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HDG METHODS FOR INCOMPRESSIBLE AND IMMISCIBLE TWO-PHASE
FLOW IN POROUS MEDIA: THE EXISTENCE AND CONVERGENCE OF
DISCRETE SOLUTIONS

Hartao LENG!® AND HUANGXIN CHEN?*

Abstract. In this paper, we investigate the numerical approximation of incompressible, immiscible
two-phase flow in porous media using backward Euler methods for time discretization and hybridized
discontinuous Galerkin (HDG) methods for saturation and pressure discretizations. Using the Brouwer
fixed-point theorem, we establish the existence of a discrete solution for the proposed scheme. Fur-
thermore, the sequence of discrete solutions solved by the discrete scheme converges, potentially after
passing to a subsequence, to a weak solution of the continuous problem. Finally, two numerical examples
are presented to validate both the accuracy and performance of the discrete scheme.

Mathematics Subject Classification. 35K55, 65M60, 76505, 76T10.

Received February 9, 2025. Accepted September 4, 2025.

1. INTRODUCTION

The modeling and simulation of two-phase flow in porous media are of significant interest and importance
in various real-world applications, including petroleum reservoir engineering and subsurface COs sequestration.
The mathematical model of two-phase flow in porous media comprises a coupled system of nonlinear partial
differential equations derived from the mass conservation law and Darcy’s law for each phase. The nonlinearity of
the system primarily arises from the relative permeability and capillary pressure functions, which characterize
the interactions between the porous medium and the fluids. Over the past few decades, various numerical
strategies have been developed to handle this inherent nonlinearity, including implicit-explicit (IMPES), semi-
sequential, semi-implicit, and fully implicit methods [12]. In the standard IMPES method [14], the saturation
equation is treated explicitly, making the method computationally efficient and memory-efficient at each time
step compared to the fully implicit approach. However, IMPES has several drawbacks. Notably, due to the
hyperbolic nature of the saturation equation, the method often requires the use of slope limiters [2, 30, 31, 36]
to suppress spurious oscillations, yet formulating these limiters can be complex. In contrast, the fully implicit
method does not relax the system’s nonlinearity and therefore demands significant computational resources to
solve the nonlinear system at each time step, but it avoids the need for slope limiters [4,24].
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The selection of spatial discretization also plays a critical role in the solution process of two-phase flow
in porous media, since local mass conservation property and efficiency of implementation are all important
features. Currently, mixed finite element (MFE) methods have been extensively used in the simulation of two-
phase flow in porous media [13,23] for the reason that it can be able to compute the pressure and the velocity
simultaneously and maintain the local mass conservation property. In heterogeneous porous media with different
distributions of permeability, discontinuous saturation may arise in the entire domain. Thus the discontinuous
Galerkin (DG) methods, which possess local mass conservation, are preferable [24,26] in this case because
its approximation space is discontinuous. Recently, the HDG methods, proposed by Cockburn et al. [15] for
second order elliptic problem, also have been successfully used in the simulation of two-phase flow in porous
media [16,27] without numerical analysis. One advantage of HDG methods is that the resulting algebraic
system based on the HDG method is only due to the unknowns on the skeleton of meshes, and this will reduce
significantly the computational complexity compared with the classical DG method, especially when high order
polynomial approximations are used. Up to now, HDG methods have been widely used in engineering and
scientific computing, see [9,35,40,41,45] and references therein for more details. Here we also mention [28,30,44]
for the coupled MFE and DG methods, and [8,43,46] for the finite volume method.

Although numerical simulation of two-phase flow in porous media has been investigated for many years,
the corresponding numerical analysis, including the existence and convergence of discrete solutions, is rarely
involved. By introducing the global and complementary pressures, Chen [10] proved the existence and uniqueness
of weak solutions for an appropriate weak formulation of two-phase incompressible flow in porous media, and
analyzed a priori error estimates for a discrete scheme with MFE methods for the global pressure and velocity
and Galerkin methods for the complementary pressure [11]. For a numerical scheme designed in [24] with DG
methods for the global pressure and non-wetting saturation, Epshteyn and Riviére [25] proved the existence
of discrete solutions by Leray—Schauder theorem and derived a priori error estimates. In [37], Kou and Sun
proved a priori error estimates for a semi-discrete scheme with DG methods for the wetting-phase saturation
and pressure. In [38], they proved the existence and uniqueness of discrete solutions and derived a priori error
estimates for a numerical scheme using MFE methods for the global pressure and velocity and DG methods for
the wetting-phase saturation. Here we also mention [7] for a posteriori error estimates of finite volume methods,
and [8,32] for the existence and convergence of discrete solutions for finite volume methods of two-phase flow
in porous media involving dynamic effects in capillary pressure.

In [25,32,37,38], the convergence results, deduced from the standard a priori error analysis, exclude the case
of nonsmooth solutions which may be present in physically realistic scenarios. For this reason, here we conduct
the numerical analysis that can be used to deduce convergence to weak solutions in the absence of additional
regularity for the wetting-phase saturation-pressure formulation of two-phase flow in porous media. The reason
for choosing the wetting-phase saturation-pressure formulation is that the complementary pressure introduced
in [10,11] has no physical meaning and it is difficult to use it to solve the saturation.

This paper is a continuous of our previous works [40,41]. In this paper, we design a fully discrete scheme with
backward Euler methods for the time discretization and HDG methods for the wetting-phase saturation and
pressure discretizations. By the Brouwer fixed-point theorem [51], we prove that the proposed discrete scheme
has a discrete solution under assumptions (A1)—(A5) (see Sect. 2). Based on the uniform boundedness of discrete
solutions in time and space. By the analysis tools developed in [3,18], we also prove that the sequence of discrete
solutions converges, possibly after passing to a subsequence, to a weak solution of the continuous problem. It is
worth noting that the proof of the convergence is made challenging by the discontinuous nature of our numerical
method, since the standard compactness result like Aubin—Lions theorem can not be used directly. Moreover,
from numerical experiments provided in Section 5 we can observe that the discrete scheme proposed in this
paper is able to be applied to the problem which does not satisfy the assumption (A4) and the problem with
the realistic permeability.

Discrete compactness results of HDG methods appear scarce. In fact, we only find two relevant literatures
[34, 35]. In [34], Kikuchi proved a discrete version of the Rellich-Kondrachov theorem and applied it to the
convergence analysis of second order elliptic equations. In [35], Kirk et al. proved a variation of the discrete
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Aubin-Lions-Simon theorem [47,50] by the discrete functional analysis tools [18] and applied it to the con-
vergence analysis of time-dependent incompressible Navier—Stokes equations. Compared with HDG methods,
discrete compactness results for DG methods have been well studied. We refer the reader to [6,18] for the discrete
version of Rellich—Kondrachov theorem and [42] for the discrete version of Aubin-Lions—Simon theorem. Here
we also mention [17,20] for the discrete version of Rellich-Kondrachov theorem for hybrid high-order methods
proposed by Di Pietro and Ern [19].

The rest of this paper is arranged as follows. In Section 2, we describe the model and the corresponding
assumptions on the problem data. In Section 3, we introduce a fully discrete scheme and prove that it has a
discrete solution by the Brouwer fixed-point theorem. In Section 4, by the compactness arguments we prove
that the sequence of discrete solutions converges to a weak solution of the continuous problem. In Section 5,
two numerical examples are shown to validate the numerical result and the performance of the discrete scheme.
Finally, we conclude the paper in Section 6.

