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hp-ERROR ANALYSIS OF A CONTINUOUS PETROV-GALERKIN
TIME-STEPPING SCHEME FOR LINEAR PARABOLIC EQUATIONS

ZHE L1 AND L1JUN YT*

Abstract. We present a fully discrete hp-version numerical method for second-order linear parabolic
equations, combining a continuous Petrov—Galerkin (CPG) time-stepping scheme with a standard con-
tinuous Galerkin (CG) finite element method in space. Our analysis provides a priori error estimates
in the L*(L?)- and L°°(L?)-norms, where all constants are fully robust — independent of temporal and
spatial discretization parameters. For solutions with initial singularities at ¢t = 0, exponential temporal
convergence is achieved through geometrically graded time meshes and linearly increasing polynomial
degrees. Numerical experiments confirm the theoretical convergence rates.
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1. INTRODUCTION

We consider the second-order linear parabolic equations of the form

Ou+ Au = f(z,t) in Q x (0,T],
u(x,t) =0 on 99 x (0,77, (1.1)
u(x,0) = up(x) in Q,

where Q C R? is an open, bounded domain with boundary 99, and d € {1,2,3}. Here, f(x,t) represents the
source term, and ug(x) is the initial condition. The operator A is the elliptic spatial operator, defined as

d
Au = — Z 0z, (aij(x)0p,u) + b(x)u,

ij=1

where the coefficients a;; and b are time-independent functions.

Over the past few decades, parabolic equations have attracted significant attention due to their broad range of
physical applications. These equations are used to model various phenomena, including heat transfer in draining
films [30], diffusion and catalytic population growth [17,37], dispersion in tide-driven flows [13], contaminant
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transport in shallow lakes [43], phase separation in binary alloys [4,39], long-range air pollutant transport [57],
and myosin distribution in cells using a two-phase flow framework [33].

Numerous numerical methods have been developed for solving second-order parabolic equations. Classical
approaches, such as finite difference schemes in both time and space, have been extensively studied. Additionally,
many methods combine finite difference schemes for time discretization with finite element methods (FEMs) or
spectral Galerkin/collocation methods for spatial discretization [10,16,20,22,23,34,40,41,56]. While these hybrid
approaches often achieve high accuracy in the spatial direction, their temporal accuracy remains relatively low,
leading to suboptimal overall approximation precision. Consequently, the development of methods that achieve
high accuracy in both time and space is of considerable theoretical and practical significance.

In recent years, significant progress has been made in developing high accuracy space-time methods for solving
parabolic equations, particularly using FEMs in both space and time. FEMs can be classified into the h-, p-,
and hp-versions. The h-version achieves error reduction by refining the mesh size while keeping the polynomial
degree fixed (typically low). In contrast, the p-version reduces the error by increasing the polynomial degree while
maintaining a fixed mesh size. The hp-version combines both approaches, enabling simultaneous adjustments
of local mesh sizes and polynomial degrees. This flexibility allows the hp-version FEM to adapt efficiently to
solution characteristics, achieving exponential convergence rates even for singular solutions, as demonstrated in
[8,48,55].

It is well known that Galerkin discretization methods are widely used in the spatial direction, while for
time discretization, they are generally categorized into continuous Galerkin (CG) and discontinuous Galerkin
(DG) methods. The CG method produces piecewise continuous polynomial solutions, whereas the DG method
yields piecewise discontinuous polynomial approximations. Despite this difference, both methods employ test
function spaces composed of piecewise polynomials that are discontinuous at time nodes. This structure allows
a global scheme defined on (0,7") to be decomposed into local problems on each time subinterval, enabling
both methods to be viewed as implicit one-step schemes. The h-version CG time-stepping method for nonlinear
first-order initial value problems (IVPs) dates back to the 1970s, pioneered by Hulme [25,26]. The h-version
DG time-stepping method was later introduced by Delfour et al. [15]. Since 2000, hp-version CG and DG time-
stepping methods have been extensively investigated for solving first- and second-order IVPs, as documented
in [5,45,50,51,53,54].

In the context of parabolic equations, the h-version DG time-stepping method was first proposed by Jamet
[31] and further analyzed by various researchers, including those in [2,3,18,36,42]. For a comprehensive overview
of the DG time-stepping method, readers are referred to the monograph [49]. The h-version CG method was
initially introduced by Aziz and Monk [6] for the time discretization of the heat equation and was subsequently
generalized to broader classes of parabolic equations; see, e.g., [1,3,9,35] and the references therein. The
hp-version Galerkin method, known for its flexibility and high accuracy, has also been applied to the time
discretization of parabolic equations. One of the earliest attempts in this direction was made by Babuska and
Janik [7], who analyzed the hp-version discontinuous Petrov—Galerkin method in time. However, their approach
imposed severe restrictions on the spatial discretization, and exponential convergence was not established.
More recently, studies such as [46,52] demonstrated that the hp-version DG time-stepping method can achieve
exponential convergence for parabolic problems with initial singularities. For a posteriori error estimation of
the hp-version DG time-stepping method applied to parabolic problems, we refer readers to [24, 38,47] and
references therein.

To the best of our knowledge, there has been no error analysis of the hp-version CG time-stepping method
for parabolic equations. The CG method uses distinct spaces for trial and test functions, comprising piecewise
continuous and discontinuous polynomials, respectively, making it essentially a continuous Petrov—Galerkin
(CPG) scheme. We will adopt this terminology throughout. Since the trial functions in the CPG method
are piecewise continuous polynomials with a degree one order higher than the test functions, the discrete
solution cannot be used as the test function (as in DG methods) to establish stability. This presents significant
challenges for stability and convergence analysis of the CPG time-stepping method for general linear and
nonlinear parabolic equations. A feasible approach is to define a special mesh-dependent norm and perform
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the analysis in terms of this new norm, as shown in [1,3,19]. However, the error analysis for the h-version
Galerkin method cannot be directly extended to the hp-version.

The present work employs the CPG method for the temporal discretization of parabolic equations, motivated
by the following considerations:

— The trial space of the CPG method consists of piecewise continuous polynomials, which avoids introducing
jump terms into the discrete formulation — commonly required in DG methods. This leads to a certain
simplification in both practical implementation and error analysis.

— For regular solutions, both the CPG and DG methods yield an optimal convergence rate of order ¢+ 1 in the
L?-norm when using polynomials of degree q. However, the CPG method achieves this with fewer degrees
of freedom per time step.

— The CPG method is established as A-stable and, as demonstrated in [44] within an abstract Hilbert space
setting for general evolution equations, it exhibits an energy-decreasing property when applied to gradient
flow equations. This makes it a promising candidate for optimization-related problems.

It is worth emphasizing that both the CPG and DG methods are high-order methods suitable for time
discretization, and each has its own advantages. It is difficult to make a straightforward comparison between
them, and indeed, such a comparison is not the aim of this paper. For detailed numerical comparisons of the
CPG and DG time-stepping applied to IVPs for ordinary differential equations, heat equations, and transient
Stokes problems, we refer to [27,28, 32].

