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BOUNDING ESCAPE RATES AND APPROXIMATING QUASI-STATIONARY
DISTRIBUTIONS OF BROWNIAN DYNAMICS

Jason J. Bramburger*

Abstract. Throughout physics Brownian dynamics are used to describe the behaviour of molecu-
lar systems. When the Brownian particle is confined to a bounded domain, a particularly important
question arises around determining how long it takes the particle to encounter certain regions of the
boundary from which it can escape. Termed the first passage time, it sets the natural timescale of the
chemical, biological, and physical processes that are described by the stochastic differential equation.
Probabilistic information about the first passage time can be studied using spectral properties of the
deterministic generator of the stochastic process. In this work we introduce a framework for bounding
the leading eigenvalue of the generator which determines the exponential rate of escape of the particle
from the domain. The method employs sum-of-squares programming to produce nearly sharp numerical
upper and lower bounds on the leading eigenvalue, while also giving good numerical approximations of
the associated leading eigenfunction, the quasi-stationary distribution of the process. To demonstrate
utility, the method is applied to prototypical low-dimensional problems from the literature.
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1. Introduction

In this paper we propose numerical methods to novelly analyze the behaviour of stochastic gradient flows.
Throughout we will consider a bounded domain Ω ⊂ R𝑑, 𝑑 ≥ 1, and a stochastic process {𝑋(𝑡)}𝑡≥0 that diffuses
in Ω according to the overdamped Langevin equation [13,49]

d𝑋(𝑡) = −∇𝑉 (𝑋(𝑡)) d𝑡 +
√

2𝜎 d𝐵(𝑡), (1.1)

where 𝑉 : R𝑑 → R is a smooth potential function, 𝐵(𝑡) is a 𝑑-dimensional Brownian motion, and 𝜎 > 0 is the
noise strength. Furthermore, the boundary of the domain, denoted 𝜕Ω, is broken into two distinguished regions:
the absorbing part, Γ𝐴, and the reflecting part, Γ𝑅 := 𝜕Ω∖Γ𝐴. Conceptually, the idea is that a Brownian particle
moves around in the potential landscape of 𝑉 (𝑥) on the domain Ω and can only exit through the portion of
the boundary attributed to Γ𝐴, while it is reflected back into the domain should it encounter Γ𝑅. Of particular
importance in this problem setting is determining the first passage time [22,36,48], defined as the time it takes
for a particle initiated inside Ω to leave it through Γ𝐴. The first passage time determines the natural timescale
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of many chemical, physical, and biological processes, including ions searching for membrane channels, sperm
cells reaching an egg, or predators stalking their prey [10].

The stochasticity of the model equations (1.1) means that the first passage time is a random variable con-
ditioned on the initial condition 𝑋(0) = 𝑥. As we will show in detail in Section 2 below, the exponential rate
at which the particle escapes Ω through the boundary Γ𝐴 is the principal eigenvalue of the generator of the
stochastic process (1.1), given by [46]

ℒ𝑢 := −∇𝑉 · ∇𝑢 + 𝜎∆𝑢, (1.2)

where ∆ is the Laplacian operator on Ω, and functions 𝑢 satisfy zero Dirichlet boundary conditions on Γ𝐴

and zero Neumann conditions on Γ𝑅. Operator −ℒ is a positive elliptic operator, which in turn gives that its
spectrum is real, positive, and countable with smallest eigenvalue 𝜆0 termed the principal eigenvalue [15,38]. If
𝑢0 is the eigenfunction corresponding to the principal eigenvalue 𝜆0 of −ℒ, meaning ℒ𝑢0 = −𝜆0𝑢0, standard
theory of elliptic partial differential equations dictates that 𝜆0 is an isolated eigenvalue and 𝑢0 does not vanish
anywhere in Ω. The sign-definiteness of 𝑢0 allows it to be interpreted (after normalization by a constant) as a
probability density function, termed the quasi-stationary distribution (QSD) [12,30,32,33]. If the initial condition
𝑋(0) is drawn from the QSD then the first passage time is an exponentially distributed random variable with
parameter 𝜆0, giving an expected first passage time of 1/𝜆0. Moreover, the normal derivatives of 𝑢0 along 𝜕Ω,
after renormalization, give the density of the first exit points, and can thus be used to determine probabilities
of exiting through each of the connected components of Γ𝐴.

The QSD approach to the first passage time provides a deterministic method to analyze a stochastic problem
of significant application. Thus, to approach the problem of estimating (𝜆0, 𝑢0) this paper introduces a method
for bounding 𝜆0 from both above and below, while also providing accurate approximations of the QSD 𝑢0.
Lower bounds are obtained from a variational characterization of 𝜆0 and follows the general method laid out in
[8], which extended previous work from [52]. This approach is the convex dual to a previously available linear
formulation using occupation measures [20], which has been used for nonlinear optimal control of differential
equations [25, 29]. The method in [8] is optimally suited for the task at hand because in the specific setting of
bounding leading eigenvalues of elliptic operators such as −ℒ, optimizers of the associated variational problem
contain information about the leading eigenfunction as well. Thus, the provable existence of sequences of lower
bounds converging to 𝜆0 lead to better approximations of 𝑢0, which in turn can be used to provide upper
bounds on 𝜆0 through the Rayleigh quotient. The result, as we will see in this manuscript, are tight lower
and upper bounds on 𝜆0, often matching to at least 3 significant digits in our demonstrations, as well as good
approximations of the QSD 𝑢0.

The presented methods can be implemented analytically to provide rigorous upper and lower bounds on 𝜆0.
However, doing so would typically lead to conservative bounds that often come from comparing the problem
on-hand with a simple one for which the solution is known, as is done, for example, in [2]. The strength of the
presentation that follows in this work is that for polynomial potentials 𝑉 and domains Ω described by polynomial
inequalities, the bounding procedure can be handed over to a computer to solve a semidefinite program by
appealing to the theory of polynomial optimization and sum-of-squares programming [26, 27, 42, 44, 45]. The
result is an increasing sequence of lower bounds that converge (analytically and numerically) to 𝜆0 as the
polynomial degree of the program is increased.

A major demonstration of the utility of these methods comes in the form of bounding 𝜆0 and approximating
the QSD 𝑢0 for a Brownian particle (𝑉 ≡ 0) attempting to escape from a circular domain in R2. When the
exits are very small this problem is termed the narrow escape problem [3, 16, 17, 21, 50] and is well-studied in
the mathematical literature using tools from asymptotic analysis [2, 9, 11, 23, 33, 47]. Here we complement this
analysis with sharp numerical bounds on 𝜆0 in the non-asymptotic regime where the common analytical tools
are not applicable. Although the resulting bounds presented in this manuscript are purely numerical, there
is an existing literature that employs rigorous numerics and computer-assisted proofs to bound eigenvalues of
self-adjoint operators; see Chapter 10 of [41] and [7, 34]. The positioning of the bounding framework herein
into a sum-of-squares problem presents a significantly different approach from these rigorous methods and, as
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discussed in the final section of this paper, can be extended to make the numerical method herein rigorous.
Thus, the result of this paper is a novel computational bounding method that is well-founded in theory, can be
adapted to a wide variety of stochastic differential equations, and numerically bound 𝜆0 inside a small interval.

This paper is organized as follows. We begin in Section 2 with a mathematical description of the problem.
This includes introducing the Fokker–Planck equation and the QSD approach to the first passage time. Section 3
presents both the analytical and numerical bounding frameworks. In particular, Section 3.1 provides the the-
ory for bounding 𝜆0 from below using its variational characterization and null Lagrangians, while Section 3.2
describes how to translate this problem into a sum-of-squares program to be solved numerically. Section 3.3
then shows how information from the numerical lower bounds can be leveraged to produce numerical upper
bounds using the Rayleigh quotient. Section 4 provides numerical demonstrations, including characterizing the
asymptotic escape rate from a double well potential and the aforementioned application to a Brownian particle
escaping a circular domain. We conclude in Section 5 with a discussion of the results, avenues for future work,
and directions towards validating these numerical results to make them rigorous.

2. First passage times

Recall from the introduction that we are interested in the stochastic differential equation (1.1) restricted to
a bounded and open set Ω ⊂ R𝑑, 𝑑 ≥ 1. Moreover, the boundary is decomposed into disjoint absorbing and
reflecting components 𝜕Ω = Γ𝐴 ⊔ Γ𝑅 with Γ𝐴 ̸= ∅. We further assume that Γ𝐴 is comprised of finitely-many
smooth, disjoint, and nonempty components sufficient to define a trace operator on; see [38]. Then, for an initial
condition 𝑋(0) = 𝑥 ∈ Ω and {𝑋(𝑡)}𝑡≥0 satisfying (1.1), we define the first passage time 𝜏 > 0 as

𝜏 := inf{𝑡 ≥ 0 : 𝑋(𝑡) ∈ Γ𝐴}. (2.1)

Notice that 𝜏 is a random variable that depends on the initial condition, so we can define the survival probability
conditioned on the starting position as

𝑆(𝑥, 𝑡) := P(𝜏 > 𝑡| 𝑋(0) = 𝑥). (2.2)

The survival probability satisfies the Fokker–Planck (or Kolmogorov backward) equation [36,46]

𝜕𝑆

𝜕𝑡
= ℒ𝑆, 𝑥 ∈ Ω,

𝑆 = 0, 𝑥 ∈ Γ𝐴,

𝑛 · ∇𝑆 = 0, 𝑥 ∈ Γ𝑅,

(2.3)

where ℒ is the generator (1.2) and 𝑛 : 𝜕Ω → R𝑑 denotes the unit outward normal to Ω. The evolution of (2.3)
is initialized with 𝑆(𝑥, 0) = 1 since if 𝑥 ∈ Ω, then 𝜏 > 0 with probability 1.

