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NUMERICAL ANALYSIS OF THE 𝐴-FORMULATION OF MAXWELL
VARIATIONAL INEQUALITY

Feifei Jing1,2, Xiaodi Zhang3,* and Weiying Zheng4

Abstract. In this work, we explore a Maxwell variational inequality arising from Bean’s critical-
state model in type-II superconductivity. Instead of the coupled electric and magnetic fields, we study
an equivalent model based on the magnetic vector potential. The well-posedness of this transformed
Maxwell variational inequality comes naturally from the hyperbolic Maxwell (quasi-)variational in-
equality arguments. We establish error estimates for both the spatially semi-discrete scheme and the
fully discrete scheme. We propose two kinds of methods, the projection method and the regularization
method, to solve the variational inequality problem. Two numerical experiments are reported to verify
the theories and to investigate the physics of type-II superconductivity.
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1. Introduction

Since the pioneering works of Bean [7, 8] and Kim [26], great progress have been made on the modeling,
theoretical analysis, and numerical solutions of hyperbolic variational inequalities of electromagnetic problems.
Duvaut and Lions went ahead the first study on hyperbolic variational inequalities in electromagnetism, and
proved the existence and uniqueness of the strong solution to a hyperbolic Maxwell variational inequality of the
first kind [11]. Milani extended their results to a time-dependent obstacle set [32,33]. Prigozhin [38–40], Barrett
and Prigozhin [2–6] studied the Bean critical state model governed by eddy current equations. In [34–36], the
authors considered parabolic and elliptic variational inequalities of a 𝑝-curl type arising from the power law for
eddy current equations. The corresponding model governed by full Maxwell’s equations was studied in [22,23].
Recently, Yousept revealed that the Bean critical-state model for high-temperature superconductors leads to a
hyperbolic Maxwell variational inequality of the second kind [45]. A series of works are, respectively, focused
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on shape optimization [28], optimal control problem [9, 28, 44, 46], fully discrete schemes [41], Maxwell quasi-
variational inequalities [17,49], the well-posedness and numerical analysis of electromagnetic obstacle problems
[16, 48], and adaptive edge element methods [43]. We also refer to the recent work [15] for numerical solutions
of 𝐻(curl )-elliptic hemivariational inequalities.

Let 𝑇 > 0 be the final instant of time evolution, let Ω ⊂ R3 be a bounded and simply connected domain
with a connected boundary 𝜕Ω, and it is filled with an open set Ωsc ⊂ Ω, where Ωsc represents a type-II high-
temperature superconductor. Maxwell’s equations with the Bean constitutive law for the electric field and the
current density are given as follows⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜖 𝜕𝑡𝐸 − curl (𝜇−1𝐵) + 𝐽 = ℓ̃ℓℓ in Ω× (0, 𝑇 ),
𝜕𝑡𝐵 + curl𝐸 = 0 in Ω× (0, 𝑇 ),

𝐸 × 𝑛 = 0 on 𝜕Ω× (0, 𝑇 ),
𝐸(·, 0) = 𝐸0, 𝐵(·, 0) = 𝐵0 in Ω,

|𝐽(𝑥, 𝑡)| ≤ 𝑗𝑐(𝑥, 𝑡) for 𝑎.𝑒. (𝑥, 𝑡) ∈ Ω× (0, 𝑇 ),
𝐽(𝑥, 𝑡) ·𝐸(𝑥, 𝑡) = 𝑗𝑐(𝑥, 𝑡)|𝐸(𝑥, 𝑡)| for 𝑎.𝑒. (𝑥, 𝑡) ∈ Ω× (0, 𝑇 ).

(1)

Here 𝐸 : Ω×(0, 𝑇 ) → R3 denotes the electric field, 𝐵 : Ω×(0, 𝑇 ) → R3 the magnetic induction, 𝐽 : Ω×(0, 𝑇 ) →
R3 the current density, ℓ̃ℓℓ : Ω × (0, 𝑇 ) → R3 the applied current source, and 𝑗𝑐(𝑥, 𝑡) the critical current. For a
function 𝑓(𝑥, 𝑡), both 𝑓 and 𝜕𝑡𝑓 represent the first-order partial derivative of 𝑓 with respect to 𝑡, furthermore,
the time-variable 𝑡 in the familiar 𝐸, 𝐵, 𝐴 is left out most of time for simplicity.

The variational inequality of the second kind can be easily derived from (1) (cf. [14, 32,45]):∫︁
Ω

[︁
𝜖 𝜕𝑡𝐸(𝑡) · (𝑣 −𝐸(𝑡)) + 𝜇−1𝜕𝑡𝐵(𝑡) · (𝑤 −𝐵(𝑡)) + 𝜇−1curl𝐸(𝑡) ·𝑤 − 𝜇−1𝐵(𝑡) · curl𝑣

]︁
d𝑥

+
∫︁

Ω

(︀
|𝑣| − |𝐸(𝑡)|

)︀
𝑗𝑐(𝑥, 𝑡) d𝑥 ≥

∫︁
Ω

ℓ̃ℓℓ(𝑡) · (𝑣 −𝐸(𝑡)) d𝑥

for a.e. 𝑡 ∈ (0, 𝑇 ),∀(𝑣, 𝑤) ∈ 𝐻0(curl , Ω)×𝐿2(Ω). (2)

Here the critical value 𝑗𝑐 is independent of 𝐵(𝑡). If 𝑗𝑐 depends on the magnetic induction, the mathematical
model corresponds to a parabolic quasi-variational inequality (cf. [3, 17, 26, 49]). We refer to [6] nonconforming
finite element methods for such problem. The hyperbolic Maxwell variational inequality has been studied exten-
sively in a series of works (cf. [28,41,45–48]). In [41], Winckler and Yousept proposed a fully discrete scheme for
the Maxwell variational inequality with temperature effects. Usually, the electric field 𝐸 and magnetic induction
𝐵 are regarded as unknown variables of the problem.

The Gauss’s law ∇·𝐵 = 0 implies that there is no monopole of magnet. It is interesting to develop numerical
schemes that can preserve this divergence-free condition on the discrete level [20,21]. The constraint ∇ ·𝐵 = 0
implies the existence of a vector potential 𝐴 which satisfies, upon using the second equation of (1) and the
temporal gauge,

𝐸 = −𝜕𝑡𝐴 and 𝐵 = curl𝐴 in Ω. (3)

Then substituting (3) into the first equation of (1) leads to

𝜖 𝜕𝑡𝑡𝐴 + curl
(︀
𝜇−1curl𝐴

)︀
− 𝐽 = ℓℓℓ := −ℓ̃ℓℓ.

In this work, we shall treat 𝐴 as the main unknown variable and discretize it with the first-order edge element
method. The discrete magnetic induction is defined by curl𝐴ℎ where 𝐴ℎ is the discrete solution. Naturally we
obtain the conservation of magnetic induction, that is, div 𝐵ℎ = 0.
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To set the initial value of 𝐴, we utilize (3) and the third equation of (1). The initial condition 𝐴0 for 𝐴 can
be proposed by solving the following static problem{︂

curl𝐴0 = 𝐵0, div 𝐴0 = 0 in Ω,

𝐴0 × 𝑛 = 0 on 𝜕Ω.
(4)

From the vector potential theorem in Theorem 3.6 of [13], there exists a unique solution 𝐴0 to (4). The boundary
condition for 𝐴 can also be obtained as follows

𝐴× 𝑛 = 𝐴0 × 𝑛−
∫︁ 𝑡

0

𝐸 × 𝑛 d𝑠 = 0 on 𝜕Ω. (5)

Conversely, the identity 𝐸 = −𝜕𝑡𝐴 and the boundary condition 𝐴× 𝑛 = 0 for all 𝑡 ≥ 0 also imply 𝐸 × 𝑛 = 0
on 𝜕Ω for all 𝑡 > 0. The Maxwell system can be cast into a compact form⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝜖 𝜕𝑡𝑡𝐴 + curl (𝜇−1curl𝐴)− 𝐽 = ℓℓℓ in Ω× (0, 𝑇 ),
𝐴× 𝑛 = 0 on 𝜕Ω× (0, 𝑇 ),

𝜕𝑡𝐴(·, 0) = −𝐸0, 𝐴(·, 0) = 𝐴0 in Ω,

|𝐽(𝑥, 𝑡)| ≤ 𝑗𝑐(𝑥, 𝑡) for a.e. (𝑥, 𝑡) ∈ Ω× (0, 𝑇 ),
𝐽(𝑥, 𝑡) · 𝜕𝑡𝐴(𝑥, 𝑡) + 𝑗𝑐(𝑥, 𝑡)|𝜕𝑡𝐴(𝑥, 𝑡)| = 0 for a.e. (𝑥, 𝑡) ∈ Ω× (0, 𝑇 ).

(6)

Our research is focused on numerical analysis of the hyperbolic variational inequality of (6). This work makes
a twofold contribution. We first investigate the well-posedness of the proposed Maxwell variational inequality,
and explore error estimates for both a spatially semi-discrete scheme and a fully discrete scheme. To solve
the discrete inequality problem, we propose a projection method and a regularization method. The numerical
analysis for Maxwell variational inequality problems can be generalized to hemivariational inequality problems.
We will address the issues in future works.

The rest of this paper is organized as follows. In Section 2, we introduce the Maxwell variational inequality
based on (6) and establish its well-posedness. In Section 3, we propose a semi-discrete scheme based on finite
element method for the variational inequality problem. Error estimate is obtained. In Section 4, we propose a
fully discrete scheme for the problem and establish its stability and the first-order convergence rates both in
time and space. In Section 5, we present two numerical algorithms for solving the variational inequality and
report some numerical experiments. Throughout this paper, 𝐶 > 0 denotes a generic constant independent of
sensitive parameters, such as the time-step size 𝜏 and the mesh size ℎ, and “𝑎 . 𝑏” stands for “𝑎 ≤ 𝐶𝑏”.

2. Variational form of the Maxwell inequality problem

The purpose of this section is to propose a variational formulation for the inequality problem. The well-
posedness of the variational inequality problem will follow [17,45,49].

2.1. Function spaces

First we introduce some function spaces used in this paper. For a normed space 𝑋, ‖ · ‖𝑋 denotes its norm,
𝑋* its topologically dual space, and (·, ·)𝑋×𝑋* the duality paring between 𝑋* and 𝑋. For a given integer 𝑚,
𝐻𝑚(Ω) := {𝑣 ∈ 𝐿2(Ω) : 𝜕𝑘𝑣 ∈ 𝐿2(Ω), ∀𝑘 : 𝑘1 + 𝑘2 + 𝑘3 ≤ 𝑚} denotes the standard Sobolev spaces, where
𝑘 = (𝑘1, 𝑘2, 𝑘3) denotes the triple index and 𝑘1, 𝑘2, 𝑘3 are nonnegative integers. The norm and semi-norm on
𝐻𝑚(Ω) are denoted by ‖𝑣‖𝑚,Ω and |𝑣|𝑚,Ω, respectively. For a nonnegative function 𝛼 ∈ 𝐿∞(Ω), 𝐿2

𝛼(Ω) denotes
the weighted 𝐿2-space with the weighted scalar product (𝛼·, ·)Ω and norm ‖ · ‖0,Ω,𝛼. For simplicity, we drop the
subscript Ω in the rest of this paper.
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We shall also use the following spaces of vector-valued functions

𝐻(curl , Ω) :=
{︀
𝑣 ∈ 𝐿2(Ω) : curl𝑣 ∈ 𝐿2(Ω)

}︀
,

𝐻0(curl , Ω) := {𝑣 ∈ 𝐻(curl , Ω) : 𝑣 × 𝑛 = 0 on 𝜕Ω} ,

𝐻(div, Ω) :=
{︀
𝑣 ∈ 𝐿2(Ω) : div 𝑣 ∈ 𝐿2(Ω)

}︀
,

𝐻(div 0, Ω) := {𝑣 ∈ 𝐻(div, Ω) : div 𝑣 = 0} ,

𝑋(div 0, Ω) := 𝐻0 (curl , Ω) ∩𝐻 (div 0, Ω) ,

with the respective norms on 𝐻(curl , Ω),

‖𝑣‖curl =
(︁
‖𝑣‖20 + ‖curl𝑣‖20

)︁1/2

.

