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ASYMPTOTIC COMPATIBILITY OF PARAMETRIZED OPTIMAL DESIGN
PROBLEMS

TADELE MENGESHA'®, ABNER J. SALGADOY* AND JOSHUA M. SIKTAR"?

Abstract. We study optimal design problems where the design corresponds to a coefficient in the
principal part of the state equation. The state equation, in addition, is parameter dependent, and
we allow it to change type in the limit of this (modeling) parameter. We develop a framework that
guarantees asymptotic compatibility, that is unconditional convergence with respect to modeling and
discretization parameters to the solution of the corresponding limiting problems. This framework is
then applied to two distinct classes of problems where the modeling parameter represents the degree
of nonlocality. Specifically, we show unconditional convergence of optimal design problems when the
state equation is either a scalar-valued fractional equation, or a strongly coupled system of nonlocal
equations derived from the bond-based model of peridynamics.
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1. INTRODUCTION

This work analyzes the approximation of solutions (a,u) of parametrized optimal design problems of the form

min{J(a,u) | (a,u) € H x X5}, (1)

subject to the constraint
Bsa](u,v) = (f,v), Yo € Xs. (2)

The specific forms of the design space H, the state space Xy, and the objective functional J will be introduced
later. The functional f € X is taken to be a fixed data. For a given a € H and the modeling parameter
0 > 0, Bs[a] is a bilinear form on X;s. The parametrized bilinear forms Bs[a] have an asymptotic continuity
with respect to the modeling parameter. In other words, there is a given bilinear form 9Bg[a] such that, as 6 | 0,
Bs[a] — Bola], in an appropriate sense.

In this paper, we provide sufficient conditions for (1) and (2) to have a solution corresponding to each 4. In
addition, we present an approximation framework that not only gives an approximation to solutions for each §
but also remains compatible with the asymptotic continuity property of the bilinear forms. That is, approximate
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solutions that depend of model parameter § and the discrete parameter converge, unconditionally, to a solution
of the limiting optimal design problem.

Approximation schemes of the above type, called asymptotically compatible (AC) schemes, for solutions of
parametrized problems have become a focus of research in recent years, especially in connection with nonlocal
models of diffusion as well as mechanics, where the parameter § represents the degree of nonlocality. In this
case, the main question of interest is, in the event of vanishing nonlocality, i.e., § | 0, whether the approximate
solutions converge unconditionally to the solution of the corresponding local equation. Reference [89] was the
first to rigorously analyze AC schemes for linear equations in nonlocal conductivity and systems of equations
derived from the state-based model of peridynamics. Other papers studying the asymptotic compatibility of
scalar-valued nonlocal equations include [31,32,41,53,82,90,92]; those concerning peridynamic models include
[52,82]; and the Nonlocal Ohta—Kawasaki model is discussed in [54]. These works show how critical a judicious
choice of discretization is. Otherwise, approximate solutions may only be conditionally convergent to the solution
of the corresponding local, continuous problem [88,91].

The current work, motivated by the above papers, aims at extending the analysis of the AC framework to
parametrized optimal design problems. The paper has two parts. The first part introduces the abstract AC
framework for optimal design problems; that is, we provide sufficient conditions that demonstrate unconditional
convergence of approximate solutions with respect to a modeling and a discretization parameter. The second
part applies the developed framework to two different classes of nonlocal optimal design problems, where the
modeling parameter is the degree of nonlocality. To our knowledge, this is the first paper to discuss AC schemes
for optimal design problems.

The development of the abstract asymptotic compatibility framework for optimal design problems essentially
follows what has been done in [31,89] while paying special attention to the nonlinearity in our problem. Indeed,
the constraint equation asserts a nonlinear relationship between a choice of material represented by a, and the
resulting state u.

The first class of problems of the form (1) and (2) that we apply our theory to is that of nonlocal optimal
design problems modeling conductivity. The motivation here is to optimally distribute a (set of) materials within
a given domain to achieve a desired conductivity property; see [35,36]. The second class of problems comes from
nonlocal mechanics, where we look for an optimal constitutive material distribution that gives a globally rigid
material. Here we use the linearized bond-based model of peridynamics (PD) [73,76] as the state equation; its
solutions are vector-valued displacement fields. The PD model was introduced to model physical phenomena
with inherent discontinuities, such as the formation of cracks in solids [28,30,74,75,77]. In both of these model
problems, the design space will be a subset of the set of positive and bounded functions, which will serve as
coefficients in the bilinear form and represent material properties.

A key step for studying existence of solutions to these optimal design problems is to select a single notion of
convergence for coefficients shared between the nonlocal and local problems. For local optimal design problems,
the classical notions of G- and H-convergence play an important role in studying existence of solutions. The
reader is referred to [4,46,78-81,83-87,96] for classical results, and to [25,26,45] for applications to local optimal
design problems. In recent years, following classical approaches, H-convergence for nonlocal optimal design
problems was shown to hold when the scalar-valued coefficients exhibit weak-* L convergence, [10,12,48,63].
This contrasts with what is known about local optimal design problems. As shown wvia counterexamples in
[4,46], the weak-* limit of a sequence of optimizing coefficients does not coincide with the coefficient of the
homogenized limit. The counterexamples demonstrate that the admissible class of scalar-valued coeflicients is
not stable under homogenization, and that the homogenized limit of a sequence of scalar-valued coefficients may
be matrix-valued.

Related to our interest of the study of parametrized nonlocal optimal design problems, in [6,7] the convergence
of an associated sequence of optimal designs and states to those of a limiting local optimal design problem has
been established. In these works, a class of sufficiently regular coefficients is considered to guarantee that bounded
sequences of designs give rise to pointwise convergent sub-sequences. The approach allows for considering a large
class of objective functionals. However, assuming higher regularity of the coefficients is not physically realistic
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for many applications. As a result, this paper uses another approach akin to that used in [5,8], that maintains
a unified convergence framework between the local and nonlocal problems while still using a rougher class of
coefficients. In this approach, weak-* L convergence remains the natural choice but we restrict ourselves to
cost functionals of compliance type. The compliance term will coincide with one side of our constraint (state)
equation in weak form, and we leverage this property when establishing convergence of solutions as § | 0.

In addition, we will approximate solutions to these optimal design problems using the finite element method.
References [1,13, 15,27, 33] study the finite element approximations of solutions to nonlocal equations, while
[25, 26, 45] provide relevant techniques specific to the approximation of local optimal design problems. These
references also provide numerical illustrations. We also provide numerical results for the aforementioned nonlocal
conductivity problem, and detail the utilized projected gradient descent algorithm. To our knowledge, this is
the first work to include numerical results for any nonlocal optimal design problem. Finally, we mention that
there is already a wide literature of works that consider implementation of finite element schemes for solving
the scalar-valued fractional Laplacian equation and its variants, such as [1-3,29,38,39,51,97]. The paper [27]
also gives numerical results for fractional optimal control problems.

Let us outline the contents of our the paper. The abstract asymptotic compatibility framework is developed
in Section 2. Section 3 gives the first application of this framework, to a family of problems from nonlocal
conductivity. Section 4 then gives the second application of our asymptotic compatibility framework, to a family
of problems based on the bond-based model of peridynamics. Finally, we provide some numerical experiments
for the nonlocal conductivity problem in Section 5.

We close this introduction by describing notations we will be using throughout this work. The relation A < B
shall stand for A < ¢B for a nonessential constant ¢ whose value may change at each occurrence. A <~ B is short
for A < B < A. The symbol < denotes a continuous embedding between topological vector spaces.

2. A GENERAL FRAMEWORK
Let us describe the general framework of our family of optimal design problems.

2.1. Parametrized optimal design problems
We make the following assumptions.

— The design space is a compact metric space (H, d).
— Let Xy and X7 be Hilbert spaces with Xy compactly embedded and dense in X;. The parametrized state
spaces comprise a family of intermediate and nested Hilbert spaces {Xs}sc0,1], which satisfy

X5, — X§2, V1,09 € [O, 1] 2 01 < 09, (3)

1

with an embedding constant independent of §; and d5. The inner product in X; shall be denoted by (-, -).

— The parametrized state equations are described by a given, and fixed, f € X; and a family of mappings
{Bs}seio,1) with Bs - H — L3 (Xs), where L5 (Y') denotes the space of bounded and symmetric bilinear
forms on Y. Indeed, for each § € [0,1), the state equation is as follows. Assume that a € H is given. Find
u € X such that

Bsla](u,v) = (f,v), Vv € Xs. (4)

Owing to symmetry, this is equivalent to the minimization of the following energy:
1
Bsla](w) = 5B5(a)(w, w) - (f, w). ()
— For each § € [0,1) the admissible set is
2° = {(a,u) € H x X5 | u € argmin,,¢ x, Es[a](w)}. (6)

Notice that, at this stage, nothing is preventing Z° from being empty.
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— The objective J : H x X1 — R shall be of regularized compliance type. Namely, we assume we have at hand
¢ : ' H — R that is non-negative, convex, and lower semicontinuous. Then, for all b € H and w € X7, we have

J(b,w) = (f,w) + ¢(b). (7)

With this notation at hand we can describe the class of abstract parametrized optimal design problems that
we are interested in. For each ¢ € [0,1) we seek

(@s,s) € argmin{J(a,u) | (a,u) € 2°}. (8)

2.2. Structural assumptions

We begin with a series of assumptions that will be used not only to prove existence of solutions to our
parametrized optimal design problems, but will also be used to study their asymptotic compatibility. First, the
family {Xs}se(0,1) satisfies:

~ Asymptotic compactness: Let the family {vs}s¢(0,1) be such that vs € X5 and satisfies

sup [|vs|| x; < oo, (S)
510

then, {vs}se(0,1) is relatively compact in Xy, and any limit point belongs to Xo.
In addition, the family of bilinear forms {Bs}sco,1) satisfies:

— Strong continuity: For every § € [0,1) the mapping Bs is strongly continuous, i.e. if {a;}52; C H is such

that a; Lae ‘H, then, for every v € X5, we have

lim Bs[a;](v,v) = Bsa]v, v]. (B1)

J—00
— Uniform boudnedness: There is A > 0 such that, for every § € [0,1) and all a € H, we have
Bolal(v,0)] < Aok, Vo€ Xy (B2)
— Uniform coercivity: There is a > 0 such that, for all § € [0,1) and all a € H, we have

oz||v||§(5 < Bs[a] (v, v), Yo € Xs. (B3)

— Parametric continuity: Assume that {as}sc(0,1) C H and a € H are such that, as § | 0, we have as < .
Then,

%i{rol(%(;[ag](v,w) — Bs[a](v,w)) =0, Yo, w € Xo. (B4)

Moreover,
%ig)l Bs[a] (v, w) = Bola] (v, w), Vv, w € Xp. (B5)

— Lower semicontinuity: Let a € H. Assume that {vs € Xs}s¢(0,1) is such that there is v € X¢ for which, as
6 ] 0, we have vs — v in X7. Then,

Bola](v,v) < lirgll%nf Bsa](vs, vs). (B6)
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2.3. Existence of minimizers

We now analyze the parametrized optimal design problems (8). To begin we notice that, owing to the given
assumptions, the state equations are well-posed and, more importantly, the solutions are bounded uniformly
with respect to the parameter §.

