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OPTIMAL FINITE ELEMENT APPROXIMATIONS OF MONOTONE
SEMILINEAR ELLIPTIC PDE WITH SUBCRITICAL NONLINEARITIES

Florian Spicher and Thomas P. Wihler*

Abstract. We study iterative finite element approximations for the numerical approximation of semi-
linear elliptic boundary value problems with monotone nonlinear reactions of subcritical growth. The
focus of our contribution is on an optimal a priori error estimate for a contractive Picard type iteration
scheme on meshes that are locally refined towards possible corner singularities in polygonal domains.
Our analysis involves, in particular, an elliptic regularity result in weighted Sobolev spaces and the use
of the Trudinger inequality, which is instrumental in dealing with subcritically growing nonlinearities.
A series of numerical experiments confirm the accuracy and efficiency of our method.
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1. Introduction

On a bounded, open, non-degenerate polygonal domain Ω ⊂ R2 with a finite number of straight edges
Γ1, . . . , Γ𝑚, we consider the semilinear boundary value problem

−∆𝑢 + 𝑔(·, 𝑢) = 𝑓 in Ω
𝑢 = 0 on Γ𝒟 (1)

𝜕n𝑢 = 0 on Γ𝒩 .

Here, 𝑓 ∈ L𝑝(Ω), for 𝑝 ∈ (1,∞), is a given source function, and 𝑔 : Ω× R → R represents a possibly nonlinear
reaction term that is measurable with respect to its first argument, and continuously differentiable with respect
to its second one, i.e., it is a Carathéodory function; we suppose that the partial derivative in the second
variable, denoted by 𝑔𝑢 ≡ 𝜕𝑢𝑔, features subcritical growth, i.e., for any 𝜎 > 0, it holds

lim
|𝜉|→∞

|𝑔𝑢(x, 𝜉)|
exp(𝜎𝜉2)

= 0 (uniformly in x ∈ Ω); (2)

we also assume that 𝑔 is monotone in the sense that

(𝑔(x, 𝑡1)− 𝑔(x, 𝑡2))(𝑡1 − 𝑡2) ≥ 0 ∀𝑡1, 𝑡2 ∈ R ∀x ∈ Ω, (3a)
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and that

𝑔(x, 𝑡)𝑡 ≥ 0 ∀𝑡 ∈ R ∀x ∈ Ω. (3b)

Moreover, in order to specify the boundary data, we consider the subsets Γ𝒟 =
⋃︀

𝑗∈𝒟 Γ𝑗 and Γ𝒩 =
⋃︀

𝑗∈𝒩 Γ𝑗 ,
which refer to Dirichlet and Neumann boundary conditions, respectively, where 𝒟 ≠ ∅ and 𝒩 are two disjunct
sets with 𝒟 ∪𝒩 = {1, . . . ,𝑚}.

The focus of this paper is on optimally convergent iterative finite element approximations of the weak for-
mulation of (1), which consists in finding a weak solution 𝑢 ∈ H1

𝒟(Ω) such that

𝑎(𝑢, 𝑣) + 𝑏(𝑢; 𝑣) =
∫︁

Ω

𝑓𝑣 dx ∀𝑣 ∈ H1
𝒟(Ω), (4)

where
𝑎(𝑢, 𝑣) :=

∫︁
Ω

∇𝑢 · ∇𝑣 dx, 𝑢, 𝑣 ∈ H1
𝒟(Ω), (5)

is the standard symmetric bilinear form for the Laplacian, and, for any given 𝑤 ∈ H1
𝒟(Ω), the form 𝑏(𝑤; ·) is

given by

𝑏(𝑤; 𝑣) :=
∫︁

Ω

𝑔(x, 𝑤)𝑣 dx, 𝑣 ∈ H1
𝒟(Ω). (6)

Throughout, we denote by H1
𝒟(Ω) the Sobolev space of all functions in H1(Ω) with vanishing boundary trace

along Γ𝒟, equipped with the standard norm ‖∇(·)‖L2(Ω).
The iterative solution of monotone elliptic problems traces back to the early work of Zarantonello [26], where

the convergence of a contractive fixed point iteration scheme for strongly monotone and (globally) Lipschitz
continuous operators in Hilbert spaces has been established. In recent years, this approach has gained renewed
interest for the purpose of numerical solution methods for monotone elliptic boundary value problems. More
specifically, the key idea is to discretize the Zarantonello scheme (more generally referred to as Picard iteration)
on suitably chosen discrete Galerkin spaces (e.g., by applying finite elements), and thereby to deal with possible
nonlinearities by naturally linking the iterative discretization to the underlying infinite-dimensional problem.
This approach gives rise to the so-called iterative linearized Galerkin (ILG) methodology, which has been
introduced as a general abstract framework in [17]; see also [11]. Furthermore, in combination with adaptive finite
element discretizations for more specific nonlinear elliptic problems, the application of iterative linearization
schemes has been developed, e.g., in [2, 12, 13]. In addition, in the articles [14, 15,18], the convergence and cost
optimality of adaptive ILG discretizations for strongly monotone problems has been studied.

The fixed point technique applied in Zarantonello’s original work [26] can be extended to monotone problems
that are merely locally Lipschitz continuous. This observation has been pursued in the papers [7, 8, 16] for
monotone semilinear elliptic problems with monomial reactions, or involving more general nonlinearities of
algebraic growth in the works [6,9]. Among the favorable properties of the Zarantonello iteration, which will be
applied as a nonlinear solver in this paper, we point, on the one hand, to its ability to yield global convergence
under mere monotonicity and subcritical growth assumptions, and, on the other hand, to the fact that the same
symmetric stiffness matrix can be reused in each iteration step, thus avoiding expensive assemblies and extra
regularity requirements from other nonlinear solvers; see [16] for details. Specifically, the novelty of the present
paper is twofold:

(1) Our analysis reaches far beyond the previously mentioned works, where algebraically growing nonlinearities
have been considered, and enables nonlinear reaction terms of exponential and even of subcritical growth;
cf. (2). Specifically, for a suitable parameter 𝛼 > 0, we will prove that the Picard iteration scheme (here
written in strong form) given by

−∆𝑢𝑛+1 = −∆𝑢𝑛 + 𝛼(∆𝑢𝑛 − 𝑔(·, 𝑢𝑛) + 𝑓), 𝑛 ≥ 0, (7)
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converges to the (unique) solution of (1) as 𝑛 → ∞; see Theorem 2.5. For this purpose, we derive a local
Lipschitz bound (Lem. 2.3) whose proof crucially hinges on the application of the Trudinger inequality [24].
Our result immediately applies to discrete subspaces of H1

𝒟(Ω), and thus, in particular, to any conforming
finite element discretization of the iteration (7), thereby yielding a convergent ILG method for (1) that does
not require to (directly) solve any nonlinear algebraic system; see Section 3.3.

(2) In addition, we develop a regularity result for (1) in a Kondratiev-type setting [20], which takes into account
possible corner singularities in the solution. More precisely, we make use of the regularity theory for linear
elliptic problems developed in [3, 5] in order to show that the solution of (1) belongs to a family of corner-
weighted Sobolev spaces (featuring classical H2-regularity in the interior of the domain Ω). This, in turn,
motivates the application of so-called graded mesh refinements towards the corners of Ω, introduced in [5]
(see also [22], Sect. 4.3), which allow to resolve the occurring singularities at an optimal rate. Our main
result, Theorem 3.3, states that the proposed ILG scheme for (1) based on P1-FE spaces with appropriate
local mesh grading converges optimally and for finitely many iterations on each discrete space.

