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CONVERGENCE OF PARTICLES AND TREE BASED SCHEME FOR
SINGULAR FBSDES

Jean-François Chassagneux1,˚ and Mohan Yang2

Abstract. We study an implementation of the theoretical splitting scheme introduced in Chassagneux
and Yang (J. Comput. Phys. 468 (2022) 111459) for singular FBSDEs (Carmona and Delarue, Probab.
Theory Relat. Fields 157 (2013) 333–388) and their associated quasi-linear degenerate PDEs. The fully
implementable algorithm is based on particles approximation of the transport operator and tree like
approximation of the diffusion operator appearing in the theoretical splitting. We prove the convergence
with a rate of our numerical method under some reasonable conditions on the coefficients functions. This
validates a posteriori some numerical results obtained in Chassagneux and Yang (J. Comput. Phys. 468
(2022) 111459). We conclude the paper with a numerical section presenting various implementations
of the algorithm and discussing their efficiency in practice.
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1. Introduction

In this work, we study the theoretical and numerical convergence of a particles and tree based scheme
for singular FBSDEs. The class of singular Forward Backward Stochastic Differential Equations (FBSDE) is
motivated by application in the modeling of carbon markets [4, 8, 10]. In these models, the FBSDE solution
represents the equilibrium price of an allowance (to emit one ton of CO2) in a perfect market. Let pΩ,ℱ ,Pq be
a stochastic basis supporting a 𝑑-dimensional Brownian motion 𝑊 and 𝑇 ą 0 a terminal time. We denote by
F :“ pℱ𝑡q𝑡ě0 the filtration generated by the Brownian motion (augmented). The singular FBSDE system, with
solution p𝑃𝑡, 𝐸𝑡, 𝑌𝑡, 𝑍𝑡q0ď𝑡ď𝑇 , has the following form:

$

&

%

d𝑃𝑡 “ 𝑏p𝑃𝑡qd𝑡` 𝜎p𝑃𝑡qd𝑊𝑡

d𝐸𝑡 “ 𝜇p𝑃𝑡, 𝑌𝑡qd𝑡
d𝑌𝑡 “ 𝑍𝑡 d𝑊𝑡

. (1.1)

The terminal condition is typically given by

𝑌𝑇 “ 𝜑p𝐸𝑇 q where 𝜑p𝑒q “ 1𝑒ěΛ, (1.2)
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for some Λ ą 0. Existence and uniqueness to the above FBSDE is not straightforward has it is fully coupled (the
backward process 𝑌 appears in the coefficient of the forward process 𝐸), it is degenerate in the forward direction
𝐸 and the terminal condition is discontinuous. However, assuming some structural conditions, see Theorem 2.1
below for a precise statement, Carmona and Delarue [3] managed to prove the wellposedness of such singular
FBSDEs. They also show that the following Markovian representation holds true for the 𝑌 -process, namely:

𝑌𝑡 :“ 𝒱p𝑡, 𝑃𝑡, 𝐸𝑡q, 0 ď 𝑡 ă 𝑇, (1.3)

where the measurable function 𝒱 : r0, 𝑇 s ˆ R𝑑 ˆ R Ñ R is classically named the decoupling field.
The decoupling field 𝒱 associated to (1.1) is a weak solution to

B𝑡𝑢` B𝑒pMp𝑝, 𝑢qq ` B𝑝𝑢𝑏p𝑝q `
1
2

Tr
“

𝜎p𝑝q𝜎Jp𝑝qB2𝑝𝑝𝑢
‰

“ 0 and 𝑢p𝑇, 𝑝, 𝑒q “ 𝜑p𝑒q, (1.4)

with

Mp𝑝, 𝑦q :“
ż 𝑦

0

𝜇p𝑝, 𝜐qd𝜐, 0 ď 𝑦 ď 1, (1.5)

where B𝑝 denotes the Jacobian with respect to 𝑝, B𝑡 the time derivative, B𝑒 the derivative with respect to the 𝑒
variable, J is the transpose and B2𝑝𝑝 is the matrix of second derivatives with respect to the 𝑝 variable.

The algorithm we study is based on a splitting scheme designed for this kind of equation and introduced in [6].
Though it could be defined at a general level for the PDE, we should note that the convergence proof relies on the
FBSDE setting. Indeed, under appropriate conditions, the FBSDE appears as well-posed random characteristics
for the PDE (1.4). The splitting scheme involves the iteration on a discrete time grid of the composition of two
operators: a transport operator 𝒯 (in this case the 𝑃 variable is fixed) and a diffusion operator 𝒟 (in this case
the 𝐸 variable is fixed). Precise definitions are given in the next section. From [6], we already know that the
theoretical splitting scheme is convergent with a rate one half. This result is obtained under the same structural
conditions which guarantee the well-posedness of the FBSDE. In [6], the splitting scheme is then implemented
using various finite difference approximations of the transport operator and a non-linear regression using Deep
Neural Networks for the diffusion operator. An alternative scheme ([6], Sect. 3.3.1) is also suggested to verify
the convergence result of the main numerical procedure. The goal of this paper is to analyse precisely this
alternative scheme by proving its convergence with a rate, under some regularity conditions and assuming a
constant volatility coefficient in the 𝑃 dynamics.

The rest of the paper is organized as follows. In the next section, we recall the theoretical setting for the
study of singular FBSDEs and recall the theoretical splitting scheme. We also introduce the framework used to
study the convergence of the numerical methods and give some properties of the solution 𝒱 in this framework.
In Section 3, we present the numerical algorithm and some of its variants that will be used for numerical tests.
We also state our main convergence result in Theorem 3.1. Section 4 is dedicated to the proof of the convergence
by studying precisely all sources of errors. The last section presents numerical results for the various schemes
introduced, illustrating the theoretical convergence.

Notations. In the following we will use the following spaces:
Let H “ pℋ𝑡q𝑡ě0 denotes a generic right-continuous filtration,

– For fixed 0 ď 𝑎 ă 𝑏 ă `8 and 𝐼 “ r𝑎, 𝑏s or 𝐼 “ r𝑎, 𝑏q, 𝒮2,𝑘p𝐼,Hq is the set of R𝑘-valued càdlàg1 ℋ𝑡-adapted
processes 𝑌 , s.t.

}𝑌 }2𝒮2 :“ E
„

sup
𝑡P𝐼
|𝑌𝑡|

2



ă 8.

Note that we may omit the dimension and the terminal date in the norm notation as this will be clear from
the context. 𝒮2,𝑘

c p𝐼,Hq is the subspace of processes with continuous sample paths.

1French acronym for right continuous with left limits.
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– For fixed 0 ď 𝑎 ă 𝑏 ă `8, and 𝐼 “ r𝑎, 𝑏s, we denote by ℋ2,𝑘p𝐼,Hq the set of R𝑘-valued progressively
measurable processes 𝑍, such that

}𝑍}2ℋ2 :“ E
„
ż

𝐼

|𝑍𝑡|
2 d𝑡



ă 8.

We denote by PpRq the space of probability measures on R and P𝑞pRq, 𝑞 ě 1 the subset of probability
measure which have a 𝑞-moment finite.

We denote by I the space of cumulative distribution function (CDF) namely functions 𝜃 given by

R Q 𝑥 ÞÑ 𝜃p𝑥q “ 𝜇pp´8, 𝑥sq P r0, 1s

for some 𝜇 P PpRq.
The set C 1,2,1p𝐼 ˆ R𝑑 ˆ Rq (resp. C 1,2,2p𝐼 ˆ R𝑑 ˆ Rq) with 𝐼 “ r0, 𝑇 q or 𝐼 “ r0, 𝑇 s, is the set of functions

𝑓 : 𝐼 ˆ R𝑑 ˆ R Ñ R continuously differentiable: once in their first variable, twice in their second variable and
once (resp. twice) in their third variable.

2. Review of theoretical result for singular FBSDEs

In this section, we first recall the main properties of solution to (1.1). We then define the theoretical splitting
scheme studied in [6] and used to design our implemented algorithms introduced in the next section. Finally, we
consider a smooth framework for the solution of (1.4) and obtain some properties useful to prove the convergence
of the numerical schemes.

2.1. Well-posedness of Singular FBSDEs

We first define a class of functions to which the solution belongs.

Definition 2.1. Let 𝒦 be the class of functions Φ : R𝑑 ˆ R Ñ r0, 1s such that Φ is 𝐿𝜑-Lipschitz in the first
variable for some 𝐿Φ ą 0, namely

ˇ

ˇΦp𝑝, 𝑒q ´ Φp𝑝1, 𝑒q
ˇ

ˇ ď 𝐿Φ|𝑝´ 𝑝
1| for all p𝑝, 𝑝1, 𝑒q P R𝑑 ˆ R𝑑 ˆ R, (2.1)

and moreover satisfying, for all 𝑝 P R𝑑,

Φp𝑝, 𝑒q “ 𝜈p𝑝, p´8, 𝑒sq where 𝜈p𝑝, ¨q P 𝒫pRq. (2.2)

From the above definition, we have that Φp𝑝, ¨q P I and is thus a non-decreasing, right continuous function
and satisfies, for all 𝑝 P R𝑑,

lim
𝑒Ñ´8

Φp𝑝, 𝑒q “ 0 and lim
𝑒Ñ´8

Φp𝑝, 𝑒q “ 1. (2.3)

We now recall the existence and uniqueness result for the singular FBSDE. It is also key to define the theoretical
splitting scheme. This result is obtained for the following class of admissible coefficient functions.

Definition 2.2. Let 𝒜 be the class of functions 𝐵 : R𝑑 Ñ R𝑑, Σ : R𝑑 Ñ ℳ𝑑, 𝐹 : R𝑑 ˆ R Ñ R which are
𝐿-Lipschitz continuous functions. Moreover, 𝐹 is strictly decreasing in 𝑦 and satisfies, for all 𝑝 P R𝑑,

ℓ1|𝑦 ´ 𝑦
1|2 ď p𝑦 ´ 𝑦1qp𝐹 p𝑝, 𝑦1q ´ 𝐹 p𝑝, 𝑦qq ď ℓ2|𝑦 ´ 𝑦

1|2, (2.4)

where 𝐿, ℓ1 and ℓ2 are positive constants.

The well-posedness result in this setting reads as follows.
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Theorem 2.1 ([3], Prop. 2.10, [8], Prop. 3.2). Let 𝜏 ą 0, p𝐵,Σ, 𝐹 q P 𝒜 and Φ P 𝒦.
Given any initial condition p𝑡0, 𝑝, 𝑒q P r0, 𝜏qˆR𝑑ˆR, there exists a unique progressively measurable 4-tuple of

processes p𝑃 𝑡0,𝑝,𝑒
𝑡 , 𝐸𝑡0,𝑝,𝑒

𝑡 , 𝑌 𝑡0,𝑝,𝑒
𝑡 , 𝑍𝑡0,𝑝,𝑒

𝑡 q𝑡0ď𝑡ď𝜏 P 𝒮2,𝑑
c pr𝑡0, 𝜏 s,Fqˆ𝒮2,1

c pr𝑡0, 𝜏 s,Fqˆ𝒮2,1
c pr𝑡0, 𝜏q,Fqˆℋ2,𝑑pr𝑡0, 𝜏 s,Fq

satisfying the dynamics

d𝑃 𝑡0,𝑝,𝑒
𝑡 “ 𝐵

`

𝑃 𝑡0,𝑝,𝑒
𝑡

˘

d𝑡` Σ
`

𝑃 𝑡0,𝑝,𝑒
𝑡

˘

d𝑊𝑡, 𝑃 𝑡0,𝑝,𝑒
𝑡0 “ 𝑝 P R𝑑,

d𝐸𝑡0,𝑝,𝑒
𝑡 “ 𝐹

`

𝑃 𝑡0,𝑝,𝑒
𝑡 , 𝑌 𝑡0,𝑝,𝑒

𝑡

˘

d𝑡, 𝐸𝑡0,𝑝,𝑒
𝑡0 “ 𝑒 P R,

d𝑌 𝑡0,𝑝,𝑒
𝑡 “ 𝑍𝑡0,𝑝,𝑒

𝑡 d𝑊𝑡,

(2.5)

and such that

P
„

Φ´
`

𝑃 𝑡0,𝑝,𝑒
𝜏 , 𝐸𝑡0,𝑝,𝑒

𝜏

˘

ď lim
𝑡Ò𝜏

𝑌 𝑡0,𝑝,𝑒
𝑡 ď Φ`

`

𝑃 𝑡0,𝑝,𝑒
𝜏 , 𝐸𝑡0,𝑝,𝑒

𝜏

˘



“ 1. (2.6)

The unique decoupling field defined by

r0, 𝜏q ˆ R𝑑 ˆ R Q p𝑡0, 𝑝, 𝑒q Ñ 𝑤p𝑡0, 𝑝, 𝑒q “ 𝑌 𝑡0,𝑝,𝑒
𝑡0 P R

is continuous and satisfies

p1q For any 𝑡 P r0, 𝜏q, the function 𝑤p𝑡, ¨, ¨q is 1{p𝑙1p𝜏 ´ 𝑡qq-Lipschitz continuous with respect to 𝑒.
p2q For any 𝑡 P r0, 𝜏q, the function 𝑤p𝑡, ¨, ¨q is 𝐶-Lipschitz continuous with respect to 𝑝, where 𝐶 is a constant

depending on 𝐿, 𝜏 and 𝐿𝜑 only.
p3q Given p𝑝, 𝑒q P R𝑑 ˆ R, for any family p𝑝𝑡, 𝑒𝑡q0ď𝑡ă𝜏 converging to p𝑝, 𝑒q as 𝑡 Ò 𝜏 , we have

Φ´p𝑝, 𝑒q ď lim inf
𝑡Ñ𝜏

𝑤p𝑡, 𝑝𝑡, 𝑒𝑡q ď lim sup
𝑡Ñ𝜏

𝑤p𝑡, 𝑝𝑡, 𝑒𝑡q ď Φ`p𝑝, 𝑒q. (2.7)

p4q For any 𝑡 P r0, 𝜏q, the function 𝑤p𝑡, ¨, ¨q P 𝒦.

The previous result leads us to define a non-linear operator associated to (1.1) under the following assumption,
that will hold true for the rest of the paper:

Standing assumptions. The coefficients p𝑏, 𝜎, 𝜇q of the singular FBSDE (1.1) belong to 𝒜.

Definition 2.3. We define the semi-group of operator pΘℎqℎą0 by

p0,8q ˆ𝒦 Q pℎ, 𝜓q ÞÑ Θℎp𝜓q “ 𝑣p0, ¨q P 𝒦 (2.8)

where 𝜐 is the decoupling field given in Theorem 2.1 with parameters 𝜏 “ ℎ, 𝐵 “ 𝑏, Σ “ 𝜎, 𝐹 “ 𝜇 and Φ “ 𝜓.

