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A NUMERICAL VIEW ON «-DISSIPATIVE SOLUTIONS OF THE
HUNTER-SAXTON EQUATION

THOMAS CHRISTIANSEN® AND KATRIN GRUNERT*

Abstract. We propose a new numerical method for a-dissipative solutions of the Hunter—Saxton
equation, where a belongs to W>(R,[0,1)). The method combines a projection operator with a
generalized method of characteristics and an iteration scheme, which is based on enforcing minimal
time steps whenever breaking times cluster. Numerical examples illustrate that these minimal time
steps increase the efficiency of the algorithm substantially. Moreover, convergence of the wave profile
is shown in C([0,T], L*°(R)) for any finite 7' > 0.
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1. INTRODUCTION

In this paper we derive a novel numerical algorithm for a-dissipative solutions to the Cauchy problem of the
Hunter—Saxton (HS) equation

1 /7 1 [
ue(t, ) + uuy(t, ) = 7/ u?(t, z)dz — 1/ ul(t,2)dz,  uli=o = uo. (1.1)

4 — 00 x

Originally proposed as an asymptotic model describing nonlinear instabilities in the director field of nematic
liquid crystals in [19], the equation has been subject to extensive research due to its intriguing properties. A
main concern, from a numerical perspective, is the fact that weak solutions in general develop singularities
within finite time, causing a loss of uniqueness for weak solutions.

The formation of singularities is referred to as wave breaking. Any time ¢, for which wave breaking takes place,
is characterized by the existence of a null set F C R such that for any « € E, u,(t,x) — —oo pointwise as t 1 t.,
while u(t,-) remains Holder continuous and bounded, and wu,(t,-) belongs to L?(R), see [5,11]. Furthermore,
energy can concentrate on sets of zero measure. Consequently, in order to properly describe the solution u along
with its energy, a finite, nonnegative Radon measure p is introduced. This measure satisfies dpiac = u2 dr and
contains all the information about wave breaking. In particular, it is precisely at the times for which du # u2 dx
that energy can concentrate on sets of zero measure.
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The task of continuing weak solutions past wave breaking is intricate, and various continuations have been
proposed and studied in the literature, see [1,2,6,11,19,21]. A common denominator for these is that they
require the energy to be nonincreasing as a function of time, thereby implicitly imposing the measured-valued
inequality

e + (ups)s < 0. (1.2)

The particular case of equality, in which case no energy dissipation takes place, leads to conservative solutions,
for which existence was shown in [2] and uniqueness in [10]. On the opposite end of the spectrum, one has
the family of solutions experiencing maximal energy dissipation [4] — known as dissipative solutions, for which
existence and uniqueness were established in [1, 6], respectively. In this work on the other hand, we focus on
the family of a-dissipative solutions, where o € W1>°(R, [0,1)). To be more precise, if wave breaking occurs at
(t,z) = (te, xc), an a(z.)-fraction of the concentrated energy is removed. Thus, the amount of energy removed at
any wave breaking depends on the spatial location of its occurrence. Existence of such solutions was established
in [11], whilst uniqueness is still an open question.

Over a time interval where no wave breaking takes place, one can apply the method of characteristics to
show that the HS equation is formally equivalent to a system of ODEs. This is done in [2,11]. However, at
wave breaking, the classical method of characteristics is no longer applicable. To overcome this issue, one
introduces a mapping which transforms the Eulerian initial data (ug, po, 1), into a tuple Xo = (yo, Uo, Vo, Ho)
in Lagrangian coordinates, see [2,10-12]. Here 14 is a measure added exclusively for technical reasons, in the
sense that the same solution pair (u, p)(¢) for t > 0, is recovered for any choice of v, see Lemma 2.13 of [13].
Under this coordinate transformation, the HS equation rewrites into a system of ODEs that attains unique,
global solutions. In particular, the evolution of the a-dissipative solution in Lagrangian coordinates emanating
from X is governed by, see [11],

Yt (ta g) - U(ta g)v (13&)

U1,6) = 3V (1,6) = Vo0, (1.3)
§

V(ta 5) = /7 (1 - O‘(Z/(T(n)a n))X{w:tZT(w)>0} (77)) VO,E(T}) d777 (13C)

Hy(t,€) = 0. (1.3d)

Here Vo (t) = limg .o V' (¢, ) is the total cumulative energy in the system at time ¢ and 7 : R — [0, 00] is the
wave breaking function given by

Oa onf(g) = yO,E(g) = 07
T(€) = { —TE(9), Unel€) <0, (1.4)
00, otherwise.

Note, the subindex 0 refers to the initial data, whereas a subindex & or t refers to partial derivatives with respect
to & or t, respectively, for instance, yo (&) = 0cyo(€). We will stick with this notation throughout the paper.

One way to physically interpret the Lagrangian quantities is to consider ¢ as a variable identifying a particle.
Then y(t, £) represents the particle trajectory emanating from (&), and 7(£) the collision time of the particle.
This way, 7(£) = oo indicates that the particle does not participate in any collision. Furthermore, U(t,£) =
u(t, y(t,&)) represents the particle velocity, while V¢(t,&) is its energy. Finally, H(t,&) is a conserved quantity
stemming from v, lacking an obvious physical interpretation.

Naturally, there has been proposed a variety of numerical methods for the HS equation. A collection of finite
differences schemes of upwind-type were proved to converge towards dissipative solutions in [18]. In [24,25] two
discontinuous Galerkin methods for conservative and dissipative solutions, respectively, were introduced. The
latter one turns out to be equivalent with a finite-difference scheme from [18] when choosing piecewise constant



A NUMERICAL VIEW ON «a-DISSIPATIVE SOLUTIONS OF THE HS EQUATION 581

DG-elements, and it therefore converges. A convergent scheme of Godunov-type tailored to conservative solutions
was introduced in [16]. In addition, this scheme was shown to converge in L*°(R) with order a half prior to
wave breaking. Moreover, both multi-symplectic and Hamiltonian-preserving discretizations were proposed in
[22], albeit without any proof of convergence.

One drawback with the aforementioned methods, is that they are all tailored to one particular class of weak
solutions; either conservative or dissipative. More recently a convergent numerical method for a-dissipative
solutions was proposed in [3], where a € [0,1] is held fixed. A major benefit of this scheme is its ability to
continuously interpolate between conservative (o = 0) and dissipative (o = 1) solutions. In other words, it
provides a numerical framework for uniformly treating solutions with nonincreasing energy.

The method in [3] relies on the observation that if the initial data wug for (1.1) is piecewise linear, the solution
u(t, ) remains piecewise linear for ¢t > 0, see [20]. Taking advantage of this fact, the scheme combines a novel
piecewise linear projection operator, which preserves some of the essential underlying structure of solutions to
(1.1), with exact evolution via the generalized method of characteristics, i.e., according to (1.3). The algorithm
presented here can be viewed as an extension of the one from [3], as it is applicable to a larger class of a-
dissipative solutions, but it is still based on the same underlying idea. However, some new challenges appear
due to a € WH (R, [0,1)).

Firstly, the amount of energy to be removed at any wave breaking occurrence cannot be computed a priori,
cf. (1.3¢). In particular, if the solution experiences wave breaking along the characteristic labeled by &, then the
fraction of removed energy is a(y(7(£),&)). However, the time evolution of y(t, ) depends heavily on Ve(t,-) on
all of R, see (1.3a). Consequently, the value of y(7(£), ) depends on all other wave breaking occurrences taking
place prior to t = 7(£). To resolve this issue, we introduce an iteration scheme, inspired by Lemma 2.3 of [11],
which is based on computing successive approximations of the energy to be removed at wave breaking.

A second challenge is posed by the possibility of accumulating wave breaking times. This was not a problem
in [3], because when « is constant, the time evolution of X¢(t) = (ye, Ue, Ve, He)(t) is given by a closed system
of ODEs. However, as already observed, V¢ (¢, &) and y(7(),£) are closely intertwined for « € WH*°(R, [0, 1)),
cf. (1.3c). Thus, the differentiated Lagrangian variables can be evolved between successive breaking times, but
in order to determine the correct amount of energy to be removed at wave breaking, one needs to compute
y(t,-). To avoid the risk of having to compute y(t,-) repeatedly at nearly identical wave breaking times, we
extract a finite sequence of breaking times {7, }, which acts as a non-uniform temporal discretization of [0, T},
for any finite 7" > 0. The proposed numerical scheme then evolves the differentiated Lagrangian variables, with
the iteration scheme, between successive times in this extracted sequence {7} until the final time T is reached.

The content of this paper is organized as follows. In Section 2 we present the generalized method of charac-
teristics based on [2,11], before we in Section 3 recall the projection operator from [3] and derive the numerical
algorithm. This derivation consists of: motivating the minimal time evolution criterion, presenting the iteration
scheme, and discussing the numerical implementation. In addition, we show that the proposed iteration scheme
terminates and derive a uniform bound on the number of iterates. Section 4 is devoted to proving convergence
for any ¢ € [0,T]. This is done in two steps. First we equip the set of Lagrangian coordinates by a metric
introduced in [11] which allows us to analyze the error introduced by the projection operator. We thereafter
introduce a function, inspired by the metric from [13], which provides an upper bound on the metric from [11]
and allows us to estimate the error introduced by the iteration scheme. Finally, in Section 5 we complement the
numerical analysis by applying the method on two examples to illustrate the effect of the minimal time step.

2. a-DISSIPATIVE SOLUTIONS AND THEIR STABILITY

In this section we outline the construction of a-dissipative solutions via the generalized method of charac-
teristics from [2, 11]. We restrict our attention to the sets of Eulerian and Lagrangian coordinates, relevant
mappings between these sets and a discussion about the time evolution in Lagrangian coordinates. In addition,
we recall the definition of a metric from [11], which renders a-dissipative solutions stable with respect to the
initial data in Lagrangian coordinates.
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Let « € WH(R,[0,1)) be fixed and denote by MT(R) the space of positive, finite Radon measures on R.
To introduce the set of Eulerian coordinates, we need to recall some function spaces from [2,11].
We start by defining the Banach space

E:={feL®R): f € L*R)},
equipped with the norm
1fllz = [l flloo + [1F[l2-

Moreover, let

HI(R):= H'(R) xRY, d=1,2,
and choose a partition of unity x™ and x~ on R = (—o00,1) U (-1, 00), i.e., a pair of functions x*, x~ € C®(R)
satisfying

- xXTHxT =1
- 0<xF <1,
— supp(x™) C (—1,00) and supp(x~) C (—o0,1).