We remark that the subcritical growth assumption (SCG) used here is not needed for mere existence and
uniqueness of solutions to monotone semilinear elliptic problems. In fact, classical approaches based on monotone
operator theory or the Stampacchia truncation method (see, e.g., [19,23]) yield existence (and uniqueness) under
weaker hypotheses. Such more generally applicable ideas have been employed recently in the context of finite
element discretizations of semilinear elliptic problems with non-Lipschitz nonlinearities; see [25]. The present
work, however, deliberately adopts (SCG) because we aim for a constructive approach. Specifically, for the
Picard-type iteration (7), we prove that the update map 𝑢𝑛 ↦→ 𝑢𝑛+1 is contractive (see the proof of Thm. 2.5
for details), thereby giving rise to an explicit iterative solver with corresponding a priori stability bounds (cf.
(22) and (26)); these estimates are essential for the convergence analysis of our ILG scheme and for proving
that finitely many iterations on each discrete Galerkin space are sufficient to reach a prescribed accuracy.
Outline: We begin by recalling the classical Trudinger inequality in Section 2.1, and by deriving a suitable
modification that serves our purposes (Prop. 2.1); in particular, this allows to show the convergence of the
iteration (7) in Section 2.2, and thereby to provide a constructive proof for the existence of a (unique) solution
of (1) that constitutes the basis of our ILG analysis. Furthermore, we derive a regularity result in weighted
Sobolev spaces in Section 2.3. In Section 3 we turn our attention to finite element discretizations of both
the nonlinear model problem (1) and the iterative Picard method (7) on graded meshes towards the corners
of Ω in Sections 3.1, 3.2 and 3.3, respectively. Finally, we test our theoretical findings through a series of
numerical experiments in Section 4, which highlight the practical performance of our ILG method, and draw
some conclusions in Section 5.

2. Weak solution and regularity

The existence of a weak solution of (1) under the subcritical growth condition (2) will be established based
on the theory of monotone operators, see, e.g., [27]. In order to control the nonlinearity, we make use of the
so-called Trudinger inequality.

2.1. Subcritical growth and the Trudinger inequality

For any function 𝜙 : Ω×R → R that is continuous in the second argument and has subcritical growth, i.e.,

𝜙(·, 𝜉) = 𝑜(exp(𝜎𝜉2)) for any 𝜎 > 0 (and uniformly in x ∈ Ω), (8)

we recall the classical Trudinger inequality (in the two-dimensional case) states that there are constants 𝜇0 > 0
and 𝐶9 > 0 (depending on Ω) such that

sup
𝑣∈H1(Ω)
‖𝑣‖H1(Ω)≤1

∫︁
Ω

exp(𝜇0𝑣
2) dx ≤ 𝐶9; (9)
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see Trudinger’s original paper ([24], Thm. 2). We note that the restriction on the H1-norm in the supremum
above is usually not satisfied for weak solutions of (1), however, exploiting the subcritical growth property
permits to circumvent this issue. To this end, for any 𝜙 as above, we notice that the expression

𝜗(𝜙, 𝜎) := sup
(x,𝜉)∈Ω×R

|𝜙(x, 𝜉)|
exp(𝜎𝜉2)

(10)

is finite for any 𝜎 > 0. Then, we establish the following result, for which we first define

𝜇(𝑟) := 𝜇0 min
{︀

1, 𝑟−2
}︀
, 𝑟 > 0, (11)

with 𝜇0 > 0 the constant from the Trudinger inequality (9).

Proposition 2.1 (Subcritical growth estimates). Consider 𝑢 ∈ H1(Ω) and 𝜌 > 0 such that ‖∇𝑢‖L2(Ω) ≤ 𝜌. If
0 ≤ 𝜎 ≤ 𝜇(𝜌), then we have the bound ∫︁

Ω

exp(𝜎𝑢2) dx ≤ 𝐶9. (12)

Furthermore, for a function 𝜙 : Ω × R → R that has subcritical growth as in (8), and any 𝑝 ∈ [1,∞), it holds
that

‖𝜙(·, 𝑢)‖L𝑝(Ω) ≤ 𝐶
1/𝑝

9 𝜗(𝜙, 𝜇(𝜌)/𝑝), (13)

and, in particular, 𝜙(·, 𝑢) ∈ L𝑝(Ω).

Proof. Let 𝜌 > 0 and 𝑢 ∈ H1(Ω) with ‖∇𝑢‖L2(Ω) ≤ 𝜌. If 𝜌 ≤ 1, then we have 𝜇(𝜌) = 𝜇0, and the estimate (12)
follows immediately by monotonicity and from the Trudinger inequality (9):∫︁

Ω

exp
(︀
𝜎𝑢2

)︀
dx ≤

∫︁
Ω

exp
(︀
𝜇0𝑢

2
)︀
dx ≤ 𝐶9.

Otherwise, we introduce the auxiliary function ̃︀𝑢 := 𝜌−1𝑢, and observe the bound ‖∇̃︀𝑢‖L2(Ω) ≤ 1. Thus,
employing (9), it follows that∫︁

Ω

exp
(︀
𝜎𝑢2

)︀
dx ≤

∫︁
Ω

exp
(︀
𝜇0𝜌

−2𝑢2
)︀
dx =

∫︁
Ω

exp
(︀
𝜇0̃︀𝑢2

)︀
dx ≤ 𝐶9.

Moreover, for 𝑝 ∈ [1,∞) and a continuous function 𝜙 with subcritical growth, applying (10), we conclude that∫︁
Ω

|𝜙(x, 𝑢)|𝑝 dx ≤ 𝜗(𝜙, 𝜇(𝜌)/𝑝)𝑝

∫︁
Ω

exp(𝜇(𝜌)𝑢2) dx ≤ 𝐶9𝜗(𝜙, 𝜇(𝜌)/𝑝)𝑝 < ∞,

which yields (13). �

Remark 2.2. If the partial derivative 𝑔𝑢 satisfies (2), then we immediately deduce that 𝑔 and any of its anti-
derivatives 𝐺 (with 𝜕𝑢𝐺(x, 𝜉) = 𝑔(x, 𝜉)), also fulfill (SCG); in addition, all three functions are L𝑝-integrable on
H1
𝒟(Ω), for any 𝑝 ∈ [1,∞). Indeed, by the fundamental theorem of calculus and the (SCG)-property of 𝑔𝑢, for

any 𝜎 ≥ 0, we infer that

|𝑔(x, 𝜉)| ≤ |𝑔(x, 0)|+
∫︁ 𝜉

0

|𝑔𝑢(x, 𝑠)| d𝑠 ≤ |𝑔(x, 0)|+ 𝐶

∫︁ 𝜉

0

𝑒𝜎𝑠2
d𝑠

≤ |𝑔(x, 0)|+ 𝐶|𝜉|𝑒𝜎𝜉2
≤ |𝑔(x, 0)|+ 𝐶𝑒2𝜎𝜉2

,

for all x ∈ Ω and 𝜉 ∈ R, which shows (2) for 𝑔, and analogously for 𝐺. The L𝑝-integrability follows from the
previous Proposition 2.1.
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We will now prove a few estimates for the form 𝑏 from (6) that will be instrumental for the subsequent
convergence analysis. To this end, for any 𝑞 ∈ [1,∞), we recall the continuous Sobolev embedding H1

𝒟(Ω) →˓
L𝑞(Ω), which is expressed in terms of the bound

‖𝑣‖L𝑞(Ω) ≤ 𝐶14(𝑞)‖∇𝑣‖L2(Ω) ∀𝑣 ∈ H1
𝒟(Ω), (14)

for a constant 𝐶14(𝑞) > 0; see, e.g., Theorem 6.3 of [1].

Lemma 2.3. Suppose that the nonlinearity 𝑔 in (4) satisfies (2), and let 𝑝, 𝑝* ∈ (1,∞) be given such that
1/𝑝 + 1/𝑝* = 1. Then, for any 𝑢, 𝑣, 𝑤 ∈ H1

𝒟(Ω) and 𝜌 > 0 such that

max{‖∇𝑢‖L2(Ω), ‖∇𝑤‖L2(Ω)} ≤ 𝜌, (15)

the estimates

|𝑏(𝑢; 𝑣)| ≤ 𝐶
1/𝑝

9 𝐶14(𝑝*)𝜗(𝑔, 𝜇(𝜌)/𝑝)‖∇𝑣‖L2(Ω) (16)

and

|𝑏(𝑢; 𝑣)− 𝑏(𝑤; 𝑣)| ≤ 𝐶
1/𝑝

9 𝐶14(2𝑝*)2𝜗(𝑔𝑢, 𝜇(𝜌)/𝑝)‖∇(𝑢− 𝑤)‖L2(Ω)‖∇𝑣‖L2(Ω) (17)

hold true, with 𝜇 from (11).