Lemma 2.1 (Uniform well posedness). For every d € [0,1) and all a € H there is a unique us € Xs that solves
(4). In addition, this solution satisfies

M
sl < =11 £l

and it is uniquely characterized by the optimality condition

Filal(us) = —5%Bslalus, us). Q

Proof. Owing to (B2) and (B3), existence and uniqueness follows from the Lax-Milgram lemma. The claimed
estimate follows from (3) and (B3) by setting v = us in (4). Finally, the optimality condition (9) is obtained by
setting, in (4), v = us and using the definition of the energy Es[al. ]

Remark 2.2 (Notation). Notice that the previous result implies that, for every § € [0,1), the set Z° is not
only nonempty, but it is actually the graph of a mapping H — X;. We shall denote this mapping by 7¢. In
addition, we define the reduced cost (objective) to be, for every ¢ € [0, 1),

r(a) = J(a,T°(a)). (10)
We are now ready to show existence of solutions to our parametrized optimal design problems (8).
Theorem 2.3 (Existence). Under the stated assumptions, for every ¢ € [0,1), problem (8) has a solution.

Proof. We begin by observing that, owing to the uniform estimate in Lemma 2.1 and the fact that ¢ is non-
negative, the objective .J is bounded from below in Z°. Let then {(a;,u;)}52, C Z° be an “infimizing” sequence.
The compactness of H implies that we can extract a (non-relabeled) sub-sequence {a;}52; and @5 € H such

that a; LA G5 as j T co. Let s = T°(as) so that, by construction, (as,us) € Z°. The goal shall be to show that
this is a minimizer.
Owing to (9) we have, for every j € N,

1
Eslaj](u;) = —5Bsla;)(us, uy)-
Then, since u; minimizes E5[a;], we have
1 _ 1 _ _
—5Blay](uj, uy) < Eslag)(@s) = 5Bsla;)(@s, ws) — {f, Us)-

Passing to the limit j T oo, and using the strong continuity (B1) we see that, since a; 4, as,

. 1 1 o _ 1 1

1lmsup—§‘3[aj](ujauj) < 5%5[%](%,%) —(f.us) = —5%6[%](%,“6)7

j—o0
where we again used the optimality condition (9). Using now the state equation (4) we infer that

(f.s) < liminf(f, ;)
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Next, the lower semicontinuity of ¢ implies
¢(as) < lim ¢(a;).
J—00
Finally, we combine the previous two inequalities to see that

J(@s,15) < lim J(aj,u;) = inf{J(a,u) | (a,u) € Z‘S},
j—oo

and this completes the proof. O

Remark 2.4 (Lack of uniqueness). Notice that we are not claiming any sort of uniqueness of solutions to (8).
This is due to the fact that Z° is not convex.

2.4. Variational convergence as § | 0

Let us now study the passage to the limit § | 0. Our goal is to show that if {(a5,7s5) € H X Xs}se(0,1) is
a family of solutions to problem (8) then, as § | 0, we may pass to the limit and obtain (a,%p), which is a
solution to (8) for 6 = 0. The tool that we shall use for this is called T'-convergence; see [18,24].

Theorem 2.5 (I'-convergence). Under our structural assumptions we have that the reduced cost functionals
{7“5}56(0’1), defined in (10), T-converge to r° with respect to the metric d. Moreover, this family is equicoercive.

Proof. Equicoercivity of the family of functionals follows by definition from the assumption that H is compact.
The sequence {r’ }se(o,1) T'-converges to r0 is equivalent to proving lim-inf and lim-sup inequalities. We prove
these inequalities separately:

— lim-inf inequality: Assume that {as}sc(0,1) C H is such that there is a € H for which, as ¢ | 0, as 2 q. We
prove that 7°(a) < liminfs|o7°(as). Let us = T°(as) and u = T°(a). Owing to Lemma 2.1 we have

Bslas)(us) = — 5 Balasl(us, us), Folal(w) = —5Bolal(u, ),

and, since for all § € (0,1) X C X5, we conclude that

i (5 Balosl(us, 1) ) < Ty o) = 5t Bolasl () — (1,0

We now combine (B4) and (B5) to conclude that
%11101 ‘Bg[ﬂa](ﬂ, U) = %O[Q} (U, U)
As a consequence, we have obtained that

(fyu) = Bola](u,u) < léi%l Bslas](us, us) = lirgli%nﬂf, us),

where we also used that us = T°(as) and u = T°(a), respectively. Next, the lower semicontinuity of ¢
immediately implies
$(a) < liminf o(as).

Finally, the last two inequalities, together with the super-additivity of the limit inferior, readily imply that

O(a) < liminf r°
r(a) < H?l%)n r°(as),

as we intended to show.
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— Recovery sequence: We use the constant recovery sequence. Let a € H, and we need to prove that

lim sup 7° (a) < 7°(a).
510

Set, for § € [0,1), us = T°(a). Lemma 2.1 then shows that SUPse(o,1 llusllx; < oo and, owing to (S), there is
u € Xo such that us — u in X;7. We now claim that u = ug. To see this we must show that Fyla](u) < Epla](v)
for all v € Xj. Let v € X be arbitrary. Since, for any ¢ € (0,1), we have Xy «— X5 we may conclude that

Esla](us) < Esla](v).
Use now (B6) and (B5), respectively, on each side of this relation to see that

Eola)(u) < lim inf Esfal(us) < lim Esla](v) = Eola](v),

and indeed u = ug. From this we see that

limr°(a) = ln((f, us) + ¢(a)) = {f,u0) + éla) = {/, T%(a)) + ¢(a) = r°(a).

510

Thus, the constant sequence is a recovery sequence.
(]

As a consequence of the previous result, we can prove convergence of minimizers (see [66], Thm. 13.3 and
[24], Cor. 7.20).

Corollary 2.6 (Convergence of minimizers). Let {Gs}se(0,1) C H be a family of optimal design coefficients, i.e.
for each § >0,
a; € argmin{r‘s(a) | ae M}

Assume that @ is a cluster point of {55}56(011), i.e. @ us such that, up to sub-sequences, as A a, as 6 | 0. Then
we have
ae argmin{ro(a) | ae M},
and
lim r° (a5) = r°(a).
lim () = r(a)

Moreover, setting s = T°(as) and @ = T°(a) we also obtain that

lmn 7 s, = 0. (11)

In addition ts — @ in X;1. Finally, ¢(as) — ¢(a) as d | 0.

Proof. The existence of @ follows from the compactness of H, while the convergence of minima of % is an
immediate consequence of I'-convergence and equicoercivity, see Theorem 13.3 of [66] and Corollary 7.20 of [24].
These properties were proved in Theorem 2.5.

Next we prove the convergence of optimal states. Observe first that, owing to (3), the convergence in X; will
follow from (11). Next, the convergence of the reduced costs and the lower semicontinuity of ¢ imply

lim sup{f,us) = lim sup [7“5(56) - qb(a(;)] <r0(@) — ¢(@) = (f,m).
510 510

We can also repeat the proof of the lim-inf inequality in Theorem 2.5 to obtain the reverse inequality and
conclude that (f,us) — (f, @) as § | 0. Notice that, in passing, we have shown the last claim, i.e.,

o(as) = r’(@s) — (f,1s) — r°(@0) — (f,1) = ¢(a).
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Let us now proceed with the proof of (11). Owing to the uniform coercivity (B3) it suffices to show that
lim B [as) (W — s, 7 — T5) = 0,
im slas)(@ — s, u — us)

We expand the bilinear form, use symmetry, and use the fact that s solves the corresponding state equation
to see that

Bs[as](w — us,u — us) = Bs[as](us, us) — 2B5[as](Us, w) + Bs[as|(w,w) = (f,us) — 2(f,w) + Bs[as](w, w).
Using (B4) and (B5) we may pass to the limit and obtain the desired result. O

2.5. Discretization

We now introduce the discretization scheme for problem (8) via Galerkin-like techniques. To do so, fix 6 € [0, 1)
and assume that for every h € (0, hy) we have at hand a finite dimensional X5 C X5, which we endow with
the induced norm. In addition, for h € (0, ho), Hj, is a closed subset of H. With the induced metric Hy, is also
a compact metric space.

The discrete optimal design problem is as follows. The discrete admissible set is

Z,f = {(ah,uh) € Hp x Xs.p ‘ up, € argminwheXM E(;[ah](wh)}.
For each ¢ € [0,1) and h € (0, hg) we seek to find

(ag,h,ﬂg,h) € argmin{.](ah,uh) | (ap,up) € Zg} (12)

Remark 2.7 (Variational vs. full discretization). We comment that, for reasons that will be clear once we
deal with applications, we have chosen a full discretization of the design space, and not a variational one.
The reader is referred to [44] for an explanation of this terminology, to [25,26,65] for examples of variational
discretizations, and [42,47] for full discretizations; mostly in the setting of coefficient identification for elliptic
equations of second order.

Without much effort we can show existence of discrete solutions. The following is the discrete analogue of
Lemma 2.1, and so we omit its proof.

Lemma 2.8 (Uniform well posedness). For any § € [0,1], h € (0,ho), and a € H the energy Esla], defined in
(5) has a unique minimizer in X5 ,. If we denote this minimizer by us € X5 5, then we have the uniform bound

lus.pllxs < 11 £l
and the characterizations
1
Bs(al(us,n,vn) = (fvn), Yon € Xsp, Esla](usn) = —5%5[a](ué7h7'u67h)-

Remark 2.9 (Notation). Let us denote by T,f :'H — X5 5, the discrete solution mapping for the state equation.
Owing to Lemma 2.8 this is well-defined. The discrete admissible set can then be equivalently written as

Z;z = {(ah,uh) € Hp x Xé,h ‘ up = T,‘f(ah)}.
The discrete reduced cost 9 : Hj, — R is then

ro(an) = J(an, TPa).
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Notice that, although we only need it for a; € Hp, Lemma 2.8 shows that the discrete state equations are
well posed for all values of the model and discretization parameters. The following result is the discrete analogue
of Theorem 2.3. Notice that, once again, we do not claim uniqueness.

Theorem 2.10 (Existence). For every 6 € [0,1) and h € (0, hg) problem (12) has a solution.

