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THE SOLUTION METHOD AND ITS ACCURACY FOR A NONLINEAR
TIMOSHENKO AXISYMMETRIC SHELL MODEL

JEMAL PERADZE! AND NIKOLOZ KACHAKHIDZE>*

Abstract. The boundary value problem of the axisymmetric displacement of a Timoshenko (cylin-
drical) shell in static regime was considered. From the given nonlinear system of ordinary differential
equations with respect to the displacement functions u, w and 1, using the Green functions, we obtain
an integro-differential equation for the function w. This equation, together with the Dirichlet boundary
condition, forms the boundary value problem. To obtain an approximate solution of the problem for w
we apply the method that includes the Galerkin method and the Jacobi—Cardano iteration. Obtained
values of w and of its error estimate are used for constructing the approximations for other displacement
functions u and v and for estimation of their errors. The results of the numerical experiment are given.
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1. INTRODUCTION

1.1. Some facts of the problem

The significance of the nonlinear system of the Timoshenko [26] shell equations lies in their importance from
both theoretical and engineering perspectives. This system is employed when the assumption that the normal
is perpendicular to the mid-surface after deformation is not met. In other words, the Timoshenko type shell in
contrast to the Kirchhoff-Love model takes into account the additional deformations associated with rotational
inertia.

Vorovich [33] added two tasks to the list of unsolved problems of the mathematical theory of shells:

(1) Construction of a mathematical theory of boundary value problems for shells of the type considered by
Timoshenko in which in addition to geometric nonlinearity, shear stresses are considered.
(2) Justification of approximation methods.

To date, these problems have persisted in various forms. The complexity associated with investigating Tim-
oshenko nonlinear equations becomes more apparent when comparing them to Kirchhoff-Love shell equations.
The classical Kirchhoff-Love [28] system involves a biharmonic term A2w with respect to the lateral deflection
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function, whereas the Timoshenko system exhibits a similar nonlinearity with term Aw. This distinction is
crucial. In the foundational studies by Vorovich [31,32] on static and dynamic Kirchhoff-Love problems, the
presence of A?w enabled the derivation of a priori estimates for the function w in the Sobolev space of functions
with square integrable second derivatives. These estimates form the basis for proving the existence of solutions
using the Faedo—Galerkin method and justifying certain numerical methods. For Timoshenko shell system, for
which the important term in getting estimates is Aw, obtaining a priori estimates is possible, but it is insuf-
ficient to prove the solvability of the system using the Faedo—Galerkin procedure and justify some numerical
methods. The method of a priori estimates in Timoshenko’s theory requires further exploration. However, using
the densifying operator theory and the principle of the compressed mapping in case of sufficiently small initial
data, the existence of a solution of some Timoshenko two-dimensional problems are shown in the papers of
Kharasova [11], Peradze [18] and Timergaliev [24]. Note that the researchers are also interested in equations of
Timoshenko beam, see Feng and Soufiane [7] paper and the publications cited there.

The authors propose that the examination of one-dimensional variants of the Timoshenko system, as presented
in this paper for the case of axially symmetric deformation, can enhance our understanding of the inherent
nonlinearity in nonlinear models. Furthermore, it may pave the way for investigating two-dimensional models.

The work is organized as follows. After setting the problem, using Green’s functions, v and 1 are expressed
through the function w. Thus, the system is reduced to an integro-differential equation of Kirchhoff type with
respect to function w. The method of approximate solution of the resulting boundary value problem is described.
The notion of error is introduced for function w and the errors of the component parts of the method are
estimated separately for the Galerkin method and for the Jacobi-Cardano iteration. The error is estimated
for function w in general. The obtained result is formulated in form of Theorem 4.4. The truncations and
approximations of functions u and v are constructed. The errors for functions v and ¢ are estimated using the
gotten error estimation for the function w. The result obtained is formulated as Theorem 6.1. A test example is
solved to verify the effectiveness of the proposed method. At the end, the description of the past solved problems
and planned future problem solutions is provided.

1.2. Statement of the problem

If in the Timoshenko system of equations for a shell, see [29,30], we preserve the terms with cubic nonlin-
earity and omit the variables ¢ and y, then we obtain a one-dimensional system of differential equations which
characterizes the axisymmetric displacement of a (cylindrical) shell in static regime. The system has the form

N' =0,
Q' + kN + (Nuw') + f =0, (1.1)
M —-Q=0,

where

Eh 1
N = <u'kw+2w'2>,

1 =2
Eh .
szgm@/f‘le), (1.2)
M = Dy

Applying (1.2) in conjunction with the expression

Eh3

D=——""_
12(1 — 12)’
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equation (1.1) can be reformulated as a system

