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NITSCHE STABILIZED VIRTUAL ELEMENT APPROXIMATIONS FOR A
BRINKMAN PROBLEM WITH MIXED BOUNDARY CONDITIONS

David Mora1,2,** , Jesus Vellojin3,** and Nitesh Verma1,*

Abstract. In this paper, we formulate, analyze, and implement the discrete formulation of the
Brinkman problem with mixed boundary conditions, including slip boundary condition, using the
Nitsche’s technique for virtual element methods. We propose a discretization by means of the virtual
elements presented in Beirão da Veiga et al. [ESAIM Math. Model. Numer. Anal. 51 (2017) 509–535].
We derive a robust stability analysis of the Nitsche stabilized discrete scheme for this model problem.
We establish optimal a priori error estimates of the discrete scheme with constants independent of the
viscosity. Moreover, a set of numerical tests demonstrates the robustness with respect to the physical
parameters and verifies the derived convergence results.
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1. Introduction and problem statement

We are interested in the numerical approximation by the virtual element method of the Brinkman system
with mixed boundary conditions, that is, Dirichlet conditions on one part of the boundary and slip conditions
on the rest of the boundary. These boundary conditions, representing the inflow/outflow in the domain, and
flow through the boundary wall, as well as fluid slipping along the boundary wall, have been introduced in sev-
eral applications such as water treatment, reverse osmosis, and so on. The Brinkman equations can be seen as
an extension of Darcy’s law to describe the laminar flow behavior of a viscous fluid within a porous material
with possibly heterogeneous permeability, so that the flow is dominated by the Darcy regime on a part of the
domain and by Stokes on the other parts of the domain. In recent years, the numerical solution of this system
has acquired great interest due to its high practical importance in different areas, including several industrial and
environmental applications, such as filtering porous layers, oil reservoirs, and the study of foams, among others.

The virtual element method (VEM) introduced in [7] belongs to the so-called polytopal methods for solving
PDEs by using general polygonal/polyhedral meshes. These methods have received substantial attention in
recent years, for instance, hybrid high order method [16, 27–29], discontinuous Galerkin method [4, 21, 48],
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mimetic finite difference method [8], virtual element method [5, 12, 36] The VEM can be seen as an extension
of Finite Elements Method (FEM) to polygonal or polyhedral decompositions. The VEM has been applied to
different problems in fluid mechanics, see, for instance, [3, 9–11,19,20,31,32,40,45] and the references therein.

In [32], the virtual element method for a pseudostress-velocity formulation of the nonlinear Brinkman flow
has been introduced. The stream virtual element method has been introduced and analyzed in [40]. In this
case, the problem is written as a single equation in terms of the stream function of the velocity field by
using the incompressibility condition, and optimal error estimates, independent of the viscosity parameter, are
obtained. In [9,10], the authors have introduced a novel divergence-free virtual element method for solving the
Stokes and Navier–Stokes problems. This method has been used in [45] for solving the Brinkman problem with
homogeneous Dirichlet boundary conditions, and the error estimates, independent of the model parameters, are
obtained. Moreover, we also mention recent works on the numerical discretization of the Brinkman problem by
finite element methods [1, 2, 30,39].

The so-called Nitsche methods can be regarded as a stabilization technique where some terms are added to
the variational formulation so that the boundary conditions can be incorporated in a weak form. One of the
main advantages of the Nitsche method is its versatility. It can be applied to a wide range of partial differential
equations, including elliptic, parabolic, and hyperbolic equations. For instance, finite element discretizations with
the Nitsche method have evolved to handle general boundary conditions [37], including interface problems [35],
unilateral and frictional contact [23,24], or membrane filtration processes [22], among others. On each reference,
we observe that properly formulated penalty terms in the Nitsche method ensure consistency and stability of
the numerical solution, even for complex problems and irregular domains. This stability property is crucial for
obtaining reliable and accurate results in practical simulations. Moreover, the Nitsche method can be relatively
straightforward to implement compared to other approaches for enforcing boundary conditions. Its penalty-
based formulation simplifies the incorporation of boundary conditions into the variational formulation of the
problem. By the nature of the method, this can be seamlessly integrated with modern numerical techniques such
as adaptive mesh refinement, parallel computing, higher-order finite elements, or the virtual elements method.
In the latter, the literature regarding Nitsche’s method is scarce, with recent contributions by Beirão da Veiga
et al. [13] and Bertoluzza et al. [14]. Here, the authors study the extension to virtual elements of the Lagrange
multiplier method, in its stabilized formulation as proposed by Barbosa and Hughes [6], and the Nitsche method
[41]. They proved stability and optimal error estimates under custom conditions on the stabilization parameters.
The results are extended for two and three-dimensional geometries with curved domains, where the numerical
experiments assess the performance of the method, suggesting a viable alternative to the corresponding scheme
in the finite element method.

In the present contribution, we propose a Nitsche method for the Brinkman system with mixed boundary
conditions. We consider the Dirichlet condition on a part of the boundary and the slip conditions on the rest
of the boundary. This approach has been employed in several Navier–Stokes models to impose a slip boundary
condition. For example, we have the work from [44], where they compare the Lagrange multiplier and Nitsche’s
methods for the weak imposition of the slip boundary condition on curved domains. Recently, in [34], the
authors studied the weak imposition of the slip boundary through Nitsche’s method. They used projected
normals, which consist in defining a normal n𝜋(x) = n(𝜋(x)), where 𝜋(x) is an orthogonal projection from the
computational to the continuous boundary in order to get the closest point on the continuous boundary. The type
of conditions behind the models presented in the aforementioned works is important in different areas for fluid
flow problems. In particular, these boundary conditions appear naturally in the analysis of numerical methods
for desalination processes, filtration, among others. For that reason, in this work, we extend the results presented
in [45] for the new model problem. Unlike the Dirichlet boundary conditions, the slip-boundary conditions are
inadequate to impose strongly for a discrete solution. This drawback is due to the unavailability of the degrees
of freedom for the normal component and normal derivative of the function on the boundary in the discrete
space. It is well-known that different strategies can be considered for imposing mixed conditions, including slip
conditions, such as the Lagrange multiplier method. However, we propose here a symmetric discrete variational
formulation by adding Nitsche terms in order to incorporate the boundary conditions considered in the model
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problem. Moreover, we discretize the problem by using the virtual element method presented in [9] for the
Stokes problem. We note that the VEM spaces are based on a divergence conforming virtual element spaces for
the velocity and piecewise polynomials for pressure. We define a new Nitsche term to impose the slip boundary
condition for the discrete scheme using the piecewise polynomial projection on each polygon 𝐾 (in the mesh)
on the boundary. We mention that in the resulting scheme, the divergence-free property is lost because of
the incorporation of the new Nitsche terms. We establish that the discrete problem is well-posed by proving
a global inf-sup condition, and we establish stability by using appropriate mesh-parameter dependent norms.
Under rather mild assumptions on the polygonal meshes and by using interpolation estimates, the convergence
rate is proved to be optimal in terms of the mesh size ℎ. We would like to emphasize that the constants in
the derivation of error estimates are independent of the physical parameters in this model problem. The trace
inequality for the piecewise polynomials is utilized in the analysis in order to prove the stability. In summary,
the advantages of the proposed VEM method with the Nitsche technique to solve the Brinkman problem are: the
possibility of using general polygonal meshes, the robustness of error analysis with respect to physical constants,
and the possibility of an easy imposition of general boundary conditions, including non-homogeneous Dirichlet
conditions, slip conditions, among others.

The rest of the paper is organized as follows: in Section 2, we introduce the variational formulation of the
Brinkman equations with mixed boundary conditions. In Section 3 we present the virtual element discretization
of arbitrary order 𝑘 ≥ 2 with Nitsche’s technique. The existence, uniqueness and stability results of the discrete
formulation by using a global inf-sup condition are presented in Section 4. In Section 5 we obtain error estimates
for the velocity and pressure fields. Section 6 is devoted to analyze, through several numerical experiments, the
performance and robustness of the proposed Nitsche method.

In this article, we will employ standard notations for Sobolev spaces, norms and seminorms. In addition, we
will denote by 𝐶 a generic constant independent of the mesh parameter ℎ and model parameters, which may
take different values in different occurrences.

2. Governing equations

Let Ω be an open, bounded subset of R2 having Lipschitz–continuous boundary, such that 𝜕Ω = Γ̄𝐷 ∪ Γ̄𝑁 ,
and Γ𝐷 ∩ Γ𝑁 = ∅. The boundary subdomain Γ𝐷 represents a part of 𝜕Ω where a fixed value for the velocity
(Dirichlet boundary) is given, while Γ𝑁 denotes a subdomain where we have a slip boundary condition. An
example of such a domain is depicted in Figure 1. Thus, the system of interest can be written as the following
problem. Given the body force 𝑓 ∈ [𝐿2(Ω)]2 and boundary condition 𝑔 ∈ [𝐻1/2(Γ𝐷)]2, find the fluid velocity 𝑢
and fluid pressure 𝑝, such that

K−1𝑢− 𝜈 div(𝜀(𝑢)) +∇𝑝 = 𝑓 in Ω, (2.1)
∇ · 𝑢 = 0 in Ω, (2.2)

𝑢 = 𝑔 on Γ𝐷, (2.3)
(𝜈𝜀(𝑢)𝑛) · 𝑡 = 0, and 𝑢 · 𝑛 = 0 on Γ𝑁 , (2.4)

where 𝜈 is the viscosity of the fluid, 𝜀(𝑣) := 1
2 (∇𝑣 + (∇𝑣)𝑡) is the symmetric derivative (here (·)𝑡 denotes

transpose), K is a bounded, symmetric, and positive definite tensor describing the permeability properties of
the Brinkman region, and 𝑛 := (𝑛1, 𝑛2)𝑡 and 𝑡 are unit normal and tangent on the boundary Γ𝑁 , respectively,
with 𝑡 := (−𝑛2, 𝑛1)𝑡.

In order to obtain the weak form of the governing equations, let us introduce the functional spaces for the
velocity and pressure as,

V := {𝑣 ∈ [𝐻1(Ω)]2 : 𝑣 · 𝑛 = 0 on Γ𝑁 , 𝑣 = 0 on Γ𝐷} and 𝑄 := 𝐿2
0(Ω).

We first state assumptions on the physical parameters used throughout this paper.
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Figure 1. Sample geometry of the considered Brinkman domain with mixed boundary conditions.

The permeability tensor holds the positive definiteness, that is, there exist 𝜅1, 𝜅2 > 0 for all 𝑣 ∈ V such that

0 < 𝜅1‖𝑣‖20,Ω ≤ (K−1𝑣, 𝑣)0,Ω ≤ 𝜅2‖𝑣‖20,Ω < ∞,

and we also assume that 0 < 𝜈 ≤ 𝜈max.
Next, we test the corresponding equations in (2.1) and (2.2) and using integration by parts and the fact that

𝑣 ∈ V, we have∫︁
Ω

K−1𝑢 · 𝑣 + 𝜈

∫︁
Ω

𝜀(𝑢) : 𝜀(𝑣)−
∫︁

Ω

𝑝 div 𝑣 −
∫︁

Γ𝑁

(𝜈𝜀(𝑢)− 𝑝I)𝑛 · 𝑣 d𝑠 =
∫︁

Ω

𝑓 · 𝑣 ∀𝑣 ∈ V,

−
∫︁

Ω

div 𝑢 𝑞 = 0 ∀𝑞 ∈ 𝑄.

To impose the Dirichlet condition for the continuous solution 𝑢, we define the Sobolev space

V𝑔 := {𝑣 ∈ V : 𝑣 · 𝑛 = 0 on Γ𝑁 , 𝑣 = 𝑔 on Γ𝐷}.

The boundary term in the weak formulation for 𝑢 ∈ V𝑔, 𝑣 ∈ V and 𝑝 ∈ 𝑄 can be computed by splitting in
terms of tangential and normal components (𝑣 = (𝑣 · 𝑛)𝑛 + (𝑣 · 𝑡)𝑡) as,∫︁

Γ𝑁

(𝜈𝜀(𝑢)− 𝑝I)𝑛 · 𝑣 d𝑠 =
∫︁

Γ𝑁

(︁
(𝑛𝑡(𝜈𝜀(𝑢)𝑛))(𝑣 · 𝑛) + (𝑡𝑡(𝜈𝜀(𝑢)𝑛))(𝑣 · 𝑡)− 𝑝(𝑣 · 𝑛)

)︁
d𝑠

=
∫︁

Γ𝑁

(𝑡𝑡(𝜈𝜀(𝑢)𝑛))(𝑣 · 𝑡) d𝑠 = 0,

where we have also used the boundary condition (2.4).
Thus, the weak formulation of the problem is stated as: find 𝑢 ∈ V𝑔 and 𝑝 ∈ 𝑄 such that

𝑚(𝑢, 𝑣) + 𝑎(𝑢, 𝑣) + 𝑏(𝑣, 𝑝) = 𝐹 (𝑣) ∀𝑣 ∈ V, (2.5a)
𝑏(𝑢, 𝑞) = 0 ∀𝑞 ∈ 𝑄, (2.5b)

where the corresponding bilinear forms and the linear functional are introduced as follows

𝑚(𝑢, 𝑣) :=
∫︁

Ω

K−1𝑢 · 𝑣, 𝑎(𝑢, 𝑣) := 𝜈

∫︁
Ω

𝜀(𝑢) : 𝜀(𝑣),

𝑏(𝑣, 𝑞) := −
∫︁

Ω

𝑞 div 𝑣, and 𝐹 (𝑣) :=
∫︁

Ω

𝑓 · 𝑣.
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Now, we introduce the parameter dependent norm for all 𝑣 ∈ V as follows:

|||𝑣|||2V := ‖K−1/2𝑣‖20,Ω + 𝜈‖𝜀(𝑣)‖20,Ω + ‖ div 𝑣‖20,Ω.

Denoting

𝒜((𝑢, 𝑝), (𝑣, 𝑞)) := 𝑚(𝑢, 𝑣) + 𝑎(𝑢, 𝑣) + 𝑏(𝑣, 𝑝)− 𝑏(𝑢, 𝑞),
ℒ(𝑣, 𝑞) := 𝐹 (𝑣),

then we can rewrite the continuous formulation (2.5) in vector form as: find (𝑢, 𝑝) ∈ V𝑔 ×𝑄 such that

𝒜((𝑢, 𝑝), (𝑣, 𝑞)) = ℒ(𝑣, 𝑞) ∀(𝑣, 𝑞) ∈ V ×𝑄.

Defining the kernel space as

Z := {𝑣 ∈ V : 𝑏(𝑣, 𝑞) = 0 ∀𝑞 ∈ 𝑄} = {𝑣 ∈ V : div 𝑣 = 0},

then we have the following properties of the bilinear forms:

𝑚(𝑢, 𝑣) ≤ |||𝑢|||V|||𝑣|||V, 𝑎(𝑢, 𝑣) ≤ |||𝑢|||V|||𝑣|||V ∀𝑢, 𝑣 ∈ V,

𝑏(𝑣, 𝑞) ≤ |||𝑣|||V‖𝑞‖𝑄 ∀𝑣 ∈ V, 𝑞 ∈ 𝑄, 𝐹 (𝑣) ≤ ‖𝑓‖V* |||𝑣|||V ∀𝑣 ∈ V,

𝑚(𝑣, 𝑣) + 𝑎(𝑣, 𝑣) ≥ |||𝑣|||2V ∀𝑣 ∈ Z, and there exist 𝛽 > 0 s.t. sup
(0 ̸=)𝑣∈V

𝑏(𝑣, 𝑞)
|||𝑣|||V

≥ 𝛽‖𝑞‖𝑄 ∀𝑞 ∈ 𝑄,

where ‖𝑞‖𝑄 := ‖𝑞‖0,Ω and ‖𝑓‖V* := sup(0 ̸=)𝑣∈V
𝐹 (𝑣)
|||𝑣|||V

.

Using the ellipticity of 𝑚(·, ·) + 𝑎(·, ·) on Z, and the inf-sup condition of 𝑏(·, ·), and continuity of the bilinear
forms of 𝑚(·, ·), 𝑎(·, ·), 𝑏(·, ·) and continuity of the linear functional 𝐹 (·), we have the well posedness of the weak
formulation (2.5) (refer [15,17]).

Lemma 2.1. The continuous solution (𝑢, 𝑝) ∈ V𝑔 × 𝑄 of formulation (2.5) holds the following bound, for a
constant 𝐶 (independent of 𝜈, K),

|||𝑢|||V + ‖𝑝‖𝑄 ≤ 𝐶‖𝑓‖V* .