This paper aims to provide a rigorous error analysis of the hp-version CPG time discretization scheme
combined with the hp-version CG spatial discretization for solving the parabolic equation (1.1). The analysis
hinges on the stability of the fully discrete Galerkin approximation (see Lem. 2.3), which serves as the foundation
for establishing optimal a priori error estimates in standard Sobolev norms. The main contributions of this paper
are summarized as follows:

— We establish the stability of the hp-version fully discrete Galerkin solution. Based on this, we prove the
existence and uniqueness of the fully discrete Galerkin approximation.

— We derive a priori error estimates in L?(0,7; L2(2))- and L>°(0,T; L?(Q))-norms, which are fully explicit
in terms of mesh sizes and polynomial approximation degrees in both time and space. Notably, for smooth
solutions, our analysis demonstrates spectral accuracy in both temporal and spatial directions.

— For solutions with initial singularities at ¢ = 0, we show that exponential convergence rates in time can be
achieved by employing geometric time partitions combined with linearly increasing polynomial approxima-
tion degrees.

The paper is organized as follows. In Section 2, we introduce the space-time hp-version Galerkin fully discrete
scheme for solving the parabolic equation (1.1), along with proofs of the stability and well-posedness of the
fully discrete solutions. In Section 3, we derive error estimates for the fully discrete approximation in the
L?(0,T; L?(Q))- and L*>(0,T; L?(Q2))-norms. Specifically, for solutions exhibiting initial singularities at ¢ = 0, we
prove that the fully discrete Galerkin approximation errors exhibit exponential decay in the temporal direction
under a geometric time mesh refinement. Section 4 presents numerical experiments that validate the theoretical
results. Finally, we conclude the paper with a summary and discuss directions for future research.

2. THE hp-VERSION CPG-IN-TIME AND CG-IN-SPACE FULLY DISCRETE SCHEME

In Section 2.1, we present the commonly used Sobolev spaces and their associated norm notations. In
Section 2.2, we introduce the hp-version fully discrete Galerkin scheme for solving the second-order parabolic
equation (1.1). Finally, in Section 2.3, we establish the stability of the fully discrete Galerkin solution.

2.1. Notations

Throughout this paper, we adopt standard notation and conventions. Let 2 be a bounded open domain.
We denote by L?(€) the space of square-integrable functions on €, equipped with the norm | - || 12(q) and the
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inner product (-,-). The Sobolev spaces H™() and HJ"(£2) are defined in the standard way, where m is a

non-negative integer. These spaces are equipped with the standard norm || - || gm () and semi-norm | - |gm(q)-
In particular, we have H°(Q) = L2(9).
For a Banach space B with norm || - || g defined over the spatial domain 2, and for a time interval (0,7, we

define the space-time Sobolev spaces H"(0,T; B) as follows:
H"(0,T;B) = {u(z,t) : (0,T) — B and |[ul|gr(0,7,5) < o0},

where r > 0 is an integer, and

Nl

T T
)
oy = | 3 [ 1okl a
j=0"0
Similarly, the space-time Sobolev spaces W">°(0,T; B) are defined as
Wr,oo(()’T;B) = {u(mat) : (O7T) — B and Hu||WT=°°(0,T;B) < OO},

where

o = 3 (ess sup ] )

Do\ 0<t<T

For convenience, we typically use L?(0,T;B) and L®(0,T; B) to represent H°(0,T;B) and W%>(0,T; B),
respectively.

Additionally, we denote by C' generic positive constants that are not necessarily identical at different locations,
but are always independent of discretization parameters such as the mesh sizes and the approximation degrees.

2.2. Formulation of the hp-vesion fully discrete Galerkin scheme

2.2.1. Weak solution
Assume that the coefficients a;; and b of the elliptic spatial operator A satisfying a;;,b € L*>(Q), and a;; = aj;
for 1 <i,7 < d. The bilinear form associated with A is given by

d

a(u,v) :/ Z i ()0, u0,,v + buv | dx, (2.1)
Q

1,j=1

and assume that this form is symmetric, continuous, and coercive. Specifically, for any u,v € Hg (2), there exist
positive constants C; and Cs, depending only on a;; and b, such that

a(u,v) = a(v,u), (2.2a)
la(u, v)| < Collull g1 ()llvllm (@)- (2:2¢)

Following [21], we define a weak solution of the parabolic equation (1.1) as a function u € L?(0,T; H3())
with dyu € L2(0,T; H=1(Q2)) that satisfies the following conditions:

(i) (Dpu,v) + a(u,v) = (f,v) for each v € HE(£2), almost everywhere in ¢ € [0, T],
(ii) u(x,0) = ug(x).
Here, (-, -) denotes the pairing between H~1(Q) and H}(1).
As stated in Theorem 5 of Chapter 7 in [21], the problem (1.1) has a unique weak solution « that satisfies

we L(0,T; H*(Q)) N L=(0,T; Hy (), 9w € L?(0,T; L*(1)),
provided that f € L?(0,T; L*(Q)) and ug € H} (D).
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2.2.2. Spatial discretization

For the conforming finite element discretization of (1.1), let {M}} represent a family of shape-regular parti-
tions of 2 into elements {Qi}ﬁv:““'l, where each §2; is a d-simplex, quadrilateral, or hexahedron. The diameter of
each element (2; is denoted by h;, and the maximum mesh size is defined as h := max{hi}ﬁv:ﬁ. Each element €;
is assigned an approximation degree p; > 1, which are collectively represented by the vector p = {pl}fvjl For
simplicity, we assume that (M, p) forms a quasi-uniform hp-discretization of Q. That is, there exist positive
constants Cj, and C) such that

| =
S

1< —<C, and 1< =<0, forl<i<Ng,

i DPi

>

where p := max{pi}?]:’“'l. In addition, we set p := min{pi}fvgl.
As usual, the hp-version finite element space, consisting of piecewise continuous pull-back polynomials; is
defined as

Ve (Mp) = VP(My) N Hg (),

where
VP(My) = {ue HY(Q) :ulg, € P, (%),1 <i < N}

Here, P,,(£2;) denotes the space of polynomials on €2; where the total degree (sum of degrees in all variables)
does not exceed p; if €; is a simplex. Otherwise, it represents the space of polynomials on €; where the separate
degree does not exceed p; in each variable.

2.2.8. Temporal discretization

To introduce the hp-version CPG time-stepping scheme for (1.1), consider an arbitrary partition J. of the
time interval I := (0,T"), with time nodes defined as

O=to<ti < - <tn,—1<tn, =T.

Let I, := (tn—1,t,) represent each time subinterval with step size 7,, = t,, — t,—1, and denote the maximum
step size by 7 := max{7,}*,.

The approximation degree vector q = {qn}nN;1 assigns an approximation degree ¢, > 1 to each time interval
I,,. We further define the minimum approximation degree ¢ := min{qn}ggl. The discretization (7, q) is called a
quasi-uniform hp-discretization of (0, T') if there exist positive constants C; and Cy such that for all 1 <n < NNy,

1§l§CT and 1§i§Cq, for 1 <n < Ny,

Tn qn

where g := max{q, }*,.

When addressing problems with initial singularities at ¢ = 0, a specially local refined time mesh and a
corresponding tailored approximation degree vector will be employed (see Sect. 3.4).