— (k) + 5 (w?) =0,
Eh FEh 1
k ki /_k =2
050+ )(1/)4— " + 1_y2(u w—|—2w>
1.3)
Eh / 1 // _ (
+1—y2 ((u kw+2w >w +f=0,
h2

1 2 /
_ = 1.
( ” ki(¢¥ +w') =0, O<z<

Assume that the following boundary conditions are fulfilled

uw(0) =u(1) =0, w(0)=w(l)=0, ¢'(0)=19¢'(1)=0. (1.4)

In system (1.3) the longitudinal and transverse displacements, respectively, u, w, of the shell middle surface and
the angle of rotation v of the normal to the shell middle surface are the functions we want to define, the shell
curvature k and the force f are the given functions, v, E, h and kg are the given positive constants, 0 < v < 0.5
and F are respectively Poisson’s ratio and Young’s modulus, h is the thickness, kq is the lateral shear coefficient.

It’s noteworthy that the system (1.3) with £ = 0 can be derived from the Timoshenko plate system outlined
in the work of Lagnese and Lions [13].

1.3. Reformulation of the problem

Applying the first and third equations from (1.3) and considering the corresponding boundary conditions
outlined in (1.4), the functions u and ¢ can be represented in terms of the function w in the following manner

z) = / G, €)(~2k(E)w(€) + w(€)) de,
0

1 (1.5)
P(z) = ; Gy(, w'(§) dE,
where
G(l‘f): %(x_]-)v {E>§,
. %x, x <€,
sm\}{:f cosh\/o(x — 1) cosh /&, x> &, (1.6)
Culnt= __Ve cosh/oxcosh/o(§—1), =<
sinh /o ’ ’
6(1 —v)k3

Applying (1.5) and (1.6), the second equation of system (1.3) yields an integro-differential equation of Kirch-
hoff [12] static type with respect to w

1
B g )+ 1o | (k(f)w(f) ¥ ;w'z(o)d&(k(x) + ()

301 -w)ER
(14 v)hsinh /o

<smh\/5 @ | " cosh /7 € (€) dé
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+ sinh ﬁx/l cosh /o (£ — 1w’ (€) d{) + f(z) =0, 0<z<l1. (1.7)

x

Additionally, we augment the equation with the corresponding boundary condition
w(0) = w(1l) = 0. (1.8)

Consequently, the problem (1.3), (1.4) comes down to the problem (1.7), (1.8) for the function w. Upon
solving the last-mentioned problem, we build the functions w and 4 using explicit formulas (1.5).

2. ASSUMPTIONS

Suppose that for each i = 1,2,... the following integrals exist
1 1
fi= 4/ f@)siniredz, k= / k(x) sinirz dz,
0 0

2
the series Z?;(f'i) and Z;’il(ﬁ)Q converge and, also, k € C*(0,1).

T LT

Let us assume that the following inequality is fulfilled

1
e(l1-v) T

1
5 —— (2.1)
E + (hﬂ')2

max (71, 72) T2 <

where € is some value from the interval (0, 1), while 71 and 5 are defined by the formulas

() R -G

Assume that a solution of problem (1.7), (1.8) exists and can be expressed as a series
oo
w(z) = Z w; sinime, (2.3)
i=1

and the coefficients of this series satisfy the system of equations

1 . > . ki
k2 (him)? j=1

2(1 —v?)
———F——=fi=0 ,=1,2,.... 2.4
Bhir =0 1=L2 (24)
Notice that the i-th equation in system (2.4) is derived by substituting (2.3) into (1.7), multiplying the
resulting equation by sinimz, integrating over x from 0 to 1, and applying the formulas, see [6],

1 . .
.. . 0, =
/ siniresin jreder =< ;7 7 J,’
0 5, =1
axr

/e‘”” sinbx dx = (1267—&—172 (asinbx — bcosbx), (2.5)

axr

/e” cosbrdx = acos bx + bsin bz).

a2+b2(
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3. METHOD DESCRIPTION
We write an approximate solution of problem (1.7), (1.8) as follows

= anl sin imx. (3.1)
i=1

Here, the coefficients w,, ; are determined using the Galerkin method, see [15], solving the system of nonlinear
equations

. kl
2(1 —v) G0 mwnri—z dkjwy j + (JTWn, ;) )( 2m—|—z7rwm>
k2 (him)? j=1
2(1-v7) 2) .
- = —1,2.....n, 2
i fi=0, 1 n (3.2)

derived through the use of formulas (2.5), and can be considered as a system of nonlinear equations with respect
to imwp 4, 1 =1,2,...,n.
We solve system (3.2) using the Jacobi type iteration method, see [16],

1 m
2(1 —v) D) wrwa 1+1)
72 (him)?
—4k, m+1 (m+1) _|_ z": — 4k, (m) + (m) 2 _9 k; + (m+1)
w iTw,, ; W, j JTw, ; o= imTw,,
=1
i
2 1—v?
i =0, =0,1,. L =1,2,...,n, 3.3
"~ Fhir f " ’ " (3:3)
where wf:;) is the m-th iteration approximation of w, ;, ¢ =1,2,...,n, m =0,1,.