3. Virtual element approximation

In this section we construct a VEM for solving the Brinkman problem with mixed boundary conditions using
Nitsche’s technique. We start denoting by {𝒯ℎ}ℎ>0 a sequence of partitions into polygons of the domain Ω.
The elements in 𝒯ℎ are denoted as 𝐾, and edges by 𝑒. Let ℎ𝐾 denote the diameter of the element 𝐾 and
ℎ := max𝐾∈𝒯ℎ

ℎ𝐾 the maximum of the diameters of all the elements of the mesh. By 𝑁𝑣
𝐾 we denote the number

of vertices in the polygon 𝐾, 𝑁𝑒
𝐾 stands for the number of faces on 𝜕𝐾, and 𝑒 is a generic edge of 𝒯ℎ. We denote

by 𝑛𝑒
𝐾 the unit normal pointing outwards 𝐾 and by 𝑡𝑒

𝐾 the unit tangent vector along 𝑒 on 𝐾, and 𝑉𝑖 represents
the 𝑖𝑡ℎ vertex of the polygon 𝐾.

Next, we denote the sets of all boundary edges as ℰℎ(Ω) and denote the edges on the Dirichlet boundary as
ℰ𝐷

ℎ := Γ𝐷 ∩ ℰℎ(Ω) and edges on the other boundary as ℰ𝑁
ℎ := Γ𝑁 ∩ ℰℎ(Ω).

In addition, for the theoretical analysis we will make the following assumptions: there exists 𝐶𝒯 > 0 such
that, for every ℎ and every 𝐾 ∈ 𝒯ℎ, (a) the ratio between the shortest edge and ℎ𝐾 is larger than 𝐶𝒯 ; and (b)
𝐾 ∈ 𝒯ℎ is star-shaped with respect to every point within a ball of radius 𝐶𝒯 ℎ𝐾 .

In what follows, we denote by P𝑘(𝐾), the space of polynomials of degree up to 𝑘, defined locally on 𝐾 ∈
𝒯ℎ. Moreover, we denote by 𝒢𝑘(𝐾) := ∇(P𝑘+1(𝐾)) ⊆ [P𝑘(𝐾)]2 and 𝒢⊥𝑘 (𝐾) ⊆ [P𝑘(𝐾)]2 the 𝐿2-orthogonal
complement to 𝒢𝑘(𝐾).
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3.1. Discrete spaces and degrees of freedom

The local virtual element spaces are defined for 𝑘 ≥ 2 as,

Ṽ𝑘
ℎ(𝐾) :=

{︀
𝑣 ∈ [𝐻1(𝐾) ∩ 𝐶0(𝜕𝐾)]2 : −Δ𝑣 −∇𝑠 ∈ 𝒢𝑘−2(𝐾)⊥(for some 𝑠 ∈ 𝐿2(𝐾)), div 𝑣 ∈ P𝑘−1(𝐾),

𝑣|𝑒 ∈ P𝑘(𝑒)∀𝑒 ∈ 𝜕𝐾
}︀
,

𝑄𝑘−1
ℎ (𝐾) := P𝑘−1(𝐾).

Denote the dimension of local space Ṽ𝑘
ℎ(𝐾) as 𝑁𝐾

V , and dimension of 𝑄𝑘−1
ℎ (𝐾) as 𝑁𝐾

𝑄 .
The local degrees of freedom (dofV𝑖 , 1 ≤ 𝑖 ≤ 𝑁𝐾

V ) for space Ṽ𝑘
ℎ(𝐾) for a generic 𝑣ℎ ∈ Ṽ𝑘

ℎ(𝐾) are given by

– the values of 𝑣ℎ at the vertices of the polygon 𝐾,
– the values of 𝑣ℎ at 𝑘 − 1 points in the interior of edges 𝑒 ∈ 𝜕𝐾,
– the moments of 𝑣ℎ ∫︁

𝐾

𝑣ℎ · 𝑔⊥𝑘−2 for all 𝑔⊥𝑘−2 ∈ 𝒢𝑘−2(𝐾)⊥,

– for 𝑘 > 1, the moments of div 𝑣ℎ in 𝐾,∫︁
𝐾

div 𝑣ℎ 𝑞𝑘−1 for all 𝑞𝑘−1 ∈ P𝑘−1(𝐾).

And for the space 𝑄𝑘−1
ℎ (𝐾), the degrees of freedom are

– the moments of 𝑞ℎ ∫︁
𝐾

𝑞ℎ 𝑧𝑘−1 for all 𝑧𝑘−1 ∈ P𝑘−1(𝐾).

Denoting the bilinear forms on each element as 𝑎𝐾(·, ·) := 𝑎(·, ·)|𝐾 for any bilinear form, we introduce the
energy projection operators Π∇,𝑘

𝐾 : [𝐻1(𝐾)]2 → [P𝑘(𝐾)]2,Π𝜀,𝑘
𝐾 : [𝐻1(𝐾)]2 → [P𝑘(𝐾)]2, and 𝐿2 projection

operator Π0,𝑘
𝐾 : [𝐿2(𝐾)]2 → [P𝑘(𝐾)]2 for all 𝐾 ∈ 𝒯ℎ to define the computable bilinear forms,

∀𝑣 ∈
[︀
𝐻1(𝐾)

]︀2
,

⎧⎨⎩
(︁
∇
(︁
Π∇,𝑘

𝐾 𝑣 − 𝑣
)︁
, ∇𝑟𝑘

)︁
= 0 ∀𝑟𝑘 ∈ [P𝑘(𝐾)]2,

𝑃 0
𝐾

(︁
Π∇,𝑘

𝐾 𝑣 − 𝑣
)︁

= 0
(3.1)

∀𝑣 ∈ [𝐻1(𝐾)]2,

⎧⎪⎨⎪⎩
𝑎𝐾
(︁
Π𝜀,𝑘

𝐾 𝑣 − 𝑣, 𝑟𝑘

)︁
= 0 ∀𝑟𝑘 ∈ [P𝑘(𝐾)]2,(︁

Π𝜀,𝑘
𝐾 𝑣 − 𝑣, 𝑟𝑘

)︁
0,𝐾

= 0 ∀𝑟𝑘 ∈ ker
(︀
𝑎𝐾(·, ·)

)︀
,

(3.2)

∀𝑣 ∈
[︀
𝐿2(𝐾)

]︀2
,
(︁
Π0,𝑘

𝐾 𝑣 − 𝑣, 𝑟𝑘

)︁
0,𝐾

= 0 ∀𝑣 ∈
[︀
𝐿2(𝐾)

]︀2
, 𝑟𝑘 ∈ [P𝑘(𝐾)]2, (3.3)

where 𝑃 0
𝐾 is projection onto constants.

Refer to [45], we utilize the modified virtual element space for fluid velocity with the help of energy projection
(3.1) as,

V𝑘
ℎ(𝐾) :=

{︁
𝑣 ∈

[︀
𝐻1(𝐾) ∩ 𝐶0(𝜕𝐾)

]︀2
:−Δ𝑣 −∇𝑠 ∈ 𝒢𝑘(𝐾)⊥ for some 𝑠 ∈ 𝐿2(𝐾),

div 𝑣 ∈ P𝑘−1(𝐾), 𝑣|𝑒 ∈ P𝑘(𝑒)∀𝑒 ∈ 𝜕𝐾,(︁
Π∇,𝑘

𝐾 𝑣 − 𝑣, 𝑔⊥𝑘∖𝑘−2

)︁
0,𝐾

= 0 ∀ 𝑔⊥𝑘∖𝑘−2 ∈ 𝒢𝑘(𝐾)⊥∖𝒢𝑘−2(𝐾)⊥
}︁

.

The degrees of freedom for the space V𝑘
ℎ(𝐾) are same as Ṽ𝑘

ℎ(𝐾).
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Remark 3.1. The space V𝑘
ℎ(𝐾) will be useful for computing the 𝐿2-projection (3.3) onto P𝑘(𝐾) to approximate

the zero order term presented in bilinear form 𝑚(·, ·).
Remark 3.2. The imposition of Dirichlet boundary condition using the interpolant is not enough with complex
domains, and the slip boundary conditions are not easy to impose in numerical experiments. Thus, we proceed
here with the Nitsche’s technique for mixed boundary imposition.

We introduce the virtual element spaces to be used in the discretization of the Brinkman problem as,

V𝑘
ℎ := {𝑣ℎ ∈ [𝐻1(Ω)]2 : 𝑣ℎ|𝐾 ∈ V𝑘

ℎ(𝐾) ∀𝐾 ∈ 𝒯ℎ}, 𝑄𝑘−1
ℎ := {𝑞ℎ ∈ 𝑄 : 𝑞ℎ|𝐾 ∈ 𝑄𝑘−1

ℎ (𝐾) ∀𝐾 ∈ 𝒯ℎ}.

Thus, the discrete formulation states that we seek the discrete velocity 𝑢ℎ ∈ V𝑘
ℎ and discrete fluid pressure

𝑝ℎ ∈ 𝑄𝑘−1
ℎ such that the following holds for all 𝑣ℎ ∈ V𝑘

ℎ and 𝑞ℎ ∈ 𝑄𝑘−1
ℎ∑︁

𝐾∈𝒯ℎ

(︁
𝑚𝐾

(︁
Π0,𝑘

𝐾 𝑢ℎ,Π0,𝑘
𝐾 𝑣ℎ

)︁
+ 𝒮0

𝐾

(︁(︁
I−Π0,𝑘

𝐾

)︁
𝑢ℎ, (I−Π0,𝑘

𝐾 )𝑣ℎ

)︁
+ 𝑎𝐾

(︁
Π𝜀,𝑘

𝐾 𝑢ℎ,Π𝜀,𝑘
𝐾 𝑣ℎ

)︁
+ 𝒮𝜀

𝐾

(︁(︁
I−Π𝜀,𝑘

𝐾

)︁
𝑢ℎ,

(︁
I−Π𝜀,𝑘

𝐾

)︁
𝑣ℎ

)︁)︁
+
∑︁

𝑒∈ℰ𝐷
ℎ

(︂
𝛾𝐷

∫︁
𝑒

ℎ−1
𝑒 𝑢ℎ · 𝑣ℎ d𝑠−

∫︁
𝑒

(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑢ℎ

)︁
𝑛
)︁
· 𝑣ℎ d𝑠−

∫︁
𝑒

(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑣ℎ

)︁
𝑛
)︁
· 𝑢ℎ d𝑠

)︂

+
∑︁

𝑒∈ℰ𝑁
ℎ

(︂
𝛾𝑁

∫︁
𝑒

ℎ−1
𝑒 (𝑢ℎ · 𝑛)(𝑣ℎ · 𝑛) d𝑠−

∫︁
𝑒

(︁
𝑛𝑡
(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑢ℎ

)︁
𝑛
)︁)︁

(𝑣ℎ · 𝑛) d𝑠

−
∫︁

𝑒

(︁
𝑛𝑡
(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑣ℎ

)︁
𝑛
)︁)︁

(𝑢ℎ · 𝑛) d𝑠

)︂
+
∑︁

𝐾∈𝒯ℎ

𝑏𝐾(𝑣ℎ, 𝑝ℎ) +
∑︁

𝑒∈ℰ𝐷
ℎ

∫︁
𝑒

(𝑝ℎ𝑛) · 𝑣ℎ d𝑠 +
∑︁

𝑒∈ℰ𝑁
ℎ

∫︁
𝑒

𝑝ℎ(𝑣ℎ · 𝑛) d𝑠

=
∑︁

𝐾∈𝒯ℎ

(︁
Π0,𝑘−1

𝐾 𝑓 , 𝑣ℎ

)︁
0,𝐾

+ 𝛾𝐷

∑︁
𝑒∈ℰ𝐷

ℎ

∫︁
𝑒

ℎ−1
𝑒 𝑔 · 𝑣ℎ d𝑠−

∑︁
𝑒∈ℰ𝐷

ℎ

∫︁
𝑒

𝑔 ·
(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑣ℎ

)︁
𝑛
)︁

d𝑠,

∑︁
𝐾∈𝒯ℎ

𝑏𝐾(𝑢ℎ, 𝑞ℎ) +
∑︁

𝑒∈ℰ𝐷
ℎ

∫︁
𝑒

(𝑞ℎ𝑛) · 𝑢ℎ d𝑠 +
∑︁

𝑒∈ℰ𝑁
ℎ

∫︁
𝑒

𝑞ℎ(𝑢ℎ · 𝑛) d𝑠 =
∑︁

𝑒∈ℰ𝐷
ℎ

∫︁
𝑒

𝑔 · (𝑞ℎ𝑛) d𝑠,

where Π𝜀,𝑘
𝐾𝑒

is the projection onto piecewise polynomial on element 𝐾𝑒 having boundary containing the edge 𝑒.
Introduce the discrete bilinear forms and linear functionals for all 𝑢ℎ, 𝑣ℎ ∈ V𝑘

ℎ, 𝑞ℎ ∈ 𝑄𝑘−1
ℎ as,

𝑚ℎ(𝑢ℎ, 𝑣ℎ) :=
∑︁

𝐾∈𝒯ℎ

(︁
𝑚𝐾

(︁
Π0,𝑘

𝐾 𝑢ℎ,Π0,𝑘
𝐾 𝑣ℎ

)︁
+ 𝒮0

𝐾

(︁(︁
I−Π0,𝑘

𝐾

)︁
𝑢ℎ,

(︁
I−Π0,𝑘

𝐾

)︁
𝑣ℎ

)︁)︁
,

𝑎ℎ(𝑢ℎ, 𝑣ℎ) :=
∑︁

𝐾∈𝒯ℎ

𝑎𝐾
ℎ (𝑢ℎ, 𝑣ℎ) +𝒩 𝑆,𝐷

ℎ (𝑢ℎ, 𝑣ℎ) +𝒩𝐵,𝐷
ℎ (𝑢ℎ, 𝑣ℎ) +𝒩𝐵,𝐷

ℎ (𝑣ℎ, 𝑢ℎ)

+𝒩 𝑆,𝑁
ℎ (𝑢ℎ, 𝑣ℎ) +𝒩𝐵,𝑁

ℎ (𝑢ℎ, 𝑣ℎ) +𝒩𝐵,𝑁
ℎ (𝑣ℎ, 𝑢ℎ),

𝑏ℎ(𝑣ℎ, 𝑞ℎ) :=
∑︁

𝐾∈𝒯ℎ

𝑏𝐾(𝑣ℎ, 𝑞ℎ) +𝒩 𝑏,𝐷
ℎ (𝑣ℎ, 𝑞ℎ) +𝒩 𝑏,𝑁

ℎ (𝑣ℎ, 𝑞ℎ),

𝐹ℎ(𝑣ℎ) := ⟨𝑓ℎ, 𝑣ℎ⟩+ 𝛾𝐷

∑︁
𝑒∈ℰ𝐷

ℎ

∫︁
𝑒

ℎ−1
𝑒 𝑔 · 𝑣ℎ d𝑠−

∑︁
𝑒∈ℰ𝐷

ℎ

∫︁
𝑒

𝑔 ·
(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑣ℎ

)︁
𝑛
)︁

d𝑠,

and 𝐺(𝑞ℎ) :=
∑︁

𝑒∈ℰ𝐷
ℎ

∫︁
𝑒

𝑔 · (𝑞ℎ𝑛) d𝑠,
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where 𝑎𝐾
ℎ (𝑢ℎ, 𝑣ℎ) := 𝑎𝐾(Π𝜀,𝑘

𝐾 𝑢ℎ,Π𝜀,𝑘
𝐾 𝑣ℎ) + 𝒮𝜀

𝐾((I−Π𝜀,𝑘
𝐾 )𝑢ℎ, (I−Π𝜀,𝑘

𝐾 )𝑣ℎ), and 𝑓ℎ|𝐾 := Π0,𝑘−1
𝐾 𝑓 .

On the one hand, we note that the stabilization terms 𝒮𝜀
𝐾(·, ·),𝒮0

𝐾(·, ·) are defined, for all 𝑣ℎ ∈ V𝑘
ℎ(𝐾), so

that we have the stability with respective bilinear forms, for constants 𝜁1, 𝜁2, 𝜉1, 𝜉2 > 0, independent of ℎ and
any physical parameters,

𝜁1 𝑎𝐾(𝑣ℎ, 𝑣ℎ) ≤ 𝒮𝜀
𝐾(𝑣ℎ, 𝑣ℎ) ≤ 𝜁2 𝑎𝐾(𝑣ℎ, 𝑣ℎ), and 𝜉1𝑚

𝐾(𝑣ℎ, 𝑣ℎ) ≤ 𝒮0
𝐾(𝑣ℎ, 𝑣ℎ) ≤ 𝜉2 𝑚𝐾(𝑣ℎ, 𝑣ℎ). (3.4)

On the other hand, the Nitsche’s stabilization terms with parameter 𝛾𝐷, 𝛾𝑁 > 0, ∀𝑣ℎ ∈ V𝑘
ℎ, 𝑞ℎ ∈ 𝑄𝑘−1

ℎ as

𝒩 𝑆,𝐷
ℎ (𝑢ℎ, 𝑣ℎ) := 𝛾𝐷

∑︁
𝑒∈ℰ𝐷

ℎ

∫︁
𝑒

ℎ−1
𝑒 𝑢ℎ · 𝑣ℎ d𝑠, 𝒩𝐵,𝐷

ℎ (𝑢ℎ, 𝑣ℎ) := −
∑︁

𝑒∈ℰ𝐷
ℎ

∫︁
𝑒

(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑢ℎ

)︁
𝑛
)︁
· 𝑣ℎ d𝑠,

𝒩 𝑏,𝐷
ℎ (𝑣ℎ, 𝑞ℎ) :=

∑︁
𝑒∈ℰ𝐷

ℎ

∫︁
𝑒

(𝑞ℎ𝑛) · 𝑣ℎ d𝑠, 𝒩 𝑆,𝑁
ℎ (𝑢ℎ, 𝑣ℎ) := 𝛾𝑁

∑︁
𝑒∈ℰ𝑁

ℎ

∫︁
𝑒

ℎ−1
𝑒 (𝑢ℎ · 𝑛)(𝑣ℎ · 𝑛) d𝑠,

𝒩𝐵,𝑁
ℎ (𝑢ℎ, 𝑣ℎ) := −

∑︁
𝑒∈ℰ𝑁

ℎ

∫︁
𝑒

(︁
𝑛𝑡
(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑢ℎ

)︁
𝑛
)︁)︁

(𝑣ℎ · 𝑛) d𝑠, and 𝒩 𝑏,𝑁
ℎ (𝑣ℎ, 𝑞ℎ) :=

∑︁
𝑒∈ℰ𝑁

ℎ

∫︁
𝑒

𝑞ℎ(𝑣ℎ · 𝑛) d𝑠.