Moreover, we shall also use the regular curl space

𝐻1(curl , Ω) =
{︀
𝑣 ∈ 𝐻1(Ω) : curl𝑣 ∈ 𝐻1(Ω)

}︀
, ‖𝑣‖𝐻1(curl ,Ω) =

(︁
‖𝑣‖2𝐻1(Ω) + ‖curl𝑣‖2𝐻1(Ω)

)︁1/2

.

2.2. Variational formulation

Define the bilinear form 𝑎(·, ·) : 𝐻0(curl , Ω)×𝐻0(curl , Ω) → R by

𝑎(𝑢, 𝑣) =
(︀
𝜇−1curl𝑢, curl𝑣

)︀
.

From [13,18,37], there exists a constant 𝛼̃ > 0 such that

‖curl𝑣‖0 ≥ 𝛼̃‖𝑣‖0 ∀𝑣 ∈ 𝑋(div 0, Ω). (7)

The semi-norm ‖curl · ‖0 is equivalent to ‖ · ‖curl . An immediate consequence of (7) is

∃𝜅 ∈ R+, 𝑎(𝑣, 𝑣) ≥ 𝜅‖𝑣‖2curl ∀𝑣 ∈ 𝑋(div 0, Ω). (8)

Now we derive the variational form of the transformed Maxwell model (6). For any 𝑣 ∈ 𝐻0(curl , Ω),
multiplying the first equation in (6) by 𝑣 − 𝜕𝑡𝐴 ∈ 𝐻0(curl , Ω) and using integration by parts, we obtain

(𝜖 𝜕𝑡𝑡𝐴, 𝑣 − 𝜕𝑡𝐴) +
(︀
𝜇−1curl𝐴, curl (𝑣 − 𝜕𝑡𝐴)

)︀
+ (−𝐽 , 𝑣 − 𝜕𝑡𝐴) = (ℓℓℓ(𝑡), 𝑣 − 𝜕𝑡𝐴) .

From the fourth and fifth constraint conditions in (6), we see that

(−𝐽 , 𝑣 − 𝜕𝑡𝐴) = (−𝐽 , 𝑣) + (𝐽 , 𝜕𝑡𝐴) ≤
∫︁

Ω

𝑗𝑐(𝑥, 𝑡) · |𝑣|d𝑥−
∫︁

Ω

𝑗𝑐(𝑥, 𝑡) · |𝜕𝑡𝐴|d𝑥.

Define a functional 𝜙 : [0, 𝑇 ] × 𝐿1(Ω) → R by 𝜙(𝑡, 𝑣) =
∫︀
Ω

𝑗𝑐(𝑥, 𝑡) · |𝑣|d𝑥. We are now led to the following
Maxwell variational inequality of the second kind.

Problem 2.1. Find 𝐴 ∈ 𝑊 2,∞(0, 𝑇 ; 𝐿2(Ω)) ∩𝑊 1,∞(0, 𝑇 ; 𝐻0(curl , Ω)) such that(︀
𝜖 𝜕𝑡𝑡𝐴(𝑡), 𝑣 − 𝜕𝑡𝐴(𝑡)

)︀
+ 𝑎
(︀
𝐴(𝑡), 𝑣 − 𝜕𝑡𝐴(𝑡)

)︀
+ 𝜙

(︀
𝑡, 𝑣
)︀
− 𝜙

(︀
𝑡, 𝜕𝑡𝐴(𝑡)

)︀
≥
(︀
ℓℓℓ(𝑡), 𝑣 − 𝜕𝑡𝐴(𝑡)

)︀
, (9)

for a.e. 𝑡 ∈ (0, 𝑇 ), ∀𝑣 ∈ 𝐻0(curl , Ω),

𝜕𝑡𝐴(0) = 𝐸̃0 := −𝐸0, 𝐴(0) = 𝐴0 in Ω.
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2.3. Well-posedness of Problem 2.1

The well-posedness of problem (2) has been studied in [2, 17, 40, 42, 45, 47]. To state the result for the new
formulation (9), we first make some assumptions on the material parameters, the source term, and the initial
conditions.

Assumption 2.2. The following conditions hold ([41,49]).

(H1) 𝜖, 𝜇 ∈ 𝐿∞(Ω) are strictly positive, i.e., there exist positive constants 𝜖, 𝜖, 𝜇, 𝜇 ∈ R+ such that

𝜖 ≤ 𝜖 ≤ 𝜖, 𝜇 ≤ 𝜇 ≤ 𝜇.

(H2) For every fixed 𝑡 ∈ (0, 𝑇 ), the function 𝑗𝑐(·, 𝑡) : Ω → R is Lebesgue-measurable. Moreover, there exit two
constants 𝐶𝑗𝑐

> 0, 𝐿𝑗𝑐
> 0 such that

0 ≤ 𝑗𝑐(𝑥, 𝑡) ≤ 𝐶𝑗𝑐
,

|𝑗𝑐(𝑥, 𝑡1)− 𝑗𝑐(𝑥, 𝑡2)| ≤ 𝐿𝑗𝑐 |𝑡1 − 𝑡2|,

for a.e. 𝑥 ∈ Ω and all 𝑡, 𝑡1, 𝑡2 ∈ (0, 𝑇 ).
(H3) ℓℓℓ ∈ 𝐶0,1(0, 𝑇 ; 𝐿2(Ω)).
(H4) 𝐸0 ∈ 𝐻0(curl , Ω) and 𝜇−1𝐵0 ∈ 𝑋(Ω) := {𝑞 ∈ 𝐻(curl , Ω) : (𝜇𝑞,∇𝜑) = 0 ∀𝜑 ∈ 𝐻1(Ω)}.

We remark that Assumption 2.2 is reasonable in practical applications. In fact, (H1) is satisfied by general
real-world materials. (H2) represents the global boundness and the Lipschitz continuity of 𝑗𝑐 (cf. [41, 49] for
more details). (H3) is only concerned with the temporal smoothness of the source and not restrictive. As given
in [17, 45, 49], (H4) standards for the assumption on the initial values for the well-posedness of the 𝐸-𝐵 type
Maxwell variational inequality (e.g. (2)). Furthermore, from (H4) and (4), the initial values of (6) can be fixed,
i.e., 𝐸0, 𝐴0 ∈ 𝐻0(curl , Ω).

Theorem 2.3. Under Assumption 2.2, Problem 2.1 has a unique solution 𝐴 ∈ 𝑊 2,∞(0, 𝑇 ; 𝐿2(Ω))∩𝑊 1,∞(0, 𝑇 ;
𝐻0(curl , Ω)) which satisfies⃦⃦
𝜕𝑡𝐴

⃦⃦
𝐿2(0,𝑇 ;𝐿2

𝜖(Ω))
+
⃦⃦
curl𝐴

⃦⃦
𝐿2(0,𝑇 ;𝐿2

1/𝜇
(Ω))
.
⃦⃦
𝐸0

⃦⃦
0,𝜖

+
⃦⃦
curl𝐴0

⃦⃦
0,1/𝜇

+
⃦⃦
ℓℓℓ
⃦⃦

𝐿2(0,𝑇 ;𝐿2(Ω))
+
⃦⃦
𝑗𝑐

⃦⃦
𝐿2(0,𝑇 ;𝐿∞(Ω)

.

Proof. We divide the proof into three steps.

Step I. Existence of a solution 𝐴. Thanks to Theorem 3.5 of [17] or Theorem 5.1 of [49], with Assump-
tion 2.2, the Maxwell system (1) admits a unique solution (𝐸, 𝜇−1𝐵) ∈

(︀
𝑊 1,∞(0, 𝑇 ; 𝐿2(Ω)) ∩

𝐿∞(0, 𝑇 ; 𝐻0(curl , Ω))
)︀
×
(︀
𝑊 1,∞(0, 𝑇 ; 𝐿2(Ω))∩𝐿∞(0, 𝑇 ; 𝑋(Ω))

)︀
. By (3) and (5), we know that Problem 2.1

has at least one solution which satisfies

𝐴 ∈ 𝑊 2,∞ (︀0, 𝑇 ; 𝐿2(Ω)
)︀
∩𝑊 1,∞ (0, 𝑇 ; 𝐻0 (curl , Ω)) .

Step II. Uniqueness of the solution 𝐴. Let 𝐴1 and 𝐴2 be two possible solutions of Problem 2.1. If we take
𝑣 = 𝜕𝑡𝐴2 in the inequality (9) (resp. the analogous inequality with respect to 𝐴2), and then add the two
inequalities, it follows by setting 𝑊 = 𝐴1 −𝐴2 that

(𝜖 𝜕𝑡𝑡𝑊 , 𝜕𝑡𝑊 ) + 𝑎 (𝑊 , 𝜕𝑡𝑊 ) ≤ 0,

which is equivalent to
d
d𝑡

{︁
‖𝜕𝑡𝑊 ‖20,𝜖 + 𝑎 (𝑊 , 𝑊 )

}︁
≤ 0.

Since 𝑊 (0) = 0 and 𝜕𝑡𝑊 (0) = 0 that

‖𝜕𝑡𝑊 ‖20,𝜖 + 𝑎 (𝑊 , 𝑊 ) = 0,

which shows that 𝑊 = 0, i.e., 𝐴1 = 𝐴2.
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Step III. Stability. Taking 𝑣 = 0, 2𝜕𝑡𝐴 in (9), respectively, we obtain

d
d𝑡
‖𝜕𝑡𝐴‖20,𝜖 +

d
d𝑡
‖curl𝐴‖20,1/𝜇 = 2 ((ℓℓℓ, 𝜕𝑡𝐴)− 𝜙 (𝑡, 𝜕𝑡𝐴)) ≤ 𝐶 (‖ℓℓℓ‖0 + ‖𝑗𝑐‖∞) ‖𝜕𝑡𝐴‖0,𝜖 .

Integrating this inequality over the time interval (0, 𝑇 ) for a fixed 𝑡 ∈ (0, 𝑇 ) yields

‖𝜕𝑡𝐴‖20,𝜖 + ‖curl𝐴‖20,1/𝜇 ≤ ‖𝜕𝑡𝐴(0)‖20,𝜖 + ‖curl𝐴(0)‖20,1/𝜇 + 𝐶

∫︁ 𝑡

0

(︁
‖ℓℓℓ‖20 + ‖𝑗𝑐‖2∞

)︁
d𝑠 +

∫︁ 𝑡

0

‖𝜕𝑡𝐴‖20,𝜖 d𝑠.

Applying Gronwall’s inequality yields the desired stability (cf. [10]). The proof is finished.

�

Remark 2.4. The threshold function 𝑗𝑐 has three common-used forms

𝑗𝑐(𝑥, 𝑡) =

⎧⎪⎨⎪⎩
𝑗𝑐(𝑥, 𝑡) case 1,

𝑗𝑐(𝑥, 𝑡; 𝜃(𝑥, 𝑡)) case 2,

𝑗𝑐(𝑥, 𝑡; 𝜃(𝑥, 𝑡), 𝐵(𝑥, 𝑡)) case 3,

where 𝜃(𝑥, 𝑡) stands for the temperature. We only focus on case 1 in this work.

Remark 2.5. The Ohm’s law gives 𝐽 = 𝜎𝐸. The conductivity 𝜎 > 0 refers to conductors, 𝜎 = 0 to dielectric
materials, and 𝜎 = ∞ to perfect conductors.