Proof. The proof repeats that of Theorem 2.3, but we use Lemma 2.8 and the fact that, for each h € (0, ho),
the set Hj, is closed. O

2.5.1. Assumptions on discretization

Our next goals are to pass to the limits A | 0 but § € [0,1) fixed; 6 | 0 but h € (0, hp) fixed; and, most
importantly, both A | 0 and § | 0, i.e. asymptotic compatibility. To be able to make these limit passages, we
shall require the following assumptions on the discretization scheme.

— Discrete embedding: Fix h € (0, hg). Then we have
Xél,h C X527h, Vo1,0d € [O, 1) 1 01 < 09. (13)

Notice that we only claim an algebraic inclusion, i.e., as finite dimensional vector spaces. However, since each
X, is endowed with the norm induced from X5, the uniform embedding of these spaces implies that (13) is
also a continuous embedding with an embedding constant independent of h, §1, and ds.

— Approximation property: Fix § € [0,1). For every w € X; there is {wy, € X5 n}ne(o,n,) that satisfies

lsn [ — wi L x, = 0. (14)

— Density: For each h € (0, hg) there is a mapping I, : H — Hj, such that for every a € H, we have
dp(pa) — o(a), hlO0. (15)

Before stating the next assumption, we put it in context. Fix § € [0,1) and let a € H be arbitrary. For
h € (0, ho) the Galerkin projection is the mapping Gs [a] : Xs — X5, defined, for every v € X5, via

%5[&}(’0 — g(;yh[a]v,wh) =0, Ywy, € X(;yh.

Owing to (14) it is not difficult to see that, for all v € X5, Gs plalv — v in X5 as h | 0. The next assumption
states that a somewhat perturbed version of the Galerkin projection is also convergent.

~ Perturbed Galerkin projection: Fix § € [0,1) and let b € H. For h € (0, ko) define the mapping Gs 5 [b] :
X5 — Xsp, for every v € X5, via

%5[1_[}15] (Qg,h[b]v,wh) = %5[5](’1), wh), th c X(;yh.
Then, for all (b,v) € Z°, we have

v—Gsnlblv]| —0, RO (16)

Xs

2.5.2. Convergence as h | 0

We are now ready to pass to the limit in the discretization parameter, i.e. A | 0, while keeping the model
parameter 6 € [0,1) fixed. The proof strategy in the following result loosely follows that used in Theorem 3.2
of [25].

Theorem 2.11 (Convergence as h | 0). Fiz 0 € [0,1) and assume that the family of pairs {(n,Tn)}rhe(0,h0)
solves problem (12). There is (a,u) € Z° such that, as h | 0, and up to sub-sequences, the following hold:
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(1) @y, 4, a.

(2) The pair (a,u) solves problem (8).
(3) J(ap,up) — J(a,).

(4) up, — u in Xs.

(5)

5) ¢(@n) — o(a).
Proof. We prove each statement in order of appearance.

(1) Since H is compact, we can extract a (not relabeled) sub-sequence and @ € H, such that @y, 2 & Define
w = T°(a@) so that (a,7) € Z°.
(2) Since (an, ) € Z; and (a,w) € 2%, we have

Esfan)(m) = 5 Ba@m)@nm),  Eslal(@) = ~ 3% (@),

—%%[ﬁh](ﬂhﬂh) = Es[an](un) < Es[an](Gsn[alu) = %%6[@](95,;1[5]5, Gs.nlalw) — (f, Gs.nlalw).
Observe now that, using (B2), (B3) with the definition of G5 j[a], and the estimate in Lemma 2.1, we get
Bs[an)(Gs,n[alu, Gs nla]u) = Bs[an] (@, u) + Bs[arn](uw — Gsnlalu, u — Gs nlalu) — 2B5[an](Gs,n[a]u, w — Gs n[a]w)
< Bs[an) (@, 1) + Alla — Gs @], + 2AiMl\flleHU — Gsnlalul x,

— B;[a](w, w), h |0,

where, to pass to the limit, we invoked (B1). Consequently,

g i sup By @, 7)< 5B, 7) — {,7) = Bufa)(@) = — 5B a7, ),
h]0O

i.e.
<f, ﬂ> = %5[&] (ﬂ, ﬂ) < hI}rzllionf %5[ah}(ﬂh,ﬂh) = hrf?lionﬂf’ ﬂh>.

This, combined with the lower semicontinuity of ¢ readily implies

J(@m) < hI}IzlliOnf J(@n,up). (17)

Let now (a,u) € Z% be arbitrary. We must show that J(a@,%) < J(a,u). With this intention, note that
(ITna, Gs nlaju) € 27 and thus we must have

J(ah, ﬂh) < J(Hhﬂ, QA(;’h[a]u) .
We now use assumptions (15) and (16) to pass to the limit and obtain
— < . . — p— < . 5 — . 5 . —
J(@.7) < limm inf J (@, 7)< lim J (1140, G nlalu) = lim( .G alalu) +lim ¢(ua) = (£,w) + ¢(a) = J(a,u),

and the pair (a, @) solves (8).
(3) Notice that (17) has already proven half of the assertion. The reverse inequality easily follows by recalling
that (I1,a, G5 »[a]u) € Z7 so that
J(ah, ﬂh) < J(Hha, Ql;ﬂa]a) .
We pass to the limit by using (15) and (16) to see that, as we needed,

lim sup J(ap, @) < J(a,@).
10
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(4) We first observe that, using (B2), the estimate of Lemma 2.8, and (16) we have

— 0
5

A O | MA 5
Bs(an] (0. 7 — G lalm) | < A7~ Gnlala]| 17l x, < == v, 7~ Gonlala]
as h | 0. With this at hand, and using (B3), we estimate

alla — Ik, < Bslan] (@ —un,u —an) = (f,n) — 2B5[0n) (@, un) + Bs[an) (@, )
= () — 2B () (7 — Go.n [, W ) + Bs[dn] (7, W) — 2B [an) (n, G n [l
= (f,70n — 2G5 nlalT ) — 2B5[@] (7 — Gonla]7 W ) + B[] (7, ),
where we used that (@, 75) € 29, and that Gs,[a]@ € X5, Using (7), which defines our cost, we rewrite
O[HH - ﬂh”?{g + (b(ah) - (b(a) < J(afuﬂh) - J(avﬂ) + <fvﬂ - 2gé,h[a]ﬂ>
— 2%,[@] (@ — Gonld, T ) + B[] (7, 7).
We can now pass to the limit, use the previous step, (16), our first observation, and (B1) to see that, since
(a,u) € 29,
1irr;lsoup(a||ﬂ — %, + 6(@n) — ¢(@) < —(f,u) + B;[d)(w,w) = 0.
Arguing along, but not relabeling, the sub-sequence where the limit superior is attained, we have that
. — 2 . 2 — —
i = %, < lim(al[w = wl%, + o(@) - 6@) = 0,
because the lower semicontinuity of ¢ and the first point imply that ¢(a) < limy o ¢(ay).

(5) From the previous step we see that limp o ¢(ay) < ¢(a), which combined with lower semicontinuity gives
the assertion.

All assertions have been proved, and all convergences shown. The theorem is now proved. O

2.5.8. Variational convergence as 6 | 0
The passage to the limit § | 0 poses no difficulty.

Theorem 2.12 (I'-convergence for h € (0, hg)). Fixz h € (0, hg). The family of discrete reduced cost functionals
{7“2}56(0’1) I'-converge to r). Moreover, this family is equicoercive.

Proof. This repeats, without any substantial change, the proof of Theorem 2.5. O

Once again, the previous result implies convergence of discrete minimizers.

Corollary 2.13 (Convergence of discrete minimizers). Fiz h € (0, hg). Given a family of optimal design coef-
ficients, i.e. {a5n}se0,1) C Hu satisfying

G5 € argming, ¢y, rZ(ah),

there is aj, € argming, ¢3¢, r)(an) such that, up to sub-sequences, as p, LA an, as 0 | 0, and that

lim (g, =9 (@p).

310 n( 6,h) n(@n)
Moreover, setting Us, = T9 (ds,) and 1y, = T () we also obtain that

lim ||w;, — @ =0. 18

lim [ — s a x; (18)
In addition, as 6 | 0, Usp, — Uy, in X1 and ¢(ds ) — o(ap).

Proof. The proof repeats that of Corollary 2.6. O
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510

P SN

(@5,n, Us, ) ————— (an, un)

nl0 ktoo h10

510

(a5, us) (a, )

FIGURE 1. Commutative diagram depicting the notion of asymptotic compatibility for optimal
design problems; see Definition 2.14. The symbol = denotes that, along the corresponding
sequence 7, we have convergence of ¢(a,) and %, in X;.

2.6. Asymptotic compatibility

We now are finally ready to study the asymptotic compatibility of our class of optimal design problems. We
begin with its definition, which is graphically illustrated in Figure 1.

Definition 2.14 (Asymptotic compatibility). Let {(as5n,%sn)}sc(0,1),he(0,no) Pe a family of solutions to (12).
We say that this family is asymptotically compatible with respect to discretization and modeling parameters if,
for any (not relabeled) sub-sequences that satisfy h | 0 and ¢ | 0, there is a further sub-sequence {(dx, hx)}32,
with (dg, hx) — (0,0), and a pair (@,u) € Z° such that ¢ (a5, n,) — ¢(@), Us, n, — U in X1, and (@, ) solves
(8) for 6 = 0.

The previous definition deserves some comment. The notion of asymptotic compatibility for a class of well-
posed, parametrized linear problems was introduced and developed in [89,91]. It, essentially, asserted the con-
vergence of discretizations along all discretization and parameter sub-sequences, and that the limiting object
solves the corresponding problem. It is also important to note that, since the problems are assumed well-posed,
the limiting object is unique. In our setting, on the other hand, we cannot guarantee uniqueness of solutions,
regardless of the value of the discretization or modeling parameters. For this reason, a different limiting solution
may be reached during the sub-sequence selection process.

We finally comment that, depending on the chosen discretization scheme, certain problems can also exhibit
conditional compatibility, where convergence to a solution is only possible for a particular sub-sequence of
parameters, The interested reader is referred to [89] for an example in the linear setting. The possibility of
constructing conditionally compatible schemes for the problems we discuss here is under investigation.

Before continuing, we make one final set of assumptions. The first one essentially strengthens (14) and it is
copied from Assumption 5(v) of [31]; see also Assumption 4(ii) of [89]. The second one, on the other hand, states
that the discretization scheme for the state equation itself is asymptotically compatible. It should be compared
with (16), where only the discretization parameter is changing. It may be viewed as a variant of the main result
in [31] but where, additionally, the coefficients are allowed to change in a specific way.

