𝑉𝜉(𝑡, 𝜉) =

{︃
𝑉0,𝜉(𝜉), 𝑡 < 𝜏(𝜉),
(1− 𝛼(𝑦(𝜏(𝜉), 𝜉)))𝑉0,𝜉(𝜉), 𝜏(𝜉) ≤ 𝑡,

(3.8)

from which it is evident that the amount of energy to be removed depends on 𝑦(𝜏(𝜉), 𝜉). However, the time
evolution of 𝑦(𝑡, 𝜉), which is governed by (2.3a), depends on 𝑉𝜉(𝑡, ·) on all of R. Consequently, 𝑦(𝜏(𝜉), 𝜉) will
depend on all wave breaking occurrences in [0, 𝜏(𝜉)). Thus (2.3) cannot be solved explicitly in general. As
a consequence, we have to approximate the solution operator 𝑆𝑡 numerically. This is done by combining an
iteration scheme, which draws inspiration from the one used in the proof of Lemma 2.3 from [11], with a
minimal time evolution criterion that reduces the number of times numerical integration is performed. The
resulting approximation of 𝑆𝑡 is restricted to the time interval [0, 𝑇 ].

We start by introducing
𝜁Δ𝑥 := 𝑦Δ𝑥 − id,

which belongs to 𝐿∞(R) in contrast to 𝑦Δ𝑥. Furthermore, set

𝑋̂Δ𝑥 = (𝜁Δ𝑥, 𝑈Δ𝑥, 𝑉Δ𝑥, 𝐻Δ𝑥) .

From a numerical perspective, it is advantageous to compute the time evolution of 𝑋̂Δ𝑥,𝜉 rather than the one of
𝑋̂Δ𝑥, due to possible drops in 𝑉Δ𝑥,𝜉. However, a major difficulty now, which is not present when 𝛼 is a constant,
see [3], is the lack of a closed ODE-system for 𝑋̂Δ𝑥,𝜉, since 𝑉Δ𝑥,𝜉 depends on 𝑦Δ𝑥, cf. (3.8).

Note that 𝑋̂Δ𝑥,𝜉(0), given by differentiating (3.5), is a piecewise constant function, whose possible disconti-
nuities are located at the nodes {𝜉𝑗}𝑗∈Z. As a consequence, we can recover 𝑋̂Δ𝑥,𝜉(0) from the sequence which
associates to each 𝑗 ∈ Z the value attained at the midpoint of the interval [𝜉𝑗 , 𝜉𝑗+1], i.e.,

𝑋̂𝑗+ 1
2 ,𝜉(0) =

{︃
𝑋̂Δ𝑥,𝜉

(︀
0, 1

2 (𝜉𝑗 + 𝜉𝑗+1)
)︀
, if 𝜉𝑗 ̸= 𝜉𝑗+1,

(0, 0, 0, 0), otherwise.
(3.9)

Furthermore, introduce
𝜏𝑗+ 1

2
= 𝜏Δ𝑥

(︀
1
2 (𝜉𝑗 + 𝜉𝑗+1)

)︀
, (3.10)

and let {𝜏𝑗}𝑗∈N be the sequence of distinct breaking times sorted in increasing order, i.e., 𝜏𝑗 < 𝜏𝑗+1. In addition, if
𝜏1 = 0, we relabel the sequence by reducing the indices by one. Otherwise, augment the sequence by the element
𝜏0 = 0. Either way, the resulting sequence, which might be finite, is denoted by {𝜏𝑗}𝑗∈𝒥 , where 𝒥 ⊂ N0 = N∪{0}
and 𝜏0 = 0.

Next, we extract from {𝜏𝑗}𝑗∈𝒥 a finite sequence of breaking times {𝜏*𝑘}𝑁
𝑘=0, which constitutes a non-uniform

discretization of [0, 𝑇 ]. To this end, we introduce a temporal parameter ∆𝑡 > 0, which eventually will be related
to ∆𝑥 in order to obtain an upper bound on the number of iterations needed, see (3.36).

We now show that the resulting sequence {𝜏*𝑘} is finite and constitutes a non-uniform discretization of [0, 𝑇 ],
with local mesh sizes

∆𝑡𝑘 = 𝜏*𝑘+1 − 𝜏*𝑘 . (3.11)
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Algorithm 1 . Extraction of the finite time sequence {𝜏*𝑘}.
Let 𝜏*0 = 0, 𝑚 = 0 and 𝑘 = 0.
if 𝜏𝑚+1 ≥ 𝑇 then let 𝜏*𝑘+1 = 𝑇 and stop.
if 𝜏𝑚+2 − 𝜏*𝑘 ≤ Δ𝑡 and 𝜏𝑚+2 < 𝑇 then

Let 𝜏*𝑘+1 = max
𝑗≥𝑚+2

{𝜏𝑗 : 𝜏*𝑘 < 𝜏𝑗 ≤ min{𝜏*𝑘 + Δ𝑡, 𝑇}} = 𝜏𝑚+𝑙.

𝑚 ↦→ 𝑚 + 𝑙.
𝑘 ↦→ 𝑘 + 1.
if 𝜏*𝑘 = 𝑇 then stop.

else
𝜏*𝑘+1 = 𝜏𝑚+1.
𝑚 ↦→ 𝑚 + 1.
𝑘 ↦→ 𝑘 + 1.

Proposition 3.3. The sequence {𝜏*𝑘}, extracted according to Algorithm 1, has 𝑁 + 1 elements and

𝑁 < 2
(︂

𝑇

∆𝑡
+ 1
)︂

. (3.12)

Proof. Suppose that the strictly increasing sequence {𝜏*𝑘}, which is bounded from above by 𝑇 , is not finite. Pick
𝑘 ∈ N0, then there exists 𝑚 ∈ N0 such that 𝜏*𝑘 = 𝜏𝑚 < 𝜏𝑚+1 ≤ 𝜏*𝑘+1 and one of the following scenarios plays
out:
– If 𝜏*𝑘+1 = 𝜏𝑚+1, which is only possible if 𝜏𝑚+2 − 𝜏*𝑘 > ∆𝑡, then

𝜏*𝑘+2 − 𝜏*𝑘 ≥ 𝜏𝑚+2 − 𝜏*𝑘 > ∆𝑡.

– If 𝜏*𝑘+1 = 𝜏𝑚+𝑙 for 𝑙 ≥ 2, which is only possible if 𝜏𝑚+2−𝜏*𝑘 ≤ ∆𝑡, then the maximum in Algorithm 1 ensures
that

𝜏*𝑘+2 − 𝜏*𝑘 ≥ 𝜏𝑚+𝑙+1 − 𝜏*𝑘 > ∆𝑡.

Thus, for any 𝑁 ∈ N0 we have

(𝑁 − 1)∆𝑡 =
𝑁−2∑︁
𝑘=0

∆𝑡 <

𝑁−2∑︁
𝑘=0

(︀
𝜏*𝑘+2 − 𝜏*𝑘

)︀
=

𝑁−2∑︁
𝑘=0

∆𝑡𝑘+1 +
𝑁−2∑︁
𝑘=0

∆𝑡𝑘 ≤ 2𝑇,

which is impossible for 𝑇 > 0 and ∆𝑡 > 0 fixed. As a consequence, the sequence {𝜏*𝑘} has at most 𝑁 +1 elements
and

𝜏*𝑘+2 − 𝜏*𝑘 > ∆𝑡, for 𝑘 ∈ {0, . . . , 𝑁 − 3}, (3.13)

which implies that (𝑁 − 2)∆𝑡 ≤ 2𝑇 . �

With the help of the sequence {𝜏*𝑘}𝑁
𝑘=0, we can approximate the solution to (2.3) on (𝜏*𝑘 , 𝜏*𝑘+1] by using an

iteration scheme, where the number of iterations needed is related to the accuracy of the approximation, and
hence dependent on the choice of ∆𝑡 and ∆𝑥.

This iteration scheme is defined inductively as follows. Assume that the sequence {𝑋̂𝑗+ 1
2 ,𝜉(𝑡)}𝑗∈Z

has already been computed for 𝑡 ∈ [0, 𝜏*𝑘 ] and introduce the sequence {𝑋̂𝑛
𝑗+ 1

2 ,𝜉
(𝑡)}𝑗∈Z,𝑛∈N =

{(𝜁𝑛
𝑗+ 1

2 ,𝜉
, 𝑈𝑛

𝑗+ 1
2 ,𝜉

, 𝑉 𝑛
𝑗+ 1

2 ,𝜉
, 𝐻𝑛

𝑗+ 1
2 ,𝜉

)(𝑡)}𝑗∈Z,𝑛∈N for 𝑡 ∈ (𝜏*𝑘 , 𝜏*𝑘+1], whose time evolution is governed by

𝜁𝑛+1
𝑗+ 1

2 ,𝑡𝜉
(𝑡) = 𝑈𝑛+1

𝑗+ 1
2 ,𝜉

(𝑡), (3.14a)

𝑈𝑛+1
𝑗+ 1

2 ,𝑡𝜉
(𝑡) =

1
2
𝑉 𝑛+1

𝑗+ 1
2 ,𝜉

(𝑡), (3.14b)

𝑉 𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡) =

(︁
1− 𝛽𝑛+1

𝑗+ 1
2
(𝑡)𝜒{𝑠:𝑠≥𝜏

𝑗+ 1
2

>𝜏*𝑘}(𝑡)
)︁

𝑉𝑗+ 1
2 ,𝜉(𝜏*𝑘 ), (3.14c)

𝐻𝑛+1
𝑗+ 1

2 ,𝑡𝜉
(𝑡) = 0, (3.14d)



590 T. CHRISTIANSEN AND K. GRUNERT

with 𝑋̂𝑛+1
𝑗+ 1

2 ,𝜉
(𝜏*𝑘 ) = 𝑋̂𝑗+ 1

2 ,𝜉(𝜏*𝑘 ) for all 𝑛 ≥ 0, where

𝛽1
𝑗+ 1

2
(𝑡) = 0, (3.15)

and for 𝑛 ≥ 1,

𝛽𝑛+1
𝑗+ 1

2
(𝑡) =

{︃
0, 𝜏𝑗+ 1

2
/∈
(︀
𝜏*𝑘 , 𝜏*𝑘+1

]︀
,

𝛼
(︀
𝑦𝑛

𝑗 (𝜏*𝑘+1)
)︀
, 𝜏𝑗+ 1

2
∈ (𝜏*𝑘 , 𝜏*𝑘+1].

(3.16)

A closer look at the above system reveals that it depends on the sequence {𝑦𝑛
𝑗 (𝜏*𝑘+1)}𝑗∈Z, which can, keeping

(2.3) in mind, be computed from {𝑋̂𝑛
𝑗+ 1

2 ,𝜉
}𝑗∈Z. This will be discussed in depth after examining how to solve

(3.14).
For 𝑘 ∈ {0, . . . , 𝑁 − 1} introduce the set ℐ𝑘+ 1

2
⊂ Z by

ℐ𝑘+ 1
2

:=
{︁

𝑗 ∈ Z : 𝜏𝑗+ 1
2
∈
(︀
𝜏*𝑘 , 𝜏*𝑘+1

]︀}︁
. (3.17)

If 𝑗 /∈ ℐ𝑘+ 1
2

and 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1], then the solution to (3.14) is given by

𝜁𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡) = 𝜁𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) + 𝑈𝑗+ 1
2 ,𝜉 (𝜏*𝑘 ) (𝑡− 𝜏*𝑘 ) +

1
4
𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) (𝑡− 𝜏*𝑘 )2 ,

𝑈𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡) = 𝑈𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) +
1
2
𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) (𝑡− 𝜏*𝑘 ) ,

𝑉 𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡) = 𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) . (3.18)

This will also be the solution when 𝑗 ∈ ℐ𝑘+ 1
2

prior to wave breaking, i.e., for 𝑡 ∈ [𝜏*𝑘 , 𝜏𝑗+ 1
2
). In addition,

lim
𝑡↑𝜏

𝑗+ 1
2

𝜁𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡) = 𝜁𝑛+1

𝑗+ 1
2 ,𝜉

(︁
𝜏𝑗+ 1

2

)︁
= −1 and lim

𝑡↑𝜏
𝑗+ 1

2

𝑈𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡) = 𝑈𝑛+1

𝑗+ 1
2 ,𝜉

(︁
𝜏𝑗+ 1

2

)︁
= 0, (3.19)

since 𝜁𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡) and 𝑈𝑛+1

𝑗+ 1
2 ,𝜉

(𝑡) are continuous with respect to time. Therefore the solution past wave breaking
can also be computed using (3.14), which yields

𝜁𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡) =

⎧⎪⎪⎨⎪⎪⎩
𝜁𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) + 𝑈𝑗+ 1
2 ,𝜉 (𝜏*𝑘 ) (𝑡− 𝜏*𝑘 )

+ 1
4𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) (𝑡− 𝜏*𝑘 )2 , 𝜏*𝑘 ≤ 𝑡 < 𝜏𝑗+ 1
2
,

−1 + 1
4

(︀
1− 𝛼

(︀
𝑦𝑛

𝑗

(︀
𝜏*𝑘+1

)︀)︀)︀
𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 )
(︁
𝑡− 𝜏𝑗+ 1

2

)︁2

, 𝜏*𝑘 < 𝜏𝑗+ 1
2
≤ 𝑡,

𝑈𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡) =

⎧⎨⎩𝑈𝑗+ 1
2 ,𝜉 (𝜏*𝑘 ) + 1

2𝑉𝑗+ 1
2 ,𝜉 (𝜏*𝑘 ) (𝑡− 𝜏*𝑘 ) , 𝜏*𝑘 ≤ 𝑡 < 𝜏𝑗+ 1

2
,

1
2

(︀
1− 𝛼

(︀
𝑦𝑛

𝑗

(︀
𝜏*𝑘+1

)︀)︀)︀
𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 )
(︁
𝑡− 𝜏𝑗+ 1

2

)︁
, 𝜏*𝑘 < 𝜏𝑗+ 1

2
≤ 𝑡,

𝑉 𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡) =

{︃
𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) , 𝜏*𝑘 ≤ 𝑡 < 𝜏𝑗+ 1
2
,(︀

1− 𝛼
(︀
𝑦𝑛

𝑗

(︀
𝜏*𝑘+1

)︀)︀)︀
𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) , 𝜏*𝑘 < 𝜏𝑗+ 1
2
≤ 𝑡.

(3.20)

Finally, to proceed from one iterate to another, i.e., from {𝑋̂𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡)}𝑗∈Z to {𝑋̂𝑛+2

𝑗+ 1
2 ,𝜉

(𝑡)}𝑗∈Z,

one has to compute {𝑦𝑛+1
𝑗 (𝜏*𝑘+1)}𝑗∈Z from the sequence {𝑋̂𝑛+1

𝑗+ 1
2 ,𝜉

(𝑡)}𝑗∈Z. Since {𝑋̂𝑛+1
𝑗 (𝑡)}𝑗∈Z =

{(𝜁𝑛+1
𝑗 , 𝑈𝑛+1

𝑗 , 𝑉 𝑛+1
𝑗 , 𝐻𝑛+1

𝑗 )(𝑡)}𝑗∈Z is an approximation of the exact solution to (2.3) and (2.4), its asymptotic
behavior as 𝑗 → ±∞ should change in accordance with the asymptotic behavior of (2.3).