This allows us to define the following linear, continuous, and injective mappings

RlHll(R)_)E7 (fva)Hf:fT+aX+a
Ry:HYR) =B, (f.ab) = f = F+ax*™ +bx".

Accordingly, we introduce the Banach spaces E; and Fy as the images of H{(R) and H3i(R), respectively, i.e.,
Ey:=Ri(H{(R)) and Fy:= Ry(H3(R)),

endowed with the following norms

1

1l = 1T+ x|, = (171 ey +0%)
Iy = 17+ ax 0, = (Wl + o2+ 7).

By construction, the spaces E; and Es do not rely on the particularly chosen partition of unity, see [14].
Furthermore, the mapping R; is also well-defined when applied to functions in L?(R) = L?(R) x R. Consequently,
let

and equip this space with the norm

1715 1= (17 +ax* L = (1715 +%)
Finally, we can define the set of Eulerian coordinates D“.

Definition 2.1. The space D is composed of all triplets (u, i, V) such that

(i) u € Es,
(i) 1< v € MHR),
(111) Hac < Vacv
(iv) dptae = u2 du,
) ul(~00.)) € B,
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(vi) v((=o00,-)) €

(vii) d—"(m > 0, and d"‘“ <(z) = 1if ug(z) <0.

Since p,v € MT(R) we can introduce the primitive functions F(-) = u((—o0,-)) and G(:) = v((—o0,)).
These are bounded, left-continuous, increasing, and satisfy
lim F(z)= lim G(z)=
T——00 T— —00
By Theorem 1.16 of [7] there is a one-to-one relationship between (F,G) and (u,v). We will therefore
interchangeably use the notation (u, F,G) and (u,p,v) to refer to the same triplet in D%. Furthermore, F'
admits a decomposition into an absolutely continuous part, Fae(z) = pac((—00,2)), and a singular part,
Fsing(x) = Nsing((_ooax))v Le.,
F(z) = Fac(2) + Fiing ().
A similar decomposition exists for G as well.
Before we introduce the set of Lagrangian coordinates, 7, let B := FEs x Ey x Ey X Ey, equipped with the
norm

1(f1s fos fos f)ll B = N full s + 2l + sl + (] fall 2,

Definition 2.2. The set F* contains all quadruplets X = (y,U,V, H) with (y —id, U, V, H) € B satisfying

. . o 4
(i) (y—1id,U,V,H) € [W'>(R)]",

ii) yE,H5>Oand there exists ¢ > 0 such that y + H¢ > c a.e.,
(it}) yeVe = U7 ace,
(iv)

)

v) 0< Ve < He ae.,

(
i
(v) there exists k : R — (0, 1] such that Ve(§) = w(y(§))He(€) a.e., with k(y(§)) = 1 whenever Ug(§) < 0.

The following subsets of F* will play an important role in the upcoming convergence analysis,
FoO=I{X e F*: H(¢) =V(¢) for all ¢ € R},
G={XeF*:y+ H =id},
and the intersection of these two
Fol = Fe nFO.

The construction of a-dissipative solutions via a generalized method of characteristics is based on examining
the time evolution in Lagrangian coordinates rather than in Eulerian coordinates. Thus, the mappings between
D% and F are essential.

Definition 2.3. Let L : D* — F§ be defined by L((u,u,v)) = (y,U,V, H), where

y(&) =sup{x e R: x4+ v((—o0,z)) < &}, (2.1a)

U(&) = u(y(€)), (2.1b)

H(§) =& —y(&), (2.1c)

3
Ve = [ L) Hem an 2.14)
Definition 2.4. Define M : F* — D by M((y,U,V, H)) = (u, p, V), where

u(z) =U() for any £ € R such that z = y(§), (2.2a)

i=yy (Vede), (2:20)

v = yu(HedS). (2:2¢)

Here y4(Ved¢) denotes the pushforward of the measure Ved¢ by the function y.
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Well-definedness of these transformations follows from Propositions 2.1.5 and 2.1.7 of [23]. Furthermore, we
emphasize that triplets (u,u,v) are mapped to quadruplets (y,U,V, H). Hence there cannot be a one-to-one
correspondence between Eulerian and Lagrangian coordinates. However, one can identify equivalence classes
in Lagrangian coordinates, such that each equivalence class corresponds to exactly one triplet in Eulerian
coordinates, see [23].

Moreover, it should be pointed out that all the important information about the solution in Eulerian coor-
dinates is contained in (u, 1), and therefore encoded in the triplet (y,U, V) in Lagrangian coordinates. Despite
this, v heavily influences the mapping L, in the sense that changing v does not only change H, but also (y, U, V).

Up to this point the formalism has been stationary, transforming back and forth between Eulerian and
Lagrangian coordinates. Next, we turn our attention to the time evolution.

The a-dissipative solution in Lagrangian coordinates, X (¢t) = (y,U,V, H)(t), with initial data X (0) = X, €
F, is the unique solution to the following system of differential equations

yt (ta 5) = U(ta 5)7 (233‘)

Uilt,6) = 5V (16) = 7Vacl?), (2.30)
£

V(8 = [ (1= alrl) )X azrir=o) () Vae(n) dn (2.3¢)

H,(t,€) = 0. (2.3d)

Here 7 : R — [0, 00] is the wave breaking function given by

0; if yO,E(g) = UO,&(&) = 0;
T(€) = { 3, i Upe(€) <0, (2.4)
0, otherwise,

and Vo (t) = lime—oo V(¢,€) is the total Lagrangian energy at time t. For later use, we also introduce Ho =
limg_Nx, H(t, f) = limg_,oo Ho(f)

Note that the right-hand side of the system (2.3) becomes discontinuous at fixed times given by the function
(2.4). Nevertheless, existence and uniqueness of solutions is shown in Lemma 2.3 of [11] through a standard
fixed point argument.

Based on (2.3) we can define the solution operator S;.

Definition 2.5. For any t > 0 and Xy € F%, define S;(Xo) = X(t), where X (¢) denotes the unique a-dissipative
solution to (2.3) with initial data X (0) = Xj.

Finally, we obtain the a-dissipative solution in Eulerian coordinates by combining the solution operator S
with the mappings L and M.

Definition 2.6. For (ug, po, ) € D%, the a-dissipative solution at time ¢ > 0 is given by

(u, p, v)(t) = Ti((uo, po, o)) = M o St o L((uo, po, vo))-

As mentioned earlier, L((u, i, v)) is dependent on the choice of v. In spite of that, it has been established in
Lemma 2.13 of [13] that the choice of v has no influence on (u, 1) in the following sense: Given (ua o, (4a,0, VA ,0)
and (up,o, 4B,0, VB,0) in D such that

up0 =ug,o and pao = B0,

it then holds that
up(t) =up(t) and pa(t) = pp(t) forallt > 0.
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Therefore, we will from now on restrict ourselves to initial data (uo, o, ¥o) belonging to the subset
Dy = {(u,p,v) € D*: p=v} C D°. (2.5)

To simplify the upcoming convergence analysis, we equip the set F* with a metric rendering a-dissipative
solutions in Lagrangian coordinates stable with respect to the Lagrangian initial data. Various metrics have
been introduced for this very purpose, see [11,13]. In our setting, it turns out to be most convenient to work
with the metric d presented in Definition 4.6 of [11]. This metric relies on a function, g;(X), which models the
energy loss at wave breaking continuously in time, in contrast to the actual energy density Ve, which may drop
abruptly. It is defined by

(X)) = {(é (g;v(y(f)))vg(s), gigg)) (2.6)

where

Qq (X) ={£eR:Us(&) <0},
Qe(X) :=={£ e R:Ug(§) > 0} (2.7)
Here ©; and €. split R into a set of points where the «a-dissipative solution will eventually experience wave

breaking, 4, and its complement, §2., containing all points where no wave breaking takes place in the future.
Furthermore, the metric also involves the two additional functions

(X)) = {'()“'“HM@’ R, 28)
56 = {'O“"”UU“@’ R, 29)

Definition 2.7. Define d : F* x F* — [0, 00) by

A(X, %) = ly = Gl + ||U = 0| +||He = He|| + 110/l |0 He - O],

|
+ [lye — Bell, + HU£ - UgH2 + Hgl(X) +ye — q1(X) —?25H2

+ e - fngQ +[|o2 ) - gg(X)Hz + [lgs(X) = g5(X)

‘2’

Although originally introduced as a preliminary metric, since it separates Lagrangian coordinates belonging
to the same equivalence class, this metric is well-suited for our analysis due to the following stability estimate.

Theorem 2.8 ([11], Thm. 4.18). Let Xo € F*O and Xo € F5°. Furthermore, assume that max(Ho, Hoo) < M
and t > 0, then

a(S:(X0), 8i(Xo)) < C(H)e” M (Xo, Xo ) (2.10)
where C(t) = C(t, M, ||&/||s) and D(t) = D(t, M, ||c'||s) are given by

3.1 3 1, 1 1
Ct)=3+-t+ >+ P+ VM 1+ -t + >+ —t3
®) +2+2 +16 + (+4+4 +16
! 2 33 / 5 12 13
+la oo VM5 +2t+1¢ +§t + & |lee M | 3+ 1t+§t +§t , (2.11)

1 1 1 1 1
D(t) =2+ ||/ ||oo VM + \/M<2 +gt+ 16t2> + ||o/||ooM<1 +qtt 8t2>.
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3. THE NUMERICAL ALGORITHM

This section is devoted to the derivation of the numerical algorithm. As mentioned in the introduction, the
energy loss at any wave breaking occurrence is unknown a prior. To overcome this obstacle we combine an
iteration scheme, producing approximations of (2.3), with a minimal time evolution criterion, which reduces the
computational complexity, especially when accumulating breaking times are present. The latter phenomenon is
thoroughly discussed for the related Camassa—Holm equation in [9].

3.1. The projection operator

We start by recalling the projection operator Pa, introduced in Definition 3.2 of [3]. Let {xz; } jez be a uniform
discretization of R, where z; = jAz for j € Z and Az > 0. Furthermore, to ease the notation, introduce for
any function f: R — R the sequence {f;};cz where f; = f(x;) and the difference operators,

fiv1—fj

D, f; = %mﬂ,
Dty i— Dy foji1+ Dyfo;  fajra — fo
fo = 2 a N

Then we can define the projection operator Pa, as follows.