3. Spatially semi-discrete approximation

Let 𝒯ℎ be a quasi-uniform partition of Ω into shape-regular tetrahedra, namely, Ω =
⋃︀

𝐾∈𝒯ℎ
𝐾. Here ℎ =

max𝐾∈𝒯ℎ
ℎ𝐾 and ℎ𝐾 denotes the diameter of tetrahedron 𝐾. The first-order Nédélec edge element space of the

second kind is defined by

𝑉 ℎ :=
{︁

𝑣ℎ ∈ 𝐻0(curl , Ω) : 𝑣ℎ|𝐾 ∈ (𝒫1(𝐾))3 ∀𝐾 ∈ 𝒯ℎ

}︁
,

where 𝒫𝑚(𝐾) denotes the space of polynomials of degree ≤ 𝑚 on 𝐾. The semi-discrete approximation to
Problem 2.1 is given as follows:

Problem 3.1. Find 𝐴ℎ ∈ 𝑊 2,∞(0, 𝑇 ; 𝑉 ℎ) such that(︁
𝜖 𝜕𝑡𝑡𝐴

ℎ(𝑡), 𝑣ℎ − 𝜕𝑡𝐴
ℎ(𝑡)

)︁
+ 𝑎

(︁
𝐴ℎ(𝑡), 𝑣ℎ − 𝜕𝑡𝐴

ℎ(𝑡)
)︁

+ 𝜙
(︀
𝑡, 𝑣ℎ

)︀
− 𝜙

(︁
𝑡, 𝜕𝑡𝐴

ℎ(𝑡)
)︁

≥
(︁
ℓℓℓ(𝑡), 𝑣ℎ − 𝜕𝑡𝐴

ℎ(𝑡)
)︁

for a.e. 𝑡 ∈ (0, 𝑇 ), ∀𝑣ℎ ∈ 𝑉 ℎ. (10)

We then have the following result.

Theorem 3.2. Let Assumption 2.2 holds, Problem 3.1 has a unique solution 𝐴ℎ ∈ 𝑊 2,∞(0, 𝑇 ; 𝑉 ℎ) satisfying⃦⃦⃦
𝜕𝑡𝐴

ℎ
⃦⃦⃦

𝐿2(0,𝑇 ;𝐿2
𝜖(Ω))

+
⃦⃦⃦
curl𝐴ℎ

⃦⃦⃦
𝐿2(0,𝑇 ;𝐿2

1/𝜇
(Ω))

≤ 𝐶,

where 𝐶 = 𝐶(𝐸0, 𝐴0, ℓℓℓ, 𝐽𝑐).
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Proof. We consider the following mixed formulation of the variational inequality, find (𝐸̃
ℎ
, 𝐵̃

ℎ
) ∈

𝑊 1,∞(0, 𝑇 ; 𝑉 ℎ)×𝑊 1,∞(0, 𝑇 ; 𝑊 ℎ) such that∫︁
Ω

𝜖 𝜕𝑡𝐸̃
ℎ
(𝑡) ·

(︁
𝑣ℎ − 𝐸̃

ℎ
(𝑡)
)︁

+ 𝜇−1𝜕𝑡𝐵̃
ℎ
(𝑡) ·

(︁
𝑤ℎ − 𝐵̃

ℎ
(𝑡)
)︁

d𝑥

+
∫︁

Ω

𝜇−1
(︁
curl 𝐸̃

ℎ
(𝑡) ·

(︁
𝑤ℎ − 𝐵̃

ℎ
(𝑡)
)︁
− 𝐵̃

ℎ
(𝑡) · curl

(︁
𝑣ℎ − 𝐸̃

ℎ
(𝑡)
)︁)︁

d𝑥 + 𝜙
(︀
𝑡, 𝑣ℎ

)︀
− 𝜙

(︁
𝑡, 𝐸̃

ℎ
(𝑡)
)︁

≥
(︁
ℓℓℓ(𝑡), 𝑣ℎ − 𝐸̃

ℎ
(𝑡)
)︁

for a.e. 𝑡 ∈ (0, 𝑇 ), ∀𝑣ℎ ∈ 𝑉 ℎ, 𝑤ℎ ∈ 𝑊 ℎ, (11)

where 𝑊 ℎ ⊂ 𝐿2(Ω) is a family of finite-dimensional subspaces and curl𝑉 ℎ ⊂ 𝑊 ℎ. From the discussion in
Section 4 of [45] and a classical result ([1], Thm. 4.1), we know that (11) has a unique solution (𝐸̃

ℎ
, 𝐵̃

ℎ
) ∈

𝑊 1,∞(0, 𝑇 ; 𝑉 ℎ)×𝑊 1,∞(0, 𝑇 ; 𝑊 ℎ). Moreover, it satisfies

𝜕𝑡𝐵̃
ℎ

+ curl 𝐸̃
ℎ

= 0. (12)

Set

𝐴ℎ(𝑡) = 𝐴ℎ
0 +

∫︁ 𝑡

0

𝐸̃
ℎ
(𝑠) d𝑠 ∀𝑡 ∈ (0, 𝑇 ), (13)

with 𝐴ℎ
0 ∈ 𝑉 ℎ satisfying −curl𝐴ℎ

0 = 𝐵̃
ℎ

0 . Then by the regularity of 𝐸̃
ℎ
, the construction (13) immediately

yields that
𝐴ℎ ∈ 𝑊 2,∞ (0, 𝑇 ; 𝑉 ℎ) , 𝜕𝑡𝐴

ℎ = 𝐸̃
ℎ
.

Applying the rotational operator to (13) and using (12), we obtain

curl𝐴ℎ(𝑡) = curl𝐴ℎ
0 +

∫︁ 𝑡

0

curl 𝐸̃
ℎ
(𝑠) d𝑠 = −𝐵̃

ℎ

0 −
∫︁ 𝑡

0

𝜕𝑡𝐵̃
ℎ
(𝑠) d𝑠 = −𝐵̃

ℎ
(𝑡) ∀𝑡 ∈ (0, 𝑇 ).

Now we see that 𝐴ℎ ∈ 𝑊 2,∞(0, 𝑇 ; 𝑉 ℎ) satisfies (10), i.e., 𝐴ℎ is a solution of Problem 3.1.
The arguments of uniqueness and stability of 𝐴ℎ are similar with Steps II and III in the proof of Theorem 2.3,

we will not further elaborate here. �

Let ℐℎ be the canonical Nédélec edge element interpolation operator of the second kind onto 𝑉 ℎ, see [37] for
its specific definition. Then there exist two positive constants 𝐶1, 𝐶2 independent of ℎ such that

‖𝑢− ℐℎ𝑢‖0 ≤ 𝐶1ℎ
2 ‖𝑢‖𝐻2(Ω) ∀𝑢 ∈ 𝐻2 (Ω) , (14)

‖curl (𝑢− ℐℎ𝑢)‖0 ≤ 𝐶2ℎ ‖𝑢‖𝐻1(curl ,Ω) ∀𝑢 ∈ 𝐻1(curl , Ω). (15)

Theorem 3.3. Let 𝐴(𝑡) and 𝐴ℎ(𝑡) be the solutions to Problems 2.1 and 3.1, respectively. Suppose the initial
values 𝐴0, 𝐸̃0 ∈ 𝐻1(curl , Ω) and there exist finite element approximations 𝐴ℎ

0 := 𝐴ℎ(0), 𝐸̃
ℎ

0 := 𝐸̃
ℎ
(0) ∈ 𝑉 ℎ

to 𝐴0 and 𝐸̃0, respectively, which admit the error estimates⃦⃦⃦
𝐸̃0 − 𝐸̃

ℎ

0

⃦⃦⃦
0,𝜖

+
⃦⃦⃦
curl

(︁
𝐴0 −𝐴ℎ

0

)︁⃦⃦⃦
0,1/𝜇

. ℎ. (16)

If the exact solution 𝐴 ∈ 𝑊 2,∞(0, 𝑇 ; 𝐻2(Ω) ∩𝐻1(curl , Ω)), then⃦⃦⃦
𝜕𝑡𝐴− 𝜕𝑡𝐴

ℎ
⃦⃦⃦

0,𝜖
+
⃦⃦⃦
curl

(︁
𝐴−𝐴ℎ

)︁⃦⃦⃦
0,1/𝜇

. ℎ, for a.e. 𝑡 ∈ (0, 𝑇 ).
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Proof. Write 𝑒 = 𝐴−𝐴ℎ. It is obvious that

1
2

d
d𝑡

[︁
‖𝑒̇‖20,𝜖 + 𝑎 (𝑒, 𝑒)

]︁
= (𝜖 𝑒̈, 𝑒̇) + 𝑎

(︁
𝐴−𝐴ℎ, 𝜕𝑡𝐴− 𝜕𝑡𝐴

ℎ
)︁

= (𝜖 𝑒̈, 𝑒̇) + 𝑎
(︁
𝐴, 𝜕𝑡𝐴− 𝜕𝑡𝐴

ℎ
)︁
− 𝑎

(︁
𝐴ℎ, 𝜕𝑡𝐴− 𝑣ℎ

)︁
+ 𝑎

(︁
𝐴ℎ, 𝜕𝑡𝐴

ℎ − 𝑣ℎ
)︁

∀𝑣ℎ ∈ 𝑉 ℎ. (17)

Taking 𝑣 = 𝜕𝑡𝐴
ℎ in (9), we find that

𝑎
(︁
𝐴, 𝜕𝑡𝐴− 𝜕𝑡𝐴

ℎ
)︁
≤
(︁
𝜖 𝜕𝑡𝑡𝐴, 𝜕𝑡𝐴

ℎ − 𝜕𝑡𝐴
)︁

+ 𝜙
(︁
𝑡, 𝜕𝑡𝐴

ℎ
)︁
− 𝜙 (𝑡, 𝜕𝑡𝐴)−

(︁
ℓℓℓ, 𝜕𝑡𝐴

ℎ − 𝜕𝑡𝐴
)︁

. (18)

Moreover, in view of (10), we also have

𝑎
(︁
𝐴ℎ, 𝜕𝑡𝐴

ℎ − 𝑣ℎ
)︁
≤
(︁
𝜖 𝜕𝑡𝑡𝐴

ℎ, 𝑣ℎ − 𝜕𝑡𝐴
ℎ
)︁

+ 𝜙
(︀
𝑡, 𝑣ℎ

)︀
− 𝜙

(︁
𝑡, 𝜕𝑡𝐴

ℎ
)︁
−
(︁
ℓℓℓ, 𝑣ℎ − 𝜕𝑡𝐴

ℎ
)︁

. (19)

Using −𝑎(𝐴ℎ, 𝜕𝑡𝐴− 𝑣ℎ) = 𝑎(𝐴−𝐴ℎ, 𝜕𝑡𝐴− 𝑣ℎ) + 𝑎(𝐴, 𝑣ℎ − 𝜕𝑡𝐴) and taking 𝑣 = 2𝜕𝑡𝐴− 𝑣ℎ in (9), we have

𝑎
(︀
𝐴, 𝑣ℎ − 𝜕𝑡𝐴

)︀
≤
(︀
𝜖 𝜕𝑡𝑡𝐴, 𝜕𝑡𝐴− 𝑣ℎ

)︀
+ 𝜙

(︀
𝑡, 2𝜕𝑡𝐴− 𝑣ℎ

)︀
− 𝜙 (𝑡, 𝜕𝑡𝐴)−

(︀
ℓℓℓ, 𝜕𝑡𝐴− 𝑣ℎ

)︀
. (20)

Combining these inequalities with (17), we arrive at

1
2

d
d𝑡

[︁
‖𝑒̇‖20,𝜖 + 𝑎 (𝑒, 𝑒)

]︁
≤ 𝑎

(︁
𝐴−𝐴ℎ, 𝜕𝑡𝐴− 𝑣ℎ

)︁
+
(︀
𝜖 𝑒̈, 𝜕𝑡𝐴− 𝑣ℎ

)︀
+ 𝐼𝜙, (21)

where

𝐼𝜙 = 𝜙
(︀
𝑡, 2𝜕𝑡𝐴− 𝑣ℎ

)︀
+ 𝜙

(︀
𝑡, 𝑣ℎ

)︀
− 2𝜙 (𝑡, 𝜕𝑡𝐴)

=
∫︁

Ω

𝑗𝑐(𝑥, 𝑡) ·
(︀⃒⃒

2𝜕𝑡𝐴− 𝑣ℎ
⃒⃒

+
⃒⃒
𝑣ℎ
⃒⃒
− |𝜕𝑡𝐴|

)︀
d𝑥 ≤ 𝐶

⃦⃦
𝜕𝑡𝐴− 𝑣ℎ

⃦⃦
0
. (22)

