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PROJECTED GRADIENT STABILIZATION OF SHARP AND DIFFUSE
INTERFACE FORMULATIONS IN UNFITTED NITSCHE FINITE ELEMENT
METHODS

MAXIM OLSHANSKII'®, JAN-PHILLIP BACKER?*® AND DMITRI KUzZMIN?

Abstract. We introduce an unfitted Nitsche finite element method with a new ghost-penalty sta-
bilization based on local projection of the solution gradient. The proposed ghost-penalty operator is
straightforward to implement, ensures algebraic stability, provides an implicit extension of the solution
beyond the physical domain, and stabilizes the numerical method for problems dominated by trans-
port phenomena. This paper presents both a sharp interface version of the method and an alternative
diffuse interface formulation designed to avoid integration over implicitly defined embedded surfaces. A
complete numerical analysis of the sharp interface version is provided. The results of several numerical
experiments support the theoretical analysis and illustrate the performance of both variants of the
method.
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1. INTRODUCTION

During the last two decades, immersed interface finite element methods have become an increasingly popular
approach to solving complex problems with discontinuous material properties and moving boundaries [7]. The
ability to perform simulations on a fixed (and often structured) mesh offers significant savings in terms of com-
putational cost. However, the stability and accuracy of such geometrically unfitted formulations are strongly
influenced by the numerical treatment of interface conditions. The unfitted Nitsche [16,35] finite element method
(FEM) and its stabilized counterparts, commonly known as cutFEM [11], are among the most successful dis-
cretization techniques of this type. The underlying weak forms include surface integrals that penalize violations
of the interface conditions, as well as ghost penalty terms [8,10, 28] that prevent ill-conditioning due to the
presence of small cut cells. In many cases, optimal a priori error estimates and upper bounds for the condition
number of the system matrix can be obtained for such unfitted finite element discretizations.

The practical implementation of cutFEM in existing codes presents certain challenges, including numerical
integration over embedded and implicitly defined domains and interfaces, as well as the proper extension of the
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solution outside the physical domain. To address these challenges in the context of a stabilized unfitted Nitsche
method, we:

(a) propose a versatile stabilization-extension operator for cutFEM approaches;
(b) analyze the stability and accuracy of the resulting finite element scheme;
(¢) introduce and numerically study a diffuse interface version of our method.

In contrast to some other ghost penalties, our new projected gradient (PG) stabilization is parameter-free
and easy to implement for finite elements of any order. It smoothly extends subdomain solutions beyond the
physical domain into a buffer zone of a desired width and offers the additional benefit of stabilizing the convective
terms, if present in the governing equation. Convective terms can also be stabilized using ghost penalties of the
continuous interior penalty (CIP) type [9]. Although CIP stabilization is effective in many contexts, it does not
readily accommodate limiters for enforcing discrete maximum principles (as in [26,27,29]) and offers no direct
approach for constructing compact-stencil preconditioners for efficiently solving the resulting linear systems. In
comparison, our PG stabilization is naturally suited to both tasks. Furthermore, we numerically demonstrate
its optimal accuracy for high-order finite elements in this paper.

The results of our theoretical studies confirm the favorable properties of our sharp interface PG method
for an elliptic interface problem. In particular, we prove stability and derive a priori error estimates. The close
relationship with the ghost penalty stabilization term ([3], Eq. (23)) of an aggregated unfitted method is noticed
and discussed. In the diffuse interface version, surface integrals are approximated by volume integrals using a
regularized delta function, as in [17,22,23,25]. The extension of data from the interface into its neighborhood
is performed using Taylor expansions and the fast closest-point search algorithm developed in [25].

The remainder of this paper is organized as follows. In Section 2, we introduce a model problem and review
the classical Nitsche finite element method. The new local PG stabilization operator is introduced in Section 3
for elements of arbitrary order in the sharp interface context. The diffuse interface formulation, presented in
Section 4, eliminates the need for integration over sharp interfaces. In Section 5, we analyze the PG stabilization
technique for the particular case of affine elements. Numerical results are presented in Section 6. The convergence
rates for test problems with smooth exact solutions are shown to be optimal. When the gradient is discontinuous
across the interface, kinks in the solution profile are well captured. Finally, the main findings are summarized
in Section 7.

2. AN INTERFACE PROBLEM AND UNFITTED NITSCHE FEM

Let Q C R, d € {2,3} be a bounded Lipschitz domain, which is divided into two subdomains, {; and g,
by a smooth embedded interface I'. For a function v :  — R, its restriction to Qx, k = 1,2 is denoted by vy.
The jump of v across T is denoted by [v] = v1 — va. An average {v} = k1v1 + Kav2 is defined using a pair of
weights k1 > 0 and ko > 0 such that k1 + ko = 1. The values of k; and k2 may depend on x € I". The jump
and average of a vector field v(x) are defined by [v] = (vi — v2) - n and {v} = (k1v] + k2V2) - n, respectively.

We are interested in the following elliptic interface problem

-V -(uVu)=f inQ k=1,2, (2.1a)
u=0 on 04, (2.1b)

[ul =0 onT, (2.1c)

[4Vu] =0 onT, (2.1d)

where
1 in €4,
uz{ |
jo in

wr > 0 are constant rates of diffusive transport, and f € L?(€).
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To build a numerical method for solving (2.1), we consider a regular conforming triangulation 7, of Q. For
simplicity, we assume that the triangulation is fitted to the domain  in the sense that | J rer, K = Q. For any
0 > 0, we define the sub-triangulations

Thi(0) ={K €T}, : I3x € K s.t. dist(x,Q) <0}, k=12,

consisting of simplices that intersect a §-neighborhood of 2. The notation

Qp x(6) = int U K|, k=12
KGThyk(é)

is used for the corresponding mesh-dependent domains. Note that Q) C Qp, x(0) for all 6 > 0. In particular, for
d = 0 the closure of Qy, x(0) consists of simplices that have a non-empty intersection with .

