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THE SOLUTION METHOD AND ITS ACCURACY FOR A NONLINEAR
TIMOSHENKO AXISYMMETRIC SHELL MODEL

Jemal Peradze1 and Nikoloz Kachakhidze2,*

Abstract. The boundary value problem of the axisymmetric displacement of a Timoshenko (cylin-
drical) shell in static regime was considered. From the given nonlinear system of ordinary differential
equations with respect to the displacement functions 𝑢, 𝑤 and 𝜓, using the Green functions, we obtain
an integro-differential equation for the function 𝑤. This equation, together with the Dirichlet boundary
condition, forms the boundary value problem. To obtain an approximate solution of the problem for 𝑤
we apply the method that includes the Galerkin method and the Jacobi–Cardano iteration. Obtained
values of 𝑤 and of its error estimate are used for constructing the approximations for other displacement
functions 𝑢 and 𝜓 and for estimation of their errors. The results of the numerical experiment are given.
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1. Introduction

1.1. Some facts of the problem

The significance of the nonlinear system of the Timoshenko [26] shell equations lies in their importance from
both theoretical and engineering perspectives. This system is employed when the assumption that the normal
is perpendicular to the mid-surface after deformation is not met. In other words, the Timoshenko type shell in
contrast to the Kirchhoff–Love model takes into account the additional deformations associated with rotational
inertia.

Vorovich [33] added two tasks to the list of unsolved problems of the mathematical theory of shells:

(1) Construction of a mathematical theory of boundary value problems for shells of the type considered by
Timoshenko in which in addition to geometric nonlinearity, shear stresses are considered.

(2) Justification of approximation methods.

To date, these problems have persisted in various forms. The complexity associated with investigating Tim-
oshenko nonlinear equations becomes more apparent when comparing them to Kirchhoff–Love shell equations.
The classical Kirchhoff–Love [28] system involves a biharmonic term ∆2𝑤 with respect to the lateral deflection
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function, whereas the Timoshenko system exhibits a similar nonlinearity with term ∆𝑤. This distinction is
crucial. In the foundational studies by Vorovich [31, 32] on static and dynamic Kirchhoff–Love problems, the
presence of ∆2𝑤 enabled the derivation of a priori estimates for the function 𝑤 in the Sobolev space of functions
with square integrable second derivatives. These estimates form the basis for proving the existence of solutions
using the Faedo–Galerkin method and justifying certain numerical methods. For Timoshenko shell system, for
which the important term in getting estimates is ∆𝑤, obtaining a priori estimates is possible, but it is insuf-
ficient to prove the solvability of the system using the Faedo–Galerkin procedure and justify some numerical
methods. The method of a priori estimates in Timoshenko’s theory requires further exploration. However, using
the densifying operator theory and the principle of the compressed mapping in case of sufficiently small initial
data, the existence of a solution of some Timoshenko two-dimensional problems are shown in the papers of
Kharasova [11], Peradze [18] and Timergaliev [24]. Note that the researchers are also interested in equations of
Timoshenko beam, see Feng and Soufiane [7] paper and the publications cited there.

The authors propose that the examination of one-dimensional variants of the Timoshenko system, as presented
in this paper for the case of axially symmetric deformation, can enhance our understanding of the inherent
nonlinearity in nonlinear models. Furthermore, it may pave the way for investigating two-dimensional models.

The work is organized as follows. After setting the problem, using Green’s functions, 𝑢 and 𝜓 are expressed
through the function 𝑤. Thus, the system is reduced to an integro-differential equation of Kirchhoff type with
respect to function 𝑤. The method of approximate solution of the resulting boundary value problem is described.
The notion of error is introduced for function 𝑤 and the errors of the component parts of the method are
estimated separately for the Galerkin method and for the Jacobi–Cardano iteration. The error is estimated
for function 𝑤 in general. The obtained result is formulated in form of Theorem 4.4. The truncations and
approximations of functions 𝑢 and 𝜓 are constructed. The errors for functions 𝑢 and 𝜓 are estimated using the
gotten error estimation for the function 𝑤. The result obtained is formulated as Theorem 6.1. A test example is
solved to verify the effectiveness of the proposed method. At the end, the description of the past solved problems
and planned future problem solutions is provided.

1.2. Statement of the problem

If in the Timoshenko system of equations for a shell, see [29, 30], we preserve the terms with cubic nonlin-
earity and omit the variables 𝑡 and 𝑦, then we obtain a one-dimensional system of differential equations which
characterizes the axisymmetric displacement of a (cylindrical) shell in static regime. The system has the form

𝑁 ′ = 0,
𝑄′ + 𝑘𝑁 + (𝑁𝑤′)′ + 𝑓 = 0,

𝑀 ′ −𝑄 = 0,
(1.1)

where

𝑁 =
𝐸ℎ

1− 𝜈2

(︂
𝑢′ − 𝑘𝑤 +

1
2
𝑤′2
)︂
,

𝑄 = 𝑘2
0

𝐸ℎ

2(1 + 𝜈)
(𝜓 + 𝑤′),

𝑀 = 𝐷𝜓′.

(1.2)

Applying (1.2) in conjunction with the expression

𝐷 =
𝐸ℎ3

12(1− 𝜈2)
,
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equation (1.1) can be reformulated as a system

𝑢′′ − (𝑘𝑤)′ +
1
2

(𝑤′2)′ = 0,

𝑘2
0

𝐸ℎ

2(1 + 𝜈)
(𝜓′ + 𝑤′′) + 𝑘

𝐸ℎ

1− 𝜈2

(︂
𝑢′ − 𝑘𝑤 +

1
2
𝑤′2
)︂

+
𝐸ℎ

1− 𝜈2

(︂(︂
𝑢′ − 𝑘𝑤 +

1
2
𝑤′2
)︂
𝑤′
)︂′

+ 𝑓 = 0,

ℎ2

6(1− 𝜈)
𝜓′′ − 𝑘2

0(𝜓 + 𝑤′) = 0, 0 < 𝑥 < 1.

(1.3)

Assume that the following boundary conditions are fulfilled

𝑢(0) = 𝑢(1) = 0, 𝑤(0) = 𝑤(1) = 0, 𝜓′(0) = 𝜓′(1) = 0. (1.4)

In system (1.3) the longitudinal and transverse displacements, respectively, 𝑢, 𝑤, of the shell middle surface and
the angle of rotation 𝜓 of the normal to the shell middle surface are the functions we want to define, the shell
curvature 𝑘 and the force 𝑓 are the given functions, 𝜈,𝐸, ℎ and 𝑘0 are the given positive constants, 0 < 𝜈 < 0.5
and 𝐸 are respectively Poisson’s ratio and Young’s modulus, ℎ is the thickness, 𝑘0 is the lateral shear coefficient.

It’s noteworthy that the system (1.3) with 𝑘 = 0 can be derived from the Timoshenko plate system outlined
in the work of Lagnese and Lions [13].

1.3. Reformulation of the problem

Applying the first and third equations from (1.3) and considering the corresponding boundary conditions
outlined in (1.4), the functions 𝑢 and 𝜓 can be represented in terms of the function 𝑤 in the following manner

𝑢(𝑥) =
∫︁ 1

0

𝐺𝑢(𝑥, 𝜉)
(︀
−2𝑘(𝜉)𝑤(𝜉) + 𝑤′2(𝜉)

)︀
d𝜉,

𝜓(𝑥) =
∫︁ 1

0

𝐺𝜓(𝑥, 𝜉)𝑤′(𝜉) d𝜉,
(1.5)

where

𝐺𝑢(𝑥, 𝜉) =

{︃
1
2 (𝑥− 1), 𝑥 > 𝜉,

1
2 𝑥, 𝑥 < 𝜉,

𝐺𝜓(𝑥, 𝜉) =

⎧⎪⎪⎨⎪⎪⎩
−

√
𝜎

sinh
√
𝜎

cosh
√
𝜎(𝑥− 1) cosh

√
𝜎𝜉, 𝑥 > 𝜉,

−
√
𝜎

sinh
√
𝜎

cosh
√
𝜎 𝑥 cosh

√
𝜎(𝜉 − 1), 𝑥 < 𝜉,

(1.6)

𝜎 =
6(1− 𝜈)𝑘2

0

ℎ2
·

Applying (1.5) and (1.6), the second equation of system (1.3) yields an integro-differential equation of Kirch-
hoff [12] static type with respect to 𝑤

𝑘2
0

𝐸ℎ

2(1 + 𝜈)
𝑤′′(𝑥) +

𝐸ℎ

1− 𝜈2

∫︁ 1

0

(︂
−𝑘(𝜉)𝑤(𝜉) +

1
2
𝑤′2(𝜉)

)︂
d𝜉(𝑘(𝑥) + 𝑤′′(𝑥))

− 3(1− 𝜈)𝐸𝑘4
0

(1 + 𝜈)ℎ sinh
√
𝜎

(︂
sinh

√
𝜎 (𝑥− 1)

∫︁ 𝑥

0

cosh
√
𝜎 𝜉𝑤′(𝜉) d𝜉
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+ sinh
√
𝜎 𝑥

∫︁ 1

𝑥

cosh
√
𝜎 (𝜉 − 1)𝑤′(𝜉) d𝜉

)︂
+ 𝑓(𝑥) = 0, 0 < 𝑥 < 1. (1.7)

Additionally, we augment the equation with the corresponding boundary condition

𝑤(0) = 𝑤(1) = 0. (1.8)

Consequently, the problem (1.3), (1.4) comes down to the problem (1.7), (1.8) for the function 𝑤. Upon
solving the last-mentioned problem, we build the functions 𝑢 and 𝜓 using explicit formulas (1.5).

