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RESIDUAL-BASED A POSTERIORI ERROR ESTIMATION FOR A
SPACE-TIME DISCONTINUOUS GALERKIN FORMULATION OF THE

RICHARDS EQUATION

Scott Congreve1,* and Hyun-Geun Shin2

Abstract. In this article, we develop the a posteriori error analysis of a space-time discontinuous
Galerkin finite element method for the Richards equation. Computable upper and lower bounds on
the error in a residual dual norm are derived, which are explicit in the mesh size. Several numerical
experiments demonstrate the performance of the a posteriori error bound within an mesh refinement
algorithm, which refines the mesh as time evolves. Although this a posteriori error bound is on the
residual dual norm, and is not a upper bound for the H1-norm, it is able to refine the areas of the mesh
where the residual is large in a manner which reduces the H1-error and L2-error as well.
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1. Introduction

In this article, we develop an a posteriori error analysis for the space-time discontinuous Galerkin method
(STDG) for the Richards equation. The Richards equation [42] models fluid flows in variably saturated porous
media, and is utilized in many areas such as agriculture and hydrology. The pressure formulation is given as

𝜕𝑡𝜗(𝑢)−∇ · (K(𝑢)∇𝑢) = 𝑓 in Ω× (0, 𝑇 ), (1)
𝑢 = 0 on 𝜕Ω× (0, 𝑇 ), (2)

𝑢(·, 0) = 𝑢0 in Ω. (3)

Here, Ω ⊂ R2 is a bounded polygonal domain with boundary 𝜕Ω, 𝑇 > 0, 𝜕𝑡 is the derivative with respect to
time, 𝑢 : Ω×(0, 𝑇 ) → R is the normalized pressure function with initial condition 𝑢0 : Ω → R, 𝑓 : Ω×(0, 𝑇 ) → R
is the source term, K : R → R2×2 is the hydraulic conductivity tensor, 𝜃 : R → R is the water content function,
and 𝜗 : R → R is the active pore volume defined by

𝜗(𝑢) = 𝜃(𝑢) +
𝑆𝑠

𝜃𝑠

∫︁ 𝑢

−∞
𝜃(𝑠) d𝑠, (4)

Keywords and phrases. Richards’ equation, a posteriori error estimates, space-time discontinuous Galerkin, adaptive refinement.

1 Faculty of Mathematics and Physics, Charles University, Sokolovská 83, 186 75 Praha, Czech Republic.
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where 𝑆𝑠, 𝜃𝑠 ≥ 0 are material parameters. We assume that the water content 𝜗 is non-negative, non-decreasing,
and Lipschitz continuous and that the hydraulic conductivity K is symmetric, positively semi-definite, and
Lipschitz continuous. The Richards equation can be considered as a nonlinear degenerative parabolic equation
[18] as it can degenerate to either an elliptic equation (fast-diffusion degeneracy) or to a system of ordinary
differential equations (slow-diffusion degeneracy). The concept of fast and slow diffusions was described in [37]
by mentioning the experimental results on the curves of different models of hydraulic conductivity and water
content. We note that this is only one possible formulation of a Richards equation in broad sense depending on if
it is pressure-based (as in this case), saturation-based, or mixed, and whether the hydraulic head is normalized;
cf. for example, [21, 43,44] for a comparison between different formulations.

The existence and uniqueness of a weak solution in L2([0, 𝑇 ],H1(Ω)) for the Richards equation was first shown
in [3], with Dirichlet and Neumann boundary conditions. Moreover, existence of viscosity solutions are sought in
[34]. Furthermore, the existence of strong solutions are studied under the condition of constant pressure gradient
in [12].

Due to the nonlinearity and possibility of degeneracy the efficient computation of a numerical solution to the
Richards equation is challenging; cf. [32]. Several numerical methods have been proposed and analyzed, such as
conforming finite element methods [24, 39], finite volume methods [30, 31], mixed finite elements [7, 41, 49, 50],
and a mixed finite volume-finite element [40]. Additionally, several variants of discontinuous Galerkin finite
element methods have been studied [11,16,26,36].