2. THE DERIVATION OF MATHEMATICAL MODEL

The mathematical model of incompressible and immiscible two-phase flow in porous media is described by
the phase mass conservation law

¢%+V~ua:Fa, a=n,w, (2.1)
ot
Darcy’s law
kTG{

Uy = — m K(Vpa + pagVz), a=n,w, (2.2)

and constraint relations
Sw + S, =1, (2.3)
pc(Sw) = Pn — Pw, (2'4)

where ¢, g, z, K and p. denote the porosity of the medium, the gravity acceleration, the depth, the absolute
permeability tensor and the capillary pressure, the subscripts n and w denote the non-wetting and wetting
phases, Sa, Pa, Ua, Pas fa, kro and F, denote the saturation, the pressure, the velocity, the density, the
viscosity, the relative permeability and the external volumetric flow rate of the phase a.. Note that in this model
the capillary pressure and relative permeabilities are the given functions of the wetting-phase saturation .S,,.
For ease of presentation, we disregard the effect of gravity in this paper. We set S = .S,, and p = p,,. Moreover
we define the phase mobility A\, = ’j”‘ , the total mobility A\ = A, + A, and F; = F,, + F,,. Then summing the

22

mass conservation equations (2.1) and noting the constraint conditions (2.3) and (2.4), we have

-V - (MKVp) = V- (\KVp,.) = F,. (2.5)
Applying the Darcy’s law to the mass conservation equation (2.1) of the wetting phase, we obtain that

¢%‘j — V- (\KVp) = F,. (2.6)

With (2.5) and (2.6) at hand, we can use (2.5) to calculate the pressure and update the saturation by (2.6),
thus we call (2.5) and (2.6) the pressure and saturation equations respectively. In order to close the model,
we still need to specify the boundary and initial conditions. To this end, we consider an open and bounded
polygonal or polyhedral domain Q@ C R? (d = 2,3) with Lipschitz boundary I' = 99, and a time interval
J = (0,T) with final time T that is a positive constant. Then the boundary conditions are specified by

S=5Sp, p=pp, onJ xTI'p, (2.7)
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AMKVp -n=KMNVp+A,Vp:) n=0, onJ xTIy, (2.8)
and the initial condition is given by
S =Sy, in {0} xQ, (2.9)

where I'p denotes both inflow and outflow boundaries, Iy indicates the no-flow boundary, and n denotes the
unit outward normal vector to I'y. In addition, ' =T'p Uy and Tp NT'x = 0.

Next we introduce a weak formulation for the coupled system (2.5)—(2.9) and state the existence of weak
solutions. Before this, we introduce some notations and assumptions on the problem data. For any nonnegative
integer s, open subset D C €2, and 1 < g < o0, let W*4(D) be the Sobolev spaces (see [1]) with norms ||+ ||y s.q(p)
and seminorms | - |yy=.a(p). In particular, if ¢ = 2, W*2(D) is denoted by H*(D). If s = 0, W4(D) is replaced
by L4(D). For any Banach space X, L4(J; X) and W14(.J; X) denote the Bochner spaces with norms

T
ol Za0r.x) :/ [l de 1< g <oo, [[v]pee(sx) = max|vllx,
? 0 cJ
lvllwrarx) = [lvllLarx) + 10| Lar.x)-

Throughout the paper, we make the following assumptions on the data of the model.

(A1) The porosity of the medium ¢ € L>(Q) satisfies that 0 < ¢, < ¢(z) < ¢* < oo. The absolute permeability
tensor K(x) is bounded, symmetric, and uniformly positive definite, i.e.,

§TK(x)¢
€12

We denote K = (K%)TK%. The external volumetric flow rates F,, and F,, belong to L>(J; L?(f2)), and
ITpl # 0.

(A2) The phase mobility A, (S) is a Lipschitz continuous function in S and satisfies that 0 < A¥ < A, (S) <
A, < ooand 0 < A7 < A, (S) < M < oo for any S € [0,1].

(A3) For any S € [0,1], —p’, is a Lipschitz continuous function in S and satisfies that 0 < p¢ < —p,(S) < pi <
0.

(A4) There exists a positive constant e such that

max{ An (1—p;)}§e<2.

— APl

0< K, < <K*<oo, z€Q, 0+#¢cRe (2.10)

(A5) Sy € Wh(Q) and 0 < Sy(z) < 1 a.e. in . On the inflow and outflow boundaries, Sp and pp are two
constants independent of the time.

Now we are ready to introduce the weak formulation of the coupled system (2.5)-(2.9): find S €
L2(J; HL(Q)) + Sp with 9,8 € L2(J; Hp'(Q)) and p € L2(J; H5(Q)) + pp such that

T T T
/ (90, S, v) dt + / (MK Vp, Vo) dt = / (Fy,v)dt, (2.11a)
0 0 0
T T
/ (MK Vp, Vw) + (A KVp., Vw) dt = / (F}, w) dt, (2.11b)
0 0

for any v,w € L*(J; H5(Q)) and S(0,-) = Sp, where Hp () == {v € H(Q) : v|r, = 0}, H5'(Q) is the dual
space of H}(Q), (-,-) denotes the duality pairing between spaces H}(Q2) and HBI(Q), and (+,-) denotes the
standard inner product in L?(Q2). By Theorem 2.1 of [10], we know that under assumptions (A1)-(A5) the weak
formulation (2.11) has a weak solution.
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Remark 2.1. If we introduce the global and complementary pressures and view them as unknowns, the bound-
edness of A\, (a € {w,n}) and —p/, stated in assumptions (A2) and (A3) is not necessary on the existence of weak
solutions, see [10] for more detail. However, in the practice, the complementary pressure has no physical meaning
and it is difficult to use it to solve the saturation. Therefore in this paper we consider the pressure-saturation
formulation (2.11) under assumptions (A2) and (A3).

Remark 2.2. Assumption (A4) stated as above is similar with H6 of [37]. Moreover, the assumption is seemingly
necessary in the stability analysis, since one can find that it is difficult to derive an appropriate bound for
1122 (7511 (2)) and [|pllz2 (51 () directly by the weak formulation (2.11) if assumption (A4) is not satisfied.
By the way, in order to obtain assumption (A4), we can make i— to be sufficiently large, or set —p, to be an
appropriate positive constant (for example, —p/, = 1). For the first situation, one may require that the wetting-
phase saturation S has a lower bound that is far away from zero. For the second situation, one can observe
that the capillary pressure p. is a linear function of the wetting-phase saturation S. This type of dependency
holds, however, only if measurements are carried out under equilibrium conditions. In other word, between two

successive measurements the fluids have sufficient time to redistribute inside the medium.

3. NUMERICAL DISCRETIZATION

Let 7}, be a conforming and shape-regular triangulation of the domain §2. Denote by &£/ the set of all interior
edges/faces of 7j, and £ the set of all boundary edges/faces. We define &, = &7 U &7, 55 ={Feé&,:FcTlg}
for $ = N,D, and 07, = {0K : K € T}, where 0K denotes the boundary of the element K. For each K € T},
and F' € &, let hix and hr be the diameters of K and F. Moreover we define h = maxger, hi.

Based on the triangulation 7}, we define a mesh-dependent seminorm:

2 _
1o, mI* = V0l Zacry + Y hrtllv = plFeox):
KeT,
and discontinuous finite element spaces:
Vi, == {vn € L*(Q) : vp|x € P¥(K), VK € Tp },
Vi i= {0 € L2(E) : Oh|r € PR(F) YF € &, Tnlr =0 VF € &P},
for k > 1, where P*(D) denotes the set of polynomials of degree no larger than k on the domain D C Q.
Associated with each mesh 7}, we consider a partition {tﬁ}gio of the time interval [0, 7] such that 0 =t <

t,ll < < thNh =T and 77} =1t} — tZ_l. In addition, we assume that the time partition is quasi-uniform, that
is, there exists ¥ € (0,1] such that

Y max 77 < min 7.
1<n<Ny, 1<n<N,

In this paper, we adopt a backward Euler method for the time discretization and an HDG method for the
spatial discretization. Then the approximation scheme of the coupled system (2.11) reads as follows: for the

given S;Z_l €V, and 1 <n < Ny, find (S}L’,g,?) eV, x (‘7h + Sp) and (p},pp) € Vi, X (Vh + pp) such that

Sp — gyt -~ ol
<¢h o ’Uh) + aw(Sy; (Ph, Ph)s (vh, 0n)) = (Fw,vh), (3.1a)
Th
ar(SR: (PR BR): (wns @) + b (73 (S35 ), (wns @) ) = (7w ), (3.10)

for any (vg, vp), (wp, Wp) € Vi X \7h and (S?, §2) = (IS, ﬁkSoL where I |k and ﬁk|F denote the L?-projection
operators onto P¥(K) and P*(F) for each K € T;, and F € &,
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and
ag(V; (07 ), (0n,0n)) = Mg (VIKVDR, Von) g + Y 05hi (B = Dy vh — Oh) o
KeT,
—((As(V)KVpy) - n,vn, — Un)oz, — (As(V)KVur) -n,py —Dp)or
bu (V5 (S5 87, (00, 50)) = On(VIPL(VIKVSE, Vun) 7, — Kdﬁ%@< sg%—m%K

~ (Oa(VIPLVIKVSE) 0,0 =By, — (O (VIRL(V)K V) -m, S = Sf)

for g € {w,n,t}. Here 62 ;0f > 0 are stabilization parameters with d; = dF, + %,

(-,)p = Z () and (-, Yop = Z (-, Yok,

KeD KeD

for any D C 7y, where (-, )k and (-, -)gx denote the standard inner products in L?(K) and L?(9K) respectively.