We introduce the Boltzmann-type weight function

𝑤(𝑥) = 𝑐e−𝑉 (𝑥)/𝜎, (2.4)

where 𝑐 > 0 is a normalization constant. The operator ℒ is non-positive and symmetric on the weighted space

𝐿2
𝑤(Ω) =

{︂
𝑓 : Ω → R :

∫︁
Ω

|𝑓(𝑥)|2𝑤(𝑥) d𝑥 < ∞
}︂

, (2.5)

equipped with the inner product

⟨𝑓, 𝑔⟩𝑤 :=
∫︁

Ω

𝑓(𝑥)𝑔(𝑥)𝑤(𝑥) d𝑥. (2.6)
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Furthermore, the non-negative operator −ℒ can be defined as the Friedrichs extension of the quadratic form
𝑄(𝑓) =

∫︀
Ω
|∇𝑓(𝑥)|2𝑤(𝑥) d𝑥 with form domain

𝒟(𝑄) = 𝐻1
0,Γ𝐴

(Ω) :=
{︀
𝑓 ∈ 𝐻1(Ω) : 𝑓 |Γ𝐴

= 0
}︀
, (2.7)

the space of 𝐻1(Ω) functions whose trace vanishes on Γ𝐴. The domain of ℒ is not 𝐻2(Ω) due to the mixed
boundary conditions (see [33], Rem. 2.2), but the subspace

𝒟(ℒ) =
{︀
𝑓 ∈ 𝐻1

0,Γ𝐴
(Ω) : ∆𝑓 ∈ 𝐿2(Ω), 𝑓 |Γ𝐴

= 0, 𝑛 · ∇𝑓 |Γ𝑅
= 0

}︀
, (2.8)

where 𝐿2(Ω) := 𝐿2
1(Ω) in the notation of (2.5), i.e. a weight function of 𝑤 ≡ 1. As an aside, since Ω is bounded

and 𝑉 is smooth, a function in 𝐿2
𝑤(Ω) is also in 𝐿2(Ω) and the two norms are equivalent. The interest in

introducing the innner product ⟨·, ·⟩𝑤 is that the operator ℒ is symmetric with respect to this inner product.
The associated eigenfunctions {𝑢𝑛}∞𝑛=0 of ℒ satisfy

−ℒ𝑢𝑛 = 𝜆𝑛𝑢𝑛, 𝑥 ∈ Ω,

𝑢𝑛 = 0, 𝑥 ∈ Γ𝐴,

𝑛 · ∇𝑢𝑛 = 0, 𝑥 ∈ Γ𝑅,

(2.9)

with a countably infinite sequence of positive eigenvalues ([38], Thm. 4.12)

0 < 𝜆0 < 𝜆1 ≤ 𝜆2 ≤ · · · ≤ 𝜆𝑛 ≤ 𝜆𝑛+1 ≤ · · · . (2.10)

Notice that the eigenvalue-eigenfunction pairs in (2.9) can be interpreted in two ways: (i) (𝜆𝑛, 𝑢𝑛) are eigen-
pairs of the non-negative operator −ℒ, or (ii) (−𝜆𝑛, 𝑢𝑛) are eigenpairs of the non-positive operator ℒ. Both
formulations are equivalent, while the election to present the eigenpairs in this way is to keep the eigenvalues
positive in order to easily see the correspondence with the QSD and the first passage time 1/𝜆0. Regardless of
the interpretation, the eigenfunctions form an orthonormal basis for 𝐿2

𝑤(Ω) and so we can expand 𝑆(𝑥, 𝑡) as a
solution of (2.3) in the eigenfunctions to obtain

𝑆(𝑥, 𝑡) =
∞∑︁

𝑛=0

𝑠𝑛𝑢𝑛(𝑥)e−𝜆𝑛𝑡, (2.11)

where 𝑠𝑛 = ⟨𝑢𝑛, 1⟩𝑤. Supposing further that the initial condition 𝑥 is chosen from a probability measure 𝜇, then
the survival probability conditioned on the initial distribution is given by

P(𝜏 > 𝑡| 𝑋(0) ∼ 𝜇) =
∫︁

Ω

𝑆(𝑥, 𝑡) d𝜇(𝑥). (2.12)

Owing to the strict inequalities 0 < 𝜆0 < 𝜆1, we have the exponential rate

𝜆0 = − lim
𝑡→∞

1
𝑡

log P(𝜏 > 𝑡| 𝑋(0) ∼ 𝜇) (2.13)

at which the particle hits the boundary Γ𝐴.
Standard elliptic partial differential equation theory gives that the leading eigenfunction 𝑢0 is nonzero over

all of Ω. The QSD for the process is given by

d𝜇0(𝑥) =
𝑢0(𝑥)𝑤(𝑥) d𝑥∫︀
Ω

𝑢0(𝑦)𝑤(𝑦) d𝑦
, (2.14)

where 𝑤 is the weight function (2.4). If the initial position of the particle is drawn from the probability measure
𝜇0 we have

P(𝜏 > 𝑡| 𝑋(0) ∼ 𝜇0) = e−𝜆0𝑡 (2.15)
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for all 𝑡 ≥ 0, which can be easily checked from (2.11). Hence, 𝜏 is now an exponential random variable with
E[𝜏 ] = 𝜆−1

0 . While it might not be expected that one can draw from the QSD directly, (2.11) gives that
𝑆(𝑥, 𝑡) ≈ 𝑠0𝑢0(𝑥)e−𝜆0𝑡 for 𝑡 ≫ 1. Thus, if the stochastic process stays trapped for a long time before leaving,
such as when Γ𝐴 is small relative to Γ𝑅, then starting from the QSD approximates the long-time behaviour of
the stochastic process reaching the QSD before leaving the domain Ω. Furthermore, if Γ𝐴 is the disjoint union of
𝑘 ≥ 1 connected components 𝐴1, . . . , 𝐴𝑘 ⊂ 𝜕Ω, then we have the probabilities (see for example the distribution
𝜌 in the proof of Proposition 2.4 from [30])

P(𝑋(𝜏) ∈ 𝐴𝑗 | 𝑋(0) ∼ 𝜇0) =

∫︀
𝐴𝑗

𝑛 · ∇𝑢0(𝑥)𝑤(𝑥) d𝑥∫︀
Γ𝐴

𝑛 · ∇𝑢0(𝑥)𝑤(𝑥) d𝑥
, 𝑗 = 1, . . . , 𝑘, (2.16)

describing the probability of exiting Ω through each of the components 𝐴𝑗 . Finally, one can check that 𝜏 and
𝑋(𝜏) are independent random variables, and thus that they can be sampled using a jump Markov model; see
[12] for details.

3. Bounds on the principal eigenvalue

In this section we provide the analytical and computational bounding framework for the principal eigenvalue
𝜆0, as defined in (2.10), with associated leading eigenfunction 𝑢0. We first symmetrize the elliptic operator ℒ
by introducing the unitary transformation of ℒ to

ℋ = 𝑤1/2ℒ𝑤−1/2. (3.1)

The result is that we have re-cast ℒ as a time-independent Schrödinger equation called the Witten Laplacian
[39,53], given by

ℋ = 𝜎∆− 𝑈(𝑥), (3.2)

where

𝑈(𝑥) =
|∇𝑉 (𝑥)|2

𝜎
− ∆𝑉

2
(3.3)

and 𝑉 is the potential from (1.1). The domain of the operator ℋ is defined as the image of the domain of the
operator ℒ under the unitary transformation, i.e. 𝒟(ℋ) = 𝑤1/2𝒟(ℒ). Then (𝜆, 𝑢) is an eigenvalue-eigenfunction
pair for ℒ if and only if (𝜆, 𝑢𝑤1/2) is an eigenvalue-eigenvector pair for ℋ. However, the functions in 𝒟(ℋ)
do not necessarily obey the same boundary conditions as those in 𝒟(ℒ). Indeed, if 𝑣 = 𝑤1/2𝑢 ∈ 𝒟(ℋ) with
𝑢 ∈ 𝒟(ℒ), then 𝑣 vanishes on Γ𝐴 if and only if 𝑢 vanishes on Γ𝐴 as well since 𝑤 > 0 everywhere, but the
Neumann conditions imposed on Γ𝑅 for 𝑢 become Robin boundary conditions for 𝑣 since we get

𝑛 · ∇𝑢 = 𝑛 · ∇(𝑤−1/2𝑣) = 0 =⇒ 𝑛 · ∇𝑣 +
𝑣

2𝜎
𝑛 · ∇𝑉 = 0, ∀𝑥 ∈ Γ𝑅, (3.4)

again using that 𝑤 > 0. Since Robin boundary conditions do not fit within the computational framework
outlined in this section, we make the following simplifying assumption to proceed through this section.