Let us now be given a discrete time grid of r0, 𝑇 s:

𝜋 :“ t𝑡0 :“ 0 ď ¨ ¨ ¨ ď 𝑡𝑛 ď . . . 𝑡𝑁 :“ 𝑇 u, (2.9)

for 𝑁 ě 1. For ease of presentation, we assume that the time grid 𝜋 is equidistant and thus, for 0 ď 𝑛 ď 𝑁 ´ 1,

𝑡𝑛`1 ´ 𝑡𝑛 “
𝑇

𝑁
“: h. (2.10)

Using Definition 2.3, we observe that

𝒱p0, ¨q :“ Θ𝑇 p𝜑q “ Θ𝑡1´𝑡0 ˝ ¨ ¨ ¨ ˝Θ𝑡𝑁´𝑡𝑁´1p𝜑q. (2.11)

We recall now a result that arises from the proof of the previous Theorem 2.1, see [8].
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Corollary 2.1 (Approximation result). Let 𝜏 ą 0, p𝐵,Σ, 𝐹 q P 𝒜 and Φ P 𝒦. Let pΦ𝑘q𝑘ě0 be a sequence of
smooth functions belonging to 𝒦 and converging pointwise towards Φ as 𝑘 goes to `8. For 𝜂 ą 0, consider then
𝑤𝜂,𝑘 the solution to:

B𝑡𝑢` 𝐹 p𝑝, 𝑢qB𝑒𝑢` ℒ𝑝𝑢`
1
2
𝜂2
`

B2𝑒𝑒𝑢`∆𝑝𝑝𝑢
˘

“ 0 and 𝑢p𝜏, ¨q “ Φ𝑘 (2.12)

where ∆𝑝𝑝 is the Laplacian with respect to 𝑝, and ℒ𝑝 is the operator

ℒ𝑝p𝜙qp𝑡, 𝑝, 𝑒q “ B𝑝𝜙p𝑡, 𝑝, 𝑒q𝐵p𝑝q `
1
2

Tr
“

𝐴p𝑝qB2𝑝𝑝

‰

p𝜙qp𝑡, 𝑝, 𝑒q, (2.13)

with 𝐴 “ ΣΣJ. For later use, we also define ℒ𝜂 :“ ℒ𝑝`
1
2𝜂

2pB2𝑒𝑒`∆𝑝𝑝q. Then the functions 𝑤𝜂,𝑘 are C 1,2,2pr0, 𝜏 sˆ
R𝑑 ˆ Rq and lim𝑘Ñ8 lim𝜂Ñ0 𝑤

𝜂,𝑘 “ 𝑤 where the convergence is locally uniform in r0, 𝜏q ˆ R𝑑 ˆ R. Moreover,
for all 𝑘, 𝜂, 𝑤𝜂,𝑘p𝑡, ¨q P 𝒦.

For later use, we introduce the system of FBSDEs associated to (2.12). We thus consider p𝑊, 𝐵̃, ˜̃𝐵q to be
independent Brownian motions with dimension respectively 𝑑, 𝑑 and one, and denote G “ p𝒢𝑡q𝑡ě0 the filtration
they generate (augmented). For 𝑡0 P r0, 𝑇 q and p𝑝, 𝑒q P R𝑑 ˆ R, let

`

𝑃 𝜂, 𝐸𝜂,𝑘
˘

P 𝒮2,𝑑
c pr𝑡0, 𝑇 s,Gq ˆ 𝒮2,1

c pr𝑡0, 𝑇 s,Gq

and
´

𝑌 𝜂,𝑘, 𝑍𝜂,𝑘, 𝑍𝜂,𝑘, ˜̃𝑍𝜂,𝑘
¯

P 𝒮2,𝑑
c pr𝑡0, 𝑇 s,Gq ˆℋ2,𝑑pr𝑡0, 𝑇 s,Gq ˆℋ2,𝑑pr𝑡0, 𝑇 s,Gq ˆℋ2,1pr𝑡0, 𝑇 s,Gq

be the solution to
$

’

’

’

&

’

’

’

%

d𝑃 𝜂
𝑡 “ 𝐵p𝑃 𝜂

𝑡 qd𝑡` Σp𝑃 𝜂
𝑡 qd𝑊𝑡 ` 𝜂 d𝐵̃𝑡, 𝑃

𝜂
𝑡0 “ 𝑝,

d𝐸𝜂,𝑘
𝑡 “ 𝐹

´

𝑃 𝜂
𝑡 , 𝑌

𝜂,𝑘
𝑡

¯

d𝑡` 𝜂 d ˜̃𝐵𝑡, 𝐸
𝜂
𝑡0 “ 𝑒,

d𝑌 𝜂,𝑘 “ 𝑍𝜂,𝑘 d𝑊𝑡 ` 𝑍
𝜂,𝑘 d𝐵̃𝑡 `

˜̃𝑍𝜂,𝑘 ˜̃𝐵𝑡.

(2.14)

Observe that 𝑌 𝜂,𝑘
𝑡 “ 𝑤𝜂,𝑘p𝑡, 𝑃 𝜂

𝑡 , 𝐸
𝜂,𝑘
𝑡 q for 𝑡 P r𝑡0, 𝑇 s, in particular 𝑌 𝜂,𝑘

𝑇 “ Φ𝑘p𝑃𝑇 , 𝐸𝑡q. Let us note that the
above processes depend upon the initial condition p𝑡0, 𝑝, 𝑒q but we slightly abuse the notation in this regard by
omitting to indicate the initial condition.

2.2. A theoretical splitting scheme

The numerical algorithm is based on a splitting method for the quasilinear PDE (1.4), which has been
introduced in [6]. We now recall the splitting approach at a theoretical level.

We first introduce the transport step where the diffusion part is frozen.

Definition 2.4 (Transport step). We set

p0,8q ˆ𝒦 Q pℎ, 𝜓q ÞÑ 𝒯ℎp𝜓q “ 𝑣p0, ¨q P 𝒦,

where 𝑣 is the decoupling field defined in Theorem 2.1 with parameters 𝜏 “ ℎ, 𝐵 “ 0, Σ “ 0, 𝐹 “ 𝜇 and
terminal condition Φ “ 𝜓.

In the definition above, 𝑣p¨q, defined on r0, ℎs ˆ R𝑑 ˆ R, is the unique entropy solution to

B𝑡𝑤 ` B𝑒pMp𝑝, 𝑤qq “ 0 and 𝑣pℎ, ¨q “ 𝜓, (2.15)

recall (1.4).
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Remark 2.1. For later use in the convergence analysis, we introduce a small modification of the previous
operator that acts on function in I instead of 𝒦. Namely, we set

p0,8q ˆ R𝑑 ˆI Q pℎ, 𝑝, 𝜃q ÞÑ 𝒯ℎp𝑝, 𝜃q “ 𝑣𝑝p0, ¨q P I

where 𝑣𝑝p0, ¨q is the unique entropy solution to

B𝑡𝑤 ` B𝑒pMp𝑝, 𝑤qq “ 0 and 𝑣𝑝pℎ, ¨q “ 𝜃. (2.16)

One observes that 𝒯ℎp𝜓qp𝑝, ¨q “ 𝒯ℎp𝑝, 𝜓p𝑝, ¨qq.

Let us mention that, from e.g. Theorem 1.1 of [11], we have the following stability result:
ż

R

ˇ

ˇ

ˇ
𝒯ℎp𝑝, 𝜓1p𝑝, ¨qqp𝑒q ´ 𝒯ℎp𝑝, 𝜓2p𝑝, ¨qqp𝑒q

ˇ

ˇ

ˇ
d𝑒 ď

ż

R
|𝜓1p𝑝, 𝑒q ´ 𝜓2p𝑝, 𝑒q|d𝑒, (2.17)

for 𝜓1, 𝜓2 P 𝒦.
We now introduce the diffusion step, where conversely, the 𝐸 – process is frozen to its initial value.

Definition 2.5 (Diffusion step). We set

p0,8q ˆ𝒦 Q pℎ, 𝜓q ÞÑ 𝒟ℎp𝜓q “ 𝑣p0, ¨q P 𝒦

where 𝑣p0, ¨q is the decoupling field in Theorem 2.1 with parameters 𝜏 “ ℎ, 𝐵 “ 𝑏, Σ “ 𝜎, 𝐹 “ 0 and terminal
condition Φ “ 𝜓.

Observe that, for 𝑡 P r0, ℎq,

𝑣p𝑡, 𝑝, 𝑒q “ E
“

𝜓
`

𝑃 𝑡,𝑝
ℎ , 𝑒

˘‰

, p𝑝, 𝑒q P R𝑑 ˆ R and 𝑣p𝑡, ¨q P 𝒦. (2.18)

We can now define the theoretical scheme on 𝜋 by a backward induction. Since

𝒱p0, ¨q “ Θ𝑇 p𝜑q “
ź

0ď𝑛ă𝑁

Θ𝑡𝑛`1´𝑡𝑛p𝜑q, (2.19)

the main point of the scheme is to replace one step of Θ by one step of 𝒯 ˝𝒟. This leads to the following.

Definition 2.6 (Theoretical splitting scheme). We set

p0,8q ˆ𝒦 Q pℎ, 𝜓q ÞÑ 𝒮ℎp𝜓q :“ 𝒯ℎ ˝𝒟ℎp𝜓q P 𝒦.

For 𝑛 ď 𝑁 , we denote by 𝑢𝜋
𝑛 the solution of the following backward induction on 𝜋:

– for 𝑛 “ 𝑁 , set 𝑢𝜋
𝑁 :“ 𝜑,

– for 𝑛 ă 𝑁 , 𝑢𝜋
𝑛 “ 𝒮𝑡𝑛`1´𝑡𝑛p𝑢

𝜋
𝑛`1q.

The p𝑢𝜋
𝑛q0ď𝑛ď𝑁 stands for the approximation of the decoupling field 𝒱p𝑡, ¨q for 𝑡 P 𝜋.

It is proven in Proposition 2.1 of [6] a key result concerning the scheme’s truncation error.

Proposition 2.1 (truncation error). Under our standing assumptions on the coefficients p𝜇, 𝑏, 𝜎q, the following
holds, for 𝜓 P 𝒦:

ż

R
|𝒮ℎp𝜓qp𝑝, 𝑒q ´Θℎp𝜓qp𝑝, 𝑒q| d𝑒 ď 𝐶𝐿𝜓

`

1` |𝑝|2
˘

ℎ
3
2 , (2.20)

for 𝑝 P R𝑑, ℎ ą 0.

This allows in particular to obtain the convergence with a rate 1
2 of the theoretical splitting scheme to the

decoupling field 𝒱, namely
ż

R
|𝒱p0, 𝑝, 𝑒q ´ 𝑢𝜋

0 p𝑝, 𝑒q| d𝑒 ď 𝐶
`

1` |𝑝|2
˘

a

h, 𝑝 P R𝑑,

for a positive constant 𝐶, see Theorem 2.2 of [6].
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2.3. Smooth setting for convergence results

We now consider a more restricted framework. In this setting, we give further properties of the value function
𝒱 that will be used to prove our convergence results. Indeed, even if the scheme can be defined in a quite general
setting, the convergence with a rate is obtained in a more regular framework.

Therefore, the main assumption we shall use is the following, see Remark 2.2 below.

Assumption 2.1. The decoupling field 𝒱 is a C 1,2,1pr0, 𝑇 q ˆ R𝑑 ˆ Rq solution to

B𝑡𝒱 ` 𝜇p𝑝,𝒱qB𝑒𝒱 ` 𝑏p𝑝qB𝑝𝒱 `
1
2
𝜎̄2∆𝑝𝒱 “ 0. (2.21)

In particular, the function 𝜎p¨q is constant 𝜎p¨q :“ 𝜎̄𝐼𝑑 with 𝜎̄ ą 0 and 𝐼𝑑 the 𝑑ˆ 𝑑 identity matrix, recall (1.4).
Moreover, the function 𝑏 is twice differentiable with bounded and Lipschitz derivatives and the function 𝜇 is
differentiable with Lipschitz and bounded derivatives.

We first list some further properties of the function 𝒱 in the regular setting of the previous assumption.

Proposition 2.2. Under Assumption 2.1, the function 𝒱 satisfies, for p𝑡, 𝑝, 𝑒q P r0, 𝑇 q ˆ R𝑑 ˆ R,

0 ď B𝑒𝒱p𝑡, 𝑝, 𝑒q ď
𝐶

𝑇 ´ 𝑡
and |B𝑝𝒱p𝑡, 𝑝, 𝑒q| ď 𝐶. (2.22)

Moreover, for p𝑡, 𝑝q P r0, 𝑇 q ˆ R𝑑,
ż

R
|B𝑝𝒱p𝑡, 𝑝, 𝑒q| d𝑒 ď 𝐶p𝑇 ´ 𝑡q, (2.23)

and, thus, for 𝑝1 P R𝑑,
ż

R

ˇ

ˇ𝒱p𝑡, 𝑝, 𝑒q ´ 𝒱p𝑡, 𝑝1, 𝑒q
ˇ

ˇd𝑒 ď 𝐶p𝑇 ´ 𝑡q|𝑝´ 𝑝1|. (2.24)

Proof. The estimates (2.22) are obtained directly from the property of 𝒱 given in Theorem 2.1. We now study
the 𝐿1-control.

Let 𝒱𝜂,𝑘 be the smooth approximation given in Corollary 2.1 to 𝒱. We consider also the associated FBSDE
p𝑃 𝜂, 𝐸𝜂,𝑘, 𝑌 𝜂,𝑘q in (2.14). We adapt the computations in the proof of Lemma 3.8 in [8], to obtain the equation
corresponding to equation (3.35) there. In our simpler framework (𝑟 “ 0, 𝜑 does not depend on 𝑝), it reads

B𝑝𝒱𝜂,𝑘p𝑡0, 𝑝, 𝑒q “ E

«

ż 𝑇

𝑡0

B𝑝𝜇
´

𝑃 𝜂
𝑡 , 𝑌

𝜂,𝑘
𝑡

¯

B𝑝𝑃
𝜂
𝑡 B𝑒𝐸

𝜂,𝑘
𝑡 B𝑒𝒱𝜂,𝑘

´

𝑡, 𝑃 𝜂
𝑡 , 𝐸

𝜂,𝑘
𝑡

¯

d𝑡

ff

(2.25)

where pB𝑝𝑃
𝜂, B𝑒𝐸

𝜂,𝑘q are the tangent processes associated to p𝑃 𝜂, 𝐸𝜂,𝑘q. They are given by

B𝑒𝐸
𝜂,𝑘
𝑡 “ 1`

ż 𝑡

𝑡0

B𝑦𝜇
`

𝑃 𝜂
𝑠 ,𝒱𝜂,𝑘

`

𝑠, 𝑃 𝜂
𝑠 , 𝐸

𝜂,𝑘
𝑠

˘˘

B𝑒𝒱𝜂,𝑘
`

𝑠, 𝑃 𝜂
𝑠 , 𝐸

𝜂,𝑘
𝑠

˘

B𝑒𝐸
𝜂,𝑘
𝑠 d𝑠, (2.26)

´

B𝑝ℓ1𝑃
𝜂
𝑡

¯ℓ

“ 1tℓ“ℓ1u `

ż 𝑡

𝑡0

B𝑝𝑏
ℓp𝑃 𝜂

𝑠 qB𝑝ℓ1𝑃
𝜂
𝑠 d𝑠 for ℓ, ℓ1 P t1, . . . , 𝑑u. (2.27)

Observe, in particular, that

B𝑒𝐸
𝜂,𝑘
𝑡 “ exp

ˆ
ż 𝑡

𝑡0

B𝑦𝜇
`

𝑃 𝜂
𝑠 ,𝒱𝜂,𝑘

`

𝑠, 𝑃 𝜂
𝑠 , 𝐸

𝜂,𝑘
𝑠

˘˘

B𝑒𝒱𝜂,𝑘
`

𝑠, 𝑃 𝜂
𝑠 , 𝐸

𝜂,𝑘
𝑠

˘

d𝑠
˙

, 𝑡 P r𝑡0, 𝑇 s.
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Moreover, it is well known in our Lipschitz setting that

E

«

sup
𝑡Pr𝑡0,𝑇 s

|B𝑝𝑃
𝜂
𝑡 |

𝜅

ff

ď 𝐶𝜅, (2.28)

for 𝜅 ě 1.
For a positive real number 𝑅, we obtain from (2.25) that

ż 𝑅

´𝑅

ˇ

ˇB𝑝𝒱𝜂,𝑘p𝑡0, 𝑝, 𝑒q
ˇ

ˇd𝑒 ď E

«

ż 𝑇

𝑡0

ż 𝑅

´𝑅

ˇ

ˇ

ˇ
B𝑝𝜇

´

𝑃 𝜂
𝑡 , 𝑌

𝜂,𝑘
𝑡

¯

B𝑝𝑃
𝜂
𝑡

ˇ

ˇ

ˇ
B𝑒

”

𝒱𝜂,𝑘
´

𝑡, 𝑃 𝜂
𝑡 , 𝐸

𝜂,𝑘
𝑡

¯ı

d𝑒 d𝑡

ff

recalling that B𝑒𝐸
𝜂,𝑘 and B𝑒𝒱𝜂,𝑘p¨q are non-negative. Moreover, since 𝒱𝜂,𝑘 is bounded and 𝜇 Lipschitz continuous,

we compute

ż 𝑅

´𝑅

ˇ

ˇB𝑝𝒱𝜂,𝑘p𝑡0, 𝑝, 𝑒q
ˇ

ˇd𝑒 ď 2
›

›𝒱𝜂,𝑘
›

›

8
}B𝑝𝜇}8p𝑇 ´ 𝑡0qE

«

sup
𝑡Pr𝑡0,𝑇 s

|B𝑝𝑃
𝜂
𝑡 |

ff

.

