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NUMERICAL ANALYSIS OF A NONSMOOTH QUASILINEAR ELLIPTIC
CONTROL PROBLEM

II. FINITE ELEMENT DISCRETIZATION AND ERROR ESTIMATES

CHRISTIAN CLASON'2®, Huu NHU VU**® AND ARND ROscH!

Abstract. In this paper, we carry out the numerical analysis of a nonsmooth quasilinear elliptic opti-
mal control problem, where the coefficient in the divergence term of the corresponding state equation
is not differentiable with respect to the state variable. Despite the lack of differentiability of the non-
linearity in the quasilinear elliptic equation, the corresponding control-to-state operator is of class C*
but not of class C2. Analogously, the discrete control-to-state operators associated with the approxi-
mated control problems are proven to be of class C'! only. By using an explicit second-order sufficient
optimality condition, we prove a priori error estimates for a variational approximation, a piecewise
constant approximation, and a continuous piecewise linear approximation of the continuous optimal
control problem. The numerical tests confirm these error estimates.

Mathematics Subject Classification. 35J62, 49J20, 49J52, 65N15, 65N30.

Received March 4, 2023. Accepted October 1, 2025.

1. INTRODUCTION

We investigate the nonsmooth quasilinear elliptic optimal control problem

. . V 2
= | L(z.yy(z))dw + 2
pomin I /Q (@, yu(@)) dz + Fllullzz o)

s.t. — div[(b+ a(yw))Vyu] = u in Q, y,=00n 09, (P)
a<ulz)<pg a.e. z €.

Here € is a two-dimensional bounded, convex and polygonal domain; L : Q@ x R — R is a Carathéodory function
that is of class C? with respect to (w.r.t.) the second variable; b : § — R is a Lipschitz continuous function;
a : R — R is Lipschitz continuous but not differentiable; and constants a, §,v € R satisfying 8 > « and v > 0.
We refer to Section 2 for the precise assumptions on the data of (P).
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The state equation in the optimal control problem (P) occurs, for instance, in models of heat conduction in
which the coefficient in the divergence term acts as the heat conductivity and is a function of two variables: the
temperature y variable and the spatial coordinate x variable; see, e.g., [5,46]. When the data belong to class
C?, the numerical analysis of the discrete approximation of optimal control problems governed by such state
equations were studied by Casas et al. in [13,14] for distributed control and in [10] for Neumann control.

Let us briefly comment on other works concerning the error analysis of optimal control problems governed by
partial differential equations (PDEs), in particular by elliptic PDEs. For control-constrained elliptic problems,
we refer to the early papers [31,32] for linear elliptic control problems; to [2,15] for semilinear elliptic problems.
For state-constrained control problems, we mention only the recent contributions [28,43] and refer to the survey
paper [36] for further references. Although the error analysis for smooth PDE-constrained problems has been
intensively investigated, there are very few contributions on this topic for nonsmooth PDE-constrained optimal
control. Here we want to mention the work [37] concerning error analysis for optimal control of a coupled PDE~
ODE system, where the nonsmooth nonlinearity acts on a semilinear ODE. For works related to optimal control
of obstacle problems, we refer to [19,42] and the references therein. Based on a quadratic growth condition, a
priori error estimates were established in [37,42]. To the authors’ best knowledge, this is the first work that
exploits a second-order sufficient optimality condition to show a priori error estimates for the discretization of
optimal control problems governed by nonsmooth PDEs.

In this paper, our main aim is to derive the convergence analysis and error estimates of the discretization of
(P) under the explicit second-order sufficient optimality conditions established in [24] (first derived in general
form in [22]). As the coefficient a in the state equation is Lipschitz continuous but not differentiable, there are
two major difficulties in deriving the error analysis. The first issue arises in studying error estimates of the
discretization of the adjoint state equation; the other is the lack of the second-order differentiability of the cost
functional. We therefore cannot apply an abstract theorem on error estimates shown in [14] and in [17]. To
deal with the first issue, we introduce the function Z, ; defined in (27) that measures pointwise the difference
between the gradients of the superposition mappings of a associated with two distinct states y and ¢. This allows
us to derive thereafter both L?- and an H}-error estimates for the approximation of the adjoint state equation.
Let us emphasize that the solutions to the linearized state equation can only be shown to be in a W'P-space
(see Rem. 2.4) and thus we cannot directly employ the standard duality argument based on the Aubin—Nitsche
trick; see, e.g., [7,11,26]. In order to derive L?-error estimates, we will instead introduce an adjusted linearized
state equation in (55) below. Under the assumption that the jump functional ¥ defined in (14) to be finite at
the optimal state ¢, we show that the solutions to this adjusted equation belong to a fractional Sobolev space
of order greater than 1. We can then apply standard interpolation error estimates to obtain the desired result.
For handling the second issue, we will exploit an structural assumption on the optimal state and employ an
explicit formula of a second-order generalized derivative of the objective functional, formulated in [24]. Based on
the second-order sufficient optimality conditions for (P) from [22,24], we then prove general error estimates for
variational, piecewise constant, and continuous piecewise linear approximations of the optimal control, which
generalize those of Theorem 2.14 in [14] and of of Lemma 5.2 in [17], and can be applied for the case where the
cost functional j is of class C'! but not necessarily C?; see Theorem 5.10.

The plan of the paper is as follows. This section ends with our notation. In the next section, we make the
assumptions for (P) and provide some preliminary results from [22,24]. Section 3 is devoted to the numerical
approximation of the state equation by finite elements and the local well-posedness and differentiability of the
discrete counterpart of the control-to-state operator. In Section 4, the error analysis of the adjoint state equation
is investigated. Finally, the main results of the paper are presented in Section 5. There, the convergence and
error estimates of local minima of discrete optimal control problems are, respectively, stated in Section 5.1 and
Section 5.2. The numerical tests illustrating the obtained results are given in Section 5.3. Finally, the verification
of a structural assumption and a computation of the jump functional for a specific situation are carried out
in Appendix A, while the regularity of solutions in a fractional Sobolev space to the adjusted linearized state
equation is shown in Appendix B.



NUMERICAL ANALYSIS OF A NONSMOOTH QUASILINEAR ELLIPTIC CONTROL PROBLEM 3161

Notation. We denote by Bx (u,p) and Bx (u, p) the open and closed balls in a Banach space X of radius p > 0
centered at u € X, respectively. For Banach spaces X and Y, the notation X — (€)Y is understood that X
is continuously (compactly) embedded in Y. Let X be a Banach space with its dual X*, the symbol (-, ) x~ x
stands for the dual product of X and X*. For a given function g : @ — R and a subset A C R, {g € A}
denotes the set of all points € Q for which g(z) € A. For functions g1, g» and subsets A;, 4 C R, we
set {g1 € A1,92 € Ao} := {g1 € A1} N{g2 € As}. For any set w C Q, we denote by 1, the characteristic
function of w, i.e., 1,(z) =1 if € w and 1,(x) = 0 otherwise. For real numbers «, § with a < 3, the symbol
Projp, g (t) denotes the projection of ¢ onto the interval [, 3] if ¢ € R, and the pointwise a.e. projection of ¢ onto
the interval [a, §] if ¢ is a measurable function. We write the symbol C for a generic positive constant, which
may be different at different places of occurrence and the notation, e.g., C¢ for a constant depending only on
the parameter £. For a measurable two-dimensional subset M, by measgz(M), we denote the two-dimensional
Lebesgue measure of M. Finally, the symbol H' denotes the one-dimensional Hausdorff measure on R? that is
scaled as in Definition 2.1 of [30].

2. MAIN ASSUMPTIONS AND PRELIMINARY RESULTS

In this section we first present assumptions, which will be used in the whole paper, and then state some
preliminary results on the state equation, the adjoint state equation, as well as the first-order and explicit
second-order sufficient optimality conditions from [22,24].

We first address the salient point, which is the structure of the nondifferentiable nonlinearity a. In this work,
we assume that a is defined by

a(t) == 1_sog(t)ao(t) + Lz ocyar(t) forallt R, (1)

for a given number £ € R and given functions ag € C?((—00,?]) and a; € C?([t,00)) with ag(t) = ai(?).
Obviously, a is locally Lipschitz continuous on R and twice continuously differentiable on (—oo,#) U (£, 00),
but not even of class C! in general. However, a is directionally differentiable and its directional derivative is
determined as follows

a'(t;8) = L(_ oo ()ag(t)s + L(g,e0) (t)a1 (t)s + Ligy () [L0,00) (8)a1(B)s + L(—oo0)(s)ag(t)s] fort,s eR. (2)

Remark 2.1. Let us emphasize that the results and the underlying analysis in this paper can be applied to the
situation in which the function a is continuous and is twice continuously differentiable on finitely many intervals
(i.e., a finitely PC? function; see [22] for a precise definition). However, in order to keep the presentation concise
and to be able to focus on the main arguments, we restrict the presentation to the simplest such situation given

by (1).

The following assumptions shall hold throughout the following.

)

) The Lipschitz continuous function b :  — R satisfies b(z) > b > 0 for all z € Q.
3) a:R — R is nonnegative and given by (1).

)

L(-,0) € L'(Q). Besides, for any M > 0, there exist Cjpy > 0 and ¥y € LP(2) (p > 2) such that
%(m,yﬂ < () and|§%(x,y)| < Cyy for all y € R with |y| < M, and a.e. z € Q.

In the remainder of this subsection, we state some known results for the state equation, the adjoint state
equation, and the optimality conditions for (P); see, e.g., [22,24]. Let us first study the state equation

—div[(b+a(y))Vy] =uin 2, y =0 on 9. (3)
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Theorem 2.2 ([24], Thm. 3.3 and cf. [22], Thms. 3.1 and 3.5). Assume that Assumptions (A1) to (A3) are
verified. Then, the control-to-state mapping S : W=1P(Q) > u — y, € Wol’p(Q) is of class C', where y, is the
unique solution to (3). Moreover, for any u,v € W=YP(Q) with p > 2 and y, = S(u), z, := S'(u)v uniquely
satisfies

—div[(b+ a(yu))Vay + Ly, 2030' (Yu)20Vyu] =v in Q, 2z, =0 on 0. (4)

Consequently, for any bounded set V. C L?(Q), there exists a constant Cy > 0 such that
15(u1) = S(u2)ll g ) + I15(u1) = S(u2)ll oy < Cvllun —uzllp2(q)  for all uy,up € V. (5)

Furthermore, a number p, > 2 exists and satisfies that for any p € [2,p.) and for any bounded set U C LP (),
there hold S(u) € WP () N W22(Q) and 1S (Wlwe2pq) < Cu for allueU.

Proof. The continuous differentiability of S and the derivation of (4) as well as the W2P(Q)-regularity of
solutions to (3) follow from Theorem 3.3 in [24]. It remains to prove (5). To this end, we first deduce from the
compact embedding L?(Q) € W10 (Q) for some pg € (2,00) and the continuous differentiability of S that

Cy = sup{||S’(u)||L(W,1,,,D(Q)’W01,po(ﬂ)) |ue V} < 0.
This, along with the mean value theorem, yields
IS (ur) — S(uz)HWOl,pO(Q) < Oy llug — Usllyy—1m0 () for all ug,us € V.
The continuous embeddings L?(€2) < W =170 (Q) and W, *°(Q) < HL(Q) N C(Q) then imply (5). O
We now investigate the adjoint state equation
—div[(b+ a(y.))Ve] + 1y, 206" (4u) Vi - Vo =v in Q, ¢ =0 on dQ (6)

for u e W=LP(Q), p>2, v e H1(Q), and y, := S(u).

Theorem 2.3 ([24], Thm. 3.4 and cf. [22], Lem. 4.1). Assume that Assumptions (A1) to (A3) are satisfied. Let
p,q > 2 be arbitrary. Then, for any u € W=1P(Q),v € H=Y(Q), there exists a unique ¢ € H}(Q) which solves
(6). Moreover, if U is a bounded subset in LP(S)), then for any uw € U and any v € LI(R2), the solution ¢ to
(6) is an element of H*(Q) N W1°°(Q) and there holds el 20y + 1l ) < Cullvllpo(q). Furthermore, if
u € LP(Q) and v € L™ () with r € (2,p.), then ¢ € W27 (Q), where p, is given as in Theorem 2.2.

Remark 2.4 ([24], Rem. 3.5). In spite of the W?2P-regularity of the state and adjoint state, the function
2y = S'(u)v determined in (4) belongs to W1?(Q) only. This fact is due to the nondifferentiability of the
function a.

The optimal control problem (P) can be transferred in the following form
. v 2
min ) = [ La,S)@)de+ Gl (P)

where the admissible set is defined as
Upg = {u e L) |a<u(z) <p for a.e. x € Q}.

Thanks to Assumptions (A1) to (A4), the cost functional j : L?(Q) — R is first-order continuously differentiable
and satisfies

7 (u)v = /Q(gou +vu)vdr  for u,v € L*(Q) (7)

with ¢, € H(Q) solving (6) corresponding to the right-hand side term v substituted by %(-75’(11)); see
Theorem 4.2 of [22]. We have the following first-order necessary optimality conditions from Theorem 4.3 in [22].
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Theorem 2.5 ([22], Thm. 4.3). Let Assumptions (A1) to (A4) hold. Then (P) admits at least one local mini-
mizer 4. Furthermore, an adjoint state p € HE () exists and fulfills the following first-order optimality condi-
tions

—div[(b+ a(y))Vy] = a inQ2, y=0 on0Q, (8a)
oL
~ vl(6 -+ a(7) V9] + 1wy 1)V V7 = S (2. 0, g=0 o, ()
/ (p+vu)(u—a)dx >0 for all u € U,q, (8¢)
Q

with § = S(u). Moreover, § € W2*P(Q) and ¢ € W>"(Q) for any p,7 € (2,ps) and r < p with p_and p.,
respectively, defined in Assumption (A4) and Theorem 2.2. Consequently, i, ¢ € C1(Q) and u € C%1(Q).

Assume now that ¢ € Hg(Q) fulfills (8). The critical cone of the problem (P) at 4 is defined by
CUga;t) :={v e L*Q) |v>0 fu=a,v<0 ifu=B,0=0 if p+va #0 ae. in Q}. (9)

In the rest of this subsection, we shall provide second-order sufficient optimality conditions for (P). On that
account, we need introduce the curvature functional of j, which can be separated into three contributions. For
any (u,y,p) € L2(Q) x H(Q) x W1°°(Q), the smooth part and the first-order nonsmooth part of the curvature
in direction (v1,v2) € L?(Q)? are defined by

&°L 1
Qs(uv Y, P51, 1)2) = / ay ( )Zﬂlzv2 dz + = 2 / V102 dz — 5 / ﬂ{yyﬁf}a”(y)zvl szvy : VSO d.’E,
Q Q

1
Ql(ua Y, p;v1, U2) = _5 A[a/(y; Z’Ul)VZUQ + a/(y; ZUQ)VZUJ . VQP dz
with z,, := S’(u)v;, i = 1,2. The critical part of the curvature is of course the second-order nonsmooth part

involving some additional notation. Let § > 0 be arbitrary but fixed and set

{Qz,g:{@e(t‘,zw),yef ),
i

d,
e : (1)
Qy,g} —{yE(t 5ai)7y6[ t+5)}

for given functions y,§ € C(Q). For any s € R, u,v € L?(Q2), y € C(Q) N HY(Q), and p € W1H°(Q), we define

G (u,y;s,0) = {d §+8(t — S(u+sv))lge

S(u+sv), y

Colu, g3 5,0) 1= —{a'} 0 (F = S(u+ sv))Los

S(u+sv),y ’

Cu,y:5,v) = Co(u,y55,v) + Ci(u, i 5,v) = {a'} (= S(u + sv)) {19

s }
S(utsv),y S utsv),y
(11)

Here {a denotes the difference between the one-sided derivatives of a at ¢ from left and right, i.e.,

/}t—i-O

{a’ t+0 lm a/( ) — lim a ( ) = CLIO(E) - a’/l(f)

t—t— t—tt

We then determine for any {s,} € ci := {{sn} C (0,00) | 5, — 0} and v € L%(2) the term

Qu,y, 03 {sn},v) == hmlnf—/ ZQ U, Y; Sp, v)Vy - Vodx

n—oo §2

={d };_8 hm inf i / (t— S(u+ s,v)) |12 —1gs Vy-Vedz. (12)

—o0 32 S(utsnv).y S(utsnv).y
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The second-order nonsmooth part of the curvature in direction v € L?((2) is thus defined as

Q2(u,y, p;v) = inf{@(u,y,sos {sn},v) [ {sn} € 03}

We finally identify the total curvature in direction v as

Qu,y, p3v) = Qs(u,y, 5 0,v) + Q1 (u, Y, 930, 0) + Q2 (u, Y, 3 ). (13)
Remark 2.6. The definitions of the sets Q2 4. and Q ; in (10) are derived from the ones for Qb g and Qg 2,
respectively, in Lemma 3.3 in [22] for the 81tuat10n in wh1ch K :=1,ty:= —o0, t; := ¢, and t3 := oo. Analogously,

the definitions of Q,, @1, and Q)2 in this section can be obtained from those in Section 5.1 in [22].