Next we are going to study the existence of discrete solutions of the coupled system (3.1). Before this, we
extend A\, A, and —p/, with the constant outside the interval [0,1]. More specifically, we set A\, (S) = A,
An(S) = A2, and —pl(S) = pS it S <0, and A, (S) = XY, A (S) = Ak, and —pl(S) = p} if S > 1. Furthermore
we provide the following well-known properties.

Lemma 3.1 ([5], Lem. 4.5.3, [29], (2.3), and [39], Lem. 3.1). For each D € T}, or D € &,

dp

ollwmapy, 1<g<i<oo, 0<m<s<k+1, (3.2)

m9+l—

lvllwe1(py < Cohp

for any v € P¥(D), where hp and dp denote the diameter and dimension of the domain D. Moreover for each
K €T, we have
(i

lo- nll-1/200) < Cell9llz2a) + bV - vllz2(x)) (3-4)

), 1<s< o0, (3.3)

for any w € WH*(K) and v € H(div, K), where H(div,D) = {v € (L*(D))*:V -v € L*(D)} for D C Q.
Lemma 3.2 ([18], Thm. 2.1). If1 < g < oo ford=2 and 1 < ¢ <6 for d =3, we have
onllzagay < Cell@n, T)ll,  Y(vn, Bn) € Vi x Vi (3.5)

Now we want to use the Brouwer fixed-point theorem ([51], Prop. 2.6) to show the existence of discrete
solutions of the coupled system (3.1). To this end, we consider Fj, as a map on Vj, X (Vj, + Sp) such that for
any (q)h,qh,) € Vi x (Vh + SD) fh(@h,zﬁh) = (Sh,gh) is a part of the solution (Sh,gh,ph,]/?\h) € Vp X (ﬁh +
SD) X Vy, X (Vh erD) of

Sy — Snt - N —n
(<z>”nh7vh> + @ (®@ns (pns ), (00 5)) = (o on ) (3.62)
Th
at(Pp; (Prs Pr), (Wh, Wh)) + by, (@h; (Sh7§h), (wm@h)) (F?,wh) (3.6b)

for any (vp, 0p), (wp, W) € Vi X 17h.

Lemma 3.3. For 8 € {w,n,t}, let the stabilization parameters (5%; and 6 be constants such that 05 is large

enough and 6P is far greater than 05. Then if assumptions (A1)-(A4) hold, the problem (3.6) has a unique
solution.
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Proof. For any given ®, € V},, it is obvious that the problem (3.6) is a linear system. Thus we only need to
prove that the problem (3.6) just has a zero solution if Sp = pp = F, = F, = Spt=o.
Sum the two equations in (3.6) and set (vp,0p) = (Sk, Sk) and (wp, Wr) = (pr, — Sh, Prn — Sh) to infer that

1 N N ~ .
7 VoS h‘ . + ai(®n; (Phs Pr), (PhsPr)) — bn (‘I’m (Sh,Sh), (Sh75h>)
=an (‘I)h; (PrsPh)s (Sm §h>) —bn (q’h; (Sh» §h>7 (Phﬁh))' (3.7)
According to the definitions of a; and b,,, we obtain by Lemma 3.1 that
2+e 4(Ce(1+ Cy,)N*K™) 2
VNK? ‘ 5 — hiy
Vpn Lo(n) + ( t (2= O\ K. )K; Hlpn — Prllz2 o)
< ai(; (phsPn)s (P, Dr))s (3.8)

and

24¢

1 2 4(Ce(1 4 C)ALpEK*)? .
V- p K2 59 — R |Sh — Shll3e
Pe VShHm(Th) " ( " 2 — NPk, K;h 181 = Slz2corc

< —bn('; (Sh7§h>7 (Sh,§h>), (3.9)

where A\* = max \; and A\, = min )\;. Similarly, by Lemma 3.1 we also have
an ('; (P, Dh), (Sh7§h>) —bn ('; (Sh, §h), (l%ﬁh))
1/2
1/ 7/\npcKQVShHL (T) 5‘D + 6S ( Z hl_(1||ph ﬁh”%ﬁ(@K))
h

-

KeTy,
1/2
X <Z hi'lISh Shlliz(ax)> + Ce(1+ Co) N K™ (L+ p) I Vpnll 27, (3.10)
KeTy,
1/2
—1 5112 * * *
X ( Z hK HSh — Sh’ LQ(BK)> Jrct(l +Cv)>‘nK (1 erc)HVShHL?(Q)
KeTy,
1/2
X (Z h}lphﬁhﬂiz(a}()) .
KeT,

Thus by (3.7)—(3.10) we obtain that

Vs

Ph‘

t 2 (2 —€)K, A

s 02 4+65  2(Ci(1+C)K*)? [ 2(0%)?
L2(Q) 8 L2(T3)

1
Th

(Ar (14 p))
+ Nipe >> Z i llpn — ph||L2(8K)+ L2

\/ —)\anI<2 VSh
KeTy,

55— 6P 2(Cy 1+O))\*K*) (1+p5)?
e W*))zh\\sh—i

Then we finish the proof. O

L2(8K) —
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Remark 3.4. From the proof of Lemma 3.3, one can observe that the assumption (A4) is mainly used to ensure
that the first term on the right-hand side of (3.10) can be absorbed to the left-hand side of (3.7). In fact, by
using the inverse estimate in Lemma 3.1 we have

eH\/TtK%vph’ \/TnpgK%vsh’

: eNupl K C? 2

L2(Th) h2¢*

L2()

\/55%‘

€
< —
Yy 4

VAK Vi

L2(Thn) L2(Th

Thus if ;—’2 is sufficiently small, by the above inequality we know that the first term on the right-hand side of

(3.10) still can be kicked to the left-hand side of (3.7) without using the assumption (A4), hence the result
stated in Lemma 3.3 is still correct. Here h = minge7, hi.

In the following, we will prove that Fj, is a map on a nonempty, closed, and convex subset. To this end, we
consider an auxiliary problem

—Ayy=0 1inQ, (3.11a)
w =g on FD7 (Sllb)
Vi -n=0 onlIy, (3.11¢)

for any constant g. It is well-known (see [33], Thm. 1.6 and [49], Thm. 2.7) that the problem (3.11) has a unique
solution 1 € H' () satisfying

U]l a1 @) < CllgllLoe (rp)- (3.12)

Let (v, zz;h) € Vp % (‘A/h + g) be the HDG approximation of ¢ such that

a((uzh,@h), (vh,ah)) =0, Y(up,0n) € Vi x Vi, (3.13)
where

a((i/JhMZh), (Uhﬁh)) = (Vibn, Von)z, + Y 5h}1<¢h — Ppy o — 5h>6K

KeTy,

— (V¢ - n,0n — Un)yg, — <Vvh ‘n, 1 — qZh>3T

and ¢ is a positive constant denoting the stabilization parameter. From the proof of Lemma 3.3, we know that
the bilinear form a is coercive in Vj, x V}, with respect to the seminorm |||(-,-)||| if ¢ is sufficiently large. Thus
the problem (3.13) has a unique solution.