Motivated by (2.3) and (3.14) it immediately follows that

𝐻𝑛+1
𝑗 (𝑡) = 𝐻𝑗(𝜏*𝑘 ) = 𝐻𝑗(0),
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while the computation of the remaining sequences is a bit more involved.
Introduce the abbreviation 𝑓±∞(𝑡) = lim𝑗→±∞ 𝑓𝑗(𝑡). Then (2.3c) implies

𝑉 𝑛+1
−∞ (𝑡) = 0 for all 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1], (3.21)

which after being combined with (3.18) and (3.20), results in the following recursive formula for any 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1],

𝑉 𝑛+1
𝑗 (𝑡) =

𝑗−1∑︁
𝑚=−∞

𝑉 𝑛+1
𝑚+ 1

2 ,𝜉
(𝑡) (𝜉𝑚+1 − 𝜉𝑚) = 𝑉 𝑛+1

𝑗−1 (𝑡) + 𝑉 𝑛+1
𝑗− 1

2 ,𝜉
(𝑡) (𝜉𝑗 − 𝜉𝑗−1)

= 𝑉𝑗 (𝜏*𝑘 )−
𝑗−1∑︁

𝑚=−∞
𝛽𝑛+1

𝑚+ 1
2
(𝑡)𝜒{𝑠:𝑠≥𝜏

𝑚+ 1
2

>𝜏*𝑘}(𝑡)𝑉𝑚+ 1
2 ,𝜉 (𝜏*𝑘 ) (𝜉𝑚+1 − 𝜉𝑚) . (3.22)

In order to compute {𝑈𝑛+1
𝑗 (𝑡)}𝑗∈Z for 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1], we start by calculating its left asymptote. Combining

(2.3) and (3.14) implies

𝑈𝑛+1
−∞ (𝑡) = 𝑈−∞ (𝜏*𝑘 )− 1

4
𝑉∞ (𝜏*𝑘 ) (𝑡− 𝜏*𝑘 )

+
1
4

∞∑︁
𝑚=−∞

𝛽𝑛+1
𝑚+ 1

2
(𝑡)𝜒{𝑠:𝑠≥𝜏

𝑚+ 1
2

>𝜏*𝑘}(𝑡)𝑉𝑚+ 1
2 ,𝜉 (𝜏*𝑘 ) (𝜉𝑚+1 − 𝜉𝑚)

(︁
𝑡− 𝜏𝑚+ 1

2

)︁
, (3.23)

and hence, we have for all 𝑗 ∈ Z and 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1],

𝑈𝑛+1
𝑗 (𝑡) = 𝑈𝑛+1

−∞ (𝑡) +
𝑗−1∑︁

𝑚=−∞
𝑈𝑛+1

𝑚+ 1
2 ,𝜉

(𝑡) (𝜉𝑚+1 − 𝜉𝑚) = 𝑈𝑛+1
𝑗−1 (𝑡) + 𝑈𝑛+1

𝑗− 1
2 ,𝜉

(𝑡)(𝜉𝑗 − 𝜉𝑗−1). (3.24)

Following the same procedure for {𝜁𝑛+1
𝑗 (𝑡)}𝑗∈Z where 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1], i.e., using (2.3) and (3.14) once more, yields

𝜁𝑛+1
−∞ (𝑡) = 𝜁−∞ (𝜏*𝑘 ) + 𝑈−∞ (𝜏*𝑘 ) (𝑡− 𝜏*𝑘 )− 1

8
𝑉∞ (𝜏*𝑘 ) (𝑡− 𝜏*𝑘 )2

+
1
8

∞∑︁
𝑚=−∞

𝛽𝑛+1
𝑚+ 1

2
(𝑡)𝜒{𝑠:𝑠≥𝜏

𝑚+ 1
2

>𝜏*𝑘}(𝑡)𝑉𝑚+ 1
2 ,𝜉 (𝜏*𝑘 ) (𝜉𝑚+1 − 𝜉𝑚)

(︁
𝑡− 𝜏𝑚+ 1

2

)︁2

, (3.25)

and for all 𝑗 ∈ Z and 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1],

𝜁𝑛+1
𝑗 (𝑡) = 𝜁𝑛+1

−∞ (𝑡) +
𝑗−1∑︁

𝑚=−∞
𝜁𝑛+1
𝑚+ 1

2 ,𝜉
(𝑡) (𝜉𝑚+1 − 𝜉𝑚) = 𝜁𝑛+1

𝑗−1 (𝑡) + 𝜁𝑛+1
𝑗− 1

2 ,𝜉
(𝑡) (𝜉𝑗 − 𝜉𝑗−1) . (3.26)

At last, after using 𝑦𝑛+1
𝑗 (𝑡) = 𝜁𝑛+1

𝑗 (𝑡) + 𝜉𝑗 , one recovers {𝑦𝑛+1
𝑗 (𝑡)}𝑗∈Z.

Having a closer look at the iteration given by (3.14)–(3.16) reveals that it suffices to compute {𝑦𝑛+1
𝑗 (𝜏*𝑘+1)}𝑗∈Z

in order to proceed from iterate 𝑛 + 1 to iterate 𝑛 + 2, meaning that we only need to use (3.25) and (3.26)
once for every iterate. This reduces the computational complexity substantially compared to the case where one
would compute {𝑦𝑛+1

𝑗 (𝑡)}𝑗∈Z at each wave breaking time 𝑡 = 𝜏𝑚+ 1
2

for 𝑚 ∈ ℐ𝑘+ 1
2
. However, this comes at the

cost of introducing a local error, which we analyze in Section 4.2.

Remark 3.4. If no wave breaking occurs in (𝜏*𝑘 , 𝜏*𝑘+1), the iteration scheme terminates after at most 2 iter-
ations. In particular, if no wave breaking takes place at 𝜏*𝑘+1, which is only possible if 𝜏*𝑘+1 = 𝑇 , the scheme
terminates with 𝑛 = 1, and if 𝜏*𝑘+1 = 𝜏𝑗+ 1

2
for some 𝑗 ∈ Z, then 𝑛 = 2. Furthermore, the iteration scheme is
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redundant in the latter case as {𝑋̂𝑛
𝑗+ 1

2 ,𝜉
(𝑡)} for 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1) coincides for all 𝑛 ∈ N with the unique solution

{𝑋̂𝑗+ 1
2 ,𝜉(𝑡)} to

𝜁𝑗+ 1
2 ,𝑡𝜉(𝑡) = 𝑈𝑗+ 1

2 ,𝜉(𝑡), 𝑈𝑗+ 1
2 ,𝑡𝜉(𝑡) =

1
2
𝑉𝑗+ 1

2 ,𝜉(𝑡), 𝑉𝑗+ 1
2 ,𝜉(𝑡) = 𝑉𝑗+ 1

2 ,𝜉(𝜏*𝑘 ), (3.27)

with initial data {𝑋̂𝑗+ 1
2 ,𝜉(𝜏*𝑘 )}𝑗∈Z. Hence, we have 𝑋̂𝑗(𝑡) = 𝑋̂𝑛

𝑗 (𝑡) for all 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1). Since {(𝑦𝑛
𝑗 , 𝑈𝑛

𝑗 )}𝑗∈Z is
continuous with respect to time, one can thereafter compute

𝑉𝑗+ 1
2 ,𝜉

(︀
𝜏*𝑘+1

)︀
=

{︃
𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) , 𝑗 /∈ ℐ𝑘+ 1
2
,(︀

1− 𝛼
(︀
𝑦𝑗

(︀
𝜏*𝑘+1

)︀)︀)︀
𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) , 𝑗 ∈ ℐ𝑘+ 1
2
.

(3.28)

Numerically, we therefore evolve according to (3.27) and (3.28) whenever no wave breaking occurs within
(𝜏*𝑘 , 𝜏*𝑘+1), because this is slightly more efficient as we only have to compute {𝑦𝑗(𝜏*𝑘+1)} once. Moreover, no local
error is introduced.

The last issue we have to address is the stopping of the iteration scheme. To this end, let ℓ∞ denote the usual
sequence space equipped with the norm

‖{𝑎𝑗}𝑗∈Z‖ℓ∞ := sup
𝑗∈Z

|𝑎𝑗 |.

Closely inspecting (3.20) reveals that the difference between two successive elements in the iteration scheme
depends heavily on ‖{𝑦𝑛+1

𝑗 (𝜏*𝑘+1)} − {𝑦𝑛
𝑗 (𝜏*𝑘+1)}‖ℓ∞ , which serves as a basis for determining a limiting criteria

for the number of iterations needed.

Proposition 3.5. Assume 𝜏*𝑘 = 𝜏𝑚 and 𝜏*𝑘+1 = 𝜏𝑚+𝑙 for 𝑚 ∈ N0 and 𝑙 ≥ 2. Then for every 𝜀 > 0 there is
some 𝑀𝑘

it ≥ 2 such that

sup
𝑡∈[𝜏*𝑘 ,𝜏*𝑘+1]

⃦⃦⃦{︁
𝑦

𝑀𝑘
it

𝑗 (𝑡)
}︁
−
{︁

𝑦
𝑀𝑘

it−1
𝑗 (𝑡)

}︁⃦⃦⃦
ℓ∞
≤ 𝜀. (3.29)

Proof. Recall that {𝑋̂𝑛
𝑗 (𝜏*𝑘 )} = {𝑋̂𝑗(𝜏*𝑘 )} for all 𝑛 ≥ 1. Therefore, after combining (3.20) with (3.22)–(3.26), it

holds, for 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1] and 𝑗 ∈ Z that

⃒⃒
𝑦𝑛+1

𝑗 (𝑡)− 𝑦𝑛
𝑗 (𝑡)

⃒⃒
=
⃒⃒
𝜁𝑛+1
𝑗 (𝑡)− 𝜁𝑛

𝑗 (𝑡)
⃒⃒
≤
∫︁ 𝑡

𝜏𝑘*

⃒⃒
𝑈𝑛+1

𝑗 (𝑠)− 𝑈𝑛
𝑗 (𝑠)

⃒⃒
d𝑠, (3.30a)

⃒⃒
𝑈𝑛+1

𝑗 (𝑡)− 𝑈𝑛
𝑗 (𝑡)

⃒⃒
≤ 1

4

∑︁
𝑚∈Z

∫︁ 𝑡

𝜏*𝑘

⃒⃒⃒
𝑉 𝑛+1

𝑚+ 1
2 ,𝜉

(𝑠)− 𝑉 𝑛
𝑚+ 1

2 ,𝜉(𝑠)
⃒⃒⃒

d𝑠(𝜉𝑚+1 − 𝜉𝑚). (3.30b)

Moreover, (3.18) and (3.20) yield, for 𝑛 ≥ 2,

𝑉 𝑛+1
𝑗+ 1

2 ,𝜉
(𝑡)− 𝑉 𝑛

𝑗+ 1
2 ,𝜉(𝑡) =

⎧⎪⎪⎨⎪⎪⎩
0, 𝑗 /∈ ℐ𝑘+ 1

2
,(︀

𝛼
(︀
𝑦𝑛−1

𝑗

(︀
𝜏*𝑘+1

)︀)︀
− 𝛼

(︀
𝑦𝑛

𝑗

(︀
𝜏*𝑘+1

)︀)︀)︀
×𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) 𝜒{𝑞:𝑞≥𝜏
𝑗+ 1

2
>𝜏*𝑘}(𝑡), 𝑗 ∈ ℐ𝑘+ 1

2
.

(3.31)
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By assumption there are (𝑙 − 1) ≥ 1 distinct breaking times in (𝜏*𝑘 , 𝜏*𝑘+1) and by construction 𝜏*𝑘+1 − 𝜏*𝑘 ≤ ∆𝑡.
Thus, we obtain for 𝑛 ≥ 2,⃒⃒

𝑦𝑛+1
𝑗 (𝑡)− 𝑦𝑛

𝑗 (𝑡)
⃒⃒
≤ 1

4
‖𝛼′‖∞

∑︁
𝑚∈Z

∫︁ 𝑡

𝜏*𝑘

∫︁ 𝑠

𝜏*𝑘

⃒⃒
𝑦𝑛

𝑚

(︀
𝜏*𝑘+1

)︀
− 𝑦𝑛−1

𝑚

(︀
𝜏*𝑘+1

)︀⃒⃒
× 𝜒{𝑞:𝑞≥𝜏

𝑚+ 1
2

>𝜏*𝑘}(𝑟)𝑉𝑚+ 1
2 ,𝜉 (𝜏*𝑘 ) d𝑟 d𝑠 (𝜉𝑚+1 − 𝜉𝑚)

≤ 1
8
‖𝛼′‖∞𝑉∞ (𝜏*𝑘 ) ∆𝑡2 sup

𝑠∈[𝜏*𝑘 ,𝜏*𝑘+1]

⃦⃦{︀
𝑦𝑛

𝑗 (𝑠)
}︀
−
{︀
𝑦𝑛−1

𝑗 (𝑠)
}︀⃦⃦

ℓ∞

≤ 𝛾Δ𝑡 sup
𝑠∈[𝜏*𝑘 ,𝜏*𝑘+1]

⃦⃦{︀
𝑦𝑛

𝑗 (𝑠)
}︀
−
{︀
𝑦𝑛−1

𝑗 (𝑠)
}︀⃦⃦

ℓ∞
, (3.32)

where we introduced
𝛾Δ𝑡 :=

1
8
‖𝛼′‖∞𝐺∞∆𝑡2, (3.33)

and used that the total energy 𝑉∞(𝑡) is nonincreasing and bounded from above by 𝑉∞(0) = 𝐹∞(0) = 𝐺∞.
Furthermore, due to (3.15), we have⃒⃒

𝑦2
𝑗 (𝑡)− 𝑦1

𝑗 (𝑡)
⃒⃒

≤ 1
4

∑︁
𝑚∈Z

∫︁ 𝑡

𝜏*𝑘

∫︁ 𝑠

𝜏*𝑘

𝛼(𝑦1
𝑚(𝜏*𝑘+1))𝜒{𝑞:𝑞≥𝜏

𝑚+ 1
2

>𝜏*𝑘}(𝑟)𝑉𝑚+ 1
2 ,𝜉(𝜏*𝑘 ) d𝑟 d𝑠(𝜉𝑚+1 − 𝜉𝑚)

≤ 1
8
𝐺∞∆𝑡2. (3.34)

Thus, it follows by (3.32) and (3.34), that for 𝑛 ≥ 1

sup
𝑡∈[𝜏*𝑘 ,𝜏*𝑘+1]

‖{𝑦𝑛+1
𝑗 (𝑡)} − {𝑦𝑛

𝑗 (𝑡)}‖ℓ∞ ≤ 1
8
𝐺∞∆𝑡2𝛾𝑛−1

Δ𝑡 . (3.35)