The Richards equation (1) was solved in [21] with the interior penalty (IP) [8, 20] variant of the space-
time discontinuous Galerkin finite element method. In particular, it was demonstrated that the STDG with
temporal and spatial adaptations exhibits an efficient simulation of practical problems in porous media flow. The
discontinuous nature of the method allows approximation of discontinuous and more stable sharp gradients in the
solution, such as boundary layers. However, only a practical implementation is provided, and no error estimation
was performed. A priori error estimation for a semi-discrete spatial discretization via a local discontinuous
Galerkin formulation has been studied in [17]. In this article, we will study a residual-type a posteriori error
estimation of the IP STDG method, and its use in driving the spatial adaptation.

Upper bounds for residual-type a posteriori error estimates on quasilinear parabolic partial differential equa-
tions for finite volume [25] and finite element [9, 27, 47] spatial discretization for the method of lines have been
analyzed in the case where the time derivative is linear; hence, the challenge is only in the nonlinear diffusion
term. Upper and lower bounds have been derived for a 𝑝-Laplacian operator which is assumed to be strictly
monotone [15]. In [22] an equilibrated flux reconstruction technique [14,19,28] for the a posteriori error estimate
for nonlinear diffusion with both continuous and discontinuous Galerkin space-time formulations has been stud-
ied. Degenerate nonlinear parabolic problems with linear time derivative has been studied with low order spatial
and temporal discretization methods such as the 𝑃1-finite element [35] and finite volume [1] with backward
Euler.

Based on those results analysis for the Richards equation has been studied in various articles. In [10] only
the upper bounds for a formulation using multistep and finite volume method was derived for a version of the
Richards equation with nonlinear water content function and a bounded conductivity. A discontinuous Galerkin
formulation with a backwards difference formula in time was studied in [16] without derivation of lower bounds,
[38] studied a finite element method for a hydraulic conductivity bounded by positive constants, and [13] studied
a mixed finite element with implicit Euler. For a space-time discontinuous Galerkin formulation of the Richards
equation [23] adopted the technique from [22] to derive a posteriori error estimators based on a equilibrated flux
reconstruction. This technique requires additional local computations in order to compute the error bounds.
Furthermore, the scaling parameter and the defined norm in the analysis can be complicated.

In this article, we instead conduct a residual-based a posteriori error analysis, cf. [48], to derive the upper and
lower bounds for the numerical approximation of the Richards equation (1)–(3) by the space-time discontinuous
Galerkin formulation. Here, as well as deriving both upper and lower bounds, which is often missing in the
above analysis, we also can compute the error estimate without any additional formulations or computations.
Specifically, we demonstrate how to estimate both the time and space jump terms.
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The article is organized as follows. In Section 2 we state the space-time discontinuous Galerkin formulation
of (1)–(3). The upper and lower a posteriori error bounds are derived in Section 3. Section 4 contains a set
of numerical experiments to validate the performance of adaptive refinement based on the a posteriori error
indicators. Finally, in Section 5 we summarise the main results of this article.

2. Space-time discontinuous Galerkin formulation

In this section, we discretize the Richards equation (1)–(3) using the incomplete interior penalty (IIP) space-
time discontinuous Galerkin finite element method; cf. [21]. To this end, we first introduce the necessary notation.

2.1. Meshes, spaces, and trace operators

We consider the partition of the time interval (0, 𝑇 ) into 𝑠 sub-intervals 𝐼𝑚 = (𝑡𝑚−1, 𝑡𝑚), 𝑚 = 1, . . . , 𝑠, with
time step 𝜏𝑚 = 𝑡𝑚 − 𝑡𝑚−1. For 𝑚 = 1, . . . , 𝑠, we consider shape-regular meshes 𝒯 𝑚

ℎ that partition the domain
Ω into disjoint triangles 𝐾 such that Ω =

⋃︀
𝐾∈𝒯 𝑚

ℎ
𝐾. We assume each mesh is conforming; i.e., the mesh does

not contain hanging nodes. We denote by ℎ𝐾 the element diameter for each element 𝐾 ∈ 𝒯 𝑚
ℎ . On a mesh 𝒯 𝑚

ℎ

we can define the broken H𝑘-space, for 𝑘 ≥ 1 as

H𝑘(Ω, 𝒯 𝑚
ℎ ) =

{︀
𝜑 ∈ L2(Ω) : 𝜑|𝐾 ∈ H𝑘(𝐾),𝐾 ∈ 𝒯 𝑚

ℎ

}︀
,

with associated norm
‖𝑣‖2H𝑘(Ω,𝒯𝑚

ℎ ) :=
∑︁

𝐾∈𝒯𝑚
ℎ

‖𝑣‖2H𝑘(𝐾).