Now, we are in a position to introduce the virtual element formulation with Nitsche stabilization for the
Brinkman problem with mixed boundary conditions, as follows: seek 𝑢ℎ ∈ V𝑘

ℎ, and 𝑝ℎ ∈ 𝑄𝑘−1
ℎ such that

𝑚ℎ(𝑢ℎ, 𝑣ℎ) + 𝑎ℎ(𝑢ℎ, 𝑣ℎ) + 𝑏ℎ(𝑣ℎ, 𝑝ℎ) = 𝐹ℎ(𝑣ℎ) ∀𝑣ℎ ∈ V𝑘
ℎ, (3.5a)

𝑏ℎ(𝑢ℎ, 𝑞ℎ) = 𝐺(𝑞ℎ) ∀𝑞ℎ ∈ 𝑄𝑘−1
ℎ . (3.5b)

Denoting

𝒜ℎ((𝑢ℎ, 𝑝ℎ), (𝑣ℎ, 𝑞ℎ)) := 𝑚ℎ(𝑢ℎ, 𝑣ℎ) + 𝑎ℎ(𝑢ℎ, 𝑣ℎ) + 𝑏ℎ(𝑣ℎ, 𝑝ℎ)− 𝑏ℎ(𝑢ℎ, 𝑞ℎ),
ℒℎ(𝑣ℎ, 𝑞ℎ) := 𝐹ℎ(𝑣ℎ)−𝐺(𝑞ℎ),

then we can rewrite the discrete formulation (3.5a) and (3.5b), in vector form as: find (𝑢ℎ, 𝑝ℎ) ∈ V𝑘
ℎ := V𝑘

ℎ×𝑄𝑘−1
ℎ

such that

𝒜ℎ((𝑢ℎ, 𝑝ℎ), (𝑣ℎ, 𝑞ℎ)) = ℒℎ(𝑣ℎ, 𝑞ℎ) ∀(𝑣ℎ, 𝑞ℎ) ∈ V𝑘
ℎ. (3.6)

Remark 3.3. The Nitsche stabilization terms in our formulation (3.5), such as, 𝒩 𝑆,𝐷
ℎ (·, ·) and 𝒩 𝑆,𝑁

ℎ (·, ·) are
used to impose the Dirichlet and slip boundary conditions, respectively, for the discrete solution. The other
terms in the formulation, such as, 𝒩𝐵,𝐷

ℎ (𝑢ℎ, 𝑣ℎ), 𝒩𝐵,𝑁
ℎ (𝑢ℎ, 𝑣ℎ), 𝒩 𝑏,𝐷

ℎ (𝑣ℎ, 𝑝ℎ),𝒩 𝑏,𝑁
ℎ (𝑣ℎ, 𝑝ℎ) appears naturally

while the terms 𝒩𝐵,𝐷
ℎ (𝑣ℎ, 𝑢ℎ), 𝒩𝐵,𝑁

ℎ (𝑣ℎ, 𝑢ℎ), 𝒩 𝑏,𝐷
ℎ (𝑢ℎ, 𝑞ℎ),𝒩 𝑏,𝑁

ℎ (𝑢ℎ, 𝑞ℎ) are added to retain the symmetry in
the discrete formulation.

4. Solvability of the VEM with Nitsche stabilized terms

In this section, we are going to prove the well-posedness of our discrete formulation. First, we state below the
preliminary results used further in analysis. We recall the classical trace and inverse inequalities for piecewise
polynomials.

Lemma 4.1 (Local trace inequality). There exists a positive constant 𝐶𝑡 such that for 𝑤 ∈ 𝐻𝛿(𝐾), 𝛿 ∈ (1/2, 1]
it holds

‖𝑤‖0,𝜕𝐾 ≤ 𝐶𝑡

(︁
ℎ
−1/2
𝐾 ‖𝑤‖0,𝐾 + ℎ

𝛿−1/2
𝐾 |𝑤|𝛿,𝐾

)︁
, ∀𝐾 ∈ 𝒯ℎ.
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Lemma 4.2 (Discrete inverse inequality). There exists a positive constant 𝐶𝐼 such that, for all 𝑤ℎ ∈ P𝑘(𝐾)
and 𝐾 ∈ 𝒯ℎ, it holds

‖∇𝑤ℎ‖0,𝐾 ≤ 𝐶𝐼ℎ
−1
𝐾 ‖𝑤ℎ‖0,𝐾 .

Lemma 4.3. The following inequalities hold, with constants 𝐶tr > 0 and 𝐶𝑇 > 0 independent of ℎ,

‖𝑞ℎ‖ℎ,𝐷 :=

⎛⎝∑︁
𝑒∈ℰ𝐷

ℎ

ℎ𝑒‖𝑞ℎ‖20,𝑒

⎞⎠1/2

≤ 𝐶tr‖𝑞ℎ‖0,Ω ∀𝑞ℎ ∈ 𝑄𝑘−1
ℎ ,

⎛⎝∑︁
𝑒∈ℰ𝐷

ℎ

ℎ𝑒

⃦⃦⃦
𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑣ℎ

)︁
𝑛
⃦⃦⃦2

0,𝑒

⎞⎠1/2

≤ 𝐶𝑇 ‖𝜀(𝑣ℎ)‖0,Ω ∀𝑣ℎ ∈ V𝑘
ℎ

and same holds on the boundary Γ𝑁 .

Proof. Using Lemma 4.1 and Lemma 4.2 and for 𝐶tr := 𝐶𝑡𝐶𝐼 , there holds

‖𝑞ℎ‖0,𝜕𝐾 ≤ 𝐶trℎ
−1/2
𝐾 ‖𝑞ℎ‖0,𝐾 ∀𝑞ℎ ∈ 𝑄𝑘−1

ℎ .

Using the above inequality, we achieve

‖𝑞ℎ‖ℎ,𝐷 =

⎛⎝∑︁
𝑒∈ℰ𝐷

ℎ

ℎ𝑒‖𝑞ℎ‖20,𝑒

⎞⎠1/2

≤

(︃ ∑︁
𝐾∈𝒯ℎ

ℎ𝐾‖𝑞ℎ‖20,𝜕𝐾

)︃1/2

≤ 𝐶tr

(︃ ∑︁
𝐾∈𝒯ℎ

‖𝑞ℎ‖20,𝐾

)︃1/2

= 𝐶tr‖𝑞ℎ‖0,Ω.

Applying again Lemmas 4.1 and 4.2 for the piecewise polynomials in vector form leads to⎛⎝∑︁
𝑒∈ℰ𝐷

ℎ

ℎ𝑒

⃦⃦⃦
𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑣ℎ

)︁
𝑛
⃦⃦⃦2

0,𝑒

⎞⎠1/2

≤

(︃ ∑︁
𝐾∈𝒯ℎ

ℎ𝐾

⃦⃦⃦
𝜀
(︁

Π𝜀,𝑘
𝐾 𝑣ℎ

)︁
𝑛
⃦⃦⃦2

0,𝜕𝐾

)︃1/2

≤ 𝐶tr

(︃ ∑︁
𝐾∈𝒯ℎ

⃦⃦⃦
𝜀
(︁

Π𝜀,𝑘
𝐾 𝑣ℎ

)︁⃦⃦⃦2

0,𝐾

)︃1/2

.

From definition (3.2), we have ‖𝜀(Π𝜀,𝑘
𝐾 𝑣ℎ)‖0,𝐾 ≤ 𝐶Π‖𝜀(𝑣ℎ)‖0,𝐾 for all 𝐾 ∈ 𝒯ℎ, and thus, we conclude the

inequality with 𝐶𝑇 := 𝐶tr𝐶Π. �

Next, we introduce the following discrete norms on boundary parts as,

‖𝑣ℎ‖21/2,ℎ,𝐷 :=
∑︁

𝑒∈ℰ𝐷
ℎ

ℎ−1
𝑒 ‖𝑣ℎ‖20,𝑒, and ‖𝑣ℎ‖21/2,ℎ,𝑁 :=

∑︁
𝑒∈ℰ𝑁

ℎ

ℎ−1
𝑒 ‖𝑣ℎ · 𝑛‖20,𝑒.

Now, we have that the discrete forms satisfy the following properties.

Lemma 4.4. The boundary terms are bounded, for all 𝑢ℎ, 𝑣ℎ ∈ V𝑘
ℎ, 𝑞ℎ ∈ 𝑄𝑘−1

ℎ , as follows:

𝒩 𝑆,𝐷
ℎ (𝑢ℎ, 𝑣ℎ) ≤ 𝛾𝐷‖𝑢ℎ‖1/2,ℎ,𝐷‖𝑣ℎ‖1/2,ℎ,𝐷,

𝒩𝐵,𝐷
ℎ (𝑢ℎ, 𝑣ℎ) ≤ 𝐶𝑇 𝜈‖𝜀(𝑢ℎ)‖0,Ω‖𝑣ℎ‖1/2,ℎ,𝐷,

𝒩 𝑏,𝐷
ℎ (𝑣ℎ, 𝑞ℎ) ≤ 𝐶tr‖𝑞ℎ‖0,Ω‖𝑣ℎ‖1/2,ℎ,𝐷,

𝒩 𝑆,𝑁
ℎ (𝑢ℎ, 𝑣ℎ) ≤ 𝛾𝑁‖𝑢ℎ‖1/2,ℎ,𝑁‖𝑣ℎ‖1/2,ℎ,𝑁 ,

𝒩𝐵,𝑁
ℎ (𝑢ℎ, 𝑣ℎ) ≤ 𝐶𝑇 𝜈‖𝜀(𝑢ℎ)‖0,Ω‖𝑣ℎ‖1/2,ℎ,𝑁 ,

𝒩 𝑏,𝑁
ℎ (𝑣ℎ, 𝑞ℎ) ≤ 𝐶tr‖𝑞ℎ‖0,Ω‖𝑣ℎ‖1/2,ℎ,𝑁 .
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Proof. We start with the first bound. The Cauchy–Schwarz inequality yields

𝒩 𝑆,𝐷
ℎ (𝑢ℎ, 𝑣ℎ) ≤ 𝛾𝐷

∑︁
𝑒∈ℰ𝐷

ℎ

(︂∫︁
𝑒

ℎ−1
𝑒 𝑢2

ℎ

)︂1/2(︂∫︁
𝑒

ℎ−1
𝑒 𝑣2

ℎ

)︂1/2

≤ 𝛾𝐷‖𝑢ℎ‖1/2,ℎ,𝐷‖𝑣ℎ‖1/2,ℎ,𝐷.

Next, by using the Cauchy–Schwarz inequality and the use of Lemma 4.3 leads to

𝒩𝐵,𝐷
ℎ (𝑢ℎ, 𝑣ℎ) ≤

∑︁
𝑒∈ℰ𝐷

ℎ

𝜈ℎ1/2
𝑒

⃦⃦⃦
𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑢ℎ

)︁
𝑛
⃦⃦⃦

0,𝑒
ℎ−1/2

𝑒 ‖𝑣ℎ‖0,𝑒

≤ 𝐶𝑇 𝜈‖𝜀(𝑢ℎ)‖0,Ω

⎛⎝∑︁
𝑒∈ℰ𝐷

ℎ

ℎ−1
𝑒 ‖𝑣ℎ‖20,𝑒

⎞⎠1/2

.

Proceeding, in similar manner and using that ‖𝑛‖∞,𝑒=1, we get the bound

𝒩 𝑏,𝐷
ℎ (𝑣ℎ, 𝑞ℎ) ≤

∑︁
𝑒∈ℰ𝐷

ℎ

ℎ1/2
𝑒 ‖𝑞ℎ‖0,𝑒‖𝑛‖∞,𝑒ℎ

−1/2
𝑒 ‖𝑣ℎ‖0,𝑒 ≤ 𝐶tr‖𝑞ℎ‖0,Ω

⎛⎝∑︁
𝑒∈ℰ𝐷

ℎ

ℎ−1
𝑒 ‖𝑣ℎ‖20,𝑒

⎞⎠1/2

.

On boundary Γ𝑁 , we have

𝒩 𝑆,𝑁
ℎ (𝑢ℎ, 𝑣ℎ) ≤ 𝛾𝑁

∑︁
𝑒∈ℰ𝑁

ℎ

(︂∫︁
𝑒

ℎ−1
𝑒 (𝑢ℎ · 𝑛)2

)︂1/2(︂∫︁
𝑒

ℎ−1
𝑒 (𝑣ℎ · 𝑛)2

)︂1/2

≤ 𝛾𝑁‖𝑢ℎ‖1/2,ℎ,𝑁‖𝑣ℎ‖1/2,ℎ,𝑁 .

Next, as before, by using the bound of unit normal ‖𝑛‖∞,𝑒=1 and Lemma 4.3, we have

𝒩𝐵,𝑁
ℎ (𝑢ℎ, 𝑣ℎ) ≤

∑︁
𝑒∈ℰ𝑁

ℎ

𝜈‖𝑛‖∞,𝑒ℎ
1/2
𝑒

⃦⃦⃦
𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑢ℎ

)︁
𝑛
⃦⃦⃦

0,𝑒
ℎ−1/2

𝑒 ‖𝑣ℎ · 𝑛‖0,𝑒 ≤ 𝜈𝐶𝑇 ‖𝜀(𝑢ℎ)‖0,Ω‖𝑣ℎ‖1/2,ℎ,𝑁 .

Using again the previous arguments gives

𝒩 𝑏,𝑁
ℎ (𝑣ℎ, 𝑞ℎ) ≤

∑︁
𝑒∈ℰ𝑁

ℎ

ℎ1/2
𝑒 ‖𝑞ℎ‖0,𝑒ℎ

−1/2
𝑒 ‖𝑣ℎ · 𝑛‖0,𝑒 ≤ 𝐶tr‖𝑞ℎ‖0,Ω

⎛⎝∑︁
𝑒∈ℰ𝑁

ℎ

ℎ−1
𝑒 ‖𝑣ℎ · 𝑛‖20,𝑒

⎞⎠1/2

.

Thus, the proof is complete. �

Define the mesh-dependent norm for all 𝑣ℎ ∈ V𝑘
ℎ as,

|||𝑣ℎ|||2ℎ := |||𝑣ℎ|||2V + ‖𝑣ℎ‖21/2,ℎ,𝐷 + ‖𝑣ℎ‖21/2,ℎ,𝑁 ,

and the parameter-dependent discrete norm on V𝑘
ℎ as

|||(𝑣ℎ, 𝑞ℎ)|||2ℎ := |||𝑣ℎ|||2ℎ + ‖𝑞ℎ‖20,Ω.

