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ℎ𝑝-ERROR ANALYSIS OF A CONTINUOUS PETROV–GALERKIN
TIME-STEPPING SCHEME FOR LINEAR PARABOLIC EQUATIONS

Zhe Li and Lijun Yi*

Abstract. We present a fully discrete ℎ𝑝-version numerical method for second-order linear parabolic
equations, combining a continuous Petrov–Galerkin (CPG) time-stepping scheme with a standard con-
tinuous Galerkin (CG) finite element method in space. Our analysis provides a priori error estimates
in the 𝐿2(𝐿2)- and 𝐿∞(𝐿2)-norms, where all constants are fully robust – independent of temporal and
spatial discretization parameters. For solutions with initial singularities at 𝑡 = 0, exponential temporal
convergence is achieved through geometrically graded time meshes and linearly increasing polynomial
degrees. Numerical experiments confirm the theoretical convergence rates.
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1. Introduction

We consider the second-order linear parabolic equations of the form⎧⎪⎨⎪⎩
𝜕𝑡𝑢+𝒜𝑢 = 𝑓(𝑥, 𝑡) in Ω× (0, 𝑇 ],
𝑢(𝑥, 𝑡) = 0 on 𝜕Ω× (0, 𝑇 ],
𝑢(𝑥, 0) = 𝑢0(𝑥) in Ω,

(1.1)

where Ω ⊂ R𝑑 is an open, bounded domain with boundary 𝜕Ω, and 𝑑 ∈ {1, 2, 3}. Here, 𝑓(𝑥, 𝑡) represents the
source term, and 𝑢0(𝑥) is the initial condition. The operator 𝒜 is the elliptic spatial operator, defined as

𝒜𝑢 = −
𝑑∑︁

𝑖,𝑗=1

𝜕𝑥𝑗
(𝑎𝑖𝑗(𝑥)𝜕𝑥𝑖

𝑢) + 𝑏(𝑥)𝑢,

where the coefficients 𝑎𝑖𝑗 and 𝑏 are time-independent functions.
Over the past few decades, parabolic equations have attracted significant attention due to their broad range of

physical applications. These equations are used to model various phenomena, including heat transfer in draining
films [30], diffusion and catalytic population growth [17, 37], dispersion in tide-driven flows [13], contaminant
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transport in shallow lakes [43], phase separation in binary alloys [4,39], long-range air pollutant transport [57],
and myosin distribution in cells using a two-phase flow framework [33].

Numerous numerical methods have been developed for solving second-order parabolic equations. Classical
approaches, such as finite difference schemes in both time and space, have been extensively studied. Additionally,
many methods combine finite difference schemes for time discretization with finite element methods (FEMs) or
spectral Galerkin/collocation methods for spatial discretization [10,16,20,22,23,34,40,41,56]. While these hybrid
approaches often achieve high accuracy in the spatial direction, their temporal accuracy remains relatively low,
leading to suboptimal overall approximation precision. Consequently, the development of methods that achieve
high accuracy in both time and space is of considerable theoretical and practical significance.

In recent years, significant progress has been made in developing high accuracy space-time methods for solving
parabolic equations, particularly using FEMs in both space and time. FEMs can be classified into the ℎ-, 𝑝-,
and ℎ𝑝-versions. The ℎ-version achieves error reduction by refining the mesh size while keeping the polynomial
degree fixed (typically low). In contrast, the 𝑝-version reduces the error by increasing the polynomial degree while
maintaining a fixed mesh size. The ℎ𝑝-version combines both approaches, enabling simultaneous adjustments
of local mesh sizes and polynomial degrees. This flexibility allows the ℎ𝑝-version FEM to adapt efficiently to
solution characteristics, achieving exponential convergence rates even for singular solutions, as demonstrated in
[8, 48,55].

It is well known that Galerkin discretization methods are widely used in the spatial direction, while for
time discretization, they are generally categorized into continuous Galerkin (CG) and discontinuous Galerkin
(DG) methods. The CG method produces piecewise continuous polynomial solutions, whereas the DG method
yields piecewise discontinuous polynomial approximations. Despite this difference, both methods employ test
function spaces composed of piecewise polynomials that are discontinuous at time nodes. This structure allows
a global scheme defined on (0, 𝑇 ) to be decomposed into local problems on each time subinterval, enabling
both methods to be viewed as implicit one-step schemes. The ℎ-version CG time-stepping method for nonlinear
first-order initial value problems (IVPs) dates back to the 1970s, pioneered by Hulme [25, 26]. The ℎ-version
DG time-stepping method was later introduced by Delfour et al. [15]. Since 2000, ℎ𝑝-version CG and DG time-
stepping methods have been extensively investigated for solving first- and second-order IVPs, as documented
in [5, 45,50,51,53,54].

In the context of parabolic equations, the ℎ-version DG time-stepping method was first proposed by Jamet
[31] and further analyzed by various researchers, including those in [2,3,18,36,42]. For a comprehensive overview
of the DG time-stepping method, readers are referred to the monograph [49]. The ℎ-version CG method was
initially introduced by Aziz and Monk [6] for the time discretization of the heat equation and was subsequently
generalized to broader classes of parabolic equations; see, e.g., [1, 3, 9, 35] and the references therein. The
ℎ𝑝-version Galerkin method, known for its flexibility and high accuracy, has also been applied to the time
discretization of parabolic equations. One of the earliest attempts in this direction was made by Babuška and
Janik [7], who analyzed the ℎ𝑝-version discontinuous Petrov–Galerkin method in time. However, their approach
imposed severe restrictions on the spatial discretization, and exponential convergence was not established.
More recently, studies such as [46,52] demonstrated that the ℎ𝑝-version DG time-stepping method can achieve
exponential convergence for parabolic problems with initial singularities. For a posteriori error estimation of
the ℎ𝑝-version DG time-stepping method applied to parabolic problems, we refer readers to [24, 38, 47] and
references therein.

To the best of our knowledge, there has been no error analysis of the ℎ𝑝-version CG time-stepping method
for parabolic equations. The CG method uses distinct spaces for trial and test functions, comprising piecewise
continuous and discontinuous polynomials, respectively, making it essentially a continuous Petrov–Galerkin
(CPG) scheme. We will adopt this terminology throughout. Since the trial functions in the CPG method
are piecewise continuous polynomials with a degree one order higher than the test functions, the discrete
solution cannot be used as the test function (as in DG methods) to establish stability. This presents significant
challenges for stability and convergence analysis of the CPG time-stepping method for general linear and
nonlinear parabolic equations. A feasible approach is to define a special mesh-dependent norm and perform
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the analysis in terms of this new norm, as shown in [1, 3, 19]. However, the error analysis for the ℎ-version
Galerkin method cannot be directly extended to the ℎ𝑝-version.

The present work employs the CPG method for the temporal discretization of parabolic equations, motivated
by the following considerations:

– The trial space of the CPG method consists of piecewise continuous polynomials, which avoids introducing
jump terms into the discrete formulation – commonly required in DG methods. This leads to a certain
simplification in both practical implementation and error analysis.

– For regular solutions, both the CPG and DG methods yield an optimal convergence rate of order 𝑞+1 in the
𝐿2-norm when using polynomials of degree 𝑞. However, the CPG method achieves this with fewer degrees
of freedom per time step.

– The CPG method is established as 𝐴-stable and, as demonstrated in [44] within an abstract Hilbert space
setting for general evolution equations, it exhibits an energy-decreasing property when applied to gradient
flow equations. This makes it a promising candidate for optimization-related problems.

It is worth emphasizing that both the CPG and DG methods are high-order methods suitable for time
discretization, and each has its own advantages. It is difficult to make a straightforward comparison between
them, and indeed, such a comparison is not the aim of this paper. For detailed numerical comparisons of the
CPG and DG time-stepping applied to IVPs for ordinary differential equations, heat equations, and transient
Stokes problems, we refer to [27,28,32].

This paper aims to provide a rigorous error analysis of the ℎ𝑝-version CPG time discretization scheme
combined with the ℎ𝑝-version CG spatial discretization for solving the parabolic equation (1.1). The analysis
hinges on the stability of the fully discrete Galerkin approximation (see Lem. 2.3), which serves as the foundation
for establishing optimal a priori error estimates in standard Sobolev norms. The main contributions of this paper
are summarized as follows:

– We establish the stability of the ℎ𝑝-version fully discrete Galerkin solution. Based on this, we prove the
existence and uniqueness of the fully discrete Galerkin approximation.

– We derive a priori error estimates in 𝐿2(0, 𝑇 ;𝐿2(Ω))- and 𝐿∞(0, 𝑇 ;𝐿2(Ω))-norms, which are fully explicit
in terms of mesh sizes and polynomial approximation degrees in both time and space. Notably, for smooth
solutions, our analysis demonstrates spectral accuracy in both temporal and spatial directions.

– For solutions with initial singularities at 𝑡 = 0, we show that exponential convergence rates in time can be
achieved by employing geometric time partitions combined with linearly increasing polynomial approxima-
tion degrees.

The paper is organized as follows. In Section 2, we introduce the space-time ℎ𝑝-version Galerkin fully discrete
scheme for solving the parabolic equation (1.1), along with proofs of the stability and well-posedness of the
fully discrete solutions. In Section 3, we derive error estimates for the fully discrete approximation in the
𝐿2(0, 𝑇 ;𝐿2(Ω))- and 𝐿∞(0, 𝑇 ;𝐿2(Ω))-norms. Specifically, for solutions exhibiting initial singularities at 𝑡 = 0, we
prove that the fully discrete Galerkin approximation errors exhibit exponential decay in the temporal direction
under a geometric time mesh refinement. Section 4 presents numerical experiments that validate the theoretical
results. Finally, we conclude the paper with a summary and discuss directions for future research.

2. The ℎ𝑝-version CPG-in-time and CG-in-space fully discrete scheme

In Section 2.1, we present the commonly used Sobolev spaces and their associated norm notations. In
Section 2.2, we introduce the ℎ𝑝-version fully discrete Galerkin scheme for solving the second-order parabolic
equation (1.1). Finally, in Section 2.3, we establish the stability of the fully discrete Galerkin solution.

2.1. Notations

Throughout this paper, we adopt standard notation and conventions. Let Ω be a bounded open domain.
We denote by 𝐿2(Ω) the space of square-integrable functions on Ω, equipped with the norm ‖ · ‖𝐿2(Ω) and the
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inner product (·, ·). The Sobolev spaces 𝐻𝑚(Ω) and 𝐻𝑚
0 (Ω) are defined in the standard way, where 𝑚 is a

non-negative integer. These spaces are equipped with the standard norm ‖ · ‖𝐻𝑚(Ω) and semi-norm | · |𝐻𝑚(Ω).
In particular, we have 𝐻0(Ω) = 𝐿2(Ω).

For a Banach space 𝐵 with norm ‖ · ‖𝐵 defined over the spatial domain Ω, and for a time interval (0, 𝑇 ), we
define the space-time Sobolev spaces 𝐻𝑟(0, 𝑇 ;𝐵) as follows:

𝐻𝑟(0, 𝑇 ;𝐵) =
{︀
𝑢(𝑥, 𝑡) : (0, 𝑇 ) → 𝐵 and ‖𝑢‖𝐻𝑟(0,𝑇 ;𝐵) <∞

}︀
,

where 𝑟 ≥ 0 is an integer, and

‖𝑢‖𝐻𝑟(0,𝑇 ;𝐵) :=

⎛⎝ 𝑟∑︁
𝑗=0

∫︁ 𝑇

0

⃦⃦
𝜕𝑗

𝑡 𝑢
⃦⃦2

𝐵
d𝑡

⎞⎠ 1
2

.