2. Assumptions

Suppose that for each 𝑖 = 1, 2, . . . the following integrals exist

𝑓𝑖 = 4
∫︁ 1

0

𝑓(𝑥) sin 𝑖𝜋𝑥d𝑥, 𝑘𝑖 =
∫︁ 1

0

𝑘(𝑥) sin 𝑖𝜋𝑥d𝑥,

the series
∑︀∞
𝑖=1

(︁
𝑓𝑖

𝑖𝜋

)︁2

and
∑︀∞
𝑖=1

(︀
𝑘𝑖

𝑖𝜋

)︀2
converge and, also, 𝑘 ∈ 𝐶1(0, 1).

Let us assume that the following inequality is fulfilled

max(𝜏1, 𝜏2) 𝜏2 ≤
1
2
𝜀(1− 𝜈)

1
1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝜋)2

, (2.1)

where 𝜀 is some value from the interval (0, 1), while 𝜏1 and 𝜏2 are defined by the formulas

𝜏1 =
(︂

8(1− 𝜈2)
𝐸ℎ

)︂ 1
3
(︃ ∞∑︁
𝑖=1

(︂
𝑓𝑖
𝑖𝜋

)︂2
)︃ 1

6

, 𝜏2 =

(︃ ∞∑︁
𝑖=1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2

. (2.2)

Assume that a solution of problem (1.7), (1.8) exists and can be expressed as a series

𝑤(𝑥) =
∞∑︁
𝑖=1

𝑤𝑖 sin 𝑖𝜋𝑥, (2.3)

and the coefficients of this series satisfy the system of equations

2(1− 𝜈)
1

1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

𝑖𝜋𝑤𝑖 +
∞∑︁
𝑗=1

(︀
−4𝑘𝑗𝑤𝑗 + (𝑗𝜋𝑤𝑗)2

)︀(︂
−2

𝑘𝑖
𝑖𝜋

+ 𝑖𝜋𝑤𝑖

)︂

− 2(1− 𝜈2)
𝐸ℎ𝑖𝜋

𝑓𝑖 = 0, 𝑖 = 1, 2, . . . . (2.4)

Notice that the 𝑖-th equation in system (2.4) is derived by substituting (2.3) into (1.7), multiplying the
resulting equation by sin 𝑖𝜋𝑥, integrating over 𝑥 from 0 to 1, and applying the formulas, see [6],∫︁ 1

0

sin 𝑖𝜋𝑥 sin 𝑗𝜋𝑥 d𝑥 =

{︃
0, 𝑖 ̸= 𝑗,
1
2 , 𝑖 = 𝑗,∫︁

𝑒𝑎𝑥 sin 𝑏𝑥d𝑥 =
𝑒𝑎𝑥

𝑎2 + 𝑏2
(𝑎 sin 𝑏𝑥− 𝑏 cos 𝑏𝑥),∫︁

𝑒𝑎𝑥 cos 𝑏𝑥d𝑥 =
𝑒𝑎𝑥

𝑎2 + 𝑏2
(𝑎 cos 𝑏𝑥+ 𝑏 sin 𝑏𝑥).

(2.5)
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3. Method description

We write an approximate solution of problem (1.7), (1.8) as follows

𝑤𝑛(𝑥) =
𝑛∑︁
𝑖=1

𝑤𝑛,𝑖 sin 𝑖𝜋𝑥. (3.1)

Here, the coefficients 𝑤𝑛,𝑖 are determined using the Galerkin method, see [15], solving the system of nonlinear
equations

2(1− 𝜈)
1

1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

𝑖𝜋𝑤𝑛,𝑖 +
𝑛∑︁
𝑗=1

(︀
−4𝑘𝑗𝑤𝑛,𝑗 + (𝑗𝜋𝑤𝑛,𝑗)2

)︀(︂
−2

𝑘𝑖
𝑖𝜋

+ 𝑖𝜋𝑤𝑛,𝑖

)︂

− 2(1− 𝜈2)
𝐸ℎ𝑖𝜋

𝑓𝑖 = 0, 𝑖 = 1, 2, . . . , 𝑛, (3.2)

derived through the use of formulas (2.5), and can be considered as a system of nonlinear equations with respect
to 𝑖𝜋𝑤𝑛,𝑖, 𝑖 = 1, 2, . . . , 𝑛 .

We solve system (3.2) using the Jacobi type iteration method, see [16],

2(1− 𝜈)
1

1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

𝑖𝜋𝑤
(𝑚+1)
𝑛,𝑖

+

⎛⎜⎜⎝−4𝑘𝑖𝑤
(𝑚+1)
𝑛,𝑖 +

(︁
𝑖𝜋𝑤

(𝑚+1)
𝑛,𝑖

)︁2

+
𝑛∑︁
𝑗=1
𝑗 ̸=𝑖

(︂
−4𝑘𝑗𝑤

(𝑚)
𝑛,𝑗 +

(︁
𝑗𝜋𝑤

(𝑚)
𝑛,𝑗

)︁2
)︂⎞⎟⎟⎠(︂−2

𝑘𝑖
𝑖𝜋

+ 𝑖𝜋𝑤
(𝑚+1)
𝑛,𝑖

)︂

− 2(1− 𝜈2)
𝐸ℎ𝑖𝜋

𝑓𝑖 = 0, 𝑚 = 0, 1, . . . , 𝑖 = 1, 2, . . . , 𝑛, (3.3)

where 𝑤(𝑚)
𝑛,𝑖 is the 𝑚-th iteration approximation of 𝑤𝑛,𝑖, 𝑖 = 1, 2, . . . , 𝑛, 𝑚 = 0, 1, . . . .

To implement iteration (3.3), it is necessary to solve a cubic equation for 𝑖𝜋𝑤(𝑚+1)
𝑛,𝑖 at the (𝑚+1)-th iteration

step for each 𝑖. This issue can be addressed using Cardano’s formula, see [8], expressing 𝑖𝜋𝑤(𝑚+1)
𝑛,𝑖 explicitly. It’s

suitable to note that for the cubic equation

𝑦3 + 𝛼𝑦2 + 𝛽𝑦 + 𝛾 = 0, (3.4)

when the discriminant is positive, real root is given by

𝑦 = −𝛼
3

+

(︃
−𝑠

2
+
(︂
𝑠2

4
+
𝑟3

27

)︂ 1
2
)︃ 1

3

−

(︃
𝑠

2
+
(︂
𝑠2

4
+
𝑟3

27

)︂ 1
2
)︃ 1

3

, (3.5)

where

𝑟 = −𝛼
2

3
+ 𝛽, 𝑠 =

2𝛼3

27
− 𝛼𝛽

3
+ 𝛾. (3.6)

Let us write (3.3) in form (3.4) as follows(︁
𝑖𝜋𝑤

(𝑚+1)
𝑛,𝑖

)︁3

+ 𝛼𝑖

(︁
𝑖𝜋𝑤

(𝑚+1)
𝑛,𝑖

)︁2

+ 𝛽𝑖

(︁
𝑖𝜋𝑤

(𝑚+1)
𝑛,𝑖

)︁
+ 𝛾𝑖 = 0, (3.7)

where

𝛼𝑖 = −6
𝑘𝑖
𝑖𝜋
, 𝛽𝑖 = 𝛿𝑖 + 2(1− 𝜈)

1
1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

+ 8
(︂
𝑘𝑖
𝑖𝜋

)︂2

,



1028 J. PERADZE AND N. KACHAKHIDZE

𝛾𝑖 = −2
𝑘𝑖
𝑖𝜋
𝛿𝑖 −

2(1− 𝜈2)
𝐸ℎ𝑖𝜋

𝑓𝑖, 𝛿𝑖 =
𝑛∑︁
𝑗=1
𝑗 ̸=𝑖

(︂
−4𝑘𝑗𝑤

(𝑚)
𝑛,𝑗 +

(︁
𝑗𝜋𝑤

(𝑚)
𝑛,𝑖

)︁2
)︂
. (3.8)

Here and everywhere below where it is not specified, every formula should be understood to be true for all
𝑖 ∈ {1, 2, . . . , 𝑛}.