Lemma 3.5. For any given constant g, let (wh,zz;h) be the solution of problem (3.13). Then we have

lenllzzcoy + ||| (¥ns ) || < Collglze o (3.14)

where Cy is a positive constant independent of the mesh size.

Proof. Due to Vi € H(div, ), by a simple calculation it is easy to verify that the bilinear form a satisfies the
following consistency

a((w = n, Y — "Zh)a (Uhﬁh)) =0, (v, 0p) € Vi X Vi

With the coercivity of a, the above consistency, and Lemma 3.1, we have for any (x,X) € Vi X (‘711 +9)

H‘(X —¢h7>?—$h)m2 < Ca((X— ¢h,>?—1$h)7 (X— ¢h,>?—1$h))
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= Ca((x=,X = %), (X~ ¥n, X~ 0n))
< Ollw = x = D (x = v T =) ||
— (V=) m (x=n) — (Y= n))

oTh
< (I = xw = Ol + RIAW = 2 ) || (x = 7= ) |,
which, together with the triangle inequality, leads to
[ (= wnw =) ||| = €U = X0 = DM+ BIAW = X z2720)- (3.15)

With the fact that Aty = 0, we obtain by using the triangle inequality and setting x = II;¢) and X = ﬁlw that

H’ (ﬂihﬂZh) ‘H < O<||V77[}||L2(Q) + ‘H (%/1 —Yn, Y — TZh) HD
< C(IVYlze) + IV = )Lz ()) (3.16)
< CIVYllz) < Cllgllerp)-
Note that in the derivation of (3.16) we have used the stability of IIj, and the fact that
~12 ~ ~
X — X||L2(8K) = (X=X X —V)ax <IIx— XHm(aK)”w = Xllz2(ox)
~ ~1/2 1/2
< ClIx = Rlagore) (B 19 = X2y + DIV @ = 0l rc) ) (3.17)
~ 1/2
< Cllx = Rl pzomy 19 2.
Next we are going to bound |15 | 12 (q). By Lemma 3.2 and the triangle inequality we have
lYnllz2) < 1Y — xllz2@) + Ix = Yrlle2@) + [1¥llL2 )
< C(WHHl(Q) + M (X — Y, X — wh) HD
< ClYllar @) < Cllgllzerp),
which, together with (3.16), concludes the proof. |

Now we are ready to prove that F;, is a map on a nonempty, closed and convex subset.

Lemma 3.6. Let the map Fy, be defined in (3.6). Let the stabilization parameters 62 and 65 be constants for
B € {w,n,t} such that 55 is large enough and 6P is far greater than 85. Then if assumptions (A1)-(A5) hold,
Fn is well-defined in

2

i = { (50 5) € Vi x (T4 80 5 (ISl + | (50,80 ) < o3 (|

n HFZ

2
L2(Q) L2(Q)

1, 1112
+ HpDH%oo(FD) + ||SDH%°°(FD)) + %(b ( ’Sh 1”L2(Q) + C?HSDH%OO(FD)) }a

and Fi(Sr) C Sk, where C% and C’g_- are two positive constants defined in the proof.

Proof. Let ¥° and (w,f,zz,f) be the solutions of problems (3.11) and (3.13) with g replaced by Sp. Let P and
(¥}, 47) be the solutions of problems (3.11) and (3.13) with g replaced by pp. Then we sum the two equations
in (3.6) and set (vy,,5) = (S, — w5, S, — ¥3) and (wp, ©p) = (pr, — Yh — vp, Dr — YL — Tp) to derive that

(005 = S, (S = 0)) + ae(@s (). (e ) — (0 (51,51 ). (5. 51))
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= (an ((I)h; (PhsPh)s (Sh — 3, S — Jf)) —bn ((I)h§ (Sh, §h)7 (ph — 4y, Ph — ZZ;@))) (3.18)

(e (s 0o, (91 9) ) = (0 (50,50 (v1.4)))

+ ((Floon—vf) = (FoSn—wf)) =14+ 11+11L

Next we estimate I, II, IIT and the left-hand side of (3.18) separately. Similar with (3.8), (3.9) and (3.10), we
have by Lemma 3.1

in(¢(5h =S, (Sh —¥3)) + at(®r; (. Dh), (PrsDh)) — bn (‘I’h; (Sm §h), (Sh; gh))

Th
zﬁ(“ﬁ(sh—s;; ! 22 +Hfsh—wh —[[Vospt - ui) LQ(Q))

L
2+e 1 » ANVEKRC(1+C,))? . o
+ < 4 H\/)\»tK vPhHL2(Th) + (6t - (2 _ G)A*K* Z hK ||ph thL2(8K) (319)

KeTy,
n 2+¢€
4 L2(0K)

L2(@)

f 2 ANEpEK*Cy(1 + Cy))?
e R -3
p.K2VS, Leer) + ( N (2= npik, KET} h ||Sh h

; hpKE . ~ S =
I§€H\/)\>tK \Y7) L2(Th) VA K2V S, L2(Q) 0+ 00) K; k& <Sh e ph>6K
) 1/2
+ A1+ P K Ce(1 + (vPhHH 7,) (K; i HSh_ " L2<8K>>

1/2
+ ||VSh|L2(Th)< Z h;(1||ph —ﬁh|2L2(aK)> > ||/\ KvPhHLz (Th) vah HLz(Th
KeTy,

+ AP K) VSl ) VRN o, ) = 08 D2 B (pn =P =05
KeT,

— &, K; B (Sn = Sn0f = df) +AKC{1+C) <Vph||L2m>

1/2 1/2
S —_ fon) 2
o) 98y ( 5 il ) (320)
KeTy,

1/2
LZ(BK)>
1/2
+ ”v%"LQ(Th)( D e HShiSh L2(8K)> )
KeT,
e 3(2—e¢) 1 362 +205 +1  10(\,(1 —&—p*)K*C’t(l—f—Cv))Q

< (= K2 n n c

= (2+ 40 )HMt Von L2(77)+<

A

X Z h]_(1|ph_ﬁh”2L2(8K)+<2 )"szvgh

KeTy,

<Z hict || - oF

KeTy,

+AszZK*Ct(l+Cv)<||V5h||L2(Th)< hi H1/}h Z/JP
KeTy,

L2(Ty)
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2

467 +565 2 10(NS(L + pf)K*Cy(1 + Cy))> L o
n n n C h _
* < 8 * (2= O\K, KZE;L K Hsh S ’

L2(0K)
s s ||I? o 2
+C1(H‘(1/)ha¢h)m ""H(ﬂ’ﬁﬂ/ﬁ) )»
and
1< INKYP ) [ VO gy + 07 D D (pn = Bt = 7))
KeTy,
1/2
D p
+ N K*Cy(1+C, )(IIVphILz(T)< Z hi' W —Unl|,, BK)>
1/2
+ ||V¢Z||L2(Th)< Z h;}Ith —ﬁh|2L2(8K)> )
KeTy,
+||(f>\np’CK)VSh||L2(Th)||wa||L2(Th)+5S > h}—(1<5hf§h,¢,§f¢§>w (3.21)
KeTy,
1/2
NG+ G [ VS ! )
nPe +(1+ )<|| hLZ(’Z',L)(KET} K ||vn - v L2(0K)
1/2
+\|vw,€|lL2m)<Z hK1||Sh—sh||%z<aK>> )
KeT,
2—¢ 1 2 o +1 1 2 2—¢
=30 IV AtKth’mTh) 1 K;r P llen = Pulliaore) + 55 —A"pcszsh‘Lz(ﬂ
h

+

s ~
L S e (G R [T 5]

where C; and Cy are two positive constants depending on A}, A}, K*, K., \*, A\, p}, p§, Ct, C, and the
stabilization parameters. Then by (3.20) and (3.21) and Young’s inequality, we obtain that

2+3 8P + 362 + 265 +2
[41I< = €<H\/ K2vph‘ + |[VEAK VS, LQ(T)> + ( s ”I n F
h

1000, (1+ pH) K*Ci(1+ Cu)) ) <2ag+3a;§+2

L2(Ty)

