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A FULLY SEGREGATED AND UNCONDITIONALLY STABLE IMEX SCHEME
FOR DISPERSED MULTIPHASE FLOWS

DoucLAs R. Q. PAcHECO!?%* AND RICHARD SCHUSSNIG*

Abstract. Euler—Euler or volume-averaged Navier—Stokes equations are used in various applications
to model systems with two or more interpenetrating phases. Each fluid obeys its own momentum and
mass equations, and the phases are typically coupled via drag forces and a shared pressure. Monolithic
solvers can therefore be very expensive and difficult to implement, so there is great computational
appeal for decoupled methods. However, splitting the subproblems requires treating the coupling terms
(pressure and drag) explicitly, which must be done carefully to avoid time-step restrictions. In this
context, we derive a new first-order pressure-correction method based on the incompressibility of the
mean velocity field, combined with an explicit treatment of the drag forces. Furthermore, both the
convective and viscous terms are treated semi-implicitly. This gives us an implicit-explicit (IMEX)
method that is very robust not only due to its unconditional energy stability, but also because it does
not require any type of fixed-point iterations. Each time step has only linear, scalar transport equations
and a single pressure Poisson problem as building blocks. We rigorously prove temporal stability without
any CFL-like conditions, and the theory is confirmed through two-phase numerical examples.
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1. INTRODUCTION

In Eulerian approaches, a dispersed multiphase system is typically modelled as a set of two or more fluids that
completely share the same domain {2, with volume fractions describing how much of each fluid occupies each
point in Q at a given time. These models are different from separated two-phase flows, where each fluid occupies
its own subset of 2, separated by either sharp [1] or diffuse interfaces, as in phase-field approaches [2-6] — refer
to the recent article [7] for an overview of different multiphase models. In the dispersed or volume-averaged
setting, which is the topic of this article, how to model the interactions between the phases depends, e.g., on
the flow regime and the materials considered [8,9]. These models are relevant in various industrial and scientific
applications, such as gas-liquid systems [10,11], debris flows [12,13] and volcanic ash dynamics [14]. Regardless
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of how the phase interactions are described, most volume-averaged models have in common that (1) each fluid
obeys its own Navier—Stokes-like system in €2, (2) the volume fractions form (together) a partition of unity, and
(3) there is a pressure field at least partially shared by all the phases.

Regarding pressure modelling, the most popular approach in incompressible flows — notably in environmental
applications [14,15] — is to consider a single pressure common to all phases. In some scenarios such as dense
granular flows, a so-called solid pressure is typically added for the granular phase, but this pressure is modelled
as a function of other flow quantities instead of being treated as an additional unknown [12, 13, 16]. Multi-
pressure models also exist, where each phase has its own pressure, all of which being additional unknowns.
These models are particularly important in compressible gas dynamics and reacting flows to account for pressure
non-equilibrium effects [17,18]. In this work, we consider incompressible regimes, focusing on the prototypical
variant where the phases are coupled by a common pressure, in addition to drag forces [19, 20].

The numerics of dispersed multiphase flows pose considerable challenges. Since each phase follows a Navier—
Stokes-like system, the well-known issues and instabilities observed in single-phase flow simulation also arise.
Furthermore, the number of unknowns can be substantial: an M-phase flow will involve M phase fractions,
M velocities and a pressure. Probably due to the complexity of such systems, numerical methods designed
specifically for them are scarce in the literature. In the past thirty years, some works have emerged addressing
different types of numerical issues, such as absent volume-fraction diffusion [21-23] or poor mass conservation
[19]. Attempts have also been made towards decoupling the phases via fractional stepping [8,14,24], but until
very recently nothing beyond purely heuristic approaches. In fact, numerical stability is such a delicate matter
in multiphase flows, that even schemes with implicit pressures often suffer from parabolic CFL restrictions
[12,25]. To the best of our knowledge, the first provenly stable fractional-step scheme for dispersed multiphase
flows was just recently proposed [20]. Although that method decouples the phases while still being energy
stable, it introduces an auxiliary pressure for each phase, which increases the number of unknowns and becomes
increasingly less efficient as the number of phases grows.

This work improves our previous approach [20] in three important ways: (1) the new scheme has only one
pressure Poisson equation regardless of the number of phases, (2) we devise a simpler, fully explicit treatment of
the drag term, and (3) our new implicit-explicit (IMEX) treatment of the viscous term allows splitting even each
velocity update into a series of scalar subproblems. IMEX methods are used in many applications to circumvent
the cost and complexity of fully implicit schemes, while still avoiding the severe stability restrictions of fully
explicit methods. In incompressible flows, convective and stabilisation terms may be treated (semi-)explicitly to
avoid nonlinearities and reduce computational costs [26,27], while viscous terms must usually be kept implicit
[28]. In compressible gas dynamics, on the other hand, severe time-step restrictions can be avoided through
IMEX methods that treat acoustic terms implicitly [29].

The scheme presented here can be seen as an (IMEX) extension of the popular incremental pressure-correction
method [30] to multiphase flows. As a matter of fact, our inspiration comes from different families of fractional-
step methods for incompressible flows [3,31]. The resulting scheme allows using single-phase Navier—Stokes
solvers — or even scalar advection-diffusion-reaction solvers — as building blocks for the multiphase system.
Moreover, each subproblem becomes linearised, which further simplifies implementation and improves both effi-
ciency and robustness (the issue of the often delicate convergence of Newton or Picard schemes is eliminated).
These advantages are attained without sacrificing numerical stability, which we rigorously prove to be uncon-
ditional with respect to the time-step size. While the focus here is on the temporal discretisation, our scheme
should be relatively simple to implement within various spatial frameworks, especially finite element-based ones.

We organise the rest of this article as follows. Section 2 introduces the model problem and a consistent
reformulation aimed at improved numerical stability in the discrete case. The conservation properties of the
continuous system are derived and discussed in Section 3. The fractional-step method is derived in Section 4,
where consistency aspects are also discussed. The unconditional stability is then proved in Section 6 for pressure
and velocities. Section 7 addresses stability issues related to the hyperbolic volume-fraction problem and proposes
some remedies. In Section 8 we provide numerical examples assessing the accuracy and the stability of our new
method, before drawing concluding remarks in Section 9.
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2. PRELIMINARIES

2.1. Model problem

The equations tackled here can be derived by volume-averaging the Navier—Stokes equations for each phase
and making certain simplifying and modelling assumptions. While the derivation is out of our scope, details
can be found in the literature [8,19,32]. We consider standard notation for Hilbert spaces. The L?(£2) product
of two functions is represented by (-,-), with || - || and || - || denoting the L?(2) and L°(2) norms. The data,
including initial and boundary conditions, are assumed as sufficiently smooth.