Similarly, the space-time Sobolev spaces 𝑊 𝑟,∞(0, 𝑇 ;𝐵) are defined as

𝑊 𝑟,∞(0, 𝑇 ;𝐵) =
{︀
𝑢(𝑥, 𝑡) : (0, 𝑇 ) → 𝐵 and ‖𝑢‖𝑊 𝑟,∞(0,𝑇 ;𝐵) <∞

}︀
,

where

‖𝑢‖𝑊 𝑟,∞(0,𝑇 ;𝐵) :=
𝑟∑︁

𝑗=0

(︂
ess sup
0≤𝑡≤𝑇

⃦⃦
𝜕𝑗

𝑡 𝑢
⃦⃦

𝐵

)︂
.

For convenience, we typically use 𝐿2(0, 𝑇 ;𝐵) and 𝐿∞(0, 𝑇 ;𝐵) to represent 𝐻0(0, 𝑇 ;𝐵) and 𝑊 0,∞(0, 𝑇 ;𝐵),
respectively.

Additionally, we denote by 𝐶 generic positive constants that are not necessarily identical at different locations,
but are always independent of discretization parameters such as the mesh sizes and the approximation degrees.

2.2. Formulation of the ℎ𝑝-vesion fully discrete Galerkin scheme

2.2.1. Weak solution

Assume that the coefficients 𝑎𝑖𝑗 and 𝑏 of the elliptic spatial operator 𝒜 satisfying 𝑎𝑖𝑗 , 𝑏 ∈ 𝐿∞(Ω), and 𝑎𝑖𝑗 = 𝑎𝑗𝑖

for 1 ≤ 𝑖, 𝑗 ≤ 𝑑. The bilinear form associated with 𝒜 is given by

𝑎(𝑢, 𝑣) =
∫︁

Ω

⎛⎝ 𝑑∑︁
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)𝜕𝑥𝑖
𝑢𝜕𝑥𝑗

𝑣 + 𝑏𝑢𝑣

⎞⎠ d𝑥, (2.1)

and assume that this form is symmetric, continuous, and coercive. Specifically, for any 𝑢, 𝑣 ∈ 𝐻1
0 (Ω), there exist

positive constants 𝐶1 and 𝐶2, depending only on 𝑎𝑖𝑗 and 𝑏, such that

𝑎(𝑢, 𝑣) = 𝑎(𝑣, 𝑢), (2.2a)
𝑎(𝑢, 𝑢) ≥ 𝐶1‖𝑢‖2𝐻1(Ω), (2.2b)

|𝑎(𝑢, 𝑣)| ≤ 𝐶2‖𝑢‖𝐻1(Ω)‖𝑣‖𝐻1(Ω). (2.2c)

Following [21], we define a weak solution of the parabolic equation (1.1) as a function 𝑢 ∈ 𝐿2(0, 𝑇 ;𝐻1
0 (Ω))

with 𝜕𝑡𝑢 ∈ 𝐿2(0, 𝑇 ;𝐻−1(Ω)) that satisfies the following conditions:

(i) ⟨𝜕𝑡𝑢, 𝑣⟩+ 𝑎(𝑢, 𝑣) = (𝑓, 𝑣) for each 𝑣 ∈ 𝐻1
0 (Ω), almost everywhere in 𝑡 ∈ [0, 𝑇 ],

(ii) 𝑢(𝑥, 0) = 𝑢0(𝑥).

Here, ⟨·, ·⟩ denotes the pairing between 𝐻−1(Ω) and 𝐻1
0 (Ω).

As stated in Theorem 5 of Chapter 7 in [21], the problem (1.1) has a unique weak solution 𝑢 that satisfies

𝑢 ∈ 𝐿2
(︀
0, 𝑇 ;𝐻2(Ω)

)︀
∩ 𝐿∞

(︀
0, 𝑇 ;𝐻1

0 (Ω)
)︀
, 𝜕𝑡𝑢 ∈ 𝐿2

(︀
0, 𝑇 ;𝐿2(Ω)

)︀
,

provided that 𝑓 ∈ 𝐿2(0, 𝑇 ;𝐿2(Ω)) and 𝑢0 ∈ 𝐻1
0 (Ω).
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2.2.2. Spatial discretization

For the conforming finite element discretization of (1.1), let {ℳℎ} represent a family of shape-regular parti-
tions of Ω into elements {Ω𝑖}𝑁𝑥

𝑖=1, where each Ω𝑖 is a 𝑑-simplex, quadrilateral, or hexahedron. The diameter of
each element Ω𝑖 is denoted by ℎ𝑖, and the maximum mesh size is defined as ℎ := max{ℎ𝑖}𝑁𝑥

𝑖=1. Each element Ω𝑖

is assigned an approximation degree 𝑝𝑖 ≥ 1, which are collectively represented by the vector 𝑝 = {𝑝𝑖}𝑁𝑥
𝑖=1. For

simplicity, we assume that (ℳℎ,𝑝) forms a quasi-uniform ℎ𝑝-discretization of Ω. That is, there exist positive
constants 𝐶ℎ and 𝐶𝑝 such that

1 ≤ ℎ

ℎ𝑖
≤ 𝐶ℎ and 1 ≤ 𝑝

𝑝𝑖
≤ 𝐶𝑝, for 1 ≤ 𝑖 ≤ 𝑁𝑥,

where 𝑝 := max{𝑝𝑖}𝑁𝑥
𝑖=1. In addition, we set 𝑝 := min{𝑝𝑖}𝑁𝑥

𝑖=1.
As usual, the ℎ𝑝-version finite element space, consisting of piecewise continuous pull-back polynomials, is

defined as
𝑉 𝑝

0 (ℳℎ) = 𝑉 𝑝(ℳℎ) ∩𝐻1
0 (Ω),

where
𝑉 𝑝(ℳℎ) =

{︀
𝑢 ∈ 𝐻1(Ω) : 𝑢|Ω𝑖

∈ 𝑃𝑝𝑖
(Ω𝑖), 1 ≤ 𝑖 ≤ 𝑁𝑥

}︀
.

Here, 𝑃𝑝𝑖
(Ω𝑖) denotes the space of polynomials on Ω𝑖 where the total degree (sum of degrees in all variables)

does not exceed 𝑝𝑖 if Ω𝑖 is a simplex. Otherwise, it represents the space of polynomials on Ω𝑖 where the separate
degree does not exceed 𝑝𝑖 in each variable.

2.2.3. Temporal discretization

To introduce the ℎ𝑝-version CPG time-stepping scheme for (1.1), consider an arbitrary partition 𝒥𝜏 of the
time interval 𝐼 := (0, 𝑇 ), with time nodes defined as

0 = 𝑡0 < 𝑡1 < · · · < 𝑡𝑁𝑡−1 < 𝑡𝑁𝑡
= 𝑇.

Let 𝐼𝑛 := (𝑡𝑛−1, 𝑡𝑛) represent each time subinterval with step size 𝜏𝑛 = 𝑡𝑛 − 𝑡𝑛−1, and denote the maximum
step size by 𝜏 := max{𝜏𝑛}𝑁𝑡

𝑛=1.
The approximation degree vector 𝑞 = {𝑞𝑛}𝑁𝑡

𝑛=1 assigns an approximation degree 𝑞𝑛 ≥ 1 to each time interval
𝐼𝑛. We further define the minimum approximation degree 𝑞 := min{𝑞𝑛}𝑁𝑡

𝑛=1. The discretization (𝒥𝜏 , 𝑞) is called a
quasi-uniform ℎ𝑝-discretization of (0, 𝑇 ) if there exist positive constants 𝐶𝜏 and 𝐶𝑞 such that for all 1 ≤ 𝑛 ≤ 𝑁𝑡,

1 ≤ 𝜏

𝜏𝑛
≤ 𝐶𝜏 and 1 ≤ 𝑞

𝑞𝑛
≤ 𝐶𝑞, for 1 ≤ 𝑛 ≤ 𝑁𝑡,

where 𝑞 := max{𝑞𝑛}𝑁𝑡
𝑛=1.

When addressing problems with initial singularities at 𝑡 = 0, a specially local refined time mesh and a
corresponding tailored approximation degree vector will be employed (see Sect. 3.4).

The trial and test spaces for the ℎ𝑝-version fully discrete Galerkin method are defined as

𝑆𝑝,𝑞,1(ℳℎ,𝒥𝜏 ) =
{︀
𝑢 ∈ 𝐻1

(︀
𝐼;𝐻1

0 (Ω)
)︀

: 𝑢|𝐼𝑛
∈ 𝑃𝑞𝑛

(𝐼𝑛;𝑉 𝑝
0 (ℳℎ)), 1 ≤ 𝑛 ≤ 𝑁𝑡

}︀
and

𝑆𝑝,𝑞−1,0(ℳℎ,𝒥𝜏 ) =
{︀
𝑢 ∈ 𝐿2

(︀
𝐼;𝐻1

0 (Ω)
)︀

: 𝑢|𝐼𝑛
∈ 𝑃𝑞𝑛−1(𝐼𝑛;𝑉 𝑝

0 (ℳℎ)), 1 ≤ 𝑛 ≤ 𝑁𝑡

}︀
,

respectively. Here, 𝑃𝑞𝑛
(𝐼𝑛;𝑉 𝑃

0 (ℳℎ)), for an integer 𝑞𝑛 ≥ 1, represents the space of 𝑉 𝑝
0 (ℳℎ)-valued polyno-

mials of degree at most 𝑞𝑛 over the time interval 𝐼𝑛. The space 𝑃𝑞𝑛−1(𝐼𝑛;𝑉 𝑝
0 (ℳℎ)) is defined analogously for

polynomials of degree at most 𝑞𝑛 − 1.
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2.2.4. Fully discrete Galerkin Scheme

The ℎ𝑝-version fully discrete CPG-in-time and CG-in-space scheme for solving the parabolic equation (1.1)
is formulated as follows: find 𝑢ℎ𝜏 ∈ 𝑆𝑝,𝑞,1(ℳℎ,𝒥𝜏 ) such that⎧⎨⎩

∫︁
𝐼

{︀
(𝜕𝑡𝑢ℎ𝜏 , 𝑣ℎ𝜏 ) + 𝑎(𝑢ℎ𝜏 , 𝑣ℎ𝜏 )

}︀
d𝑡 =

∫︁
𝐼

(𝑓, 𝑣ℎ𝜏 ) d𝑡,

𝑢ℎ𝜏 (𝑥, 0) = 𝑅𝑝𝑢0

(2.3)

for any 𝑣ℎ𝜏 ∈ 𝑆𝑝,𝑞−1,0(ℳℎ,𝒥𝜏 ). Here, 𝑅𝑝 : 𝐻1
0 (Ω) → 𝑉 𝑝

0 (ℳℎ) is the Ritz–Galerkin projection operator defined
by

𝑎(𝑢−𝑅𝑝𝑢, 𝑣) = 0, ∀𝑣 ∈ 𝑉 𝑝
0 (ℳℎ). (2.4)

Selecting 𝑣 = 𝑅𝑝𝑢 in (2.4), and applying the coercivity and continuity of 𝑎(·, ·) as given in (2.2b) and (2.2c),
we obtain the 𝐻1-stability of 𝑅𝑝:

‖𝑅𝑝𝑢‖𝐻1(Ω) ≤ 𝐶‖𝑢‖𝐻1(Ω). (2.5)

Due to the discontinuity of the test space 𝑆𝑝,𝑞−1,0(ℳℎ,𝒥𝜏 ) at time nodes, the scheme (2.3) can be inter-
preted as a time-stepping method. Specifically, if 𝑢ℎ𝜏 is known on 𝐼𝑚 for 1 ≤ 𝑚 ≤ 𝑛 − 1, the solution
𝑢ℎ𝜏 ∈ 𝑃𝑞𝑛(𝐼𝑛;𝑉 𝑝

0 (ℳℎ)) on the next time step 𝐼𝑛 can be determined by solving⎧⎨⎩
∫︁

𝐼𝑛

{(𝜕𝑡𝑢ℎ𝜏 , 𝑣ℎ𝜏 ) + 𝑎(𝑢ℎ𝜏 , 𝑣ℎ𝜏 )}d𝑡 =
∫︁

𝐼𝑛

(𝑓, 𝑣ℎ𝜏 ) d𝑡,

𝑢ℎ𝜏 |𝐼𝑛
(𝑥, 𝑡𝑛−1) = 𝑢ℎ𝜏 |𝐼𝑛−1(𝑥, 𝑡𝑛−1)

(2.6)

for any 𝑣ℎ𝜏 ∈ 𝑃𝑞𝑛−1(𝐼𝑛;𝑉 𝑝
0 (ℳℎ)). The initial condition is given by 𝑢ℎ𝜏 |𝐼1(𝑥, 𝑡0) = 𝑅𝑝𝑢0.