The trial and test spaces for the hp-version fully discrete Galerkin method are defined as

SPOY My, J-) = {u e H' (I; H)(Q)) : ulr, € Py, (In; VP(My)),1 < n < Ny}

and
SPAO(M,, 7,) = {u € LI HYR))  uls, € Pys (L VM) 1< 0 < N,

respectively. Here, P, (I,;Vi{¥(My)), for an integer g, > 1, represents the space of V(M,,)-valued polyno-
mials of degree at most g, over the time interval I,,. The space Py, _1(In; V' (My})) is defined analogously for
polynomials of degree at most ¢, — 1.
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2.2.4. Fully discrete Galerkin Scheme

The hp-version fully discrete CPG-in-time and CG-in-space scheme for solving the parabolic equation (1.1)
is formulated as follows: find uy, € SP21(M,,, J;) such that

/{(atuhfath) +a(’ll,h7-,7)h7-)}dt == /(fa th)dta
I I

uhT(m,O) = RpU()

(2.3)

for any vy, € SPI71O(My,, J;). Here, RP : H} () — VP(M)},) is the Ritz—Galerkin projection operator defined
by
a(u — RPu,v) =0, Yve VP (My). (2.4)

Selecting v = RPu in (2.4), and applying the coercivity and continuity of a(-,-) as given in (2.2b) and (2.2c),
we obtain the H!-stability of RP:

[BPull 10y < Cllulla - (2.5)

Due to the discontinuity of the test space SP9=1.0(M,, J,) at time nodes, the scheme (2.3) can be inter-

preted as a time-stepping method. Specifically, if up, is known on I, for 1 < m < n — 1, the solution
upr € Py, (In; VP (My)) on the next time step I,, can be determined by solving

/{(@uhr,vm)+a(UhT,th)}dt=/ (f,vnr)dt,
I

n

(2.6)
UhT

1 (@ tn—1) = Unrl1, (T, tn-1)
for any v, € Py, _1(I,,; V¥(My)). The initial condition is given by up-|r, (x,t0) = RPuo.

Remark 2.1. The direct implementation of scheme (2.6) results in a large-scale linear system, particularly
in the case of high-dimensional spatial problems. Recently, [14] proposed efficient parallel algorithms for the
high-order CPG method in dissipative and wave propagation problems. Notably, their time-parallel algorithms
can also be effectively applied to solve (2.6).

2.3. Stability

By applying the well-known standard Poincaré-Friedrichs inequality (see e.g., [11]), we obtain the following
result.

Lemma 2.2. Let u € HY(I; L*(Q)) with u(zx,0) = 0. Then, the following inequality holds
ull L2 (r;20)) < TlOkullL2(1,02(0))- (2.7)
The following lemma establishes the stability of the hp-version fully discrete Galerkin approximation wup.

Lemma 2.3. Suppose the right-hand side f € L?(I; L*(Q)) and the initial data ug € HL(Q). Then, there exists
a unique Galerkin approximation up, defined by (2.3), satisfying the following inequality:

lunrllz2(r:2(0)) + 10suns L2122 )y < Cllfllz2:229)) + Clluoll a1 () (2.8)
where the constant C' depends on T but is independent of any discretization parameters.

Proof. We first establish the stability estimate (2.8). Choosing v, = Qyup, in (2.3) gives

/I {(@uhﬂ Opupr) + a(upr, atu,w)} dt = /I(f7 Opup,) dt. (2.9)
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Using the symmetry and bilinearity of a(-,-), along with integration by parts in ¢, we obtain

1
/ a(uhTy atuhT) dt = 5 / {a(atuhTy uhT) + a(uh‘f'7 8tuh7')} dt
I 1
1
= 7/ata(uh'r;uh7') dt (210)
2 Jr
1
= §{a(uh7(w,T), upr (2, T)) — a(upr(x,0), up, (x, 0))}
Substituting (2.10) into (2.9) and applying the Cauchy—Schwarz inequality, (2.2b), and (2.2c), we deduce
HatUhT”%%I;L?(Q)) = /1 £l 22 [|0vunr | L2 dt"_C”uhT('»O)”%{l(Q)

< flle2 ez 10ctuns | L2 (122 () + Clluns (-5 0) 171 o

IN

1 1
§||f||2L2(1;L2(Q)) + 5“3tuh7||%2(1;L2(Q)) + Cllup- (- 0)”?11(9)-

Rearranging gives
lOsuns 212y < fllz2z2)) + Cllunc (5 0) || a1 ()- (2.11)
Next, using the triangle inequality and the Poincaré—Friedrichs inequality (2.7), we have
lunrllz2(r;2) < llunr = wnr (- 0) | 2 (r2()) + luns (-, 0) || L2102 ()
1
< 1[0 (unr — unr (-, 0))|| 22 (1;22(0)) + T2 [Juns (-, 0)] £2(0)

¢ (2.12)
= T|0vunr || L2(1;2(02)) + T2 ||uns(-,0)| L2 ()
< Cllfllez2(r;L2(@)) + Cllunr (-, 0) || g1 (a)-
Combining (2.11) and (2.12), we obtain
lunsll L2 (r;e2(9)) + 10suns L2102 0)) < CllfllL2:r2)) + Clluns (+ 0)|[ a1 (q)- (2.13)

Since up,(x,0) = RPug by (2.3) and RP is H'-stable by (2.5), we conclude

luns (-, 0)[| (@) = [RPuol| 1 () < Clluoll (-

Substituting this into (2.13) gives (2.8).
We now prove the existence and uniqueness of wup.. Let U,V be two hp-version fully discrete Galerkin
approximations satisfying (2.3). Then W := U — V satisfies

/ [(OW, vnr) + a(W, vpy) } dt =0,
I/I;(a:, 0)=0
for any vy, € SP9719( My, ). By the stability estimate (2.8), we have
IWllLare2 ) + 10:W | L2(r,22(0)) <0,

implying that W = 0 on Q x I. Thus, uy, is unique. Since (2.3) is linear and finite-dimensional, existence follows
from the uniqueness result. This completes the proof. (I

3. ERROR ANALYSIS

In this section, we derive a priori error estimates for the hp-version fully discrete Galerkin approximation
defined by (2.3).
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3.1. Ritz—Galerkin projection, temporal projection, and their approximation properties

We recall that the Ritz—Galerkin projection operator RP defined in (2.4) applies only to functions with respect
to the spatial variable . In the following, we extend RP to functions depending on both = and t in the L?
sense.

Definition 3.1 (Ritz—Galerkin projection). For any function u € L?(I,,; H}(2)), we define the extended Ritz—
Galerkin projection RPu € L?(I,; VF(My)), as follows

/ a(u— RPu,v)dt =0, VYov e L*(I,; VP (My)). (3.1)
I,
For any u € L*(I; H}(Q)), we further define the global Ritz—Galerkin projection element-wise by

RPuly, = RPu, 1<mn <N

Clearly, RPu € L?(I; VP (M},)) satisfies

/a(u — RPu,v)dt =0, Yo L*(I;VP(My)). (3.2)
I

By choosing v = RPw in (3.1) and applying the coercivity and continuity of the bilinear functional a(-,-), we
obtain
B ull 21,01 0)) < Cllullpzr,;11@)- (3.3)

Summing over all elements I,, for 1 < n < Ny, we get
||Rpu||L2(1;H1(Q)) < C||u||L2(I;H1(Q)). (3.4)

Thus, we conclude that the projection operators RP and RP are H!-stable.