For a time interval (0,7] and a domain Q C R%, d = 2 or 3, the balance equations for the flow of the kth
phase in @ := Q x (0,7T] are

O, +V - (akuk) =0, (1)

M
P[0 (akur) + V- (g, @ wy, — 20005 Voup)] + x Vo + Y (g — w) = prakgy, (2)
=1

for k=1,..., M, with all the M phases occupying @ such that

M
Zak =1 (3)
k=1

The unknowns are a single pressure p, M phase velocities uy, and M volume fractions ai. The symmetric
velocity gradient is defined in the usual way:

Viu = %(Vu +V'u),

where V' (-) = [V(-)]" denotes the transpose of the gradient. The model parameters for each phase are a
kinematic viscosity v, > 0, a (constant) density pg, a volumetric force g;, and the drag coefficients i > 0,
which may depend on a combination of |uy — w;|, oy and «y. Because vir = 0 and vg; = i, only 1/2M (M — 1)
(not M?) drag coefficients are needed. To have uy defined everywhere in €2, each aj, must be strictly positive; the
presence of regions with one or more null volume fractions requires considering moving fluid domains (i.e., free-
surface problems), which can be done more naturally within arbitrary Lagrangian—Eulerian (ALE) frameworks
[23].

2.2. Equivalent reformulation

An essential ingredient for the stability of the numerical scheme presented later is a consistent reformulation of
the governing equations. We start by multiplying equation (1) by —% pru and adding the result to equation (2).
Then, denoting Ay := /prag, the inertial terms pi[0;(arur) + V - (arur ® uy)] in the momentum equations
can be rewritten as

pk[0:(crur) + V- (g, @ uy)]
=0 (consistent with (1))

1
= prq O(apur) + V- (apuy @ ug) — B Opay, + V- (apug) | uy

1
= pk{at(akuk) + apuy - Vuy + [V . (akuk)]uk — 5[&50% +V- (akuk)]uk}

1 1
= 0(MeAwur) + Afu - Vg + 3 [V - (M) Juy, — B} [0:(AF)] us
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1
= MO (Akur) + (k) Awur) + Ak - Vg + 3 [V (Afun) Jur — (AeOi i) ur

= pk{\/@@(\/@uk) + aguy - Vuy + %[V : (akuk)]w}

with the notation v - Vu := (Vu)v. This “conservative” form is important to guarantee temporal stability for
the velocities, as will be shown in Section 6.
For our next reformulation, we add up equations (1) for all M phases:

M M
Z V- (apug) = —0; Z oy
k=1 k=1

= —0:(1)
=0,

thanks to (3). This divergence-free condition on the mean velocity @ := Zf:il apuy will be used instead of the
algebraic constraint (3).
Finally, denoting py := prvi, our consistently modified system reads

6tak+uk~Vak+(V~uk)ak:O, k=1,..., M, (4)

1
Pk | Vo0 (Voaguy) + aguy - Vug, + §V : (akuk)uk] -V QagpurViuy)
M
+aRVp+ Y vm(us —w) = prargy,  k=1,...,M, (5)
=1

M
V- Zakuk = 0, (6)
k=1

equipped with appropriate initial and boundary conditions. Notably, we need the initial volume fractions ay(0)
to be such that Sp, ax(0) = 1, since combining (4) and (6) implies

M
o, (Z ak> =0,
k=1

M M
Zak(t) = Zak(o) =1,
k=1 k=1

which will then give us

thereby guaranteeing the equivalence.

Remark 2.1. Alternatively, we could replace one (any) of the M equations (4) by the unity constraint (3) and
still maintain the equivalence. What is most important for the decoupling scheme introduced later is that the
divergence-free constraint (6) be one of the equations in the (continuous) system.

3. CONSERVATION PROPERTIES

3.1. Energy

The reformulation above makes the momentum equations convenient for establishing an energy balance. To
do that, we will consider a scenario without external energy sources (g, = 0 and ug|oq = 0). Dotting (5) with



STABLE SEGREGATED IMEX SCHEME FOR EULER-EULER FLOWS

uy and integrating over {2 gives us
Ay +Br+Cr+ D+ E, =0,

where
A = pr / (Varug) - 0y (Voguy) dQ,
Q
1
By = pk;/ ug - {akuk -Vur + iv . (akuk)uk dQ,
Q

Ck = —/ ug - [V . (Zakukvsuk)] dQ,
Q
M
Dy = / w - Y (g —w) dQ,
Q 1=1

Ek = / AU - Vpdﬂ
Q
The first term can be rewritten as

1
Ak: = §pk/ 8t(|\/01k’u,]€|2) dQ
Q
d /1
= 5 (Golvaru®).

with | - | denoting the Euclidean norm. For the convective term, we have
1 |y |?
up - |apug - Vug + §V . (akuk)uk = QUL - [uk . V’U,}c} +V- (akuk) 9
2 2
u u
:akuk-V< §| ) +(uk~Vozk+akV-uk)| ;|
1 2 2 aug ||
= §uk . [akV(|uk| ) + |uk| Vozk] + TV Uk
1
= 5 [uk . V(ak|uk|2) + ak|uk|2V . uk]
1
= §V' (oveJurPus),

so that
Bk = &;/ V- (ak|uk|2uk) dQ
Q
_ Pk
B 2 o
= ()7

n- (ak|uk\2uk) dr

due to the no-slip boundary condition. For the viscous term, integration by parts yields
Ck = / Qakukvsuk : Vsuk dQ — / ug - [(Qakukvsuk)n] dr
Q o0

= 2||\/,u/€04/C Vsuknz.

2867
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To compute the total dissipation caused by the drag forces over all phases, we write

M M M M
Zluk'z:’ykz(uk _UZ)l = g - Ve (ur — w)

k=1 =1 k=11=1
1 M M M M
252 E ’Ykluk'(uk—ul E E VelUE - uk_ul)
k=11=1 k 11=1
1 M M M M
:55 E Ve - (wp — ug) + 5 E Yy - (W — ug)
k=11=1 k 11=1

I
1= T
M%

Vil Uk Uk - Uz) — U - (Uk - Ul)]

k
,_.

=1
M M

= *ZZ%MW —
k=11=1

where we have used that i = ;. Hence:

M M
ZDk— ZZII\/VT we — )|
k' 11=1

For the pressure terms Ej, summing over all phases and integrating by parts yields

M
Sn
k=1

/ Vp akuk) dQ

M
*/pv~z akuk) dQ+/ pn~2(akuk) dr
Q o9 —

k=1

z—/pV-ﬁdQ
Q
:0,

where we have used once again the zero boundary conditions.
Finally, collecting the terms for all phases gives us

M

M
d /1 1
Zldt (gkaIMukHQ) + 20| anak Vouel + 5 3l (un _ul)ﬂ _
=1

which, when integrated over time, yields the conservation equation

M + M M

1 , 1 1
Z{kalrakukﬁ(t) + /0 20wk Vounll* + 5 3wk ulﬂ dt} = eelVaru*(0). (1)
k=1 I=1 k=1

This shows that, for a confined system (no volume or boundary energy sources), the decrease in kinetic energy
over time is equal to the work done by the viscous and drag forces. While some fully implicit monolithic
schemes may inherit this property at the discrete level — which leads to numerical stability — constructing a
stable fractional-step method whose energy inequality resembles (7) is much more challenging. The design and
analysis of such a method is the main contribution of this article.
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2. Mass

The volume fraction equations are a delicate matter in terms of conservation and stability, since the individual
velocities uy, are not divergence-free. For a confined flow, integrating equation (4) over space and time yields

t
0= / / Oy + V - (aug)] dQdt
0 Q

[ ) [ ]
:/ak(t)dﬂ—/ak(o) de,
Q Q

which, when multiplied by the constant density py, shows conservation of mass for each phase over time. This
property, however, does not translate to (numerical) stability, since the integral of ay, is not a norm. Traditional
energy-like estimates, e.g., using L? norms, require the velocity field to be solenoidal, which is not the case here.
The numerical implications of this fact will be discussed in Section 7.