Remark 2.1. The direct implementation of scheme (2.6) results in a large-scale linear system, particularly
in the case of high-dimensional spatial problems. Recently, [14] proposed efficient parallel algorithms for the
high-order CPG method in dissipative and wave propagation problems. Notably, their time-parallel algorithms
can also be effectively applied to solve (2.6).

2.3. Stability

By applying the well-known standard Poincaré–Friedrichs inequality (see e.g., [11]), we obtain the following
result.

Lemma 2.2. Let 𝑢 ∈ 𝐻1(𝐼;𝐿2(Ω)) with 𝑢(𝑥, 0) = 0. Then, the following inequality holds

‖𝑢‖𝐿2(𝐼;𝐿2(Ω)) ≤ 𝑇‖𝜕𝑡𝑢‖𝐿2(𝐼;𝐿2(Ω)). (2.7)

The following lemma establishes the stability of the ℎ𝑝-version fully discrete Galerkin approximation 𝑢ℎ𝜏 .

Lemma 2.3. Suppose the right-hand side 𝑓 ∈ 𝐿2(𝐼;𝐿2(Ω)) and the initial data 𝑢0 ∈ 𝐻1
0 (Ω). Then, there exists

a unique Galerkin approximation 𝑢ℎ𝜏 defined by (2.3), satisfying the following inequality:

‖𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) + ‖𝜕𝑡𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶‖𝑓‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝑢0‖𝐻1(Ω), (2.8)

where the constant 𝐶 depends on 𝑇 but is independent of any discretization parameters.

Proof. We first establish the stability estimate (2.8). Choosing 𝑣ℎ𝜏 = 𝜕𝑡𝑢ℎ𝜏 in (2.3) gives∫︁
𝐼

{︀
(𝜕𝑡𝑢ℎ𝜏 , 𝜕𝑡𝑢ℎ𝜏 ) + 𝑎(𝑢ℎ𝜏 , 𝜕𝑡𝑢ℎ𝜏 )

}︀
d𝑡 =

∫︁
𝐼

(𝑓, 𝜕𝑡𝑢ℎ𝜏 ) d𝑡. (2.9)
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Using the symmetry and bilinearity of 𝑎(·, ·), along with integration by parts in 𝑡, we obtain∫︁
𝐼

𝑎(𝑢ℎ𝜏 , 𝜕𝑡𝑢ℎ𝜏 ) d𝑡 =
1
2

∫︁
𝐼

{︀
𝑎(𝜕𝑡𝑢ℎ𝜏 , 𝑢ℎ𝜏 ) + 𝑎(𝑢ℎ𝜏 , 𝜕𝑡𝑢ℎ𝜏 )

}︀
d𝑡

=
1
2

∫︁
𝐼

𝜕𝑡𝑎(𝑢ℎ𝜏 , 𝑢ℎ𝜏 ) d𝑡

=
1
2
{︀
𝑎(𝑢ℎ𝜏 (𝑥, 𝑇 ), 𝑢ℎ𝜏 (𝑥, 𝑇 ))− 𝑎(𝑢ℎ𝜏 (𝑥, 0), 𝑢ℎ𝜏 (𝑥, 0))

}︀
.

(2.10)

Substituting (2.10) into (2.9) and applying the Cauchy–Schwarz inequality, (2.2b), and (2.2c), we deduce

‖𝜕𝑡𝑢ℎ𝜏‖2𝐿2(𝐼;𝐿2(Ω)) ≤
∫︁

𝐼

‖𝑓‖𝐿2(Ω)‖𝜕𝑡𝑢ℎ𝜏‖𝐿2(Ω) d𝑡+ 𝐶‖𝑢ℎ𝜏 (·, 0)‖2𝐻1(Ω)

≤ ‖𝑓‖𝐿2(𝐼;𝐿2(Ω))‖𝜕𝑡𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝑢ℎ𝜏 (·, 0)‖2𝐻1(Ω)

≤ 1
2
‖𝑓‖2𝐿2(𝐼;𝐿2(Ω)) +

1
2
‖𝜕𝑡𝑢ℎ𝜏‖2𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝑢ℎ𝜏 (·, 0)‖2𝐻1(Ω).

Rearranging gives
‖𝜕𝑡𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) ≤ ‖𝑓‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝑢ℎ𝜏 (·, 0)‖𝐻1(Ω). (2.11)

Next, using the triangle inequality and the Poincaré–Friedrichs inequality (2.7), we have

‖𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) ≤ ‖𝑢ℎ𝜏 − 𝑢ℎ𝜏 (·, 0)‖𝐿2(𝐼;𝐿2(Ω)) + ‖𝑢ℎ𝜏 (·, 0)‖𝐿2(𝐼;𝐿2(Ω))

≤ 𝑇‖𝜕𝑡(𝑢ℎ𝜏 − 𝑢ℎ𝜏 (·, 0))‖𝐿2(𝐼;𝐿2(Ω)) + 𝑇
1
2 ‖𝑢ℎ𝜏 (·, 0)‖𝐿2(Ω)

= 𝑇‖𝜕𝑡𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) + 𝑇
1
2 ‖𝑢ℎ𝜏 (·, 0)‖𝐿2(Ω)

≤ 𝐶‖𝑓‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝑢ℎ𝜏 (·, 0)‖𝐻1(Ω).

(2.12)

Combining (2.11) and (2.12), we obtain

‖𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) + ‖𝜕𝑡𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶‖𝑓‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝑢ℎ𝜏 (·, 0)‖𝐻1(Ω). (2.13)

Since 𝑢ℎ𝜏 (𝑥, 0) = 𝑅𝑝𝑢0 by (2.3) and 𝑅𝑝 is 𝐻1-stable by (2.5), we conclude

‖𝑢ℎ𝜏 (·, 0)‖𝐻1(Ω) = ‖𝑅𝑝𝑢0‖𝐻1(Ω) ≤ 𝐶‖𝑢0‖𝐻1(Ω).

Substituting this into (2.13) gives (2.8).
We now prove the existence and uniqueness of 𝑢ℎ𝜏 . Let 𝑈, 𝑉 be two ℎ𝑝-version fully discrete Galerkin

approximations satisfying (2.3). Then 𝑊 := 𝑈 − 𝑉 satisfies⎧⎨⎩
∫︁

𝐼

{︀
(𝜕𝑡𝑊, 𝑣ℎ𝜏 ) + 𝑎(𝑊, 𝑣ℎ𝜏 )

}︀
d𝑡 = 0,

𝑊 (𝑥, 0) = 0

for any 𝑣ℎ𝜏 ∈ 𝑆𝑝,𝑞−1,0(ℳℎ,𝒥𝜏 ). By the stability estimate (2.8), we have

‖𝑊‖𝐿2(𝐼;𝐿2(Ω)) + ‖𝜕𝑡𝑊‖𝐿2(𝐼;𝐿2(Ω)) ≤ 0,

implying that 𝑊 = 0 on Ω×𝐼. Thus, 𝑢ℎ𝜏 is unique. Since (2.3) is linear and finite-dimensional, existence follows
from the uniqueness result. This completes the proof. �

3. Error analysis

In this section, we derive a priori error estimates for the ℎ𝑝-version fully discrete Galerkin approximation
defined by (2.3).
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3.1. Ritz–Galerkin projection, temporal projection, and their approximation properties

We recall that the Ritz–Galerkin projection operator 𝑅𝑝 defined in (2.4) applies only to functions with respect
to the spatial variable 𝑥. In the following, we extend 𝑅𝑝 to functions depending on both 𝑥 and 𝑡 in the 𝐿2

sense.

Definition 3.1 (Ritz–Galerkin projection). For any function 𝑢 ∈ 𝐿2(𝐼𝑛;𝐻1
0 (Ω)), we define the extended Ritz–

Galerkin projection 𝑅𝑝
𝑛𝑢 ∈ 𝐿2(𝐼𝑛;𝑉 𝑝

0 (ℳℎ)), as follows∫︁
𝐼𝑛

𝑎(𝑢−𝑅𝑝
𝑛𝑢, 𝑣) d𝑡 = 0, ∀𝑣 ∈ 𝐿2(𝐼𝑛;𝑉 𝑝

0 (ℳℎ)). (3.1)

For any 𝑢 ∈ 𝐿2(𝐼;𝐻1
0 (Ω)), we further define the global Ritz–Galerkin projection element-wise by

𝑅𝑝𝑢|𝐼𝑛
= 𝑅𝑝

𝑛𝑢, 1 ≤ 𝑛 ≤ 𝑁𝑡.

Clearly, 𝑅𝑝𝑢 ∈ 𝐿2(𝐼;𝑉 𝑝
0 (ℳℎ)) satisfies∫︁

𝐼

𝑎(𝑢−𝑅𝑝𝑢, 𝑣) d𝑡 = 0, ∀𝑣 ∈ 𝐿2(𝐼;𝑉 𝑝
0 (ℳℎ)). (3.2)

By choosing 𝑣 = 𝑅𝑝
𝑛𝑢 in (3.1) and applying the coercivity and continuity of the bilinear functional 𝑎(·, ·), we

obtain
‖𝑅𝑝

𝑛𝑢‖𝐿2(𝐼𝑛;𝐻1(Ω)) ≤ 𝐶‖𝑢‖𝐿2(𝐼𝑛;𝐻1(Ω)). (3.3)

Summing over all elements 𝐼𝑛 for 1 ≤ 𝑛 ≤ 𝑁𝑡, we get

‖𝑅𝑝𝑢‖𝐿2(𝐼;𝐻1(Ω)) ≤ 𝐶‖𝑢‖𝐿2(𝐼;𝐻1(Ω)). (3.4)

Thus, we conclude that the projection operators 𝑅𝑝
𝑛 and 𝑅𝑝 are 𝐻1-stable.

Building on the error estimates for the ℎ𝑝-version CG method applied to second-order elliptic boundary
value problems, as discussed in [8,48], we conclude that the Ritz–Galerkin projection 𝑅𝑝 satisfies the following
ℎ𝑝-version approximation property.