Building on the error estimates for the hp-version CG method applied to second-order elliptic boundary
value problems, as discussed in [8,48], we conclude that the Ritz—Galerkin projection RP satisfies the following
hp-version approximation property.

Lemma 3.2. Let the tuple (M, p) be a quasi-uniform hp-discretization of the spatial domain 2. Assume that
w € L2(I; H3(Q) N H™(Q)) with r > 1. Then, we have

hmin{p+1,r}

lu = RPul[L2(1;02(0)) < CTHUHL?(I;mer

T

Next, we introduce the temporal projection operator I1? following the frameworks in [48, 49, 55].
Definition 3.3 (Temporal projection). For any u € H'(I,; L*(2)), the projection I1{"u € Py, (I,,; L*(£2)), with
integer g, > 1, is defined as

/ (at(u — H?"U),’U) dt = 0’ Yo € Pqnfl(-[n; L2(Q))7
0 ’ (3.5)
H(}:u(xv tn—l) = U(w, tn—l)-

Here, P, (I,; L*(£2)) represents the space of L?(2)-valued polynomials of degree at most g, over the interval
L, and P, _1(I,; L*(Q)) is defined analogously.
Notably, the following condition also holds

07 u(e, t,) = u(w, t,), (3.6)

which can be derived by setting v = 1 in (3.5) and applying integration by parts with respect to ¢.
Furthermore, for any function v € H'(I; L?(R)), we define the global projection element-wise as

My, = Of"u, 1<n< N (3.7
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Using the approximation results provided in Lemma 3.2 of [55] (see also [48]), we can derive the approximation
results of I19u, as detailed below.

Lemma 3.4. Let the tuple (J-,q) be an arbitrary hp-discretization of the time interval I. Suppose that u €
H(I; L*(2)) satisfies ulaxr, € H*n (I,; L?(2)) with ko, > 1. Then, we have the following error estimates

2 Tn\ 2Fn F(Qn +2 - kn)
lw =Ml 721, 120)) < (3) @ + DT (gn + ) llFen (1,05220) (3.8)
2 Tn 2kn—2 F(QTL +2— kn)
100t = T9%0) 22 . gy < (3) o iy el 1o (3.9)

for 1 <n < N;. Here, 1 <k, <min{q, + 1, ko,n}
If the tuple (Jr,q) is quasi-uniform and v € H*(I; L*(Q)) with k > 1, then we have the following global error
estimates

Tmitl{q+1,k}

[|u— Hq““m(z;m(g)) < CTHU”HHI;H(Q)),
5 Tmin{q,k—l}
[0 (u — Hq“)”p([;p(ﬂ)) < OTHUHH’“(I;L%Q))'

3.2. Abstract error bounds

Let u be the exact solution of the parabolic equation (1.1), and let up, be the hp-version fully discrete Galerkin
approximation defined by (2.3). We decompose the error e := u — up,, into three components as follows:

e = (u — RPu) 4+ (RPu — II9RPu) + (ITI9RPu — up,) :=n + RPO + 4. (3.10)
The terms are defined as follows:

— Ritz—Galerkin projection error: n := u — RPu, which represents the error due to the projection by the
Ritz—Galerkin projection RP in the spatial direction.

— Temporal projection error: RPO := RP(u—I19u), where 6 := u — I19u is the error introduced by the temporal
projection operator I19. Here, we utilize the commutativity property of the projection operators: 119 RPu =
RPIIu.

— Galerkin approzimation error: v := I19 RPu—up,, which represents the remaining error due to the space-time
Galerkin approximation.

We begin by deriving the L?(H?)-estimate for the term 6 = u — I1%u.

Lemma 3.5. Let the tuple (J-,q) be an arbitrary hp-discretization of the time interval I. Suppose that u €
HY(I; H*(2)) satisfies ulaxr, € Hn (I,; H*(Q)) with ko, > 1. Then, we have the following error estimate

1011Z 21,2 (52y) <

Tn\2kn  D(gn +2 — ky) 2
— A1
( 2 ) (JH(Qn i I)F(qn n kn) ||uHHkn(In;H2(Q)) (3 )
for 1 <n < N,. Here, 1 < k,, <min{g, + 1,kon}.
If the tuple (J,,q) is quasi-uniform and u € H*(I; H*>(Q)) with k > 1, then we have the following global

error estimate
Tmin{qul,k:}
101 L2 (1,12 (02)) < CTIIU\Imu;m(Q)). (3.12)
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Proof. Using (3.8) from Lemma 3.4, we obtain

2
2 a . \2
||9H2L2(1n;H2(Q)) = [lu— HquHLQ(In;HQ(Q)) = Z [D%u — (D u)||L2(In;L2(Q))
|a|=0
Tl F(Qn + 2 — kn)

2k
S ( Dau 2 n . 2
lc%_:o 2 ) n(qn + DI (gn + kn) | et (1,220

- (Ln)zkn D(qn +2 — kn) Tl
SN2 Gl qn + DD (qn + kyp) " HE T H2(Q))”

2

. .. . lal . .
Here, o = (o, . . ., aq) is a multi-index of nonnegative integers o5, and D* = MQ?W denotes the differential
1Y%y

operator of order |a| = 2?21 a;. This completes the proof of the estimate (3.11).
Furthermore, by applying Stirling’s formula, we obtain the estimate (3.12). (]

Next, we establish the H'(L?)-estimate for the term n = u — RPu.

Lemma 3.6. Let the tuple (M, p) be a quasi-uniform hp-discretization of the spatial domain 2. Assume that
u € HY(I; HE(Q) N HT () with r > 1. Then, the following estimate holds

hmin{p-&-lm}
||77||H1(1;L2(Q)) < CTHUHHI(I;H"(Q))- (3.13)
Proof. By applying Lemma 3.2, we have

1 h2 min{p+1,r}

1
2
) , , S
1702 (1,22 0)) = ZHaiu - Rp(agu)’ L2(1L2(9) < CZ TH@“HH(I;W@))
§=0 ' §=0
h2 min{p+1,r}
< CTH“H%P(I;HT(Q))'
This completes the proof. (Il

Then, we consider the L>°(L?)-estimate for the term RP§ = RP(u — I1%u).