Let 𝑝 ≥ 0 be an integer and 𝑃𝑝(𝐾) be the space of polynomial functions of total degree 𝑝 on an element
𝐾 ∈ 𝒯 𝑚

ℎ , 𝑚 = 1, . . . , 𝑠; then, we can define the finite element space

𝑆𝑚
ℎ,𝑝 =

{︀
𝜑 ∈ L2(Ω) : 𝜑|𝐾 ∈ 𝑃𝑝(𝐾),𝐾 ∈ 𝒯 𝑚

ℎ

}︀
.

Furthermore, for an integer 𝑞 ≥ 0 let 𝑃𝑞(𝐼𝑚, 𝑆𝑚
ℎ,𝑝) be the space of the tensor product of a polynomial function

in time of degree 𝑞 with the space 𝑆𝑚
ℎ,𝑝 such that for a function 𝜑 ∈ 𝑃𝑞(𝐼𝑚, 𝑆𝑚

ℎ,𝑝) it holds that 𝜑(·, 𝑡) ∈ 𝑆𝑚
ℎ,𝑝 for

all 𝑡 ∈ 𝐼𝑚. Then, we define the space-time finite element space

𝑆𝜏,𝑞
ℎ,𝑝 =

{︀
𝜑 ∈ L2(𝐼𝑚,L2(Ω)) : 𝜑|𝐼𝑚

∈ 𝑃𝑞

(︀
𝐼𝑚, 𝑆

𝑚
ℎ,𝑝

)︀
,𝑚 = 1, . . . , 𝑠

}︀
.

We now define some suitable edge operators required for the definition of the STDG. To this end, we denote
by ℱ𝑚

ℎ,𝐼 and ℱ𝑚
ℎ,𝐷 the set of interior and boundary faces, respectively, of the mesh 𝒯 𝑚

ℎ , 𝑚 = 1, . . . , 𝑠, and let
ℱ𝑚

ℎ = ℱ𝑚
ℎ,𝐼 ∪ ℱ𝑚

ℎ,𝐷. For an edge 𝛾 ∈ ℱ𝑚
ℎ we denote by ℎ𝛾 the length of the edge. Let 𝑣 and q be scalar-

and vector-valued functions, respectively, which are smooth inside each element 𝐾 ∈ 𝒯 𝑚
ℎ . Given two adjacent

elements 𝐾+,𝐾− ∈ 𝒯 𝑚
ℎ which share a common edge 𝛾 ∈ ℱ𝑚

ℎ,𝐼 we write 𝑣± and q± to denote the traces of 𝑣
and q from the interior of 𝐾±, respectively, and define n𝛾 as the outward unit normal to 𝐾+ on the edge. We
now define the average of 𝑣 and q at x ∈ 𝛾 as

{{𝑣}} =
1
2
(︀
𝑣+ + 𝑣−

)︀
{{q}} =

1
2
(︀
q+ + q−

)︀
and the jumps of 𝑣 and q at x ∈ 𝛾 as

J𝑣K =
(︀
𝑣+ − 𝑣−

)︀
JqK =

(︀
q+ − q−

)︀
.

On a boundary face 𝛾 ∈ ℱ𝑚
ℎ,𝐷, we set {{𝑣}} = 𝑣, {{q}} = q, J𝑣K = 𝑣, and JqK = q.

For 𝑣 ∈ 𝑆𝜏,𝑞
ℎ,𝑝 we let

𝑣−𝑚 = lim
𝑡→𝑡−𝑚

𝑣(𝑡), 𝑚 = 1, . . . , 𝑠, 𝑣+
𝑚 = lim

𝑡→𝑡+𝑚

𝑣(𝑡), 𝑚 = 0, . . . , 𝑠− 1,

and define the time jump

⌊𝑣⌋𝑚 = 𝑣+
𝑚 − 𝑣−𝑚, 𝑚 = 1, . . . , 𝑠− 1, ⌊𝑣⌋0 = 𝑣+

𝑚 − 𝑢0.
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2.2. Incomplete interior penalty STDG discretization

In this section, we define the incomplete interior penalty STDG for the numerical approximation of (1)–(3),
cf. [21]. Given a time partition {𝐼𝑚}𝑠

𝑚=1, with corresponding meshes {𝒯 𝑚
ℎ }𝑠

𝑚=1, and time and space polynomial
degrees 𝑝 and 𝑞, respectively, we seek a numerical approximation 𝑢𝜏