Z hi ||Ph ph||L2 oK) T

(2 —e)ApS K, it 4

2

(2 =€)\ K,

10(A5 (1 + p2)K*Ci(1 4 Cy))?
t ) Z KHShf ‘L2(6K)

KeT,

revren([J( ) + e )).

which, together with (3.18), (3.19) and Lemma 3.5, yields

(Hf 51557 sy + VS =0
("szvph\ —|—Hx/—)\npcK2VSh‘

B H\[ o5~ 1 _wh)’ L2(Q))

N 362 — 265 — 2
L2(Tp,) 4

27’h

L*(Tn)



2774 H. LENG AND H. CHEN

_ ~ 112
> hitllpn = Bullz2 ok (3.22)

KeTy,

2(Cy(1+ C)KM)? [200%)? B (1+p2))?
T (2- oK, o LS

+

L2(8K)

85— 200 — 2 2NK*C,(1+C,)2 [ 202)°  5(1+pk)?
( 4 - (2= K, aepe TN Kz; hi “Sh_Sh‘

< (1 + OC (IS0l ry + Ipplery) + 111

Now we turn to estimate the term III. By Cauchy-Schwarz inequality, Lemmas 3.2 and 3.5, we have

< (7, o (el + 19312 oy ISl + [[95]]20)
-=n -=n
< |[F: LQ(Q)(”ph_wZHLZ(Q)—'_2|‘¢Z||L2(Q)>+ Iy 2 Q)(H‘Sh whHL2(Q)+2HwhHL2(Q))
<P gy (e[ (o = o = ) |+ 208 2 (3.23)
=" S & _ 78 S
B (5 850 ) 1)
< |2 g (Cellon Bl + 2+ CoOCulpollimirn)
+HF” L2(Q)< € (Sh’sh)m+(2+CE)CSHSDHL°°(FD))
<H\/ K2Vth +H\/f)\npcK2VShH ) Zh lpn — ph||L2(aK)
L2(Tw) KE€T,
0 5= 8y ) + €[ g+ I 15005 i)
LIRS LR W e Fa ey + 181y + 01 e

where Cj3 is a positive constant depending on A, A\, p5, K., C. and C, which, together with (3.22), leads to

e (VECRE AR N NEER \LQ(QHWS"WMLW)
(1ot + | (505 ') = (€04 e (H P L RCEY

2 2
+ HpDHLw(rD) + ||SD|L°°(FD)>’

where

a As Aps

_ P S _ *\2 %\ 2 * w\ )2
Oy e min [ 2 ONKL 38,205 -8 AL+ CIK) (20 | 5050490
16 1 2- oK,

(2 - ONpLK, 07 200 -3 20K Ci(1+C))* (2(p)* | 5(1+p2)?
16 ’ 4 (2 —e)K, Ape As '

Thus by (3.24) and the triangle inequality, we have

03 (I + ] (51:5)|[) < e (7]

2
v |

T lppl 2y + ||SD||%OQ<FD))

"llLz(a)
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1 ., 2
+¥¢ (HS;Z 1HL2(Q)+C§HSD”%°°(FD)>7

where
C% =min{Cy, 9.} and C% = C3+ (Cy + Cy + ¢*)C2.
Then we conclude the proof. O

With Lemmas 3.3 and 3.6 at hand, now we prove the existence of discrete solutions of the coupled system
(3.1) by the Brouwer fixed-point theorem in the following.

Theorem 3.7. For 3 € {w,n,t}, let the stabilization parameters 5% and 65 be constants such that 83 is large
enough and 0P is far greater than 835. Then if assumptions (A1)-(A5) hold, the coupled system (3.1) has a
solution (S, Sy, pr,pr) € Sp X Vi, x (Vi + pp) for the given Sﬁ_l €V, and each 1 <n < Ny,

Proof. Obviously, if we want to prove the existence of discrete solutions of the coupled system (3.1), we only
need to prove that the map Fj defined in (3.6) has a fixed point in Sp,. According to the Brouwer fixed-point
theorem ([51], Prop. 2.6), we know that the remaining task is to prove the continuity of the map Fy, in Sp,.

To this end, let (@?,@Z’) € Sp, be a sequence converging to (@h,&m) € S, as m tends to infinity. In
the following, we prove that (S,’l”,g,T) — (Sh,gh) in 8, as m — oo, where (S,T,ggn) = fh(@,ﬁ“,:lsg”) and
(S, §h) = Fn(Dp, EISh) By a simple calculation, we obtain that

1 ~ —~m ~
—r (@(Sh = Si"), vn) + aw(®5's (Ph = D)’ Ph = Pi'): (Un, 0n))
h
= au(®}; (P D) (U, Tn)) — aw(@ns (s Bn)s (U, Tn))  V(vn,Tn) € Vi x Vi, (3.25)
and
(@55 (o = DI B = B), (wny @) + b (O3 (S = S, 80 = Sit), (o, @) )
= at(®p"; (P, Ph)s (Wh, Wn)) — ar(Pn; (Phs Pr), (Wh, Wh)) (3.26)
b (@75 (S, S ) (wns @n) ) = b (@3 (Sn, S ), (wns @) Vwn, @) € Vi x T
In (3.25) and (3.26), we set (v, 0n) = (Sh — 7", Sy — Si™) and (wp, @) = (ph — P — Vn, Pr — Py — On). Then
we sum the two equations and know with (3.8)—(3.10) that there exists a positive constant C' such that
~ ~ 2
(15 = sty + | (51 = 580 = 3 ||+ o — i - 700

< aw(®p'; (PhsPh)s (U, Oh)) — aw(®h; (Ph, Ph), (Vh, Un)) (3.27)
+ ai(®h"; (Phs Ph)s (Wh, @Wn)) — a(@n; (Ph, D), (Wh, Wh))

b (D575 (0,50 ) (wns @) ) = b (@15 (S ) (wn, @) ) = o + Jo + Jo.
According to the definitions of ag and b, for 8 € {w, n,t}, we have by Lemma 3.1
a5 (5 (phs Bn)s (0, 51)) — (@1 (P, ) (01, 50)) (3.28)
< €%~ Bl 20 l0n N (IV0k] ey + B pn = Bl o)
and

bn (‘I’Zn; <5h,§h), (wh,@h)) —bn (‘Dh; (Sh,gh), (wh,@h)) (3.29)
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o~ —1 =~
< O = 0o MmO (IS + 1750 B )

where h = minger, bk, || - | (7,) = maxkez, || - [, and || - [z (o7,) = maxgeT, || - [ = (ox). Thus
J—0, Jy—0, J3—0, as m —0.
and this leads to
15— ST ey + | (50— 57,50 0) || = 0. s mo.
We conclude the proof. O

Remark 3.8. From the proof of Theorem 3.7, one can find that the quasi-uniformity of the time partition
{t} }N’L has not used. Thus the result presented in Theorem 3.7 are valid for any time partitions if assumptions
(A1)—(A5) hold.

4. CONVERGENCE

In this section, we are devoted to prove that there exists a subsequence of numerical solutions solved by
(3.1) converging to a weak solution of (2.11). Before this, we define piecewise constant functions (S, Sk,) and
(phrs Drr) on the time partition such that

(ShTVSh”')htZ_l,tm = (SszL?SiTLL) and (ph'raph‘r)ht" 1 134 (p27ﬁlz)v n= 172a"' 7Nha

and piecewise linear functions §hT and S, nr satisfying

~ R AR = t—tp! th—tgn1
S (b g1y = T St Th i and - Shur(t: )= ) = T S Th S

Note that in the subsequent analysis we will use A < B to denote A < CB, where C' is a generic positive
constant independent of the time and spatial discretization parameters. Moreover the value of C' might change
at each occurrence.