Proof. Consider 𝑢, 𝑣 ∈ H1
𝒟(Ω), with ‖∇𝑢‖L2(Ω) ≤ 𝜌. Since 𝑔𝑢 satisfies (2), we recall from Remark 2.2 that 𝑔 is

also of subcritical growth. Therefore, from (13), we note that

‖𝑔(·, 𝑢)‖L𝑝(Ω) ≤ 𝐶
1/𝑝

9 𝜗(𝑔, 𝜇(𝜌)/𝑝).

Hence, applying Hölder’s inequality and the Sobolev embedding (14), for each 𝑣 ∈ H1
𝒟(Ω), we establish (16):

|𝑏(𝑢; 𝑣)| ≤ ‖𝑔(·, 𝑢)‖L𝑝(Ω)‖𝑣‖L𝑝* (Ω) ≤ 𝐶
1/𝑝

9 𝐶14(𝑝*)𝜗(𝑔, 𝜇(𝜌)/𝑝)‖∇𝑣‖L2(Ω). (18)

In order to derive (17), we use the fundamental theorem of calculus to infer that

|𝑏(𝑢; 𝑣)− 𝑏(𝑤; 𝑣)| =
⃒⃒⃒⃒∫︁

Ω

∫︁ 1

0

d

d𝑠
𝑔(x, 𝑠𝑢 + (1− 𝑠)𝑤)𝑣 d𝑠 dx

⃒⃒⃒⃒
=
⃒⃒⃒⃒∫︁

Ω

∫︁ 1

0

𝑔𝑢(x, 𝑠𝑢 + (1− 𝑠)𝑤) d𝑠 (𝑢− 𝑤)𝑣 dx

⃒⃒⃒⃒
.

Then, by employing a triple Hölder inequality with 𝑞 := 2𝑝/(𝑝−1) = 2𝑝* ∈ (2,∞), so that 2/𝑞 + 1/𝑝 = 1, we obtain

|𝑏(𝑢; 𝑣)− 𝑏(𝑤; 𝑣)| ≤ ‖𝑢− 𝑤‖L𝑞(Ω)‖𝑣‖L𝑞(Ω)

(︃∫︁
Ω

(︂∫︁ 1

0

|𝑔𝑢(x, 𝑠𝑢 + (1− 𝑠)𝑤)| d𝑠

)︂𝑝

dx

)︃1/𝑝

.

Since the function 𝑡 ↦→ 𝑡𝑝 is convex for 𝑝 > 1, by Jensen’s inequality, we deduce that

|𝑏(𝑢; 𝑣)− 𝑏(𝑤; 𝑣)| ≤ ‖𝑢− 𝑤‖L𝑞(Ω)‖𝑣‖L𝑞(Ω)

(︂∫︁
Ω

∫︁ 1

0

|𝑔𝑢(x, 𝑠𝑢 + (1− 𝑠)𝑤)|𝑝 d𝑠 dx

)︂1/𝑝

. (19)

Furthermore, in light of (2), letting 𝜎 := 𝜇(𝜌)/𝑝 and recalling (10), we have

|𝑔𝑢(x, 𝜉)| ≤ 𝜗(𝑔𝑢, 𝜎)𝑒𝜎𝜉2
∀(x, 𝜉) ∈ Ω× R.
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This yields ∫︁ 1

0

|𝑔𝑢(x, 𝑠𝑢 + (1− 𝑠)𝑤)|𝑝 d𝑠 ≤ 𝜗(𝑔𝑢, 𝜎)𝑝

∫︁ 1

0

exp(𝜎𝑝(𝑠𝑢 + (1− 𝑠)𝑤)2) d𝑠

≤ 𝜗(𝑔𝑢, 𝜎)𝑝 exp(𝜎𝑝𝜉2
𝑢,𝑤),

where we define 𝜉𝑢,𝑤 := max𝑠∈[0,1](𝑠𝑢+(1−𝑠)𝑤). Moreover, invoking (15), which implies that ‖∇𝜉𝑢,𝑤‖L2(Ω) ≤ 𝜌,
we infer from Proposition 2.1 that∫︁

Ω

exp(𝜎𝑝𝜉2
𝑢,𝑤) dx =

∫︁
Ω

exp(𝜇(𝜌)𝜉2
𝑢,𝑤) dx ≤ 𝐶9.

Hence, employing the Sobolev inequality (14) in (19), we arrive at (17). �

Remark 2.4. In the case of pure Dirichlet boundary conditions (i.e., when 𝒩 = ∅ and H1
𝒟(Ω) = H1

0(Ω)), we
can refine Proposition 2.1 by invoking the so-called Moser–Trudinger inequality established in [21], which shows
that 𝜇0 = 4𝜋 is optimal in (9) on H1

0(Ω) (with the integral on the left-hand side of (9) arbitrary large for 𝜇0 > 4𝜋
and suitable functions 𝑣 ∈ H1

0(Ω)). Consequently, Lemma 2.3 (and its implications) extends, in particular cases,
to the situation of critical growth, i.e., when there exists 𝜎0 > 0 such that

lim
|𝜉|→∞

|𝑔(·, 𝜉)|
exp(𝜎|𝜉|2)

=

{︃
0, if 𝜎 > 𝜎0,

∞, if 𝜎 < 𝜎0,
uniformly in x ∈ Ω.

A sufficient condition for this extension is 𝜎0 < 𝜇(𝜌)/𝑝 ≤ 4𝜋/𝑝.

2.2. Existence and uniqueness of weak solution

The existence of a weak solution to (1) will be established in a constructive way using Banach’s contraction
theorem. For this purpose, for a parameter 𝛼 ∈ (0, 1] and an arbitrary closed linear subspace W ⊂ H1

𝒟(Ω)
(e.g., H1

𝒟(Ω) itself, or a finite-dimensional subspace), we define an operator T𝛼 : W → W through the weak
formulation

𝑢 ↦→ T𝛼(𝑢) : 𝑎(T𝛼(𝑢), 𝑣) = (1− 𝛼)𝑎(𝑢, 𝑣) + 𝛼

(︂∫︁
Ω

𝑓𝑣 dx− 𝑏(𝑢; 𝑣)
)︂

∀𝑣 ∈ W, (20)

where 𝑎(·, ·) and 𝑏(·; ·) are the forms from (5) and (6), respectively, cf. (7).
For an appropriate range of 𝛼, the ensuing result shows that T𝛼 is a well-defined, self-mapping contraction

on the closed ball
ℬ𝜌 :=

{︀
𝑣 ∈ H1

𝒟(Ω) : ‖∇𝑣‖L2(Ω) ≤ 𝜌
}︀
,

for 𝜌 > 0 sufficiently large.

Theorem 2.5 (Existence and uniqueness). Suppose that

𝜌 > 𝐶14(𝑝*)‖𝑓‖L𝑝(Ω). (21)

Then, there is 𝛼0 ∈ (0, 1] such that T𝛼, with 0 < 𝛼 ≤ 𝛼0, has a unique fixed-point in ℬ𝜌 ∩W, which is the (only)
solution of (4). Furthermore, the stability bound

‖∇𝑢‖L2(Ω) ≤ 𝐶14(𝑝*)‖𝑓‖L𝑝(Ω) (22)

holds true.
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Proof. We modify the proof of Theorem 25.B from [27], which is based on a global argument, to a local analysis
on the ball ℬ𝜌 ∩W. We proceed in several steps.

(1) For any given 𝑢 ∈ ℬ𝜌 ∩W, with 𝜌 as in (21), we begin by noticing that the right-hand side of the weak
formulation (20) is a bounded linear functional on W. Indeed, applying the Cauchy–Schwarz inequality, we
see that |𝑎(𝑢, 𝑣)| ≤ 𝜌‖∇𝑣‖L2(Ω). Moreover, from Hölder’s inequality (with 1/𝑝 + 1/𝑝* = 1) and the continuous
Sobolev embedding (14), we obtain⃒⃒⃒⃒∫︁

Ω

𝑓𝑣 dx

⃒⃒⃒⃒
≤ ‖𝑓‖L𝑝(Ω)‖𝑣‖L𝑝* (Ω) ≤ 𝐶14(𝑝*)‖𝑓‖L𝑝(Ω)‖∇𝑣‖L2(Ω). (23)

Finally, the term 𝑏(𝑢; 𝑣) is bounded due to (16):

|𝑏(𝑢; 𝑣)| ≤ 𝐶
1/𝑝

9 𝐶14(𝑝*)𝜗(𝑔, 𝜇(𝜌)/𝑝)‖∇𝑣‖L2(Ω).