Lemma 3.7. Let the tuple (Jr,q) represent an arbitrary hp-discretization of the time interval I. Suppose that
u € HYI; H(Q)) satisfies u|qxr, € W (L,; HY(Q)) with ko, > 1. Then, we have the following error

estimate 2kn T ( + 2 k )
T n -

RPOIZ < c<i> —I T ;n

|| HL (In;L2(Q)) 2 Adn (Qn k")

for 1 <n < N;. Here, 1 <k, <min{q, + 1, ko,n}
In particular, if the tuple (J.,q) is quasi-uniform and u € W*°(I; HX(Q)) with k > 1, then we have the
following global error estimate

lFyrt oo (1,11 (52)) (3.14)

min{q+1,k}
-
| RPO|| oo (1,02 () < CW [ullwr.oe (1,11 (02))- (3.15)

Proof. By applying the definition of 119 from (3.7), (3.5), and (3.6), we have
Rpe(w, tn—l) = (R”u — Hquu) (ﬂ.’t,tn_l) =0

and
RPO(x,t,) = (Rpu — HqR”u) (x,t,) =0,
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which implies that RP € H{(I,). Then, by applying the Sobolev inequality (cf. [29])
01200 () < N0llL2(ay 0] a1 (apy, Vo € Hgla,b),
and utilizing the H!-stability of the operator RP from (3.3), we get

HRPQH%“(LL;LQ(Q)) = HRPHHLZ(I ;L2 Q))HatR GHL’z I,;L2())
< HRPQHLQ(In;Hl(Q))HR 9,0 HL'L’(IH;Hl(Q)) (3.16)

< CHHHLQ(IW,%HI(Q))||at0HL2(In;H1(Q))'
Similar to the process of proving (3.11), we can easily derive

< Tn F(Qn +2— kn)

2k
1011721, .10 (0 < (5) n(dn + DT (g0 _’_kn)”u”%ﬂcn(ln;Hl(Q))' (3.17)

On the other hand, from the estimate (3.9), we obtain

|01 = [19ue = T2 1, gy = Z D% 0w =110 [, ey

|ee|=0

1
- lzo oD% - Hq(Dau))Hi?(In;LZ(Q))

1

2
GHLQ(IH;Hl(Q))

(3.18)

(L)Q 2(gn +2— HDa

9 T(gn + kn) “HHmun;w(m)

lex|=0
2\ 2k —2T(¢q,, + 2
= (L MHUHH’%(I SHL(Q))
2 (qn + k ) n;

Taking into account the fact that

||u||2Hkn (In;HY () S CT”||uH12/an,°°(I";H1((2))7
and combining (3.16)—(3.18), we obtain

Ta\ 21T (g + 2 — k)
IRPO|T o 1,.12(c2)) < C(g) (%L—+M||U||Hkn I:HY(Q))

T >2k F(qn+2 k:)

<C ,00

which leads to (3.14).
Finally, applying Stirling’s formula to (3.14), we derive (3.15). This completes the proof. O

As the final step, we estimate the term 1 = I[19 RPu — up,. The following lemma demonstrates that 1 can be
bounded by 9;n and 6.

Lemma 3.8. Assume that u € H*(I; H}(Q) N H?(QQ)). Then, the following estimates hold

191l 2r;e200)) < ClON 21,120y + CNOl L2 (1;52(02)) (3.19)
191l Lo (1;02(0)) < ClIOM L2 (1,12(02)) + OOl L2112 (02)) - (3.20)
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Proof. First, replacing uy,, in (2.3) with the exact solution u of the problem (1.1) yields
/1 {(atu, vpr) + a(u, th)} dt = /I(f, vpr) dt
for any vy, € SP9-10( My, J;). Next, subtracting (2.3) from (3.21), we obtain
/1 {(ate,th) + a(e,th)} dt =0, Yo, € SPTLO(M,,, 7).

Using the definitions of RP and I1? from (3.2) and (3.5), respectively, we derive

/a(n,th)dt:/a(u—Rpu,th) dt=0

I I

and
Ny
/ (R0, vp,) dt = Y / (0 (RPu — 1% RPu), uy,) dt = 0.
1 n=1"1In

Then, substituting e = 7 + RPf + ¢ into (3.22), and using (3.23) and (3.24), we obtain

/ {(&gw,vm) + a(w,vm)} dt = — /((“)tn + 0:RPO, vy, ) dt — /a(n + RPO, vy, ) dt
I I

I

= —/(@n,th)dt— /a(RPO,th)dt
I I

for any vy, € SPI7LO(M,,, T,).
Using the definition of RP from (3.2) and applying integration by parts, we have

/a(Rpﬁ,th) dt = /a(@,th)dt = /(AH,U;W) dt.

I I I

Substituting this into (3.25), we get

/1 {0, vnr) + a(¥,vpr) } dE = /I(—am — Af,vp,,) dt.
Moreover, using (2.3), (3.7), and (3.5), we obtain
(x,0) = (I9RPu — wy, ) (x,0) = (I19RPu — RPu) (=, 0) = 0.
Let g := —0ym — Af. Combing (3.26) and (3.27) yields

/ [0, 0nr) + a(th, vnr) } dt = / (g vnr) dt,
I I
'(/}(1370) =0

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

for any vy, € SP97L0(My,, J,). By comparing (3.28) and (2.3), it is clear that 1 satisfies a variational equation
almost identical to that of uy., except for the right-hand side and the initial condition. Therefore, 1) also satisfies

a stability estimate similar to (2.13), namely,

¥l L2102 ) + 102 (1,22 )) < CllgllLe ;02 ()) + Cllv(, 0)|| 71 (o)
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Thus, we obtain

1l 221,22 () + 19l L2122 ) < ClOml| L2 (r,2(0)) + CllAO L2 (102 ()

< Clloml 22 @) + CllOl L2 1, m2(0)). (3.29)
which implies (3.19).
According to the Sobolev embedding theorem
V]| (a,p) < Cllvllarap), Yo € H(a,b), (3.30)
and from (3.29), we deduce that
1Yl (1;02(0)) < CllYla(r;z29)) < ClO 211200y T ClON L2 (1 H2(9),
which leads to (3.20). O

By combining the estimates from Lemmas 3.8, we can immediately derive the following abstract error bounds
for the hp-version fully discrete Galerkin approximation.

Theorem 3.9. Assume that u € H*(I; HH(Q)NH?(Q)) is the exact solution of (1.1), and up, is the hp-version
fully discrete Galerkin approzimation defined in (2.3). Then, we have the following error estimates

v = unrll 2,20y < Cllnlla ez + CllON L2 a2(0)) (3.31)
lw = unrllLoe (rs220)) < Clinlla ez + BP0l e (r5220)) + ClOl L2 (1152 (0)) (3.32)
where n, 6, and RPO are defined in (3.10).

Proof. Using (3.10), the triangle inequality, (3.19), and (3.4), we have

v — unrll2 2y < llzzaicz @) + 1BPON 2 (2 + 19012212 ))
< Inllz2rr2ce)) + 1RP0l 21,2 () + ClON L2120y T CllON 2 (r;12(0))
< Clnllar 2@y + 1BPON L2 (1,11 (@)) + ClOl L2 (1,12 (92))
< Clnllar ;e @)y + ClloN 2z )y + CllON L2 (1,52 0))
< Clnllz ;2 @) + CllON L2 (1;m2(9)

which implies (3.31).
Next, applying the Sobolev inequality (3.30), we have

17l (r:L2()) < Clinlla (rip2@)-
Combining this with (3.10), the triangle inequality, and (3.20), we obtain

lu — unrll Lo (r;r2)) < I0llLeer;e200)) + 1RPO| Loo (1;22(02)) + 101 Loe (1;22(02))
< Al r;p2(0)) + 1ROl Lo (1,02(0)) + CllOM| 2(1,12(0)) + COllL2(1,m2(02))
< Clnllarz:r2@)) + |1BPOl| e (1:2(0)) + CllON L2 (1,2 (22)).

which yields (3.32). The proof is complete. O
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3.3. Convergence rates for smooth solutions

We now combine the abstract error estimates from Theorem 3.9 with the estimates for n, 6, and RPO to
derive the following L2(I; L?(2))- and L°°(I; L?(2))-error estimates for the hp-version fully discrete Galerkin
approximation.