(m+1)

To implement iteration (3.3), it is necessary to solve a cubic equation for imw,, at the (m+1)-th iteration

step for each 4. This issue can be addressed using Cardano’s formula, see [8], expressing zww( mt1)

suitable to note that for the cubic equation

explicitly. It’s

vP+ay® + By +v =0, (3.4)

when the discriminant is positive, real root is given by

o a+ 5+ 82+7’3 3
y=73 2 27

[V
~—
w|

\
VR
N | »

+
7 N
N

+
1\3‘%
N w
~
SIS
~_—
|

w

ot

S—

where 2 2%’ ap
r_—?—i—ﬂ, —2—7—?—#7. (3.6)
Let us write (3.3) in form (3.4) as follows
(mw("““ )) ta (mw(””“ )) iy (mrw(m-&-l)) Yy =0, (3.7)
where

ki 1 kz 2

i 1 3 i
k2 + (him)?
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ki 2(1 — V2 n m

3= -2k % fi, 6 = Z<—4kng7j) + (]’NU;( )> ) (3.8)
i=1
J#i

Here and everywhere below where it is not specified, every formula should be understood to be true for all
i€{1,2,...,n}.
By analogy with (3.6) we introduce the values

a? 202 a;f3
i =——+0i, Ssi=—>— + Vs-
" g The si= o

Applying (3.8) we get

1 ki \ >
7‘1'51‘*2(1”)16(1—»4(') ’

im
k2 (him)? (3 9)
ks 1 2(1 — v?) '
Si:4(1_1/).7 - . fz
1 6(1—v)
s e + Thiny? Ehim
Bearing in mind (3.5), we can express the solution of equation (3.7) as
iwwflnzﬂ) % +0i1— 052, m=0,1,..., (3.10)

where

2 Nt
S; S5 ry\ 2
Oip = ((_1)1) + <4 + 27) ) , P = 1,2. (311)

The solution method for the considered problem (1.7), (1.8) should be interpreted as the computation per-

formed according to formula (3.10). With the values of wff;) fori=1,2,...,n, we then construct the approxi-
mate solution of problem (1.7), (1.8).

w™ (z Z w, ) sinina. (3.12)

The iteration method here is obtained by combining the Jacobi type iteration and the Cardano formula, so
we will call it the Jacobi-Cardano iteration.

Let’s make a small digression. The two-step numerical method described here for the solution of problem
(1.7), (1.8) is applied by Peradze [20] for the following boundary value problem

//// _ (a + ﬁ/ )w//($> = f(x), O<z<L, (3.13)
w(0) =w(L) =0, w"(0)=w"(L)=0,

where o and § are a given positive constants, f is a given function. Equation (3.13) is somewhat similar to
equation (1.7) and belongs to the class of Kirchhoff type equations. For f(x) = 0 it is a static variant of the
beam equation obtained by Woinowsky-Krieger [34].

Also note, that in the paper, see [35], the finite difference numerical method is used for the problem which is
a model of the propagation of axisymmetric longitudinal-bending waves in the cylindrical shell of Timoshenko
type. The numerical methods for the solution of equations for shells are discussed in the books authored by
Chapelle, Bathe [3] and Ventsel, Krauthammer [27].
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4. APPROXIMATION ERROR OF FUNCTION w

4.1. Definition of approximation error of function w

We can assess the accuracy of the approximate solution (3.12) by comparing it with the n-th truncation of
the exact solution (2.3)

PpW Z w; sin i, (4.1)

This implies that the approximation error of the function w is determined by the difference

prw(z) — wi™ (z). (4.2)
We express this as a sum
pow(z) —wl™ (z) = Aw, () + Aw™ (). (4.3)

Here, Aw, (z) represents the Galerkin method error, and Aw&m)(x) denotes the Jacobi-Cardano iteration error,
both of which are given as

Awy,(x) = ppw(z) — wp(z), Aw$¢>(x) = wyp(z) — w,(;”)(x). (4.4)

Our objective is to evaluate the L?(0, 1)-norm of p,w — wi™ . To achieve this, we need to estimate the errors

associated with both the Galerkin method and the Jacobi—Cardano iteration.

