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UNCONDITIONALLY STABLE SPACE-TIME ISOGEOMETRIC
DISCRETIZATION FOR THE WAVE EQUATION IN HAMILTONIAN
FORMULATION

MATTEO FERRARI'*®, SARA FRASCHINI'®, GABRIELE LOLI?® AND ILARIA PERUGIA!

Abstract. We consider a family of conforming space—time discretizations for the wave equation based
on a first-order-in-time formulation employing maximal regularity splines. In contrast with second-
order-in-time formulations, which require a CFL condition to guarantee stability, the methods we
consider here are unconditionally stable without the need for stabilization terms. Along the lines of the
work by Ferrari and Fraschini [Math. Comput. (2025)], we address the stability analysis by studying
the properties of the condition number of a family of matrices associated with the time discretization.
Numerical tests validate the performance of the method.
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1. INTRODUCTION

We consider the following acoustic wave problem with Dirichlet boundary conditions:

U (z,t) — divg ((x) VU (x,t)) = F(z,t) (m,t) € Qr := Q2 x (0,T),
U(z,t) = g(z,t) (z,t) € p =T x [0,T], (1)
U(z,0) =Up(x), 0 U(x,t)),_, = Vo(zx) x €,

[t=0

where Q C R? (d = 1,2,3) is a bounded Lipschitz domain with boundary I' := 9Q, T > 0 is a finite time,
F € L*(Qr) is a given source term, ¢ € L®(2) is a positive wave velocity independent of ¢, and the given
boundary and initial data satisfy

g€ H*(Sr), Uoe HY(Q), VoelL*(Q), and Uy=g,, onl.

Here and throughout the paper we follow standard notation for differential operators, function spaces and norms
that can be found, for example, in [8].

Various discretization techniques are available to compute an approximate numerical solution to problem (1).
In contrast to the more standard approaches based on separate discretizations of space and time, space—time
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methods, introduced in the seminal papers [20,27,28], provide a simultaneous discretization of space and time
variables. Thanks to their features (e.g., high-order approximation in space and time, space—time unstructured
meshes, and parallelization) and to advances in computer technology, the investigation of space—time methods
has increased recently, leading to the development of several space—time discretizations for wave problems.
Among them, we mention space-time discontinuous Galerkin methods (see e.g., [3-5,14,33-35]) and conforming
space—time discretizations (see e.g., [2,6,23,26,31,37]). Here, we focus on the latter class of methods.

A second-order-in-time space-time variational formulation is considered in [37,38]. It is obtained by inte-
grating by parts (1) both in time and space. Unique solvability of that formulation is proven (see e.g., [3§],
Thm. 5.1 for ¢ = 1 and Vy = 0), but an inf-sup stability in standard Sobolev norms in not satisfied (see [40],
Thm. 4.2.24). Therefore, stability of conforming space-time finite element discretizations may be achieved under
suitable CFL conditions; see [17] for explicit and sharp results on this. In order to recover second-order-in-time
unconditionally stable methods, various possibilities have been explored. One consists of testing with optimal
test functions written in terms of suitable operators (e.g., the modified Hilbert transform [31]). Another possibil-
ity is to stabilize the corresponding bilinear form by adding appropriate penalty terms. The different choices of
this stabilization depend only on the discretization of the temporal part. In [37], a stabilization for continuous
piecewise linear functions in time has been proposed and analyzed. That idea has then been generalized to
higher order continuous piecewise polynomials in [41], and to higher order maximal regularity splines in [17,19].

In this paper, we study a numerical method based on a first-order-in-time formulation of (1) obtained by
introducing the auxiliary unknown V := 0,U. Both U and V are discretized in the same discrete space, while
test functions are taken in a space with lower polynomial degree and regularity. In [2,21], such a space-time
method was proposed, with discretization in time performed with continuous piecewise polynomials as trial
functions, and discontinuous piecewise polynomials of one degree less as test functions. In [2,21], vie matricial
and variational arguments, respectively, unconditional stability, as well as error estimates, have been proved
and numerically verified for ¢ = 1. Note that testing with discontinuous piecewise polynomial functions in
time guarantees a time-stepping procedure. The temporal part of these schemes is actually equivalent to a
Runge-Kutta Gauss—Legendre method, see Section 2 of [22]. In this work, we analyze a discretization of the
first-order-in-time formulation with high order maximal regularity splines in time. We discretize both U and
V in the same spline spaces. Test functions are taken in the spline space of one less polynomial degree and
regularity. Although a complete well-posedness and error analysis is still out of reach at the moment, via a
matricial argument along the lines of [17], the resulting method is shown to be unconditionally stable without
the need of additional stabilization terms. The analysis is focused on a system of ordinary differential equations,
which is strongly related to the time part of the wave equation, and stability is derived by exploiting the algebraic
structure of the matrices involved. This analysis combines two main tools: properties of the symbols [25] of the
matrices associated with spline discretizations, and the behaviour of the condition number of general Toeplitz
band matrices characterized in [1]. With the same techniques, we also show that a CFL condition is required
when both test and trial spaces in time are splines of the same degree and maximal regularity. This CFL
condition turns out to be sharp.

The paper is structured as follows. In Section 2, we introduce the discrete first-order-in-time variational
formulation of (1), its discretization with maximal regularity splines in time, and we discuss the properties
of the associated Galerkin matrices for the temporal part. Furthermore, we recall results on the conditioning
of families of Toeplitz band matrices. In Section 3, we present our main results on the stability of the pro-
posed method. In Section 4, we consider the numerical scheme with equal trial and test spaces in time, and
we explain mathematically why it is only conditionally stable. Finally, in Section 5, we present an efficient
algorithm for solving the linear system involved, and numerical tests on the full space—time problem with iso-
geometric discretization also in space, which demonstrate the performance of the method and its unconditional
stability.
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2. FIRST-ORDER-IN-TIME VARIATIONAL FORMULATION AND TEMPORAL DISCRETIZATION
WITH MAXIMAL REGULARITY SPLINES

With the auxiliary unknown V := 9,U, problem (1) is reformulated as follows:

U (x,t) — V(x,t) = (x,t) € Qr,

0V (x,t) — divg(A(2) VLU (x,t)) = F(x,t) (x,t) € Qr, @)
U(x,t) = g(x,t) (x,t) € X,

U(x,0) = Up(x), V(x,0)=Vy(x) x €.

From now, we restrict, for simplicity, to the case of Uy =0, V) =0, and g = 0. The general case can be readily
considered with a suitable lifting.

For the spatial discretization, let us consider a discrete space V() C H(Q2) depending on a spatial
parameter hy (e.g., piecewise linear, continuous functions over a triangulation of Q of mesh size hg). For the

temporal discretization, we introduce the space S ;fj ’k)((), T) of splines of polynomial degree p > 0 and regularity
Ck, with k > —1 (C~! allowing for discontinuous functions) over a uniform mesh of [0, 7] made of N; intervals
with mesh size h; := T/N,. We denote the subspaces of S}(fz *) (0,T) incorporating zero initial and final conditions,
respectively, by Sép’g).(() T) and Sgp’f)o(() T). Then, we define the tensor product spaces Qﬁf’k) (Qr) :=Vp, (Q)®
S0,7), Qg (Qr) = Vi, () @ S0 (0.7), and Q24 (Qr) = Va, () ® {70 (0, 7).

We discretlze ( ) as follows: find (Uﬁ7 Vp) € thg). 1)(QT) X ng(f. 2 (Qr) such that

(A0RA) gy~ () g =0 forall € QT Q).
T T

] . ) R 3)
(@V;f,)\fl 1)Lz + (szmU}fan)‘fz 1) )\Z 1>L2(QT) for all )‘]igz ‘e Q%U 171) 2)(QT)'

- (F
L2(Qr)

Qr)

Remark 2.1. The scheme proposed in [2,21] reads as (3) but with trial spaces Q (QT) and test spaces
2 Q).

Alternatively, noticing that forallp > 1and k =0,...,p—1 it holds 9, : S,(l’t”]f)o((), T)— S,(fj_l’k_l)((), T)is an
isomorphism (when k£ = 0, the derivative is intended piecewise), we can rewrite the formulation with maximal
regularity splines, after integration by parts, as: find (Uf, V}¥) € Q;ﬁgj. 2 (Qr) X thg’. 1)(QT) such that

(OeUks 0ixp) 12y + (OVE XR) 12y = O for all X}, € QY5 (Qr), (4)
OV, 0L L2y = (PVaOiUR, Vady) 12 g, = (FL0iN) 12, for all Ay € Qpriy V@)

In the following, we will focus on the discrete variational formulation (4). By studying a system of ODEs in the
time variable, which is derived from an eigenfunction expansion in space, we perform a matricial analysis along
the lines of [17] in order to address the stability of scheme (4).

2.1. Associated ODE and matricial formulation

Let us consider the following eigenvalue problem:

{—divz (P (@) V¥(x)) = p¥(z) =€ Q,
U(x)=0 zel.

Due to the uniform ellipticity and self-adjointness of the problem, the eigenvalues form an unbounded sequence
of positive real numbers (see e.g., [8], Sect. 9.8),

0<,u1§,u2§...§uj§...—>+oo.
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Therefore, exploiting the Fourier expansion of the exact solution, based on analogous considerations as in [17,40],
our focus lies in proposing a stable discretization with respect to the parameter u > 0 for the system of ODEs

Ouu(t) —v(t) =0 t e (0,7),
Ov(t) + pu(t) = f(t) te€(0,T), (5)
u(0) =0, wv(0)=0,

with f € L2(0,T).

Remark 2.2. Neumann boundary conditions in (1) can be considered similarly, and our analysis readily extends
to this situation. However, problem (1) with Robin boundary conditions cannot be recast in our theoretical
framework. Indeed, due to the combination of temporal and spatial derivatives in the boundary condition, one
cannot perform an eigenfunction expansion in space, and trace the problem back to the study of a system of
ODEs in time. However, a numerical test with Robin’s boundary conditions is reported in Section 5.2.3 below.

Let us fix N € N and set h := T/N. Then, the discrete variational formulation for (5) analogous to (4) reads:
find (u},v}) € S,(Zf’éf’:l)(o,T) X S,(fé{’:l)((),T) such that

p—1
{(atug,atxfg)ww + Qi X3 L2 0.y = O for all x} € S’,(ffo )0, 1), (©)

(0], 0N 2oy — 1 (00, No) Loy = (2 OeN) ooy for all Ap € PP (0,T),

Similarly as performed in [17] for the second-order-in-time variational formulation, we analyze the condition
number of a family of matrices associated with (6).

Consider the break points ty := ¢h, for £ =0,..., N, and the knot vector {fi}?ﬁgN that guarantees maximal
CP~! regularity built as

60261:...26172250:0, §p+1:t1, £p+N—1:tN—1a £p+N:-~-:§2p+N:tN:T~
According to the Cox-De Boor recursion formula [11], B-spline basis functions are piecewise polynomials defined

recursively as,

=& pa Eitpr1—t  pa :
T () i (1) it €&, Erpr)s
i) =1 S+ =& 7 Eipir — & I T
0 otherwise,

(7)

with j =0,..., N+ p—1, beginning with go?(t) =1,ift € [¢;,&+1), and go(;(t) = 0 otherwise. Here, we adopted
the convention that fractions with a zero denominator are assigned a value of zero. In particular, this B-spline
basis is defined such that

S,(f?’{)__l)(O,T) = span{go? :j=1,...,N+p—1}, S}(ff(;l)((),T) = span{gp? :j=0,...,N+p—2}.
The matrices involved in the first-order discrete variational formulation (6) are defined as
Bi[gaj] = (at¢§7at()0§—l)L2(O,T) ) Ci[émj] = (at¢§7¢5—1)L2(07T) ) Za.] = laaN+p_ 1. (8)

These matrices have specific structures, due to the properties of B-splines basis functions. Here, we explicitly
write the entries of the matrices B?, C? € RWWH1*(N+1) {4 highlight their structure:

—6 —2 10 2
8 -1 -1 0 9 1
-1 6 -2 -1 -9 0 10 1
) 1 -1 -2 6 -2 -1 ) 1 |-1 -10 0 10 1
-1 -2 6 -2 -1 -1 10 0 10 1
-1 -2 6 -1 -2 -1 —10 0 9 2

-1 -1 8 —6 -1 -9 0 10
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With the exception of 5 entries at the top left and 5 at the bottom right corners, they are Toeplitz band matrices
with symmetries. We recall the results obtained in Proposition 3.2 of [17] for B}, which can be extended to
similar ones for C}.

Proposition 2.3. Let p > 1 and let B, and C} be defined in (8). Then, the following properties are valid:

(i) The entries of the matrices hBY and C} are independent of the mesh parameter h.

(ii) The matrices By and C} are persymmetric, i.e., they are symmetric about their northeast-to-southwest
diagonal (anti-diagonal).