Theorem 3.10. Let u be the exact solution of the problem (1.1), and up, be the hp-version fully discrete
Galerkin approximation defined in (2.3). Let the tuple (Mp, p) be a quasi-uniform hp-discretization of the spatial
domain Q, and (J.,q) be an arbitrary hp-discretization of the time interval I. Assume that u € H(I; H}(Q) N
H"(Q)) with r > 2 satisfies ulaxr, € H*n(L,; H*(Q)) for kon > 1. Then, for 1 <k, < min{g, + 1,ko .}, we
have the following error estimate

) - Ch2 min{p+1,r} 5
lw = unrllz2(rr2(0)) < T”“”HI(I;HT(Q))

N,
S Ta\2ke gy +2 —ky)
> (%) : Y (1 2o
i ,; 2)  Galgn + (g + oy I"Naren ey

(3.33)

Furthermore, if u satisfies ulax, € H*(I,; H2(Q)) N Wkonoo (L HY(Q)) for ko, > 1, then for 1 < k, <
min{g, + 1, ko n}, we have the following error estimate

h2 min{p+1,r}

2
”U - UhTHLOO(I;LQ(Q)) < CTHUH%WLHWQ))
N,
S (T2 T(gn +2—ky) ,
" (7) Uk (1, (3.34)
7;1 2 qn(q'n + 1)F(Qn + kn) H ”Hk (I,;H2(Q))

T\ 2kn D(gn +2 — kn) | 12
*Céﬂ?ﬁvt{(z) m“uﬂwmxummn'

Proof. By combining (3.31), (3.13), and (3.11), we can derive the estimate (3.33). Similarly, the estimate (3.34)
follows from (3.32), (3.13), (3.11), and (3.14). O

Based on Theorem 3.10, by employing quasi-uniform mesh partitions and quasi-uniform approximation
degrees in both space and time, and by applying Stirling’s formula, we derive the following typical hp-version
error estimates for both space and time.

Corollary 3.11. Let (M, p) and (Jr,q) denote quasi-uniform hp-discretizations of the spatial domain 2 and
the time interval I, respectively. Assume that w € HY(I; HY(Q) N H" ()N H*(I; H*(Q)) with k > 1 and r > 2.
Then, we have the following error estimate

hnlirl{p+1,7'} Trnin{q-‘,—l,k}
llw = unrllL2(r;22(0)) < CTHUHHI(I;HT'(Q)) + CTHUHH’“(I;H%Q))' (3.35)
Moreover, if u € HY(I; HY(Q)NH"(Q)) "Wk (I; H*(Q)) with k > 1 and r > 2, we have the following error
estimate
hmin{p+1,r} Tmin{qul,k:}
llw = unrll Lo (r;22(0)) < CTHUHHl(I;Hr(Q)) + CW”“HW’“‘”([;H%Q))- (3.36)

Remark 3.12. The error estimates (3.35) and (3.36) demonstrate that the hp-version fully discrete Galerkin
scheme converges as the mesh sizes h (in space) and 7 (in time) are refined, or as the approximation degrees p
(in space) and ¢ (in time) are increased.
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Remark 3.13. The error estimates (3.35) and (3.36) also imply that the p-version fully discrete Galerkin
method (i.e., using fixed and relatively coarse space and time mesh partitions) can achieve spectral convergence if
the exact solution u is sufficiently smooth. In other words, the smoother the solution, the higher the convergence
order with respect to the approximation degrees p and q. Specifically, if u is analytic in Q x [0, T], exponential
convergence can be achieved in both the space and time directions.

3.4. Exponential convergence rates for non-smooth solutions

Next, we consider the hp-version fully discrete Galerkin method for the problem (1.1) with solutions exhibiting
startup singularities at ¢ = 0, but analytic behavior for ¢ > 0.

Specifically, we assume that the source term f and initial data ug are chosen such that the exact solution u
satisfies the following regularity estimate

|}agu||H2(Q) <CdT(G+DtH 7, te(0,T), jeNy, p>1, (3.37)

where C' and d are positive constants dependent on u, but independent of ¢, j, and p. The exponent p charac-
terizes the strength of the singularity at ¢ = 0. For a more detailed discussion of the regularity estimate (3.37),
please refer to [46].

For solutions satisfying the regularity assumption (3.37), the optimal convergence rates in Theorem 3.10
cannot be achieved with a quasi-uniform time mesh over (0,7, owing to the initial singularity at ¢ = 0.

Below, we demonstrate that exponential convergence in the temporal direction can be achieved using a spe-
cialized hp-version discretization with geometric time partitions and linearly increasing approximation degrees.
To this end, we introduce the following definitions (cf. [12,45,46, 55]).

Definition 3.14 (Basic geometric mesh). We define Jys, as the basic geometric partition of the interval
I =(0,1) with a grading parameter o € (0,1). The partition is determined by the nodal points

to=0, tp,=cM ™l 1<m<M+1.

Definition 3.15 (General geometric mesh). A geometric partition Jas,, of the interval (0,7'), with grading
factor ¢ € (0,1) and M levels of refinement, is constructed by first partitioning (0,7") quasi-uniformly into
intervals {J;}% ;. The first interval, J; = (0,#;), is then subdivided into M + 1 subintervals {I,, MLy

m=1
applying a linear mapping of the basic geometric mesh Jys,, onto J;.

Definition 3.16 (Linearly increasing approximation degrees). The approximation degree vector g on the geo-
metric mesh Ja » is said to be linear with slope v > 0 if it satisfies the following conditions: (i) On the geomet-
rically refined elements {Im}%ill, the approximation degrees are given by ¢,, = [vm] for 1 <m < M + 1. (ii)
On the coarse elements {.J;}/,, the approximation degrees remain constant, defined as gy = [v(M +1)].

We now present the main results on exponential convergence rates in the temporal direction for solutions
exhibiting a start-up singularity at t = 0.

Theorem 3.17. Let u be the exact solution of problem (1.1), and let up, denote the hp-version fully discrete
Galerkin approximation defined in (2.3). Assume that (Mp,p) is a quasi-uniform hp-discretization of Q, and the
geometric mesh Jnr,e combined with a linearly increasing approximation degree q is used for time discretization.
Suppose further that w € H'(I; H} ()N H" () with r > 2 and satisfies the reqularity assumption (3.37). Then,
there exists a slope vy > 0 such that for all linearly increasing approzimation degree vectors q with slope v > vy,
the following error estimates hold:

hmin{p-‘,—l,'r} 3
|w—wnrll2(rz2) < C p +Ce VP (3.38)
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TABLE 1. Example 1: temporal convergence of the h-version CPG time-stepping method.

qg T lell2r,20)  Order  |leflpoo(r,r2())  Order
1/512 8.25e—06 2.00 9.00e—05 1.95

1 1/1024 2.06e—06 2.00 2.29e—05 1.98
1/2048  5.15e—07 2.00 5.76e—06 1.99
1/256 2.10e—07 3.00 1.79e—06 2.96

2 1/512 2.62e—08 3.00 2.27e—07 2.98
1/1024  3.28e—09 3.00 2.85e—08 2.99
1/128 1.49e—08 3.99 1.36e—07 3.89

3 1/256 9.34e—10 4.00 8.86e—09 3.94
1/512 5.84e—11 4.00 5.64e—10 3.97

hrrlirl{p+1,7'}
[ = tnrl| Lo (r;r2(0) < CT + Ce VP (3.39)

where Dy, represents the degrees of freedom of the hp-CPG discretization in the temporal direction, and C and
b are positive constants independent of h, p, and Dy.

