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CONVERGENCE OF A FINITE VOLUME SCHEME FOR A MODEL FOR ANTS

MARIA BRUNA'®, MARKUS SCHMIDTCHEN? AND OSCAR DE WiT?*

Abstract. We develop and analyse a finite volume scheme for a nonlocal active matter system known
to exhibit a rich array of complex behaviours. The model under investigation was derived from a stochas-
tic system of interacting particles describing a foraging ant colony coupled to pheromone dynamics. In
this work, we prove that the unique numerical solution converges to the unique weak solution as the
mesh size and the time step go to zero. We also show discrete long-time estimates, which prove that
certain norms are preserved for all times, uniformly in the mesh size and time step. In particular, we
prove higher regularity estimates which provide an analogue of continuum parabolic higher regularity
estimates. Finally, we numerically study the rate of convergence of the scheme.
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1. MODEL INTRODUCTION AND MOTIVATION

Active matter exhibits richly complex collective motion, ranging from flocking birds and schooling fish [25] to
pattern-forming skin cells [28], turbulence in suspensions of microswimmers [2], and lane-forming pedestrians [3].
There are two main approaches to modelling collective phenomena in active matter: microscopic or agent-based
models or macroscopic or PDE-based models [5-7]. The former approach is very high-dimensional due to the
large number of individuals typically involved in active matter systems, and quickly becomes analytically and
computationally intractable. This is why macroscopic PDE models are customarily favoured to investigate the
system’s behaviour. Moreover, analytical challenges—commonly rooted in metastability and multiple bifurcation
branches—highlight the importance of developing reliable numerical methods for macroscopic active matter
models. In this paper, we develop and analyse a finite volume scheme for a nonlinear Fokker—Planck equation
derived in [13] as the continuum limit of a microscopic active matter model for ants:

Ouf = Vx - (DrVxf —Pee(0)f) +9p(0o.f —¥Blelf), [f(t=0,x0)=f(x,0), (1.1a)

where f = f(t,x,0) : Ry x T? x Ty, — R, is a one-particle probability density function that quantifies the
probability to find a particle at time ¢ with position x € T? and orientation 6 € Ts,, and B]c] is some functional
that represents a nonlocal interaction between particles through a chemical field ¢ = ¢(¢, x). In equation (1.1a),
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Dy > 0 is the translational diffusion coefficient, Pe > 0 is the Péclet number (or dimensionless self-propulsion
speed), e(f) = (cos,sin#)T is the direction of self-propulsion, and v > 0 is the interaction strength.

Equation (1.1a) was derived in [13] as the formal mean-field limit of a colony of ants interacting through
the laying and sensing of pheromones. In particular, the pheromone field is coupled to the particle distribution
through the elliptic equation

Ac—ac+p=0, (1.1b)

where « is a chemical decay rate and particles’ spatial probability density is given by

p(t,x) = f(t,x,0)do. (1.1c)
Tan

Ants interact nonlocally via the pheromone field according to
By[c] = n(0) - Vxe(x + Ae(h)), (1.1d)

where n() = (—sin 6, cos§)T. Equation (1.1d) models how ants adjust their orientation towards higher chemical
concentrations by sensing at position x + Ae(d), where A > 0 represents the sensing distance of ants. This can
be thought of as the location of antennas relative to their body centre.

The solutions of model (1.1) were studied via a linear stability analysis and time-dependent numerical sim-
ulations in [13]. Specifically, for A > 0, equation (1.1) admits three types of steady states depending on the
model parameters: the trivial (constant) steady state, cluster stationary states, and lane-like steady states. In
particular, in the region in the (v, Pe)-plane where the constant state is linearly unstable, numerical solutions
of equation (1.1) were found to either converge to stationary clusters or bidirectional lanes, which a thin region
where bistability between the two types of nontrivial steady states is possible.

Similar lane-like steady states were also found in [8], where they used a related interaction term B|c| (which
we discuss further below).

Model (1.1) is a nonlinear, nonlocal extension of the Fokker—Planck equation associated with a single active
Brownian particle corresponding to setting v = 0 in Eq. (1.1a). The self-propulsion term, premultiplied by the
Péclet number Pe, disrupts the gradient flow structure 9, f = V- (fVIF/df), often encountered in macroscopic
PDE models for interacting particles. The non-gradient character of equation (1.1a) complicates the analysis
as tools from gradient flows, such as a general LaSalle invariance principle [17], are not available. Despite these
challenges, the well-posedness of solutions f € L2(0,T; H') for any time T' > 0 was proven in [13]. The estimates
rely on D > 0 and classical Sobolev—Poincaré and Gagliardo—Nirenberg inequalities. Particularly, regularity
estimates for the spatial density p, which satisfies

Oip =V - (DrVp — Pep), (1.2)
where p(t,x) = 0% e(0)f(t,x,0)dé is the polarization (or average orientation), can be used to show regularity
estimates for the full density f. The analysis in [13] also gives long-time estimates showing that there cannot
be blow up at infinite time, such that f € L>(0, +o00; L°°). A remaining challenge is the characterisation of the
pattern-forming steady states beyond a stability analysis of the homogeneous state.

Model (1.1) is a compelling example of pattern formation in a nonlinear active matter PDE model. Mathematical
tools to characterise the existence of pattern formation were established for collectives of pedestrians in [12, 14,
15], flocking birds [11,21], collectives of migrating cells [16] and suspensions of micro-swimmers [1,27]. Despite the
absence of a gradient flow structure, these papers provide the mathematical foundations for these pattern formations
through bifurcation analysis, numerical methods, well-posedness analysis, and (non-)linear stability analysis.

Our primary objective is to develop a numerical scheme that accurately reproduces the behaviour of (1.1).
Finite-volume schemes are particularly well-suited for this purpose, as their structure inherently ensures mass
conservation and preserves the nonnegativity of the initial data. Extensive research exists on the numerical
analysis of finite-volume methods [4, 18,23, 24, 32], providing rigorous foundations for their convergence and
error analysis across various PDE models. In particular, the works [4,24] are central to our analysis. Reference
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[24] demonstrates the convergence of a finite-volume scheme for the parabolic-elliptic Keller-Segel equation,
which incorporates (1.1b), using a compactness argument in L2(0,T; H'). A similar convergence result is given
in [4] for a more general one-dimensional nonlinear aggregation-diffusion equation. Their analysis of general drift
terms provides inspiration for treating the drift terms in our model, following a priori estimates for the chemical
field in the discrete setting. These estimates can be obtained by translating the local well-posedness estimates
in L2(0,T; H') of [13] to the discrete setting, using discrete analogues of Sobolev—Poincaré inequalities [9]. In
addition to a convergence result, we show the analysis for long-time estimates for the numerical solutions. As
part of this, we show that a standard H'-regularity parabolic estimate has a finite-volume equivalent, allowing
us to show L?- and L*-long-time estimates. A crucial component of this analysis is a recent result on the
Morrey inequality within the finite volume framework ([30], Thm. 4.1).

The paper is organised as follows. In Section 2, we define the weak solutions of (1.1), introduce the numerical
scheme and state the main convergence result. In Section 3, we provide the required a priori estimates for the
convergence result, which is proven in Section 4. Section 5 covers the long-time estimates for the scheme. Finally,
we present a series of numerical results in Section 6 showcasing the performance of our scheme. We show the
scheme’s order of accuracy and numerically verify the long-time behaviour observed in [8,13], confirming the
convergence to nontrivial steady states. We conclude by showing that quasi-steady states comprising multiple
spots or lanes exist and that they eventually destabilise and evolve to a single spot or lane.

2. DEFINITION OF THE SCHEME AND FUNCTION SPACES

We begin by introducing some notation. Throughout, let £ = (x,6) denote the three-dimensional coordinate
vector, Q := T? be a two-dimensional domain with periodic boundaries extending from [—%, %]7 ¥ =Qx Ty
and X1 = ¥ x (0,T). We will consider the nonlocal interaction (1.1d), as well as its zeroth and first-order Taylor
expansions in A\, which we denote by By and B, respectively:

Bole] = n(h) - Vxe(x), (2.1a)
B[] = n(0) - Vxc(x) +mn(f) - Vic(x)e(). (2.1b)

The sensing strategy By corresponds to ants “without antennas” sensing at their centre of mass. The B, term
can be derived as the limit of a sensing mechanism for two antennas spread apart by some angle [8,29]. Typically,
the terms B) and B, lead to either aggregation or lane formation, whereas the term By only leads to aggregation
spots. Let us recall our notion of weak solution of equation (1.1).

Definition 2.1 (Weak solution). A function f € L?(0,T; H'(X)) is a weak solution for equation (1.1) if f(0) =
[ € LL(2) N LP(X) with mass one and

T
/0 / Oup — (DrVuf — Pee(8)f) - Vo — (90f — 7 Blel f)pi] de dt + / JOp)de =0,  (2.2)

for all ¢ € C°°(Xr) such that ¢(T) = 0 and ¢ € L*(0,T; H?(f2)) is the unique strong solution of equation (1.1b).
Next, we introduce a discretisation of the domain 3 and a time interval (0,T).
Definition 2.2 (Discretisation of the domain). For some N, N,, Ny € N, we introduce a family of cells
Cijr = [zi—1/2,fﬂi+1/2) X [yj—l/Q;yj-i-l/Z) X [91«—1/2,9k+1/2), (2.3)
for

(i, 4, k) €T ={(3,5,k)|1 <i < N;, 1 <j<N,1<k< Ny}, (2.4)
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where
1 . 1 .
$i—1/2 = —5 + (Z — 1)A.’E, yj—l/Q = —5 + (] - ].)Ay7 and 6k—1/2 = (k — ].)AG,

with Az =1/N,, Ay = 1/N,, and Af = 2w /Ny. We note that | J; C; ; r = X. We also define the dual mesh cells
as

Civ1/2,5k = [Tis Tiv1) X [Yj—1/2,Yj41/2) X [Ok—1/2,Or11/2), (2.5)

with x; = —% + (i — %)Am for 1 <i < N, (and xn,+1 = 21), and analogously for the y- and #-direction. We
use the notation x; ; = (z;,y;).
For the time interval, we introduce the subintervals [t",¢" 1), where t" = nAt, such that

U et =01, (2.6)

n=0,1,...,Ny—1

and Ny = T/At is a positive integer.
Throughout, we call a family of meshes admissibly regular if there exist some constants e1,es satisfying
0 < €1 < g9 < oo such that, for all meshes

A0 A6 Ax

,—, € (e1,€2). 2.7
Az Ay’ Ay © e 27
We are now ready to introduce the numerical scheme using the above notation.