Assumption 3.1. The potential 𝑉 : R𝑑 → R is such that for all 𝑥 ∈ Γ𝑅 we have 𝑛 · ∇𝑉 = 0.

Although this assumption is restrictive, it can be satisfied in at least three relevant scenarios:

(1) fully absorbing boundaries, meaning Γ𝑅 = ∅;
(2) Brownian motion in a homogeneous landscape, meaning 𝑉 ≡ 0;
(3) the domain Ω is taken to be the boundary of a basin of attraction of a local minimum of a potential 𝑉 for

the deterministic gradient flow dynamics 𝑥̇ = −∇𝑉 (𝑥).
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Indeed, (1) is the setting for our convergence results that follow, while demonstrations coming from notable
problems in the literature for cases (1) and (2) above are presented in Section 4. The result of Assumption 3.1
is that the functions in 𝒟(ℋ) now satisfy the same mixed Dirichlet–Neumann boundary conditions as those in
𝒟(ℒ).

To bound 𝜆0 > 0 from below we will use the variational characterization of the principal eigenvalue of the
non-negative operator −ℋ:

𝜆0 = sup
𝜆∈R

𝜆 s.t. inf
𝑢∈𝐻1

0,Γ𝐴
(Ω)

∫︁
Ω

[︀
𝜎|∇𝑢|2 + (𝑈(𝑥)− 𝜆)𝑢2

]︀
d𝑥 ≥ 0, (3.5)

where the reflecting boundary condition 𝑛 · ∇𝑢|Γ𝑅
= 0 inherited by Assumption 3.1 is naturally included in

the variational formulation through the Euler–Lagrange equation associated to this optimization problem. The
variational formula (3.5) for 𝜆0 follows from a rearrangement of the Rayleigh quotient associated to the elliptic
operator −ℋ. In Section 3.1 we introduce the method from [8] that makes use of (3.5) to bound 𝜆0 from below.
Then, in Section 3.2 we translate the bounding problem into one of polynomial optimization which can be
implemented computationally as a sum-of-squares program. Finally, in Section 3.3 we show how information
from the sum-of-squares lower bound can be used to bound 𝜆0 from above using the Rayleigh quotient and
approximate the QSD.

3.1. Lower bounds on the principal eigenvalue

In this subsection we describe a method of bounding the principal eigenvalue, 𝜆0, of the operator −ℒ from
below using the variational formulation (3.5). To begin, let 𝜙 : Ω× R → R𝑑 be a function for which∫︁

Ω

∇ · 𝜙(𝑥, 𝑢) d𝑥 =
∫︁

Ω

[︃
𝑑∑︁

𝑖=1

𝜕𝜙

𝜕𝑥𝑖
+

𝜕𝜙

𝜕𝑢
(∇ · 𝑢)

]︃
d𝑥 = 0, (3.6)

for all 𝑢 ∈ 𝐻1
0,Γ𝐴

(Ω). Any 𝜙(𝑥, 𝑢) satisfying the above is a null Lagrangian and trivially gives that∫︁
Ω

[︀
𝜎|∇𝑢|2 + (𝑈(𝑥)− 𝜆)𝑢2

]︀
d𝑥 =

∫︁
Ω

[︀
𝜎|∇𝑢|2 + (𝑈(𝑥)− 𝜆)𝑢2 +∇ · 𝜙(𝑥, 𝑢)

]︀
d𝑥. (3.7)

We estimate the above integral from below by taking the pointwise infimum of its integrand over all (𝑥, 𝑢,∇𝑢).
This leads to the inequality∫︁

Ω

[︀
𝜎|∇𝑢|2 + (𝑈(𝑥)− 𝜆)𝑢2 +∇ · 𝜙(𝑥, 𝑢)

]︀
d𝑥

≥
∫︁

Ω

inf
𝑦∈R
𝑧∈R𝑑

[︃
𝜎|𝑧|2 + (𝑈(𝑥)− 𝜆)𝑦2 +

𝑑∑︁
𝑖=1

(︂
𝜕𝜙

𝜕𝑥𝑖
(𝑥, 𝑦) +

𝜕𝜙

𝜕𝑢
(𝑥, 𝑦)𝑧𝑖

)︂]︃
d𝑥.

(3.8)

Thus, for any fixed 𝜙 and 𝜆 ∈ R, if

𝜎|𝑧|2 + (𝑈(𝑥)− 𝜆)𝑦2 +
𝑑∑︁

𝑖=1

(︂
𝜕𝜙

𝜕𝑥𝑖
(𝑥, 𝑦) +

𝜕𝜙

𝜕𝑢
(𝑥, 𝑦)𝑧𝑖

)︂
≥ 0 (3.9)

for all (𝑥, 𝑦, 𝑧) ∈ Ω×R×R𝑑, it follows from the inequality (3.8) that 𝜆0 ≥ 𝜆, thus providing a lower bound on
the principal eigenvalue of ℒ.

The above process can be taken further by optimizing over functions 𝜙. The result is the pointwise dual
relaxation method [8] which returns a lower bound 𝜆pdr ≤ 𝜆0 via the optimization problem

𝜆pdr := sup
𝜙,𝜆

𝜆 s.t. 𝜎|𝑧|2 +(𝑈(𝑥)−𝜆)𝑦2 +
𝑑∑︁

𝑖=1

(︂
𝜕𝜙

𝜕𝑥𝑖
(𝑥, 𝑦) +

𝜕𝜙

𝜕𝑢
(𝑥, 𝑦)𝑧𝑖

)︂
≥ 0, ∀(𝑥, 𝑦, 𝑧) ∈ Ω×R×R𝑑. (3.10)
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The following theorem demonstrates that there is no relaxation gap, i.e. 𝜆pdr = 𝜆0, in the case of purely Dirichlet
boundary conditions (Γ𝑅 = ∅).

Theorem 3.2 ([8], Thm. 4.1(1)). Let Ω be an open, bounded, and Lipschitz domain, 𝑈 : R𝑑 → R a smooth
function, 𝜎 > 0, and Γ𝐴 = 𝜕Ω. Then, 𝜆0 = 𝜆pdr. In particular, there exists 𝜆𝑘 ∈ R and 𝑓𝑘 ∈ 𝐶(Ω, R𝑑) such
that, with 𝜙𝑘 = 𝑓𝑘(𝑥)𝑢2, the sequence {𝜆𝑘, 𝜙𝑘}∞𝑘=1 satisfies

𝜎|𝑧|2 + (𝑈(𝑥)− 𝜆𝑘)𝑦2 +
𝑑∑︁

𝑖=1

(︂
𝜕𝜙𝑘

𝜕𝑥𝑖
(𝑥, 𝑦) +

𝜕𝜙𝑘

𝜕𝑢
(𝑥, 𝑦)𝑧𝑖

)︂
≥ 0, ∀(𝑥, 𝑦, 𝑧) ∈ Ω× R× R𝑑 (3.11)

for all 𝑘 ≥ 1 and 𝜆𝑘 ↗ 𝜆0 as 𝑘 →∞.

Notice that with 𝜙(𝑥, 𝑢) = 𝑓(𝑥)𝑢2 as in Theorem 3.2, the divergence theorem gives that∫︁
Ω

∇ · 𝑓(𝑥)𝑢2 d𝑥 =
∫︁

𝜕Ω

𝑛 · 𝑓(𝑥)𝑢2 d𝑆. (3.12)

In the case of Dirichlet boundary conditions, i.e. Γ𝐴 = 𝜕Ω, 𝑢 vanishes everywhere on the boundary and so
𝜙(𝑥, 𝑢) = 𝑓(𝑥)𝑢2 is indeed a null Lagrangian for any continuous function 𝑓 . While the full proof of Theorem 3.2
can be found in [8], we provide a brief sketch since it will be used to generate the upper bounds on 𝜆0 in
Section 3.3 below.