Definition 3.1. Define Pa, : D§ — D§ by Pasz (u, F, G)) = (uaz, Faz, Gaz), where

uns() = ug; + (Dugj F q25) (v — x25), Toj <X < Tojy1, (3.1)
ugjto + (Dugj £ qo5) (€ — x2j42), T2j41 < T < Tojyo,

with gy; given by

q25 = \/DFac,2j — (Dugj)?,

and
GAr(l') = FAx(x) = FAm,ac(x) + FAI,Sng('T)7 for all z € ]Ra (32)

where the absolutely continuous and singular part are given by

Foc2j + (Dug; F Q2j)2 (x — x295), To; < x < Tojqa,
FAm,ac(x) = % (Fac72j+2 + Fac,2j) + 2Du2jQ2jA$ (33)
+ (DUQJ' + q2j)2 (QL' — $2j+1), T2j+1 <zx< L2542,
and
Faesing (%) = Fojqo — Facoj2 = Fiing 242, 25 < x < Tgjq2, (3.4)
respectively.

Remark 3.2. Note that (3.1) and (3.3) leave us with two possible sign choices over each interval [za;, z2;42].
The accuracy of the numerical approximation is affected by the choice of sign, see e.g. Example 3.4 of [3]. We
therefore implement the sign-selection criterion from [3], which is based on minimizing the difference between
u(x2;+1) and uag(z2;41). In particular, let

koj = argmin {(Djus; — Dugj)Az + (—1)"go; Az},
me{0,1}

then we use the sign (—1)*2/ over [z9;, 72j11] and (—1)*2+1 over [z9;41, T2;42].



A NUMERICAL VIEW ON «a-DISSIPATIVE SOLUTIONS OF THE HS EQUATION 587

A GAz “yAz

=

| | [ 1 1 | |
To;  Toj41 Taje2 z 7 & &1 Gz Gaes &

v

FIGURE 1. The relation between the Eulerian and Lagrangian gridpoints. Note, that points,
where G, has a jump, are mapped to intervals where ya, is constant.

3.2. Numerical implementation of the algorithm

In this section the focus is on the implementation of the algorithm. For this purpose, fix a discretization
parameter Az > 0, a final time T' > 0, and an initial datum (u, F, G)(0) € D§.

8.2.1. Implementation of L and computation of Ta,

The numerical Lagrangian initial data is given by
XAz(O) = (yAmv Usz VA17 HAz) (0) =LoPp, ((U, Fv G)(O)) . (35)

For a detailed account about how to numerically implement the mapping L the interested reader is referred to
Section 3.2.1 of [3]. We here emphasize that the uniform grid in Eulerian coordinates {z;};ecz is transformed
into a nonuniform Lagrangian discretization {&;};ez, where each pair [zo;, x2;41] and [x2j41, Z2j+2] possibly
results in three Lagrangian grid cells with gridpoints given by

&35 = 225 + Gag(0,z9;5), &3j41 = T2 + Gag(0,295+),
&3542 = T2j+1 + Gaz(0,22541), &3j43 = Toj42 + Gaz(0,22512), (3.6)

where the notation ;4 denotes the right limit at za;. Note that &3; = &3541 if Gag(0,-) does not admit
a jump discontinuity at & = xz2;. Moreover, due to Definitions 2.3 and 3.1, Xa,(0,-) will be continuous and
piecewise linear with nodes located at {;};ez. Consequently, one can recover Xa;(0, &) for any £ € R by linear
interpolation based on the values attained at {&;};cz, i.e, {X;(0)}jez = {Xax(0,;)}jez-

The relationship between the Eulerian and Lagrangian gridpoints is illustrated in Figure 1, from which
we observe that ya,(0,&) = zo; for all § € [£35,&354+1] and by (2.1b), yaz,e(0,€) = 0 = Unz(0,€) for all
& € [€35,&35+1]). As a consequence, when computing the numerical wave breaking function 74, : R — [0, 00] via
(2.4) with initial data (3.5), it holds that Ta(§) = 0 for & € [£35,&3;41]. Furthermore, observe that Uaz¢(0,&) =
U,z (0,Ya2(0,8))Yaz,e(0,6) for all § € (€3541,&3543) \ {€3542}, and introduce

Taing = Dus, T2, ° if DUQ] + q2; < O7
JT2 00, otherwise,

2 . ] ,
s = ~ Duz. T, if Dugj £ qo5 <0,
I 2 00, otherwise.
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Then the wave breaking function 7a,(§) for € [£35,&3;+3) takes the form

0, € € [€35,&3541)s
Taz(€) = { T3j42, & € (§3541,835+2], (3.7)
Tsi43, &€ (E35+2,83543)

To ease notation later on, we will denote by 75, 1 the value attained by 7a, on [£3;,&35+1]. The reader is
referred to Section 3.2.2 from [3] for more details about 7.

3.2.2. Time evolution and numerical iteration procedure

The next step is the implementation of the solution operator S; from Definition 2.5.
Note that for a fixed £ € R with 0 < 7(&) < oo, we have, due to (2.3c),

_ [wete. t< (o)
G {(1 = aly(r(©). O)Vel©), 7€) <t. (38)

from which it is evident that the amount of energy to be removed depends on y(7(£),€). However, the time
evolution of y(¢,§), which is governed by (2.3a), depends on V¢(t,-) on all of R. Consequently, y(7(£),&) will
depend on all wave breaking occurrences in [0,7(£)). Thus (2.3) cannot be solved explicitly in general. As
a consequence, we have to approximate the solution operator S; numerically. This is done by combining an
iteration scheme, which draws inspiration from the one used in the proof of Lemma 2.3 from [11], with a
minimal time evolution criterion that reduces the number of times numerical integration is performed. The
resulting approximation of S; is restricted to the time interval [0, T7.
We start by introducing
Caz = Yaz —id,

which belongs to L (R) in contrast to ya,. Furthermore, set

XAI = (CAmv UArv VA17 HAx) .

From a numerical perspective, it is advantageous to compute the time evolution of X Az,¢ Tather than the one of
X Az, due to possible drops in Va, ¢. However, a major difficulty now, which is not present when « is a constant,
see [3], is the lack of a closed ODE-system for XAz,g, since Vag,¢ depends on ya,, cf. (3.8).

Note that X az,c(0), given by differentiating (3.5), is a piecewise constant function, whose possible disconti-

nuities are located at the nodes {&;};ez. As a consequence, we can recover X Az,¢(0) from the sequence which
associates to each j € Z the value attained at the midpoint of the interval [§;,&;11], i.e.,

A Xnwe (0,38 +&41)), i & # &
X _ NI AN BN ) J J+1 )
J+%-§(O) {(07 0,0,0), otherwise. (3:9)
Furthermore, introduce
Tirr =Tax (35 +&+1)) (3.10)

and let {7;};en be the sequence of distinct breaking times sorted in increasing order, i.e., 7; < 7;41. In addition, if
71 = 0, we relabel the sequence by reducing the indices by one. Otherwise, augment the sequence by the element
7p = 0. Either way, the resulting sequence, which might be finite, is denoted by {7;} e, where 7 C Ng = NU{0}
and 79 = 0.

Next, we extract from {7;};c7 a finite sequence of breaking times {7} }7_, which constitutes a non-uniform
discretization of [0, T]. To this end, we introduce a temporal parameter At > 0, which eventually will be related
to Az in order to obtain an upper bound on the number of iterations needed, see (3.36).

We now show that the resulting sequence {75} is finite and constitutes a non-uniform discretization of [0, T,
with local mesh sizes

Aty =75 — Tr- (3.11)



A NUMERICAL VIEW ON «a-DISSIPATIVE SOLUTIONS OF THE HS EQUATION 589

Algorithm 1 . Extraction of the finite time sequence {7} }.

Let 76 =0, m =0 and k = 0.
if 741 > T then let 7;,; =T and stop.
if Fi2 — 7o < At and 742 < T then
Let 74, = max {7 : 7y <7; <min{r; + At,T}} = Tyt
j>m+2

m—m+ 1.

k—k+1.
if 77 =T then stop.
else

T];k+1:7ﬁm+1.
m+— m + 1.
k—k-+1.

Proposition 3.3. The sequence {7}, extracted according to Algorithm 1, has N + 1 elements and

N <2 <ATt + 1) : (3.12)

Proof. Suppose that the strictly increasing sequence {7;'}, which is bounded from above by T, is not finite. Pick
k € No, then there exists m € Ng such that 77 = 7, < 741 < 737, and one of the following scenarios plays
out:

— If 77,1 = Tyny1, which is only possible if 7,12 — 77 > At, then
Thio = Th = Tmy2 — Tp > At

- Ifr; 1= Tm+1 for { > 2, which is only possible if 7,40 — 7 < At, then the maximum in Algorithm 1 ensures
that
T;+2 — Th 2 Tmtit1 — T > At

Thus, for any N € Ny we have
N—2 N—2 N-—2 N—2
(N —1)At = ZAt<Z (hya—78) =D Atgyr+ Y Aty <2T,
k=0 k=0 k=0 k=0

which is impossible for T' > 0 and At > 0 fixed. As a consequence, the sequence {7} } has at most N +1 elements
and
Thyo — Tp > At, for k € {0,...,N — 3}, (3.13)

which implies that (N — 2)At < 2T. O
With the help of the sequence {77}, we can approximate the solution to (2.3) on (7}, 7} +1) by using an
iteration scheme, where the number of iterations needed is related to the accuracy of the approximation, and

hence dependent on the choice of At and Az.
This iteration scheme is defined inductively as follows. Assume that the sequence {X; 41 e }jez

has already been computed for ¢ € [0,7}] and introduce the sequence {X;L+l 5(t)}jez’neN =
3

{(<;+%,§7 UJZ’%,&’ Vjﬁ%,&’ Hj’.ﬂr%{)(t)}jez’neN for t € (777, 75 41], whose time evolution is governed by
et = U;L:;,gt) (3.14a)
UMY () = 51/;":1 (), (3.14b)
VIR = (L= B OX sz, 5ry D) Vi (), (3.14c)
H;fZ ) =0, (3.14d)
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with X" +1£( ):Xj+%§(7;€“) for all n > 0, where
2 ’