Definition 2.3 (Definition of the scheme). We construct a discretised version of the initial data fY via the cell
averages

1
ik = A /Ck 7o) de, (2.8)

for (i,7,k) € Z, where A = AxA6, and Ax = AzAy. To discretise equation (1.1a), we rewrite it in divergence
form 0, f = —V¢ - F, with flux F = (F?, FY, F?)
Fz(taf) = 7(DTa$f - Pecos(@)f),
F¥(t,6) = —(Dr0y f — Pesin(9) f), (2.9)
F(t,€) = — (0o f = 7Bllf)-

Integrating equation (1.1a) over a test cell, [t",t" 1) x C; ; 1, yields

/C”k fEvH€) de - /C”k [t 8 dE=— /t:nH /CLM 0, F*(t,&)de dt — /:LH /cm.,k 8, FY(t,€)d¢ dt
gt

- / DpFO(t, &) de dt.
tn Ci,j,k
(2.10)
Using the fundamental theorem turning the derivatives on the right-hand side into finite differences, we can
approximate equation (2.10) by the backward finite volume scheme

n+1_ n
igk ~Jigk 1

At - Ax

1 6,n+1 6,n+1
- E (Fi,j,k+1/2 - Fi,j,kfl/Q)’

1
x,n+1 z,n+1 ,n+1 n+1
(Fi+1/2,j,k - Fi71/2,j,k) - ?y (Fi?{j+1/2,k - ngfl/Q,k) (2.11a)
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where the discrete fluxes are defined as
x,n
Fz+1/23k (DTd f+1/2]k PeU+1/2]k)
FY ok = = (Drdy s on = PeViiiyon), (2.11b)
0,n o
Fz;j,k+1/2 - ’(d9fi7,lj7k+1/2 YW, k+1/2)

and discrete partial derivatives defined as

1
defiv1/2,56 = E(fm,j,k — figk)s

1
dy fijr1/2.6 = Iy(fi,j—&-l,k — fijk)s (2.11¢)
1
dofijkt1/2 = E(fi,j,kﬂ — fijk)-
The upwind velocities for the drift terms are, using the notation (-)* = max(-,0), ()~ = min(-,0),

i1/2,,k = (cOS Ok)" f1 0+ (cOSOk) ™ [Tt
Vi?j-&-l/?,k = (sin ek)+ ik T (sin k) g (2.11d)
Wi ks1/2 = (B[cn]i,j,k+1/2)+fir,lj,k + (B[cn]i,j,k-',—l/Z)_fz'r,lj,k+1'
Next, we discretise equation (1.1b) using finite differences

0= (d7 +dj)ei; —aci; + pi, (2.11e)

where the Laplacian terms are defined as

A — L A .
g2en = Gt T2 TGy

x z,] - AZL’2 ) (211f)

and analogously in the y-direction. Here, p}'; = >k fZ”] A0 denotes the discretised spatial density.
Lastly, we use the following discretisations for the three different modelling choices for the interaction term
Bl¢].

— For By|c|, we define
Bolcli j k172 = n(0k11/2) - Dei g, (2.11g)

and the gradient is discretised as a centred finite difference

1
(Cit15 = Cim14)
DCZ' s = 1 A = Drci’j = 1 d Cl+1/2‘7 + d c7, 1/2‘7 (2.11h)
7 2 1 Dyci,j 2 d yCij+1/2 + d’ljc’bj 1/2
A (Cz j+1 — Cz’,j—l)
— For B,[c], we define
Bilclijk+1/2 = 0(0kg1/2) - DCijrs1/2, (2.11i)

where ¢; j ;41,2 approximates c(x; ; + Ae(fy11/2)) and it is defined using nearest-neighbour interpolation to
access ¢ at the points x; ;j + Ae(#), see Definition B.1 for a full definition.
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— For B;[c], we define

Brld; jit12 = 0(Oks1/2) - Deij + (0 s12) - Heije(Orir/2)- (2.11j)

where the discrete Hessian is defined as

d%2¢; ;. DuD,c;;
He; ;= S 2.11k
€irj <DnyCi,j dicm- ) ’ ( )

where the off-diagonal terms read

1
D;Dyc; ; = m(ciJrl,jJrl — Cim1,j+1 — Citl,j—1 + Cim1j—1)-

Definition 2.4 (Piecewise constant interpolations). Given ( I, %) (i.j,kn) @& discrete solution to the scheme, we
define the piecewise constant interpolation as

fh(t,l'7y,9) = fz?,lj,k7 for (t7xaya0) € [tn_17tn) X Ci,j,kv (212)
where the subscript h corresponds to the mesh size
h = max{At, Ax, Ay, Af}. (2.13)

We also use straightforward analogous definitions of piecewise constant interpolations for functions with only
(t,z,y) as variables.
We define the discrete gradients on the dual mesh as

dufu(t,z,y,0) = dafiy1 )00 for (tw,y,0) € [t 1) x Cit1/2,5,k (2.14)

and analogously for the gradients in y and 6.

We show the following well-posedness result for finite-volume scheme of Definition 2.3. We postpone its proof
to the next section.

Proposition 2.1 (Existence, uniqueness and nonnegativity). Let f* € L (X)NLP(X) be a nonnegative initial
datum with mass one. Then, for any Ny, Ny, Ng, Ny € N, provided At < Ccryr, for some constant Ccrr, > 0,
there is a unique nonnegative solution (f{fj’k) to the scheme of equation (2.11) for (n,i,j,k) € {0,1,..., Ny} xZT.
Moreover, the mass is conserved and there holds | fn(t)||zr = | f°|lp1, for all t € [0,T).

A priori, the constant Ccpr, depends on the phase-space mesh, as shown in Appendix A. However, the
condition for the well-posedness of the scheme can be made independent of the mesh using the L*°-regularity
estimates of Section 5. This observation is similar to the one made in Remark 2.1 of [24].

We conclude this section by stating the main convergence result, which we will prove later.

Theorem 2.1 (Convergence of the scheme). Let f© € L (X)NLY(X) be a nonnegative initial datum with mass
one. Then, given an admissibly reqular family of meshes as in Definition 2.2, a family of solutions (fn)n as
in Definition 2.4, and provided At < mabx{zg—g27 1/(C'Cr)} (see Prop. 3.3) the sequence of numerical solutions
converges strongly in L*(X7), as h — 0, and its limit is the unique weak solution of equation (1.1) as in

Definition 2.1.
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3. A priori ESTIMATES

In this section, we prove the existence result of Proposition 2.1 and derive a set of discrete a priori estimates
necessary for Theorem 2.1. To this end, we recall a discrete Gronwall-type inequality mimicking the standard
continuum Groénwall inequality. Next, we define discrete analogues of Sobolev space norms. We then prove an
L?-estimate for the discrete spatial density pj,, an H'-type estimate for the discrete chemical field ¢, and the
discrete interaction term dgBl[cy]. Finally, we obtain a uniform-in-time L?-estimate for f, and d¢ f, on bounded
time intervals, independent of the mesh size. All these estimates will be used to prove the convergence of the
scheme in Section 4.

Lemma 3.1 (Discrete Gronwall inequality). Suppose (F™),, C (0,00) is a nonnegative real-valued sequence and
celo,1). If

FHl_pr < OF™ for n=0,1,2,..., (3.1)
then
P (3.2)
-a-om ’
Proof. The proof follows by induction. Let C' € [0,1). For n = 0, we clearly have
1
F'<p'——0.
- 1-C

We then assume that for n = 0,...,n’ — 1 the inequality F™ < FOW holds. Then, for n’ we have

Fn/ _ Fn/—l < CFn/,
so that by assumption

’ ’ 1 1 1
F" < Fr-t < F° =F° :
~1-C —T1-Cc(-0)yt (1-c)yw

This concludes the proof. O
Next, let us define the discrete Sobolev spaces we will use in our analysis.

Definition 3.1 (Function space norms). For 1 < p < +o00, we define the LP-norm

1/p 1/p
Iuller = ( [Im©rag) = ( Slnalac) (33)
b —
N
We define the L°°-norm as
[ frllzee = sup [fa(§)] = sup|fi - (3.4)
cex i,k
For 1 < p < 400 we define the Sobolev seminorm
1/p
|ful1p = Z(|dxfi+1/2,j,k|p + ’dyfi,j+1/2,lc’p + |d0fi,j,k+1/2}p)A§
0,4,k
= | defull o> (3.5)

where
de fu(@,y,0) = (dafn,dy frdofn) - (3.6)
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The discrete Sobolev norm is defined as

Il fullip = [fulip + Ifnllze- (3.7)

We also use the notation || fy||1,p,5 if it is relevant what domain, here 3, is used for the integration or summation.

Lemma 3.2 (Summation by parts). For (a; k)@, kez and (bijx)ijkez on the discretised periodic domain
we have
D (@iv1jk = aiji)bin =— > (big1jk = bijk)ais1 ik (3.8)

1,5,k 5,k

Analogous relations hold in the j- and k-directions.

We can now prove Proposition 2.1.

Proof of Proposition 2.1. We first establish the existence and uniqueness of the finite difference equation (2.11e).
For a given nonnegative (pﬁj)i7j, we note that we have a linear system of N, N, unknowns ¢, and the same
number of coupled equations

2 .n 2. n n o _ n
dzeij —dyei; +ac; = pi;.

We next show that the kernel of this linear system is the trivial solution ¢;'; = 0. Indeed, for p}’; = 0, multiplying

i,j
equation (2.11e) by ¢f'; and summing over all pairs (4, j), summation by parts yields

>(

Hence, we find ¢j'; = 0. This implies that for any p;’;, there is a unique solution to the linear system equa-
tion (2.11e). Further, since pi'; 1s nonnegative by assumption, ¢}'; is nonnegative by the same argument as in
the proof of Theorem 2.1 from [24].

Now, we construct the fixed-point operator. First, for a given prescribed chemical field ¢ ;, possibly varying
in time, and an initial datum fg ik satisfying the assumptions, there exists a unique solution ijx to the scheme
(2.11) (without Eq. (2.11e)), see Theorem 17.1 of [23]. This solution is also nonnegative and mass-preserving
by the same arguments as in the proof of Theorem 3.1 from [4]. Upon setting

2
+

dwci+1/2,j dyci)j+1/2‘ + 0&|Ci7j| ) =0. (39)

X = (c” ) € RN7 NNy sup Z‘cﬁj‘AX <1l/ay,

,J
’ n=0,1,...N1 7~

which is convex and compact, we define the operator

. n n ~Nn
S:X = X,y = filje = G

where ¢ solves equation (2.11e) with pf'; = > ¢ [’ kA8 as its source term. This operator is continuous,
At

provided &5 is small enough. For a proof, see Appendix A.
Also, we have that E” o iAx = 1/a for all n = 0,1,..., Ny, using the mass-preserving property and
equation (2.11e). Hence, by the nonnegativity of ¢ ;, the operator S is a fixed-point operator. Applying Brouwer’s

0,57
fixed point theorem, we obtain a solution (f*, ., ¢.) to the scheme as in Definition 2.3. Furthermore, the solution

4,4,k 71,
is unique by as similar approach as showing the uniqueness. This requires At/A&? to be small enough, see again
Appendix A. This concludes the proof. (I
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Remark 3.1 (Scheme for p}' ;). Multiplying equation (2.11a) by A¢ and summing over k, results in the following
scheme for the spatial density,

n+1

Pij —Pij 1 (zontl _ pantl L (cymtl  zgnil
At _E(Fiﬁ/m - Fix—l/w) - @(Ff{jil/z - Fz’%jyiw)’ (3.10a)

with

pr.nt+l n+1 _ rrn+1 n+1 _ n+1
Fifi25= (Ddepi-s-l/Z,j PeUi+1/2,j)’ where UL, ; = Z Uit1/2,5680,
k

(3.10Db)

~y,n+1 _ n+1 _ rn-+1 (rn+1 _ Z n+1
Fijri2 = (DTdypi,jH/z PeVi,j+1/2)’ where  Viiije = 2 Vi patdd,
k

K3 K3
cretisation of equation (1.2). We define the piecewise constant interpolation pp(t,x) from p;'; analogously to
Definition 2.4.

where UJ" | /25K Vit 2.5k Are given in equation (2.11d). As expected, it corresponds to the finite-volume dis-

Proposition 3.1 (L?-estimate for py,). Provided that At < 2@—;, the meshes are an admissibly regular family

as in Definition 2.2 and p° € LY (Q) N L (), then the spatial density of the solution for the scheme of
equation (2.11) satisfies
sup ||pn(t)l|z> < Cr, (3.11)
t€[0,T]

where Cr > 0 is independent of h > 0 but may depend on T > 0 and ||p°| 2.