— Asymptotic approximation property: For any v € X, and sequences of parameters {(d, hy)} 7>, satsfy-
ing
lim 0 = lim hy =0
klrro% k leIglo k ’
there is {vy € Xs, n, Fo2; such that vy — v in Xj.
~ Asymptotic compatibility of state equations: Let (a,u) € Z°. For any sequence {(d,hy)}3o, with
(0, hi) — (0,0) we have

Hu—T,f’;(Hhka)HX ~0,  k1oo (19)
1

With these assumptions at hand we prove our main abstract result: the asymptotic compatibility of our
parametrized discrete optimal design problems.
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Theorem 2.15 (Asymptotic compatibility). Let {(dsn,sn)}sc(0,1),ne(0,h) be a family of solutions to problem
(12). Under our running assumptions this family is asymptotically compatible in the sense of Definition 2.14.
Moreover, with the notation of this definition, we additionally have

lim J (s, h,, Usy,ny,) = J (@, ),
kToo

and
Jim 7 = 75, ,, =0 (20)

Proof. We begin by simplifying notation. Let (a,Ux) = (85, ,hy, Usy,ny)- By compactness of H there is a (not
relabeled) sub-sequence, and @ € H such that @ 2 4. Set w=T° (@) so that (a,u) € 2°.

Let us now show the convergence of objective values. To achieve this we first recall that (13) implies that
Go.n [0 € Xon, — X, h,- Next, we need to show that

lim B, ) (Go,n, 81, Go 1) = Bofa (. ).
To see this we first note that

B35, (6] (3, @) — By, (@) (Go n, [, Go.n, [T = 1B, 8815 — Go,e[a]7, + G, 60|
< Alfa ~ Gon, @l x, 7+ Gon, @7l x,

S @ = Go,n [@ull ., [[2 + Go,n [6]u]

where the constant is independent of d;, and hy. Owing to (14) the first factor tends to zero whereas the second
is bounded, thus the product tends to zero. Next, since @ € Xy, (B4) combined with (B5) gives

lllTrglo %ZM [ak](ﬂ7 ﬂ) = sBo[a] (ﬂv ﬂ)v
and this implies the claim. We then immediately infer that

lim B, [81)(Go v, [a17) = Eofal(@).

Next, as we have done several times before, we use the characterizations of uy and w, respectively, in terms
of the value of the energy to assert

im sup (5 B, 60100 70) ) < Jim B, 5] G, [0 = ol () = 5 Bofa (..

Consequently,
(f,u) < liminf(f,ug). (21)
kToo

This result, and the lower semicontinuity of ¢ then imply, by arguments presented before, that
J(a,u) < liminf J(ag, ug).
kToo
We now prove the converse inequality. Recall that (IIj, @, Tif: (I, @) € Zgi and then

J (@, 7)) < J(Hhka, 7" (Hhka)).
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We may now use (15) and (19) to pass to the limit and get

limsup J (@, @) < lim (£, 708 (T3, &) ) + lim 6(11,,8) = (£,7) + 6(&) = J (@),
kToo kToo kToo

which, as we needed, shows convergence of the objective values.
Now, to show that (@, ) solves (8) with 6 = 0, let (b,v) € Z° and observe that

J (O, ug) < J(Hhkb»T}f: (Ip,, b))

Pass to the limit and use previously presented arguments to conclude that J(a,@) < J(b,v).

Observe that, owing to (3), U — @ in X is implied by (20). This convergence, together with convergence
of objective values, will in turn imply ¢(ax) — ¢(a). It remains then to prove (20). We begin by observing that
lower semicontinuity of ¢, together with convergence of objective values yields

limsup(f,ux) = lim J(a,ux) — liminf ¢(ax) < J(a,u) — ¢(a) = (f,w),
koo kToo kToo

which combined with (21) yields (f,a) — (f,u). Next, consider

alla — k|, < B [@] (@ — W, W — W) = (f, ) — 2B, [@] (@) + By, [0x]) (@, )
= (/. k) — 2B, [](Go,n [010, Wk ) — 2B, (A1) (@ — Go,n, [0)0, k) + B, [ar] (4, )
= (fyax) = 2(f, Go,n [a]w) — 2B, [ax] (@ — Go,n, [a]w, uk) + B, [ax] (w, w).

Let us now pass to the limit. We just showed how to deal with the first term. The second one converges to
—2(f,u) owing to (16). The third one can be controlled as

1B 5. [@k] (@ = Go,n[al, )| < Al[w = Gon[alull x, k]|, < 17— Gonalully,

with a constant independent of ) and hy. Here we used (B2), the estimate of Lemma 2.8, and the uniform
embedding into Xy. We can then conclude, using again (16), that this term vanishes in the limit. Finally, since
u € Xo, we use (B4) and (B5) to get

B, [ak}(ﬂv ﬂ) - %O[E} (ﬂv ﬁ) = <f7 ﬂ)

Combining all the terms (20) is shown. O

3. OPTIMAL DESIGN IN NONLOCAL CONDUCTIVITY

We now present the first application of the abstract framework developed in Section 2: optimal design in a
nonlocal conductivity problem, its analysis, discretization, and asymptotic compatibility.

3.1. Notation

Before we start applying the abstract framework developed in the previous section, let us introduce some of
the notation we will use in the remaining sections. From now on we will assume that 2 C R", with n € N,
is a bounded domain with Lipschitz boundary. The parameter R > 0 shall be called the horizon and we set
Qpr = Q4+ By, where By, is the ball of radius R centered at the origin. The nonlocal boundary is Qg \ Q. Finally,
we set Dp = (2 X Qr) U (Qr x Q).

We will adhere to standard notation with regard to spaces of integrable functions. In addition, we will use
Sobolev spaces of integer order W*?(D), where D C R” is a domain with Lipschitz boundary, k € N, and p €
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(1,00). The closure of C§°(D) in WEP(D) is WEP(D). In addition, H*(D) = W*2(D) and HE(D) = WE?(D).
We will also need to use Sobolev spaces of fractional order. For s € (0,1) and p € (1, 00) we define

W*P(D) = {w € LP(D) | |wlws»r(p) < o0},

|w|p — // w(x) — w(y) P de dy
s,p — Vs,
Wer(D) i DxD |z —y

[* | Jz =yl
||w‘|€vs,p(0) = Hw||€p(p) + |w|€vs,p(p)a

Yoy = p(1— 5) (/S WP da(w)) o

The normalization constant ~, , that appears on the seminorm is chosen to guarantee that (see [17])

where

|w|€vs,p(p) - ||vaII:p(D)v sT1,
whenever this makes sense. Moreover,
W*P(D) = {w e W*P(R") | supp(w) C D},

which we endow with the norm

, 1/p
leolin oy = (10l o) + 0ngany) -

For p = 2 we set H*(D) = W*2(D) and H*(D) = W*2(D). Finally, we mention that spaces of vector-valued
functions and their elements will be written using bold typeface.

Let k € Ny. By P, we denote the space of polynomials of total degree at most k. To deal with discretizations
we assume that ) is a polytope, so that it can be triangulated exactly. By T = {yh}he(o,ho) we denote a
quasi-uniform, in the sense of [19,22,34], family of conforming triangulations of Q of size h > 0. Here hy is, say,
the mesh size of the coarsest triangulation.

For r, k € Ny we define

L () = {wh € Cril(Q) ‘ wpr € Py, VT € %},

with the understanding that functions in C~(€) are simply bounded in Q. We define Vj, = £1(.75,) N W' (Q)
and observe that such functions can be trivially extended by zero to {0g. When no confusion arises, we will
make no notational distinction between a function and its zero extension.

In order to discretize the design space we also introduce T = {7}, } ne(0,h), & quasiuniform family of conforming
triangulations of Qg of size h > 0 which, in addition, coincides with T when restricted to 2. The space E;(%)
is then defined in a similar way.

3.2. Setup

Let us now describe our problem, and verify that it fits the framework developed in Section 2. We begin with
a slight change of notation. Namely, we shall replace the parameter ¢, which we think of as degree of nonlocality,
by s € (0,1) (differentiability order), via the formal replacement § = 1 — s. Thus, the limit we care about is
s T 1. In what follows we shall index everything using s and not 9.

— Let 0 < amin < amax be constants. The design space is the set of functions
H={a € L0R) | amin < a(z) < amax a.¢. Qr} (22)

under the weak-* convergence in L>°. Since H is a bounded subset of the Banach space L (Q2g), the Banach-
Alaoglu theorem ([20], Thm. 3.16) guarantees that sequences in H always possess subsequences that converge
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weak-* to an element in L>°(Qg). It is also straightforward to show that the limit is bounded from below
and above by @i, and anay, respectively, demonstrating the compactness of H under weak-* convergence.
Moreover, since L!(Qr) is separable and (L!(Qr))’ = L>(Qg), the set H is metrizable in the weak-* topology
of L>(Qg) ([20], Thm. 3.28). This is the metric that shall be denoted by d.

— Set X; = HA(Q), X, = H*(Q) for s € (0,1), Xo = L2(2). Owing to the choice of normalization constant in
the norm of H 5(2), this scale satisfies a uniform embedding property; see Remark 6 of [17].

— We now define the bilinear forms that define the state equations:

B1[a](v,w) = / a(z)Vw(z) - Vo(z) dz
B [ ] U, w ="7s nQ//D Q[ U(y) ’LU(JC) _w(y) dxdy

Ix—yls lz—yl* |z -yl

(23)

where s € (0,1). Here and in what follows, for a € H and z,y € Qg, we set A(z,y) = 1 (a(z) + a(y)).
— Let ¢ € (1,00) and A € L*>(Q) be strictly positive, i.e. there is A > 0 for which we have Alz) > A ae Q.
Finally, the function ¢ shall be

o0) = [ Aalaa)f"do
_a_
Indeed, since (2 is bounded, La=1 () C L!(Q). Thus, weak-* convergence in L>°(2) implies weak convergence
in LI(Q) which, in turn, yields lower semicontinuity of ¢.

Let us then, for clarity, state the class of problems we are currently interested in. We let s € (0,1], ¢ € (1, 00)
and assume that f € L2(f) is given. We seek to find a pair (a,u) € H x H*()) that minimizes

Jla,u) = /Q F(@)u(z) dz + /Q A@)|a(z)] dz, (24)

subject to

(u,v) / f(z dz, Vo € H*(9). (25)
Here, for uniformity, we have set H'(Q) =

3.3. Verification of structural assumptions and results

Let us now verify that our optimal design in nonlocal conductivity verifies all the assumptions of our abstract
framework.

— Asymptotic compactness: This is Theorem 1.2 of [64].
— Strong continuity: Let s = 1. If v € H{(Q), then |[Vv|? € L}(Q). Since a; —=* a in L>°(12),

/Qaj( 2)|Vo(z )\de—>/ 2)|Vo()[? da.