By analogy with (3.6) we introduce the values

𝑟𝑖 = −𝛼
2
𝑖

3
+ 𝛽𝑖, 𝑠𝑖 =

2𝛼3
𝑖

27
− 𝛼𝑖𝛽𝑖

3
+ 𝛾𝑖.

Applying (3.8) we get

𝑟𝑖 = 𝛿𝑖 + 2(1− 𝜈)
1

1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

− 4
(︂
𝑘𝑖
𝑖𝜋

)︂2

,

𝑠𝑖 = 4(1− 𝜈)
𝑘𝑖
𝑖𝜋

1
1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

− 2(1− 𝜈2)
𝐸ℎ𝑖𝜋

𝑓𝑖.

(3.9)

Bearing in mind (3.5), we can express the solution of equation (3.7) as

𝑖𝜋𝑤
(𝑚+1)
𝑛,𝑖 = −𝛼𝑖

3
+ 𝜎𝑖,1 − 𝜎𝑖,2, 𝑚 = 0, 1, . . . , (3.10)

where

𝜎𝑖,𝑝 =

(︃
(−1)𝑝

𝑠𝑖
2

+
(︂
𝑠2𝑖
4

+
𝑟3𝑖
27

)︂ 1
2
)︃ 1

3

, 𝑝 = 1, 2. (3.11)

The solution method for the considered problem (1.7), (1.8) should be interpreted as the computation per-
formed according to formula (3.10). With the values of 𝑤(𝑚)

𝑛,𝑖 for 𝑖 = 1, 2, . . . , 𝑛, we then construct the approxi-
mate solution of problem (1.7), (1.8).

𝑤(𝑚)
𝑛 (𝑥) =

𝑛∑︁
𝑖=1

𝑤
(𝑚)
𝑛,𝑖 sin 𝑖𝜋𝑥. (3.12)

The iteration method here is obtained by combining the Jacobi type iteration and the Cardano formula, so
we will call it the Jacobi–Cardano iteration.

Let’s make a small digression. The two-step numerical method described here for the solution of problem
(1.7), (1.8) is applied by Peradze [20] for the following boundary value problem

𝑤′′′′(𝑥)−

(︃
𝛼+ 𝛽

∫︁ 𝐿

0

(𝑤′(𝜉))2d𝜉

)︃
𝑤′′(𝑥) = 𝑓(𝑥), 0 < 𝑥 < 𝐿, (3.13)

𝑤(0) = 𝑤(𝐿) = 0, 𝑤′′(0) = 𝑤′′(𝐿) = 0,

where 𝛼 and 𝛽 are a given positive constants, 𝑓 is a given function. Equation (3.13) is somewhat similar to
equation (1.7) and belongs to the class of Kirchhoff type equations. For 𝑓(𝑥) = 0 it is a static variant of the
beam equation obtained by Woinowsky-Krieger [34].

Also note, that in the paper, see [35], the finite difference numerical method is used for the problem which is
a model of the propagation of axisymmetric longitudinal-bending waves in the cylindrical shell of Timoshenko
type. The numerical methods for the solution of equations for shells are discussed in the books authored by
Chapelle, Bathe [3] and Ventsel, Krauthammer [27].
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4. Approximation error of function 𝑤

4.1. Definition of approximation error of function 𝑤

We can assess the accuracy of the approximate solution (3.12) by comparing it with the 𝑛-th truncation of
the exact solution (2.3)

𝑝𝑛𝑤(𝑥) =
𝑛∑︁
𝑖=1

𝑤𝑖 sin 𝑖𝜋𝑥. (4.1)

This implies that the approximation error of the function 𝑤 is determined by the difference

𝑝𝑛𝑤(𝑥)− 𝑤(𝑚)
𝑛 (𝑥). (4.2)

We express this as a sum
𝑝𝑛𝑤(𝑥)− 𝑤(𝑚)

𝑛 (𝑥) = ∆𝑤𝑛(𝑥) + ∆𝑤(𝑚)
𝑛 (𝑥). (4.3)

Here, ∆𝑤𝑛(𝑥) represents the Galerkin method error, and ∆𝑤(𝑚)
𝑛 (𝑥) denotes the Jacobi–Cardano iteration error,

both of which are given as

∆𝑤𝑛(𝑥) = 𝑝𝑛𝑤(𝑥)− 𝑤𝑛(𝑥), ∆𝑤(𝑚)
𝑛 (𝑥) = 𝑤𝑛(𝑥)− 𝑤(𝑚)

𝑛 (𝑥). (4.4)

Our objective is to evaluate the 𝐿2(0, 1)-norm of 𝑝𝑛𝑤−𝑤(𝑚)
𝑛 . To achieve this, we need to estimate the errors

associated with both the Galerkin method and the Jacobi–Cardano iteration.

4.2. Error estimate of Galerkin method

Expanding ∆𝑤𝑛 into a series, considering (4.4), (4.1), and (3.1), we express it as

∆𝑤𝑛(𝑥) =
𝑛∑︁
𝑖=1

∆𝑤𝑛,𝑖 sin 𝑖𝜋𝑥, (4.5)

where

∆𝑤𝑛,𝑖 = 𝑤𝑖 − 𝑤𝑛,𝑖. (4.6)

From (4.5) we have ⃦⃦⃦⃦
d𝑙

d𝑥𝑙
∆𝑤𝑛(𝑥)

⃦⃦⃦⃦
𝐿2(0,1)

≤

(︃
1
2

𝑛∑︁
𝑖=1

(𝑖𝜋)2𝑙∆𝑤2
𝑛,𝑖

)︃ 1
2

, 𝑙 = 0, 1. (4.7)

We will revisit (4.7) later; for now, let’s rewrite equation (2.4) in the form

2(1− 𝜈)
1

1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

𝑖𝜋𝑤𝑖 +

⎛⎝ 𝑛∑︁
𝑗=1

(︀
−4𝑘𝑗𝑤𝑗 + (𝑗𝜋𝑤𝑗)2

)︀

+
∞∑︁

𝑗=𝑛+1

(︀
−4𝑘𝑗𝑤𝑗 + (𝑗𝜋𝑤𝑗)2

)︀⎞⎠(︂−2
𝑘𝑖
𝑖𝜋

+ 𝑖𝜋𝑤𝑖

)︂
− 2(1− 𝜈2)

𝐸ℎ𝑖𝜋
𝑓𝑖 = 0.

Subtracting equation (3.2) from this relation and taking (4.6) into consideration together with the equality

𝑎𝑏− 𝑐𝑑 =
1
2

((𝑎− 𝑐)(𝑏+ 𝑑) + (𝑎+ 𝑐)(𝑏− 𝑑)),
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we obtain the equation for the error

2(1− 𝜈)
1

1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

𝑖𝜋∆𝑤𝑛,𝑖 +
1
2

⎛⎝ 𝑛∑︁
𝑗=1

(︂
−4

𝑘𝑗
𝑗𝜋

+ 𝑗𝜋(𝑤𝑗 + 𝑤𝑛,𝑗)
)︂
𝑗𝜋∆𝑤𝑛,𝑗

×
(︂
−4

𝑘𝑖
𝑖𝜋

+ 𝑖𝜋(𝑤𝑖 + 𝑤𝑛,𝑖)
)︂

+
𝑛∑︁
𝑗=1

(︀
−4𝑘𝑗(𝑤𝑗 + 𝑤𝑛,𝑗) + (𝑗𝜋)2(𝑤2

𝑗 + 𝑤2
𝑛,𝑗)
)︀
𝑖𝜋∆𝑤𝑛,𝑖

⎞⎠
+

∞∑︁
𝑗=𝑛+1

(︀
−4𝑘𝑗𝑤𝑗 + (𝑗𝜋𝑤𝑗)2

)︀(︂
−2

𝑘𝑖
𝑖𝜋

+ 𝑖𝜋𝑤𝑖

)︂
= 0.