4. TEMPORAL DISCRETISATION

We shall denote approximate or discrete values of quantities at different time steps with superscripts: u}, for
example, denotes the approximation of w; at ¢ = t,, = n7, with the time-step size 7 assumed as constant, for
simplicity. To construct the time-stepping scheme, we will approximate the temporal derivatives with first-order
finite differences, while using first-order extrapolations (e.g., u} ™ =~ u?) to avoid nonlinearities and terms that
would induce undesired coupling if treated implicitly.

For the pressure-momentum system, we will present a fractional-step method to compute each velocity wg
and the pressure p all separately. As a crucial feature for robustness, our method can be derived and proved
stable independently of how the volume fractions are updated — provided that they, too, are evolved in a stable,
positivity-preserving way. Thus, for now, we shall assume a generic volume fraction scheme f that computes

a1 based on af and on the (extrapolated) velocity u}:
O‘Z+1 f(T akvuk)

Different formulations will be discussed later on in Section 7.

4.1. Convective terms

For the inertial terms, we first write

{\/@&(\/@uk) + apuy - Vuy + %[V : (akuk)]wc}

t=tn41

/ n+1
( / n un+1 / > +an+1 vunJrl ;[v . (()éZ+1UZ)]uZ+1

1 1
T(a:“uz*l a;:“azuz)w"“ Va4 [V (af ) g ®

22

Although one may alternatively treat the convective term implicitly, our choice here is the IMEX approach (8).
The main reason is to circumvent the nonlinearity while still maintaining unconditional stability, as proved in
Section 6; in contrast, fully explicit treatments are known to introduce CFL conditions, even for the single-phase
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case [26,27]. Now, for the discretised acceleration term on the right-hand side of (8), we introduce the first-order
extrapolation

an+1un+1 o n+la un . n+1 + O/H_l u71+1 _ an+1an un
k k Qy, k Yk — 2 k k k Yk
n+1
+ ak n+1
S AT AT 0y T
~ B) — OékOék 'U,k

= f“k —ap up. (9)

This reformulation may seem somewhat unnatural, yet it has a (rather technical) numerical purpose: in short,
the original term in (8), when tested against u} ™", would give us
2>

2
Vel + o - g

due to (22), whereas our reformulated version yields (see (34) later on)

n+1
+ ak n+1 n_.n n+1 n+1
< 2 Uy — Qg U, Uy

: n+l _ n+l n n+1 ny : .
In comparison to the term /o)™ uj; af uy, the modified one \/af (u — u}) is more convenient for

n+1l, n+l n+1 n+1 n+1 n+1
<ak u, — (o7 akuk,uk > (H

— ag | + ||V —uz)!f)'

controlling the explicit drag, since both velocities have the same factor ( ag), similarly as we have for the
relative velocities uy — u; appearing in the drag forces. This will be important to guarantee temporal stability
for the explicit drag and will hopefully become clearer once we start the analysis.

2. Viscous terms

Although the viscous term 2ay g Viuy itself does not couple the M phase velocities, if made fully implicit
it has the (admittedly minor) disadvantage of coupling the d spatial components of uy, due to the transpose
gradient in VSuy = 1/2(Vuy+V T uy). To enable a component-wise solution of u;, by solving scalar subproblems,
we propose the first-order extrapolation

QagprViug)|i=t, ., = ,ukaZH(VuZH + VTuZH)

— ukak+1vun+1 _’_,u / n+1 +1 VT n+1
1 1 / n+1
~ e IV + /o e ARTIS

We will show later that this IMEX treatment, first proposed in the context of single-phase variable-viscosity
flows [28], is stable in time.

Remark 4.1. There are applications where some of the viscosities v, may depend on wu, and/or on p, as
in dense granular flows [33]. In that scenario, to avoid viscous nonlinearities, one can use a “nearly implicit”
approach extrapolating only the viscosities:

n+1vs n+1

(2prvraViuy) R 2ppv

‘t:tn+1

Making the viscosity explicit as above, which is compatible with the O(7) consistency of our framework, yields
essentially the same stability as a fully implicit treatment.
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4.3. Numerical method

To fully decouple the phases, we must treat both the pressure and the drag forces explicitly. For the pressure,
we propose a fractional-step scheme that can be seen as a multiphase extension of a recently proposed projection
method for diffuse-interface flows [3]. A key idea here is to use a first-order extrapolation of the pressure term:

n+1 n+1 n+1
a, " Vp ~afap o Vp'.

We also introduce a modification of the drag coefficients:
Vi = min{’}/l?la D}v

where D > 0 is a large, but finite constant. This is a technical assumption needed for the analysis, with probably
little practical relevance.
We will consider Dirichlet boundary conditions for the momentum equations (5):

up =up on 90 x (0,7).

The scheme presented below can also be used for the free-slip case (n-ug, = 0, with the tangential component left
“free” ). For open (Neumann) boundaries, however, a modified scheme would be required, which is a challenging
task that will not be addressed herein. For the volume fractions, boundary conditions are only needed (and
allowed) for oy whenever and wherever there is boundary inflow (n - u; < 0).

Finally, we propose the following pressure-correction method:

~ Step 0: Set 1) = u) and provide (an approximation for) p® (see Sect. 5.2).
— Step 1: Update each volume fraction oy using the scheme of choice.
— Step 2: Find u”Jrl by solving the linear advection-diffusion-reaction problem

n+1
+a 1 1 1 1 1 1 1
pr[ B T o g Gt 3V (P ap)up | = V- (et V)

— ey 4V (um/ag“ag VTup) - \Japtag v o)

+pragrgptt Zz (0 —a7)

u:+1|aQ = ukD|t:tn+1
for each k = 1,..., M (the viscous term could alternatively be treated implicitly). Notice that the so-called
end-of-step velocities (U}, 0]') are used in the first and last terms on the right-hand side of the momentum
equation. The reason for using these projected velocities to evaluate the drag will become clear during the
stability analysis, where it is shown that the fractional-step scheme provides L? control over a7} (as usual in
projection methods [3,34]) instead of u}.

~ Step 3: Find the pressure p"*! through the Poisson problem (c.f. Appendix A)

Ve [(Siprtap ) vt = v {(224_1 pklx/aZ“aZ)Vp”} + 1V o gt
(Zfilp;la?“)anp”“‘ (Zk 1Pk \/ nﬂo‘k)anpn‘ém

— Step 4: Update each end-of-step velocity via

(11)

~n n T n
l.lkJrl = uk+1 + p7k ( an+1 Vp Vp +1> . (12)
v k
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Notice that combining equations (11) and (12) yields
V- Za"“ a’t =0 and n- Za"“ =t o0 =0, (13)

that is, the volume-averaged end-of-step velocity is indeed a divergence-free projection. This, along with the
derivation of the fractional-step scheme, is shown in Appendix A.