Thanks to Proposition 5.6 and Lemma 5.7 in [22], we have the weak lower semicontinuity of ()2 in the last
variable and there holds

(Qa(u, S(u), 3 0)] <SSV e (0 15" (W] ey for all w,v € L2(Q) and o € WH(Q).

Here 3 : C(Q) N WHL(Q) — R U {oo} is the jump functional and defined by

%(y) := og limsup — Z/ Lio<iy-t<r}|0s,,9l] dz,  y € WH(Q)NC(Q) (14)

r—0+
with
0= {a}8] = lab @) - el ()] (15)

Moreover, if follows from Corollary 5.5 in [22] that, for any u € L(Q), {s,} € ¢§ and v,, — v in L?(f2), there
holds

n—oo §2

hmlnf—/ ZQ (u, S(w); $n, vn)V.S(u) - Vapdx—Q(u S(u), o5 {sn},v) > Qa2(u, S(u), ¢;v), (16)

provided that (S (u)) < oo.

Theorem 2.7 (Explicit second-order sufficient optimality conditions, [24], Thm. 3.24). Assume that Assump-
tions (A1) to (A4) are fulfilled. Let u be an admissible control of (P) such that {§ =t} decomposes into finitely
many connected components and that on each such connected component C, either

Vy(x) #0 forall ze€C (17)

or

Vy=0 C,
{ 1y on (18)

measgz ({0 < |[g —t] <r}NC%™) <c¢er, forall r e (0,r9), for some constants g, 79 > 0

holds with g := S(u) and B

C = {z € Q| dist(z,C) < eo}.
Assume further that there exists a ¢ € Wg’ﬁ(Q) NWLHe(Q), with p defined in Assumption (A4), that together
with @, g fulfills (8) and

1 O%L 1
Q(u,y,p;v) = = 72("’!])312; dz + K/ v?dz — */ 1{g¢f}a"(§)zgvg -Vpdr — / a'(§;20)Vz, - Vo da
2 Jo Oy 2 Ja 2 Q

VYl

with z, := S'(@)v. Then constants cg, po > 0 exist and fulfill

1 Vy -V
+ 5[%@ — ay(t)] /{ . 1{\vgj|>o}22 2 AN (z) >0 for all v € CUaa; @) \ {0} (19)
g=i

§() + collu = al|32g) < j(u)  for all u € Usg N Bra(a) (@, po)-
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The following will be used later to show the error estimates for the approximation of (P).

Proposition 2.8 ([24], Thm. 3.20). Let u € L?*() be arbitrary and let § := S(u). Assume that {y§ = t}
decomposes into finitely many connected components and that on each such connected component C, either (17)
or (18) is fulfilled. Let v € L?(Q) and ¢ € C1(Q) N W2Y(Q). Then, for any {s,} € c¢g and {v,} C L*(Q) such
that v, — v in L*(Q), yn = ST + sp0s) — 7 in CYQ), and (yn — §)/sn — w in Wy'P(Q) for some p > 2,
there hold

-~ 1 Vy-Vp
Q(@, 7, {sn},v) = 5lag(t) — ai(f)]/ oo’ —=——dH (z) (20)
2 {9=1} IVl
and )
lim — / (2F — 5 — yn) []192 g 7}Vg V@dr = 0. (21)
n—oo n Q Yn, Yy Yn,Y

Finally, the wellposedness of ¥, defined in (14), is guaranteed by either (17) or (18) as stated below.

Proposition 2.9 ([24], Prop. 3.21). Lety € C'(Q) be such that {yj = t} decomposes into finitely many connected
components and that on each such connected component C, either (17) or (18) is fulfilled. Then %(g) < oc.

3. ANALYSIS OF THE DISCRETE STATE EQUATION

In this section, we study the discrete version of the state equation (3) and show error estimates of solutions
to the discrete state equation (22), local uniqueness of these solutions, and local differentiability of the solution
operators of (22). To this end, we introduce a family of regular triangulations {7}, }n~0 : Q = Urerq, T for all
h > 0. For each element T' € 7, we denote by o(T") and §(7") the diameter of T' and the diameter of the largest
ball contained in T, respectively. The mesh size of 7;, will be denoted by h := maxrer, o(T). This triangulation
is assumed to be regular in the sense that there exist g,6 > 0 such that % < § and ﬁ <pforall T €7
and h > 0; see, e.g., [20].

We will employ the standard continuous piecewise linear finite elements for the state y and set

Vi = {vh € C(ﬁ) | vp), € P1 forall T € T, v, =0 on 89},

where P; stands for the space of polynomials of degree equal at most 1. The discrete approximation of the state
equation (3) for yp, € V4, is then

/ (b+ a(yn))Vyp - Vopdz = / uvp, do for all vy, € V4. (22)
Q Q
While the existence of solutions to (22) follows from Theorem 3.1 in [9], the uniqueness of solutions is still an
open problem. However, if ¢ : R — R is assumed to be bounded, then we have uniqueness provided that h
is small enough; see Theorem 4.1 in [9]. Below, we provide some error estimates for solutions to (22) that are
sufficiently close to the solutions of (3).

In what follows, we fix 4 € L?*(Q) and set § := S(&). From Theorem 2.2 and the continuous embedding
L2(Q) — W~1P(Q) for any p > 1, we then have § € WP (Q) N H2(R).

Theorem 3.1 ([13], Thm. 3.1). Let pg > 0 be arbitrary but fized, U := ELz(Q)(ﬂ, po), and let p > 2. Assume
that Assumptions (A1) to (A8) are fulfilled. Then there exists a constant hy > 0 such that for any v € U and
h < ho, there exists at least one solution yp(u) to (22) satisfying for y, = S(u)

(|9 — yh(u)HL2(Q) + hlyu — yh(u)HHg(Q) + hllyu — yh(u)HLoo(Q) < Cyh?, (23)
9 = yn (U)HWOI’I’(Q) < OU7Ph2/p~ (24)

Proof. The estimates for the norms in L2, H}, and W are shown in Theorem 3.1 in [13], while the estimate
for the L® norm can be obtained similar to estimate (3.11) in [13]. O
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The following theorem guarantees the local uniqueness of solutions to (22). Its proof is similar to that of
Theorem 4.2 in [10] with slight modifications and is thus omitted here.

Theorem 3.2. Let p > 2 be arbitrary and let ho be defined in Theorem 3.1. Under Assumptions (A1) to (A3),
there exist hy € (0,ho), p > 0, and k, > 0 such that for any h < hy and any u € Br2q)(4,p), (22) admits a
unique solution in EWOI’P(Q) (¥, kp) N Vi,

From now on, let us fix p > 4 and let ho, h1, p, and x, be the constants defined in Theorems 3.1 and 3.2 for
p = p. In the rest of this section, we shall investigate the differentiability of the discrete solution operator

Sh 2 Bray(4,p) 3 u— yp(u) € Ewol,ﬁ(g)(@ Kp) N Vi, (25)

where yp, (u) is the unique solution to (22) in EW&,ﬁ(Q)(g, kp) from Theorem 3.2.
For any y,§ € C(Q) N Wh1(Q), we define functions T}, 5 and Z, 5 on Q via

Ty = Lygenlaly) — a(g) — d'(9)(y — 9)] (26)
and
Zyy = Lyznd (y)Vy — Lygend (§)VY. (27)

In order to prove the differentiability of S}, we need the following lemmas.

Lemma 3.3 ([22], Lem. 3.3). Let Assumption (A3) be fulfilled. Assume that y, — y in WP (Q) as n — oo
with p > 2. Then
1

m” ymyvl/HLp(Q) — 0 asn— oo.
0

Lemma 3.4. Let Assumption (A3) be fulfilled and let y, 5 € C(Q)NWLL(Q) and M > 0 be arbitrary such that
1y — il <6 with 6 defined in (10) and ||yllc(q) 19llc@) < M. Then

(1) (2) (3) (4)
Zyy_Zyy Zyy Zyy+Z 5 (28)
for
2D = 1oty we(oo 106 (1)VY =A@ V] + T get o0 we oo [0 1) VY — a) (5) V],
28 = Mg Uy )V, 25 = [ap(@) — &b (@][1az, — 1o, | V5,
and

Zyy = Loz [ab(y)V(y — ) + (ap(y) — D)V + (ai (D) - a5 (5) V3]
+ Loz [0 (1) V(y — ) + (ai (y) — a4 () Vi + (ap(F) — ap(§)) Vi,

with the sets sz and sz defined as in (10). Moreover, there exists a constant Cpy > 0 such that a.e. in ,

)Z 1>‘ n ‘Z(Q ‘ < Cully = 9lIVal + [V (y — D),

@ (29)
|285] < Cally = 911931 + 19y = )11 (Laz, + Las ).

Consequently, Z, 5 — 0 in LP(2) asy — § in WHP(Q) N C(Q) for any p > 1.
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Remark 3.5. As will be shown later in the proof of Lemma 5.9, the decomposition (28) plays an important
role in proving a link between Z,, ; and the curvature functional @) defined in (13) for some y,,,§ with y,, — §

strongly in C'*(Q). Specifically, Zy (1) g and Z, (2 )— contribute to the smooth part Qs and the first-order nonsmooth
part Q1; see (97) and (98). Meanwhlle, Zzgn),y corresponds to the second-order nonsmooth part Q2; see (101).

Proof of Lemma 3.4. We first prove the identity (28). To this end, we now decompose the domain € into a
disjoint union of its subsets as follows

Q={j€ (-0, )} U{g € (t,00)} U{j =1}
= {g € (—OO,E),y € (—OO,E)}U{Q € (_OO’E)7y € [Ev OO)}
U{QE (E,OO),yE (—OO,ﬂ}U{gE (E,OO),yE (E,OO)}U{QZF}

In view of the assumption that ||y — |, < 0 and the definition of QF ; and Q ; in (10), there hold

{g € (—OO,E),y € [E,OO)} = Qg?;,g} and {@A/ € (Ea OO),y € (—OO,ﬂ} = Q2
We thus have
Q= {j € (—00,0),y € (—00,0)} U{i € (F,00),y € (l,o0)} U{f=THUNZ, UQE,.

In order to prove (28), it suffices to show (28) on each component in the disjoint decomposition of € described
above.

— For a.e. z € {§ € (—00,t),y € (—o0,t)}, we deduce from the definition of Z, 5 in (27) and of a in (1) that

Zy,3(@) = a(y(@)) V() — ap(§() Vil(x) = 2y ()

and

These identities show (28).
— For a.e. z € {§ € ({,00),y € (t,00)}, we similarly have (28).
— For a.e. z € {§§ = t}, there holds Z(l)( ) = Z;g)(a:) = Zy;(x) = 0. Moreover, we deduce from the definition
of Z, 5 in (27) that
Zy,5(x) = Lypny (2)a (9(2)) Vy () = 2,75 (),
which then verifies (28).
— For ae. z € 92 , there hold Z(l)( )= Zf;(x) =0 and

Zy @) + Z, ()
= [ag (’3) ay(O]IV(x) + ag(y () V(y(z) — §(x)) + (ag(y(2)) — ap(D)Vi(x) + (a1 (F) — ai (§(2))) Vi ()]
= ag(y(2))Vy(z) — ay(§(x)) Vi(x)
=Zyy (z),
where we have just used (10) and the definition of Z, ; and of a, respectively, in (27) and in (1) to derive
the last identity. We therefore have (28).
— For ae. z € Qg 4+ we analogously have (28).

We have shown the identity (28). It remains to show (29) and the limit Z, ; — 0 in LP(Q2). A simple
computation yields

Z@% = T yge(—o0.t)ye(—oo,d} @0 W)V (Y — §) — (ag(y) — ag(9)) V]
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+ L ge(o0)ye oot et W)V (y — 9) — (a1 (y) — a1 () V],

which, along with the continuity of af and a}, shows that ZS; satisfies (29). For Z;?g, we employ the fact
that Vi = 0 a.e. in {§ =t} (see; e.g., [18], Rem. 2.6) and have

Z =1 on 250 W)[Vy — V] = Lgop [T1y<nab(y) + Lsnai ()] [Vy — Vi)

From this and the continuity of af, and af, we conclude that Zz(/? verifies (29). For 254;, by combining the
continuity of af, and a} with the estimates

ly(2) — 1. |§(2) — 7] < ly(x) — §(@)| for ae. w € Q2,008

due to the definition of Qf}y and Qfm)? it follows that Z;g satisfies (29). Finally, the claimed convergence

of Z, 4 in LP(Q) follows from (28), (29), the fact that 12 s lgs  — 0ae in Qasy — §in C(Q), and
Lebesgue’s dominated convergence theorem. (I

For any h € (0, h1) and y;, € V},, we now define the operator Dy, ,, : Vi, — V;* via

(Dhyy, whs 21) = / [(b+ a(yn))Vwn + Ly, 2500 (yn) Vynwa] - Vi, dz, wy, 2, € V. (30)
Q

Lemma 3.6. Let all assumptions of Theorem 3.1 hold. Then for any h € (0, h1) and any {y¥} C V}, converging
to yn € Vi, in HY () as k — oo, there holds | Dh,yx = Dy v, vy — 0

Proof. Let wy, v, € Vj, be arbitrary such that ||wh||Hé(Q), ”Uh”Hg(Q) < 1and h € (0, h1) be arbitrary but fixed.
Assume that {yF} C Vi, converges to y5 € Vi, in H}(2) as k — oo. By virtue of the inverse inequality ([20],
Thm. 3.2.6), we deduce that y¥ — yj, in WyP(€) and hence in C(Q2) as k — co. We can therefore assume that
Hy,’i — thC(ﬁ) < 6 for all k£ € N large enough. On the other hand, we have

<(Dh7y§ — Dh,yh>wh, vh> = / {(a(y,lj) — a(yh))th + Zy§7y}Lwh} - Vup, dz.
, o ,
Together with the Holder inequality, this yields that

llwall 25/ -2 Q)

| (Pt = DY, < a(wd) = @) | IVl + | Zution |
h

< Ha<y’,§) — a(yh)HLoc(Q) + CHZyﬁ’yh Lﬁ(Q)7

where we have employed the continuous embedding H}(Q) < L?/(#=2)(Q) and the fact that [wnl g3 ) <1 to
obtain the last inequality. We thus have

HDh,yg — Dpy, < Ha(y}’i) - a<yh)HL°°(Q) + CHZy,’i,yh

L(Vi, Vi) LA(@)

The first term on the right-hand side of the last estimate tends to zero as k — oo since y’,j — yp in C(Q) as
k — oo. Moreover, the second term tends to zero as a result of Lemma 3.4. Hence ||Dh’y;c = Dy, luvs, vy — 0
as k — oo.
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Lemma 3.7. Let all assumptions of Theorem 3.1 hold. Then there exists a constant ho € (0,h1) such that for
any h € (0, ha) and any yp, € BW(},ﬁ(Q)(gj, kp) N Vi, the operator Dy, y, = Vi, — V¥ is an isomorphism.