Multiply this equation by 𝑖𝜋∆𝑤𝑛,𝑖 and sum the obtained expression over 𝑖 = 1, 2, . . . , 𝑛. The result will be
as follows

2(1− 𝜈)
𝑛∑︁
𝑖=1

1
1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

(𝑖𝜋∆𝑤𝑛,𝑖)2 ≤ 2

⃒⃒⃒⃒
⃒⃒ 𝑛∑︁
𝑗=1

𝑘𝑗(𝑤𝑗 + 𝑤𝑛,𝑗)

⃒⃒⃒⃒
⃒⃒ 𝑛∑︁
𝑖=1

(𝑖𝜋∆𝑤𝑛,𝑖)
2

+

⎛⎜⎝4

⎛⎝ ∞∑︁
𝑗=𝑛+1

(︂
𝑘𝑗
𝑗𝜋

)︂2
⎞⎠ 1

2
⎛⎝ ∞∑︁
𝑗=𝑛+1

(𝑗𝜋𝑤𝑗)2

⎞⎠ 1
2

+
∞∑︁

𝑗=𝑛+1

(𝑗𝜋𝑤𝑗)2

⎞⎟⎠
×

⎛⎝2

(︃
𝑛∑︁
𝑖=1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2

+

(︃
𝑛∑︁
𝑖=1

(𝑖𝜋𝑤𝑖)2
)︃ 1

2
⎞⎠(︃ 𝑛∑︁

𝑖=1

(𝑖𝜋∆𝑤𝑛,𝑖)2
)︃ 1

2

. (4.8)

Now, let’s assess the right-hand side of inequality (4.8). For this, we have to obtain a priori estimates for the
coefficients from expansions (2.3) and (3.1).

Lemma 4.1. The estimate (︃ ∞∑︁
𝑖=1

(𝑖𝜋𝑤𝑖)2
)︃ 1

2

≤ 𝜏1 (4.9)

is valid.

Proof. Multiplying equation (2.4) by 𝑖𝜋𝑤𝑖 and summing the resulting equality over 𝑖 = 1, 2, . . . , we obtain

2(1− 𝜈)
∞∑︁
𝑖=1

1
1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

(𝑖𝜋𝑤𝑖)
2 + 8

(︃ ∞∑︁
𝑖=1

𝑘𝑖𝑤𝑖

)︃2

+

(︃ ∞∑︁
𝑖=1

(𝑖𝜋𝑤𝑖)2
)︃2

= 6
∞∑︁
𝑖=1

𝑘𝑖𝑤𝑖

∞∑︁
𝑖=1

(𝑖𝜋𝑤𝑖)2 +
2(1− 𝜈2)

𝐸ℎ

∞∑︁
𝑖=1

𝑓𝑖𝑤𝑖.

Therefore

2(1− 𝜈)
∞∑︁
𝑖=1

1
1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

(𝑖𝜋𝑤𝑖)2 +
1
4

(︃ ∞∑︁
𝑖=1

(𝑖𝜋𝑤𝑖)2
)︃2

≤ 4

(︃ ∞∑︁
𝑖=1

𝑘𝑖𝑤𝑖

)︃2

+
2(1− 𝜈2)

𝐸ℎ

∞∑︁
𝑖=1

|𝑓𝑖𝑤𝑖|

≤ 4
∞∑︁
𝑖=1

(︂
𝑘𝑖
𝑖𝜋

)︂2 ∞∑︁
𝑖=1

(𝑖𝜋𝑤𝑖)2 +
2(1− 𝜈2)

𝐸ℎ

(︃ ∞∑︁
𝑖=1

(︂
𝑓𝑖
𝑖𝜋

)︂2
)︃ 1

2
(︃ ∞∑︁
𝑖=1

(𝑖𝜋𝑤𝑖)2
)︃ 1

2

.

By virtue of (2.1) and (2.2) we conclude that (4.9) is valid. �
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Similar to the above reasoning, using equation (3.2) and also (2.1), (2.2) and manipulating the finite sums,
we obtain

Lemma 4.2. The inequality (︃
𝑛∑︁
𝑖=1

(𝑖𝜋𝑤𝑛,𝑖)2
)︃ 1

2

≤ 𝜏1,𝑛, (4.10)

where

𝜏1,𝑛 =
(︂

8(1− 𝜈2)
𝐸ℎ

)︂ 1
3
(︃

𝑛∑︁
𝑖=1

(︂
𝑓𝑖
𝑖𝜋

)︂2
)︃ 1

6

≤ 𝜏1, (4.11)

is satisfied.

Lemma 4.3. The relation(︃ ∞∑︁
𝑖=𝑛+1

(𝑖𝜋𝑤𝑖)2
)︃ 1

2

≤

⎛⎝𝑐1(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2

+ 𝑐2

(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑓𝑖
𝑖𝜋

)︂2
)︃ 1

2
⎞⎠

1
3

, (4.12)

where

𝑐1 = 2𝜏1(𝜏1 + 4𝜏2), 𝑐2 =
2(1− 𝜈2)

𝐸ℎ
, (4.13)

holds.

Proof. We multiply equation (2.4) by 𝑖𝜋𝑤𝑖 and sum the obtained equality over 𝑖 = 𝑛+ 1, 𝑛+ 2, . . . . As a result
of simple transformations we find that

2(1− 𝜈)
∞∑︁

𝑖=𝑛+1

1
1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

(𝑖𝜋𝑤𝑖)2 − 4
∞∑︁
𝑗=1

𝑘𝑗𝑤𝑗

∞∑︁
𝑖=𝑛+1

(𝑖𝜋𝑤𝑖)2 +

(︃ ∞∑︁
𝑖=𝑛+1

(𝑖𝜋𝑤𝑖)2
)︃2

≤

⎛⎝2
∞∑︁
𝑗=1

(𝑗𝜋𝑤𝑗)2 − 8
∞∑︁
𝑗=1

𝑘𝑗𝑤𝑗

⎞⎠ ∞∑︁
𝑖=𝑛+1

𝑘𝑖𝑤𝑖 +
2(1− 𝜈2)

𝐸ℎ

∞∑︁
𝑖=𝑛+1

𝑓𝑖𝑤𝑖. (4.14)

Since by virtue of (4.9), (2.1) and (2.2)⃒⃒⃒⃒
⃒⃒ ∞∑︁
𝑗=1

𝑘𝑗𝑤𝑗

⃒⃒⃒⃒
⃒⃒ ≤ 1

2
(1− 𝜈)

1
1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝜋)2

,

from (4.14) follows the inequality

(︃ ∞∑︁
𝑖=𝑛+1

(𝑖𝜋𝑤𝑖)2
)︃ 3

2

≤

⎛⎜⎝2
∞∑︁
𝑗=1

(𝑗𝜋𝑤𝑗)2 + 8

⎛⎝ ∞∑︁
𝑗=1

(︂
𝑘𝑗
𝑗𝜋

)︂2
⎞⎠ 1

2
⎛⎝ ∞∑︁
𝑗=1

(𝑗𝜋𝑤𝑗)2

⎞⎠ 1
2
⎞⎟⎠

×

(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2

+
2(1− 𝜈2)

𝐸ℎ

(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑓𝑖
𝑖𝜋

)︂2
)︃ 1

2

,

which together with (4.9) and (2.2) leads to (4.12). �
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Taking (4.8)–(4.11) and relations (2.1), (2.2) into account, we get the inequality

𝑛∑︁
𝑖=1

(𝑖𝜋∆𝑤𝑛,𝑖)2 ≤ 𝜏
√

2

⎛⎜⎝
⎛⎝𝑐0 ∞∑︁

𝑗=𝑛+1

(︂
𝑘𝑗
𝑗𝜋

)︂2
⎞⎠ 1

2
⎛⎝ ∞∑︁
𝑗=𝑛+1

(𝑗𝜋𝑤𝑗)2

⎞⎠ 1
2

+
∞∑︁

𝑗=𝑛+1

(𝑗𝜋𝑤𝑗)2

⎞⎟⎠(︃ 𝑛∑︁
𝑖=1

(𝑖𝜋∆𝑤𝑛,𝑖)2
)︃ 1

2

,

where

𝑐0 = 16, 𝜏 =
1

2
√

2(1− 𝜀)(1− 𝜈)
(𝜏1 + 2𝜏2)

(︂
1
𝑘2
0

+
6(1− 𝜈)

(ℎ𝜋)2

)︂
· (4.15)

If this inequality is used in (4.7) together with (4.12), then we obtain the desired estimate

⃦⃦⃦⃦
d𝑙

d𝑥𝑙
∆𝑤𝑛(𝑥)

⃦⃦⃦⃦
𝐿2(0,1)

≤ 1
𝜋1−𝑙 𝜏

1∑︁
𝑝=0

(︃
𝑐0

∞∑︁
𝑖=𝑛+1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2 (1−𝑝)

×

⎛⎝𝑐1(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2

+ 𝑐2

(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑓𝑖
𝑖𝜋

)︂2
)︃ 1

2
⎞⎠

1
3 (1+𝑝)

, 𝑙 = 0, 1. (4.16)

4.3. Error estimate of Jacobi–Cardano iteration

Using (4.4), (3.1) and (3.12), we represent ∆𝑤(𝑚)
𝑛 (𝑥) as a series

∆𝑤(𝑚)
𝑛 (𝑥) =

𝑛∑︁
𝑖=1

∆𝑤(𝑚)
𝑛,𝑖 sin 𝑖𝜋𝑥, (4.17)

where
∆𝑤(𝑚)