(iii) The matrices B}L and C,l1 are lower triangular Toeplitz band matrices with three nonzero diagonals. Forp > 1,
except for 2p? — 3 entries located at the top left and bottom right corners, the matrices By and C}, exhibit
a Toeplitz band structure. In particular, in the top left corner, precisely the nonzero entries in positions
l:p,1:2p—2] and [p+1:2p—1,1:p—1] do not respect the Toeplitz structure. We display the entries
of the top left (2p — 1) x (2p — 2) block that do not respect the Toeplitz structure with stars in the following

diagram:
p—1 p—1

p+1

EE S
EE S

(iv) In the purely Toeplitz band part, B} and C}, exhibit symmetry and skew-symmetry, respectively, with respect
to the first lower co-diagonal. In detail, the non-vanishing elements of the purely Toeplitz band parts of hBY
and C} can be expressed as

j:8t<1>2p+1(p+ 1 —j)7 lf_j 7é 0,

hBY [0, 0 —1+j] = —0}®op(p+1—7), ChlL,—1+4]= {O if =0,

forj=0,...,pandl=2p+1,...,N—p, where ®; is the cardinal spline of degree j, i.e., the spline function

of degree j and regularity C7=1 defined recursively over the uniform knot sequence {0,...,7 + 1} as
s I +1—35 .
Dj(s) = S0;(s) + Oy a(s 1), forj2 1, (9)

beginning with ®o(t) =1 if t € [0,1) and Po(t) = 0 otherwise.

Proof. Properties (i) and (ii) follow from definitions (7) and (8). In order to prove Property (iii), we first note
that, all basis functions, from the pth to the (N — 1)th, have the same shape but are supported on different
intervals. We define these B-splines as central and note that the support of the central spline gp? is [tj—p, tjs1].
Observe also that central splines are essentially cardinal splines (9) that take into account the scaling parameter
h and a translation. Specifically, for j = p,..., N—1, each central spline go? (t) can be expressed as @,(t/h—j+p).
Consequently, we can represent the matrices in (8) as

T 1
BY[/, )] :/ 0.0y (t/h— j + p)Osd,(t/h — £+ 1 +p)dt = E/a@p(s—j)a@p(s—u 1) ds,
0 R
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forj=p,..., N—land /=p—+1...,N, and similarly
Chltd) = [ 0.8,(s = )y (s = ¢+ 1) (10)

from which Property (iii) follows. Property (iv) is then obtained from the expression for the inner products of
the derivatives of cardinal splines ([24], Lem. 4)

/ 01 @y (5)052@p (s + j) ds = (—1)"20 2Dy 41 (p + 1 — j) (11)
R
and their symmetry property ([24], Lem. 3)

O Popir(p+1+s) = (~1)*0Fapir(p+ 1 — s). (12)
Indeed, from (10), using (11), we obtain, for j =1,...,pand £ =2p+1,...,N — p,

CPltf—1+ ] :/3S<I>p(s—j—€—|—1)<I>p(s—€—|—1)d8=/6S<I>p(8)(1>p(s—|—j)d3=8s¢>2p+1(p—|—1—j).
R R

With (12), we conclude Property (iv) for C}. A similar argument establishes Property (iv) for hB}, as well. O

Henceforth, we assume N > 3p + 1, so there is at least one row in the purely Toeplitz band part of the

matrices. Let us represent the unknown discrete solution (u},v}) € Sf(bp oy D x S,(Lp Y Y with respect to the
B-spline basis {¢” }é\’;lp -1
N+p—1 N+p—1
up(t) =Y uwph(),  oh) = ) vie), (13)
j=1 Jj=1

and let the vectors ul, v}, f € RV+tP~! be defined, for j =1,...,N +p—1, as

Ui = [u?];v:tp_l , ’U;Z = [’U;}];V:tp_l , and fp = [fjp];\/:—i;p—l , with f]p = (f, 825(,0571)1;2(0’7“) . (14)

The linear system representing the discrete variational formulation (6) with respect to the B-spline basis is then

B? ()4 p 0
er )l ] = 5] (15)

We now make a fundamental assumption, which appears to be true in practice for all p > 1
Assumption 2.4. We assume that p € N is such that the system matriz in (15) is invertible for all pu,h > 0.

This assumption is clearly satisfied for p = 1. In fact, in this case, (6) coincides with the scheme proposed
and analysed in [21]; see also Remark 2.7 below.

In the following remark, we comment on why, at the state of the art, establishing the uniqueness of the solution
to the linear system seems to be out of reach with the matricial analysis proposed in this paper. Therefore, we
postpone this, as well as the inf-sup stability and error estimates, to future research.

Remark 2.5 (Uniqueness at the continuous level). Consider the following homogeneous problem: find (u,v) €
H; ,(0,T) x Hg ,(0,T) such that

{(at% ex) 20,1y + (B0, X) 20,y =0 for all x € H] 4(0,T), (16)

(O, 8t/\)L2(O,T) — p1(Opu, )‘)LQ(O,T) =0 forall Ae H},O(O’T)7
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where we have used the notation Hj,(0,7) and H{ (0,T) to indicate the subspaces of H'(0,T) with zero
initial and final conditions, respectively. Uniqueness of the solution (u,v) = (0,0) can be proven by taking
x(t) = pHru(t) and A(t) = Hro(t), Hr = Hjo(0,T) — Hgy(0,T) being the modified Hilbert transform
introduced in Section 2.4 from [38]. Actually, Hr is also defined from L2(0,7T) to L?(0,7T), and the following
properties hold true (see [38], Lems. 2.3 and 2.4 and [32], Lem. 2.2):

(8tHTw1, wg)L2(0}T) = —(6t1U17 HTWQ)L2(07T) for all wy € 1{01,.(07 T), weo € LQ(O, T),

17
(w, Hrw) 20,7) > 0 for all 0 £ w € H*(0,T), € > 0. (17)

Therefore, summing the two equations in (16), integrating by parts, and using the properties in (17), we obtain
0 = p (Osu, atHT’U:)LZ(O)T) + (O, atHTU)L2(07T) = —p (Opu, HTatu)Li’(QT) — (O, HT@W)LZ(O,T) )

which implies « = 0 and therefore v = 0, as dyu = v in L*(0,T) implies v € H?*(0,T) N Hg ,(0,T). This

argument could not be directly applied at the discrete level since HT(S,(LP(’)I).—U(O,T)) Z S;Lp;po_l)(O,T), and a
modified Hilbert transform based projection in spline spaces in the spirit of [32] still need to be analyzed.

In the following remark, with variational arguments and without exploiting spline properties, we show that
we can establish the uniqueness of the solution to the linear system in (15) only for p sufficiently small.

Remark 2.6 (Uniqueness at the discrete level for small p). If
uT? < 72, (18)

then the system in (15) admits a unique solution for all A > 0 and p € N. Indeed, let us assume that

B!  C'[ul] [0
[—ucaz ij Lg]—H’ (19)

with the vectors u}, v} as in (14). Introducing the functions u},, v} € S,(f(’)p:l)(O,T) as in (13), system (19) can
be written equivalently as

1
{(atuﬁ, Ouxh) 20,7y T (Ot Xp) 2oy =0 forall ), € Sty (0,7), (20)

(atvﬁﬁt)\Z)Lz(oyT) — w(Opul , A} ) 20,7y =0 for all X € S,ﬁ’j;f’g”(o, T).

Taking x4 (t) = v} (t) — v} (T) and A} (¢) = u} (t) — u},(T) in (20), and subtracting the two equations, we obtain

0 = (O, Owvy) 2.1y + (Oevys vy, = V(1)) 2.1y — (Oevy, Oetiy) ooy + 1 (Oruiy, uy — iy (T)) 2.y
= (Oyvy,, Uz)p(oj) — vy, (T) Oy, 1)L2(0,T) + (O, upy) — puy (T)(Opuy, 1) p2(0,m)
_ ROP P
2 2

From the latter, since pu > 0, we deduce v} (T) = u} (T) = 0. In view of this, x} (t) = puf (t) and X} (t) = v} (¢)
are admissible test functions in (20). Taking these test functions, and subtracting the two equations, we deduce

|U£ﬁ{1(o,:r) = H‘Uﬂ?{l(o,ﬂ- (21)
Moreover, adding the two equations, we obtain
0 = pu (Opuy, 8tuZ)L2(O,T) + 1 Oy, ui)w(om) + (0w, a”}Z)LZ(O,T) = 1 (Beuy, vz)LQ(&T)

, (22)
= N|UZ|%11(O7T) + \Uﬁﬁql(o,:r) +2u (atvﬁvuz)H(O,T) :
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Combining (21), (22), the Cauchy—Schwarz inequality, and a sharp version of Poincaré’s inequality with constant
T/m, we deduce

0 = [up 31 0.7y + (Bsvh, up) 20,1y > [ 31 0.y = Vil 0,y [l |l 2 0.1

= |up 31 0.1y — 12l g o,y 14| £2 0.
T
2 1 2
> |“2|H1(0,T) - ;M /2|UZ‘H1(O,T)'

This leads to the conclusion that u} = v} = 0 if (18) is satisfied. Note that the same conclusion would be valid
if instead of S}(f(’)fj:l)(o, T) and S}(ffgl)((), T), we had considered generic finite subspaces of H*(0,T) with zero
initial and final conditions, respectively.

In Propositions 3.10 and 3.12 below, we prove the invertibility of the matrices B}, and C}. From this property,
it follows that both the Schur complements BY + pC% (BY)~'C} and pC% + BY(C})~'BY of system (15) are
well defined. Through a standard block LDU factorization of the system matrix in (15), it follows that the
invertibility of any of the Schur complements is equivalent to the invertibility of the system matrix in (15).
Therefore, under Assumption 2.4, the linear system (15) can be solved in two different ways:

~ write u} from the first equation as ul = —(B})~'Clv?, insert it into the second one and solve for v, then
recover uj,:

(B}, + 1Cj(B}) "' C}) vy = £},

_ (23)
uf = ~(B])Cpe],
— or, alternatively, write v} as v} = —(C})~'Blu} first, solve for u}, then recover v?:
(uC, + B ()" B) uf, =~} o
vl = —(CH)'Bhul.

Remark 2.7. For p = 1, the Schur complement B} + xCj, (B},)~'C} is a lower triangular matrix with entries
all equal to — (h + p/(4h)) on the diagonal. Its invertibility for all u, h > 0, and thus that of the system matrix
in (15) for p = 1, readily follows.

In Section 3 below, we show that, under Assumption 2.4, from an algebraic point view, both procedures are
stable, in the sense that the condition numbers of all the system matrices involved (namely B}, C?, and the
two Schur complements) do not grow exponentially when the dimensions of the systems increase. The analysis
is based on two main ingredients: the characterization of families of Toeplitz band matrices which are weakly
well-conditioned [1], and properties of maximal-regularity splines [17,25].

3. CONDITIONING OF THE INVOLVED MATRICES

In this section, we present the main theoretical results. We start with the following definition from [1].

Definition 3.1. A family of matrices {A,,},, with A, € R"*" is weakly well-conditioned if, for n sufficiently
large, the matrices A,, are invertible and their condition numbers x(A,,) grow only algebrically in n.

As in [1], by “their condition numbers x(A,,) grow only algebraically in n” we mean that k(A,,) grows at
most as a power of n. Clearly, this definition does not depend on the chosen matrix norm || - ||1, | - ||2, or || - [
(see also [17], Rem. 4.4). The next proposition presents two useful properties of weakly well-conditioning.

Proposition 3.2. Let {Ag)}n and {Ag)}n be two families of matrices with {Ag,,l)}n weakly well-conditioned.
Then the following hold true:

(i) the family {(A%l))_l}n is weakly well-conditioned;
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(ii) if the family {A%UA,SLQ)}TL is weakly well-conditioned, then so is {A,(f)}n.

Proof. Property (i) follows directly from Definition 3.1 and the definition of condition number. Property (ii)

follows from
80 ()00 2o () )

O

For the weakly well-conditioning of a family of Toeplitz band matrices, the location of the zeros of a specific
polynomial associated with it is of crucial importance. With a sequence of non-singular Toeplitz band matrices
{A,}n, A, € R™™ with structure

- ' ' ' with  aga_,, # 0,
A, = 3 o-m 7 (25)

a-—m : @ ¢,m, and {a;}’__,, independent of n,

a_m ag XN

we associate the symbol polynomial ¢® € P, ¢(R) defined as

¢
*(z) = Z a;z™ (26)

We recall from [1] the following result.

Theorem 3.3 ([1], Thm. 3). Let {A,}, be a family of invertible Toeplitz band matrices with structure as
n (25), and let ¢ in (26) be the symbol polynomial. Then, the family {A.,}, is weakly well-conditioned if it
satisfies the following root property:

the polynomial ¢® has exactly m roots strictly inside the unit circle (27)
or exactly £ roots strictly outside of it.

Whenever ¢® has more than m roots strictly inside the unit circle or more than ¢ strictly outside, then {An}n
18 not weakly well-conditioned.