4.1. Boundedness of the forms 𝒜ℎ and ℒℎ
In this subsection, we show the boundedness for the presented discrete forms in the discrete formulation. We

start by bounding every term in the definitions of 𝒜ℎ and ℒℎ.
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– 𝑚ℎ(·, ·) is bounded. In fact, we have that

𝑚ℎ(𝑢ℎ, 𝑣ℎ) ≤
∑︁

𝐾∈𝒯ℎ

(︁
𝑚𝐾

(︁
Π0,𝑘

𝐾 𝑢ℎ,Π0,𝑘
𝐾 𝑢ℎ

)︁1/2

𝑚𝐾
(︁
Π0,𝑘

𝐾 𝑣ℎ,Π0,𝑘
𝐾 𝑣ℎ

)︁1/2

+ 𝜉2 𝑚𝐾
(︁(︁

I−Π0,𝑘
𝐾

)︁
𝑢ℎ,

(︁
I−Π0,𝑘

𝐾

)︁
𝑢ℎ

)︁1/2

𝑚𝐾
(︁(︁

I−Π0,𝑘
𝐾

)︁
𝑣ℎ,
(︁
I−Π0,𝑘

𝐾

)︁
𝑣ℎ

)︁1/2)︁
≤ max{1, 𝜉2}

∑︁
𝐾∈𝒯ℎ

𝑚𝐾(𝑢ℎ, 𝑢ℎ) 𝑚𝐾(𝑣ℎ, 𝑣ℎ) = 𝜉*
⃦⃦⃦
K−1/2𝑢ℎ

⃦⃦⃦
0,Ω

⃦⃦⃦
K−1/2𝑣ℎ

⃦⃦⃦
0,Ω

,

where we have used (3.4) and with 𝜉* := max{1, 𝜉2}.
– 𝑎ℎ(·, ·) is bounded:

𝑎𝐾
ℎ (𝑢ℎ, 𝑣ℎ) ≤

(︁
𝑎𝐾
(︁
Π𝜀,𝑘

𝐾 𝑢ℎ,Π𝜀,𝑘
𝐾 𝑢ℎ

)︁1/2

𝑎𝐾
(︁
Π𝜀,𝑘

𝐾 𝑣ℎ,Π0,𝑘
𝐾 𝑣ℎ

)︁1/2

+ 𝜁2 𝑎𝐾
(︁(︁

I−Π𝜀,𝑘
𝐾

)︁
𝑢ℎ,

(︁
I−Π𝜀,𝑘

𝐾

)︁
𝑢ℎ

)︁1/2

𝑎𝐾
(︁(︁

I−Π𝜀,𝑘
𝐾

)︁
𝑣ℎ,
(︁
I−Π𝜀,𝑘

𝐾

)︁
𝑣ℎ

)︁1/2)︁
≤ max{1, 𝜁2} 𝑎𝐾(𝑢ℎ, 𝑢ℎ) 𝑎𝐾(𝑣ℎ, 𝑣ℎ) = max{1, 𝜁2} 𝜈‖𝜀(𝑢ℎ)‖0,𝐾‖𝜀(𝑣ℎ)‖0,𝐾 ,

where we have used (3.4). Thus, we obtain

𝑎ℎ(𝑢ℎ,𝑣ℎ) :=
∑︁

𝐾∈𝒯ℎ

𝑎ℎ(𝑢ℎ,𝑣ℎ) +𝒩𝑆,𝐷
ℎ (𝑢ℎ,𝑣ℎ) +𝒩𝐵,𝐷

ℎ (𝑢ℎ,𝑣ℎ) +𝒩𝐵,𝐷
ℎ (𝑣ℎ,𝑢ℎ)

+𝒩𝑆,𝑁
ℎ (𝑢ℎ,𝑣ℎ) +𝒩𝐵,𝑁

ℎ (𝑢ℎ,𝑣ℎ) +𝒩𝐵,𝑁
ℎ (𝑣ℎ,𝑢ℎ)

≤ max{1, 𝜁2} 𝜈‖𝜀(𝑢ℎ)‖0,Ω‖𝜀(𝑣ℎ)‖0,Ω + 𝛾𝐷‖𝑢ℎ‖1/2,ℎ,𝐷‖𝑣ℎ‖1/2,ℎ,𝐷 + 𝐶𝑇 𝜈‖𝜀(𝑢ℎ)‖0,Ω‖𝑣ℎ‖1/2,ℎ,𝐷

+ 𝐶𝑇 𝜈‖𝜀(𝑣ℎ)‖0,Ω‖𝑢ℎ‖1/2,ℎ,𝐷 + 𝛾𝑁‖𝑢ℎ‖1/2,ℎ,𝑁‖𝑣ℎ‖1/2,ℎ,𝑁 + 𝐶𝑇 𝜈‖𝜀(𝑢ℎ)‖0,Ω‖𝑣ℎ‖1/2,ℎ,𝑁

+ 𝐶𝑇 𝜈‖𝜀(𝑣ℎ)‖0,Ω‖𝑢ℎ‖1/2,ℎ,𝑁

≤ 𝜁*
(︀
𝜈‖𝜀(𝑢ℎ)‖20,Ω + ‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ‖21/2,ℎ,𝑁

)︀1/2(︀
𝜈‖𝜀(𝑣ℎ)‖20,Ω + ‖𝑣ℎ‖21/2,ℎ,𝐷 + ‖𝑣ℎ‖21/2,ℎ,𝑁

)︀1/2
,

where 𝜁* := (2𝐶𝑇 𝜈1/2 + 𝛾𝐷 + 𝛾𝑁 + max{1, 𝜁2}).
– 𝑏ℎ(·, ·) is bounded:

𝑏ℎ(𝑣ℎ, 𝑞ℎ) ≤ ‖div 𝑣ℎ‖0,Ω‖𝑞ℎ‖0,Ω + 𝐶tr‖𝑞ℎ‖0,Ω

(︀
‖𝑣ℎ‖1/2,ℎ,𝐷 + ‖𝑣ℎ‖1/2,ℎ,𝑁

)︀
≤ (1 + 𝐶tr)

(︁
‖div 𝑣ℎ‖20,Ω + ‖𝑣ℎ‖21/2,ℎ,𝐷 + ‖𝑣ℎ‖21/2,ℎ,𝑁

)︁1/2

‖𝑞ℎ‖0,Ω.

– 𝐹ℎ(·) is bounded:

𝐹ℎ(𝑣ℎ) ≤ ‖𝑓ℎ‖0,Ω‖𝑣ℎ‖0,Ω + 𝛾𝐷

∑︁
𝑒∈ℰ𝐷

ℎ

⃦⃦⃦
ℎ−1/2

𝑒 𝑔
⃦⃦⃦

0,𝑒

⃦⃦⃦
ℎ−1/2

𝑒 𝑣ℎ

⃦⃦⃦
0,𝑒

+
∑︁

𝑒∈ℰ𝐷
ℎ

⃦⃦⃦
ℎ−1/2

𝑒 𝑔
⃦⃦⃦

0,𝑒
𝜈
⃦⃦⃦
ℎ1/2

𝑒 𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑣ℎ

)︁
𝑛
⃦⃦⃦

0,𝑒

≤
⃦⃦⃦
K1/2

⃦⃦⃦
∞,Ω

‖𝑓‖0,Ω

⃦⃦⃦
K−1/2𝑣ℎ

⃦⃦⃦
0,Ω

+ 𝛾𝐷

∑︁
𝑒∈ℰ𝐷

ℎ

⃦⃦⃦
ℎ−1/2

𝑒 𝑔
⃦⃦⃦

0,𝑒

⃦⃦⃦
ℎ−1/2

𝑒 𝑣ℎ

⃦⃦⃦
0,𝑒

+

⎛⎝∑︁
𝑒∈ℰ𝐷

ℎ

‖ℎ−1/2
𝑒 𝑔‖20,𝑒

⎞⎠1/2

𝜈𝐶𝑇 ‖𝜀(𝑣ℎ)‖0,Ω

≤ 𝐶
(︁
‖𝑓‖20,Ω + (𝛾𝐷 + 𝜈 𝐶𝑇 )‖𝑔‖21/2,ℎ,𝐷

)︁1/2

|||𝑣ℎ|||ℎ,

where we have used Lemma 4.3 and the discrete norm ‖𝑔‖1/2,ℎ,𝐷 :=
(︁∑︀

𝑒∈ℰ𝐷
ℎ

ℎ−1
𝑒 ‖𝑔‖20,𝑒

)︁1/2

(see [44]).
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– 𝐺(·) is bounded:

𝐺(𝑞ℎ) ≤
∑︁

𝑒∈ℰ𝐷
ℎ

ℎ−1/2
𝑒 ‖𝑔‖0,𝑒ℎ

1/2
𝑒 ‖𝑞ℎ‖0,𝑒 ≤ 𝐶𝑡𝑟‖𝑔‖1/2,ℎ,𝐷‖𝑞ℎ‖0,Ω,

where we have used the discrete trace inequality.

Thus, as a consequence of the above bounds, we have that the discrete bilinear form 𝒜ℎ and the linear form
ℒℎ are bounded with constants independent of the mesh-size and the physical parameters.

4.2. Global inf-sup condition

First, in the following lemma, we show that the bilinear form 𝑏ℎ(·, ·) satisfies the inf-sup condition on V𝑘
ℎ ×

𝑄𝑘−1
ℎ .

Lemma 4.5. The bilinear form 𝑏ℎ(·, ·) satisfies inf-sup condition on V𝑘
ℎ ×𝑄𝑘−1

ℎ , that is, there exists constant
𝛽 > 0 such that

sup
(0 ̸=)𝑣ℎ∈V𝑘

ℎ

𝑏ℎ(𝑣ℎ, 𝑞ℎ)
|||𝑣ℎ|||ℎ

≥ 𝛽‖𝑞ℎ‖0,Ω ∀𝑞ℎ ∈ 𝑄𝑘−1
ℎ .

Proof. From [45], we have that

sup
(0 ̸=)𝑣ℎ∈V𝑘

ℎ∩V

𝑏(𝑣ℎ, 𝑞ℎ)
|||𝑣ℎ|||V

≥ 𝛽‖𝑞ℎ‖0,Ω ∀𝑞ℎ ∈ 𝑄𝑘−1
ℎ .

For 𝑣ℎ ∈ V𝑘
ℎ ∩V, |||𝑣ℎ|||ℎ = |||𝑣ℎ|||V and 𝑏ℎ(𝑣ℎ, 𝑞ℎ) = 𝑏(𝑣ℎ, 𝑞ℎ) ∀𝑞ℎ ∈ 𝑄𝑘−1

ℎ and thus yield

sup
(0 ̸=)𝑣ℎ∈V𝑘

ℎ∩V

𝑏ℎ(𝑣ℎ, 𝑞ℎ)
|||𝑣ℎ|||ℎ

= sup
(0 ̸=)𝑣ℎ∈V𝑘

ℎ∩V

𝑏(𝑣ℎ, 𝑞ℎ)
|||𝑣ℎ|||V

·

Trivially, we have V𝑘
ℎ ∩V ⊆ V𝑘

ℎ and achieve

sup
(0 ̸=)𝑣ℎ∈V𝑘

ℎ

𝑏ℎ(𝑣ℎ, 𝑞ℎ)
|||𝑣ℎ|||ℎ

≥ sup
(0̸=)𝑣ℎ∈V𝑘

ℎ∩V

𝑏ℎ(𝑣ℎ, 𝑞ℎ)
|||𝑣ℎ|||ℎ

≥ 𝛽‖𝑞ℎ‖0,Ω ∀𝑞ℎ ∈ 𝑄𝑘−1
ℎ .

�

Lemma 4.6. For 𝛾𝐷, 𝛾𝑁 >
2𝜈𝐶2

𝑇

min{1,𝜁1} and for all 𝑣ℎ ∈ V𝑘
ℎ, there holds,

𝑚ℎ(𝑣ℎ, 𝑣ℎ) + 𝑎ℎ(𝑣ℎ, 𝑣ℎ) ≥ (𝜉* + 𝜁*)
(︂⃦⃦⃦

K−1/2𝑣ℎ

⃦⃦⃦2

0,Ω
+ 𝜈‖𝜀(𝑣ℎ)‖20,Ω + ‖𝑣ℎ‖21/2,ℎ,𝐷 + ‖𝑣ℎ‖21/2,ℎ,𝑁

)︂
,

for 𝜉*, 𝜁* independent of ℎ and all the physical parameters.

Proof. Use of the lower bound of 𝒮0
𝐾(·, ·) from (3.4), and 𝜉* := min{1, 𝜉1} yield

𝑚ℎ(𝑣ℎ, 𝑣ℎ) :=
∑︁

𝐾∈𝒯ℎ

𝑚𝐾
ℎ (𝑣ℎ, 𝑣ℎ) ≥ 𝜉*

⃦⃦⃦
K−1/2𝑣ℎ

⃦⃦⃦2

0,Ω
.

From definition of the bilinear forms, the lower bound of 𝒮𝜀
𝐾(·, ·) in (3.4) and using Lemma 4.4 gives

𝑎ℎ(𝑣ℎ, 𝑣ℎ) :=
∑︁

𝐾∈𝒯ℎ

𝑎𝐾
ℎ (𝑣ℎ, 𝑣ℎ) +𝒩 𝑆,𝐷

ℎ (𝑣ℎ, 𝑣ℎ) + 2𝒩𝐵,𝐷
ℎ (𝑣ℎ, 𝑣ℎ) +𝒩 𝑆,𝑁

ℎ (𝑣ℎ, 𝑣ℎ) + 2𝒩𝐵,𝑁
ℎ (𝑣ℎ, 𝑣ℎ)
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≥ min{1, 𝜁1}𝜈‖𝜀(𝑣ℎ)‖20,Ω + 𝛾𝐷‖𝑣ℎ‖21/2,ℎ,𝐷 + 𝛾𝑁‖𝑣ℎ‖21/2,ℎ,𝑁 − 2𝐶𝑇 𝜈‖𝜀(𝑣ℎ)‖0,Ω‖𝑣ℎ‖1/2,ℎ,𝐷

− 2𝐶𝑇 𝜈‖𝜀(𝑣ℎ)‖0,Ω‖𝑣ℎ‖1/2,ℎ,𝑁 .

Taking 𝐶𝜁 := min{1, 𝜁1} and using Young’s inequality with 𝜖 = 𝐶𝜁/2 > 0, there holds

2𝐶𝑇 𝜈‖𝜀(𝑣ℎ)‖0,Ω‖𝑣ℎ‖1/2,ℎ,𝐷 ≤ 𝐶𝜁

2
𝜈‖𝜀(𝑣ℎ)‖20,Ω +

2𝜈𝐶2
𝑇

𝐶𝜁
‖𝑣ℎ‖21/2,ℎ,𝐷.

Next, we have

𝑎ℎ(𝑣ℎ, 𝑣ℎ) ≥ 𝐶𝜁

2
𝜈‖𝜀(𝑣ℎ)‖20,Ω +

(︂
𝛾𝐷 − 2𝜈𝐶2

𝑇

𝐶𝜁

)︂
‖𝑣ℎ‖21/2,ℎ,𝐷 +

(︂
𝛾𝑁 − 2𝜈𝐶2

𝑇

𝐶𝜁

)︂
‖𝑣ℎ‖21/2,ℎ,𝑁 .

Choosing 𝛾𝐷, 𝛾𝑁 >
2𝜈𝐶2

𝑇

𝐶𝜁
and choosing 𝜁* := min{𝐶𝜁

2 , 𝛾𝐷 − 2𝜈𝐶2
𝑇

𝐶𝜁
, 𝛾𝑁 − 2𝜈𝐶2

𝑇

𝐶𝜁
}, we get

𝑎ℎ(𝑣ℎ, 𝑣ℎ) ≥ 𝜁*

(︁
𝜈‖𝜀(𝑣ℎ)‖20,Ω + ‖𝑣ℎ‖21/2,ℎ,𝐷 + ‖𝑣ℎ‖21/2,ℎ,𝑁

)︁
.

Thus, we can conclude this lemma. �

In the next theorem, we prove the global inf-sup condition for the discrete bilinear form 𝒜ℎ(·, ·).
Theorem 4.7. For (𝑢ℎ, 𝑝ℎ) ∈ V𝑘

ℎ, there exists (𝑣ℎ, 𝑞ℎ) ∈ V𝑘
ℎ with |||(𝑣ℎ, 𝑞ℎ)|||ℎ ≤ 𝐶|||(𝑢ℎ, 𝑝ℎ)|||ℎ such that

𝒜ℎ((𝑢ℎ, 𝑝ℎ), (𝑣ℎ, 𝑞ℎ)) ≥ 𝐶*|||(𝑢ℎ, 𝑝ℎ)|||2ℎ.

where 𝐶* is a constant independent of the mesh-size and the physical parameters.

Proof. We will construct here (𝑣ℎ, 𝑞ℎ) ∈ V𝑘
ℎ such that it satisfies the statement of the theorem. For ease, we

split the proof in four steps.
Step 1. By definition of 𝒜ℎ(·, ·) and Lemma 4.6, we have

𝒜ℎ((𝑢ℎ, 𝑝ℎ), (𝑢ℎ, 𝑝ℎ)) = 𝑚ℎ(𝑢ℎ, 𝑢ℎ) + 𝑎ℎ(𝑢ℎ, 𝑢ℎ)

≥ (𝜉* + 𝜁*)
(︂⃦⃦⃦

K−1/2𝑢ℎ

⃦⃦⃦2

0,Ω
+ 𝜈‖𝜀(𝑢ℎ)‖20,Ω + ‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ‖21/2,ℎ,𝑁

)︂
. (4.1)

Step 2. The discrete inf-sup condition in Lemma 4.5 gives the existence of 𝑤*
ℎ ∈ V𝑘

ℎ such that

−𝑏ℎ(𝑤*
ℎ, 𝑝ℎ) ≥ 𝛽*‖𝑝ℎ‖20,Ω and |||𝑤*

ℎ|||ℎ ≤ ‖𝑝ℎ‖0,Ω.