𝑛,𝑖 = 𝑤𝑛,𝑖 − 𝑤
(𝑚)
𝑛,𝑖 . (4.18)

The series in (4.17) leads to the formula

⃦⃦⃦⃦
d𝑙

d𝑥𝑙
∆𝑤(𝑚)

𝑛 (𝑥)
⃦⃦⃦⃦
𝐿2(0,1)

=

(︃
1
2

𝑛∑︁
𝑖=1

(𝑖𝜋)2𝑙(∆𝑤(𝑚)
𝑛,𝑖 )2

)︃ 1
2

, 𝑙 = 0, 1, (4.19)

which will be employed later.
Let’s express system (3.10) in the following manner

𝑖𝜋𝑤
(𝑚+1)
𝑛,𝑖 = 𝜙𝑖

(︁
1𝜋𝑤(𝑚)

𝑛,1 , 2𝜋𝑤
(𝑚)
𝑛,2 , . . . , 𝑛𝜋𝑤

(𝑚)
𝑛,𝑛

)︁
(4.20)

and examine the Jacobi matrix

𝐽 =

⎛⎝ 𝜕𝜙𝑖

𝜕
(︁
𝑗𝜋𝑤

(𝑚)
𝑛,𝑗

)︁
⎞⎠𝑛

𝑖,𝑗=1

.

Based on (3.8)–(3.11) and (4.20), the diagonal elements of the matrix 𝐽 are zero, and the non-diagonal
elements are given by

𝜕𝜙𝑖

𝜕
(︁
𝑗𝜋𝑤

(𝑚)
𝑛,𝑗

)︁ =
1
27

(︂
𝑗𝜋𝑤

(𝑚)
𝑛,𝑗 − 2

𝑘𝑗
𝑗𝜋

)︂
𝑟2𝑖

(︂
𝑠2𝑖
4

+
𝑟3𝑖
27

)︂− 1
2
(︃

1
𝜎2
𝑖,1

− 1
𝜎2
𝑖,2

)︃
·
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If in this equality we employ the following relations

𝜎𝑖,1𝜎𝑖,2 =
𝑟𝑖
3
, 𝜎3

𝑖,2 − 𝜎3
𝑖,1 = 𝑠𝑖,

(︂
𝑠2𝑖
4

+
𝑟3𝑖
27

)︂ 1
2

=
𝜎3
𝑖,1 + 𝜎3

𝑖,2

2
, (4.21)

which are derived from (3.11), we obtain

𝜕𝜙𝑖

𝜕(𝑗𝜋𝑤(𝑚)
𝑛,𝑗 )

=
2
3

(︂
𝑗𝜋𝑤

(𝑚)
𝑛,𝑗 − 2

𝑘𝑗
𝑗𝜋

)︂
𝑠𝑖

(︂
𝜎4
𝑖,1 +

(︁𝑟𝑖
3

)︁2

+ 𝜎4
𝑖,2

)︂−1

.

Let us apply the estimate

𝜎4
𝑖,1 + 𝜎4

𝑖,2 ≥ 2
(︁𝑟𝑖

3

)︁2

to this equality, which follows from the first relation in (4.21). We get the estimate⃒⃒⃒⃒
⃒⃒ 𝜕𝜙𝑖

𝜕
(︁
𝑗𝜋𝑤

(𝑚)
𝑛,𝑗

)︁
⃒⃒⃒⃒
⃒⃒ ≤

⎛⎝8(1− 𝜈)
|𝑘𝑖|
𝑖𝜋

1
1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

+
4(1− 𝜈2)

𝐸ℎ

|𝑓𝑖|
𝑖𝜋

⎞⎠×
(︂
𝑗𝜋
⃒⃒⃒
𝑤

(𝑚)
𝑛,𝑗

⃒⃒⃒
+ 2

|𝑘𝑗 |
𝑗𝜋

)︂
𝑟−2
𝑖 . (4.22)

Using the parameter 𝜀 from condition (2.1) we introduce the values 𝜌 and 𝛿 according to the relations

𝜀 < 𝜌 < 1,

𝛿 =
1
2

(︁
1 +

𝜌

𝜀

)︁
−
(︂

1 +
1
4

(︁
1− 𝜌

𝜀

)︁2
)︂ 1

2

.

By (3.8) and (3.9),

|𝑟𝑖| ≥

⃒⃒⃒⃒
⃒⃒⃒⃒ 𝑛∑︁
𝑗=1
𝑗 ̸=𝑖

(︃(︁
𝑗𝜋𝑤

(𝑚)
𝑛,𝑗

)︁2

− 4𝑘𝑗𝑤
(𝑚)
𝑛,𝑗 + 4

𝜌

𝜀

(︂
𝑘𝑗
𝑗𝜋

)︂2
)︃

+ 𝜇

⃒⃒⃒⃒
⃒⃒⃒⃒ ≥ 𝛿

𝑛∑︁
𝑗=1
𝑗 ̸=𝑖

(︃(︁
𝑗𝜋𝑤

(𝑚)
𝑛,𝑗

)︁2

+ 4
(︂
𝑘𝑗
𝑗𝜋

)︂2
)︃

+ 𝜇,

where

𝜇 = 4
(︁𝜌
𝜀
− 1
)︁(︂ 𝑘𝑖

𝑖𝜋

)︂2

+ (1− 𝜌)
2(1− 𝜈)

1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

· (4.23)

Therefore, keeping in mind the fact that max𝜉 𝜉
(𝜉2+𝛼2)2 , where 0 < 𝜉 <∞, 𝛼 = 𝑐𝑜𝑛𝑠𝑡 > 0, is equal to 3

√
3

16𝛼3 , we
get (︂

𝑗𝜋|𝑤(𝑚)
𝑛,𝑗 |+ 2

|𝑘𝑗 |
𝑗𝜋

)︂
𝑟−2
𝑖 ≤ 3

8𝜇

(︂
3

2𝛿𝜇

)︂ 1
2

. (4.24)

We will employ vector and matrix norms, defined as
∑︀𝑛
𝑖=1 |𝜈𝑖| and max1≤𝑗≤𝑛

∑︀𝑛
𝑖=1 |𝑚𝑖𝑗 | for 𝜈 = (𝜈𝑖)𝑛𝑖=1 and

𝑀 = (𝑚𝑖𝑗)𝑛𝑖,𝑗=1. For any set of values 𝑤(𝑚)
𝑛,𝑗 , 𝑗 = 1, 2, . . . , 𝑛, it is necessary that the elements of the matrix 𝐽

meet the condition max1≤𝑗≤𝑛
∑︀𝑛
𝑖=1

⃒⃒⃒⃒
𝜕𝜙𝑖

𝜕(𝑗𝜋𝑤
(𝑚)
𝑛,𝑗 )

⃒⃒⃒⃒
≤ 𝑞 < 1. Applying (4.22)–(4.24) we come to the conclusion that

it is sufficient

1− 𝜈√
𝛿

𝑛∑︁
𝑖=1

⎛⎝1
4
|𝑘𝑖|
𝑖𝜋

1
1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

+
1 + 𝜈

8𝐸ℎ
|𝑓𝑖|
𝑖𝜋

⎞⎠⎛⎝2
3

(︁𝜌
𝜀
− 1
)︁(︂ 𝑘𝑖

𝑖𝜋

)︂2

+
1− 𝜌

3
1− 𝜈

1
𝑘2
0

+ 6(1−𝜈)
(ℎ𝑖𝜋)2

⎞⎠− 3
2

≤ 𝑞 < 1 (4.25)
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to hold.
In accordance with Banach’s compression principle, see [14], system (3.2) possesses a unique solution 𝑤𝑛,𝑖,

𝑖 = 1, 2, . . . , 𝑛. The iteration process (3.10) converges, lim𝑚→∞ 𝑤
(𝑚)
𝑛,𝑖 = 𝑤𝑛,𝑖, 𝑖 = 1, 2, . . . , 𝑛, with the convergence

rate determined by the inequality
𝑛∑︁
𝑖=1

𝑖
⃒⃒⃒
𝑤𝑛,𝑖 − 𝑤

(𝑚)
𝑛,𝑖

⃒⃒⃒
≤ 𝑞𝑚

1− 𝑞

𝑛∑︁
𝑖=1

𝑖
⃒⃒⃒
𝑤

(1)
𝑛,𝑖 − 𝑤

(0)
𝑛,𝑖

⃒⃒⃒
, 𝑚 = 1, 2, . . .