Proof. Since V}, is finite-dimensional agd Dy, 4, is linear, it suffices to prove that there exists an hy € (0, h1)
such that for any h € (0, h2) and yj € BWOI,ﬁ(Q) (9, £p) N Vi, the equation

Dy wn =0 (31)
admits the unique solution wy = 0. We argue by contradiction. Assume for any k& > 1 that there exist hy €

(0,h1), yn, € EW&@(Q) (9, kp) N Vi, and wp, € V3 \{0} such that hy — 07 and wp, solves (31) for h = hy, and

Wh

Yn = Yn,,- By setting wy,, : , we deduce that

B ||wh'k ||L25/(5*2) ()

Hwhk”mﬁ/(ﬁ—m(gz) =1 and Dhy yyn, Wny, = 0. (32)

Furthermore, as a result of the embedding W,*(€2) € C(%), there hold that |jys, || c@ < M forall k > 1 and
some constant M > 0 independent of k£ and that

Yn, —y in C(Q) for some y € Wy P(Q). (33)

Testing the second equation in (32) by wp, , Holder’s inequality thus gives

bvahk”Lz(Q) < ”v?JthLﬁ(Q)H]l{yhﬁéﬂa/(yhk) Hwhk”[pé/(ia—?)(g) < CM,p

L (@)

for some constant Cps,, > 0. From this and the compact embedding H}(Q) € L?/(P=2)(Q), a subsequence
argument shows that we can assume that

Wy, = in HY(Q) and by, — o in L2/P=2(Q) (34)

for some @ € Hg (). Moreover, there exist an element b € LP(Q2)? and a subsequence of {by} with by =
Ly, #6,0"(Yni)Vny, denoted in the same way, such that by — b weakly in LP(Q)2. By fixing any v € H2(2)N
H}(2) and testing the last equation in (32) with v, := Il v € Vj,, where IIj, is the interpolation operator,
we have

/ [(b+ a(yn, )V, + Wp, bi] - Vop, de =0 forall k> 1.
Q

Letting k — oo and exploiting the limits (33), (34), by — b in L2(Q)V, and vj, — v in H}(Q), we can conclude
that [,,[(b+a(y)) Vi +wb] - Vo dz = 0. From this and the density of H?(Q) N H () in Hg (), we deduce that
W satisfies (S, v) g-1(q),m1() = 0 for all v € H} (), where

(Sw, v) gr-1(0),11(0) = / [a.Vw +wb] - Vodzr =0 for w,v € H}(Q)
Q

with a.(x) := b(z) + a(y(x)) > b > 0 for all z € Q. An argument similar to that in the proof of Theorem 2.6
(1) in [9] shows that S is injective as a mapping from H}(Q2) to H~1(2). Consequently, there holds @ = 0. This
contradicts the fact that [|@| 25/¢-2 () = iMk—ool|Wny || L25/G-2) () = 1. O

As a consequence of Lemmas 3.6 and 3.7 and the implicit function theorem, we obtain the differentiability
of Sh.



3170 C. CLASON ET AL.

Theorem 3.8. Let all assumptions of Theorem 3.1 hold. Then, for any h € (0, hs), the operator S;, defined
in (25) is of class C. Moreover, for any u € Br2(q)(u, p), let yn(u) :== Sy(u). Then for any v € L*(Q), the
Fréchet derivative Sy (u)v =: 2, is the unique solution to

/ (b + alyn(w))Van + Ly, wyz530" (Yn(w)) 20 Vyp (w)] - Vwy, do = / vwpdz for all wy, € V. (35)
Q Q

Proof. We first consider for any h € (0, hz) the mapping F}, : Br2(q)(u, p) x Vi, — V}* defined via

(Fn(u,yn), vn) = / (b+a(yn))Vyn - Vo, —uvpde,  u € Breq)(t, p),yn, vn € Va. (36)
Q

Clearly, F},(u,yn(u)) = 0 and Fj, is continuously partially differentiable in u. We now prove that F}, is partially
differentiable in y; with g%(u, Yn) = Dh.y,, where Dy, o, is defined in (30). We thus derive the differentiability
of Sy according to Lemmas 3.6 and 3.7 as well as a simple computation. To this end, by taking any v, € V} and
{wl} C Vj, with ||waHH1 — 0 as k — oo and ||vh||H&(Q) < 1, we deduce from a straightforward computation

0(©)
that
(Fi (u,yn +wf) — Fp(u,yn) — Dhy,wy, vp) = / [ Y (alyf) - a(yh))vwﬂ - Vo dz,
Q
where yF := yj, + w and T}, 4 is defined in (26). This gives

|| Fn (s yn + wi) — Fu(t, yn) = Dy,

o P I 7 R [P [

Moreover, in view of inverse estimates ([20], Thm. 3.2.6), we have Hw,’j”wl,ﬁ(ﬂ) < C’h_Q(%_%)Hw}’jHHl(Q). Con-
0 0

sequently, y¥ — y;, in W, P(Q) and hence in C(€) as k — oco. Moreover, an inverse estimate and Holder’s
inequality imply that

1 1
Bt g+ k) = P, yn) = D], < T P C7 S ]

Hwi’iHHl(Q) HwhHHg(Q)

=

2

m»—‘

’whle Q) H yh’yhvthLﬁ(Q) * Ha(y}li) B a(yh)HL‘”(Q) -0,

where we have just exploited Lemma 3.3 and the continuity of a to obtain the last limit. This gives that
‘35: (u,yn) = Dpy, . We have shown that Fj(u, Sy (u)) = 0 and g%(u,yh) = Dy, ,,. We then deduce from the
Implicit Function Theorem and Lemmas 3.6 and 3.7 that S}, is of class C*. Finally, (35) follows from (30) and
(36). O

4. NUMERICAL ANALYSIS OF THE ADJOINT STATE EQUATION

In this section, we will carry out the numerical analysis of the adjoint equation (6). For any h € (0, hs),
u € Br2q)(u, p), v € L*() and yj := Si(u), we approximate (6) using the triangulation 7, by

/ (b+ a(yn))Ven - Vwp, + It{y,ﬁg}a’(yh)thyh -V dr = / vwp dx  for all wy, € Vj,. (37)
Q Q

From the bijectivity of Dy 4, shown in Lemma 3.7, we deduce the existence and uniqueness of solutions to
(37).
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Theorem 4.1. Let all assumptions of Theorem 3.8 hold. Then for all h € (0,h2), u € Br2q)(u,p), and
v € L3(R), there exists a unique solution py € Vi, to (37).

In order to derive error estimates for the full approximation (37) of (6), we first consider the continuous
problem (6) with yp,(u) in place of y,.

Lemma 4.2. Let all assumptions of Theorem 3.8 hold. Then for any h € (0, h2), u € Brz(q)(a, p), yn := Su(u),
and v € L?(Q), the equation

—div[(b + a(yn)) V@] + Lyy, 200" (yn)Vyn - Vo =v inQ, ¢=0 ondQ, (38)
has a unique solution ¢ in H?(2) N H(Q). Moreover,
llo — @HHZ‘(Q) < Cph””HLz(Q) and [l — @HLZ(Q) < Cph2HU||L2(Q) (39)
for some constant C, independent of u,v, and h, where ¢ is the unique solution to (6).
Proof. From Theorem 2.2, the continuous embedding W, *(Q) < C(Q), and (24) for p := > 4, there holds
Ly 210 Wn)Vyn| 15 + 10+ alyn (W) llyrpy < G, for all b€ (0, ha),u € Bra(e) (T, p)-

A standard argument then proves the existence of solutions @ to (38) in H?(Q) N Hg(2); see, e.g., Theorem 2.6
in [9] and the proof of Lemma 4.1 in [22]. Moreover, we have

||§5HH2(Q) < Cp”UHL?(Q)- (40)
Setting 1 := ¢ — ¢ and subtracting the equations corresponding to ¢ and ¢ yields
- le[(b + a’(yu))v'(/)] + ]l{yu#ﬂal(yu)qu ’ V'(/) = Gu,h in Q, =0 on 897 (41)

with
Gu,n = div[(a(yu) — a(yn))VE] + Zyp - V-
By the chain rule ([33], Thm. 7.8) and the fact that y,, y, € W, ?(Q) and that ¢ € H2(€2), we can write

Ju.n = (a(yu) — alyn)) Ag. (42)
Similar to (40), there holds

HwHHz(Q) < CPng,}LHLZ(Q) < CpHa(yu) - a(yh)HLOO(Q)”AQEHL?(Q)'

Combining this with the Lipschitz continuity of @ on bounded sets, the L*-estimate in (23), and (40) yields
the first estimate in (39). To show the second estimate, set z, 4 := S’(u)y and note that ¢ = S'(u)*gy,n. We
then deduce from (42) that

6120y = [ Gunzs 42 < ol ey 188 ey = 0l (43)
By Theorem 2.2 and the compact embedding L*(Q) € W~17(Q), we have
sup{ 1" ()l oy 1.5y, w2 7y | @ € Braey(@:p) } < . (44)
The continuous embeddings W, * () < L>=(Q) and L?(2) < W~5P(Q) therefore yield
HZUJIJHLOO(Q) < C”Zu,wHWOlf’(Q) < Cp”ﬁ’”wflvﬁ(ﬂ) < CP”wHLZ(Q)'
The inequality (43) thus yields

191200y < CollAGI L2y l1Yu = Ynllp2(0y-
This, (23) and (40) yield the last estimate in (39). O
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Below, we shall estimate the term Z,, , defined in (27). We first observe from the L*>-error estimate in (23)
that
HS(U) - Sh(u)||Lm(Q) < Cyxh forall u € ELZ(Q) (’l],p) NUgq, h € (0, hs) (45)

for some positive constant Co.. For any y € WH1(Q) N C(Q2) and r > 0, let

Y. (46)

r

2
V(y,r) =00 Z ]l{0<\y—ﬂ§7'}|azmy‘ and Er(y) :

m=1
with og determined as in (15).

Proposition 4.3. Letr >0, y € WHH(Q)NC(Q), and § € WH(Q) be arbitrary and let k =1+ ||y — Illem)-
Then

(i) V(y,r) < V(i K) + 00301 |00,y — 0w, 9| for ae. in Q;

(i) V(G720 < 2ro0llVEl Lo o) 1S (@)l -

Proof. The proof of the second claim is straightforward. It remains to prove the first assertion. To this end, we
now observe that {0 < |y —t| <r} C {|§ — | < k} and |0s,,y| < |0%,, | + |02,y — Oz,,§|. There thus holds

2
V(y, T) < Z 00]1{|fo|§&}[|8me| + |8xmy - axm:g”

m=1

2 2
= Z 00]1{|fo|§n}|8ﬁfmz)| + Z UO]I{\?J*EISH}mey — 0z, 9
m=1

m=1

2
=V(9,k) + 0o Z L1g—#1<k} 102,y — Oz, 9,

m=1

where we have employed the fact that V§ vanishes a.e. in {§f = t} in order to obtain the last identity. This
yields the first claim. |

Lemma 4.4. There exist an hs € (0, hg] and a constant L, > 0 such that for all u € ELz(gz)(’EL7p) NUyq and
h € (0, h3), there hold

1Z ey < Lo+ [V (e lon = vl @) |1 (47)
and
1Zulaoy < Lollu =l gy + |V (3w = 31l (0 | . (48)
with y := S(u) and yp, := Sp(u).
Proof. By Theorem 2.2 (see also [22], Thm. 3.1), there exists a constant M; , such that
1S (@)l < Mrp for all w € Braay (@, p) N aa: (49)

Setting h3 := min{hy, 62 1CL'} and exploiting (45) shows that ||y — Ynll @) < 6 forany u € By (1, p) \Uag
and h € (0, h3). From the definition of Z,, , in (27) and Lemma 3.4, we arrive at

_ 1 2 3 4
th,y - Z'éh)vy + Z?Sh)vy + Z?Sh)vy + Z?Sh)vy (50)



NUMERICAL ANALYSIS OF A NONSMOOTH QUASILINEAR ELLIPTIC CONTROL PROBLEM 3173

By (29), (49), and Theorem 3.1, we have

7(k)

H Yh Y S Lph fOI' k = 1,274, (51)

L*(Q)

On the other hand, we have

0, ={yedt+0),yne (-6} C {0 <y—t<|lyn —yIILoo(m},

, - ) (52)
Q:;;L,y = {y € (t - 575)7,% S [tat+ 6)} - {O <t-— Yy S ||yh - y||LOO(Q)}7
which together with the definitions of Zéi’b)y in Lemma 3.4 and of V in (46), and (15), show that
Z2, <V (.l - vl ) (53)

a.e. in ). Combining this with (50) and (51), we obtain (47).
For (48), we first see that

(k)
|25

which is similar to (51) and is derived by using (29), (49), Theorem 2.2, and the continuity of the mapping
S L2(Q) — W1P(Q) — W, P(Q) — H(Q). Finally, similar to (53), one has

poiy < Ol = Fllgyoy < Cllu = laqy for k=124,

(3)
235

<V (5 ly~ 7l o))
a.e. in 2. We thus obtain (48). O

From now on, let us fix constants 7, pg, and p; satisfying

12§fy<min{1,12} 1, po>2=N, and p; € (2,p.), (54)
Do Do D1 2
where p, is given in Theorem 2.2.

In order to derive an L?-error estimate of ¢ — ¢, we cannot directly employ a duality argument based on
the Aubin-Nitsche trick since the linearized state equation (4) admits solutions belonging to W1?(Q) only due
to the nondifferentiability of the function a; see Remark 2.4. To overcome this difficulty, we now consider the
following adjusted linearized state equation:

— div[(b + a(yu)) Ve + ]l{g#ﬂa’(gj)iuwvg] =v inQ, Z,,=0 ondf (55)

for all u € U,4 and v belonging to W=1172(Q), the dual space of a Sobolev space of fractional order. Compared
to (4), we have here partly linearized the state equation (3) at the optimal state § by replacing the vector-
valued function 1y, x¢a’(yu)Vyy in (4) by Lizxpa’(7)Vy. We can therefore exploit assumptions imposed on
7 to derive the necessary regularity of solutions Z,, to (55). Indeed, as we will see later in Proposition B.1 in
Appendix B, the finiteness of () implies that

Ligend (H)VE € (WIP(Q))? = (WP (Q)*,

where the constants v and pg are fixed and satisfy (54). From this and the W*72regularity of solutions to
(55), we can then show that Z,, € W!T72(Q) whenever v € W=1+72(Q). This regularity of solutions to (55)
will play an important role in establishing a priori error estimates for the discretization of the adjoint state
equation (6).



3174 C. CLASON ET AL.

Theorem 4.5. If %(y) < oo, then there exist constants h := h(a) € (0,h3), p = p(u) < min{p, p, ps} (with p
and p; being the constants in Proposition B.3 associated with p :== p), and Cg > 0 such that

lo — enll iz < Cackllollzzgy and Nl = oullma) < Cahlloll 2

for all h € (0,h), u € Brz)(t, p) NUaa, and v € L*(2), where

i i= W R Zsay gl gy + 1|V (S0, 1Sh(w) = S 1))

56
e (56)

and @ and @, are the unique solutions to (6) and (37), respectively.

Proof. Let ¢ be the solution of (38). To simplify the notation, set y,, := S(u) and yj, := Sp(u) for any h € (0, h3)
and u € §L2(Q) (@, min{p, p, ps}) N Uysq. We divide the proof into three steps.