Hence, by the Riesz representation theorem, we conclude that T𝛼(𝑢) ∈ W is well-defined.
(2) We show that T𝛼(𝑢) ∈ ℬ𝜌 ∩W for any 𝑢 ∈ ℬ𝜌 ∩W. For this purpose, we define 𝜁𝑢 ∈ W by

𝑎(𝜁𝑢, 𝑣) =
∫︁

Ω

𝑓𝑣 dx− 𝑏(𝑢; 𝑣) ∀𝑣 ∈ W. (24)

Testing with 𝑣 = 𝜁𝑢, and using the estimates derived above, we infer the stability bound

‖∇𝜁𝑢‖L2(Ω) ≤ 𝐿𝜌, with 𝐿𝜌 := 𝐶14(𝑝*)
(︁
‖𝑓‖L𝑝(Ω) + 𝐶

1/𝑝

9 𝜗(𝑔, 𝜇(𝜌)/𝑝)
)︁
.

Furthermore, we observe the identity T𝛼(𝑢) = (1− 𝛼)𝑢 + 𝛼𝜁𝑢, from which we deduce that

‖∇T𝛼(𝑢)‖2L2(Ω) = (1− 𝛼)2‖∇𝑢‖2L2(Ω) + 2𝛼(1− 𝛼)𝑎(𝑢, 𝜁𝑢) + 𝛼2‖∇𝜁𝑢‖2L2(Ω)

≤ (1− 𝛼)2𝜌2 + 2𝛼(1− 𝛼)𝑎(𝑢, 𝜁𝑢) + 𝛼2𝐿2
𝜌.

(25)

Employing (3b) and (23), we observe that

𝑎(𝑢, 𝜁𝑢) =
∫︁

Ω

𝑓𝑢 dx− 𝑏(𝑢; 𝑢) ≤
∫︁

Ω

𝑓𝑢 dx ≤ 𝐶14(𝑝*)‖𝑓‖L𝑝(Ω)‖∇𝑢‖L2(Ω).

Hence, we arrive at ‖∇T𝛼(𝑢)‖2L2(Ω) ≤ Ψ(𝛼), where we let

Ψ(𝛼) := (1− 𝛼)2𝜌2 + 2𝛼(1− 𝛼)𝐶14(𝑝*)‖𝑓‖L𝑝(Ω)𝜌 + 𝛼2𝐿2
𝜌.

Notice that Ψ(0) = 𝜌2 and Ψ′(0) = −2𝜌(𝜌 − 𝐶14(𝑝*)‖𝑓‖L𝑝(Ω)); the latter term is negative in view of (21).
Consequently, for any 𝛼 > 0 small enough we have 0 ≤ Ψ(𝛼) ≤ 𝜌2, and it follows that ‖∇T𝛼(𝑢)‖L2(Ω) ≤ 𝜌.

(3) Next, we establish a contraction property for T𝛼. For any 𝑢, 𝑣 ∈ ℬ𝜌 ∩W, let us recall the corresponding
functions 𝜁𝑢, 𝜁𝑣 ∈ W defined in (24). Then, as in the previous step, we have the identity

T𝛼(𝑢)− T𝛼(𝑣) = (1− 𝛼)(𝑢− 𝑣) + 𝛼(𝜁𝑢 − 𝜁𝑣),

which leads to

‖∇(T𝛼(𝑢)− T𝛼(𝑣))‖2L2(Ω)

= (1− 𝛼)2‖∇(𝑢− 𝑣)‖2L2(Ω) + 2𝛼(1− 𝛼)𝑎(𝜁𝑢 − 𝜁𝑣, 𝑢− 𝑣) + 𝛼2‖∇(𝜁𝑢 − 𝜁𝑣)‖2L2(Ω),

cf. (25). Using (3a), it holds that

𝑎(𝜁𝑢 − 𝜁𝑣, 𝑢− 𝑣) = −𝑏(𝑢; 𝑢− 𝑣) + 𝑏(𝑣; 𝑢− 𝑣) ≤ 0;
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furthermore, by observing that

‖∇(𝜁𝑢 − 𝜁𝑣)‖2L2(Ω) = 𝑎(𝜁𝑢 − 𝜁𝑣, 𝜁𝑢 − 𝜁𝑣) = −𝑏(𝑢; 𝜁𝑢 − 𝜁𝑣) + 𝑏(𝑣; 𝜁𝑢 − 𝜁𝑣),

and upon applying (17), we obtain

‖∇(𝜁𝑢 − 𝜁𝑣)‖L2(Ω) ≤ 𝐶
1/𝑝

9 𝐶14(2𝑝*)2𝜗(𝑔𝑢, 𝜇(𝜌)/𝑝)‖∇(𝑢− 𝑤)‖L2(Ω).

Thus,

‖∇(T𝛼(𝑢)− T𝛼(𝑣))‖2L2(Ω) ≤ 𝜆(𝛼)‖∇(𝑢− 𝑤)‖2L2(Ω) ∀𝑢, 𝑣 ∈ ℬ𝜌 ∩W, (26a)

with

𝜆(𝛼) := (1− 𝛼)2 + 𝛼2𝐶
2/𝑝

9 𝐶14(2𝑝*)4𝜗(𝑔𝑢, 𝜇(𝜌)/𝑝)2. (26b)

Similarly to the previous step, it can be verified that 𝜆(𝛼) < 1 for all 𝛼 > 0 sufficiently small.
(4) The existence and uniqueness of a fixed point 𝑢 ∈ ℬ𝜌 ∩W of T𝛼, and thus of a solution of (4), follows

immediately from Banach’s contraction theorem. Since 𝜌 can be arbitrary large, 𝑢 is in fact the only fixed
point in W. Finally, the stability estimate (22) results from taking the limit 𝜌 ↘ 𝐶14(𝑝*)‖𝑓‖L𝑝(Ω).

This completes the proof. �

2.3. Regularity in weighted Sobolev spaces

In situations where the domain Ω ⊂ R2 contains corners, as is the case for non-degenerate polygons, it is
well-known that the inverse Laplacian (−∆)−1 does not exhibit full elliptic regularity. Specifically, for right-hand
side functions 𝑓 ∈ L2(Ω), solutions of Poisson-type boundary value problems are typically found to be H2 away
from the boundary 𝜕Ω, however, H2-regularity does in general not extend uniformly to the corners. We will
address this issue in terms of the corner-weighted Sobolev space H2

𝛽(Ω); see, e.g., [3,5,22]. To this end, we define
the weight function

Φ𝛽(x) =
𝑚∏︁

𝑗=1

dist(x, c𝑗)𝛽𝑗 , (27)

which involves the distances from a point x ∈ Ω to any of the 𝑚 ≥ 3 corners c1, . . . , c𝑚 of the polygon Ω, and
associated exponents 𝛽 = (𝛽1, . . . , 𝛽𝑚), with 0 ≤ 𝛽1, . . . , 𝛽𝑚 < 1. We can then introduce the norm

‖𝑣‖2H2
𝛽(Ω) := ‖𝑣‖2H1(Ω) +

∑︁
𝛼1+𝛼2=2

⃦⃦
Φ𝛽|𝜕𝛼1

𝑥1
𝜕𝛼2

𝑥2
𝑣|
⃦⃦2

L2(Ω)
,

as well as the weighted Sobolev space

H2
𝛽(Ω) :=

{︁
𝑣 ∈ H1(Ω) : ‖𝑣‖2H2

𝛽(Ω) < ∞
}︁

.

We notice the continuous embedding H2
𝛽(Ω) →˓ C0(Ω); see, e.g., Section 2 of [5] for a proof.