For the case s € (0, 1) we observe that if v € I?S(Q), then the mapping Dg > (z,y) — @ -v@I® - g belongs

‘m7y|n+2s
to L!(Dg). Arguing as in the previous case, we then see that a sufficient condition is that the coefficient
2, —* A in L°°(Dg). This is the content of the following result.

Lemma 3.1 (weak-* convergence). Let {a;}72; C H and a € H be such that a; —* a in L>°(QR). Define

%(r,y) = S (0(0) + as(), Alwy) = y(ale) +aly).

Then we have A; —* A in L>°(Dg).
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Proof. Let ¢ € L(Dg), then

I w3 | s@oenias || oo

In addition, since a; € H, we may estimate

// Y(x,y)| dedy < aqu// (z,y)| dz dy,

Dr Dr

ﬂ xyldmdy<amax//ﬂ ij|d$dy
Dr

This justifies the application of Fubini’s Theorem to obtain, for instance,

[ s@wenara= [ @ [ vepais [ am [ v

Q QR QR

Next we observe that, since 1) € L!(Dg), for almost every x € Qx the mapping Qr > y — v (x,y) belongs to
LY(Qr). Thus we may pass to the limit in the previous identity. Collecting back and applying, again, Fubini’s
Theorem we get the result. O

— Uniform boundedness: For s = 1 we have

’/Q a(z)|Vo(z)]? de

., 2// )—v(y)l2 dz dy
s,n

Dr —yPs fz—yl”
In summary, A = apax-

— Uniform coercivity: We may use the Fractional Poincaré Inequality with uniform constant to obtain that
QO = Apin; see Lemma 3.2 of [59], Theorem 1.1 of [64], and the references therein for a proof.

— Parametric continuity: A result similar to (B4) was proven in Theorem 8 of [5]. The only difference is
that, there, the result is proven for the case v = w and when the integration is over Qr X Qg instead of Dg.
However, the same proof applies to our case as well. In Theorem 5.4 of [59] a proof of (B5) is given for the
elasticity and peridynamics cases. Once again, the proof can be adapted to the case we are interesed here.

— Lower semicontinuity: See Theorem 1 of [62] for a proof.

< amaXHVUHiQ(Q)

Similarly, for s € (0, 1),

— amax‘v|2ﬁs(9)

Having verified the structural assumptions, we expediently obtain existence of minimizers for problem (24)
and (25).

Lemma 3.2 (Uniform well posedness). For every s € (0,1] and each coefficient a € H there is a unique
us € H*(Q) that solves (25). In addition, this solution satisfies

|“5|ﬁs(9) S ||fHL2(Q)7
where the implicit constant is independent of s.
Proof. This is Lemma 2.1 in the conductivity setting. O

Owing to this we can define the design-to-state mapping 7° : H — Hs (€2) and the reduced costs {r°},¢(0,1]-
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Theorem 3.3 (Existence). For every s € (0,1], problem (24) and (25) has a solution.

Proof. Invoke Theorem 2.3. O
Having shown existence of minima, we can show the variational convergence of these problems.

Theorem 3.4 (Convergence of minimizers). Let {as}sc0,1) be a family of minimizers of the reduced costs
{r®}se(0,1)- In other words, the family of pairs {(@s,Ts = T°(as))}se(0,1)) solve problem (24) and (25). Then,
as s T1,

— The family {r°}se(0,1) I'-converges to r! in the metric of weak-* convergence in H. Moreover, this family is
equicoercive.
— There exists a1 € H so that, up to sub-sequences, @, —* @y in L°°(£2). Moreover,

. — 1= : I q
(@) = @), i =Tl @ =0

we have s — Uy in L2(Q). Finally a; — a; in LY(Q) and (@1,71) is a solution to (24) and (25) when s = 1.
Proof. This result combines Theorem 2.5 and Corollary 2.6. (]

3.4. Discretization and results

Here we specify the discretization scheme we shall employ to treat problem (24) and (25). We recall that we
are assuming that € is a polytope. For every s € (0,1] we set X, = V}, algebraically, but with the norm of
H 5(Q). In addition, we set Hy, = £8(%) N 'H, i.e. the set of piecewise constant, with respect to %, functions
that belong to H. Clearly, this set is weak-* closed in L>°(2).

Let us now verify the assumptions on the discretization.

— Discrete embedding: Since our discretization is conforming, this follows from the uniform embedding of
Section 3.3.

— Approximation property: This can be achieved by using the Scott—Zhang or Chen—Nochetto interpolants
and their properties; see [21,33,70] for s = 1, and [15,23,37] for s € (0,1).

— Density: We let II;, be the L?(Qg) projection onto /38(%), i-e.

Ma= > (][T a(z) d:v)XT,

Te7,

where f, w(z)dz = ﬁ [ w(z) dz, and x5 denotes the characteristic function of the set S. Clearly, if a € H,

then I,a € Hj,. Moreover, by properties of projections, we have that II,a — a in L?(Qg) as h | 0. Since
Qg is bounded this implies convergence in any L"(Qg) for r € [1,2]. On the other hand, if r € (2,00), by

interpolation we have
1-2/r

2/r
1T — allir ) < [Tha = all 2, [Tha — all; 76

i (26)
< (2amax)172/r”Hha - a”ié(QR) - 0,

as h | 0. This then shows that, for every a € H, we have ¢p(II,a) — ¢(a) as h | 0.

For future reference, we also record the fact that IIya —* a in L>(Qg) as h | 0. The L2(Qg) convergence
implies that almost everywhere convergence holds on a sub-sequence, and then this convergence extends to
the full sequence by Urysohn’s subsequence principle. In addition, if ¢ € L*(2g) is arbitrary, then

|(Mha = a)¢] < 2amax|d] € L' (Qr).
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By dominated convergence, we then conclude that
/ (Ipa(z) — a(x))é(z) dz — 0,
Qr

in other words, IIpa —* a in L*>°(Qg) as h | 0.
Perturbed Galerkin projection: Let a € H, s € (0,1], and v = T*[a] € H?(Q2). Recall that, in our setting,
given v € H*(Q) the functions G ,[a]v, G n[a]v € Vj, are such that

B, [a] (v, wy,) = B[a](Gs.p]a]v, wn) = By [Myal (g;,h[a]v,wh), Yy, € Vi

Moreover, we have that G, s [a]v — v in H*(Q), as h | 0. Thus, upon setting e = v—G, 5 [a]v and & = v—G, 1 [a]v,
we can estimate

Gnninl €13 gy < Bi[Taa] (6, €) = By [Ma] (2, ) + B, [Mna] (&, (Gon — Goon )[alv) = T+1L (27)
For the first term we obtain
2
_ o éls %min Qmax | (2.
1< sl el < 52160 ) + Sl oy

For the second one, we use the definition of the perturbed Galerkin projection to obtain

11 = B, (I — df (u (gs,h[a] - Qs,h[a])v) — 8,0 — a](v, ) + B, [Mha — a](v, &)
< 2A00| o g€l o (o) + Bs[Mna — a](v, &),

where we also used that, in our particular setup and for every wy, we € H* (), the mapping b — B,[b](w1, wa)
is linear. Gathering all the obtained estimates we see that
|é|2~s(Q) 5 |6|%3(Q) + |€|Hs(g) + %S[Hha - a}(v, é)

The first two terms tend to zero as h | 0. The last term, however, requires special treatment. Boundedness
of a alone is not enough to either absorb this term on the left hand side, or to show that it vanishes in the
limit. For this reason, we examine it separately for each case s =1 and s € (0, 1).

e The case s = 1: Let (a,v) € Z'. We recall that, since f € L?(2), owing to Theorem 2 of [60], see also

Section 2.2 of [14], there is € > 0 such that, assuming that a € H only, the solution to (25) satisfies

[VollLz+e) < Ol fllL2@),

where € and C depend only on d and the ratio Z=2x. With this at hand we let now 7 € (1, 00) be such that
+

5 +6 =. We then estimate

B [[ha —a] (v, €)] < [Tha — allur(e) | Vol o) [VéllLe @) < ClTha —alfr o) IVolize ) + 0l VéllLa )

We may then choose n as small as needed to absorb the second term on the left hand side of our main
estimate (27). This fixes the constant C'. We conclude by recalling (26), which shows that the remaining
term vanishes in the limit.

e The case s € (0,1): Let now (a,v) € Z° and, at first, attempt to proceed to estimate as before, i.e.
by using a higher integrability result. Thus, assuming, for the time being, that there is € > 0 such that
v € W2T¢(QR) we estimate

[B[IIa — a ve|<// (. y) Ql(:cy)
Dr |x_y|2(2+e

é(z) - e(y)

|CC _ |n/2+s

v(z) —v(y)

o — y|2Het

dz dy,
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where we used the obvious notation II,2(z, y) = % (I,a(z) + I,a(y)). If we were to apply Hélder’s inequal-
ity then, the estimate reduces to proving the convergence to zero of

2(2+4¢€)

[ Dt -sen "
Dr |33—1/|"

However, due to the singular factor |z — y|~™ this expression may not even be bounded! Instead, we invoke
a higher intregrability and differentiability result for solutions of nonlocal equations in the spirit of those
found in Theorem 1.1 of [50] or Theorem 4.6 of [9]. Namely, there is € > 0 such that v € W*+:2T¢(QR). If
this is the case, we set & Tt = 1 then

2+5 -2
I, 20z, y) Ql(:L’ Y)

|B [0 — d ve|<//
R I

M2z, y) — Az, y r R
<// | — E(T )| dz dy |’U|Ws+a,2+s(QR)|€|IjIS(Q).
Dr |z —y|

Since n — er < n we have |z — y|~""" € L}(Dg). In addition, a,IIa € H, so that

|Hh9l(x7 y) - Ql(l‘, y)|r < (2amax)r

ey Sy

v(z) —v(y)

& — y| T

é(z) — é(y)

|z — y|n /2t

dzdy

c LY(Dg).

Finally, owing to (26), we have that (up to sub-sequences) I, — 2 a.e. in Dr. We may then apply the
dominated convergence theorem to assert that this term goes to zero.
To our knowledge, higher smoothness results like the one we need are available in the literature only for
the case of an equation posed in the whole R™; see, for instance, Theorem 1.1 of [50] or Theorem 4.6 of
[9]. However, in Appendix B, we show that the arguments of [9] can be extended to our setting. Finally, we
comment that higher smoothness is a feature exclusive to nonlocal problems; this is explored in [9,49,67,69].

Having verified all the assumptions regarding the discretization, it is a matter of translating the results in
Sections 2.5.2 and 2.5.3.