Proof. We multiply equation (3.10a) by p?jl and sum over all 4, to get
pTH‘l — pﬂ.
SR = D (e + o
i,j 0,J
UnJrl _ Un+1 Vn+1 o VnJrl (312)
—PeY i1/2.5 — Yim12g ot Yigt1/2 ~ Vi 1/2 o
J
Then, multiplying by Ax and summing by parts as in Lemma 3.2, we get
+1 n
Pig —Pij i a P a P
> A P Ax=-Dr > dxp?ﬂ/lj‘ T ‘dy/’?,jﬂ/?‘ Ax
1,5 0,J
Tn—41 +1 r/n+1 +1
+Pe) (Uinﬂ/z,j depiiiyeg T Visiye dy/’?,jﬂ/z) Ax (3:.13)
0,J
a1y (12 Pe? a1y (12
< —(Dr = () oy + E ) e
using |UZL++11/2 j| < rrlaoc{,oglj'l7 p:‘_:'ﬁ ;1 the weighted Young’s inequality, and the notation
dxpn = (dzpn, dyph)T- (3.14)

Finally, using the inequality b(b — a) > % (b* — a®) on the left-hand side of equation (3.13), we obtain

1 n 2 n n 2 Pe? n 2
@(th(t +1)||L2(Q) = llpn(t )|‘i2(9)) < —(Dr _5)||dxph(t H)Hp(n) + Tth(t +1)||L2(Q)'

—~

3.15)
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Thus, after setting e = Dp

2AtPe?
Dr

lon (& L2 ) = llon ()72 0) < lon ()12 - (3.16)

Applying Gronwall’s estimate (Lem. 3.1) we get, provided % < 1 (strictly, uniformly over the sequence of
meshes)

ny |2 1 02
th(t )||L2(Q) < (1 B 2AtP02)n ||ph||L2(Q)' (317)
Dt
We note that for u = %, there is some A € (0,1) such that u < A < 1 uniformly in h. Hence, we estimate,
using (1 + 2)" <e® for s >0,
1 U "
I —
(= u)" ( ' 1—u>
(1 L)) oy, LaTEe? r
- Au - A DrNrp
- 2T Pe?
ex .
= exp ADy
This concludes the proof. O

Remark 3.2 (Hessian of ¢p,). For the chemical field ¢, we define the piecewise constant Hessian

d2 Ch dz Ch
e =7 < 3.18
XCh (dmych dich ) ’ ( )

such that
dich = dfzci,j for (z,y) € Cij, dyycn = dydaciyry2,j41/2  for (z,y) € Civ1/2,5+1/2- (3.19)

Proposition 3.2. There exist constants C,Cp > 0 such that, for any choice of B € {By, Bx, B;}, provided
the meshes are an admissibly reqular family as in Definition 2.2, the following inequalities hold for pn and cp
numerical solutions of equation (2.11e):

llernllie <Cllpnllz2 o), |dZenllze < Cllpnllrz(a) (3.20)
and
|[doBlen]lle <CrllpnllLz(a)- (3.21)
The constants C,Cp > 0 do not depend on h.

Proof. First, we derive pointwise estimates on dgBJcp] in terms of the discrete gradient and discrete Hessian
of ¢j,. Then, we derive estimates for the L?-norms of the discrete gradient and Hessian of ¢;, in terms of the
L?-norm of py,.

We note that for all the modelling choices for the interaction terms for B|c] we have

1
dgBlci ik = E(B[C]i,j,kﬂ/g — Bld]; jk—1/2)- (3.22)
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— By interaction: using the mean-value theorem, we have

1

[deBolcliil = | 15 (0 (0hs1/2) = 8(04-1/2)] - Des| < 1D, (3.23)
where the norm of the vector is |(a,b)T| = Va2 + b2.

— B, interaction: we have

1
N [n(9k+1/2) - n(gk—1/2)] - Dei g (3.24)

+ A% (0(Orr1/2) Heije(Oky1/2) —0(0r1/2) Heije(Or—1/2)]-

doB:[c)i ik =

Using the mean value theorem, we obtain

|doBr[clijkl < C(|Deij| + [Heijl), (3.25)
for some constant C' > 0 independent of h, and where the norm of the matrix is
a b
‘(c d)‘ = Va2 + b2+ 2+ d2 (3.26)

— B, interaction: a pointwise estimate is given in Appendix B, and we prove that there is a constant C' > 0
independent of the mesh size such that

2 2 2
”dO'B)\[Ch]”L2 < C(dech||L2(Q) + HdiChHLz(Q))v (327)

for the details of the proof see Appendix B.

Now we derive the L?-estimates on ¢, in terms of the L2-norm of p;. Multiplying equation (2.11e) by ci jAX
and summing over all doubles (i, j) and using integration by parts gives

1 «
ldxenlZze () + allenllZzy = llonenllie) < ﬁnﬂhuiz(m + §Hch||2L2(Q)~ (3.28)

This gives the inequality to be obtained, ||dgBlca]||z2 < Cpllpnll2(q), for the By interaction. For the Hessian
appearing in the B, and B, interaction terms, we want to derive a discrete equivalent of the L2-elliptic regularity
estimate, i.e., | V2¢|[12(q) = || Ac||12(q). By integration by parts, we find

Z dici,j dzcm-Ax = Z |dz dyci+1/27j+1/2‘2AX. (329)
i,j 0,J

Hence, the L2-norm of the mixed derivatives is controlled by the diagonal terms of d2¢, just as with the
continuum PDE level. As a result, squaring equation (2.11e) and using ab < %(a2 + b?) gives

(dici,j + dzci’j)Z = a2(ci7j)2 — QOCCi,j,OZj + (pﬁj)z < 20[2(01"]')2 + 2(p?7j)2 (330)

Summing over doubles (7, j) and multiplying by Ax and using equation (3.28) to control ||cx || £2(q) by |lonllz2(),
gives the result for B, and B) as well. O

Proposition 3.3 (L?-estimate for f;). Provided that At < QgeTz , At < C'Cr, where C' > 0 is given in the proof
below and Cr is as in Proposition 3.1, the meshes are uniformly reqular as in Definition 2.2, and || f°]| 12 < +o0,
there exists a constant C' > 0 independent of the mesh size but depending on the final time T > 0 such that the

solutions to the numerical scheme (2.11) satisfy

T
sup | fn(¢)|| 2 +/ [de fn ()] 72 dt < C. (3.31)
t€[0,T] 0
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Proof. The idea for the proof is a discrete analogue of Lemma 3.3 from [13]. We multiply equation (2.11) by

f;’;',i A¢ and sum over all triples (i, 7, k). This gives

SR (- ) = Y AL[De (@ + @) et + e

1,5,k 0,5,k
1
n+1 n+1 n+1 n+1 n+1 n+1
- ZPeAﬁ[ (Uz+1/2,]7 — U125 )f“j’k + Ay (Vivj“/zk V’] 1/2, k)f bd k}
.5,k
’YA& wn 1 n+1 n+1
Z ( ,J+kr+1/2 Wi,jJ,rkfl/2> fl J+k (3’32)

.5,k

We now use summation by parts Lemma 3.2 for the discrete Laplacians, the Pe and ~y drift terms. This gives
A& 7
Z (st = ) it = = 3 A D (1 s 1 o) + 1oL ol
i3,k

1 41 ntl
+ Pe Z A [Uﬁ;/z ik f7,+1/2 ik T Vzn]+1/2 k dy ,j+1/2,k:| (3.33)
ik

+ 'VZ ALW, ” k+1/2 d9f i, k+1/2
N

Then, we have the inequality, for a,u;,u;+1 € R and Az > 0,
(aqui +auipr) 75 (i1 — i) < Jans (ufy —uf). (3.34)
Indeed, we calculate
1 1 2 2
(ayu; +a_uiy1) qy (Uipr —ug) = Ar [auiuis1 — aypu; + a_uiy ]

1
< — [slal(uf +ufy) —ayuf +a-uiy,]

~ Ax
a
= E(ufﬂ - U?)~
Hence, by equation (2.11d) and inequality (3.34), we have
2
n+1 n+1
Uz—i—t/? j.k d z+1/2 j.k S 2 cos(Hk) (fl_:i/g gk ) ; (335)
and analogously for the y-direction. For the 6-direction we have
n+1 n+1 n+1
‘Wzg k+1/2‘ = ’B[C 1, i k+1/2 figk- (3.36)

Therefore, from equation (3.33) we obtain

2
SR (- ) o s—zas[DT(\dxfiH/z,j,khydyfi,m/z,ky?) \defﬁj,,;m”

.5,k 1,5,k
1 n-+1 2 . n+1 2
+5Pe > A¢ {cos(ﬂk) Ao (F75050) +sin(00) dy (£ ) (3.37)

4,9,k

1 " 2
+57 > AEBIE k2| de (fi,;£+1/2) :
ijk
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We observe that the sum over the terms premultiplied by Pe in equation (3.37) equals zero. Concerning the
terms multiplied by -, integrating by parts yields

2 2
> AEIBIE s jo| do| 1R 1| = =3 D0 AEao| B, ]
1,5,k i,5.k
gl n nt1]?
< I3 aas|le, i
1,5,k
= [lauBlen(e )] a(7+1) P e (339

having used the reverse triangle inequality, ||a|—|b|| < |a—b]| for a, b € R. Then, the second sum in equation (3.37)
can be estimated as

2 2
%Pe 3 A¢ [cos(ﬁk) da ( L, M) +sin(0;) d, ( e /M) ]

id.k
1 n " 2
+ 57 Z Ag'B[C +1]i,j,k+1/2‘d9( i,;,LliJrl/Q)
04,k

<2 [loBenm* )] ) o (339)
Combining (3.39) and (3.37) and using (b — a)b > 1 (b*> — a?) on the left-hand of (3.37) for the time-derivative,
we obtain

1
e (1 G~ IS < -l )] ~ Jaas ™) 1,

(3.40)
+ 2 [ 100Blen ()] () P

Applying the Cauchy—Schwarz and the Holder interpolation inequality, we can estimate the last term in equa-
tion (3.40) as

2 [laaBlen(emr )15+ e < B fen ()] ol

< [doB en (@) o [l (" Dz 0 ("1 o

By the discrete Poincaré—Sobolev inequality ([9], Thm. 3.2), we have || fn||rs < Cps||falli2 = Cps(||frllzz +
lde frllL2), for some constant Cpg > 0, which is independent of the mesh size. Therefore, we arrive at the
inequality

%At(Hfh(t"“)HZ - ||fh<t”>Hiz) < —D(E)||de fu (") |22 + CEldoBlen ()] 2ol () 122y (3.42)

where ¢ > 0 can be made arbitrarily small at the cost of increasing C(¢) > 0 and decreasing D(g) > 0. Hence,
multiplying by At and summing in time gives the result, provided At < C’Cr for the application of the discrete
Gronwall inequality (Lem. 3.1), with

(3.41)

C'=1C(e)Cp. (3.43)
O

Corollary 3.1. Provided the conditions for Proposition 3.3 hold, there exists a constant C' > 0, independent of
the mesh size, such that the solutions to the numerical scheme (2.11) satisfy

sup ||ph(t)||L2(Q) <C. (3.44)
te[0,T)
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Proof. The result follows by applying Jensen’s inequality to ||ph(t)||%2(9), such that, if t € "1 "),

lon(D220) = > (p7,)° Ax

2%}
2
< Z <Z ™ kAG) Ax
< Z k) AL (3.45)
1,5,k
This concludes the proof. O

4. CONVERGENCE OF THE SCHEME

The estimates from Section 3 allow us to derive a convergence result on a finite time interval [0, 7] as stated
in Theorem 2.1, using a compactness method, similar to [24].