Theorem 2.6 (Regularity of weak solution). Suppose that the polygon Ω is non-degenerate, i.e., all interior
angles at the corners c1, . . . , c𝑚, which we signify by 𝜔1, . . . , 𝜔𝑚, fulfill 𝜔𝑗 ∈ (0, 2𝜋) for each 𝑗 = 1, . . . ,𝑚.
Furthermore, let the nonlinearity 𝑔 satisfy the subcritical growth condition (2) as well as the monotonicity
conditions (3), and 𝑓 ∈ L2(Ω). If the weight exponents 𝛽1, . . . , 𝛽𝑚 in (27) obey the bounds

1 > 𝛽𝑗 >

{︃
1−min(1, 𝜋/𝜔𝑗), if c𝑗 is a Dirichlet–Dirichlet or Neumann–Neumann corner,
1−min(1, 𝜋/2𝜔𝑗), if c𝑗 is a Dirichlet–Neumann corner,

(28)
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then the weak solution of (1) belongs to H1
𝒟(Ω) ∩H2

𝛽(Ω). Furthermore, the stability estimate

‖𝑢‖H2
𝛽(Ω) ≤ 𝐶

(︀
‖𝑓‖L2(Ω) + 𝜗(𝑔, 𝜇(𝜌)/2)

)︀
(29)

is satisfied, where 𝐶 > 0 is a constant independent of 𝑢, 𝑓 , and 𝑔, and 𝜌 = 𝐶14(2)‖𝑓‖L2(Ω).

Proof. Consider the (unique) solution 𝑢 ∈ H1
𝒟(Ω) of the weak formulation (4) whose existence was established

in Theorem 2.5. Then, the linear functional

ℓ(𝑣) =
∫︁

Ω

𝑓𝑣 dx− 𝑏(𝑢; 𝑣), 𝑣 ∈ H1
𝒟(Ω),

with the form 𝑣 ↦→ 𝑏(𝑢; 𝑣) from (6), is bounded in L2(Ω); indeed, this follows immediately from (18) (with
𝑝 = 𝑝* = 2) and by means of (23). Then, using the regularity shift

(−∆)−1 : L2(Ω) → H2
𝛽(Ω),

see, e.g., Theorem 3.2 of [5] or the original work by Kondratiev ([20], Thm. 1.1), it follows from (1) that

𝑢 = (−∆)−1(𝑓 − 𝑔(·, 𝑢)) ∈ H2
𝛽(Ω),

where the Laplacian is understood in the weak sense, i.e., in terms of the bilinear form 𝑎 arising in the weak
formulation (4). Moreover, it holds the regularity estimate

‖𝑢‖H2
𝛽(Ω) ≤ 𝐶‖𝑓 − 𝑔(·, 𝑢)‖L2(Ω).

Using (13) with 𝑝 = 𝑝* = 2, we deduce that

‖𝑢‖H2
𝛽(Ω) ≤ 𝐶

(︀
‖𝑓‖L2(Ω) + 𝜗(𝑔, 𝜇(𝜌)/2)

)︀
,

where we note that 𝜌 = 𝐶14(2)‖𝑓‖L2(Ω) ≥ ‖∇𝑢‖L2(Ω), cf. (22). �

Remark 2.7. We notice that the above regularity result and the convergence analysis in this paper can be
generalized to inhomogeneous Neumann boundary conditions in (1), i.e., for 𝜕n𝑢 = 𝑢𝒩 on Γ𝒩 , provided that
the Neumann boundary data 𝑢𝒩 belongs to an appropriate trace space; see [4] for details.

3. Optimal convergence of finite element approximations

We propose a numerical approximation scheme for the solution of (1) that is based on a Picard iteration
scheme (also referred to as Zarantonello iteration [26]) and a suitable finite element discretization thereof. This
combination gives rise to the so-called iterative linearized Galerkin (ILG) methodology that has been introduced
in [11,17]. We begin by analyzing the discretization of the weak formulation (4) in Galerkin subspaces.

3.1. Quasi-optimal approximation in finite-dimensional Galerkin spaces

Let W𝑁 ⊂ H1
𝒟(Ω) denote any finite-dimensional (and thus closed) subspace, where the index 𝑁 refers to its

dimension, i.e., 𝑁 = dim(W𝑁 ). We begin by introducing the Galerkin discretization of the weak formulation
(4) on W𝑁 : Find 𝑈 ∈ W𝑁 such that

𝑎(𝑈, 𝑣) + 𝑏(𝑈 ; 𝑣) =
∫︁

Ω

𝑓𝑣 dx ∀𝑣 ∈ W𝑁 . (30)

By virtue of Theorem 2.5, we conclude that 𝑈 exists and is unique; furthermore, for 𝑝, 𝑝* ∈ (1,∞) with
1/𝑝 + 1/𝑝* = 1, we note that

‖∇𝑈‖L2(Ω) ≤ 𝐶14(𝑝*)‖𝑓‖L𝑝(Ω), (31)

cf. (22).
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Proposition 3.1 (Quasi-optimality). Let 𝑒𝑈 = 𝑢 − 𝑈 signify the error between the exact solution 𝑢 ∈ H1
𝒟(Ω)

of (4) and its Galerkin approximation 𝑈 ∈ W𝑁 from (30). Then, it holds the quasi-optimality bound

‖∇𝑒𝑈‖L2(Ω) ≤ 𝐶32 inf
𝑤∈W𝑁

‖∇(𝑢− 𝑤)‖L2(Ω), (32a)

with

𝐶32 := 1 + 𝐶
1/𝑝

9 𝐶14(2𝑝*)2𝜗(𝑔𝑢, 𝜇(𝜌)/𝑝), (32b)

and 𝜌 = 𝐶14(𝑝*)‖𝑓‖L𝑝(Ω).

Proof. We first observe the Galerkin orthogonality

𝑎(𝑒𝑈 , 𝑣) + 𝑏(𝑢; 𝑣)− 𝑏(𝑈 ; 𝑣) = 0 ∀𝑣 ∈ W𝑁 .

For any 𝑤 ∈ W𝑁 , observing that 𝑣 = 𝑤 − 𝑈 ∈ W𝑁 , this yields

‖∇𝑒𝑈‖2L2(Ω) = 𝑎(𝑒𝑈 , 𝑢− 𝑤) + 𝑎(𝑒𝑈 , 𝑤 − 𝑈) = 𝑎(𝑒𝑈 , 𝑢− 𝑤)− 𝑏(𝑢; 𝑤 − 𝑈) + 𝑏(𝑈 ; 𝑤 − 𝑈).

Moreover, making use of (3a), results in

‖∇𝑒𝑈‖2L2(Ω) = 𝑎(𝑒𝑈 , 𝑢− 𝑤)− 𝑏(𝑢; 𝑢− 𝑈) + 𝑏(𝑈 ; 𝑢− 𝑈)− 𝑏(𝑢; 𝑤 − 𝑢) + 𝑏(𝑈 ; 𝑤 − 𝑢)

≤ 𝑎(𝑒𝑈 , 𝑢− 𝑤)− 𝑏(𝑢; 𝑤 − 𝑢) + 𝑏(𝑈 ; 𝑤 − 𝑢).

Applying the Cauchy–Schwarz inequality we have that

|𝑎(𝑒𝑈 , 𝑢− 𝑤)| ≤ ‖∇𝑒𝑈‖L2(Ω)‖∇(𝑢− 𝑤)‖L2(Ω). (33)

Furthermore, recalling (22) and (31), we notice that

max
{︀
‖∇𝑢‖L2(Ω), ‖∇𝑈‖L2(Ω)

}︀
≤ 𝐶14(𝑝*)‖𝑓‖L𝑝(Ω) = 𝜌.

Employing (17), we thus derive the local Lipschitz bound

|𝑏(𝑢; 𝑤 − 𝑢)− 𝑏(𝑈 ; 𝑤 − 𝑢)| ≤ 𝐶
1/𝑝

9 𝐶14(2𝑝*)2𝜗(𝑔𝑢, 𝜇(𝜌)/𝑝)‖∇𝑒𝑈‖L2(Ω)‖∇(𝑢− 𝑤)‖L2(Ω). (34)

Since 𝑤 ∈ W𝑁 is arbitrary, from (33) and (34), we immediately obtain the estimate (32). �

3.2. Finite element approximations on graded meshes

The approximation of functions in the weighted Sobolev space H2
𝛽(Ω) within a finite element setting mandates

the use of suitably refined meshes that are able to properly resolve possible elliptic corner singularities. To this
end, we recall the graded meshes introduced in [5].