Sketch of Proof of Theorem 3.2. Putting the null Lagrangian 𝜙(𝑥, 𝑢) = 𝑓(𝑥)𝑢2 into the desired inequality (3.11)
gives

𝜎|𝑧|2 + (𝑈(𝑥)− 𝜆)𝑦2 + (∇ · 𝑓(𝑥))𝑦2 + 2𝑦𝑓(𝑥) · 𝑧 ≥ 0. (3.13)

The above inequality can be equivalently rewritten as the bilinear form[︂
𝑦

𝑧

]︂ᵀ[︂
∇ · 𝑓(𝑥) + (𝑈(𝑥)− 𝜆) 𝑓(𝑥)ᵀ

𝑓(𝑥) 𝜎𝐼𝑑

]︂[︂
𝑦

𝑧

]︂
≥ 0, (3.14)

where 𝐼𝑑 is the 𝑑× 𝑑 dimensional identity matrix. The bilinear form being non-negative is equivalent to having[︂
∇ · 𝑓(𝑥) + (𝑈(𝑥)− 𝜆) 𝑓(𝑥)ᵀ

𝑓(𝑥) 𝜎𝐼𝑑

]︂
⪰ 0, ∀𝑥 ∈ Ω, (3.15)

where ⪰ 0 denotes the matrix being positive semidefinite. Using the Schur complement, this now becomes
equivalent to

∇ · 𝑓(𝑥) + (𝑈(𝑥)− 𝜆)− 𝜎−1𝑓(𝑥) · 𝑓(𝑥) ≥ 0. (3.16)

Now, the specific choice 𝑓(𝑥) = −𝜎∇𝑢0/𝑢0, where 𝑢0 is the principal eigenfunction of −ℋ associated to 𝜆0, will
reduce (3.16) to 𝜆0 − 𝜆 ≥ 0. Maximizing 𝜆0 − 𝜆 ≥ 0 over 𝜆 thus results in the principal eigenvalue 𝜆0.

However, one should note that the Dirichlet boundary conditions give that 𝑓(𝑥) = −𝜎∇𝑢0/𝑢0 is not a valid
choice for the function 𝑓(𝑥) since it is not bounded (and not continuous) on the boundary of Ω. Thus, the full
proof of Theorem 3.2 provides a sequence that approximates this optimal choice while remaining continuous
and bounded up to the boundary. Roughly, this is attained by creating a sequence of larger domains {Ω𝑘}∞𝑘=1

which shrink down on Ω as 𝑘 → ∞ and obtaining principal eigenfunctions 𝑢𝑘
0 to −ℋ on the Ω𝑘 domains with

Dirichlet boundary conditions. The proof then takes 𝑓𝑘(𝑥) = −𝜎∇𝑢𝑘
0(𝑥)/𝑢𝑘

0(𝑥) and exploits the continuity of
the spectrum of −ℋ with respect to the domain to obtain the convergence results. This completes the sketch.
�
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Remark 3.3. Theorem 3.2 is specific to the case of Dirichlet boundary conditions. However, the above sketch
can be generalized to the case of mixed boundary conditions, i.e. Γ𝐴, Γ𝑅 ̸= ∅, by again taking 𝜙(𝑥, 𝑢) = 𝑓(𝑥)𝑢2

with 𝑓(𝑥) = −𝜎∇𝑢0(𝑥)/𝑢0(𝑥). One finds that this choice is again a null Lagrangian thanks to the fact that
𝑛 · 𝑓(𝑥) = 0 for all 𝑥 ∈ Γ𝑅 and that (3.16) will again reduce to 𝜆0 − 𝜆 ≥ 0. The technical hurdle in making this
sketch rigorous comes from proving the continuity of the spectrum of −ℋ with mixed boundary conditions with
respect to the domain to complete the proof as outlined above for the Dirichlet case. The author was unable to
find general results on this domain continuity and therefore the theoretical results are left specific to the purely
Dirichlet case, while our numerical results below indicate that these proofs (in certain cases) could likely be
achieved.

3.2. Relaxation to a sum-of-squares program

In this subsection we turn to a computational implementation for extracting the convergent sequences guar-
anteed by Theorem 3.2. In particular, we will demonstrate how to incorporate sum-of-squares (SOS) polynomial
optimization into the problem, which can be reformulated as a semidefinite program (SDP) to be solved numer-
ically using interior point methods.

We begin by assuming that 𝑈(𝑥) in (3.5) is a polynomial in 𝑥 and the set Ω is a basic closed semialgebraic
set, meaning that there exists polynomials 𝑔1(𝑥), . . . 𝑔𝑠(𝑥) so that

Ω =
{︀
𝑥 ∈ R𝑑 : 𝑔1(𝑥) ≥ 0, · · · , 𝑔𝑠(𝑥) ≥ 0

}︀
. (3.17)

Suppose further that the reflecting boundary component Ω can be broken into 𝑟 disjoint components Γ𝑅 =
Γ1 ⊔ · · · ⊔ Γ𝑟 defined by a single 𝑔𝑖(𝑥) vanishing on component Γ𝑖, i.e.

Γ𝑖 =
{︀
𝑥 ∈ R𝑑 : 𝑔𝑖(𝑥) = 0 and 𝑔𝑗(𝑥) ≥ 0, 𝑗 ̸= 𝑖

}︀
, (3.18)

and that the gradients ∇𝑔𝑖(𝑥) do not vanish anywhere on Γ𝑅 for all 𝑖 = 1, . . . , 𝑟. These assumptions will allow for
the formulation of (3.11) as a polynomial optimization problem that can be strengthened to an SOS condition
to obtain numerically converging lower bounds on 𝜆0. We may further generalize the above, including to Ω
being the disjoint union of semialgebraic sets, as is demonstrated in Section 4.2.2 below, but refrain from doing
so here to simplify the presentation.

Let R𝑑[𝑥]𝜈 be the set of 𝑑-dimensional vectors of polynomials in 𝑥 of maximal degree 𝜈. Then, taking
𝜙(𝑥, 𝑢) = 𝑓(𝑥)𝑢2 with 𝑓 ∈ R𝑑[𝑥]𝜈 gives the trivial lower bound

𝜆pdr ≥ 𝜆𝜈 := sup
𝜆∈R

𝑓∈R𝑑[𝑥]𝜈

𝜆

s.t.

{︃
𝜎|𝑧|2 + (𝑈(𝑥)− 𝜆)𝑦2 + (∇ · 𝑓(𝑥))𝑦2 + 2𝑦𝑓(𝑥) · 𝑧 ≥ 0 on Ω× R× R𝑑,

∇𝑔𝑖(𝑥) · 𝑓(𝑥) = 0 on Γ𝑖, 𝑖 = 1, . . . , 𝑟.
(3.19)

The optimization problem (3.19) is finite-dimensional for any 𝜈 ∈ N and generates an increasing sequence of
lower bounds by increasing 𝜈. Unfortunately, verifying pointwise inequalities of multi-dimensional polynomials
is an NP-hard problem in general [40]. We therefore proceed using a standard approach to strengthen all
polynomial inequalities in (3.19) to be weighted SOS constraints [26]. The result will be a convex maximization
problem in which the polynomial coefficients appear only linearly in the constraints of the problem which can
be reformulated as an SDP to be solved numerically.
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Let us denote Σ[·] to be the set of polynomials in the bracketed variables that can be written as sums of
squares of other polynomials. We consider the sets

𝒬𝜈(Ω) =
{︂

𝜌0 +
𝑠∑︁

𝑖=1

𝑔𝑖𝜌𝑖 : 𝜌𝑘 ∈ Σ[𝑥, 𝑦, 𝑧] ∩ R[𝑥, 𝑦, 𝑧]𝜈

}︂

𝒬𝜈(Γ𝑖) =

⎧⎨⎩𝜁𝑔𝑖 + 𝜌0 +
𝑠∑︁

𝑗 ̸=𝑖

𝑔𝑗𝜌𝑗 : 𝜌𝑘 ∈ Σ[𝑥] ∩ R[𝑥]𝜈 , 𝜁 ∈ R[𝑥]𝜈

⎫⎬⎭.

(3.20)

Polynomials that belong to 𝒬𝜈(Ω) are non-negative on Ω since (3.17) gives that 𝑔𝑖 ≥ 0 on Ω and 𝜌𝑘 ≥ 0 are
SOS. Similarly, polynomials in 𝒬𝜈(Γ𝑖) are non-negative on Γ𝑖 since 𝑔𝑖 = 0, while 𝑔𝑗 ≥ 0, 𝑖 ̸= 𝑗 and 𝜌𝑘 ≥ 0. With
these sets we may strengthen the polynomial inequalities in (3.19) to weighted SOS constraints

𝜆𝜈 ≥ 𝜆SOS
𝜈 := sup

𝜆∈R
𝑓∈R𝑑[𝑥]𝜈

𝜆

s.t.

⎧⎪⎨⎪⎩
𝜎|𝑧|2 + (𝑈(𝑥)− 𝜆)𝑦2 + (∇ · 𝑓(𝑥))𝑦2 + 2𝑦𝑓(𝑥) · 𝑧 ∈ 𝒬𝜈(Ω),
∇𝑔𝑖(𝑥) · 𝑓(𝑥) ∈ 𝒬𝜈(Γ𝑖), 𝑖 = 1, . . . , 𝑟,

−∇𝑔𝑖(𝑥) · 𝑓(𝑥) ∈ 𝒬𝜈(Γ𝑖), 𝑖 = 1, . . . , 𝑟.