Provided that we choose ∆𝑡 small enough, we can ensure that 𝛾Δ𝑡 < 1. As a consequence, the right side of
(3.35) can be made arbitrarily small by choosing 𝑛 large enough. Thus, to every 𝜀 > 0, there exists an integer
𝑛 = 𝑀𝑘

it − 1 such that (3.35) is less than or equal to 𝜀. �

Finally, we can put an upper bound on the maximum number of iterations needed. Enforcing from now on
that ∆𝑡 satisfies the upper bound

∆𝑡 ≤

√︃
8∆𝑥

‖𝛼′‖∞𝐺∞
, (3.36)

yields 𝛾Δ𝑡 ≤ ∆𝑥 and (3.35) turns into

sup
𝑡∈[𝜏*𝑘 ,𝜏*𝑘+1]

‖{𝑦𝑛+1
𝑗 (𝑡)} − {𝑦𝑛

𝑗 (𝑡)}‖ℓ∞ ≤ 1
8
𝐺∞∆𝑡2∆𝑥𝑛−1, (3.37)

for all 𝑛 ≥ 1. Choosing 𝑛 = 2 corresponds to carrying out at most 3 iterations, cf. Proposition 3.5 and introduces
an error of order 𝒪(∆𝑥2). Therefore, we define, for 𝑡 ∈ (𝜏*𝑘 , 𝜏*𝑘+1], the sequence {𝑋𝑗(𝑡)}𝑗∈Z as

{𝑋𝑗(𝑡)}𝑗∈Z =
{︁

𝑋
M𝑘

it
𝑗 (𝑡)

}︁
𝑗∈Z

=
{︁(︁

𝑦
M𝑘

it
𝑗 , 𝑈

M𝑘
it

𝑗 , 𝑉
M𝑘

it
𝑗 , 𝐻

M𝑘
it

𝑗

)︁
(𝑡)
}︁

𝑗∈Z
, (3.38)

which satisfies (3.29) with 𝜀 = 1
8𝐺∞∆𝑡2∆𝑥, and where, taking into account Remark 3.4 and Proposition 3.5,

M𝑘
it =

⎧⎪⎨⎪⎩
1, if [𝜏*𝑘 , 𝑇 ] ⊂ [𝜏𝑚, 𝜏𝑚+1),
2, if [𝜏*𝑘 , 𝜏*𝑘+1] = [𝜏𝑚, 𝜏𝑚+1],
2 or 3, otherwise.
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Finally, we can recover the numerical Lagrangian solution

𝑋Δ𝑥(𝑡, 𝜉) = (𝑦Δ𝑥, 𝑈Δ𝑥, 𝑉Δ𝑥, 𝐻Δ𝑥)(𝑡, 𝜉) for (𝑡, 𝑥) ∈ [0, 𝑇 ]× R

by linear interpolation based on {𝑋𝑗(𝑡)}𝑗∈Z = {𝑋Δ𝑥(𝑡, 𝜉𝑗)}𝑗∈Z. In symbolic notation, we represent the whole
procedure via the numerical solution operator 𝑆Δ𝑥,𝑡 defined by

𝑆Δ𝑥,𝑡(𝑋Δ𝑥(0)) := 𝑋Δ𝑥(𝑡). (3.39)

Remark 3.6. The iteration scheme (3.14)–(3.16) is chosen in such a way that 𝑆Δ𝑥,𝑡 preserves Definition 2.2 (iii)
and that the breaking times given by 𝜏Δ𝑥 are respected. As a consequence, one can follow the argument in
Lemma 2.3 of [11] to show that for any 𝑋 ∈ ℱ𝛼, which is piecewise linear with nodes located at {𝜉𝑗}𝑗∈Z, one
has

𝑆Δ𝑥,𝑡(𝑋) ∈ ℱ𝛼 for all 𝑡 ∈ [0, 𝑇 ].

Before examining the implementation of the mapping 𝑀 , we consider an example illustrating the possible
computational benefit of evolving between successive times in {𝜏*𝑘}𝑁

𝑘=0, rather than evolving between successive
times in {𝜏𝑗}𝑗∈𝒥 .

Example 3.7 (Cusp data). Consider the following initial data

𝑢(𝑥) =

⎧⎪⎨⎪⎩
1, 𝑥 < −1,

|𝑥|
2
3 , −1 ≤ 𝑥 ≤ 1,

1, 1 < 𝑥,

𝐹 (𝑥) =

⎧⎪⎨⎪⎩
0, 𝑥 < −1,
4
3

(︁
1 + sgn(𝑥)|𝑥| 13

)︁
, −1 ≤ 𝑥 ≤ 1,

8
3 , 1 < 𝑥,

𝛼(𝑥) =

⎧⎪⎨⎪⎩
𝛽, 𝑥 < −1,

𝛽|𝑥|, −1 ≤ 𝑥 < 0,

0, 0 ≤ 𝑥,

where 𝛽 ∈ [0, 1). Computing 𝑢𝑥(𝑥) for 𝑥 ∈ (−1, 0) reveals that the exact solution experiences wave breaking
continuously over the time interval [0, 3].

Let 𝑥𝑗 = −1 + 𝑗∆𝑥 denote a uniform discretization of [−1, 1] with ∆𝑥 = 10−𝑘 for 𝑘 ∈ N. Then there are
10𝑘 grid cells covering [−1, 0]. Furthermore, 𝑢 is strictly decreasing on [−1, 0), implying that 𝐷𝑢2𝑗 < 0 for all
𝑗 ∈ {0, 1, . . . , 5 · 10𝑘−1 − 1}. Consequently, it follows, after differentiating (3.1) and using the nonnegativity of
𝑞2𝑗 , that at least 5 · 10𝑘−1 linear segments on [−1, 0] have negative slope. However, if we can show that

2(𝐷𝑢2𝑗)2 > 𝐷𝐹ac,2𝑗

holds, this will imply that 𝐷𝑢2𝑗 + 𝑞2𝑗 < 0, and as a consequence, all the 10𝑘 linear segments of 𝑢Δ𝑥 over [−1, 0]
have negative slope. Indeed, we have

𝐷𝑢2𝑗 =
1

2∆𝑥

(︁
|𝑥2𝑗+2|

2
3 − |𝑥2𝑗 |

2
3

)︁
=

1
2∆𝑥

(︁
|𝑥2𝑗+2|

1
3 − |𝑥2𝑗 |

1
3

)︁(︁
|𝑥2𝑗+2|

1
3 + |𝑥2𝑗 |

1
3

)︁
,

𝐷𝐹ac,2𝑗 =
2

3∆𝑥

(︁
|𝑥2𝑗 |

1
3 − |𝑥2𝑗+2|

1
3

)︁
,
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and moreover, 2∆𝑥 = 𝑥2𝑗+2−𝑥2𝑗 = (|𝑥2𝑗 |
1
3 )3− (|𝑥2𝑗+2|

1
3 )3, which combined with 𝑎3− 𝑏3 = (𝑎− 𝑏)(𝑎2 +𝑎𝑏+ 𝑏2)

yields

2(𝐷𝑢2𝑗)2 =
1

∆𝑥

(︁
|𝑥2𝑗+2|

1
3 − |𝑥2𝑗 |

1
3

)︁2 (︁
|𝑥2𝑗+2|

1
3 + |𝑥2𝑗 |

1
3

)︁2

(︁
|𝑥2𝑗 |

1
3 − |𝑥2𝑗+2|

1
3

)︁(︁
|𝑥2𝑗 |

2
3 + |𝑥2𝑗 |

1
3 |𝑥2𝑗+2|

1
3 + |𝑥2𝑗+2|

2
3

)︁
≥ 1

∆𝑥

(︁
|𝑥2𝑗 |

1
3 − |𝑥2𝑗+2|

1
3

)︁(︁
|𝑥2𝑗+2|

1
3 + |𝑥2𝑗 |

1
3

)︁2

(︁
|𝑥2𝑗 |

2
3 + 2|𝑥2𝑗 |

1
3 |𝑥2𝑗+2|

1
3 + |𝑥2𝑗+2|

2
3

)︁
=

1
∆𝑥

(|𝑥2𝑗 |
1
3 − |𝑥2𝑗+2|

1
3 ) =

3
2
𝐷𝐹ac,2𝑗 > 𝐷𝐹ac,2𝑗 .

Assuming evenly distributed breaking times over [0, 3], yields the following approximate internal distance
between two successive breaking times

𝜏𝑗+1 − 𝜏𝑗 ≈
3

10𝑘
·

Suppose we have equality in (3.36), then

∆𝑡 =
√︂

3
𝛽

10−
𝑘
2 ,

which implies that each subinterval of [0, 3] of length ∆𝑡 contains on average

𝑀 ≈ 10𝑘∆𝑡

3
=

10
𝑘
2

√
3𝛽

,

distinct breaking times. Consequently, the length of the sequence {𝜏*𝑘}𝑁
𝑘=0 is roughly

𝑁 ≈ 3
∆𝑡

=
√︀

3𝛽10
𝑘
2 .

When ∆𝑥 = 10−4 and 𝛽 = 19
20 , {𝜏𝑗}𝑗∈𝒥 has length equal to approximately 104, while 𝑁 ≈ 165. Furthermore,

∆𝑡 ≈ 1.78 · 10−2 and each interval [𝜏*𝑘 , 𝜏*𝑘+1] contains on average around 59 distinct breaking times. Numerical
simulations conducted in Section 5 support these observations.

3.2.3. Implementation of 𝑀

Finally, to recover the numerical solution in Eulerian coordinates we apply the mapping 𝑀 from Definition 2.4
to 𝑋Δ𝑥(𝑡), i.e.,

(𝑢Δ𝑥, 𝜇Δ𝑥, 𝜈Δ𝑥) (𝑡) = 𝑀 (𝑋Δ𝑥(𝑡)) .

As the components of 𝑋Δ𝑥(𝑡) are continuous and piecewise linear, 𝑢Δ𝑥(𝑡) will be continuous and piecewise linear,
while 𝐹Δ𝑥(𝑡) and 𝐺Δ𝑥(𝑡) are increasing, piecewise linear and left-continuous, with 𝐹Δ𝑥(𝑡) ̸= 𝐺Δ𝑥(𝑡) for 𝑡 > 0 in
general. Furthermore, the nodes of (𝑢Δ𝑥, 𝐹Δ𝑥, 𝐺Δ𝑥)(𝑡) are located at the points {𝑦Δ𝑥(𝑡, 𝜉𝑗)}𝑗∈Z = {𝑦𝑗(𝑡)}𝑗∈Z.
Thus, in principle, applying 𝑀 amounts to applying a piecewise linear reconstruction based on the Eulerian
gridpoints {𝑦𝑗(𝑡)}𝑗∈Z. For details about this reconstruction, the interested reader is referred to Section 3.2.4 of
[3].

To summarize, we define the numerical solution as follows.

Definition 3.8. For any (𝑢0, 𝜇0, 𝜈0) ∈ 𝒟𝛼
0 , the numerical 𝛼-dissipative solution at time 𝑡 ∈ [0, 𝑇 ] is given by

(𝑢Δ𝑥, 𝜇Δ𝑥, 𝜈Δ𝑥)(𝑡) := 𝑇Δ𝑥,𝑡 ∘ 𝑃Δ𝑥 ((𝑢0, 𝜇0, 𝜈0))
= 𝑀 ∘ 𝑆Δ𝑥,𝑡 ∘ 𝐿 ∘ 𝑃Δ𝑥 ((𝑢0, 𝜇0, 𝜈0)) .
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4. Convergence of the numerical method

In order to prove convergence of the presented numerical method, we will follow the same steps as in the last
section. That is, we will start by showing that convergence of the initial data in Eulerian coordinates leads to
convergence initially in Lagrangian coordinates. Thereafter, it is shown that the numerical solution converges
in Lagrangian coordinates for all 𝑡 ∈ [0, 𝑇 ], i.e., 𝑋Δ𝑥(𝑡) → 𝑋(𝑡) as ∆𝑥 → 0, before we establish that this
convergence carries over to Eulerian coordinates.

4.1. Convergence of the numerical initial data

We start this section by recalling the convergence results for the projection operator 𝑃Δ𝑥 from [3]. Then we
proceed by showing that this implies convergence of the initial data in Lagrangian coordinates.

For 𝑃Δ𝑥 the following result has been proven in Proposition 4.1 and Lemma 4.2 of [3].

Proposition 4.1. For any (𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼
0 , let (𝑢Δ𝑥, 𝐹Δ𝑥, 𝐺Δ𝑥) = 𝑃Δ𝑥 ((𝑢, 𝐹, 𝐺)), then

‖𝑢− 𝑢Δ𝑥‖∞ ≤
(︁

1 +
√

2
)︁√︀

𝐹ac,∞∆𝑥
1
2 , (4.1a)

‖𝑢− 𝑢Δ𝑥‖2 ≤
√

2
(︁

1 +
√

2
)︁√︀

𝐹ac,∞∆𝑥, (4.1b)

‖𝐹 − 𝐹Δ𝑥‖𝑝 ≤ 2𝐹∞∆𝑥
1
𝑝 , for 𝑝 = 1, 2, (4.1c)

‖𝐺−𝐺Δ𝑥‖𝑝 ≤ 2𝐺∞∆𝑥
1
𝑝 , for 𝑝 = 1, 2. (4.1d)

Moreover, it holds, as ∆𝑥 → 0, that
𝑢Δ𝑥,𝑥 → 𝑢𝑥 in 𝐿2(R). (4.2)

The convergence in Proposition 4.1 is transported to Lagrangian coordinates via the mapping 𝐿, from Defi-
nition 2.3, in the following way.

Lemma 4.2. Given (𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼
0 , let 𝑋 = (𝑦, 𝑈, 𝑉,𝐻) = 𝐿 ((𝑢, 𝜇, 𝜈)) and 𝑋Δ𝑥 = (𝑦Δ𝑥, 𝑈Δ𝑥, 𝑉Δ𝑥, 𝐻Δ𝑥) =

𝐿 ∘ 𝑃Δ𝑥 ((𝑢, 𝜇, 𝜈)), then we have

‖𝑦 − 𝑦Δ𝑥‖∞ ≤ 2∆𝑥, (4.3a)

‖𝑈 − 𝑈Δ𝑥‖∞ ≤
(︁

1 + 2
√

2
)︁√︀

𝐹ac,∞∆𝑥
1
2 , (4.3b)

‖𝐻 −𝐻Δ𝑥‖∞ ≤ 2∆𝑥. (4.3c)

Furthermore, as ∆𝑥 → 0,

𝑦Δ𝑥,𝜉 → 𝑦𝜉 in 𝐿1(R) ∩ 𝐿2(R), (4.4a)

𝑈Δ𝑥,𝜉 → 𝑈𝜉 in 𝐿2(R), (4.4b)

𝐻Δ𝑥,𝜉 → 𝐻𝜉 in 𝐿1(R) ∩ 𝐿2(R). (4.4c)

For a proof the interested reader is referred to Lemmas 4.4 and 4.5 of [3] and Section 5 of [8].
In order to obtain convergence with respect to the metric 𝑑 from Definition 2.7, it remains to show the

following result.