Lemma 3.2. Let the tuple (ℳℎ,𝑝) be a quasi-uniform ℎ𝑝-discretization of the spatial domain Ω. Assume that
𝑢 ∈ 𝐿2(𝐼;𝐻1

0 (Ω) ∩𝐻𝑟(Ω)) with 𝑟 ≥ 1. Then, we have

‖𝑢−𝑅𝑝𝑢‖𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶
ℎmin{𝑝+1,𝑟}

𝑝𝑟
‖𝑢‖𝐿2(𝐼;𝐻𝑟(Ω)).

Next, we introduce the temporal projection operator Π𝑞 following the frameworks in [48,49,55].

Definition 3.3 (Temporal projection). For any 𝑢 ∈ 𝐻1(𝐼𝑛;𝐿2(Ω)), the projection Π𝑞𝑛

𝐼𝑛
𝑢 ∈ 𝑃𝑞𝑛

(𝐼𝑛;𝐿2(Ω)), with
integer 𝑞𝑛 ≥ 1, is defined as⎧⎨⎩

∫︁
𝐼𝑛

(︀
𝜕𝑡(𝑢−Π𝑞𝑛

𝐼𝑛
𝑢), 𝑣

)︀
d𝑡 = 0, ∀𝑣 ∈ 𝑃𝑞𝑛−1(𝐼𝑛;𝐿2(Ω)),

Π𝑞𝑛

𝐼𝑛
𝑢(𝑥, 𝑡𝑛−1) = 𝑢(𝑥, 𝑡𝑛−1).

(3.5)

Here, 𝑃𝑞𝑛
(𝐼𝑛;𝐿2(Ω)) represents the space of 𝐿2(Ω)-valued polynomials of degree at most 𝑞𝑛 over the interval

𝐼𝑛, and 𝑃𝑞𝑛−1(𝐼𝑛;𝐿2(Ω)) is defined analogously.
Notably, the following condition also holds

Π𝑞𝑛

𝐼𝑛
𝑢(𝑥, 𝑡𝑛) = 𝑢(𝑥, 𝑡𝑛), (3.6)

which can be derived by setting 𝑣 = 1 in (3.5) and applying integration by parts with respect to 𝑡.
Furthermore, for any function 𝑢 ∈ 𝐻1(𝐼;𝐿2(Ω)), we define the global projection element-wise as

Π𝑞𝑢|𝐼𝑛 = Π𝑞𝑛

𝐼𝑛
𝑢, 1 ≤ 𝑛 ≤ 𝑁𝑡. (3.7)
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Using the approximation results provided in Lemma 3.2 of [55] (see also [48]), we can derive the approximation
results of Π𝑞𝑢, as detailed below.

Lemma 3.4. Let the tuple (𝒥𝜏 , 𝑞) be an arbitrary ℎ𝑝-discretization of the time interval 𝐼. Suppose that 𝑢 ∈
𝐻1(𝐼;𝐿2(Ω)) satisfies 𝑢|Ω×𝐼𝑛 ∈ 𝐻𝑘0,𝑛(𝐼𝑛;𝐿2(Ω)) with 𝑘0,𝑛 ≥ 1. Then, we have the following error estimates

‖𝑢−Π𝑞𝑢‖2𝐿2(𝐼𝑛;𝐿2(Ω)) ≤
(︁𝜏𝑛

2

)︁2𝑘𝑛 Γ(𝑞𝑛 + 2− 𝑘𝑛)
𝑞𝑛(𝑞𝑛 + 1)Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝐻𝑘𝑛 (𝐼𝑛;𝐿2(Ω)), (3.8)

‖𝜕𝑡(𝑢−Π𝑞𝑢)‖2𝐿2(𝐼𝑛;𝐿2(Ω)) ≤
(︁𝜏𝑛

2

)︁2𝑘𝑛−2 Γ(𝑞𝑛 + 2− 𝑘𝑛)
Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝐻𝑘𝑛 (𝐼𝑛;𝐿2(Ω)) (3.9)

for 1 ≤ 𝑛 ≤ 𝑁𝑡. Here, 1 ≤ 𝑘𝑛 ≤ min{𝑞𝑛 + 1, 𝑘0,𝑛}.
If the tuple (𝒥𝜏 , 𝑞) is quasi-uniform and 𝑢 ∈ 𝐻𝑘(𝐼;𝐿2(Ω)) with 𝑘 ≥ 1, then we have the following global error

estimates

‖𝑢−Π𝑞𝑢‖𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶
𝜏min{𝑞+1,𝑘}

𝑞𝑘
‖𝑢‖𝐻𝑘(𝐼;𝐿2(Ω)),

‖𝜕𝑡(𝑢−Π𝑞𝑢)‖2𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶
𝜏min{𝑞,𝑘−1}

𝑞𝑘−1
‖𝑢‖𝐻𝑘(𝐼;𝐿2(Ω)).

3.2. Abstract error bounds

Let 𝑢 be the exact solution of the parabolic equation (1.1), and let 𝑢ℎ𝜏 be the ℎ𝑝-version fully discrete Galerkin
approximation defined by (2.3). We decompose the error 𝑒 := 𝑢− 𝑢ℎ𝜏 into three components as follows:

𝑒 = (𝑢−𝑅𝑝𝑢) + (𝑅𝑝𝑢−Π𝑞𝑅𝑝𝑢) + (Π𝑞𝑅𝑝𝑢− 𝑢ℎ𝜏 ) := 𝜂 +𝑅𝑝𝜃 + 𝜓. (3.10)

The terms are defined as follows:

– Ritz–Galerkin projection error: 𝜂 := 𝑢 − 𝑅𝑝𝑢, which represents the error due to the projection by the
Ritz–Galerkin projection 𝑅𝑝 in the spatial direction.

– Temporal projection error: 𝑅𝑝𝜃 := 𝑅𝑝(𝑢−Π𝑞𝑢), where 𝜃 := 𝑢−Π𝑞𝑢 is the error introduced by the temporal
projection operator Π𝑞. Here, we utilize the commutativity property of the projection operators: Π𝑞𝑅𝑝𝑢 =
𝑅𝑝Π𝑞𝑢.

– Galerkin approximation error: 𝜓 := Π𝑞𝑅𝑝𝑢−𝑢ℎ𝜏 , which represents the remaining error due to the space-time
Galerkin approximation.

We begin by deriving the 𝐿2(𝐻2)-estimate for the term 𝜃 = 𝑢−Π𝑞𝑢.

Lemma 3.5. Let the tuple (𝒥𝜏 , 𝑞) be an arbitrary ℎ𝑝-discretization of the time interval 𝐼. Suppose that 𝑢 ∈
𝐻1(𝐼;𝐻2(Ω)) satisfies 𝑢|Ω×𝐼𝑛 ∈ 𝐻𝑘0,𝑛(𝐼𝑛;𝐻2(Ω)) with 𝑘0,𝑛 ≥ 1. Then, we have the following error estimate

‖𝜃‖2𝐿2(𝐼𝑛;𝐻2(Ω)) ≤
(︁𝜏𝑛

2

)︁2𝑘𝑛 Γ(𝑞𝑛 + 2− 𝑘𝑛)
𝑞𝑛(𝑞𝑛 + 1)Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝐻𝑘𝑛 (𝐼𝑛;𝐻2(Ω)) (3.11)

for 1 ≤ 𝑛 ≤ 𝑁𝑡. Here, 1 ≤ 𝑘𝑛 ≤ min{𝑞𝑛 + 1, 𝑘0,𝑛}.
If the tuple (𝒥𝜏 , 𝑞) is quasi-uniform and 𝑢 ∈ 𝐻𝑘(𝐼;𝐻2(Ω)) with 𝑘 ≥ 1, then we have the following global

error estimate

‖𝜃‖𝐿2(𝐼;𝐻2(Ω)) ≤ 𝐶
𝜏min{𝑞+1,𝑘}

𝑞𝑘
‖𝑢‖𝐻𝑘(𝐼;𝐻2(Ω)). (3.12)
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Proof. Using (3.8) from Lemma 3.4, we obtain

‖𝜃‖2𝐿2(𝐼𝑛;𝐻2(Ω)) = ‖𝑢−Π𝑞𝑢‖2𝐿2(𝐼𝑛;𝐻2(Ω)) =
2∑︁

|𝛼|=0

‖𝐷𝛼𝑢−Π𝑞(𝐷𝛼𝑢)‖2𝐿2(𝐼𝑛;𝐿2(Ω))

≤
2∑︁

|𝛼|=0

(︁𝜏𝑛
2

)︁2𝑘𝑛 Γ(𝑞𝑛 + 2− 𝑘𝑛)
𝑞𝑛(𝑞𝑛 + 1)Γ(𝑞𝑛 + 𝑘𝑛)

‖𝐷𝛼𝑢‖2𝐻𝑘𝑛 (𝐼𝑛;𝐿2(Ω))

≤
(︁𝜏𝑛

2

)︁2𝑘𝑛 Γ(𝑞𝑛 + 2− 𝑘𝑛)
𝑞𝑛(𝑞𝑛 + 1)Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝐻𝑘𝑛 (𝐼𝑛;𝐻2(Ω)).

Here, 𝛼 = (𝛼1, . . . , 𝛼𝑑) is a multi-index of nonnegative integers 𝛼𝑗 , and 𝐷𝛼 = 𝜕|𝛼|

𝜕𝑥
𝛼1
1 ...𝜕𝑥

𝛼𝑑
𝑑

denotes the differential

operator of order |𝛼| =
∑︀𝑑

𝑗=1 𝛼𝑗 . This completes the proof of the estimate (3.11).
Furthermore, by applying Stirling’s formula, we obtain the estimate (3.12). �

Next, we establish the 𝐻1(𝐿2)-estimate for the term 𝜂 = 𝑢−𝑅𝑝𝑢.

Lemma 3.6. Let the tuple (ℳℎ,𝑝) be a quasi-uniform ℎ𝑝-discretization of the spatial domain Ω. Assume that
𝑢 ∈ 𝐻1(𝐼;𝐻1

0 (Ω) ∩𝐻𝑟(Ω)) with 𝑟 ≥ 1. Then, the following estimate holds

‖𝜂‖𝐻1(𝐼;𝐿2(Ω)) ≤ 𝐶
ℎmin{𝑝+1,𝑟}

𝑝𝑟
‖𝑢‖𝐻1(𝐼;𝐻𝑟(Ω)). (3.13)

Proof. By applying Lemma 3.2, we have

‖𝜂‖2𝐻1(𝐼;𝐿2(Ω)) =
1∑︁

𝑗=0

⃦⃦⃦
𝜕𝑗

𝑡 𝑢−𝑅𝑝
(︁
𝜕𝑗

𝑡 𝑢
)︁⃦⃦⃦2

𝐿2(𝐼;𝐿2(Ω))
≤ 𝐶

1∑︁
𝑗=0

ℎ2 min{𝑝+1,𝑟}

𝑝2𝑟

⃦⃦
𝜕𝑗

𝑡 𝑢
⃦⃦2

𝐿2(𝐼;𝐻𝑟(Ω))

≤ 𝐶
ℎ2 min{𝑝+1,𝑟}

𝑝2𝑟
‖𝑢‖2𝐻1(𝐼;𝐻𝑟(Ω)).

This completes the proof. �

Then, we consider the 𝐿∞(𝐿2)-estimate for the term 𝑅𝑝𝜃 = 𝑅𝑝(𝑢−Π𝑞𝑢).