(3.21)

Notice that condition ∇𝑔𝑖(𝑥) · 𝑓(𝑥) ∈ 𝒬𝜈(Γ𝑖) gives that ∇𝑔𝑖(𝑥) · 𝑓(𝑥) ≥ 0 on Γ𝑖 and −∇𝑔𝑖(𝑥) · 𝑓(𝑥) ∈ 𝒬𝜈(Γ𝑖)
gives that ∇𝑔𝑖(𝑥) · 𝑓(𝑥) ≤ 0 on Γ𝑖, which together give the desired equality condition ∇𝑔𝑖(𝑥) · 𝑓(𝑥) = 0 on Γ𝑖.
The advantage now is that the SOS constraints in (3.21) can be reformulated as SDPs and solved numerically
[26,42,44], thus providing the computational lower bounds on 𝜆0 ≥ 𝜆SOS

𝜈 .
The following theorem shows that the SOS lower bounds converge to 𝜆0 as 𝜈 →∞ when Γ𝑅 = ∅.

Theorem 3.4 ([8], Thm. 4.1(2)). If 𝑈 is polynomial, Γ𝐴 = 𝜕Ω, and Ω is a basic semialgebraic set with 𝑟2 −
‖𝑥‖2 ∈ 𝒬𝜈(Ω) for some 𝜈 ∈ N and 𝑟 ∈ R, then 𝜆SOS

𝜈 ↗ 𝜆0 as 𝜈 →∞.

Notice that the additional constraint 𝑟2 − ‖𝑥‖2 ∈ 𝒬𝜈(Ω) for some 𝑟 ∈ R implies that Ω is bounded since
‖𝑥‖2 ≤ 𝑟2 for all 𝑥 ∈ Ω. Unfortunately, boundedness of Ω is not always enough to guarantee this condition ([28],
Chap. 2), but it can be satisfied by adding the additional constraint 𝑔𝑠+1(𝑥) = 𝑟2

0−‖𝑥‖2 into (3.17) with 𝑟0 > 0
sufficiently large to not change the definition of the set itself. Finally, like Theorem 3.2, Theorem 3.4 is only
proven for the case that Γ𝑅 = ∅. If one is able to overcome the technical hurdles outlined in Remark 3.3 to obtain
a version of Theorem 3.2 with Γ𝑅 = ∅, then one can readily apply Theorem 3.5 of [8] to prove Theorem 3.4
with Γ𝑅 ̸= ∅. In the numerical demonstrations that follow we see no measurable difference in convergence of
the lower bounds to 𝜆0 between the Γ𝑅 = ∅ and Γ𝑅 ̸= ∅ cases so long as the other assumptions are satisfied.

3.3. Upper bounds on the principal eigenvalue

Upper bounds on 𝜆0 can always be attained through the Rayleigh quotient. That is, 𝜆0 ≤ 𝑅(𝑢) where

𝑅(𝑢) =

∫︀
Ω

𝜎|∇𝑢|2 + 𝑈(𝑥)𝑢2 d𝑥∫︀
Ω

𝑢2 d𝑥
(3.22)

and 𝑢 ∈ 𝐻1
0,Γ𝐴

. Note that the leading eigenfunction 𝑢0 of −ℋ will give 𝜆0 = 𝑅(𝑢0), while any other function
gives 𝜆0 < 𝑅(𝑢). Thus, tight upper bounds are achieved by good approximations of the leading eigenfunction,
for which we can appeal to the theory of the previous subsections to obtain.

To begin, recall from Theorem 3.2 and the discussion following it that near-optimizers of the pointwise dual
relaxation method (3.10) take the form 𝜙(𝑥, 𝑢) = 𝑓(𝑥)𝑢2 with

𝑓(𝑥) ≈ −𝜎∇𝑢0(𝑥)
𝑢0(𝑥)

=⇒ 𝑓(𝑥) ≈ −𝜎∇ ln(𝑢0(𝑥)). (3.23)
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Therefore, we may use the gradient theorem to approximate

𝜎 ln(𝑢0(𝑥)) ≈ 𝑢0(𝑥0) +
∫︁ 1

0

𝑓(𝛾(𝑡)) · 𝛾′(𝑡) d𝑡, (3.24)

where 𝛾(𝑡) = 𝑥0 + 𝑡(𝑥− 𝑥0) is a parametric curve in Ω with starting point 𝑥0 ∈ Ω fixed and 𝑢0(𝑥0) playing the
role of a constant of integration. Dividing by 𝜎 and taking an exponential in turn approximates 𝑢0(𝑥).

With this approximation of the leading eigenfunction of ℋ, we may then also compute its gradient for use of
(3.22) to bound 𝜆0 above. Indeed, using the identity 𝑢0(𝑥) = eln(𝑢0(𝑥)), we obtain the gradient

∇𝑢0(𝑥) = eln(𝑢0(𝑥))∇ ln(𝑢0(𝑥)) ≈ 𝑢0(𝑥)𝑓(𝑥)
𝜎

· (3.25)

Thus, no numerical derivatives are required to approximate the gradient of the principal eigenvalue. As we will
see in the examples below, this method can provide tight upper bounds on the leading eigenvalue that can
match the lower bounds from the previous subsection to 3 or more significant digits.

Finally, notice that our approximation of the leading eigenfunction for ℋ can in turn lead to an approximation
for the leading eigenfunction for ℒ. Indeed, if 𝑢0(𝑥) is an approximation of the leading eigenfunction of ℋ, then
the weight function 𝑤(𝑥) in (2.4) gives that 𝑢0(𝑥)(𝑤(𝑥))1/2 is an approximation of the leading eigenfunction of
ℒ.

4. Numerical demonstrations

In this section we provide numerical demonstrations of the theory from the previous section using semidefinite
programming. In particular, we use YALMIP [35] to reformulate SOS problems as SDPs and MOSEK to solve
them [1]. The combination of YALMIP and MOSEK can be used to tune linear combinations of coefficients for
a function to admit a representation as an SOS polynomial. In this way, we verify a polynomial 𝑝 belongs to
𝒬𝜈(Ω) from (3.20) by numerically identifying monomial coefficients up to degree 𝜈 so that each polynomial in
the set {︂

𝑝−
𝑠∑︁

𝑖=1

𝑔𝑖𝜌𝑖, 𝜌1, . . . , 𝜌𝑠

}︂
(4.1)

admits an SOS representation. This strategy can be observed in the associated code that accompanies this
manuscript, freely available [5], for which all demonstrations that follow can be reproduced in MATLAB.

4.1. Escape from a double well potential

Consider the 1-dimensional stochastic double well problem

d𝑋(𝑡) = 𝑋(𝑡)(1−𝑋(𝑡))(𝑋(𝑡) + 𝛼) d𝑡 +
√

2 d𝐵(𝑡) (4.2)

where 𝛼 ∈ [0, 1] is a parameter that moves the position of one of the potential wells. We further consider two
absorbing boundaries at 𝑥 = ±𝐿. In this case the generator is given by

ℒ𝑢 = 𝑢′′ + 𝑥(1− 𝑥)(𝑥 + 𝛼)𝑢′, (4.3)

acting on functions satisfying the boundary conditions 𝑢(±𝐿) = 0. The generator is symmetric in the 𝐿2 space
weighted by 𝑤(𝑥) = e−𝑥2[𝛼(4𝑥−6)+𝑥(3𝑥−4)]/(12𝜎), while the symmetrized elliptic operator takes the form

ℋ𝑢 = 𝑢′′ − 1
2
[︀
2𝑥2(1− 𝑥)2(𝑥 + 𝛼)2 − 𝛼(2𝑥− 1) + (2− 3𝑥)𝑥

]︀
⏟  ⏞  

=𝑈(𝑥)

𝑢, (4.4)
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Figure 1. Left: numerical upper and lower bounds on the principal eigenvalue of the operator
(4.3) with 𝐿 = 3 using degree 𝜈 = 6, 8, 10 polynomials. Right: approximations of the principal
eigenfunction of the operator (4.3) for 𝛼 = 0, 1 using the degree 10 polynomials that provide
the upper bounds at these parameter values.

again acting on functions with 𝑢(±𝐿) = 0. To improve numerical conditioning we will rescale space as 𝑥 ↦→ 𝐿𝑥,
resulting in the scaled elliptic operator

ℋ𝐿 =
1
𝐿2

𝑢′′ − 𝑈(𝐿𝑥)𝑢 (4.5)

now acting on functions with 𝑢(±1) = 0 and 𝐿 > 0 becomes another parameter.
Here we now have Ω = {𝑥 ∈ R : 1− 𝑥2 ≥ 0} and Γ𝑅 = ∅, meaning that both Theorems 3.2 and 3.4 are fully

applicable. Furthermore, we may anticipate the nearing singularity at 𝑥 = ±1 of the optimizing sequence 𝑓𝑘(𝑥)
in Theorem 3.2 by introducing a rational ansatz

𝑓(𝑥) =
𝑓(𝑥)

1− 𝑥2
(4.6)

for 𝑓 in the inequality in (3.10). The result is the equivalent polynomial inequality on (𝑥, 𝑦, 𝑧) ∈ Ω × R × R
given by [︂

1
𝐿2

𝑧2 + (𝑈(𝐿𝑥)− 𝜆)𝑦2

]︂(︀
1− 𝑥2

)︀2
+

(︀
1− 𝑥2

)︀
𝑓 ′(𝑥)𝑦2 + 2𝑥𝑓(𝑥)𝑦2 + 2

(︀
1− 𝑥2

)︀
𝑓(𝑥)𝑦𝑧 ≥ 0, (4.7)

after multiplying through by (1−𝑥2)2. We take 𝑓(𝑥) to be a degree 𝜈 polynomial in 𝑥 and optimize over 𝜆 ∈ R,
leading to the SOS-constrained polynomial optimization problem to bound 𝜆0 from below for any 𝐿 > 0.