Denote by V}, () the finite element spaces of continuous piecewise polynomial functions of degree p > 0 with
respect to Ty, 1 (9):

Vh,k(é) = {vh S C(Qh,k(é)) : Uh‘K S Pp(K) VK € 'Th’k(é) and v, =0 ondN2 N 6Qh’k}.
The standard Nitsche finite element method for (2.1) reads as follows [16,31]: Find wup , € Vi, x(0), k = 1,2,
such that

/ w1 Vup 1 - Vw1 dx + / w2Vup o - Vwp, 2 dx
Ql Q2

7/FH’LL}L]]{,LLV’LU;L}(B7/F{‘LLV’LL}L}|Iwh]] ds+/ra[[uh]][[wh]] ds (22)

= flwh,l dx -+ fgwh_rg dx vwh7k € Vhﬁk(O), k= 1, 2.
Ql Q2

Following [16], we define the averages using weights ki, ke that are constant in each cell and represent the
volume fractions of cut cells K from 7j:

|KOQ]€|

. k=12 (2.3)
|K|

Kkl =

The interior penalty parameter o depends on the local mesh size hy = diam(K): a|x = aohl}l with a sufficiently
large o = O(1).
We define the bilinear and linear forms:

a(u,w) := /Q u1Vuy - Vwy dx —&—/Q o Vus - Vwg dx
1 2

- [lvuyas - [ pvutelas+ [ afdfulas,

flw) = frwy dx + Sfows dx, u,w € H' (Qy) x H' ()
N Q

to write (2.2) as the abstract problem
a(uh,wh) = f(wh) Ywy € Vh,l(O) X Vh,Q(O). (24)
Recalling the definitions of jumps and averages, we find the decomposition

lun][{pVwp} + {pVup Hwn] — afun][wn] = ¢ (un,1, wh2, wh) — g2(un,1, Un,2, Wh2),
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where

q1(ug,ug,wr) = (ug —ug) (k1 Vwr) - n+ (k1paVug + kopeVug)wr - n — a(ug — ug)ws, (2.5a)

g2 (u1, ug, wa) = (ug — ug)(KapaVws) - n+ (k1p1Vug + kapaVug)ws - 1+ a(us — uq)ws. (2.5b)

Using this notation, the finite element method (2.2) can be also written as the system of two coupled problems:
Find up, € Vi£(0), £ = 1,2 such that

/ /,leth . th,1 dx — / q1 (uh71, Up,2, th) ds = / flwh,1 dx Vw;%l S Vh,l(O), (2.6&)

Q1 r 1951

/ 2 Vup o - Vwy, o dx + / q2(uh71, Up,2, wh72) ds = fowp2dx Vwpa € Vh72(0). (2.6b)
Qs r Q2

In what follows, we consider stabilized versions of (2.2). They can be restricted to the subdomains €, 1(4) and
Qy,,2(0) similarly by using test functions wy 1 € V4,,1(0) and wp 2 € V3, 2(9), respectively.

3. SHARP INTERFACE PG FORMULATION

Although well-posed, the finite element (FE) formulation (2.2) is prone to numerical instabilities. These
instabilities arise from the potential inclusion of simplices in 7 (0) that intersect the “physical” domain
O, only minimally. This stability issue was first addressed in [8] by introducing ghost penalty stabilization on
simplices intersected by and adjacent to I'. The approach proposed in [28] extends this penalization to a broader
strip of elements within a distance § > 0 from I, as part of an implicit extension procedure for an Eulerian FE
discretization. This formulation is particularly relevant to problems where the evolving interface I' represents
the boundary of a time-dependent embedded domain.

Let us now introduce a projected gradient stabilization technique as an alternative to traditional ghost
penalties in both roles: stabilizing against small cuts and providing a proper extension of uy i to Qp x(9) for
0 > 0. We define the projected gradient (PG) stabilization term

sp(u,w) == / u1(Vurg —gp1) - Vwr dx + / p2(Vug — gp2) - Vwa dx (3.1)
Qp,1(0) Qp,2(0)

with u,w € H'(Qp,1(8)) x H'(Q4,2(6)). The stabilization uses lumped-mass L? projections gy, . of the (generally
discontinuous) gradients Vuy, € (L?(Qp, £(9)))? into the spaces (V;,1(8))?. Those gy, are computed locally as
follows: Consider the nodal basis {¢;};=1,...n,, in (Vak(5)), Npr = dim(V4 x(5)) and let

Ny,
gk =D gikp, k=12 (3:2)

j=1

— Affine elements. For the lowest order case of linear element (p = 1), the coefficients g; ; are explicitly
given by

. fﬂh,k@) ©;Vuy dx
k=
’ th,k(‘s) ®j dx

k=1,2. (3.3)

Note that computing g, » involves integration only over triangles sharing the node x;, where ¢(x;) = 1. The
stabilization has a particularly simple algebraic form, which requires only additional gradient and lumped-
mass matrices, cf. Remarks 3.2 and 5.2.
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— Higher order elements. Following [27] we define the coefficients g; ;, for arbitrary order finite elements as
weighted averages of the one-sided limits Vuy, x|k (x;) in elements K that share the point x;. Introducing
the notation 7; for the set of such elements, we set

1
gk == | K| Vun, k| k (x5)- (3.4)
S R 2 :

The definitions (3.3) and (3.4) are equivalent for affine elements.

Adding the PG stabilization term (3.1) to the finite element formulation (2.4) results in the following sharp
interface formulation: Find up ;. € Vi, 1(0), k = 1,2, such that

a(u;“wh) + sh(uh,u)h) = f(wh) Ywy, € Vh’l(é) X Vhyz((s). (35)

Remark 3.1. Projection-based stabilization terms of the form (3.1) are widely used in FE formulations for
convection-dominated transport problems [13,14,18,20]. Consequently, their stabilizing effect can be naturally
exploited in extensions of the proposed method to convection-diffusion equations (see Sect. 6.5 below for a
numerical example). This is one of the reasons why we apply stabilization globally on 2 ;(J) rather than
locally in a narrow strip around the interface. Another reason is the ease of implementation. While the ghost
penalty term in unfitted FEMs is typically defined within a narrow band, we are not the first to consider a global
definition of the ghost penalty; see, for example, [12,30]. In particular, the recent report [32] demonstrated that
defining the ghost penalty globally is necessary to ensure specific stability of the method in the case of moving
interfaces.

Remark 3.2 (Algebraic representation). Let us take a look at the algebraic form of the stabilization. To
this end, using the standard Lagrangian nodal basis in our finite element spaces, we consider the matrix L
corresponding to the bilinear form (V-,V-)r2(q, ) + (V+,V+)r2(q,,). That is, L is a block-diagonal matrix
consisting of two standard finite element Laplacians with mixed boundary conditions on the domains €y, j.
Similarly, B denotes the gradient matrix associated with the bilinear form

(Vun, Wa)r2(@, 1) + (VU Wh) £2(0, )

with vy, € Vi1 X V2, Wy € Vh,2,1 X Vh272. Furthermore, M denotes the lumped mass matrix corresponding to the
finite element space th’ 1 X Vh27 9
Then the matrix of the stabilization form sy (-, -) in the case of linear elements (p = 1) can be found to be

L—BTM'B.