Using (2.28), we eventually obtain
ż 𝑅

´𝑅

ˇ

ˇB𝑝𝒱𝜂,𝑘p𝑡0, 𝑝, 𝑒q
ˇ

ˇd𝑒 ď 𝐶p𝑇 ´ 𝑡0q. (2.29)

Since 𝒱𝜂,𝑘p𝑡0, 𝑝` 𝛿, 𝑒q ´ 𝒱𝜂,𝑘p𝑡0, 𝑝, 𝑒q “ 𝛿
ş1

0
B𝑝𝒱𝜂,𝑘p𝑡0, 𝑝` 𝜆𝛿, 𝑒qd𝜆, we have

ż 𝑅

´𝑅

ˇ

ˇ𝒱𝜂,𝑘p𝑡0, 𝑝` 𝛿, 𝑒q ´ 𝒱𝜂,𝑘p𝑡0, 𝑝, 𝑒q
ˇ

ˇd𝑒 ď 𝛿

ż 1

0

ż 𝑅

´𝑅

ˇ

ˇB𝑝𝒱𝜂,𝑘p𝑡0, 𝑝` 𝜆𝛿, 𝑒q
ˇ

ˇ d𝑒𝜆, (2.30)

ď 𝐶p𝑇 ´ 𝑡0q𝛿 (2.31)

where we used (2.29) for the last inequality. The dominated convergence theorem leads to
ż 𝑅

´𝑅

1
𝛿
|𝒱p𝑡0, 𝑝` 𝛿, 𝑒q ´ 𝒱p𝑡0, 𝑝, 𝑒q|d𝑒 ď 𝐶p𝑇 ´ 𝑡0q, (2.32)

recalling Corollary 2.1. Taking limit as 𝛿 Ñ 0, we obtain
ż 𝑅

´𝑅

|B𝑝𝒱p𝑡0, 𝑝, 𝑒q| d𝑒 ď 𝐶p𝑇 ´ 𝑡0q. (2.33)

The estimate (2.23) is then obtained by letting 𝑅Ñ `8 and invoking monotone convergence. �

The study of the regularity of the decoupling field, in particular how to prove Assumption 2.1, is outside
the scope of this paper and is left for further research. We, however, give now an example of model for which
Assumption 2.1 is known to hold.

Remark 2.2. Let us consider the following toy model, which has been studied in [4]
$

’

&

’

%

d𝑃𝑡 “ 𝜎̄ d𝒲𝑡, 𝑃0 “ 𝑝,

d𝐸𝑡 “ p𝑃𝑡 ´ 𝑌𝑡qd𝑡, 𝐸0 “ 𝑒,

d𝑌𝑡 “ 𝑍𝑡 d𝒲𝑡.

(2.34)

Here, 𝜎̄ is a positive constant, 𝒲 is a one-dimensional Brownian Motion and the terminal condition (in the
weak sense of (2.6)) for 𝑌 is given by 𝜑p𝐸𝑇 q, recall (1.2). By Theorem 2.1 above, it has a unique solution and
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we denote by 𝜐 its decoupling field. In particular, we have 𝜐p0, 𝑝, 𝑒q “ 𝑌0. Now, we introduce, as in [4], the
following process

𝐸̄𝑡 “ 𝐸𝑡 ` p𝑇 ´ 𝑡q𝑃𝑡, (2.35)

and observe then that p𝐸̄, 𝑌 q satisfies
#

d𝐸̄𝑡 “ ´𝑌𝑡 d𝑡` p𝑇 ´ 𝑡qd𝒲𝑡

d𝑌𝑡 “ 𝑍𝑡 d𝒲𝑡

(2.36)

with the same terminal condition since 𝐸̄𝑇 “ 𝐸𝑇 . Independently from (2.34), the system (2.36) is thoroughly
studied in Section 4 of [4], this system has also a unique solution with a decoupling field 𝑌0 “ 𝜐p0, 𝐸̄0q, and from
Proposition 6 in [4] again, 𝜐 is C 1,2pr0, 𝑇 q ˆ Rq. We deduce that 𝜐p0, 𝑝, 𝑒q “ 𝜐p0, 𝑒 ` 𝑇𝑝q and more generally
𝜐p𝑡, 𝑝, 𝑒q “ 𝜐p𝑡, 𝑒` p𝑇 ´ 𝑡q𝑝q for 𝑡 P r0, 𝑇 q. This yields that 𝜐 is C 1,2,2pr0, 𝑇 q ˆ R𝑑 ˆ Rq.

Let us observe that Proposition 2.2 states estimates for the first order derivatives of 𝒱. And, though 𝒱 is
assumed to be smooth in Assumption 2.1, nothing is said on the control of higher order derivatives. As we will
see later on, the control of the second order derivative and third order derivative with respect to 𝑝, will be
needed. This should not come as a surprise as we will approximate the 𝑃 process by a discrete in time and
space process, see Section 3.1.1. We shall not make further assumption on the behavior of 𝒱 and its derivatives.
Instead, we introduce a proxy to 𝒱 that will be used in the proof of convergence of our numerical algorithm.

Let then 𝒱𝜖 be a smoothing of the decoupling field 𝒱, namely: For 𝜖 P p0, 1q,

𝒱𝜖p𝑡, 𝑝, 𝑒q :“
ż

R𝑑
𝒱p𝑡, 𝑝` 𝑞, 𝑒q𝜙𝜖p𝑞qd𝑞 where 𝜙𝜖p𝑞q :“

1
𝜖𝑑
𝜙
´𝑞

𝜖

¯

, 𝑞 P R𝑑, (2.37)

and with 𝜙p¨q a smooth compactly supported probability density function.
We now show that 𝒱𝜖 satisfies the same PDE as 𝒱 up to an error term that we can control. From the previous

Assumption 2.1, we first observe that 𝒱𝜖, defined in (2.37) belongs also to C 1,2,1pr0, 𝑇 q ˆ R𝑑 ˆ Rq and that it
satisfies the same bounds as 𝒱, namely

0 ď B𝑒𝒱𝜖p𝑡, 𝑝, 𝑒q ď
𝐶

𝑇 ´ 𝑡
, |B𝑝𝒱𝜖p𝑡, 𝑝, 𝑒q| ď 𝐶 (2.38)

and
ż

R
|B𝑝𝒱𝜖p𝑡, 𝑝, 𝑧q| d𝑧 ď 𝐶p𝑇 ´ 𝑡q, @p𝑡, 𝑝, 𝑒q P r0, 𝑇 q ˆ R𝑑 ˆ R. (2.39)

Proposition 2.3. Under Assumption 2.1, the function 𝒱𝜖 satisfies on r0, 𝑇 q ˆ R𝑑 ˆ R,

B𝑡𝒱𝜖 ` 𝑏p𝑝qB𝑝𝒱𝜖 `
1
2
𝜎̄2∆𝑝𝒱𝜖 ` 𝜇p𝑝,𝒱p𝑡, 𝑝, 𝑒qqB𝑒𝒱𝜖 “ 𝜃𝜖p𝑡, 𝑝, 𝑒q (2.40)

with

|𝜃𝜖p𝑡, 𝑝, 𝑒q| ď 𝐶𝜖

ˆ
ż

R𝑑
|B𝑝𝒱p𝑡, 𝑝` 𝑞, 𝑒q|𝜙𝜖p𝑞qd𝑞 ` B𝑒𝒱𝜖p𝑡, 𝑝, 𝑒q

˙

. (2.41)

Proof. Recall that 𝒱 satisfies (2.21), and that, for p𝑡, 𝑝, 𝑒q P r0, 𝑇 q ˆ R𝑑 ˆ R,

B𝑡𝒱𝜖p𝑡, 𝑝, 𝑒q “

ż

R𝑑
B𝑡𝒱p𝑡, 𝑝` 𝑞, 𝑒q𝜙𝜖p𝑞qd𝑞 and B2𝑝𝑝𝒱𝜖p𝑡, 𝑝, 𝑒q “

ż

R𝑑
B2𝑝𝑝𝒱p𝑡, 𝑝` 𝑞, 𝑒q𝜙𝜖p𝑞qd𝑞. (2.42)

We thus compute, by linearity of B𝑡, ∆𝑝,

B𝑡𝒱𝜖p𝑡, 𝑝, 𝑒q `
1
2
𝜎̄2∆𝑝𝒱𝜖p𝑡, 𝑝, 𝑒q “ ´

ż

R𝑑
𝑏p𝑝` 𝑞qB𝑝𝒱p𝑡, 𝑝` 𝑞, 𝑒q𝜙𝜖p𝑞qd𝑞 (2.43)
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´

ż

R𝑑
𝜇p𝑝` 𝑞,𝒱p𝑡, 𝑝` 𝑞, 𝑒qqB𝑒𝒱p𝑡, 𝑝` 𝑞, 𝑒q𝜙𝜖p𝑞qd𝑞 (2.44)

which leads to

B𝑡𝒱𝜖p𝑡, 𝑝, 𝑒q ` 𝑏p𝑝qB𝑝𝒱𝜖p𝑡, 𝑝, 𝑒q `
1
2
𝜎̄2∆𝑝𝒱𝜖p𝑡, 𝑝, 𝑒q (2.45)

` 𝜇p𝑝,𝒱p𝑡, 𝑝, 𝑒qqB𝑒𝒱𝜖p𝑡, 𝑝, 𝑒q “ 𝜃𝜖p𝑡, 𝑝, 𝑒q (2.46)

with

𝜃𝜖p𝑡, 𝑝, 𝑒q :“
ż

R𝑑
t𝑏p𝑝q ´ 𝑏p𝑝` 𝑞quB𝑝𝒱p𝑡, 𝑝` 𝑞, 𝑒q𝜙𝜖p𝑞qd𝑞 (2.47)

`

ż

R𝑑
t𝜇p𝑝,𝒱p𝑡, 𝑝, 𝑒qq ´ 𝜇p𝑝` 𝑞,𝒱p𝑡, 𝑝` 𝑞, 𝑒qquB𝑒𝒱p𝑡, 𝑝` 𝑞, 𝑒q𝜙𝜖p𝑞qd𝑞. (2.48)

We compute, using the uniform Lipschitz property of 𝑏, 𝜇 and 𝒱 in the 𝑝 variable and the non-negativity of
B𝑒𝒱, that

|𝜃𝜖p𝑡, 𝑝, 𝑒q| ď 𝐶

ż

R𝑑
|𝑞||B𝑝𝒱p𝑡, 𝑝` 𝑞, 𝑒q|𝜙𝜖p𝑞qd𝑞 ` 𝐶

ż

R𝑑
|𝑞|B𝑒𝒱p𝑡, 𝑝` 𝑞, 𝑒q𝜙𝜖p𝑞qd𝑞 (2.49)

ď 𝐶𝜖

ˆ
ż

R𝑑
|B𝑝𝒱p𝑡, 𝑝` 𝑞, 𝑒q|𝜙𝜖p𝑞qd𝑞 ` B𝑒𝒱𝜖p𝑡, 𝑝, 𝑒q

˙

(2.50)

where we use the fact that 𝜙 has compact support to get the last inequality. �

To conclude this section, we collect some useful control in the 𝐿1-sense of the function 𝒱𝜖 and its derivatives.
Their proof is very classical and we skip it.

Lemma 2.1. Under Assumption 2.1, the followings hold, for p𝑡, 𝑝q P r0, 𝑇 q ˆ R𝑑,

𝜖

ż

R

ˇ

ˇ

ˇ
B2𝑝𝑖𝑝𝑗𝒱

𝜖p𝑡, 𝑝, 𝑒q
ˇ

ˇ

ˇ
d𝑒` 𝜖2

ż

R

ˇ

ˇ

ˇ
B3𝑝𝑖𝑝𝑗𝑝𝑘𝒱

𝜖p𝑡, 𝑝, 𝑒q
ˇ

ˇ

ˇ
d𝑒 ď 𝐶, (2.51)

for 𝑖, 𝑗, 𝑘 P t1, . . . , 𝑑u. And thus, for p𝑡, 𝑝, 𝑝1q P r0, 𝑇 q ˆ R𝑑 ˆ R𝑑,

ż

R

ˇ

ˇB𝑝𝒱𝜖p𝑡, 𝑝, 𝑒q ´ B𝑝𝒱𝜖p𝑡, 𝑝1, 𝑒q
ˇ

ˇd𝑒` 𝜖
ż

R

ˇ

ˇB2𝑝𝑝𝒱𝜖p𝑡, 𝑝, 𝑒q ´ B2𝑝𝑝𝒱𝜖p𝑡, 𝑝1, 𝑒q
ˇ

ˇd𝑒 ď
𝐶

𝜖
|𝑝´ 𝑝1|, (2.52)

where 𝐶 is a positive constant.

3. Numerical algorithm

In this section, we first consider various versions of the splitting scheme that will be implemented in practice.
We then introduce the numerical errors that have to be taken into account in order to obtain the convergence
of the scheme. The main error decomposition is given at the end of this section, see Proposition 3.1, together
with our main convergence result, see Theorem 3.1. The precise study of each error is postponed to the next
section.
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3.1. Fully implementable schemes

The schemes we consider are all based on the approximation of the Wiener measure by a discrete and finite
set of path. Indeed, on the grid 𝜋, the Brownian motion is approximated by a discrete time process denoted x𝑊 .
At each date 𝑡𝑛, S𝑑

𝑛 Ă R𝑑 denotes the support of the law of the random variable x𝑊𝑡𝑛 . To define x𝑊 , we first
define p∆x𝑊𝑛 :“ x𝑊𝑡𝑛`1 ´

x𝑊𝑡𝑛q0ď𝑛ď𝑁´1 which stands for discrete approximation of the Brownian increments
p𝑊𝑡𝑛`1 ´𝑊𝑡𝑛q0ď𝑛ď𝑁´1.

Definition 3.1 (Brownian increments approximation). We use the cubature formula introduced in Section A.2
of [9] which requires only 2𝑑 points. Denoting peℓq1ďℓď𝑑 the canonical basis of R𝑑, we set, for 1 ď 𝑖 ď 𝐼 “ 2𝑑,
Pp∆x𝑊𝑛 “ 𝜔𝑖

hq “
1
2𝑑 and 𝜔𝑖

h “ ´
?
𝑑heℓ, if 𝑖 “ 2ℓ or 𝜔𝑖

h “
?
𝑑heℓ if 𝑖 “ 2ℓ´ 1.

By construction, we observe that

for 𝑥 P S𝑑
𝑛, 𝑥`∆x𝑊𝑛 P S𝑑

𝑛`1. (3.1)

Moreover, the set S𝑑
𝑛 are discrete and finite.

For later use, we make the following observation.

Lemma 3.1. The number of points in S𝑑
𝑛, denoted 7S𝑑

𝑛, is 𝑂p𝑛𝑑q.

Proof. By definition, S𝑑
𝑛 is a subgrid of

?
𝑑hZ𝑑. Without loss of generality and for ease of presentation, we

assume for this proof that
?
𝑑h “ 1. For 𝑧 P Z𝑑, we denote |𝑧|1 “

ř𝑑
ℓ“1 |𝑧

ℓ|. We now present two ways of
describing the set S𝑑

𝑛, for 𝑛 ě 0 and 𝑑 ě 1.