]1.% (t) =0, (3.15)

and for n > 1,

{Ov Tj+i ¢ (Tl;k?TI:Jrl] )
o (ZU;L(TEH)) v T+l € (77 Tl

A closer look at the above system reveals that it depends on the sequence {y;””(r,: +1)}jez, which can, keeping

(2.3) in mind, be computed from {X"

(3.14).
For k € {0,..., N — 1} introduce the set Z, 1 C Z by

Brii(t) = (3.16)

i 5}JEZ- This will be discussed in depth after examining how to solve

Tpyy o= {jGZ:Tj+%€(T,:,TE+1]}. (3.17)

If j ¢ ;.1 and t € [77, 7;;,], then the solution to (3.14) is given by

Cjn:lg() §j+§,5(7'k)+U+ elm)t—m)+ V+ ,5(%)(75—7'1:)2,
U"flg(t) =Ujp1e(m)+ §Vj+%,g () (= 7%),
VI () = Ve (7). (3.19)

This will also be the solution when j € Ik+% prior to wave breaking, i.e., for ¢ € [}, fj+%). In addition,

n+1 _ n+1 _ n+1 n+1 o
tTlim1CJ+2’§() Cm@( ;)f 1 and tTlim Ut () = U, 2,5( )70, (3.19)

since C”H 5( ) and U ntl 5(t) are continuous with respect to time. Therefore the solution past wave breaking

can also be computed usmg (3.14), which yields

Cn+1 (t) = Jr%VH_%,E( )( T;)Z, TSt < Ty,
+1,
145 (L= (1)) Viepe (7 (t - Ty+%)27 Te <Tjiry =1
U (1) = Ujrie (Tg)+§Vj+%,g () (t—=7%), TR SU<TipL,
shas LU= a () () Virg e ) (=703 ) 7 <74y <1,
I+ee (1 (y? (Tee))) Viese (M0) s 70 <7y <t

Finally, to proceed from one iterate to another, i.e., from {X;jjg(t)}jez to {X;:fé(t)}jez,
2 3
one has to compute {y”H(T}gH)}jeZ from the sequence {X;l:;g(t)}je% Since {X;”l(t)}jez =

{(C?H, U;H'l, Vj"H, H}LH)( )}jez is an approximation of the exact solution to (2.3) and (2.4), its asymptotic

behavior as j — +oo should change in accordance with the asymptotic behavior of (2.3).
Motivated by (2.3) and (3.14) it immediately follows that

HPH(t) = Hy(mih) = H;(0),
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while the computation of the remaining sequences is a bit more involved.
Introduce the abbreviation fioo(t) = limj_ 1o f5(t). Then (2.3¢) implies

VrEN ) =0  for all t € [, i 4], (3.21)

which after being combined with (3.18) and (3.20), results in the following recursive formula for any ¢ € [/, 77, ],

j—1
VI8 = Y Vit (0 Emgn = &) = VRO + VL) (& — §-1)
= VJ (TI:) - Z ﬁ;ll—:_l% (t)X{s:SZTm+%>T,:}(t)vm+%,§ (Tl;k) (gm-‘rl - fm) : (3'22)

In order to compute {Uf“(t)}jez for t € [r;, 7], we start by calculating its left asymptote. Combining
(2.3) and (3.14) implies

UE0) = Umoe (57) = 3Voo (70) (¢ = 77)

oo

1
+ Z Z ﬂ:::_l% (t)X{S:SZTer%>T,:}(t)Vm+ £ ( ) (§m+1 fm) (t - Tm+%> ) (323)

m=—0o0

and hence, we have for all j € Z and t € [, 7}, ],

j—1
Uptt) =t + Yy Ut () (Emrr = &) = U (0) + U7 (D& = §5-1)- (3.24)

Following the same procedure for {C;’H(t)}jez where t € [, 7], i.e., using (2.3) and (3.14) once more, yields

1
(VL) = Coo (T7) + U (1) (E = 775) — g Voo () (t = )
1 2
t5 D B ONszr, ot Vg ¢ () Gt = 6n) (= Tongy) + (329)

m=—0oo

oo

and for all j € Z and t € [/, 77, 1],

GHO=CHO S 0 e =GR 06 -G (626)
m=—0o0
At last, after using y”“(t) = C;-”l(t) + &, one recovers {y;’+1 t)}jez-
Having a closer look at the iteration given by (3.14)—(3.16) reveals that it suffices to compute {y™" (1;,1)}jez
in order to proceed from iterate n + 1 to iterate m + 2, meaning that we only need to use (3. 25) and (3.26)
once for every iterate. This reduces the computational compleXity substantially compared to the case where one
would compute {y”“( )}jez at each wave breaking time ¢ = 7, 1 for m € I, 1. However, this comes at the

cost of 1ntr0ducmg a local error, which we analyze in Section 4.2.

n+1(

Remark 3.4. If no wave breaking occurs in (75,7, ), the iteration scheme terminates after at most 2 iter-
ations. In particular, if no wave breaking takes place at 7,7, which is only possible if 77, = T, the scheme
terminates with n = 1, and if 77, = Tird for some j € Z, then n = 2. Furthermore, the iteration scheme is
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redundant in the latter case as {X 5( )} for t € [1}}, 7, ;) coincides for all n € N with the unique solution
(X 1p e} 10

1 *
Ciadae®) =Ujp1 (), Ujppe(t) = §Vj+%7g(t)a Vigre() = Vi1 (1), (3:27)

with initial data {X i+1.6(7)}jez- Hence, we have X;(t) = )A(j”(t) for all t € [}, 777, ). Since {(y},U}') }jez is
continuous with respect to time, one can thereafter compute

Vitse (T0), 7% Tty

Vo () = ' (3.28)
b (k) {(1 — a0y (74) Vg (7). 7 € g,

Numerically, we therefore evolve according to (3.27) and (3.28) whenever no wave breaking occurs within
(T4, Try1), because this is slightly more efficient as we only have to compute {y;(7;;, )} once. Moreover, no local
error is introduced.

The last issue we have to address is the stopping of the iteration scheme. To this end, let />° denote the usual
sequence space equipped with the norm

[{a;}jezlle= := sup|a;|.
JEZL

Closely inspecting (3.20) reveals that the difference between two successive elements in the iteration scheme
depends heavily on H{y”“(ﬁc 1)} = {y} (775, 1) }Hlese, which serves as a basis for determining a limiting criteria
for the number of iterations needed.

Proposition 3.5. Assume 7 = 7, and 77, = Ty for m € Ng and [ > 2. Then for every ¢ > 0 there is
some MF > 2 such that

{0} {0}, < o

tE[T;,T;Jrl]

Proof. Recall that {X;‘(Tg)} = {X;(7})} for all n > 1. Therefore, after combining (3.20) with (3.22)(3.26), it
holds, for ¢ € [r;7, 75, 1] and j € Z that

1 —y?<t>|=\<?+1<t>—<f<t>|S/ U5 (s) = Uf(s)] ds, (3.30a)

U (0 ~ S

V,Zii,g — Vi1 )‘ ds(€mt1 = &m)- (3.30b)
mEZ

Moreover, (3.18) and (3.20) yield, for n > 2,
0, ] ¢ Ik+%7

erflg() Vﬂr )= (@ (yf Y1) —a(yf (i) ‘ (3.31)
X‘/g—&-%,g (TI:) X{q:q27j+%>7',:}(t)a J € Ik—&-%
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By assumption there are (I — 1) > 1 distinct breaking times in (75,77, ) and by construction 77, ; — 7 < At.
Thus, we obtain for n > 2,

1 ° -
[y () = 7 )] ﬁ’mZ/ﬂ%wmw%wm
Tk

MmEZ
X X{q:qz'rm_'_% >TZ}(T)Vm+%,£ (TI:) drds (gm-‘rl - fm)
1

< glle'lloc Voo () A2 sup [{yj ()} = {y7 7 ()} o
SE[T, T
<yar sup |{yi o)} = {vf O] e s (3.32)

selTy Tk+1

where we introduced

1
Yar = §||o/||ooGooAt2, (3.33)

and used that the total energy Voo (f) is nonincreasing and bounded from above by Vi (0) = Fs(0) = G-
Furthermore, due to (3.15), we have

HORSHOL

42// Ay () Xz, 70 (Wi . 77) dr ds(Eman — )

mEZ
< gGOOAtQ. (3.34)
Thus, it follows by (3.32) and (3.34), that for n > 1
1 n
sup  [{y7 ()} = {yf (Ol < SGoc AR (3.35)
8

tG[T;;,T,:_H]

Provided that we choose At small enough, we can ensure that ya: < 1. As a consequence, the right side of
(3.35) can be made arbitrarily small by choosing n large enough. Thus, to every € > 0, there exists an integer
n = MF — 1 such that (3.35) is less than or equal to . O
Finally, we can put an upper bound on the maximum number of iterations needed. Enforcing from now on
that At satisfies the upper bound
S8Ax
At < 4| ——— 3.36

yields ya; < Az and (3.35) turns into

sup {0} = {yf ()}l <

el 4]

Goo A2 Az (3.37)

| =

for all n > 1. Choosing n = 2 corresponds to carrying out at most 3 iterations, cf. Proposition 3.5 and introduces
an error of order O(Az?). Therefore, we define, for ¢ € (77, Ti 1), the sequence {X(t)} ez as

k k k k k
X (4)) :{XMirt} :{(M-t UM-t VM M) t} , 3.38
(X @Ohez = {0} S0 (3.39)
which satisfies (3.29) with ¢ = %GOOAtQAx, and where, taking into account Remark 3.4 and Proposition 3.5,

L, if [TI:)T] C [%m’%m-‘rl)a
Mfct =42 if [T]:,T,:+1] = [Tims Tm+1],
2 or 3, otherwise.
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Finally, we can recover the numerical Lagrangian solution
XAr(tvf) - (yArv Uaz, VAIaHAﬂﬂ)(t7£) for (t,%) € [O7T] xR

by linear interpolation based on {X,;(¢)}jez = {Xaz(t,€;)}jez. In symbolic notation, we represent the whole
procedure via the numerical solution operator Sa,; defined by

Saz,t(Xaz(0)) == Xax(t). (3.39)

Remark 3.6. The iteration scheme (3.14)—(3.16) is chosen in such a way that Sa, + preserves Definition 2.2 (iii)
and that the breaking times given by 7a, are respected. As a consequence, one can follow the argument in
Lemma 2.3 of [11] to show that for any X € F<, which is piecewise linear with nodes located at {¢;};ez, one
has

Spet(X) € F¢ forallt € (0,7
Before examining the implementation of the mapping M, we consider an example illustrating the possible
computational benefit of evolving between successive times in {T;}kN:O, rather than evolving between successive

times in {7;};e7.