Theorem 3.5 (Convergence as h | 0). Fiz s € (0,1] and assume the family of pairs {(ap,urn)} € Hp x Vi, solve
the discrete version of (24) and (25). Then there is (a,u) € Z° such that, as h | 0, and up to sub-sequences,
the following hold:

(1) ap, —=* @ in L>®(QR).
(2) The pair (a,w) solves (24) and (25).
(3) J(@n,un) — J(a, ).
(4) T, — u in H*(Q).
(5) ap — @ in LY(Q).
Proof. This is Theorem 2.11 adapted to our setting. O

Theorem 3.6 (Convergence of minimizers). Fiz h € (0,hg). Given a family of discrete optimal design coeffi-
cients {@s n}se0,1) C Hn, there is @y, € argming, ¢4y, 7} (an) such that, up to sub-sequences, Gsp, —* ap as s 1 1.
Moreover,

lim 7§ (as.5) = 77 (an).

sT1
Moreover, setting s p = T (as,) and Ty = Tﬁ (ap), we also obtain that

151%111 | — ﬂ&h”ﬁs(g) =0.

In addition U p, — y, in L2(Q). Finally, a5, — @ in LI(Q).
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Proof. This is Corollary 2.13. Notice that, since we are dealing with finite dimensional spaces, many of the

statements here may be easier to obtain independently.

3.5. Asymptotic compatibility

]

We are now finally ready to verify the conditions that guarantee asymptotic compatibility of our discretization.

— Asymptotic approximation property: Since, for every s € (0,1], we have X j, = V}, it suffices, again, to

set as vg, the Scott—Zhang or Chen—Nochetto interpolant of the given function v € H} ().

— Asymptotic compatibility of state equations: Let a € H and v = T'(a) € H}(Q). Assume the sequence
{(sk,hi)}72y € (0,1) x (0, hg) is such that, as k T oo, we have (sg,hy) — (1,0). Let now k& € N and, for

simplicity, set a; = I, a and u, = Tff;: (ag) = gsk,hk [a]u. We must show that, as &k 1 oo,

Hu — 'I.l,k”Lz(Q) — O

We will show this indirectly by observing the following. An a priori estimate on uy guarantees that

||Uk||ﬁ-ek(g) S llez ),

with a constant independent of k. The compactness result of Theorem 4 from [17] then guarantees the existence
of w € H§() such that uj, — w in L2(£2). We will then show u = w, by showing that w minimizes the energy
E1[a] on H(Q). If this is the case, we must necessarily have u = w, and the desired asymptotic compatibility

will follow.
For k € N we define the Borel measures v, and v as

UL\T) — U 2 X
Vi (5) = Y2 /S /Q [ur(@) — ur(@)l” _dyd u(S) = /S V() ? da,

|z —yl?se |z —yl?

for any measurable S C Q. Owing to [64], see also [62], we have

v(S) < liminf v (S).

kToo

Recall now that ar — a in any L9(2) for ¢ € (1,00) so that, by passing to a sub-sequence, we have that
a; — a almost everywhere. The generalized Fatou lemma presented in Lemma 2.2 of [71] and Theorem 2.2(i)

of [43] then implies

/QR a(z) dv(z) < liminf /QR a(z) dvg ().

kToo

Observe now that

/QR a(z) dv(z) = / a(2)| V()2 da,

Q

and

|z —y?x o -y

[ smanw = [ aw [ usle) — I WA gy ),

where the last equality is obtained by symmetrization. In conclusion,
/ a(2)[Ve(2)[2 dz < lim inf B, [a] (we, w),

and, since uj, — w in L2(Q),

Epla](w) < liir% inf Fs, [ag](ug) < li}cr% inf F, [ag](vg),

(28)
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where v € Vj, is arbitrary. Let now v € H} () be arbitrary and choose vy, so that vy — v in H}(2). This
can be achieved, as it was already mentioned, by using the Scott—Zhang or the Chen—Nochetto interpolant.
Moreover, it implies that

1
liminf By, [ax](vk) = = liminf B, [ag](vi, vi) —/ f(z)v(z) da.
kToo 2 kloo Q

The next step is to observe that the quantity

llellle = Bs, [ax] (0, )"/

defines a norm on H*®*(Q2). Thus,
vkl < Mllollle + 1l v = vk [llx -

2
v(z) —v(y
Ilollz = /g ak<x>[n@kﬂhz [ [o(@) —o@)* 4 14,

‘.’I? _ y|rL+25k

Now

Owing to Corollary 1 of [17]
|v(@) —v(y)*
’ysk,’I’LQ/ |n+25k |vv( |

in L}(Q), which combined with a; —* a in L>°(Q) gives

nmmmz/umwwm%m
kTOO Q

Finally,
(v —vp)(z) = (v —wi)(y)|* dady
UV — Vg = Vsk,n, / A (2, y .
llo = 0klI2 = voumz | Bl w) )= i
- - 2 dzd
< amax79k7n2\[/ 'U 'Uk ) (UQ Uk)(y” X yn
D vyl P
= max|v = 0kl () S OmaxClIV (0 = vi)llEe ),

where owing to Remark 5 of [17] the constant C' is independent of k. In conclusion [||v — vg|||rz — 0 as k T 0.
In summary,

1
Epla](w) < = liminf By, [ar](vg,ve) — [ f(x)v(z)dz < Egla)(v),
2 kloo Q
as desired.
We have now verified all the requisite assumptions for asymptotic compatibility.

Theorem 3.7 (Asymptotic compatibility). Let {(asn,%s,n)}se(0,1),he(0,h0) b€ @ family of solutions to problem
(24) and (25). This family is asymptotically compatible in the sense of Definition 2.14. Moreover, we additionally
have,

llle J(ask,hmusmhk) = J(a, ﬂ)7

and

IlleHu usk;thi—jSk(Q) =0.

Proof. This is Theorem 2.15 adapted to our setting. (]
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4. OPTIMAL DESIGN IN PERIDYNAMICS

As a second application of the general framework developed in Section 2 we study an optimal design problem
in peridynamics. Many of the ideas and developments follow those of the conductivity problem of Section 3.
Thus, we shall be very concise.

4.1. Setup
We now describe our problem. As before, s € (0,1] and 6 =1 — s.

— We keep 0 < @min < @max, and
H={a €LR) | dmin < a(x) < amax a.e. Qr}.

The metric d, as before, is the metrization of weak-* convergence over bounded subsets of L>°(Qg).

— In this case X; = HL(Q), X, = H*(Q) for s € (0,1), and Xy = L2(92). We keep the normalization constants
so that this scale satisfies a uniform embedding property.

— The bilinear forms that define the state equations are:

Dv(z,y) Dw(z,y) dady
lz =yl |z —yl* |z -y’ (29)

B, [a](v, W) = Yo //D )
1

Bila](v,w) = a(z)(2e(w)(x): e(v)(x) + divw(z)divv(z)) dz,

d+2 /g

where € denotes the symmetric gradient, : is the Frobenius inner product, and

Dw@qu(w@)—w@»-éjZ

is the projected difference. As before, if a € H and z,y € Qr, we set A(z,y) = (a(z) + a(y)).
— As before, for ¢ € (1,00) and strictly positive A € L*>(Q2) we define

M®=AM@wm%m

We recall that ¢ is lower semicontinuous with respect to the metric d.

The optimal design problem in peridynamics is then stated as follows: Let s € (0,1], ¢ € (1,00), and f € L2(Q).
We seek to find a pair (a,u) € H x H*(Q2) that minimizes

J(a,u) = /Q £(z) - u(z)dz + /Q A@)|a(z)|? de, (30)

subject to

Bsla](u,v) = /Qf(x) -v(z) dz, Vv e H(Q). (31)

Here, for uniformity, we have set H!(Q) = H}(€).
4.2. Verification of structural assumptions and results
We now, once again, verify the assumptions of our abstract framework.

— Asymptotic compactness: This is, again, as in the conductivity case.
— Strong continuity: This can be obtained mutatis mutandis the arguments for the conductivity case.
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— Uniform boundedness and coercivity: The argument for uniform boundedness repeats the computations
of the conductivity case. However, the argument for uniform coercivity needs to be supplemented with a
uniform (in s) fractional Korn’s inequality that bounds |V|%{s(sz) by B,[1](v,v). The issue here is that the

bilinear form depends only on v wvia the projected difference. The fractional Korn’s inequality proved in [57,68]
does not make clear the dependence of constants in s. Let us then clarify the dependence of the constant in
Theorem 4.2 of [57] in s. To do so, we denote by ¥ the Fourier transform of v. Following [57], we have

[Dv(z,y)* B 1
B[1](v,v —’yns2//” o |n+25 dxdy—’Yn,s,2 R"W

2
2%'92/11@ |h|"+28/Rn v(¢) - Tl (1 —cos(2m& - h))d¢dh
> e =) [ RO dg

2

h
(v(iz 4+ h) —v(x))- 7 dzdh

1 2
= 7n,s,20(n)/R s /R |[v(z + h) —v(z)|"dzdh = c(n)|v|%{s(w) = c(n)|v|%s(m,

where by ¢(n) we indicated a constant that depends on the spatial dimension n only.

— Parametric continuity: Lengthy, but trivial, computations that mimic the conductivity case imply this
result. For this, the explicit values of the normalization constants are important; see Appendix A of [58].

— Lower semicontinuity: See Theorem 8 of [59].

Since these assumptions are verified we immediately obtain a series of results regarding our problem.
Lemma 4.1 (Uniform well posedness). For every s € (0,1] and each coefficient a € H there is a unique
u, € H?(Q) that solves (31). In addition, this solution satisfies

|u5|ﬁS(Q) S ”f”L?(Q),
where the implicit constant is independent of s.

Proof. This is Lemma 2.1 in the present setting. (I

As before, the previous result allows us to define the design-to-state mapping T% : H — ﬁS(Q) and the
reduced costs {7°}s¢(0,1]-

Theorem 4.2 (Existence). For every s € (0,1], problem (30) and (31) has a solution.
Proof. This specializes Theorem 2.3. (]
We now show the variational convergence of these problems as s T 1.

Theorem 4.3 (Convergence of minimizers). Let {as}sec0,1) be a family of minimizers of the reduced costs
{r®}se(0,1)- In other words, the family of pairs {(@s,Ws = T*(as))}se(0,1) solve problem (30) and (31). Then, as
sT1,

~ The family {r°}sc,1) I'-converges to r! in the metric induced by weak-* convergence in H. Moreover, this
family is equicoercive.
— There is a1 € H such that, up to subsequences, a; —* ay in L°(Qg). Moreover,

. s/=\ _ o 1/= . — — _
lsl%rllr (as) = r (ay), 151%1 |a,s — ulHﬁs(Q) =0,
and we have Uy — W in L?(Q). Finally, a; — a; in LY(Q) for every ¢ < oo, and (ay,W;) is a solution to
(30) and (31) for s =1.
Proof. This result combines Theorem 2.5 and Corollary 2.6. (]
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4.3. Discretization and results
As in the conductivity case, we set X5, = V), = V' and H), = 58(%) N H. We now verify the assumptions.