Lemma 4.1. Let (S};,gg,p}f,ﬁ}f) be the solution of problem (3.1) for 1 <n < N,. Let (Shﬂg;w), (PhrsDhr),
and Sy be defined as above. Then for any 1 < m < N, we have

ty .
Z/ 7| V60 Shr L(Q)dt+H\/ o) /O (]H(shT,ShT)

m 2 2 2
S ||SO||L2 o) T ||SDHLOC I'p) +th HFt”LO<> J;L2(2)) + HFnHLw J;L2(Q + ||pD||L<><> rp) ||SD||L<>0(FD :
) ( ( (J;L2() (I'p) )

2 ~~ 2
[+ 1o i)

Proof. From the proof of Lemma 3.6, we know that for the given SZ‘I € Vi, (Sp, §,f,p’,},ﬁ,’}) solved by (3.1)

satisfies (3.24) (there (Sh,gh,ph,ﬁh) is replaced by (S,?,g,?,pﬁ,ﬁﬁ)). Therefore, by summing (3.24) over the
time partition we have for any integer 1 < m < N
)

m 2
> vatsi - si)
2
lpplBgry + ||SDLOC<FD>),

+H\[ Syt — 1/’11)‘

L2(Q)

b
L2() + 20]: Z’rh <’

o 20> (e 500 + || (57.82)
n=1
< [[vass-vd)|

L2(Q) ‘ "lLz(0)
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which, together with Lemma 3.5, the triangle inequality and the definitions of §h7, Shr, §h7,ph7,ﬁh7, leads to

m ty 2 th ~
7;[:1 Th L2(Q) it H\/&S‘h +/0 (H‘(S}”’S}”)

m
2 2 " 2
S HSEHLz(Q) + WfHLz(Q) + Zth(HFtH%wu;p(Q)) 1 Full e sz2)) + 12Dl (rp) + HSD||2L°°(FD)>

n=1

2 m
S HS}?HLZ(Q) +ty <||Ft||2Loo(J;L2(Q)) F 1 Full 7w g2y + 1D (rp) + ||5D||2Loo(rD))- (by Lemma 3.5)

§h7’

2 ~ 2
[+ s rl?)

Thus we conclude the proof. O

Lemma 4.2. Let (S}Z,g}f,pz,ﬁ}f) be the solution of problem (3.1) for 1 < n < N,. Let (Shﬂg;”), (PhryDhr),
§hT, and ghT be defined as above. Then we have for any 1 < m < Nj,

t £ ~
ISt + v ) at 5 [ ([ (S B
J) (sl + el a5 (] (sr o)

+ 1 (Ip0 I3 ey + 19013 r)): (4.1)
1~
/ HShT
0

12(2) H‘(ShT’S’”)M )dt< /Ot?(llsmlliz(m + || (Sr Sir)
and

T
/ Hatghr
0

where Fﬁht;"l,tﬁ] = F; for p € {w,n,t} and 1 <n < Np.

[+ 1 i)

2
[)at+tilsaline @2

2 — 9 T 5
< ~
vy A Pl + / 1ot B ) I (43)

Proof. By Lemmas 3.2 and 3.5, we have
t;Ln 2 2
| (Ui + Ionelay) e
0
m t;l
n S112 S112 n 2 2
< Z /n_l(HSh — 0 ey + 05 ey + IR = Ry + 100y ) dt
S z /.
<[ (Is-5)
0

and this is the desired result (4.1). Next we are going to prove (4.2). According to the definitions of (§hT, S hr)
and (SY, SY), we have by the quasi-uniformity of the time partition, the stability of Iy, and (3.17)

t"’b _ : 2
(L5
L2(2)
5%/ (= l)z(wfz|izm>+\H(ss,§s)

t

1(‘” S — 1/’h75h ’l/)h)m "‘H¢h||Lz(Q)+m(Ph Vi D — WJ) H '|‘||7/’}L||L2(Q)>d75

2 ~ 2 m 2 2
|+ lne 5o lI? ) at + 85 (1ol ) + 19Dl )

)
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() (1 B s 50
< [ (150 + (S Sr) [) a5 k(1 + [ (52.50)
(3 ) R ) )
< [ (1 + (e ) sl

Now we turn to prove (4.3). For any w € L?(J; HL(R2)), let wp(t,-) = yw and @p(t,-) = I, w. Then we have
by (3.1a), the stability of I, and (3.17)

/0 (00807 w) at 5 Z/

= Z /t‘”fl (f" wh) - aw(S;Z; (p27ﬁirzl)a (why{l)\h)) dt

n=1""n

)

th

¢3t§hn wh) dt

Nl

S 1Pl smIoliscsscon + ( JT dt)

( / |||<wh,@h>|||2dt>
0

Sl 2 lwllzicz @) + (/ | (Pars Brr)[I° dt) Vw22 7;22(0))-

Thus we conclude the proof. O

With Lemmas 4.1 and 4.2 at hand, we are going to prove the first convergence result.

Theorem 4.3. Let 7, — 0 as h — 0 and (Sﬁ,gg,pﬁ,ﬁﬁ) (1 <n < Np) be a sequence of numerical solutions

solved by (3.1), where ), = maxi<n<n, T5- Let (Shr, Shr) and (phr,Phr) be defined as above. Then there exist
S € L2(J; HY()) with S|r,, = Sp and p € L*(J; H'(Q)) with p|r,, = pp such that, possibly after passing to a
subsequence,

Spr — S weakly in L?(J; L*(Q)), (4.4)
ViShr — Gn(Spr — Spr) = VS weakly in L2(J; (L2(Q))%), (4.5)
Spr — Sp  strongly in L*(J; L*(Tp)), (4.6)
phr —p  weakly in L*(J; L?(Q)), (4.7)
Viphr = Gu(phr — Phr) = Vp - weakly in L?(J; (L*())%), (4.8)
phr — pp  strongly in L? (J; LQ(I‘D))7 (4.9)

where Vy, is the broken gradient operator and Gy, is a global lifting operator such that for each K € T}, and
p € L2(0K), Ghlox : L2(OK) — (P*(K))? satisfies

(Gr(p), wn)x = (u, wp - NYor, Ywy € (Pk(K))d-

Proof. In the proof, we only prove the results corresponding to (ShT,ghT), since the results associated with
(phrs Dhr) can be proved similarly.
According to the definition of the lifting operator Gy, we have

2
o) dt</ ||vShT||L2(Th dH’Z/n ) Z HGh S~ )

th KeT,

/ HV}LS}W Gh(ShT_ShT

L2(K)
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/ ”v‘shT”L?(Th) dt + E / . E s ‘
th KeTy,
= / H’(Sh‘raShT>
0

From Lemmas 4.1, 4.2, and the above result, we know that Sy, and V;Sn, — Gp(Shr — §h7) are uniformly
bounded in L2(J;L?(Q)) and L2(J; (L?(2))%). Thus there exist S € L2(J; L*(Q)) and Gs € L*(J; (L?*(Q2))9)
such that, possibly after passing to a subsequence,

th

dt
Lz(aK)

H dt.

Spr = S weakly in L*(J; L*(Q)),
ViShr — Gh (ShT - §h7) — Gg weakly in L*(J; (L*(Q2))4).

Let ¢ € L2(J;(C5°(2))9), then by the Green’s formula and the definition of G}, we obtain that

tb ~
/0 (Shr, divep) dt = Z/ ’ —(VS2, ) <s;; — S n>an dt
t" R
- Z / o~ Tig), + (S = B (9~ ) - m) (110)

o7y

h
Ny, ty N
+ HZ::I /t;21 —(Vsh — Gin(Sy — Sh)a‘ﬁ)Th dt,
and this leads to
T T
/ (S, divp) dt = —/ (Gg,p)dt, ash— 0.
0 0

Thus we have VS = Gg € L%(J; (L?*(2))%), and hence S € L2(J; HY(Q)). If we let p € L(J;(C>*(Q))¢) with
¢ =0onTIy in (4.10), we have

T T T
/ (S, dive) dt = 7/ (VS,p) dt+/ (Sp,p -n)r,dt, ash—0,
0 0 0

which, together with the arbitrariness of ¢, yields S = Sp on I'p.
Next we are going to prove (4.6). By Lemma 4.1, we derive that

/ 1Shr — S 20y, dt =

n 1 L2(F)
Np, t;: 2
<h§:/ E:fH sy — 8
K h h
n—1 2 D
el th Ke L (E)Kﬂfh)

2
H dt -0, ash—0.

< |55

Therefore we conclude the proof. O
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Before proving the next convergence result, we pause to state the Aubin—Lions lemma.