Example 3.7 (Cusp data). Consider the following initial data

1, r < -1,
u(@) =1 2], ~1<a<,
1, 1<z,
0, r< -1,
F(z) =4 4 (1+sen(@lal¥), -1<a<1,
%, 1<z,
0, r < -1,
alz) =4 Blz], —-1<x<0,
0, 0<x,

where 8 € [0,1). Computing u,(x) for € (—1,0) reveals that the exact solution experiences wave breaking
continuously over the time interval [0, 3].

Let ; = —1 + jAz denote a uniform discretization of [—1,1] with Az = 107* for k € N. Then there are
10* grid cells covering [—1,0]. Furthermore, u is strictly decreasing on [—1,0), implying that Duy; < 0 for all
j€{0,1,...,5- 101 — 1}. Consequently, it follows, after differentiating (3.1) and using the nonnegativity of
goj, that at least 5 - 10%~! linear segments on [—1,0] have negative slope. However, if we can show that

2(DU2j)2 > DFaC72j

holds, this will imply that Dus; 4+ g2; < 0, and as a consequence, all the 10* linear segments of ua, over [—1,0]
have negative slope. Indeed, we have

1

2 2
Dug; = AL (|952j+2|3 - |$2j|3)

1 1 1 1 1
= 9As (|932j+2|3 - |$2j|3) (|x2j+2|3 + |932j|3) :

2 1 1
DFaepj = 57— (|xzj|3 - |$23‘+2|3) )



A NUMERICAL VIEW ON «a-DISSIPATIVE SOLUTIONS OF THE HS EQUATION 595

and moreover, 2Ax = ;19 — Ta; = (|x2j\%)3 - (|x2j+2\%)3, which combined with a® —b® = (a —b)(a® + ab+b?)
yields

1 1 2 1 1 2
Dz L (lﬂf2j+2|3 - |$2j|3> (\$2j+2|3 + |x2j\3)
(Dug;)”™ = n T 2 1 T 2
(|$2j|3 - \$2j+2|3) <|$2j\3 + |z25]3 w25 42]5 + \$2j+2|3)
1 1 1 1 2
.- (|902j|3 - \$2j+2|3) <|x2j+2\3 + |902j|3)

Az (|$2j|% + 2|53 |maj42]5 + |x2j+2|%)

1 1 1 3
= @(Ixzﬂ?» — |@2j42]%) = 5 DFac2j > DFacp2;.

Assuming evenly distributed breaking times over [0, 3], yields the following approximate internal distance

between two successive breaking times
. . 3
Tj41 —T5 = lok :

Suppose we have equality in (3.36), then

3.
At = /21075,
B

which implies that each subinterval of [0, 3] of length At contains on average

_10FAt  10%

M
3

)

E

distinct breaking times. Consequently, the length of the sequence {7} }]k\’:o is roughly
3 k
N~ — =+/30610z=.
At p

When Az = 107 and 3 = ;—g, {#;}jes has length equal to approximately 10*, while N ~ 165. Furthermore,
At~ 1.78 1072 and each interval [7};, 7/ ] contains on average around 59 distinct breaking times. Numerical
simulations conducted in Section 5 support these observations.

3.2.8. Implementation of M

Finally, to recover the numerical solution in Eulerian coordinates we apply the mapping M from Definition 2.4
to Xa(t), ie.,
(quu KAz, I/A:L’) (t) =M (XAZL’(t)) .

As the components of Xa,(t) are continuous and piecewise linear, ua,(¢) will be continuous and piecewise linear,
while Fa,(t) and Gay(t) are increasing, piecewise linear and left-continuous, with Fa,(t) # Gay(t) for ¢ > 0in
general. Furthermore, the nodes of (uag, Fag, Gaz)(t) are located at the points {yas(¢,&)}iez = {yj(t)}iez-
Thus, in principle, applying M amounts to applying a piecewise linear reconstruction based on the Eulerian
gridpoints {y;(t)};jez. For details about this reconstruction, the interested reader is referred to Section 3.2.4 of
[3].

To summarize, we define the numerical solution as follows.

Definition 3.8. For any (ug, 0, v0) € D§, the numerical a-dissipative solution at time ¢t € [0, 7] is given by

(UAzs Az, VAaz)(t) = Taz,t © Pag ((uo, po, 10))
= M 0 Saz,t 0 L o Pag ((uo, pto, o)) -
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4. CONVERGENCE OF THE NUMERICAL METHOD

In order to prove convergence of the presented numerical method, we will follow the same steps as in the last
section. That is, we will start by showing that convergence of the initial data in FEulerian coordinates leads to
convergence initially in Lagrangian coordinates. Thereafter, it is shown that the numerical solution converges
in Lagrangian coordinates for all ¢t € [0,7T], i.e., Xa,(t) — X(t) as Az — 0, before we establish that this
convergence carries over to Eulerian coordinates.

4.1. Convergence of the numerical initial data

We start this section by recalling the convergence results for the projection operator Pa, from [3]. Then we
proceed by showing that this implies convergence of the initial data in Lagrangian coordinates.
For Pa, the following result has been proven in Proposition 4.1 and Lemma 4.2 of [3].

Proposition 4.1. For any (u, i, v) € DY, let (uaz, Faz, Gag) = Paz (u, F,G)), then

v — uaz|loo < (1—|—\/§) \/mAx%, (4.1a
Ju = waalls < V3 (14 V2) VFrewAs, (4.1b
|F = Faglly < 2FsAxv, forp=1,2, (4.1c
|G — Gazllp < 2GAzr, forp=1,2. (4.1d

Moreover, it holds, as Ax — 0, that
Upz e — Uy in L*(R). (4.2)

The convergence in Proposition 4.1 is transported to Lagrangian coordinates via the mapping L, from Defi-
nition 2.3, in the following way.

Lemma 4.2. Given (u,p,v) € DY, let X = (y,U,V,H) = L((u,p,v)) and Xaz = Yaz, Uaz, Vag, Haz) =
Lo Pay ((u,p,v)), then we have

U = Unelloo < (1 + 2\/5) VFro Azt (4.3b)
Furthermore, as Az — 0,
Yace — ye  in L'(R) N L*(R), (4.4a)
Unsg — Ue in L*(R), (4.4D)
Hppe — He in LY(R) N L*(R). (4.4¢)

For a proof the interested reader is referred to Lemmas 4.4 and 4.5 of [3] and Section 5 of [8].
In order to obtain convergence with respect to the metric d from Definition 2.7, it remains to show the
following result.

Proposition 4.3. Given (u,p,v) € D§, let X = (y,U,V,H) = L((u, 1, v)) and Xae = (Yaz, Urz, Vaz, Haz) =
Lo Pay((u,p,v)), then, as Ax — 0,
01(Xar) = (X)) in L'(R) 0 L2(R), (452
92 (Xaz) — g2(X)  in L*(R), (
g3 (Xaz) — g3(X) in L3(R), (4.5¢
UnzHpaze — UHe in L*(R). (4.5d
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Proof. The proof of (4.5a), which we do not present here, is a slight modification of the one of Proposition 4.7
from [3], and relies on the following two inequalities, which hold for any o € W1H°°(RR, [0, 1)),

a(x)
/ 2(1—s)ds
«

(2)

< 2]lo |||z — 21,

|a(@)(2 - a(@)) —a(z)(2 - a(2))| <

and
a(z)(2 —alx)) < 1.

Next, recall g3(X) given by (2.9), and introduce

Qim = QU(X) N Qp(Xag), for k,m e {c,d}. (4.6)
Then, it follows that
l95() - ga(Xeaa) I = o [ VLU, (4.7)
o'l [ U dg (4.7h)
I [ U~ UsiUsne(€)de. (4.70)

The two terms (4.7a) and (4.7b) have a similar structure and thus we only derive an estimate for (4.7a).
Combining (2.1b) and (4.1a) yields

1aslloo < lluselloc < ullow + ltae = oo < Julloo + (14 V2) v/ Facoc VA2, (4.8)

Furthermore, Ug(£) > 0, while Uaz.¢(€) < 0 for all £ € Q. 4 and hence

/ U2, 0%, ¢(6)d€ < [Unall% / (Unre — Ue)*(€) de
Qe.d Qe

< UnelZolUnze — Uell3- (4.9)

For the term (4.7c¢), we use (a + b)? < 2(a® + b?) for any a,b € R. In particular, choosing a = U(Ug — Uay¢)
and b = Upz,¢(U — Uag) we have

/ UV~ UnsUare (a6 <2 [ UV~ Unne)(6) de
Qa.q Qq,q

+2 / Uz e (U = Una)®(€) d
Qa.q
<2|U |2 1Us = Unw el + 2Fs||U — Unall%, (4.10)

where we in the last step used that Definition 2.2 (iii) and 0 < yag¢ < 1, which holds by Definition 2.3, imply
| V@< [aneVan@ de < P
Qq,a R

Combining (4.9) and (4.10) with Lemma 4.2 finishes the proof of (4.5¢c). Next, observe that Hoo = Hag 00, and
(4.5b) is therefore an immediate consequence of the above estimates.
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In order to prove (4.5d), we combine Lemma 4.2 with 0 < Ha ¢ < 1, which holds by Definition 2.3, and

/ (UH: — UnyHase)? (€) dé < 2 / UP(He — Hane)(€) de
R R
2 / H2 (U — Una)?(€) de.
R

O

After combining Definition 2.7, Lemmas 4.2 and 4.3 we end up with the following result, which establishes
the convergence of the numerical initial data in Lagrangian coordinates.

Corollary 4.4. Given (u,p,v) € DF, let X = (y,U,V,H) = L((u, p,v)) and Xae = (Yaz, Unz, Vaz, Haz) =
Lo Pay((u, p,v)), then
d(X,Xrz) —0 as Az —0.

4.2. Convergence in Lagrangian coordinates

The aim of this section is to prove that Xa,(¢t) — X (t) as Az — 0 for all ¢ € [0,T]. Unlike the situation in
[3] where « is a constant, and as highlighted in Section 3.2.2, we have to approximate the operator S; by the
numerical solution operator Sa;,:. In particular, Sa;; involves an iteration scheme, which stops after a finite
number of iterations, and is based on approximating the amount of energy to be removed at wave breaking. A
consequence of these two inaccuracies is that Theorem 2.8 is not sufficient for establishing convergence.