Step 1: Existence of a constant C} j, , such that

H()b - (ph”LZ(Q) S CVl,hg,p <h’y + ||Z u,yHLZ(Q) + Hv<yua Hyh - yuHLOO(Q))‘ LQ(Q)) H()b - L)OhHHé(Q) (57)

for all h € (0, h3), u € Brz(q) (4, min{p, p, p5}) NUaq, and v € L*(Q2).
To prove (57), first let 2 be the unique solution to the adjusted linearized state equation (55) corresponding

to v := @—pp. Since ¢— oy, € HE (), one has p— ¢y, € W=1T72(Q) due to the embeddings Hg () — L?(Q) —
W=1+72(Q). From Proposition B.3 and the finiteness of ¥(), we have that 2 € W17:2(Q) and that

||2||W1+m2(9) < CH@ - ‘Ph||W*1+%2(Q) < CH@ - ‘Ph||L2(Q)- (58)

Moreover, we also have that
2= 8"(u)(@ — o — div(Zy, 52)); (59)

see the identity (B.16) in the proof of Proposition B.3 for v := ¢ — ¢y,. Testing (4) for v := ¢ — ), —div(Zy, 52)
by ¢ — ¢p and using (59) thus yields

16 — onlZaey + /Q Zyoo V(G — on)ida

= /Q(b + a(yu))VZ- V(@ — on) + Ly, 2530 () EVYu - V(@ — o) da. (60)

Furthermore, applying assertion (i) in Proposition B.3 for p := p and using the embedding LZ(Q) — W‘lvﬁ(Q)
(due to N = 2) shows that

||2||W01,;~)(Q) < Cplle = enllp2q) forall h € (0,hs),u € Breo)(U, ps) NUaa,v € L*(Q). (61)

Consider for any u € Br2(q)(4, min{p, p, p5}) \Uaq and h € (0, hg) the bilinear operators B, : Hg(Q) x Hj(Q) —
R and B, 5, : Hj () x H}(Q) — R defined via

Bu(w) i= [ [0+ a(0)) V2 + Ly, sy (0)2V0] - Vwrd,
Q

By n(z,w) := / [(b+ a(yn))Vz + Ly, 2’ (yn)2Vyn] - Vwda.
Q
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From this and (60), we obtain for any wy, € V}, that

16 — el 720y + /Q Zy,5 V(@ —en)2de = Bu(2,¢ — ¢n) = Bu(Z — wh, ¢ — 1) + Bu(wn, ¢ — ¢n)
= Bu(2 — wn, ¢ — o) + [Bu(wn, & = ¢n) = Bun(wn,  — ¢n)],

where we have used the fact that B, n(wn,$ — ) = 0 which follows from combining (37) with (38). We now
estimate the first integral in the left-hand side and two summands in the right-hand side of the above identity.
From Hélder’s inequality, there holds

~ 2 A ~
16— 90h||L2(Q) - ||Zyuﬂj||L2(Q)||Z||Lec(Q)||90 - SﬁhHH(}(Q)
<o+ a(yu)HLoo(Q)”"3 - whHHg(Q)H@ - <Ph||H3(Q)
Ly 200 W) V| oo 12 = wnll L2 ll6 — nll 3 o)

+ lla(ya) — a(yh)||L4(Q)”wh”W[}A(Q)”@ - <Ph||H3(Q)
+ HZymyu

Lz(Q)HwhHLoo(Q)||S2 - </7h||H01(Q) (62)

for all wy, € Vj,. Moreover, we have from Assumption (A3), the continuous embedding HV/4(Q) — L*(Q) with
N =2 (see, e.g., [34], Thm. 1.4.4.1), interpolation theory ([7], Thm. 14.2.7), and (23) that

lla(ya) — a(yh)||L4(Q) < Cllyu — yh||L4(Q) < Cllyu — yh||HN/4(Q)
1—2 2 3
< Cllyu - yh||L2(4Q)Hyu - yh”;-]é(g) < Chz. (63)

We then deduce from this, (62), (49), the assumptions on b and a, and (47) that

~ 2 ~ ~ 3
[ <Ph||L2(Q) <Gl - <Ph||Hg(Q) [”Z - wh||H3(Q) + h2 ||wh||wg»4(sz)

+ {2 |V (s l9n = vull L~ (@) lwnll o @) + 12y sl L2 121 Lo ) (64)
) (@)

L2(Q

for all wy, € V},. Moreover, from standard interpolation error estimates (see, e.g., [7], Thm. 4.4.20) and applying
the estimates (4.4.21) for (p,s,m) := (4,1,1) and (4.4.22) for (p,s,m,n) := (p,0,1,2), we have that

{ 12— HhéHWOlA(Q) <G

~ ~ —2, 4
12 = 2l oy < ol 3 2l g,

|2||W1'4(Q) < Cl”":'HWl’ﬁ )’
o 0" () (65)

where we have used the fact that p > 4 to derive the first line in (65). On the other hand, from Theorem 6.1 in
[29] and arguments similar to the ones in Example 3 in [29], we also obtain that
12 = T2l g2 gy < Coh™ |12l waivia s (66)

see also the error estimates for the interpolation operator ITj, : Wt72(Q2) — V}, in the proof of Lemma 3.1 in

[26]. Combining (65) with (66), the triangle inequality, and the embedding Wy ?(Q) < L>(Q) N W;*(Q) (due
to p > 4) as well as estimates (58) and (61) gives

12— Hhé”Hé(Q) < C3h7||@ — <PhHL2(Q)7 ||2||LOO(Q) + ||Hh2HLO°(Q) + ||Hh":'||wol’4(9) < Cullp - </7h||L2(Q)-

By choosing wy, := II; 2 in (64) and using these above estimates and the fact that v < %7 we obtain (57).
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Step 2: Existence of a constant Cs j, , such that

16 = el ) < o (BN 2y + 16 = 91l 2y (67)
for all h € (0,h3), u € ELQ(Q) (U, p) NUaq, and v € L2(Q).

To show this, we first consider for any u € §Lz(g) (@, p) NUgq and h € (0, h3), the bilinear mapping S, 5, :
H(Q) x HE(Q) — R defined by

Sup(w, ) == /Q(b +a(yp))Vw - Vi da.

From Assumptions (A2) and (A3), we obtain
bIE — enllFry < Sun(@ = @ns @ — n) = Sun(@ = @n, @ — @) + Sun(@ — on g — o). (68)

Moreover, the Cauchy—Schwarz inequality, the uniform boundedness of {y,} on C(2), and Assumptions (A2)
and (A3) yield that

Su,h(S5 — $h, 95 - Hhﬁz’) < Cp”‘:5 - ‘;OhHHé(Q)”Q5 - Hh@HHg(Q)
< CPhHQEHHQ(Q)HQE - <Ph||H(}(Q) < CthUHL?(Q)”@ - SDhHH[}(Q), (69)

where we have exploited the interpolation error [20] and (40) in order to obtain the last two estimates. Now
using (37) and (38), we deduce from Holder’s inequality that

Sun(@ = on, @ —op) = — /Q Ly, 210" (Yn)Vyn - V(@ — o) M@ — @) da
< ||]l{yh#}a/(yh)HLm(Q) VYRl Layll& = nll g2 o) ITn@ — nll paq)-

Combining this with the uniform boundedness in C(€) of {y;} and the embedding Wy ?(Q) — Wo*(Q), we
obtain from a triangle inequality that

Sun(@ — on In@ — op) < Cp<||§|\wol~ﬁ(g) + /“”vp) 6 = nll g3 o) ITn@ — @nllpaq)

with k, being the constant in Theorem 3.2. The combination of a triangle inequality and the embedding
H} () — L*(Q) with Theorem 3.1.6 in [20] further implies that

M@ = enllpa) < M@ = Gllpaq) + 16 = nll sy < ClMIG = Gl i) + 118 — erllpa@)
< Ch||95||H2(sz) + 16— <Ph||L4(Q)
< Ch”UHL?(Q) + 16— @h||L4(Q)a
where we have used (40) to obtain the last inequality. Similar to (63), we find that
- - 1—-2 - 2
g — SOhHL‘l(Q) <Cllg— ‘Ph||L2(49)||90 - <Ph||}4.15(9)'
We then have
1 . 1
Sun(® — o Td — 21) < Cpll6 — ol oy (Mol ey + 16— ol )l — ol gy )
which, together with (68) and (69), yields

1 . 1
¢ — ‘Ph”Hé(Q) <Gy (hHUHL?(Q) + 16— ‘Ph”z?(Q)H‘P - Wh“i[&(g))-

Applying Young’s inequality then gives (67).
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Step 3: Existence of constants h € (0, h3) and p := p(a) < min{p, p, ps}.

To show this, we first obtain from the definition of () in (14) and of X, in (46) the existence of a r, > 0
such that
1Zr @)l L1 (@) +1 forall r € (0,7.). (70)

This together with (ii) in Proposition 4.3 yields
V(@) L2y < Cor'2(5(@) + 1) for all v € (0,74). (71)

Moreover, thanks to Theorem 2.2 and the embeddings L2(Q) < W~1?(Q) and W, "* () — C(Q) N HL(Q) for
some p > 2, one has

19u = ll e () + 19u = Ul g ) < Cpllu — all 2 (g

for all u € Br2(q)(4, p) NUaq and some constant C,. Now Proposition 4.3 (i), (45), and the monotonic growth
of V(y,-) imply that

[V lton = ull @)y < |V (5 I = w0l + = 8l @) |1+ ool = Ty

L2(Q)

< Hv(y7cooh+cp||u_EHLQ(Q))’ +C§7PCPHU_QHL2(Q) (72)

L2(Q)

for some constant Cy , and for all h € (0, hs) and u € Bpz2(q) (1, p) NUaq. Besides, from (48) and the monotonic
growth of V(7,-), there holds

1Zy. 51l 120y < Lolle = 8ll g2y + HV(Q, 19 — yIILoom))\ L2

< Lp||u — ﬂHLz(Q) + Hv(ga CPHu - a||L2(Q))‘ L2(Q)

for all u € §L2(Q)(a7 p) NUyq. We then have

||Zyu,QHL2(Q) + Hv(yua lyn — yu||L°°(Q))’ L2(Q) < Cl,p”u - ﬂ'HL?(Q)

+2|[V (7, Coch + Cyllu =l ()|

73
@) (73)

for all i € (0,h3) and u € B2 (U, p) NUag with Cy , := (Cy ,Cp + Ly).
Next, fix h € (0, hs) and p < min{p, p, ps} such that

_ 1
P
g 201,h37p02,h37p

Nl=

R + 205 [Cooh + C,p)* (5(5) + 1)F + € and  Cooh+ Cpjp < 14,

where C4 p, , and Co p, , are defined in (57) and (67), respectively. From this, (71), and (72), we conclude that

1

Y+ Z s Sor—F——
1Zy..5 £2(Q) = 2C1 13,002 104,

Loty + ||V (vl = vl i)

for all h € (0, ﬁ),u € §L2(Q) (’l],ﬁ) NUyq.

The combination of this with (57) and (67) yields ||¢ — ‘Ph”H(}(Q) < 203,k phl|v[| 12y, and together with
(57), we obtain [|¢ — @pll;2q) < Cepllvllp2(q). Combining the last two estimates with Lemma 4.2 and the
triangle inequality, we arrive at the desired conclusion. (I
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5. DISCRETIZATION OF THE CONTROL PROBLEM

In this section, we discretize the control problem (P), show convergence of the discretizations, and derive
error estimates of the discrete optimal solutions. In the following, we will consider three different discretizations
of the control:

(i) Variational discretization: U, = L*°(Q) (see, e.g., [35]);
(ii) Piecewise constant discretization:

U, =Uy == {ue€L>®Q)|uyr €R forall T € T };
(ii) Continuous piecewise linear discretization:
U, =Uyp = {ue L>(Q) |uyr € Py forall T €T}

Unless specified, any claim for U}, should be understood to hold for all three cases. For any h > 0, we now set
Ugap = Uaa NUp. I Uy, = U, then by Zj, we denote the linear projection from L?(Q2) onto Uy. If Uy, = U, then
Ty, : L*(Q) — U} denotes the Carstensen quasi-interpolation operator [8]. In both situations, we have Z,u — u
strongly in L*(Q2) as h — 0 for all u € L?(Q) and Zpu € Uyq,, for all u € Uyg; see, e.g., [27].

For any h > 0, we define the discretized optimal control problem
min{J(yh,uh) tup € Ugd,n and y;, € V}, satisfies (22) for u := uh} (Ph)
with
v 2
How) = [ Lay(@)do + Gl

Note that the discrete operator Sy defined in (25) does not appear in (Py), since this operator is well-defined
only locally by Theorem 3.2.
5.1. Convergence of discrete minimizers

We first have the convergence of minimizers of (Pp,).

Theorem 5.1 (cf. [17], Thm. 4.1). Assume that a satisfies the growth condition
la(t)| < Co+ Ci]t|™ forallteR (74)

for some positive constants Cy,Cy and m > 1. Then there exists an iLO > 0 such that (Py,) admits at least one
global minimizer (g, @) for all 0 < h < ho. Moreover, if {(@n,un)tocper, 18 a sequence of solutions to (Pp),
then there exists a subsequence that converges strongly in H} () x L%(Q) to some (§, %) as h — 0, where i is a
global solution to (P).

Proof. The existence of discrete solutions to (F) is proven similarly to Claim 1 in the proof of Theorem 4.1
in [17]. Moreover, there exists a constant hg > 0 such that (Py,) admits at least one minimizer (gp, @y) for all
0 < h < hg. The remainder of this proof is now divided into three steps as follows:

— Claim 1: Weak convergence of {(gn,un)} to (y,a) satisfying (3). Indeed, the boundedness of {wy} in L ()
and thus in L?(2) is due to the L>°-boundedness of Uyq. Since (i, uy) satisfies (22), there holds

/(b + a(gh))ngh -V, de = / upvy, dx for all vy, € V. (75)
Q Q
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In particular, one has
/(b + a(yn))Vyn - Vyp dz = / Ynup d.
Q Q
Combining this with Assumptions (A3) and (A2), we deduce from the Cauchy—Schwarz and Poincaré inequal-
ities the boundedness of {7} in Hg(£2). From this and the compact embedding H}(Q) € LP(Q) for any
p > 1, we can take a subsequence, denoted in the same way, of {(¥n,un)}oj, 5, that satisfies

(U, an) = (g,a) in HH(Q) x L*(Q), gn(z) — g(x) forae. 2 €Q, and 7 — ¢ in LP(Q) (76)

for some (3,4) € HZ(2) X Uyq and for any p > 1, for instance, p := 4m with constant m defined in
(74). Thanks to the growth condition (74), we conclude from the last limit and the generalized Lebesgue
Dominated Convergence Theorem that

a(yn) — a(y) strongly in L*(Q). (77)

Now take any v € Hg(Q) N W24(Q) and choose v;, := v € Vj,. Then vy, — v in WH4(Q) as h — 0; see,
e.g., [20]. Letting h — 0 in the equation (75) and exploiting the first limit in (76) as well as the limit in (77)
then yields
/(b +a(9))Vy - Vode = / avdr for all v € HY(Q) N H(Q),
Q Q

which, together with the density of HJ(2) N W?24(Q2) in HZ(£2), implies that 3 = S(u).
Claim 2: Optimality of u. Let us show that @ is a global solution of (P). For that purpose, we first observe
from the inclusion Ugq,n, C Uyq and from the first limit in (76) that @ € U,q. Take u € U,q arbitrarily and
choose up, = w if U, = L>®(Q) and uy, := Zpu if Uy, = U} with i = 0,1. One has up € Ugqp, and up — u
strongly in L?(Q) as h — 0. In view of Theorem 3.1, for h small enough there exists at least one solution
yn(up) of (22) such that yu(un) — v, := S(u) strongly in H} () N C(2). From this and the optimality of
(Un, un), we have

liminf J(gn, up) < Hminf J(yn(un), up) < limsup J(yn(un), un) = J (yu, u) = j(u). (78)
On the other hand, it follows from the limits in (76), Fatou’s lemma, and the weak lower semicontinuity of
the L2-norm that

li}lni(rJlf J(Yn,un) > J(y,u) = j(u), (79)

which together with (78) gives j(u) < j(u). Since u € U,q was arbitrary, u is a global optimal solution to
(P).
Claim 3: Strong convergence in H}(Q) x L*(Q). In fact, by plugging u := @ into (78) and (79) and using the
limits for g, in (76), we can conclude that ||ﬂh||2L2(Q) — ||1_L||2L2(Q). Combining this with the limit for @y, in
(76) yields

Up — @ strongly in L*(Q). (80)
It remains to prove the strong convergence of {i;} in Hg(£2). To this end, by the weak lower semicontinuity
of the functional Hj () 3y — [, (b(z)+a(y(z)))Vy(z)- Vy(z) dz € RU{oo}; see, e.g., Theorem 1.3 in [25],
we deduce from the first limit in (76) that

/ (b+a(9)Vy-Vydr < li]rzn igf/ (b+ a(gn))Vyn - Vyp de. (81)
Q =0 Ja
Moreover, (75) and (80) imply that

liminf/ (b+ a(gn))Vn - Vypdx < hmsup/ (b+ a(gn))V - Vyp de
h—0 Jq =0 Jo



3180 C. CLASON ET AL.

zlimsup/ﬂhyhdx:/yﬂdx
h—0 Q Q
:/(b+a(gj))Vg-ngda:.