ℎ ∈ 𝑆
𝜏,𝑞
ℎ,𝑝 such that

𝐴ℎ,𝑚(𝑢𝜏
ℎ, 𝑣

𝜏
ℎ) = ℓ(𝑣𝜏

ℎ), (5)

for all 𝑣𝜏
ℎ ∈ 𝑆

𝜏,𝑞
ℎ,𝑝, 𝑚 = 1, . . . , 𝑠, where

𝐴ℎ,𝑚(𝑢, 𝑣) =
∫︁

𝐼𝑚

(𝜕𝑡𝜗(𝑢), 𝑣)𝒯 𝑚
ℎ

+ 𝑎ℎ,𝑚(𝑢, 𝑣) d𝑡+ (⌊𝜗(𝑢)⌋𝑚−1, 𝑣
+
𝑚−1)𝒯 𝑚

ℎ
, (6)

𝑎ℎ,𝑚(𝑢, 𝑣) = (K(𝑢)∇𝑢,∇𝑣)𝒯𝑚
ℎ
−
∑︁

𝛾∈ℱ𝑚
ℎ

(n𝛾 · {{K(𝑢)∇𝑢}}, J𝑣K)𝛾 +
∑︁

𝛾∈ℱ𝑚
ℎ

𝜖(J𝑢K, J𝑣K)𝛾 , (7)

ℓ(𝑣) =
∫︁

𝐼𝑚

(𝑓, 𝑣)𝒯 𝑚
ℎ

d𝑡, (8)

for 𝑚 = 1, . . . , 𝑠. Here, (·, ·)𝒯 𝑚
ℎ

=
∑︀

𝐾(·, ·)𝐾 , and (·, ·)𝐾 and (·, ·)𝛾 denote the 𝐿2-inner product for an element
𝐾 ∈ 𝒯 𝑚

ℎ and edge 𝛾 ∈ ℱ𝑚
ℎ , respectively. The parameter 𝜖 is given by

𝜖 =
𝐶𝑊

ℎ𝛾

where 𝐶𝑊 > 0 is the penalization constant.

Remark 2.1. In the case of an inhomogeneous boundary condition 𝑢 = 𝑔 on 𝜕Ω the linear functional ℓ(𝑣) is
replaced by

ℓ(𝑣) =
∫︁

𝐼𝑚

(𝑓, 𝑣)𝒯 𝑚
ℎ

+
∑︁

𝛾∈ℱ𝑚
ℎ,𝐷

𝜖(𝑔, 𝑣)𝛾 ;

cf. [21].

3. A posteriori error analysis

In this section, we follow the technique presented in Section 3.8 of [48] to derive a residual-based error estimate
for (5). We first define the dual norm

|||ℛ(𝑢)|||𝑚 = sup
𝑣∈L2(𝐼𝑚,H1(Ω,𝒯 𝑚

ℎ ))∖{0}

⟨ℛ(𝑢), 𝑣⟩
‖𝑣‖L2(𝐼𝑚,H1(Ω,𝒯 𝑚

ℎ ))
, (9)

for 𝑢 ∈ L2(𝐼𝑚,H1(Ω, 𝒯 𝑚
ℎ )), where

⟨ℛ(𝑢), 𝑣⟩ := ℓ(𝑣)−𝐴ℎ,𝑚(𝑢, 𝑣). (10)

Remark 3.1. We note that this dual norm is defined on the broken space H1(Ω, 𝒯 𝑚
ℎ ) as it is the dual for the

broken 𝐻1-norm and needs to apply on the broken finite element space. We note that this is similar to how the
residual is defined in other discontinuous space-time methods; cf. for example equation (19) of [22] which uses
the 𝐿2(𝐼𝑚, 𝐿2(Ω))-space.