Not only are the steps for each phase completely independent and decoupled, but they are also linear. After
updating each volume fraction, we solve M advection-diffusion-reaction problems to compute all the uZH, then
a single pressure Poisson equation (PPE). Moreover, due to the IMEX treatment of the convective and viscous
terms, each of the momentum equations can be broken into d (2 or 3) scalar advection-diffusion-reaction prob-
lems (one for each spatial component of u”+1) These algorithmic properties enable a simple implementation,
since each subproblem is a (variable-coefficient) linear transport equation. Another often understated fact is the
additional robustness brought by the linearity of the scheme. Here, there is no issue of fixed-point convergence:
for any 7 the solution of every time step converges — provided, of course, that the discretisation scheme itself is
stable, which we will soon prove.

Remark 4.2. From equation (11) we get, on 052,

n+1 +1 m+1
it Zk PR oy n £ Zk Pk g’ 0
np —1_n+1 np H —1_m+1 np
Ek:l Pr m=1 Zk:l Pr O

which means that, as most standard pressure-correction schemes, ours also induces an artificial pressure bound-
ary condition. This tends to create a numerical boundary layer for large time-step sizes. Similarly, the end-of-step
velocities i, do not exactly retain the Dirichlet boundary conditions enforced on uy. These artifacts prevent
standard projection methods from being high-order accurate.

4.4. Interpretation as a penalty-like method

While convergence analysis is not in the present scope, we will sketch how our projection scheme can be
reinterpreted as a penalty-like method, which will also offer insights into its order of consistency. Evaluating
equation (12) at t = ¢t,, allows us to eliminate the term prpafa} from equation (10), leaving us with

2T

an
:kakug +V. <Mk /QZH% VTuk) + ppaftigntt +Z
— (\/a’g“ak Vp" + afVp" — \/apap ! Vp"_1>.

Although not obvious at first sight, the pressure terms on the right-hand side form a second-order extrapolation
of ozk'HVp”+1 To show that, let us denote /o = ¢ and /ai Vp = a, so that a Taylor expansion about ¢,

gives us
\arttay Vp™ + apVp™ — y/agay t vpr Tt

:(pn-&-l n+§0 (1 _@nan—l

= [¢" + 7(0p)li=t, + O(7?)]a" + ¢"a" — ¢"[a" — 7(8a) =, + O(7?)]
=¢"a" + 7[(adip)|i=t, + (p0ra)|i=s,] + 0(7'2)

n+l
o
k|: + k n+1+an+1 n vun+1+ V ( n+1uk) Z+1:| _v (ukak+lvun+1)
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a)i=t, + 7(0:(a)]|i=s, + O(7?)
a)‘t:tm—l + O(T2)
]

= (¢
=(p

M

M
V@t =7V Zpkﬂ/aygﬂ( apttvpttt —y/ap Vp")
k=1
M O/H-l Vpn—i-l _ am vpn
2 -1/ nt1 k Vk
=7V Z Pr A
k=1 T

Moreover, denoting @' = 3" af ™ u}™, the PPE (11) can be rewritten as

M
=72V i vaw 0u(v/ar Vp)li—t, + O(72),
k=1

that is, as an O(72) perturbation (the term proportional to 72 dominates the cubic one) of the incompressibility
constraint on the mean velocity. In other words, the fractional-step method itself — which need not necessarily
be treated in the IMEX fashion we have proposed — can be seen as a (first-order) discretisation of the O(7?)-
perturbed system

Momentum equations (5),
Ve -7 350 0V - [Var 0 (vak V)| = 0.

This indicates that it should be possible to extend our method to order two in time — although guaranteeing
the stability of such a scheme could be considerably more difficult.

Remark 4.3. In the single-phase case, the perturbation to the incompressibility constraint would reduce to
the well-known term —729;Ap, as in the incremental pressure-correction method [30].

5. WEAK FORMULATION

The method presented in Steps 0—4 above is meant as a general time-stepping scheme that, in principle, may
be combined with any spatial discretisation of choice. For the case of finite element methods, each subproblem
needs to be written in weak form. Without dwelling on finite element formalism, let us simply assume Xj, and Y},
as globally continuous, H'-conforming finite element spaces for velocities and pressure, respectively. Dirichlet or
inlet conditions will be omitted, for concision, so it is implied that test and trial functions satisfy the respective
boundary conditions.

5.1. Basic steps

The weak subproblems are:
— Step 1: Compute each volume fraction aZH using the method of choice.

— Step 2: For each k=1,..., M, find uZ‘H € Xj, such that

a4 an 1 1
pk<k T e Va4 5[V (aZ“uz)]uZ“’”> + (e TV Vo)

= %’“mZﬁZ, v) + <pn, V- ( aptlag v)> - <ukmvTuZ, Vv> (14)
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n+1 n+1
+ Pk< U Z - ul ’U>
=1

for all v € Xj,.
— Step 3: Find p"*! € Y}, such that

M nil Mo Japttan 14
<Vp"+1, (Z 7; >Vq> = <Vp"a Z T Vq> -z Z<V (QZHUZH)JD (15)
k=1 k=1 k=1

for all g € Y3,.
— Step 4: For each k=1,..., M, find flzJrl € X}, such that

(e v) = (o g v (o Vo v e ) (16
for all v € Xj,.

5.2. Initialising the pressure

For incompressible flows, the initial pressure p° is not part of the required problem data. However, explicit or
IMEX schemes typically require p° for initialisation. The approach we describe next assumes non-penetrating
boundaries, n - ug|aq = 0, but more general setups can also be tackled with minor modifications. We start by
dividing each momentum equation (2) by pi and adding them all together:

M a M
(Z p:) Vp+ > [0(arux) — fi] =0, (17)

k=1 k=1

where f := =V - (qpur @ ur) + V- QurarViug) + argy, — pgl Zf\il Vi (ur, — u;). We then obtain a Poisson
equation for the pressure by taking the divergence of equation (17):

Mo M M
(z 'f)v S =S e
w1 Pk k=1 k=1
M
= —Bt <V . Z akuk>
k=1

=0.

V.

Similarly, dotting (17) by m and restricting the result to 02 gives us the Neumann data
Mo M M
k
[(z )anp] _ [zn - zatmkuk)]
=1 Pk = =
= [Zn fk Zat akn uk]

o0 o0

o0
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since we are assuming n - ug|aq = 0 for all ¢. Therefore, we find the initial pressure by solving the Neumann

problem
M
Pk

k=1
Mo -1 m
O’ = (Z k) ang on 99, (19)
k=1

1 Pk

V-

M
=V-> fi in Q, (18)
k=1

with f? depending only on the initial data (a,u). When using finite elements, this means simply finding
p° € Y, N L3() such that

N0 N
<Vp0, <Z ’“) Vq> = (i Va)
k=1 Pk k=1
forallg e Y, N L%(Q).