(1) Assume that 𝑛 ě 2. We first observe that the points in S𝑑
𝑛 are the points that can be attained after 𝑛 steps

following at each step any direction in
 

𝜔𝑖
h | 1 ď 𝑖 ď 2𝑑

(

according to Definition 3.1. To go from step 𝑛 ´ 1
to step 𝑛, there are two possibilities: the direction that is followed ends up in S𝑑

𝑛´2 or it allows to reach
 

𝑧 P Z𝑑 | |𝑧|1 “ 𝑛
(

(the points that are exactly at distance 𝑛 from the origin). We thus have, for 𝑛 ě 2,

S𝑑
𝑛 “ S𝑑

𝑛´2 Y
 

𝑧 P Z𝑑 | |𝑧|1 “ 𝑛
(

, (3.2)

and S𝑑
1 “

 

𝜔𝑖
h|1 ď 𝑖 ď 2𝑑

(

, S𝑑
0 “ t0u. Thus,

S𝑑
2𝑚 “

𝑚
ď

𝑘“0

 

𝑧 P Z𝑑 | |𝑧|1 “ 2𝑘
(

and S𝑑
2𝑚`1 “

𝑚
ď

𝑘“0

 

𝑧 P Z𝑑 | |𝑧|1 “ 2𝑘 ` 1
(

.

In particular, for 𝑑 “ 1, we have 7t𝑧 P Z | |𝑧|1 “ 𝑛u “ 2 for 𝑛 ą 0, which yields then that

7S1
𝑛 “ 𝑛` 1, 𝑛 ě 0. (3.3)

(2) For 𝑑 ě 2,𝑛 ě 1, the set S𝑑
𝑛 can be described by induction on the dimension. Indeed, we observe that

S𝑑
𝑛 “

ď

𝑘Pt´𝑛,...,𝑛u

 

p𝑧, 𝑘q P Z𝑑|𝑧 P S𝑑´1
𝑛´𝑘

(

.

We obtain then

7S𝑑
𝑛 “ 7S

𝑑´1
𝑛 ` 2

𝑛
ÿ

𝑘“1

7S𝑑´1
𝑛´𝑘. (3.4)

An easy induction, starting with (3.3), yields then that 7S𝑑
𝑛 “ 𝑂p𝑛𝑑q. Note that for 𝑑 “ 2, one computes

7S2
𝑛 “ p𝑛` 1q2, but one has 7S3

1 “ 6.

�
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3.1.1. Schemes for generic diffusion

In this section, we treat the general case where 𝑃 is solution to a SDE with Lipschitz coefficients as in (1.1).
The discrete approximation on the grid 𝜋 is given by the classical Euler Scheme

p𝑃0 “ 𝑃0 and p𝑃𝑡𝑛`1 “
p𝑃𝑡𝑛 ` 𝑏

´

p𝑃𝑡𝑛

¯

h` 𝜎
´

p𝑃𝑡𝑛

¯

∆x𝑊𝑛, (3.5)

where p∆x𝑊𝑛q is introduced in Definition 3.1. For later use, we also define, for 𝑝 P R𝑑 and any 0 ď 𝑛 ď 𝑁 ´ 1,

p𝑃 𝑡𝑛,𝑝
𝑡𝑛`1

:“ 𝑝` 𝑏p𝑝qh` 𝜎p𝑝q∆x𝑊𝑛, (3.6)

and, for 1 ď 𝑖 ď 2𝑑,
´

p𝑃 𝑡𝑛,𝑝
𝑡𝑛`1

¯𝑖

:“ 𝑝` 𝑏p𝑝qh` 𝜎p𝑝q𝜔𝑖
h. (3.7)

Let us denote by 𝒫𝑛 the discrete and finite support of p𝑃𝑡𝑛 for 0 ď 𝑛 ď 𝑁 ´ 1. We observe, due to the very
definition of p p𝑃𝑡𝑛q, that

for 𝑝 P 𝒫𝑛, p𝑃 𝑡𝑛,𝑝
𝑡𝑛`1

P 𝒫𝑛`1. (3.8)

In this context, we first introduce a discrete version of the operator 𝒯 , recall Definition 2.4, that will compute
an approximation to (2.15) written in forward form: We shall use the celebrated Sticky Particle Dynamics
(SPD) [2] see also Section 1.1 of [11]. The SPD is particularly simple to implement in our case, since, due to
the monotonicity assumption on p𝜇, 𝜓q, there is no particle colliding!

For 𝑀 ě 1, let

𝐷𝑀 :“
 

e “ p𝑒1, . . . , 𝑒𝑚, . . . , 𝑒𝑀 q P R𝑀 | 𝑒1 ď ¨ ¨ ¨ ď 𝑒𝑚 ď ¨ ¨ ¨ ď 𝑒𝑀

(

(3.9)

and ℐ𝑀 :“

#

𝜃 P I |𝜃p¨q :“ 𝐻 ˚

˜

1
𝑀

𝑀
ÿ

𝑚“1

𝛿𝑒𝑚

¸

, e P 𝐷𝑀

+

(3.10)

where 𝐻 is the Heaviside function 𝑥 ÞÑ 1t𝑥ě0u, ˚ the convolution operator and 𝛿𝑒 is the Dirac mass at 𝑒 P R.
For later use, we introduce, for 𝑀 ě 0 and 𝑛 P t0, . . . , 𝑁u, the set of functions

𝒦𝑀
𝑛 “ t𝜓 : 𝒫𝑛 ˆ R Ñ r0, 1s | for 𝑝 P 𝒫𝑛, 𝜓p𝑝, ¨q P ℐ𝑀u. (3.11)

The discrete version of 𝒯 , denoted T, acts on empirical CDF belonging to I𝑀 and is given by

p0,8q ˆ R𝑑 ˆ ℐ𝑀 Q pℎ, 𝑝, 𝜃q ÞÑ T𝑀
ℎ p𝑝, 𝜃q :“ 𝐻 ˚

˜

1
𝑀

𝑀
ÿ

𝑚“1

𝛿𝑒𝑝𝑚pℎq

¸

P ℐ𝑀 . (3.12)

Above p𝑒𝑝
𝑚pℎqq1ď𝑚ď𝑀 is a set (of positions) of particles computed as follows. Given the initial position ep0q P 𝐷𝑀

(representing 𝜃) and velocities p𝐹𝑚p𝑝qq1ď𝑚ď𝑀 set to 𝐹𝑚p𝑝q “ ´
ş𝑚{𝑀

p𝑚´1q{𝑀
𝜇p𝑝, 𝑦qd𝑦, we consider 𝑀 particles

p𝑒𝑝
𝑚q1ď𝑚ď𝑀 , whose positions at time 𝑡 P r0, ℎs are simply given by

𝑒𝑝
𝑚p𝑡q “ 𝑒𝑚p0q ` 𝐹𝑚p𝑝q𝑡. (3.13)

We observe that p𝑒𝑝
𝑚p𝑡qq1ď𝑚ď𝑀 P 𝐷𝑀 , for all 𝑡 P r0, ℎs, as ´𝜇 is non-decreasing.

We now present the approximation used for the approximation of 𝒟hp𝜓q, recall Definition 2.5 and (2.18).
Let 𝜓 P 𝒦𝑀

𝑛`1 and fix p P 𝒫𝑛. We observe

𝑣𝑛pp, 𝑒q :“ E
”

𝜓
´

p𝑃 𝑡𝑛,p
𝑡𝑛`1

, 𝑒
¯ı

“
1
2𝑑

2𝑑
ÿ

𝑖“1

𝜓

ˆ

´

p𝑃 𝑡𝑛,𝑝
𝑡𝑛`1

¯𝑖

, 𝑒

˙

(3.14)
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recall (3.7).
Since 𝜓 P 𝒦𝑀

𝑛`1, recall (3.11), we know that, for 1 ď 𝑖 ď 2𝑑, there is some e𝑖 P 𝐷𝑀 , depending implicitely on
𝜓pp p𝑃 𝑡𝑛,p

𝑡𝑛`1
q𝑖, ¨q, such that

𝜓

ˆ

´

p𝑃 𝑡𝑛,p
𝑡𝑛`1

¯𝑖

, 𝑒

˙

“ 𝐻 ˚

˜

1
𝑀

𝑀
ÿ

𝑚“1

𝛿𝑒𝑖𝑚

¸

p𝑒q.

By linearity, (3.14) reads

𝑣𝑛pp, 𝑒q “ 𝐻 ˚

˜

1
2𝑑𝑀

𝐼
ÿ

𝑖“1

𝑀
ÿ

𝑚“1

𝛿𝑒𝑖𝑚

¸

p𝑒q. (3.15)

The approximation of the diffusion operator is thus given by

𝒦𝑀
𝑛`1 Q 𝜓 ÞÑ D𝑀

𝑛 p𝜓q :“ 𝑣𝑛 P 𝒦2𝑀𝑑
𝑛 . (3.16)

Finally, the scheme will have essentially two versions:

CASE 1: We keep all the particles at each step. The overall procedure will then be the iteration of the two
operators T and D, see Definition 3.2 below.

CASE 2: We keep the number of particles constant between two steps. To reduce the number of particles after
the use of T, we apply another operator R, namely, for 𝑀 ě 𝑚 ě 1,

ℐ𝑀 Q 𝜓 ÞÑ R𝑀,𝑚p𝜓q P ℐ𝑚. (3.17)

Various implementations are possible, we refer to the numerical section for a precise description. The
overall procedure for this case is given in Definition 3.3 below.

Let us now finally introduce the scheme formally.

Definition 3.2 (Scheme in CASE 1). Fix 𝑀 ě 1 and set for 0 ď 𝑛 ď 𝑁 , 𝑀𝑛 :“ p2𝑑q𝑁´𝑛𝑀 .

(1) At 𝑛 “ 𝑁 : Set e𝑁 :“ pΛ, . . . ,Λq P 𝐷𝑀𝑁
whose empirical CDF is the terminal condition 𝜑 “ 1t𝑒ěΛu, recall

(1.2). Setting simply 𝑢𝑁,𝑀
𝑁 p𝑝, ¨q “ 𝜑, for all 𝑝 P 𝒫𝑁 , we observe that 𝑢𝑁,𝑀

𝑁 P 𝒦𝑀𝑁

𝑁 .
(2) For 𝑛 ă 𝑁 : Given 𝑢𝑁,𝑀

𝑛`1 P 𝒦
𝑀𝑛`1
𝑛`1 , define

𝑢̄𝑁,𝑀
𝑛 “ D𝑀𝑛`1

𝑛

´

𝑢𝑁,𝑀
𝑛`1

¯

P 𝒦𝑀𝑛
𝑛 , (3.18)

recall (3.16), and then 𝑢𝑁,𝑀
𝑛 by, for each 𝑝 P 𝒫𝑛,

𝑢𝑁,𝑀
𝑛 p𝑝, ¨q “ T𝑀𝑛

h

`

𝑝, 𝑢̄𝑁,𝑀
𝑛 p𝑝, ¨q

˘

, (3.19)

recall (3.12).

The approximation of 𝒱p0, 𝑃0, ¨q is then given by 𝑢𝑁,𝑀
0 p𝑃0, ¨q.

Definition 3.3 (Scheme in CASE 2). Fix 𝑀 ě 1.

(1) At 𝑛 “ 𝑁 : Set e𝑁 :“ pΛ, ¨ ¨ ¨ ,Λq P 𝐷𝑀 whose empirical CDF is the terminal condition 𝜑 “ 1t𝑒ěΛu, recall
(1.2). Setting simply 𝑣𝑁,𝑀

𝑁 p𝑝, ¨q :“ 𝜑, for all 𝑝 P 𝒫𝑁 , we observe that 𝑣𝑁,𝑀
𝑁 P 𝒦𝑀

𝑁 .
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(2) For 𝑛 ă 𝑁 : Given 𝑣𝑁,𝑀
𝑛`1 P 𝒦𝑀

𝑛`1, define 𝑣𝑁,𝑀
𝑛 “ D𝑀

𝑛 p𝑣
𝑁,𝑀
𝑛`1 q P 𝒦2𝑑𝑀

𝑛 , recall (3.16), and then for each 𝑝 P 𝒫𝑛,

𝑣𝑁,𝑀
𝑛 p𝑝, ¨q “ R2𝑑𝑀,𝑀

`

𝑣𝑁,𝑀
𝑛 p𝑝, ¨q

˘

(3.20)

recall (3.17), and finally 𝑣𝑁,𝑀
𝑛 p𝑝, ¨q by,

𝑣𝑁,𝑀
𝑛 p𝑝, ¨q “ T𝑀

h

`

𝑝, 𝑣𝑁,𝑀
𝑛 p𝑝, ¨q

˘

, (3.21)

recall (3.12).

The approximation of 𝒱p0, 𝑃0, ¨q is then given by 𝑣𝑁,𝑀
0 p𝑃0, ¨q.

Remark 3.1. Let us insist on the fact that, unless some recombination occurs at the tree level for 𝑃 , the above
schemes become rapidly untractable. The worst case complexity is easily obtained for the tree p𝑃 : at each step 𝑛,
there is at most p2𝑑q𝑛 branches, 0 ď 𝑛 ď 𝑁 ´ 1. Implementing these schemes, one faces two issues: the number
of operations to perform at each step when applying the discrete transport operator, see (3.12), and the number
of particles to keep to be able to apply the approximation of the diffusion operator (3.15). Indeed, if one is only
interested in the approximation of 𝒱p0, 𝑃0, ¨q then the sum appearing in (3.15) is only computed at time 0 but
again, in order to do that, one needs to keep track of all the particles until time 0.

In CASE 1, see Definition 3.2, we obtain by backward induction that the number of particles at each step for
a given branch is 𝑀𝑛 “ p2𝑑q𝑁´𝑛𝑀 . At each step 𝑛, the discrete transport operator must be called p2𝑑q𝑛 times
(the number of branches at most), each call requiring to recompute the position of 𝑀𝑛`1 particles, see (3.13):
this will cost 𝑂pp2𝑑q𝑁´1𝑀q for step 𝑛 ă 𝑁 . And at step 0, one will evaluate (3.15) that will cost 𝑂pp2𝑑q𝑁𝑀q.
Overall, the complexity is 𝑂pp2𝑑q𝑁𝑀𝑁q.

In CASE 2, see Definition 3.3, the only improvement comes from the fact that the number of particles at
each step for a given branch is always 𝑀 . The cost of applying the discrete transport operator at step 𝑛 is now
p2𝑑q𝑛𝑀 , summing on the total number of steps we obtain a complexity of 𝑂pp2𝑑q𝑁𝑀q. And at step 0, one will
evaluate (3.15) that will cost 𝑂p2𝑑𝑀q. Overall, the complexity is reduced to 𝑂pp2𝑑q𝑁𝑀q.

3.1.2. A simplified functional Brownian setting

We now consider a special case for the process 𝑃 for which the numerical implementation is less computa-
tionally demanding, see Remark 3.3 below.

Assumption 3.1. The process 𝑃 is given as a function of the Brownian motion, namely

𝑃𝑡 “ Pp𝑡,𝑊𝑡q for P : r0, 𝑇 s ˆ R𝑑 ÞÑ R𝑑.

Remark 3.2. The main application of this case is when 𝑃 is the Brownian motion itself (also known as the
Bachelier model in financial application) or a Geometric Brownian Motion (also known as Black–Scholes model
in financial application).

Compared to the previous section, the only difference is the approximation of 𝑃 . In this context, it is naturally
given by

p𝑃𝑡 :“ P
´

𝑡,x𝑊𝑡

¯

, 𝑡 P 𝜋. (3.22)

Note that we slightly abuse the notation here by keeping the same ones as the ones introduced in the previous
section.

So, for 0 ď 𝑛 ď 𝑁 ,

𝒫𝑛 “ tp “ Pp𝑡𝑛,wq,w P S𝑛u, (3.23)
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which is the (discrete) support of p𝑃𝑡𝑛 . We also define, for 𝑝 “ Pp𝑡𝑛,wq,

p𝑃 𝑡𝑛,𝑝
𝑡𝑛`1

“ P
´

𝑡𝑛`1,w `∆x𝑊𝑛

¯

and
´

p𝑃 𝑡𝑛,𝑝
𝑡𝑛`1

¯𝑖

“ P
`

𝑡𝑛`1,w ` 𝜔𝑖
h

˘

, (3.24)

for 1 ď 𝑖 ď 2𝑑, recall Definition 3.1.
Now that the approximation of 𝑃 has been clarified in this context, we can use the various schemes given in

Definitions 3.2 and 3.3.