To compare X (t) = Sy(X) and Xaz(t) = Saz,(Xaz), where Sy and Sa,, are defined in Definition 2.5 and
(3.39), respectively, introduce

Xaa(t) == Si(Xaz).
By the triangle inequality and Theorem 2.8, we then obtain

A(X (1), Xan(t)) < d (X(t), X’M(t)) +d ()?M(t), Xm(t))

< C)ePDH(X, Xp,) +d ()?Al.(t), XAI(t)) . (4.11)

Corollary 4.4 implies that the first term on the right-hand side tends to 0 as Axz — 0. For the second term,
on the other hand, no analogue to Theorem 2.8 is available. However, we can take advantage of the fact that
Xaz(t) and Xa,(t) share the same initial data, which by (2.4) and Remark 3.6 imply 7a, = Ta,. This allows
us to replace d by a much simpler function ds, which is inspired by Section 3 of [13] and which allows us to
argue inductively with respect to the sequence {Tg}kN:O as we will see.

For any (X, X) € F* x F* with 7 = 7, which in turn implies Q;(X) = Q;(X) for j € {¢,d}, define

Ve - V| (©), £ € 0.(X),
90X, X)(€) 1= | Ve = Ve| (€) + o'l oc min (Ve(©), V(©)) (4.12)
< (ly=31©) +|v-0|©), € € Qu(X),
and let
ds(X, %) = lly = s + [0 = 0|+ llve = dell, + |06 = T+ [[o0x. %)) - (4.13)

To begin with, we establish a connection between d and dg; which forms the basis for the remainder of this
section.
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Lemma 4.5. Let X = Lo Pa,((u,p,v)) € F&°O for some (u, p,v) € D§. Moreover, assume that Az < 1 and
let Xng(t) = Sp(X) and Xaq(t) = Sawt(X) fort € [0,T]. Then

@ (Xan(t), Xau(®) < Coy (Raalt), Xaa(1)) (4.14)
where
Co =2+ |0/ ]| <|u||oo + (2 +V2+ e%T) VG + (1 + iT) Goo). (4.15)

Proof. To ease the readability we drop the subindex Azx.
Since X(0) = X = X(0), it follows by (2.4) and (3.7) that 7 = 7, and hence QJ()A((t)) = Q;(X(t)) for
j € {¢,d}. Thus, by (2.6) and (4.12) we have
() ~ an(XW)©)] =9 (W), X(1) (©)  for ¢ € 2u(X(1)),

whereas for £ € Q4(X(¢)) it holds that

(R 0)©) — 1 (XH)E)] < [(1 = a @t.) (Ve = Ve) (€)]

+la (¥t ) — aly(t, §))| Ve(t, §)
< Ve = V| (1:6) + 10l Vet )17 - w1 (1,€).

Note that one can argue similarly with the roles of X () and X (t) reversed, and hence

(X 0)©) — (XM <9 (X, XWD) () for € € Qu(X(1)).
Thus, one obtains
1) — a1 (X0 +17e®) ~ v @),
(1, X)), + 1) = @l
Furthermore, by (2.8) and Gos = Hoo(t) = Hoo(t) for all ¢ € [0, T, we have

92X (®) = g2(X(1))|, < N0l Goe | Tet) = Uet)]

and, by (2.9),

s (0) = gs(x )] < el [Tet)], [T0) - vt)|

+ 1ol U)o | T (8) = Te(®)] - (4.16)

o0

Moreover, since ﬁg(t) = H¢(t) = H¢(0) and 0 < H¢(0) < 1, we immediately obtain
o'l || T e (t) = UHE®)|, < 0l 1 He O, ||T(8) - U 0)]|

< Jlo’ VG | T 1)

‘ ‘ ’
o0

and by Definition 2.7, we end up with

4 (R0, X0) < (24 ]0/llse (VO + G + [Te®)], + 10D 1) ) o (X(0), X(0))
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It remains to bound ||T7'§(t)||2 and ||U(t)||oo. Following the proof of (2.15) from [11], we find, as )/(:(0) e FOO,

(7 + He) (1.) < €5 (3e(0.) + He(0,9)) = €, (4.17)

which together with Definition 2.2 (iii) implies

||, < ¥ V. (4.18)

To estimate ||U ()|« for any t € [7}}, 7, ], recall that X () is defined as the linear interpolant of {X(t)} ez =
{XJMit (t)}jez, cf. (3.39), which combined with Definition 2.1 (ii), (3.14), (3.24), (4.8), and induction implies

t

U <V O+ [ Valo)ds

.
Tk

< U (r, )] + Voo () (2 = 71)
< U(0,6)] + Ve (O)1

< lullo + (1+\/§) \/Gw&+iawr (4.19)

Up to this point, we have shown for any ¢ € [0,7T], cf. (4.11) and Lemma 4.5, that
(X (), Xaa(t) < COPD'A(X, Xag) + Cody (Xaalt), Xau(®))
with the first term tending to 0 as Az — 0. Hence it remains to prove
d, ()?M(t), XM(t)) 0 as Az — 0. (4.20)

To this end, note that for t = 7, + h € [r};, 77/, ], we can apply the triangle inequality and write

s (Xau(t). Xae) < ds ($1(Xaa(ri). S (Xaw (7))
+du (S (X (7))  Saen (X (7)) (421)

Here the first term on the right-hand side measures how the error between Xa, (1) and Xaz(7}) evolves with
respect to time, while the second term measures the error introduced by terminating the iteration scheme after
finitely many iterations and approximating the amount of energy to be removed.

Remark 4.6. As observed in Section 3 of [13], g(X,X ) does not satisfy the triangle inequality in general,
due to the minimum appearing in (4.12). However, if we are given X, X, and X such that 7 = 7 = 7 and
Ve(&) = Ve(§) for all £ € Q4(X), then

9(X, X) < 9(X, X) + g(X, X),
which implies (4.21).

The two terms on the right-hand side of (4.21) are analyzed separately, and we start by deriving an estimate
for the first term which allows us to apply Gronwall’s inequality.
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Lemma 4.7. Let X = Lo Pa,((u,p,v)) € F&° for some (u,p,v) € D§ and recall that )/(\'Az(t) = S¢(X).
Moreover, introduce Xaz(t) = Sp(Xaz(77)) fort =7 +h, with 0 < h < Aty and Xaz(75) = Saz,r; (X). Then

dy ()?M (1), X’M(t)) <d, (X’M (7)) X pa (T;;)) A / t d, ()?M(r), XM(T)) dr,

Tk

where

1 1
A=1+ (1 T 1ol + T) VG + [0 (1 T 2T) Co.

2

Proof. ToA ease the readability we drop the subindex Az. R 3
Since X (0) = X = X(0), it follows that ¥ = 7 = 7, which in turn implies Q;(X (¢)) = Q;(X(¢)) for j € {¢,d}

~

and t € [1}}, 7/, ,]. As a consequence, g(X(t), X(t)) is well-defined and

[ - e, < o (%050}, u

It therefore follows from (2.3) that
156) = 50l + 1e(®) — el + | Tet) - Te®)]

<) = 57l + 1 () = e ()l + || T (72) = T ()

2

+ [ (10 =00+ o -0, + 5 o (69 x6) )

*
k

= 177) =y ()l + 11 () = v (7)1l + || T (72) = Ue (7).

+ /Tt (Hff(s) ~0s)|_+ [[Tets) - e, + 5 ]Jo () %)) )D ds.  (4.23)

*
k

Furthermore, (2.3b) implies

ol e

Since ‘75(5,5) — Ve(s,€) = 0 for all £ € Q.(0) UQqy(t) and, by Corollary 2.4 of [11]

meas(Q4(0) N Q(t)) < <1 + it2> Goo < <1 + ;)2 G oo, (4.25)

we have, by the Cauchy—Schwarz inequality and (4.22),

[t - 79|, < (14 57) v o (0. 59) . (4.26)
and hence
low-ow|_ <o -ven)|_
+i (1 + 2T> \/@/j g (fc(s),fc(s)) H2 ds. (4.27)




602 T. CHRISTIANSEN AND K. GRUNERT

~

Finally we can turn our attention towards g(X (t), X (t)), which is decreasing across wave breaking times, see
Proposition 3.1 of [13]. Let Q;(t) = Q;(X(¢)) for j € {c,d}. There are three scenarios to consider: If £ € Q.(7}),

then
g (X0, X®) © =9 (L), X @) ©,
while for £ € Qq(7) N Q.(t) we have, by (2.3), Ag(T]j) = Ve(73), and by (4.12),

7,€) = @ (§(7(€), ) Ve (71, )|

*

k

909 - 362,01+ [ 06,6 -00s.9) d5>

<9 (%) X () (©) + o' |Ve (77.6) |

t
e
k

‘(7(8) - ﬁ(s)H ds.

Using (4.24) and (4.26) leads to the following estimate when & € Qq(75) N Qq(t)
g (X, X0) © <9 (), X @) ©
#lo'lTe 8) [ (06 - 06|+ [Fe - s, ) as
<o (R ) X 00) © + 'l Ve 02.8) [ 06 - 009 as

1 1 .
1 (1457 Il Vo 2. |

t

g(f((s),f((s)H2 ds.

*
k

As a consequence,

lo (20, %®)|, < |lo (X @) x|, + o/l VG /

1 1 k
|14+ -=T N oo Goo
(1 aT) Il |

since max(Ve(s, ), Ve(s,§)) < Ve(§) < 1 for all £ € R. Combining (4.23), (4.27), and (4.28) finishes the
proof. (Il

‘ﬁ(s) - ﬁ(s)H ds

oo

)g ()A((s),f((s))H2 ds, (4.28)

After applying Gronwall’s inequality to Lemma 4.7, we end up with the following estimate.