6. TEMPORAL STABILITY ANALYSIS

Some identities and inequalities will be useful for the analysis. Provided that v - n = 0 on 012, the following
equalities hold for any (r,v,w) sufficiently regular [34]:

<v-w+v2'vr,r>=o, (20)
<(er)w + vémv,v> =0. (21)

Moreover, for any scalar-, vector- or tensor-valued pair (a, b), there holds
2(a +b,a) = [al* - [[b]* + [la + b]|*. (22)
The analysis will also require the following Gronwall inequality [35].

Lemma 6.1 (Discrete Gronwall inequality). Let N € N, and «, B, a,, by, ¢, be non-negative numbers for n =
1,...,N. Let us suppose that these numbers satisfy

N N—1
aN—i—anSB—i—aZan. (23)
n=1 n=1
Then, the following inequality holds:
N
an + an < Be*N for N > 1. (24)
n=1

We will next analyse the stability of our IMEX fractional-step scheme. Although we consider the discrete-in-
time case without addressing spatial discretisation, the analysis also applies to conforming finite element spaces.
As usual, we assume homogeneous Dirichlet conditions uZH\aQ = 0 and, for concision, consider g, = 0 for the
analysis.
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Lemma 6.2 (Estimate on the explicit drag terms). Assuming that all the volume fractions fulfil the lower bound

ap > amin > 0ae. in Q, forall n=0,...,Nandall k=1,..., M, (25)
and denoting as pmin the minimum density among p1, ..., pum, the drag terms will satisfy
M M
27 > (g —ap),uptt)
k=11=1

n+l _ an 2_ _ 2 a2 S n (N (" 2
ol VaR (it = a) [P 2r(M = D el vaar]” + 70| VARGE: - e 6)
=1

wMi

where
Vil

Vagar||

} ._D @7

Pmin¥min

1
£ := max max
m=0,....,n | k,I=1,....M /prpP1

Proof. Since 4}, = 4]}, we can write

M M
2> > (Ah(ag - af), ugt)
k=11=1
M M MM
=7 >0 DAk a0 D R ). )
k=11=1 =1 k=1
M M M M
=70 DAk a) ) — 7 S0 S (A a), )
k=11=1 k=11=1
M M
= TZ Z(%’l(ﬁg — ), uptt u?“)
k=11=1
M M
=T (AR - ), — a7+ (! - ap) — (u - )
k=11=1
M M )
:TZ H Vi (0 — 10 )H + A —ap), (wptt —ap) — (uptt —ap))
k=11=1

The first term on the right-hand side is non-negative, so it remains to estimate the other term. Recalling that
Y& = 0 and using Holder’s inequality, we can write

M M
133 (o) - (u )
k=11=1
M M
=72 > (FR0ag —ap),ui ™ —af) — (TR (af - af),uf " —af))
k=11=1
M M
=27 Z Z@l}z(ﬁﬁ _ ﬁ?)’ u2+1 f)_">
k=11=1
M M :Yn ,_Y
=9 kl — n et
' ZZ<M PRk g V1ot B prt “k>>|
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IN

M M
QTZZ<H\/PW‘ZU +||\/plozfﬁf

k=11=1

~n
‘ Ykl
PO |l oo

it - )

aral
PEPIOG Oy oo

\ /\

b

M M
276 > (IVeeaid || + [[v/ewaf ap ) [|v/pra (ui ™ — a3)]|
=

k=11

introducing the positive constant 3, defined in (27). Let us now use the short-hand notation ay = H Vprag ag
be = || /oo (up ™ —ag)||, so that Young’s inequality gives

MZ (/oo | + /e )| Vowo (™ — i)
k=11=

M M
= 2Tﬂzz (arbr + arby)
=
M M
72752 — Dagbe +2) > mRaiby
M=
M M M 2
< Z{ b’; +2[rB(M — 1)ak]2} + ZZ{ZU(\Z”D +2(M — 1)(Tﬁaz)2}
k=1 k=1 %;i
M 2
_ Z{ { B(M — 1)ak)2} + [(M - 1)2(](\3’“)_1) + (M —1)2(M — 1)(75%)2} }

>
Il
—

p"q:

{ +(2rB(M — 1)ak)2}

=
I
—

™=

{ullV/a (wet =) [|” + 2r(M = 1)87 pi | /i |}

which when combined with the two previous estimates completes the proof. (I

k=

H

Theorem 6.3 (Stability of velocities and pressure). Under the assumptions of Lemma 6.2, for any time-step
size T = T/N > 0 the fractional-step scheme (10)—(12) with g, = 0 (k = 1,..., M) satisfies the stability

estimate
M 2 2
Z(pk VaNay ||+ ru |/ ol Vuy ay vp )
k=1
2
N I NEL RS B e TR
M
D(M —1)
< — T 28
- <Z > exp{ |: Pmin¥min :| T}7 ( )
where

\/T)uk \/7Vuk

+ T

{ } }Pk
pmlnamm
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Proof. We start by setting v = uZ“ uZH in equation (16) and using the Cauchy—Schwarz inequality:

~ T A
TR (R Y e SO e R
Pk
/ n+1( n+l An+1 H / vp az+1 vpn-‘rl ,

2

T
Pk

| /\

so that
n+1 ( n+l  ~ n+1
o7 Uy, Uy

Taking ¢ = 7p"*! in (15) and using (13) gives

N (30)

n+1v n+l \/7v ()
p Qp Vp
VP H

M

M
T n+1 n+1 n n n+1 n+1 n+1, n+1 n+1
— \Y% — Vp", \Y = V- ,
Z Pk< A p QR VP A p > Z< (o T ™) ")

k=1

<1

= > AV o (gt — )] )
k=1

?

1
(o (= ). 7,

k

Il
-

where we have used integration by parts in the last step. Rewriting the left-hand side by using (22) and (30)
yields

2Tz<an+l n+1 A2+1)7vpn+1>
2
-i-H apttwpttt —\Jan Vp"

>+Pk / n+1( n+1 AZ+1)

“ oy Vpi

s

N ’ 2
:ZQ‘%“WHI—
b1 Pk
> n+1 Vpn+1
> 2]

Next, we set v = 2p,a; ! in (16) to get
2
H / n+1 An+1 n+1) >

Pk(
= 2T< ap Vp", \/@ﬁ?“> - 27'<Vp”+1,az+1f12+1>.