Q

Combining this with (81), one has

tim [ 6+ a(5)Van - Vs = [ (0+a(2) V5 Vg (s2)
- Q Q

Moreover, thanks to Assumption (A2) and by the nonnegativity of a, there hold b(x) — % > 2 >0 and

%—l— a(yn(z)) > % > 0 for all z € Q. We then deduce from the limit in (80), the weak limit of {7} in Hg (),
and Theorem 1.3 in [25] that

b b
/ (b(m) - ) IVy|* dz < liminf/ <b(x) — >Vgh -V dz
Q 2 h—0 [ 2

< lim sup/ <b(x) - b)Vyh - Vi dz
h—0 Ja 2

b
:limsup{/ uhyhdx—/<—i—a(yh))VyMVyhdx}
h—o Lo a\2
:/aydx—liminf/ 2+a(37h) Vi - Vip da
Q h—0 Jo\2
b
§/ﬂydx/<+a(§)>vg-vydz
Q a\2
b 2
:/<b(x)—>|Vy| dr,
Q 2

where we have employed the equations for g, and ¢ to derive the first and the last identities. We therefore

have ) B
. b\ - _ _ b 2
i [ (o600~ £) i Vinas = [ (o) - & )ivia,

which, along with the weak limit, yields, the strong convergence of {g5,} in HZ (). |

[SlIS

Next, we prove a kind of converse theorem. More precisely, we assume that @ € Uy,q is a strict local minimum
of (P) with associated state g, i.e., there exists a constant £ > 0 such that

j(a) < j(u) forall u € Braq)(u,&) NUsq with u # a.

We can obviously assume that € < p. Here p is defined in Theorem 3.2. We therefore can put the discrete
operator Sy, into (P). Then, for any h € (0, hs), we consider the discretized optimal control problem defined
via
min Jn(un) (Pr)
wn €Uaa,n B 2 o) (1.8)

and the discretized cost functional given by
.= _ ) v
Jn Bre)(u,p) = R, jn(u) = /QL(UE, (Sh(uw))(z)) dz + §||U|\i2(g)~

Using Theorem 3.8 and Assumption (A4), we can show differentiability of j,. The proof of the following result
is straightforward and therefore omitted.
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Theorem 5.2. For any h € (0, ha), the discrete cost functional jp, : EL2(Q) (@, p) — R is of class C', and its
derivative at u € Brz(q)(u, p) is given by

Jn(w)w = /(gph(u) +rvu)wdz  for all w € L*(Q),
Q

where pp(u) € V), is the unique solution to (37) with v := g—§(~7 Sh(uw)).

Since Zp,t — @ strongly in L?(Q2) as h — 0, there exists a constant h = h(¢) > 0 such that the admissible set
of (Pf) is nonempty for all 0 < h < h. We now provide a result on the existence of global minimizers and the
associated optimality conditions of (P5). Its proof is elementary and is thus omitted.

Theorem 5.3. There erists a constant h, € (0,h2) such that for any h € (0, h.), (Pf) admits at least one
global minimizer Uy, € Ugq,p N BLz(Q)(TL,é). Moreover, there exists a function @y, € Vi, that together with uy, and
U := Sp(up) satisfies

oL
/Q(b +a(Gn))Von - Vwn + L, 20" (Gn)wn Vg - Vo do = /Q @(x’ Yn)wn dz, (83a)
/(@h + I/’L_Lh)(uh — ﬂh) dz >0 for all wy € Vj,up € Uaa,n QELZ(Q) (1_1,,5). (83b)
Q

We now state a convergence result in L?(£2), whose proof is similar to that of Theorems 4.2 and 4.3 in [26].

Theorem 5.4. Let {u,} be the sequence of discrete solutions to (Pf), defined in Theorem 5.3. Then
lan — Ul 2y — 0 as h — 0.

Proof. Since {iip}n,>n>0 is bounded in L2(€)), there exists a subsequence {h,} and an element @ € Uyg N
B2 (u,€) such that h, — 07 and @, — @ in L*(Q) as n — oo. Since L?(Q) is compactly embedded
in W~17(Q), Theorem 2.2 implies thatS(ay,) — S(@) in W, ?(2). Moreover, one has @y, € Brzq)(a,&) C
Bpa2q)(t, p) for all n > 1. From this and Theorems 3.1 and 3.2, there holds

1S (@n,,) = Sh, (@, lwr5y < Chy/? =0 asn— oo,

This, together with a triangle inequality, yields Sy, (@n, ) — S(@) in W, P(£2). There then holds that Sy, (i, ) —
S(@) in C(Q), thanks to the continuous embedding Wy (Q) — C(Q) (due to $ > 4). On the other hand,
Theorems 3.1 and 3.2 yield Sy, (@) — S(a) in C(£2). From the last two limits, Assumption (A4), the optimality
of iy, , and the weak lower semicontinuity of the norm in L?(Q), we obtain

j(@) < liminf jp,, (tp,) < limsup jp, (4n,) < lm g, (@) = j(w).
n—oo n—oo

n—oo

Since @ is a strict local minimum of (P) and @ € Uyq N ELQ(Q) (u,&), we have @ = 4. A standard subsequence
argument then shows the convergence of the whole sequence { }p, >n>0 in L2(Q) to 4 as h — 0F. (]
Remark 5.5. By Theorem 5.4, it holds that [|an — | p2(q) < £ for all h € (0, h) and for some h > 0. Now for
any h € (0, B) and uy, € Uga,n, we have that wy, := t(up, — ap) + Up, € PLz(Q)(ah, %) for ¢ > 0 small enough and
hence that wy, € Uaa,n, N Brz(a)(a, ). The variational inequality (83b) then implies that

/(@h + viy)(up, — ap)de >0 for all up, € Upg p. (84)
Q

Remark 5.6. In view of Theorem 5.4, there exists a constant hs > 0 such that any solution @, of (P5) belongs
to the open ball By2(q)(t, ). By Theorem 3.2, (Sp, (%), up) is thus a local minimizer of (F,). We have therefore
shown that any strict local solution of (P) can be approximated by local optimal controls of (Py).
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In order to show convergence in L™ (), we first need the following lemma.
Lemma 5.7. Let q > 2 be given and let h and p be defined in Theorem 4.5. If () < oo, then for any h € (0, h)
and u,v € Uyq such that v € Brz(q) (4, p) NUad, there hold

(85)
[w = vl 20 (86)
(e + lu = vl ey ) (87)
(h+ llu=2llaqq ) (33)
( (89)

[ U”LQ(Q))a

||90u - (vaHz(Q) <

88

C
C
lw = ()l L2y < C
[ = en(llgy@) =€
C

lou — <Ph(U)||Lao(Q) < 89

for some constant C' independent of u,v, and h. Here y, := S(u) and yn(v) := Sp(v), while ¢, is the unique
solution to (6) for v := %(-, yu) and pp(v) is the unique solution to (37) for yp := Sp(v) and v := g—’;(-, yr(v)).

Proof. We first observe from Theorem 2.2 that S(U,q) is bounded in C(€2). Moreover, Theorems 2.2, 3.1, and 3.2
and a triangle inequality imply that for any v € Br2(q)(u, p) NUaq and h € (0, h),
lyn(@)llc@) < lyn(@) = wolle@) + lvo = dllo@) < C(h+ v — a”Lz(Q)) < C(h+p).
Consequently, there holds
1yullo@y lyn@)loy <M for all u € Uyg, v € Bre(oy(a@, ) NUaa, h € (0, 1), (90)

and for some constant M > 0. Moreover, a triangle inequality in combination with (5) and (23) yields (85). For
the other estimates, let ¢, , be the solution to (6) for v := %(', yn(v)) and y, replaced by y, := S(v). We need
to show that

levn = @ulliragy < C (Il = vl gy +12) (91)

for some constant C' > 0 independent of u, v, and h. To this end, we subtract the equations for ¢, and ¢, 5 to
obtain that ¢, 5, — ¢, € H}(Q) and

- diV[(b + a(yv))v(‘pv,h - ‘PU)] + ]l{yv;éf}a/(yv)vyv : V(‘Pv,h - (Pu) = Gu,v,h (92)
with oL oL
Gu,v,h = — dlv[(a(yu) - a(yv))vspu] + Zyu;yv ' v@u + %('7yh(v)) - aiy(a yu)

Theorem 2.3 and Assumption (A4) imply that ¢, € H?(Q). From this, the product formula, the chain rule [33],
and the finiteness of the set {t}, we deduce that

div{(a(yu) = a(yo))Veoul = Zy, y, - Vou + (alyu) = aly)) Apu.

This shows that oL oL
f— J— R . QN — . 2
Gu,o,n = (a(yo) — alyu)) Apy + ay( s Yn(v)) 8y( s Yu) € L7(Q).

The standard stability estimate for the solution ¢, n — @, to (92) thus gives

”‘Pv,h - <PuHH2(Q) < CHQu,v,hHLZ(Q) < C[Hyu - vaLoo(Q) + Hyh(v) - ?Ju||L2(Q)
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for some constant C' > 0 not depending on u, v, and h, where we have employed (90), the fact that | Apy|[12q) <
C due to Theorem 2.3, and Assumptions (A3) and (A4) to derive the last estimate. From this, (85), and the
fact that [[yu — yull o () < Cllu — vl 2, (due to (5)), we obtain (91). The estimate (86) is shown by a similar
argument.

We now prove (87)—(89). According to the triangle inequality, (91), Theorem 4.5, and the boundedness in
L?(Q) of {%(-,yh(v)) | v € Breq)(t, p) NUad, h < ha}, we obtain (87) and (88). Finally, for (89), we first see
from the continuous embedding H}(Q) — L4(Q), the interpolation error and inverse estimates [7] for N = 2
that

[ov,n = Pr (V)] oo @) < l0vn = bl oo ) + MTaun = @a (V)] Lo
< ChY|@u mll g2y + Ch ™8 [ Tnpun — on (V)| ooy
< Ch [unll oy + CR™ 4 [Tapun = on(0) | 1 e
< C[R Neunlgaoy + 1~ IMpun = Ponllimyay + B leun = on(@)lmy |

which together with Theorem 4.5 and the interpolation error estimate from Theorem 4.4.20 in [7] yields

L2(Q)] .

Combining this with the uniform boundedness of ¢, ), in H*(2) and of %(~,yh(v)) in L2(Q) for all v €
Br2)(t, p) N Uaa and h < hy, we conclude that ||, n — goh(v)HLoc(Q) < Ch'~%. From this, (91), and the
embedding H?(Q2) — L*°(Q), the triangle inequality thus leads to (89). O

OL

1—2 1—2
||90v,h - @h(v)HLoo(Q) <C|h "Hﬁpv,h”HZ(Q) +h e ?y("yh(v))

From Theorem 5.4, Remark 5.6, and the estimate (89) in Lemma 5.7, we obtain the desired convergence
result in L>°(Q). Its proof is similar to that of Theorem 5.3 in [13], Corollary 5.6 in [17], and Sections 3, 4 in
[41] with some modifications, and left to Appendix C.

Theorem 5.8. Let {(gn,un)} be the sequence of discrete solutions to (Py) converging strongly to (g,a) in
H(Q) x L3(Q) (see Thm. 5.4 and Rem. 5.6). If $(y) < oo, then ||u), — Ul oo () — 0 as h — ot.

5.2. Error estimates for discrete minimizers

We finally turn to error estimates for discrete local minimizers @; under the second-order sufficient optimality
condition (19). We need the following technical lemma.

Lemma 5.9. Let @ € Uyq and § = S(u). Assume that {§ = t} decomposes into finitely many connected
components and that on each such connected component C, either (17) or (18) is fulfilled. Let {v,} C L*(Q),
v e L3(Q), p € CHQ) NWAYQ), and {s,} € ¢ be arbitrary such that @ + spv, € Uad, vl 2@ =1 and
v, — v in L2(Q). Setting up, == @+ 8,0, Yn := S(u,) forn > 1 and w := S'(u)v, then the following assertions
hold:

(a) If w, — w in C(Q), then

. 1 Vy-V
lim sup — / Zyog - Vipwn dz = — [af(f) - a} (D) / Loy’ o= dH' (@)
n—oo Sn JQ {g=t} IVl

" / [Lgznya” (9w’ VG + a'(§;w) V] - Voda.
Q
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(b) If in addition (8b) is fulfilled for ¢ := ¢, then

y e
i g (tn)vn — §' (W)vp

n—oo 571,

_ 2
=2Q(@ 5, %30) + v (1= 0]} 20 ).

Proof. We first observe from Theorem 2.2 and the embedding L?(Q) — W~12(Q) that

yn_g
Sn

—w=S8"(a) in WyP(Q) — CA). (93)

Moreover, by Theorem 2.2 and the compact embedding W2?(Q2) € C1(Q) for some p > 2, we deduce from the
boundedness in L () of Uyq that
Yn — § strongly in  C'(Q). (94)

Ad (a): We first deduce from (5), for n € N large enough, that
Tn = [[Yn = Yllo@ < Csn <6, (95)

where § is the constant defined in (10). Moreover, there exists a constant M > 0 such that [[yn ) ||g||c@ <
M for all n > 1. According to Lemma 3.4, we have

1 2 3 4
Zyg = 2y + Zyy + 2y + Zyly (96)
with Z\", k= 1,2,3,4, defined in Lemma 3.4. For Z.") ;. using (95) yields

1 _ _ _ _
Z5D = g oo me(—o0} [0 (W) Vn — ab (@) V] + L{ge(t00),0m e (f.00)} [05 (U0) Vi — a4 () V]
= [Lige(oo,dy — Lge(—ood)wmeliivo)}] (a0 (yn) — ap(F))Vin + ag(5)V (yn — 7))
+ Mge0)) — Lige(too)yne-sa}] (@1 (yn) — a1 () Vyn + a1 (5)V (yn — )]
Since
Tige (-0t ynelivo)ys Lige.oo)yne-oay < Lio<|g—tj<r,} — 0

a.e. in ), we have from (93), (94), and the Lebesgue dominated convergence theorem that

1
— /Q Z?Si),g -Vow, dz — /Q]lye(foo,f) [ag (§)wVy + ai(§)Vw] - Vow dz

Sn

+ / Lye(z,00) 0] (1)wVy + a) (7)Vw] - Vow dz = / Lyt [ (§)w?*Vy + d (§)wVw] - Vo da. (97)
Q Q

For Z@Si)@ we see from (95) and the fact V§ = 0 a.e. on {§ =t} that
2 _ _
23 = L gtynes.0186Un)V (Yo — §) + Ligety, c@ir6)1 04 W)V (Y — 7).
Setting 1, := =¥ and exploiting (93) yields w,, — 1, — w —w = 0 in C(Q). From this, the limit 3, — 7 in

Sn

C (), and the continuity of af, and a}, the dominated convergence theorem implies that

1 . ) S
L /Q Zyy Vpwn dz = Tim | g—tne@-anaoOn + Lty e@rraar (dn] Vidn - Vi da.
n

As a result of (2) and the fact that w, < 0 on {§ = ¢, y, € (t — §,1)}, there holds

Lig=tynei-5,5100O)Wn = Ligoty, e@-sn1a (t; n)-
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Similarly, one has
L=ty e@ivs)yat (Oln = Vig=iy, e@ive)ya ( dn)-
We thus have
. 1 o A
lim — /Q 15?1/ Vow, dz = lim ]l{@=f,ynE(t’—é,f)u(gﬂg)}a’(t; o) Vi - Vip dae

n—oo STL n—oo

= lim [ Lyz_pad (t;0,) Vi, - Vede,
n—oo o)
where we have used (95) and the fact that Vy, = Vi = 0 and so Vi, = 0 a.e. on {y, = § = t} to obtain
the last identity. We thus conclude from the continuity of a/(%;-) due to Proposition 2.49 in [6], (93), and the
dominated convergence theorem that