Now we integrate (21) over (0, 𝑡) and use (22). This yields

‖𝑒̇‖20,𝜖 + 𝑎 (𝑒, 𝑒) . ‖𝑒̇(0)‖20,𝜖 + ‖curl 𝑒(0)‖20,1/𝜇 +
∫︁ 𝑡

0

[︂⃦⃦⃦
curl

(︁
𝐴−𝐴ℎ

)︁⃦⃦⃦2

0,1/𝜇
+
⃦⃦
curl

(︀
𝜕𝑡𝐴− 𝑣ℎ

)︀⃦⃦2

0,1/𝜇

]︂
d𝑠

+ 𝐶

∫︁ 𝑡

0

⃦⃦
𝜕𝑡𝐴− 𝑣ℎ

⃦⃦
0

d𝑠 +
∫︁ 𝑡

0

(︀
𝜖 𝑒̈, 𝜕𝑡𝐴− 𝑣ℎ

)︀
d𝑠. (23)

Take 𝑣ℎ = ℐℎ𝜕𝑡𝐴 in (23) and write 𝑑ℎ = 𝐴− ℐℎ𝐴. The formula of integration by parts implies∫︁ 𝑡

0

(︁
𝜖 𝑒̈, 𝜕𝑡𝑑

ℎ
)︁

d𝑠 = −
∫︁ 𝑡

0

(︁
𝜖 𝑒̇, 𝜕𝑡𝑡𝑑

ℎ
)︁

d𝑠 +
(︁
𝜖 𝑒̇, 𝜕𝑡𝑑

ℎ
)︁ ⃒⃒⃒𝑠=𝑡

𝑠=0

.
1
2

∫︁ 𝑡

0

(︂
‖𝑒̇‖20,𝜖 +

⃦⃦⃦
𝜕𝑡𝑡𝑑

ℎ
⃦⃦⃦2

0,𝜖

)︂
d𝑠 +

𝜀

2
‖𝑒̇‖20,𝜖 +

1
2𝜀

⃦⃦⃦
𝜕𝑡𝑑

ℎ
⃦⃦⃦2

0,𝜖
+

1
2
‖𝑒̇(0)‖20,𝜖 +

1
2

⃦⃦⃦
𝜕𝑡𝑑

ℎ(0)
⃦⃦⃦2

0,𝜖
.

Inserting the above inequality into (23) and using Gronwall’s inequality, we arrive at

‖𝑒̇‖0,𝜖 + ‖curl 𝑒‖0,1/𝜇 . ‖𝑒̇(0)‖0,𝜖 + ‖curl 𝑒(0)‖0,1/𝜇 +
⃦⃦⃦
curl 𝜕𝑡𝑑

ℎ
⃦⃦⃦

𝐿2(0,𝑇 ;𝐿2(Ω))
+
⃦⃦⃦
𝜕𝑡𝑑

ℎ
⃦⃦⃦1/2

𝐿2(0,𝑇 ;𝐿2(Ω))

+
⃦⃦⃦
𝜕𝑡𝑡𝑑

ℎ
⃦⃦⃦

𝐿2(0,𝑇 ;𝐿2
𝜖(Ω))

+
⃦⃦⃦
𝜕𝑡𝑑

ℎ
⃦⃦⃦

0,𝜖
+
⃦⃦⃦
𝜕𝑡𝑑

ℎ(0)
⃦⃦⃦

0,𝜖
.

Using (14), (15) and inequality (16), we obtain
⃦⃦
𝑒̇
⃦⃦

0,𝜖
+
⃦⃦
curl 𝑒

⃦⃦
0,1/𝜇

. ℎ. The proof is finished. �
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4. A fully discrete scheme

Let 𝑁 > 0 be a positive integer and 𝜏 = 𝑇/𝑁 be the time-step size. A partition of the time interval [0, 𝑇 ] is
given by 𝑡𝑘 = 𝑘𝜏 , 𝑘 = 0, 1, · · · , 𝑁 . Define the time-difference operators

𝛿𝑡𝑡𝐴𝑘 =
𝐴𝑘 − 2𝐴𝑘−1 + 𝐴𝑘−2

𝜏2
, 𝛿𝑡𝐴𝑘 =

𝐴𝑘 −𝐴𝑘−1

𝜏
, 𝑘 ≥ 1.

For convenience, we shall also use the notations 𝐸̃𝑘 := 𝛿𝑡𝐴𝑘(𝑘 ≥ 0) and 𝐴−1 := 𝐴0 − 𝜏𝐸̃0. In fact, −𝛿𝑡𝐴𝑘 is
the approximation of 𝐸 due to its definition (3).

4.1. Fully discrete scheme

A first-order fully discrete scheme is designed based on the backward time-difference scheme and first-order
finite element discretization for Problem 2.1.

Problem 4.1. Find
{︀
𝐴ℎ

𝑘

}︀𝑁

𝑘=1
⊂ 𝑉 ℎ such that(︁

𝜖 𝛿𝑡𝑡𝐴
ℎ
𝑘 , 𝑣ℎ − 𝛿𝑡𝐴

ℎ
𝑘

)︁
+ 𝑎

(︁
𝐴ℎ

𝑘 , 𝑣ℎ − 𝛿𝑡𝐴
ℎ
𝑘

)︁
+ 𝜙

(︀
𝑡𝑘, 𝑣ℎ

)︀
− 𝜙

(︁
𝑡𝑘, 𝛿𝑡𝐴

ℎ
𝑘

)︁
≥
(︁
ℓℓℓ𝑘, 𝑣ℎ − 𝛿𝑡𝐴

ℎ
𝑘

)︁
∀𝑣ℎ ∈ 𝑉 ℎ, (24)

where the initial values and the right-hand side are defined by

𝐴ℎ
0 = ℐℎ𝐴0, 𝐸̃

ℎ

0 = ℐℎ𝐸̃0, ℓℓℓ𝑘 =
1
𝜏

∫︁ 𝑡𝑘

𝑡𝑘−1

ℓℓℓ(𝑡) d𝑡, (25)

and the discrete approximations 𝐴ℎ
0 , 𝐸̃

ℎ

0 satisfy (16).

Using the definition 𝐸̃
ℎ

𝑘 = 𝛿𝑡𝐴
ℎ
𝑘 , we can formulate (24) into an equivalent form.

Problem 4.2. Find
{︀
𝐸̃

ℎ

𝑘

}︀𝑁

𝑘=1
⊂ 𝑉 ℎ such that

𝑎̃
(︁
𝐸̃

ℎ

𝑘 , 𝑣ℎ − 𝐸̃
ℎ

𝑘

)︁
+ 𝜙

(︀
𝑡𝑘, 𝑣ℎ

)︀
− 𝜙

(︁
𝑡𝑘, 𝐸̃

ℎ

𝑘

)︁
≥
(︁
𝑓ℎ

𝑘 , 𝑣ℎ − 𝐸̃
ℎ

𝑘

)︁
∀𝑣ℎ ∈ 𝑉 ℎ, (26)

where the bilinear form 𝑎̃ : 𝑉 ℎ × 𝑉 ℎ → R and the linear form 𝑓ℎ
𝑘 : 𝑉 ℎ → R are, respectively, defined by

𝑎̃
(︀
𝑣ℎ, 𝑤ℎ

)︀
= 𝜏−1

(︀
𝜖 𝑣ℎ, 𝑤ℎ

)︀
+ 𝜏𝑎

(︀
𝑣ℎ, 𝑤ℎ

)︀
,

(︁
𝑓ℎ

𝑘 , 𝑣ℎ
)︁

=
(︁
𝜏−1𝜖𝐸̃

ℎ

𝑘−1 − ℓℓℓ𝑘, 𝑣ℎ
)︁

+ 𝑎
(︁
𝐴ℎ

𝑘−1, 𝑣
ℎ
)︁

.

By the classical theory in [30], Problem 4.2 has a unique solution 𝐸̃
ℎ

𝑘 ∈ 𝑉 ℎ for each 𝑘 ≥ 1. The following
theorem gives the stability of the numerical solutions.

Theorem 4.3. Suppose ℓℓℓ
(𝑗)
𝑘 ∈ 𝐿2(0, 𝑇 ; 𝐿2(Ω)) and

{︀
𝐴

(𝑗), ℎ
𝑘

}︀
are the numerical solutions of Problem 4.1 corre-

sponding to ℓℓℓ
(𝑗)
𝑘 for 𝑗 = 1, 2 with the initial values 𝐴

(1), ℎ
0 = 𝐴

(2), ℎ
0 and 𝐸̃

(1), ℎ

0 = 𝐸̃
(2), ℎ

0 . Then the stability of
Lipschitz continuity holds⃦⃦⃦

𝛿𝑡𝐴
(1), ℎ
𝑘 − 𝛿𝑡𝐴

(2), ℎ
𝑘

⃦⃦⃦
0,𝜖

+
⃦⃦⃦
curl𝐴(1), ℎ

𝑘 − curl𝐴(2), ℎ
𝑘

⃦⃦⃦
0,1/𝜇

.
⃦⃦⃦
ℓℓℓ
(1)
𝑘 − ℓℓℓ

(2)
𝑘

⃦⃦⃦
𝐿2(0,𝑇 ;𝐿2(Ω))

. (27)

Moreover, if ℓℓℓ satisfies (H3), the numerical solutions satisfy

max
𝑘=0,··· ,𝑁

(︂⃦⃦⃦
𝐴ℎ

𝑘

⃦⃦⃦
0,𝜖

+
⃦⃦⃦
curl𝐴ℎ

𝑘

⃦⃦⃦
0,1/𝜇

+
⃦⃦⃦
𝛿𝑡𝐸̃

ℎ

𝑘

⃦⃦⃦
0,𝜖

+
⃦⃦⃦
curl 𝐸̃

ℎ

𝑘

⃦⃦⃦
0,1/𝜇

)︂
≤ 𝐶. (28)
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Proof. First we prove the stability of Lipschitz continuity. From (24), we have, for any 𝑣ℎ ∈ 𝑉 ℎ,(︁
𝜖 𝛿𝑡𝐸̃

(𝑗), ℎ

𝑘 , 𝑣ℎ − 𝐸̃
(𝑗), ℎ

𝑘

)︁
+ 𝑎

(︁
𝐴

(𝑗), ℎ
𝑘 , 𝑣ℎ − 𝐸̃

(𝑗), ℎ

𝑘

)︁
+ 𝜙

(︀
𝑡𝑘, 𝑣ℎ

)︀
− 𝜙

(︁
𝑡𝑘, 𝐸̃

(𝑗), ℎ

𝑘

)︁
≥
(︁
ℓℓℓ
(𝑗)
𝑘 , 𝑣ℎ − 𝐸̃

(𝑗), ℎ

𝑘

)︁
𝑗 = 1, 2. (29)

Taking 𝑣ℎ = 𝐸̃
(2), ℎ

𝑘 for 𝑗 = 1 and 𝑣ℎ = 𝐸̃
(1), ℎ

𝑘 for 𝑗 = 2 in (29), we obtain(︁
𝜖 𝛿𝑡𝐸̃

(1), ℎ

𝑘 , 𝐸̃
(1), ℎ

𝑘 − 𝐸̃
(2), ℎ

𝑘

)︁
+ 𝑎

(︁
𝐴

(1), ℎ
𝑘 , 𝐸̃

(1), ℎ

𝑘 − 𝐸̃
(2), ℎ

𝑘

)︁
− 𝜙

(︁
𝑡𝑘, 𝐸̃

(2), ℎ

𝑘

)︁
+ 𝜙

(︁
𝑡𝑘, 𝐸̃

(1), ℎ

𝑘

)︁
≤
(︁
ℓℓℓ
(1)
𝑘 , 𝐸̃

(1), ℎ

𝑘 − 𝐸̃
(2), ℎ

𝑘

)︁
,(︁

−𝜖 𝛿𝑡𝐸̃
(2), ℎ

𝑘 , 𝐸̃
(1), ℎ

𝑘 − 𝐸̃
(2), ℎ

𝑘

)︁
+ 𝑎

(︁
−𝐴

(2), ℎ
𝑘 , 𝐸̃

(1), ℎ

𝑘 − 𝐸̃
(2), ℎ

𝑘

)︁
+ 𝜙

(︁
𝑡𝑘, 𝐸̃

(2), ℎ

𝑘

)︁
− 𝜙

(︁
𝑡𝑘, 𝐸̃

(1), ℎ

𝑘

)︁
≤
(︁
−ℓℓℓ

(2)
𝑘 , 𝐸̃

(1), ℎ

𝑘 − 𝐸̃
(2), ℎ

𝑘

)︁
.