— Discrete embedding and approximation property: Same as the scalar case. Indeed, it suffices to use
n~-copies of a suitable interpolant.

— Density: Requires no changes, and the same observations as in the conductivity case apply.

— Perturbed Galerkin projection: One can follow, without requiring any change, the conductivity case up
to the point where higher integrability and differentiability results are required. Once we reach that point,
we again argue the cases s = 1 and s € (0, 1) separately.

e The case s = 1: We need a Meyers-type higher integrability result for the system of elasticity. Results of
this kind are plentiful in the literature. For instance, [95] proves this for a nonlinear version of the Stokes
problem; for strongly elliptic systems satisfying the Legendre-Hadamard condition, like linear elasticity,
this is shown in Theorem 2 of [61]. For completeness and clarity, we provide a direct proof in Appendix A.

e The case s € (0,1): In this case one needs higher integrability and differentiability results for the solution
of the system of peridynamics. For equations over R™ this is provided, for instance, in Remark 3.5 of [69].
The arguments presented in Appendix B can be extended to this setting.

With all these assumptions being verified, all the pertinent results about discretization expediently follow.

Theorem 4.4 (Convergence as h | 0). Fiz s € (0,1] and assume the family of pairs {(@p,Tp)} € Hp x Vp, solve
the discrete version of (30) and (31). Then there is (a,T) € Z° such that, as h | 0, and up to sub-sequences,
the following hold:

(1) ap —~*aiin LOO(QR)

(2) The pair (a,a) solves (30) and (31).

(3) J(@n ) — J(@ ).

(4) A, — 1 in H?(Q).

(5) ap — @ in LI(Q) for any q € [1,00).

Proof. This is Theorem 2.11. O

Theorem 4.5 (Convergence of minimizers). Fiz h € (0,hg). Given a family of discrete optimal design coef-
ficients {as n}seo,1) C Hn, there is @y € argming, 4y, ri(an) such that, as s T 1 and up to sub-sequences,
a5, —* ap in L°(Q). Moreover,

lm r (3,.) = 7 @),

sT

and setting s, = T5(Gs,n) and @y, = T} (ay), we also obtain that

151?11 ||ﬁh — ﬁs,h”ﬁs(g) =0.

In addition U, , — Uy, in L2(Q). Finally, a5, — @ in LY(Q).
Proof. This is Corollary 2.13. O

4.4. Asymptotic compatibility
Finally, we are ready to verify the assumptions that lead to asymptotic compatibility.

— Asymptotic approximation property: This is proved, again, by using a suitable vector-valued interpolant.
— Asymptotic compatibility of state equations: One can follow the proof of the conductivity case with
minor changes. Namely, in this case, we must define the Borel measures

// |Duy(z,y)? dxdy
_rYsk,n2 o “T— |25k |{E— ‘n’
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1

V(S):n—i—Q

/ (2le(w)(2)|* + |divw(z)[?) dz.
S
One can then invoke ([58], Cor. 3.7) to assert that

v(S) < lim vg(9).

T kToo
The rest of the argument follows with no significant modifications.

In summary, we can prove asymptotic compatibility for our problem related to peridynamics.
Theorem 4.6 (Asymptotic compatibility). Assume that each member of the family

{(as,hy ﬁs,h)}sE(O,l),hE(O,ho)

is a solution to problem (30) and (31) for the corresponding parameter values. This family is asymptotically
compatible in the sense of Definition 2.14. Moreover, we additionally have

lim J(askvhk’ﬁskahk) = J(aa ﬁ)»
kToo

and

Jimn [ = W | e ) = 0

Proof. This is Theorem 2.15. O

5. NUMERICAL ILLUSTRATIONS

To illustrate and complement our theoretical developments here we present some numerical simulations of

the optimal design problems of Section 3. The implementation was carried out using the PyNucleus library [40].

For definiteness we set A = % and ¢ = 2. Thus, the objective functional reads

Haw) = [ fayula) do + Glalfae (32)
The discrete reduced cost is then defined as
@) = [ S@Te) o+ 3lalao) (%)
where T} denotes the discrete design to state mapping.

5.1. Projected gradient descent

To find stationary points of (33) we proceed wia a projected descent algorithm. Starting from ay = %(amin +
amax) We iterate via
Apy1 —

- hlak], Or+1 Hf, Or+1 (34)

Here 7 is a user-defined parameter (the step size), Pry, is the L2-projection onto the set Hj,, and Dr7 denotes
the Gateaux derivative of the reduced cost, which is obtained in the following result.
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Lemma 5.1 (Dr}). For any a € H the Gateaux derivative of rj, defined in (33), in the direction b € L>(Q)
s given by

Dri[a] /f DT} [a] )dz+/ a(2)b(z) e,

where DT} [a](b) denotes the Gateaux derivative of the design to state mapping. The function z; = DT} [a](b) €
Vi, is the solution to
%S[a](zi,vh) = —%S[b](T,f[a],vh), Yup, € Vp.

Proof. Clearly, for € > 0,

7o+ eb] — 7 [a] :/f(I)Tff[aJreb]fT,f[a}

dx+/ga<m)b( v)da + < bl

Sending € | 0 yields the desired expression for Dr}, provided T} is Gateaux differentiable.
To compute DT} we first show its continuity. To see this we let u, = T[a] € V}, and observe that, since
a € H, for e sufficiently small the function ue = T} [a + €b] € V}, is well-defined. Next we compute

Gmin |Up — ﬁ{s @ = < B[a](up, — ve, up — /f (up, — ue)(z) de — Bgla](ue, up — ue)
= B[a + eb](ue, up, — ue) — Bsla](ue, up — ue) = €By[b] (e, up, — ue),

where we used the linearity of the mapping a — B;[a]. Since the family {u¢}e>0 can be bounded independently
of €, we have the continuity of 77
Let € be sufficiently small and denote z. = (T} [a + eb] — T} [a]). The previous computations also show that

Bs[a](ze, v) = =B, [b] (e, v1), Yoy, € V.
Passing to the limit € | 0, we see that z. — z; = DT} [a](b). O

5.2. Implementation details

With the identifications of Lemma 5.1 the projected gradient descent method (34) may be rewritten, for

b e Eg(z%b)7 as
Clk+1($) Clk;(m) _ T ) dx — 2)b(x) dx 35
/—b(m)dx— / f(x)z(x)d /ak( )b(x) (35)

T

with 2z, = DT} [ag), i.e
%S[ak](zk,vh) = —%S[b](Tﬁ[ak],vh), Yop € V.

Set now vy, = T} [ay] and use the symmetry of the bilinear form to infer
/ f(@)ze(2) do = Blap)(2x, Ty ax]) = —B[b](T;[ar], T [ar]).
Q

In summary, the descent algorithm may be rewritten as follows. Let ag = %(amin + amax). For k > 0:

(1) Compute uy = Tj[ax], i.e
B.foul(ug,on) = [ f@hon(a)do, Vo € Vi
Q
(2) Let axr1 € LI(T) solve, for every b € L(Th),

/ Apr1(2)b(x) de = 7B4[6] (uk, ur) + (1 — ’7’)/ ai(x)b(x) de.
)

Q
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Nonlocal Optimal Design, delta = 0.1, s = 0.3
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Nonlocal Optimal State, delta = 0.1, s = 0.3
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Nonlocal Optimal Design, delta = 0.01, s = 0.99
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FIGURE 2. Optimal design and state for f = 1 and different values of s and R. The value of s
is given in each plot, where R is denoted as delta. Notice that the last row corresponds to the

local problem.

(3) The next iterate a4 is:

1.2 1.0
1.0 0.5
0.8
0.0 4
0.6
0.4 -0.54
02 10
1.5 -1.5 -1.0
1.0 4
1.0
0.5
0.8
0.6 0.0 4
0.4 —0.54
02 -1.04
1.5 -15 -1.0
1.0 4
1.0
0.5
0.8
0.6 0.0 A
0.4 —0.5
0.2
-1.04
1.5 -1.5 -1.0
1.0 4
1.0
0.5
0.8
0.6 0.0 A
0.4 —0.5
0.2
-1.04
1.5 -15 -1.0

ag 1=Pr6k 1-
+ ), +

Several comments about this algorithm are in order.
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— At each step, to compute uy the assembly and inversion of a stiffness matrix is needed.

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.6

0.5

0.4

0.3

0.2

0.1



ASYMPTOTICALLY COMPATIBLE SCHEMES 3097

TABLE 1. Experimental data for optimal design problems with f = 1. Notice that the last row
corresponds to the local problem. DOFs = dim Hj,, Its = Number of Iterations.

DOFs Its s R Tsnlliz)  [@snlgs)  I@snllize) 77 (@sn)

961 50 0.3 0.1 0.669808 2.227475 1.421823 2.027113
961 50 0.7 0.1 0.653769 2.202400 1.396489 1.956274
3969 150 0.99 0.01 0.635624 2.168850 1.370081 1.883284
3969 20 1 0 0.636809 2.175644 1.370092 1.882695

Nonlocal Optimal Design, delta = 0.2, s = 0.5 Nonlocal Optimal State, delta = 0.2, s = 0.5
1.0 1.04
0.9 0.6
0.8
0.5 0.5 0.5
0.7
0.4
0.0 0.6 0.0
0.5 0.3
-0.51 0.4 —0.5 A 0.2
0.3 0.1
—-1.01 ~1.04
T T T T T T T 0.2 1.0 T T T T T T T
-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 -1.5 -1.0 -05 0.0 0.5 1.0 1.5
Local Optimal Design Local Optimal State
q 1.04
1.0 06
0.8
0.54 0.5 0.5
0.6 0.4
0.0 0.04
0.3
0.4
—0.51 —0.5 0.2
0.2 0.1
~1.01 -1.01
T T T T T T T T T T T T T T
-15 -1.0 -0.5 0.0 0.5 1.0 1.5 -1.5 -1.0 -05 0.0 0.5 1.0 1.5

FIGURE 3. Optimal design and state for f = 3xp with D = B1(—0.2,0.1). The top row depicts

1
the optimal design and state for s = 0.5 and R = 0.2. The bottom row corresponds to the local
problem.

— Owing to the fact that Hj, consists of piecewise constants, one only needs to test the equation for a1 against
the characteristic of each element, i.e. we set b = yr with T' € .7}, and obtain

~ T
Agt1|T = m%s[XT](Ukvuk) + (1= 7)agr.