Lemma 4.1. For all sequences (fn)n of numerical solutions to the scheme as in Definition 2.3, provided the
meshes are an admissibly reqular family as in Definition 2.2, there exists a C > 0 such that for all s > 0 and
zEN,

T—s
/O / Ut +5,6) — Fult. Op(t, €) de dt < sl 2oz, (4.1)

for all ¢ € L?(0,T; HY(X)) and

T
/ / Ut 64 2) — fult, ©)2dé dt < O], (4.2)
0 Y—z

where X —z={{—z:£€X}NX.
Proof. Following Proof of Proposition 4.1 from [24], we begin by showing that there exists C' > 0, such that

I fallssry < C. (4.3)

To this end, we use the discrete TV inequality ([9], Thm. 2.4.1), so that for u = |f,|? and a constant Cpy > 0,
we have, using the notation u = I?l\ fx udé,

o

3
2
nliEagsy =l o < (=l g ) 105 )" < (Crvluhos + 1l ) (4.4)
Hence, using (z +y)2 < %(I% +y?) for z,y € R, we get
Iuts < 3(CbJaelal?[}, + =15l ) < (ol + hait.) (@5)
We used here that 1al2ss = [(f [fa]? d€)?/2 de = Il
Using a® — b2 = (a + b)(a — b), we estimate d¢|f4|? and get
r 3 r 3 3
L 150l de < 0 [ (U1 1ehOl,)F + 1 017:) dr (4.6)

Finally, we use the Holder inequality and the uniform L?-bounds on f;, and d¢ fr from Proposition 3.3 so that
there is a constant C' > 0 independent of & such that || fxl[z3(n,) < C.
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Now turning to the time translate, for ¢ € L?(0,T; H*(X)), we get, defining MAt < s < (M + 1)At for
M €N, and for ¢ | = ftnlfc o(t, &) déde,

T—s
I = / / (Fult+5,€) — Fu(t,€)p(t, €) e dt
= Z Z( T = B ) eh At (4.7)
=1

— 1
Z 2 Z A (I = g ey ahear.

n=1 14,5,k m=1

We insert the scheme as in equation (2.11) into I, to obtain, after summation by parts,

Npr—M M
_ n+m n n+m n 2
L=-Dr > > > (dm i+1/2,5k Qe Pivryagn T duiin o dWi,jH/z,k)AgAt

n=1 ijkm=1

n+m n+m 2
+ Pe Z Z Z <Uz+1/2,3 ka0 g0 T Vi o dy(pzn,jJrl/Z,k)AEAt

n=1 4,5,k m=1
Np—M

M
Z Z Z d@f:;:]zz_l/g da(ij,k+1/2A§At2 + I;Ya (48)

n=1 4,j,km=1

where I is defined as

I =x Z Z Z ,],k+1/2 d9%,y,k+1/2A5At (4.9)

n=1 4,5,k m=1

It is clear that, except for the I) term, using Cauchy-Schwarz, we get, for some constant C' > 0, using the
uniform L2-bounds on f, and d¢ f), from Proposition 3.3,

[Ls| < CsllollL20,m;m1(m)) + 117]- (4.10)

For the I} term we get

I <~ Z ZZ‘B [em ] ,]k+1/2‘<

n=1 4,5,k m=1

n+m
i,5,k ‘—’_

) a0 | AEAE. (4.11)

By the definitions for B € {By, By, B;} and the discrete elliptic estimates on ¢;, in terms of L?(Q)-norms of py,
(cf. Prop. 3.2), we obtain, by Corollary 3.1,

|Blen(®lz2 < Callon(®)l 2y < C. (4.12)

for some C > 0. Hence, by using Holder’s inequality, we can estimate, for some constant C' > 0,

M
1] < 2 Z I1Blen]ll oo, 2 1fnll L2 (s [ doenl 120 1, 16 (5 At

m=1 (4.13)
< CSHdeSDhHLz(o,T;LG(E))

< CS”‘PHLz(O,T;H‘I(Z))a
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where we used ([22], Thm. 3 in Sect. 5.8.2) for the difference quotient estimate ||don||ze(zy < C||0o¢lLo(s) for
some constant C' > 0, and we used the Sobolev embedding in the last line.

Finally, the phase-space translate result can be obtained in a similar fashion as in a classical theorem for
finite volume schemes ([23], Lem. 9.3). Indeed, let (i,, j., k) be such that z € C;_ ;. ., then

T Nr
PR B EEVACOIE D DD DRV P NY

n=1 ,5,k:
Cij e CE—2
Nt
=3 D> (Fleigeioern, — )
n=1  ijk:
Ci,j,kgE—z
itin—1 GHia—1 ktk,—1
| daflia e Dt > Ayt ek Dyt > daflh i w1200 | ACAE (4.14)
i'=i 3'=j kr=k
Hence, by Cauchy—Schwarz, we get
T
[ [ g2 = ne.o)Pagar < Clall iz el o < Ol (415)
0 Y—z
having used Proposition 3.3. This concludes the proof. O

Lemma 4.2. For all sequences (fn)n of numerical solutions to the scheme as in Definition 2.3, provided the

meshes are an admissibly regular family as in Definition 2.2, there is a subsequence that converges strongly to

a function f € L*(Sr), the discrete gradient (dgfr,)n converges weakly in L?(X1) to Vef € L2(Xr) and Bley)]

converges weakly-+ in L°°(0,T; L?) to Blc| such that c is the unique strong solution for the elliptic equation with
2w .

p= fo fdé (possibly up to another subsequence).

Proof. By the Banach—Alaoglu theorem and the uniform bounds of Proposition 3.3 on f; in L?(X7) we can
extract a subsequence that converges weakly in L?(X7) to some f € L?(Xr). We first show that this convergence
is strong in L?(Xr).

By Lemma 4.1 we have that (f;,) is bounded in L?(0,T; X3(X)), where X3(X) is as in Section 4 from [24],
and that

[ fr(t +8) = fa®)|lL2 0.y m2(s))) < Cs. (4.16)

We also have the continuous embeddings
X3(%) c L*(%) c (H*(0%)Y, (4.17)

and X3(X) C L3(X) is a compact embedding by the Riesz—Kolmogorov—Fréchet theorem ([10], Thm. 4.26).
Hence, by the Aubin-Lions-Simon theorem ([31], Thm. 5), we have that f, — f strongly in L*(X7) (up to a
subsequence).

From the Banach—Alaoglu theorem, we derive that d¢ f, — V¢ f, weakly in L*(Zr).

By the uniform bounds in L°°(0,T; L?(2)) for cp,dxcy and d2¢; of Proposition 3.2, it follows that there
are functions ¢,g and M in L>°(0,T; L?(Q2)) such that there is a subsequence and there is component-wise
convergence

cn =, decp > g, dich A M, (4.18)

weakly-* in L>°(0,T; L?(€2)). Similar as in Lemma 4.4 from [19], it follows that g = Vxc and M = VZc in
distribution.
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Following the argument in Proposition 4.2 of [24], we next show that the limit ¢ satisfies the elliptic equation
0 = Ac — ac + p, where p is the limit of pp, and p = f(t &) df by the convergence of fj,. To this end, let
¢ € C°°(Qr) be given and define

I, :/Q (—dxcn - Vxp + (pn — acp)p) dx dt, (4.19)
T
and show that
I, — ; (=Vxc- Vxo+ (p — ac)p) dx dt, (4.20)
T

as well as

I, = /Q (—dxcn - Vi + (pn — acp)p) dx dt — 0, (4.21)
T
as h — 0.

The first convergence in equation (4.20) follows from the weak-x convergence. For the second convergence,
equation (4.21), we multiply the equation for ¢, equation (2.11e), by ¢7'; = fttn,l Jo.  w(t,x)dxdt and Ax, At,
; i
and sum over all 7, j,n to get

Np—1 Np—1

=3 Z (e} + d2e, ) el AxAt+ Y Y “(—ac); + piy)er; AxAL = 0. (4.22)

Then, a discrete integration by parts yields

Np—1
=3 Z(dfc?+1/2,j detpibrye + Ay dy‘PzT'fjH/z)AXAt
n=0 14,5
Npr—1
- Z Z pi; — act cp”AxAt (4.23)
n=0 14,5

We now show that Ij, — I,f — 0, as h — 0. Using the mean value theorem, Corollary 3.1 and Proposition 3.2
and writing ¢}, = o(t",x; ;),

Npr—1
/ (pn — acp)pdx dt — Z Z pi; — act ;)i AxAL
Qr
Nr-1 (4.24)
-L X [ ot et ete - ot axar
— 0.

Similarly, for the gradient terms, we have

NT—l
/ dacnOppdxdt — Y Y daclyy s, datply o, AXAL
Qr n=0 ij
Nr—1 (4.25)
Z Z dy cz+1/2] / / .LQD - dx(p?—'rl/Q,j) dx dt
n=0 14,5 Cit1/2,

— 0.
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In conclusion, we have shown that
I, —I7 —0. (4.26)

This implies that ¢ solves the elliptic equation on Q. Similarly, using the L>°(0,7T; L2(£2)) bounds on ¢, and
dxcp, we can also show that ¢ solves the elliptic equation pointwise in time and in the strong sense.

Finally, for each B € {By, By, B;} we have Blc,] - Blc] weakly-* in L>(0,T; L?>(X)). Indeed, we have the
following computations.

First we rewrite the difference Blcp] — Bld] as follows. For (z,y,6) € C; j k1172 and t € ("1, ¢"], we observe
that

Bo[ch] — Bo[C] = n(0k+1/2) : DCZJ — 1’1(9) . ch

= (n(0y41/2) —n(0)) - Deit; —n(0) - (Vxe — Dcfy). (4.27)
as well as
Bjlen] — Balc] = n(0p41/2) - Dyl i1/ —m(0) - Vxen
= (A(0x51/2) = 0(0)) - Deljyyrjo = 0(0) - (Vuer = Dy o) (4.28)
and

Brcn] = Brlc] = n(0y112) - D}y + m(0kq1/2) - He je(Or1/2) —n(f) - Ve — ™(0)VZ2ce(0)
= (n(0k41/2) —n(0)) - Dcil; —mn(0) - (Vxe — Dcﬁj)
7(e(20)11/2) — €(26)) - ﬂ'c?’j —Te(20) - (@ic — fIc%), (4.29)
and where we used the notation
.HCLJ' = (Da:DyCi,jy %(dzcm — dici_’j))T, @ic = (Bxyc, 5 (8 C — 82 )) (430)

to rewrite the Hessian term, and the identity

n(f) - (‘é ;) e(0) = e(26) - <; ( e a)). (4.31)

Now, let us begin by addressing the term By. To this end, we let ¢ € L'(0,T; L?(X)) and observe that

n—/<%m1 Bold])p dé dt
= Z/ / n(0y11)2) - Def'; —n(0) - Viee)p dé dt
tn—t Ci 4, k+1/2

—Z/ / (0(0y41/2) —n(0)) - Deit; —n(0) - (Vxe — Defy) ) o dE dt. (4.32)
tn-t Ci j, k+1/2

Passing to the modulus, we get, for some C > 0,
|Zn| < C<||nh -0« ||dxCh||Loo(o,T;L2(Q))H‘PHLl(o,T;L‘Z)

+

/ (0zc — dpcp) sin(@)p d€ dt‘ +
Xr

/E (Oyc — dycp,) cos(0)p dg dtD , (4.33)
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where we use the notation ny, to denote the piecewise-constant interpolation, such that ny(§) = n(f1/2) when

€€ Cijktiye
By the mean-value theorem, we have
Iny —n|p~ < h. (4.34)

We also have that sin(6) ¢, cos(8)p € L'(0,T; L?), and d,c, = d,c and dyyc, = 9, ¢ weakly-* in L>(0, T; L(12)).
Hence, as h — 0, we have |Z;| — 0, i.e.,