Proposition 4.3. Given (𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼
0 , let 𝑋 = (𝑦, 𝑈, 𝑉,𝐻) = 𝐿((𝑢, 𝜇, 𝜈)) and 𝑋Δ𝑥 = (𝑦Δ𝑥, 𝑈Δ𝑥, 𝑉Δ𝑥, 𝐻Δ𝑥) =

𝐿 ∘ 𝑃Δ𝑥((𝑢, 𝜇, 𝜈)), then, as ∆𝑥 → 0,

𝑔1(𝑋Δ𝑥) → 𝑔1(𝑋) in 𝐿1(R) ∩ 𝐿2(R), (4.5a)

𝑔2 (𝑋Δ𝑥) → 𝑔2(𝑋) in 𝐿2(R), (4.5b)

𝑔3 (𝑋Δ𝑥) → 𝑔3(𝑋) in 𝐿2(R), (4.5c)

𝑈Δ𝑥𝐻Δ𝑥,𝜉 → 𝑈𝐻𝜉 in 𝐿2(R). (4.5d)
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Proof. The proof of (4.5a), which we do not present here, is a slight modification of the one of Proposition 4.7
from [3], and relies on the following two inequalities, which hold for any 𝛼 ∈ 𝑊 1,∞(R, [0, 1)),

⃒⃒
𝛼(𝑥)

(︀
2− 𝛼(𝑥)

)︀
− 𝛼(𝑧)

(︀
2− 𝛼(𝑧)

)︀⃒⃒
≤

⃒⃒⃒⃒
⃒
∫︁ 𝛼(𝑥)

𝛼(𝑧)

2(1− 𝑠) d𝑠

⃒⃒⃒⃒
⃒ ≤ 2‖𝛼′‖∞|𝑥− 𝑧|,

and
𝛼(𝑥)(2− 𝛼(𝑥)) ≤ 1.

Next, recall 𝑔3(𝑋) given by (2.9), and introduce

Ω𝑘,𝑚 = Ω𝑘(𝑋) ∩ Ω𝑚(𝑋Δ𝑥), for 𝑘, 𝑚 ∈ {𝑐, 𝑑}. (4.6)

Then, it follows that

‖𝑔3(𝑋)− 𝑔3(𝑋Δ𝑥)‖22 = ‖𝛼′‖2∞
∫︁

Ω𝑐,𝑑

𝑈2
Δ𝑥𝑈2

Δ𝑥,𝜉(𝜉) d𝜉 (4.7a)

+ ‖𝛼′‖2∞
∫︁

Ω𝑑,𝑐

𝑈2𝑈2
𝜉 (𝜉) d𝜉 (4.7b)

+ ‖𝛼′‖2∞
∫︁

Ω𝑑,𝑑

(𝑈𝑈𝜉 − 𝑈Δ𝑥𝑈Δ𝑥,𝜉)2(𝜉) d𝜉. (4.7c)

The two terms (4.7a) and (4.7b) have a similar structure and thus we only derive an estimate for (4.7a).
Combining (2.1b) and (4.1a) yields

‖𝑈Δ𝑥‖∞ ≤ ‖𝑢Δ𝑥‖∞ ≤ ‖𝑢‖∞ + ‖𝑢Δ𝑥 − 𝑢‖∞ ≤ ‖𝑢‖∞ +
(︁

1 +
√

2
)︁√︀

𝐹ac,∞
√

∆𝑥. (4.8)

Furthermore, 𝑈𝜉(𝜉) ≥ 0, while 𝑈Δ𝑥,𝜉(𝜉) < 0 for all 𝜉 ∈ Ω𝑐,𝑑 and hence∫︁
Ω𝑐,𝑑

𝑈2
Δ𝑥𝑈2

Δ𝑥,𝜉(𝜉) d𝜉 ≤ ‖𝑈Δ𝑥‖2∞
∫︁

Ω𝑐,𝑑

(𝑈Δ𝑥,𝜉 − 𝑈𝜉)2(𝜉) d𝜉

≤ ‖𝑈Δ𝑥‖2∞‖𝑈Δ𝑥,𝜉 − 𝑈𝜉‖22. (4.9)

For the term (4.7c), we use (𝑎 + 𝑏)2 ≤ 2(𝑎2 + 𝑏2) for any 𝑎, 𝑏 ∈ R. In particular, choosing 𝑎 = 𝑈(𝑈𝜉 −𝑈Δ𝑥,𝜉)
and 𝑏 = 𝑈Δ𝑥,𝜉(𝑈 − 𝑈Δ𝑥) we have∫︁

Ω𝑑,𝑑

(𝑈𝑈𝜉 − 𝑈Δ𝑥𝑈Δ𝑥,𝜉)2(𝜉) d𝜉 ≤ 2
∫︁

Ω𝑑,𝑑

𝑈2(𝑈𝜉 − 𝑈Δ𝑥,𝜉)2(𝜉) d𝜉

+ 2
∫︁

Ω𝑑,𝑑

𝑈2
Δ𝑥,𝜉(𝑈 − 𝑈Δ𝑥)2(𝜉) d𝜉

≤ 2‖𝑈‖2∞‖𝑈𝜉 − 𝑈Δ𝑥,𝜉‖22 + 2𝐹∞‖𝑈 − 𝑈Δ𝑥‖2∞, (4.10)

where we in the last step used that Definition 2.2 (iii) and 0 ≤ 𝑦Δ𝑥,𝜉 ≤ 1, which holds by Definition 2.3, imply∫︁
Ω𝑑,𝑑

𝑈2
Δ𝑥,𝜉(𝜉) d𝜉 ≤

∫︁
R

𝑦Δ𝑥,𝜉𝑉Δ𝑥,𝜉(𝜉) d𝜉 ≤ 𝐹∞.

Combining (4.9) and (4.10) with Lemma 4.2 finishes the proof of (4.5c). Next, observe that 𝐻∞ = 𝐻Δ𝑥,∞, and
(4.5b) is therefore an immediate consequence of the above estimates.
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In order to prove (4.5d), we combine Lemma 4.2 with 0 ≤ 𝐻Δ𝑥,𝜉 ≤ 1, which holds by Definition 2.3, and∫︁
R

(𝑈𝐻𝜉 − 𝑈Δ𝑥𝐻Δ𝑥,𝜉)2 (𝜉) d𝜉 ≤ 2
∫︁

R
𝑈2(𝐻𝜉 −𝐻Δ𝑥,𝜉)2(𝜉) d𝜉

+ 2
∫︁

R
𝐻2

Δ𝑥,𝜉(𝑈 − 𝑈Δ𝑥)2(𝜉) d𝜉.

�

After combining Definition 2.7, Lemmas 4.2 and 4.3 we end up with the following result, which establishes
the convergence of the numerical initial data in Lagrangian coordinates.

Corollary 4.4. Given (𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼
0 , let 𝑋 = (𝑦, 𝑈, 𝑉,𝐻) = 𝐿((𝑢, 𝜇, 𝜈)) and 𝑋Δ𝑥 = (𝑦Δ𝑥, 𝑈Δ𝑥, 𝑉Δ𝑥, 𝐻Δ𝑥) =

𝐿 ∘ 𝑃Δ𝑥((𝑢, 𝜇, 𝜈)), then
𝑑(𝑋, 𝑋Δ𝑥) → 0 as ∆𝑥 → 0.

4.2. Convergence in Lagrangian coordinates

The aim of this section is to prove that 𝑋Δ𝑥(𝑡) → 𝑋(𝑡) as ∆𝑥 → 0 for all 𝑡 ∈ [0, 𝑇 ]. Unlike the situation in
[3] where 𝛼 is a constant, and as highlighted in Section 3.2.2, we have to approximate the operator 𝑆𝑡 by the
numerical solution operator 𝑆Δ𝑥,𝑡. In particular, 𝑆Δ𝑥,𝑡 involves an iteration scheme, which stops after a finite
number of iterations, and is based on approximating the amount of energy to be removed at wave breaking. A
consequence of these two inaccuracies is that Theorem 2.8 is not sufficient for establishing convergence.

To compare 𝑋(𝑡) = 𝑆𝑡(𝑋) and 𝑋Δ𝑥(𝑡) = 𝑆Δ𝑥,𝑡(𝑋Δ𝑥), where 𝑆𝑡 and 𝑆Δ𝑥,𝑡 are defined in Definition 2.5 and
(3.39), respectively, introduce ̂︀𝑋Δ𝑥(𝑡) := 𝑆𝑡(𝑋Δ𝑥).

By the triangle inequality and Theorem 2.8, we then obtain

𝑑(𝑋(𝑡), 𝑋Δ𝑥(𝑡)) ≤ 𝑑
(︁
𝑋(𝑡), ̂︀𝑋Δ𝑥(𝑡)

)︁
+ 𝑑

(︁ ̂︀𝑋Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)
)︁

≤ 𝐶(𝑡)𝑒𝐷(𝑡)𝑡𝑑(𝑋, 𝑋Δ𝑥) + 𝑑
(︁ ̂︀𝑋Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)

)︁
. (4.11)

Corollary 4.4 implies that the first term on the right-hand side tends to 0 as ∆𝑥 → 0. For the second term,
on the other hand, no analogue to Theorem 2.8 is available. However, we can take advantage of the fact that̂︀𝑋Δ𝑥(𝑡) and 𝑋Δ𝑥(𝑡) share the same initial data, which by (2.4) and Remark 3.6 imply 𝜏Δ𝑥 = 𝜏Δ𝑥. This allows
us to replace 𝑑 by a much simpler function 𝑑𝑠, which is inspired by Section 3 of [13] and which allows us to
argue inductively with respect to the sequence {𝜏*𝑘}𝑁

𝑘=0 as we will see.
For any (𝑋, 𝑋̂) ∈ ℱ𝛼 ×ℱ𝛼 with 𝜏 = 𝜏 , which in turn implies Ω𝑗(𝑋) = Ω𝑗(𝑋̂) for 𝑗 ∈ {𝑐, 𝑑}, define

𝑔(𝑋, 𝑋̂)(𝜉) :=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

⃒⃒⃒
𝑉𝜉 − 𝑉𝜉

⃒⃒⃒
(𝜉), 𝜉 ∈ Ω𝑐(𝑋),⃒⃒⃒

𝑉𝜉 − 𝑉𝜉

⃒⃒⃒
(𝜉) + ‖𝛼′‖∞ min

(︁
𝑉𝜉(𝜉), 𝑉𝜉(𝜉)

)︁
×
(︁
|𝑦 − 𝑦| (𝜉) +

⃒⃒⃒
𝑈 − 𝑈̂

⃒⃒⃒
(𝜉)
)︁

, 𝜉 ∈ Ω𝑑(𝑋),

(4.12)

and let

𝑑𝑠(𝑋, 𝑋̂) := ‖𝑦 − 𝑦‖∞ +
⃦⃦⃦
𝑈 − 𝑈̂

⃦⃦⃦
∞

+ ‖𝑦𝜉 − 𝑦𝜉‖2 +
⃦⃦⃦
𝑈𝜉 − 𝑈̂𝜉

⃦⃦⃦
2

+
⃦⃦⃦
𝑔(𝑋, 𝑋̂)

⃦⃦⃦
2
. (4.13)

To begin with, we establish a connection between 𝑑 and 𝑑𝑠 which forms the basis for the remainder of this
section.
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Lemma 4.5. Let 𝑋 = 𝐿 ∘ 𝑃Δ𝑥((𝑢, 𝜇, 𝜈)) ∈ ℱ𝛼,0
0 for some (𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼

0 . Moreover, assume that ∆𝑥 ≤ 1 and
let ̂︀𝑋Δ𝑥(𝑡) = 𝑆𝑡(𝑋) and 𝑋Δ𝑥(𝑡) = 𝑆Δ𝑥,𝑡(𝑋) for 𝑡 ∈ [0, 𝑇 ]. Then

𝑑
(︁ ̂︀𝑋Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)

)︁
≤ 𝐶𝑠𝑑𝑠

(︁ ̂︀𝑋Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)
)︁

, (4.14)

where

𝐶𝑠 = 2 + ‖𝛼′‖∞
(︂
‖𝑢‖∞ +

(︁
2 +

√
2 + 𝑒

1
4 𝑇
)︁√︀

𝐺∞ +
(︂

1 +
1
4
𝑇

)︂
𝐺∞

)︂
. (4.15)

Proof. To ease the readability we drop the subindex ∆𝑥.
Since ̂︀𝑋(0) = 𝑋 = 𝑋(0), it follows by (2.4) and (3.7) that ̂︀𝜏 = 𝜏 , and hence Ω𝑗( ̂︀𝑋(𝑡)) = Ω𝑗(𝑋(𝑡)) for

𝑗 ∈ {𝑐, 𝑑}. Thus, by (2.6) and (4.12) we have⃒⃒⃒
𝑔1( ̂︀𝑋(𝑡))(𝜉)− 𝑔1(𝑋(𝑡))(𝜉)

⃒⃒⃒
= 𝑔

(︁ ̂︀𝑋(𝑡), 𝑋(𝑡)
)︁

(𝜉) for 𝜉 ∈ Ω𝑐(𝑋(𝑡)),

whereas for 𝜉 ∈ Ω𝑑(𝑋(𝑡)) it holds that⃒⃒⃒
𝑔1( ̂︀𝑋(𝑡))(𝜉)− 𝑔1(𝑋(𝑡))(𝜉)

⃒⃒⃒
≤
⃒⃒⃒
(1− 𝛼 (̂︀𝑦(𝑡, 𝜉)))

(︁̂︀𝑉𝜉 − 𝑉𝜉

)︁
(𝑡, 𝜉)

⃒⃒⃒
+ |𝛼 (̂︀𝑦(𝑡, 𝜉))− 𝛼(𝑦(𝑡, 𝜉))|𝑉𝜉(𝑡, 𝜉)

≤
⃒⃒⃒ ̂︀𝑉𝜉 − 𝑉𝜉

⃒⃒⃒
(𝑡, 𝜉) + ‖𝛼′‖∞𝑉𝜉(𝑡, 𝜉) |̂︀𝑦 − 𝑦| (𝑡, 𝜉).

Note that one can argue similarly with the roles of ̂︀𝑋(𝑡) and 𝑋(𝑡) reversed, and hence⃒⃒⃒
𝑔1( ̂︀𝑋(𝑡))(𝜉)− 𝑔1(𝑋(𝑡))(𝜉)

⃒⃒⃒
≤ 𝑔

(︁ ̂︀𝑋(𝑡), 𝑋(𝑡)
)︁

(𝜉) for 𝜉 ∈ Ω𝑑(𝑋(𝑡)).

Thus, one obtains⃦⃦⃦
𝑔1( ̂︀𝑋(𝑡)) + ̂︀𝑦𝜉(𝑡)− 𝑔1(𝑋(𝑡))− 𝑦𝜉(𝑡)

⃦⃦⃦
2
≤
⃦⃦⃦
𝑔1

(︁ ̂︀𝑋(𝑡)
)︁
− 𝑔1(𝑋(𝑡))

⃦⃦⃦
2

+ ‖̂︀𝑦𝜉(𝑡)− 𝑦𝜉(𝑡)‖2

≤
⃦⃦⃦
𝑔( ̂︀𝑋(𝑡), 𝑋(𝑡))

⃦⃦⃦
2

+ ‖̂︀𝑦𝜉(𝑡)− 𝑦𝜉(𝑡)‖2 .