Furthermore, in case of weakly well-conditioning, k1(A,) = O(n"), where p is the highest multiplicity among
the roots of unit modulus.

Remark 3.4. For families of Toeplitz band matrices as in (25), the root property (27) actually implies invert-
ibility, see Remark 2 of [1].

We say that a family {A,}, is nearly Toeplitz if A,, = An + P,,, where Kn is a Toeplitz band matrix with
structure as in (25), and P,, is a perturbation matrix with a number of nonzero entries independent of n and
located only in the top left and/or bottom right corners.

Theorem 3.3 applies to nearly-Toeplitz families of matrices {AnJrPn}n, where An are Toeplitz with structure
as in (25), and the perturbations P,, are admissible in the following sense:



2456 M. FERRARI ET AL.

— their nonzero entries are independent of n and are located only in top left and bottom right (m+£) x (m-+¢)
blocks with structure

{ m

* * % *
m l

* * * * *

* ’ * * % * ’ (28)
l : m

* * %k *
/ m

where the matrix on the left represents the top left perturbation block, and the matrix on the right the
bottom right perturbation block,

— the perturbed matrices A, +P,, have all entries on the outer codiagonals (the ¢th and the (—m)th) different
from zero.

More precisely, we recall from [17] the following result.

Theorem 3.5 ([17], Thm. 4.5, and Rems. A.5 and A.6). Let {A,+P,},, be a nearly-Toeplitz family of matrices
with admissible perturbations P, .

(i) If the matrices A, + P, are wnvertible, then {:&n + P}, has the same conditioning behaviour as {An}n
(i) Suppose the polynomial g™ associated with the family {A.,}, has evactly { roots strictly outside the unit

circle, and the perturbed matrices ;&n + P, are persymmetric. Moreover, assume the invertibility of the £ x ¢
matrix

(W) m+1:m+61:m+0 (Y)Y, (29)

where W is the Casorati matriz associated with ¢® (see e.g., [1], Sect. 1.1 and [29], Sect. 2.1), Y; €
ROHOXE gnd Yo € RO+ gre the following sub-blocks of the top left (m + £) x (m + 2€) block of
A, +P,:

*
*
*

m+ £
Q—m+e .- Qg

* a_m41 cee e Qyp
Y1 Y2

Then, for n sufficiently large, the matrices An + P, are invertible.

We define the families of matrices
{BY =hBj} ~and {CE=C}} , with n=N+4+p—-1=T/h+p—1. (30)

The families {B2},, and {CP}, are nearly Toeplitz with admissible perturbations. In fact, thanks to prop-
erties (ii) and (iii) in Proposition 2.3, the families {B?}, and {CP}, are nearly Toeplitz with perturbations
having nonzero blocks as in (28), with m = p+1, £ = p—1, as well as entries, independent of n. In the following
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proposition, we prove that, for all p € N, the entries of the (p — 1)th codiagonal (upper outer codiagonal) of
both CP and B? are all different from zero. With similar arguments, one can also prove that all the entries of
the (—p — 1)th codiagonal (lower outer codiagonal) of these matrices are different from zero.

Proposition 3.6. ForallpeNand j=1,...,n—p+ 1, we have
Cilij+p—1]= (at@;;JrP*l’(p?*l)LQ(O,T) >0, Bilj:j+p—1]= (at@g‘)wfl’at@?fl)ﬁ(ow) <0

Proof. We prove the statement for j = 1,...,p. Then, due to persymmetry and Toeplitz structure of the
intermediate part of the matrices, it follows that all entries on the (p — 1)th codiagonal of C? and BP are
strictly positive and negative, respectively.

For p=1, C}[1,1] = § and B} [1,1] = —#. Then, let us suppose p > 2. For j = 1,...,p, the intersection of
the supports of <p§ 4p—1 and gp?_l is [tj_1,t;]. Therefore, our statement is equivalent to the two relations

P ) ) )
(0e) 1 p1 50.7'—1)L2(tj,1,t,-) >0, (atsﬁjﬂ,_l,5tQ0j_1)L2(tj7htj) <0,

or also, after integration by parts, using that @?_1(tj) = 8t<p§+p_1(tj,1) =0, to

2
(at@§+p_1a90§_1>L2(t_71’tj) >0, - (at 80§+p_17<P§_1)L2(tj71,tj) < 0.

Recalling that <p§-’71 > 0 in the interior of its support, which includes (¢;_1,¢;) (see e.g., [7], Thm. 3.3), we
only need to prove that dy¢”, | (t) > 0 and d7¢, | (t) > 0 for all ¢ € (t;_1,t;). In terms of a rescaled
translation of the cardinal spline ®,, we can write g0§+p_1(t) = @,,(% —j7+1) for j = 1,...,p. Therefore, in
order to conclude, we have to show that 9;®,(¢) > 0 and 97®,(¢) > 0 for t € (0,1). The first inequality readily
follows from the fact that ®, attains exactly one maximum value in [0, p + 1], and from the symmetry property
(bp(p—;l +) = Qp(p—;l —-) (see e.g., [9], Thm. 4.3 (ix)). Combining these properties, we deduce that ®, attains
its maximum in 25, and that 0,®,(t) > 0 for all ¢ € (0, 2t1). Finally, to show that 07®,(t) > 0 for ¢ € (0,1),

2
we employ the recursion formula (see e.g., [9], Thm. 4.3 (vii))

0}, (t) = 0,®p_1(t) — 04 ®p_1(t — 1) forallt € R,
and conclude using that ®,_1(t —1) =0 for ¢t € (0, 1). O

Let us introduce the families of matrices {B?},, and {CP},, where B? and CP extend the purely Toeplitz
band parts of B2 and CP defined in (30), respectively, to n x n matrices. Then, to prove the weakly well-
conditioning of {B2}, and {CZ},, we show that Theorem 3.5 applies with A,, = B2 and P,, = B2 — B2,
and with Kn = CNJfL and P, = CP — (NJZ, respectively. This is performed in Propositions 3.10 and 3.12 below
for {B2}, and {CP},, respectively. We exploit the symmetries and skew-symmetries of BZ and C? in order
to characterize the exact number of zeros of their symbol polynomials on the boundary of the unit circle,
which is sufficient for weakly well-conditioning. The strategy is then to explicitly compute the restriction of
these polynomials to the boundary of the unit circle. As in [17], they turn out to be related to the symbols of
isogeometric discretizations [25]. A similar strategy, under the assumption of invertibility Assumption 2.4, also
applies to the Schur complements.

In Sections 3.1 and 3.2, we prove the results on the invertibility and the weakly well-conditioning of {B? },, and
{CP},, respectively, while in Section 3.3 those on the conditioning of their Schur’s complements. An essential
tool is an explicit expression of the restrictions to the unit circle of the symbol polynomials associated with the
families {B2},, and {CP},,.

In the next proposition, we derive explicit expressions for the symbol polynomials (26) associated with {ﬁ{’l}n
and {CE},, in terms of the functions By, C, : [-7, 7] — R defined as

By () := —(2 — 2cos )P Z ( . Cp(0) := —(2 — 2cos )P Z ( !
= jEz

- - 1
0+ 2jm)2p’ 0 + 2jm)2r+1 (31)
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Proposition 3.7. For p > 1 and 0 € [—m, ], we have

P
e PqB" () = —07 Dyp i (p+ 1) Z T €90 Do 1 (p+1— §) = —By(0), (32)
Jj=1
. P p
e PN (%) = 01Papi(p+1) + Y (=7 + €90 Pop i1 (p+ 1 — §) = —1C,(0), (33)
=1

where ¢B" and ¢ are the symbol polynomials of {Eﬁ}n and {éﬁ}n, respectively.

Proof. From Proposition 2.3 (iv), we have

p P
qBP (ela) __ Z el(—]+p)981t2q)2p+1(p +1-j)— Zel(J-&-p)Gath)szrl(p +1-3)
=0 j=1
p . s/ .
= —eP92By, 1 (p+1) Z i(=5+p)0 61(3+p)9)at2q>2p+1(p +1—7),
Jj=1

and, using the fact that 9;®sp11(p+ 1) =0,

P p
CP(eiG) — Zei(*jer)eatq)Qp_i_l(p +1-— j) + Z 6i(j+p)93t(p2p+l(p +1-— ])

j=1 j=1

q
p
= P9, ®op 1 (p+ 1) + Z (TR0 4 UG, Dy, 1 (p+ 1 — ).
j=1

These prove the first identities in (32) and (33). The second identity in (32), has been obtained in Proposi-
tion 5.1 of [17]. Here we prove the second identity in (33).
The Fourier transform of a cardinal spline ®,, is

~ 1 — eio\P! o~ 2 2 2cosf\P!
- (2 - (22)

(see [9], Example 3.4). By using (11) and (12), and the Poisson summation formula proven in Lemma A.1 in
the Appendix, see (A.1), we obtain

p
e g% (€?) = 0 @apia(p+ 1) + Y (=7 + €90, Pap i (p + 1 — )
j=1
r p

==Y e 0Py 1 (p+1—35) =Y €0 Doy i1 (p+ 1+ )
j=0 j=1

:7Z€1j0/ t+7)0: P, dthe‘ﬁ/ (t—7)0:Pp(t) dt
== e ‘J‘)/ (t+ )0, (1) dt =1 (0 + 25m)[ P, (0 + 2j7) 2.

JEZ JEZL

Then (33) follows, taking into account the expression of |®,(-)[2. O
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According to Proposition 2.3, the purely Toeplitz band matrices in {ﬁﬁ}n and {(Nlﬁ}n have specific symmetry
structures. In view of this, we consider general matrices characterized by these specific Toeplitz structures, and
establish their weakly well-conditioning by deriving the required exact number of zeros with modulus one of the
symbol polynomials. Then, we show that the matrices in {B2},, and {CZP},, satisfy these characterizations for
all n and for all p € N.

For later use, we state some properties of the functions B, and C), defined in (31) and for the auxiliary
function M, : [—m, 7] — R defined as

p+1 L
M,(0) == (2 — 2cos )P+ % (s (34)

The function M), is actually related to the mass matrix associated with maximal regularity splines, as established
in [17] and recalled in (56) below.

Lemma 3.8. The functions B, Cp, and M, defined in (31) and (34) satisfy

lim B,(6) = lim B}(6) =0, B,(r) <0, (35)

lim Cp(é)) =0, gin(l) CPT@ =-1, Cy(m) =0, (36)

ng(l)M (0) = M,(7) > 0, (37)

() = (p+ 1)ﬂc 0) + (2p + 1) M, () (38)
- P 1 —cosf P p PAT/

lim C(0) = 1, Cy(x) = (20 + )My(m) > 0, (39)
" _ "

lim BY(6) = ~2, lim O}(6) = 0. (40)

Proof. The properties in (35) and (37), and the limits in (36) are obtained immediately (see also [17], Cor. 5.4).
The identity Cp(7) = 0 in (36) follows from taking § = 7 in

oo oo

> G — Y G~ e
“\2pt+1 “\2p+l . 0\2p+1
= (04 2jm)> = O+ 2jm)2ptt = (2jm —0)%
_ Z N 1
6+ 2]7T e+l 2+ Dr

o)

The expression in (38) is readily obtained from the definitions of C), and M,,. Furthermore, the properties in (39)
are obtained combining (38) with (36) and (37). Finally, differentiating twice the expressions of B,(¢) and C),(6)
given in (31), and using Taylor’s expansion, we obtain that, as § — 0,

1
BI(0) =2+ (p+ 1) +0(0Y),  C(0) == 0+0(0°),

from which the limits in (40) follow. O
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3.1. Conditioning of Toeplitz band matrices with symmetry

We begin by considering matrices with symmetries with respect to the first lower co-diagonal. Fix p € N and
{k;}i_o C R, and consider the family of Toeplitz band matrices {K?}, with the following structure:

kp,1 kp,Q A k1 ko
kp
k1
Kr=| : ko (42)
kl kl
ko
Ky
ko ki kpr Ry ky)

These matrices have already been studied in [17]. We recall here the main result.

Lemma 3.9 ([17], Lem. 4.7). The family of matrices {KP},, as in (42) is weakly well-conditioned if the symbol
polynomial
qu (2)=ko+kiz+...+ k:p_lzp71 + k2P + kp_lsz R o bRy

has ezactly two zeros of unit modulus. If ¢%" has no zero of unit modulus, then the family {K2},, is not weakly
well-conditioned.

From the previous lemma, we have a precise information on the conditioning of the family of matrices {ﬁﬁ}n

Proposition 3.10. For all p € N, the family of matrices {BP},, as in (30) is weakly well-conditioned. In
particular, k1 (BE) = O(n?).