4.2. Error estimate of Galerkin method

Expanding Aw,, into a series, considering (4.4), (4.1), and (3.1), we express it as

Awy,(x Z Awy, ;sinine, (4.5)
=1
where
Awy ;= w; — Wy ;. (4.6)
From (4.5) we have
1
d Awy, (z) < lzn:(m)zlmu? Al 1=0,1 (4.7)
dat T 201  \ 21 m o .
B =1

We will revisit (4.7) later; for now, let’s rewrite equation (2.4) in the form

1 , & .
2(1-v) T ey Wi + Z(—4kjwj + (]ﬂ"LUj)Q)
w2 1 him? j=1
k; 2(1 — v?)
4k, ) (=22 irw, ) - 22 g 0,
+ j;l jw; + (jrw;)?) ( — timw ) i f

Subtracting equation (3.2) from this relation and taking (4.6) into consideration together with the equality

ab — cd = %((a —co)(b+d)+ (a+c)(b—d)),
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we obtain the equation for the error

1 - kj . .
2(1 —v) ) iTAwWy, ; 5 Z<4 —;T + jm(w; + wnyj))]wAwn,j
2T Gany? PR
( 42 4ir (w; + wp; > + Z(f4kj(wj +wy ;) + (]ﬂ)Q(wf + wa’j))iWAwnJ
j=1
+ Z —dkjw; + (jmw;)?) —QE-FZ'T(‘U)‘ =0
i+ J in i :
j=n+1
Multiply this equation by imAw, ; and sum the obtained expression over i = 1,2,...,n. The result will be
as follows
n 1 n
2(1—1/)2 0 )(mAwnl <22k w; + wp,;) ZmAwnl
i=1 %2 + (him)? j=1 i=1
[e’e} k. 2 2 e o] 2 [e’e}
ol X (2)) [ X Gmer] + X Gy
Jj=n-+1 J j=n+1 Jj=n-+1

2(21 )) ( 1(z7rwi)2> <§(iﬂAwn’i)2> . (4.8)

Now, let’s assess the right-hand side of inequality (4.8). For this, we have to obtain a priori estimates for the
coefficients from expansions (2.3) and (3.1).

Lemma 4.1. The estimate

(Z(iﬂwi)2> <m (4.9)

i=1
1s valid.

Proof. Multiplying equation (2.4) by imw; and summing the resulting equality over i = 1,2,..., we obtain

0 %) 2 0o 2
2(1-v) Z 6(1 7 wai)2+8<2kiwi> + (Z(iwwi)2>

+ Ty i=1 i=1
:6ik-w i(mw) +Mif-w-.
i=1 o i=1 ' Eh i=1 o
Therefore
. . —v
201 -v) Y Ty imw)? + 5 (Z(mwﬁ) < 4(2 kw) s I
i=1 %2 + Thim? i=1 i=1 i=1
o] 2 oo ] 2\ 2 [e%e] 2
kz 2 2(1 B V2) fz
<4y (= Ji
< ;( w) Zz_;(mwt) + Th 2.\ Zz;(m'wl)

By virtue of (2.1) and (2.2) we conclude that (4.9) is valid. O
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Similar to the above reasoning, using equation (3.2) and also (2.1), (2.2) and manipulating the finite sums,
we obtain

Lemma 4.2. The inequality

(Z(iﬂ-wn,i)2> S T1,n, (410)

i=1

= (U (S(E)) < a

where

1s satisfied.

Lemma 4.3. The relation

<i_§;1(i”wi)2> % <|a (él <Z>2> ' +e (g; (j:T)z) : 3, (4.12)

(4.13)

where

holds.

Proof. We multiply equation (2.4) by imw; and sum the obtained equality over i =n+1,n+2,.... As a result
of simple transformations we find that

o0

2(1—v) Z 1;6(171/)(2%1”1')2 74ijwj Z (imw;)? + ( Z (imul-)2>

i=n+1 %2 + (him)? i=n+1 i=n+1

= 2 - Nt 2(1 —v?) i
S 2;(]7“11]‘) —S;kjwj Z klwl—l—T Z fiwz-. (414)

1=n—+1 i=n+1

Since by virtue of (4.9), (2.1) and (2.2)

1

= 1
Y kjwi < 5 (1 =v) T—sa

j=1 22+ T2

from (4.14) follows the inequality

[

(Z(inwo?) < 2D (imw;)? +8 Z(’?j) > (imw;)?
1=n-+1 Jj=1 Jm j

Jj=1 Jj=1

(E) ()

which together with (4.9) and (2.2) leads to (4.12). O
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Taking (4.8)—(4.11) and relations (2.1), (2.2) into account, we get the inequality

Z(iﬂAwn,i)2 ST\/i Co Z <kj) Z (jﬂ-wj)Z + Z (.jﬂ-wj)Z (Z(iﬂ'Awn,i)z

, . Jm . .
=1 j=n+1 j=n+1 Jj=n+1

where

_ _ 1 i 6(1—V) .
co=16, 7= VA= )1 1) (11 +272)(k(2) + 7(h7r)2 )