Considering this, along with (4.18) and (4.19), we get the estimate for the Jacobi–Cardano iteration error⃦⃦⃦⃦
d𝑙

d𝑥𝑙
∆𝑤(𝑚)

𝑛 (𝑥)
⃦⃦⃦⃦
𝐿2(0,1)

≤ 𝜋𝑙√
2

𝑞𝑚

1− 𝑞

𝑛∑︁
𝑖=1

𝑖
⃒⃒⃒
𝑤

(1)
𝑛,𝑖 − 𝑤

(0)
𝑛,𝑖

⃒⃒⃒
, 𝑙 = 0, 1, 𝑚 = 1, 2, . . . . (4.26)

4.4. Result

Let’s assess the error (4.2). From (4.3), we have⃦⃦⃦⃦
d𝑙

d𝑥𝑙
(︁
𝑝𝑛𝑤(𝑥)− 𝑤(𝑚)

𝑛 (𝑥)
)︁⃦⃦⃦⃦

𝐿2(0,1)

≤
⃦⃦⃦⃦

d𝑙

d𝑥𝑙
∆𝑤𝑛(𝑥)

⃦⃦⃦⃦
𝐿2(0,1)

+
⃦⃦⃦⃦

d𝑙

d𝑥𝑙
∆𝑤(𝑚)

𝑛 (𝑥)
⃦⃦⃦⃦
𝐿2(0,1)

.

Thus, applying (4.16) and (4.26), we obtain the inequality⃦⃦⃦⃦
d𝑙

d𝑥𝑙
(︁
𝑝𝑛𝑤(𝑥)− 𝑤(𝑚)

𝑛 (𝑥)
)︁⃦⃦⃦⃦

𝐿2(0,1)

≤ 1
𝜋1−𝑙 𝜏

1∑︁
𝑝=0

(︃
𝑐0

∞∑︁
𝑖=𝑛+1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2 (1−𝑝)

×

⎛⎝𝑐1(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2

+ 𝑐2

(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑓𝑖
𝑖𝜋

)︂2
)︃ 1

2
⎞⎠

1
3 (1+𝑝)

+
𝜋𝑙√

2
𝑞𝑚

1− 𝑞

𝑛∑︁
𝑖=1

𝑖
⃒⃒⃒
𝑤

(1)
𝑛,𝑖 − 𝑤

(0)
𝑛,𝑖

⃒⃒⃒
, 𝑙 = 0, 1, 𝑚 = 1, 2, . . . . (4.27)

In summary, the obtained result can be expressed as follows.

Theorem 4.4. Let 𝑞 be some number from the interval (0, 1). Suppose the conditions of Section 2 and the
restriction (4.25) are satisfied. In that case, the approximation error of the function 𝑤 is bounded by inequality
(4.27), where the constants 𝑐0, 𝑐1, 𝑐2 and 𝜏 are computed using formulas (4.15) and (4.13).

5. Formulas for truncations of functions 𝑢, 𝜓 and its approximations

Let’s refer to formulas (1.5). Applying 𝑝𝑛𝑤(𝑥) and 𝑤
(𝑚)
𝑛 (𝑥), we build the 𝑛-th truncation of the functions 𝑢

and 𝜓

𝑝𝑛𝑢(𝑥) =
∫︁ 1

0

𝐺𝑢(𝑥, 𝜉)
(︁
−2𝑘(𝜉)𝑝𝑛𝑤(𝜉) +

(︀
(𝑝𝑛𝑤(𝜉))′

)︀2)︁
d𝜉,

𝑝𝑛𝜓(𝑥) =
∫︁ 1

0

𝐺𝜓(𝑥, 𝜉)(𝑝𝑛𝑤(𝜉))′ d𝜉,
(5.1)

and the approximation of these functions

𝑢(𝑚)
𝑛 (𝑥) =

∫︁ 1

0

𝐺𝑢(𝑥, 𝜉)

(︃
−2𝑘(𝜉)𝑤(𝑚)

𝑛 (𝜉) +
(︂(︁

𝑤(𝑚)
𝑛 (𝜉)

)︁′)︂2
)︃

d𝜉,

𝜓(𝑚)
𝑛 (𝑥) =

∫︁ 1

0

𝐺𝜓(𝑥, 𝜉)
(︁
𝑤(𝑚)
𝑛 (𝜉)

)︁′
d𝜉.

(5.2)



THE SOLUTION METHOD AND ITS ACCURACY FOR A TIMOSHENKO SHELL MODEL 1035

6. Approximation errors of functions 𝑢 and 𝜓

6.1. Definition of approximation errors of functions 𝑢 and 𝜓

Similar to (4.2), we determine the approximation errors of the functions 𝑢 and 𝜓 as the differences 𝑝𝑛𝑢(𝑥)−
𝑢

(𝑚)
𝑛 (𝑥) and 𝑝𝑛𝜓(𝑥)−𝜓(𝑚)

𝑛 (𝑥), respectively. We then estimate the 𝐿2(0, 1)-norm of each of them. Applying (5.1)
and (5.2), we get

𝑝𝑛𝑢(𝑥)− 𝑢(𝑚)
𝑛 (𝑥) =

∫︁ 1

0

𝐺𝑢(𝑥, 𝜉)

(︃
−2𝑘(𝜉)

(︁
𝑝𝑛𝑤(𝜉)− 𝑤(𝑚)

𝑛 (𝜉)
)︁

+ ((𝑝𝑛𝑤(𝜉))′)2 −
(︂(︁

𝑤(𝑚)
𝑛 (𝜉)

)︁′)︂2
)︃

d𝜉 (6.1)

and

𝑝𝑛𝜓(𝑥)− 𝜓(𝑚)
𝑛 (𝑥) =

∫︁ 1

0

𝐺𝜓(𝑥, 𝜉)
(︁
𝑝𝑛𝑤(𝜉)− 𝑤(𝑚)

𝑛 (𝜉)
)︁′

d𝜉. (6.2)

6.2. Result

From (6.1) and (1.6) we obtain

(︁
𝑝𝑛𝑢(𝑥)− 𝑢(𝑚)

𝑛 (𝑥)
)︁2

=
1
4

(︃
(𝑥− 1)2

(︂∫︁ 𝑥

0

𝐻(𝜉) d𝜉
)︂2

+ 2𝑥(𝑥− 1)
∫︁ 𝑥

0

𝐻(𝜉) d𝜉
∫︁ 1

𝑥

𝐻(𝜉) d𝜉 + 𝑥2

(︂∫︁ 1

𝑥

𝐻(𝜉) d𝜉
)︂2
)︃
,

where

𝐻(𝜉) = −2𝑘(𝜉)
(︁
𝑝𝑛𝑤(𝜉)− 𝑤(𝑚)

𝑛 (𝜉)
)︁

+
(︀
(𝑝𝑛𝑤(𝜉))′

)︀2 − (︂(︁𝑤(𝑚)
𝑛 (𝜉)

)︁′)︂2

.

Consequently, (︁
𝑝𝑛𝑢(𝑥)− 𝑢(𝑚)

𝑛 (𝑥)
)︁2

≤ 1
4

(︂∫︁ 1

0

|𝐻(𝜉)|d𝜉
)︂2

. (6.3)

Let’s estimate
∫︀ 1

0
|𝐻(𝜉)|d𝜉. Because of

𝑤(𝑚)
𝑛 (𝜉) = 𝑝𝑛𝑤(𝜉) +

(︁
𝑤(𝑚)
𝑛 (𝜉)− 𝑝𝑛𝑤(𝜉)

)︁
we write∫︁ 1

0

|𝐻(𝜉)|d𝜉 ≤ 2‖𝑘(𝑥)‖𝐿2(0,1)

⃦⃦⃦
𝑝𝑛𝑤(𝑥)− 𝑤(𝑚)

𝑛 (𝑥)
⃦⃦⃦
𝐿2(0,1)

+
⃦⃦⃦⃦(︁
𝑝𝑛𝑤(𝑥)− 𝑤(𝑚)

𝑛 (𝑥)
)︁′ ⃦⃦⃦⃦

𝐿2(0,1)

(︃
2
⃦⃦

(𝑝𝑛𝑤(𝑥))′
⃦⃦
𝐿2(0,1)

+
⃦⃦⃦⃦(︁
𝑝𝑛𝑤(𝑥)− 𝑤(𝑚)

𝑛 (𝑥)
)︁′ ⃦⃦⃦⃦

𝐿2(0,1)

)︃
.