By definition of 𝒜ℎ(·, ·) in (3.6) with test function (𝑤*
ℎ, 0) followed with continuity of the bilinear forms, we

get

𝒜ℎ((𝑢ℎ, 𝑝ℎ), (𝑤*
ℎ, 0)) = 𝑚ℎ(𝑢ℎ, 𝑤*

ℎ) + 𝑎ℎ(𝑢ℎ, 𝑤*
ℎ) + 𝑏ℎ(𝑤*

ℎ, 𝑝ℎ)

≤ (𝜉* + 𝜁*)
(︁⃦⃦

K−1𝑢ℎ

⃦⃦2

0,Ω
+ 𝜈‖𝜀(𝑢ℎ)‖20,Ω + ‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ‖21/2,ℎ,𝑁

)︁1/2

|||𝑤*
ℎ|||ℎ

− 𝛽*‖𝑝ℎ‖20,Ω

≤ (𝜉* + 𝜁*)
(︁⃦⃦

K−1𝑢ℎ

⃦⃦2

0,Ω
+ 𝜈‖𝜀(𝑢ℎ)‖20,Ω + ‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ‖21/2,ℎ,𝑁

)︁1/2

‖𝑝ℎ‖0,Ω

− 𝛽*‖𝑝ℎ‖20,Ω.

By using Young’s inequality with 𝜖1 > 0 gives

𝒜ℎ((𝑢ℎ, 𝑝ℎ), (𝑤*
ℎ, 0)) ≤ 𝜖1

2
(𝜉* + 𝜁*)

(︁
‖K−1𝑢ℎ‖20,Ω + 𝜈‖𝜀(𝑢ℎ)‖20,Ω + ‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ‖21/2,ℎ,𝑁

)︁
−
(︂

𝛽* −
1

2𝜖1
(𝜉* + 𝜁*)

)︂
‖𝑝ℎ‖20,Ω. (4.2)
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Step 3. Moreover, we know that for constant 𝑐 := 1
|Ω|
∫︀
Ω

div 𝑢ℎ, we obtain

𝑏ℎ(𝑢ℎ, 𝑐) = −
∑︁

𝐾∈𝒯ℎ

(div 𝑢ℎ, 𝑐)0,𝐾 +
∑︁

𝑒∈ℰ𝐷
ℎ

(𝑢ℎ, 𝑐𝑛)0,𝑒 +
∑︁

𝑒∈ℰ𝑁
ℎ

(𝑢ℎ · 𝑛, 𝑐)0,𝑒

= 𝑐

⎛⎝−∫︁
Ω

div 𝑢ℎ +
∑︁

𝑒∈ℰ𝐷
ℎ ∪ℰ

𝑁
ℎ

∫︁
𝑒

(𝑢ℎ · 𝑛) d𝑠

⎞⎠ = 0

and (div 𝑢ℎ − 𝑐) ∈ 𝑄𝑘−1
ℎ then, we consider

𝒜ℎ((𝑢ℎ, 𝑝ℎ), (0, div 𝑢ℎ − 𝑐)) = −𝑏ℎ(𝑢ℎ, div 𝑢ℎ − 𝑐)

= ‖div 𝑢ℎ‖20,Ω −
∑︁

𝑒∈ℰ𝐷
ℎ

(div 𝑢ℎ, 𝑢ℎ)0,𝑒 −
∑︁

𝑒∈ℰ𝑁
ℎ

(div 𝑢ℎ, 𝑢ℎ · 𝑛)0,𝑒

≥ ‖div 𝑢ℎ‖20,Ω −

⎛⎝ ∑︁
𝑒∈ℰ𝐷

ℎ ∪ℰ
𝑁
ℎ

ℎ𝑒‖div 𝑢ℎ‖20,𝑒

⎞⎠1/2

×
(︁
‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ · 𝑛‖21/2,ℎ,𝑁

)︁1/2

.

Use of trace inequality in Lemma 4.3 and Young’s inequality with 𝜖2 > 0 gives

𝒜ℎ((𝑢ℎ, 𝑝ℎ), (0, div 𝑢ℎ − 𝑐)) ≥ ‖div 𝑢ℎ‖20,Ω − 𝐶tr‖div 𝑢ℎ‖0,Ω

(︁
‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ · 𝑛‖21/2,ℎ,𝑁

)︁1/2

≥
(︁

1− 𝜖2
2

𝐶tr

)︁
‖div 𝑢ℎ‖20,Ω −

𝐶tr

2 𝜖2

(︁
‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ · 𝑛‖21/2,ℎ,𝑁

)︁
. (4.3)

Step 4. We employ the previous steps and consider (𝑣ℎ, 𝑞ℎ) := 𝜖(𝑢ℎ, 𝑝ℎ) − (𝑤*
ℎ, 0) + (0, div 𝑢ℎ − 𝑐), for some

𝜖 > 0, and note that (𝑣ℎ, 𝑞ℎ) ∈ V𝑘
ℎ. Exploiting the bounds (4.1)–(4.3), we have

𝒜ℎ((𝑢ℎ, 𝑝ℎ), (𝑣ℎ, 𝑞ℎ)) ≥ 𝜖(𝜉* + 𝜁*)
(︂⃦⃦⃦

K−1/2𝑢ℎ

⃦⃦⃦2

0,Ω
+ 𝜈‖𝜀(𝑢ℎ)‖20,Ω + ‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ‖21/2,ℎ,𝑁

)︂
− 𝜖1

2
(𝜉* + 𝜁*)

(︂⃦⃦⃦
K−1/2𝑢ℎ

⃦⃦⃦2

0,Ω
+ 𝜈‖𝜀(𝑢ℎ)‖20,Ω + ‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ‖21/2,ℎ,𝑁

)︂
+
(︂

𝛽* −
1

2𝜖1
(𝜉* + 𝜁*)

)︂
‖𝑝ℎ‖20,Ω +

(︁
1− 𝜖2

2
𝐶tr

)︁
‖div 𝑢ℎ‖20,Ω

− 𝐶tr

2 𝜖2

(︁
‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ · 𝑛‖21/2,ℎ,𝑁

)︁
≥
(︂(︁

𝜖− 𝜖1
2

)︁
(𝜉* + 𝜁*)−

𝐶tr

2 𝜖2

)︂
×
(︂⃦⃦⃦

K−1/2𝑢ℎ

⃦⃦⃦2

0,Ω
+ 𝜈‖𝜀(𝑢ℎ)‖20,Ω + ‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ‖21/2,ℎ,𝑁

)︂
+
(︂

𝛽* −
1

2𝜖1
(𝜉* + 𝜁*)

)︂
‖𝑝ℎ‖20,Ω +

(︁
1− 𝜖2

2
𝐶tr

)︁
‖div 𝑢ℎ‖20,Ω.

Taking 𝜖 := 𝐶2
tr+𝛽*

𝜉*+𝜁*
, 𝜖1 := 𝜉*+𝜁*

𝛽*
, and 𝜖2 := 1

𝐶tr
, then we obtain

𝒜ℎ((𝑢ℎ, 𝑝ℎ), (𝑣ℎ, 𝑞ℎ)) ≥ 𝐶2
tr + 𝛽*

2

(︂⃦⃦⃦
K−1/2𝑢ℎ

⃦⃦⃦2

0,Ω
+ 𝜈‖𝜀(𝑢ℎ)‖20,Ω + ‖𝑢ℎ‖21/2,ℎ,𝐷 + ‖𝑢ℎ‖21/2,ℎ,𝑁

)︂
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+
1
2
‖div 𝑢ℎ‖20,Ω +

𝛽*
2
‖𝑝ℎ‖20,Ω

≥ 𝐶*|||(𝑢ℎ, 𝑝ℎ)|||2ℎ,

with 𝐶* := 1
2 (𝐶2

tr + 2𝛽* + 1).

Moreover, we see that (𝑣ℎ, 𝑞ℎ) = (𝜖𝑢ℎ −𝑤*
ℎ, 𝜖𝑝ℎ + div 𝑢ℎ − 𝑐) satisfies

|||(𝑣ℎ, 𝑞ℎ)|||2ℎ ≤
⃦⃦⃦
K−1/2(𝜖𝑢ℎ −𝑤*

ℎ)
⃦⃦⃦2

0,Ω
+ 𝜈‖𝜀(𝜖𝑢ℎ −𝑤*

ℎ)‖20,Ω + ‖div(𝜖𝑢ℎ −𝑤*
ℎ)‖20,Ω

+
∑︁

𝑒∈ℰ𝐷
ℎ

ℎ−1
𝑒 ‖𝜖𝑢ℎ −𝑤*

ℎ‖
2
0,𝑒 +

∑︁
𝑒∈ℰ𝑁

ℎ

ℎ−1
𝑒 ‖(𝜖𝑢ℎ −𝑤*

ℎ) · 𝑛𝑒‖20,𝑒 + ‖𝜖𝑝ℎ + div 𝑢ℎ − 𝑐‖20,Ω

≤
(︂

𝐶2
tr + 𝛽*

𝜉* + 𝜁*
+ 2
)︂(︁
|||𝑢ℎ|||2ℎ + ‖𝑝ℎ‖20,Ω

)︁
≤ 𝐶|||(𝑢ℎ, 𝑝ℎ)|||2ℎ,

with 𝐶 :=
(︁

𝐶2
tr+𝛽*

𝜉*+𝜁*
+ 2
)︁
. �

Now, we are in position to establish the solvability and the stability properties of the discrete problem (3.5).
The proof is a direct consequence of the above results.

Theorem 4.8. For given 𝑓 ∈ [𝐿2(Ω)]2 and 𝑔 ∈ [𝐻1/2(Γ𝐷)]2, the discrete problem (3.6) is well-posed and the
solution (𝑢ℎ, 𝑝ℎ) ∈ V𝑘

ℎ satisfies

|||(𝑢ℎ, 𝑝ℎ)|||ℎ ≤ 𝐶
(︁
‖𝑓‖20,Ω + (𝛾𝐷 + 𝜈 𝐶𝑇 + 𝐶tr)‖𝑔‖21/2,ℎ,𝐷

)︁1/2

.

where 𝐶 is a constant independent of viscosity 𝜈 and mesh size ℎ.

5. Error analysis

We assume the regularity of the given data 𝑓 ∈ [𝐻max{0,𝛿−1}(Ω)]2 and 𝑔 ∈ [𝐻𝛿+ 1
2 (Γ𝐷)]2 with 𝛿 > 1/2 then

we have the regularity estimate for the continuous solutions as

‖𝑢‖1+𝛿,Ω + ‖𝑝‖𝛿,Ω ≤ 𝐶reg

(︁
‖𝑓‖max{0,𝛿−1},Ω + ‖𝑔‖𝛿+ 1

2 ,Γ𝐷

)︁
. (5.1)

Lemma 5.1 (Polynomial approximation). For 𝑢 ∈ [𝐻1+𝛿(Ω)]2 with 𝛿 > 0, there exists a polynomial approxi-
mation 𝑢𝜋|𝐾 ∈ [P𝑘(𝐾)]2 for each polygon 𝐾 and satisfies∑︁

𝐾∈𝒯ℎ

(︁
‖𝑢− 𝑢𝜋‖0,𝐾 + ℎ|𝑢− 𝑢𝜋|1,𝐾

)︁
. ℎmin{𝑘,𝛿}+1|𝑢|1+𝛿,Ω.

Lemma 5.2 (Interpolation approximation). For 𝑢 ∈ [𝐻1+𝛿(Ω)]2 with 𝛿 > 0, there exists a polynomial approx-
imation 𝑢𝐼 ∈ V𝑘

ℎ and satisfies

‖𝑢− 𝑢𝐼‖0,Ω + ℎ|𝑢− 𝑢𝐼 |1,Ω . ℎmin{𝑘,𝛿}+1|𝑢|1+𝛿,Ω.

The following theorem provides the rate of convergence of our virtual element scheme with Nitsche stabiliza-
tion, for the Brinkman problem with mixed boundary conditions, presented in (3.5).

Theorem 5.3. Let (𝑢, 𝑝) ∈ V𝑔 ×𝑄 and (𝑢ℎ, 𝑝ℎ) ∈ V𝑘
ℎ ×𝑄𝑘−1

ℎ be the solutions of the continuous and discrete
problems. Assuming 𝑓 ∈ [𝐻max{𝛿,𝑘}−1(Ω)]2 and 𝑔 ∈ [𝐻𝛿+ 1

2 (Γ𝐷)]2 for 𝛿 > 1/2, there holds

|||(𝑢, 𝑝)− (𝑢ℎ, 𝑝ℎ)|||ℎ ≤ 𝐶ℎmin{𝛿,𝑘}
(︁
‖𝑓‖max{𝛿,𝑘}−1,Ω + ‖𝑔‖𝛿+ 1

2 ,Γ𝐷

)︁
,

where 𝐶 is a generic constant independent of 𝜈 and ℎ.
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Proof. Let 𝜌ℎ := (𝑢ℎ, 𝑝ℎ)−(𝑣ℎ, 𝑞ℎ) ∈ V𝑘
ℎ. Then, as a consequence of the global inf-sup condition in Theorem 4.7,

we have

𝐶|||𝜌ℎ|||ℎ ≤ sup
((0,0)̸=)(𝑤ℎ,𝑟ℎ)∈V𝑘

ℎ

𝒜ℎ(𝜌ℎ, (𝑤ℎ, 𝑟ℎ))
|||(𝑤ℎ, 𝑟ℎ)|||ℎ

= sup
((0,0)̸=)(𝑤ℎ,𝑟ℎ)∈V𝑘

ℎ

(︂
ℒℎ(𝑤ℎ, 𝑟ℎ)−𝒜((𝑢, 𝑝), (𝑤ℎ, 𝑟ℎ))

|||(𝑤ℎ, 𝑟ℎ)|||ℎ
+
𝒜((𝑢, 𝑝), (𝑤ℎ, 𝑟ℎ))−𝒜ℎ((𝑣ℎ, 𝑞ℎ), (𝑤ℎ, 𝑟ℎ))

|||(𝑤ℎ, 𝑟ℎ)|||ℎ

)︂
·

We start the error analysis by estimating the consistency error for any (𝑤ℎ, 𝑟ℎ) ∈ V𝑘
ℎ ×𝑄𝑘−1

ℎ ,

𝐸𝑐 := ℒℎ((𝑤ℎ, 𝑟ℎ))−𝒜((𝑢, 𝑝), (𝑤ℎ, 𝑟ℎ)).

Using integration by parts and the boundary conditions, we have

𝒜((𝑢, 𝑝), (𝑤ℎ, 𝑟ℎ)) = 𝐹 (𝑤ℎ) +
∫︁

𝜕Ω

(𝜈𝜀(𝑢)− 𝑝I)𝑛 ·𝑤ℎ

= 𝐹 (𝑤ℎ) +
∫︁

Γ𝑁

(︀
𝑛𝑡(𝜈𝜀(𝑢)𝑛)(𝑤ℎ · 𝑛) + 𝑡𝑡(𝜈𝜀(𝑢)𝑛)(𝑤ℎ · 𝑡)− 𝑝(𝑤ℎ · 𝑛)

)︀
+
∫︁

Γ𝐷

(𝜈𝜀(𝑢)− 𝑝I)𝑛 ·𝑤ℎ

= 𝐹 (𝑤ℎ) +
∫︁

Γ𝑁

(︀
𝑛𝑡(𝜈𝜀(𝑢)𝑛)(𝑤ℎ · 𝑛)− 𝑝(𝑤ℎ · 𝑛)

)︀
+
∫︁

Γ𝐷

(𝜈𝜀(𝑢)− 𝑝I)𝑛 ·𝑤ℎ.

The boundary conditions (2.3) and (2.4) for continuous solution 𝑢 and the continuous formulation (2.5) implies

𝐸𝑐 = (⟨𝑓ℎ, 𝑤ℎ⟩ − (𝑓 , 𝑤ℎ))−

⎛⎝∑︁
𝑒∈ℰ𝐷

ℎ

∫︁
𝑒

(𝜈𝜀(𝑢)− 𝑝I)𝑛 ·𝑤ℎ d𝑠 +
∑︁

𝑒∈ℰ𝑁
ℎ

∫︁
𝑒

(︀
𝑛𝑡(𝜈𝜀(𝑢)− 𝑝I)𝑛

)︀
(𝑤ℎ · 𝑛) d𝑠

⎞⎠
+ 𝛾𝐷

∑︁
𝑒∈ℰ𝐷

ℎ

∫︁
𝑒

ℎ−1
𝑒 𝑔 ·𝑤ℎ d𝑠−

∑︁
𝑒∈ℰ𝐷

ℎ

∫︁
𝑒

𝑔 ·
(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑤ℎ

)︁
𝑛
)︁

d𝑠−
∑︁

𝑒∈ℰ𝐷
ℎ

∫︁
𝑒

𝑔 · (𝑟ℎ𝑛) d𝑠.

Next we use the following notation for the rest of error term as

𝐸𝐴 := 𝒜((𝑢, 𝑝), (𝑤ℎ, 𝑟ℎ))−𝒜ℎ((𝑣ℎ, 𝑞ℎ), (𝑤ℎ, 𝑟ℎ)).