1
lim 8—/ Z(z) - Vow, dz = / Liy—pd (g;w)Vw - Vodz. (98)
n—oo n Q
For Zé )y, we have from (29) that
12595] < Curllv — 91951 + 19 — D) (10, + 10y, ) ae. inQ,

This, together with the fact that 1g> ~+1gs — 0 a.e. in Q as well as (93), yields

1
lim — / Z0 - Vow, dz = 0. (99)
Q

n—00 S,

It remains to estimate Zéi)g To this end, we first deduce from (52) and the coarea formula for Lipschitz

mappings (see, e.g., [30], Thm. 2, p. 117) or [1], Sect. 2.7) that

Sn

1 / 1gz Vy-Vo(w, —,)dz| <
Q Yn Yy

574w — @nll o IV e /Q Locy_t<ry| Vgl da

t+7n
= S’;l”wn _w”LHLOO(Q)“vaLOO(Q)/; /{ } dHl({IJ) dt
t y=t

< Csy 7y ||wn — wn”LOC(Q)”v‘PHLOO(Q) -0,

where we have used (17) and (18) to derive the last estimate and exploited (95) and the fact that w, —w, — 0
in C(£2) to obtain the last limit. Similarly, s,,'| [, Loz Vi Ve(wy — 1p)dz| — 0. From these limits and the

definition of Z*

Yn, U
_1 ~
/ ‘Zyn 7 — y)
and thus

.1 3 1 3 1 3 _
lim —/QZ;n)y Vow, dr = lim —/QZ() -V, dz = lim —Q/QZén)y Vo(yn — g) dx (100)

n—00 S, n—0o0 S, n—oo §

we deduce that

dr — 0

provided that one of these three limits exists. For (;(@, ¥; $n,vn), ¢ = 0,1, defined in (11), one has

1

P, = Z(S) (U _g)+22(i(a,g; SnsUn) VY
1=0

= lag(t) — a1 (9)] []lszgmg —lgs

Yn,Y

— [ah(@) — af )2~ 5~ ya) [Toz, , — Loy, | V5.

n.Y Yn,Y

|95 = 5) + 2005 @) — @t @) - ya) [1ez, , ~ Loz, | V5

1Y Yn Y
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By (21) and (94), we deduce that
lim i/ P, -Vepdz=0.

n—oo 82
Combining this with (100) and (16), we can conclude that

1
1 1 2
limsup—/ Yosl V(pwndx—hmsup[ 5 /Pn~V<pdac—S—2/ E ¢i(t, T; $nyvn) VY - Vo do
Q Sn Ja n

n—oo STL

nee =0
= —2Q(a, 3 {sn}, v)- (101)
Together with (96)—(99), we obtain assertion (a) from (20)
Ad (b): Defining the functional G : L*°(Q) — R via G(y fQ )) dz and employing Assumption (A4),

we deduce that G is of class C? and that its derlvatlves are given by
/ 8L 1
G'(y)y1 = 3y (7, y(@))y1(r)dr and  G"(y)y1y2 := a = (@, y(2))y1(2)y2(z) dz

for all y,y1,y2 € L>®(£2). We see from the chain rule that for any u,v € L?(),

J'(w)v =

G'(S(u))S (u)v + 1// uv dz.

Q

This, together with a Taylor expansion and the fact that [|v,[| 2y = 1, yields

Lo @) = LGS @ @S @l 4o [
= i[G’(yn) -G]S (@), + iG’(yn)[S'(un)vn — 8" (@)vn] + v
= L [ 6@t st )0 - 05 @ends + LGS v~ 5@
+ 1@ ) = G @IS e — S (@)en] + v (102)

Obviously, the third term on the right-hand side of (102) tends to 0 since v,, — v in W~1?(Q), S’ is continuous,
and G is of class C2. Moreover, it follows from Assumption (A4), (93), and the dominated convergence theorem
that the first term on the right-hand side of (102) tends to G”(%)(S’(i)v)?. It remains to estimate the limes

inferior of the second term on the right-hand side of (102). Subtracting the equations for AV =g (un)v, and
2D = S’ (@) vy, we find that z, := A — 2P e H}(Q) satisfies

—div[(b+ a(y))Van + Lgznd (§)Viz,] = div[(a(yn) —a())Vz + Zymy%(ll)] =: gp. (103)

We then have z,, = S5’(@)gy,, which together with (8b) yields

G'(y) [Zy(zl) - fo)} = (G"(9), Zn)Hfl(Q),Hé(Q) = (9n, <P>H—1(Q),H3(Q) =—(Bn +Ch) (104)
for B, := [, (a(yn) — )V - Vedr and Co = JoZy.5- Vizi dz. As a result of Theorem 2.2 and the

fact that v, — v in W L7(Q), there holds P S’( v in Wy P(Q). Besides, from (93) and Lemma 3.5 in [23],

we have
a(yn(z)) — a(y(z))

Sn

— a'(g(z); (S (w)v)(x)) for all z € Q.
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The dominated convergence theorem thus implies that

iBn — | d(y; 8" (w)v)V (S (a)v) - Ve dr.

Sn 0

This, along with (104) and assertion (a), ensures that

lmint -GS (o) — @) = Iy ® ~ D) [ ey (@00 T )

n—oo sn {*t} |V |
) / o/ (5 S (@)v)V (S (@) - Vo dar — / Liynd”(5)(S' (@)0)2V5 - Vo da.
Q Q

Using these limits, (102), and the identity for @ in (19) (see also [24], Thm. 3.22), we arrive at (b). O

The following theorem is one of main results of the paper, which extends Theorem 2.14 in [14] (see also, [17],
Lem. 5.2) to the case where the cost functional j is of class C'* but not necessarily C?2.

Theorem 5.10. Let {(gn,un)} be the sequence of discrete solutions to (Pp) converging strongly to (y,a) in
HY(Q) x L?(Q). Assume that {§ = t} decomposes into finitely many connected components and that on each
such connected component C, either (17) or (18) is fulfilled. Assume further that the second-order sufficient
condition (19) is fulfilled. Then there exist constants C > 0 and h € (0, min{h, h.}) such that

_ _ T\ 2 _ g _
lan — 30y < C[ ()" + 11E = unlaqy + 7'(@) (un — ) (105)

for all h € (0,h) and up, € Uaqp N Bz (a,€) with € := min{e, p}. Here e} is defined as in (56).

Proof. We first observe from Proposition 2.9 that X() < co. For simplicity of notation, we set e, := £}". We
first show that

[ (an) — 3" (@) (an — @) < j'(@)(un — @)
+ O |enllin — lla gy +enllun = @l 2y + lun = @l oyl — @l ooy (106)
for some constant C' > 0, for all up, € Ugap HELZ(Q)(/EL, ¢) and h € (0,min{h, h.}). To this end, let us take any

h € (0,min{h, h.}), u € Uaq ﬂﬁLz(Q)(ﬂ,é), and up € Uga,n 0§L2(Q) (@, €). We deduce from (7), Theorem 5.2,
Lemma 5.7, and the Cauchy—Schwarz inequality that

[ (u) — 5" (u) Uh_u|—‘/ en(u) — pu)(up — u) dz| < Cepllup — ull 12 (q) (107)

Moreover, we deduce from j;, (s )(an, — up) < 0 and j'(@)(@ — @p) < 0 that

' (@n) — 5’ (@)](an — a
= [ (@n) — 5" (an))(@ — an) + (55, (@n) — ' (@)](un — @) + jp, (@n) (@n —wn) + ' (@) (up — ap)
< [nlan) = 5’ (an)](@ — an) + [y (an) — 5 (@)} (un — @) + 5" (@) [(un — @) + (@ — ap)]
< [nlan) — 5’ (an)l(@ — an) + (G, (@n) — 5" (@n)) + (3" (@n) — 3" (@) (un — @) + 5'(@)(up —a@).  (108)

{ () = ')} — )| < Ceplla — anl 20, o

|k (@n) — 3" (@n)](un — @) < Cenlla — un|p2(q)-
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Using (7), (86), H%(Q) — L?(2), and the Cauchy—Schwarz inequality yields

" (@) — 5" ()] (un — u)| = ‘/ﬂ[(%h — @) +v(un —)|(up — ) dz

< Cllap — tll g2 llun — tllp2(q)-  (110)

From this, (108), and (109), we derive (106).
We now prove the conclusion of the theorem by contradiction. To that purpose, we suppose that there exist
hn — 0 and wp, € Uaa,n, N Brz(o)(4,€) such that

lan, = all3a > n[(En)? + 18 = un, 320 + 7@ (un, )] for all n>1
or, equivalently, with s, := ||Gp, — ﬂ||L2(Q) that

Cn)? | N2 mnaliz) 5@ (un, )

5 5 for all n > 1. (111)
Sn STL

By setting v,, := ﬂh; —% and by extracting a subsequence if necessary, we have

n

sp — 0T, lvnllz2@) =1, Un, =U+ spvn, vp —=vin L*(Q) for some v € L*(Q).

We first show that v is an element of the critical cone C(Uy,q; @) defined in (9). To this end, we first deduce that
v >0 a.e. on{u=a}and v <0 a.e. on {u = F}. Moreover, since j'(@)v, > 0, there holds j'(@)v > 0. On the
other hand, from (109) and (110) for up := @y, , we obtain that

tim sup{ [ (@) — st (@0, ) + ') — 35, ou} < Tim_ Clen, +52) =0,

n—oo

which yields

-/

j'@p = lim j'(@)v, = Um [jp (s, )on + (' (@n,) = jh, (@, ) vn + (G (@) = 5" (@, ) )vn]

n—oo n—oo
g . 1., _ g _
< lim gy, (@n, )vn = lim —L[jp, (tn,)(un, — @) + gy, (n, )(Gn, —un,)]-
n— oo n—oo Sy

From this and the fact that j;, (@s, )(@n, — us,) < 0, we obtain

[un, =l 20
Sn

g . 1., _ _ . _ _
J(@v < lim —jy, (@, )(un, — @) < m |lop, (@n,) +vin, |29 — 0,

n—oo S,n
where we have used Theorem 5.2 and the Cauchy—Schwarz inequality to derive the last estimate and the
boundedness of {|[¢n,, (n, ) + Vi, [|f2(o)} (due to Lem. 5.7) as well as (111) to pass to the limit. There therefore
holds that j'(@)v = 0. This and Lemma 4.11 in [3] lead to v(z) = 0 whenever @(z) + va(z) # 0. We thus have
v € C(Uyga; T).

We now derive a contradiction and thus complete the proof. To this end, we divide (106) (with h := hy,) by
52 to obtain

Sn Sn Sn Sn

_ a7 <
U n,) = @, < IR

L §'(a) (up, — @) +C<€hn g ln, — ey lun, — uIILzm))

Taking the limes inferior as n — oo, employing (111), and using Lemma 5.9 (ii), we conclude that

2Q(a,5,#v) + v (1= [v]}2a)) <0. (112)

Combining this with (19) and the fact that |[v[|;2(q) < liminf|v,|[;2q) = 1, we have v = 0. Inserting this into
(112) leads to 0 < v < 0, which is the desired contradiction. O
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Theorem 5.11 (Variational discretization). Assume that Uy, = L>(2). Let {(Gn,un)} be the sequence of dis-
crete solutions to (Pp,) converging strongly to (g, ) in I{& (Q) x L3(Q). Under all assumptions of Theorem 5.10,
there exists a constant C > 0 such that for any h € (0,h),

3

1 1 3
[ = @l 20y < C (BT + 08 S, @IFs k) < ORI (113)
with Ky, 1= Cooh +[|S(@n) = Y| (), and oo, v € (0, 1), and ., defined in (15), (54), and (46), respectively.

Proof. We first observe from Proposition 2.9 that 3(7) < co. By (5), there holds kp, < Cooh+Cllay, — 11||L2(Q) —
0 as h — 0T. This, in combination with (70), yields

13k, (§)||L1(Q) <X¥(g)+1 for all h small enough. (114)
Choosing now uyp, := @ in (105) yields
an — | 20y < Cey™  for all h € (0, h). (115)

Setting rp = [|Sh(un) — S(@n)l () and using (45) yield r, < Coch. Exploiting (56), the Cauchy-Schwarz
inequality, Proposition 4.3, the estimate (48), and the monotonic growth of V (g, ), there holds

(e5)” < 3hZH2Y 4 3RV (S(@n), )l 720y + 302] Zs () ol 120

_ _ _ 2 _ 2 2
< 3h2+2'y + Ch2 |:HV(y,Th + ||S(uh) — yHLoo(Q)N 12(9) + ||S(Uh) - yHHé(Q) + ||uh - UHL2(Q)

2
< 31227 4 O [Hv(g, Cooh + ||S(in) — y”LOO(Q))‘ L2

_ 12 _ _ 112
| 15Can) = 9y e + s~ |
_ _ _ _ 2 _ — 112
< C[A**2 + W00 S, (0) 1 0y (Coch + 1S(@) = Bll o)) + B2 1S (@) = Gy + B2 in = @l
< C[R 2 4 1200 S, (9) ey (B + N = @l oy ) + B2 n = all 3y |

where we have used Theorem 2.2 to derive the last inequality. From this, (114), and (115), a simple computation
gives (113). O

Remark 5.12. If the constant p, in Theorem 2.2 is large enough, then, for arbitrary small € > 0, we can
take v := % — ¢ in (54) by choosing pg close to 2 enough. Therefore, the order of convergence in Theorem 5.11
becomes O(h? ). This order is less than the one for the smooth situation investigated in [14], there the authors
showed that the order of convergence associated with the variational discretization is O(h?). This fact can be
attributed to the nondifferentiability of the function a in the state equation as we will see later in the numerical

example section.

Similarly, we obtain from Theorem 5.10 error estimates for piecewise constant and continuous piecewise linear
controls.

Theorem 5.13 (Piecewise constant discretization and continuous piecewise linear discretization). Assume that
Uy =U}, i =0,1. Let {(gn,un)} be the sequence of discrete solutions to (Py) converging strongly to (y,1) in
HY(Q) x L3(2). Under all assumptions of Theorem 5.10, there exist constants C' > 0 and h, € (0, h) such that

[an =t 2y < Ch for all h € (0, ha). (116)

Proof. According to Theorem 2.5, ¢ and u are Lipschitz continuous on Q. Hence constants C,C; > 0 and
h. € (0,h) exist such that for any h € (0, h.), there exists a up € Uaq, satistying || — upl|pwq) < Cih and
4’ (@) (@ — up) = 0 for the case Uy, = U}; see, e.g., Lemma 4.17 in [16], as well as |j/(a)(u — up)| < Ch? for the
case Uy, = U}; see the proof of Theorem 5.4 in [17]. Combining this with (105) and the fact that " < Coh for
all h € (0, k) yields (116). 0
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5.3. Numerical example

We conclude this section with a preliminary numerical example for the variational discretization of the optimal
control problem. Specifically, we consider the problem

ey L _ 2 v 2
im0 = 5 [ (o) —gule)? do+ § [ u(eas
s.t.  —div[(b(z) + max{y, — m,0})Vy,] =u inQ, 1y, =0 on 9,
0 <u(z) <4r? ae x€Q,

(117)

where Q := (0,1)2 C R%, m € (0,1], v := 1, b(z) := b(x1,22) = 2 — max{sin 72, sin 7z2 — m, 0}, and
ya(x) := (14 16v7?) sin 7wy sin was + 4u7r4]l{sin ray sin 7mcpm}(cosg 7y sin® mag + sin? g cos® wy).

This problem fits the general setting with a = 0, 3 = 472, a(t) = max{t —m,0}; i.e., ap(t) := 0, a1 (t) :=t —m,
and t := m. Setting @ := 4%y with 7 := sinmx; sin7ry and ¢ := —va, it is straightforward to verify that
(4,7, p) satisfies the first-order optimality condition (8) associated with (117). We shall now show that there
exists an € > 0 such that if 0 <1 —m < e then all assumptions of Theorem 2.7, and thus of Theorem 5.11, are
fulfilled. First, for £ = m = 1 we have

{(7=1={y=1}={(05,05)} and {7 < i} = Q\{(0.5,0.5)}.