Proof. Theorem 3.9 shows that the error of the hp-version fully discrete Galerkin approximation is controlled by
n (Ritz—Galerkin projection error) and 6 (temporal projection error). Using the regularity assumption (3.37),
the approximation properties of 6 (cf. Lem. 3.5) and RP@ (cf. Lem. 3.7), and the similar proof techniques
from [12, 45,46, 55], the exponential convergence in time for (3.38) and (3.39) is established. The hp-version
convergence in space follows from the proof of Corollary 3.11. (Il

4. NUMERICAL EXPERIMENTS

In this section, we present numerical results to validate the theoretical findings. The spatial domain 2
is uniformly partitioned into N, rectangular elements with mesh size denoted by h, while the time interval
I = (0,T) is divided into either uniform meshes (for smooth solutions) or geometric meshes (for singular
solutions), with the number of time steps denoted by N; and the uniform step-size denoted by 7. The error
function is defined as e := u — up,, where up, represents the hp-version fully discrete Galerkin approximation
as specified in (2.3). Additionally, the term “order” refers to the experimentally observed convergence rates.

4.1. Example 1: heat equation with smooth solution
Consider the two-dimensional heat equation
Oou— Au = f(x,t) inQxI,
u(x,t) =0 on 00 x I,
u(x,0) = up(x) in Q,
with © = (0,1) x (0,1) and I = (0,1). The right-hand side f and the initial condition wug are chosen such that

u=e 2t sin(ma) sin(my).
We first investigate the convergence orders in time for the h- and p-version CPG time-stepping methods,
respectively. To this end, we employ the p-version CG method with only one element (i.e., h = 1) and the
polynomial degree of p = 24 for spatial discretization, ensuring that the spatial error is negligible. From Table 1,
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FIGURE 1. Example 1: temporal convergence of the p-version CPG time-stepping method.

TABLE 2. Example 1: spatial convergence of the h-version CG method.

p__h lell2(re2)y  Order |lel|Loo(r,2(n)) Order
1/16  4.35e—04 1.99 1.90e—03 2.00

1 1/32  1.09e—04 2.00 4.75e—04 2.00
1/64 2.72e—05 2.00 1.19e—04 2.00
1/8 3.91e—05 3.00 2.45e—04 2.98

2 1/16  4.90e—06 3.00 3.07e—05 2.99
1/32  6.12e—07 3.00 3.85e—06 3.00
1/4 1.42e—05 3.98 8.81e—05 3.95

3 1/8 8.88e—07 4.00 5.56e—06 3.99
1/16 5.55e—08 4.00 3.49e—07 4.00

we observe that the convergence orders of the h-version CPG method with ¢ = 1,2, 3 achieve the expected order
q + 1 for both the L?(L?)- and L>°(L?)-errors, aligning well with the theoretical results in Corollary 3.11.

In Figure 1, we display the L?(L?)- and L>°(L?)-errors of the p-version CPG time-stepping method with a
fixed temporal mesh partition (with uniform step-size 7 = 1/4, 1/8, and 1/16, respectively). The errors are
plotted on a semi-log scale, where the horizontal axis represents the degrees of freedom in the time direction Dy
(corresponding to the temporal approximation degree ¢). From Figure 1, it is evident that the p-version CPG
time-stepping method achieves exponential convergence, consistent with the discussion in Remark 3.13.

We next consider the spatial convergence of the h- and p-version CG methods, respectively. To this end, we
employ the p-version CPG method with 7 = 1 and a fixed polynomial degree of ¢ = 24 for time discretization,
ensuring that the temporal discretization error is sufficiently small. From Table 2, we observe that the h-version
CG method (with uniform approximation degrees p = 1,2, 3) achieves the expected order of p+ 1 in the spatial
direction, consistent with the prediction of Corollary 3.11.

In Figure 2, we display the convergence rates of the p-version CG method (with 1, 4, and 16 elements, respec-
tively) in the spatial direction. Evidently, it achieves exponential convergence, aligning well with Remark 3.13.
Furthermore, we find that to achieve the same level of accuracy, the degrees of freedom required by the p-version
method are significantly fewer than those required by the h-version method. Therefore, for smooth solutions,
the p-version method offers greater advantages compared to the h-version method.
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FIGURE 2. Example 1: spatial convergence of the p-version CG method.

4.2. Example 2: variable coefficient problem with smooth solution

Consider the two-dimensional parabolic equation

O — V- (aVu) +bu = f(z,t) in QxI,

and b=xz+y.

The right-hand side f and the initial condition ug are chosen such that
u= et y(z — Dy(y — 1).

We first examine the temporal convergence of the h- and p-version CPG time-stepping methods. To minimize
spatial errors, the p-version CG method with A = 1 and the polynomial degree of p = 24 is used for spatial
discretization. From Table 3, it is evident that the h-version CPG method with ¢ = 1, 2, 3 achieves the expected
convergence order of g + 1 for both the L?(L?)- and L®(L?)-errors, in agreement with Corollary 3.11.

Figure 3 illustrates the L?(L?)- and L°(L?)-errors for the p-version CPG time-stepping method using fixed
temporal partitions (with 7 =1, 1/2, and 1/4, respectively). The errors are plotted on a semi-log scale with the
horizontal axis denoting the temporal degrees of freedom D; (corresponding to the approximation degree g).
The results clearly demonstrate exponential convergence of the p-version method, consistent with Remark 3.13.

We next analyze the spatial convergence of the h- and p-version CG methods. To suppress temporal errors,
the p-version CPG method with 7 = 1 and ¢ = 24 is employed for time discretization. From Table 4, we observe
that the h-version CG method (with polynomial degrees p = 1,2,3) achieves the expected order of p + 1,
verifying the theoretical results in Corollary 3.11.

In Figure 4, we illustrate the convergence rates of the p-version CG method (with 1, 4, and 16 elements) in
the spatial direction. Once again, the method exhibits exponential convergence, consistent with Remark 3.13.
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TABLE 3. Example 2: temporal convergence of the h-version CPG time-stepping method.

q T lellzz(r,r2@)  Order |leflpoe(r,r2()) Order
1/64 1.60e—06 2.00 5.24e—06 2.00
1 1/128 4.01e—07 2.00 1.31e—06 2.00
1/256  1.00e—07 2.00 3.27e—07 2.00
1/32 3.10e—08 3.05 6.43e—08 3.02
2 1/64 3.83e—09 3.02 8.02e—09 3.00
1/128  4.77e—10 3.00 1.01e—09 3.00
1/16  8.57e—10 393  1.95e—09 4.02
3 1/32  5.46e—11 397 1.27e—10 3.94
1/64  3.43e—12 3.99  8.10e—12 3.97
10° ; ; ; ; ‘ 10°
—o—7=1
! £ 107}
@ ?
s S
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FIGURE 3. Example 2: temporal convergence of the p-version CPG time-stepping method.