We observe that the stabilization at the algebraic level represents the difference between L and the “mixed”
finite element discretization BT M~ B of the Laplacian operator.

4. DIFFUSE INTERFACE PG FORMULATION

The calculation of integrals over cut elements and embedded interfaces in unfitted finite element discretiza-
tions of multidimensional interface problems is not always straightforward. To avoid the associated difficulties,
we use the methodology developed in [25]. Assume that the position of I' C 2 is determined by a continuous level
set function ¢ € C(Q), which is positive in ©; and negative in {2y so that T' = {x € Q : ¢(x) = 0}. We assume
that ¢ is smooth in an O(1) neighborhood O(T') and |V¢| > ¢ > 0 in O(T"). Then the vector field n = f%
defines an extended unit normal to I', pointing outward from ;. The methods employed in [17,22,23, 25, 37]
approximate surface integrals over the interface I' by volume integrals depending on a smoothed Dirac delta
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function d¢(¢). The small parameter € > 0 determines the quality of the approximation to d(¢) = lime\ o 0.(¢).
A typical definition of 6.(¢) ~ §(¢) is given below.

For any ¢ € C(9), the integral [i.¢(x)ds can be approximated by [, ¢(x)dc(¢)|V|dx. As explained in [25],
the calculation of volume integrals that contain d.(¢) requires an extension of the quantities defined on I" into
the interior of the two subdomains. To maintain the consistency of the weak form, we extend the interface
values of functions and coefficients constantly in the normal direction determined by the gradient of the level
set function ¢. The efficient algorithm that we developed for this purpose can be found in [25]. Let &, denote
the closest point extension operator such that £,v(x) = v(xr(x)), where xp is the closest point on I'. Such
extension of (2.5) is consistent with the jump conditions (2.1¢) and (2.1d) of the interface problem in the sense
that

Eepqr (ut, ug, w1) — Ecpga(ur, ug, wa) =0 at x € Q
if
[u] = [uVu] = [w] =0 at xp(x) €T
Consequently, the contribution of Nitsche integrals to the weak form vanishes if the jumps do.
A diffuse interface counterpart of the sharp interface formulation (3.5) is given by (cf. [25])

/ pi((1+ H(¢))Vup1 —8r1) - Vwp,1dx — / Eepq1(Un,1, Un,2, wn1)0(P)| V| dx
Q.1 (5) Q
+ / ( p2((2 — H(9))Vuns — 8h,2) - Vw2 dx + / Eep@a(Un,1, Un,2, Wk 2)0c(P)| V| dx (4.1)
Qp,2(6) Q
= frwnp,1dx + fowpodx  V{wp 1, who}t € Vi1(8) X Vi 2(0).

Q1 Q2

In the numerical examples of Section 6, we define d.(¢) using the Gaussian regularization

2.2
o) = e = 1\ Tew( ) o) = g (1+ant(32)).

where erf(z) = % fogJ e’dey is the Gauss error function and H.(¢) is a smooth approximation to the sharp
Heaviside function H ().

Remark 4.1. For § = diam(£2), which is a valid choice, the extended subdomains €}, 1(d), k = 1,2 coincide
with €, and the spaces V}, (), k= 1,2 coincide with the FE space for the whole domain. This version of the
diffuse-interface PG method is particularly easy to implement in an existing finite element code because it boils
down to solving two coupled subproblems on the same mesh.

5. ANALYSIS OF THE PG STABILIZATION

In this section, we analyze the sharp interface formulation (3.5) of our unfitted finite element method and
prove several useful properties of the projected gradient stabilization. The analysis covers only the lowest order
case of p = 1. For the purpose of analysis, we assume that the mesh is shape regular and quasiuniform.
Furthermore, we assume that § < C'h, where § is the extension width and C' > 0 is an O(1) constant. For
brevity, we drop ¢ in the notation for the extended domains and finite element spaces below.

We define the operator Py, : (L?(Q, 1))? — (Vh,k)d for vector fields v € (L2(Q, 1))? as follows:

Nhp,k

fQ v, dx
Prv = Z 8j.k(V)pj, gjk(v) = ==
j=1

=k T T =0, (5.1)
fQM pjdx
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The bilinear form (3.1) of the PG stabilization term uses gp r = PrVuy and can be written as

2
sh(u, ’U) = Z sh,k(uk, ’Uh)7 sh7k(u, U) = / (VU — kau) - Vv dX, u,v € Hl(QhJc). (52)
k=1 Qn,k

Remark 5.1. A very similar ghost penalty stabilization term was used by Badia et al. ([3], Eq. (23)). It differs
from (5.2) in that the projection operator Py is replaced by an extension operator P;¢ and the symmetric form

s (u,v) = / Y(Vu —PYVu) - (Vv — PRV dx, u,v e H ()
Qnk
of the stabilization term with a penalty parameter v is employed. As we show in Lemma 5.1 below, our PG
stabilization is also symmetric and positive semidefinite for p = 1.

We shall write a < b if a < ¢b holds with a constant ¢ that may depend only on the shape regularity of the
mesh but not on discretization parameter h or the position of the interface I' in the background mesh. We write
a ~bif both a < band b < a hold. We first prove the following result.

Lemma 5.1. The bilinear form sp, ;(u,v) is symmetric. Furthermore, the following equivalence holds

Shok(u,u) >~ ||Vu — Pk(VU)Hiz(thk) + h2||V73k(Vu)H%2(Qh’k) Vue H Qi) (5.3)

Proof. Let M = (M;;);_, be the finite element mass matrix (Gram matrix) corresponding to the nodal basis

of the space V}, ;. Denote by M the lumped mass matrix, ¢.e., a diagonal matrix with ]\’/.7“ = Z;vzl M;;. Note
that M;; > 0 for linear Lagrange finite elements and that

N N
WT(M— M)W = Z Z M;j(w; — Wj)2 Yw € RY (5.4)
i=1 j=i+1

holds by definition of M and M. Tt follows that the matrix M — M is positive semi-definite.
For w,v € Vj x, we denote by w,v € RY the corresponding vectors of coefficients in the Lagrange basis of
Vi, k- The result below follows from (5.4) and is well known (see, e.g., [6], Prop. 1):

o > hE|Vwlia < w” (1\77 M)w <Co S BEIVwlag, (5.5)
KeTh i KeTh ik

where hy = diam(K) and Cp, ¢o > 0 are constants depending only on the shape regularity of the mesh.
A “lumped” L? inner product is defined by