Adding over all M phases gives us

M
Zpk<H /aZJrlﬁ_Zﬂ H / n+1 n+1 + H /azﬂ(ﬁzﬂ _uz+1)
k=1
M
= 27-2 (< ap Vp",y/aptt ﬁz+1> —2r(Vp"t, aZHﬁZH))
k=1

)

T (31)

n+lan+1
Qg

H n+1 n+1

)
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M
() g
k=1
M
< Oéz VPn,\/OFﬁZ+1> +2T<pn+17v.zaz+1ﬁz+l>
k=1
< ap Uy, Japtt ﬁZ+1>, (32)

again thanks to integration by parts and (13). This, combined with estimate (31), yields

2T

lwi
M= [M= I

2T

>
Il

1

2
Zpk< n+1 An+1 H /az—&-l n+1 + 2” /az—&-l An+1 Z+1) )
2
£ o -l
< 27_2|: n-‘rl n+1 _ ﬁZ+1),Vpn+1> _ <p”,V . ( OéZ-HOzZ ﬁz-&-l) >:| (33)

+1

Let us now take v = 27wy "~ in (14), which gives us several terms:

— Acceleration terms:
<( n+1+ n) n+1 -9 n+1>
Pk Qg Uy, oty uy,

2
n+1 ~mn n+1
+ prup ™ =207, apul ™)

/ ~ / n+1 An

n+1 n+1
QU

2
+1 1+ 1
p<H || -

= Pk

2) . (34)

1
27< P vt v (a2+1uk)]uz+l,u2+l> =0, (35)

— Convective terms:

due to the skew-symmetry result (21).
— Viscous terms:

27uk< ATl 4y far VTl Japtt Vu"+1>

2
= Tug (H Attt —

n T n
H ap V' uy,

1 1 T
+H VUl 4\ al Vg

2
+ H VL T VAc A VAR 17

/)
)

—~

2
= TUp (H Attt — H ap Vuy, 36)
— Drag terms:

M M

eSS Gtk - ) < - 3>V - o)

k=11=1 k=11=1
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+ > { ol VAT it — )| + 2r (M = B8Py /afa]| }, (37)

k=1
as proved in Lemma 6.2.

Combining estimates (34)—(37) yields, for the momentum equation,
M 2 2 M )
Z{pk <H\/ag+1uz+1 _ H,/agﬁ}g ) + TZH,/%&(&Z — ﬁl")H
k=1 =1
2
+ Tk (H Attt —

<3 {ar(wpr ot g ) + aror - 03l v}

Adding that to estimate (33) and defining o = [27(M — 1)]?, we obtain
M 2
S ( H (@ — ) H e - H i )
k=1
2
+ TZuk< - H ap Vug| + H AT VUt 4+ fap VTup
M M )
o (V| ) 2 vAma - )

2
1 1 T,
—|—H AT Vut + /el V i}

n T,.n
H ap V' uy,

)j

’ n+1 Vun+1

2
e
k=11=1
Z{2T< W = ol ol =) )+ o vaga
k=1
2
/ n+1( n+1 UZ+1)

M
> o

k=
due to (16). Then, the first term on the left-hand side cancels out the first one on the right-hand side. Rearranging
some terms in (38), we have thus
n+1 VUZ+1 + / vTuk

M
>
k=1
< aZpkH akuk (39)

- a,ok||\/azﬁ2||2}, (38)

(TP — W) + T,

ey v -]

2
\I/ZJrl = pi H + TﬂkH n+1 vuZJrlHQ Tk ” n+1vpn+1”2

Adding from n =0 ton = N — 1 gives

in which apttaptt)?

M N M 2
Z{\pkN+72 il [\/af Vg 4y fap Tt v Tup! +ZH\/T,3(ﬁg—a7)H H
k=1 n=1 =1

M

N-1
< Z(‘I’i +a), PkllvaZﬁZ||2>
n=0
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> (0 X Tl

S (nnE )

n=1

with By, defined in (29). The proof is concluded by using the Gronwall Lemma 6.1 with

M

wa

M
" (uk Vor Vup +/ap VT +Z VAR e e
k=1 =1

\

Remark 6.1. For 7 < ‘(’}’\‘/I‘“(";““, it is possible to prove stability without the exponential factor seen in (28).
That factor is in any case a mild one, as it tends to 1 as 7 — 0.

O

A crucial feature of the stability result (28) is that, as just seen, it is proved without invoking the volume-
fraction equations or their stability, which is only possible due to the reformulation we used for the convective
term. This leaves us free to discretise (and even stabilise) the volume fractions in a variety of ways.

7. DIFFERENT FORMULATIONS FOR THE CONVECTION PROBLEM

Let us drop here the phase index k, as the following discussion applies very generally to the convection
equation
O+ V- (au) =0, (40)

where we consider again non-penetrable boundaries (n - u|sq = 0). Various challenges arise when w is not
solenoidal; an important one is that, even if the initial condition «(0) is bounded in some interval [a, b], there
is no guarantee that «(t) will obey this constraint — even at the continuous level [36]. This shows that bound
preservation is generally also a modelling matter, even before becoming a numerical one. Indeed, multiplying
(40) by 2« and integrating over ) gives

O—/2o¢8tozd§2+2/ozv-(ozu)dﬂ
/af dQ+/ a2u-Va+ (V- w)a + (V - u)ald®

||a||2 /(v w)a?d,

where we have used (20). Therefore, by defining the positive and negative parts of a scalar field ¢ as ¢T :=
max{¢(x),0} and ¢~ := ¢ — ¢, it follows that

Sl + VT o = |V ()

It is easy to construct examples where V - u < 0, in which case (41) implies that ||a|| will increase indefinitely
with time. This property, of course, translates to the discrete level as numerical instability. Many approaches
exist to overcome this, such as overshoot limiters and flux correction — we refer the reader to two recent books
on this topic [37,38].
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Motivated by this discussion, we can introduce a changed variable ¢ := y/a, so that substituting a = ¢? into
equation (1) yields
0=0a+u-Va+ (V- -u)a
= 0(9?) +u - V(?) + (V- u)p?

V-
:2¢<8t<p—|—u~V<p+2u ),

which gives us the new equation
V-u
This leads to

V.
o:/2¢(at<p+u.w+—“¢)d9
o 2

:/at(go2)d9+/[u.V(@2)+¢2v-u} dQ
Q Q

:i/QDQdQ—&-/V-((pQu)dQ

d 2 / 2
= o|lF + pn-udl
g+ |

d 2
= S llel?,

that is, the L2(Q2) norm of ¢ is conserved over time. It can be shown that this stability is inherited at the
discrete level by various time-stepping schemes, such as Crank—Nicolson, BDF2, implicit Euler, and the IMEX
variant considered here:
M.FUW.VSO”'H +M
T 2

Here, and generally in numerical methods for conservation laws, there are trade-offs. We can choose to either
tackle (40) directly — and be mass-conserving but potentially unstable — or discretise the reformulated equation
(42) instead — and be unconditionally stable but only approximately conservative (mass conversation will follow
the numerical convergence of the scheme).

Besides mass conservation, another important constraint in our particular application is that o must be
bounded between 0 and 1. Various changes of variables can be introduced to (en)force such bounds [39,40], and
the simple one we propose here is

"t = 0. (43)

(2 Y
a(¢)<1+¢|) €1[0,1) forall ¢ €R, (44)

where

Ja
= 17\/5. (45)

The reader can verify that plugging (44) into (40) and using the chain rule produces the nonlinear equation

¢

V.u V-u
3t¢+u'v¢+T¢+ T|¢|¢:O- (46)
To circumvent the nonlinearity, we use the IMEX discretisation

¢n+1 _ qsn V- u”
T 2

V- -u"
+u Vet 4 ot 4 T\¢>"|<z>”+1 =0. (47)
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Although we shall not analyse this formulation, we expect once again a trade-off: the resulting volume fraction
a1 = a(¢"t!) will be pointwise bounded in [0, 1), but probably at the cost of some time-step restriction for
stability. In fact, most bound-preserving techniques induce CFL-like conditions [36,40].