TABLE 4. Example 2: spatial convergence of the h-version CG method.

p_h lell2(rr2e)  Order  |le|[poo(r,n2()y Order
1/16  1.06e—03 2.00 1.61e—03 2.00

1 1/32 2.65e—04 2.00 4.02e—04 2.00
1/64 6.61e—05 2.00 1.01e—04 2.00
1/8 1.10e—04 2.98 1.67e—04 2.98

2 1/16 1.38¢—05 3.00 2.10e—05 3.00
1/32  1.72¢—06 3.00 2.62e—06 3.00
1/4 2.39e—05 3.94 3.63e—05 3.94

3 1/8 1.51e—06 3.98 2.30e—06 3.98

1/16  9.46e—08 4.00 1.44e—07 4.00
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FIGURE 4. Example 2: spatial convergence of the p-version CG method.

4.3. Example 3: variable coefficient problem with non-smooth solution

Consider the two-dimensional parabolic equation

O — V- (aVu) +bu = f(z,t) inQxI,
u(x,t) =0 on 90 x I,
u(x,0) = up(x) in Q,

with @ = (—1,1) x (—=1,1), I = (0,1), and the coefficients

7CE2 .
o= ?.>+e smmci)SZy and b= +y? 41,
sinxcosy 3+e Y

The right-hand side f and the initial condition ug are chosen such that
u = the~ (1Y) (x2 — 1)(y2 -1)

with g > 1. It can be readily seen that u satisfies the regularity condition (3.37).

Since this test solution is sufficiently smooth in the spatial direction, we focus solely on the performance of
the CPG method in the temporal direction for this example. To achieve this, we use the p-version CG method
with p = 24 and h = 2 for spatial discretization, ensuring that the spatial error is negligible.

Consider the case p = 1.5, where the solution u belongs to H>~¢(I; H"+1(2)) for any € > 0 and satisfies
u € WH5°°(I; H™+1(Q)), with r being an arbitrary positive integer.

We first examine the performance of the h- and p-version CPG methods on uniform temporal meshes,
respectively. As shown in Table 5, the temporal convergence rates for the L?(L?)- and L°°(L?)-errors are 2
and 1.5, respectively, aligning well with the predictions of Corollary 3.11. This observation highlights that for
non-smooth solutions, increasing the polynomial degree ¢ does not lead to the optimal convergence order of
qg—+1.

In Table 6, we present the convergence rates of the p-version CPG method. It is evident that the L?(L?)-
and L°°(L?)-errors in the temporal direction achieve orders of 3.5 and 3, respectively. These convergence rates
not only exceed those of the h-version but also surpass the expectations outlined in Corollary 3.11. However,
this result is not surprising, as it aligns with the theoretical findings in [8,48,55]. Specifically, for solutions with
endpoint singularities, the convergence rate of the p-version method is known to be twice that of the h-version
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TABLE 5. Example 3: temporal convergence of the h-version CPG time-stepping method with
uniform mesh for = 1.5.

q T llellz2(r,L2() Order |le|[poo(r,r2(q) Order
1/256 2.93e—06 1.88 4.94e—05 1.46

1 1/512 7.88e—07 1.89 1.77e—05 1.48
1/1024  2.10e—07 1.90 6.31e—06 1.49
1/128 8.50e—07 2.00 1.46e—05 1.47

2 1/256 2.12e—07 2.00 5.23e—06 1.48
1/512 5.30e—08 2.00 1.86e—06 1.49
1/64 9.10e—07 2.01 1.19e—05 1.47

3 1/128 2.27e—07 2.01 4.24e—06 1.48
1/256 5.65e—08 2.00 1.51e—06 1.49

TABLE 6. Example 3: temporal convergence of the p-version CPG time-stepping method with
uniform mesh for p = 1.5.

T q el Order |le|[goe(s,r2(n)) Order
20 7.57e—06 3.48 1.99e—05 2.95
1 22 5.43e—06 3.48 1.50e—05 2.96
24  4.01e—06 3.49 1.16e—05 2.96
26  3.03e—06 3.50 9.13e—06 2.97
20 1.81e—06 3.46 7.10e—06 2.97
1/2 22 1.30e—06 3.47 5.35e—06 2.97
24 9.59e—07 3.47 4.13e—06 2.97
26 7.26e—07 3.48 3.26e—06 2.98
20 4.38e—07 3.44 2.53e—06 2.98
1/4 22 3.15e—07 3.45 1.91e—06 2.98
24 2.33e—07 3.45 1.47e—06 2.99
26 1.77e—07 3.46 1.16e—06 2.99

method. For ease of comparison, Figure 5 illustrates the temporal L>-errors for both the h- and p-version CPG
methods, plotted against the degrees of freedom in time on a log—log scale.

To accurately capture the singular behavior of the exact solution near ¢ = 0, we employ the hp-version CPG
method in the temporal direction. This method employs basic geometric time partitions jM,g of I = (0,1),
combined with linearly increasing approximation degrees, characterized by a slope v, as outlined in Section 3.4.
Figure 6 presents the L>°(L?)-errors plotted against the square root of the degrees of freedom in time for various
values of o and v on a semi-log scale. The results clearly demonstrate exponential convergence rates for all tested
o and v, validating the theoretical findings in Theorem 3.17. While Figure 6 suggests that the optimal discrete
parameters are approximately ¢ = 0.3 and v = 1, determining the optimal selection of ¢ and v remains an open
question and warrants further investigation.

Finally, in Figure 7, we evaluate the hp-version CPG method on basic geometric time partitions J M,o With
linearly increasing approximation degrees for various values of . The grading factor is set to o = 0.3, and the
slope parameter to v = 1. The results demonstrate that exponential convergence rates are achieved for all tested
values of u, which align closely with the theoretical predictions.
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FIGURE 5. Example 3: temporal convergence of the h- and p-version CPG time-stepping meth-
ods with uniform meshes for p = 1.5.
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F1GURE 6. Example 3: temporal convergence of the hp-version CPG time-stepping method
with fixed o (left) or v (right) for p = 1.5.

5. CONCLUDING REMARKS

In this work, we developed a fully discrete hp-version Galerkin method for second-order parabolic equations,
combining an hp-version CPG time-stepping scheme in the temporal direction with an hp-version CG method
for spatial discretization. We derived a priori error estimates in the L?(L?)- and L°°(L?)-norms, with explicit
dependence on the mesh sizes and polynomial degrees. For solutions with initial singularities, we demonstrated
exponential convergence rates using geometric time partitions with linearly increasing approximation degrees.
Future research will focus on extending the hp-version CPG time-stepping method to nonlinear parabolic equa-
tions and fourth-order parabolic equations.
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FIGURE 7. Example 3: temporal convergence of the hp-version CPG time-stepping method
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