(wp,vp)e = wl My.
It is easy to verify that Py satisfies the identity
(D1 Peg)e = (dn: 9 12(0m 1) Y On € Vigs 9 € L*(Qnp)- (5.6)
Substituting the scalar components of ¢;, = PrVv and g = Vu into (5.6), we find that
(PeVo, PeVu)e = (P Vv, Vu) 2, ,)- (5.7)
Here and below, the inner products should be understood componentwise. Using (5.7), we obtain

snk(u,v) = (Vu = PpVu, Vo — PeVo) r2(q, ) + (Vu = PuVu, PrVv)r2(q, )
= (Vu — PrVu,Vu — kaU)LQ(Qh,k) + ('PkV’U,PkVU)e — (PkVU,PkV’l})Lz(Qh7k).
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This shows the symmetry of s 1 (u,v).
To prove (5.3), we show that the difference of the last two terms on the right-hand side is equivalent to
h2||V77k(Vu)H%2(Qh o)+ This follows from (5.5), the quasiuniformity of the mesh, and the observation that PxVu

is an element of (V}, )¢. Indeed, for any wy, € Vj x we have the estimate
(wh, wh)e — (wh, wh)Lz(Qh,,k) =w!'Mw—w' Mw=w" (M— M)W = Z hillvwhllia(x),
KeT,

which holds componentwise for wj, = P(Vup,). This proves (5.3). O

Let us now estimate s, ;(u,u) from below by a sum of local stabilization forms associated with element
patches. We denote by F},  the set of internal faces (edges in 2D) of the sub-triangulation 7}, ;, and let w(f) =
K U K’ be the union of two simplices sharing a face f € Fj . Using the notation hy = max{hg, hk'} for the
local mesh size of the patch, we define

sﬁk(u, v) = /(f)[(Vu — PeVu) - (Vo — PpVv)] dx + h} /(f)(VPkVu) 1 (VP Vo) dx.

The estimate (5.3) implies
Shok(u,u) 2 Z s{%k(mu) Yue H (k) (5.8)
FE€EFnk

with some ¢ > 0 depending only on the shape regularity of the mesh.
We are now ready to prove a key technical result.

Lemma 5.2. For arbitrary K1, Ky € Ty, i, such that K1 UKy = w(f) for a face f € Tp, i, the following estimates
hold

| Vullze iy < IVulgagr) + 5i 5 (0 w) Vu € H Q1) (5.9)
collunlZacy < lunllZagaey) + B2k (un, wn) - ¥ € Vi (5.10)
with some constants co,c1 > 0 depending only on the shape regularity of the mesh.
Proof. By the triangle inequality, we have
IVullz2(x,) < IVu — PVl p2ky) + [PeVull L2 (k) - (5.11)

Let wy, = Py Vu. Then wy, € (Vj, 1) Using the Friedrichs inequality and a scaling argument, we estimate the
second term on the right-hand side of (5.11) as follows:

HPkVUH%?(Kg) = ||Wh||%2(K2) S h§<2||VWhH2L2(K2) + thWh”%?(f)
S h%QHVWhH%?(Kz) + h, ||VWhH%2(K1) + ||Wh||%2(K1)

S BHIVPEVlg g + IVullZe k,)-

Together with (5.11) and the definition of si: i (+>+) this proves the result claimed in (5.9).
To prove the validity of (5.10), we use the finite element inverse and trace estimates, as well as (5.9), in the
chain of estimates

lunl2icay S P I Vn 32 ) + s lun 3
< W, (IVun 3 ey + L nsun) ) + oglunl 3y
S Weush g (s wn) + B, IV un 32 ey + lunl3a ey
< By h s (wny wn) + unllZe i, ),

which complete the proof of the lemma. (I
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Recall that €2, ; consists of simplices contained in Q and layers of simplices K ¢ €y, that intersect the
d-neighborhood of T'. Because of our assumption on §, the number of layers is finite and independent of . Then
the smoothness of 0Q and the regularity of the mesh imply (see, e.g., [28]) that any K € 7, N Qp x can be
reached from a strictly interior simplex by crossing a “finite” number of faces. Moreover, the number of paths
originating from any interior simplex is uniformly bounded. Using this argument, as well as the estimates (5.9)
and (5.8), we find that

IVul2a 0,y S IVUlZa 0y + shn(usw) V€ HY Q). (5.12)

This coercivity result is important for performing stability and error analysis. The estimate provided by
(5.10) is helpful for the analysis of evolving interface problems, which is not a subject of this paper.

We now proceed with the consistency analysis. Consistency results for the elliptic part and the Nitsche terms
in the finite element formulation are provided by the standard theory. Therefore, we focus our attention on the
new stabilization—extension term.

We first need several results regarding the stability and approximation properties of the operator Py defined
in (5.1).

Lemma 5.3. The mapping Py, is both L?- and H'-stable, i.e., it has the property that
[Prvllz(,) S IVlzz@,)  and  [[VPrwl Lz, ) S IVwllzz@, 0 (5.13)
for anyv € L*(Qp k), w € H'(Qn ), k = 1,2. Furthermore, it holds
[o = Prollz(, ) S AIVOllz,,) Yo € H Q). (5.14)

Proof. The consistent and lumped mass matrices are spectrally equivalent [36], which implies ||onle <
|Pnllz2(, ) for any ¢n € Vi i Using this fact and choosing ¢5, = Ppv in (5.6), we obtain

[PeolZ2(0, 0 S P07 = (Pro,v) 22,0 < IPrlle @, ollollL2 @)

This implies the first inequality in (5.13).
In the next step, we first check the validity of (5.14) assuming that vy, € Vi, C H'(Qp k). In this case, due
to the assumption of a quasiuniform mesh, we have

ply [fw(Xj) Un¥Pj dx

2
lvn = PronllZaga, 0 = 04 Y - Uh(Xj)]

4 f i dx
j=1 W(xg) J
No ) (5.15)
~ pd Z [/ vpp; dx — Uh(x]-)/ ©j dxl .
j=1 w(x;) w(x;)

Here w(x;) denotes a domain consisting of simplices that share the grid node x;. By a standard argument that
involves a pullback to a reference triangle, using a norm equivalence and a pushforward, one can show that for
any K € 7;, and a grid node x; € K the following estimate holds:

‘/ vhnpjdx—vh(xj)/ @, dx
K K

Summing up over all simplices from w(x;) and noting that [|¢;{l12(w(x,)) = h/? gives

/ vpp; dx — vp(x5) / p; dx
w(x;) w(x;)

S h||vvh||L2(K)||<Pj||L2(K)'