Use of continuous and discrete formulation, and polynomial approximation 𝑢𝜋 leads to

𝐸𝐴 = (𝑚(𝑢, 𝑤ℎ)−𝑚ℎ(𝑣ℎ, 𝑤ℎ)) + (𝑎(𝑢, 𝑤ℎ)− 𝑎ℎ(𝑣ℎ, 𝑤ℎ)) + (𝑏(𝑤ℎ, 𝑝)− 𝑏ℎ(𝑤ℎ, 𝑞ℎ))
− (𝑏(𝑢, 𝑟ℎ)− 𝑏ℎ(𝑣ℎ, 𝑟ℎ))

= (𝑚(𝑢, 𝑤ℎ)−𝑚ℎ(𝑣ℎ, 𝑤ℎ)) +
∑︁

𝐾∈𝒯ℎ

(︀
𝑎𝐾(𝑢− 𝑢𝜋, 𝑤ℎ)− 𝑎𝐾

ℎ (𝑣ℎ − 𝑢𝜋, 𝑤ℎ)
)︀

+
(︁

(div 𝑤ℎ, 𝑝− 𝑞ℎ)0,Ω − (div(𝑢− 𝑣ℎ), 𝑟ℎ)0,Ω

)︁
−
(︁
𝒩 𝑆,𝐷

ℎ (𝑣ℎ, 𝑤ℎ)

+𝒩𝐵,𝐷
ℎ (𝑣ℎ, 𝑤ℎ) +𝒩𝐵,𝐷

ℎ (𝑤ℎ, 𝑣ℎ) +𝒩 𝑆,𝑁
ℎ (𝑣ℎ, 𝑤ℎ) +𝒩𝐵,𝑁

ℎ (𝑣ℎ, 𝑤ℎ) +𝒩𝐵,𝑁
ℎ (𝑤ℎ, 𝑣ℎ)

)︁
−
(︁
𝒩 𝑏,𝐷

ℎ (𝑤ℎ, 𝑞ℎ) +𝒩 𝑏,𝑁
ℎ (𝑤ℎ, 𝑞ℎ)

)︁
−
(︁
𝒩 𝑏,𝐷

ℎ (𝑣ℎ, 𝑟ℎ) +𝒩 𝑏,𝑁
ℎ (𝑣ℎ, 𝑟ℎ)

)︁
.

Consider 𝐸𝑐 + 𝐸𝐴 with the definition of Nitsche stabilization terms and the boundary conditions, we get

𝐸𝑐 + 𝐸𝐴 = (⟨𝑓ℎ,𝑤ℎ⟩ − (𝑓 ,𝑤ℎ)) + (𝑚(𝑢,𝑤ℎ)−𝑚ℎ(𝑣ℎ,𝑤ℎ)) +
∑︁

𝐾∈𝒯ℎ

(︁
𝑎𝐾(𝑢− 𝑢𝜋,𝑤ℎ)− 𝑎𝐾

ℎ (𝑣ℎ − 𝑢𝜋,𝑤ℎ)
)︁



NITSCHE STABILIZED VEM FOR A BRINKMAN PROBLEM WITH MIXED BOUNDARY CONDITIONS 427

−

⎛

⎝
∑︁

𝑒∈ℰ𝐷
ℎ

∫︁

𝑒

(︁
𝜈𝜀
(︁
𝑢−Π𝜀,𝑘𝐾 𝑣ℎ

)︁
− (𝑝− 𝑞ℎ)I

)︁
𝑛 ·𝑤ℎ d𝑠

+
∑︁

𝑒∈ℰ𝑁
ℎ

∫︁

𝑒

(︁
𝑛𝑡
(︁
𝜈𝜀
(︁
𝑢−Π𝜀,𝑘𝐾 𝑣ℎ

)︁
− (𝑝− 𝑞ℎ)I

)︁
𝑛
)︁
(𝑤ℎ · 𝑛) d𝑠

⎞

⎠+
(︁
(div𝑤ℎ, 𝑝− 𝑞ℎ)0,Ω − (div(𝑢− 𝑣ℎ), 𝑟ℎ)0,Ω

)︁

+ 𝛾𝐷

∑︁

𝑒∈ℰ𝐷
ℎ

∫︁

𝑒

ℎ−1
𝑒 (𝑔 − 𝑣ℎ) ·𝑤ℎ d𝑠−

∑︁

𝑒∈ℰ𝐷
ℎ

∫︁

𝑒

(𝑔 − 𝑣ℎ) ·
(︁
𝜈𝜀
(︁
Π𝜀,𝑘𝐾𝑒
𝑤ℎ

)︁
𝑛
)︁

d𝑠−
∑︁

𝑒∈ℰ𝐷
ℎ

∫︁

𝑒

(𝑔 − 𝑣ℎ) · (𝑟ℎ𝑛) d𝑠

+ 𝛾𝑁

∑︁

𝑒∈ℰ𝑁
ℎ

∫︁

𝑒

ℎ−1
𝑒 (𝑢− 𝑣ℎ) · 𝑛(𝑤ℎ · 𝑛) d𝑠−

∑︁

𝑒∈ℰ𝑁
ℎ

∫︁

𝑒

(𝑛𝑡
(︁
𝜈𝜀
(︁
Π𝜀,𝑘𝐾 𝑤ℎ

)︁
𝑛
)︁
((𝑢− 𝑣ℎ) · 𝑛) d𝑠

+
∑︁

𝑒∈ℰ𝑁
ℎ

∫︁

𝑒

𝑟ℎ(𝑢− 𝑣ℎ) · 𝑛 d𝑠

= (⟨𝑓ℎ,𝑤ℎ⟩ − (𝑓 ,𝑤ℎ))
⏟  ⏞  

𝑇1

+(𝑚(𝑢,𝑤ℎ)−𝑚ℎ(𝑣ℎ,𝑤ℎ))
⏟  ⏞  

𝑇2

+
∑︁

𝐾∈𝒯ℎ

(︁
𝑎𝐾(𝑢− 𝑢𝜋,𝑤ℎ)− 𝑎𝐾

ℎ (𝑣ℎ − 𝑢𝜋,𝑤ℎ)
)︁

⏟  ⏞  
𝑇3

+
∑︁

𝑒∈ℰ𝐷
ℎ

∫︁

𝑒

(︁
−𝜈𝜀
(︁
𝑢−Π𝜀,𝑘𝐾 𝑣ℎ

)︁)︁
𝑛 ·𝑤ℎ d𝑠

⏟  ⏞  
𝑇4

+
∑︁

𝑒∈ℰ𝑁
ℎ

∫︁

𝑒

(︁
−𝑛𝑡
(︁
𝜈𝜀
(︁
𝑢−Π𝜀,𝑘𝐾 𝑣ℎ

)︁)︁
𝑛
)︁
(𝑤ℎ · 𝑛) d𝑠

⏟  ⏞  
𝑇5

+
∑︁

𝑒∈ℰ𝐷
ℎ

∫︁

𝑒

(︁(︀
𝛾𝐷ℎ−1

𝑒 (𝑔 − 𝑣ℎ) ·𝑤ℎ

)︀
−
(︁
(𝑔 − 𝑣ℎ) ·

(︁
𝜈𝜀
(︁
Π𝜀,𝑘𝐾𝑒
𝑤ℎ

)︁
𝑛
)︁)︁

− ((𝑔 − 𝑣ℎ) · (𝑟ℎ𝑛))
)︁

d𝑠

⏟  ⏞  
𝑇6

+
∑︁

𝑒∈ℰ𝑁
ℎ

∫︁

𝑒

(︁(︀
𝛾𝑁ℎ−1

𝑒 (𝑢− 𝑣ℎ) · 𝑛(𝑤ℎ · 𝑛)
)︀
−
(︁(︁
𝑛𝑡
(︁
𝜈𝜀(Π𝜀,𝑘𝐾 𝑤ℎ)

)︁
((𝑢− 𝑣ℎ) · 𝑛)

)︁
+ (𝑟ℎ(𝑢− 𝑣ℎ) · 𝑛)

)︁
d𝑠

⏟  ⏞  
𝑇7

+ (−𝑏ℎ(𝑤ℎ, 𝑝− 𝑞ℎ)− (div(𝑢− 𝑣ℎ), 𝑟ℎ)0,Ω)
⏟  ⏞  

𝑇8

.

The Cauchy–Schwarz inequality with 𝐶K is a constant depending on the bound ‖K‖∞,Ω gives

𝑇1 ≤ 𝐶K

(︃ ∑︁
𝐾∈𝒯ℎ

⃦⃦⃦(︁
𝐼 −Π0,𝑘−1

𝐾

)︁
𝑓
⃦⃦⃦2

0,𝐾

)︃1/2⃦⃦⃦
K−1/2𝑤ℎ

⃦⃦⃦
0,Ω

≤ 𝐶Kℎ𝑘|𝑓 |𝑘−1,Ω

⃦⃦⃦
K−1/2𝑤ℎ

⃦⃦⃦
0,Ω

.

Following [40], we can estimate 𝑇2 as

𝑇2 =
∑︁

𝐾∈𝒯ℎ

(︁(︁
𝑚𝐾(𝑢,𝑤ℎ)−𝑚𝐾

ℎ (𝑢,𝑤ℎ)
)︁

+ 𝑚𝐾
ℎ (𝑢− 𝑣ℎ,𝑤ℎ)

)︁

=
∑︁

𝐾∈𝒯ℎ

(︂(︀
K−1𝑢,𝑤ℎ

)︀
0,𝐾

−
(︁

K−1Π0,𝑘
𝐾 𝑢, Π0,𝑘

𝐾 𝑤ℎ

)︁

0,𝐾
− 𝑆0

𝐾

(︁(︁
I−Π0,𝑘

𝐾

)︁
𝑢,
(︁
I−Π0,𝑘

𝐾

)︁
𝑤ℎ

)︁
+ 𝑚𝐾

ℎ (𝑢− 𝑣ℎ,𝑤ℎ)

)︂

=
∑︁

𝐾∈𝒯ℎ

(︁(︁(︁
I−Π0,𝑘

𝐾

)︁(︀
K−1𝑢

)︀
,
(︁
I−Π0,𝑘

𝐾

)︁
𝑤ℎ

)︁

0,𝐾
−
(︁(︁

I−Π0,𝑘
𝐾

)︁
𝑢,
(︁
I−Π0,𝑘

𝐾

)︁(︀
K−1𝑤ℎ

)︀)︁

0,𝐾

+
(︁(︁

I−Π0,𝑘
𝐾

)︁
𝑢, K−1

(︁
I−Π0,𝑘

𝐾

)︁
𝑤ℎ

)︁

0,𝐾
− 𝑆0

𝐾

(︁(︁
I−Π0,𝑘

𝐾

)︁
𝑢,
(︁
I−Π0,𝑘

𝐾

)︁
𝑤ℎ

)︁
+ 𝑚𝐾

ℎ (𝑢− 𝑣ℎ,𝑤ℎ)
)︁
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≤ 𝐶K
∑︁

𝐾∈𝒯ℎ

(︁⃦⃦
⃦
(︁
I−Π0,𝑘

𝐾

)︁(︁
K−1/2𝑢

)︁⃦⃦
⃦

0,𝐾

⃦⃦
⃦
(︁
I−Π0,𝑘

𝐾

)︁(︁
K−1/2𝑤ℎ

)︁⃦⃦
⃦

0,𝐾

+
⃦⃦
K−1
⃦⃦
∞,𝐾

⃦⃦
⃦
(︁
I−Π0,𝑘

𝐾

)︁
𝑢
⃦⃦
⃦

0,𝐾

⃦⃦
⃦
(︁
I−Π0,𝑘

𝐾

)︁
𝑤ℎ

⃦⃦
⃦

0,𝐾
+ ‖𝑢− 𝑣ℎ‖0,𝐾

⃦⃦
⃦K−1/2𝑤ℎ

⃦⃦
⃦

0,𝐾

)︁

≤ 𝐶K

⎛

⎜⎝ℎmin{𝛿,𝑘}|𝑢|1+𝛿,Ω +

⎛

⎝
∑︁

𝐾∈𝒯ℎ

‖𝑢− 𝑣ℎ‖20,𝐾

⎞

⎠
1/2
⎞

⎟⎠‖K−1/2𝑤ℎ‖0,Ω.

Use of polynomial approximation in Lemma 5.1, polynomial consistency and continuity of the discrete bilinear
form 𝑎ℎ(·, ·) leads to

𝑇3 =
∑︁

𝐾∈𝒯ℎ

(︀
𝑎𝐾(𝑢− 𝑢𝜋, 𝑤ℎ)− 𝑎𝐾

ℎ (𝑣ℎ − 𝑢𝜋, 𝑤ℎ)
)︀

≤ 2

(︃ ∑︁
𝐾∈𝒯ℎ

𝜈
(︁
‖𝜀(𝑢− 𝑢𝜋)‖20,𝐾 + ‖𝜀(𝑢− 𝑣ℎ)‖20,𝐾

)︁)︃1/2(︃ ∑︁
𝐾∈𝒯ℎ

𝜈‖𝜀(𝑤ℎ)‖20,𝐾

)︃1/2

.

⎛⎝ℎmin{𝛿,𝑘}|𝑢|1+𝛿,Ω +

(︃ ∑︁
𝐾∈𝒯ℎ

‖𝑢− 𝑣ℎ‖20,𝐾

)︃1/2
⎞⎠ 𝜈‖𝜀(𝑤ℎ)‖0,Ω.

Combination of Cauchy–Schwarz inequality and Lemma 4.3 gives

𝑇4 ≤
∑︁

𝑒∈ℰ𝐷
ℎ

ℎ1/2
𝑒

⃦⃦⃦
𝜈𝜀
(︁(︁

I−Π𝜀,𝑘
𝐾𝑒

)︁
𝑢
)︁
𝑛
⃦⃦⃦

0,𝑒
ℎ−1/2

𝑒 ‖𝑤ℎ‖0,𝑒

≤ 𝜈𝐶𝑇

(︃ ∑︁
𝐾∈𝒯ℎ

⃦⃦⃦
𝜀
(︁(︁

I−Π𝜀,𝑘
𝐾

)︁
𝑢
)︁⃦⃦⃦2

0,𝐾

)︃1/2

‖𝑤ℎ‖1/2,ℎ,𝐷

. 𝜈𝐶𝑇 ℎmin{𝛿,𝑘} |𝑢|1+𝛿,Ω‖𝑤ℎ‖1/2,ℎ,𝐷.

In similar manner as the bound for term 𝑇4, there holds

𝑇5 ≤
∑︁

𝑒∈ℰ𝑁
ℎ

ℎ1/2
𝑒

⃦⃦⃦
𝜈𝜀
(︁(︁

I−Π𝜀,𝑘
𝐾𝑒

)︁
𝑢
)︁
𝑛
⃦⃦⃦

0,𝑒
ℎ−1/2

𝑒 ‖𝑤ℎ · 𝑛‖0,𝑒

≤ 𝜈𝐶𝑇

(︃ ∑︁
𝐾∈𝒯ℎ

⃦⃦⃦
𝜀
(︁(︁

I−Π𝜀,𝑘
𝐾𝑒

)︁
𝑢
)︁⃦⃦⃦2

0,𝐾𝑒

)︃1/2

‖𝑤ℎ‖1/2,ℎ,𝑁

. 𝜈 𝐶𝑇 ℎmin{𝛿,𝑘}|𝑢|1+𝛿,Ω‖𝑤ℎ‖1/2,ℎ,𝑁 .

Use of trace inequality leads to

𝑇6 =
∑︁

𝑒∈ℰ𝐷
ℎ

∫︁
𝑒

(︁(︀
𝛾𝐷ℎ−1

𝑒 (𝑔 − 𝑣ℎ) ·𝑤ℎ

)︀
−
(︁

(𝑔 − 𝑣ℎ) ·
(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑤ℎ

)︁
𝑛
)︁)︁

− ((𝑔 − 𝑣ℎ) · (𝑟ℎ𝑛))
)︁

d𝑠

≤
∑︁

𝑒∈ℰ𝐷
ℎ

(︁
ℎ−1/2

𝑒 ‖𝑢− 𝑣ℎ‖0,𝑒

)︁(︂
𝛾𝐷ℎ−1/2

𝑒 ‖𝑤ℎ‖0,𝑒 + 𝜈ℎ1/2
𝑒

⃦⃦⃦
𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑤ℎ

)︁
𝑛
⃦⃦⃦

0,𝑒
+ ℎ1/2

𝑒 ‖𝑟ℎ‖0,𝑒

)︂
≤ 𝐶𝑡

∑︁
𝐾∈𝒯ℎ

(︁
ℎ−1

𝐾 ‖𝑢− 𝑣ℎ‖0,𝐾 + |𝑢− 𝑣ℎ|1,𝐾

)︁(︁
𝛾𝐷‖𝑤ℎ‖1/2,ℎ,𝐷 + 𝜈𝐶𝑇 ‖𝑤ℎ‖0,Ω + 𝐶tr‖𝑟ℎ‖0,Ω

)︁
.
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For Neumann condition, we use the same results and obtain

𝑇7 =
∑︁

𝑒∈ℰ𝑁
ℎ

∫︁
𝑒

(︁(︀
𝛾𝑁ℎ−1

𝑒 (𝑢− 𝑣ℎ) · 𝑛(𝑤ℎ · 𝑛)
)︀
−
(︁(︁

𝑛𝑡
(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾 𝑤ℎ

)︁)︁
((𝑢− 𝑣ℎ) · 𝑛)

)︁
+ (𝑟ℎ(𝑢− 𝑣ℎ) · 𝑛)

)︁
d𝑠

≤
∑︁

𝑒∈ℰ𝑁
ℎ

(︁
ℎ−1/2

𝑒 ‖𝑢− 𝑣ℎ‖0,𝑒

)︁(︂
𝛾𝑁ℎ−1/2

𝑒 ‖𝑤ℎ · 𝑛‖0,𝑒 + 𝜈ℎ1/2
𝑒

⃦⃦⃦
𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑤ℎ

)︁
𝑛
⃦⃦⃦

0,𝑒
+ ℎ1/2

𝑒 ‖𝑟ℎ‖0,𝑒

)︂
≤ 𝐶𝑡

∑︁
𝐾∈𝒯ℎ

(︁
ℎ−1

𝐾 ‖𝑢− 𝑣ℎ‖0,𝐾 + |𝑢− 𝑣ℎ|1,𝐾

)︁(︁
𝛾𝑁‖𝑤ℎ‖1/2,ℎ,𝑁 + 𝜈𝐶𝑇 ‖𝑤ℎ‖0,Ω + 𝐶tr‖𝑟ℎ‖0,Ω

)︁
.