Lemma 3.7. Let the tuple (𝒥𝜏 , 𝑞) represent an arbitrary ℎ𝑝-discretization of the time interval 𝐼. Suppose that
𝑢 ∈ 𝐻1(𝐼;𝐻1

0 (Ω)) satisfies 𝑢|Ω×𝐼𝑛
∈ 𝑊 𝑘0,𝑛,∞(𝐼𝑛;𝐻1(Ω)) with 𝑘0,𝑛 ≥ 1. Then, we have the following error

estimate

‖𝑅𝑝𝜃‖2𝐿∞(𝐼𝑛;𝐿2(Ω)) ≤ 𝐶
(︁𝜏𝑛

2

)︁2𝑘𝑛 Γ(𝑞𝑛 + 2− 𝑘𝑛)
𝑞𝑛Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝑊 𝑘𝑛,∞(𝐼𝑛;𝐻1(Ω)) (3.14)

for 1 ≤ 𝑛 ≤ 𝑁𝑡. Here, 1 ≤ 𝑘𝑛 ≤ min{𝑞𝑛 + 1, 𝑘0,𝑛}.
In particular, if the tuple (𝒥𝜏 , 𝑞) is quasi-uniform and 𝑢 ∈ 𝑊 𝑘,∞(𝐼;𝐻1

0 (Ω)) with 𝑘 ≥ 1, then we have the
following global error estimate

‖𝑅𝑝𝜃‖𝐿∞(𝐼;𝐿2(Ω)) ≤ 𝐶
𝜏min{𝑞+1,𝑘}

𝑞𝑘− 1
2

‖𝑢‖𝑊 𝑘,∞(𝐼;𝐻1(Ω)). (3.15)

Proof. By applying the definition of Π𝑞 from (3.7), (3.5), and (3.6), we have

𝑅𝑝𝜃(𝑥, 𝑡𝑛−1) =
(︀
𝑅𝑝𝑢−Π𝑞𝑅𝑝𝑢

)︀
(𝑥, 𝑡𝑛−1) = 0

and
𝑅𝑝𝜃(𝑥, 𝑡𝑛) =

(︀
𝑅𝑝𝑢−Π𝑞𝑅𝑝𝑢

)︀
(𝑥, 𝑡𝑛) = 0,
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which implies that 𝑅𝑝𝜃 ∈ 𝐻1
0 (𝐼𝑛). Then, by applying the Sobolev inequality (cf. [29])

‖𝑣‖2𝐿∞(𝑎,𝑏) ≤ ‖𝑣‖𝐿2(𝑎,𝑏)|𝑣|𝐻1(𝑎,𝑏), ∀𝑣 ∈ 𝐻1
0 (𝑎, 𝑏),

and utilizing the 𝐻1-stability of the operator 𝑅𝑝 from (3.3), we get

‖𝑅𝑝𝜃‖2𝐿∞(𝐼𝑛;𝐿2(Ω)) ≤
⃦⃦
𝑅𝑝𝜃

⃦⃦
𝐿2(𝐼𝑛;𝐿2(Ω))

⃦⃦
𝜕𝑡𝑅

𝑝𝜃
⃦⃦

𝐿2(𝐼𝑛;𝐿2(Ω))

≤
⃦⃦
𝑅𝑝𝜃

⃦⃦
𝐿2(𝐼𝑛;𝐻1(Ω))

⃦⃦
𝑅𝑝(𝜕𝑡𝜃)

⃦⃦
𝐿2(𝐼𝑛;𝐻1(Ω))

≤ 𝐶‖𝜃‖𝐿2(𝐼𝑛;𝐻1(Ω))

⃦⃦
𝜕𝑡𝜃

⃦⃦
𝐿2(𝐼𝑛;𝐻1(Ω))

.

(3.16)

Similar to the process of proving (3.11), we can easily derive

‖𝜃‖2𝐿2(𝐼𝑛;𝐻1(Ω)) ≤
(︁𝜏𝑛

2

)︁2𝑘𝑛 Γ(𝑞𝑛 + 2− 𝑘𝑛)
𝑞𝑛(𝑞𝑛 + 1)Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝐻𝑘𝑛 (𝐼𝑛;𝐻1(Ω)). (3.17)

On the other hand, from the estimate (3.9), we obtain

⃦⃦
𝜕𝑡𝜃

⃦⃦2

𝐿2(𝐼𝑛;𝐻1(Ω))
=

⃦⃦
𝜕𝑡(𝑢−Π𝑞𝑢)

⃦⃦2

𝐿2(𝐼𝑛;𝐻1(Ω))
=

1∑︁
|𝛼|=0

⃦⃦
𝐷𝛼𝜕𝑡(𝑢−Π𝑞𝑢)

⃦⃦2

𝐿2(𝐼𝑛;𝐿2(Ω))

=
1∑︁

|𝛼|=0

⃦⃦
𝜕𝑡(𝐷𝛼𝑢−Π𝑞(𝐷𝛼𝑢))

⃦⃦2

𝐿2(𝐼𝑛;𝐿2(Ω))

≤
1∑︁

|𝛼|=0

(︁𝜏𝑛
2

)︁2𝑘𝑛−2 Γ(𝑞𝑛 + 2− 𝑘𝑛)
Γ(𝑞𝑛 + 𝑘𝑛)

⃦⃦
𝐷𝛼𝑢

⃦⃦2

𝐻𝑘𝑛 (𝐼𝑛;𝐿2(Ω))

≤
(︁𝜏𝑛

2

)︁2𝑘𝑛−2 Γ(𝑞𝑛 + 2− 𝑘𝑛)
Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝐻𝑘𝑛 (𝐼𝑛;𝐻1(Ω)).

(3.18)

Taking into account the fact that

‖𝑢‖2𝐻𝑘𝑛 (𝐼𝑛;𝐻1(Ω)) ≤ 𝐶𝜏𝑛‖𝑢‖2𝑊 𝑘𝑛,∞(𝐼𝑛;𝐻1(Ω)),

and combining (3.16)–(3.18), we obtain

‖𝑅𝑝𝜃‖2𝐿∞(𝐼𝑛;𝐿2(Ω)) ≤ 𝐶
(︁𝜏𝑛

2

)︁2𝑘𝑛−1 Γ(𝑞𝑛 + 2− 𝑘𝑛)
𝑞𝑛Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝐻𝑘𝑛 (𝐼𝑛;𝐻1(Ω))

≤ 𝐶
(︁𝜏𝑛

2

)︁2𝑘𝑛 Γ(𝑞𝑛 + 2− 𝑘𝑛)
𝑞𝑛Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝑊 𝑘𝑛,∞(𝐼𝑛;𝐻1(Ω)),

which leads to (3.14).
Finally, applying Stirling’s formula to (3.14), we derive (3.15). This completes the proof. �

As the final step, we estimate the term 𝜓 = Π𝑞𝑅𝑝𝑢− 𝑢ℎ𝜏 . The following lemma demonstrates that 𝜓 can be
bounded by 𝜕𝑡𝜂 and 𝜃.

Lemma 3.8. Assume that 𝑢 ∈ 𝐻1(𝐼;𝐻1
0 (Ω) ∩𝐻2(Ω)). Then, the following estimates hold

‖𝜓‖𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶‖𝜕𝑡𝜂‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω)), (3.19)

‖𝜓‖𝐿∞(𝐼;𝐿2(Ω)) ≤ 𝐶‖𝜕𝑡𝜂‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω)). (3.20)
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Proof. First, replacing 𝑢ℎ𝜏 in (2.3) with the exact solution 𝑢 of the problem (1.1) yields∫︁
𝐼

{︀
(𝜕𝑡𝑢, 𝑣ℎ𝜏 ) + 𝑎(𝑢, 𝑣ℎ𝜏 )

}︀
d𝑡 =

∫︁
𝐼

(𝑓, 𝑣ℎ𝜏 ) d𝑡 (3.21)

for any 𝑣ℎ𝜏 ∈ 𝑆𝑝,𝑞−1,0(ℳℎ,𝒥𝜏 ). Next, subtracting (2.3) from (3.21), we obtain∫︁
𝐼

{︀
(𝜕𝑡𝑒, 𝑣ℎ𝜏 ) + 𝑎(𝑒, 𝑣ℎ𝜏 )

}︀
d𝑡 = 0, ∀𝑣ℎ𝜏 ∈ 𝑆𝑝,𝑞−1,0(ℳℎ,𝒥𝜏 ). (3.22)

Using the definitions of 𝑅𝑝 and Π𝑞 from (3.2) and (3.5), respectively, we derive∫︁
𝐼

𝑎(𝜂, 𝑣ℎ𝜏 ) d𝑡 =
∫︁

𝐼

𝑎
(︀
𝑢−𝑅𝑝𝑢, 𝑣ℎ𝜏

)︀
d𝑡 = 0 (3.23)

and ∫︁
𝐼

(︀
𝜕𝑡𝑅

𝑝𝜃, 𝑣ℎ𝜏

)︀
d𝑡 =

𝑁𝑡∑︁
𝑛=1

∫︁
𝐼𝑛

(︀
𝜕𝑡

(︀
𝑅𝑝𝑢−Π𝑞𝑛

𝐼𝑛
𝑅𝑝𝑢

)︀
, 𝑣ℎ𝜏

)︀
d𝑡 = 0. (3.24)

Then, substituting 𝑒 = 𝜂 +𝑅𝑝𝜃 + 𝜓 into (3.22), and using (3.23) and (3.24), we obtain∫︁
𝐼

{︀
(𝜕𝑡𝜓, 𝑣ℎ𝜏 ) + 𝑎(𝜓, 𝑣ℎ𝜏 )

}︀
d𝑡 = −

∫︁
𝐼

(𝜕𝑡𝜂 + 𝜕𝑡𝑅
𝑝𝜃, 𝑣ℎ𝜏 ) d𝑡−

∫︁
𝐼

𝑎(𝜂 +𝑅𝑝𝜃, 𝑣ℎ𝜏 ) d𝑡

= −
∫︁

𝐼

(𝜕𝑡𝜂, 𝑣ℎ𝜏 ) d𝑡−
∫︁

𝐼

𝑎(𝑅𝑝𝜃, 𝑣ℎ𝜏 ) d𝑡
(3.25)

for any 𝑣ℎ𝜏 ∈ 𝑆𝑝,𝑞−1,0(ℳℎ,𝒥𝜏 ).
Using the definition of 𝑅𝑝 from (3.2) and applying integration by parts, we have∫︁

𝐼

𝑎
(︀
𝑅𝑝𝜃, 𝑣ℎ𝜏

)︀
d𝑡 =

∫︁
𝐼

𝑎(𝜃, 𝑣ℎ𝜏 ) d𝑡 =
∫︁

𝐼

(𝒜𝜃, 𝑣ℎ𝜏 ) d𝑡.