Bolen] = Blc], in L>=(0,T; L?). (4.35)

Similarly, we can show that
By[en] = Balel,  Brlen] = Br[e], in L%(0,T;L7). (4.36)
This concludes the proof. (Il

Proof of Theorem 2.1. Let ¢ € C°°(X7) such that ¢(T) = 0 and define the error term e(h) as

T T
eh) = — /O /E Fudypde dt — /O /E (Drdsfn — Pee(8) f) - Vo + (dofn — 7 Blenl fi) oo dé dt

(4.37)
- [ moe(0)de
b
By Lemma 4.2, we have that e¢(h) converges to the left-hand side of equation (2.2), that is,
T
[ 18000 = (DrTf = Pec(6)) - Vo~ (@0F ~ 1Bl )00 de
0 = (4.38)

—/f@ﬂ@%
>

It remains to prove that e(h) — 0 for the subsequence of Lemma 4.2, so that the limit f is indeed a weak
solution as in Definition 2.1.
To do this, we compare e(h) with the scheme. We multiply the scheme as in equation (2.11) by cpl 7 k, where

901 gk — Af / df, (439)

and sum from n = 0 to N7 and over all cells so that

=3y

n=01,j,k

fn+1 n
,J:k i,5,k +d FI ﬂ+1+d Fy n+1+d FG n+1

A v Pl TLAEAL. (4.40)

1]k

By summation by parts and ¢(T) =0 = cpr]T,jl we obtain

z[z kT = oty + o] o
1
R (4.41)

a: n+1 n+1 6,n+1
o Z Z [ I‘pz+1/2 7, k i+1/2,5,k + dy<p ,g+1/2 kFy j+1/2,k + d9<p 4.J, k+1/2F,J k+1/2]A€At'

n=0 1,5,k
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We compare each component of the scheme with its continuum counterpart. Similar as in [4], we write

0 =T (h) +D(h) + P(h) +U(R) + E(h), (4.42)

where

Nt
T(h)= — Z [Z zn]k (@?ji - @Zj,k) + @zl,j,kfi(?j,k AE, (4.43)

3,7,k Ln=1

Nt
- _ n+1 n+1 n+1 n+1
D<h) - Z Z |:DT (dx(pi+1/27j7k dmfi+1/27ja’f + dywiaj-ﬁ‘l/lk dyfiaj""l/zak)
n=01,5,k

n+1 n+1
+ d990i,;:k+1/2 d0fi7;k+1/2:| AfAta (444)

Nt
Phy= - Pe [dwy:ll/Mk cos(0x) £ 5 + Ay HLy o g sin(0k) f;jjf,ﬂ AEAL, (4.45)
n=01,j,k

Nt
1 n n+1
Uphy= -3 > v [de%i;%mB[c +1]i,j,k+1/2fij;,_k:| ALAL, (4.46)
n=01,5,k

Nr
E(h) = Z Z Pe {Am(cos(&k)) drf;fll/g,j,k dxw?j11/2,j,k
n=01,5,k

+ Ay(sin(6x)) dyf;?]—':luzk dy@?,ﬁuzk} ALAt

NT _
n+1 n+1 n+1
+ZZV{A9(3[C i P /2) dof ey o dowlth o | AEAL. (4.47)
n=01,5,k

Similarly, we write equation (4.37) as

e(h) = T(h) + D(h) + P(h) + U(h), (4.48)
where
T -~ | [ / ' fhatapdt+fh(07§)¢(0,€)] e, (4.49)
D(h) = /0 ' /E [Drdyfr - Ve + do frdpp] d€ dt, (4.50)
P(h) = —/OT/EPefheh(e)-vx<pdgdt, (4.51)
Uh) = — /O ' /Z ~vBlenl fadop dé dt. (4.52)

We now compare the terms T, 15, P and U with their continuum counterpart 7, D, P and U, respectively, and
show that their difference converges to zero. We also show that £(h) — 0, so that, in conclusion, €(h) — 0.

Clearly, as in Proof of Theorem 2.1 from [4], 7 (h) — 7 (k) = 0 for all h. Similarly, the term € (h) goes to zero
by using Cauchy—Schwarz, the uniform L?(Xr)-bound on d¢ fy and Blcy] and [[¢]lc2(sy)-
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Indeed, using equation (4.39), we find

Nt $ntl
T(h)~T(h) = Z(Z Zj,k[(soﬁgﬁiso;tj,k)Af /C Do dt dg )
i3,k \n=1 gk VT
1 t! (4.53)
+3 O ok ——/ o dt + (0,€) | dE| Ag
”Zk ik l@ ik AL e\ o tP ©(0,¢)
=0.

Next, let us address £ (h). Focusing on the term premultiplied by ~y, and application of the Cauchy—Schwarz
inequality, we have

N —
Z Z v [Ao (B [ ] i,j,kﬂ/z) defﬁ;,riiﬂﬂ d"‘pzj}wlﬂ] AgAL

n=01,5,k
< Aol o s | Blenlll 2 s o fall 25
— 0. (4.54)

The other terms in €(h) go to zero by a similar argument.

Concerning the difference D(h) — D(h), we focus on the z-terms noting that the terms corresponding to y
and 6 are treated in the same manner. The z-terms in D(h) — D(h) are

T Nt
Dr /0 /E dy frnOzpdEdt — Z Z dwgpﬁll/%k d, fﬁ:ﬁl/z,j,k AEAL

n=01,5,k

Nt n

=Dry Y. [ / Ao fnOup dE At — dutpl 1 p 1 da fih1 2,5 AEAL (4.55)
n=1lijkL/t" " Y Cit1/2,5k
Nt t"

= Dr Z Z dafi4 12,5k [/ / Oppd€dt — dapyy )9 ; , ALAL
n=14jk tn=1 JCit12,5k

where we use again <pZN j+kl = 0. Furthermore, we can write the continuum integrals for each cell as
t’!‘L
[ [ prasopca
tn=t JCit1/2,5,k
" Yjr1/2  Oky1y2 (456)
el [ [ [ et 0.0) - plt a0 dydodt
tr=t Jy; 172 JOp_1)2
Hence, comparing using the mean value theorem, we get
" Yit1/2  Orr1y2
Lo [ etmin ) - oty 0) dyd ot = gl 06D
tn=t Jy; 1/ JOk_1)2
_ /yj+1/2 /6k+1/2 /tn @(tv Ti+1,Y, 9) - cp(t, Ti Y, 9) dt
Yj—1/2 JOp_1/2 tn—t Az
At [Tz (™) A 0) — p(t" 0
Ax [/, Az

i—1/2
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Yj+1/2 9k+1/2 B n S _ n z
:/ / [aw(tj7y’9) _ el ,A:r+s,y,A9) P59 0) | Atardydo
Yj—1/2 0 x

k—1/2

Yji+1/2 9k+1/2 ~
= / / [8$gp(t,i‘,y,9) - 8w<p(t”,§:,y,0)] AtAx dy dé.
Yj—1/2

Ok—1/2

Then, taking absolute value and using the multi-variate mean value theorem we obtain

Yj+1/2 9k+1/2 ~
/ / |8x<p(t,£7y79) —3zg0(t",5v,y,9)|AtAxdyd9
0

Yj—1/2 k—1/2

Yi+1/2 9k+1/2
< (10 + 102l s, ) (At + A)AAT Ay a0

Yj—1/2 k—1/2

< el oz sy (At + Az) ALAL.

(4.58)

Hence, using this estimate and the uniform bound on ||d¢ fx||z2(5,) from Proposition 3.3 in equation (4.55), we

obtain D(h) — D(h) — 0.

Then, for P(h) — P(h), the z-terms are treated as follows. The y-term can be treated in the same manner.

The z-terms in P(h) — P(h) are

T Nr
— / / Pe cosp (0) fr0p dE dt + Z Z Pe cos(H;g)fZ;f,i daccp?jll/Q’jykAgAt
0o Jx

n=014,5,k

Nt t"™
=—Pe22[ /C / cos(0) faOatp A€ At — cos(0k) 1% 1 duipllyy o ; R AEAL
i+1/2,5,k

tn—1

n=11,5,k

We can split the integral over C; /o ;5 in two terms
I, =/ cos(0) frnOzp A€
Cit1/2,5,k

= [/ COS<9k)fﬁj,kax80 dé + / 005(9k)ff+1,j,k3x¢ df] )
Ci i, kNCiy1/2,5.k

Cit1/2,5,kNCit1,5k

and putting it back together, we get

9k~+1/2 Yj+1/2 "
I, = / / COS(HIC) |:fi,j,k(<p(t7xi+l/2ay50) - QO(t,Z’i,Z./,e))
9k—1/2 Yj—1/2
S (0 741,9,0) = (L 2i11/2,,6)) | dy 6.

Using these identities for equation (4.59) and rewriting, while adding and subtracting the term

Nt " Okt1/2  fYjri)e2
Z Z / / Pe Cos(ek)firfj,k (‘P(t7$i+17ya9) - @<t7mi+1/27ya9)) dy do dt7
Ok—1/2 Yy

n=1ijk’t" "} i—1/2

(4.59)

(4.60)

(4.61)
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we get for the z-terms in P(h) — P(h)

Nt
> S Pecostt) i ([ Ile(tino06) — olt.a,.0) = (9l — #1,0)] dydod
7.k

n=14,j.k

Nt
303 pecos)(~fa) [[[ (et 0) = ol 0.0)) a0 dya

n=11,5k
Ny (4.62)
== 30 S Pecos(O0 I [ [ [leltmiin100) = pltmi0) = (s — 1) dydoa
gk

n=14,jk

Nt
_ Z Z Pe cos(0x ) (' 1.5k — fZ”]k) ///cn (o(t,ziv1,y,0) — @(t,2i11/2,9,0)) df dy dt
gk

n=14,5,k
_ 7l 2
=T+ 13,

where CF) = (1" 71 1") X (yj_1/2,Yj+1/2) X (Ok—1/2, Oks1/2)-

The 1717 term converges to zero by using again the mean-value theorem and the finite-ness of the (X7 )-norm
of ¢, as in equations (4.57) and (4.58).

The 2723 term can be upper bounded as, using the mean-value theorem and Cauchy—Schwarz,

Nt
73 < llellcrsn D Y PecosOk) (Fyjn — F1u) AEAL

n=114,5,k
< Clleller s lldefall 2 s, A,

(4.63)

which goes to zero as h — 0. X
Finally, the convergence of U(h) —U(h) follows by a similar splitting argument as used for the P-term. Indeed,
by writing

U(h) — U(h)

Nt
= Z ZVB[Cn]i,j,kH/zfﬁj,k ///C" [(@(t,$7y79k+1) —o(t,z,y,0)) — (‘P?,j,kﬂ - W?;k)] dzdydt

n=114,j,k

Nt
#3 S AB o = £3) ([ (0lm.000) = (22,0 0001/2)) dedyt, (460)

n=14,j,k

where C'; = (tn=1 7)) x (Ti—1/2,Tit1/2) X (Yj—1/2,Yj+1/2). Using the uniform control on || Blcp]| r2(sy), the
terms also go to zero by the same argument as before. This concludes the proof.