Proof. First, we prove that each matrix BY, is invertible. Assuming that B} v} = 0 for some v}, = [v} };V:lp e
RN+P=1 " we need to prove that v} = 0. Define vf(t) := ZNH’_l vERl(t) € Sf(f(’f:l)(O,T). Our hypothesis,

j=1
recalling (8), is equivalent to
(00}, D} pao.ry = 0, for all € P (0,7). (43)
We test with the function w? (t) = of () — v}(T) € S,(ff(;l)(o, T) in (43) and obtain

(O}, Oy (v, — Uﬁ(T)))Lz(o,T) = |’U}€|?{1(O,T) =0.

Since v} (0) = 0, we conclude that v} = 0, and therefore v} = 0. This proves the invertibilty of the matrices
Br.

We have already observed that, for all p € N, {B2},, is nearly Toeplitz with admissible perturbations. Then,
owing to Theorem 3.5, part (i), in order to conclude the proof, it is enough to study the conditioning of the
family of purely Toeplitz band matrices {]A?;ﬁ}n by applying Theorem 3.3. The expression of the restriction to
the boundary of the unit circle of the symbol polynomial of {B?},, is obtained explicitly in Proposition 3.7. It is
qB’ (€)= —€'?? B, (), with B, as in (31). Thanks to Lemma 3.9, we only need to show that B, : [-7, 7] — R
has exactly two zeros with unit modulus. From (35), we have that 1 is a zero of multiplicity 2 of ¢®". To show
that there are not other zeros, it suffices to note that B, (6) < 0 for all § € (0, ], then, as B, is an even function,
B,(0) < 0 for all 8 € [, 0) U (0,7]. O
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3.2. Conditioning of Toeplitz band matrices with skew-symmetry

Let us now consider a family {KZ? },, of Toeplitz band matrices with skew-symmetry with respect to the first
lower co-diagonal:

—]fp,1 —Rp—2 —kl —ko
0
kp_1
KP = | —ko (44)
kl *kl
ko :
—kp_o
ko ki oo kpr 0 —ky)

Lemma 3.11. The family of matrices {KP},, as in (44) is weakly well-conditioned if the symbol polynomial
qu(z) =ko+kiz+...+ kp_lzpfl - kp_lszrl — = k2P kg 2?P
has no zeros of unit modulus except 1.

Proof. These matrices align with the notation established in Theorem 3.3, with m = p+ 1 and ¢ = p — 1.
Therefore, it is sufficient for the weakly well-conditioning that the polynomial ¢¥” has p — 1 zeros of modulus
strictly larger than one, or p + 1 with modulus strictly smaller than one. Note that qu(:lzl) =0, and that if £
is a root of ¢¥” then £~! is also a root. Consequently, we expect the same number of zeros of modulus strictly
smaller than one and strictly larger than one. The only possibility to guarantee the weakly well-conditioning is
that there are exactly p — 1 zeros with modulus strictly larger than one. Therefore, the family {KZ? },, is weakly
well-conditioned if ¢5" has 2(p — 1) zeros with modulus different from one, in addition to the zeros 1. ]

We now study the family of matrices {C?},. For {BL},, we proved the invertibility of the matrices B?
by using variational arguments. Here, for n sufficiently large, we prove the invertibility of the matrices C? by
applying Theorem 3.5, part (ii). The argument we use involves a numerical verification that must be performed
at each spline degree p. We expect the invertibility of the matrices C? to be true for all p € N, but due to
stability issues in our numerical verification, we can only establish invertibility up to p = 25.

Proposition 3.12. For p = 1,...,25, the matrices CE as in (30) are invertible for n sufficiently large.

Moreover, for these wvalues of p, the family of matrices {CP}, is weakly well-conditioned, in particular,

Proof. We split the proof into three steps.

Step 1. We study the symbol polynomial ¢©” associated with the family of matrices {éﬁ}n From Proposi-
tion 3.7, the restriction of ¢€” to the boundary of the unit circle is ¢©"(e?) = —ielP?C,(6), with C, as
n (31). We get ¢©”(£1) = 0 from (36) and, from (39), it follows that these zeros are simple. We show that
no other zeros are present. To this aim, we claim that

Cp(0) <0 forallfe (0,m), Cp(d)>0 forallfe (—m0). (45)

As the function C) : [—7, 7] — R is odd with respect to § = 0, it is enough to prove that, for 8 € (0, ),
Cy(0) < 0. This is equivalent to

1
j%l W > 0, 0 S (077'('), (46)
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TABLE 1. Smallest singular values of the matrices in (29) associated with {CE},,, for p up to
25, rounded to two significant digits.

P 2 3 4 5 6 7 8 9 10 11 12 13
Omin 4.5 2.3 1.5 1.2 094 0.78 0.66 0.56 0.48 0.42 0.37 0.32
P 14 15 16 17 18 19 20 21 22 23 24 25

omin 028 0.25 0.22 0.19 0.17 0.15 0.13 0.11 0.099 0.086 0.076 0.066

which follows from (41) and the observation that each term of the last sum in (41) is positive since, for all
J=0,

1 1
R T Ay e R A

As in the proof of Lemma 3.11, we deduce that ¢©” has he same number of zeros of modulus strictly smaller
than one and strictly lager than one, from which we also conclude that ¢€” has has exactly p — 1 roots
strictly outside the unit circle.

Step 2. We establish the invertibility of the matrices CP by applying Theorem 3.5, part (ii). In order to do

so, we have numerically verified the invertibility of the matrix defined in (29) associated with the family
{CP},, up to p = 25 with the code ([18], Folder verifications)'. For convenience, we report in Table 1 the
smallest singular values of the matrices defined in (29) associated with {CZE},,, for p up to 25.
We have already observed that, for all p € N, {CP},, is nearly Toeplitz with admissible perturbations.
Moreover, according to Proposition 2.3, each CP is persymmetric with components independent of n, and we
have proven in Step 1 that ¢€” has exactly p—1 roots strictly outside the unit circle. Then, for p =1,...,25,
Theorem 3.5, part (ii) applies with A2 = CP and P,, = CP — CP, giving the invertibilty of CP, for n
sufficiently large.

Step 3. As we have proven in Step 1 that ¢©” has no zero of unit modulus except 1, Lemma 3.11 applies to
the family of purely Toeplitz band matrices {CP},,. Then Step 2, Theorem 3.5, part (i), and Theorem 3.3
allow us to conclude the weakly well-conditioning of {CZE},, with the stated rate, up to p = 25.

]

In Figure 1, we show the condition numbers of the families {Bfl}n and {Cﬁ}n by varying n and p. As
expected from Propositions 3.10 and 3.12, both families are weakly well-conditioned.

3.3. Conditioning of the Schur complements

Recalling the two possibilities of solving the linear system described in (23) and (24), all that remains is
to study the Schur complements. Thus, under the assumption of invertibility Assumption 2.4, we study the
behaviour of the conditioning of the families of the (scaled) Schur complements

{pCh(BL)~'Ch +B:}  and {pCh +BL(CH)'BY} ,  with p:= ph”. (47)

Remark 3.13. Referring to the definitions in (30) and Property (i) in Proposition 2.3, the scalings in the Schur
complements are chosen so that the only dependence on h and i appears through ph? = p.

1Dye to the severe ill-conditioning of the Casorati matrix, this verification requires the availability of the entries of the matrices
C? with extremely high machine precision. At the moment, we have generated these matrices for p up to 25 using the GeoPDEs
toolbox [12] combined with Matlab’s vpa function with a precision of 1000 digits. In Folder verifications of [18] the code is
available for verification, along with the matrices.
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FIGURE 1. Spectral condition numbers of the matrices {Bﬁ}n (left plot) and {C{’l}n (right
plot) in logarithmic scale, by varying n and p.

Due to multiplication by inverses, the families of matrices in (47) do not have a nearly-Toeplitz band structure.
Define

Gh(p) := p(Ch)? + (BF)?,
and denote by (N}f,’l(p) the extension of the purely Toeplitz part of GE(p) to an n x n matrix. The family
{GZ2(p)}, is nearly Toeplitz, as {(BE)?}, and {(CP)2},, are nearly Toeplitz with £ = 2p — 2 and m = 2p + 2.
From Remark 3.4, if {GE(p)},, satisfies the root property (27) in Theorem 3.3, then, for n sufficiently large, the
matrices GP (p) are invertible.

In the rest of this section, we prove that the families of Schur complements in (47) are weakly well-conditioned.
This is done in two steps:

Step 1. We state a link between the conditioning behavior of the families {pCE (B?)~1CE+BP},, and {éﬁ(p)}n
(see Property 3.14), which we derive for p = 1,...,17. This result is summarized in Proposition 3.15. The
same result is valid also for {pCP + Bﬁ(Cﬁ)_lBﬁ}n, as established in Remark 3.16.

Step 2. We study the conditioning behavior of {éﬁ(p)}n by establishing in Lemma 3.17 a condition on the
number of zeros of its symbol polynomial that guarantees that {GP (p)}, is weakly well-conditioned. Then,
we prove in Proposition 3.19 that this condition is actually satisfied.

We start by stating the following property, which we verify below for p=1,...,17.

Property 3.14. Under Assumption 2.4, for p > 0, the family of the Schur complements {pCP(B2)~1CE+BP},,
is weakly well-conditioned if and only if the family {GZE (p)},, is weakly well-conditioned.

To justify this property, we compute

pChL(BY)™'CL + BE = (B}) ™' (pB}CL(BY) 7' CL + (BF)?)
pDL(BL)™'CL + p(Ch)? + (BF)?)
(D5(BL)™'Ch + 0~ Gl (p)),

where D? := BP CP — CPBP. By direct calculations, exploiting the Toeplitz band structures of B? and C? and
their persymmetry (see Prop. 2.3), one shows that, for all n, D? is a matrix with zero entries except for two
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blocks in the top left and bottom right corners of size (2p + 1) x (2p — 2) and (2p — 2) x (2p + 1), respectively,
with entries not depending on n, and such that the one is minus the transpose of the other, i.e.,

Z, 0
0 0
D? = .
0 0
0o | —Z,

nxn

Since it has been shown in Proposition 3.10 that the family {B2},, is weakly well-conditioned, owing to Propo-
sition 3.2, we determine the conditioning behavior of {pCP(BE)~1CE + BE},, by studying that of the family of
matrices

{p'GL(p) + D(BY)'C Y, (48)

Given a nearly-Toeplitz family of matrices {:&n + P, }, with admissible perturbations P, in the sense of
Section 3, it is observed in Remark A.3 of [17], that part (i) of Theorem 3.5 is valid also if the perturbation P,
has top left and bottom right blocks of the type

N1 m
—
m
M1 5 M2 (49)
L
————
l Ny

with My, N1, M5, Ny independent of n, and at least three of the four blocks of the perturbed matrices :An +P,
in positions [1:m, £+ 1:m+{,[m+1:m+£61: 4, n—(l+m—-1):n—fn—(m—1):n], [n—(L—-1):n,
n — (m+ ¢ —1) : n —m]| are nonsingular.

We have numerically verified (with the code available in [18], Folder verifications) that, forallp =1,...,17,
there is no p > 0 such that more than one of the four blocks associated with the family in (48), with size and
position specified in (49), is singular. The key fact is now that D2 (BP)~1CP is an admissible perturbation, with
nonzero blocks as in (49). More precisely, it has entries smaller than a given tolerance £ > 0, except for two
blocks in the top left and bottom right corners of size (2p + 1) x Ni(p,e) and (2p — 2) x Na(p, ), respectively,
with Ny (p,e) and Na(p,€), as well as the entries of these two blocks, independent of n. If we show this, then
Assumption 2.4, part (i) of Theorem 3.5, and Remark A.3 of [17] imply Property 3.14.

Due to the structure of D2 and CP, the matrix D? (B2)~'CP has nonzero entries only in the first 2p+ 1 and
in the last 2p — 2 rows. We verified numerically that, given a tolerance € > 0, there exist Ni(p,e) and Na(p, )
independent of n such that
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— in the first 2p + 1 rows of D?(B2)~1CP, only the first N1 (p,e) columns may contain entries with magnitude
larger than ¢;

~ in the last 2p — 2 rows of D?(BE)~!CP, only the last Na(p,e) columns may contain entries with magnitude
larger than e.

Fixing ¢ = 10712 and ¢ = 10713, we obtained for N;(p,e) and Ny(p, ¢) the values reported in Tables 2 and 3,
respectively. For each reported p, the same values of N1(p,e) and Ny(p, ) have been obtained for n = 27 +p—1
and n = 2% + p — 1. Again, the code is available in Folder verifications of [18]. With this, we have shown
that D?(BP)~1CP has entries with magnitude larger than € only in the top left and bottom right blocks of size
(2p+ 1) x Ni(p,e) and (2p — 2) x Na(p, €), respectively.