Moreover, V§ obviously vanishes on {§ = 1}, and Lemma A.l in the appendix shows that the structural
assumption in (18) holds. For ¢ =m € (0,1), a simple computation shows that

[Vy(z)| >0 forall z=(x1,22) € {y=1t},

which validates (17). It remains to show the existence of a number € > 0 such that the second-order sufficient
optimality condition (19) is fulfilled, provided that 0 < 1 —m < e. To this end, by virtue of (2), there holds for
a.e. (x1,72) € Q that a’(y(21,22); 5) = L{g(z,,0,)>0}5 for all s € R. From this, the fact that 1;5.p6” =0, and
the explicit expression of @ in (19), we have

o 1 2 v _ _ _
Q. 5.5:0) = 318" @o ey + Slolo) = [ Lo S @098 (00 Voo

1 Vi Vo
+ 5 lag(t) - 0'1(5)]/ ]1{|v7;\>0}(5'(ﬂ)v)2y7,<p dH(z) for all v € L2(Q).
2 (5=0} Vil

Since ¢ = —viu = —4vr?y, there holds
1

/ / rrn2 VY- Vo g 2 1NN 2 e 1
S1ab(B) — a5 ()] /{ L Lamso (8 @[ @) = 2vn /{ @ ) 2 0

for all v € L?(£2). Consequently, we have
o 1 2 v _ _ _
Qu, ¥, p;v) > §HS/(U>UHL?(Q) + §||U||2Lz(ﬂ) +4V7T2/Q]l{@>t'}SI(U)UVS/(U>U -Vydz (118)

for all v € L?(Q2). We now estimate the last term in the right-hand side of (118). For that purpose, we observe
that

_2 2 2 .2 .2 2
Ty I VU™ = 71 gin ey sin mas >m) (€08~ Ty 8IN” T + 8in” 7121 cos™ mrp)

2 2 2

= 772]l{sin ry sin 7m2>m},(sir12 T + sin® e — 28in” g sin® wo)
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< 7%(2 — 2m?)

and thus
TVl < 1y/2(1 = m?) < 27v1 —m

in 2, where we have exploited that 1 < 14 m < 2. From this and the Cauchy—Schwarz inequality, there holds
‘/Q]I{y>t—}5’(u)vVS’(u)v~Vydx < H]l{g>t‘}V§HLoc(Q)||Sl(ﬂ)v||L2(Q)HVSI(Q)U”L?(Q)
2
<2mC*V/1 — m||vl[72(q)

for all v € L?(Q) and for some constant C independent of m and v. Here we have used the fact that
HS/(TL)UH}I&(Q) < C|lvl[12(q) due to Theorem 2.2. Combining this with (118) yields

1 v 1 v
Q@5 7:0) > 518" @0l g2y + 3 llvll7a) = 8CHm VI=mlol ) 2 518" @02 + 7 l10]720) > 0
for all v € L2(2), v # 0, provided that 0 < 1 —m < ¢ with positive constant ¢ satisfying

1
1 8C?13\/e = 0.
We have therefore verified that all hypotheses of Theorems 2.7 and 5.11 are fulfilled. Finally, Lemma A.2 in the
appendix shows that £(y) =0if t =m =1 and X(y) > 0if t =m € (0,1).

We now consider the discrete approximation u; of @. Thanks to Remarks 5.5 and 5.6, we have u;, =
Proj[aﬂ](f%@h). From this, (22), and (83a), g, and @), satisfy

1
/(b(a:) + max{gn, — m,0})Vyy - Vw, dz = / Projia g <—</‘Jh> wp, dz,
o o Y (119)

/(b(x) +max{y, —m,0})Ven - Vup + 1z, >m} Vin - Voo, do = / (Yn — ya)vn dx
Q Q

for all wy, v, € Vj,. Since the nonlinearities of (119) are semi-smooth, it is reasonable to solve this system by
a semi-smooth Newton (SSN) method; see, e.g., [38,45] as well as [23]. Setting yo := 128z122(1 — z1)(1 — x2),
we notice that the sets {yo > ¢} and {yo < t} have positive measures for all m € (1 — ¢, 1]. The starting point
for the discrete SSN method solved (119) is then taken as (yn,0,¢n,0) := (Projy, (y0),0) for different mesh sizes
h, where Projy, stands for the L? projection mapping onto Vj,. The integrals over elements are approximated
with a quadrature scheme. This introduces a variational crime which however does not reduce the expected
approximation order for piecewise linear functions. In all our tests, the SSN method converged in four or five
or six iterations.

We report the resulting discretization errors ||iy, — || x for X = L?(Q2) and for h € {2—‘/5 | 4 <n <10} as well
as the experimental order of convergence

log(Hﬂ — Uhyy gy HLp(Q)) - 10g<||fL — Un,, ||Lp(Q))

log(hn41) — log(hy,)
in Table 1 for both cases m = 1 and m = 0.95. For the situation m = 1, the results indicate an EOC of 2, which
indicates that we are observing a superconvergence property; compare [40]. The EOC for this case is consistent

with the guaranteed rate of O(h?) shown for the smooth problem in [14]. An suitable explanation for this could
be that in the case m = 1, we have the following identity

EOCLP (Tl) =

a(g(x1,x2)) = max{y(z1,22) — 1,0} =0 for all (x1,xz2) € Q,

and thus the coefficient a(y) of the state equation in (117) is in fact smooth at the optimal state. When
m = 0.95 (and the coefficient is nonsmooth), the values of EOC are not stable, however their minimum value is
approximately equal to 1.5, which fits the theoretical study shown in Remark 5.12.
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TABLE 1. discretization errors and experimental orders of convergence (EOC) in L? for the
optimal control @ in dependence of h,,

m=1 m = 0.95
b la — tn, 2 @) EOC;2(n) 1@ — tn, 20 EOCy2(n)

0.08838834764831845 0.18868399994780682 1.9842206675459904  0.16611404078219316 2.30149884431476
0.04419417382415922 0.047689759843375215 1.9960412352638899  0.03369660566403936 1.499478604870065
0.02209708691207961 0.011955200141487647 1.9990094098708553  0.01191785556126703 1.703223336241136
0.011048543456039806 0.002990852924165744 1.9997522957092797  0.0036599639201972353  2.2944527855422274
0.005524271728019903 0.0007478416210831529  1.9999380703342444  0.000746066761816203 1.5712691960881326
0.0027621358640099515  0.0001869684309751765  1.9999845171567776  0.0002510605828845355  2.277237268364241
0.0013810679320049757  4.674260937760375e—05 5.179189573581347e—05

6. CONCLUSIONS

We have studied the numerical approximation of an optimal control problem governed by a quasilinear elliptic
equation with nonsmooth coefficient in the divergence part. The convergence of a sequence of minimizers of some
discrete control problems to a global minimizer of the original problem is shown. A priori error estimates for
three types of discretizations (variational, piecewise constant, and continuous piecewise linear discretizations)
are derived under an explicit second-order sufficient condition for the continuous optimal control problem and
a structural assumption on the optimal state. The estimate for variational discretization corrobates the proven
rate, although the observed rate is higher, which motivates follow-up work on rate optimality or superconvergence
properties for optimal control of nonsmooth quasilinear equations.
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APPENDIX A. VERIFICATION OF A STRUCTURAL ASSUMPTION AND COMPUTATION OF THE JUMP FUNCTIONAL

Lemma A.1l. Let Q:= {z = (z1,22) € R? | 0 < 21,29 < 1} and let y(x1,22) := sin(rx1) sin(rxs). Then there
exists a constant cs > 0 such that
measgz ({|ly — 1| < r}) < esr (A1)

for all v > 0 small enough.
Proof. Take any sufficiently small r > 0 satisfying (1 —r,1) C (0,1). A simple computation yields

{ly—1<r}= {% arcsin Sii;gz <@ < 1— Larcsin Siil;’;z, Larcsin(l —r) <z <1— L arcsin(1 — r)}

We thus obtain

1—% arcsin(1—r)

measg:z ({|y — t] <r}) = /1

- arcsin(1—r)

(1 — 2 arcsin =L ) dzy < [1 — 2+ arcsin(1 — 7")]2’ (A.2)

sin Txo

where we have used the fact that

0 <1— 2 arcsin Sirll;’;w <1-2Larcsin(l—r) forall0 <z <1,re€(0,1).

™
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L’Hospital’s rule then shows that

i 1—2Larcsin(l —r) 4 y T 2V2
o NG T a1 o 1-r2 7’
which, along with (A.2), yields (A.1). O

Lemma A.2. Let Q:={z = (z1,72) € R? | 0 < z1, 22 < 1} and let y(z1, x) := sin(mzy) sin(mze). Then

2 _ _
8a¢ <1 - = arcsint> if te(0,1),
77
2w =10 if

40’0 if

SR H
I

L
0.
Proof. We distinguish the following cases:

(i) For any ¢ € (0,1) and any sufficiently small r > 0 satisfying (f — r,t + ) C (0,1), we have

{ly —t| < r,0py >0} ={t —r <sin(rz) sin(rzs) < t +r,cos(mzy) > 0}

t—r . t+r t+r 1
= ,7<Sln(7'rl‘1)< - y <1,0<21 < =
sin(mrasg) sin(mxs)’ sin(mxs) 2
t— t 1
U 77“ < sin(mrl),,i >1,0< 2 < = p-
sin(mwas) sin(mas) 2

A simple computation therefore shows that

{ly —t| <r dpy>0}= {% arcsin L2 < 2y < Laresin S5 Laresin(f +7) < @ < 1— Larcsin(f + r)}

sin Txo sinmxe ) T

1 L f—r 11 (T 1 O
U {; aresin - < 1 < 5, paresin(t —r) < xp < L arcsin(t + r)}

U {% arcsin Sii;;f} <w < 3,1—Laresin(f+r) <zy <1— Larcsin(f— r)}

We thus obtain

2 . -
/Q ]l{ly—t’|<r,8z1y>0}|afly| dx = —;[cos(arcsm(t + 7)) — cos(arcsin(t — 1))]

(t — r)[arcsin(¢ 4+ r) — arcsin(f — r)] + 2r (1 _ % arcsin(f + r)>

EREN

Applying L’Hospital’s rule yields

1 2 .
71_1,%14— r /Q ]l{ly—t_|<r78w1y>0}|aw1y| de = 2(1 T arcsmt).

Similarly, there hold
o1 2 .
Tg%l+ v ) ]l{‘y_t—‘<r7axly<0}|8my| de=2(1- - arcsint |,
li ! 1 0 de=2(1 2 int
ri»r(r)lJr ; Q {\y—ﬂ<7',6w2y>0}| x2y| = B ; aresi ’

o1 2 .
Tlg& . /Q l{‘y75‘<r7aw2y<0}|8m2y| dz = 2<1 - arcsmt).
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By adding these four limits, we obtain

.1 2 o
T 2,00+ 100y s = 3(1 - 2 arcsint).

(ii) For ¢ = 0 and for any r € (0, 1) sufficiently small, we see from a straightforward calculation that

1

sinmas? T

{ly—0] < 7,0,y >0} = {O < 21 < X arcsin arcsinr < xg <1-— = arcsmr}

U{O<x1 < 2,0<:EQ < farcsmr}u{0<x1 < ,1— arcsmr<:v2 < 1}

Consequently, it holds that

2 . 2 .
/Q]I{Iy—0|<r,8m1y>0}|aw1y‘ dz = —;[cos(arcsm r)—1]+ 7“(1 — —arcsin r).

L’Hospital’s rule then shows that

.1
L /sz ]l{‘y’(”@vazl y>0}|8x1y| dz = 1.

r—0t T

Similarly, we can conclude that

. 1
lim — /Q IL{|ny|<r}[|8ac1y| + ‘8a:2y|] dz = 4.

r—0+t 1

(iii) For ¢ =1 and for any r > 0 such that r € (0,1), we have

{ly=1| <7 0y >0} = { arcsin <z < 3, Laresin(l—r) <ap < 1—7arcsm(1—r)}

sin w2
There therefore holds that
2 . .
/Q]l{ly—1|<r,6‘z1y>0}|amly| dz = ;[cos(arcsm(l — 7))+ (1 —r)arcsin(l —r)] +r — 1.

Again, L'Hospital’s rule shows that

1
Tli%ﬁr r /Q 1{\y—1\<7-,azly>0}‘azly| dz = 0.
Similarly, we can deduce that
o1
lim — [ Lyjy_1j<} [|02,y] + |Or,yl] dz = 0. O
r—0t T Jo

APPENDIX B. W1+%2—REGULARITY OF SOLUTIONS TO THE ADJUSTED LINEARIZED STATE EQUATION

Let po,p1, and v be given as in (54). In order to show the W1t72_regularity of solutions to the adjusted
linearized state equation (55), we need the following result for the function

£y == Lgznd (9)VY, (B.1)

where § := S(@) is the optimal state corresponding to the control @.
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Proposition B.1. Assume that a € L>(Q) satisfies £(y) < co. Then there holds
fz € (WP (Q))? = (Wg°(Q))*. (B.2)

Proof. Since v < p%’ there holds that
W) = W5 (@)

see, e.g., Corollary 1.4.4.5 in [34]. Thanks to Theorem 2.2, one has § € W2P1(Q) — C(Q) and thus § € C1(Q).
Therefore, we have f; € L>(Q2)? — LP°(Q)2. From the definition of the Sobolev spaces of fractional order; see
e.g., Definition 6.8.2 in [39], it then suffices to show that

|fa(z) — Ea(@) P o
//QXQ  — 2P0 dzdz < oo. (B.3)

Since § € C*(2), there holds for some constant L > 0 that

ly(x) — y(2)| < Llz — | for all z,% € Q. (B.4)
Applying (B.4) then yields
Po
// 2+ @I 4,4z < // Loz — 2720 4z d < oo, (B.5)
POy
QxQ Ix QxQ

due to the fact that 2 — po(1 — ) < 2 = N; see €.g., page 331 in [39]. Moreover, from the Sobolev embedding

2 — —
Whr(Q) — %751 (Q), there holds Vi € C”' 771 ()2 and we obtain

Vi(z) — V§(@)| < L'z — 25 for all 2,4 € Q

and for some constant L’ > 0. From this, we have

Vite) - V" =D 4045 < o6
//QXQ PRTS de dz <C//QXQ | dz dz < oo, (B.6)
in the view of (54). We now set
Z(x, &) = fa(z) — £a(2) = Ligzn (2)d' (§(2))Vy(2) — Ligzn (2)a’((2)) VY(E) (B.7)

for all z,z € Q. Define the functions

X_(x’i):{1 if §(i) =1, X<’<(x’£):{1 it y(#),y(z) <1, X>,>(x,§:):{1 it §(2),9(z) > t,

0 otherwise, 0 otherwise, 0 otherwise

and

o J1 i g(@) > ty(r) <t 1 if (@) <ty(z) > ¢,
X>’<(x’x)_{0 otherwise, X<z (@, 2) = 0 otherwise.

We then have the identity

X=(2,2) + X< <(®,2) + x> >(2,2) + x> <(,2) + X< >(2,2) =1 (B.8)
for all 2,2 € Q. Since Vg = 0 a.e. on {§ = t},

|Z(,2)["° x=(2, %) = [L{gn) (2)d (5(2) [Vi(z) = V(@) x=(x, %) < C|Vy(z) - Vy(@)[".
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From this and (B.6), we have

(2, 2)|"° x=(x, %) .
//QXQ o 2T dzdz < oo. (B.9)

Moreover, by a simple computation, there holds for a.e. Z,x € {§ < t} that

Z(x, &) = ap(y(x))Vy(x) — ap(y(2))Vy(2)
= ap(y(2))[V(x) = Vy(2)] + [ap(5(2)) — ap(5(2))]Vy(2).