Substituting this into (3.25), we get∫︁
𝐼

{︀
(𝜕𝑡𝜓, 𝑣ℎ𝜏 ) + 𝑎(𝜓, 𝑣ℎ𝜏 )

}︀
d𝑡 =

∫︁
𝐼

(−𝜕𝑡𝜂 −𝒜𝜃, 𝑣ℎ𝜏 ) d𝑡. (3.26)

Moreover, using (2.3), (3.7), and (3.5), we obtain

𝜓(𝑥, 0) =
(︀
Π𝑞𝑅𝑝𝑢− 𝑢ℎ𝜏

)︀
(𝑥, 0) =

(︀
Π𝑞𝑅𝑝𝑢−𝑅𝑝𝑢

)︀
(𝑥, 0) = 0. (3.27)

Let 𝑔 := −𝜕𝑡𝜂 −𝒜𝜃. Combing (3.26) and (3.27) yields⎧⎨⎩
∫︁

𝐼

{︀
(𝜕𝑡𝜓, 𝑣ℎ𝜏 ) + 𝑎(𝜓, 𝑣ℎ𝜏 )

}︀
d𝑡 =

∫︁
𝐼

(𝑔, 𝑣ℎ𝜏 ) d𝑡,

𝜓(𝑥, 0) = 0
(3.28)

for any 𝑣ℎ𝜏 ∈ 𝑆𝑝,𝑞−1,0(ℳℎ,𝒥𝜏 ). By comparing (3.28) and (2.3), it is clear that 𝜓 satisfies a variational equation
almost identical to that of 𝑢ℎ𝜏 , except for the right-hand side and the initial condition. Therefore, 𝜓 also satisfies
a stability estimate similar to (2.13), namely,

‖𝜓‖𝐿2(𝐼;𝐿2(Ω)) + ‖𝜕𝑡𝜓‖𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶‖𝑔‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝜓(𝑥, 0)‖𝐻1(Ω).
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Thus, we obtain

‖𝜓‖𝐿2(𝐼;𝐿2(Ω)) + ‖𝜕𝑡𝜓‖𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶‖𝜕𝑡𝜂‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝒜𝜃‖𝐿2(𝐼;𝐿2(Ω))

≤ 𝐶‖𝜕𝑡𝜂‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω)),
(3.29)

which implies (3.19).
According to the Sobolev embedding theorem

‖𝑣‖𝐿∞(𝑎,𝑏) ≤ 𝐶‖𝑣‖𝐻1(𝑎,𝑏), ∀𝑣 ∈ 𝐻1(𝑎, 𝑏), (3.30)

and from (3.29), we deduce that

‖𝜓‖𝐿∞(𝐼;𝐿2(Ω)) ≤ 𝐶‖𝜓‖𝐻1(𝐼;𝐿2(Ω)) ≤ 𝐶‖𝜕𝑡𝜂‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω),

which leads to (3.20). �

By combining the estimates from Lemmas 3.8, we can immediately derive the following abstract error bounds
for the ℎ𝑝-version fully discrete Galerkin approximation.

Theorem 3.9. Assume that 𝑢 ∈ 𝐻1(𝐼;𝐻1
0 (Ω)∩𝐻2(Ω)) is the exact solution of (1.1), and 𝑢ℎ𝜏 is the ℎ𝑝-version

fully discrete Galerkin approximation defined in (2.3). Then, we have the following error estimates

‖𝑢− 𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶‖𝜂‖𝐻1(𝐼;𝐿2(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω)), (3.31)

‖𝑢− 𝑢ℎ𝜏‖𝐿∞(𝐼;𝐿2(Ω)) ≤ 𝐶‖𝜂‖𝐻1(𝐼;𝐿2(Ω)) + ‖𝑅𝑝𝜃‖𝐿∞(𝐼;𝐿2(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω)), (3.32)

where 𝜂, 𝜃, and 𝑅𝑝𝜃 are defined in (3.10).

Proof. Using (3.10), the triangle inequality, (3.19), and (3.4), we have

‖𝑢− 𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) ≤ ‖𝜂‖𝐿2(𝐼;𝐿2(Ω)) + ‖𝑅𝑝𝜃‖𝐿2(𝐼;𝐿2(Ω)) + ‖𝜓‖𝐿2(𝐼;𝐿2(Ω))

≤ ‖𝜂‖𝐿2(𝐼;𝐿2(Ω)) + ‖𝑅𝑝𝜃‖𝐿2(𝐼;𝐻1(Ω)) + 𝐶‖𝜕𝑡𝜂‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω))

≤ 𝐶‖𝜂‖𝐻1(𝐼;𝐿2(Ω)) + ‖𝑅𝑝𝜃‖𝐿2(𝐼;𝐻1(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω))

≤ 𝐶‖𝜂‖𝐻1(𝐼;𝐿2(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻1(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω))

≤ 𝐶‖𝜂‖𝐻1(𝐼;𝐿2(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω)),

which implies (3.31).
Next, applying the Sobolev inequality (3.30), we have

‖𝜂‖𝐿∞(𝐼;𝐿2(Ω)) ≤ 𝐶‖𝜂‖𝐻1(𝐼;𝐿2(Ω)).

Combining this with (3.10), the triangle inequality, and (3.20), we obtain

‖𝑢− 𝑢ℎ𝜏‖𝐿∞(𝐼;𝐿2(Ω)) ≤ ‖𝜂‖𝐿∞(𝐼;𝐿2(Ω)) + ‖𝑅𝑝𝜃‖𝐿∞(𝐼;𝐿2(Ω)) + ‖𝜓‖𝐿∞(𝐼;𝐿2(Ω))

≤ ‖𝜂‖𝐿∞(𝐼;𝐿2(Ω)) + ‖𝑅𝑝𝜃‖𝐿∞(𝐼;𝐿2(Ω)) + 𝐶‖𝜕𝑡𝜂‖𝐿2(𝐼;𝐿2(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω))

≤ 𝐶‖𝜂‖𝐻1(𝐼;𝐿2(Ω)) + ‖𝑅𝑝𝜃‖𝐿∞(𝐼;𝐿2(Ω)) + 𝐶‖𝜃‖𝐿2(𝐼;𝐻2(Ω)),

which yields (3.32). The proof is complete. �
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3.3. Convergence rates for smooth solutions

We now combine the abstract error estimates from Theorem 3.9 with the estimates for 𝜂, 𝜃, and 𝑅𝑝𝜃 to
derive the following 𝐿2(𝐼;𝐿2(Ω))- and 𝐿∞(𝐼;𝐿2(Ω))-error estimates for the ℎ𝑝-version fully discrete Galerkin
approximation.

Theorem 3.10. Let 𝑢 be the exact solution of the problem (1.1), and 𝑢ℎ𝜏 be the ℎ𝑝-version fully discrete
Galerkin approximation defined in (2.3). Let the tuple (ℳℎ,𝑝) be a quasi-uniform ℎ𝑝-discretization of the spatial
domain Ω, and (𝒥𝜏 , 𝑞) be an arbitrary ℎ𝑝-discretization of the time interval 𝐼. Assume that 𝑢 ∈ 𝐻1(𝐼;𝐻1

0 (Ω)∩
𝐻𝑟(Ω)) with 𝑟 ≥ 2 satisfies 𝑢|Ω×𝐼𝑛 ∈ 𝐻𝑘0,𝑛(𝐼𝑛;𝐻2(Ω)) for 𝑘0,𝑛 ≥ 1. Then, for 1 ≤ 𝑘𝑛 ≤ min{𝑞𝑛 + 1, 𝑘0,𝑛}, we
have the following error estimate

‖𝑢− 𝑢ℎ𝜏‖2𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶
ℎ2 min{𝑝+1,𝑟}

𝑝2𝑟
‖𝑢‖2𝐻1(𝐼;𝐻𝑟(Ω))

+ 𝐶

𝑁𝑡∑︁
𝑛=1

(︁𝜏𝑛
2

)︁2𝑘𝑛 Γ(𝑞𝑛 + 2− 𝑘𝑛)
𝑞𝑛(𝑞𝑛 + 1)Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝐻𝑘𝑛 (𝐼𝑛;𝐻2(Ω)).

(3.33)

Furthermore, if 𝑢 satisfies 𝑢|Ω×𝐼𝑛 ∈ 𝐻𝑘0,𝑛(𝐼𝑛;𝐻2(Ω)) ∩𝑊 𝑘0,𝑛,∞(𝐼𝑛;𝐻1(Ω)) for 𝑘0,𝑛 ≥ 1, then for 1 ≤ 𝑘𝑛 ≤
min{𝑞𝑛 + 1, 𝑘0,𝑛}, we have the following error estimate

‖𝑢− 𝑢ℎ𝜏‖2𝐿∞(𝐼;𝐿2(Ω)) ≤ 𝐶
ℎ2 min{𝑝+1,𝑟}

𝑝2𝑟
‖𝑢‖2𝐻1(𝐼;𝐻𝑟(Ω))

+ 𝐶

𝑁𝑡∑︁
𝑛=1

(︁𝜏𝑛
2

)︁2𝑘𝑛 Γ(𝑞𝑛 + 2− 𝑘𝑛)
𝑞𝑛(𝑞𝑛 + 1)Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝐻𝑘𝑛 (𝐼𝑛;𝐻2(Ω))

+ 𝐶 max
1≤𝑛≤𝑁𝑡

{︂(︁𝜏𝑛
2

)︁2𝑘𝑛 Γ(𝑞𝑛 + 2− 𝑘𝑛)
𝑞𝑛Γ(𝑞𝑛 + 𝑘𝑛)

‖𝑢‖2𝑊 𝑘𝑛,∞(𝐼𝑛;𝐻1(Ω))

}︂
.

(3.34)

Proof. By combining (3.31), (3.13), and (3.11), we can derive the estimate (3.33). Similarly, the estimate (3.34)
follows from (3.32), (3.13), (3.11), and (3.14). �

Based on Theorem 3.10, by employing quasi-uniform mesh partitions and quasi-uniform approximation
degrees in both space and time, and by applying Stirling’s formula, we derive the following typical ℎ𝑝-version
error estimates for both space and time.

Corollary 3.11. Let (ℳℎ,𝑝) and (𝒥𝜏 , 𝑞) denote quasi-uniform ℎ𝑝-discretizations of the spatial domain Ω and
the time interval 𝐼, respectively. Assume that 𝑢 ∈ 𝐻1(𝐼;𝐻1

0 (Ω)∩𝐻𝑟(Ω))∩𝐻𝑘(𝐼;𝐻2(Ω)) with 𝑘 ≥ 1 and 𝑟 ≥ 2.
Then, we have the following error estimate

‖𝑢− 𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶
ℎmin{𝑝+1,𝑟}

𝑝𝑟
‖𝑢‖𝐻1(𝐼;𝐻𝑟(Ω)) + 𝐶

𝜏min{𝑞+1,𝑘}

𝑞𝑘
‖𝑢‖𝐻𝑘(𝐼;𝐻2(Ω)). (3.35)

Moreover, if 𝑢 ∈ 𝐻1(𝐼;𝐻1
0 (Ω)∩𝐻𝑟(Ω))∩𝑊 𝑘,∞(𝐼;𝐻2(Ω)) with 𝑘 ≥ 1 and 𝑟 ≥ 2, we have the following error

estimate

‖𝑢− 𝑢ℎ𝜏‖𝐿∞(𝐼;𝐿2(Ω)) ≤ 𝐶
ℎmin{𝑝+1,𝑟}

𝑝𝑟
‖𝑢‖𝐻1(𝐼;𝐻𝑟(Ω)) + 𝐶

𝜏min{𝑞+1,𝑘}

𝑞𝑘−1/2
‖𝑢‖𝑊 𝑘,∞(𝐼;𝐻2(Ω)). (3.36)

Remark 3.12. The error estimates (3.35) and (3.36) demonstrate that the ℎ𝑝-version fully discrete Galerkin
scheme converges as the mesh sizes ℎ (in space) and 𝜏 (in time) are refined, or as the approximation degrees 𝑝
(in space) and 𝑞 (in time) are increased.



𝐻𝑃 -CPG TIME-STEPPING METHOD FOR PARABOLIC EQUATIONS 2851

Remark 3.13. The error estimates (3.35) and (3.36) also imply that the 𝑝-version fully discrete Galerkin
method (i.e., using fixed and relatively coarse space and time mesh partitions) can achieve spectral convergence if
the exact solution 𝑢 is sufficiently smooth. In other words, the smoother the solution, the higher the convergence
order with respect to the approximation degrees 𝑝 and 𝑞. Specifically, if 𝑢 is analytic in Ω× [0, 𝑇 ], exponential
convergence can be achieved in both the space and time directions.