For demonstration we will fix 𝐿 = 3, while noting that larger values of 𝐿 return similar estimates on the
minimal eigenvalue since the principal eigenfunction is localized about the two potential wells at 𝑥 = −𝛼, 1.
Notice that since Ω is defined by a single polynomial inequality, we require only on auxiliary SOS polynomial
𝜌1(𝑥, 𝑦, 𝑧) to implement (3.21). Since the inequality (4.7) has a maximal degree of 2 in the variables (𝑦, 𝑧), the
unknown 𝜌1 can also be taken to be quadratic in these variables as well, significantly decreasing the number
of unknown coefficients to be tuned by the numerical procedure1. Figure 1 presents numerical upper and lower
bounds over 𝛼 ∈ [0, 1] using the methods of Section 3 with 𝑓 of degree 𝜈 = 6, 8, 10. With 𝜈 = 10 upper and

1Doing this will not affect the convergence properties of Theorem 3.4. This is because the proof of Theorem 3.4 in Appendix B
of [8] shows that the weighted SOS representation coming from 𝒬𝜈(Ω) need only include polynomials up to the highest degree in
(𝑦, 𝑧) as 𝜎|𝑧|2 + (𝑈(𝑥)− 𝜆)𝑦2 + (∇ · 𝑓(𝑥))𝑦2 + 2𝑦𝑓(𝑥) · 𝑧.
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Table 1. Upper and lower bounds on the principal eigenvalue of operator (4.3) with 𝐿 = 3 at
different 𝛼 ∈ [0, 1]. Bounds are attained with degree 10 polynomials and are plotted in Figure 1.

𝛼 0.0 0.2 0.4 0.6 0.8 1.0

Upper Bound 1.3061 1.2509 1.1790 1.0933 0.9999 0.9095
Lower Bound 1.3047 1.2495 1.1775 1.0918 0.9984 0.9082

lower bounds coincide to plotting accuracy, agreeing up to three significant digits, as demonstrated in Table 1.
Figure 1 further provides approximations of the principal eigenfunctions of ℒ for 𝛼 = 0, 1 obtained from the
degree 10 near-optimizers 𝑓(𝑥) = 𝑓(𝑥)/(1− 𝑥2).

4.2. Brownian motion in a ball

In this demonstration we consider the motion of a Brownian particle in a ball in R2 and R3. Precisely, the
governing equations are

d𝑋(𝑡) =
√

2 d𝐵(𝑡), (4.8)

with 𝑋(𝑡) ∈ {𝑥 : ‖𝑥‖ < 1} and notably ∇𝑉 ≡ 0 here. Such a problem subject to various boundary conditions
on 𝜕Ω is well-studied in the mathematical literature [2,9,11,23,33,47]. This is due to the problem’s application
in biophysics and cell biology wherein an ion modeled by a Brownian particle attempts to escape a biological
cell through membrane channels. The reader is directed to the works [3,16,17,21,50] and the references therein
for a proper overview of the application of the problem to biology. From the mathematical perspective we note
that the generator is ℒ = ∆, the Laplacian operator on Ω, which is already in symmetrized form, i.e. ℋ = ℒ.

4.2.1. Fully absorbing boundary

We begin with a simple demonstration of the performance of the method to cases where the principal eigen-
value is known. The goal of this brief presentation is to highlight key aspects of the numerical implementation
for the more complex demonstration that follow for partially absorbing boundaries. Here we will consider full
Dirichlet boundary conditions on the unit ball Ω = {𝑥 : ‖𝑥‖ < 1} in R2 and R3. As in the previous double well
demonstration, we have Γ𝐴 = 𝜕Ω and Γ𝑅 = ∅, meaning that Theorems 3.2 and 3.4 fully apply.

Start with Ω ⊂ R2 for exposition. The 𝑥1 ↦→ −𝑥1 and 𝑥2 ↦→ −𝑥2 symmetry of the unit ball in R2 combined
with the equivariance of the Laplacian with respect to these symmetries guarantees that the unique principal
eigenfunction is such that 𝑢0(𝑥1, 𝑥2) is even in both of its arguments2. Then, since the optimizing sequence in
Theorem 3.2 is approaching ∇𝑢0/𝑢0, we consider 𝑓 = (𝑓1, 𝑓2) so that 𝑓1 is odd in 𝑥1 and even in 𝑥2, while 𝑓2 is
even in 𝑥1 and odd in 𝑥2

3. Furthermore, we again anticipate the singularity at the boundary of Ω coming from
the Dirichlet boundary conditions by introducing a rational ansatz 𝑓 = 𝑓/(1− 𝑥2

1 − 𝑥2
2). Thus, the polynomial

2One can take this argument further to find that 𝑢0 is radially symmetric and incorporating such radial symmetry would re-cast
the Laplacian as Δ = 𝜕2

𝑟 + 𝑟−1𝜕𝑟, where 𝑟 = ‖𝑥‖. Doing so here would require symmetrizing the eigenproblem to an associated
Witten Laplacian or working with an integrand of 𝑟|𝜕𝑟𝑢|2 − 𝜆𝑟𝑢2 in (3.5). Since all terms in the later formulation are polynomial,
the methods herein can be applied to this setting but we refrain from doing so since the results are strong enough with only the
assumed reflection symmetries.

3Restricting our search to such symmetric polynomials will not affect the convergence results in Theorems 3.4 as one can
always find symmetric polynomials that result in the same bound 𝜆𝜈 in (3.21) for a given degree 𝜈; see Proposition 6 of [43] or
Proposition 4.1 of [14] for methods of proving this.
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Table 2. Lower bounds on the principal Dirichlet eigenvalue of the Laplacian operator on the
unit ball in 2D (left) and 3D (right). Exact values for the principal eigenvalue are 5.7832 in 2D
and 9.8696 in 3D.

Degree Lower Bound

4 5.7393
6 5.7811
8 5.7832
10 5.7832
12 5.7832

Degree Lower Bound

4 9.7564
6 9.8613
8 9.8694
10 9.8696
12 9.8696

inequality that defines the problem (3.10) is given by[︀
𝑧2
1 + 𝑧2

2 − 𝜆𝑦2
]︀(︀

1− 𝑥2
1 − 𝑥2

2

)︀2
+

𝜕𝑓1

𝜕𝑥1
(𝑥1, 𝑥2)

(︀
1− 𝑥2

1 − 𝑥2
2

)︀
𝑦2 + 2𝑥1𝑓1(𝑥1, 𝑥2)𝑦2

+
𝜕𝑓2

𝜕𝑥2
(𝑥1, 𝑥2)

(︀
1− 𝑥2

1 − 𝑥2
2

)︀
𝑦2 + 2𝑥2𝑓1(𝑥1, 𝑥2)𝑦2

+ 2
(︁
𝑓1(𝑥1, 𝑥2)𝑧1 + 𝑓2(𝑥1, 𝑥2)𝑧2

)︁
𝑦
(︀
1− 𝑥2

1 − 𝑥2
2

)︀
≥ 0

(4.9)

where 𝑧𝑖 take the place of 𝜕𝑢/𝜕𝑥𝑖 for 𝑖 = 1, 2. Again Ω = {1 − 𝑥2
1 − 𝑥2

2 ≥ 0} is defined by a single polynomial
inequality, necessitating only 𝜌1(𝑥1, 𝑥2, 𝑦, 𝑧1, 𝑧2) to implement the SOS problem (3.21). Moreover, the symmetries
of 𝑓 = (𝑓1, 𝑓2) endow (4.9) with invariances with respect to the actions (𝑥1, 𝑧1) ↦→ −(𝑥1, 𝑧1) and (𝑥2, 𝑧2) ↦→
−(𝑥2, 𝑧2). Thus, we may take 𝜌1 to respect these invariances as well, while further restricting it to have no
more than quadratic degree in (𝑦, 𝑧1, 𝑧2) since this is also the case for (4.9). In implementing these restrictions
we greatly reduce the number of variables/coefficients in the SOS program which can help to mitigate poor
numerical conditioning that can arise when solving large SDPs.