If this inequality is used in (4.7) together with (4.12), then we obtain the desired estimate

k 2 %(1—17)
Co E ()
L2(0, 1) ( i=n+1 ! )

Awy, (z)

dl
=

oo k. 2 % e3¢} f 2\ 2
X Cl< Z (’LTI‘) > +02< Z (ZT{') ) s l:O,].
i=n—+1 i=n+1

4.3. Error estimate of Jacobi—Cardano iteration

Using (4.4), (3.1) and (3.12), we represent Aw;m)(x) as a series
w(m) Z Awn ; sinime,

where

The series in (4.17) leads to the formula

l

which will be employed later.
Let’s express system (3.10) in the following manner

dl

P va(fn) ()

L2(0,1)

imw! ™Y = i <17Tw

n,g

(m)

n,l

27rw( 2) nww(m))

and examine the Jacobi matrix
n

Dp;

- o(imu))

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

Based on (3.8)—(3.11) and (4.20), the diagonal elements of the matrix J are zero, and the non-diagonal

elements are given by

80, 1 R AW B i1 1
- = _oliN,2(2 T S
8(j77w(m)) 27 <jﬂ-w ™ jm "\ - 27 01'2,1 01‘2,2
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If in this equality we employ the following relations

1
& A a1+ 00,
i10i,2 = = 023,2 - 021 = i, <4 + 27) =0 5 =, (4.21)
which are derived from (3.11), we obtain
8902 2 m k; T 2 !
.(m)3<]7r 7(“]) 2.])5i<031+<3) JrO';l,Q) .
o(jrw, ;) Jm
Let us apply the estimate
N2
T
to this equality, which follows from the first relation in (4.21). We get the estimate
6 7 k’i 1 1-— 7 . m k _
IR P Py g Ll sy A=) 1Al (;w’wﬁl,f‘H'?)ri?. (4.22)
8<j7rw,(:';)) ' k2 + Thimy? Ehim I
Using the parameter ¢ from condition (2.1) we introduce the values p and ¢ according to the relations
e<p<l,
1
1 p 1 p 2\ 2
o=s(1+2) - (1+5(1-2)) .
2 * € ( * 4 €
By (3.8) and (3.9),
3 () (m kj B\
> — k™ 442 > 5 ( ) 4 = ,
itz (S (k) =y <4 2(32) ) ol 23 mut) 0(12) )
J#i J#i
where )
k; 2(1-v)
—4(‘1)(m> RS e (4.23)
k2 (him)2
Therefore, keeping in mind the fact that max, (§2+a2)2, where 0 < £ < 00, a = const > 0, is equal to lgf;, we
get
(m) |k7 | 3 3 \?
2—= o2 (). 4.24
(st +2 82 < 2 (2 (4.21)
We will employ vector and matrix norms, defined as >, |v;| and maxi<;j<pn Y., |m;j| for v = (1), and
M = (mw)i,j:r For any set of values wfm), j=1,2,...,n, it is necessary that the elements of the matrix J
meet the condition maxi<j<, Y . % < ¢ < 1. Applying (4.22)—(4.24) we come to the conclusion that
== JjTw
it is sufficient
-3
1—v 1 |k 1 1+v|fil\[2/p (k)2 1-p 1-v
S5 + / S(E-1)(2) + <g<1l (4.25)
1 6(1—v) ( ) 1 6(1—v)
NZ) —\4ir T T iy 8Eh im 3\e im 3 W T Ty
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to hold.
In accordance with Banach’s compression principle, see [14], system (3.2) possesses a unique solution w;, ;,
1t =1,2,...,n. The iteration process (3.10) converges, lim,, o w(m) = Wp, t =1,2,...,n, with the convergence

rate determlned by the inequality

n n
E:‘wnz_ E:‘n nz

Considering this, along with (4.18) and (4.19), we get the estimate for the Jacobi-Cardano iteration error

, m=12,...

HAwWﬂ L™ }:‘ wl)—wl|, 1=0,1, m=12.... (4.26)
L2(0,1) \[ i—1 '
4.4. Result
Let’s assess the error (4.2). From (4.3), we have
d! ( d! d!
L (pal@) - w @) s | dum)|
del L2(0,1) dat L2(0,1) dz! L2(0,1)

Thus, applying (4.16) and (4.26), we obtain the inequality

1 oo k; 2\ z(1-p)
L2(0,1) Z( i +1<“T>>

L4+
1 9 % 3( p)

H L (@) - @)

1) _ ©
\@ l—q - n,i n,i

In summary, the obtained result can be expressed as follows.