3.4. Exponential convergence rates for non-smooth solutions

Next, we consider the ℎ𝑝-version fully discrete Galerkin method for the problem (1.1) with solutions exhibiting
startup singularities at 𝑡 = 0, but analytic behavior for 𝑡 > 0.

Specifically, we assume that the source term 𝑓 and initial data 𝑢0 are chosen such that the exact solution 𝑢
satisfies the following regularity estimate⃦⃦

𝜕𝑗
𝑡 𝑢

⃦⃦
𝐻2(Ω)

≤ 𝐶𝑑𝑗Γ(𝑗 + 1)𝑡𝜇−𝑗 , 𝑡 ∈ (0, 𝑇 ], 𝑗 ∈ N0, 𝜇 ≥ 1, (3.37)

where 𝐶 and 𝑑 are positive constants dependent on 𝑢, but independent of 𝑡, 𝑗, and 𝜇. The exponent 𝜇 charac-
terizes the strength of the singularity at 𝑡 = 0. For a more detailed discussion of the regularity estimate (3.37),
please refer to [46].

For solutions satisfying the regularity assumption (3.37), the optimal convergence rates in Theorem 3.10
cannot be achieved with a quasi-uniform time mesh over (0, 𝑇 ), owing to the initial singularity at 𝑡 = 0.

Below, we demonstrate that exponential convergence in the temporal direction can be achieved using a spe-
cialized ℎ𝑝-version discretization with geometric time partitions and linearly increasing approximation degrees.
To this end, we introduce the following definitions (cf. [12, 45,46,55]).

Definition 3.14 (Basic geometric mesh). We define 𝒥𝑀,𝜎 as the basic geometric partition of the interval
𝐼 = (0, 1) with a grading parameter 𝜎 ∈ (0, 1). The partition is determined by the nodal points

𝑡0 = 0, 𝑡𝑚 = 𝜎𝑀−𝑚+1, 1 ≤ 𝑚 ≤𝑀 + 1.

Definition 3.15 (General geometric mesh). A geometric partition 𝒥𝑀,𝜎 of the interval (0, 𝑇 ), with grading
factor 𝜎 ∈ (0, 1) and 𝑀 levels of refinement, is constructed by first partitioning (0, 𝑇 ) quasi-uniformly into
intervals {𝐽𝑙}𝐿

𝑙=1. The first interval, 𝐽1 = (0, 𝑡1), is then subdivided into 𝑀 + 1 subintervals {𝐼𝑚}𝑀+1
𝑚=1 by

applying a linear mapping of the basic geometric mesh 𝒥𝑀,𝜎 onto 𝐽1.

Definition 3.16 (Linearly increasing approximation degrees). The approximation degree vector 𝑞 on the geo-
metric mesh 𝒥𝑀,𝜎 is said to be linear with slope 𝜈 > 0 if it satisfies the following conditions: (i) On the geomet-
rically refined elements {𝐼𝑚}𝑀+1

𝑚=1 , the approximation degrees are given by 𝑞𝑚 = ⌈𝜈𝑚⌉ for 1 ≤ 𝑚 ≤𝑀 + 1. (ii)
On the coarse elements {𝐽𝑙}𝐿

𝑙=2, the approximation degrees remain constant, defined as 𝑞𝑀+𝑙 = ⌈𝜈(𝑀 + 1)⌉.

We now present the main results on exponential convergence rates in the temporal direction for solutions
exhibiting a start-up singularity at 𝑡 = 0.

Theorem 3.17. Let 𝑢 be the exact solution of problem (1.1), and let 𝑢ℎ𝜏 denote the ℎ𝑝-version fully discrete
Galerkin approximation defined in (2.3). Assume that (ℳℎ,𝑝) is a quasi-uniform ℎ𝑝-discretization of Ω, and the
geometric mesh 𝒥𝑀,𝜎 combined with a linearly increasing approximation degree 𝑞 is used for time discretization.
Suppose further that 𝑢 ∈ 𝐻1(𝐼;𝐻1

0 (Ω)∩𝐻𝑟(Ω)) with 𝑟 ≥ 2 and satisfies the regularity assumption (3.37). Then,
there exists a slope 𝜈0 > 0 such that for all linearly increasing approximation degree vectors 𝑞 with slope 𝜈 ≥ 𝜈0,
the following error estimates hold:

‖𝑢− 𝑢ℎ𝜏‖𝐿2(𝐼;𝐿2(Ω)) ≤ 𝐶
ℎmin{𝑝+1,𝑟}

𝑝𝑟
+ 𝐶𝑒−𝑏

√
𝐷𝑡 , (3.38)
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Table 1. Example 1: temporal convergence of the ℎ-version CPG time-stepping method.

𝑞 𝜏 ‖𝑒‖𝐿2(𝐼,𝐿2(Ω)) Order ‖𝑒‖𝐿∞(𝐼,𝐿2(Ω)) Order

1/512 8.25e−06 2.00 9.00e−05 1.95
1 1/1024 2.06e−06 2.00 2.29e−05 1.98

1/2048 5.15e−07 2.00 5.76e−06 1.99

1/256 2.10e−07 3.00 1.79e−06 2.96
2 1/512 2.62e−08 3.00 2.27e−07 2.98

1/1024 3.28e−09 3.00 2.85e−08 2.99

1/128 1.49e−08 3.99 1.36e−07 3.89
3 1/256 9.34e−10 4.00 8.86e−09 3.94

1/512 5.84e−11 4.00 5.64e−10 3.97

‖𝑢− 𝑢ℎ𝜏‖𝐿∞(𝐼;𝐿2(Ω)) ≤ 𝐶
ℎmin{𝑝+1,𝑟}

𝑝𝑟
+ 𝐶𝑒−𝑏

√
𝐷𝑡 , (3.39)

where 𝐷𝑡 represents the degrees of freedom of the ℎ𝑝-CPG discretization in the temporal direction, and 𝐶 and
𝑏 are positive constants independent of ℎ, 𝑝, and 𝐷𝑡.

Proof. Theorem 3.9 shows that the error of the ℎ𝑝-version fully discrete Galerkin approximation is controlled by
𝜂 (Ritz–Galerkin projection error) and 𝜃 (temporal projection error). Using the regularity assumption (3.37),
the approximation properties of 𝜃 (cf. Lem. 3.5) and 𝑅𝑝𝜃 (cf. Lem. 3.7), and the similar proof techniques
from [12, 45, 46, 55], the exponential convergence in time for (3.38) and (3.39) is established. The ℎ𝑝-version
convergence in space follows from the proof of Corollary 3.11. �

4. Numerical experiments

In this section, we present numerical results to validate the theoretical findings. The spatial domain Ω
is uniformly partitioned into 𝑁𝑥 rectangular elements with mesh size denoted by ℎ, while the time interval
𝐼 = (0, 𝑇 ) is divided into either uniform meshes (for smooth solutions) or geometric meshes (for singular
solutions), with the number of time steps denoted by 𝑁𝑡 and the uniform step-size denoted by 𝜏 . The error
function is defined as 𝑒 := 𝑢 − 𝑢ℎ𝜏 , where 𝑢ℎ𝜏 represents the ℎ𝑝-version fully discrete Galerkin approximation
as specified in (2.3). Additionally, the term “order” refers to the experimentally observed convergence rates.

4.1. Example 1: heat equation with smooth solution

Consider the two-dimensional heat equation⎧⎪⎨⎪⎩
𝜕𝑡𝑢−△𝑢 = 𝑓(𝑥, 𝑡) in Ω× 𝐼,

𝑢(𝑥, 𝑡) = 0 on 𝜕Ω× 𝐼,

𝑢(𝑥, 0) = 𝑢0(𝑥) in Ω,

with Ω = (0, 1)× (0, 1) and 𝐼 = (0, 1). The right-hand side 𝑓 and the initial condition 𝑢0 are chosen such that

𝑢 = 𝑒−2𝜋2𝑡 sin(𝜋𝑥) sin(𝜋𝑦).

We first investigate the convergence orders in time for the ℎ- and 𝑝-version CPG time-stepping methods,
respectively. To this end, we employ the 𝑝-version CG method with only one element (i.e., ℎ = 1) and the
polynomial degree of 𝑝 = 24 for spatial discretization, ensuring that the spatial error is negligible. From Table 1,
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Figure 1. Example 1: temporal convergence of the 𝑝-version CPG time-stepping method.

Table 2. Example 1: spatial convergence of the ℎ-version CG method.

𝑝 ℎ ‖𝑒‖𝐿2(𝐼,𝐿2(Ω)) Order ‖𝑒‖𝐿∞(𝐼,𝐿2(Ω)) Order

1/16 4.35e−04 1.99 1.90e−03 2.00
1 1/32 1.09e−04 2.00 4.75e−04 2.00

1/64 2.72e−05 2.00 1.19e−04 2.00

1/8 3.91e−05 3.00 2.45e−04 2.98
2 1/16 4.90e−06 3.00 3.07e−05 2.99

1/32 6.12e−07 3.00 3.85e−06 3.00

1/4 1.42e−05 3.98 8.81e−05 3.95
3 1/8 8.88e−07 4.00 5.56e−06 3.99

1/16 5.55e−08 4.00 3.49e−07 4.00

we observe that the convergence orders of the ℎ-version CPG method with 𝑞 = 1, 2, 3 achieve the expected order
𝑞 + 1 for both the 𝐿2(𝐿2)- and 𝐿∞(𝐿2)-errors, aligning well with the theoretical results in Corollary 3.11.

In Figure 1, we display the 𝐿2(𝐿2)- and 𝐿∞(𝐿2)-errors of the 𝑝-version CPG time-stepping method with a
fixed temporal mesh partition (with uniform step-size 𝜏 = 1/4, 1/8, and 1/16, respectively). The errors are
plotted on a semi-log scale, where the horizontal axis represents the degrees of freedom in the time direction 𝐷𝑡

(corresponding to the temporal approximation degree 𝑞). From Figure 1, it is evident that the 𝑝-version CPG
time-stepping method achieves exponential convergence, consistent with the discussion in Remark 3.13.

We next consider the spatial convergence of the ℎ- and 𝑝-version CG methods, respectively. To this end, we
employ the 𝑝-version CPG method with 𝜏 = 1 and a fixed polynomial degree of 𝑞 = 24 for time discretization,
ensuring that the temporal discretization error is sufficiently small. From Table 2, we observe that the ℎ-version
CG method (with uniform approximation degrees 𝑝 = 1, 2, 3) achieves the expected order of 𝑝+ 1 in the spatial
direction, consistent with the prediction of Corollary 3.11.

In Figure 2, we display the convergence rates of the 𝑝-version CG method (with 1, 4, and 16 elements, respec-
tively) in the spatial direction. Evidently, it achieves exponential convergence, aligning well with Remark 3.13.
Furthermore, we find that to achieve the same level of accuracy, the degrees of freedom required by the 𝑝-version
method are significantly fewer than those required by the ℎ-version method. Therefore, for smooth solutions,
the 𝑝-version method offers greater advantages compared to the ℎ-version method.
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Figure 2. Example 1: spatial convergence of the 𝑝-version CG method.

4.2. Example 2: variable coefficient problem with smooth solution

Consider the two-dimensional parabolic equation⎧⎪⎨⎪⎩
𝜕𝑡𝑢−∇ · (𝑎∇𝑢) + 𝑏𝑢 = 𝑓(𝑥, 𝑡) in Ω× 𝐼,

𝑢(𝑥, 𝑡) = 0 on 𝜕Ω× 𝐼,

𝑢(𝑥, 0) = 𝑢0(𝑥) in Ω,

with Ω = (0, 1)× (0, 1), 𝐼 = (0, 1), and the coefficients

𝑎 =
[︂
𝑥2 + 𝑦2 + 1 𝑥𝑦

𝑥𝑦 𝑥2 + 𝑦2 + 1

]︂
and 𝑏 = 𝑥+ 𝑦.