Furthermore, by (2.8) and 𝐺∞ = 𝐻∞(𝑡) = ̂︀𝐻∞(𝑡) for all 𝑡 ∈ [0, 𝑇 ], we have⃦⃦⃦
𝑔2( ̂︀𝑋(𝑡))− 𝑔2(𝑋(𝑡))

⃦⃦⃦
2
≤ ‖𝛼′‖∞𝐺∞

⃦⃦⃦ ̂︀𝑈𝜉(𝑡)− 𝑈𝜉(𝑡)
⃦⃦⃦

2
,

and, by (2.9), ⃦⃦⃦
𝑔3( ̂︀𝑋(𝑡))− 𝑔3(𝑋(𝑡))

⃦⃦⃦
2
≤ ‖𝛼′‖∞

⃦⃦⃦ ̂︀𝑈𝜉(𝑡)
⃦⃦⃦

2

⃦⃦⃦ ̂︀𝑈(𝑡)− 𝑈(𝑡)
⃦⃦⃦
∞

+ ‖𝛼′‖∞‖𝑈(𝑡)‖∞
⃦⃦⃦ ̂︀𝑈𝜉(𝑡)− 𝑈𝜉(𝑡)

⃦⃦⃦
2
. (4.16)

Moreover, since ̂︀𝐻𝜉(𝑡) = 𝐻𝜉(𝑡) = 𝐻𝜉(0) and 0 ≤ 𝐻𝜉(0) ≤ 1, we immediately obtain

‖𝛼′‖∞
⃦⃦⃦ ̂︀𝑈 ̂︀𝐻𝜉(𝑡)− 𝑈𝐻𝜉(𝑡)

⃦⃦⃦
2
≤ ‖𝛼′‖∞ ‖𝐻𝜉(0)‖2

⃦⃦⃦ ̂︀𝑈(𝑡)− 𝑈(𝑡)
⃦⃦⃦
∞

≤ ‖𝛼′‖∞
√︀

𝐺∞

⃦⃦⃦ ̂︀𝑈(𝑡)− 𝑈(𝑡)
⃦⃦⃦
∞

,

and by Definition 2.7, we end up with

𝑑
(︁ ̂︀𝑋(𝑡), 𝑋(𝑡)

)︁
≤
(︁

2 + ‖𝛼′‖∞
(︁√︀

𝐺∞ + 𝐺∞ +
⃦⃦⃦
𝑈̂𝜉(𝑡)

⃦⃦⃦
2

+ ‖𝑈(𝑡)‖∞
)︁)︁

𝑑𝑠

(︁ ̂︀𝑋(𝑡), 𝑋(𝑡)
)︁

.
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It remains to bound ‖̂︀𝑈𝜉(𝑡)‖2 and ‖𝑈(𝑡)‖∞. Following the proof of (2.15) from [11], we find, as ̂︀𝑋(0) ∈ ℱ𝛼,0
0 ,(︁̂︀𝑦𝜉 + ̂︀𝐻𝜉

)︁
(𝑡, 𝜉) ≤ 𝑒

1
2 𝑡
(︁̂︀𝑦𝜉(0, 𝜉) + ̂︀𝐻𝜉(0, 𝜉)

)︁
= 𝑒

1
2 𝑡, (4.17)

which together with Definition 2.2 (iii) implies⃦⃦⃦ ̂︀𝑈𝜉(𝑡)
⃦⃦⃦

2
≤ 𝑒

1
4 𝑇
√︀

𝐺∞. (4.18)

To estimate ‖𝑈(𝑡)‖∞ for any 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1], recall that 𝑋(𝑡) is defined as the linear interpolant of {𝑋𝑗(𝑡)}𝑗∈Z =
{𝑋𝑀it

𝑗 (𝑡)}𝑗∈Z, cf. (3.39), which combined with Definition 2.1 (ii), (3.14), (3.24), (4.8), and induction implies

|𝑈(𝑡, 𝜉)| ≤ |𝑈 (𝜏*𝑘 , 𝜉)|+ 1
4

∫︁ 𝑡

𝜏*𝑘

𝑉∞(𝑠) d𝑠

≤ |𝑈 (𝜏*𝑘 , 𝜉)|+ 1
4
𝑉∞ (𝜏*𝑘 ) (𝑡− 𝜏*𝑘 )

≤ |𝑈(0, 𝜉)|+ 1
4
𝑉∞(0)𝑡

≤ ‖𝑢‖∞ +
(︁

1 +
√

2
)︁√︀

𝐺∞
√

∆𝑥 +
1
4
𝐺∞𝑇. (4.19)

�

Up to this point, we have shown for any 𝑡 ∈ [0, 𝑇 ], cf. (4.11) and Lemma 4.5, that

𝑑 (𝑋(𝑡), 𝑋Δ𝑥(𝑡)) ≤ 𝐶(𝑡)𝑒𝐷(𝑡)𝑡𝑑 (𝑋, 𝑋Δ𝑥) + 𝐶𝑠𝑑𝑠

(︁ ̂︀𝑋Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)
)︁

,

with the first term tending to 0 as ∆𝑥 → 0. Hence it remains to prove

𝑑𝑠

(︁ ̂︀𝑋Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)
)︁
→ 0 as ∆𝑥 → 0. (4.20)

To this end, note that for 𝑡 = 𝜏*𝑘 + ℎ ∈ [𝜏*𝑘 , 𝜏*𝑘+1], we can apply the triangle inequality and write

𝑑𝑠

(︁ ̂︀𝑋Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)
)︁
≤ 𝑑𝑠

(︁
𝑆ℎ( ̂︀𝑋Δ𝑥(𝜏*𝑘 )), 𝑆ℎ (𝑋Δ𝑥 (𝜏*𝑘 ))

)︁
+ 𝑑𝑠 (𝑆ℎ (𝑋Δ𝑥 (𝜏*𝑘 )) , 𝑆Δ𝑥,ℎ (𝑋Δ𝑥 (𝜏*𝑘 ))) . (4.21)

Here the first term on the right-hand side measures how the error between 𝑋̂Δ𝑥(𝜏*𝑘 ) and 𝑋Δ𝑥(𝜏*𝑘 ) evolves with
respect to time, while the second term measures the error introduced by terminating the iteration scheme after
finitely many iterations and approximating the amount of energy to be removed.

Remark 4.6. As observed in Section 3 of [13], 𝑔(𝑋, 𝑋̂) does not satisfy the triangle inequality in general,
due to the minimum appearing in (4.12). However, if we are given 𝑋, 𝑋̂, and 𝑋̃ such that 𝜏 = 𝜏 = 𝜏 and
𝑉𝜉(𝜉) = 𝑉𝜉(𝜉) for all 𝜉 ∈ Ω𝑑(𝑋), then

𝑔(𝑋, 𝑋̂) ≤ 𝑔(𝑋, 𝑋̃) + 𝑔(𝑋̃, 𝑋̂),

which implies (4.21).

The two terms on the right-hand side of (4.21) are analyzed separately, and we start by deriving an estimate
for the first term which allows us to apply Gronwall’s inequality.
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Lemma 4.7. Let 𝑋 = 𝐿 ∘ 𝑃Δ𝑥((𝑢, 𝜇, 𝜈)) ∈ ℱ𝛼,0
0 for some (𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼

0 and recall that ̂︀𝑋Δ𝑥(𝑡) = 𝑆𝑡(𝑋).
Moreover, introduce 𝑋̃Δ𝑥(𝑡) = 𝑆ℎ(𝑋Δ𝑥(𝜏*𝑘 )) for 𝑡 = 𝜏*𝑘 + ℎ, with 0 ≤ ℎ ≤ ∆𝑡𝑘 and 𝑋Δ𝑥(𝜏*𝑘 ) = 𝑆Δ𝑥,𝜏*𝑘

(𝑋). Then

𝑑𝑠

(︁ ̂︀𝑋Δ𝑥(𝑡), 𝑋̃Δ𝑥(𝑡)
)︁
≤ 𝑑𝑠

(︁ ̂︀𝑋Δ𝑥 (𝜏*𝑘 ) , 𝑋Δ𝑥 (𝜏*𝑘 )
)︁

+ 𝜆

∫︁ 𝑡

𝜏*𝑘

𝑑𝑠

(︁ ̂︀𝑋Δ𝑥(𝑟), 𝑋̃Δ𝑥(𝑟)
)︁

d𝑟,

where

𝜆 = 1 +
(︂

1 + ‖𝛼′‖∞ +
1
2
𝑇

)︂√︀
𝐺∞ + ‖𝛼′‖∞

(︂
1 +

1
2
𝑇

)︂
𝐺∞.

Proof. To ease the readability we drop the subindex ∆𝑥.
Since ̂︀𝑋(0) = 𝑋 = 𝑋(0), it follows that 𝜏 = 𝜏 = 𝜏 , which in turn implies Ω𝑗( ̂︀𝑋(𝑡)) = Ω𝑗(𝑋̃(𝑡)) for 𝑗 ∈ {𝑐, 𝑑}

and 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1]. As a consequence, 𝑔( ̂︀𝑋(𝑡), 𝑋̃(𝑡)) is well-defined and⃦⃦⃦ ̂︀𝑉𝜉(𝑡)− 𝑉𝜉(𝑡)
⃦⃦⃦

2
≤
⃦⃦⃦
𝑔
(︁ ̂︀𝑋(𝑡), 𝑋̃(𝑡)

)︁⃦⃦⃦
2
. (4.22)

It therefore follows from (2.3) that

‖̂︀𝑦(𝑡)− 𝑦(𝑡)‖∞ + ‖̂︀𝑦𝜉(𝑡)− 𝑦𝜉(𝑡)‖2 +
⃦⃦⃦ ̂︀𝑈𝜉(𝑡)− 𝑈̃𝜉(𝑡)

⃦⃦⃦
2

≤ ‖̂︀𝑦 (𝜏*𝑘 )− 𝑦 (𝜏*𝑘 )‖∞ + ‖̂︀𝑦𝜉 (𝜏*𝑘 )− 𝑦𝜉 (𝜏*𝑘 )‖2 +
⃦⃦⃦ ̂︀𝑈𝜉 (𝜏*𝑘 )− 𝑈̃𝜉 (𝜏*𝑘 )

⃦⃦⃦
2

+
∫︁ 𝑡

𝜏*𝑘

(︂⃦⃦⃦̂︀𝑈(𝑠)− 𝑈̃(𝑠)
⃦⃦⃦
∞

+
⃦⃦⃦ ̂︀𝑈𝜉(𝑠)− 𝑈̃𝜉(𝑠)

⃦⃦⃦
2

+
1
2

⃦⃦⃦
𝑔
(︁ ̂︀𝑋(𝑠), 𝑋̃(𝑠)

)︁⃦⃦⃦
2

)︂
d𝑠

= ‖̂︀𝑦 (𝜏*𝑘 )− 𝑦 (𝜏*𝑘 )‖∞ + ‖̂︀𝑦𝜉 (𝜏*𝑘 )− 𝑦𝜉 (𝜏*𝑘 )‖2 +
⃦⃦⃦ ̂︀𝑈𝜉 (𝜏*𝑘 )− 𝑈𝜉 (𝜏*𝑘 )

⃦⃦⃦
2

+
∫︁ 𝑡

𝜏*𝑘

(︂⃦⃦⃦̂︀𝑈(𝑠)− 𝑈̃(𝑠)
⃦⃦⃦
∞

+
⃦⃦⃦ ̂︀𝑈𝜉(𝑠)− 𝑈̃𝜉(𝑠)

⃦⃦⃦
2

+
1
2

⃦⃦⃦
𝑔
(︁ ̂︀𝑋(𝑠), 𝑋̃(𝑠)

)︁⃦⃦⃦
2

)︂
d𝑠. (4.23)

Furthermore, (2.3b) implies⃦⃦⃦ ̂︀𝑈(𝑡)− 𝑈̃(𝑡)
⃦⃦⃦
∞
≤
⃦⃦⃦ ̂︀𝑈 (𝜏*𝑘 )− 𝑈̃ (𝜏*𝑘 )

⃦⃦⃦
∞

+
1
4

∫︁ 𝑡

𝜏*𝑘

⃦⃦⃦ ̂︀𝑉𝜉(𝑠)− 𝑉𝜉(𝑠)
⃦⃦⃦

1
d𝑠

=
⃦⃦⃦ ̂︀𝑈 (𝜏*𝑘 )− 𝑈 (𝜏*𝑘 )

⃦⃦⃦
∞

+
1
4

∫︁ 𝑡

𝜏*𝑘

⃦⃦⃦ ̂︀𝑉𝜉(𝑠)− 𝑉𝜉(𝑠)
⃦⃦⃦

1
d𝑠. (4.24)

Since ̂︀𝑉𝜉(𝑠, 𝜉)− 𝑉𝜉(𝑠, 𝜉) = 0 for all 𝜉 ∈ Ω𝑐(0) ∪ Ω𝑑(𝑡) and, by Corollary 2.4 of [11]

meas(Ω𝑑(0) ∩ Ω𝑐(𝑡)) ≤
(︂

1 +
1
4
𝑡2
)︂

𝐺∞ ≤
(︂

1 +
1
2
𝑡

)︂2

𝐺∞, (4.25)

we have, by the Cauchy–Schwarz inequality and (4.22),⃦⃦⃦ ̂︀𝑉𝜉(𝑠)− 𝑉𝜉(𝑠)
⃦⃦⃦

1
≤
(︂

1 +
1
2
𝑇

)︂√︀
𝐺∞

⃦⃦⃦
𝑔
(︁ ̂︀𝑋(𝑠), 𝑋̃(𝑠)

)︁⃦⃦⃦
2
, (4.26)

and hence ⃦⃦⃦ ̂︀𝑈(𝑡)− 𝑈̃(𝑡)
⃦⃦⃦
∞
≤
⃦⃦⃦ ̂︀𝑈 (𝜏*𝑘 )− 𝑈 (𝜏*𝑘 )

⃦⃦⃦
∞

+
1
4

(︂
1 +

1
2
𝑇

)︂√︀
𝐺∞

∫︁ 𝑡

𝜏*𝑘

⃦⃦⃦
𝑔
(︁ ̂︀𝑋(𝑠), 𝑋̃(𝑠)

)︁⃦⃦⃦
2

d𝑠. (4.27)
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Finally we can turn our attention towards 𝑔( ̂︀𝑋(𝑡), 𝑋̃(𝑡)), which is decreasing across wave breaking times, see
Proposition 3.1 of [13]. Let Ω𝑗(𝑡) = Ω𝑗(𝑋̃(𝑡)) for 𝑗 ∈ {𝑐, 𝑑}. There are three scenarios to consider: If 𝜉 ∈ Ω𝑐(𝜏*𝑘 ),
then

𝑔
(︁ ̂︀𝑋(𝑡), 𝑋̃(𝑡)

)︁
(𝜉) = 𝑔

(︁ ̂︀𝑋 (𝜏*𝑘 ) , 𝑋̃ (𝜏*𝑘 )
)︁

(𝜉),

while for 𝜉 ∈ Ω𝑑(𝜏*𝑘 ) ∩ Ω𝑐(𝑡) we have, by (2.3), ̂︀𝑉𝜉(𝜏*𝑘 ) = 𝑉𝜉(𝜏*𝑘 ), and by (4.12),

𝑔
(︁ ̂︀𝑋(𝑡), 𝑋̃(𝑡)

)︁
(𝜉) =

⃒⃒⃒
𝛼 (̂︀𝑦(𝜏(𝜉), 𝜉)) ̂︀𝑉𝜉 (𝜏*𝑘 , 𝜉)− 𝛼 (𝑦(𝜏(𝜉), 𝜉)) 𝑉𝜉 (𝜏*𝑘 , 𝜉)

⃒⃒⃒
≤ ‖𝛼′‖∞𝑉𝜉 (𝜏*𝑘 , 𝜉)

(︃
|̂︀𝑦 (𝜏*𝑘 , 𝜉)− 𝑦 (𝜏*𝑘 , 𝜉)|+

∫︁ 𝑡

𝜏*𝑘

⃒⃒⃒ ̂︀𝑈(𝑠, 𝜉)− 𝑈̃(𝑠, 𝜉)
⃒⃒⃒

d𝑠

)︃

≤ 𝑔
(︁ ̂︀𝑋 (𝜏*𝑘 ) , 𝑋̃ (𝜏*𝑘 )

)︁
(𝜉) + ‖𝛼′‖∞𝑉𝜉 (𝜏*𝑘 , 𝜉)

∫︁ 𝑡

𝜏*𝑘

⃦⃦⃦ ̂︀𝑈(𝑠)− 𝑈̃(𝑠)
⃦⃦⃦
∞

d𝑠.