We note that by the uniqueness of the PDE solutions to equation (1.1a) for all B-terms, as shown in [8,13],
we get that the full sequence converges to the PDE solution. O

5. HIGHER REGULARITY ESTIMATES AND LONG-TIME ESTIMATES

In addition to the convergence result of Section 4, we establish a uniform-in-time estimate for the L? and
L% norms of the discrete solution to the scheme (2.11). For the L? norm, we can use the discrete analogue of
the strategy used for the continuum problem in [13] for B € {By, B, B-}. The key is to convert the negative
gradient terms into negative L? terms using the Gagliardo-Nirenberg inequality. In contrast, we require a
different strategy for the L> norm since it is not clear what the analogue of the W2P-regularity theory for
discrete finite volume functions is. Instead, we show a higher regularity result for the discrete H'-norm of py,
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which allows us to use a discrete Morrey inequality ([30], Thm. 4.1) for the discrete gradient of ¢,. We can cover
the cases B € {By, By}
5.1. L°° estimate for p; and the discrete Alikakos lemma

Lemma 5.1 (Discrete Alikakos). Let (F}')nen, be a family of nonnegative sequences for k =1,2,..., such that

(i) F' =1, for all n € Ny,
(ii) limp— oo (FQ)Y e = FO < 00 eists,
(iii) (F)Y 4D < FO - for all k =1,2,...,

where N\, = 2% — 1. Moreover, assume that there are constants C > 0 and q,3 > 1, independent of k such that,
fork=1,2,...,

ar = C2¥(2F — 1), e =279k, cp = 2°F, (5.1)
and
1 2
— (FPt = F) < —enFP + (an + en)en | sup By ) . (5.2)
At neNg

Then, there exists a constant A = A(B,q,C) > 1 such that

1/(Ae+1)
) < AK, (5.3)

( sup Fy'
n€Np

for allk =1,2,..., where K = max{1, F2}.

Proof. The proof is a discrete analogue of the proof of Lemma 5.1 from [26], based on an induction argument
over k = 1,2,.... First, by assumption, we have sup,,cy, F1* < K. For the induction step, let us assume that for
some M € N, we have

1/(Ae+1)
> < ALK, fork=1,...,M—1,

< sup Fj'

nENp

where Ay > 0 is to be determined. We note that A; = 1. Now, we can rewrite equation (5.2) as

FP' + Ategoy, (supn F,gil)2

l;n+l < 5.4
B 1+ e At ’ (5:4)
where we defined § = %ck. By induction on n, this implies that
2
sup F}' < max F,?,ék(sup F,?_1> . (5.5)
n€Ny n€Np
By assumption (iii) and the definition of K, we have F < K***1. Therefore, we can conclude that
2
sup Fj' < max{K)"“H, 0% <(Ak_1K)>"“’1+1> } < max{KA’““,ékAz’“_*{lK)‘kH}
ne€Ng (56)

Apt1
< (max{l,éi/(A’“+l)Ak,1}K> " ,
having used the definition of Ax. Therefore, it follows that, for k > 2,

Qkfé

k
APt =607, (82T =7 (5.7)
(=2
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By the definition of d; and equation (5.1), we also note that
5 < (1 +C)2(2+q+ﬁ)k,

such that we can write for equation (5.7)

k k—2
A< T+ ) "2Crarde ™ _ T (14 €)% 2@ratm 02"
(=2 £=0
such that equation (5.6) becomes,
k—2 , ,
S&g F]? < K/\k-‘rl H(l +C)2 2(2+q+5)(k—€)2 ] (58)
o =0

We now use the identities
k—2 k—2
doof=okt—1  and ) 2 =242"1(k-3),
=0 =0

to conclude that

sup ! < K2k(1 + C)2k71—12(2+q+[3)(3-2k71—k—2) < K2k(1 + C)2k2(2+q+ﬂ)2k“. (5.9)
n€Ny
Therefore
1/(Ak+1)
<sup F,?) < (14 0)22HaHA K, (5.10)
neNy
Hence, we have obtained the inequality of equation (5.3) with A = (1 + ¢)22(2+a+5), O

Corollary 5.1. Assume the initial data satisfies ||p°|| L~ < +00, and that the meshes are an admissibly reqular
family as in Definition 2.2. Then, the piecewise-constant approximation of the spatial density of the solution of
the numerical scheme, equation (3.10a), satisfies

sup on ()] prnr < A(B, q) max{1, |[p°|| =}, (5.11)

for \p =28 —1 and k =1,2,..., and for some C,[3,q > 0, independent of the mesh size.

Proof. The idea of the proof is a discrete analogue of Proposition 3.5 from [13]. We first multiply equation (3.10a)
by (p + 1)(p?j1)pr and sum over all (4, j) to obtain

A
(1) 3 J (7 =) (i) = 0+ 1) Y Drax(@pl + i) (1)

2] 2%
—(p+1))_ PeAx [de;}jl (i )" + d, Vit (p;;l)”} (5.12)
(2%
=: IDT + Ipe.
By summation by parts, we have
_ rrn+1 n+1 p rn+1 n+1 p
Tpe = Pe(p+1) 3 Ax| U7, e (015Ya,) + Vit o du (P 2) |- (5.13)

.9
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Using the elementary inequality

ptlL ptl
2p — q 2pr s

2 b— pP—
|b—al < %max{prl,aT;} b
p

for a,b € R>q, with b = (p:fllj)p, a= (p”jl)p in conjunction with |U27f11/2 ;1= max{p?jl, P ]} we obtain

P 2p Bl
+1 +1 +1  n+l +1
’Uﬁs-l/zg ( :L+1/2,j> < p+1 max{pfj  Pit ]} ( ZL+1/2 g)

Similarly, we get

p+1
2

P 2p ptl
+1 +1 +1  n+1
Vznj+1/2d <p2j+1/2) ‘ < Pl max{p; ", T b 7

1
dy (p?,;-l/z)

Returning to equation (5.12), we get for the z-part of Ip., denoted by Ipe s,
2p il R
Ipe < Pe(p+1) Z ZT maX{P?jl, P?ﬁlg ? lde (P?:f/z,j)

> . Ax. (5.14)
2,J

Now, using Young-Hélder we have

11 na1 B 2Pe 11 =
max{p?] 7p7+1 ]} : 1dw p?+1/2,j)

2

p+1

€ 11 =
ds (p?+1/2,j)

n+l n+l p+1+ 4Pe” ¢
(p+1)22

1
S % maX{Pl J 7pz+17J

Applying the above inequalities analogously to Ip.,,, and using (p + 1)b?(b — a) > (bP*! — aP™!) for the time
derivative,

1
= (lon D) 750 = o)

n+1 1\ n+1 nel P
~(p+1)Dr)_ Ax (dwpi+1/2,j da (pz'+1/2,j> Hdypi iy dy (”z‘,j+1/2> )
i.j

n+1 2

dy (pi+1/2,j>
n+1 2

dy (pz',j+1/2)

4 p+1 pt1

Using the elementary inequality —(p + 1)(a — b)(a? — bP) < fp—_fl(aT — b"2)2, the first sum can be bounded
as
4pDT ‘ 2

. 5.16
o ' (5.16)

Combining the above and noting max{a, b} < a? 4+ b? for a,b € R>o,p > 1, we can write

4Pe’e

+1  n41 P+l
e ZAX( mat Pl A S

2) (5.15)

2
n+1 n+1 p+1 4Pe g
p(p+1) ZAX( max{p” 1 Pij+1 +72(p+1)2

da (pr(t"T1) %

2 n+1 ptl
Ip, < - L+ oy

1
27 (lon (D) 00 = o) 2L

4p 2 2L
< ——L (Dr — 5Pe?)||du(pn) "
p+1( 7 — 5Pe?) || dx(pn)

2
Lo 200+ D)o (|75 (5.17)
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ptl

We now use the discrete Gagliardo—Nirenberg inequality ([9], Thm. 3.4) so that, for u = pZ"‘ ,
[ull72 < CanllullLrlull12- (5.18)

After some algebra (see Appendix C) for constants ag, ¢ and ¢ as in Lemma 5.1, we obtain

p+

1 1\
Kt(th(t”“)\ T~ ||Ph(t")lliﬁl) < —exllon (Y7L, + (a +ek)ck<uph(t”+1)|}L§,2i> . (5.19)

Therefore, by inserting the notation A\, = p = 2¥ — 1 we get the result by Lemma 5.1. O

5.2. L*° estimate for fp

Proposition 5.1 (Uniform L2-estimate for f},). Assume the conditions in Corollary 5.1 are met. Then, any
solution to the numerical scheme as in equation (2.11) satisfies

sup || fa(®)|lz2 < C, (5.20)
>0

for some constant C > 0 that does not depend on the mesh size.

Proof. The idea is to revisit equation (3.40), i.e.,

1

o (I~ I ES) < Do () 22 — o (1) 2

(5.21)
7 [ldoBlen(e ] () e

and use an improved version of the estimate of equation (3.41) to estimate the last term. Applying the discrete
Gagliardo—Nirenberg inequality ([9], Thm. 3.4) we get for some constants €, A(e) > 0

2 g é
I fullz2 < CexIfallfollfullzs < Céxellfulli 2 + Al fallZa, (5.22)
using Holder conjugates p = g and q = % We rewrite this as
2 2
~Cénelldefall2 < (Céne — 1)1 fullz2 + CanA(O) | fall7:- (5.23)
Choosing € such that C3ye = % we get, using the conservation of unit mass,
—lldefullZ> < =IfullZ> +C. (5.24)

for some constant C' = 2C%A(e) > 0. Therefore, we estimate setting £ = min(1, Dr)/2

—Drlldyfull72 — lldofall7> < —rlldefall7
< =36l fullz + 3Ck — 35llde full7--

Applying this to the first two terms in equation (5.21) we obtain
1
ot (I = 1) < € = 3wl

(5.25)
+5 JlaoBlene ] (e ae



3328 M. BRUNA ET AL.

Next, using the Hélder inequality and then an interpolation of Lebesgue spaces, we observe

%/|d9B[ChH () P de < C||d9B[Ch]||L2Hfh(th)H;
TG TG (5:26)

< C||fh (thrl) %

L67

having also used mass conservation, Proposition 3.2 and Corollary 5.1. Here, the constant C' changes from line
to line but remains independent of the mesh size. Then, equation (5.25) becomes

1

iz (I @) 5 = 1) < € = Sl (@)1, + C LA+ o (5.27)

Next, we can apply the discrete Poincaré—Sobolev inequality

[fallze < Cpsllfall1,2 (5.28)

cf. Theorem 3.2 of [9], to estimate the L°-norm in equation (5.27). Next, we use product inequalities to obtain
for € > 0 and some constant A(e) > 0,

Cllfullze < CCEslfull7 2 < €l falli 2 + Ale). (5.29)
This way, choosing € < k/2, we obtain
1
a7 (@I = 155 ) < (5 = Q) 2. + Cle.e). (5.30)

for positive constant C'(k,€) > 0 that does not depend on the mesh size. Hence, we find

sup || fu(t")||72 < C, (5.31)

n&ENp
where C' > 0 only depends on « and || fo||z2 but is independent of the mesh size. Then, the result follows. O

Proposition 5.2 (L?-estimate for dxpp). Given |[Vxp||r2(q) < +oo and the same assumptions of Proposi-
tion 5.1, the solution to the numerical scheme (2.11) satisfies

sup ||dxpn (t)| 2(0) < C, (5.32)
t>0

where C' > 0 is independent of the mesh size.

Proof. The idea is to obtain a discrete analogue of the regularity result for linear parabolic equations in
Section 7.1.3 of [22]. Recalling equation (3.10a), we know that p'; satisfies

n+1 n
Pij  — Piy

A = D@l + dppit) = Ped, U1 — Ped, VI, (5.33)

Pi;j yPij
where the U and V terms are as before, cf. equation (3.10b).