,1=0,1, m=1,2,.... (4.27)

Theorem 4.4. Let ¢ be some number from the interval (0,1). Suppose the conditions of Section 2 and the
restriction (4.25) are satisfied. In that case, the approximation error of the function w is bounded by inequality
(4.27), where the constants cg, c1, co and T are computed using formulas (4.15) and (4.13).

5. FORMULAS FOR TRUNCATIONS OF FUNCTIONS u, ¥ AND ITS APPROXIMATIONS

Let’s refer to formulas (1.5). Applying p,w(z) and w(m)( ), we build the n-th truncation of the functions u
and

pru(z) = /1 Gu(, 5)( k(€)pnw(§) + ((pnw(f))/)Q) dg,

(5.1)
putbla / G, ) (paw(©))' e,
and the approximation of these functions
1 A 2
- [ G <—2k(£)w£m)(€) +((ur©)) ) de,
0 (5.2)

@ = [ Gyl (0 )
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6. APPROXIMATION ERRORS OF FUNCTIONS u AND

6.1. Definition of approximation errors of functions v and

Similar to (4.2), we determine the approximation errors of the functions v and i as the differences p,u(x) —
ul™ (x) and ppo(x) —wgm)(x), respectively. We then estimate the L?(0, 1)-norm of each of them. Applying (5.1)
and (5.2), we get

pau(e) = ul (@) = [ Guln.6) (—21«(5) (Paw(©) = wi™(©)) + (paw(€)))* ~ ((ww(s))’)Q) a  (61)

and

puth(z) / Gy(.8) (pa(&) — M (©)) de. (62)

2. Result
From (6.1) and (1.6) we obtain

(prula) (@) = 5 ((x ([ d£)2 v2eta—) [Caac [ mea ([ miea) 2) 7

where
2

H(€) = —2k(¢) (prw(©) = (©)) + ((paw(§))” — ((w&m(s))') .

Consequently,
2

(o) @) < ([ 1o ae) (63)

Let’s estimate fo |H (£)| €. Because of

W™ (€) = paw(€) + (0 () = puw(©))

we write

puw(z) = wi™ ()|

1
/0 H(©)]de < 2[k(@)] 12000

L2(0,1)

n H (pae) — (@)’

L2(071)>.

L20,D) <2H(pnw(x))/”m(o,1) + H( pw(z) — wl™ (:c))/

Applying (3.12) and (4.1) with (4.9), we obtain

/ |H(¢ |d§<ch+2

(powte) = wi @) |

1

03:71\/§+72T</01k2(x)dx>2, ¢y =1. (6.4)

where
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Therefore by (6.3) and (4.27) we have

L2(0,1)

[pou(@) - u (@)|

=1 p=0 =n+
oo k 2 % o) f 2 ; %(1+p)
% 5 Ji
cl( Z (m) ) +C2<,Z (7,71') )
i=n-+1 i=n+1
T o)
| 0

+ —= — z‘wnl—wm , m=1,2,.... 6.5

Vil ) )

Continuing, (6.2) and (1.6) imply

(ptte) = 08" = Gz (cosh v (o =) [ conh v (pote) i (©)) o

+ cosh ﬁx/l cosh /o (€ — 1)(pnw(§) —w(™ (f))/df) .

x

So,
_ () Y
Hpnw(x) vy, (.’I,‘)‘L2(071)§C5 (nw(x) wy (x)) L2(0,1), (6.6)
where .
1 3
052( / F(x)dx) (6.7)
0
and

T 1
F(x) = sinl?g\/a (cosh2 Vo (z— 1)/O cosh? \/o € A€ + cosh? \/Ex/m cosh? \/o (£ — 1) df).

Applying the formula

sinh2x
h?zde = =
/cos rdx 1 —|—2,

after evaluating the integrals, we obtain

g

F@) = e NG (1 i 2\1/5
+ sinh \/E(\% cosh /& (22 — 1) — 2z sinh /7 (2 — 1))).

We substitute this expression into (6.7), performing additional integration, and applying formula

sinh 24/ + cosh 2¢/ox

/xsinhzdx = zcoshz — sinh .

As a result we get

Nl

1 o o . i
c5 = sinh Vo <2 + T sinh 24/0 + sinh \/E> . (6.8)
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By (6.6) and (4.27) we obtain

i (fﬂ)z)éu—p)

L2(01 - TZ<COZ

p—=0 i=n41
. k - £ N 1(1+p)
< > (%) ) “2(_2 (%) )
i=n+1 i=n+1
T 4" ) () _
+ ﬂwgzwn,i_wnﬂ)v m=12,.... (6.9)

The received result can be formulated as follows.