S BV R L2 o))
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Substituting this estimate into the right hand side of (5.15) proves (5.14) for v, € Vi . To extend (5.14) to
arbitrary v € H'(Qp, 1), we consider the L?-orthogonal projection Qnv € Vj 5, and apply the triangle inequality
to obtain an upper bound for

v —Prvllrz(a, ) < 1Pe(Qnv —v)llL2s ) + [P(Qrv) — Qnvllz, ) + v — Qnvlle(, 4)-

We then use the L2-stability of Py, estimate (5.14) on Vi p, as well as the H'-stability and approximation
properties of the L2-orthogonal projection on quasiuniform meshes to show that the right hand side is bounded
by h||VvllL2(q, ), which proves that (5.14) is valid for all v € H'(Qp 1)

The second estimate in (5.13) can now be deduced using the triangle inequality, the finite element inverse
inequality, (5.14), as well as the H!-stability and approximation properties of the L?-orthogonal projection:

IVProll L2, ) S IV(Prv — Qnv)ll2 (@, + IV@rvlL2 (0, 0
S hTHPrv = Qrvll Lz, + 1Vl L2000
ShHPro = vl ) + B0 = Qnollze, ) + V0l L2 )
S ||V”U||L2(Q,L,,€)~

|
Next, we prove the following continuity and consistency result for the PG stabilization operator.
Lemma 5.4. There holds
s (u,0) S lullar, ollvla@,,y — Yu,v € H (Qnk), v € H (), (5.16)
sk (u,u) S W2 [lullfe g, VYue H*(Qni). (5.17)

Proof. The continuity estimate (5.16) follows from the Cauchy-Schwarz inequality and the L2-stability of P:

Shk(u,v) = / (Vu — PrVu) - Vo dx < ||Vu — PkVuHLz(thk)||Vv||L2(Qh,k)
Qo
< (IVull 2, ) + 1PeVaull L2, o) VOl 2200 S Tl ool @0
To verify (5.17), we employ (5.3), the H! stability of Py and (5.14):

sn(u,u) S [Vu = Po(Vu)lia, ) + ch?IIVP(VU)[i2q, ) S P2 IVZUlT2q, ,)-

To formulate a convergence result, we need the following norm

2
ol = 3= 0w l3rs )+ B NoklBaqr) + snr(op, )} for v € B () x H (Q2):
k=1

If up, € HY(Q), there exists a bounded linear operator & = & : H'(Qx) — H'(RY) that extends uy to
Eur € HY(Q). Moreover, & is also bounded as an operator from H?(€;) to H?(R?); see [33]. Whenever this
causes no confusion, we will identify u; with its extension Euy to Q.

The theorem below proves the main convergence result.
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Theorem 5.5. Assume that u € H?*(Q) x H?*(Q2) solves problem (2.1). We associate with u its double-
extension Eu = {Euy,Eus}. Assume & S h for the extension width 0. Let up, be a solution to (3.5). Then

2
lu = unlle S B lullz2qy), (5.18)
k=1
2
lu = unllz2@) S B2 ullm2o,)- (5.19)
k=1

Proof. Let I, denote the nodal interpolation operator for €, and Iy (u) € Vj, 1 X V3, 2 the componentwise nodal
interpolant of u, i.e., I, (u) = {I1(Euq), I2(Euz)}. Owing to (5.12), one can follow standard arguments (see, e.g.,
[10,11,16]) to check that the bilinear form

Ap(u,v) :== alu,v) + sp(u,v)

is uniformly coercive and a is continuous on the finite element space with respect to the || - ||« norm, i.e.,
Ap(vn,vn) 2 |Jvnl|?, for all vy, € Vi1 X Va2 and a(up, vn) S |lunll«||vn ]|« for all up, vy, € Vi1 X Vi.9. We therefore
have

[Tn(w) = un||? S An(In(w) — un, In(u) — up)
= Ap(In(u) — u, In(u) — up) + sp(u, In(u) — up)
= a(In(u) — u, In(u) = un) + sn(In(u) = w, In(w) — un) + sn(u, In(u) — up).

Note that due to symmetry and (5.3), the bilinear form s,(-,-) defines a semi-inner product. We use this
property to apply the Cauchy—Schwarz inequality to the last term on the right hand side. Using (5.16), (5.17),
the continuity estimate for the bilinear form a(-,-), the interpolation error estimate (see, e.g., [10], Lem. 5)

2
lu—T(w)]l S Y lI€ull a2, 45
k=1
and the H? boundedness of the extension operator &£, we find
2 2
1Tn(w) = unlls S0 €Ul 20,0 S Y ulli2@)- (5.20)
k=1 k=1

This estimate, the triangle inequality, and interpolation properties prove (5.18).
We now proceed with a duality argument and consider the solution to the problem

—V - (uVz) =u—uy in Q,

z=0 on 012, (5.21)
[z2]=0 onT,
[uVz] =0 on I
It is well known [21] that z € H?(Q1) x H?(Q2) and
2
Z 2]l r2(0p) S v — unllL2(0)- (5.22)

k=1

Denote by Ip(z) € Vi1 X Vj 2 the componentwise nodal interpolant for (the extension of) z. Testing the first
equation in (5.21) by u — up, integrating by parts, and utilizing (3.5) one finds the relation

lu = unll72(q) = alu = un, 2 = In(2)) + sp(un, In(2))-
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Recall that the bilinear form sp(:,-) defines a semi-inner product. We use this property below to apply the
Cauchy—-Schwarz and triangle inequalities. Exploiting the continuity, the interpolation properties of I;(z) and
(5.22), we arrive at

1 1
lu = unlZ2i) < lw = wnllllz = In(2) s + s (un, un)sg (In(2), In(2))

1 1
S hllu —upll«llw — unll L2 + 57 (un, un)si (In(2), In(2)).

This result and the estimate (5.18) imply that
1
lu = unlF20) S (h Z l[ull 2 () ) fu — unllzz@) + 57 (un, un)st (In(2), In(2)). (5.23)
We estimate the last term using the triangle inequality, (5.16) and (5.17) to deduce

2
1 1 1
SE(un,un)S s7(u—up,u —up) + 57 (u,u) S |lu—upll« +h Z ||u||H2(Qh7k) (5.24)
k=1

and
52 (In(2), In(2)) < 52 (In(2) — 2, In(2) — 2) + 52 (2, 2)

2
S S (Hn(2) = sy ) + Ml 2000 )
k=1 (5.25)

2
S hZ Izl zr20m0) S R D N2l

k=1 k=1
< hlju — Uh||L2(Q),

where the last two estimates follow from the boundedness of the extension operator £ in H? and from the
stability result (5.22), respectively.
Collecting the estimates (5.23)—(5.25) together with (5.18) proves (5.19). O

Remark 5.2 (Some algebraic properties). Adopting the notation of Remark 3.2 and using a standard nodal
basis again, we define A as the matrix associated with the (non-stabilized) bilinear form a(-,-). Then the matrix
of the finite element problem for the sharp interface formulation (3.5) can be written as

A+L—-BTM1B.