Using (4.24) and (4.26) leads to the following estimate when 𝜉 ∈ Ω𝑑(𝜏*𝑘 ) ∩ Ω𝑑(𝑡)

𝑔
(︁ ̂︀𝑋(𝑡), 𝑋̃(𝑡)

)︁
(𝜉) ≤ 𝑔

(︁ ̂︀𝑋 (𝜏*𝑘 ) , 𝑋̃ (𝜏*𝑘 )
)︁

(𝜉)

+ ‖𝛼′‖∞𝑉𝜉 (𝜏*𝑘 , 𝜉)
∫︁ 𝑡

𝜏*𝑘

(︂⃦⃦⃦̂︀𝑈(𝑠)− 𝑈̃(𝑠)
⃦⃦⃦
∞

+
1
4

⃦⃦⃦ ̂︀𝑉𝜉(𝑠)− 𝑉𝜉(𝑠)
⃦⃦⃦

1

)︂
d𝑠

≤ 𝑔
(︁ ̂︀𝑋 (𝜏*𝑘 ) , 𝑋̃ (𝜏*𝑘 )

)︁
(𝜉) + ‖𝛼′‖∞𝑉𝜉 (𝜏*𝑘 , 𝜉)

∫︁ 𝑡

𝜏*𝑘

⃦⃦⃦ ̂︀𝑈(𝑠)− 𝑈̃(𝑠)
⃦⃦⃦
∞

d𝑠

+
1
4

(︂
1 +

1
2
𝑇

)︂
‖𝛼′‖∞

√︀
𝐺∞𝑉𝜉 (𝜏*𝑘 , 𝜉)

∫︁ 𝑡

𝜏*𝑘

⃦⃦⃦
𝑔(𝑋̂(𝑠), 𝑋̃(𝑠)

⃦⃦⃦
2

d𝑠.

As a consequence,⃦⃦⃦
𝑔
(︁ ̂︀𝑋(𝑡), 𝑋̃(𝑡)

)︁⃦⃦⃦
2
≤
⃦⃦⃦
𝑔
(︁ ̂︀𝑋 (𝜏*𝑘 ) , 𝑋 (𝜏*𝑘 )

)︁⃦⃦⃦
2

+ ‖𝛼′‖∞
√︀

𝐺∞

∫︁ 𝑡

𝜏*𝑘

⃦⃦⃦ ̂︀𝑈(𝑠)− 𝑈̃(𝑠)
⃦⃦⃦
∞

d𝑠

+
1
4

(︂
1 +

1
2
𝑇

)︂
‖𝛼′‖∞𝐺∞

∫︁ 𝑡

𝜏*𝑘

⃦⃦⃦
𝑔
(︁ ̂︀𝑋(𝑠), 𝑋̃(𝑠)

)︁⃦⃦⃦
2

d𝑠, (4.28)

since max(̂︀𝑉𝜉(𝑠, 𝜉), 𝑉𝜉(𝑠, 𝜉)) ≤ 𝑉𝜉(𝜉) ≤ 1 for all 𝜉 ∈ R. Combining (4.23), (4.27), and (4.28) finishes the
proof. �

After applying Gronwall’s inequality to Lemma 4.7, we end up with the following estimate.

Corollary 4.8. Let 𝑋 = 𝐿 ∘ 𝑃Δ𝑥((𝑢, 𝜇, 𝜈)) ∈ ℱ𝛼,0
0 for some (𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼

0 and recall that ̂︀𝑋Δ𝑥(𝑡) = 𝑆𝑡(𝑋).
Moreover, introduce 𝑋̃Δ𝑥(𝑡) = 𝑆ℎ(𝑋Δ𝑥(𝜏*𝑘 )) for 𝑡 = 𝜏*𝑘 + ℎ, with 0 ≤ ℎ ≤ ∆𝑡𝑘 and 𝑋Δ𝑥(𝜏*𝑘 ) = 𝑆Δ𝑥,𝜏*𝑘

(𝑋). Then

𝑑𝑠

(︁ ̂︀𝑋Δ𝑥 (𝜏*𝑘 + ℎ) , 𝑋̃Δ𝑥 (𝜏*𝑘 + ℎ)
)︁
≤ 𝑒𝜆ℎ𝑑𝑠

(︁ ̂︀𝑋Δ𝑥 (𝜏*𝑘 ) , 𝑋Δ𝑥 (𝜏*𝑘 )
)︁

,

where

𝜆 = 1 +
(︂

1 + ‖𝛼′‖∞ +
1
2
𝑇

)︂√︀
𝐺∞ + ‖𝛼′‖∞

(︂
1 +

1
2
𝑇

)︂
𝐺∞.

Looking back at (4.21) and using the notation from Corollary 4.8, we have, for any 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1],

𝑑𝑠

(︁ ̂︀𝑋Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)
)︁
≤ 𝑑𝑠

(︁ ̂︀𝑋Δ𝑥(𝑡), 𝑋̃Δ𝑥(𝑡)
)︁

+ 𝑑𝑠

(︁
𝑋̃Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)

)︁
≤ 𝑒𝜆(𝑡−𝜏*𝑘 )𝑑𝑠

(︁ ̂︀𝑋Δ𝑥 (𝜏*𝑘 ) , 𝑋Δ𝑥 (𝜏*𝑘 )
)︁

+ 𝑑𝑠

(︁
𝑋̃Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)

)︁
,
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and hence by induction, since ̂︀𝑋Δ𝑥(0) = 𝑋Δ𝑥(0),

𝑑𝑠

(︁ ̂︀𝑋Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)
)︁
≤ 𝑒𝜆𝑡𝑑𝑠

(︁ ̂︀𝑋Δ𝑥(0), 𝑋Δ𝑥(0)
)︁

+ 𝑑𝑠 (𝑆ℎ (𝑋Δ𝑥 (𝜏*𝑘 )) , 𝑋Δ𝑥(𝑡))

+
𝑘−1∑︁
𝑙=0

𝑒𝜆(𝑡−𝜏*𝑙+1)𝑑𝑠

(︀
𝑆Δ𝑡𝑙

(𝑋Δ𝑥 (𝜏*𝑙 )) , 𝑋Δ𝑥

(︀
𝜏*𝑙+1

)︀)︀
≤ 𝑒𝜆𝑇

(︃
𝑑𝑠 (𝑆ℎ (𝑋Δ𝑥 (𝜏*𝑘 )) , 𝑋Δ𝑥(𝑡)) +

𝑘−1∑︁
𝑙=0

𝑑𝑠

(︀
𝑆Δ𝑡𝑙

(𝑋Δ𝑥 (𝜏*𝑙 )) , 𝑋Δ𝑥

(︀
𝜏*𝑙+1

)︀)︀)︃
. (4.29)

Thus, in view of (4.20), it remains to show that the above sum tends to 0 as ∆𝑥 → 0, which amounts to
analyzing the aforementioned local errors introduced by the numerical solution operator 𝑆Δ𝑥,𝑡. Since all the
terms in the above sum have the same structure, we focus on estimating the first one.

Lemma 4.9. Let 𝑋 = 𝐿 ∘ 𝑃Δ𝑥((𝑢, 𝜇, 𝜈)) ∈ ℱ𝛼,0
0 for some (𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼

0 and ∆𝑥 ≤ 1. Moreover, recall that
𝑋Δ𝑥(𝑡) = 𝑆Δ𝑥,𝑡(𝑋) and introduce 𝑋̃Δ𝑥(𝑡) = 𝑆ℎ(𝑋Δ𝑥(𝜏*𝑘 )) for 𝑡 = 𝜏*𝑘 + ℎ with 0 ≤ ℎ ≤ ∆𝑡𝑘. If ∆𝑡𝑘 > ∆𝑡, then

𝑑𝑠

(︁
𝑋̃Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)

)︁
= 0, (4.30)

and if ∆𝑡𝑘 ≤ ∆𝑡, then

𝑑𝑠

(︁
𝑋̃Δ𝑥(𝑡), 𝑋Δ𝑥(𝑡)

)︁
≤
(︁

1 + 𝐶𝑠

)︁
(1 + 𝑇 )2

(︁
1 + ‖𝛼′‖∞

√︀
𝐺∞

)︁
𝐺∞∆𝑡∆𝑡𝑘

+ 2𝐶𝑠(1 + 𝑇 )2
√︀

meas(𝐵𝑘)∆𝑡𝑘, (4.31)

where

𝐶𝑠 = ‖𝛼′‖∞
(︂
‖𝑢‖∞ +

(︁
1 +

√
2
)︁√︀

𝐺∞ +
1
4
𝐺∞𝑇

)︂
, (4.32)

and
𝐵𝑘 =

{︀
𝜉 ∈ R : 𝜏*𝑘 < 𝜏(𝜉) ≤ 𝜏*𝑘+1

}︀
.

Proof. To simplify the notation we omit the subindex ∆𝑥.
If ∆𝑡𝑘 > ∆𝑡, then Remark 3.4 implies that 𝑋̃(𝑡) = 𝑋(𝑡) for all 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1], from which (4.30) follows.
For ∆𝑡𝑘 ≤ ∆𝑡, we distinguish between two cases:

Case 1. If no wave breaking occurs in (𝜏*𝑘 , 𝜏*𝑘+1), then it follows, as in the case where ∆𝑡𝑘 > ∆𝑡, that 𝑋̃(𝑡) =
𝑋(𝑡) for all 𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1], hence 𝑑𝑠(𝑋̃(𝑡), 𝑋(𝑡)) = 0.

Case 2. If 𝜏*𝑘 = 𝜏𝑚 and 𝜏*𝑘+1 = 𝜏𝑚+𝑙 for 𝑚 ∈ N0 and 𝑙 ≥ 2, then

𝑋̃𝜉(𝑡, 𝜉) = 𝑋𝜉(𝑡, 𝜉) for all (𝑡, 𝜉) ∈ [𝜏*𝑘 , 𝜏*𝑘+1]×𝐵𝑐
𝑘. (4.33)

Furthermore, 𝑋̃(𝑡) and 𝑋(𝑡) are piecewise linear and continuous with nodes located at {𝜉𝑗}𝑗∈Z for any
𝑡 ∈ [𝜏*𝑘 , 𝜏*𝑘+1] and we can therefore, recalling (3.38), associate to 𝑋̃(𝑡) and 𝑋(𝑡) the sequences {𝑋̃𝑗(𝑡)}𝑗∈Z =

{𝑋̃(𝑡, 𝜉𝑗)}𝑗∈Z and {𝑋𝑗(𝑡)}𝑗∈Z = {𝑋𝑀𝑘
it

𝑗 (𝑡)}𝑗∈Z = {𝑋𝑀𝑘
it(𝑡, 𝜉𝑗)}𝑗∈Z, respectively. Here 𝑀𝑘

it is chosen such that

sup
𝑡∈[𝜏*𝑘 ,𝜏*𝑘+1]

⃦⃦⃦{︁
𝑦

𝑀𝑘
it

𝑗 (𝑡)
}︁
−
{︁

𝑦
𝑀𝑘

it−1
𝑗 (𝑡)

}︁⃦⃦⃦
ℓ∞
≤ 1

8
𝐺∞∆𝑡2∆𝑥, (4.34)

and satisfies, see the discussion proceeding Proposition 3.5, 2 ≤ 𝑀𝑘
it ≤ 3. Moreover, let {𝑋𝑀𝑘

it−1
𝑗 (𝑡)}𝑗∈Z =

{𝑋𝑀𝑘
it−1(𝑡, 𝜉𝑗)}𝑗∈Z and recall (3.9).
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Using (2.3), (3.14), and (4.33) we find

‖𝑦(𝑡)− 𝑦(𝑡)‖∞ ≤ ‖{𝑦𝑗(𝑡)} − {𝑦𝑗(𝑡)}‖ℓ∞

≤
∫︁ ℎ

0

⃦⃦⃦
{𝑈̃𝑗(𝜏*𝑘 + 𝑠)} − {𝑈𝑗 (𝜏*𝑘 + 𝑠)}

⃦⃦⃦
ℓ∞

d𝑠

≤ 1
4

∫︁ ℎ

0

∫︁ 𝑠

0

∞∑︁
𝑗=−∞

⃒⃒⃒
𝑉𝑗+ 1

2 ,𝜉 − 𝑉𝑗+ 1
2 ,𝜉

⃒⃒⃒
(𝜏*𝑘 + 𝑟) (𝜉𝑗+1 − 𝜉𝑗) d𝑟 d𝑠

≤ 1
8

∞∑︁
𝑗=−∞

𝑉𝑗+ 1
2 ,𝜉 (𝜏*𝑘 ) 𝜒{𝑚:𝜏*𝑘 <𝜏

𝑚+ 1
2

<𝜏*𝑘+1}(𝑗) (𝜉𝑗+1 − 𝜉𝑗) ℎ2

≤ 1
8
𝑉Δ𝑥,∞ (𝜏*𝑘 ) ∆𝑡𝑘∆𝑡

≤ 1
8
𝐺∞∆𝑡𝑘∆𝑡. (4.35)

Observe that for 𝜉 ∈ 𝐵𝑘 ∩ [𝜉𝑗 , 𝜉𝑗+1], it holds by (2.3) and (3.14)–(3.16) that

𝑉𝑗+ 1
2 ,𝜉(𝑡)− 𝑉𝑗+ 1

2 ,𝜉(𝑡) =

{︃
0, 𝑡 < 𝜏𝑗+ 1

2
,(︁

𝛼
(︁
𝑦

𝑀𝑘
it−1

𝑗

(︀
𝜏*𝑘+1

)︀)︁
− 𝛼

(︁
𝑦𝑗

(︁
𝜏𝑗+ 1

2

)︁)︁)︁
𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 ) , 𝜏𝑗+ 1
2
≤ 𝑡.