Lemma 4.4 ([48]). Consider Banach spaces By, By, and Bs such that By — By is compact and By — Bs
is continuous. Assume that By is separable and reflevive. Then W := {v € L?(J;By) : 0w € L?(J; Bo)} is
compactly embedded into L?(J; By).

Theorem 4.5. Let 7, — 0 as h — 0 and (Sﬁ,gg,pz,ﬁz) (1 <n < Np) be a sequence of numerical solutions

solved by (3.1), where 1y, is defined in Theorem 4.53. Let (Spr, Shr) and Sh. be defined as above. Then for the
limit S of Spr in the sense of Theorem 4.3, we have, possibly after passing to a subsequence,

Spr — S strongly in L?(J; L*(Q)), (4.11)
0¢Shr — 8,5 weakly in L(J; H; (), (4.12)
Sy — S strongly in L? (J; LQ‘(Q)). (4.13)

Proof. Associated with the discrete space V},, we define a DG norm
lonllbe = lonllZe @) + IVhonlZo@) + D hE'llonlliery,  You € Va,
Fegy
where [-]|p denotes the jump on the edge/face F. Moreover by Theorem 2.1 of [18] and (6.6) of [3] we have
lonllBv o) + lvnllza) S llvnllpa,  Vou € Vi, (4.14)

where BV (Q) is the space of function of bounded variation. Let M = [BV () N L*(Q), L*(Q)]1/2 and M

be the closure of the span of V} in M, we know by the analysis in the below of Theorem 6.4 from [3] that
M is a separable and reflexive space and it is compactly embedded into L?(2). Thus by the Aubin-Lions
lemma stated in Lemma 4.4, we obtain that the space W = {v € L?(J; M) : 0y € L*(J; Hp')} is compactly
embedded into L?(J; L?(Q2)) by setting By = M, B; = L*(Q), and By = H,'(2). On the other hand, from
Lemma 4.2 and (4.14), we observe that Sj, is uniformly bounded in W, hence there exist S € L2(J; L2(Q))
and S € L?(J; H;'(Q)) such that, possibly after passing to a subsequence,

Sy — S strongly in L? (J; L*()),
8 Shr =S weakly in L2(J; H51(Q)).

Next, we are going to prove (4.13). By the definitions of Sy, and ghT and Lemma 4.1, we have

T 2 Nh t:
S — S‘ at = /
/0 H L2(Q) nz::l t271

S |8 - 3]

2
dt
L2(Q)

2 Nn o ety ol ~
+ n HasT
FIRNEDS /tzgm 8

Thus Spr — S strongly in L2(.J; L2(€2)), which together with the uniqueness of limits yields S = S.
For arbitrary v € Hi,(Q) and ¢ € C5°(J), a simple calculation implies that

T, T _
/ <8tShT,vcp> dt = f/ 8t<p<ShT,v> dt, (4.15)
0 0
By taking h — 0 in (4.15), we find that for any ¢ € C§°(J)

Shr + (£ —1)0:Spr — 5‘

2
dt — 0, ash—0.
L2(Q)

T T
/ (S,v)pdt = —/ (S, )0 dt.
0 0

Therefore S = 9,5 and we conclude the proof. O
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Theorem 4.6. Let 7, — 0 as h — 0 and (SZ,§271)Z,]’3\Z) (1 < n < Np) be a sequence of numerical solutions

solved by (3.1), where 1, is defined in Theorem 4.3. Let (Shr, §hT), (phrsDhr), and Shr be defined as above, and
(S,p) the limit of (Shr,pnr) in the sense of Theorems 4.3 and 4.5. Then (S,p) is a weak solution of (2.11) if
S9 — Sy strongly in L?(Q) and K € (W1°(Q))?x4,

Proof. From Theorem 1 of [21], we know that C>(Q2) N HL(Q) is dense in H}(f2). Therefore we sum (3.1)

over the time partition and take the test functions as (vp, Up) (Hkv,ﬁkv) and (wy, Wy) = (ka,ﬁkw) for
v,w € C§°(J;C°(Q) N HL(2)) to derive that

/OT (qsatg*hf,vh) dt + /0

T T R T
| st (e B (wn, @) At 4 [ b (S (S S ) (@) ) e = [ (Frown) e, (a.16b)
0 0 0

T T
aw(Sh‘r; (phT,ﬁh‘r)a (vhyi)\h)) dt = / (Fwa ’Uh) dta (4163)
0

where F for 8 € {w,n,t} is defined in Lemma 4.2. By Lemma 4.2, Theorem 4.5, and the definition of F,, we
observe that

T Nn o 1 ty
/ (Fw,vh)f(Fw,v)dt:Z/ Fw,—n/ vpdt —v | dt
0 . Th Jep=t

Nin oty 1 [th N ottt 1 [t
:Z/ Fw,—n/ vp —vdt dt+Z/ Fw,—n/ vdt —v | dt
oyt gt Ty, Jynt oyt =1 Ty, t'zfl

h h h

< HF’IDHL2(J;L2(Q))||’U}7« - U||L2(J;L2(Q)) + HFw||L2(J;L2(Q))H5_ UHL2(J;L2(Q))a

Where @|[tn71 tn] = T% J‘ttn;l—l 'Udt, and
h “h h h
T _ T . .
@01 Shr,vn ) — (90S,v dtz/ $0tShr, v — v ) + (P OShr — 0SS ), v ) dt.

[ (6080.0) = 605 0yt = [ (6050 -0) + (o(051, ~25) )
Thus

T T T _ T

/(Fw,vh)dtﬂ/ (Fy,v) dt, / <¢8t5h7,vh)dt—>/ (68,S,v) dt, as h — 0. (4.17)

0 0 0 0

Next we consider the limit of the term fOT @ (Shr; (Phrs Dhr), (Vn, Un)) dt as h — 0. By a simple calculation
and the definition of a,,, we can derive that

T
/ @us (St (D Pie ), (o, )
0
T T
= / ((Aw(Shr) = Aw(S)) KV hpnr, Viop) dt — / ((Aw(Shr) = Aw(8))KVvp - 0, phr — Phr)pg, A
0 0
T
+ / (Aw (YK (Viphr — Gh(Phr — Phr)), Viop) dt
0
T
— / (A (S)K — Ay TTp S IToK)Vy, - 1, ppr — ﬁh7>87’h dt (4.18)
0

T
- /0 (O (T S)TTK — A (S)K) G (D — e )s Von)
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T
+ / > b (phr = Phrsvn = Bn) ok — (A (Snr) K Vphr - 1,05 — Bn) o, dt
0 FKeT,

=L+ Lt Is+ I+

Note that in the derivation of (4.18), we have used the fact that A\, (IIp.S) is a piecewise constant function on
the domain partition 7}, since in this paper the case we considered is that A, (o = w,n) is a function only
depending on S. By interpolation error estimates, Lemma 4.1 and Theorem 4.3, we obtain that

T
I, — Ao (S)KVp,Vu)dt, Is —0, ash—D0. (4.19)
0

Since A, is Lipschitz continuous and Sy, — S in L2(J; L%(2)), the interpolation error estimates, Lem-
mas 3.1 and 4.1 yield

L 3 ||Vph||L2(J;L2(Th)) (HV(U - vh)||L2(J;L2(Th)) + || Shr — S||L2(J;L2(Q))||Vv||Loo(J;Loo(Q)))

T 1/2

- ~ 2

+ < o Z hK1||phT - phrHL?(aK) dt) (HV(U - Uh)HL?(J;L?(Th)) + hHVQ(U - Uh)HLz(J;Lz(Th,)) (4.20)
KeTy,

+ ”vv”LOC(J;LOO(Q)) (”Shf - S||L2(J;L2(Q)) + h||V(Shr — S)”LQ(J;LZ(T;L)))) —0, ash—0.
Similar to (4.20), we can also prove that
Is+14— 0, ash—0. (4.21)

Then combining (4.18)—(4.21) we derive that

T T
/ @ (Shr; (Dhrs Dhr ), (Un, p)) dt — / (A (S)KVp, Vu)dt, ash — 0. (4.22)
0 0

As for the terms appeared in (4.16b), we can adopt a similar method that has been used to obtain (4.17) and
(4.22) to prove that