TABLE 2. Values of Ni(p,e) and Na(p,e) for p = 2,...,17 and € = 1072, tested with n =
27+p—1and n = 28+ p—1. By fitting these data in the £2 norm, we obtain Ny (p,¢) ~ 13.5p%¢
and No(p,e) ~ 14.8 p*7L.

p 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

Ni(p,e) 19 28 36 43 49 55 60 65 69 73 76 79 81 83 84 8
No(p,e) 21 31 41 49 56 63 69 74 79 8 87 90 93 96 98 99

TABLE 3. Values of Ni(p,e) and Na(p,¢e) for p = 2,...,17 and ¢ = 10713, tested with n =
27+ p—1and n = 28+p—1. By fitting these data in the £? norm, we obtain N (p,¢) ~ 13.8p%74
and No(p,e) ~ 15.5p" 7.

D 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

Ni(p,e) 20 31 39 47 55 61 68 73 79 83 87 91 94 97 99 101
No(p,e) 23 34 44 53 61 69 76 82 8 93 98 102 106 110 112 115

We checked numerically that the entries of these two blocks are independent of n. For a given p, we computed
the difference of the corresponding blocks for n = 27 +p — 1 and n = 28 4+ p — 1. These tests have been
performed for p = 2,...,17 (see [18], Folder verifications). In all these tests, the norm difference resulted
to be smaller than 10~'3. This completes the justification of Property 3.14. We summarize this result in the
following proposition.

Proposition 3.15. Forp=1,...,17, Property 3.14 is valid.

Remark 3.16. Assume that the matrices C? are invertible, which we have verified for p = 1,...,25 in Propo-
sition 3.12, and that Property 3.14 is valid for the families of the Schur complements {pCE(BE)~'CE + B},
which we have verified above for p = 1,...,17. Then also the families {pCE + B2 (CP)"!BE},, are weakly
well-conditioned if and only if {éﬁ (p)}n is weakly well-conditioned. This follows from the identity

pCh (BL) ™' Cf + Bl = C (BE) ™ (oCl + B (C) ' BY)
the weakly well-conditioning of {B2}, and {CZ},, and Proposition 3.2.

Based on Proposition 3.15, we restrict our attention to the family of Toeplitz band matrices {GZ (p)},. The
matrices G2 (p) are symmetric with respect to the first lower co-diagonal, and we can characterize the weakly
well-conditioning of {GZ(p)}, in terms of the number of zeros of unit modulus of the symbol polynomial.
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Lemma 3.17. The family of Toeplitz band matrices {éﬁ(p)}n s weakly well-conditioned if the symbol poly-
nomial ¢S" ) has exactly four zeros of unit modulus. Moreover, if ¢5"?) has no zero of unit modulus, then
{GPL(p)}n is not weakly well-conditioned.

Proof. Due to the symmetry property of each éﬁ(p), the polynomial ¢&”(»)| which has degree 4p, has the same
number s of zeros strictly less than one and strictly greater than one. According to the notation in (25), for
this family, m = 2p+ 2 and ¢ = 2p — 2. From Theorem 3.3, the weakly well-conditioning is guaranteed if either
2p — 2 zeros are smaller than one or 2p + 2 are greater than one. The only possibility allowed is to have 2p — 2
zeros of modulus smaller than one, four of modulus exactly one and 2p — 2 with modulus greater than one. [J

Before proving the weakly well-conditioning of the family {éﬁ (p)}n, we state the following lemma on the
symbol polynomial associated with the product of Toeplitz matrices. Its proof readily follows from the defini-
tion (26).

Lemma 3.18. Let {E, },,{F,}. be families of Toeplitz band matrices. Then, except for blocks in top left and
bottom right corners, the {E,F,}, is also a family of Toeplitz band matrices, and the following statement holds

% (2)¢% (2) = ¢°F (2)
with ¢®¥ the symbol polynomial associated with the purely Toeplitz part of the family {E,F,},.
Proposition 3.19. For allp € N and for all p > 0, the family of matrices {(N}ﬁ(p)}n is weakly well-conditioned.

Proof. Owing to Lemma 3.17, we restrict our attention to the boundary of the unit circle. Thanks to Lemma 3.18
and Proposition 3.7, we compute

P i v i)’ v o)’ i
@0 (%) = p (4% (7)) + (¢ (7)) = ¥ (~pC2(0) + B2)) . (50)
According to Lemma 3.17 and (50), we need to verify that the function G, : [-m, 7] x Rt — R, defined as

Gp(0,p) = —pCp(0) + B2(6),

with C}, and By, as in (31), has exactly four zeros in 6 for all p > 0. Note that for all p € N the function G, is
symmetric in 6 for all p > 0 with respect to § = 0 and, recalling (35) and (36), it holds true that

. e - B2(0) —
Similarly, for the first derivative, from (36), (39), and (35), we have

lim 94, (6. ) = 20 lim C,(0)C}(6) + 2 lim B, (6)B)(9) = 0.
However, for the second derivative, using (39), (36), (40), and (35), we obtain

. 2 . 2 . . 2 .
lim 95Gy (0, p) = —=2p lim (C3,(6))" = 2p lim C,,(6)C(6) + 2 lim (B,,(0)) + 2 lim B, (6) B (6)
2
— : /
= -2 (ngO cp(e)) £0.

Therefore, for any p > 0, G,,(6, p) has a zero of multiplicity exactly 2 in § = 0. It remains to show that, for any
p > 0, the function G,(0, p) has exactly one zero for 6 € (0, n]. After that, due to the symmetry of the zeros,
we conclude that G, (6, p) has exactly four zeros in [—m, 7], for any p > 0. To show that, we define

Ly(0,p) = _Glbp) _ C3(0) B,(6)

M, (0)B,(6) My(0)Bp(6) ~ My (6)’
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with the auxiliary function M, defined in (34). The function L,(6,p) is well-defined for 6 € (0, 7] since
M,(8)B,(0) < 0 for § € (0,7]. We aim at showing that dgL,(0,p) < 0 for 8 € (0,7). If this is the case,
then

G, (0, p) has exactly one zero in (0, ] if and only if gir% L,(0,p) >0 and L,(m,p) <O0.

From (35)—(37), we readily compute

lim L, (6 li € (0) =
a p(0,p) = P%W—P-

Recalling (35)—(37), we obtain
By(m)
My()

Then, we only need to show that dyL, (6, p) < 0 for all § € (0,7) and p > 0. We compute

cxe) /
OoLp(0,p) = —p (J\M;)(Bz))w)> + (Z\BZ,((GQ))) =: pr;(H) + 12(9).

In Theorem 2 of [15], it has been shown that I2(¢) < 0 for all # € (0,). Here, we show that I}(¢) > 0 for all
0 € (0,7). We can factorize (2 — 2 cos 6)?*2 from both the numerator and the denominator, so let us define

. 1 ~ 1 —~ 1
= — E — = — E —— M = E —— 55 1
Bp(e) = (9 4 2j,n_)2p’ Cp(e) = (9 + 2j7T)2p+1) p(e) = (9 + 2jﬂ-)2p+2 (5 )

Ly(m,p) = <.

and compute

)

From the definitions in (51), we obtain
Cp(0) = (2p+ V)M (0),  By(0) = —2pCy(0).
Therefore, I}(0) > 0 if and only if
2(2p + 1), (0) M (0) B, (0) — C3(8) My (0) B, (8) + 2pM,,(0)C3(6) > 0,
and since CA'p(H) < 0 for 6 € (0,7), see (46) in the proof of Proposition 3.12, we can divide by 6’1,(9) and obtain
IX0) >0 if and only if  2(2p + 1)M2(0)B,(0) — C,(8) M, (6) B,(6) + 2pM,,(0)C2(8) < 0
From Lemma 1 of [15], we deduce that 02]/\4\p(9) < —Ep(ﬁ) for all 8 € (0,7) and we compute

2(2p + 1)MZ2(0) B, (0) — C, (0)M,(0) B, (0) + 2pM,,(0)C2(6)
< 2(2p + 1)M2(0)B,(0) — C,(0) ML (0) B, (6) — 2p0~2B,(0)C2(0) =: I3(6).

Since —B,(#) > 0 for 0 € (0,7), it holds true that

3(0) <0 ifandonly if  —2(2p+ 1)M2(0) + Cp(0)ML(6) + 2p9~2C2(9) < 0.
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FICURE 2. Spectral condition numbers of the Schur complements {pCZ(BE)~'CP + Bﬁ}n in
semi-logarithmic scale, with n = 1000 by varying p € [1, 100], with p € {1, 2,3} (left), and with
p € {4,5,6} (right).

At this point, we use that, for all 8 € (0, ),
=Gy (0) < M, (0),
M(0) = (2p+2)Cpia (0) < 0,
which follow from Lemma A.2 in Appendix A and (45) in Proposition 3.12, respectively, and obtain
~2(2p + 1)M2(8) + Cp(0) M (6) + 2p9~2C2(8) < —2(2p + 1)M2(8) — 0D, (6)M(9) + 2pM2(6)
= M,(9) ((_2p — )M, (0) — 91\71;(9) .

It remains to show that

M(6), (52)

which is equivalent to
1 0
D o R S v e
2p+2 2p+3
= (0+2jm) = (0+2jm)
The latter readily follows term-by-term. Indeed, for j < 0 the addends on the right are negative, while those on
the left are positive. For j > 0, we have
! >
(0 4 2jm)2r+2 = (0 4 2jm)2p+3

<~ 0+2jr >0 <— j>0.

Combining Propositions 3.15 and 3.19 (see also Rem. 3.16), we obtain our main result.

Theorem 3.20. Under Assumption 2.4, forp=1,...,17 and for all p > 0, the families of Schur complements
{pCP(BE)~1CPE + B}, and {pCP + BP(CE)~1BE},, are weakly well-conditioned.

In Figure 2, we show the condition numbers of the Schur complements {pC?(B2)~!CE + Bﬁ}n for a fixed
system dimension n = 1000 while varying the parameter p € [1,100], for p € {1,2,3,4,5,6}. As expected, the
condition numbers of these Schur complements mildly depend on the considered values p and no CFL conditions
are observed and required for stability.
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4. WHY EQUAL TRIAL AND TEST SPACES FAIL

In this section, with the same techniques used to verify the weakly well-conditioning of the family of matrices
associated with the variational scheme (6), we show that the numerical discretization of (5) obtained with
maximal regularity splines of the same degree for trial and test functions leads only to conditional stability, i.e.,
we have weakly well-conditioning if and only if a CFL condition of the type uh? < p, is satisfied, for a positive
constant p, only depending on p.

Consider the following discrete formulation: find (uf,v}) € S;L’jé{’:l)(o, T) x S}(L]?é]?.—l)(o, T) such that

(Orttty, X3) 20,y — (Vs Xh)r2(0,m) = 0 for all x} € S}(fjfo_l)(QT), (53)
p—1
(O} AD) ooy + 1 (Ul D) paoy = (F A pago.my for all A € SIPFTD(0,7).
The associated linear system is
sy o) [l =L o4
pMy o CY v fh
where the matrix C} is introduced in (8), w}, v} and f% in (14), and the mass matrix M}, is defined as
MP[L, 5] = (@?,@?_I)LZ(OI) , Lji=1,...,N+p—1 (55)

Remark 4.1. The properties of the matrix M} are discussed in Proposition 3.2 of [17]. It shares the same
structure as the matrix B} with the following differences:

— the entries of %Mi are independent of the mesh parameter h,
— the nonzero elements of the purely Toeplitz band part of %Mi can be expressed as

1 . .
gMZ[&f* L+ j] = ®opia(p+1—37),

for j=0,...,pand £ =2p+1,..., N — p, where ®; is the cardinal spline of degree j.

The invertibility of the system matrix in (54) appears to be true in practice for all p > 1, but we have not
been able to prove it. Thus, we state the following assumption analogous to Assumption 2.4.

Assumption 4.2. We assume that p € N is such that the system matriz in (54) is invertible for all p, h > 0.

As in Remark 2.5, uniqueness at the continuous level can be established by using the modified Hilbert trans-
form Hp with an argument that can not be directly applied at discrete level. Indeed, consider the homogeneous
problem: find (u,v) € Hy,(0,T) x Hy ,(0,T) such that

(Deu, X) 200,17y — (0, X)£20,m) =0 for all x € Hy (0, 7)),
(8,511, A)LQ(O,T) + ,u(u, A)LQ(O,T) =0 forall e H}’O(O, T)

Uniqueness of the solution (u,v) = (0,0) is proven by taking x = —Hrv and A = Hpu, summing the two
equations, integrating by parts, and employing properties (17).

A preliminary difference with respect to system (15) is that the linear system (54) cannot be solved in two
different ways similarly to (23) and (24). In fact, the family of matrices {ME = 1M} 3}, withn =N +p—1,
is never weakly well-conditioned.