Remark 3.3. (i) The main difference between the generic diffusion case and the functional Brownian setting
comes from the numerical complexity associated to their implementation. Indeed, it is the case that the
growth size of S𝑑

𝑛 with respect to 𝑛 is tamed (for low dimensional problem) because the “tree” associated to
the brownian motion is naturally recombining, which is a priori not the case for generic diffusion. According
to Lemma 3.1, 7S𝑑

𝑛 “ 𝑂p𝑛𝑑q. Following Remark 3.1, we can estimate the complexity of the algorithms in
the functional Brownian setting.
In CASE 1, we have 𝑀𝑛`1 “ 𝑂p𝑀p𝑁´𝑛` 1q𝑑q and 𝑂p𝑛𝑑q branches at each step 𝑛, we thus compute that
the complexity is 𝑂p𝑀

ř𝑁´1
𝑛“0 p𝑁´𝑛q

𝑑𝑛𝑑q “ 𝑂p𝑀𝑁2𝑑`1q for large 𝑁 . In CASE 2, we have 𝑀𝑛`1 “𝑀 and
still 𝑂p𝑛𝑑q branches at each step 𝑛, we thus compute that the complexity is 𝑂p𝑀

ř𝑁´1
𝑛“0 𝑛

𝑑q “ 𝑂p𝑀𝑁𝑑`1q

for large 𝑁 .
Thus, the methods we study here are impacted by the “curse of dimensionality”. However, we should also
note that for dimension around 5 and in the case of the brownian setting, the problems are tractable
numerically, in particular when working with CASE 2, see Section 5 for illustration.

(ii) For implementation purposes, we just use the Brownian setting. A way to control the growth for generic dif-
fusion is to introduce some interpolation on a grid see e.g. [5] or to use recombination techniques developped
for cubature methods, see e.g. [12].

3.2. Error decomposition and main result

We first present the various sources of errors introduced by the schemes above. In the sequel, we shall mainly
conduct our analysis for the scheme given in CASE 1.

The error we seek to control is, for 𝛾𝑛 “ 𝑢𝑁,𝑀
𝑛 or 𝛾𝑛 “ 𝑣𝑁,𝑀

𝑛 , recall Definitions 3.2 and 3.3,

errp𝑁,𝑀q :“
ż

R
|𝛾0p𝑃0, 𝑒q ´ 𝒱p0, 𝑃0, 𝑒q|d𝑒. (3.25)

And we first observe

err ď ℰ0p𝑃0q ` ℰ𝑟
0 , (3.26)

with for 0 ď 𝑛 ď 𝑁 and 𝑝 P 𝒫𝑛,

ℰ𝑟
𝑛p𝑝q :“

ż

R
|𝒱𝜖p𝑡𝑛, 𝑝, 𝑒q ´ 𝒱p𝑡𝑛, 𝑝, 𝑒q|d𝑒, (3.27)

ℰ𝑛p𝑝q :“
ż

R
|𝛾𝑛p𝑝, 𝑒q ´ 𝒱𝜖p𝑡𝑛, 𝑝, 𝑒q| d𝑒. (3.28)

In CASE 1, we define, for 𝑝 P 𝒫𝑛,

ℰT
𝑛 p𝑝q :“

ż

R

ˇ

ˇ

ˇ
T𝑀𝑛

h

`

𝑝, 𝑢̄𝑁,𝑀
𝑛 p𝑝, ¨q

˘

p𝑒q ´ 𝒯ℎ

`

𝑝, 𝑢̄𝑁,𝑀
𝑛 p𝑝, ¨q

˘

p𝑒q
ˇ

ˇ

ˇ
d𝑒, (3.29)

ℰ̄𝑛p𝑝q :“
ż

R

ˇ

ˇ

ˇ
𝒯ℎ

`

𝑝, 𝑢̄𝑁,𝑀
𝑛 p𝑝, ¨q

˘

p𝑒q ´ 𝒯ℎ

´

𝑝,E
”

𝒱𝜖
´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, ¨
¯ı¯

p𝑒q
ˇ

ˇ

ˇ
d𝑒, (3.30)
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recall Definition 3.2 and Remark 2.1.
Moreover, for 𝑝 P R𝑑, we set

ℰ𝐷
𝑛 p𝑝q :“

ż

R

ˇ

ˇ

ˇ
𝒯ℎ

´

𝑝,E
”

𝒱𝜖
´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, ¨
¯ı¯

p𝑒q ´ 𝒯ℎ

´

𝑝,E
”

𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, ¨
¯ı¯

p𝑒q
ˇ

ˇ

ˇ
d𝑒, (3.31)

ℰ𝑆
𝑛 p𝑝q :“

ż

R

ˇ

ˇ

ˇ
𝒯ℎ

´

𝑝,E
”

𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, ¨
¯ı¯

p𝑒q ´ 𝒱𝜖p𝑡𝑛, 𝑝, 𝑒q
ˇ

ˇ

ˇ
d𝑒. (3.32)

We have the following.

Lemma 3.2. Under CASE 1, for 0 ď 𝑛 ď 𝑁 ´ 2,

ℰ𝑛p𝑝q ď ℰT
𝑛 p𝑝q ` ℰ̄𝑛p𝑝q ` ℰ𝐷

𝑛 p𝑝q ` ℰ𝑆
𝑛 p𝑝q (3.33)

and

ℰ𝑁´1p𝑝q ď ℰT
𝑁´1p𝑝q ` ℰr

𝑁´1p𝑝q `

ż

R
|𝒮hp𝜑p¨qqp𝑝, 𝑒q ´Θhp𝜑p¨qqp𝑝, 𝑒q| d𝑒 (3.34)

observing that

ℰT
𝑁´1p𝑝q “

ż

R

ˇ

ˇT𝑀
h p𝑝, 𝜑p¨qqp𝑒q ´ 𝒯hp𝑝, 𝜑p¨qp𝑒qq

ˇ

ˇ d𝑒. (3.35)

Proof. The first inequality is straightforward. For the second, we observe that 𝑢𝑁,𝑀
𝑁 “ 𝜑 and does not depend

on 𝑝 variable so that 𝑢̄𝑁,𝑀
𝑁´1 “ 𝜑.

ℰ𝑁´1p𝑝q :“
ż

R

ˇ

ˇ

ˇ
𝑢𝑁,𝑀

𝑁´1p𝑝, 𝑒q ´ 𝒱
𝜖p𝑡𝑁´1, 𝑝, 𝑒q

ˇ

ˇ

ˇ
d𝑒

“

ż

R

ˇ

ˇT𝑀
h p𝑝, 𝜑p¨qqp𝑒q ´ 𝒱𝜖p𝑡𝑁´1, 𝑝, 𝑒q

ˇ

ˇ d𝑒

ď

ż

R

ˇ

ˇT𝑀
h p𝑝, 𝜑p¨qqp𝑒q ´ 𝒯hp𝑝, 𝜑p¨qqp𝑒q

ˇ

ˇd𝑒`
ż

R
|𝒯hp𝑝, 𝜑p¨qqp𝑒q ´ 𝒱p𝑡𝑁´1, 𝑝, 𝑒q|d𝑒

`

ż

R
|𝒱p𝑡𝑁´1, 𝑝, 𝑒q ´ 𝒱𝜖p𝑡𝑁´1, 𝑝, 𝑒q| d𝑒.

We then observe that 𝒯hp𝑝, 𝜑p¨qqp𝑒q “ 𝒮hp𝜑p¨qqp𝑝, 𝑒q as again 𝜑 does not depend on 𝑝. �

We now comment quickly the various errors appearing above: The term ℰT
𝑛 p𝑝q is the local error due to the

approximation of the transport operator by the SPD. The term ℰ̄𝑛p𝑝q will allow to propagate the local errors
thanks to the 𝐿1 stability of 𝒯ℎp¨q. The term ℰ𝐷 is linked to the approximation of the diffusion by the tree and
ℰ𝑆 is the splitting error applied to the proxy 𝒱𝜖.

Proposition 3.1 (Stability). Under CASE 1, the following hold

ℰ0p𝑃0q ď

𝑁´2
ÿ

𝑛“0

E
”

ℰT
𝑛

´

p𝑃𝑡𝑛

¯

` ℰ𝐷
𝑛

´

p𝑃𝑡𝑛

¯

` ℰ𝑆
𝑛

´

p𝑃𝑡𝑛

¯ı

` E
”

ℰ𝑁´1

´

p𝑃𝑡𝑁´1

¯ı

. (3.36)

Proof. Since 𝒯ℎ is 𝐿1-stable, (3.30) yields for 𝑝 P 𝒫𝑛,

ℰ̄𝑛p𝑝q ď

ż

R

ˇ

ˇ

ˇ
𝑢̄𝑁,𝑀 p𝑡𝑛, 𝑝, 𝑒q ´ E

”

𝒱𝜖
´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, 𝑒
¯ı

ˇ

ˇ

ˇ
d𝑒.
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Under CASE 1, recall (3.18), we then get

ℰ̄𝑛p𝑝q ď E
„
ż

R

ˇ

ˇ

ˇ
𝑢𝑁,𝑀

´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, 𝑒
¯

´ 𝒱𝜖
´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, 𝑒
¯
ˇ

ˇ

ˇ
d𝑒


. (3.37)

Thus,

E
”

ℰ̄𝑛

´

p𝑃𝑡𝑛

¯ı

ď E
”

ℰ𝑛`1

´

p𝑃𝑡𝑛`1

¯ı

. (3.38)

We thus deduce from Lemma 3.2

E
”

ℰ𝑛

´

p𝑃𝑡𝑛

¯ı

ď E
”

ℰT
𝑛

´

p𝑃𝑡𝑛

¯

` ℰ𝐷
𝑛

´

p𝑃𝑡𝑛

¯

` ℰ𝑆
𝑛

´

p𝑃𝑡𝑛

¯ı

` E
”

ℰ𝑛`1

´

p𝑃𝑡𝑛`1

¯ı

. (3.39)

The proof is concluded by induction observing Erℰ𝑁 p p𝑃𝑡𝑁 qs “ 0. �

The next section is dedicated to the study of the various error appearing above. We prove in Section 4.5
below the main theoretical result of this work:

Theorem 3.1. Let Assumption 2.1 hold. Then, under CASE 1,

errp𝑁,𝑀q ď 𝐶

ˆ

1
𝑀
`

?
h

𝜖2
` 𝜖

˙

, (3.40)

recall (3.25). Moreover, setting 𝜖 “ h
1
6 and 𝑀 “ 1

𝜖 , we have
ż

R

ˇ

ˇ

ˇ
𝒱p0, 𝑃0, 𝑒q ´ 𝑢

𝑁,𝑀
0 p𝑃0, 𝑒q

ˇ

ˇ

ˇ
d𝑒 ď 𝐶h

1
6 . (3.41)

4. Study of the errors

4.1. Approximation of transport operator

We discuss here the error introduced by the use of the SPD approximation in our framework. The numerical
analysis of this method is now well known see e.g. [11].

Lemma 4.1. Under Assumption 2.1 and in CASE 1, the following holds

ℰ𝑇
𝑛 p𝑝q ď 𝐶

h

𝑀𝑛
, 𝑝 P 𝒫𝑛. (4.1)

Proof. By Definition 3.2, for 𝑝 P 𝒫𝑛 and 𝑛 ď 𝑁 ´ 2, we have

ℰ𝑇
𝑛 p𝑝q “

ż

R

ˇ

ˇ

ˇ
T𝑀𝑛

h

`

𝑢̄𝑁,𝑀
𝑛 p𝑝, ¨q, 𝑝

˘

´ 𝒯h

`

𝑢̄𝑁,𝑀
𝑛 p𝑝, ¨q, 𝑝

˘

ˇ

ˇ

ˇ
d𝑒 (4.2)

with 𝑢̄𝑁,𝑀
𝑛 p𝑝, ¨q P ℐ𝑀𝑛

. For fixed 𝑝, the property of T𝑀
h are discussed in Section 1.1 of [11]. We use here the

estimate given in Theorem 3.1 of [11], observing that, in our context, there is no error due to the discretization
of the initial condition. Indeed, 𝑢̄𝑁,𝑀

𝑛 p𝑝, ¨q appears already as the CDF of an empirical distribution. Thus,
straightforwardly, we get

ℰ𝑇
𝑛 p𝑝q ď 𝐶

h

𝑀𝑛
, (4.3)

where 𝐶 does not depend on 𝑝 but depends on the Lipschitz constant of B𝑦𝜇, recall Assumption 2.1.
For the step 𝑛 “ 𝑁 ´ 1, we have,

ℰT
𝑁´1p𝑝q “

ż

R

ˇ

ˇT𝑀
h p𝑝, 𝜑p¨qqp𝑒q ´ 𝒯hp𝑝, 𝜑p¨qp𝑒qq

ˇ

ˇd𝑒 (4.4)

recall (3.35). It turns out that for our application 𝜑 is trivially the CDF of an empirical distribution, recall (1.2).
Thus, we indeed have, ℰ𝑇

𝑁´1p𝑝q ď 𝐶 h
𝑀𝑁´1

. �
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4.2. Regularization error

Proposition 4.1. Under Assumption 2.1, the following holds, for 𝑛 ď 𝑁 ,

ℰ𝑟
𝑛p𝑝q ď 𝐶𝜖, 𝑝 P R𝑑.

Proof. We first observe that ℰ𝑟
𝑁 p𝑝q “ 0 as 𝜑 does not depend on 𝑝. For 𝑛 ă 𝑁 , we have that

ℰ𝑟
𝑛p𝑝q “

ż

R
|𝒱𝜖p𝑡𝑛, 𝑝, 𝑒q ´ 𝒱p𝑡𝑛, 𝑝, 𝑒q|d𝑒 (4.5)

“

ż

R

ˇ

ˇ

ˇ

ˇ

ż

R𝑑
t𝒱p𝑡𝑛, 𝑝` 𝑞, 𝑒q ´ 𝒱p𝑡𝑛, 𝑝, 𝑒qu𝜙𝜖p𝑞qd𝑞

ˇ

ˇ

ˇ

ˇ

d𝑒 (4.6)

ď

ż

R𝑑

ż

R
|𝒱p𝑡𝑛, 𝑝` 𝑞, 𝑒q ´ 𝒱p𝑡𝑛, 𝑝, 𝑒q|d𝑒𝜙𝜖p𝑞qd𝑞. (4.7)

Thus, using (2.24), we compute

ℰ𝑟
0 p𝑝q ď 𝐶

ż

R𝑑
|𝑞|𝜙𝜖p𝑞qd𝑞 ď 𝐶𝜖, (4.8)

which concludes the proof. �

4.3. Splitting error

Recall that the splitting error is given by

ℰ𝑆
𝑛 p𝑝q “

ż

R

ˇ

ˇ

ˇ
𝒯ℎ

´

𝑝,E
”

𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, ¨
¯ı¯

p𝑒q ´ 𝒱𝜖p𝑡𝑛, 𝑝, 𝑒q
ˇ

ˇ

ˇ
d𝑒. (4.9)

for 0 ď 𝑛 ď 𝑁 ´ 1, 𝑝 P R𝑑.
In [6], the error due the theoretical splitting has already been studied and the results obtained there can be

used in our setting. However, we should point out that here 𝒱𝜖 appears instead of 𝒱. We thus first observe the
following.