Theorem 6.1. Suppose the conditions of Theorem 4.4 are satisfied. In that case, the approximation errors of
the functions u and ¢ are estimated by inequalities (6.5) and (6.9), respectively. Here, the coefficients c¢; for
1=0,1,...,5, and 7 are determined by formulas (4.15), (4.13), (6.4) and (6.8).

7. NUMERICAL EXAMPLE

To check the effectiveness of the method, we solved a test example. Let us consider the shell with k(z) =
exp(—7z), v = 0.3, E =2.1-10%, h = 0.005 and as in paper of Timoshenko,[25] suppose k3 = % Assume that

0.1Eh (0.1 2
fz) = - (87T(1 —exp(27)) + ) (exp(—mz) + 0.27% exp(7x) cos )
- ™
0.1Eh
72 92 .
kg 20+ (27° exp(mz) cos Tz + ),
where
! 2r’o (e (mz) (27% sin Tz cos )
= xp(mz) (2n° sinme — o cosm
(m+ Vo) + m)((m — o ) \"
_ m (exp(7z) sinh \/oz + sinh /o (z — 1))>
Then the exact solution of problem (1.3), (1.4) is
.01 2 N .01 .01
u(z) = <O 0 7T(exp(?w) -1) - O> + O—(l — CcOSTTT) — 0 (; T exp(2mz)(2 + sin 2mx — cos 2mwx) + 0 % 7T,
T T

w(z) = 0.1exp(nz) sin ez,
0.1ro

((r+ V&) +72) (7 = v&)* +72)

_ S?Ih\/ja (exp(mz) cosh \/ox + cosh /o (z — 1))) :
(0)

The method is applied with n = 3,5,10,... 50. The initial iteration approximation was wy,’(z) = 0. The
method error for g;(x), i = 1,2, 3 is calculated using the formula

el = Hp gi(x) — g (x )’

P(x) = <exp(7m:)((2712 — o) sinTz — (21 + o) cos )

(7.1)

£2(0,1)’
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TABLE 1. Values of the method error.

0 m e o
3 53 0.0361641791  0.0125063153  0.0556577568

ot

101 0.0108661138
10 138 0.0015581772

0.0031821873
0.0004359962

0.0146294241
0.0020326522

TABLE 2. Values of the exact and approximate solutions.

x 0.0 0.25 0.5 0.75 1.0
pau(z) 0.0 0.4276791  0.7097537  0.9295171 0.0
u®(z) 0.0 0.4526044  0.7502573  0.9816446 0.0
psu(z) 0.0 0.4635897  0.7483907  1.1102759 0.0
ul(z) 0.0 0.4703572  0.7591218  1.1259984 0.0
psw(z) 0.0 0.1616577  0.4643126  0.7763954 0.0
w(z) 0.0 0.1653666  0.4766530  0.7979788 0.0
psw(z) 0.0 0.1458122  0.4867215  0.7605499 0.0
w'(z) 0.0 0.1466407  0.4900084  0.7659102 0.0
pap(x)  —0.7775047 —0.5898112 —1.9305749 0.5898112  4.6386549
$(z)  —0.7949475  —0.6049209 —1.9867096 0.6049209  4.7683668
psto(z)  —0.5353335 —0.9348537 —1.3371791 —0.2519378  5.5832749
(0D (z)  —0.5378648 —0.9413017 —1.3470411 —0.2542302 5.6230107

where g1(z) = u(z), g2(z) = w(z) and gs(z) = ¢(x).
The computations were executed using the Julia programming language, and the outcomes are shown in the
following tables and graphs.

Table 1 contains the method error values for n = 3,5 and 10 calculated using formula (7.1).

Table 2 contains the values of functions u!™, w{™, ™ at the points 2; = 0.25i, i = 0,1,...,4, for n =

3, m = 53;n =5, m = 101 and also the n-th truncations of exact solution p,u,p,w,p,1 values at the same

nodes.

Figure la presents the graphs of approximate solution u%?’g

(138
10

) and exact solution u. Figure 1b presents the
graphs of approximate solution w ) and exact solution w. Figure 1lc presents the graphs of approximate
. (138) .
solution ;,"~ and exact solution .

Figure 2a presents the scatter plot of method error for v and n =5, 10, ..., 50. Figure 2b presents the scatter
plot of method error for w and n = 5,10, ...,50. Figure 2c presents the scatter plot of method error for ¢ and
n =25, 10,...,50.