Since BTM 1B is positive semi-definite, it follows that A+ L — BTM~'B < A+ L in the spectral sense. From
the coercivity of the bilinear form a(-,-) and the definition of the || - ||« norm, it follows that there exists a
constant ¢ > 0, independent of h and of the position of the interface within the mesh, such that the following
spectral equivalence holds:

(A+L)<A+L-B"M 'B<A+L. (5.26)

In particular, this implies that on a quasi-uniform mesh, the condition number of A + L — BTM~1B scales
like O(h~2). Moreover, the matrix A + L has a standard sparsity pattern, which can be effectively exploited in
constructing suitable preconditioners for the matrix of the finite element problem.
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TABLE 1. Smooth quasi-1D test, L? convergence history on uniform meshes.

ht H? EOC Sharp EOC Sharp EOC diffuse EOC Diffuse EOC
6=0 6 =6h 6 =6h 6 =dqo
128 1.03e—05 4.02e—05 4.02e—05 4.02e—05 4.02e—05

256 2.59¢e—06 1.99 1.0le—05 1.99 1.01le—-05 1.99 1.01le—-05 1.99 1.0le—-05 1.99
512 6.48e—07  2.00 2.54e—06  1.99 2.54e—06  1.99 2.54e—06  1.99 2.54e—06  1.99
1024 1.62e—07 2.00 6.35e—07 2.00 6.35e—07 2.00 6.35e—07 2.00  6.35e—07 2.00
2048  4.05e—08  2.00 1.59e—07  2.00 1.59e—07  2.00 1.59e—-07  2.00 1.59e—-07  2.00
4096  9.55e—09 2.08 3.96e—08 2.01 3.99e—08 1.99  3.98e—08 2.00 3.99e—08 1.99

6. TEST PROBLEMS AND NUMERICAL RESULTS

In this section, we perform numerical studies of our unfitted FEM with global projected gradient stabilization
for the elliptic interface problem (2.1) in two space dimensions. In our numerical experiments, we consider
different choices of diffusion coefficients 1, right hand sides f, and boundary conditions. The L? error of an
unfitted finite element approximation in a domain € is given by

[un = ullo.o = \//Q(H(¢)Uh,1 + (1= H(¢))unz — u)?dx. (6.1)

Computations for all test cases are performed using a C++ implementation of the methods under investigation
in the open-source finite element library MFEM [1,2]. The numerical solutions are visualized using the open-
source software GLVIS [15].

6.1. Poisson problem with a straight interface and a smooth solution

To begin, we apply the proposed methods to a quasi-1D version of problem (2.1) with a straight interface
and a smooth solution. Let Q = (0,1)? and I' = {(z,y) € Q : z = 0.51}. The two subdomains are given by
0 ={(z,y) € Q:2 <051} and Qy = {(z,y) € Q: 2 > 0.51}. Weset u3 = 1078, up =1 and f; = 2- 1078,
f2 = 2 in this test. The Dirichlet boundary conditions imposed at points (z,y) € 9Q with x = 0 or z = 1
correspond to the analytical solution

ui(z,y) = (z —0.01)(1.01 — z) = ua(z,y).

At points (z,y) € 99 with y = 0 or y = 1, we impose homogeneous Neumann boundary conditions.

Since the above exact solution is smooth and independent of y, we call this numerical experiment the smooth
quasi-1D test. We performed grid convergence studies for both sharp and diffuse interface versions of our
unfitted Nitsche method with PG stabilization. In particular, we studied the sensitivity of numerical results to
the subdomains overlap §. The sharp interface simulations were run with § = 0 and § = 6h. The diffuse interface
method was tested for 6 = 6h and § = dq, where dq = diam(Q). For comparison purposes, we ran the same
simulation with the Hansbo & Hansbo (H?) method [16], which is essentially the FE formulation (2.2). The L?
errors and experimental orders of convergence (EOC) on uniform grids are listed in Table 1. In addition, we
tested the sharp interface version with § = 6h on successively refined quasi-uniform grids, the coarsest of which
is shown in Figure 1. The L? error behavior is summarized in Table 2. In all cases, we observe approximately
second order convergence and (almost) no dependence on the value of §. The numerical solutions obtained on
the uniform grid with h = —&- are shown in Figure 2. As expected, a smooth transition from u; to us can be

1024
observed across the interface.
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Fi1GURE 1. Coarse quasi-uniform mesh with Az = 0.1 and Ay = 0.02.

TABLE 2. Quasi-1D test problems, L? convergence of the sharp interface method on quasi-
uniform meshes.

h™!  Smooth EOC Non-smooth EOC

10 4.23e—03 3.09e—-03

20 1.15e—03 1.88  8.36e—04 1.89
40 2.98¢—04 194  2.16e—04 1.95
80 7.60e—05 1.98  5.50e—05 1.97
160  1.92e—-05 1.98 1.39e—05 1.98
320 4.82e—06 1.99  3.48e—06 2.00

640 1.21e—06 1.99  8.72e—07 2.00

6.2. Poisson problem with a straight interface and a non-smooth solution

In our second example, the domain and interface are the same as in the quasi-1D test of Section 6.1. Following
Hansbo and Hansbo [16], we set 3 = 0.5, uz = 3 and f; = fo = 1. The Dirichlet boundary conditions at points
(z,y) € 0Q with = 0 or x = 1 are chosen to match the values of

ui(z,y) = %(w —0.01) — (z — 0.01)?, us(x,y) = 834 + %(w —0.01) — é(w —0.01)2.
As before, we impose homogenous Neumann boundary conditions at (x,y) € 9Q with y =0 or y = 1.

The analytical solution w(z,y) to this test problem coincides with uq(z,y) for < 0.51 and with us(x,y)
for > 0.51. Since u(x,y) has a kink at & = 0.51, we call this experiment the non-smooth quasi-1D test. We
ran grid convergence studies for the same configurations as in the previous example. The L? errors and EOCs
for uniform meshes are listed in Table 3. Additionally, we present the L? convergence history for quasi-uniform
meshes in Table 2. Again, we observe second order convergence and no dependence on ¢ for all cases. The

1

numerical solutions obtained with h = Tos1 are shown in Figure 3. The solutions for u; and us match well on

the interface and no oscillations occur.