Adding the above two inequalities yields(︁
𝜖 𝛿𝑡𝜉

ℎ
𝑘 , 𝜉ℎ

𝑘

)︁
+ 𝑎

(︁
𝜁ℎ

𝑘 , 𝛿𝑡𝜁
ℎ
𝑘

)︁
≤
(︁
ℓℓℓ
(1)
𝑘 − ℓℓℓ

(2)
𝑘 , 𝜉ℎ

𝑘

)︁
, (30)

where 𝜁ℎ
𝑘 := 𝐴

(1), ℎ
𝑘 −𝐴

(2), ℎ
𝑘 and 𝜉ℎ

𝑘 := 𝛿𝑡𝜁
ℎ
𝑘 = 𝐸̃

(1), ℎ

𝑘 − 𝐸̃
(2), ℎ

𝑘 .
Now using the identity 2𝑥(𝑥− 𝑦) = 𝑥2 − 𝑦2 + (𝑥− 𝑦)2, we deduce that

2
(︁
𝜖 𝛿𝑡𝜉

ℎ
𝑘 , 𝜉ℎ

𝑘

)︁
= 𝜏−1

⃦⃦⃦
𝜉ℎ

𝑘

⃦⃦⃦2

0,𝜖
− 𝜏−1

⃦⃦⃦
𝜉ℎ

𝑘−1

⃦⃦⃦2

0,𝜖
+
⃦⃦⃦
𝛿𝑡𝜉

ℎ
𝑘

⃦⃦⃦2

0,𝜖
,

2𝑎
(︁
𝜁ℎ

𝑘 , 𝛿𝑡𝜁
ℎ
𝑘

)︁
= 𝜏−1𝑎

(︁
𝜁ℎ

𝑘 , 𝜁ℎ
𝑘

)︁
− 𝜏−1𝑎

(︁
𝜁ℎ

𝑘−1, 𝜁
ℎ
𝑘−1

)︁
+ 𝑎

(︁
𝛿𝑡𝜁

ℎ
𝑘 , 𝛿𝑡𝜁

ℎ
𝑘

)︁
.

Substituting the two equalities into (30) and summing up the inequalities for 𝑘 = 0, · · · , 𝑛 (0 ≤ 𝑛 ≤ 𝑁), we
have ⃦⃦⃦

𝜉ℎ
𝑛

⃦⃦⃦2

0,𝜖
+ 𝑎

(︁
𝜁ℎ

𝑛, 𝜁ℎ
𝑛

)︁
. 𝜏

𝑛∑︁
𝑘=0

⃦⃦⃦
ℓℓℓ
(1)
𝑘 − ℓℓℓ

(2)
𝑘

⃦⃦⃦2

0
+ 𝜏

𝑛∑︁
𝑘=0

⃦⃦⃦
𝜉ℎ

𝑘

⃦⃦⃦2

0,𝜖
.

Since 𝜉ℎ
0 = 0, 𝜁ℎ

0 = 0, by the assumptions, applying the discrete Gronwall’s inequality yields (27).

Next we prove (28). Taking 𝑣ℎ = 0, 2𝐸̃
ℎ

𝑘 in (24), respectively, we get

1
𝜏

(︁
𝜖 ·
(︁
𝐸̃

ℎ

𝑘 − 𝐸̃
ℎ

𝑘−1

)︁
, 𝐸̃

ℎ

𝑘

)︁
+ 𝑎

(︁
𝐴ℎ

𝑘 , 𝐸̃
ℎ

𝑘

)︁
=
(︁
ℓℓℓ𝑘, 𝐸̃

ℎ

𝑘

)︁
− 𝜙

(︁
𝑡𝑘, 𝐸̃

ℎ

𝑘

)︁
. (31)

Then we see⃦⃦⃦
𝐸̃

ℎ

𝑘

⃦⃦⃦2

0,𝜖
−
⃦⃦⃦
𝐸̃

ℎ

𝑘−1

⃦⃦⃦2

0,𝜖
+
⃦⃦⃦
curl𝐴ℎ

𝑘

⃦⃦⃦2

0,1/𝜇
−
⃦⃦⃦
curl𝐴ℎ

𝑘−1

⃦⃦⃦2

0,1/𝜇
. 𝜏 (‖ℓℓℓ𝑘‖0 + ‖𝑗𝑐‖∞)

⃦⃦⃦
𝐸̃

ℎ

𝑘

⃦⃦⃦
0,𝜖

.

Summing up 𝑘 from 1 to 𝑛 (𝑛 ≤ 𝑁), leads to

⃦⃦⃦
𝐸̃

ℎ

𝑛

⃦⃦⃦2

0,𝜖
+
⃦⃦⃦
curl𝐴ℎ

𝑛

⃦⃦⃦2

0,1/𝜇
. 𝜏

𝑛∑︁
𝑘=0

⃦⃦⃦
𝐸̃

ℎ

𝑘

⃦⃦⃦2

0,𝜖
+ 𝜏

𝑛∑︁
𝑘=0

(︁
‖ℓℓℓ𝑘‖20 + ‖𝑗𝑐‖2∞

)︁
+
⃦⃦⃦
𝐸̃

ℎ

0

⃦⃦⃦2

0,𝜖
+
⃦⃦⃦
curl𝐴ℎ

0

⃦⃦⃦2

0,1/𝜇
.
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By Gronwall’s inequality, we then obtain the stability⃦⃦⃦
𝐸̃

ℎ

𝑛

⃦⃦⃦
0,𝜖

+
⃦⃦⃦
curl 𝐴ℎ

𝑛

⃦⃦⃦
0,1/𝜇

≤ 𝐶, 0 ≤ 𝑛 ≤ 𝑁.

i.e. max
𝑘=0,··· ,𝑁

{︂⃦⃦⃦
𝐸̃

ℎ

𝑘

⃦⃦⃦
0,𝜖

+
⃦⃦⃦
curl 𝐴ℎ

𝑘

⃦⃦⃦
0,1/𝜇

}︂
≤ 𝐶.

Due to the fact

𝐴ℎ
𝑘 = 𝐴ℎ

0 + 𝜏

𝑘∑︁
𝑖=1

𝐸̃
ℎ

𝑖 ,

we have
max

𝑘=0,··· ,𝑁

⃦⃦⃦
𝐴ℎ

𝑘

⃦⃦⃦
0,𝜖
≤ 𝐶.

Besides, fixing 𝑗 and discarding such superscript, taking 𝑣ℎ = 𝐸̃
ℎ

𝑘+1 in the 𝑘th inequality of (29) and 𝑣ℎ = 𝐸̃
ℎ

𝑘

in the (𝑘 + 1)th inequality, we have(︁
−𝜖 𝛿𝑡𝐸̃

ℎ

𝑘 , 𝐸̃
ℎ

𝑘+1 − 𝐸̃
ℎ

𝑘

)︁
+ 𝑎

(︁
−𝐴ℎ

𝑘 , 𝐸̃
ℎ

𝑘+1 − 𝐸̃
ℎ

𝑘

)︁
− 𝜙

(︁
𝑡𝑘, 𝐸̃

ℎ

𝑘+1

)︁
+ 𝜙

(︁
𝑡𝑘, 𝐸̃

ℎ

𝑘

)︁
≤
(︁
−ℓℓℓ𝑘, 𝐸̃

ℎ

𝑘+1 − 𝐸̃
ℎ

𝑘

)︁
,(︁

𝜖 𝛿𝑡𝐸̃
ℎ

𝑘+1, 𝐸̃
ℎ

𝑘+1 − 𝐸̃
ℎ

𝑘

)︁
+ 𝑎

(︁
𝐴ℎ

𝑘+1, 𝐸̃
ℎ

𝑘+1 − 𝐸̃
ℎ

𝑘

)︁
− 𝜙

(︁
𝑡𝑘+1, 𝐸̃

ℎ

𝑘

)︁
+ 𝜙

(︁
𝑡𝑘+1, 𝐸̃

ℎ

𝑘+1

)︁
≤
(︁
ℓℓℓ𝑘+1, 𝐸̃

ℎ

𝑘+1 − 𝐸̃
ℎ

𝑘

)︁
.

Adding the above two inequalities results in(︁
𝜖 𝛿𝑡

(︁
𝐸̃

ℎ

𝑘+1 − 𝐸̃
ℎ

𝑘

)︁
, 𝛿𝑡𝐸̃

ℎ

𝑘+1

)︁
+ 𝑎

(︁
𝐸̃

ℎ

𝑘+1, 𝐸̃
ℎ

𝑘+1 − 𝐸̃
ℎ

𝑘

)︁
≤ 1

𝜏

{︁
𝜙
(︁
𝑡𝑘, 𝐸̃

ℎ

𝑘+1

)︁
− 𝜙

(︁
𝑡𝑘, 𝐸̃

ℎ

𝑘

)︁
− 𝜙

(︁
𝑡𝑘+1, 𝐸̃

ℎ

𝑘+1

)︁
+ 𝜙

(︁
𝑡𝑘+1, 𝐸̃

ℎ

𝑘

)︁}︁
+
(︁
ℓℓℓ𝑘+1 − ℓℓℓ𝑘, 𝛿𝑡𝐸̃

ℎ

𝑘+1

)︁
.

This implies⃦⃦⃦
𝛿𝑡𝐸̃

ℎ

𝑘+1

⃦⃦⃦2

0,𝜖
−
⃦⃦⃦
𝛿𝑡𝐸̃

ℎ

𝑘

⃦⃦⃦2

0,𝜖
+
⃦⃦⃦
curl 𝐸̃

ℎ

𝑘+1

⃦⃦⃦2

0,1/𝜇
−
⃦⃦⃦
curl 𝐸̃

ℎ

𝑘

⃦⃦⃦2

0,1/𝜇

≤ 1
2

∫︁
Ω

(𝑗𝑐 (𝑥, 𝑡𝑘+1)− 𝑗𝑐 (𝑥, 𝑡𝑘)) ·

⃒⃒⃒
𝐸̃

ℎ

𝑘

⃒⃒⃒
−
⃒⃒⃒
𝐸̃

ℎ

𝑘+1

⃒⃒⃒
𝜏

d𝑥 +
1
2

(︁
ℓℓℓ𝑘+1 − ℓℓℓ𝑘, 𝛿𝑡𝐸̃

ℎ

𝑘+1

)︁
. 𝜏

⃦⃦⃦⃦
𝑗𝑐 (𝑥, 𝑡𝑘+1)− 𝑗𝑐 (𝑥, 𝑡𝑘)

𝜏

⃦⃦⃦⃦
0

·
⃦⃦⃦
𝛿𝑡𝐸̃

ℎ

𝑘+1

⃦⃦⃦
0,𝜖

+ 𝜏

∫︁ 𝑡𝑘+1

𝑡𝑘

(︁
𝜕𝑡ℓℓℓ(𝑡), 𝛿𝑡𝐸̃

ℎ

𝑘+1

)︁
d𝑡.

Summing up the above inequalities for 𝑘 = 0, · · · , 𝑛(𝑛 ≤ 𝑁 − 1), employing (H2) and Gronwall’s inequality, we
obtain ⃦⃦⃦

𝛿𝑡𝐸̃
ℎ

𝑛+1

⃦⃦⃦2

0,𝜖
+
⃦⃦⃦
curl 𝐸̃

ℎ

𝑛+1

⃦⃦⃦2

0,1/𝜇
.
⃦⃦⃦
𝐴ℎ

0

⃦⃦⃦2

0,𝜖
+
⃦⃦⃦
curl 𝐸̃

ℎ

0

⃦⃦⃦2

0,1/𝜇
+ 𝐿𝑗𝑐 + 𝜏2 ‖𝜕𝑡ℓℓℓ‖2𝐿2(0,𝑇 ;𝐿2(Ω)) ≤ 𝐶.

The proof is finished. �

4.2. A priori error analysis

The objective of this subsection is to derive an error estimate for the fully discrete problem. Define 𝐴𝑘 =
𝐴(𝑡𝑘), 𝜕𝑡𝐴𝑘 = (𝜕𝑡𝐴)(𝑡𝑘), and 𝜕𝑡𝑡𝐴𝑘 = (𝜕𝑡𝑡𝐴)(𝑡𝑘) for 0 ≤ 𝑘 ≤ 𝑁 . We also denote 𝜕2

𝑡 · := 𝜕𝑡𝑡· and 𝛿2
𝑡 · := 𝛿𝑡(𝛿𝑡·)

and so forth.