The matrices {Bs[xr](*, ) }rez, can then be assembled, once and in parallel, at the beginning of the iterative
procedure and then utilized at every iteration.

— This preprocessing step is extremely memory-demanding, and it is the most computationally intensive part
of our method. In fact, to obtain the results we present below, we needed to fully employ our computational
server: Intel Xeon Gold 6246R CPU running at 3.40 GHz with a total of 640 GB of RAM and 28 GB of swap
space. This machine was running Fedora release 36 configured with Linux kernel 6.2.13. A multiprocessing
pool of size 20, based on Python version 3.10.11, was used to assemble these matrices in parallel. The assembly
and solving of linear systems, as mentioned above, was carried out using PyNucleus version 1.0. For reference,
a small nonlocal problem with dim V}, = 961 requires 19933.23 s =~ 5.5 h to finalize.
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TABLE 2. Experimental data for optimal design problems with f = 3xp with D =
Bi(—0.2,0.1). Notice that the last row corresponds to the local problem. DOFs = dim Hjy,

Its = Number of Iterations.

L2y 7h(@s,n)

961 20 0.5 0.2 0.499126 1.670406 0.833187 0.694877
16129 20 1 0 0.453425 1.604806 0.807133 0.652004

DOFs 1Its s R [snllize)  [shlgs@)  [@sn

— Since Hj, consists of piecewise constants, the projection can be easily defined element-wise via

71:{’1" b = max{min{amax, b7}, amin}7 VT € G,
h

— The code written is publicly available in a GitHub repository, located at [72].

5.3. Results

We let n =2, Q = By, amin = 0.1, amax = 2.0. The value of R is specified in each experiment, and represents
the radius of truncation for the fractional kernel. The step size is set to 7 = i, and the projected descent
algorithm is run for the specified number of iterations.

In the first set of experiments we set f = 1. The results are presented in Figure 2 and Table 1. In both the
figure and table, the last row corresponds to the local problem. As we observe qualitatively in Figure 2, and
quantitatively, say, through the value of r} (@, ) (last column of Tab. 1) as we refine the mesh and increase the
value of s towards 1 the solutions converge to one of the continuous local problem.

As a second example we set f = 3xp with D = B%(fO.Z,O.l). Figure 3 and Table 2 show the results. The

same type of convergence can be observed.
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APPENDIX A. A MEYERS-TYPE RESULT FOR LINEAR ELASTICITY

For completeness here we present, inspired by Bonito et al. ([14], Sect. 2.2), a higher integrability result for
the system of linear elasticity. We need this in Section 4 to prove properties of the Galerkin projection, and we
believe that it may be of independent interest.

We begin by establishing some setup. Let 2 C R™ be a bounded Lipschitz domain. For p € (1, 00) we endow
1.p :
WP () with the norm

) 1/p
Wl = (2New)IE o0 + Idivwl, o))

The space W~ 17(02) is then normed with the induced norm. Clearly, these norms are equivalent to the canonical
ones.

We assume that the Lamé parameters A, p € L>°(Q) satisfy
Ax), u(z) € [a,A], ae x€Q,

for some 0 < a < A.
We consider now the following problem: let p € (1,00) and f € W—12(Q). Find u € W () such that, in
Whe(Q),
—2div(pe(u)) — V(Adivu) = f. (A1)

Our goal here shall be to show that there is ¢ > 0 that depends only on the domain, a, and A, such that if
|p — 2| < &, then this problem has a solution.
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The constant coefficient case. Assume that A =y = 1 and define the mapping T : WP (Q) — W—12(Q)
as

Tw = —2div(e(w)) — V(divw).

If p = 2 this mapping is clearly invertible and, because of the way we have chosen the norms, |T~!|s = 1. On
the other hand, owing to Section 13.6 of [55] and Theorem 14 of [56] there is p > 2, that depends only on the
domain, for which the operator T is boundedly invertible in Wy (£2). Let |T~'|, = K. The Riesz Thorin
interpolation theorem [11] then shows that

1 1-60 0
HT71||p < Ke’ ]; = T + Ev pE [2ap]

A perturbation argument. Given Lamé parameters p and A we define mappings E, Q : Wé’p Q) —
WLP(Q) via

Ew = —%div(us(w)) - %V()\divw)7 Q=T-E.

Notice now that, for every p € (1,00), |E||, <1 and, with ¢ = %,

Q= sw  sw o 2L (5 - 1)) s etvi) o

WEWLP(Q) veWh () [wllzpllve.q

A
+ /Q<A - 1) div(w(z))div(v(z)) dx} < ‘% - 1‘.
Next observe that, if I is the identity operator,
E=T-Q=T(I-T7'Q).

This shows then that, if p € [2, p], the operator E is invertible in W (Q) provided

-1 0 a I A
Tl < K7 (1= %) <1, -

Given a, A, and p one can clearly chose a sufficiently small 8 (i.e., p is sufficiently close to 2) so that the requisite
inequality is satisfied.
As a consequence we have the following corollary.

Corollary A.1 (Higher integrability). In the setting of Section 4 assume that ) is Lipschitz, a € H, £ € L2(f),
and that u € H{(Q) solves

Bi[a](u,v) = /Qf(a:) - v(z)dz, vv € H(Q).

Then, there is € > 0 that depends only on Q, amin, and amax such that u € W1’2+5(Q), with a corresponding
estimate.

Proof. Tt suffices to realize that, for some r > 2, L2(Q2) — W~L7(Q). O
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APPENDIX B. HIGHER REGULARITY OF SOLUTIONS TO NONLOCAL EQUATIONS OVER DOMAINS

The higher integrability and higher fractional differentiability of weak solutions to nonlocal equations posed
over R™ has been established in [9] for linear equations and [50] for (possibly) nonlinear equations. Our goal
here is to extend this result to linear equations posed over Lipschitz domains subject to homogeneous volume
conditions. To our knowledge, the only reference dealing with higher regularity results for such problems is [16].
However, while this work deals with more general and nonlinear equations, it assumes that the coefficients are
Holder continuous. Since we can only assume that our coefficients are bounded and measurable we, following
the argument in [9], give a highlight of the proof of self-improving regularity of solutions to nonlocal equations
with bounded and measurable coefficients over Lipschitz domains. - -

Let s € (0,1) and a € H, with H defined in (22). Define the mapping £, : W*2(Q) — W*2(Q) via

(Lov,w) = B[a)(v,w), Vv, w e W2(Q)

where the bilinear form B,[a] is defined in (23). It is clear that this is a bounded, linear and invertible mapping;
see Lemma 3.2. The higher integrability and differentiability result that we wish to prove reads as follows.

Theorem B.1 (Higher differentiability). There is e > 0 such that, if F € L2(Q), then £;1F € Wste:2+5(Q).

We immediately comment that, while this is enough for our purposes, a similar result holds if we assume that
F is slightly more regular than merely ,V\[7572(Q)’.

We now begin to prove our assertion. Observe that it is enough to show that there is € > 0 such that, if
| — s| < &, then £, can be extended to a bounded, linear, and invertible mapping from W2 (Q) to its dual. To
show this we follow the argument in [9], which in turn relies on an important perturbation argument of [94]. Such
argument requires some interpolation properties of the spaces Wep (©2) and their duals, and the boundedness
of the operator £, on W“’p(Q) for (o, p) close to (s,2).

For a € R, p € (1,00), and @ C R™ being bounded and Lipschitz, the spaces WN/QP(Q) have been studied in
[93]. In the notation of this reference, we have

WeP(Q) = B, (),

see Definition 3.3 of [93]. As [93] states, when working over Lipschitz domains, these spaces are the right
substitutes for the spaces W*P(R™). Below we list some density, duality, and interpolation properties that we
need; see Theorem 3.5 of [93] for a proof.

— Completeness. The space Wwep (©) is Banach and reflexive.

— Density. The space C5°(Q2) is dense in W‘“’(Q).

Duality. We have WP (Q)' = W~# (), where % + % =1

— Interpolation. Let 6§ € (0,1), ag, @1 € R, po,p1 € (1,00). Define

1 1-—
- = 9+£7 a=(1-0)ag+ bas,
p Po b1

then

WeP(Q) = [P (Q), WOPL(Q) ,
Here, for two Banach spaces X and Y, we denote by [X,Y]s the complex interpolation between X and Y;
see Chapter 4 of [11].

Our result now follows from the properties of £, the space W2 (Q), and the qualitative Shneiberg theorem
([9], Thm. A.1).
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Let a, 5 € (0,1) with a + 8 = 2s. By density, the map £, extends from C§°(€2) to a bounded linear operator
Lq: W2(Q) — WH2(Q). Indeed, for v,w € CF (), a trivial application of Holder’s inequality shows that

v(z) —v(y) wz) —w(y) dzdy
Vs,n,2 //;R Q[(T’ay) |

r—yle  Jr—yl? |r—y"
amax(27a7ﬂ)
< V|ira.2 WIti78,2 .
NIRRT

(€50, w)| =

Since C5°(€2) is a common dense subspace for all the spaces WQ*Q(Q), the assertion follows.
Next we choose ag and «; such that 0 < ag < s < a; < 1 and consider the interpolation couples

X = (W&o,Q (Q), Wal,Q(Q)) , y — (W2sfozo,2(Q)/7 Wstal,Q (Q)/) )
The extension proved above then shows that £, : X — Y is a bounded linear map. Therefore, for any 6 € (0, 1),
23 : Xg — Yg

boundedly as well. Here Xy and Yy denote complex interpolation. By the interpolation and duality properties
we have

X@ _ W(l—&)a0+9a1,2(9)’ }79 _ W(l—@)a0+9a1—2s,2(ﬂ)-
Notice also that we may choose 6, € (0,1) such that (1 —6,)ag + 6,a1 = s. Thus, £, : Xy, — Yy, is boundedly
invertible. We now apply Theorem A.1 of [9] to conclude that there is 7 > 0 sufficiently small, such that if
|0 — 0] < 7, then the map

e, W(l—@)ao—k@al,Q(Q) N W(l—@)ao—k@al—Qs,Q(Q)

is boundedly invertible. Since (1—0)ag+8a; —2s < 0 we have the embedding L2(2) < W(1-0a0+0a1-25.2()) T
conclusion, whenever F € L2(Q) we have that £71F € W(1=0a0+021.2(()) Notice now that, for 6 € (6,6, +7),
we have (1 — 0)ag + 0oy = s + 6(0) with 6(6) > 0. We may then invoke Sobolev embedding, see Theo-
rems 6.2.4 and 6.5.1 [11], to assert that there is ¢ > 0 such that

e-lp ¢ /V‘[}(l—Q)a0+9a1,2(Q) AN Ws+s,2+s(9)7

where we also used that supp(£;1F) C Q.
The higher integrability and differentiability result is then proved.
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