Furthermore, (4.19) does not only hold for 𝑈(𝑡), but also for 𝑈̃𝑗(𝑡) and 𝑈
𝑀𝑘

it−1
𝑗 (𝑡) for any 𝑗 ∈ Z, which implies,

for all 𝑗 ∈ Z with 𝜏𝑗+ 1
2
∈ (𝜏*𝑘 , 𝜏*𝑘+1] that

⃒⃒⃒
𝑦𝑗(𝜏𝑗+ 1

2
)− 𝑦

𝑀𝑘
it−1

𝑗

(︀
𝜏*𝑘+1

)︀⃒⃒⃒
=

⃒⃒⃒⃒
⃒
∫︁ 𝜏

𝑗+ 1
2

𝜏*𝑘

𝑈̃𝑗(𝑠) d𝑠−
∫︁ 𝜏*𝑘+1

𝜏*𝑘

𝑈
𝑀𝑘

it−1
𝑗 (𝑠) d𝑠

⃒⃒⃒⃒
⃒

≤ 2
(︂
‖𝑢‖∞ +

(︁
1 +

√
2
)︁√︀

𝐺∞ +
1
4
𝐺∞𝑇

)︂
∆𝑡𝑘, (4.36)

since ∆𝑥 ≤ 1. Thus,⃦⃦⃦
𝑈̃(𝑡)− 𝑈(𝑡)

⃦⃦⃦
∞
≤
⃦⃦⃦
{𝑈̃𝑗(𝑡)} − {𝑈𝑗(𝑡)}

⃦⃦⃦
ℓ∞

≤ 1
4

∫︁ ℎ

0

∞∑︁
𝑗=−∞

⃒⃒⃒
𝑉𝑗+ 1

2 ,𝜉 (𝜏*𝑘 + 𝑠)− 𝑉𝑗+ 1
2 ,𝜉 (𝜏*𝑘 + 𝑠)

⃒⃒⃒
(𝜉𝑗+1 − 𝜉𝑗) d𝑠

≤ 1
4
‖𝛼′‖∞

∞∑︁
𝑗=−∞

⃒⃒⃒
𝑦𝑗(𝜏𝑗+ 1

2
)− 𝑦

𝑀𝑘
it−1

𝑗

(︀
𝜏*𝑘+1

)︀⃒⃒⃒
𝜒{𝑚:𝜏*𝑘 <𝜏

𝑚+ 1
2
≤𝜏*𝑘+1}(𝑗)

× 𝑉𝑗+ 1
2 ,𝜉 (𝜏*𝑘 ) (𝜉𝑗+1 − 𝜉𝑗) ℎ

≤ 1
2
‖𝛼′‖∞

(︂
‖𝑢‖∞ +

(︁
1 +

√
2
)︁√︀

𝐺∞ +
1
4
𝐺∞𝑇

)︂
𝐺∞∆𝑡𝑘∆𝑡

=
1
2
𝐶𝑠𝐺∞∆𝑡𝑘∆𝑡, (4.37)

with 𝐶𝑠 defined in (4.32).
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Next, we focus on 𝑔(𝑋̃(𝑡), 𝑋(𝑡)). To this end, let Ω𝑗
𝑚(𝑡) = Ω𝑚(𝑋̃(𝑡)) ∩ [𝜉𝑗 , 𝜉𝑗+1] for 𝑚 ∈ {𝑐, 𝑑} and 𝑗 ∈ Z,

then

𝑔(𝑋̃(𝑡), 𝑋(𝑡))(𝜉) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

0, 𝜉 ∈ Ω𝑗
𝑐(𝑡) ∩𝐵𝑐

𝑘,⃒⃒⃒
𝛼
(︁
𝑦𝑗(𝜏𝑗+ 1

2
)
)︁
− 𝛼

(︁
𝑦

𝑀𝑘
it−1

𝑗

(︀
𝜏*𝑘+1

)︀)︁⃒⃒⃒
𝑉𝜉 (𝜏*𝑘 , 𝜉) , 𝜉 ∈ Ω𝑗

𝑐(𝑡) ∩𝐵𝑘,

‖𝛼′‖∞
(︁
|𝑦(𝑡, 𝜉)− 𝑦(𝑡, 𝜉)|+

⃒⃒⃒
𝑈̃(𝑡, 𝜉)− 𝑈(𝑡, 𝜉)

⃒⃒⃒)︁
×𝑉𝜉 (𝜏*𝑘 , 𝜉) , 𝜉 ∈ Ω𝑗

𝑑(𝑡).

(4.38)

This means that 𝑔(𝑋̃(𝑡), 𝑋(𝑡))(𝜉) can have jumps across wave breaking times and is in general discontinuous
with respect to time. On the other hand, one has, using (4.35)–(4.37),⃦⃦⃦

𝑔
(︁
𝑋̃(𝑡), 𝑋(𝑡)

)︁⃦⃦⃦
2
≤ ‖𝛼′‖∞

(︁
‖{𝑦𝑗(𝑡)} − {𝑦𝑗(𝑡)}‖ℓ∞ +

⃦⃦⃦
{𝑈̃𝑗(𝑡)} − {𝑈𝑗(𝑡)}

⃦⃦⃦
ℓ∞

)︁√︀
𝐺∞

+ ‖𝛼′‖∞
⃦⃦⃦{︁

𝑦𝑗(𝜏𝑗+ 1
2
)
}︁
−
{︁

𝑦
𝑀𝑘

it−1
𝑗

(︀
𝜏*𝑘+1

)︀}︁⃦⃦⃦
ℓ∞

√︀
meas(𝐵𝑘)

≤ 1
2
‖𝛼′‖∞

(︂
1
4

+ 𝐶𝑠

)︂
𝐺

3
2∞∆𝑡𝑘∆𝑡 + 2𝐶𝑠

√︀
meas(𝐵𝑘)∆𝑡𝑘, (4.39)

where we used that 0 ≤ 𝑉Δ𝑥,𝜉(𝜏*𝑘 ) ≤ 1. As an immediate consequence,⃦⃦⃦
𝑈̃𝜉(𝑡)− 𝑈𝜉(𝑡)

⃦⃦⃦
2
≤ 1

2

∫︁ ℎ

0

⃦⃦⃦
𝑔
(︁
𝑋̃ (𝜏*𝑘 + 𝑠) , 𝑋 (𝜏*𝑘 + 𝑠)

)︁⃦⃦⃦
2

d𝑠

≤ 1
4
‖𝛼′‖∞

(︂
1
4

+ 𝐶𝑠

)︂
𝐺

3
2∞∆𝑡2𝑘∆𝑡 + 𝐶𝑠

√︀
meas(𝐵𝑘)∆𝑡2𝑘

≤ 1
4
‖𝛼′‖∞

(︂
1
4

+ 𝐶𝑠

)︂
𝐺

3
2∞𝑇∆𝑡𝑘∆𝑡 + 𝐶𝑠

√︀
meas(𝐵𝑘)𝑇∆𝑡𝑘, (4.40)

which holds by (4.22), and, moreover,

‖𝑦𝜉(𝑡)− 𝑦𝜉(𝑡)‖2 ≤
∫︁ ℎ

0

‖𝑈̃𝜉(𝜏*𝑘 + 𝑠)− 𝑈𝜉(𝜏*𝑘 + 𝑠)‖2 d𝑠

≤ 1
4
‖𝛼′‖∞

(︂
1
4

+ 𝐶𝑠

)︂
𝐺

3
2∞𝑇 2∆𝑡𝑘∆𝑡 + 𝐶𝑠

√︀
meas(𝐵𝑘)𝑇 2∆𝑡𝑘. (4.41)

Combining (4.35), (4.37), and (4.39)–(4.41) proves the statement. �

Lemma 4.10. Let 𝑋 = 𝐿 ∘ 𝑃Δ𝑥((𝑢, 𝜇, 𝜈)) ∈ ℱ𝛼,0
0 for some (𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼

0 and ∆𝑥 ≤ 1. Moreover, recall that
𝑋Δ𝑥(𝑡) = 𝑆Δ𝑥,𝑡(𝑋) for 𝑡 = 𝜏*𝑘 + ℎ ∈ [𝜏*𝑘 , 𝜏*𝑘+1], then

𝑑𝑠 (𝑆ℎ (𝑋Δ𝑥 (𝜏*𝑘 )) , 𝑋Δ𝑥(𝑡)) +
𝑘−1∑︁
𝑙=0

𝑑𝑠

(︀
𝑆Δ𝑡𝑙

(𝑋Δ𝑥 (𝜏*𝑙 )) , 𝑋Δ𝑥

(︀
𝜏*𝑙+1

)︀)︀
≤
(︁

1 + 𝐶𝑠

)︁
(1 + 𝑇 )2

(︁
1 + ‖𝛼′‖∞

√︀
𝐺∞

)︁
𝐺∞𝑇∆𝑡

+ 2𝐶𝑠(1 + 𝑇 )3
√︀

𝐺∞
√

𝑇
√

∆𝑡,

where

𝐶𝑠 = ‖𝛼′‖∞
(︂
‖𝑢‖∞ +

(︁
1 +

√
2
)︁√︀

𝐺∞ +
1
4
𝐺∞𝑇

)︂
.
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Proof. Introduce
𝒦 = {𝑙 : ∆𝑡𝑙 ≤ ∆𝑡}.

Then by Lemma 4.9 and the Cauchy–Schwarz inequality,

𝑑𝑠 (𝑆ℎ (𝑋Δ𝑥 (𝜏*𝑘 )) , 𝑋Δ𝑥(𝑡)) +
𝑘−1∑︁
𝑙=0

𝑑𝑠

(︀
𝑆Δ𝑡𝑙

(𝑋Δ𝑥 (𝜏*𝑙 )) , 𝑋Δ𝑥

(︀
𝜏*𝑙+1

)︀)︀
≤
(︁

1 + 𝐶𝑠

)︁
(1 + 𝑇 )2

(︁
1 + ‖𝛼′‖∞

√︀
𝐺∞

)︁
𝐺∞∆𝑡

∑︁
𝑙∈𝒦

∆𝑡𝑙

+ 2𝐶𝑠(1 + 𝑇 )2
∑︁
𝑙∈𝒦

√︀
meas(𝐵𝑙)∆𝑡𝑙

≤
(︁

1 + 𝐶𝑠

)︁
(1 + 𝑇 )2

(︁
1 + ‖𝛼′‖∞

√︀
𝐺∞

)︁
𝐺∞𝑇∆𝑡

+ 2𝐶𝑠(1 + 𝑇 )2
√︃∑︁

𝑙∈𝒦

meas(𝐵𝑙)
√︃∑︁

𝑙∈𝒦

∆𝑡2𝑙

≤
(︁

1 + 𝐶𝑠

)︁
(1 + 𝑇 )2

(︁
1 + ‖𝛼′‖∞

√︀
𝐺∞

)︁
𝐺∞𝑇∆𝑡

+ 2𝐶𝑠(1 + 𝑇 )2
√︀

meas (Ω𝑑(0) ∩ Ω𝑐(𝑇 ))
√

𝑇
√

∆𝑡

≤
(︁

1 + 𝐶𝑠

)︁
(1 + 𝑇 )2

(︁
1 + ‖𝛼′‖∞

√︀
𝐺∞

)︁
𝐺∞𝑇∆𝑡

+ 2𝐶𝑠(1 + 𝑇 )3
√︀

𝐺∞
√

𝑇
√

∆𝑡.

Here we used that 𝐵𝑚 ∩𝐵𝑘 = ∅ for 𝑚 ̸= 𝑘 and that
⋃︀𝑁−1

𝑙=0 𝐵𝑙 = Ω𝑑(0) ∩ Ω𝑐(𝑇 ) combined with (4.25). �

Remark 4.11. Let 𝑋 = 𝐿∘𝑃Δ𝑥((𝑢, 𝜇, 𝜈)) ∈ ℱ𝛼,0
0 for some (𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼

0 . Combining (4.29), Lemma 4.10, and
(3.36) we conclude that

𝑑𝑠 (𝑆𝑡(𝑋), 𝑆Δ𝑥,𝑡(𝑋)) ≤ 𝒪(∆𝑡
1
2 ) = 𝒪(∆𝑥

1
4 ). (4.42)

Inspecting the proof of Lemmas 4.9 and 4.10 reveals that the leading error term is the second term in (4.39),
which relies on (4.36). However, the latter inequality contains no information about which local error, due to
approximating 𝑆Δ𝑥,𝑡 by 𝑆𝑡, is responsible for this leading order.

Pick 𝑗 ∈ Z such that 𝜏𝑗+ 1
2
∈ (𝜏*𝑘 , 𝜏*𝑘+1), then one has⃒⃒⃒

𝑦𝑗(𝜏𝑗+ 1
2
)− 𝑦

𝑀𝑘
it−1

𝑗

(︀
𝜏*𝑘+1

)︀⃒⃒⃒
≤
⃒⃒⃒
𝑦𝑗

(︁
𝜏𝑗+ 1

2

)︁
− 𝑦𝑗

(︁
𝜏𝑗+ 1

2

)︁⃒⃒⃒
+
⃒⃒⃒
𝑦𝑗(𝜏𝑗+ 1

2
)− 𝑦𝑗

(︀
𝜏*𝑘+1

)︀⃒⃒⃒
+
⃒⃒⃒
𝑦

𝑀𝑘
it

𝑗

(︀
𝜏*𝑘+1

)︀
− 𝑦

𝑀𝑘
it−1

𝑗

(︀
𝜏*𝑘+1

)︀⃒⃒⃒
.

The first term is of order 𝒪(∆𝑥) by (4.35), whereas the third term is of order 𝒪(∆𝑥2) by (3.36) and (4.34). For
the second term, on the other hand, one obtains, due to (4.19),⃒⃒⃒

𝑦𝑗(𝜏𝑗+ 1
2
)− 𝑦𝑗

(︀
𝜏*𝑘+1

)︀⃒⃒⃒
≤
∫︁ 𝜏*𝑘+1

𝜏
𝑗+ 1

2

|𝑈𝑗(𝑠)|d𝑠 = 𝒪(∆𝑡) = 𝒪
(︁√

∆𝑥
)︁

.

In other words, the dominating local error is introduced by delaying the computation of the 𝛼-values, i.e., we
compute them at 𝜏*𝑘+1 instead of 𝜏𝑗+ 1

2
.

Recalling (3.36), we have thus shown the following result in this section.

Theorem 4.12. Given (𝑢, 𝜇, 𝜈) ∈ 𝒟𝛼
0 and 𝑡 ∈ [0, 𝑇 ], let 𝑋 = 𝐿((𝑢, 𝜇, 𝜈)) and 𝑋Δ𝑥 = 𝐿 ∘ 𝑃Δ𝑥((𝑢, 𝜇, 𝜈)), then

𝑑 (𝑋(𝑡), 𝑋Δ𝑥(𝑡)) = 𝑑 (𝑆𝑡(𝑋), 𝑆Δ𝑥,𝑡(𝑋Δ𝑥)) → 0 as ∆𝑥 → 0.
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4.3. Convergene in Eulerian coordinates

Finally, we can consider in what sense the mapping 𝑀 from Definition 2.4 transports the convergence in
Theorem 4.12 into Eulerian coordinates.