The implementation for Ω being unit ball in 3D is nearly identical, but exhibits an additional 𝑥3 ↦→ −𝑥3

symmetry that is reflected in the polynomials. Table 2 presents lower bounds with increasing polynomial degree
of 𝑓 on the principal eigenvalues that quickly coincide at all presented digits. Moreover, the exact value of the
principal eigenvalues can be identified using separation of variables as approximately 5.7832 in 2D and exactly
𝜋2 ≈ 9.8696 in 3D. Upper bounds quickly match the exact value and so are not presented. For example, at
degree 4 in 2D the upper bounds match the exact value to three decimal places. Such high accuracy of the
upper bounds for low polynomial degree was also observed in Figure 1 in the previous demonstration.

4.2.2. Partially absorbing boundary

Let us now consider an escape problem wherein most of the boundary of a ball in 2D is reflecting with only
small exits from which the random walker can escape. We begin with a general setting for the problem by
considering a sequence of 𝑘 ≥ 1 points on the boundary 𝑥

(𝑗)
𝑏 ∈ Ω = {(𝑥1, 𝑥2) : 𝑥2

1 + 𝑥2
2 = 1} and a radius 𝑟 ≥ 0

to define

Γ𝐴 =
𝑘⋃︁

𝑗=1

{︁
𝑥 ∈ R2 :

⃦⃦⃦
𝑥− 𝑥

(𝑗)
𝑏

⃦⃦⃦
≤ 𝑟 and 𝑥 ∈ 𝜕Ω

}︁
, (4.10)

while the reflecting portion is what remains of the boundary, i.e. Γ𝑅 = 𝜕Ω ∖ Γ𝐴. Notice that when 𝑟 = 0
the problem reduces entirely to identifying Laplacian eigenvalues on the unit ball with Neumann boundary
conditions, meaning that the principal eigenvalue is 𝜆0 = 0 with constant eigenfunction. With 𝑟 > 0 the work
[33] shows that not only is the principal eigenvalue 𝜆0 positive, but in the asymptotic regime 0 < 𝑟 ≪ 1 we
have 𝜆0 ∼ −1/ log(𝑟). The goal of this demonstration is to show that the methods herein extend these results
into the non-asymptotic regime for moderate values of 𝑟 that is not necessarily amenable to analysis.
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Figure 2. Left: the unit ball in R2 with exits as in (4.10) symmetrically centered at (±1, 0) on
the boundary. Right: a single exit centered at (1, 0) on the boundary.

Two exit regions. Let us consider first the case 𝑘 = 2 with exits along the boundary centered at (±1, 0). To
implement the bounding method for this problem, we decompose the domain into disjoint subsets Ω1 and Ω2 so
that their closure intersects 𝜕Ω at only Γ𝐴 or Γ𝑅, but not both. Precisely, let 𝑏 = sup{𝑥 : 𝑥 ∈ Γ𝐴} = 𝑟

2

√︀
(4− 𝑟2))

and consider the semialgebraic sets

Ω1 =
{︀

(𝑥1, 𝑥2) : 1− 𝑥2
1 − 𝑥2

2 ≥ 0, 𝑏2 − 𝑥2
2 ≥ 0

}︀
Ω2 =

{︀
(𝑥1, 𝑥2) : 1− 𝑥2

1 − 𝑥2
2 ≥ 0, 𝑥2

2 − 𝑏2 ≥ 0
}︀ (4.11)

whose union is all of the unit ball Ω. This decomposition of the full domain Ω is illustrated in the left panel
of Figure 2. Notice that 𝜕Ω1 ∩ 𝜕Ω = Γ𝐴 and 𝜕Ω2 ∩ 𝜕Ω = Γ𝑅 in this case. We now implement the polynomial
optimization framework on Ω1 and Ω2 separately, but impose a continuity condition at the interfaces between
these sets. To begin, the Dirichlet boundary conditions on 𝜕Ω1 again lead to a rational ansatz for the null
Lagrangian, 𝑓 (1)(𝑥1, 𝑥2) = 𝑓 (1)(𝑥1, 𝑥2)/(1− 𝑥2

1 − 𝑥2
2), and so for (𝑥, 𝑦, 𝑧) ∈ Ω1 × R× R2 we have

[︀
𝑧2
1 + 𝑧2

2 − 𝜆𝑦2
]︀(︀

1− 𝑥2
1 − 𝑥2

2

)︀2
+

𝜕𝑓
(1)
1

𝜕𝑥1
(𝑥1, 𝑥2)

(︀
1− 𝑥2

1 − 𝑥2
2

)︀
𝑦2 + 2𝑥1𝑓

(1)
1 (𝑥1, 𝑥2)𝑦2

+
𝜕𝑓

(1)
2

𝜕𝑥2
(𝑥1, 𝑥2)

(︀
1− 𝑥2

1 − 𝑥2
2

)︀
𝑦2 + 2𝑥2𝑓

(1)
1 (𝑥1, 𝑥2)𝑦2

+ 2
(︁
𝑓

(1)
1 (𝑥1, 𝑥2)𝑧1 + 𝑓

(1)
2 (𝑥1, 𝑥2)𝑧2

)︁
𝑦
(︀
1− 𝑥2

1 − 𝑥2
2

)︀
≥ 0.

(4.12)

The boundary conditions on Ω2 do not necessitate a rational ansatz and so for (𝑥, 𝑦, 𝑧) ∈ Ω2×R×R2 we have

[︀
𝑧2
1 + 𝑧2

2 − 𝜆𝑦2
]︀

+
𝜕𝑓

(2)
1

𝜕𝑥1
(𝑥1, 𝑥2)𝑦2 + 2𝑥1𝑓

(2)
1 (𝑥1, 𝑥2)𝑦2 +

𝜕𝑓
(2)
2

𝜕𝑥2
(𝑥1, 𝑥2)𝑦2

+ 2𝑥2𝑓
(2)
1 (𝑥1, 𝑥2)𝑦2 + 2

(︁
𝑓

(2)
1 (𝑥1, 𝑥2)𝑧1 + 𝑓

(2)
2 (𝑥1, 𝑥2)𝑧2

)︁
𝑦 ≥ 0.

(4.13)

However, the Neumann boundary conditions on 𝜕Ω2 now necessitate the inequality conditions

2𝑥1𝑓
(2)
1 (𝑥1, 𝑥2) + 2𝑥2𝑓

(2)
2 (𝑥1, 𝑥2) ≥ 0

−2𝑥1𝑓
(2)
1 (𝑥1, 𝑥2)− 2𝑥2𝑓

(2)
2 (𝑥1, 𝑥2) ≥ 0

(4.14)
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Table 3. Lower bounds on the principal eigenvalue of the Laplacian operator with Γ𝐴 as in
(4.10) and 𝑘 = 2 exits symmetrically placed at (±1, 0) and 𝑟 = 0.5 (left) and 𝑟 = 0.4 (right).
Upper bounds computed using degree 20 polynomials are 1.711 (left) and 1.403 (right). Lower
bounds for degrees larger than those presented are not reported as the solver failed.

Degree Lower Bound

10 1.398
20 1.676
30 1.692
40 1.702
50 1.708

Degree Lower Bound

10 0.881
20 1.372
30 1.393

for all (𝑥1, 𝑥2) ∈ 𝜕Ω2 ∩ 𝜕Ω = {1− 𝑥2
1 − 𝑥2

2 = 0, 𝑥2
2 − 𝑏2 ≥ 0}, where we are enforcing the equality 𝑛 · 𝑓 (2) = 0

through polynomial inequality conditions. Finally, we require a continuity condition from 𝑓 (1) in Ω1 to 𝑓 (2) in
Ω2 at their shared boundaries 𝑥2 = ±𝑏, so for all −1 + 1

2𝑟2 ≤ 𝑥1 ≤ 1− 1
2𝑟2 we impose

𝑓 (1)(𝑥1, 𝑏)− 𝑓 (2)(𝑥1, 𝑏)
(︀
1− 𝑥2

1 − 𝑏2
)︀
≥ 0

−𝑓 (1)(𝑥1, 𝑏) + 𝑓 (2)(𝑥1, 𝑏)
(︀
1− 𝑥2

1 − 𝑏2
)︀
≥ 0

𝑓 (1)(𝑥1,−𝑏)− 𝑓 (2)(𝑥1,−𝑏)
(︀
1− 𝑥2

1 − 𝑏2
)︀
≥ 0

−𝑓 (1)(𝑥1,−𝑏) + 𝑓 (2)(𝑥1,−𝑏)
(︀
1− 𝑥2

1 − 𝑏2
)︀
≥ 0

(4.15)

where we recall the rational ansatz for 𝑓 (1) whose denominator gets multiplied through the inequality conditions
to guarantee everything is polynomial when 𝑓 (1) and 𝑓 (2) are. Together the inequality conditions (4.12)–(4.15)
imposed on their respective semialgebraic domains and optimized over 𝑓 (1), 𝑓 (2) and 𝜆 provide bounds from
below on the principal eigenvalue in this case. As in the previous demonstrations, these inequality conditions
are strengthened to SOS conditions to be solved as an SDP. Finally, the 𝑥1 ↦→ −𝑥1 and 𝑥2 ↦→ −𝑥2 symmetries
of the domains allow one to impose the same symmetry conditions on 𝑓 (1) and 𝑓 (2) as were imposed on the null
Lagrangian in Section 4.2.1.