Remark 6.1. The reported convergence behavior can be further improved by using problem-dependent values
of the Nitsche parameter . Numerical tests indicate that more stable EOCs can often be obtained by increasing
or decreasing the value of «.
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FIGURE 2. Numerical solutions to the smooth quasi-1D test problem (uniform mesh, h =
First row: sharp, 6 = 0. Second row: sharp, § = 6h. Third row: diffuse, § = 6h. Fourth row:

diffuse, 0 = dg. (a) Extended u;. (b)

u. (c) Extended us.

TABLE 3. Non-smooth quasi-1D test, L? convergence history on uniform meshes.

1
Toz1)-

ht H? EOC Sharp EOC Sharp EOC Diffuse EOC Diffuse EOC
6=0 6 =6h 6 =6h 6 =dgo

128 7.47e—06 2.91e—05 2.91e—05 2.67e—05 2.67e—05

256 1.86e—06 2.01 7.31e—06  1.99 7.31e—06  1.99 8.29e—06 1.69 8.29e—06 1.69
512 4.64e—07 2.00 1.83e—06 2.00 1.83e—06 2.00 1.38¢—06 2.59 1.38¢—06 2.59
1024 1.15e—07 2.01 4.57e—07  2.00 4.57e—07  2.00 4.16e—07 1.73 4.16e—07 1.73
2048 1.93e—08 2.57  1.03e—07 2.15  1.03e—07 2.15  9.79e—08 2.09  9.79¢e—07 2.09
4096 4.64e—09 2.06  2.29e—08 2.17  2.29e—08 2.17  2.75e—08 1.83  2.75e—08 1.83

2947
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(a) (b)

AR
AN

FIGURE 3. Numerical solutions to the non-smooth quasi-1D test problem (uniform mesh, h =

ﬁ) First row: sharp, 6 = 0. Second row: sharp, 6 = 6h. Third row: diffuse, § = 6h. Fourth

row: diffuse, 6 = dq. (a) Extended u;. (b) u. (¢) Extended us.

6.3. Poisson problem with a circular interface

Let us now apply our PG method to a truly two-dimensional test problem with a circular interface. The
domain is given by Q = (—1,1)2. The interface I' is the zero level set of the signed distance function ¢(z,y) =
0.75 — /22 + y2. We set 117 = 1, o = 10% and f; = fo = 4 in this test. The Dirichlet boundary condition for
points (z,y) € 9 is chosen in such a way that the restrictions

% —y? _ 0.5625
1000 1000

2 +0.5625

ul(mvy) =T _y27 Ug(ﬂ?,y) =

define the analytical solution (cf. [16]).
We studied grid convergence of the sharp and diffuse interface version of our unfitted Nitsche method with
PG stabilization. The parameter settings were chosen as in the previous examples. For comparison purposes,
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TABLE 4. Circular interface test, L? convergence history on uniform meshes.
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ht H? EOC Sharp EOC Sharp EOC Diffuse EOC Diffuse EOC
6=0 6 =6h 6 =6h 6 =dqo

8 2.79e—02 6.33e—02 7.04e—02 7.03e—02 7.03e—02

16 6.89e—03 2.02 1.69e—02 191 1.97e—02 1.84 2.0le—02 1.81 2.0le—02 1.81
32 1.74e—03 199  4.32e—03 197 5.16e—03 1.93 5.14e—03 1.97 5.16e—03 1.96
64 4.33e—04 2.01  1.09e—03 1.99 1.25e—03 2.05 1.24e—03 2.05 1.32e—03 1.97
128 1.08e—04 2.00 2.74e—04 1.99 2.96e—04 2.08 2.90e—-04 2.10 3.30e—04  2.00
256 2.69e—05 2.01 6.87e—05 2.00 7.16e—05 2.05 6.86e—05 2.08 8.15e—05 2.02
512 6.72e—06  2.00 1.72e—05 2.00 1.76e—05 2.02 1.61e—05 2.09 1.97e—05 2.05
1024 1.69e—06 1.99 4.31e—06 2.00 4.35e—06 2.02  3.60e—06 2.16  4.56e—06 2.11

(a) (b) (c)

FIGURE 4. Numerical solutions to the circular interface test problem (uniform mesh, h =
diffuse interface method, 6 = 6h). First row: top views. Second row: elevation is proporti

0.5855
0.5464
0.5074
0.4684
0.4293
0.3903
0.3513
0.3123
0.2732
0.2342
0.1952
0.1561
0.1171
0.07806
0.03903
3.903e-07

0.5639
0.5263
0.4887
0.4512
0.4136
0.376
0.3384
0.3008
0.2632
0.2256
0.188
0.1504
0.1128
0.07519
0.0376
4.368e-07

to the value of the plotted function. (a) Extended u;. (b) . (¢) Extended us.

0.5639
0.5263
0.4887
0.4511
0.4136
0.376
0.3384
0.3008
0.2632
0.2256
0.188
0.1504
0.1128
0.07519
0.0376
3.76e-07

0.5639

the same simulations were run with the H2 method. The L? errors and EOCs are listed in Table 4. We observed
second order convergence in all cases.

The numerical solutions corresponding to h =
with 6 = 6h and § = dgq, respectively. It can be seen that the unfitted finite element approximations to uw; and
us match well on the circular interface. Moreover, no violations of the discrete maximum principle are observed
in this experiment.

1
512

are shown in Figures 4 and 5 for diffuse interface simulations
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(a) (b) (c)

0.5639
0.5263
0.4887
0.4512
0.4136
0.376
0.3384
0.3008
0.2632
0.2256
0.188
0.1504
0.1128
0.07519
0.0376
1.148e-06

1
5127
diffuse interface method, 6 = dg). First row: top views. Second row: elevation is proportional

to the value of the plotted function. (a) Extended uy. (b) u. (¢) Extended us.

FIGURE 5. Numerical solutions to the circular interface test problem (uniform mesh, h =

6.4. High-order finite elements and condition number of the system matrix

Let us now demonstrate numerically that optimal-order accuracy is attained with PG stabilization for higher
order finite elements. In our numerical example, the computational domain is given by Q = (0,1)2. As in
Sections 6.1 and 6.2, the interface is located at x = 0.51. The diffusion coefficients are set to p; = 0.5 and
e = 2. The right-hand side is constructed from an exact solution satisfying

ui(z,y) = %(m —0.51) — g(ac —0.50)%  wa(z,y) = 12—756 14776(:3 —0.51) — %(m —0.51)*
in the subdomains ©; and s, respectively. The Dirichlet boundary conditions imposed at (z,y) € 9Q with
xz = 0 or x = 1 are chosen to match the exact solution. Homogeneous Neumann conditions are imposed at
(z,y) € 02 withy=0or y = 1.