Corollary 4.8. Let X = Lo Pay((u,p,v)) € F&° for some (u,pu,v) € DY and recall that Xan(t) = S(X).
Moreover, introduce Xa.(t) = Sp(Xax(7f)) fort =10 +h, with 0 < h < Aty and Xa.(7];) = Saz-; (X). Then

d, (XM (17 + h), Kan (77 + h)) < M, ()?M (17) s X (T,:)) :

where

1 1
A=1+ (1 + lo/ |0 + 2T> VGoo + 10| 0 (1 + 2T) Goo-
Looking back at (4.21) and using the notation from Corollary 4.8, we have, for any t € [7}}, 75, ],
ds (XAx(t)aXAw(t)) < ds (XAac(t%XAx(t)) + ds (XAx(t)aXAx(t))

< M=) g ()?M (11) s X Aa (r,:‘)) +d, (Xm(t), Xm(t)) )
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and hence by induction, since XA@ (0) = Xax(0),
dy (Raw(t), Xaa(t)) < €d, (£a0(0), Xar(0)) + dy (Sh (Xaw (7)) , Xaa (1))

k-1
+ Z M=) g, (Sat, (Xaz (7)) s Xaw (1741))
1=0

k—1
< et <ds (Sn (Xas (7)) . Xaw(0) + ) ds (San (Xaz (7)), Xas (Tz*+1))> - (429)
=0

Thus, in view of (4.20), it remains to show that the above sum tends to 0 as Az — 0, which amounts to
analyzing the aforementioned local errors introduced by the numerical solution operator Sa, ;. Since all the

terms in the above sum have the same structure, we focus on estimating the first one.

Lemma 4.9. Let X = Lo Pa,((u,p,v)) € F5° for some (u,pu,v) € D§ and Az < 1. Moreover, recall that
Xaz(t) = Sage(X) and introduce Xay(t) = Sp(Xag(m)) fort =75 + h with 0 < h < Aty,. If Aty > At, then

d, (XM (1), Xm(t)) =0, (4.30)
and if Aty < At, then

d, (Xm(t),xm(t)) < (1 + C) 1+7)? (1 n ||o/||m@) EININD

+QC~'S(1 +T)2\/meas(B;€)Atk, (4.31)
where
~ 1
G = o] <||u|oo +(1+v2) VG + 4GOOT> : (4.32)
and

Bk:{feR:T§<T(§)§Tf;+l}.

Proof. To simplify the notation we omit the subindex Az.
If Aty > At, then Remark 3.4 implies that X (t) = X(t) for all ¢ € [}, 77, ], from which (4.30) follows.
For At < At, we distinguish between two cases:

Case 1. If no wave breaking occurs in (75,7, ), then it follows, as in the case where At;, > At, that X(t) =

X(t) for all t € [r, 77, ,], hence dy(X(t), X (t)) = 0.
Case 2. If 7 = 7,, and 77| = Tyn4y for m € Ny and [ > 2, then

Xe(t,€) = Xe(t,€)  for all (¢,€) € [17, 7541 x Bi. (4.33)

Furthermore, X (¢) and X (t) are piecewise linear and continuous with nodes located at {¢;};cz for any
t € [1, T5y1] and we can therefore, recalling (3.38), associate to X (t) and X (t) the sequences {X;(t)};cz =

{X(t,&)}jez and {X;(t)}jez = {XJM‘]z (t)}jez = {XMiI2 (t,&;)}jez, respectively. Here M is chosen such that

sw {0} - {0} < genatan (139

tE[T;,T;+1]

k
and satisfies, see the discussion proceeding Proposition 3.5, 2 < M¥ < 3. Moreover, let {X JM “_l(t)}jez =
{XM;IZ—l(t’gj)}jez and recall (3.9).
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Using (2.3), (3.14), and (4.33) we find

19() = y(Dll oo < {7 O} = {y5 (D)}l

= /h |10 + )} = {U; (7 + )} as
0

IN

1 h s 00 ~ )
Z/o /0 Z "/3+%vf*‘@+%7£’(7k +7) (&1 — &) drds
j=—o0

IA

1 N )
8 Z Vj+%,g (Tk) X{m:7’§<7’m+% <‘r,;‘+1}(.7) (fjJrl - gj) h?

j=—o0

1
< gvm,oo () At At

1
gCoc At AL (4.35)

IN

Observe that for £ € By, N [£;,&j+1], it holds by (2.3) and (3.14)—(3.16) that

Vivs.() 0=/ E<Tirg
Viii () = Vi ((t) = ME—-1, - *
J+3a.€ J+3.€ (a<yjl (Tk-i-l))_a(yj (Tj+%))>vj+%,£(7—k)’ Tj+%§t.

~ k
Furthermore, (4.19) does not only hold for U(t), but also for U;(t) and U;w“_l(t) for any j € Z, which implies,
for all j € Z with 7,1 € (777, 7;7,4] that

- MFE_1
Ui(mjpn) —y; (chkﬂ)’ =

<.
+
M

Tl T,:Jrl
/ Uj(s) dsf/ U]Mi]:_l(s) ds

* *
k

k

<2 (||u||oo + (1 + \/5) VG + iGooT) Aty (4.36)

since Az < 1. Thus,

h
=
\
S
=
N

< [0y~ w3,
b
P>

j=—o0

IN

Viese (7 +5) = Vi ¢ (2 +9)| (€41 — &) ds

k

1 = 0. MFE-1, .
ZHO‘/HOO Z ‘yj(Tj+%) —y; " (Tk-&-l)‘X{m¢7§<7m+%ﬁ‘r,’§+1}(~7)

J=—0
X Vi1 e (M) (§1 = &) D
1 1
gl (o + (1 4+ V) VG + 16T ) Gt

1~
= ;GG AL, (4.37)

IN

IN

with C, defined in (4.32).
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Next, we focus on g(X(t), X(t)). To this end, let Q7 (t) = Q,,(X(t)) N [&;,&11] for m € {¢,d} and j € Z,
then

0, €€ 01N By,
o (#(r3)) = a (37 (7)) | Ve (2.), € € @) N B,

lo'lle (13t,6) = (6] + [0(t,6) — U (1.6 |
xVe (75,€) € Q).

g(X (), X(1)(¢) = (4.38)

This means that g(X(t), X(¢))(€) can have jumps across wave breaking times and is in general discontinuous
with respect to time. On the other hand, one has, using (4.35)—(4.37),

lo (X, x®)], < Ie’lloe (M50} = {530} + (T30} = (U0}, ) Vs
k_
e oo {7700 } = {7 (i) ] /meas(Bi)
< %||o/||oo (i + (Zg) GE Aty At + 26\ /meas(By) Aty (4.39)
where we used that 0 < VAJ;’E(T;:) < 1. As an immediate consequence,
- 1 rh -
[oeor-vew|, <5 [ o (i + 9. X +9)], as

< i”a’”m ( v és> GEARAL + O,y /meas(By) At
< i”a’”oo ( + C’S> GiTAtkAt + Csv/meas(By )T Aty (4.40)

which holds by (4.22), and, moreover,

I I SN

h
19 (t) — ye(B)]]2 < /O 1Ue(7; + 5) = Ue(7y + 5)|[2ds
< ina'nw (i + c> GET? At At + Cy\/meas(By) T2 Aty,. (4.41)

Combining (4.35), (4.37), and (4.39)—(4.41) proves the statement. O

Lemma 4.10. Let X = Lo Pa,((u,p,v)) € F5° for some (u,p,v) € D§ and Az < 1. Moreover, recall that
Xnz(t) = Sagt(X) fort =1+ he [T,:_‘,T,;‘H], then

k—1

ds (Sn (X (7)) Xaw(D) + Y ds (San (Xaw (7)), Xaw (1741))
=0

< (1 + és) (14+7)? (1 + ||Oé/||oo\/Goo> GooTAt
+2C,(1 4 T)*\/GooVTVAL,

where

Co = ol (lull+ (14 VE) V + 16T ).
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Proof. Introduce
K={l:At <At}
Then by Lemma 4.9 and the Cauchy—Schwarz inequality,

k—1

ds (Sh (XAz (Tl;k)) 7XAw(t)) + Z ds (SAtz (XA:L’ (Tl*)) » XAx (Tl*+1))
=0

< (1 + C*s) (1+7)? (1 + ||a’||oo\/Goo) GooAt Y Aty
lek
+2C, (1+1T) Z\/meas B)) Ay

lex

< (148) 0+ 1) (14 oo VG ) GocT A

+2C,(1+T)? Zmeab B)) ZAtlQ
lek lek

< (1 n c) (1+T)>2 (1 n ||o/||oo\/@) G TAt
+2C,(1 + T)%y/meas (Q24(0) N Q(T))VTVAL

< (1 + C*s) (1+1)2 (1 + ||o/||00\/@) GooTAL
+2C(1 4 T)*/GooVTVAL.

Here we used that B,, N B, = 0 for m # k and that Ul]igl B; = Q4(0) N Q(T) combined with (4.25). O

Remark 4.11. Let X = Lo Pa,((u, p,v)) € Fo¥ for some (u, y, v) € D. Combining (4.29), Lemma 4.10, and
(3.36) we conclude that

d, (S(X), Saes(X)) < O(AL?) = O(Aa?). (4.42)
Inspecting the proof of Lemmas 4.9 and 4.10 reveals that the leading error term is the second term in (4.39),
which relies on (4.36). However, the latter inequality contains no information about which local error, due to

approximating Sa,+ by S, is responsible for this leading order.
Pick j € Z such that Tj+1 € (7, 7541), then one has

- ME—1 -
yj(Tj%) —y; " (TI:+1)‘ < ’%‘ (Tj+%> —Yj (Tj+é)‘ + ’yj(7j+%) —Yj (T§+1)‘
k

ke —
| () = ()|

The first term is of order O(Az) by (4.35), whereas the third term is of order O(Az?) by (3.36) and (4.34). For
the second term, on the other hand, one obtains, due to (4.19),

) —y; (T;:—&-l)‘ < /T+ U;(s)| ds = O(At) = O (m) ,

it3

yj(Tj+

1
2
In other words, the dominating local error is introduced by delaying the computation of the a-values, i.e., we

compute them at 7,7, instead of 7,1

Recalling (3.36), we have thus shown the following result in this section.

Theorem 4.12. Given (u,u,v) € D§ and t € [0,T], let X = L((u, p,v)) and Xay = L o Pag((u, p,v)), then
d(X(t), Xaz(t) =d(Sy(X),Sazt(Xaz)) =0 as Az —0.
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4.3. Convergene in Eulerian coordinates

Finally, we can consider in what sense the mapping M from Definition 2.4 transports the convergence in
Theorem 4.12 into Eulerian coordinates.