Next, we move the discrete Laplacian on the left-hand side, square both sides, multiply by A&, and sum over
all 4, 5. This yields

n+1 2

43
Pij —Pij

At

n+1

Pij —Pij 2
= 2Dy = (Aol o) + D[zl + gt

> ac

2]
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= Pe? " AE(|a, 075 4 20,075 4, Vi + [, V5 ). (5.34)

We observe that all but one term on the left-hand side are squares. Concerning the cross term, we obtain by a
summation by parts

n+1l
_QDTZAgp” Pm (dip?j_l 4 d;p:;j—l)

4,J

n+1 n n+1
_ dopifijo; —daPiiaeg o i dypi e = WPijire o
=2Dr Y AL dup +
T - At T z+1/2] At ypi,j+1/2 (5.35)
2,]
n+1 2 —|d.. o™ 2 d n+1 —|d, " 2
zPit1/2,5 ePiv1/2,5 yPij+1/2 yPij+1/2
>Dr) A At + At ’

where we used the inequality (a — b)a > 3(a? — b?) in the last line. Substituting equation (5.35) into equa-
tion (5.34), we obtain

2
n+1 n n+1
deH—l/Q] - da:pi+1/2,j d?/pi,j+1/2‘ -

Dr Z A At + At

d

2 2
n
‘ ypz‘,j+1/2’

< Pe? 30 A(| O + 24,07 4, V5 + [0, V) (5.36)

S CZAf\d n+1‘2
7,k

where we used Jensen’s inequality and Cauchy—Schwarz, to estimate |d U"H\ <|dg f"+11/2 ;1 1de fTil/Q ;| and

d V, respectively. In summary, we have, for some C > 0,

e Y] - | xpm\
ZAf ~

gﬁ‘. (5.37)

.5,k

Fix t > 0 and let m = [¢t/At], M = |(t + 1)/At| and let m < s < M. Then, multiplying (5.37) by At and
summing n from s to M, we get

M
"= (5.38)

< ldep(t) 720y + € D Atlldef (") |52

n=m

We note that by Inequality (3.42) in the proof of Proposition 3.3, we have

lden (). < 5

oL all ) + g7y (10 = ) )

) (5.39)
< c(nfh(t"“) I3+ 25 (L~ 1)) )
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for some C' > 0. Here, we used the uniform bound sup,s [[deB[cp](t)||z2 < C for some C' > 0, which follows
from Propositions 3.2 and 5.1. Then, multiplying (5.39) by At and summing from n = m to M, we have, for
some C' > 0 independent of the time and mesh size,

M M
D7 Atlldfi (") < C(Z |7 () [ + ||fh(tm)||iz> =C. (5.40)

n=m n=m

Here, we made use of the uniform bound sup,~g || f4(t)[|7. from Proposition 5.1 and the inequality (M + 1 —
m)At < 2 (which we have by construction and for At < 1).

Hence, multiplying (5.38) by At and summing s from m to M, we get, using % < Zﬁim At < 2, for some
C>0

M
dep(tm—H) Hiﬁ(ﬂ) < C<]~ + Z At”dxp(tn)HZL?(Q)) (541)

n=m

Finally, using [|dxp(t")||2(q) < Cl|dxf(t")| 2, for some constant C' > 0, we can bound the right hand side of
(5.41) wvia (5.40). So, we may conclude, for some C' > 0 independent of m and the mesh size,

[[dep (t741) HiQ(Q) <C (5.42)
Hence, the result follows for any ¢ > 0. O

Proposition 5.3 (L%-estimate on dxcp). With the same assumptions as in Corollary 5.1 and Proposition 5.2,
the solution to the numerical scheme as in equation (2.11) satisfies

SUP”dxCh(t)HLm(Q) <, (5.43)
>0

for a constant C > 0 that does not depend on the mesh size.

Proof. We first repeat the same elliptic L?-estimate as in equation (3.28) for the gradient of ¢, by applying d,
and d, to (2.11e). First, applying d, to (2.11e) gives

—dg (dic + dlz/c)i+1/2,j = —adyCiy1/2,5 + depiti/aj, (5.44)
such that
de d3cipryay = Aix(dicz'u,j —diciy)
= A3 (Cit2d — 241 F Cig — Civrg + 2605 — Cio1y) (5.45)
= Aia:? (decivsa; — 2dacizryz + decio1/a;)
= d2duCit1/0,5-
Squaring both sides of (5.44), multiplying by Ax and summing over (4, j), then leads to
Z dy (dic + dlzlc)i+1/2,j‘2AX = CZ {O‘Q}dfﬂciﬂ/lj |2 + |drPi+1/2»j ﬂ Ax
v i’j (5.46)

< C(lldxenlaqe + IdepnlFae)
<C,
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by Propositions 5.2 and 3.2, for some C' > 0 independent of the mesh size. Similarly, we obtain
2
2 2
>|ay(@eraze), | ax<c (5.47)
,J

Expanding the left-hand side of equation (5.46), an integration by parts yields

2 2 2
Z <|dx dici+1/2)j ’ + 2|dx dxyci7j+1/2| + |d1 djci+1/2’j‘ )AX S C, (548&)
%]
and similarly
2 2 2
Z(|dy dici7j+1/2| + 2|dy dmyCi+1/2,j| + |dy dici7j+1/2| )AX < C. (54813)
2
This implies that we have componentwise control over the || - ||; 2-norm of the Hessian d2cj,. Now, because of

the discrete Poincaré-Sobolev inequality ([9], Thm. 3.2), we have, in dimension two,
2 2
HdzchHLB(Q) Flldayenll sy + dech||L3(Q)
2 2
< Crs([|aZenl], g + Ideyenlly o + i2enl], o ) (5.49)
<C,
where we used equation (5.48), that is
|dxch|1,3,Q <,

for some constant C' > 0 independent of the mesh size. Therefore, by the discrete Morrey inequality ([30],
Thm. 4.1)

3 1
||dxch||Loo(Q) < CM|dxCh|f,3||dxCh||i2(Q)- (5.50)

Now, the right-hand side can be uniformly bounded using equation (5.48) as well as Proposition 5.2, which
concludes the proof. O

Corollary 5.2 (L°-estimate for f;,). Provided the same assumptions as for Proposition 5.3 hold, the solution
to the numerical scheme as in equation (2.11), for the interaction terms B € {By, By}, satisfies

supl| fn ()| L < C, (5.51)
>0

for some constant C independent of the mesh size.

Proof. The idea of the proof is a discrete analogue of Proposition 3.5 from [13]. We multiply equation (2.11) by
(p+1)( fzn;rkl)p . After summation by parts and using Young’s product inequality, we get, for some ¢ > 0,

1
57 (I @D L = I

p+1

4 w12 1
<=2 (mintor 1y 205 o[ ) ]| Lo laeEL

L2

< elalnen =]+ o s nine i
- op+l 2 € e

where C. comes from Proposition 5.3, and C > 0 is some constant. Then, using the discrete Gagliardo—Nirenberg
inequality ([9], Thm. 3.4) for dimension three

3
125 (5.53)

2
llullL: < Canllull?: v
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FIGURE 1. Relative error (6.1) for numerical solutions to (2.11) with varying mesh size, for
(a) Bp interaction (2.11g) and (b) By (2.11i) with A = 0.1. The initial condition is f°(z,6) =
Cllxiélgé such that [ f%dzdf = 1. The other parameters are set as T' = 1.0, Dy = 1071,y =
500,Pe = 2,00 = 1, At = 10~2.

we can estimate

1 e\
= (17 @) [t = 1zt sek||fh(tn+l)|¢§j;+<ak+ek)ck(|| fh(t”“)HL"-;;l) RN

where €, ag, ¢ are as in Lemma 5.1 (see the appendix for the algebra). Hence, the result follows by an application
of Lemma 5.1. O

We note that this L*-estimate works for B € { By, By}. For B = B,, this would require a uniform estimate
on He. This would require an L3-elliptic estimate for V3¢, and similarly an L2-parabolic estimate on V2p.

6. NUMERICAL RESULTS

In this section, we test the numerical scheme analysed in the previous sections. Since we do not have access
to explicit solutions, we test the convergence of the numerical scheme (2.11) by comparing solutions with
increasingly finer meshes. We choose y-invariant initial data so that, given the form of the equations and
boundary conditions of System (1.1), solutions remain y-invariant for ¢ > 0, and we may use a y-invariant
version of the numerical scheme (corresponding to setting N, = 1 in (2.3)). We also take N, = Ny = N. The
numerical scheme is implemented in Julia and can be accessed in [20].

We numerically test the order of convergence of the scheme (2.11) by plotting the relative error of the
approximation f with N grid points in space at time t as

en,z(t) = Ifn () = fn- @O/l - @)z, (6.1)

for any norm L, with respect to the finest mesh with N* = 256. Figure la shows the relative errors in L? and
L™ at the final time T for the interaction term By. This shows that the scheme is of order one in space, as can
be expected for a linear finite volume discretisation. Since we are using an order one discretisation in time, we
can expect that the full scheme is also of order one. In Figure 1b, the relative error for the interaction term B
in equation (2.11i) with A = 0.1 is shown, again with order one convergence as expected.
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—— ey 2(D)
0.25 1 e\ 1 L™ (ﬂ

0.10 4

0.05 A

0.00 T T T
0.00 0.05 0.10 0.15

FIGURE 2. Relative norm of the difference between numerical solutions for By and B,, A = T,
with Dy = 101,y = 500,Pe = 2,N, = Ny = N = 64,At = 10-2,T = 1.0. The initial
condition is fO(x,0) = Cllmi%\éé’ with C' > 0 such that [ fdzdf = 1.

Finally, in Figure 2, for a fixed mesh, we compare the numerical solutions for By and B, such that 7 = A
varies. We use the notation

exr.L(t) = Ifxa(t) = fn-@Olle/ Il vl . (6.2)
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APPENDIX A. CONTINUITY OF THE FIXED POINT OPERATOR AND UNIQUENESS OF NUMERICAL SOLUTIONS

First, we introduce the notation
wic", fn]i,j,k+1/2 = (B[Cn]i,j,k+1/2)+f£j,k + (B[Cnh,j,k+1/2) _ffj,kJrl' (A1)

Then, we consider a sequence ((cm)7;)m that converges to cf'; in RN=*NvXN7_SQubtracting the scheme for (fm)ijx by
fi;x (obtained from (cm )i ; and ¢}, respectively) and multiplying by (fm — f )fj’l = gzn;",i, we obtain, after summation
by parts,

5 ik It = o () [ ~ o)
ik At o = L L

+1 +1 +1
+ Pe Z( Z1/2 gk 19?+1/2,],k + V,]+1/2 k dngj+1/2,k)A§
0,5,k

n+1 n+1 n+1l pn+1 n+1
+7 Z [ s (fm) ]i,j,k+1/2 - W[C o f ]i,j,k-u/z] degi,j,k+1/2A£'

0,5,k

Using the same estimates as in the proof of Proposition 3.3, we get

Ul n+1 n+1
Pe Z( i+1/2,5,k 191+1/2 gkt Vz J+1/2 K dygi,j+1/2,k)Af <0. (A.2)
0,4,k

We then add and subtract W{(cm )™, f**']; j k41/2 to the W-sum, so that

SO W em)™ ™ )™, sinye = WIS, o] o802

4,5,k

o n+1 n+1 n+1 n+1 n+1
- Z{W[(Cm) ?(fm) }i,j,k:+1/2 - W[(Cm) ?f }i’j’kﬁ,l/g}degi,j,k+1/2A§
.7,k

n+l en+l n+1 pn+1 n+1
+ Z{W[(Cm) f L‘,j,k+1/2 —Wle" f ]i,j,kﬂ/z} dog; j k117208
0,4,k
=11+ Is.

For I, we note that we have

W (em)" ™, (fm)n+l]z’,j,k+l/2
= (Bllem)™), jsja) ((Fm)idk = F50)
+ (B[(Cm)n+1]i,j,k+1/2) _ ((fm)Z;L,i+1 N f’nj;*'l)

= (B[(Cm)n+1]i,j,k+1/2) gl”j,lc + (B[(Cm)nﬂh,j,ml/z) gl"jiﬂ.