Proposition 4.3. For any p € N, the family of matrices {MZ},, is not weakly well-conditioned.
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Proof. Let us introduce the family of matrices {Mﬁ}n, where Mfl extends the purely Toeplitz band part of
M? to an n x n matrix. In view of Remark 4.1, Lemma 3.9, and Theorem 3.5, it is sufficient to show that the
symbol polynomial ¢™" associated with the family {Mﬁ}n have no zeros with unit modulus. The restriction of
™ to the boundary of the unit circle was obtained in Proposition 5.1 of [17] and is

g™ (e) = €7 M, (0), (56)
with M), as in (34). From limg_,o M,(0) = 1, see (37), and also M,(0) > 0 for all & € [—m,0) N (0, 7], it follows
that ¢™” has no zeros of unit modulus and the proof is complete. O

The invertibility of the matrices C} is verified in Proposition 3.12 for p = 1,...,25. Then, for these values of

p, the Schur complement C}, + pMJF (C})~*M? is well defined and, under Assumption 4.2, is invertible.

Remark 4.4. For p = 1, the Schur complement C; + uM} (C})~'M} is a lower triangular matrix with entries
all equal to 1/2 + ph?/18 on the diagonal. Its invertibility for all 4, h > 0, and thus that of the system matrix
in (54) for p = 1, readily follows.

The linear system (54) can then solved with the following scheme: write u} from the first equation as
ul = (CP)~'MPEov?, insert it into the second one and solve for v}, then recover u}:

(G} + 1M (Ch) ™ M) o], = £,
ul = ()" ML,

We now study the behaviour of the conditioning of the family of the (scaled) Schur complements
{pMPE(CP)~'MP, + Ccr} . withp:= ph?. (57)
Similarly to Section 3.3, we introduce the matrices
W1 (p) = p (ME)* + (CP)*,

and denote by Wg(p) the extension of the purely Toeplitz part of W2(p) to an n x n matrix. Then, with a
similar reasoning as that in Section 3.3, we expect a property analogous to Property 3.14 to be true for the
families { pMZ (C?)~'MZ, —I—Cﬁ}n and {WZ(p)},. In Figure 3, we report the behaviour of the condition numbers
of these two families, and verify that the results are sharp. This justifies the study of the conditioning of the
family {W?(p)},, instead of that of the family of the Schur complements.

Differently from the family {éﬁ(p)}n, which was shown in Proposition 3.19 to always be weakly well-

conditioned, we now show that the family {Wﬁ(p)}n is not weakly well-conditioned if p is sufficiently large.

Proposition 4.5. For any p € N there exists p, > 0 such that, for p > p,, the family of matrices {Wﬁ(p)}n
18 not weakly well-conditioned.

Proof. For any n, the matrix Wﬁ(p) has the same structure and symmetry of GZ(p), therefore Lemma 3.17

WP (p)

applies also to the family {Wﬁ(p)}n. We study when the polynomial ¢ has no zeros on the boundary of

unit circle. From Lemma 3.18 and the identities (33) and (56), we compute
gV (eio) = ¢?irf (ng(Q) - Cg(@)) =: 6211’0Wp(9,p). (58)

Here, the functions M, and C, are defined in (34) and (31), respectively. Note that the function W,(6, p) is
symmetric in the variable 6 with respect to 8 = 0. Then, recalling (36) and (37), we compute

lim W,,(0,p) = p lim M7 (0) = p,  Wy(m,p) = pM () > 0. (59)
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TABLE 4. Numerical approximations of 6** and py,, defined in (61) and (62), respectively.

p 1 2 3 4 5 6

0, w/2  1.384 1.209 1.085 0.9917 0.9192
Pp 9 4.057e+01 1.871le+02 9.138¢ +02 4.644e+ 03 2.426e + 04

For p sufficiently large, W, (0, p) ~ pM?(6) and, since M2 (0) > 0 for all § € [—m, 7], we expect no zeros in (0, 7).
In more detail, since M (0) < 0 for 6 € (0,7) (see [13], Lem. A.2), then

eg[l(iﬂ ] M2(0) = M2(m). (60)

Recalling that limg_.o Cp(0) = 0 and Cp(7) = 0 (see (36)), there exists 6> € (0, 7) such that

2 __ (2 (pmax
eren[(@)a’)?(r] Co(0) = Cp(0,™). (61)
Combining (60) and (61), we deduce that, for
CQ(emax)
Dy = 4L __~ 2
p > pp Mg(’ﬂ') ) (6 )

we have that Wj(6,p) > 0 for all § € [—m, |, and therefore the family {W?(p)}, is not weakly well-
conditioned. 0

By virtue of Lemma B.2, the value 6** € (0, ) such that C?(65"*) = maxge(o,x) Cp(f) coincides with the
unique zero of CZ’)(G). It is then possible to use Newton’s method to find a suitable approximation of **. We
report in Table 4 some numerical approximations of 6** and pj.

From Proposition 4.5, we obtain that method (53) is not stable if uh? > p,. However, this result is not
sharp. In contrast to Theorem 5.9 of [17], there do not seem to be any explicit characterizations of the sharp
CFL parameters p,. We recall that, in order for the method (53) to be stable, we look for the maximum
pp such that, if uh? = p < p,, then the function W,(6,p) in (58) has exactly two zeros in (0, 7). Define

E, := 2(2;:"11)2 (2p+3)Mi/I+”1((T;))7Mp(ﬂ). Then, E, > 0, and we expect the following to be valid:
for any fixed p, 0 < p < E,, the function § — 9yW, (8, p) has exactly one zero in (0, ). (63)

We postpone a justification of this, including the proof that E, > 0, to Appendix B. For any fixed p > 1 and
0 < p < Ep, let us define 6,(p) € (0, 7) such that dgW,(0,(p), p) = 0. Recalling (59), W, (0, p) has exactly two
zeros in (0, 7) if and only if W,(6,(p), p) < 0. The maximum value of p for which there are exactly two zeros is
the one for which the two zeros coincide.

We aim at finding the limit quantities (6,, pp) € (0,7) x (0, E},) such that W,(8,, pp) = 0gWp(8p, pp) = 0. To
compute them, we need to solve the nonlinear system

Wy (0p, pp) = Png(ep) - Cz(ep) =0,
0eWy (0, pp) = 2pp M (0,) M,,(0) — 2Cp(9p)cgl>(9p) =0.

p

(64)

From the first equation of (64), we obtain p,M,(,) = C2(0,)/M,(0,) which, inserted into the second one, leads
to Cp(0,) M, (0,) = C,(0,) My(60),). Therefore, we obtain that 6, must be a zero of the function

Fyp(0) := Cp(0) My, (0) — C,(0) My, ().
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TABLE 5. Numerical approximations of (6, pp, Ep) such that W, (0, pp) = 06W,(0p, pp) = 0.

p 1 2 3 4 5 6
0, 2m/3 2332 2475 2571 2.641 2.695
pp 3 4.318 5204 5.834 6.305 6.671
E, 9 9.091 9.256 9.369 9.449 9.596
100 i i i 107
—p=1} 1 1
—p=2|I 1 !
p=3|l 1 1
. ! ! |b . al ) Lt\
107 : I ¢ #lﬁ 0% Jf.”l ‘h"ﬂ‘“.,i
I 1 [}
[ 1 I
[l [}
10% b : : 4 10% 1
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I
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[
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FIGURE 3. Spectral condition numbers of the Schur complements in (57) in semi-logarithmic
scale, with n = 1000 by varying p € [2.5,5.5], with p € {1, 2, 3} (left), and by varying p € [5.5, 7],
with p € {4,5,6} (right).

From (36), (37), and (39), we obtain

lim, Fy(0) =1, Fy(m)=—2p+1)M}(r).
Moreover, we have numerically validated, and will address the proof in [16], that F,(¢) < 0 for all 6 € (0,7),
which implies that there exists a unique zero 6, € (0,7) of F),.
Again with Newton’s method, we have computed numerical approximations of (6, p,) for several values of
p, and we report them in Table 5.

Remark 4.6. If p =1, all the calculations simplify. Indeed, we explicitly compute F(#) = —%(2cos6 + 1).

In conclusion, we expect the method (53) (with equal test and trial spaces and without any additional
stabilization) to be stable if and only if p < p,, and this result seems to be sharp. In Figure 3, we show the
condition numbers of the Schur complements {C?. + pMP(CE)~1MP},, for a fixed system dimension n = 1000
and varying the parameter p, for p € {1,2,3,4,5,6}. We also mark with vertical lines the computed values of p,
reported in Table 5. As with the CFL constants obtained in equation (2.7) of [17] for the second-order-in-time
variational formulation, the sequence {p,}, is bounded, and it is numerically validated that p, ~ 10 for large p.

5. NUMERICAL EXPERIMENTS

In this section, we provide details for an efficient implementation of the discretization of the first-order-in-
time space—time formulation of the wave equation (Sect. 5.1). Then, using an isogeometric discretization also
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in space, we present several numerical tests that validate the presented stability results and demonstrate the
performance of the complete space-time scheme (Sect. 5.2).
In Section 5.2, we compare the results obtained with our scheme (4) with those from two other stable methods:

the first-order-in-time method in [2,21]: find (U}, V}Y) € Q(p ) (Qr) x Q(p -0) +(Qr) such that

p . p—1 _(ypr -1 _ p—1 (p—1,-1)
(DR oy~ (AR g, =0 for all x5 € QY V(@)

(65)
OV AT 2V, UL, VAL — (F ! for all \2~' € QP17
<t h>"h )LQ(QT)+<CV n Vel )LQ(QT) ( h )L2<QT) ore € n (@),
and the stabilized second-order-in-time method in [19]: find U}, € Q,f)’op. 2 (QT) such that
2
— QU OWE) 12y + (VUR, VaWR) 12,y = 107707 (VO UL, Vel W) 1)
= B W),y (60

for all W}, € Q(pp 2 (Qr).

5.1. Efficient implementation

For the implementation aspects and numerical tests, we consider the following extension of (2) that includes
the case of Neumann and Robin boundary conditions (see Rem. 2.2):

U (x,t) — V(x,t) =0 (x,t) € Qr,

OV (z,t) — divg(?(x)VLU(x,t)) = F(x,t) (x,t) € Qr,

U(.’I},t):O (.’B,t)e Xp :FDX[O,T}7 (67)
2(x)VLU(z,t) -n(z) = gy (z,t) (z,t) € ¥y :=Tn x[0,T],

196( )V(mvt) + Cz(m)va(mvt) : Il(:L‘) = gR(mvt) (.’B,t) € ER :=Tpg X [OvT]a
U(x,0)=0, V(x,0)=0 e,

where 0f) is partitioned as 90 = I'p UT'y UT'g, with I'p, T'y, and I'g having disjoint interiors, and where
¥ > 0 is the impedance parameter.

In order to write the matrix form of the discrete variational formulation of (67) analogous to (4), let us
denote by Cfbt and Bit the temporal matrices already introduced in (8). Additionally, let My,_, K;_, and Mfm
represent the mass matrlx the stiffness matrix, and the mass matrix relative to I'g, respectively, associated

with a basis {¢, },,; No =, of the discretization space Vi, () C HE_(€2) of finite dimension N3, where H{ (€) is
the subspace of H 1((2) of functions with zero trace on I'p. Let

{95 s () = G (@) (), 0

be a basis for ng’p_l (Qr), with N¥°f := N, + p — 1. The components of the right-hand side vector F, €
RN="N" are defined, for m = 1,..., N3t and j=1,..., N as

LN and j =0, .7Ntd°f} (68)

T
Fi[m + NgOf(j - 1)] = (F7 atq]flym’jfl)Lz(QT) +/ / gN($7t>\I’I;L’m7j71(£E,t) de dt
0 I'n

T
+/ / gr(z, )W}, () dz dt.
0o Jrg

Finally, the discrete solution (U}, V) € Qﬁﬁg:l) (Qr) x Q;f, ’(f:l)(QT) is represented in terms of the space-time
basis (68) as

Ndof Ndof Ndof Ndof
UP $ t Z Z Um—i—NdOf(] 1)‘I]hmj(w t) Vp w t Z Z Vm+Ndof (G- 1)\I,hm]($ t)

m=1 j=1 m=1 j=1
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. . . dof prdof
with coefficients collected in the unknown vectors UL, V} € RN="Ni™:

]Ndof Ndof ]Ndodeof

UZ = [U:D , VZ = [VP

The matrix form of the discrete variational formulation reads as follows:

{ (Bh, ®My,) U} + (C) @ M,,) V) =0,
(

69
—-C) @K, + B}, ® Mj ) U + (B) ©@M,,) Vi =F}, (69)

where ® denotes the Kronecker product. Using the properties of the Kronecker product, (69) can be solved effi-
ciently without the need to assemble space—time matrices. Specifically, for matrices A, B, and X of appropriate
dimensions, we have

(A ® B)vec(X) = vec(BXAT),

where vec(X) denotes the vector obtained by stacking the entries of X into a column vector. Moreover, if A
and B are nonsingular square matrices, we have

(AoB) '=A"'eoB

Computing V4 from the first equation of (69) and plugging it into the second one, system (69) can be solved
with the following procedure:

— solve AUV = —F% where
A} = C} 9Ky, + B} (C)7'By, @ My, — B} @ My,
- solve (C} ®@1Ip,)Vy = —(B}, @1,)Uyj.