Use of Lemma 4.1 with 𝛿 ∈ (1/2, 1] leads to

𝑇8 =
∑︁

𝑒∈ℰ𝑁
ℎ

−𝑏ℎ(𝑤ℎ, 𝑝− 𝑞ℎ)− (div(𝑢− 𝑣ℎ), 𝑟ℎ)0,Ω

≤
∑︁

𝑒∈ℰ𝑁
ℎ

ℎ−1/2
𝑒 ‖𝑤ℎ · 𝑛‖0,𝑒ℎ

1/2
𝑒 ‖𝑝− 𝑞ℎ‖0,𝑒 +

∑︁
𝑒∈ℰ𝐷

ℎ

ℎ−1/2
𝑒 ‖𝑤ℎ‖0,𝑒ℎ

1/2
𝑒 ‖𝑝− 𝑞ℎ‖0,𝑒

+ ‖div 𝑤ℎ‖0,Ω‖𝑝− 𝑞ℎ‖0,Ω + ‖div(𝑢− 𝑣ℎ)‖0,Ω‖𝑟ℎ‖0,Ω

≤
(︁
‖𝑤ℎ‖1/2,ℎ,𝑁 + ‖𝑤ℎ‖1/2,ℎ,𝐷

)︁ ∑︁
𝐾∈𝒯ℎ

(︀
‖𝑝− 𝑞ℎ‖0,𝐾 + ℎ𝛿

𝐾 |𝑝− 𝑞ℎ|𝛿,𝐾
)︀

+ ‖div 𝑤ℎ‖0,Ω‖𝑝− 𝑞ℎ‖0,Ω + ‖div(𝑢− 𝑣ℎ)‖0,Ω‖𝑟ℎ‖0,Ω.

For (𝑣ℎ, 𝑞ℎ) := (𝑢𝐼 , Π0,𝑘−1𝑝) ∈ V𝑘
ℎ with Π0,𝑘−1𝑝|𝐾 := Π0,𝑘−1

𝐾 𝑝 for all 𝐾 ∈ 𝒯ℎ in the term 𝑇1–𝑇8 to achieve

|||𝜌ℎ|||ℎ ≤
⃒⃒⃒⃒ ⃒⃒

(𝑢, 𝑝)−
(︀
𝑢𝐼 , Π0,𝑘−1𝑝

)︀⃒⃒⃒⃒ ⃒⃒
ℎ

+ 𝐶ℎmin{𝑘,𝛿}(︀|𝑓 |max{𝛿,𝑘}−1,Ω + |𝑢|1+𝛿,Ω + |𝑝|𝛿,Ω
)︀
.

The triangle inequality along with the previous bound for |||𝜌ℎ|||ℎ yield

|||(𝑢, 𝑝)− (𝑢ℎ, 𝑝ℎ)|||ℎ ≤
⃒⃒⃒⃒ ⃒⃒

(𝑢, 𝑝)−
(︀
𝑢𝐼 , Π0,𝑘−1𝑝

)︀⃒⃒⃒⃒ ⃒⃒
ℎ

+
⃒⃒⃒⃒ ⃒⃒(︀

𝑢𝐼 , Π0,𝑘−1𝑝
)︀
− (𝑢ℎ, 𝑝ℎ)

⃒⃒⃒⃒ ⃒⃒
ℎ

≤ 2
⃒⃒⃒⃒ ⃒⃒

(𝑢, 𝑝)−
(︀
𝑢𝐼 , Π0,𝑘−1𝑝

)︀⃒⃒⃒⃒ ⃒⃒
ℎ

+ 𝐶 ℎmin{𝑘,𝛿}(︀|𝑓 |max{𝛿,𝑘}−1,Ω + |𝑢|1+𝛿,Ω + |𝑝|𝛿,Ω
)︀
.

Lemma 5.2 and regularity estimate (5.1) conclude

|||(𝑢, 𝑝)− (𝑢ℎ, 𝑝ℎ)|||ℎ . ℎmin{𝑘,𝛿}
(︁
|𝑓 |max{𝛿,𝑘}−1,Ω + |𝑢|1+𝛿,Ω + |𝑝|𝛿,Ω

)︁
≤ 𝐶ℎmin{𝛿,𝑘}

(︁
‖𝑓‖max{𝛿,𝑘}−1,Ω + ‖𝑔‖𝛿+ 1

2 ,Γ𝐷

)︁
,

where 𝐶 is independent of physical parameter 𝜈 and mesh-size ℎ. �

Remark 5.4. The global inf-sup condition for the continuous Taylor–Hood virtual element spaces [47] cannot
be followed in the same manner due to the fact that div V𝑘

ℎ is a piecewise discontinuous polynomial space of
degree 𝑘 − 1 while 𝑄𝑘−1

ℎ is continuous polynomial space of degree 𝑘 − 1, and hence the error analysis for these
spaces does not follow from the previous theorem and requires a different treatment though the coercivity on
the kernel of 𝑏ℎ(·, ·).

6. Numerical results

This section is devoted to explore different numerical experiments to verify the performance and robustness
of the proposed method. The numerical approach involves the utilization of the DUNE–FEM library [26],
specifically the DUNE–VEM module [25] for generating the computational spaces V𝑘

ℎ and 𝑄𝑘−1
ℎ . We resort to
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the DUNE–VEM tuple DivfreeSpace + P0 on polygonal meshes to construct these spaces (see [25], Sect. 3.4.3).
Then, similar to [9], a more accurate pressure is recovered by an element-wise post-processing procedure. For
completeness, we represent the pressure surface plots using the P0 discrete approximation.

In order to tackle the resulting sparse linear system 𝐴𝑥 = 𝐹 , arising from the discretization process, we
employ the sparse linear solver spsolve from the Scipy library [46] with UMFPACK . A critical parameter in
our simulations is the Nitsche parameter, which is chosen to satisfy 𝛾𝐷 = 𝛾𝑁 = 𝛾, with 𝛾 ≥ 100(𝑘 + 1)2, where
𝑘 represents the order of the numerical scheme employed. This choice is inspired in [14] and guaranteed the
coercivity of 𝑎ℎ(·, ·), and consequently the inf-sup stability of 𝒜ℎ((·, ·), (·, ·)) in all the cases. Choosing a sharp
(minimum) parameter that maintains stability of the scheme is a challenging task because, similarly to finite
element schemes, the stability constant depends on the geometry of the element and the polynomial degree of
approximation.

We denote by 𝑁 the number of elements in the mesh. To study the rate of convergence, we use the relations
𝒪(ℎ) ≈ 𝒪(𝑁−1/2). By 𝑒(·) we denote the error associated with the quantity · in its natural norm, and will denote
by ℎ𝑖 the mesh size corresponding to a refinement level 𝑖. The experimental convergence order is computed as

𝑟(·) =
log(𝑒𝑖(·))− log(𝑒𝑖+1(·))

log(ℎ𝑖)− log(ℎ𝑖+1)
≈ −2

log(𝑒𝑖(·))− log(𝑒𝑖+1(·))
(log(𝑁𝑖)− log(𝑁𝑖+1))

,

where 𝑁𝑖 and 𝑁𝑖+1 are two consecutive measures of the number of elements for the refinements ℎ𝑖 and ℎ𝑖+1,
respectively.

When evaluating the performance of our numerical scheme, we explore different geometric configurations,
thereby assessing its robustness and versatility. Triangle and quad meshes are generated using the DUNE
mesher or the GMSH software [33] through the Pygmsh interface [42]. Voronoi and other polygonal meshes are
constructed using Polymesher [43] and MATLAB, respectively.

For the experiments, we consider that the domain is partitioned considering the following types of meshes:

– 𝒯1,ℎ := A mesh using triangles;
– 𝒯2,ℎ := A mesh with quadrilaterals;
– 𝒯3,ℎ := A mesh with a Voronoi tessellation;
– 𝒯4,ℎ := A mesh with non-convex polygons.

Each of the above meshes contains convex polygons, except for 𝒯4,ℎ. Considering each of them for the
experiments has a slight effect on the sparsity pattern but it will affect the condition number of A. More
precisely, we note that the matrix A is a block matrix according to the discrete formulation given in Section 3.
Now, let us consider the unit square domain Ω := (0, 1)2, which will be frequently used throughout this section,
and select a number of elements for each 𝒯ℎ such that the mesh sizes are similar. The sparsity pattern for each
mesh is illustrated in Figure 2, where we observe slight variations between meshes, primarily due to the number
of sides of the polygons and the total number of elements.

On the other hand, in Figure 3, we observe the behavior of the percentage of nonzero entries and the condition
number. The results for the percentage of nonzero entries are expected due to the sparsity pattern observed
above: as 𝑁 increases, the number of zeros also increases. Moreover, we note that the condition number of the
matrices with convex polygons 𝒯𝑖,ℎ, 𝑖 = 1, 2, 3, grows with 𝑁 , as expected. However, for 𝒯4,ℎ, a considerable
deterioration is observed. This behavior has been previously studied in [38], where it is shown that the ill-
conditioning of the VEM scheme becomes evident when the typical monomial basis is used. This is the case of
our scheme, but the numerical results remain satisfactory, as will be demonstrated below.

6.1. Convergence on a square domain

We start by considering the square domain Ω := (0, 1)2 together with smooth solutions for the velocity and
pressure. The right-hand side and boundary conditions are chosen such that the exact solutions are given by

𝑢(𝑥, 𝑦) :=
(︂

𝜕𝜙

𝜕𝑦
,−𝜕𝜙

𝜕𝑥

)︂
, 𝑝(𝑥, 𝑦) := sin(𝑥− 𝑦),
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Figure 2. Sparsity pattern of A for different polygonal meshes in the unit square domain.

where 𝜙(𝑥, 𝑦) := −256𝑥2(𝑥 − 1)2𝑦(𝑦 − 1)(2𝑦 − 1). The velocity is solenoidal and is characterized by having
non-zero tangential components across 𝑦 = 0 and 𝑦 = 1.

The error history, together with the values for the 𝐿2-norm of ∇ · 𝑢ℎ are presented in Tables 1 and 2. Here,
we observe that the rates behave optimally through the different meshes, and the divergence of velocity is
converging to zero. Also, we note that, although the choice of spaces is exactly divergence-free, this property is
lost when using the proposed Nitsche’s method. In fact, we observe that ‖∇·𝑢ℎ‖0,Ω converges weakly to zero as
ℎ → 0. For comparison, the error curves for 𝑘 = 2, 3 are presented in Figure 4. We observe that the energy error
behaves like 𝒪(ℎ𝑘), as expected. Also, we note that the error is similar for different meshes with approximately
same mesh-size at each iteration.

Figures 5 and 6 depict the velocity components and pressure surface plot. In Figure 5, we observe that the
discrete solutions components agree with the proposed exact solution, independent of the mesh. Also, we note
that the slip condition is properly imposed on 𝑦 = 0 and 𝑦 = 1. Figure 6 presents the pressure surface plot on
different meshes, where no appreciable difference between them is observed.
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Figure 3. Non-zero percentage (left) and condition number (right) of the matrix A for different
meshes.

Table 1. Example 6.1. Error history on different meshes with 𝑘 = 2 for 𝑢ℎ and 𝑝ℎ on the unit
square domain Ω = (0, 1)2.

𝒯𝑖,ℎ 𝑁 ℎ e(𝑢) 𝑟(𝑢) e(𝑝) 𝑟(𝑝) ‖∇ · 𝑢ℎ‖0,Ω

1

128 0.177 1.94e+00 ⋆ 7.98e−01 ⋆ 1.47e−04
512 0.088 6.16e−01 1.66 2.11e−01 1.92 2.69e−05
2048 0.044 1.79e−01 1.78 5.40e−02 1.97 5.01e−06
8192 0.022 4.76e−02 1.91 1.36e−02 1.99 8.71e−07
32 768 0.011 1.22e−02 1.97 3.41e−03 2.00 1.79e−07

2

64 0.125 2.08e+00 ⋆ 1.95e+00 ⋆ 1.14e−03
256 0.063 5.30e−01 1.97 5.61e−01 1.79 1.92e−04
1024 0.031 1.33e−01 1.99 1.50e−01 1.91 3.16e−05
4096 0.016 3.33e−02 2.00 3.84e−02 1.96 5.51e−06
16 384 0.008 8.32e−03 2.00 9.69e−03 1.99 1.07e−06

3

64 0.162 2.01e+00 ⋆ 1.28e+00 ⋆ 7.39e−03
256 0.089 4.85e−01 2.05 3.26e−01 1.97 8.47e−04
1024 0.046 1.28e−01 1.92 8.81e−02 1.89 1.24e−04
4096 0.021 3.03e−02 2.08 1.91e−02 2.21 2.37e−05
16 384 0.011 7.54e−03 2.01 4.51e−03 2.08 3.86e−06

4

64 0.156 2.36e+00 ⋆ 1.61e+00 ⋆ 6.24e−03
256 0.078 6.23e−01 1.93 4.54e−01 1.83 8.49e−04
1024 0.039 1.58e−01 1.98 1.18e−01 1.94 1.09e−04
4096 0.020 3.97e−02 1.99 2.95e−02 2.00 1.35e−05
16 384 0.010 9.94e−03 2.00 7.27e−03 2.02 1.59e−06
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Table 2. Example 6.1. Error history on different meshes with 𝑘 = 3 for 𝑢ℎ and 𝑝ℎ on the unit
square domain Ω = (0, 1)2.

𝒯𝑖,ℎ 𝑁 ℎ e(𝑢) 𝑟(𝑢) e(𝑝) 𝑟(𝑝) ‖∇ · 𝑢ℎ‖0,Ω

1

128 0.177 2.00e−01 ⋆ 7.45e−02 ⋆ 3.03e−05
512 0.088 2.42e−02 3.05 1.05e−02 2.83 3.89e−06
2048 0.044 2.96e−03 3.03 1.38e−03 2.93 1.14e−06
8192 0.022 3.65e−04 3.02 1.76e−04 2.96 3.96e−07
32 768 0.011 4.72e−05 2.95 2.23e−05 2.98 1.39e−07

2

64 0.125 3.52e−01 ⋆ 2.15e−01 ⋆ 1.38e−04
256 0.063 4.08e−02 3.11 3.57e−02 2.59 1.56e−05
1024 0.031 4.67e−03 3.13 5.04e−03 2.82 4.69e−06
4096 0.016 5.47e−04 3.10 6.66e−04 2.92 1.66e−06
16 384 0.008 6.56e−05 3.06 8.54e−05 2.96 5.88e−07

3

64 0.162 2.67e−01 ⋆ 1.08e−01 ⋆ 1.36e−04
256 0.089 3.39e−02 2.98 1.45e−02 2.89 8.00e−06
1024 0.046 4.63e−03 2.87 1.63e−03 3.16 1.71e−06
4096 0.021 5.23e−04 3.15 1.56e−04 3.38 6.52e−07
16 384 0.011 6.62e−05 2.98 1.77e−05 3.14 2.31e−07

4

64 0.156 2.99e−01 ⋆ 1.54e−01 ⋆ 1.06e−04
256 0.078 3.72e−02 3.01 2.15e−02 2.84 7.86e−06
1024 0.039 4.58e−03 3.02 2.74e−03 2.97 1.26e−06
4096 0.020 5.65e−04 3.02 3.41e−04 3.00 4.12e−07
16 384 0.010 7.01e−05 3.01 4.25e−05 3.01 1.46e−07

6.2. Robustness with respect to 𝜈

In this section we aim to test the robustness of the scheme with respect to the viscosity. More precisely,
we observe the error behavior when 𝜈 becomes small. For simplicity, the exact solutions are the ones given in
Section 6.1, and we take 𝒯 = 𝒯3,ℎ (Voronoi mesh).