Lemma 4.2. Under Assumption 2.1, the following holds, for 𝑝 P R𝑑,

ℰ𝑆
𝑛 p𝑝q ď 𝐶

`

1` |𝑝|2
˘

ℎ
3
2 ` E𝑛p𝑝q (4.10)

with

E𝑛p𝑝q :“
ż

R
|Θℎp𝒱𝜖p𝑡𝑛`1, ¨qqp𝑝, 𝑒q ´ 𝒱𝜖p𝑡𝑛, 𝑝, 𝑒q| d𝑒. (4.11)

Proof. We compute

ℰ𝑆
𝑛 p𝑝q ď

ż

R

ˇ

ˇ

ˇ
𝒯ℎ

´

𝑝,E
”

𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, ¨
¯ı¯

p𝑒q ´Θℎp𝒱𝜖p𝑡𝑛`1, ¨qqp𝑝, 𝑒q
ˇ

ˇ

ˇ
d𝑒

`

ż

R
|Θℎp𝒱𝜖p𝑡𝑛`1, ¨qqp𝑝, 𝑒q ´ 𝒱𝜖p𝑡𝑛, 𝑝, 𝑒q|d𝑒.

The first term in the RHS above is then controlled by invoking Proposition 2.1. �

It remains to study E𝑛, recall (4.11). The upper bound for this term is obtained in Proposition 4.2 below,
which allows to conclude for the splitting error in Corollary 4.1. We first need the following result.
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Lemma 4.3. Let Assumption 2.1 hold. Then, for 𝑛 ď 𝑁 ´ 2,

sup
p𝑡,𝑝,𝑒qPr𝑡𝑛,𝑡𝑛`1sˆR𝑑ˆR

ˇ

ˇΘ𝑡𝑛`1´𝑡p𝒱𝜖p𝑡𝑛`1, ¨qqp𝑝, 𝑒q ´ 𝒱𝜖p𝑡, 𝑝, 𝑒q
ˇ

ˇ ď 𝐶𝜖, (4.12)

where 𝐶 is a positive constant.

Proof. Without loss of generality, we do the proof for 𝑛 “ 0, working on r0, 𝑡1 “ hs. We denote 𝑤p𝑠, ¨q “
Θ𝑡1´𝑠p𝒱𝜖p𝑡1, ¨qq for 𝑠 P r0, 𝑡1s. Recall that the following FBSDE is well posed: for 𝑠 P r0, 𝑡1s,

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

𝑃𝑠 “ p`
ż 𝑠

0

𝑏p𝑃𝑡qd𝑡` 𝜎̄𝑊𝑠,

𝐸𝑠 “ e`
ż 𝑠

0

𝜇p𝑃𝑡, 𝑌𝑡qd𝑡,

𝑌𝑠 “ 𝒱𝜖p𝑡1, 𝑃𝑡1 , 𝐸𝑡1q ´

ż 𝑡1

𝑠

𝑍𝑡 d𝑊𝑡,

(4.13)

with 𝑌𝑠 “ 𝑤p𝑠, 𝑃𝑠, 𝐸𝑠q for 𝑠 P r0, 𝑡1s. Without loss of generality, we will prove (4.12) at the point p0,p, eq (and
for 𝑛 “ 0).

Let 𝑉𝑡 “ 𝑌𝑡 ´ 𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q. Applying Ito’s formula and using the martingale property of 𝑌 we get,

d𝑉𝑡 “ dℳ𝑡 ´ 𝜇p𝑃𝑡, 𝑌𝑡qB𝑒𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qd𝑡 (4.14)

´

"

B𝑡𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q ` 𝑏p𝑃𝑡qB𝑝𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q `
1
2

∆𝑝𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q

*

d𝑡 (4.15)

where ℳ is a square integrable martingale with ℳ0 “ 0.
Using the PDE (2.40) satisfied by 𝒱𝜖 we get

d𝑉𝑡 “ dℳ𝑡 ´ pt𝜇p𝑃𝑡, 𝑌𝑡q ´ 𝜇p𝑃𝑡,𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qquB𝑒𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q ` 𝜃
𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qqd𝑡. (4.16)

Observe that

𝜇p𝑃𝑡, 𝑌𝑡q ´ 𝜇p𝑃𝑡,𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qq “ 𝑐𝑡𝑉𝑡 with 𝑐𝑡 :“
ż 1

0

B𝑦𝜇p𝑃𝑡,𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q ` 𝜆𝑉𝑡qd𝜆 (4.17)

and from the property of 𝜇, recall (2.4), we have

𝑐𝑡 ď ´ℓ1 ă 0. (4.18)

We get, for 𝑠 P r0, 𝑡1s

𝑉𝑠 ´ 𝑉0 “ ´

ż 𝑠

0

p𝑐𝑡𝑉𝑡B𝑒𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q ` 𝜃
𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qqd𝑡`ℳ𝑠. (4.19)

We set, for 0 ď 𝑡 ď 𝑡1, ℰ𝑡 “ 𝑒
ş𝑡
0 𝑐𝑠B𝑒𝒱𝜖p𝑠,𝑃𝑠,𝐸𝑠q d𝑠 and, we have

0 ď ℰ𝑡 ď 1, for all 0 ď 𝑡 ď 𝑡1, (4.20)

since B𝑒𝒱𝜖 is non negative, recall also (4.18). We then compute

ℰ𝑠𝑉𝑠 ´ 𝑉0 “ ´

ż 𝑠

0

𝜃𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qℰ𝑡 d𝑡`𝒩𝑠 (4.21)
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with 𝒩 a square integrable martingale such that 𝒩0 “ 0. In particular, recalling (2.41), we get

𝑉0 ď |Erℰ𝑠𝑉𝑠s| ` 𝐶h𝜖` 𝐶𝜖E
„
ż 𝑠

0

B𝑒𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qℰ𝑡 d𝑡


(4.22)

where we use the fact that |B𝑝𝒱| is bounded and B𝑒𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q ě 0. The above inequality reads also

|𝑉0| ď |Erℰ𝑠𝑉𝑠s| ` 𝐶h𝜖´ 𝐶𝜖E
„
ż 𝑠

0

𝑐𝑡
|𝑐𝑡|
B𝑒𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qℰ𝑡 d𝑡



. (4.23)

Observing that
9ℰ𝑡 “ 𝑐𝑡B𝑒𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qℰ𝑡,

since |𝑐𝑡| ě ℓ1 ą 0, we obtain

|𝑉0| ď |Erℰ𝑠𝑉𝑠s| ` 𝐶p1` hq𝜖 (4.24)

and since 𝑉𝑡1 “ 0
|𝑤p0,p, eq ´ 𝒱𝜖p0,p, eq| “ |𝑉0| ď 𝐶𝜖,

which concludes the proof. �

Proposition 4.2. Let Assumption 2.1 hold. Then, for 𝑛 ď 𝑁 ´ 2, 𝑝 P R𝑑,

E𝑛p𝑝q “

ż

R
|Θhp𝒱𝜖p𝑡𝑛`1, ¨qqp𝑝, 𝑒q ´ 𝒱𝜖p𝑡𝑛, 𝑝, 𝑒q|d𝑒 ď 𝐶h𝜖. (4.25)

Proof. Without loss of generality, we prove the statement in the same setting as the one used for the proof of
Lemma 4.3. We just stress here the dependence upon the initial condition: 𝑉 e

𝑡 “ 𝑌 e
𝑡 ´𝒱𝜖p𝑡, 𝑃𝑡, 𝐸

e
𝑡 q since 𝐸0 “ e.

We consider the tangent process B𝑒𝐸 given by

B𝑒𝐸𝑡 “ 1`
ż 𝑡

0

B𝑦𝜇p𝑃𝑠, 𝑌𝑠qB𝑒𝑤p𝑠, 𝑃𝑠, 𝐸𝑠qB𝑒𝐸𝑠 d𝑠, (4.26)

“ 𝑒
ş𝑡
0 B𝑦𝜇p𝑃𝑠,𝑌𝑠qB𝑒𝑤p𝑠,𝑃𝑠,𝐸𝑠q d𝑠. (4.27)

And we observe that 0 ď B𝑒𝐸𝑡 ď 1, for all 0 ď 𝑡 ď 𝑡1, since B𝑒𝑤 ě 0 and 𝜇 is decreasing in 𝑦, recall (2.4).
In order to bound the error

ş

R |𝑉
𝑒
0 | d𝑒, we will study the dynamics of 𝑡 ÞÑ

ş

R |Er𝑉
𝑒
𝑡 B𝑒𝐸

𝑒
𝑡 s|d𝑒.

Recalling (4.19), we compute

dp𝑉 𝑒
𝑡 B𝑒𝐸𝑡q “ d𝒩𝑡 ` 𝑉

𝑒
𝑡 B𝑦𝜇p𝑃𝑡, 𝑌𝑡qB𝑒𝑤p𝑡, 𝑃𝑡, 𝐸𝑡qB𝑒𝐸𝑡 d𝑡 (4.28)

´ p𝑐𝑡𝑉
𝑒
𝑡 B𝑒𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qB𝑒𝐸𝑡 ` 𝜃

𝜖p𝑡, 𝑃𝑡, 𝐸
𝑒
𝑡 qB𝑒𝐸𝑡qd𝑡, (4.29)

where 𝒩 is a square integrable martingale satisfying 𝒩0 “ 0.

E
“

𝑉 𝑒
h B𝑒𝐸h ´ 𝑉

𝑒
0

‰

“ E

«

ż h

0

𝑉 𝑒
𝑡 pB𝑦𝜇p𝑃𝑡, 𝑌𝑡qB𝑒r𝑤p𝑡, 𝑃𝑡, 𝐸

𝑒
𝑡 qs ´ 𝑐𝑡𝑉

𝑒
𝑡 B𝑒r𝒱𝜖p𝑡, 𝑃𝑡, 𝐸

𝑒
𝑡 qsqd𝑡

ff

(4.30)

` E

«

ż h

0

𝜃𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qB𝑒𝐸𝑡 d𝑡

ff

. (4.31)

Since 𝑉h “ 0 and B𝑒𝑤 ě 0, B𝑒𝒱𝜖 ě 0, B𝑒𝐸𝑡 ě 0, we obtain

ż

R
|𝑉 𝑒

0 |d𝑒 ď
ż h

0

E
„
ż

R
|𝑉 𝑒

𝑡 B𝑦𝜇p𝑃𝑡, 𝑌𝑡q|B𝑒r𝑤p𝑡, 𝑃𝑡, 𝐸
𝑒
𝑡 qsd𝑒



d𝑡 (4.32)
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`

ż h

0

E
„
ż

R
|𝑐𝑡𝑉

𝑒
𝑡 |B𝑒r𝒱𝜖p𝑡, 𝑃𝑡, 𝐸

𝑒
𝑡 qsd𝑒



d𝑡

`

ż h

0

E
„
ż

R
|𝜃𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q|B𝑒𝐸𝑡 d𝑒



d𝑡.

We obtain, using Lemma 4.3 and the bound on }B𝑦𝜇}8,
ż

R
|𝑉 𝑒

𝑡 B𝑦𝜇p𝑃𝑡, 𝑌𝑡q|B𝑒r𝑤p𝑡, 𝑃𝑡, 𝐸
𝑒
𝑡 qsd𝑒 ď 𝐶𝜖

ż

R
B𝑒r𝑤p𝑡, 𝑃𝑡, 𝐸

𝑒
𝑡 qsd𝑒,

ď 𝐶𝜖, (4.33)

where we used the fact that 𝑤 is bounded in the last inequality. Similar arguments, since 𝑐 is bounded, lead to
ż

R
|𝑐𝑡𝑉

𝑒
𝑡 |B𝑒r𝒱𝜖p𝑡, 𝑃𝑡, 𝐸

𝑒
𝑡 qsd𝑒 ď 𝐶𝜖. (4.34)

From (2.41), we know that

|𝜃𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q| ď 𝐶𝜖

ˆ
ż

R𝑑
|B𝑝𝒱p𝑡, 𝑃𝑡 ` 𝑞, 𝐸

𝑒
𝑡 q|𝜙𝜖p𝑞qd𝑞 ` B𝑒𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q

˙

. (4.35)

We compute, using the change of variable 𝑒 ÞÑ 𝜁 “ 𝐸𝑒
𝑡

ż

R

ż

R𝑑
|B𝑝𝒱p𝑡, 𝑃𝑡 ` 𝑞, 𝐸

𝑒
𝑡 q|𝜙𝜖p𝑞qd𝑞B𝑒𝐸

𝑒
𝑡 d𝑒 “

ż

R

ż

R𝑑
|B𝑝𝒱p𝑡, 𝑃𝑡 ` 𝑞, 𝜁q|𝜙𝜖p𝑞qd𝑞 d𝜁, (4.36)

ď 𝐶, (4.37)

where we used the 𝐿1-bound on B𝑝𝑉 given in (2.23). We then compute

E
„
ż

R
|𝜃𝜖p𝑡, 𝑃𝑡, 𝐸𝑡q|B𝑒𝐸𝑡 d𝑒



ď 𝐶𝜖p1` E
„
ż

R
B𝑒𝒱𝜖p𝑡, 𝑃𝑡, 𝐸𝑡qB𝑒𝐸𝑡 d𝑒



q, (4.38)

ď 𝐶𝜖. (4.39)

The proof is concluded by combining the previous inequality, the estimates given in (4.33) and (4.34) with
(4.32). �

Combining Lemma 4.2 with the result Proposition 4.2, we obtain straightforwardly the following.

Corollary 4.1. Let Assumption 2.1 hold. Then, for 𝑛 ď 𝑁 ´ 2, 𝑝 P R𝑑,

ℰ𝑆
𝑛 p𝑝q ď 𝐶

`

1` |𝑝|2
˘

h
3
2 ` 𝐶𝜖h. (4.40)

4.4. Diffusion error

We now study the term given in (3.31) and we straightforwardly observe

ℰ𝐷
𝑛 p𝑝q “

ż

R

ˇ

ˇ

ˇ
𝒯ℎ

´

𝑝,E
”

𝒱𝜖
´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, ¨
¯ı¯

p𝑒q ´ 𝒯ℎp𝑝,Er𝒱𝜖p𝑡𝑛`1, 𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, ¨qsqp𝑒q
ˇ

ˇ

ˇ
d𝑒, (4.41)

ď

ż

R

ˇ

ˇ

ˇ
E
”

𝒱𝜖
´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, 𝑒
¯ı

´ E
”

𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, 𝑒
¯ı

ˇ

ˇ

ˇ
d𝑒, (4.42)

where we use the 𝐿1-stability of 𝒯ℎ.
This motivates the introduction of the following auxiliary result.
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Proposition 4.3. Let Assumption 2.1 hold. For 0 ď 𝑛 ď 𝑁 ´ 1, let 𝑤𝑛 be the solution on r𝑡𝑛, 𝑡𝑛`1s ˆ R𝑑 to
the following PDE:

B𝑡𝑤 ` 𝑏p𝑝qB𝑝𝑤 `
1
2
𝜎̄2∆𝑝𝑝𝑤 “ 0 and 𝑤p𝑡𝑛`1, ¨q :“ 𝒱𝜖p𝑡𝑛`1, ¨, 𝑒q, (4.43)

for a fixed 𝑒 P R. Then, under Assumption 2.1, the followings hold, for 𝑞, 𝑞1 P R𝑑 and 𝑡 P r0, 𝑇 q,
ż

R

ˇ

ˇB𝑝ℓ𝑤𝑛p𝑡, 𝑞, 𝑒q ´ B𝑝ℓ𝑤𝑛p𝑡, 𝑞
1, 𝑒q

ˇ

ˇd𝑒 ď
𝐶

𝜖
|𝑞 ´ 𝑞1| (4.44)

and
ż

R

ˇ

ˇ

ˇ
B2

𝑝ℓ𝑝ℓ1
𝑤𝑛p𝑡, 𝑞, 𝑒q ´ B

2
𝑝ℓ𝑝ℓ1

𝑤𝑛p𝑡, 𝑞
1, 𝑒q

ˇ

ˇ

ˇ
d𝑒 ď

𝐶

𝜖2
|𝑞 ´ 𝑞1|, (4.45)

for all ℓ, ℓ1 P t1, . . . , 𝑑u. Moreover,
ż

|B𝑝𝑤𝑛p𝑡, 𝑝, 𝑒q|d𝑒 ď 𝐶. (4.46)