Here and in the following, I5_ and Ip denote the identity matrices with the same dimensions as Kj,_ and BY By
respectively. We observe that both steps can be performed without explicitly computing Kronecker products
In fact, the matrix A} can be rewritten as:

A} = (B}, @ 1,) ((B},) ™' C}, K, + (C}) " B}, @My, ~ T, @ MFL ).

Using the standard compler Schur decomposition applied to (Bﬁt)_lelt, inspired by Tani [39] and Langer and
Zank [30], we find a unitary matrix Q) and an upper triangular matrix R} such that

(@7)" (B},)" C}.Qf, =R,
where the superscript  denotes the conjugate transpose. At this point, we can express Al as
A= (B} (@) " eL.) (R, @K, + (R),) @My, -1, e ME ) ((@F,) ' @1.) .
and its inverse becomes
(A = (@), @ T,,) (RE, 9K, + (R ) oM, T, oME) ™ ((Q))" (B]) o T.,),

where the middle term has a block upper triangular structure. Although computing the complex Schur decom-
position of (BZ )~ 1C’,’; , and computing (Rp )~! are computationally expensive, once they have been performed,
the key advantage of this approach is that the algorithm can be implemented in a time-marching manner. The
procedure is summarized in Algorithm 1, and its computational cost can be quantified as follows. In Step 1, the
Schur decomposition and the computation of (R}, )~! require O((N{°f)®) Floating Point Operations (FLOPs).
In Step 2, solving N2°f independent linear systems associated with the matrix Bit incurs a computational cost
of O(N°'p? + NG Nf°fp) FLOPs, utilizing the LU factorization of the banded matrix B}, . In Steps 3 and 5, the
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NZof matrix-vector multiplications involving (Qit)H and Qj contribute a total cost of O(NZet(NFo)2) FLOPs.
Step 4 involves solving a block upper triangular system, where each block has size N3°f x Nd°f. We denote by
T, the cost of solving a single diagonal block system and ©, the cost of a matrix-vector product involving one of
the O((Ng°")?2) off-diagonal blocks. The resulting computational cost for Step 4 reads O(O4 (N2 4 T, NEoF)
FLOPs. In Step 6, we first perform NJ°f matrix-vector multiplications with By, which requires O(NZet Niotp)
FLOPs. Then, solving N2°f independent linear systems associated with Cflt using LU factorization incurs an

additional computational cost of O(NZfp? + Ndof Ndofy) FLOPs. Summing all the contributions, assuming
p < NJof the total computational cost in terms of FLOPs is given by:

O (V7o) + NGoT (N0)* + @ (NFF) 4 T N )

The computational cost of a CG-DG discretization, e.g., [21], performed with a time-stepping procedure com-
bined with an efficient solver at each time-slab is

O (NgOthpz + @mth2 + Tmth) )

where we recall that V; is the number of time steps. The approach presented in this section is comparable to a
CG-DG discretization when Ng°f = Ny +p — 1 ~ min{ N2, (Y, /O4)p}.

Algorithm 1. Efficient implementation for solving the system (69).

1: Compute the complex Schur decomposition of (BZt)ACZt obtaining Q}, and R}, , and compute (Rﬁtf1
Solve for Y} the system (B}, ®1I,) Y} =F}

Update Y} «— ((Q’;H)H @In,) Y

Solve for Z} the system (Rﬁt @ Kp, + (R‘;’Lt)*1 @My, — I ® M) Zh =YY
Compute U}, = —(Q}, ®In,)Z},

Solve (C}, @ 1In,) V) = —(B) ®@1In,) U},

Remark 5.1. Note that T4 = O((NZ°f)?) and O, = O((NI°f)?) if the matrices in space are dense, but this
can be drastically improved in case of sparse matrices (see, e.g., [10] for a study on the performance of direct
solvers for smooth isogeometric analysis). Moreover, solving the linear systems in space can be accelerated with
appropriate preconditioners. The development and analysis of such techniques go behind the scope of the current
work and will be subject of future research.

Remark 5.2. Algorithm 1 can be extended to handle the general case of non-homogeneous Dirichlet and initial
conditions while maintaining a similar computational cost.

5.2. Numerical tests

In this section, we present numerical tests validating the accuracy and unconditional stability of the first-
order-in-time space-time method using maximal regularity splines in time (of degree p for the trial functions
and p — 1 for the test functions), and isogeometric discretization in space.

From now on, let us assume the discrete space Vj,_(€) to be the isoparametric push-forward on € of the
multivariate B-spline space on the reference domain (0,1)¢ (d = 1,2), with maximal regularity splines, and the
spline degree in all space directions being equal to the spline degree p of the trial spaces in time. For more
details on the construction of this space see, e.g., Section 3 of [19].

To compare the performance of this scheme with the second-order-in-time stabilized space—time isogeometric
method (66) devised in [19], from Sections 5.2.1 to 5.2.6, we apply the method to the same test cases considered
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FIGURE 4. Example 1. Relative errors plotted against the ratio h:/h, with fixed h; = 0.1562.
The exact solution is defined in (70).

in [19]. Additionally, in Section 5.2.7, we apply our space-time method to solve a wave propagation problem in
a heterogeneous material. All numerical test are performed with Matlab R2024a and the GeoPDEs toolbox [12].
Matlab’s direct solver is employed for all the experiments except for Section 5.2.3, where an iterative solver is
employed. The codes used for the numerical tests are available in the GitHub repository [18].

5.2.1. FExample 1. Unconditional stability and optimal convergence rates

In this section, we validate the unconditional stability of the considered space-time method, and we compare its
accuracy with the ones of the discretizations (65) and (66). We actually discretize in space with maximal regularity
splines of degree p. For the time discretization, note that method (65) uses continuous piecewise polynomials of
degree p for the trial functions, and discontinuous piecewise polynomials of degree p — 1 for the test functions. Both
our method and (66) use maximal regularity splines of degree p for trial functions and of degree p—1 for test functions.

We solve the wave propagation problem (2) with one-dimensional space domain Q = (0, 1), wave velocity
c =1, and exact solution

U(z,t) = sin(rz) sin® (37¢t)  for (z,t) € Qr = Q x (0,10). (70)

The same setting has been considered in Section 5.1.1 of [19] and [37], p. 367.
Asshown in Figure 4, the method is unconditionally stable. By reducing the mesh size in space, the errors remain
bounded without the need to satisfy any CFL condition. This differs from what has been observed in [19,37], where
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FIGURE 5. Example 1. First row: relative errors between the exact position U and the discrete
one U} provided by the unconditionally stable method (4) (continuous lines —), the uncon-
ditionally stable method (65) (dashed lines ---), and the stabilized method (66) (dash-dotted
lines ---). Second row: relative errors between the exact velocity V' and the discrete one V7
provided by methods (4) (continuous lines —) and (65) (dashed lines ---). The errors are
plotted against the total number of DOFs Ngof, and the mesh sizes satisfy hy = 5h,.
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a non-consistent penalty term was required to stabilize the corresponding space-time method. Figure 5 shows the
optimal convergence rates of our method for different choice of the spline degree p € {1,...,4}. Additionally, this
figure compares the errors of our method against the ones of (65) and (66). For the same number of degrees of freedom,
and except for the error in the position U in the case p = 1, our method is as accurate as the stabilized space—time
isogeometric method (66), providing more accurate approximations than the ones obtained by method (65). This
fact confirms the remarkable approximation properties of high-order maximal regularity spline spaces.

5.2.2. Example 2. Highly oscillatory solutions

In this example, we investigate the robustness of our method for high-frequency oscillations. As in Section 5.1.2
of [19], we consider the following exact solution to the acoustic wave equation in one space dimension:

U(z,t) = sin(knx) sin(knt)

for (z,t) € Qr = (0,1) x (0,2)

(71)
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for different wave numbers k € N, and constant wave velocity ¢ = 1.

Let A be the number of space wave lengths contained in the space domain 2 = (0,1), i.e., fA := g Figure 6
shows the relative errors of our discretization (4) in the usual space-time L? norm and H' seminorm plotted
against the number of space DOFs per wave length Ngor/fA for different wave numbers k& € {4,8,16}. As
in Section 5.1.2 of [19], for p > 1, the number of DOFs per wave length that is required to reach a given
accuracy is independent of the wave number k. We observe algebraic convergence with the expected rates,
before the onset of ill-conditioning introduces significant instability.

5.2.3. Example 3. More general boundary conditions: a scattering problem

To verify the effectiveness of our discretization for impedance boundary conditions, we employ method (69) to
solve the scattering problem that has been addressed in Section 5.1.3 of [19]. Let 2 C R? be the bi-dimensional
space domain illustrated in Figure 7. The wave problem under consideration is problem (67) with constant wave
velocity ¢ = 1, space-time domain Q7 = € x (0,6), impedance parameter ¥ = 1, and homogeneous Dirichlet,
Neumann, and impedance, boundary conditions, imposed, respectively, on the boundaries I'p, I'ny, and I'g
specified in Figure 7. The initial conditions are homogeneous, and the source term reads as

[EEe]l

F(x,t) = cos(2mt) ¥ (¢)¥ ( 0

) for (z,t) € Qr,

where o = (2,0)", and ¥ : R — R denotes the bump function defined as

14+1/(s%2—1) _
W(s) = e s € (-1,1), (72)
0 otherwise.

In Figure 8 we report the relative L? and H*' error of the numerical solution U}, obtained with various mesh
sizes and splines degrees, compared with a reference solution obtained with the stabilized method (66). Also in
this case, not included in our theoretical analysis, we observe optimal order of convergence.

5.2.4. Example 4. Singular solution

As in Section 5.1.5 of [19], we test the accuracy of our space-time method (69) approximating the singular
solution to the acoustic wave equation (67) with the following piecewise constant wave velocity:

—_

<z <

1
o(a) = 2’
1,

[N}
N = D

<z<

homogeneous Neumann boundary conditions (02 = I'y), homogeneous source term, and initial data Uy(z) =
U(5z—1) and Vo(x) = =50/ (52 — 1), where ¥ is the smooth bump defined in (72) on Q = (0, 1). For the explicit
expression of the exact solution to this problem, we refer to equation (5.5) of [19].

Let | - [,z (s) be the weighted H'(Qr) seminorm on Q7 = Q x (0, 1), defined as

|w|§’H1(QT) = / (\8tw(x,t)|2 + () |8$w(gc,t)|2) de dt for w € HY(Qr).
Q

T

Let us consider a discretization with space—time maximal regularity splines except at x = 1/2, where we impose
only C%continuity. Figure 9 shows the relative errors in the L?(Qr) norm and the weighted H'(Q7) seminorm
of the space—time method (69) based on these spaces, against the time mesh size hy = h,. As one can observe,
optimal convergence rates are achieved.
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FIGURE 7. Example 3. Space domain of the scattering problem of Section 5.2.3.
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FIGURE 8. Example 3. Relative errors of method (69) solving the scattering problem presented
in Section 5.2.3. First row: relative errors for the position U. These errors are plotted against
the time mesh size h;, which satisfies h; ~ hg.

5.2.5. Example 5. Energy conservation

We test the accuracy of the discrete energy associated with our method by solving the same problem that
has been addressed in Remark 4.2.36 of [40] and Section 5.2 of [19]. Specifically, we solve wave problem (2) with
one-dimensional space domain © = (0,1), wave velocity ¢ = 1, and exact solution

U(z,t) = (cos(mt) + sin(wt)) sin(rz) for (x,t) € Qr = Q x (0,10), (73)

whose constant energy E(t) = %2, where

E(t) =3IV 0720 + 5IIVUC D20y for t € [0,10].

Let Uy, and V¥ be, respectively, the discrete position and velocity provided by method (69). The discrete energy
associated with these solutions is

ER(t) = HIVE ) 2y + SIVLURC Oy for ¢ € [0, 10],
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FIGURE 9. Example 4. Relative errors of method (69) solving the wave problem with piecewise-
constant velocity presented in Section 5.2.4. The discretization is based on space—time maximal
regularity splines except at = 1/2, where only C%-continuity is imposed. First row: relative
errors between the exact position U and the discrete one Uj.. Second row: relative errors between
the exact velocity V and the discrete one V}P'. These errors are plotted against the time mesh
size hy, which satisfies hy = hy.

Figure 10 shows the time evolution of the relative errors between the exact and discrete energy with space mesh
size h, = 277, and time mesh size h; = 5h,. The relative error does not grow with time and is bounded by
10727, where p is the spline degree in space and time.