The right-hand side 𝑓 and the initial condition 𝑢0 are chosen such that

𝑢 = 𝑒𝑡+𝑥+𝑦𝑥(𝑥− 1)𝑦(𝑦 − 1).

We first examine the temporal convergence of the ℎ- and 𝑝-version CPG time-stepping methods. To minimize
spatial errors, the 𝑝-version CG method with ℎ = 1 and the polynomial degree of 𝑝 = 24 is used for spatial
discretization. From Table 3, it is evident that the ℎ-version CPG method with 𝑞 = 1, 2, 3 achieves the expected
convergence order of 𝑞 + 1 for both the 𝐿2(𝐿2)- and 𝐿∞(𝐿2)-errors, in agreement with Corollary 3.11.

Figure 3 illustrates the 𝐿2(𝐿2)- and 𝐿∞(𝐿2)-errors for the 𝑝-version CPG time-stepping method using fixed
temporal partitions (with 𝜏 = 1, 1/2, and 1/4, respectively). The errors are plotted on a semi-log scale with the
horizontal axis denoting the temporal degrees of freedom 𝐷𝑡 (corresponding to the approximation degree 𝑞).
The results clearly demonstrate exponential convergence of the 𝑝-version method, consistent with Remark 3.13.

We next analyze the spatial convergence of the ℎ- and 𝑝-version CG methods. To suppress temporal errors,
the 𝑝-version CPG method with 𝜏 = 1 and 𝑞 = 24 is employed for time discretization. From Table 4, we observe
that the ℎ-version CG method (with polynomial degrees 𝑝 = 1, 2, 3) achieves the expected order of 𝑝 + 1,
verifying the theoretical results in Corollary 3.11.

In Figure 4, we illustrate the convergence rates of the 𝑝-version CG method (with 1, 4, and 16 elements) in
the spatial direction. Once again, the method exhibits exponential convergence, consistent with Remark 3.13.
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Table 3. Example 2: temporal convergence of the ℎ-version CPG time-stepping method.

𝑞 𝜏 ‖𝑒‖𝐿2(𝐼,𝐿2(Ω)) Order ‖𝑒‖𝐿∞(𝐼,𝐿2(Ω)) Order

1/64 1.60e−06 2.00 5.24e−06 2.00
1 1/128 4.01e−07 2.00 1.31e−06 2.00

1/256 1.00e−07 2.00 3.27e−07 2.00

1/32 3.10e−08 3.05 6.43e−08 3.02
2 1/64 3.83e−09 3.02 8.02e−09 3.00

1/128 4.77e−10 3.00 1.01e−09 3.00

1/16 8.57e−10 3.93 1.95e−09 4.02
3 1/32 5.46e−11 3.97 1.27e−10 3.94

1/64 3.43e−12 3.99 8.10e−12 3.97

Figure 3. Example 2: temporal convergence of the 𝑝-version CPG time-stepping method.

Table 4. Example 2: spatial convergence of the ℎ-version CG method.

𝑝 ℎ ‖𝑒‖𝐿2(𝐼,𝐿2(Ω)) Order ‖𝑒‖𝐿∞(𝐼,𝐿2(Ω)) Order

1/16 1.06e−03 2.00 1.61e−03 2.00
1 1/32 2.65e−04 2.00 4.02e−04 2.00

1/64 6.61e−05 2.00 1.01e−04 2.00

1/8 1.10e−04 2.98 1.67e−04 2.98
2 1/16 1.38e−05 3.00 2.10e−05 3.00

1/32 1.72e−06 3.00 2.62e−06 3.00

1/4 2.39e−05 3.94 3.63e−05 3.94
3 1/8 1.51e−06 3.98 2.30e−06 3.98

1/16 9.46e−08 4.00 1.44e−07 4.00
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Figure 4. Example 2: spatial convergence of the 𝑝-version CG method.

4.3. Example 3: variable coefficient problem with non-smooth solution

Consider the two-dimensional parabolic equation⎧⎪⎨⎪⎩
𝜕𝑡𝑢−∇ · (𝑎∇𝑢) + 𝑏𝑢 = 𝑓(𝑥, 𝑡) in Ω× 𝐼,

𝑢(𝑥, 𝑡) = 0 on 𝜕Ω× 𝐼,

𝑢(𝑥, 0) = 𝑢0(𝑥) in Ω,

with Ω = (−1, 1)× (−1, 1), 𝐼 = (0, 1), and the coefficients

𝑎 =
[︂

3 + 𝑒−𝑥2
sin𝑥 cos 𝑦

sin𝑥 cos 𝑦 3 + 𝑒−𝑦2

]︂
and 𝑏 = 𝑥2 + 𝑦2 + 1.

The right-hand side 𝑓 and the initial condition 𝑢0 are chosen such that

𝑢 = 𝑡𝜇𝑒−(𝑥+𝑦)(𝑥2 − 1)(𝑦2 − 1)

with 𝜇 ≥ 1. It can be readily seen that 𝑢 satisfies the regularity condition (3.37).
Since this test solution is sufficiently smooth in the spatial direction, we focus solely on the performance of

the CPG method in the temporal direction for this example. To achieve this, we use the 𝑝-version CG method
with 𝑝 = 24 and ℎ = 2 for spatial discretization, ensuring that the spatial error is negligible.

Consider the case 𝜇 = 1.5, where the solution 𝑢 belongs to 𝐻2−𝜀(𝐼;𝐻𝑟+1(Ω)) for any 𝜀 > 0 and satisfies
𝑢 ∈𝑊 1.5,∞(𝐼;𝐻𝑟+1(Ω)), with 𝑟 being an arbitrary positive integer.

We first examine the performance of the ℎ- and 𝑝-version CPG methods on uniform temporal meshes,
respectively. As shown in Table 5, the temporal convergence rates for the 𝐿2(𝐿2)- and 𝐿∞(𝐿2)-errors are 2
and 1.5, respectively, aligning well with the predictions of Corollary 3.11. This observation highlights that for
non-smooth solutions, increasing the polynomial degree 𝑞 does not lead to the optimal convergence order of
𝑞 + 1.

In Table 6, we present the convergence rates of the 𝑝-version CPG method. It is evident that the 𝐿2(𝐿2)-
and 𝐿∞(𝐿2)-errors in the temporal direction achieve orders of 3.5 and 3, respectively. These convergence rates
not only exceed those of the ℎ-version but also surpass the expectations outlined in Corollary 3.11. However,
this result is not surprising, as it aligns with the theoretical findings in [8,48,55]. Specifically, for solutions with
endpoint singularities, the convergence rate of the 𝑝-version method is known to be twice that of the ℎ-version
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Table 5. Example 3: temporal convergence of the ℎ-version CPG time-stepping method with
uniform mesh for 𝜇 = 1.5.

𝑞 𝜏 ‖𝑒‖𝐿2(𝐼,𝐿2(Ω)) Order ‖𝑒‖𝐿∞(𝐼,𝐿2(Ω)) Order

1/256 2.93e−06 1.88 4.94e−05 1.46
1 1/512 7.88e−07 1.89 1.77e−05 1.48

1/1024 2.10e−07 1.90 6.31e−06 1.49

1/128 8.50e−07 2.00 1.46e−05 1.47
2 1/256 2.12e−07 2.00 5.23e−06 1.48

1/512 5.30e−08 2.00 1.86e−06 1.49

1/64 9.10e−07 2.01 1.19e−05 1.47
3 1/128 2.27e−07 2.01 4.24e−06 1.48

1/256 5.65e−08 2.00 1.51e−06 1.49

Table 6. Example 3: temporal convergence of the 𝑝-version CPG time-stepping method with
uniform mesh for 𝜇 = 1.5.

𝜏 𝑞 ‖𝑒‖𝐿2(𝐼,𝐿2(Ω)) Order ‖𝑒‖𝐿∞(𝐼,𝐿2(Ω)) Order

1

20 7.57e−06 3.48 1.99e−05 2.95
22 5.43e−06 3.48 1.50e−05 2.96
24 4.01e−06 3.49 1.16e−05 2.96
26 3.03e−06 3.50 9.13e−06 2.97

1/2

20 1.81e−06 3.46 7.10e−06 2.97
22 1.30e−06 3.47 5.35e−06 2.97
24 9.59e−07 3.47 4.13e−06 2.97
26 7.26e−07 3.48 3.26e−06 2.98

1/4

20 4.38e−07 3.44 2.53e−06 2.98
22 3.15e−07 3.45 1.91e−06 2.98
24 2.33e−07 3.45 1.47e−06 2.99
26 1.77e−07 3.46 1.16e−06 2.99

method. For ease of comparison, Figure 5 illustrates the temporal 𝐿∞-errors for both the ℎ- and 𝑝-version CPG
methods, plotted against the degrees of freedom in time on a log–log scale.

To accurately capture the singular behavior of the exact solution near 𝑡 = 0, we employ the ℎ𝑝-version CPG
method in the temporal direction. This method employs basic geometric time partitions 𝒥𝑀,𝜎 of 𝐼 = (0, 1),
combined with linearly increasing approximation degrees, characterized by a slope 𝜈, as outlined in Section 3.4.
Figure 6 presents the 𝐿∞(𝐿2)-errors plotted against the square root of the degrees of freedom in time for various
values of 𝜎 and 𝜈 on a semi-log scale. The results clearly demonstrate exponential convergence rates for all tested
𝜎 and 𝜈, validating the theoretical findings in Theorem 3.17. While Figure 6 suggests that the optimal discrete
parameters are approximately 𝜎 = 0.3 and 𝜈 = 1, determining the optimal selection of 𝜎 and 𝜈 remains an open
question and warrants further investigation.

Finally, in Figure 7, we evaluate the ℎ𝑝-version CPG method on basic geometric time partitions 𝒥𝑀,𝜎 with
linearly increasing approximation degrees for various values of 𝜇. The grading factor is set to 𝜎 = 0.3, and the
slope parameter to 𝜈 = 1. The results demonstrate that exponential convergence rates are achieved for all tested
values of 𝜇, which align closely with the theoretical predictions.
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Figure 5. Example 3: temporal convergence of the ℎ- and 𝑝-version CPG time-stepping meth-
ods with uniform meshes for 𝜇 = 1.5.

Figure 6. Example 3: temporal convergence of the ℎ𝑝-version CPG time-stepping method
with fixed 𝜎 (left) or 𝜈 (right) for 𝜇 = 1.5.

5. Concluding remarks

In this work, we developed a fully discrete ℎ𝑝-version Galerkin method for second-order parabolic equations,
combining an ℎ𝑝-version CPG time-stepping scheme in the temporal direction with an ℎ𝑝-version CG method
for spatial discretization. We derived a priori error estimates in the 𝐿2(𝐿2)- and 𝐿∞(𝐿2)-norms, with explicit
dependence on the mesh sizes and polynomial degrees. For solutions with initial singularities, we demonstrated
exponential convergence rates using geometric time partitions with linearly increasing approximation degrees.
Future research will focus on extending the ℎ𝑝-version CPG time-stepping method to nonlinear parabolic equa-
tions and fourth-order parabolic equations.
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Figure 7. Example 3: temporal convergence of the ℎ𝑝-version CPG time-stepping method
with fixed 𝜎 = 0.3 and 𝜈 = 1 for different 𝜇.
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