8. CONCLUSIONS, PAST AND FUTURE WORKS

Our goal was to develop a method for approximate solution of a simplified one-dimensional model that can
probably be extended to a generalized model. This model consists of a system with respect to five functions of
two spatial variables. We believe that the system can be reduced to a single equation with respect to function
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—1(X) —W(X)

124 = m ufx)

071 mm w%m(x)

0.6
1.04

0.5 A
0.8
0.4
0.6
0.3
0.4
0.2 1

0.2 0.14

0.0 0.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

—(X)

Tam w%m(x)

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

()

FIGURE 1. Graphs of exact and approximate solutions u, w and . (a) Graphs of u%gg

(b) Graphs of w%ss) and w. (c¢) Graphs of 1/)%38) and .

) and w.

w using Green’s matrices or the Fourier series method. If we are not able to achieve the result, we hope that
the other researchers will be more successful.

For the solution of a problem on static symmetric state of shell in the Timoshenko theory an approximate
method is used, which consists of Green’s function method, Galerkin projection method, nonlinear iteration
method of Jacobi type together with Cardano formula. The accuracy of the approximate method is estimated.
The results of a numerical experiments are given, which indicate the effectiveness of the method.

Briefly about testing the method. The provided table and graphs illustrating algorithm errors indicate that
increasing the parameter n leads to an improvement in errors. From the obtained results, one can infer that the
numerical algorithm offered for solving problem (1.3), (1.4) proves to be effective.

This work is a generalization of the papers, see [21,23] and [22], in which the problem for the plate is
considered. In case of a plate the analog of problem (1.7), (1.8) has a more simpler form, than in case of a
shell, because the analog of equation (1.7) does not contain the curvature function, since for plate k(x) = 0.
More about other differences. In papers, see [21] and [22], the error of only the iteration part of the method is
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h =0.005 h =0.005

algorithm error e{™
algorithm error e{™)

10!
number of Galerkin coefficients n

10!
number of Galerkin coefficients n

(a) (B)

h =0.005

algorithm error ef

10t
number of Galerkin coefficients n

()

FIGURE 2. Scatter plots of algorithm error for functions u, w and . (a) Scatter plot of method
error for u. (b) Scatter plot of method error for w. (¢) Scatter plot of method error for .

estimated. Further, in contrast to the papers, see [21,23] and [22], this work provides the results of computational
testing of the applied method.

In this work, the main attention was paid to construction of a numerical method and to estimation of its
accuracy for equation (1.7). An important part of the nonlinearity of equation (1.7) also arises in other equations
for which the numerical methods have been proposed and studied. In some cases, this enables the use of other
methods and investigate its accuracy for equation (1.7). In particular we have in mind one such possibility based
on Chipot’s method, see [4,5], with which the Kirchhoff generalized equation for string in static regime

gp(/ol w'?(x) dx)w”(m) = f(x), 0<z<l, (8.1)

is solved, where ¢ : [0,400) — (a,+00), @ > 0, and f : (0,1) — R, are given functions. In Kachakhidze
et al. [10] paper the practical aspects of accuracy method is discussed and the numerical examples are given for
equation (8.1).

Now regarding the dynamic case of the problem, which describes the axisymmetric oscillation of the Timo-
shenko shell. It would be natural to conclude the system of equations (1.3) is such that equation (1.7) has become
a hyperbolic type partial differential equation with respect to the function w of spatial and time variables x
and t. In this case an important part of the nonlinearity of equation (1.7) can be found in other hyperbolic
equations as well. Such equations are, for example, the Kirchhoff generalized equation for string in dynamic
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regime presented in Bernstein’s paper, see [2], as

l
wn(%ﬂcp(/ wi(a:,t)da:)wm(x,t), O<z<l, 0<t<T, (8.2)
0

where ¢ : [0, 400) — (a, +00), a > 0, is a given function and Ball beam equation, see [1],
!
Wit (-Ta t) + QWygax (.’E, t) - 6 + 7/ wi (-Ta t) dl‘ Wea (x7 t) + 5wwxwwt(l‘7 t)
0

!
- f(/ We (2, ) wae (2, 1) dx) Wez (2, t) + nw(z,t) = 0, O<z<l, 0<t<T, (8.3)
0

where the constants «,y,d and £ are positive, and where the constants 8 and 7 are unrestricted in sign.

To solve equations (8.2) and (8.3) Peradze [19] and Papukashvili et al. [17] used the three-step methods.
Namely, the Galerkin method and implicit difference schemes are used for discretization of this equations with
respect to the spatial and time variables. And to solve the resulting systems of discrete equations, in one case,
the fixed-point iteration method, and in the other Jacobi type iteration method with Cardano formula are used.
In the given case, the similarity noted above allows us to solve the hyperbolic analog of equation (1.7) by the
methods, which were used in the papers, see [17,19], for the solution of equations (8.2) and (8.3). Separately,
the question then is raised about the accuracy of the methods.

DATA AVAILABILITY STATEMENT

The code used in this paper is available online in a Github repository: https://github.com/nika3966/timoshenko_shell
[9].
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