Theorem 4.13. Given (ug, pto,v0) € D, introduce (u,u,v)(t) = Ti((uo, pto, o)) and (Uagz, Az, Vag)(t) =
Taz.t((uo, po,v0)) fort € [0,T]. Then as Az — 0, we have’

uns(t) — u(t) in L®(R), (4.43a)
Upz 2 (t) = uz(t) in L*(R), (4.43b)
vaz(t) = v(t), (4.43¢)
(Yaa ()4 (9p(Xax(t) d€) = (y(1)# (9,(X (1)) d¢), pe{1,2,3}. (4.43d)
Proof. Since Theorem 4.12 implies that ya,(t) — y(¢) in L®(R), Ua,(t) — U(t) in L*°(R) and Hay ¢(t) — He
in L*(R), one can prove (4.43a)—(4.43c) by following the proof of Theorem 4.12 from [3].
To prove (4.43d) for p = 1, pick any ¢ € C.(R). Then
[ 0001015 (02X ) = [ o (0)5 (02 (X)) )
= [ o0t ) (X@)(€) ds — [ Dlua(t. )on (Xasa ()(6) 0
~ [ 601, = $luaslt. ) (X (0)( ¢

+ /R P(Yax(t,€)) (91(X (1)) — 91(Xaz(?))) (§) dE. (4.44)

The fact that ya.(t) — y(t) in L°°(R) by Theorem 4.12 together with y —id € L (R), implies that ¢(ya(t,-))
has compact support for all Az < 1 and in particular that there exists a compact set K such that the support of
d(yaz(t,-)) is contained in K for all Az < 1. As a consequence, it follows by the dominated convergence theorem
that ¢(yaz(t)) — ¢(y(t)) in L2(R) as Ax — 0. Furthermore, from (2.6) it is apparent that g, (X (¢)) € L%(R).
Hence

/R(¢(y(t7£)) — 0(ya=(t,€))) 91(X(1))(E) dé“ < llo(w(®) = ¢(yax () l2llgr (X (@))]2,

and the first term on the right-hand side of (4.44) tends to 0 as Az — 0. Similarly, since g1 (Xa»(t)) — ¢1(X(¢))
in L2(R) by Theorem 4.12, we can apply the Cauchy—Schwarz inequality to the other term in (4.44) and thereby
establish (4.43d) for p = 1. The same argument can be used to show (4.43d) for p € {2, 3}. O

5. NUMERICAL RESULTS

We complement the previous section by investigating two numerical examples for T' = 3. The first example
displays a multipeakon solution, i.e., a solution for which the wave profile u(t, -) is piecewise linear for all ¢ > 0,
with three distinct breaking times contained within an interval of length %. Thus for coarse grids satisfying
At > %, a minimal time step is taken. This allows us to numerically examine how minimal time steps affect the
approximation accuracy.

Secondly, we continue our investigation of the cusp data from Example 3.7, for which an infinitesimal amount
of energy concentrates at each t € [0,3] for the exact solution. Here the sequence {r;}%_ extracted according
to Algorithm 1 really comes into play, as well as the fact that the number of iterates is uniformly bounded by
3, see Section 3.2.2, which combined reduce the computation time significantly.

'Here 7a, == 7 indicates that Jg¢dnae — [z #dn for all ¢ € Cy(R) = C(R) N L>°(R), whereas nag 1 means that
fR¢d77Az — fR ¢dn for all ¢ € C.(R).
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Example 5.1 (Multipeakon data). Consider the Cauchy problem (1.1) with

3, z <0,

33—z 0<ax <1,

2, 1<z<39
wlz) = B - Pa, Mz
duozdyozug@dx,

0, < A8
oy | BB Mcosum

755 (3612 — 441), ¥ < <5,

%, 5 < x.

The exact solution (u, F)(t) experiences wave breaking at 7y = 2, 75 = 10 and 73 = 22, and F(t) is discontinuous
at each wave breaking occurrence.

In Figure 2, we compare (uag, Faz) to (u, F) at t =0, 22, and 3, for Az = 107" and 10~*. As we approximate
(ug, Fo) by (uaz, Faz)(0), there is in general a difference in the sets of points for which wave breaking occurs and
the times for which it takes place. This leads to a discrepancy between Faz oo (%}) and Fu (%). Nevertheless, the
algorithm captures the wave breaking phenomena for this example well, as the right plot in Flgure 3 shows that
the wave breaking time 7 = %0 is just slightly delayed for the numerical solution with Az = 10~*. Additionally,
for comparison, we have also plotted the conservative (o« = 0) and dissipative (o = 1) solutions in Figure 2.
Observe that the dissipative solution is equal to a constant for ¢ > % since all its energy has been dissipated.

Figure 3 also displays the numerically computed approximation errors (two leftmost figures). A careful inspec-
tion of Figure 3 reveals that a jump in the approximation errors is located between Az = 5-10~2 and Az = 1072,
This is a consequence of the minimal time step being enforced, which influences the number of grid cells which
contribute to the local error. To be more precise, the numerical solution will have at least 3 and at most 9
distinct breaking times of which 3 coincide with 77, 72, and 73 and the remaining ones are attained at one grid

cell each. Since
At = 1.678V Az,

by (3.36), which implies that At > % whenever Az > 1.75 - 1072, the number of grid cells contributing to the
local error differs significantly for Az = 5-1072 and Az = 10~2.

Example 5.2 (Cusp data). Consider the initial data from Example 3.7 again. The exact solution is not available
for comparison, and to compensate, we compute a numerical solution with Az = 10~°, denoted (Uref, Frer), which
is used as a reference solution.

In Figure 4, (uaz, Fag) is compared to (uref, Fre) at t = 0, 3 5, and 3 for Az = 10~ L and 1074, where
we also have included the exact conservative (a = 0) and exact dissipative (a = 1) solutions at ¢t = 5 and
3 for comparison. The right snapshot in Figure 5 depicts the time evolution of the numerical total energy
FAgz.0o(t). Again, approximating (ug, Fo) by (vag, Faz)(0) introduces a difference in the sets of points for which
wave breaking occurs and the times for which it takes place. Nevertheless, the majority of {7;} (sequence of
distinct numerical breaking times) is concentrated inside the time interval [0,3]. On the other hand, Faz oo(t)
for Az = 107! remains constant for short amounts of time and then drops abruptly, creating a zig-zag pattern.
This behavior can be observed for any Fa, o0 (t) with Az > 0 and is a consequence of wave breaking occurring
continuously over [0, 3] for the exact solution, while it occurs discretely, i.e., at the distinct breaking times 7;
for the numerical solution.



A NUMERICAL VIEW ON «a-DISSIPATIVE SOLUTIONS OF THE HS EQUATION

3 4= upag | 3 =t a= 37
Y —
\ — s || e a=1
\Y — u
2 1 . 2 2 [
—~ \ -
Nad) \ o=
3 \ .ll‘llFlI".’Hu’* .......................... .‘ .....
1 \ W 1 1 I
\ e e
AY
0 \ 0 0
T T T T T T T T T T T T
0 2 4 6 0 2 4 6 0 2 4 6
3 4 Jr——— 3 | = g = e 3 4 1
/2 B RCEEEE a=1 I i
/ :
2 - o 2 - . 2 1 !
i 1
= / :
> / i
= / ] :
14 y, 1 4 S s
’ Faz ?J- i
/ !
’ Fae |} b ,'
0 = —_— 04 = = = & = = = = L} 0 e e s
T T T T T T T T T T T T
0 2 4 6 0 2 4 6 0 2 4 6

FIGURE 2. Comparison of u (top row, red dotted line) and F' (bottom row, red dotted line) with
unz (upper row) and Fa, (lower row) for Az = 10~! (dashed blue line) and Az = 10~* (solid
black line) for Example 5.1. The solutions are compared from left to right, at the times ¢t = 0,
20 “and 3. Moreover, also the conservative (o = 0, gray dashdotted) and dissipative (o = 1,

9
. . _ 20
gray dotted) solutions are displayed at t = %7 and 3.
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FIGURE 3. In the two leftmost figures, the errors sup,cjo g [[u(t) — vaz ()| and [Foo(3) —
Faz,00(3)| are plotted as functions of Az for Example 5.1, while the time evolution of the total
numerical energy Fa, o (t) for Az = 51071 (dashed blue) and Az = 10~* (solid black) is
compared with F.(t) (dotted red) in the right figure.
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FIGURE 4. A comparison of u,es (top row, red dotted line) and Fier (bottom row, red dotted
line) with that of ua, (top row) and Fa, (bottom row) for Az = 10! (blue dashed) and
Az = 10~* (black solid) for Example 5.2. The solutions are compared from left to right, at the
times t = 0, %, and 3, with 8 = %. Moreover, also the conservative (o = 0, gray dashdotted)
and dissipative (o = 1, gray dotted) solutions are displayed at ¢ = % and 3.
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FIGURE 5. The errors sup;c(g ) [[tret(t) — uaz(t)lloo and |Fref,00(3) — Faz,0(3)| are plotted
as functions of Az for Example 5.2 in the two left figures, while the time evolution of the
total numerical energy Fa, o (t) for Az = 1071 (dashed blue) and Az = 10~* (solid black) is
compared to Fref oo (t) (dotted red) in the right plot.

Figure 5 also depicts the numerically computed approximation errors, whereas Table 1 summarizes the
running times for 7 = 3 and Az = 1072, 1073, 1074, and 107°. These were computed using Python 3.8 on
a 2020 Macbook Pro with Apple M1 chip and an 8-core CPU. Here evolving with a minimal time step refers
to computing the solution using Taz, defined in Definition 3.8, while without minimal times steps means to
compute the solution exactly between all successive numerical breaking times {7; } jen as outlined in Remark 3.4.
One observes a substantial reduction in computation time for Az = 10~% and Az = 10~°, which can be explained
as follows: For Az = 10™%, the number of sorted distinct breaking times, with value less than or equal to T = 3,
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TABLE 1. Running times in seconds for Example 5.2 when evolving with and without minimal
time steps.

Az 1072 1073 1074 107°

With minimal 0.0110 0.2655 8.4128 264.8032
Without minimal ~ 0.0378 3.5321 367.4902 N/A

is about 10*, whilst the extracted subsequence {7} }ivzo has length 169, which is very close to the predicted value
in Example 3.7. At most three iterations and hence three numerical integrations are performed for each minimal
time step, which leads to around 500 numerical integrations in total, in contrast to 10* which are required when
evolving without minimal time steps. A similar analysis extends to Az = 107°, but we ran into memory issues
when trying to solve without minimal time steps.
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