3238 F. JING ET AL.

Theorem 4.4. Let 𝐴 and 𝐴ℎ
𝑘 be the solutions of Problems 2.1 and 4.1, respectively. Suppose

– Assumption 2.2 holds,
– 𝐴 ∈ 𝑊 3,∞(0, 𝑇 ; 𝐿2(Ω)) ∩𝑊 2,∞(0, 𝑇 ; 𝐻2(Ω) ∩𝐻0(curl , Ω)).

Then the following error estimate holds

max
𝑘=0,··· ,𝑁

{︂⃦⃦⃦
𝛿𝑡

(︁
𝐴𝑘 −𝐴ℎ

𝑘

)︁⃦⃦⃦
0,𝜖

+
⃦⃦⃦
curl

(︁
𝐴𝑘 −𝐴ℎ

𝑘

)︁⃦⃦⃦
0,1/𝜇

}︂
. ℎ + 𝜏.

Proof. For convenience, we define 𝑒𝑘 = 𝐴𝑘 −𝐴ℎ
𝑘 and A𝑘 = (𝜖 𝛿𝑡𝑡𝑒𝑘, 𝛿𝑡𝑒𝑘) + 𝑎(𝑒𝑘, 𝛿𝑡𝑒𝑘). It is clear that

2𝜏A𝑘 ≥ ‖𝛿𝑡𝑒𝑘‖20,𝜖 − ‖𝛿𝑡𝑒𝑘−1‖20,𝜖 + ‖curl 𝑒𝑘‖20,1/𝜇 − ‖curl 𝑒𝑘−1‖20,1/𝜇 . (32)

To estimate the upper bound of A𝑘, we take 𝑣 = 𝛿𝑡𝐴
ℎ
𝑘 in (9) at 𝑡 = 𝑡𝑘. It gives(︁

𝜖 𝜕𝑡𝑡𝐴𝑘, 𝛿𝑡𝐴
ℎ
𝑘 − 𝜕𝑡𝐴𝑘

)︁
+ 𝑎

(︁
𝐴𝑘, 𝛿𝑡𝐴

ℎ
𝑘 − 𝜕𝑡𝐴𝑘

)︁
≥
(︁
ℓℓℓ𝑘, 𝛿𝑡𝐴

ℎ
𝑘 − 𝜕𝑡𝐴𝑘

)︁
− 𝜙

(︁
𝑡𝑘, 𝛿𝑡𝐴

ℎ
𝑘

)︁
+ 𝜙 (𝑡𝑘, 𝜕𝑡𝐴𝑘) .

Similarly, taking 𝑣ℎ = ℐℎ(𝜕𝑡𝐴𝑘) in (24) yields(︁
𝜖 𝛿𝑡𝑡𝐴

ℎ
𝑘 , ℐℎ (𝜕𝑡𝐴𝑘)− 𝛿𝑡𝐴

ℎ
𝑘

)︁
+ 𝑎

(︁
𝐴ℎ

𝑘 , ℐℎ (𝜕𝑡𝐴𝑘)− 𝛿𝑡𝐴
ℎ
𝑘

)︁
≥
(︁
ℓℓℓ𝑘, ℐℎ (𝜕𝑡𝐴𝑘)− 𝛿𝑡𝐴

ℎ
𝑘

)︁
− 𝜙 (𝑡𝑘, ℐℎ (𝜕𝑡𝐴𝑘))

+ 𝜙
(︁
𝑡𝑘, 𝛿𝑡𝐴

ℎ
𝑘

)︁
.

Write 𝜂𝑘 := ℐℎ(𝜕𝑡𝐴𝑘)− 𝜕𝑡𝐴𝑘 for convenience. Manipulating the terms of A𝑘 properly and using the above two
inequalities, we obtain

A𝑘 = −
(︁
𝜖 𝜕𝑡𝑡𝐴𝑘, 𝛿𝑡𝐴

ℎ
𝑘 − 𝜕𝑡𝐴𝑘

)︁
− 𝑎

(︁
𝐴𝑘, 𝛿𝑡𝐴

ℎ
𝑘 − 𝜕𝐴𝑘

)︁
−
(︁
𝜖 𝛿𝑡𝑡𝐴

ℎ
𝑘 , ℐℎ (𝜕𝑡𝐴𝑘)− 𝛿𝑡𝐴

ℎ
𝑘

)︁
− 𝑎

(︁
𝐴ℎ

𝑘 , ℐℎ (𝜕𝑡𝐴𝑘)− 𝛿𝑡𝐴
ℎ
𝑘

)︁
+ (𝜖 (𝛿𝑡𝑡𝐴𝑘 − 𝜕𝑡𝑡𝐴𝑘) , 𝛿𝑡𝑒𝑘 + 𝜂𝑘 + 𝜕𝑡𝐴𝑘 − 𝛿𝑡𝐴𝑘)⏟  ⏞  

𝑅
(1)
𝑘

+ (𝜖 𝛿𝑡𝑡𝑒𝑘, 𝛿𝑡𝐴𝑘 − 𝜕𝑡𝐴𝑘 − 𝜂𝑘)⏟  ⏞  
𝑅

(2)
𝑘

+ 𝑎 (𝑒𝑘, 𝛿𝑡𝐴𝑘 − 𝜕𝑡𝐴𝑘 − 𝜂𝑘)⏟  ⏞  
𝑅

(3)
𝑘

+ (𝜖 𝜕𝑡𝑡𝐴𝑘, 𝜂𝑘) + 𝑎 (𝐴𝑘, 𝜂𝑘)

≤ 𝑅
(1)
𝑘 + 𝑅

(2)
𝑘 + 𝑅

(3)
𝑘 + 𝜙 (𝑡𝑘, ℐℎ (𝜕𝑡𝐴𝑘))− 𝜙 (𝑡𝑘, 𝜕𝑡𝐴𝑘)⏟  ⏞  

𝑅
(4)
𝑘

+ (𝜖 𝜕𝑡𝑡𝐴𝑘, 𝜂𝑘) + 𝑎 (𝐴𝑘, 𝜂𝑘)− (ℓℓℓ𝑘, 𝜂𝑘)⏟  ⏞  
𝑅

(5)
𝑘

.

Together with (32), this shows

‖𝛿𝑡𝑒𝑛‖20,𝜖 + ‖curl 𝑒𝑛‖20,1/𝜇 .
𝑛∑︁

𝑘=1

5∑︁
𝑖=1

𝜏𝑅
(𝑖)
𝑘 +

⃦⃦
𝛿𝑡𝑒0

⃦⃦2

0,𝜖
+
⃦⃦
curl 𝑒0

⃦⃦2

0,1/𝜇
, 1 ≤ 𝑛 ≤ 𝑁. (33)

In the rest of the proof, we are going to estimate each term on the right-hand side of (33).
For any smooth function 𝑓 of 𝑡, Taylor’s formula shows that

𝛿𝑡𝑡𝑓𝑗 =
𝑓𝑗 − 2𝑓𝑗−1 + 𝑓𝑗−2

𝜏2
= 𝜕𝑡𝑡𝑓𝑗 −

𝜏

2

∫︁ 2

0

𝜕3
𝑡 𝑓(𝑡𝑗−2 + 𝜏𝑠)𝑠2 d𝑠 + 𝜏

∫︁ 1

0

𝜕3
𝑡 𝑓(𝑡𝑗−1 + 𝑠𝜏)𝑠2 d𝑠,

𝛿𝑡𝑓𝑗 =
𝑓𝑗 − 𝑓𝑗−1

𝜏
= 𝜕𝑡𝑓𝑗 − 𝜏

∫︁ 1

0

𝜕𝑡𝑡𝑓(𝑡𝑗−1 + 𝑠𝜏)𝑠 d𝑠,

𝛿𝑡 (𝛿𝑡𝑓𝑗 − 𝜕𝑡𝑓𝑗) =
𝛿𝑡𝑓𝑗 − 𝜕𝑡𝑓𝑗

𝜏
− 𝛿𝑡𝑓𝑗−1 − 𝜕𝑡𝑓𝑗−1

𝜏
= −𝜏

∫︁ 1

0

∫︁ 1

0

𝜕3
𝑡 𝑓 (𝑡𝑗−2 + 𝑟𝜏 + 𝑠𝜏) 𝑠 d𝑟 d𝑠.
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They show that

‖𝛿𝑡 (curl𝐴𝑘)− 𝜕𝑡 (curl𝐴𝑘)‖0,1/𝜇 . 𝜏 ‖𝜕𝑡𝑡(curl𝐴)‖𝐿∞(𝑡𝑘−1,𝑡𝑘;𝐿2(Ω)) , (34)

‖𝛿𝑚
𝑡 𝐴𝑘 − 𝜕𝑚

𝑡 𝐴𝑘‖0,𝜖 . 𝜏
⃦⃦
𝜕𝑚+1

𝑡 𝐴
⃦⃦

𝐿∞(𝑡𝑘−𝑚,𝑡𝑘;𝐿2(Ω))
(𝑚 = 1, 2), (35)

‖𝛿𝑡 (𝛿𝑡𝐴𝑘 − 𝜕𝑡𝐴𝑘)‖0,𝜖 . 𝜏
⃦⃦
𝜕3

𝑡 𝐴
⃦⃦

𝐿∞(𝑡𝑘−2,𝑡𝑘;𝐿2(Ω))
. (36)

Moreover, using (14) and (15), we also have

‖𝜂𝑘‖0,𝜖 . ℎ2 ‖𝜕𝑡𝐴𝑘‖𝐻2(Ω) , ‖𝜂𝑘‖curl . ℎ ‖𝜕𝑡𝐴𝑘‖𝐻1(curl ,Ω) (37)

‖𝛿𝑡𝜂𝑘‖0,𝜖 = ‖ℐℎ (𝛿𝑡𝜕𝑡𝐴𝑘)− 𝛿𝑡𝜕𝑡𝐴𝑘‖0,𝜖 . ℎ2 ‖𝛿𝑡𝜕𝑡𝐴𝑘‖𝐻2(Ω) . ℎ2 ‖𝜕𝑡𝑡𝐴‖𝐿∞(𝑡𝑘−1,𝑡𝑘;𝐻2(Ω)) . (38)

It follows that
𝑛∑︁

𝑘=1

𝜏𝑅
(1)
𝑘 . 𝜏

𝑛∑︁
𝑘=1

‖𝛿𝑡𝑡𝐴𝑘 − 𝜕𝑡𝑡𝐴𝑘‖0,𝜖

(︁
‖𝛿𝑡𝑒𝑘‖0,𝜖 + ‖𝜂𝑘‖0,𝜖 + ‖𝛿𝑡𝐴𝑘 − 𝜕𝑡𝐴𝑘‖0,𝜖

)︁
. 𝜏2 ‖𝐴‖𝑊 3,∞(0,𝑇 ;𝐿2(Ω))

𝑛∑︁
𝑘=1

(︁
‖𝛿𝑡𝑒𝑘‖0,𝜖 + ℎ2 ‖𝜕𝑡𝐴𝑘‖𝐻2(Ω) + 𝜏 ‖𝐴‖𝑊 2,∞(0,𝑇 ;𝐿2(Ω))

)︁

. 𝜏
(︀
𝜏 + ℎ2

)︀
+ 𝜏

(︃
𝑛∑︁

𝑘=1

𝜏 ‖𝛿𝑡𝑒𝑘‖20,𝜖

)︃1/2

. (39)

Similarly, using summation by parts and the inequalities (36)–(38), we get
𝑛∑︁

𝑘=1

𝜏𝑅
(2)
𝑘 =

𝑛∑︁
𝑘=1

𝜏 (𝜖 𝛿𝑡𝑡𝑒𝑘, 𝛿𝑡𝐴𝑘 − 𝜕𝑡𝐴𝑘 − 𝜂𝑘)

= (𝜖 𝛿𝑡𝑒𝑛, 𝛿𝑡𝐴𝑛 − 𝜕𝑡𝐴𝑛 − 𝜂𝑛)− (𝜖 𝛿𝑡𝑒0, 𝛿𝑡𝐴1 − 𝜕𝑡𝐴1 − 𝜂1)−
𝑛∑︁

𝑘=2

𝜏 (𝜖 𝛿𝑡𝑒𝑘−1, 𝛿𝑡 (𝛿𝑡𝐴𝑘 − 𝜕𝑡𝐴𝑘 − 𝜂𝑘))