Proof. For ease of presentation, the proof is done in the one-dimensional case.
By Theorem 2.3.5 in Zhang [13], we have the following expressions for the first and second order derivative

with respect to vector 𝑝, for p𝑡, 𝑝, 𝑒q P r𝑡𝑛, 𝑡𝑛`1s ˆ Rˆ R,

B𝑝𝑤𝑛p𝑡, 𝑝, 𝑒q “ E
”

B𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑝
𝑡𝑛`1

, 𝑒
¯

B𝑝𝑃
𝑡,𝑝
𝑡𝑛`1

ı

, (4.47)

B2𝑝𝑝𝑤𝑛p𝑡, 𝑝, 𝑒q “ E
„

B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑝
𝑡𝑛`1

, 𝑒
¯´

B𝑝𝑃
𝑡,𝑝
𝑡𝑛`1

¯2

` B𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑝
𝑡𝑛`1

, 𝑒
¯

B2𝑝𝑝𝑃
𝑡,𝑝
𝑡𝑛`1



, (4.48)

where, for 𝑡 ď 𝑠 ď 𝑡𝑛`1,

𝑃 𝑡,𝑝
𝑠 “ 𝑝`

ż 𝑠

𝑡

𝑏
`

𝑃 𝑡,𝑝
𝑟

˘

d𝑟 ` 𝜎̄p𝑊𝑠 ´𝑊𝑡q, (4.49)

B𝑝𝑃
𝑡,𝑝
𝑠 “ 1`

ż 𝑠

𝑡

𝑏1
`

𝑃 𝑡,𝑝
𝑟

˘

B𝑝𝑃
𝑡,𝑝
𝑟 d𝑟, (4.50)

B2𝑝𝑝𝑃
𝑡,𝑝
𝑠 “

ż 𝑠

𝑡

´

𝑏2p𝑃𝑟q
ˇ

ˇB𝑝𝑃
𝑡,𝑝
𝑟

ˇ

ˇ

2
` 𝑏1p𝑃𝑟qB

2
𝑝𝑝𝑃

𝑡,𝑝
𝑟

¯

d𝑟. (4.51)

In this setting, classical arguments lead to,

E

«

sup
𝑠Pr𝑡,𝑡𝑛`1s

ˇ

ˇB𝑝𝑃
𝑡,𝑝
𝑠

ˇ

ˇ

𝜅
` sup

𝑠Pr𝑡,𝑡𝑛`1s

ˇ

ˇB2𝑝𝑝𝑃
𝑡,𝑝
𝑠

ˇ

ˇ

𝜅

ff

ď 𝐶𝜅, (4.52)

and for 𝑞, 𝑞1 P R, 𝑠 P r𝑡, 𝑇 s, 𝜅 ě 1,

E
”
ˇ

ˇ

ˇ
𝑃 𝑡,𝑞

𝑠 ´ 𝑃 𝑡,𝑞1

𝑠

ˇ

ˇ

ˇ

𝜅

`

ˇ

ˇ

ˇ
B𝑝𝑃

𝑡,𝑞
𝑠 ´ B𝑝𝑃

𝑡,𝑞1

𝑠

ˇ

ˇ

ˇ

𝜅

`

ˇ

ˇ

ˇ
B2𝑝𝑝𝑃

𝑡,𝑞
𝑠 ´ B2𝑝𝑝𝑃

𝑡,𝑞1

𝑠

ˇ

ˇ

ˇ

𝜅ı

ď 𝐶|𝑞 ´ 𝑞1|𝜅. (4.53)

We now study the second order derivative given in (4.48).
We compute, for p𝑡, 𝑞, 𝑞1q P r𝑡𝑛, 𝑡𝑛`1s ˆ Rˆ R,

ż

R

ˇ

ˇB2𝑝𝑝𝑤𝑛p𝑡, 𝑞, 𝑒q ´ B
2
𝑝𝑝𝑤𝑛p𝑡, 𝑞

1, 𝑒q
ˇ

ˇd𝑒 (4.54)
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ď E
„
ż

R

ˇ

ˇ

ˇ

ˇ

B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞
𝑡𝑛`1

¯2

´ B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞1

𝑡𝑛`1
, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2
ˇ

ˇ

ˇ

ˇ

d𝑒


:“ 𝐵1 (4.55)

` E
„
ż

R

ˇ

ˇ

ˇ
B𝑝𝒱𝜖

´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯

B2𝑝𝑝𝑃
𝑡,𝑞
𝑡𝑛`1

´ B𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞1

𝑡𝑛`1
, 𝑒
¯

B2𝑝𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

ˇ

ˇ

ˇ
d𝑒


:“ 𝐵2. (4.56)

For the first term 𝐵1,

𝐵1 ď E
„
ż

R

ˇ

ˇ

ˇ

ˇ

B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞
𝑡𝑛`1

¯2

´ B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2
ˇ

ˇ

ˇ

ˇ

d𝑒


` E
„
ż

R

ˇ

ˇ

ˇ

ˇ

B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2

´ B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞1

𝑡𝑛`1
, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2
ˇ

ˇ

ˇ

ˇ

d𝑒


.

We then compute

E
„
ż

R

ˇ

ˇ

ˇ

ˇ

B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞
𝑡𝑛`1

¯2

´ B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2
ˇ

ˇ

ˇ

ˇ

d𝑒


, (4.57)

ď E
„
ˇ

ˇ

ˇ

ˇ

´

B𝑝𝑃
𝑡,𝑞
𝑡𝑛`1

¯2

´

´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2
ˇ

ˇ

ˇ

ˇ

ż

R

ˇ

ˇ

ˇ
B2𝑝𝑝𝒱𝜖

´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯ˇ

ˇ

ˇ
d𝑒


, (4.58)

ď
𝐶

𝜖
E
„
ˇ

ˇ

ˇ

ˇ

´

B𝑝𝑃
𝑡,𝑞
𝑡𝑛`1

¯2

´

´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2
ˇ

ˇ

ˇ

ˇ



, (4.59)

where we used for the last inequality Lemma 2.1. Observing that
ˇ

ˇ

ˇ

ˇ

´

B𝑝𝑃
𝑡,𝑞
𝑡𝑛`1

¯2

´

´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2
ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
B𝑝𝑃

𝑡,𝑞
𝑡𝑛`1

` B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

ˇ

ˇ

ˇ
¨

ˇ

ˇ

ˇ
B𝑝𝑃

𝑡,𝑞
𝑡𝑛`1

´ B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

ˇ

ˇ

ˇ
,

we combine Cauchy–Schwarz inequality with (4.53) to obtain

E
„
ˇ

ˇ

ˇ

ˇ

´

B𝑝𝑃
𝑡,𝑞
𝑡𝑛`1

¯2

´

´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2
ˇ

ˇ

ˇ

ˇ



ď 𝐶|𝑞 ´ 𝑞1|. (4.60)

Combining the previous inequality with (4.59), we get

E
„
ż

R

ˇ

ˇ

ˇ

ˇ

B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞
𝑡𝑛`1

¯2

´ B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2
ˇ

ˇ

ˇ

ˇ

d𝑒


ď
𝐶

𝜖
|𝑞 ´ 𝑞1|. (4.61)

We also compute

E
„
ż

R

ˇ

ˇ

ˇ

ˇ

B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2

´ B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞1

𝑡𝑛`1
, 𝑒
¯´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2
ˇ

ˇ

ˇ

ˇ

d𝑒


,

ď E
„

´

B𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

¯2
ż

R

ˇ

ˇ

ˇ
B2𝑝𝑝𝒱𝜖

´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯

´ B2𝑝𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞1

𝑡𝑛`1
, 𝑒
¯
ˇ

ˇ

ˇ
d𝑒


,

ď
𝐶

𝜖2
|𝑞 ´ 𝑞1|,

where we used Lemma 2.1 and (4.52), for the last inequality. Combining (4.61) with the previous inequality, we
finally obtain that

𝐵1 ď
𝐶

𝜖2
|𝑞 ´ 𝑞1| `

𝐶

𝜖
|𝑞 ´ 𝑞1|. (4.62)

For the term 𝐵2 given in (4.56), we observe

𝐵2 ď E
„
ż

R

ˇ

ˇ

ˇ
B𝑝𝒱𝜖

´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯

B2𝑝𝑝𝑃
𝑡,𝑞
𝑡𝑛`1

´ B𝑝𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯

B2𝑝𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

ˇ

ˇ

ˇ
d𝑒

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` E
„
ż

R

ˇ

ˇ

ˇ
B𝑝𝒱𝜖

´

𝑡𝑛`1, 𝑃
𝑡,𝑞
𝑡𝑛`1

, 𝑒
¯

B2𝑝𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1
´ B𝑝𝒱𝜖

´

𝑡𝑛`1, 𝑃
𝑡,𝑞1

𝑡𝑛`1
, 𝑒
¯

B2𝑝𝑝𝑃
𝑡,𝑞1

𝑡𝑛`1

ˇ

ˇ

ˇ
d𝑒


.

Combining Lemma 2.1, the estimates given in (4.53) and (4.52), with similar computations as done previously,
we obtain

𝐵2 ď
𝐶

𝜖
|𝑞 ´ 𝑞1| ` 𝐶|𝑞 ´ 𝑞1|. (4.63)

Inserting (4.62) and (4.63) back into (4.56), we obtain the
ż

R

ˇ

ˇB2𝑝𝑝𝑤𝑛p𝑡, 𝑞, 𝑒q ´ B
2
𝑝𝑝𝑤𝑛p𝑡, 𝑞

1, 𝑒q
ˇ

ˇd𝑒 ď
𝐶

𝜖
|𝑞 ´ 𝑞1|, (4.64)

as 𝜖 P p0, 1q.
Similar arguments allow to retrieve the estimates for the first order derivatives. �

Proposition 4.4. Under Assumption 2.1, the following holds

ℰ𝐷
𝑛 p𝑝q ď 𝐶

h
3
2

𝜖2
,

for 0 ď 𝑛 ď 𝑁 ´ 1 and 𝑝 P R𝑑.

Proof. For ease of presentation, we do the proof in dimension 𝑑 “ 1.

(1) We first recall Definition 3.1 and (3.6). In this context, we introduce two new discrete processes:

p𝑃 𝑡𝑛,𝑝
𝑡 “ 𝑝` 𝑏p𝑝qp𝑡´ 𝑡𝑛q ` 𝜎̄

?
𝑡´ 𝑡𝑛
?

h
∆x𝑊𝑛,

𝑃 𝑡𝑛,𝑝,𝜆
𝑡 “ 𝑝` 𝑏p𝑝qp𝑡´ 𝑡𝑛q ` 𝜆𝜎̄

?
𝑡´ 𝑡𝑛
?

h
∆x𝑊𝑛,

for 𝑝 P R, 𝑡 P r𝑡𝑛, 𝑡𝑛`1s, 𝜆 P r0, 1s and 0 ď 𝑛 ď 𝑁 ´ 1.
Now, recalling (4.42), we first observe

E
”

𝒱𝜖
´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, 𝑒
¯ı

´ E
”

𝒱𝜖
´

𝑡𝑛`1, 𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, 𝑒
¯ı

“ E
”

𝑤𝑛

´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, 𝑒
¯ı

´ 𝑤𝑛p𝑡𝑛, 𝑝, 𝑒q. (4.65)

We apply the discrete Ito formula given of Proposition 14 in [7] to our much simpler framework, to obtain

E
”

𝑤𝑛

´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, 𝑒
¯ı

´ 𝑤𝑛p𝑡𝑛, 𝑝, 𝑒q “

ż 𝑡𝑛`1

𝑡𝑛

E
”

B𝑡𝑤𝑛

´

𝑡, p𝑃 𝑡𝑛,𝑝
𝑡 , 𝑒

¯

` 𝑏p𝑝qB𝑝𝑤𝑛

´

𝑡, p𝑃 𝑡𝑛,𝑝
𝑡 , 𝑒

¯ı

d𝑡

`
𝜎̄2

2
E
„
ż 𝑡𝑛`1

𝑡𝑛

ż 1

0

B2𝑝𝑝𝑤𝑛

´

𝑡, 𝑃 𝑡𝑛,𝑝,𝜆
𝑡 , 𝑒

¯

d𝜆 d𝑡


.

Using the PDE (4.43) satisfied by 𝑤𝑛, the previous equality leads to

E
”

𝑤𝑛

´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, 𝑒
¯ı

´ 𝑤𝑛p𝑡𝑛, 𝑝, 𝑒q

“

ż 𝑡𝑛`1

𝑡𝑛

E
”´

𝑏p𝑝q ´ 𝑏
´

p𝑃 𝑡𝑛,𝑝
𝑡

¯¯

B𝑝𝑤𝑛

´

𝑡, p𝑃 𝑡𝑛,𝑝
𝑡 , 𝑒

¯ı

d𝑡 (4.66)

`
𝜎̄2

2
E
„
ż 𝑡𝑛`1

𝑡𝑛

ż 1

0

”

B2𝑝𝑝𝑤𝑛

´

𝑡, 𝑃 𝑡𝑛,𝑝,𝜆
𝑡 , 𝑒

¯

´ B2𝑝𝑝𝑤𝑛

´

𝑡, p𝑃 𝑡𝑛,𝑝
𝑡 , 𝑒

¯ı

d𝜆d𝑡


. (4.67)
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(2) For 𝑒 P R, we denote by 𝐴1p𝑒q, the term in (4.66) and by 𝐴2p𝑒q, the term in (4.67).
We compute

ˇ

ˇ𝐴1p𝑒q
ˇ

ˇ ď

ż 𝑡𝑛`1

𝑡𝑛

E
”
ˇ

ˇ

ˇ

´

𝑏p𝑝q ´ 𝑏
´

p𝑃 𝑡𝑛,𝑝
𝑡

¯¯
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
B𝑝𝑤𝑛

´

𝑡, p𝑃 𝑡𝑛,𝑝
𝑡 , 𝑒

¯
ˇ

ˇ

ˇ

ı

d𝑡,

ď 𝐶h
1
2

ż 𝑡𝑛`1

𝑡𝑛

E
”
ˇ

ˇ

ˇ
B𝑝𝑤𝑛

´

𝑡, p𝑃 𝑡𝑛,𝑝
𝑡 , 𝑒

¯
ˇ

ˇ

ˇ

ı

d𝑡,

and thus
ż

R

ˇ

ˇ𝐴1p𝑒q
ˇ

ˇd𝑒 ď 𝐶h
1
2

ż 𝑡𝑛`1

𝑡𝑛

E
„
ż

R

ˇ

ˇ

ˇ
B𝑝𝑤𝑛

´

𝑡, p𝑃 𝑡𝑛,𝑝
𝑡 , 𝑒

¯
ˇ

ˇ

ˇ
d𝑒


d𝑡,

ď 𝐶h
3
2 , (4.68)

where we used (4.46) for the last inequality.
Using Proposition 4.3, we compute

ż

R

ˇ

ˇ

ˇ
B2𝑝𝑝𝑤𝑛

´

𝑡, 𝑃 𝑡𝑛,𝑝,𝜆
𝑡 , 𝑒

¯

´ B2𝑝𝑝𝑤𝑛

´

𝑡, p𝑃 𝑡𝑛,𝑝
𝑡 , 𝑒

¯
ˇ

ˇ

ˇ
d𝑒 ď

𝐶

𝜖2

ˇ

ˇ

ˇ
𝑃 𝑡𝑛,𝑝,𝜆

𝑡 ´ p𝑃 𝑡𝑛,𝑝
𝑡

ˇ

ˇ

ˇ
,

ď
𝐶

𝜖2

a

h.

This yields
ż

R
|𝐴2p𝑒q|d𝑒 ď

𝐶

𝜖2
h

3
2 . (4.69)

Combining the previous inequality with (4.68) and (4.66), (4.67), we get
ż

R

ˇ

ˇ

ˇ
E
”

𝑤𝑛

´

𝑡𝑛`1, p𝑃
𝑡𝑛,𝑝
𝑡𝑛`1

, 𝑒
¯ı

´ 𝑤𝑛p𝑡𝑛, 𝑝, 𝑒q
ˇ

ˇ

ˇ
d𝑒 ď

𝐶

𝜖2
h

3
2 .