Applying (3.12) and (4.1) with (4.9), we obtain

∫︁ 1

0

|𝐻(𝜉)|d𝜉 ≤
2∑︁
𝑙=1

𝑐𝑙+2

⃦⃦⃦⃦(︁
𝑝𝑛𝑤(𝑥)− 𝑤(𝑚)

𝑛 (𝑥)
)︁′ ⃦⃦⃦⃦𝑙

𝐿2(0,1)

,

where

𝑐3 = 𝜏1
√

2 +
2
𝜋

(︂∫︁ 1

0

𝑘2(𝑥) d𝑥
)︂ 1

2

, 𝑐4 = 1. (6.4)
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Therefore by (6.3) and (4.27) we have

⃦⃦⃦
𝑝𝑛𝑢(𝑥)− 𝑢(𝑚)

𝑛 (𝑥)
⃦⃦⃦
𝐿2(0,1)

≤ 1
2

2∑︁
𝑙=1

𝑐𝑙+2

⎛⎝𝜏 1∑︁
𝑝=0

(︃
𝑐0

∞∑︁
𝑖=𝑛+1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2 (1−𝑝)

×

⎛⎝𝑐1(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2

+ 𝑐2

(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑓𝑖
𝑖𝜋

)︂2
)︃ 1

2
⎞⎠

1
3 (1+𝑝)

+
𝜋√
2

𝑞𝑚

1− 𝑞

𝑛∑︁
𝑖=1

𝑖
⃒⃒⃒
𝑤

(1)
𝑛,𝑖 − 𝑤

(0)
𝑛,𝑖

⃒⃒⃒)︃𝑙
, 𝑚 = 1, 2, . . . . (6.5)

Continuing, (6.2) and (1.6) imply(︁
𝑝𝑛𝜓(𝑥)− 𝜓(𝑚)

𝑛 (𝑥)
)︁2

=
𝜎

sinh2√𝜎

(︂
cosh

√
𝜎 (𝑥− 1)

∫︁ 𝑥

0

cosh
√
𝜎 𝜉
(︁
𝑝𝑛𝑤(𝜉)− 𝑤(𝑚)

𝑛 (𝜉)
)︁′

d𝜉

+ cosh
√
𝜎 𝑥

∫︁ 1

𝑥

cosh
√
𝜎 (𝜉 − 1)

(︁
𝑝𝑛𝑤(𝜉)− 𝑤(𝑚)

𝑛 (𝜉)
)︁′

d𝜉
)︂2

.

So, ⃦⃦⃦
𝑝𝑛𝜓(𝑥)− 𝜓(𝑚)

𝑛 (𝑥)
⃦⃦⃦
𝐿2(0,1)

≤ 𝑐5

⃦⃦⃦⃦(︁
𝑝𝑛𝑤(𝑥)− 𝑤(𝑚)

𝑛 (𝑥)
)︁′ ⃦⃦⃦⃦

𝐿2(0,1)

, (6.6)

where

𝑐5 =
(︂∫︁ 1

0

𝐹 (𝑥) d𝑥
)︂ 1

2

(6.7)

and

𝐹 (𝑥) =
2𝜎

sinh2√𝜎

(︂
cosh2√𝜎 (𝑥− 1)

∫︁ 𝑥

0

cosh2√𝜎 𝜉 d𝜉 + cosh2√𝜎 𝑥
∫︁ 1

𝑥

cosh2√𝜎 (𝜉 − 1) d𝜉
)︂
.

Applying the formula ∫︁
cosh2 𝑥d𝑥 =

sinh 2𝑥
4

+
𝑥

2
,

after evaluating the integrals, we obtain

𝐹 (𝑥) =
𝜎

2 sinh2√𝜎

(︂
1 +

1
2
√
𝜎

sinh 2
√
𝜎 + cosh 2

√
𝜎𝑥

+ sinh
√
𝜎

(︂
1√
𝜎

cosh
√
𝜎 (2𝑥− 1)− 2𝑥 sinh

√
𝜎 (2𝑥− 1)

)︂)︂
.

We substitute this expression into (6.7), performing additional integration, and applying formula∫︁
𝑥 sinh𝑥 d𝑥 = 𝑥 cosh𝑥− sinh𝑥.

As a result we get

𝑐5 =
1

sinh
√
𝜎

(︂
𝜎

2
+
√
𝜎

4
sinh 2

√
𝜎 + sinh2√𝜎

)︂ 1
2

. (6.8)
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By (6.6) and (4.27) we obtain

⃦⃦⃦
𝑝𝑛𝜓(𝑥)− 𝜓(𝑚)

𝑛 (𝑥)
⃦⃦⃦
𝐿2(0,1)

≤ 𝑐5

⎛⎝𝜏 1∑︁
𝑝=0

(︃
𝑐0

∞∑︁
𝑖=𝑛+1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2 (1−𝑝)

×

⎛⎝𝑐1(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑘𝑖
𝑖𝜋

)︂2
)︃ 1

2

+ 𝑐2

(︃ ∞∑︁
𝑖=𝑛+1

(︂
𝑓𝑖
𝑖𝜋

)︂2
)︃ 1

2
⎞⎠

1
3 (1+𝑝)

+
𝜋√
2

𝑞𝑚

1− 𝑞

𝑛∑︁
𝑖=1

𝑖|𝑤(1)
𝑛,𝑖 − 𝑤

(0)
𝑛,𝑖 |

)︃
, 𝑚 = 1, 2, . . . . (6.9)

The received result can be formulated as follows.

Theorem 6.1. Suppose the conditions of Theorem 4.4 are satisfied. In that case, the approximation errors of
the functions 𝑢 and 𝜓 are estimated by inequalities (6.5) and (6.9), respectively. Here, the coefficients 𝑐𝑖 for
𝑖 = 0, 1, . . . , 5, and 𝜏 are determined by formulas (4.15), (4.13), (6.4) and (6.8).

7. Numerical example

To check the effectiveness of the method, we solved a test example. Let us consider the shell with 𝑘(𝑥) =
exp(−𝜋𝑥), 𝜈 = 0.3, 𝐸 = 2.1 · 1011, ℎ = 0.005 and as in paper of Timoshenko,[25] suppose 𝑘2

0 = 2
3 . Assume that

𝑓(𝑥) =
0.1𝐸ℎ
1− 𝜈2

(︂
0.1𝜋

8
(1− exp(2𝜋)) +

2
𝜋

)︂
(exp(−𝜋𝑥) + 0.2𝜋2 exp(𝜋𝑥) cos𝜋𝑥)

− 𝑘2
0

0.1𝐸ℎ
2(1 + 𝜈)

(2𝜋2 exp(𝜋𝑥) cos𝜋𝑥+ 𝛼),

where

𝛼 =
2𝜋2𝜎

((𝜋 +
√
𝜎)2 + 𝜋2)((𝜋 −

√
𝜎)2 + 𝜋2)

(︂
exp(𝜋𝑥)

(︀
2𝜋2 sin𝜋𝑥− 𝜎 cos𝜋𝑥

)︀
− 𝜎

sinh
√
𝜎

(︀
exp(𝜋𝑥) sinh

√
𝜎𝑥+ sinh

√
𝜎(𝑥− 1)

)︀)︂
.

Then the exact solution of problem (1.3), (1.4) is

𝑢(𝑥) =
(︂

0.01𝜋
8

(exp(2𝜋)− 1)− 0.2
𝜋

)︂
𝑥+

0.1
𝜋

(1− cos𝜋𝑥)− 0.01𝜋
8

exp(2𝜋𝑥)(2 + sin 2𝜋𝑥− cos 2𝜋𝑥) +
0.01𝜋

8
,

𝑤(𝑥) = 0.1 exp(𝜋𝑥) sin𝜋𝑥,

𝜓(𝑥) =
0.1𝜋𝜎(︁

(𝜋 +
√
𝜎)2 + 𝜋2

)︁(︁
(𝜋 −

√
𝜎)2 + 𝜋2

)︁(︂exp(𝜋𝑥)
(︀(︀

2𝜋2 − 𝜎
)︀

sin𝜋𝑥−
(︀
2𝜋2 + 𝜎

)︀
cos𝜋𝑥

)︀
− 2𝜋

√
𝜎

sinh
√
𝜎

(︀
exp(𝜋𝑥) cosh

√
𝜎𝑥+ cosh

√
𝜎(𝑥− 1)

)︀)︂
.

The method is applied with 𝑛 = 3, 5, 10, . . . 50. The initial iteration approximation was 𝑤(0)
𝑛 (𝑥) = 0. The

method error for 𝑔𝑖(𝑥), 𝑖 = 1, 2, 3 is calculated using the formula

𝑒
(𝑚)
𝑛,𝑖 =

⃦⃦⃦
𝑝𝑛𝑔𝑖(𝑥)− 𝑔

(𝑚)
𝑛,𝑖 (𝑥)

⃦⃦⃦
𝐿2(0,1)

, (7.1)
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Table 1. Values of the method error.

𝑛 𝑚 𝑒
(𝑚)
𝑛,1 𝑒

(𝑚)
𝑛,2 𝑒

(𝑚)
𝑛,3

3 53 0.0361641791 0.0125063153 0.0556577568
5 101 0.0108661138 0.0031821873 0.0146294241
10 138 0.0015581772 0.0004359962 0.0020326522

Table 2. Values of the exact and approximate solutions.