Definition 3.2 (Finite spaces on graded meshes). Let 𝛽 = (𝛽1, . . . , 𝛽𝑚) ∈ [0, 1)𝑚 be a weight vector associated
with the corners c1, . . . , c𝑚 of the polygon Ω, and Φ𝛽 the corresponding weight function from (27). Then, a
regular (conforming) and shape-regular triangulation 𝒯ℎ = {𝑇}𝑇∈𝒯ℎ

of mesh size ℎ = max𝑇∈𝒯ℎ
ℎ𝑇 , where ℎ𝑇

denotes the diameter of any triangle 𝑇 ∈ 𝒯ℎ, is called a graded mesh if there exists a constant 𝜅 ≥ 1 such that,
for all 𝑇 ∈ 𝒯ℎ, it holds

𝜅−1 sup
𝑇

Φ𝛽 ≤ ℎ𝑇/ℎ ≤ 𝜅 inf
𝑇

Φ𝛽, if Φ𝛽 > 0 on 𝑇 ,
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and

𝜅−1 ≤ ℎ𝑇

ℎ sup𝑇 Φ𝛽
≤ 𝜅, if there is a corner c𝑖 of Ω with c𝑖 ∈ 𝑇 .

Furthermore, for a given triangulation 𝒯ℎ, we define the associated P1-finite element space by

S1
𝒟(Ω, 𝒯ℎ) :=

{︀
𝑢 ∈ H1

𝒟(Ω) : 𝑢|𝑇 ∈ P1(𝑇 ) ∀𝑇 ∈ 𝒯ℎ

}︀
, (35)

where P1(𝑇 ) denotes the set of all linear polynomials on a triangle 𝑇 ∈ 𝒯ℎ; this space consists of all continuous,
element-wise linear functions on the graded mesh 𝒯ℎ, with zero boundary values along Γ𝒟.

The finite-dimensional spaces S1
𝒟(Ω, 𝒯ℎ), which are based on graded mesh families, are able to approximate

functions in H2
𝛽(Ω) at an optimal rate, i.e., qualitatively comparable to the approximation of H2-functions on

uniform meshes. More precisely, referring to Lemma 4.5 of [5], we have the interpolation bound

‖∇(𝑢− 𝐼ℎ𝑢)‖L2(Ω) ≤ 𝐶ℎ‖𝑢‖H2
𝛽(Ω),

where 𝐼ℎ : H1
𝒟(Ω) → S1

𝒟(Ω, 𝒯ℎ) is the standard nodal interpolant on 𝒯ℎ, and 𝐶 > 0 depends on Ω, and on the
triangulation parameters 𝛽 and 𝜅 only. Moreover, it can be seen that

𝑁 := dim S1
𝒟(Ω, 𝒯ℎ) . ℎ−2,

see Lemma 4.1 of [5], which means that the corner refinements applied in graded meshes are sufficiently local as
to preserve the order of the number of degrees of freedom occurring in uniform meshes. In particular, recalling
the quasi-optimality bound (32) (with 𝑝 = 𝑝* = 2) together with the regularity estimate (29), we obtain the
following convergence result.

Theorem 3.3 (Optimal convergence of FEM). Suppose that the nonlinearity 𝑔 from (1) satisfies the subcritical
growth condition (2) as well as the monotonicity conditions (3), and 𝑓 ∈ L2(Ω). Then, on the finite element
space W𝑁 := S1

𝒟(Ω, 𝒯ℎ) from (35), where 𝒯ℎ is a graded mesh of mesh size ℎ > 0 (cf. Def. 3.2 above), the
Galerkin approximation 𝑈 ∈ W𝑁 from (30) satisfies the error bound

‖∇(𝑢− 𝑈)‖L2(Ω) ≤ 𝐶𝑁−1/2(1 + 𝜗(𝑔𝑢, 𝜇(𝜌)/2))
(︀
‖𝑓‖L2(Ω) + 𝜗(𝑔, 𝜇(𝜌)/2)

)︀
, (36)

for a constant 𝐶 > 0 depending on Ω, and on the triangulation parameters 𝛽 and 𝜅, but independent of
𝑁 := dim S1

𝒟(Ω, 𝒯ℎ), and 𝜌 = 𝐶14(2)‖𝑓‖L2(Ω).

3.3. Iterative linearized finite element solution

The operator T𝛼 from (20) motivates a fixed point iteration

𝑈𝑛+1 = T𝑁,𝛼(𝑈𝑛), 𝑛 ≥ 0, (37)

where T𝑁,𝛼 is the Galerkin discretization of the operator T𝛼 in a suitable finite dimensional linear subspace W𝑁 ,
which, for 𝑢 ∈ H1

𝒟(Ω), is given by

𝑎(T𝛼(𝑢)− T𝑁,𝛼(𝑢), 𝑣) = 0 ∀𝑣 ∈ W𝑁 .

We can thereby approximate the nonlinear discrete formulation (30) by an iterative process that was previously
proposed in equation (12) of [17] for strongly monotone and uniformly Lipschitz continuous problems: Specifi-
cally, for an (arbitrary) initial guess 𝑈0 ∈ W𝑁 , the iteration (37) generates a sequence {𝑈𝑛}𝑛≥0 ⊂ W𝑁 through
the following scheme:

𝑈𝑛+1 ∈ W𝑁 : 𝑎(𝑈𝑛+1, 𝑣) = (1− 𝛼)𝑎(𝑈𝑛, 𝑣) + 𝛼

(︂∫︁
Ω

𝑓𝑣 dx− 𝑏(𝑈𝑛; 𝑣)
)︂

∀𝑣 ∈ W𝑁 , (38)
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for all 𝑛 ≥ 0 and all 𝑣 ∈ H1
𝒟(Ω), cf. (20). Here, 𝛼 is a fixed parameter satisfying 0 < 𝛼 ≤ 1.

For the case where W𝑁 are chosen to be finite element spaces based on graded meshes, see Section 3.2, we
aim to prove that the resulting iterative approximations converge to the exact solution at an optimal rate. To
this end, we first observe the following result.

Proposition 3.4. Let W𝑁 ⊂ H1
𝒟(Ω) be a closed linear subspace. Then, for 𝛼 ∈ (0, 1] sufficiently small and for

any initial guess 𝑈0 ∈ W𝑁 , the iteration (38) converges to the (unique) solution 𝑈 ∈ W𝑁 of (30) as 𝑛 → ∞.
Furthermore, there is a constant 0 ≤ 𝑟𝛼 < 1 such that the a priori error bound

‖∇(𝑈 − 𝑈𝑛)‖L2(Ω) ≤ 𝑟𝑛
𝛼‖∇(𝑈 − 𝑈0)‖L2(Ω) ∀𝑛 ≥ 0, (39)

holds true.

Proof. Letting W = W𝑁 in Theorem 2.5 and 𝜌 > max
{︀
‖∇𝑈0‖L2(Ω), 𝐶14(𝑝*)‖𝑓‖L𝑝(Ω)

}︀
, cf. (21), the operator

T𝑁,𝛼 above is a self-mapping contraction on the ball W𝑁 ∩ℬ𝜌 (for 𝛼 > 0 sufficiently small), and the fixed-point
iteration (37) converges to some 𝑈 ∈ W𝑁∩ℬ𝜌, which, in turn, is the unique solution of (30). The estimate (39) is
the classical a priori bound for contractive fixed point iterations (see, e.g., [10], Thm. 3.7-1) with the contraction
constant 𝑟𝛼 = 𝜆(𝛼)1/2 from (26). �

We are now ready to present the main result of this work which shows that the finite element approximations
generated by 𝑛 = 𝒪(log(dim S1

𝒟(Ω, 𝒯ℎ))) iterations (on graded meshes 𝒯ℎ), yields optimally converging discrete
solutions of (4).

Theorem 3.5 (Optimal convergence of iterative linearized FEM). Suppose that the assumptions of Theorem 3.3
hold, and let 𝛼 > 0 be a sufficiently small parameter. Then, there is a constant 𝛾 > 0 (depending on the
contraction constant 𝑟𝛼 from (39)) such that, for any initial guess 𝑈0 ∈ S1

𝒟(Ω, 𝒯ℎ), where {𝒯ℎ}ℎ>0 is the graded
mesh family from Section 3.2, performing 𝑛 ≥ 𝛾 log 𝑁 iterations of (38) on S1

𝒟(Ω, 𝒯ℎ), it holds the a priori
error bound

‖∇(𝑢− 𝑈𝑛)‖L2(Ω) ≤ 𝐶𝑁−1/2,

where 𝑢 ∈ H1
𝒟(Ω) is the exact solution of (4), and 𝑁 = dim S1

𝒟(Ω, 𝒯ℎ); the constant 𝐶 > 0 depends on Ω, and
on the triangulation parameters 𝛽 and 𝜅, but is independent of 𝑁 .