T T
/ at(S}LT; (ph7'7ﬁh7')? (wha 72}\h)) dt — / ()‘t(S)Kvpa VU}) dta (423)
0 0
T N T
/zm@m(&msm)w%@wyne/‘QﬁﬁKw%vmdu (4.24)
0 0
T T
/,(Fhum)dt—e/n(F@UOdt (4.25)
0 0

Therefore, by (4.22)-(4.25) and the fact that C§°(J;C>(Q) N H}(Q)) is dense in L2(J; H5(S2)), we conclude
the proof. O

5. NUMERICAL EXPERIMENTS

In this section, two numerical examples are provided. In the first example, we confirm the convergence of the
HDG scheme (3.1). In the second example, we explore the potential of the HDG scheme (3.1) to the numerical
simulation of the problem with the realistic permeability. Throughout this section, we choose the stabilization
parameters as: 6 = 32, 67 = 30, and 62 = 16. Moreover, we assume that the absolute permeability tensor is
given by K = K1, where K is a positive constant and I is the identity matrix.
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TABLE 1. (Example 5.1). The convergence histories and orders of [|S — Si||r2(q) and |p —
Phllz2(0) at t = 0.5 for p. = —S.

IS = Snll2@y  Order |lp—paullp2@q) Order
9.4636e—03 - 1.5019e—03 -
2.3781e—-03 1.99 3.6570e—04 2.04

k=1 5.9409e—04 2.00 9.0807e—05 2.01
1.4849e—04 2.00 2.2664e—05 2.00
3.7119e—-05 2.00 5.6650e—06 2.00
3.9401e—04 - 5.5822e—05 -

k=2 4.9975e—05 2.98 6.8523e—06 3.03

6.2913e—06 2.99 8.5163e—07 3.01
7.8757e—07 3.00 1.0629e—07 3.00

S R R R

TABLE 2. (Example 5.1). The convergence histories and orders of [|S — Si||r2(q) and |p —
thLQ(Q) at t = 0.5 for Pec = 10/\/§

>

IS — ShllL2o)  Order |lp—pnllr2(q) Order
8.0493e—03 - 1.0250e—03 -
1.9529e—03 2.04 2.5850e—04 1.99

k=1 4.8562e—04 2.01 6.5036e—05 1.99
1.2125e—04 2.00 1.6290e—05 2.00
3.0298e—05 2.00 4.0778e—06 2.00
3.8856e—04 - 5.7572e—05 -

L=2 4.9660e—05 2.97 6.9007e—06 3.06

6.2441e—06 2.99 8.5349e—07 3.02
7.8131e—07 3.00 1.0635e—07 3.00

8l B 1 =1 2l gl i 1 1

Example 5.1. We take = (0,1)? and consider a problem with the exact solutions given by
S=05t+1)—Tzy(l —2)(1 - y)e_zz_yz7 p=(t+1)+ zytanh(l — z) tanh(1 — y).

Dirichlet boundary conditions are imposed for both pressure and saturation. Moreover, we invoke Brooks-Corey
relative permeabilities
B g4 (1-95)%(1 - 5?)

)\'w 5 )\n = )
How Hn

and fix the following parameters as: porosity ¢ = 0.3, viscosities y,, = 1072 and p,, = 1073, K = 107, and
T=1.

We set 7, = h? and test this example for two different capillary pressures p. = —S and p. = %. For the
first choice, the assumption (A4) is satisfied. For the second choice, the assumption (A4) is not satisfied. In
Tables 1 and 2, we present the convergence histories and orders of ||S — Sy ||z2() and ||p — pr| r2(0) at t = 0.5
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FIGURE 1. (Example 5.2). The permeabilities K.

for these two different capillary pressures. We observe that the errors [|S — Sy || 12(q) and ||p — pr|| L2 (o) reduce
with a convergence rate O(h**1) as the mesh size is decreased. This demonstrates that the discrete solution
solved by the HDG scheme (3.1) converges to the continuous solution as the mesh size tends to zero.

Example 5.2. In this example, the domain is = 80m x 80m. The relative permeabilities and the capillary
pressure are chosen as

Se (1-S.)2 0.1
A’I_U:_7 )\Tl:—? C:__lo SE’
Hw Hn b VK s

where S, is the effective saturation defined as (S — S4)/(1 — Spw — Srn), Spw = Spn = 1074 are residual
wetting and non-wetting phase saturations, and K is the data extracted from horizontal slices of the SPE
Comparative Solution Project of model 2 (https://www.spe.org/web/csp/datasets/set02.htm). Moreover
we fix the porosity and viscosities as ¢ = 0.2, p, = 5 x 1072 Pa.s and ji,, = 1073 Pa.s. At the left boundary
x = 0, Dirichlet boundaries conditions are imposed as pp = 6 Pa and Sp = 0.99. At the right boundary x = 80,
we set pp = 1 Pa and Sp = 0.01. The remaining boundaries are set as no flow.

The initial distribution of the wetting-phase saturation is set as S = 0.01 in entire domain. As the permeability
value is relatively small, its logarithm is presented in Figure 1 to make the illustration more clear. In Figure 2,
the evolution of the wetting-phase saturation on a 40 x 40 grid is shown for the permeabilities provided in the
middle and right-hand sides of Figure 1. Moreover, the evolution of the wetting-phase saturation on the 40 x 40
and 80 x 80 grids is also shown in Figure 3 for the permeability in the left-hand side of Figure 1. We can see
that the wetting-phase saturation avoids to flow to the region with low permeability which acts as a barrier.

Next, we test the convergence of the HDG scheme (3.1) for the example with permeability presented in
Figure 4. Since there are no exact solutions, we take the discrete solutions on a 160 x 160 grid as the reference
solutions. In Table 3, we show the convergence histories of |.S — Sul[z2(q) and ||p — pr||r2() at t = 3 day. We
can observe that these errors reduce as the mesh size decreases which verifies the convergence analysis.

We should point out that the above numerical results demonstrate that the HDG scheme (3.1) can be used
to simulate the problem with the realistic permeability.

6. CONCLUSION

In this paper, we design a fully discrete scheme for the wetting-phase saturation-pressure formulation of
two-phase flow in porous media with a backward Euler method for the time discretization and an HDG method
for the saturation and pressure discretizations. We prove by the Brouwer fixed-point theorem that the discrete
scheme has a discrete solution under assumptions (A1)—(A5). Moreover by the analysis tools developed in [3,18],
we derive that the sequence of discrete solutions converges, possibly after passing to a subsequence, to a weak
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FIGURE 2. (Example 5.2). From top to bottom: The evolution of the wetting-phase saturation
on a 40 x 40 grid for the permeabilities presented in the middle and right-hand side of Figure 1.
Here k = 1 and the time step is set as 7 = 0.01 day. (a) T = 14day. (b) T = 34day. (c)
T =48day. (d) T =44 day. (e) T = 88day. (f) T = 108 day.

TABLE 3. (Example 5.2). The convergence histories of ||S — Sy || 2y and ||[p—pr||L2) at t = 3
day. Here k = 1 and the time step is chosen as 7 = h.

h IS — Sh||L2(Q) llp —Ph||L2(n)

5 26365 8.1997
35 2.1881 3.8479
4 1.6875 1.5007
= 1.2066 0.4563

solution of the continuous problem. Finally, two numerical examples are provided to validate the numerical
results and explore the potential of the discrete scheme to the numerical simulation of the problem that does
not satisfy the assumption (A4) and the problem with the realistic permeability.
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FIGURE 3. (Example 5.2). From top to bottom: The evolution of the wetting-phase saturation
on the 40 x 40 and 80 x 80 grids for the permeability presented in the left-hand side of Figure 1.
Here k£ = 1 and the time step is set as 7 = 0.01 day. (a) T = 20day. (b) T = 40day. (c)
T = 54day. (d) T = 20day. (e) T = 40day. (f) T = 54 day.
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FIGURE 4. (Example 5.2). The permeability K.
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