We then deduce from the fact that § € C1(€), the Lipschitz continuity of aj, on bounded sets, and (B.5), (B.6)

that
(z,2) |pOX< < (=, |Vy(x) — Vy(@)[” .
//stz |2+p0’7 zdz < C//QXQ [P dedz

>|P0 )
+ C’[/ dx dz < . B.10
QxQ |;v 2+p07 ( )

Similarly, there holds

Z(z,2)|" x> (z, %) .
// 2ip>o'y dzdz < oo. (B.11)
QxQ Z

£ZJ

On the other hand, for a.e. & € {¢ < g} and x € {§ < ¢}, we conclude from the fact V§ = 0 a.e. on {y = ¢} that

|Z (2, 2)| = lag (y(x))Vy (1:) ay (9(2))Vy(2)|
= lag(y(2))[V @7( ) = V()] + [a6(y(2)) — ap(DIV(E) + [ag () — ar(D]IVH(E) + [01(F) — a1 (5(2)] V()]
< ClIVy() = Vy@)| + [g(x) — 81+ [5(2) — 1] + lag(2) — a1 (D|IVY(2)]

< Cof|Vy(2) = Vy(@)| + [g(2) — 5(2)| + 00| Vy(2)]],

where we have used the Lipschitz continuity on bounded sets of af, and ¢ and the definition of o¢ in (15). This,
along with the fact that § € C1(Q), yields

|Z(x, 2)["° x> < (2, %) < C|Vy(z) — Vy(@) " + [y(x) — 9(2) " + 00| VY(2) x> < (2, 2)]
for all x, & € . Analogously, there holds
1Z(x, 2)["°x< > (2, %) < C[Vy(z) — Vy(2) " + [y(x) — 9(2) " + 00| VY(2) X< > (2, 2)]
for all =,z € ). We therefore have
1Z(z, 2)["° [x>,<(2,2) + X< > (2, 2)] < O[Vy(x) — Vy(@)[" + [y(z) — 5(2)|" + 00| Vy(2)|e(z,2)]  (B.12)

for all =,z € Q. Here

) ) ) 1 0<|g(@) —# < |5(@) — g(x)],
= <
e(x, 1) X>,§(I’x) + X<*2(I’I) - {0 otherwise

1 if 0<|y(2) -t < Llz — 7|,
0 otherwise,

due to the definition of x> <(z,2), x<,>(z, %), and (B.4). We now conclude from the definition of ¥(7) in (14)
that there exists a constant rg > 0 such that

7/ ]l{O<|y( t|<r}( )|Vy( )|da: < E( )+ 1 forall0<r <.
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We then have
[[ e aIv@,
axo |z —2[FrPoy
_ // aoe(x,:ri)LYy(xﬂ de dj:—i—// UQt?(%%)LYy(HC)‘ da di
OxOQN{ro/L<|o—3|} T — &[>TP0Y OxON{la—i|<ro/L} T — &[*TPY

1
< C// e dadi
OxON{ro/L<|o—a|} [T — T[*FPo7

1
+ao//ﬂ T ey Ho<lg()—il<Ll—af} (£)[VY(2)| dE dx

xQn{|e—d|<ro/L} [T — Z[7FPOY fo<ly
1 ) B A
S C(TO7L) +O'0 /{§€R2'|§|<TU} de/gﬂ{o<|g()t|<LE}(I)|vy(I)|dx
. T

df (]
= C(TQ,L) + L/ _—
(eer2:je|< oy [E[MTPOY LI

2T 7o\ L—PoY B
< -
<CroD)+Ly— —(7) 5w+

Lio<|g()-t1<Lie)y (2)|VY(2)| dE

< o0,

due to (54). From this, (B.5), (B.6), and (B.12), we have

Z(z,2)[P[x<,>(x,2) + x> <(z,7)] .
// TPy dzdz < oo.
axQ |z — 2|

Combining this with (B.8), (B.9), (B.10), and (B.11), yields (B.3). O
Lemma B.2. Assume that i € L>(Q) satisfies X(y) < oo. Then for any z € H*(S)), there holds

div(fzz) € W72(Q).
Moreover,

iV (Ea2) 142y < CllEalligr ooy 1211 (B.13)

for some constant C independent of z.

Proof. By Proposition B.1, one has f; € (W70(2))2. We now apply the multiplication theorem for Sobolev
spaces; see, e.g., Theorem 1.4.4.2 in [34] and Theorem 7.4 in [4] for s;1 =7, s =1, s =7, p1 = po > 2, p2 = 2,
p =2, and n = 2 to obtain

faz € (WT2(Q))%

From this and the continuity of the divergence operator from (W72(€2))? to W=172(Q) for v # 1; see, e.g.,
Theorem 1.4.4.6 in [34], we have div(fz2) € W=1772(Q). Finally, we also have (B.13) from Theorem 7.4 in [4]
and Theorem 1.4.4.6 in [34]. O

Proposition B.3. The following assertions hold:

(i) Let p > 2 be fized but arbitrary. Then, for any u € L*(Q) and v € W=1P(Q), (55) admits a unique solution
Zuw € Wy (Q). Furthermore, there exists a constant p, > 0 such that

‘|2U7v||W(}'p(Q) < C||UHW,1,,J(Q) for all u € ELQ(Q)(E»/)P) (B.14)

and for some constant C' independent of u and v.
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(ii) Assume that u € L>() satisfies X(y) < co. Then, for any u € Uaq and any v € W=172(Q), the equation
(55) admits a unique solution z, , in W'T72(Q). Moreover, there exists a constant p such that

Héu,vHWlM,?(Q) < C(l + ||fﬂ||W%Po(Q)) ||’UHW*1+W~2(Q) (B~15)
for allu € ELQ(Q)(_, p) NUgq and for some constant C independent of u and v.

Proof. Ad (i): For any u € L2(Q) — W~12(Q), by Theorem 2.2, we have y,, = S(u) € W, ?(Q). From this, and
Remark 2.9 in [12], we deduce the existence and uniqueness of Z, ., in HJ(£2) to (55).
We now rewrite (55) as follows

—div[(b + a(yu))VZy, + ]l{yu¢g}a’(yu)2quyu] =v —div(Zy, jZus) nQ,
Zuw =0 on 99,

where Z,, 5 is defined as in (27). In other words, one has
Zuw = S (u) (v — div(Zy, gZuw)), (B.16)

due to Theorem 2.2. By Lemma 3.4, we have that Z,, ; € LP(2)2. Since Z,, € H} () — L4(2) with ¢ > %,
we then deduce that Z,, ;Z,, € L"(2)? with r = AL € (2,p). There therefore holds

v —div(Zy, Zuw) € WH(Q).
Applying Theorem 2.2 yields z,., € Wy (Q) < C(Q). We then have Z,, %, € LP(Q)? and thus
v — div(Zy, gZuw) € WHP(Q).

This, together with Theorem 2.2, gives Z,., € W, ().
We now prove (B.14). To this end, by Theorem 2.2 and the compact embedding L?(Q2) € W~1P(Q), we first
have

Sup{”‘sl(u’)HL(W*LP(Q),WOLP(Q)) |ue EL2(Q) (u,1)} < Cy,

which gives for all u € Bp2(q)(a,1) that

||2u,v||W01=P(Q) < Cillv - diV(Zyu,ngu,v)HW—l,p(Q) <O {HU”Wfl,p(Q) + ||Zyu,??2u7v||Lp(Q)}

< Cl {H’U”W—LP(Q) + ||2u,v C’(ﬁ)||Zyu7ﬂ||Lp(Q):|

< Ca[Ioll1.mc0) + Wty 1 2o ooy ) (B.17)

where we have just used the embedding Wol’p(ﬂ) < C(Q). From Lemma 3.4 and the fact that ||y, — gj||WO1,p(Q) —
0as [[u—uly-1nq) < Cllu—1ulr2q) — 0 (see Thm. 2.2), we have

||Zyu,37

Then, there exists a constant p, € (0,1] such that

‘LP(Q) —0 as [u-— ﬂHLZ(Q) — 0.

1 = _
1Zy..3ll o) < 3¢, for all u € B2 (q)(a, pp)-
Combining this with (B.17) yields

||2u,v||W01,p(Q) < ZCIHUHWfLP(Q) for all u € E[}(Q)(ﬂ, pp).
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Ad (ii): We first show the W172regularity of 2, .. To this end, we now rewrite (55) as follows

—div[(b + a(yy))VZu ] = v + div[fzZ, ] in Q,
gu,v =0 on Of)

or, equivalently,

(Vb4 1y, 200" (Yu) Vi) - VZuw + [+ div(fzzy,e)] in Q,

7 b+ a(y) b+ a(y.) (B.18)
Zyp =0 on Jf).

From Proposition B.1 and Lemma B.2, there holds div[f;Z, ,] € W~1t7"%(Q) and thus
v+ divifaz,.,] € WT2(Q). (B.19)

Since U, 4 is bounded in L°°(Q2) and thus in L0 (Q2), we deduce from Theorem 2.2 that y,,, j € W2P0(Q) — C1(Q)
and then that
[Yullwz @) + 1Yullor @) < M for all u € Uaa (B.20)

for some constant M > 0. Here pg is the constant in (54). Thanks to Assumptions (A2) and (A3), one has
b+a(yy), (b+a(y,)) ™t € WHe(Q) and

1o+ a(yu)||wl,oo(m + ||(b + a(yu))*IHWl,x(Q) < Cp forall u € Uyyg. (B.21)

Combining this with (B.19) yields

v+ div[fa3 17,2 (Q)
T ) [v+div[fzZ,.]] € W (Q),

where we have employed the fact that the multiplication bilinear mapping W1H*°(Q) x W=172(Q) —
W—172(Q) is continuous; see, e.g., [4]. The second term in the right hand side of (B.18) then belongs to
W=1t7:2(Q). Moreover, the first one also belongs to W~=1+72(Q), since it is in L*(Q) — W~1T72(Q). We
therefore apply the W!T72regularity of solutions to (B.18) to have that Z,, € Wt72(Q); see, e.g., Theorem 3
in [44] and Theorem 4.1 in [21].

It remains to show the existence of a constant p > 0 satisfying (B.15). To this end, we first see from (54)

that 1 > plo >1l—vyand 1< popﬂl < 2. From this and the Sobolev embedding theorem; see e.g., Theorem 3.8

1,520 =2 _
in [4], we deduce that W, ™ " (Q) < W7° " (Q) — W, "*(Q) and thus

WH72(Q) — Whro(Q). (B.22)
We now apply assertion (i) for p := po to derive that Z,., € Wy (Q) and that
ng’vllwg,po(ﬂ) < Clolly-1000) < Cllvlly-1442q) forallue By (U, ppy) N Uad- (B.23)

Moreover, by applying Theorem 3 in [44] (see also [21], Thm. 4.1) to (B.18), and using estimates (B.13) and
(B.21), as well as the embeddings W, ™°(Q) < H}(Q) and W, (Q) < W'+72(Q), there is a constant
C = C(M) such that

1Zuwllw iy < COD{ ol -1sv2g0y + Nl -1y + (1 + ol ey ) IZuollmy o]

< (M) [||v||W,W,2(Q) + (1 + ||fﬂ||Ww,p(,(Q)) qu,vuwg,po(m] for all u € Upq.  (B.24)

Setting now p := p,,, and combining the last inequality with (B.23) yields (B.15). O
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APPENDIX C. PROOF OF THEOREM 5.8
First, (8c) leads to
1 _
u(z) = Proji, g (—ap(x)) for all z € Q. (C.1)
’ 12

Assume now that {(gn, )} is the sequence of discrete solutions to (P,) converging strongly to (7, ) in Hg () x
L?(Q2) as obtained from Theorem 5.4 and Remark 5.6. In order to prove

llan — ﬂHLW(Q) — 0, (C2)

we now split the proof into three cases.

Case 1: U, = L>=(Q). As a result of (84), @, can be expressed as

1 _
tp(z) = Proji, g (—Vgoh(x)) for all z € Q.

This, in combination with (C.1), yields

. 1_ ) 1_
Proja(~19(0)) ~ Profag (-5 (o)) <

for all 2 € Q. Taking the L>-norm and using (89), we arrive at

|p(x) — @n(x)]

ja(a) — s (@)] = ,

_ _ _2 _ _
= @l ey < C (A% + 118 = nl 2y )

This, along with Theorem 5.4, yields (C.2).
Case 2: Uy, = Z/l,? . Since @ is Lipschitz continuous according to Theorem 2.5, there holds

|u(z1) — u(z2)| < Lg|lry — 22| for all z1, 29 € Q (C.3)

and for some constant Ly > 0. For any T' € 7, we have from (84) that

_ . 1 _
up)r = Projj, g (_1/ measgs (1) /Tgoh da;).

By the mean value theorem, there exists an element z € T such that [, @, dz = measg2(T)@y (1), and
thus there holds 1 = Proj[a’ﬁ](—%@h(mT)). We then have from (C.1), for any & € T, that

|@(2) — 7| < |a(er) — Gyr| +a(@) - aer)]

Proji, 4 (—iga(w)) — Projj, g (—i%(%)) ‘ + |u(Z) — u(zr)|

IN

p(z7) = nler)| + |u() — a(er)]

IN
R ==

16 = @nllcm) + |u(@) — ulzr)|.

Moreover, (C.3) leads to
|a(Z) — u(zr)| < Lg|Z — xr| < Lgh.

In summary, we derive for any & € T that
DT 1.,
|@(%) — apyr| < Lah + ;||<P — @nll g (-

Consequently, (|t — tn| () < Lah + Lie - @nll o ()- From this, (89), and Theorem 5.4, we have (C.2).
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Case 3: Uy, = Z/l,%. In this situation, @, cannot be computed from @; by a pointwise projection formula. In
order to have the limit (C.2), we shall follow the argument from the results in Sections 3 and 4 in [41]. For
that purpose, for each h > 0, let E; be an arbitrary vertex of the triangulation 7, and let e; € U} define a
system of nodal basis functions, i.e., ;(E;) = d;;, where §;; is the Kronecker symbol. Setting @; := up(E;)
and @; := @p(E;), we now show that

M := max
K3

_ . 1_ _ o
i = Projga (—V%) \ < C[W=21 4 @ -l ooy (C.4)

for all A small enough and for some constant C' > 0 independent of h. In fact, it suffices to consider the case
that M > 0. By Lemma 3.8 in [41], there exist indices i and kg such that Ej, is a neighboring vertex of
E;, and that

_ . 1_ . 1_ 1_
M = Uiy — Pro.][a,,@] (_V(Pi0> and ProJ[a,ﬁ] (_V@k()) 7é _;ono' (05)
Moreover, there holds that
_ . 1_ _ 1_ _ 1_
| Uko — Pro.][a,ﬁ] _;wko <M< Ujy + ;cpio e ;kao (CG)

in case (A) 4, — Proj[aﬁ](—%@io) > 0 and that
_ . 1_ _ 1_ - 1
Ug, — Proji, g Pk | S M < —{u; + —Pio | S Ukg + — Pk

in case (B) @;, — PTOj[a,g](—%@O) < 0; see Lemma 3.7 in [41]. We now discuss here only case (A) as case
(B) can be treated in the same way. By the second relation in (C.5) and (C.6), we have

. 1_ 1_
ﬂ = PrOJ[a,ﬂ] (y@ko) < 7;@]%;

see the estimate (3.21) in [41]. From this, the Lipschitz continuity of ¢ (due to Thm. 2.5), and (89), in view
of Theorem 5.4 there holds

$Pi0 =~ Pk + 10k — DB + SP(Ew) ~ o(Ba)] +  [P(Ew) — 0]
> —%@co - %h - %H@ = &nll (0
> _%@co — %h - %[hld/q + [lu — ahHLz(Q):|
>0 - %h— %[h“/u = a2y (C.7)
>«

for all h small enough and for some constants Lg, C' > 0. Moreover, since ;, — Proj [a”@](—%@io) > 0, we
have Proj[aﬂ](f%@io) < U;, < (3 and thus

1_
14

Consequently, Proj[aﬂ](f%@io) = —15,, € (a,3). We then deduce from the identity in (C.5), (C.7), and
the fact u;, < g that

. 1 1_ _ o
M = u;, — Proji, g (‘V%‘o) <pB+ -, Pio < C[hl 24 4 |a - UhHLZ(Q)}

which shows (C.4).
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Exploiting now (C.4), the Lipschitz continuity of @ (due to Thm. 2.5), and the argument used in Section 4
in [41], we arrive at

= il ey < C [ 4 18— a2 gy |

for all h small enough and for some constant C' > 0 independent of h. Theorem 5.4 then implies (C.2). ]
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