Proof. Applying the triangle inequality, and using the bounds (36) and (39), implies

‖∇(𝑢− 𝑈𝑛)‖L2(Ω) ≤ ‖∇(𝑢− 𝑈)‖L2(Ω) + ‖∇(𝑈 − 𝑈𝑛)‖L2(Ω) ≤ 𝐶
(︁
𝑁−1/2 + 𝑟𝑛

𝛼

)︁
.

Then, for 𝑛 ≥ log 𝑁/2| log(𝑟𝛼)|, we obtain 𝑟𝑛
𝛼 ≤ 𝑁−1/2, which completes the argument. �

4. Numerical experiments

In this section, we conduct several numerical experiments to showcase the optimal convergence rate (OCR)
of the proposed iterative linearized Galerkin approach for semilinear elliptic boundary value problems (1) with
(SCG)-nonlinearities, cf. (2). In particular, these experiments aim to validate our theoretical results and to
illustrate the performance of graded meshes to resolve possible corner singularities in polygons. We employ the
Picard iteration (38) with the initial guess 𝑈0 ≡ 0 being the zero function in H1

𝒟(Ω) and with a sufficiently
small parameter 𝛼 ∈ (0, 1], cf. Proposition 3.4. Throughout, we consider the L-shaped domain

Ω = (−1, 1)2∖([−1, 0]× [0, 1]), (40)

with a re-entrant corner at the origin. We use a uniform initial mesh consisting of 12 triangles and 3 interior
mesh nodes, and then apply successive red-green-blue (RGB) refinements on all (or a suitable subset of all)
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triangles to generate subdivisions that are uniform (or graded towards the re-entrant corner, respectively). In
order to compute an approximate finite element solution 𝑈𝑛 in line with Theorem 3.5, for a suitable value
𝛾(𝛼) ∈ N, we impose a maximal number of iterations for (38) given by

𝑛̃ = 𝛾⌈log(𝑁)⌉. (41)

Any integration on triangles is performed using the standard 3-point quadrature rule at the midpoints of the
edges.

4.1. Experiment 1: Exponential nonlinearity and uniform meshes

In this first example, we aim to test the attainability of the OCR for the exponential nonlinearity 𝑔(𝑢) = 𝑒𝑢.
Specifically, we solve the Dirichlet problem on the L-shaped domain Ω from (40):

−∆𝑢 + 𝑒𝑢 = 𝑓 in Ω
𝑢 = 0 on 𝜕Ω.

Here, we choose the right-hand side 𝑓 so that the exact solution is given by the smooth function 𝑢(𝑥, 𝑦) =
sin(𝜋𝑥) sin(𝜋𝑦). We use a sequence of uniform meshes corresponding to 𝛽 = 0 in Definition 3.2; in our plots,
the associated finite element spaces are characterized by their numbers of dofs, denoted by 𝑁 . Our focus in this
experiment is on the iterative numerical scheme applied to the above problem.

Figure 1 illustrates the global error between the exact solution 𝑢 and the iterative solution 𝑈𝑛 against the
number of degrees of freedom (dofs) 𝑁 for each uniform mesh. The iterative scheme (38) is applied to each
mesh until the (logarithmic) error slope between two consecutive meshes is less than −0.49, or the maximal
number of iterations according to (41) is reached; we choose 𝛾 = 4 to obtain the desired convergence rate for
all the selected values of 𝛼, although our numerical results indicate that 𝛾 = 1 would indeed suffice for larger
values of 𝛼. In the legend of Figure 1, for each choice of 𝛼, we display the total number of iterations over all
meshes by the variable “It”. The convergence plot clearly shows that the expected convergence rate of 𝑁−1/2 is
achieved for the iterative linearized Galerkin scheme. Not surprisingly, we observe that larger 𝛼-values lead to
a more efficient performance of the Picard iteration.

The sensitivity with respect to the choice of 𝛼 prompts the question of optimal parameter selection. To
determine the best value of 𝛼 for the given example, i.e., to minimize the number of iterations to reach an
error of ‖∇𝑒‖L2(Ω) ≤ 2 · 10−2, we employ a golden section method on the parameter interval [0, 1]. The plot in
Figure 2 illustrate this optimization process yielding 𝛼opt ≈ 0.8924 (with 2 iterations); here, the optimization
is designed towards a minimal number of iterations needed to achieve the prescribed error tolerance on the last
mesh (corresponding to approximately 3.9 · 105 degrees of freedom).

4.2. Experiment 2: Cubic nonlinearity on graded meshes

In our second experiment, we aim to demonstrate the necessity of utilizing graded meshes for the accurate
approximation of a solution with a singularity at the origin in the L-shaped domain Ω from (40). We consider
the Dirichlet problem

−∆𝑢 + 𝑢3 = 𝑓 in Ω
𝑢 = 0 on 𝜕Ω,

where 𝑔(𝑢) = 𝑢3 is a cubic monomial nonlinearity. We choose 𝑓 such that the exact solution is given by

𝑢(𝑥, 𝑦) = 2𝑟−
4/3𝑥𝑦(1− 𝑥2)(1− 𝑦2),

with the radial variable 𝑟 = (𝑥2+𝑦2)1/2, which has a singularity at the origin c1 = (0, 0); indeed, it can be verified
that 𝑢 ∈ H2

𝛽(Ω), for the weight function Φ𝛽 = 𝑟𝛽 , with 𝛽 > 1/3, which is in line with the pure Dirichlet case
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Figure 1. Example 1: Convergence behavior on uniform meshes for various values of 𝛼, and
using 𝛾 = 4.

Figure 2. Experiment 1: Golden section optimization for the parameter 𝛼 in the Picard iter-
ation (with 𝛾 = 1). Identification of 𝛼opt (with the optimal value circled).

in (28). The re-entrant corner singularity necessitates the use of graded mesh refinements towards (0, 0), where
we use 𝛽 = 0.4. The corresponding graded meshes are constructed based on appropriate RGB refinements
of triangles close to c1, with values ℎ ∈ {0.25, 0.15, 0.08, 0.035, 0.016, 0.008, 0.0038, 0.0019}; we present two
examples in Figure 3.

Figure 4 compares the convergence rates on graded (left) and on uniform meshes (right). Whilst the OCR
is reached on graded meshes, we clearly see a suboptimal convergence regime for uniform meshes (utilizing the
maximal number of iterations at hand for each 𝛼). This is because uniform meshes do not effectively distribute
the available degrees of freedom in the presence of the occurring corner singularity.
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Figure 3. Graded meshes towards the origin in an L-shaped domain with 𝛽 = 0.40 for mesh
size ℎ = 0.035 (left) and ℎ = 0.016 (right).

Figure 4. Experiment 2: Computational performance for several values of 𝛼 and their corre-
sponding total number of iterations used to reach the OCR with 𝛾 = 4 on graded meshes (left),
and uniform meshes (right); the dashed line represents a reference slope of −1/2.

Similarly to the first experiment, we perform an optimization analysis in the parameter 𝛼. Figure 5 depicts the
golden section method for 𝛾 = 1. More precisely, we illustrate the optimization process to reach the prescribed
error of ‖∇𝑒‖L2(Ω) ≤ 2 ·10−2 on a graded mesh with roughly 3.9 ·105 degrees of freedom. We require 2 iterations
with a corresponding optimal value of 𝛼opt ≈ 0.9152, thereby underlining the effectiveness of the graded mesh
approach in handling singularities at corners.

4.3. Experiment 3: Exponential nonlinearity and mixed boundary data

In this final example, we aim to test the effectiveness of graded meshes on a model problem with mixed
boundary conditions and a (near) limit case of exponential nonlinearity in the sense of Definition 8. Specifically,
on the L-shaped domain Ω from (40), we consider the boundary value problem

−∆𝑢 + 𝑒4|𝑢|0.9𝑢 = 𝑓 in Ω
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Figure 5. Experiment 2: Golden section optimization for the parameter 𝛼 in the Picard iter-
ation (with 𝛾 = 1). Identification of 𝛼opt (with the optimal value circled).