The proof is concluded recalling (4.65) and (4.42).

�

4.5. Proof of Theorem 3.1

The proof of our main result is now almost straightforward. From Lemma 4.1, Corollary 4.1 and Proposi-
tion 4.4, we observe that

E
”

ℰT
𝑛

´

p𝑃𝑡𝑛

¯ı

ď 𝐶
h

𝑀
, E

”

ℰ𝐷
𝑛

´

p𝑃𝑡𝑛

¯ı

ď 𝐶
h

3
2

𝜖2
and E

”

ℰ𝑆
𝑛

´

p𝑃𝑡𝑛

¯ı

ď 𝐶h
´

h
1
2 ` 𝜖

¯

. (4.70)

Summing over 𝑛, we get

𝑁´2
ÿ

𝑛“0

E
”

ℰT
𝑛

´

p𝑃𝑡𝑛

¯

` ℰ𝐷
𝑛

´

p𝑃𝑡𝑛

¯

` ℰ𝑆
𝑛

´

p𝑃𝑡𝑛

¯ı

ď 𝐶

ˆ

1
𝑀
`

?
h

𝜖2
` 𝜖

˙

. (4.71)

For the last step, we obtain

E
”

ℰ𝑁´1

´

p𝑃𝑡𝑁´1

¯ı

ď 𝐶

ˆ

ℎ

𝑀
` 𝜖` h

´

h
1
2 ` 𝜖

¯

˙

(4.72)

combining (3.34) with Proposition 4.1 and Proposition 2.1. The previous inequality combined with (4.71) and
Proposition 3.1 yields (3.40).

Balancing optimally the errors in (3.40) allows to conclude by proving (3.41). ˝
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5. Numerics

In this section, we realize numerical experiments to test in practice the schemes introduced in Section 3.

5.1. Setting

We first introduce the models we will use. They have already been considered in [6], which facilitates the
comparison with previous numerical results.

Let us first define the following toy model where the process 𝑃 corresponds to a Brownian motion and is a
multidimensional version of the model given in Remark 2.2:

Example 5.1 (Linear model).

d𝑃𝑡 “ 𝜎 d𝑊𝑡,d𝐸𝑡 “

˜

1
?
𝑑

𝑑
ÿ

ℓ“1

𝑃 ℓ
𝑡 ´ 𝑌𝑡

¸

d𝑡 (5.1)

with terminal function p𝑝, 𝑒q ÞÑ 𝜑p𝑝, 𝑒q “ 1t𝑒ě0u and where 𝑊 is a 𝑑-dimensional Brownian motion and 𝜎 ą 0.

We will also consider a multiplicative model:

Example 5.2 (Multiplicative model). Let 𝑊 be a 𝑑-dimensional Brownian motion. For all ℓ P t1, . . . , 𝑑u, we
set

d𝑃 ℓ
𝑡 “ 𝜇𝑃 ℓ

𝑡 d𝑡` 𝜎𝑃 ℓ
𝑡 d𝑊 ℓ

𝑡 , 𝑃
ℓ
0 “ 1, and d𝐸𝑡 “ 𝜇̃p𝑃𝑡, 𝑌𝑡qd𝑡 (5.2)

with p𝑝, 𝑦q ÞÑ 𝜇̃p𝑝, 𝑦q “
´

ś𝑑
ℓ“1 𝑝

ℓ
¯

1?
𝑑
𝑒´𝜃𝑦, for some 𝜃 ą 0. The terminal condition is given by p𝑝, 𝑒q ÞÑ 𝜑p𝑝, 𝑒q “

1t𝑒ě0u.

As mentioned in [6], one advantage of these models is that they can be reduced to models with lower dimension
(at most 2) whatever the value of 𝑑. For comparison, we will also use some numerical proxy : for the first model
in Example 5.1, we use the method considered in [1] applied to the one dimensional reduction of the model, for
the second model in Example 5.2 we use the NN & Upwind scheme. Both methods are introduced and discussed
in [6].

We also observe that the above models fit into the setting of Section 3.1.2, recall Assumption 3.1. As shown
below and as expected, they are thus numerically tractable. We shall use in this regard the scheme introduced
in Definition 3.2, linked to CASE 1. We will also consider CASE 2, where the number of particles is capped.
To this end, we need to define precisely the operator R𝑀,𝑚 appearing in Definition 3.3, which is the purpose of
the next section.

5.2. Definition of R

There are various possible implementations for the operator R whose goal is to tame the computational cost,
recall Definition 3.3. Using this operator R introduces another numerical error. In view of the convergence
study in the previous sections that focuses on 𝐿1-norm, one could aim to optimise this error measurement also
in the implementation of R. Namely, with the notations of Definition 3.3 (step 2), this means that we would
like to have, for each 0 ď 𝑛 ď 𝑁 ´ 1, 𝑝 P R𝑑,

ż

R

ˇ

ˇ𝑣𝑁,𝑀
𝑛 p𝑝, 𝑒q ´ 𝑣𝑁,𝑀

𝑛 p𝑝, 𝑒q
ˇ

ˇd𝑒 (5.3)

minimal. The solution to this problem is known, see Section 2 of [11]. Indeed, 𝑣𝑁,𝑀
𝑛 p𝑝, ¨q and 𝑣𝑁,𝑀

𝑛 p𝑝, ¨q are
CDF of probability measures on R, respectively denoted 𝜇̂𝑁,𝑀 p𝑝q and 𝜇̄𝑁,𝑀 p𝑝q for later use. It turns out that
minimising (5.3) corresponds exactly to minimise the 𝒲1-distance between the two distributions. Let us recall
the general approximation result stated in Section 2 of [11].
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Lemma 5.1. Let 𝐹 be the CDF associated to a probability distribution 𝜈 P 𝒫1pRq. We note 𝐹´1 its generalized
inverse, given by

𝐹´1p𝑣q “ inft𝑦 P R|𝐹 p𝑦q ě 𝑣u, 𝑣 P p0, 1q. (5.4)

Let 𝜈𝑀 “ 1
𝑀

ř𝑀
𝑚“1 𝛿𝑒𝑚 , then the minimum of

𝒲1p𝜇, 𝜈𝑀 q “

ż

R
|𝐻 ˚ 𝜈p𝑥q ´𝐻 ˚ 𝜈𝑀 p𝑥q|d𝑥

is achieved for 𝑒𝑚 “ 𝐹´1p 2𝑚´1
2𝑀 q, 1 ď 𝑚 ď𝑀 .

In our framework, the above result can be specialized since the starting distribution 𝜇̄𝑁,𝑀 p𝑝q is already atomic
(with 2𝑑𝑀 atoms).

Corollary 5.1. For 𝜉 P 𝒟2𝑑𝑀 , let 𝜈 :“ 1
2𝑑𝑀

ř2𝑑𝑀
𝑚“1 𝛿𝜉𝑚 . Then the optimal 𝜈𝑀 , recall Lemma 5.1 is given by

𝜈𝑀 “
1
𝑀

𝑀
ÿ

𝑚“1

𝛿𝑒𝑚 with 𝑒𝑚 “ 𝜉p2𝑚´1q𝑑. (5.5)

Proof. According to Lemma 5.1 and the definition of 𝐹´1 in (5.4), one should find, for 1 ď 𝑚 ď𝑀 ,

𝑖‹p𝑚q :“ min
"

𝑖 P t1, . . . ,𝑀u |𝐹 p𝜉𝑖q ě
2𝑚´ 1

2𝑀

*

. (5.6)

Observing that 𝐹 p𝜉𝑖q “
𝑖

2𝑑𝑀 , we obtain that 𝑖‹p𝑚q “ p2𝑚 ´ 1q𝑑, which concludes the proof of the
corollary. �

Definition 5.1 (Operator R𝑀,𝑚). For 𝑀 ě 𝑚 ě 1, we first denote 𝑆𝑀 the operator of sorting 𝑀 particles in
ascending order, namely

R𝑀 Q 𝜉 ÞÑ 𝑆𝑀 p𝜉q P 𝒟𝑀 . (5.7)

At each step 𝑛, for a set of 2𝑑𝑀 particles namely 𝑒 P R2𝑑𝑀 , 𝑆2𝑑𝑀 p𝑒q could be written as follows:

𝑆2𝑑𝑀 p𝜉q “
´

r𝑆2𝑑,1p𝜉q, ¨ ¨ ¨ , r𝑆2𝑑,𝑀 p𝜉q
¯

, (5.8)

where for 1 ď 𝑖 ď 𝑀, r𝑆2𝑑,𝑖p𝜉q :“
´

𝑆2𝑑𝑀
𝑗 p𝜉q

¯

2𝑑p𝑖´1qă𝑗ď2𝑑𝑖
P 𝒟2𝑑, with 𝑆2𝑑𝑀

𝑖 p𝜉q denoting the 𝑖-th coordinate of

vector 𝑆2𝑑𝑀 p𝜉q. For 𝜓𝜉 P ℐ2𝑑𝑀 associated to 𝜉 P 𝒟2𝑑𝑀 , we recall that

𝜓𝜉 “ 𝐻 ˚

˜

1
2𝑑𝑀

2𝑑𝑀
ÿ

𝑚“1

𝛿𝑆2𝑑𝑀
𝑚 p𝜉q

¸

,

we then define the following operator

𝜓𝜉 Q ℐ2𝑑𝑀 ÞÑ R2𝑑𝑀,𝑀
`

𝜓𝜉
˘

:“ 𝐻 ˚

˜

1
𝑀

𝑀
ÿ

𝑚“1

𝛿𝑒𝑚

¸

P ℐ𝑀 , (5.9)

where four different choices for 𝑒𝑚 are considered, leading to four different implementations. Namely, for each
1 ď 𝑚 ď𝑀 ,
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Table 1. 𝐿1-error and 𝐿8-error for model Example 5.1 with different numbers of particles
with respect to leftmost,mean,rightmost,optim, note that the time steps 𝑁 “ 20.

Sigma Number of particles Method 𝐿1-error 𝐿8-error

1.0 1000 leftmost 5.71e´3 1.67e´2
mean 4.96e´3 1.50e´2
rightmost 5.39e´3 1.80e´2
optim 3.72e´3 1.02e´2

5000 leftmost 5.05e´3 1.45e´2
mean 4.92e´3 1.46e´2
rightmost 4.92e´3 1.53e´2
optim 3.47e´3 1.01e´2

0.3 1000 leftmost 1.34e´3 0.85e´2
mean 0.88e´3 0.61e´2
rightmost 1.25e´3 0.91e´2
optim 1.19e´3 0.69e´2

5000 leftmost 0.94e´3 0.68e´2
mean 0.88e´3 0.61e´2
rightmost 0.92e´3 0.65e´2
optim 0.56e´3 0.46e´2

0.01 1000 leftmost 0.27e´3 0.39e´2
mean 0.13e´3 0.20e´2
rightmost 0.48e´3 0.43e´2
optim 0.11e´3 0.17e´2

5000 leftmost 0.09e´3 0.13e´2
mean 0.08e´3 0.17e´2
rightmost 0.13e´3 0.18e´2
optim 0.06e´3 0.11e´2

mean: The mean position of 2𝑑 particles of r𝑆2𝑑,𝑚p𝜉q, namely

𝑒𝑚 :“
1
2𝑑

2𝑑𝑚
ÿ

𝑗“2𝑑p𝑚´1q`1

𝑆2𝑑𝑀
𝑗 p𝜉q. (5.10)

leftmost: The minimum position among the 2𝑑 particles of r𝑆2𝑑,𝑚p𝜉q is kept,

𝑒𝑚 :“ min
 

𝑆2𝑑𝑀
𝑗 p𝜉q, 2𝑑p𝑚´ 1q ` 1 ď 𝑗 ď 2𝑑𝑚

(

“ 𝑆2𝑑𝑀
2𝑑p𝑚´1q`1p𝜉q. (5.11)

rightmost: The maximum position among the 2𝑑 particles of r𝑆2𝑑,𝑚p𝜉q is kept,

𝑒𝑚 :“ max
 

𝑆2𝑑𝑀
𝑗 p𝜉q, 2𝑑p𝑚´ 1q ` 1 ď 𝑗 ď 2𝑑𝑚

(

“ 𝑆2𝑑𝑀
2𝑑𝑚 p𝜉q. (5.12)

optim: The optimal position according to Corollary 5.1 is kept, 𝑒𝑚 :“ 𝑆2𝑑𝑀
𝑑p2𝑚´1qp𝜉q.

5.3. Numerical results

First of all, to validate empirically our different implementations of operator R, we report the 𝐿1-error and
𝐿8-error against the “proxy” solution for different numbers of particles, based on the different strategies to
reduce the number of particles, see Definition 5.1 for 𝜎 “ 0.01, 0.3, 1.0, see Table 1. We observe that the four
implementations of R : leftmost, mean, rightmost, optim of positions of particles, yield practically the same



CONVERGENCE OF PARTICLES AND TREE BASED SCHEME FOR SINGULAR FBSDES 1361

Table 2. Computational cost in Example 5.1 for different dimension 𝑑 (for the 𝑃 -variable) for
CASE 1 and CASE 2 schemes.

Dimension 𝑑 “ 1 𝑑 “ 4

Time for CASE 1 46.96 s 784 s
Time for CASE 2 0.3 s 1.3 s

Figure 1. Model of Example 5.1: Comparison of the two methods CASE 1 & CASE2 with
𝑑 “ 4. The Proxy solution is given by the same particle method on the one-dimensional PDE.
For 𝐵𝑇&𝑆𝑃𝐷: both CASE 1 and CASE 2, the number of particles is 𝑀 “ 3500 and the
number of time steps 𝑁 “ 20. (a) 𝜎 “ 0.01. (b) 𝜎 “ 0.3. (c) 𝜎 “ 1.0.

numerical results for different levels of volatilities. The optim strategy appears to be better, as expected. Hence
in the following, we only consider the CASE 2 implemented with operator R optim. The clear advantage of
considering the CASE 2 scheme is that the number of particles does not grow exponentially during the iterations,
hence it takes less computational time compared to CASE 1, see Table 2.

To validate empirically our numerical schemes, we plot the value function 𝒱 of model Example 5.1 using
scheme CASE 1 and CASE 2 against the proxy solution presented in [1], see Figure 1. As expected, both
CASE 1 and CASE 2 scheme could reproduce correctly the entropy solution of the PDE (2.1). We also observe
that the solutions obtained by CASE 1 and CASE 2 scheme are quite close.

Apart from the linear model, we have also tested numerically our CASE 1 and CASE 2 schemes in model
Example 5.2 against a NN & Upwind method based on splitting schemes presented in [6], see Figure 2. We
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Figure 2. Model of Example 5.2: Comparison of the two methods CASE 1 & CASE2 with
𝑑 “ 4. The Proxy solution is given by the Neural nets & Upwind in [6]. For 𝐵𝑇&𝑆𝑃𝐷: both
CASE 1 and CASE 2, the number of particles is 𝑀 “ 3500 and the number of time steps
𝑁 “ 20. (a) 𝜎 “ 0.01. (b) 𝜎 “ 0.3. (c) 𝜎 “ 1.0.

Figure 3. Convergence rate on h for the model in Example 5.1 with parameters 𝑑 “ 4, 𝜎 “ 1.0.

note that the function 𝜇 in Example 5.2 is always non negative, thus we use the Upwind scheme which is less
“diffusive” than the Lax-Friedrichs scheme as argued in [6]. As expected, both CASE 1 and CASE 2 schemes
give satisfying numerical results for different levels of volatility.

At last, we want to empirically estimate the convergence rate of the error introduced by our numerical
scheme. We consider the model Example 5.1 where 𝜎 “ 1.0. We consider a set of number of time steps 𝑁 :“
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t2, 4, 8, 16, 32, 64u and time step h :“ 𝑇
𝑁 , and compute the 𝐿1-error for BT & SPD method. Note that the

proxy solution is always given by method in [1] applied to one dimensional equivalent model. The empirical
convergence rate with respect to the time step is close to one see Figure 3, which is much better than the order
1
6 obtained in Theorem 3.1.
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