We investigate the grid convergence behavior of our sharp interface method with § = 0 and again compare it
against the H? method. The L? errors and experimental orders of convergence (EOCs) for polynomial degrees
p = 1,2,3 are reported in Table 5 for the H?> method and in Table 6 for the sharp interface version of our
unfitted Nitsche method with PG stabilization. In all cases, the observed convergence rate is p + 1.

In addition to assessing the convergence rates, we investigate the dependence of the condition number on the
interface position within the mesh for linear finite elements. Specifically, the interface is placed at z = 0.5+ 1077
for j = 2,3,...,9 on a fixed mesh, and the condition number of the system matrix is evaluated for both the
H? method and the proposed unfitted sharp interface method with § = 0. The condition numbers, scaled by
h2, are reported in Table 7. For the H? method, the condition number increases significantly as the cut cells
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TABLE 5. Quasi-1D test with quartic solution, L? convergence history of the H? method on
uniform meshes for different polynomial approximations.

h~t H? EOC H? EOC H? EOC
p=1 p=2 p=3

32 1.67e—04 9.79e—07 3.60e—09

64  4.19e—05 1.99 1.24e—07 2.98 2.26e—10 3.99

128  1.05e—05 2.00 1.56e—08 2.99  1.42—11 3.99

256  2.63e—06 2.00 1.95e—09 3.00

512  6.57e—07 2.00

TABLE 6. Quasi-1D test with quartic solution, L? convergence history of our stabilized sharp
interface method with 6 = 0 on uniform meshes for different polynomial approximations.
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h~!  Sharp EOC  Sharp EOC  Sharp EOC
p=1 p=2 p=3

32 6.51e—04 9.92e—07 6.05e—09

64 1.70e—04 1.94  1.24e—07 3.00 3.86e—10 3.97

128  4.35e—05 1.97 1.56e—08 2.99 2.45e—11 3.99

256  1.10e—05 1.98 1.95e—09 3.00

512  2.77e—06 1.99

TABLE 7. Scaled condition numbers xkh? of the system matrix for different distances between
the mesh cell boundary and interface.

dist(0K,T") 1e—09 1le—08 le—07 le—06 le—05 le—04 le—03 le—02
H? 9.28e14 5.48el3 5.56ell 5.56e09 5.51e07 5.05e05 2.81e03  16.37
0=0 22.32 22.32 22.32 22.32 22.31 22.23 21.49 15.99

become smaller. For the stabilized sharp interface method, the condition number remains uniformly bounded,
which demonstrates the algebraic stability of the proposed approach.

6.5. Stationary convection-diffusion problem with steep gradients

In our final example, we test a generalization of our diffuse interface method to the elliptic problem

v-Vu—-V- - (uVu)=0 inQy, k=1,2,
u=gp on Jf,
[ul]=0 onT,
[vu —puVu]l=0 onT,

where v € R? is a constant velocity and gp is the Dirichlet boundary data. In a corresponding straightforward
extension of our diffuse interface formulation, we add the convective term

V- [ Vup i wp, dx + Vup 2wp 2 dx}
o

Qg
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(a) (b) ()

25:08 2.957
219 2.76
18.71 2563
1553 2.365
12.34 2.168
9.16 1.971
5.976 1774
2.791 1.576
-0.3933 1.379
-3.578 1.182
-6.762 0.9846
-9.947 0.7874
-13.13 0.5901
-16.32 0.3929
-19.5 0.1956
-22.69 -0.001625

0.3929
0.1956
-0.001625

FIGURE 6. Numerical solutions to the stationary interface convection-diffusion problem (uni-
form mesh, h = 5%, 0 = 0). First row: top views. Second row: elevation is proportional to the

value of the plotted function. (a) No stabilization, 8, = 0. (b) 8, = 1. (¢) Or = max{l, %}

on the left-hand side of (4.1) and multiply the stabilization term sp(u,w) by (cf. [34])

By = max{l, |Vh}
2p

A well-known test problem for stationary perturbed convection-diffusion equations with constant coeffi-
cients is defined in Example 2 of the review paper [19]. It uses the domain Q = (0,1)? and the velocity
v = (cos(—7/3),sin(—m/3))T. The Dirichlet boundary data is given by

(2,1) = 0 ifz=1o0ry<0.7,
IDWLY) =11 otherwise.

Note that gp is discontinuous at (zg,y0) = (0,0.7). Let T' = {(x,y) € Q : ax + by = c} be the straight
line that passes through (zo, o) and is parallel to v. Deviating from the setup in [19], we set u; = 1072 in
O ={(z,y) €Q :ax+by <c}and pp = 1078 in Oy = {(x,y) € Q : ax + by > c}.

Remark 6.1. We use a constant velocity in this experiment to match the standard benchmark problem from
Example 2 of [19]. The effectiveness of the projected gradient stabilization for arbitrary velocity fields and even
for high-order finite element discretizations of nonlinear hyperbolic systems has been demonstrated in [27,29,34].
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In Figure 6, we show the numerical solutions calculated on the uniform mesh with spacing h = ﬁ. It can
be seen that failure to properly stabilize the discretized convective terms results in global spurious oscillations.
The projected gradient stabilization term with the proposed choice of the parameter 3, mitigates this effect
and localizes violations of the discrete maximum principle (DMP) to layers of elements with steep gradients
without the need for additional modifications of the discretized weak form. Moreover, the magnitude of spurious
undershoots and overshoots is significantly reduced (see the 3D plots in Fig. 6). If violations of the DMP are

unacceptable, they can be avoided, e.g., using the framework of algebraic flux correction [4, 24, 26].

7. CONCLUSIONS

The paper studied an unfitted FEM with projected gradient stabilization. Two versions of the method, the
sharp interface and diffuse interface approaches, were introduced and applied to numerically solve an elliptic
interface problem. The projected gradient stabilization was applied globally, rather than being restricted to a
narrow strip around the interface.

A priori analysis of the projected gradient stabilization was performed for the case of P! finite elements.
The resulting sharp interface version of the FEM was proven to be optimal-order convergent. The method’s
performance was compared to the unstabilized variant from [16]. The proposed version demonstrated comparable
accuracy while being algebraically stable, providing an extension of the solution beyond the physical domain and
enabling a diffuse interface implementation. The diffuse interface variant showed similar accuracy but currently
lacks numerical analysis.

We conclude that projected gradient stabilization is a simple and effective technique that facilitates the
straightforward implementation of unfitted FEM. Handling higher-order elements remains an open problem for
future research.
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