. ‖𝛿𝑡𝑒𝑛‖0,𝜖

(︁
𝜏
⃦⃦
𝜕2

𝑡 𝐴
⃦⃦

𝐿∞(𝑡𝑛−1,𝑡𝑛;𝐿2(Ω))
+ ℎ2 ‖𝜕𝑡𝐴𝑛‖𝐻2(Ω)

)︁
+ ‖𝛿𝑡𝑒0‖0,𝜖

(︁
𝜏
⃦⃦
𝜕2

𝑡 𝐴
⃦⃦

𝐿∞(𝑡0,𝑡1;𝐿2(Ω))
+ ℎ2 ‖𝜕𝑡𝐴1‖𝐻2(Ω)

)︁
+ 𝜏

(︁
𝜏
⃦⃦
𝜕3

𝑡 𝐴
⃦⃦

𝐿∞(0,𝑇 ;𝐿2(Ω))
+ ℎ2 ‖𝜕𝑡𝑡𝐴‖𝐿∞(0,𝑇 ;𝐻2(Ω))

)︁ 𝑛−1∑︁
𝑘=1

‖𝛿𝑡𝑒𝑘‖0,𝜖

.
(︀
𝜏 + ℎ2

)︀ (︁
‖𝛿𝑡𝑒𝑛‖20,𝜖 + ‖𝛿𝑡𝑒0‖20,𝜖

)︁
+
(︀
𝜏 + ℎ2

)︀(︃ 𝑛∑︁
𝑘=1

𝜏 ‖𝛿𝑡𝑒𝑘‖20,𝜖

)︃1/2

. (40)

Moreover, an application of the Cauchy–Schwarz inequality and (34) leads to
𝑛∑︁

𝑘=1

𝜏𝑅
(3)
𝑘 .

𝑛∑︁
𝑘=1

𝜏 ‖curl 𝑒𝑘‖0,1/𝜇

(︁
𝜏 ‖𝜕𝑡𝑡𝐴‖𝐿∞(𝑡𝑘−1,𝑡𝑘;𝐻(curl ,Ω)) + ℎ ‖𝜕𝑡𝐴𝑘‖𝐻1(curl ,Ω)

)︁

.
[︁
𝜏 ‖𝜕𝑡𝑡𝐴‖𝐿∞(0,𝑇 ;𝐻(curl ,Ω)) + ℎ ‖𝜕𝑡𝐴‖𝐿∞(0,𝑇 ;𝐻1(curl ,Ω))

]︁(︃ 𝑛∑︁
𝑘=1

𝜏 ‖curl 𝑒𝑘‖20,1/𝜇

)︃1/2

. (41)

The estimate of 𝑅
(4)
𝑘 is easy and given by

𝑛∑︁
𝑘=1

𝜏𝑅
(4)
𝑘 ≤

𝑛∑︁
𝑘=1

𝜏

∫︁
Ω

𝑗𝑐 (𝑥, 𝑡𝑘) |ℐℎ (𝜕𝑡𝐴𝑘)− 𝜕𝑡𝐴𝑘| d𝑥 . 𝜏ℎ2
𝑛∑︁

𝑘=1

‖𝜕𝑡𝐴𝑘‖𝐻2(Ω) . ℎ2. (42)
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Now it is left to estimate 𝑅
(5)
𝑘 . Using (6), (37) and the Cauchy–Schwarz inequality, we obtain

𝑛∑︁
𝑘=1

𝜏𝑅
(5)
𝑘 ≤

𝑛∑︁
𝑘=1

𝜏
⃦⃦
𝜖 𝜕𝑡𝑡𝐴𝑘 + curl

(︀
𝜇−1curl𝐴𝑘

)︀
− ℓℓℓ𝑘

⃦⃦
0
‖𝜂𝑘‖0 =

𝑛∑︁
𝑘=1

𝜏 ‖𝐽𝑘‖0 ‖𝜂𝑘‖0

. ℎ2
𝑛∑︁

𝑘=1

𝜏‖𝐽‖𝐿∞(0,𝑇 ;𝐿2(Ω)) ‖𝜕𝑡𝐴𝑘‖𝐻2(Ω) . ℎ2, (43)

where we have used the regularity of 𝐽 , c.f. Theorem 1 of [22], Lemma 4.3 of [23] and Lemma 2.1 of [45] for
more details.

Finally, inserting (39)–(43) into (33) and assuming 𝜏 + ℎ ≪ 1, we obtain

‖𝛿𝑡𝑒𝑛‖20,𝜖 + ‖curl 𝑒𝑛‖20,1/𝜇 . ℎ2 + (𝜏 + ℎ)

(︃
𝑛∑︁

𝑘=1

𝜏
(︁
‖𝛿𝑡𝑒𝑘‖20,𝜖 + ‖curl 𝑒𝑘‖20,1/𝜇

)︁)︃
+ ‖𝛿𝑡𝑒0‖20,𝜖 + ‖curl 𝑒0‖20,1/𝜇 .

The proof is finished by using (16) and Gronwall’s inequality. �

Remark 4.5. We discuss the convergence behaviors from the temporal and spatial aspect, separately. Since we
are using the first-order backward time-difference for 𝜕𝑡𝐴, the first-order convergence rate in time is expected
to be optimal for ‖𝛿𝑡(𝐴𝑘 −𝐴ℎ

𝑘)‖0,𝜖, not for ‖curl (𝐴𝑘 −𝐴ℎ
𝑘)‖0,1/𝜇. However, Theorems 3.3 and 4.4 reveal an

optimal spatial error estimate for ‖curl (𝐴𝑘 −𝐴ℎ
𝑘)‖0,1/𝜇, rather than ‖𝛿𝑡(𝐴𝑘 −𝐴ℎ

𝑘)‖0,𝜖, by using the first-order
Nédélec edge elements.

5. Numerical experiments

In this section, we first propose two methods for solving the discrete variational inequality Problem 4.1, then
verify the convergence orders and performances of our finite element method with two numerical examples,
one has an analytical solution and the other is from the type-II superconductivity. The implementations of our
algorithms are based on the finite element software Parallel Hierarchical Grid (PHG) [31,50]. All computations
are carried out on the LSSC-IV Cluster of the State Key Laboratory of Scientific and Engineering Computing,
Chinese Academy of Sciences.

5.1. The projection method

The first method is based on the classical projection method, or the Uzawa-type method (cf. [14, 24, 29]).
Introduce a Lagrange multiplier 𝜆𝜆𝜆 = −𝐽/𝑗𝑐 and define the inner product (·, ·)𝑗𝑐

:= (𝑗𝑐(𝑥, 𝑡) ·, ·). The variational
inequality can be reformulated into a variational equation with constraints (cf. [11, 12,14,25]).

Problem 5.1. Find 𝐴 ∈ 𝑊 2,∞(0, 𝑇 ; 𝐿2(Ω)) ∩𝑊 1,∞(0, 𝑇 ; 𝐻0(curl , Ω)) and 𝜆𝜆𝜆 ∈ 𝐿∞(0, 𝑇 ;𝐿𝐿𝐿2(Ω)) such that{︂
(𝜖 𝜕𝑡𝑡𝐴, 𝑣) + 𝑎(𝐴, 𝑣) + (𝜆𝜆𝜆, 𝑣)𝑗𝑐

= (ℓℓℓ, 𝑣) ∀𝑣 ∈ 𝐻0(curl , Ω),
|𝜆𝜆𝜆| ≤ 1, 𝜆𝜆𝜆 · 𝜕𝑡𝐴 = |𝜕𝑡𝐴| in Ω× (0, 𝑇 ),

(44)

The finite element space for discretizing 𝜆𝜆𝜆 is chosen as the space of piecewise linear and discontinuous
polynomials

𝛬ℎ =
{︀
𝑣ℎ ∈ 𝐿2(Ω) : 𝑣ℎ|𝐾 ∈ 𝒫1(𝐾), ∀𝐾 ∈ 𝒯ℎ

}︀
.

Similarly, we introduce a discrete Lagrange multiplier and propose the discrete problem.
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Problem 5.2. Find 𝐴ℎ
𝑘 ∈ 𝑉 ℎ and 𝜆𝜆𝜆ℎ

𝑘 ∈ 𝛬𝛬𝛬ℎ such that⎧⎪⎨⎪⎩
(︁
𝜖 𝛿𝑡𝑡𝐴

ℎ
𝑘 , 𝑣ℎ

)︁
+ 𝑎

(︁
𝐴ℎ

𝑘 , 𝑣ℎ
)︁

+
(︀
𝜆𝜆𝜆ℎ

𝑘 , 𝑣ℎ
)︀
𝑗𝑐

=
(︀
ℓℓℓ𝑘, 𝑣ℎ

)︀
∀𝑣ℎ ∈ 𝑉 ℎ,⃒⃒

𝜆𝜆𝜆ℎ
𝑘

⃒⃒
≤ 1, 𝜆𝜆𝜆ℎ

𝑘 · 𝛿𝑡𝐴
ℎ
𝑘 =

⃒⃒⃒
𝛿𝑡𝐴

ℎ
𝑘

⃒⃒⃒
.

(45)

The discrete form of (·, ·)𝑗𝑐 in (45) contains the value of 𝑗𝑐 at 𝑡𝑘.

Algorithm 1. The discrete projection algorithm for solving Problem 5.2.
Step 1. Set the initial guesses 𝜆𝜆𝜆ℎ

𝑘,0 := 𝜆𝜆𝜆ℎ
𝑘−1, 𝐴

ℎ
𝑘,0 := 𝐴ℎ

𝑘−1, a parameter 𝛼 > 0, and a tolerance 𝜀tol > 0.

Step 2. Given 𝜆𝜆𝜆ℎ
𝑘,𝑛 with 𝑛 ≥ 0, find 𝐴ℎ

𝑘,𝑛+1 ∈ 𝑉 ℎ which satisfies

(︁
𝜖 𝛿𝑡𝑡𝐴

ℎ
𝑘,𝑛+1,𝑣

ℎ
)︁

+ 𝑎
(︁
𝐴ℎ

𝑘,𝑛+1,𝑣
ℎ
)︁

=
(︁
ℓℓℓ𝑘,𝑣ℎ

)︁
−
(︁
𝜆𝜆𝜆ℎ

𝑘,𝑛,𝑣ℎ
)︁

𝑗𝑐

. (46)

Step 3. Set 𝜆𝜆𝜆ℎ
𝑘,𝑛+1 = 𝑃 (𝜆𝜆𝜆ℎ

𝑘,𝑛 + 𝛼𝛿𝑡𝐴
ℎ
𝑘,𝑛+1), where 𝑃 (𝜇𝜇𝜇) := max

{︀
− 111, min{111,𝜇𝜇𝜇}

}︀
.

Step 4. If
⃦⃦
𝐴ℎ

𝑘,𝑛+1 −𝐴ℎ
𝑘,𝑛

⃦⃦
0
/
⃦⃦
𝐴ℎ

𝑘,𝑛+1

⃦⃦
0

< 𝜀tol, set 𝐴ℎ
𝑘 ← 𝐴ℎ

𝑘,𝑛+1 and 𝑘 ← 𝑘 + 1. Otherwise, go to Step 2.

In Algorithm 1, the first-order and second-order time differences are, respectively, defined as follows

𝛿𝑡𝐴
ℎ
𝑘,𝑛+1 =

𝐴ℎ
𝑘,𝑛+1 −𝐴ℎ

𝑘−1

𝜏
, 𝛿𝑡𝑡𝐴

ℎ
𝑘,𝑛+1 =

𝐴ℎ
𝑘,𝑛+1 − 2𝐴ℎ

𝑘−1 + 𝐴ℎ
𝑘−2

𝜏2
,

which will also be used in the forthcoming regularization method.