5.2.6. Example 6. Dispersion properties

To investigate the numerical dispersion of our space-time method, we approximate the C tent profile and C>
bump profile that has been considered in Section 5.3 of [19]. Given the space—time cylinder Q7 = (0,1) x (0, 2),
the wave velocity ¢ = 1, and the source F' = 0, we solve two wave propagation problems with periodic boundary
conditions, and initial data, respectively,

Uo(z) = (1 — [4z — 1)x[0,12) (),  Vo(z) = —4x(0,1/4) () + 4X (14,102 () for 2 € [0,1], (74)
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FiGURE 10. Example 5. Time evolution of the energy relative error for the problem with
solution (73). The marker “@” denotes time instants when E} > E, while “©” stands for
E} <E.
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11. Example 6. Comparison between the relative errors at final time of all the methods,

for the periodic problem of Section 5.2.6 with initial data (74) (first row), and with initial
data (75) (second row). For all the methods and all the spline degrees, Ngof = 17424 and
ht ~ 2ha:
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FIGURE 12. Example 6. Phase errors @} ; (defined in (76)) of the largest 4 Fourier coefficients

for the periodic problem with initial conditions (74) (first column) and (75) (second column),
approximated with Ngor = 17424 and h; =~ 2h,.

and
Up(x) = W4z — )Xo, (z),  Vo(z) = =4 (42 — 1)x[0,172)(z) for z € [0,1]. (75)

The former describes the C° tent profile, the latter the C* bump profile, where ¥ is the smooth bump defined
n (72). We compare how our spline-based, unconditionally stable method, the FEM-based unconditionally
stable method (65), and the spline-based stabilized method (66) deform a periodic wave. Figure 11 shows how
the spatial L? norm and H' seminorm errors at the final time depend on the polynomial degree p. The method
proposed in this paper performs slightly better than (65) and (66). Finally, following Section 5.3 of [19], Figure 12
shows the time evolution of the phase error of the largest (in magnitude) Fourier coefficients of the solution,

defined as
arg cn(t)  |chna ()l
cha(t)  len(t)
where ¢, and ¢}, denotes the n-th complex Fourier coefficients of the exact solution and the numerical one,
respectively. Note that the largest coefficients (in magnitude) are ¢y, ¢, ¢3, ¢5 for the datum (74) and ¢y, ¢o, ¢3, ¢4

for (75). As with what was observed in [19] for the stabilized method (66), here too for p > 1 the phase error
grows moderately with time, and no particular differences from that method are noticed.

o, (1) =

5.2.7. Example 7. Two-dimensional wave propagation with non-constant wave speed

In this last experiment, we test the effectiveness of our discretization method (69) to solve the two-dimensional
wave problem in a heterogeneous material as in Section 6.7 of [35]. Let Q = (0, 2)2. The problem under consid-
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FIGURE 13. Example 7. Snapshots of solution obtained with p =4, h, = h; = 0.0078.

eration is (2) (homogeneous Dirichlet boundary conditions imposed on I'p = 9Q) with piecewise constant wave
velocity

c(x) = {3 12 <2 <2, for (z1,22) =x € Q,

and zero source term. The initial conditions are
Up(z) = e~ le==ol®/3*  yi(z) =0, with @ =(1,1)T and § = 0.01.

Figure 13 shows the numerical solution, computed with p = 4 and hy; = h, = 0.0078, at different time instants.
As observed, the initial wave propagates through the left part of the spatial domain (with ¢ = 1) until it reaches
the interface between the two materials at ¢ = 0.2. By ¢ = 0.3, part of the original wave and its reflection from
the interface can be seen traveling to the left, while the transmitted part of the original wave moves to the right,
with ¢ = 3. In the final snapshot, at ¢ = 0.4, the Huygens wave, which initially traveled parallel to the interface,
begins to move back toward the left. These frames are similar to those obtained in Figure 10 of [35].

For a more quantitative comparison of our solution with the one presented in Section 6.7 of [35], Figure 14
shows the time evolution of the quantity

Uc(t) := [|UR (1) (77)

”Ll(ﬂc) )

measured in Q¢ :=[1 —ec,1 +ec,] x [0.25 — £¢,0.25 + e¢, ], with e = 277. Also for this quantity a similar
behaviour with that presented in [35] is observed.
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FIGURE 14. Example 7. Time evolution of Ug in (77) obtained with p = 4, hy = hy = 0.0078.

6. CONCLUSION

In this paper, we proposed an unconditionally stable conforming space-time method for the wave equation
using splines of maximal regularity for the discretization in time. The method relies on a first-order-in-time
formulation of the wave equation. We examined the conditioning behaviour of some families of matrices related
to the temporal part of the scheme, and proved that they are weakly well-conditioned when the test space
consists of splines of exactly one degree less than the trial space. It turns out that no CFL condition is required
in this case. Our analysis is based on results from numerical linear algebra and properties of symbols associated
with spline discretizations. We have also shown that the use of maximal regularity splines of the same degree
for test and trial functions in the temporal discretization leads to schemes that are only conditionally stable.
We also presented numerical tests on the full space-time formulation of the wave equation, using isogeometric
discretization also in space, which validate the method and confirm the theoretical results.
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APPENDIX A. AUXILIARY RESULTS

In this appendix, we prove two auxiliary results, namely a Poisson summation formula (Lem. A.1), which is used in
the proof of Proposition 3.7, and an inequality (Lem. A.2) needed in the proof of Proposition 3.19 and of Lemma B.2

below.

Lemma A.1. Let f € H'(R) satisfy the following conditions:

~

f has compact support and f(w)=0(w|™), a>1, as |w| — oo,

where f is the Fourier transform of [ defined as f(w) = J e 7 f(z) dz for w € R. Then,

> e (/R fly +J’)mdy> =iy (@ +25m)|f(z+2jm)]°, forallz €R. (A1)

JEL JEZ

Proof. Define

F(z) = / f(x+ )8, 7 () dy.
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Combining the property of the Fourier transform of the convolution in Theorem 2.7 of [9], and that of the Fourier
transform of the derivative in Theorem 2.2 of [9], we obtain

Fw) = —iw|f(w)|?, weR. (A.2)

Recall that, for g € L'(R), the classical Poisson summation formula ([9], Thm. 2.25) reads

1
Z g(z + 27j) = o Z 9(j)e’* for all z € R. (A.3)

JEZ JEZ
We apply (A.3) with g = F to obtain

=i ) (z+2m))|f(z + 2m)))P = Y F(—5)e" =D F(j)e 7 forall z €R,

JEZ jez J€T
where we used (A.2) and the inversion formula F(z) = 27 F(—z), equation (2.5.15) of [9]. Then (A.1) follows, taking into
account the definition of F. O
Lemma A.2. For all p € N and for all 6 € (0,7), we have

1 0
A e No1 < A A Nomio
D P T

Proof. The statement of the lemma is equivalent to

Z 1 i 1 I 1 < Z 0 n 1 n 0
(9 o 2j7r)2p+1 02p+1 = (9 + 2j71-)2p+1 (9 _ Qjﬂ-)2p+2 2p+1 = (9 + Qjﬂ)2p+2 :

JEN jEN

We show that, for all j > 1, it holds

! + ! < 0 + 0 (A.4)
(0 — 2gm)2ptt (0 + 25m)2ptt (0 — 25m)2Pt2 (0 4 2j5m)2P+2 )
With some manipulations, we obtain that (A.4) is equivalent to
(25 — 0)(0 + 2jm)*P T2 — (0 + 2jm) (257 — 0)*P T + 0 [(25m — 0)*P T + (0 + 2jm)*P 2] > 0,
or also to
2jm (257 + 0)°P1? — 2jm(25m — 0)*P 12 > 0.
The latter is clearly true for all § € (0,7), and j,p > 1. ]

APPENDIX B. JUSTIFICATION FOR PROPERTY (63)
In this appendix, we discuss property (63) of W,(8, p) defined in (58). We first prove two auxiliary results.
Lemma B.1. For allp € N and for all 0 € (0,7), we have
1 0 sin 0
—_— > _—_—
Proof. For j = 0, we readily obtain

1 0 sin 6
92p+1 02p+3 ’

since sinf < 6 for all 6 € (0, 7). We show that for all j > 1, the pairs of terms in the sum with opposite indices satisfy

1 n 1 S fsin 6 0 sin @ .
(6 — 2gm)2ptLt (0 + 2j5m)2pt! (6 — 2gm)2pt3 (0 + 25m)2p+3

(B.1)
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With some manipulations, we obtain that (B.1) is equivalent to
(0 — 2jm)%(0 + 25m)*" T + (0 + 25m)%(0 — 25m)** T > Osin 6 [(0 + 2jm)*P T + (0 — 2jm)*P 7],

or also to
(0 +2jm)" T [(0 — 2jm)? — Osin 0] + (0 — 25m)" " [(0 + 2jm)° — Osinb] > 0

The latter is clearly true for all 6 € (0,7), and j,p > 1, since

(6 — 2j7)* — Osind

(0 +2jm)2 —Osiné <1

Lemma B.2. Let Cp and M) be defined in (31) and (34), respectively. Then, for all p > 1, we have

(i

> >0 forall8 e (0,m). (B.2)

Proof. From (38), we obtain

) sinf  Cp(0) B sind  Cp(0)
M,(0) (p+ ) — cos 0 My, (0) ttl=0+ ) —cosf ) L(0)

+2p+1,

with C,, and ]\//Tp defined in (51). We deduce

GO\ __ p+1 GO sing (G (0)My(6) — Cy(6)M;(0))
(Mp(e)) ~ 1-—cosh M, (0) +(p+1)1fcose Mg(@)

_ ptl1 1
" 1—cosf M, (6)

~ . =~ /(9)
—Cp(0) 4 sin0C,(0) — sin 6C. .
( (0) + () »(0) p(9)>

Recalling that —C p(0) < 0MM, »(0), i.e., Lemma A.2, and that ]/\/I\,',(@) < 0, we deduce that (B.2) is satisfied if
—Cy(0) +sin0C,(0) + 0sin OM,(0) > 0 for all 6 € (0,7),
or, equivalently, if
—Cp(0) 4 sin 0(2p + 1) M, () + 0sin OM,() > 0 for all 6 € (0, ).

Employing (52), we get

—Cp(6) 4 sin 6(2p + 1) M, (6) + 0sin OM,(6) > —C,(6) + Gsineﬁﬁ;(ﬁ), for all 0 € (0, ),
14

and we conclude with Lemma B.1. O

In order to establish property (63), consider the ratio dyWy (0, p)/(Mp(6)M,()). This is well-defined in (0, ) since

M, (0)M,,(8) < 0 for all § € (0,7), and its zeros coincide with those of (%Wp( ,p). We evaluate
96 W5 (0, p) Cp(9)Cp(0) Cp(0) 6
— =) 2lim —F——— =2p+2 l =2 2——
S 2L, (0)00) ~ 2P T 28 a0 0) P T A o) ~ T 1 0

where the second identity follows from (37) and (39), and the limit in the last identity is obtained directly from the
definition of Cp and the expression of M), as

_pF+l

My(0) = 25 (5inOM, (6) + Cpi1(6)).
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Furthermore, using (39), we get

2 (0
lim %Wy (0, p) =2p—21lim Cp(0)Cp(6)

_ C0)
3% 3, (0) M (0) 3 W, o)) 2 2P i

0—m M{,(G)

Computing the limit on the right-hand side by the 'Hopital rule, from Cj,(7) = (2p + 1)M (7) (see (39)) and

1 JF 1
My (x) = Eo= (2 + 3) My () — My(m))
we obtain 5 ( ) ( )2 ( )
o Wp(0, p 2(2p+1 My (m
im -——’-=2p— 2 =:2p —2F,.
omx M,(0)M(0) p+1 @p+3)Myir(m) — My(m) 75

Note that E, > 0. Indeed, using Corollary 5.4 from [17] and Theorem 1.1 from [36] (see also [36], Eq. (2.1)), we compute

Mppa(m) 1 2202 —1¢(2(p+2) _ 4 (2T —1nE> -1 L8 1 1
My(m) — w222+D) —1¢(2(p+1)) ~ w2 (22743 —1)(22p+2 — 1) 7 15572 ~ 5 T 2p+3

for all p > 1.

In addition, for all p > 1, we have observed numerically, and postpone the proof to the work [16] in preparation, that

9 ( 9W,(8.0) \ _ 0 COCHO) \ [ Col®)ChO) \'
a5 (aransio) ~ a6 (v~ stongo) = (owgm) <0 oroe0n 0

Thus, for any fixed 0 < p < E,, we expect that the function 99W, (0, p) has exactly one zero in (0, 7).

Remark B.3. Note that p, < E, is always satisfied. Indeed, from (B.3), we deduce that, for all p > 0,

BQWP(07 P) : aQWP(ev p)
=1 =2p—2E,.
octom) My(0)My(0)  oox M,(0)My(0)  F~ “77
In particular, for all 8 € (0,7), we obtain
%Wy (0, pp) CP(G)C;I)(Q)
G Pr) g, 9 TR 9, of
M, (6) M, (0) T T My (0)M;(9) v

from which we conclude taking § = 6, and using the second equation in (64).
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