While both changes of variable presented here will be numerically tested, we shall only analyse the uncon-
ditionally stable one (43) among them. Now back to the multiphase context, we define another H!-conforming
finite element space Zj. Then, prior to the velocity-pressure steps we update each volume fraction by first
solving the weak problems to find <p"+1 € Zp, such that

n+1

_ \VARTL \VAR T

By vt T S (e M)y = 0 (15)
T 2 T 2

for all ¢ € Zy, where x = 0 indicates the standard Galerkin method, whereas x = 1 leads to the least-squares

Galerkin formulation, which is symmetric and usually more stable in the presence of sharp gradients [41]. After

updating ¢y, we simply evaluate a"“ (cpZ“)z. We will now prove the following stability result.

Theorem 7.1 (Stability of the volume fractions). Assuming n-ug|go = 0 at all times, scheme (48) yields, for
any time-step size T > 0,

N
e 1” + > (o + xrol® + xr2 v I?) = Ik, (49)
n=1
where 5P = Pt — o and YT = ul - Vet + iv. ul T ot This implies
[k’ HLl(Q) HagHLl(Q)’ (50)

since ol = ()2

Proof. We set ¢ = 272! in (48) to get
0 =2(6p™ + 7yt ot 4 T
= 206} o)+ 2 (B o) ol 2 (o)
= [l I = okl + [low ™ |1° + 2x(Beltt rop ) + 2xlrp |+ 2r (it g,

where we have used (22). The last term on the right-hand side is zero due to identity (20). Moreover, since
x € {0,1}, we can write x = x?. Hence:

0= [l ™" = ekl + o™ ||” + 200t ropthy + 202 o
= lor™ 17 = okl + o™ +xrup ™ ° 4 7 i,
which when added up from n =0 to n = N — 1 completes the proof. O

8. NUMERICAL EXAMPLES

In this section, we assess the accuracy and the stability of our IMEX fractional-step scheme. All the tests were
computed using quadrilateral Lagrangian finite elements. Unless where otherwise stated, (i) second- and first-
order interpolation are used for velocities and pressure, respectively, and (ii) the volume fractions are evolved
using the unconditionally stable formulation (48), with the changed variables cp’”l = /ap*! discretised using
first-order elements. Only two-phase (M = 2) examples are solved, and the velocity boundary conditions are
such that n - ug = 0 on 02 at all times, which fits our theory. Since there is no inflow through 0f2, there are no
boundary conditions for the volume fractions. The equations for the changed variables ¢y or ¢, are formulated
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in the least-squares variant (x = 1 in (48)). Since the pressure is only defined (at each time) up to a constant,
we employ the usual zero-mean scaling

/dezO for all t.
Q

Whenever the exact solutions (p, w1, us2) are known, we will compute the relative errors at the last time step
N as

[P —p(T)||
= 51
@ ] oy
Vu? — Vu, (T
Cy 1= H u||rVu (;H( )H, where u, := uy — uq. (52)
We can also measure the errors
1
€div ‘= @HV . (Oélﬁjlv + OéQﬁév){ 5 (53)
e I+ e 1” - 1)
€a = RE = @Hai\[ +ap’ - 1HLl(Q)7 (54)

where || denotes (in 2D) the area of Q.

8.1. Convergence test with linear drag

The first numerical test considers a linear drag model with ;5 = [4(¢ 4+ 1)]~!. The domain is the unit circle
centred at (0,0), there are no forcing terms (g; = g, = 0), and the fluid parameters are p; = po = p1 = pa = 1.
With that, we consider the solution

2, 2
UI:f(t)(—y>’ Uz = ~U, p=f2(t)<x —2|—y _111>’ a1=a2E%7

where f(t) = (1+t)~!; the initial and boundary data are computed from the analytical expressions. The mesh
has 12288 elements, and the convergence study starts with 7 = 0.1, with seven temporal refinements (7 — 7/2)
then applied. The errors defined in (51)—(54), for T' = 1, are shown in Figure 1. All quantities converge at least
linearly, and some superconvergence is observed, which is common for incremental pressure-correction methods

[28].
8.2. Convergence test with nonlinear drag
The next test considers quadratic drag, 12 = 4|u; — us|, and the forcing terms
AN
@ =0 92_4<1+t>21¢m<—x>'

The fluid parameters are 1 = p; = 1 and po = pa = 4. With that and the corresponding boundary and initial
data, the solution is

2 2
w = £ (). =g p= PO(T ) mm = VR

T 2 2 32

again with f(t) = (1+t)~!. The domain is an annulus with inner and outer radii equal to 1/4 and 3/4, respectively,
centred at the origin. The mesh has 24576 elements with linear and quadratic interpolation for velocity and
pressure, respectively. The temporal refinement is similar as before, this time starting with 7 = 0.05. The results
shown in Figure 2 confirm again at least linear convergence for all four quantities.
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F1GURE 1. Temporal convergence test for a problem with constant volume fractions and linear

drag. The relative errors (51)—(54) reveal a numerical order of convergence of at least 1 for all
four quantities.
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FIGURE 2. Temporal convergence test for a problem with quadratic drag. The relative errors
at t = 1 confirm at least linear convergence for all four quantities.
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8.3. Dispersed Rayleigh—Taylor flow

Our final experiment is inspired by the Rayleigh—Taylor instability, which is a popular benchmark for (separated)
two-phase flows [34]. The standard setup considers two fluidsinitially at rest in = (0, 0.5) x (=2, 2), with the denser
one on top. To adapt this problem to the dispersed setting, we consider the initial phase distribution as

ad = 0-99 ; 0.05 + 0-99 ; 0.05 tanh(40y 4 4 cos 27z), af =1— a9,

which means the lighter fluid (k¥ = 2) occupies 99% of the lower part of £ and only 5% of the upper part,
see Figure 3 (left). The lateral walls are free-slip boundaries, while the top and bottom ones have no slip. The
system is under gravity g; = g, = (0, —1)T, and the fluid parameters are p; = 1, po = 3, 3 = 0.1, o = 0.3. An
Euler-type drag is considered: 12 = 10as|us — u1|. The spatial mesh contains 80000 square elements, and the
time-step size is 7 = 0.005. The volume fractions are evolved through the bound-preserving formulation (47),
with the changed variables ¢, discretised quadratically in space.

The distribution of ay and ~y;2 at different times is shown in Figure 3. As in the classical separated two-phase
benchmark, a mushroom-like pattern forms over time. However, the dispersed nature of the present problem
allows some of the lighter fluid to rise to the top and start collecting underneath the upper wall, which cannot
happen in the separated case.