𝑢 = 0 on Γ𝒟
𝜕n𝑢 = 0 on Γ𝒩 ,

where Γ𝒩 = {0} × (0, 1) and Γ𝒟 = 𝜕Ω∖Γ𝒩 . We choose 𝑓 such that the exact solution is given by

𝑢(𝑥, 𝑦) = 𝑟−
2/3𝑦(1− 𝑥2)(1− 𝑦2),

with a singularity at the corner c1 = (0, 0); it holds 𝑢 ∈ H2
𝛽(Ω) for the weight function Φ𝛽 = 𝑟𝛽 , with

𝛽 > 2/3, which corresponds to the mixed Dirichlet–Neumann case in (28). Accordingly, we propose to use
graded meshes based on 𝛽 = 0.7, for reasonable iteration parameters 𝛼 = 0.5 and 𝛾 = 2, and with the ℎ-values
chosen exactly as in Experiment 2. From Figure 6 we observe that the desired optimal rate is attained quickly,
thereby demonstrating the benefit of the adjusted parameter settings in the current situation of mixed boundary
conditions.

Furthermore, as in the previous experiments, Figure 7 depicts a computational analysis of the Picard scheme
for various values of the iteration parameter 𝛼 to reach the prescribed error of ‖∇𝑒‖L2(Ω) ≤ 2 · 10−2 on a mesh
of approximately 4.3 · 105 degrees of freedom; for 𝛼opt ≈ 0.7416, which results in 3 iterations, we perceive the
high efficiency of the graded meshes to handle singularities, even with mixed boundary conditions. However,
in contrast to Figures 2 and 5, we observe in Figure 7 a more unstable behavior in the required number of
iterations, as well as a potential divergence of the scheme for larger values of 𝛼. In fact, this is made even clearer
by Figure 8, where we increase the scaling parameter for the number of iterations 𝑛̃, cf. (41), from 𝛾 = 1 to
𝛾 = 10 to reach the OCR on the entire mesh sequence. We recognize three different stages in the behavior with
respect to 𝛼: For intermediate values up to approximately 𝛼 = 0.79, a stable, oscillatory behavior is observed;
beyond this range, we enter a small transitional phase where the number of iterations increases considerably;
finally, from around 𝛼 = 0.91 onward, the Picard scheme does no longer converge within a sensible number of
iterations.

We further investigate the failure of the Picard iteration to converge for values 𝛼 ≈ 1. To this end, we employ
two preset maximal iteration limits resulting from 𝛾 = 1 (i.e.,

∑︀
𝑛̃ = 69) and 𝛾 = 10 (i.e.,

∑︀
𝑛̃ = 690). Figure 9

shows three distinct behaviors for both 𝛾 = 1 and 𝛾 = 10: For 𝛾 = 1, we see that convergence begins to
deteriorate from 𝛼 = 0.85 for larger numbers of degrees of freedom, yet, remains stable for 𝛾 = 10. For 𝛼 = 0.95,
however, neither value of 𝛾 is able to retain convergence. In conclusion, for higher 𝛼-values (uniformly away
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Figure 6. Experiment 3: Convergence behavior for a sequence of graded meshes with 𝛼 = 0.5,
𝛽 = 0.7 and 𝛾 = 2.

Figure 7. Experiment 3: Golden section optimization for the parameter 𝛼 in the Picard iter-
ation (with 𝛾 = 1). Identification of 𝛼opt (with the optimal value circled).

from a certain upper limit < 1), OCR can still be retrieved by appropriately increasing the number of iterations.
For 𝛼-values close to 1, however, the iteration seems to diverge completely, thereby indicating that these values
may possibly exceed the threshold presented in Proposition 3.4.

In summary, our numerical study across the three experiments suggests that 𝛼 ≃ 0.8 is generally a good
choice. This observation is reinforced by Figure 8, which shows that 𝛼 ≃ 0.8 remains effective given a sufficient
number of iterations is being performed. This supports the application of the Picard iteration as an iterative
nonlinear solver for the problem class under consideration. In particular, this method is stable and robust for
a wide range of 𝛼 values, requiring only a few iterations to reach optimal convergence rates, even for strong
exponential nonlinearities.



3380 F. SPICHER AND T.P. WIHLER

Figure 8. Experiment 3: Numbers of iterations for 𝛾 = 1 (left) and 𝛾 = 10 (right) needed
across all meshes in terms of 𝛼 ∈ [0.6, 0.99] for the nonlinearity 𝑔(𝑢) = exp(4|𝑢|0.9𝑢) and mixed
boundary conditions. Distance between two 𝛼-samples: ∆𝛼 = 1/30.

Figure 9. Experiment 3: Stages of divergence for various 𝛼 values with 𝛾 = 1 (left) and 𝛾 = 10
(right).

4.4. Additional discussion: Scheme stability

Finally, in Figures 10 and 11, we explore how the strength of the nonlinearity 𝑔(𝑢) and the type of boundary
conditions influence the convergence behavior of the Picard iteration. We fix 𝛾 = 10 in (41), and consider the
range 𝛼 ∈ [0.6, 0.99] for uniformly spaced samples of distance ∆𝛼 = 1/30 as before.

In Figure 10 we compare throughout the mesh sequence homogeneous Dirichlet and mixed boundary data for
nearly critical nonlinearities. We see that the type of boundary conditions significantly impacts the convergence
regime of the Picard iteration. In the former case (left plot), in spite of a larger constant in the exponent of the
nonlinearity, a parabolic shape that resembles the plots in Figures 2, 5 and 7 is obtained. However, compared to
the previous experiments, the iteration numbers are considerably larger. This is even more pronounced in the
right plot, where mixed boundary conditions are investigated; in addition, step-like plateaus appear, where the
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Figure 10. Numbers of iterations needed across all meshes in terms of 𝛼 for 𝛾 = 10. Left:
nonlinearity 𝑔(𝑢) = exp(4|𝑢|0.9𝑢) and Dirichlet boundary conditions. Right: nonlinearity 𝑔(𝑢) =
exp(|𝑢|0.9𝑢) and mixed boundary conditions.

Figure 11. Numbers of iterations needed across all meshes in terms of 𝛼 for 𝛾 = 10, with mixed
boundary conditions. Left: nonlinearity 𝑔(𝑢) = exp(𝑢). Right: nonlinearity 𝑔(𝑢) = exp(4𝑢).

number of iterations are locally constant for increasing values of 𝛼. Evidently, this oscillatory behavior is quite
unstable, as slight variations in 𝛼 can cause a notable increase or decrease in the iteration numbers.

Finally, Figure 11 focuses solely on mixed boundary conditions. A significant change in shape and behavior
is observed for two different exponential nonlinearities. Another remarkable observation lies in the even more
drastic increase in the number of iterations, similar to Figure 10 (right), that is visible in both plots in Figure 11.

In conclusion, on a fairly speculative note, our experiments may indicate that the use of mixed boundary
conditions plays a more important role with regard to the iteration numbers needed to reach the OCR by means
of the Picard scheme than the strength of the (subcritical) nonlinearity.

5. Conclusions

In our work, we have developed the a priori error analysis of the iterative linearized Galerkin (ILG) framework
for semilinear elliptic problems with mixed boundary conditions and exponentially or even subcritically grow-
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ing nonlinear reactions. For such problems, we have demonstrated well-posedness under suitable monotonicity
assumptions. This is accomplished through a new local analysis for a contractive Picard iteration, which, on the
one hand, implies existence and uniqueness of a solution (on both the continuous and discrete level), and, on the
other hand, motivates an iterative finite element scheme. A key ingredient is our modification of the Trudinger
inequality that allows to remove the usual norm restriction, thereby enabling a search for weak solutions within
the entire space H1(Ω); in the pure Dirichlet case, based on the Moser–Trudinger inequality, our analysis extends
to certain nonlinearities of critical growth. In addition, we have derived a quasi-optimality bound that, in a
subsequent step, has led to optimal convergence for the iterative numerical approximation scheme on graded
meshes. Furthermore, our numerical experiments validate the optimal convergence rate and thereby underscore
the effectivity of the proposed approach in handling both challenging reaction nonlinearities and possible corner
singularities.
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