We consider a given viscosity 𝜈 = 10−3𝑗 , 𝑗 = 1, 2, 3, 4, and K = I. The computed errors and experimental
rates of convergence are given in Tables 3 and 4. We observe considerably small variations in the computed
errors between taking 𝜈 = 10−3 and the rest, that do not affect the convergence rate. We also note that the
divergence 𝐿2-norm is the same for all the cases. A similar result was obtained when using the meshes 𝒯1,ℎ, 𝒯2,ℎ

and 𝒯4,ℎ, confirming the theoretical robustness with respect to the viscosity predicted in Section 5.

6.3. Applications with several boundary conditions

This experiment aims to test the behavior of our method in applications where several boundary conditions
are assumed. Let 𝑔1 and 𝑔2 be two vector fields such that

𝑢 · 𝑛 = 𝑔1 · 𝑛, (𝜀(𝑢))𝑛 · 𝑡 = 𝑔2 · 𝑡, on Γ𝑁 .

Then, the discrete right-hand sides forms with additional Nitsche terms are given as follow (cf. Sect. 3.1).

̃︀𝐹ℎ(𝑣ℎ) := 𝐹ℎ(𝑣ℎ) + 𝛾𝑁

∑︁
𝑒∈ℰ𝑁

ℎ

∫︁
𝑒

ℎ−1
𝑒 (𝑔1 · 𝑛)(𝑣ℎ · 𝑛) d𝑠−

∑︁
𝑒∈ℰ𝑁

ℎ

∫︁
𝑒

(︁
𝑛𝑡
(︁
𝜈𝜀
(︁

Π𝜀,𝑘
𝐾𝑒

𝑣ℎ

)︁
𝑛
)︁)︁

(𝑔1 · 𝑛) d𝑠

+
∑︁

𝑒∈ℰ𝑁
ℎ

∫︁
𝑒

(𝑔2 · 𝑡)(𝑣ℎ · 𝑡) d𝑠
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Figure 4. Example 6.1. Error curves of the virtual element scheme for the Brinkman equations
using different meshes. Here, we set the parameters K = I, and 𝜈 = 1.

̃︀𝐺(𝑞ℎ) := 𝐺(𝑞ℎ) +
∑︁

𝑒∈ℰ𝑁
ℎ

∫︁
𝑒

𝑔1 · (𝑞ℎ𝑛) d𝑠.

We divide the test in three cases, that we detail below.

6.3.1. Flow past cylinder

We first focus on the simulation of a cross-flow around a cylinder between two parallel plates. This phenomena
can be characterized in a 2D model, for which we take 𝑅 = 0.05 as the radius of the cylinder, and the length
and height of the channel are given by 𝐿 = 0.82 and 𝐻 = 0.41, respectively. The resulting domain is of the form

Ω := (0, 𝐿)× (0, 𝐻)∖𝐷𝑅(𝑥𝑐, 𝑦𝑐),



NITSCHE STABILIZED VEM FOR A BRINKMAN PROBLEM WITH MIXED BOUNDARY CONDITIONS 435

Figure 5. Example 6.1. Scalar components of the computed velocity 𝑢𝑖,ℎ, 𝑖 = 1, 2 in different
meshes together with the corresponding field 𝑢ℎ.

Figure 6. Example 6.1. Comparison between the computed pressure 𝑝ℎ on different polygonal
meshes.

where 𝐷𝑅 is the disk of radius 𝑅 and centered at (𝑥𝑐, 𝑦𝑐) = (0.2, 0.2). We divide the boundaries as 𝜕Ω :=
Γin ∪ Γwall ∪ Γcirc ∪ Γout, corresponding to the inlet, walls, inner circle and outlet boundary, respectively. Each
of these subdomains have the following data:

𝑢 = 0, on Γ𝑤 ∪ Γcirc,

𝑢 · 𝑛 = 𝑔1 · 𝑛, (𝜈𝜀(𝑢))𝑛 · 𝑡 = 𝑔2 · 𝑡, with 𝑔1(𝑥, 𝑦) =
(︂

6𝑢max𝑦(𝐻 − 𝑦)
𝐻2

, 0
)︂t

, on Γin,

(𝜈𝜀(𝑢)− 𝑝I)𝑛 = 0, on Γout,

and 𝑔2(𝑥, 𝑦) = 𝜈𝜀(𝑔1(𝑥, 𝑦))𝑛, with 𝑢max = 2. The viscosity is taken to be 𝜈 = 1. Note that 𝑔1 corresponds
to a Poiseuille flow and the condition over Γout is a free flow boundary condition. All the above conditions
need a correct characterization of the traces on polygonal domains because we loose the [𝐻1(Ω)]2 condition of
the velocity in a neighborhood of the corner points where Γ𝑤 intersects Γin. Moreover, although the Nitsche
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Table 3. Example 6.2. Error history with respect to different values of 𝜈 on the unit square
domain for 𝑢ℎ and 𝑝ℎ. Here, we consider 𝑘 = 2 as the scheme order.

𝜈 𝑁 ℎ e(𝑢) 𝑟(𝑢) e(𝑝) 𝑟(𝑝) ‖∇ · 𝑢ℎ‖0,Ω

10−3

64 0.162 2.19e+00 ⋆ 9.48e−02 ⋆ 7.04e−03
256 0.089 4.95e−01 2.14 3.02e−02 1.65 8.14e−04
1024 0.046 1.28e−01 1.96 6.72e−03 2.17 1.10e−04
4096 0.021 3.03e−02 2.08 1.62e−03 2.05 1.92e−05
16 384 0.011 7.54e−03 2.00 3.68e−04 2.14 1.10e−06

10−6

64 0.162 2.37e+00 ⋆ 9.40e−02 ⋆ 7.04e−03
256 0.089 5.61e−01 2.08 3.00e−02 1.65 8.14e−04
1024 0.046 1.49e−01 1.91 6.66e−03 2.17 1.10e−04
4096 0.021 3.37e−02 2.14 1.61e−03 2.05 1.92e−05
16 384 0.011 8.27e−03 2.03 3.65e−04 2.14 1.10e−06

10−9

64 0.162 2.37e+00 ⋆ 9.40e−02 ⋆ 7.04e−03
256 0.089 5.61e−01 2.08 3.00e−02 1.65 8.14e−04
1024 0.046 1.49e−01 1.91 6.66e−03 2.17 1.10e−04
4096 0.021 3.39e−02 2.14 1.61e−03 2.05 1.92e−05
16 384 0.011 8.44e−03 2.01 3.65e−04 2.14 1.10e−06

10−12

64 0.162 2.37e+00 ⋆ 9.40e−02 ⋆ 7.04e−03
256 0.089 5.61e−01 2.08 3.00e−02 1.65 8.14e−04
1024 0.046 1.49e−01 1.91 6.66e−03 2.17 1.10e−04
4096 0.021 3.39e−02 2.14 1.61e−03 2.05 1.92e−05
16 384 0.011 8.44e−03 2.01 3.65e−04 2.14 1.10e−06

method proposed in this study works for curve boundaries, there is an inherent variational crime that needs
the proposal of a Nitsche method on curved domains for Brinkman problems. These two facts are beyond the
proposed theory.

We have depicted the computed velocity data in Figure 7. Here, we observe that the boundary conditions
are applied correctly, having no-slip around the inner circle and the walls. Also, by comparing the plots of 𝑢1,ℎ

and 𝑢2,ℎ in the outflow we observe that they are similar to that of a flow on a channel that ends at Γout. To
observe the behavior at the inlet, we have also plotted in Figure 8 a comparison between the velocity profiles
𝑢ℎ ·𝑛|Γin = 𝑔1 ·𝑛 and 𝑢ℎ ·𝑛|Γin = 𝑢1,ℎ(0, 𝑦). Here, we observe that the parabolic profile is properly imposed by
the scheme, and the zero-tangential stress yields the behavior observed for 𝑢2,ℎ(0, 𝑦). We observe a near-zero
𝑦-velocity at the middle of the channel with the highest values in the first and third quarters of the channel.
Also, we observe that at the domain corner, a zero velocity is imposed. We finish this part of the experiment
showing the surface plot of the pressure drop on two different meshes in Figure 9. A drop of gauge pressure from
1500 to −20 caused by the obstacle is observed, while the lowest values of the pressure are reached behind the
obstacle and at the channel end. The negative pressure values are valid due to the incompressible formulation of
the problem, which allows to write the variable 𝑝 in terms of the gauge pressure. Finally, from the streamlines
we note that there are no observable recirculation zones for the chosen parameters.
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Table 4. Example 6.2. Error history with respect to different values of 𝜈 on the unit square
domain for 𝑢ℎ and 𝑝ℎ. Here, we consider 𝑘 = 3 as the scheme order.

𝜈 𝑁 ℎ e(𝑢) 𝑟(𝑢) e(𝑝) 𝑟(𝑝) ‖∇ · 𝑢ℎ‖0,Ω

10−3

64 0.162 2.74e−01 ⋆ 1.15e−02 ⋆ 1.02e−04
256 0.089 2.96e−02 3.21 1.44e−03 3.00 7.42e−06
1024 0.046 4.06e−03 2.87 1.59e−04 3.18 1.75e−06
4096 0.021 5.01e−04 3.02 1.52e−05 3.38 6.56e−07
16 384 0.011 6.54e−05 2.94 1.66e−06 3.20 2.32e−07

10−6

64 0.162 3.47e−01 ⋆ 1.14e−02 ⋆ 1.02e−04
256 0.089 4.45e−02 2.96 1.43e−03 3.00 7.42e−06
1024 0.046 5.96e−03 2.90 1.58e−04 3.18 1.75e−06
4096 0.021 6.80e−04 3.13 1.51e−05 3.38 6.56e−07
16 384 0.011 8.09e−05 3.07 1.65e−06 3.20 2.32e−07

10−9

64 0.162 3.47e−01 ⋆ 1.14e−02 ⋆ 1.02e−04
256 0.089 4.46e−02 2.96 1.43e−03 3.00 7.42e−06
1024 0.046 6.00e−03 2.89 1.58e−04 3.18 1.75e−06
4096 0.021 6.93e−04 3.11 1.51e−05 3.38 6.56e−07
16 384 0.011 8.68e−05 3.00 1.65e−06 3.20 2.32e−07

10−12

64 0.162 3.47e−01 ⋆ 1.14e−02 ⋆ 1.02e−04
256 0.089 4.46e−02 2.96 1.43e−03 3.00 7.42e−06
1024 0.046 6.00e−03 2.89 1.58e−04 3.18 1.75e−06
4096 0.021 6.93e−04 3.11 1.51e−05 3.38 6.56e−07
16 384 0.011 8.68e−05 3.00 1.65e−06 3.20 2.32e−07

6.3.2. Flow into a backwards facing step

A classical benchmark test for the Stokes, Navier–Stokes or Brinkman equations is the backward facing step.
Let us consider 𝐻 := 1 and a channel given by

Ω := (0, 9𝐻)× (0, 2𝐻)∖{(0, 2𝐻)× (0, 𝐻)},

where we have a backward facing step in (2𝐻,𝐻). We consider the left boundary as the inlet region with
boundary conditions

𝑢 · 𝑛 = 𝑔1 · 𝑛, (𝜈𝜀(𝑢))𝑛 · 𝑡 = 𝑔2 · 𝑡, with 𝑔1(𝑥, 𝑦) =
(︀
𝑢max − 0.5(𝑦 − 1.5𝐻)2, 0

)︀t
,

and 𝑔2(𝑥, 𝑦) is given as in Section 6.3.1. As before, the inflow consists of a Poiseuille type flow, with 𝑢max = 0.125.
At the outlet (right boundary), we impose a zero stress boundary condition (𝜈𝜖(𝑢) − 𝑝I)𝑛 = 0, and no-slip
boundary conditions on the rest of 𝜕Ω. The viscosity is taken to be 𝜈 = 1. The experiment was carried in two
different Voronoi meshes: one with 4096 elements, and the other with 16 384. The behavior for both meshes were
similar, and we present the results with the coarsest mesh. The physical parameters were taken as K = I and
𝜈 = 1. The approximated velocity field and pressure are presented in Figure 10. Starting with the surface plot
of 𝑢2,ℎ, we note that a singularity is clearly visible at the reentrant corner, followed by a gradient of velocity
at the outlet produced by the imposition of (𝜈𝜖(𝑢) − 𝑝I)𝑛 = 0. Next, we note that velocity field is that of a
parabolic flow, with a recirculation zone captured by the velocity streamlines. Also, a drop of velocity magnitude
from 0.12 to 0.05 is observed after the channel widens, which is also caused by pressure drop from 2.21 to 0.7.
To observe the weak imposition of the boundary conditions at the inlet, we depict the velocity components in
Figure 11, where we observe a good match between 𝑔1 · 𝑛 on Γin and 𝑢1,ℎ(0, 𝑦). The tangential component of
the velocity, namely, 𝑢2,ℎ(0, 𝑦) shows a similar behavior to the one observed in Section 6.3.1.
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Figure 7. Example 6.3.1. Computed scalar components of the velocity field (top) along with
the corresponding velocity field and streamlines (bottom) in the cross-flow model.

Figure 8. Example 6.3.1. Plots of the resulting computed inlet velocity components weakly
imposed at Γin.

6.3.3. The lid-driven cavity flow

We end this section by performing the classical lid-driven cavity test where we model the steady flow of
an immiscible fluid in a box. The aim of the test is to observe the physical changes of the medium when we
modify the permeability parameter. We consider the unit square domain Ω = (0, 1)2. The viscosity is taken to
be 𝜈 = 10−3. The test is initially done with K = 𝜅I, with 𝜅 = 108. We take Γ𝑁 = ∅ and Γ𝐷 = Γwall∪Γlid, where
Γwall corresponds to the bottom, left and right boundaries, and Γlid is the top boundary. We set 𝑢|Γlid = (1, 0)t
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Figure 9. Example 6.3.1. Comparison between computed pressures in the cross-flow model
using 𝒯1,ℎ and 𝒯3,ℎ.

and 𝑢|Γwall = 0. We note that this type of boundary condition is also not covered by the theory because of the
discontinuity of 𝑢 on Γlid ∩ Γwall.

The approximate velocities and pressure (displayed in Fig. 12) remain stable and corner singularities are
clearly observed. The Nitsche scheme shows a good approximation of the boundary-discontinuous discrete
function 𝑢ℎ. Moreover, gradients of 𝑢2,ℎ and 𝑝ℎ are observed near the singularities.

Moreover, to assess the robustness of the method with respect to the choice of K, we run several modified
versions of this experiment by taking K−1 ∈ {10−8I, 10I, 102I, 108I}. More precisely, we are moving from a
Stokes-dominated problem to a Darcy-dominated one. Plots of the streamlines of each case are presented in
Figure 13. Here, we observe clear recirculation zones when we are on the Stokes-dominated version of the
problem. As we start to decrease the permeability of the domain, the flow begins to flow near 𝑦 = 1. In fact,
when choosing K−1 = 108I, i.e., a domain with very low permeability, we observe that the streamlines related
to high velocity magnitudes are singularly concentrated along 𝑦 = 1. In fact, the streamlines observed going
down to the bottom of the domain for K−1 ∈ {10I, 102I, 108I} correspond to small velocity magnitude with
respect to the one imposed at Γlid. This example still serves as a benchmark to observe Nitsche’s method to
impose boundary conditions 𝑢|Γ𝐷

although we are dealing here with a limiting case, that is, the medium that
behaves like an obstacle (impermeable medium).

7. Conclusions

In this work, we proposed a Nitsche-based virtual element method for the Brinkman problem with mixed
boundary conditions, incorporating Dirichlet conditions on part of the boundary and slip conditions on the rest.
The motivation for this approach arises from the challenges of strongly imposing slip boundary conditions in
discrete settings due to the lack of degrees of freedom for normal components. By incorporating suitable Nitsche
terms, we provided a symmetric variational formulation that weakly enforces these boundary conditions while
ensuring stability and consistency.

The theoretical analysis established the well-posedness of the discrete problem through a global inf-sup con-
dition, and we derived optimal convergence rates independent of the physical parameters. The numerical exper-
iments further validated the method’s robustness, demonstrating optimal accuracy and stability across various
test cases. Additionally, the use of polygonal meshes highlights the flexibility of the virtual element framework
in handling complex geometries. However, the proposed method exhibits only a weakly divergence-free behavior
due to the extra terms introduced. Future research will focus on addressing this limitation, potentially by mod-
ifying the formulation to enforce stronger incompressibility constraints (see for example [18] and the references
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Figure 10. Example 6.3.2. Second velocity component (top) Velocity field streamlines (two
in the middle) with pressure distribution (bottom), computed in a Voronoi mesh with 4096
elements.
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Figure 11. Example 6.3.2. Plots of the resulting computed inlet velocity components weakly
imposed at the inlet for the flow into a backwards facing step.

Figure 12. Example 6.3.3. Approximated velocity components and computed pressure on a
Voronoi mesh for the lid-driven cavity test.
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Figure 13. Example 6.3.3. Comparison of the velocity streamlines obtained for several values
of K for the lid-driven cavity test. The color scale corresponds to |𝑢ℎ|.

therein). Further investigations into alternative stabilization techniques and extensions to more complex flow
models will also be considered.
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