𝑥 0.0 0.25 0.5 0.75 1.0

𝑝3𝑢(𝑥) 0.0 0.4276791 0.7097537 0.9295171 0.0

𝑢
(53)
3 (𝑥) 0.0 0.4526044 0.7502573 0.9816446 0.0

𝑝5𝑢(𝑥) 0.0 0.4635897 0.7483907 1.1102759 0.0

𝑢
(101)
5 (𝑥) 0.0 0.4703572 0.7591218 1.1259984 0.0

𝑝3𝑤(𝑥) 0.0 0.1616577 0.4643126 0.7763954 0.0

𝑤
(53)
3 (𝑥) 0.0 0.1653666 0.4766530 0.7979788 0.0

𝑝5𝑤(𝑥) 0.0 0.1458122 0.4867215 0.7605499 0.0

𝑤
(101)
5 (𝑥) 0.0 0.1466407 0.4900084 0.7659102 0.0

𝑝3𝜓(𝑥) −0.7775047 −0.5898112 −1.9305749 0.5898112 4.6386549

𝜓
(53)
3 (𝑥) −0.7949475 −0.6049209 −1.9867096 0.6049209 4.7683668

𝑝5𝜓(𝑥) −0.5353335 −0.9348537 −1.3371791 −0.2519378 5.5832749

𝜓
(101)
5 (𝑥) −0.5378648 −0.9413017 −1.3470411 −0.2542302 5.6230107

where 𝑔1(𝑥) = 𝑢(𝑥), 𝑔2(𝑥) = 𝑤(𝑥) and 𝑔3(𝑥) = 𝜓(𝑥).
The computations were executed using the Julia programming language, and the outcomes are shown in the

following tables and graphs.
Table 1 contains the method error values for 𝑛 = 3, 5 and 10 calculated using formula (7.1).
Table 2 contains the values of functions 𝑢(𝑚)

𝑛 , 𝑤
(𝑚)
𝑛 , 𝜓

(𝑚)
𝑛 at the points 𝑥𝑖 = 0.25𝑖, 𝑖 = 0, 1, ..., 4, for 𝑛 =

3, 𝑚 = 53;𝑛 = 5, 𝑚 = 101 and also the 𝑛-th truncations of exact solution 𝑝𝑛𝑢, 𝑝𝑛𝑤, 𝑝𝑛𝜓 values at the same
nodes.

Figure 1a presents the graphs of approximate solution 𝑢
(138)
10 and exact solution 𝑢. Figure 1b presents the

graphs of approximate solution 𝑤
(138)
10 and exact solution 𝑤. Figure 1c presents the graphs of approximate

solution 𝜓
(138)
10 and exact solution 𝜓.

Figure 2a presents the scatter plot of method error for 𝑢 and 𝑛 = 5, 10, . . . , 50. Figure 2b presents the scatter
plot of method error for 𝑤 and 𝑛 = 5, 10, . . . , 50. Figure 2c presents the scatter plot of method error for 𝜓 and
𝑛 = 5, 10, . . . , 50.

8. Conclusions, past and future works

Our goal was to develop a method for approximate solution of a simplified one-dimensional model that can
probably be extended to a generalized model. This model consists of a system with respect to five functions of
two spatial variables. We believe that the system can be reduced to a single equation with respect to function
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Figure 1. Graphs of exact and approximate solutions 𝑢,𝑤 and 𝜓. (a) Graphs of 𝑢(138)
10 and 𝑢.

(b) Graphs of 𝑤(138)
10 and 𝑤. (c) Graphs of 𝜓(138)

10 and 𝜓.

𝑤 using Green’s matrices or the Fourier series method. If we are not able to achieve the result, we hope that
the other researchers will be more successful.

For the solution of a problem on static symmetric state of shell in the Timoshenko theory an approximate
method is used, which consists of Green’s function method, Galerkin projection method, nonlinear iteration
method of Jacobi type together with Cardano formula. The accuracy of the approximate method is estimated.
The results of a numerical experiments are given, which indicate the effectiveness of the method.

Briefly about testing the method. The provided table and graphs illustrating algorithm errors indicate that
increasing the parameter 𝑛 leads to an improvement in errors. From the obtained results, one can infer that the
numerical algorithm offered for solving problem (1.3), (1.4) proves to be effective.

This work is a generalization of the papers, see [21, 23] and [22], in which the problem for the plate is
considered. In case of a plate the analog of problem (1.7), (1.8) has a more simpler form, than in case of a
shell, because the analog of equation (1.7) does not contain the curvature function, since for plate 𝑘(𝑥) = 0.
More about other differences. In papers, see [21] and [22], the error of only the iteration part of the method is
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Figure 2. Scatter plots of algorithm error for functions 𝑢,𝑤 and 𝜓. (a) Scatter plot of method
error for 𝑢. (b) Scatter plot of method error for 𝑤. (c) Scatter plot of method error for 𝜓.

estimated. Further, in contrast to the papers, see [21,23] and [22], this work provides the results of computational
testing of the applied method.

In this work, the main attention was paid to construction of a numerical method and to estimation of its
accuracy for equation (1.7). An important part of the nonlinearity of equation (1.7) also arises in other equations
for which the numerical methods have been proposed and studied. In some cases, this enables the use of other
methods and investigate its accuracy for equation (1.7). In particular we have in mind one such possibility based
on Chipot’s method, see [4, 5], with which the Kirchhoff generalized equation for string in static regime

𝜙

(︂∫︁ 1

0

𝑤′2(𝑥) d𝑥
)︂
𝑤′′(𝑥) = 𝑓(𝑥), 0 < 𝑥 < 1, (8.1)

is solved, where 𝜙 : [0,+∞) → (𝛼,+∞), 𝛼 > 0, and 𝑓 : (0, 1) → R, are given functions. In Kachakhidze
et al. [10] paper the practical aspects of accuracy method is discussed and the numerical examples are given for
equation (8.1).

Now regarding the dynamic case of the problem, which describes the axisymmetric oscillation of the Timo-
shenko shell. It would be natural to conclude the system of equations (1.3) is such that equation (1.7) has become
a hyperbolic type partial differential equation with respect to the function 𝑤 of spatial and time variables 𝑥
and 𝑡. In this case an important part of the nonlinearity of equation (1.7) can be found in other hyperbolic
equations as well. Such equations are, for example, the Kirchhoff generalized equation for string in dynamic
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regime presented in Bernstein’s paper, see [2], as

𝑤𝑡𝑡(𝑥, 𝑡) = 𝜙

(︃∫︁ 𝑙

0

𝑤2
𝑥(𝑥, 𝑡) d𝑥

)︃
𝑤𝑥𝑥(𝑥, 𝑡), 0 < 𝑥 < 𝑙, 0 < 𝑡 ≤ 𝑇, (8.2)

where 𝜙 : [0,+∞) → (𝛼,+∞), 𝛼 > 0, is a given function and Ball beam equation, see [1],

𝑤𝑡𝑡(𝑥, 𝑡) + 𝛼𝑤𝑥𝑥𝑥𝑥(𝑥, 𝑡)−

(︃
𝛽 + 𝛾

∫︁ 𝑙

0

𝑤2
𝑥(𝑥, 𝑡) d𝑥

)︃
𝑤𝑥𝑥(𝑥, 𝑡) + 𝛿𝑤𝑥𝑥𝑥𝑥𝑡(𝑥, 𝑡)

− 𝜉

(︃∫︁ 𝑙

0

𝑤𝑥(𝑥, 𝑡)𝑤𝑥𝑡(𝑥, 𝑡) d𝑥

)︃
𝑤𝑥𝑥(𝑥, 𝑡) + 𝜂𝑤𝑡(𝑥, 𝑡) = 0, 0 < 𝑥 < 𝑙, 0 < 𝑡 ≤ 𝑇, (8.3)

where the constants 𝛼, 𝛾, 𝛿 and 𝜉 are positive, and where the constants 𝛽 and 𝜂 are unrestricted in sign.
To solve equations (8.2) and (8.3) Peradze [19] and Papukashvili et al. [17] used the three-step methods.

Namely, the Galerkin method and implicit difference schemes are used for discretization of this equations with
respect to the spatial and time variables. And to solve the resulting systems of discrete equations, in one case,
the fixed-point iteration method, and in the other Jacobi type iteration method with Cardano formula are used.
In the given case, the similarity noted above allows us to solve the hyperbolic analog of equation (1.7) by the
methods, which were used in the papers, see [17, 19], for the solution of equations (8.2) and (8.3). Separately,
the question then is raised about the accuracy of the methods.

Data availability statement

The code used in this paper is available online in a Github repository: https://github.com/nika3966/timoshenko_shell
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