Table 3 presents lower bounds on the principal eigenvalue for this problem with 𝑟 = 0.5 and 𝑟 = 0.4 to the
trusted precision of three decimal places. Notice that the polynomial degrees on the null Lagrangians 𝑓 (1) and
𝑓 (2) are significantly higher than in the previous demonstrations, coming from the complexity of the problem,
the polynomial inequality conditions, and the leading eigenfunction. Furthermore, the solver fails at degrees 40
and 50 for 𝑟 = 0.4 and so these lower bounds are not reported in the table. Nonetheless, upper bounds are
computed using degree 20 polynomials as 1.711 for 𝑟 = 0.5 and 1.403 for 𝑟 = 0.4, agreeing with the largest
lower bounds to at least two significant digits. An approximation of the leading eigenfunction is presented in
Figure 3 for 𝑟 = 0.5, with the 𝑟 = 0.4 case looking similar.

The failure at high degrees for 𝑟 = 0.4 becomes even more pronounced as 𝑟 decreases since the eigenfunction
becomes singular as 𝑟 → 0+. While the singular regime can be amenable to mathematical analysis, it is not
suitable for these numerical techniques. For example, decreasing to 𝑟 = 0.25 one finds lower bounds up to degree
30 again, but now the gap between upper and lower bounds is slightly larger, putting the principal eigenvalue
in the interval [0.913, 0.938]. With 𝑟 = 0.1 the region Ω1 becomes numerically small and appears to have little
influence on the lower bounds since even at degree 50 we achieve a lower bound of 0.003. This value is only
slightly above the value 0.000 that comes from full Neumann boundary conditions (Γ𝐴 = ∅) and a significant
distance from the value of 𝜆0 ≈ 0.76 reported in [33].

One exit region. For further demonstration, let us consider the case of only one boundary exit (𝑘 = 1) located
at (1, 0). To implement the numerical bounding procedure we again break the domain into two regions, this
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Figure 3. Surface plots of the approximations of the principal eigenfunctions for the Laplacian
with partially absorbing boundaries given by (4.10) with (𝑘, 𝑟) = (2, 0.5) (left) and (𝑘, 𝑟) =
(1, 0.5) (right).

Table 4. Lower bounds on the principal eigenvalue of the Laplacian operator with Γ𝐴 as in
(4.10) and 𝑘 = 1 exit placed at (±1, 0) and 𝑟 = 0.5 (left) and 𝑟 = 0.4 (right). Upper bounds
computed using degree 20 polynomials are 0.563 (left) and 0.628 (right). Lower bounds for
degrees larger than those presented are numerically inaccurate as reported by the solver.

Degree Lower Bound

10 0.340
20 0.544
30 0.552
40 0.556
50 0.556

Degree Lower Bound

10 0.092
20 0.461
30 0.484
40 0.489

time given by

Ω1 =
{︀

(𝑥1, 𝑥2) : 1− 𝑥2
1 − 𝑥2

2 ≥ 0, 𝑟2 − 𝑥2
1 − 𝑥2

2 ≥ 0
}︀

Ω2 =
{︀

(𝑥1, 𝑥2) : 1− 𝑥2
1 − 𝑥2

2 ≥ 0, 𝑥2
1 + 𝑥2

2 − 𝑟2 ≥ 0
}︀
,

(4.16)

as depicted in the right panel of Figure 2. We again have the inequalities (4.12) on the set Ω1 and (4.13) on Ω2,
while (4.14) remains but is now enforced on the boundary

(𝑥1, 𝑥2) ∈ 𝜕Ω2 ∩ 𝜕Ω = {(𝑥1, 𝑥2) : 1− 𝑥2
1 − 𝑥2

2 = 0, 𝑥2
1 + 𝑥2

2 − 𝑟2 ≥ 0}. (4.17)

The major difference from the 𝑘 = 2 case above is that the continuity conditions between 𝑓 (1) and 𝑓 (2) are
enforced on 𝜕Ω1 ∩ 𝜕Ω2 = {(𝑥1, 𝑥2) : 1− 𝑥2

1 − 𝑥2
2 ≥ 0, 𝑟2 − 𝑥2

1 − 𝑥2
2 = 0} and defined by the inequalities

𝑓 (1)(𝑥1, 𝑥2)− 𝑓 (2)(𝑥1, 𝑥2)
(︀
1− 𝑥2

1 − 𝑥2
2

)︀
≥ 0

−𝑓 (1)(𝑥1, 𝑥2) + 𝑓 (2)(𝑥1, 𝑥2)
(︀
1− 𝑥2

1 − 𝑥2
2

)︀
≥ 0.

(4.18)

Finally, since the domains Ω, Ω1, and Ω2 no longer exhibit an 𝑥1 ↦→ −𝑥1 invariance, there is no symmetry in
𝑥1 that can be imposed on the functions 𝑓 (1) and 𝑓 (2). The symmetry in 𝑥2 remains.

Numerical lower bounds are presented in Table 4 for 𝑟 = 0.4, 0.5 and increasing polynomial degrees. Further-
more, an approximation of the leading eigenfunction in the case 𝑟 = 0.5 is presented in Figure 3. Again, results
are promising, but break down as 𝑟 becomes small and enters the singular parameter regime. Furthermore, while
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the degree 20 upper bound of 0.563 for 𝑟 = 0.5 matches the greatest lower bound reported in Table 4 to two
decimal places, the degree 20 upper bound of 0.627 for 𝑟 = 0.4 remains distant from the greatest lower bound
at 0.489 reported in Table 4. Increasing the polynomial degree to 30 lowers the upper bound to 0.580, but we
still see a significant break from all previous demonstrations where relatively low polynomial degrees provided
tight upper bounds. While we do not offer a hypothesis for the cause of this, we conclude by noting that we
have put the principal eigenvalue for (𝑘, 𝑟) = (1, 0.4) into the interval [0.489, 0.580] which is still quite small.

5. Discussion

In this work we have described and applied a numerical method for bounding principal eigenvalues of gener-
ators of stochastic processes from both above and below. Our focus here was on Brownian dynamics, but the
method is general enough to be applied to a wider class of stochastic differential equations. The applications
in Section 4 demonstrated the applicability on the model problem of escaping from a double well potential
landscape, as well as on the physically-relevant problem of a Brownian particle escaping a ball. Moreover, we
saw that these numerical upper and lower bounds are complemented with an approximation of the QSD, i.e.
the leading eigenfunction. While the method as it is presented in this manuscript is only applicable to poly-
nomial potential functions, one can apply various tricks to re-cast rational or trigonometric nonlinearities into
polynomial form (see for example [6]). Furthermore, one may additionally consider state-dependent 𝜎 with no
hindrance to the application of the method so long as the existence of an isolated leading eigenvalue of the
generator is known a priori. The result is a robust numerical method that is firmly rooted in theory which
can complement pencil-and-paper analysis to provide a better understanding of the probabilistic behaviour of
stochastic differential equations.

A potential avenue for further application of this method could be to large deviations of Markov processes.
Indeed, the Gärtner–Ellis theorem relates large deviations of stochastic processes to the leading eigenfunction
of a tilted generator [51]. Thus, at its core, one can apply the methods presented in this paper to bound
these leading eigenvalues from above and below. While recent work has employed computer-assisted proofs
to rigorously bound these leading eigenvalues to detect random bifurcations in stochastic systems [4], the
SOS methods herein provide an alternative, albeit non-rigorous, method to quickly and efficiently bound these
eigenvalues to good accuracy. Furthermore, the bounds and approximation of the leading eigenfunction from
these SOS programs could function as a pre-conditioner for rigorous numerical routines by providing accurate
initial guesses to start a computer-assisted proof.

Finally, it should be emphasized that finding SOS representations using SDPs can be made rigorous using
rational arithmetic [19, 37], interval arithmetic [24], or high precision arithmetic [18, 31]. This means that one
could provide validated upper and lower bounds on 𝜆0 with such numerical methods, thereby further bridging
the gap between theory and implementation. What is most important for any such SOS program is that it is
implemented in such a way to keep the problem numerically well-conditioned. This means building in any and all
symmetries to reduce the number of polynomial coefficients, as well as incorporating analytical information to
reduce the computational complexity of the problem, as was done with the rational ansatz in our demonstrations.
Without such information it is often difficult to achieve sharp bounds since numerical issues appear at high
polynomial degrees due to the size and complexity of the SDP to be solved. ackThese problems become especially
apparent for even moderate dimensions of 𝑥 ∈ Ω ⊂ R𝑑, thus making this method in its current form best-suited
for low-dimensional problems.
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Technologies (FRQNT). The author gratefully acknowledges helpful comments and discussions with Maximilian Engel,
Giovanni Fantuzzi, and David Goluskin. A special acknowledgment is made to Tony Lelièvre for providing discussions
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