Since multiphase benchmark solutions are difficult to find, we compare our numerical results to the solution
obtained through a (semi-)monolithic scheme with fully implicit viscous terms and IMEX drag forces:

n+l n V- u?
¥1 - Y1 + ’LL1 v(pn—i—l 5 1 (p?—i—l — O7
SDSH — 3 +1 V-ug 1
T + u2 vwn 2 SDS = Oa

n+1 +Oé 7
P = 1 n+1+an+1 n Vun+1+ V ( n+lu7f,) 71'L+1 _v (2M1an+1V< n+1)
_'_O['{H—lvpnqu _‘_712( n+1 'U/;H—l) _ pliul _|_ploén-‘,-lg;z+l7
n+1 +a
p2 27_ 2 n+1_’_ag,+1 v n+1+ V ( n+1u121)ug.+1 _v (2M2an+1vb n+1)

1 1 1 1 1 1
+ap TV A (up T —wy ) = P2*U2 +p2a gyt

+1, nt1 +1, nt1
Vo (@it + o T lulth) =0,

which is also linearised and unconditionally stable. The comparison in terms of ; and pis shown in Figure 4, reveal-
ing very good agreement between the fractional-step and monolithic schemes, even though they also differ with
respect to the chosen change of variable (¢ and ¢y, for the fractional-step and monolithic cases, respectively).

As a last result, we assess the evolution of three quantities of interest:

1 1
Finetic = 5,01\\\/061 u || + 5'02”\/042 us %,
[V -al = ||V (c1ur + cguz)|l,

1 1)l + [l
ol +asllpie) = "——5——

] ) [8)
While the kinetic energy should change due to dissipation and gravity [42], the other two quantities should
(for the exact solution) remain equal to 0 and 1, respectively, throughout time. The results in Figure 5 show
that the kinetic energy obtained through the fractional-step and monolithic schemes agree well. As expected,
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FIGURE 3. Dispersed Rayleigh-Taylor flow: distribution of as (top) and 12 (bottom) at t =
0,1,2,3,4,5 (from left to right). The color scale for v12 goes from 0 to %> & 2.8838.
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FIGURE 4. Dispersed Rayleigh-Taylor flow: «y (top) and p (bottom) profiles at t = 5 for
z = 0,0.1,0.2,0.3,0.4,0.5 (from left to right). The fractional-step (full lines) and monolithic
(dashed lines) solutions are in very good agreement.

the divergence error is smaller in the monolithic case, which enforces V - u directly (albeit weakly). For the
conservation of |la; + asol/z1(q), the comparison between the two change-of-variable approaches discussed in
Section 7 confirms the theoretical predictions: both versions are similarly accurate, but the bound-preserving
one leads to a (slight) progressive growth over time.

9. CONCLUDING REMARKS

This work has presented a simple IMEX splitting scheme for dispersed multiphase flow systems. While each
fluid phase obeys its own mass and momentum equations, they are all coupled by the pressure and drag forces.
Therefore, decoupling the phases (at each time step) requires treating those forces explicitly. The pressure
splitting is a particularly delicate matter, even more so here than in single-phase flows. To achieve that, we
have presented a pressure-correction method built upon the incompressibility of the mean (volume-fraction-
weighted) velocity field. We have also proposed an explicit treatment of the drag term based on the projected



STABLE SEGREGATED IMEX SCHEME FOR EULER-EULER FLOWS 2889

x107°

0.03 . . . 3 . . 1.001 , . . .
—— Fractional-step —— Fractional-step ——Fractional-step, ¢
........ Monolithi ithi i - X
0.025 - onolithic Y Monolithic | Fractional-step, ¢
=)
5 ;
5 002} b oo 12
g — =
@ [ =
2 g =
% 0.015} 515 IS
8 ® +
- g g
< ) e
= 0.01+ ) 1 1= )
= GZJ .....
0.005 - - 0.5
. | | | | ol s 0.9 | | | |
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
Time Time Time

FI1GURE 5. Dispersed Rayleigh—Taylor flow: temporal evolution of three quantities of interest.
The results on the right compare two different changes of variable for ay, see Section 7.

velocities. Moreover, the convective nonlinearities are also eliminated through simple IMEX techniques. Finally,
we also showed that one may choose to treat part of the viscous term explicitly to further decouple the spatial
components of each phase velocity. The resulting scheme, which we have proved unconditionally stable, is
considerably simpler to implement than an implicit one, as it is linearised and fully decoupled — as a matter
of fact, only scalar subproblems need to be solved. Although we focus on two-phase applications, our method
becomes increasingly more attractive for more fluids because only one pressure problem is solved regardless of
the number of phases. Of course, our framework has limitations. For instance, its extension to second order may
prove challenging to construct and analyse. Even first-order convergence may be very difficult to attain in the
presence of open boundaries, where standard pressure-correction methods usually fail even for single-phase flows
[43]. A promising path towards enabling both higher-order convergence and more general boundary conditions
is consistent splitting schemes [44], which is a topic we are currently working on.
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APPENDIX A. DERIVING THE PRESSURE-CORRECTION METHOD

Projection schemes can be derived in various ways, and here we follow the pipeline proposed by Badia and
Codina [45] for the homogeneous, single-phase Navier—Stokes equations. We start from the fully implicit Euler
discretisation of (5)—(6):

2 (g Uptt = ol e UR ) 4 PR + o I = g, (A1)

M
V> apttuptt =o, (A.2)
k=1
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where we capitalise U Z‘H to distinguish between the implicit and IMEX solutions, and
Fp (UR) i= prap UL VUL 4+ BV (ap U U - V- (200 VU Y)
+ Z ,ynJrl Un+1 U;L-‘rl).
Next, we introduce the auxiliary velocities

n+1 n T " ay n
U, =Upt4+— (Vp T [ Vp ) (A.3)
Pk Qy,

and use them in the first term on the left-hand side of (A.1) to get

ntl1ppntl n nyrn n n n n n
T(%HU/C _ /ak+1&k Uk) + P U + /ak+1ak V" = pral gt (A.4)

n+1

Now, multiplying (A.3) by a; ™", adding over the phases and taking the divergence yields

M M
v Z{ AR T pl <\/a2+1a" Vp" — aZHVP"HH =V aptut
k

k=1 k=1
= ()7
which can be reorganised as a Poisson-like equation for p™*!
M pq1 M O/H-lan M
« k k 1 ~ n+1
V- —k_Jvprtt =v. Y |V |+ =V Y U, (A.5)

Notice that, up to this point, the modification of the implicit system is fully consistent: system (A.3)—(A.5)
is equivalent to (A.1)—(A.2) (all the derivation steps can be reversed). The so-called splitting error comes now,

. . . ~n+1 - s
as we introduce the approximation Fy™(U) ~ Fr*(U, ") and the artificial boundary condition

M nt1 M O/H_la
(Z ¥ >3np”“ =[S o on 00, (A-6)

1 Pk 1 Pk

which is equivalent to

M:

(UZH — UZ‘H) =0 on 09,

E
Il

1

—+ n+1

due to (A.3). Finally, changing notation from U} to 47" and from Tjk to uy,

P (o - o ) B + ol e Vi = g, )
M n+1 M a
oy 1 k
& )vp"tt| =V 4
() 3

k=1

, we have the split system

V- vp" | + v Za"“ ntl (A.8)
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AT n T an T T
aptt =t — ( £ Vp" = Vp +1>, (A.9)
«

Pk &

to be solved sequentially. To obtain the precise version considered in this work, it remains only to introduce the
first-order IMEX approximations

M
FE () = proptug - Vaptt+ 29 (ap Pa)up - V- 2ap vt + 00 (0 - ap),
=1

along with (9). This method is formally first-order consistent and has an O(72) splitting error, as shown in
Section 4.4.
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