5.2. The regularization method

The idea of the regularization method is to polish the nonsmooth functional 𝜙 with a small parameter 𝜀 > 0
such that the new functional 𝜙𝜀 is Fréchet-differentiable and transform the variational inequality into a nonlinear
variational equation. In our case, the regularized functional is defined by

𝜙𝜀(𝑡, 𝑤) =
∫︁

Ω

𝑗𝑐(𝑥, 𝑡) · 𝜌𝜀(𝑤) d𝑥, 𝜌𝜀(𝑠) :=
√︀

𝑠2 + 𝜀2 − 𝜀,

then

lim
ℎ→0

𝜙𝜀(𝑡, 𝑤 + ℎ𝑣)− 𝜙𝜀(𝑡, 𝑤)
ℎ

= (𝜌′𝜀(𝑤), 𝑣)𝑗𝑐 .

Following ([11], Chapt. I, 7.1), the finite element approximation to the regularized problem is proposed as
follows.

Problem 5.3. Find an element 𝐴ℎ
𝜀,𝑘 ∈ 𝑉 ℎ such that(︁

𝜖 𝛿𝑡𝑡𝐴
ℎ
𝜀,𝑘, 𝑣ℎ

)︁
+ 𝑎

(︁
𝐴ℎ

𝜀,𝑘, 𝑣ℎ
)︁

+
(︁
𝜌′𝜀

(︁
𝛿𝑡𝐴

ℎ
𝜀,𝑘

)︁
, 𝑣ℎ
)︁

𝑗𝑐

=
(︀
ℓℓℓ𝑘, 𝑣ℎ

)︀
∀𝑣ℎ ∈ 𝑉 ℎ. (47)

In both algorithms, we need to solve a linearized 𝐻(curl )-elliptic problem in 𝑉 ℎ at each time step and
each iteration. For both (46) and (48), the stiff matrices are symmetric and positive definite. We use the
preconditioned conjugate gradient (PCG) method to solve the algebraic systems with the Hiptmair-Xu (HX)
preconditioner [19,27].

Remark 5.4. In [16, 17], Yousept et al. proposed a leap-frog scheme for the original formulation of Maxwell
variational inequalities (1). Compared to the implicit Euler scheme, it turns out to be much more suitable and
efficient since an efficiently computable explicit formula is available for the discretized variational inequality.
Thus, it is interesting to extend the ideas therein and design appropriate explicit methods. We will envision this
in the future work.
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Algorithm 2. The Picard iteration for solving Problem 5.3.

Step 1. Set 𝐴ℎ
𝜖,0 = 𝐴ℎ

0 and 𝛿𝑡𝐴
ℎ
𝜖,0 = 𝐸̃

ℎ
0 .

Step 2. Given 𝛿𝑡𝐴
ℎ
𝜀,𝑘,0 := 𝛿𝑡𝐴

ℎ
𝜀,𝑘−1, find 𝐴ℎ

𝜀,𝑘,𝑛+1 ∈ 𝑉 ℎ (𝑛 ≥ 1) such that

(︁
𝜖 𝛿𝑡𝑡𝐴

ℎ
𝜀,𝑘,𝑛+1,𝑣

ℎ
)︁

+ 𝑎
(︁
𝐴ℎ

𝜀,𝑘,𝑛+1,𝑣
ℎ
)︁

+

∫︁

Ω

𝑗𝑐

𝛿𝑡𝐴
ℎ
𝜀,𝑘,𝑛+1 · 𝑣ℎ

√︁⃒⃒
𝛿𝑡𝐴

ℎ
𝜀,𝑘,𝑛

⃒⃒2
+ 𝜀2

d𝑥 =
(︁
ℓℓℓ𝑘,𝑣ℎ

)︁
∀𝑣ℎ ∈ 𝑉 ℎ. (48)

Step 3. If
⃦⃦
𝐴ℎ

𝜀,𝑘,𝑛+1 −𝐴ℎ
𝜀,𝑘,𝑛

⃦⃦
0
/
⃦⃦
𝐴ℎ

𝜀,𝑘,𝑛+1

⃦⃦
0

< 𝜀tol, set 𝐴ℎ
𝜀,𝑘 := 𝐴ℎ

𝜀,𝑘,𝑛+1 and 𝑘 ← 𝑘 + 1. Otherwise, go to Step 2.

Table 1. Convergence orders by Algorithm 1.

(𝜏, ℎ)
⃦⃦
𝐴𝑁 −𝐴ℎ

𝑁

⃦⃦
0

Order
⃦⃦
𝐴𝑁 −𝐴ℎ

𝑁

⃦⃦
curl ,Ω

Order

(𝜏0, ℎ0) 4.84e−03 – 3.57e−02 –
(𝜏0, ℎ0) /2 2.35e−03 1.04 1.82e−02 0.98
(𝜏0, ℎ0) /4 1.25e−03 0.91 9.23e−03 0.98
(𝜏0, ℎ0) /8 6.57e−04 0.93 4.66e−03 0.98
(𝜏0, ℎ0) /16 3.37e−04 0.96 2.35e−03 0.99

5.3. Numerical examples

Without specifications, we set the relative tolerance and the maximal number of iterations for the PCG
method by 𝜀pcg = 10−9 and 𝑁max

pcg = 100, and set the relative tolerance and maximal number of iterations for
solving the nonlinear problems by 𝜀tol = 10−6 and 𝑁max

nl = 100. The relaxation parameter is set by 𝛼 = 1 for
the projection method. The regularization parameter is set by 𝜀 = 10−6 for the regularization method.

Example 5.1 (Convergence orders). This example is to verify the convergence orders of the finite element
method and investigate the performances for the two solution algorithms. The computational domain is set by
Ω = (0, 1)3 and the physical parameters are set by 𝜖 = 1 and 𝜇 = 1. The exact solution is taken as

𝐴(𝑥, 𝑡) = e−𝑡(sin 𝑥 cos(𝑦𝑧), cos 𝑥, sin(𝑦𝑧) sin 𝑥)⊤.

The current density is taken as 𝐽 = −𝜕𝑡𝐴/|𝜕𝑡𝐴| and the critical current is 𝑗𝑐(𝑥, 𝑡) = 1. The right-hand side ℓℓℓ
and the initial conditions are computed with the explicit expression of 𝐴. The final time is taken as 𝑇 = 1.

In this example, we employ a sequence of uniform tetrahedral meshes of Ω with the initial mesh size ℎ0 =
√

3/4
and a sequence of uniform subdivisions of [0, 𝑇 ] with the initial time-step length 𝜏0 = 0.05. The mesh size and
the time-step length satisfy 𝜏 = 𝑂(ℎ) at each level. Table 1 shows the convergence orders of the numerical
solution 𝐴ℎ

𝑁 which is computed with the projection algorithm at the final time. The first-order convergence is
obtained for the numerical solution in both 𝐿2(Ω)- and 𝐻(curl , Ω)-norms.

Table 2 shows the convergence orders of 𝐴ℎ
𝑁 which are computed with the regularization algorithm at the final

time. Again we observe the first-order convergence of the numerical solution in both 𝐿2(Ω)- and 𝐻(curl , Ω)-
norms. The numerical results verify the theoretical analysis in Theorem 4.4.

To compare the performances of the two algorithms, we further present the number of nonlinear iterations
𝑁nl and average number of iterations of the PCG method, 𝑁pcg, for solving linear algebraic systems arising
from Algorithms 1 and 2. From Table 3, we find that the regularization method needs much less iterations than
the projection method. An interesting phenomenon shows that both 𝑁nl and 𝑁pcg decrease with respect to 𝜏
and ℎ. This is mainly due to the fact that the discrete problem usually has better condition number for smaller
𝜏 than a larger one. Moreover, on each mesh level, the average number of PCG iterations for Algorithm 1 is
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Table 2. Convergence orders by Algorithm 2.

(𝜏, ℎ)
⃦⃦
𝐴𝑁 −𝐴ℎ

𝑁

⃦⃦
0

order
⃦⃦
𝐴𝑁 −𝐴ℎ

𝑁

⃦⃦
curl

order

(𝜏0, ℎ0) 4.49e−03 – 3.59e−02 –
(𝜏0, ℎ0) /2 2.32e−03 0.95 1.82e−02 0.98
(𝜏0, ℎ0) /4 1.25e−03 0.90 9.24e−03 0.98
(𝜏0, ℎ0) /8 6.56e−04 0.93 4.66e−03 0.99
(𝜏0, ℎ0) /16 3.37e−04 0.96 2.35e−03 0.99

Table 3. Numbers of nonlinear iterations and PCG iterations for both the projection method
and regularization method at 𝑡 = 𝑇 .

(𝜏, ℎ)
Projection method Regularization method
𝑁nl (𝑁pcg) 𝑁nl (𝑁pcg)

(𝜏0, ℎ0) 13 (14) 5 (14)
(𝜏0, ℎ0) /2 7 (14) 4 (12)
(𝜏0, ℎ0) /4 5 (11) 3 (11)
(𝜏0, ℎ0) /8 5 (11) 2 (12)
(𝜏0, ℎ0) /16 5 (9) 2 (10)

Figure 1. An illustration of the coil and superconductor.

very close to that for Algorithm 2. This indicates that the extra term in the regularization method does not
affect the efficiency of algebraic solvers remarkably.

Example 5.2 (Type-II superconductivity). In this example, we simulate the physical phenomena of type-II
superconductivity. The computational domain is chosen as Ω = (−1, 1)3. The right-hand side represents a
circular current carried in a cylindrical pipe Ω𝑝 :=

{︀
𝑥 ∈ R3 : |𝑥1| ≤ 0.5, 0.09 ≤ 𝑥2

2 + 𝑥2
3 ≤ 0.25

}︀
,

ℓ(𝑥) =

{︃(︀
𝑥2

2 + 𝑥2
3

)︀−1/2 (0, 𝑥3,−𝑥2)⊤ if 𝑥 ∈ Ω𝑝,

0 if 𝑥 /∈ Ω𝑝.

The superconductor Ωsc ⊂ Ω is a ball centered at the origin with a radius 𝑟sc = 0.2. Figure 1 displays an
illustration of the structure. The material parameters are taken as 𝜖 = 1 and 𝜇 = 1. The tetrahedral mesh
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Figure 2. Left: the distribution of the magnetic field and the clipped pipe coil. Right: 2D-slice
of the magnetic field lines.

consists of 1 252 352 elements and 2 937 704 degrees of freedom. For the sake of simplicity, we only focus on the
regularization method.

The critical current 𝑗𝑐 ≡ 80 in Ωsc and 𝑗𝑐 ≡ 0 elsewhere. The final time is set by 𝑇 = 1 and the initial values
are set by 𝐴0 = 0 and 𝐸0 = 0. Figure 2 exhibits magnetic field lines drawn with 𝐵ℎ

𝑁 = curl𝐴ℎ
𝑁 . The right

figure shows clearly that magnetic field lines are repelled by the superconductor. They are squashed between the
superconductor and the coil, and the field strength becomes very strong in this area. This physical phenomenon
is known as the Meissner–Ochsenfeld effect [41].

Figure 3 shows the effect of the critical current on the magnetic field. As the value of critical current decreases,
the magnetic field lines in the squashed area begin to penetrate the superconductor. When the critical current
reaches the threshold value 0.1, the magnetic field completely penetrates the superconductor and the Meissner–
Ochsenfeld effect disappears. These numerical results are similar to the results presented in [41–43], qualitatively.

6. Conclusion and future work

This work is devoted to the numerical analysis of a hyperbolic Maxwell variational inequality (VI) based on
the variable of magnetic vector potential 𝐴. We study the well-posedness, establish error estimates, propose the
classical projection method and the regularization method for solving the 𝐴-formation of Maxwell VI. We also
carry out some numerical tests to confirm the theoretical convergence and the physical phenomena of type-II
superconductivity. In [16, 17], the authors propose the mixed finite element methods based on leapfrog time-
stepping, which turns out to be much more efficient without additional nonlinear or projection terms in the
numerical realization. This will inspire us to investigate appropriate explicit methods for the 𝐴-formation of
Maxwell VI and hemi-VI problems in the future work.
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Figure 3. Magnetic field lines on a 2D slice obtained with different critical currents. (a) 𝑗𝑐 = 10.
(b) 𝑗𝑐 = 5. (c) 𝑗𝑐 = 2. (d) 𝑗𝑐 = 1. (e) 𝑗𝑐 = 0.5. (f) 𝑗𝑐 = 0.1.
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