Theorem 4.13. Given (𝑢0, 𝜇0, 𝜈0) ∈ 𝒟𝛼
0 , introduce (𝑢, 𝜇, 𝜈)(𝑡) = 𝑇𝑡((𝑢0, 𝜇0, 𝜈0)) and (𝑢Δ𝑥, 𝜇Δ𝑥, 𝜈Δ𝑥)(𝑡) =

𝑇Δ𝑥,𝑡((𝑢0, 𝜇0, 𝜈0)) for 𝑡 ∈ [0, 𝑇 ]. Then as ∆𝑥 → 0, we have1

𝑢Δ𝑥(𝑡) → 𝑢(𝑡) in 𝐿∞(R), (4.43a)

𝑢Δ𝑥,𝑥(𝑡) ⇀ 𝑢𝑥(𝑡) in 𝐿2(R), (4.43b)
𝜈Δ𝑥(𝑡) =⇒ 𝜈(𝑡), (4.43c)

(𝑦Δ𝑥(𝑡))# (𝑔𝑝(𝑋Δ𝑥(𝑡)) d𝜉) *
⇀ (𝑦(𝑡))# (𝑔𝑝(𝑋(𝑡)) d𝜉) , 𝑝 ∈ {1, 2, 3}. (4.43d)

Proof. Since Theorem 4.12 implies that 𝑦Δ𝑥(𝑡) → 𝑦(𝑡) in 𝐿∞(R), 𝑈Δ𝑥(𝑡) → 𝑈(𝑡) in 𝐿∞(R) and 𝐻Δ𝑥,𝜉(𝑡) → 𝐻𝜉

in 𝐿1(R), one can prove (4.43a)–(4.43c) by following the proof of Theorem 4.12 from [3].
To prove (4.43d) for 𝑝 = 1, pick any 𝜑 ∈ 𝐶𝑐(R). Then∫︁

R
𝜑𝑑
(︀
𝑦(𝑡)#

(︀
𝑔1(𝑋(𝑡)) d𝜉

)︀)︀
−
∫︁

R
𝜑𝑑
(︀
𝑦Δ𝑥(𝑡)#

(︀
𝑔1(𝑋Δ𝑥(𝑡)) d𝜉

)︀)︀
=
∫︁

R
𝜑(𝑦(𝑡, 𝜉))𝑔1(𝑋(𝑡))(𝜉) d𝜉 −

∫︁
R

𝜑(𝑦Δ𝑥(𝑡, 𝜉))𝑔1(𝑋Δ𝑥(𝑡))(𝜉) d𝜉

=
∫︁

R
(𝜑(𝑦(𝑡, 𝜉))− 𝜑(𝑦Δ𝑥(𝑡, 𝜉))) 𝑔1(𝑋(𝑡))(𝜉) d𝜉

+
∫︁

R
𝜑(𝑦Δ𝑥(𝑡, 𝜉)) (𝑔1(𝑋(𝑡))− 𝑔1(𝑋Δ𝑥(𝑡))) (𝜉) d𝜉. (4.44)

The fact that 𝑦Δ𝑥(𝑡) → 𝑦(𝑡) in 𝐿∞(R) by Theorem 4.12 together with 𝑦− id ∈ 𝐿∞(R), implies that 𝜑(𝑦Δ𝑥(𝑡, ·))
has compact support for all ∆𝑥 ≤ 1 and in particular that there exists a compact set 𝐾 such that the support of
𝜑(𝑦Δ𝑥(𝑡, ·)) is contained in 𝐾 for all ∆𝑥 ≤ 1. As a consequence, it follows by the dominated convergence theorem
that 𝜑(𝑦Δ𝑥(𝑡)) → 𝜑(𝑦(𝑡)) in 𝐿2(R) as ∆𝑥 → 0. Furthermore, from (2.6) it is apparent that 𝑔1(𝑋(𝑡)) ∈ 𝐿2(R).
Hence ⃒⃒⃒⃒∫︁

R
(𝜑(𝑦(𝑡, 𝜉))− 𝜑(𝑦Δ𝑥(𝑡, 𝜉))) 𝑔1(𝑋(𝑡))(𝜉) d𝜉

⃒⃒⃒⃒
≤ ‖𝜑(𝑦(𝑡))− 𝜑(𝑦Δ𝑥(𝑡))‖2‖𝑔1(𝑋(𝑡))‖2,

and the first term on the right-hand side of (4.44) tends to 0 as ∆𝑥 → 0. Similarly, since 𝑔1(𝑋Δ𝑥(𝑡)) → 𝑔1(𝑋(𝑡))
in 𝐿2(R) by Theorem 4.12, we can apply the Cauchy–Schwarz inequality to the other term in (4.44) and thereby
establish (4.43d) for 𝑝 = 1. The same argument can be used to show (4.43d) for 𝑝 ∈ {2, 3}. �

5. Numerical results

We complement the previous section by investigating two numerical examples for 𝑇 = 3. The first example
displays a multipeakon solution, i.e., a solution for which the wave profile 𝑢(𝑡, ·) is piecewise linear for all 𝑡 ≥ 0,
with three distinct breaking times contained within an interval of length 2

9 . Thus for coarse grids satisfying
∆𝑡 ≥ 2

9 , a minimal time step is taken. This allows us to numerically examine how minimal time steps affect the
approximation accuracy.

Secondly, we continue our investigation of the cusp data from Example 3.7, for which an infinitesimal amount
of energy concentrates at each 𝑡 ∈ [0, 3] for the exact solution. Here the sequence {𝜏*𝑘}𝑁

𝑘=0 extracted according
to Algorithm 1 really comes into play, as well as the fact that the number of iterates is uniformly bounded by
3, see Section 3.2.2, which combined reduce the computation time significantly.

1Here 𝜂Δ𝑥 =⇒ 𝜂 indicates that
∫︀

R 𝜑 d𝜂Δ𝑥 →
∫︀

R 𝜑 d𝜂 for all 𝜑 ∈ 𝐶𝑏(R) = 𝐶(R) ∩ 𝐿∞(R), whereas 𝜂Δ𝑥
*
⇀ 𝜂 means that∫︀

R 𝜑 d𝜂Δ𝑥 →
∫︀

R 𝜑 d𝜂 for all 𝜑 ∈ 𝐶𝑐(R).
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Example 5.1 (Multipeakon data). Consider the Cauchy problem (1.1) with

𝑢0(𝑥) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3, 𝑥 ≤ 0,

3− 𝑥 0 < 𝑥 ≤ 1,

2, 1 < 𝑥 ≤ 400
361 ,

58
19 −

19
20𝑥, 400

361 ≤ 𝑥 ≤ 800
361 ,

18
19 , 800

361 < 𝑥 ≤ 200
81 ,

542
171 −

9
10𝑥, 200

81 < 𝑥 ≤ 100
27 ,

− 28
171 , 100

27 < 𝑥,

d𝜇0 = d𝜈0 = 𝑢2
0,𝑥 d𝑥,

𝛼(𝑥) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, 𝑥 ≤ 1434

361 ,

− 478
127 + 361

381𝑥, 1434
361 < 𝑥 ≤ 6879

1444 ,

1
1705 (361𝑥− 441), 6879

1444 < 𝑥 ≤ 5,

4
5 , 5 < 𝑥.

The exact solution (𝑢, 𝐹 )(𝑡) experiences wave breaking at 𝜏1 = 2, 𝜏2 = 40
19 and 𝜏3 = 20

9 , and 𝐹 (𝑡) is discontinuous
at each wave breaking occurrence.

In Figure 2, we compare (𝑢Δ𝑥, 𝐹Δ𝑥) to (𝑢, 𝐹 ) at 𝑡 = 0, 20
9 , and 3, for ∆𝑥 = 10−1 and 10−4. As we approximate

(𝑢0, 𝐹0) by (𝑢Δ𝑥, 𝐹Δ𝑥)(0), there is in general a difference in the sets of points for which wave breaking occurs and
the times for which it takes place. This leads to a discrepancy between 𝐹Δ𝑥,∞( 20

9 ) and 𝐹∞( 20
9 ). Nevertheless, the

algorithm captures the wave breaking phenomena for this example well, as the right plot in Figure 3 shows that
the wave breaking time 𝜏2 = 20

9 is just slightly delayed for the numerical solution with ∆𝑥 = 10−4. Additionally,
for comparison, we have also plotted the conservative (𝛼 = 0) and dissipative (𝛼 = 1) solutions in Figure 2.
Observe that the dissipative solution is equal to a constant for 𝑡 ≥ 20

9 since all its energy has been dissipated.
Figure 3 also displays the numerically computed approximation errors (two leftmost figures). A careful inspec-

tion of Figure 3 reveals that a jump in the approximation errors is located between ∆𝑥 = 5·10−2 and ∆𝑥 = 10−2.
This is a consequence of the minimal time step being enforced, which influences the number of grid cells which
contribute to the local error. To be more precise, the numerical solution will have at least 3 and at most 9
distinct breaking times of which 3 coincide with 𝜏1, 𝜏2, and 𝜏3 and the remaining ones are attained at one grid
cell each. Since

∆𝑡 ≈ 1.678
√

∆𝑥,

by (3.36), which implies that ∆𝑡 ≥ 2
9 whenever ∆𝑥 ≥ 1.75 · 10−2, the number of grid cells contributing to the

local error differs significantly for ∆𝑥 = 5 · 10−2 and ∆𝑥 = 10−2.

Example 5.2 (Cusp data). Consider the initial data from Example 3.7 again. The exact solution is not available
for comparison, and to compensate, we compute a numerical solution with ∆𝑥 = 10−5, denoted (𝑢ref , 𝐹ref), which
is used as a reference solution.

In Figure 4, (𝑢Δ𝑥, 𝐹Δ𝑥) is compared to (𝑢ref , 𝐹ref) at 𝑡 = 0, 3
2 , and 3 for ∆𝑥 = 10−1 and 10−4, where

we also have included the exact conservative (𝛼 = 0) and exact dissipative (𝛼 = 1) solutions at 𝑡 = 3
2 and

3 for comparison. The right snapshot in Figure 5 depicts the time evolution of the numerical total energy
𝐹Δ𝑥,∞(𝑡). Again, approximating (𝑢0, 𝐹0) by (𝑢Δ𝑥, 𝐹Δ𝑥)(0) introduces a difference in the sets of points for which
wave breaking occurs and the times for which it takes place. Nevertheless, the majority of {𝜏𝑗} (sequence of
distinct numerical breaking times) is concentrated inside the time interval [0, 3]. On the other hand, 𝐹Δ𝑥,∞(𝑡)
for ∆𝑥 = 10−1 remains constant for short amounts of time and then drops abruptly, creating a zig-zag pattern.
This behavior can be observed for any 𝐹Δ𝑥,∞(𝑡) with ∆𝑥 > 0 and is a consequence of wave breaking occurring
continuously over [0, 3] for the exact solution, while it occurs discretely, i.e., at the distinct breaking times 𝜏𝑗

for the numerical solution.
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Figure 2. Comparison of 𝑢 (top row, red dotted line) and 𝐹 (bottom row, red dotted line) with
𝑢Δ𝑥 (upper row) and 𝐹Δ𝑥 (lower row) for ∆𝑥 = 10−1 (dashed blue line) and ∆𝑥 = 10−4 (solid
black line) for Example 5.1. The solutions are compared from left to right, at the times 𝑡 = 0,
20
9 , and 3. Moreover, also the conservative (𝛼 = 0, gray dashdotted) and dissipative (𝛼 = 1,

gray dotted) solutions are displayed at 𝑡 = 20
9 and 3.

Figure 3. In the two leftmost figures, the errors sup𝑡∈[0,3] ‖𝑢(𝑡) − 𝑢Δ𝑥(𝑡)‖∞ and |𝐹∞(3) −
𝐹Δ𝑥,∞(3)| are plotted as functions of ∆𝑥 for Example 5.1, while the time evolution of the total
numerical energy 𝐹Δ𝑥,∞(𝑡) for ∆𝑥 = 5 · 10−1 (dashed blue) and ∆𝑥 = 10−4 (solid black) is
compared with 𝐹∞(𝑡) (dotted red) in the right figure.
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Figure 4. A comparison of 𝑢ref (top row, red dotted line) and 𝐹ref (bottom row, red dotted
line) with that of 𝑢Δ𝑥 (top row) and 𝐹Δ𝑥 (bottom row) for ∆𝑥 = 10−1 (blue dashed) and
∆𝑥 = 10−4 (black solid) for Example 5.2. The solutions are compared from left to right, at the
times 𝑡 = 0, 3

2 , and 3, with 𝛽 = 19
20 . Moreover, also the conservative (𝛼 = 0, gray dashdotted)

and dissipative (𝛼 = 1, gray dotted) solutions are displayed at 𝑡 = 3
2 and 3.

Figure 5. The errors sup𝑡∈[0,3] ‖𝑢ref(𝑡) − 𝑢Δ𝑥(𝑡)‖∞ and |𝐹ref,∞(3) − 𝐹Δ𝑥,∞(3)| are plotted
as functions of ∆𝑥 for Example 5.2 in the two left figures, while the time evolution of the
total numerical energy 𝐹Δ𝑥,∞(𝑡) for ∆𝑥 = 10−1 (dashed blue) and ∆𝑥 = 10−4 (solid black) is
compared to 𝐹ref,∞(𝑡) (dotted red) in the right plot.

Figure 5 also depicts the numerically computed approximation errors, whereas Table 1 summarizes the
running times for 𝑇 = 3 and ∆𝑥 = 10−2, 10−3, 10−4, and 10−5. These were computed using Python 3.8 on
a 2020 Macbook Pro with Apple M1 chip and an 8-core CPU. Here evolving with a minimal time step refers
to computing the solution using 𝑇Δ𝑥,𝑡, defined in Definition 3.8, while without minimal times steps means to
compute the solution exactly between all successive numerical breaking times {𝜏𝑗}𝑗∈N as outlined in Remark 3.4.
One observes a substantial reduction in computation time for ∆𝑥 = 10−4 and ∆𝑥 = 10−5, which can be explained
as follows: For ∆𝑥 = 10−4, the number of sorted distinct breaking times, with value less than or equal to 𝑇 = 3,
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Table 1. Running times in seconds for Example 5.2 when evolving with and without minimal
time steps.

Δ𝑥 10−2 10−3 10−4 10−5

With minimal 0.0110 0.2655 8.4128 264.8032
Without minimal 0.0378 3.5321 367.4902 N/A

is about 104, whilst the extracted subsequence {𝜏*𝑘}𝑁
𝑘=0 has length 169, which is very close to the predicted value

in Example 3.7. At most three iterations and hence three numerical integrations are performed for each minimal
time step, which leads to around 500 numerical integrations in total, in contrast to 104 which are required when
evolving without minimal time steps. A similar analysis extends to ∆𝑥 = 10−5, but we ran into memory issues
when trying to solve without minimal time steps.
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