- W [(Cm)nJrlv fnJrl] i,j,k+1/2
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Then, we recall the inequality (3.34). Applying this inequality to I; gives
0 n+1 2
L= 9 Z B(em) ]i,j,k+1/2 do(9ijk+1/2) A&
i,5,k

_% > ng[(cm)"“]i,j,kgij,kAg.

4,4,k

Then, using the discrete Poincaré—Sobolev inequality as in the proof of Proposition 3.3, we get for €1 > 0 and some
constant A(er) > 0,

(1] < ealdegn (") |72 + Alen)lldo B [(em)n (¢ )] e lon (") e

Using that (p, )77t < ﬁ, writing Ax = AzAy for the fixed meshsize we get, and using Proposition 3.2,

1,7 —_
n A n
0] < aldegn (") |I7 + A(;Z)th(t e (A-3)
For I, we use l"f,i < Aig, so that for e2 > 0, A(e2) > 0,
1
|12 < Af ’B[(CW)TH_l]i,j,k-Q—l/Q - B[CHHL,J;}@H/Q |d9g2j:,1€|A§
ik

D(e2)
Ag2

Hence, combining everything we obtain, choosing €1, €2 small enough,

1 n n n A n
o [on ()~ llgn(E)2:] < = eolldegn () 12+ S () 1

Ax?2
DL |t ()] ~ Bl ()]

< e[ dogn (") I72 +

1Bl(em)n ()] = Blen ()] -

+

Then, using the Gronwall inequality with forcing, requiring n = At% <1,

o3 < el O + R S Benn (7)) = Blew (")) 2 (A1)

=1

Hence, letting (cm) — ¢ and noting ||gn(0)||r2 = 0 by construction, we have that (fm)7;,
continuous.

Finally, for the map f +— ¢ we note that the equation for ¢ is linear, so by the gradient estimate equation (3.28) we
also get that ¢ — f is continuous. This concludes the continuity of the fixed point operator.

For the uniqueness, we take a similar approach but in the end convert the term | B[(c*)n (t" )] — B[(c¢*)n(t"T)]|| 12 to

NFHRET = (FHR(E™TY)| L2, for two fixed points (1, c') and (f?, ¢*). This would require At/Ag? to be small enough.

B = fﬁj’k, hence ¢ — f is

APPENDIX B. CALCULATIONS FOR LOOK-AHEAD TERM
Definition B.1 (Bj-term via interpolation). We define the Bx-term as
Balc"]ighv1/2 = 0(0kt1/2) - D&tz (B.1)
where the discrete gradient with triple indices is accordingly defined as

1
1 <Aac(ci+1,j,k+1/2 - Cil,j,k+1/2)>
b

Dci,j,k+1/2 = 5 (B2)

Ay (Cijtihe1/2 = Cijo1kt1/2)
as before and where the term c; ;ry1/2 is defined by nearest-neighbour interpolation to approximate c at the point
Xij + Ae(Or41/2), so that ¢; j k172 = c(Xi; + Ae(Oy11/2)). That is, we define

Cijkt1/2 = Citht1/2),j(k+1/2) if Xij + Xe(Ort1/2) € Citkt1/2),5(k+1/2) (B.3)

so that i(k +1/2) and j(k + 1/2) denote the i- and j-indices of the cell in which the point x; ; + Ae(f1/2) lies. See also
Figure B.1 for an illustration of the points involved in the nearest-neighbour interpolation.
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i(k+1/2),5(k+1/2)

)
L]

Xij + Ae(Ors1/2)

Xij + Ae(fr—1/2)

iy J

FIGURE B.1. Nearest-neighbour interpolation for Bj.

Proof of By interaction. We have

1
(n(9k+1/2) : Dci,j,k+l/2 - 11(91971/2) : Dci,j,k71/2)- (B-4)

doBx[cli ik = NG

By adding and subtracting a term with mixed signs in the k-index we can also write this as

1
doBad]i,jk = E(n(9k+1/2) - n(9k71/2)) “Dc; jky1/2

1
+ En(ok—lﬂ) : (DCi,j,k+1/2 - DCi,j,k—l/Z) (B.5)

=:T1 +T5.

The idea of the proof is to bound 77 and 7% as the terms that would appear by applying the chain rule and product rule
at the continuum level,

9s(n(0) - Ve(x + Ae(8))) = —e(8) - Ve(x + Ae(8))) + An(6) - D2e(x + Ae(6)))n(6) . (B.6)

~Tq ~T2

For T1, we first note that

Cit1,5,k+1/2 — Ci—1,5,k+1/2 _ Ci(k+1/2)+1,5(k+1/2) — Ci(k+1/2)—1,5(k+1/2) (B.7)
2Ax 2Ax ’ '
so that we have
Dacijiv1/2 = DaCiter1/2),i(k4+1/2)5 (B.8)

and the same applies to the y-component. Therefore, we can bound 77 as
Ti| < 0)||Dc; ; . B.9
ITh| < gér[l06}§ﬂ|e( N[ Deigis1/2),50+1/2) (B.9)
For T5, we split the z- and y-components of the inner product, so that we may write

Ty = — 2550 (0k_1/2) (DaCihr1/2),jht1/2) = DaCith1/2),5(k—1/2))
+ a5 €08(0k—1/2) (DyCithr1/2),50041/2) = DyCitk—1/2),5(k—1/2)) (B.10)
=Ty + TQy.
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We note that, for the discrete derivatives in the x-component, after adding a term with mixed signs for the k-index,

DaCikt1/2),5(k+1/2) — DaCi(k—1/2),j(k—1/2)
= (Datithr1/2),50041/2) = Dacitk-1/2),50041/2)) + (DaCite=1/2),5641/2) = DaCith-1/2),506-1/2) (B.11)
= TQI’I + TZQ.
Now, focusing on 751, we can add a telescoping sum ranging in the é-index from i(k — 1/2) to i(k + 1/2), so that

i(k+1/2)—1

T51 = —Daci(r—1/2),j(k+1/2) + Z [Dacrjit1/2) — Dacrjr12)] + DaCithri/2),j(k1/2)
r=i(k—1/2)+1

(B.12)
i(k+1/2)—1
= Y [Decrirjmiryz) = Dacrjrii]-
r=i(k—1/2)
By adding and subtracting at each summand the term d.c,41/2,j(k+1/2) (as defined on the dual mesh) we get
i(k+1/2)—1 1
Tin = Z Dy [(Cr+2,j<k+1/2> = Crjtht1/2)) = 2(Crt1h11/2) — Crjtha1/2)
r=i(k—1/2)
+2(Crt15(k1/2) = Crithr1/2)) = (Cranir1/2) — Crfl,j(k+1/2))] (B.13)
i(k+1/2)—1
Al? 2 2
= Y 5 (e + dienjmr)-
r=i(k—1/2)
For T% 5, we do a similar calculation. By adding a telescoping sum we obtain
J(k+1/2)—1
T3o = Z [Dacik—1/2),r41 — DaCith—1/2).r] (B.14)
r=j(k—1/2)
and by adding and subtracting ﬁ[ci(k,l/gwﬂ — Ci(k—1/2),r) for each summand we can write
s 121
Ty = Z - [de dycie—1/2)—1/2,r41/2 + da dyCigo—1/2)41/2,04+1/2) (B.15)
r=35(k—1/2)
recalling the notation
1
de dyciti/zgt1/2 = R [Cid = Civlg = Cigat + i1 gl (B.16)

We now recall the definitions Ca, = A8/Az,Cay = A8/Ay, so that by inserting 75, and T35 from above into T3 we
are lead to

_ sin(ak 1/2) R
T — 2 2
Ty = TN Z [dwcrﬂ,j(kﬂ/z) + dxcr,j(k+1/2>]
Az r=i(k—1/2)
. j(k+1/2)—1
—s1n(9k71/2) G(k+1/2)
e oD

2CAy

(B.17)

[da dycigo—1/2)-1/2,r+1/2 + da dyCih—1/2)41/2,041/2] -
r=j(k—1/2)

We can use a similar argument for T, so that

COS(ak 1/2) i(k+1/2)—1
Y = T20m. Z [de dycrt1/2,j(k—1/2)-1/2 + do dyCri1/2,5(k—1/2)+1/2]
r=i(k—1/2) (B.18)
J(k+1/2)—1 '

n cos(@k_l/Q) Z

d2 2 T d2 03 T
2Cn, [dyCitktr/2),r1 4 dyCitki/2),0]

r=j(k—1/2)
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Putting everything together, we get, using Jensen’s inequality,

2
IdoBlenlll72 < > | Deighiry).ierryz| A

4,5,k

+ max{27r)\, 2510 } Z

4,5,k

2 2 2 2 2
x [|dzcz’<k+1/2>,j<k+1/2)} +2|de dycick 1217256012 4172] F |dyeiernya),jeray2)] ]A§

< ) lawenls + max{emn 21z 1]

? 2ec

Here we used that |i(k+1/2) — 1 —i(k —1/2)| < max{27ACaz,1},|j(k+1/2) =1 —j(k —1/2)] < max{27ACay, 1} and
that C'az and Cay are uniformly bounded below strictly from zero by ec > 0.

We also note that it is clear that, for any grid function (gi,;)(i,j), 2i; 9itk).i(k) = 24, 9i,j» since the k-index shift
induces only a translation of the grid points.

This concludes the proof for the By-term. (|

APPENDIX C. ALGEBRA FOR THE ALIKAKOS LEMMA

Algebra for (5.19). First we note that the discrete Gagliardo—Nirenberg inequality in dimension two implies
1
lullzz < —Cénllullzs +nlluliz, (C.1)

for any 0 < k < 1. This can be rewritten as

1
=

We now let  be such that 279 = 2. We let ¢ be such that Dy — £Pe® = 1, and define p = 2* — 1,a, = %(Qk —1)2% =
%p(p +1), e = 2% and ¢, = 2°%, so that 8 > 0 is such that CéNN(%—,@) < 2°% for all integers k > 1. (The latter is true

for @ sufficiently larger than g, but we still have to choose ¢.) Then, (C.2) can be written as

K

20 < —lul? C2 2. C.2
lul1,2 < HUHL'Z‘F,i ) anllullze (C.2)

1—k

—erluliz < —llullzs + cxllullz: (C.3)

We now require — 22 < —(ay + €x)ex, which can be written as

p+1 —
2(2k — 1) 2/ & & 1 1
2k = (5 (2 1)2 2‘1’“) 2dk (C4)

This inequality holds for all integers k > 1 for ¢ > 0 large enough.
Hence, multiplying (C.3) by (ar + €x) we get

2p ptl |2 ptl |2 ptl (|2 ptl (|2

) [ < st e on) | <~ ra[on) |, + e teelon [ ©5)

This gives the algebra to derive (5.19). O
Algebra for (5.54). The discrete Gagliardo—Nirenberg inequality in dimension three implies,

lull2 < Callulfyllel - (C.6)

Then, using the Hélder conjugates p = g and ¢ = g we get

1 5
ullz2 < ECgNHUHil + 15 ulf 2. (C.7)
K
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(C.8)

5
2 C 2
~Jlul22 + %stwmn.
K2 — K3

3340
This can be rewritten as .
K3
- 5 ‘u|i2 <
1— k3
5
We choose ¢ and & such that 279% = %2 From here on, we can do the same algebra as for (C.5) to conclude that
1-k3
2 pl |2 pil |2 p+l||2
fo € —(@ e ()| < —(@+e)|() T |+ @+ade|d) [ ©9)
O

2p pt1
= ) 2 |
p+1

(
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