For 𝑣 ∈ L2(𝐼𝑚,H1(Ω, 𝒯 𝑚
ℎ )) and 𝑢𝜏

ℎ ∈ 𝑆
𝜏,𝑞
ℎ,𝑝, we have

⟨ℛ(𝑢𝜏
ℎ), 𝑣⟩ = ℓ(𝑣)−𝐴ℎ,𝑚(𝑢𝜏

ℎ, 𝑣) = 𝐴ℎ,𝑚(𝑢, 𝑣)−𝐴ℎ,𝑚(𝑢𝜏
ℎ, 𝑣). (11)
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3.1. Auxiliary results

Before deriving the a posteriori error estimates we define the following auxiliary results. To this end, we first
define the set of vertices of the mesh 𝒯 𝑚

ℎ as 𝒩ℎ, the set of vertices for each element 𝐾 ∈ 𝒯 𝑚
ℎ as 𝒩𝐾 , and the

set of vertices of each edge 𝛾 ∈ ℱ𝑚
ℎ as 𝒩𝛾 . At each vertex z ∈ 𝒩ℎ we define the hat function 𝜆𝑧, and let 𝜔𝑧

denote the patch of elements sharing the vertex z.

Lemma 3.2. Let 𝜆𝑧 be the hat function at vertex z. For 𝑤 ∈ H1(𝐾) and 𝑤ℎ ∈ 𝑃0(𝐾), 𝜆𝑧(𝑤 − 𝑤ℎ) on an
element 𝐾 ∈ 𝜔𝑧 is zero on at least one edge 𝛾. Then,⃦⃦⃦

𝜆
1/2
𝑧 (𝑤 − 𝑤ℎ)

⃦⃦⃦
L2(𝐾)

≤ 𝐶𝐹 (𝐾)ℎ𝐾

⃦⃦⃦
𝜆

1/2
𝑧 ∇𝑤

⃦⃦⃦
L2(𝐾)

,

where

𝐶𝐹 (𝐾) = sup
𝑤∈H1(𝐾)∖{0}

‖𝜆1/2
𝑧 (𝑤 − 𝑤ℎ)‖L2(𝐾)

ℎ𝐾‖𝜆
1/2
𝑧 ∇𝑤‖L2(𝐾)

·

Proof. See [48], p. 105. �

Lemma 3.3. Let 𝑤 ∈ H1(Ω, 𝒯 𝑚
ℎ ), then we can estimate the average term {{·}} and the jump term J·K as∑︁

𝛾∈ℱ𝑚
ℎ

∫︁
𝛾

{{𝑤}}2 d𝑠 ≤
∑︁

𝐾∈𝒯 𝑚
ℎ

∫︁
𝜕𝐾

|𝑤|2 d𝑠 (12)

∑︁
𝛾∈ℱ𝑚

ℎ

∫︁
𝛾

J𝑤K2 d𝑠 ≤ 2
∑︁

𝐾∈𝒯𝑚
ℎ

∫︁
𝜕𝐾

|𝑤|2 d𝑠. (13)

Proof. See Lemma 2.27 of [20] for the second result. The first result follows similarly. �

Lemma 3.4. Let 𝑤 ∈ H1(𝐾), 𝐾 ∈ 𝒯 𝑚
ℎ ; then, for 𝛾 ∈ 𝜕𝐾⃦⃦⃦

𝜆
1/2
𝑧 𝑤

⃦⃦⃦2

L2(𝛾)
≤ 3𝜇1(𝛾)

2𝜇2(𝐾)

⃦⃦⃦
𝜆

1/2
𝑧 𝑤

⃦⃦⃦2

L2(𝐾)
+
ℎ𝐾𝜇1(𝛾)
𝜇2(𝐾)

⃦⃦⃦
𝜆

1/2
𝑧 𝑤

⃦⃦⃦
L2(𝐾)

⃦⃦⃦
𝜆

1/2
𝑧 ∇𝑤

⃦⃦⃦
L2(𝐾)

where 𝜇1(𝛾) and 𝜇2(𝐾) is the Lebesgue measure of 𝛾 and 𝐾, respectively.

Proof. We first define r𝐾,𝛾(x) = x−a𝐾,𝛾 , where a𝐾,𝛾 is the vertex of the element 𝐾 opposite the edge 𝛾; then,
by Proposition 3.2 of [48] for 𝜆𝑧𝑣 ∈ W1,1(𝐾)

1
𝜇1(𝛾)

∫︁
𝛾

𝜆𝑧𝑣 d𝑠− 1
𝜇2(𝐾)

∫︁
𝐾

𝜆𝑧𝑣 dx =
1

2𝜇2(𝐾)

∫︁
𝐾

r𝐾,𝛾 · ∇(𝜆𝑧𝑣) dx.

From Proposition 3.3 of [48], using r𝐾,𝛾 · ∇𝜆𝑧 = 𝜆𝑧

1
𝜇1(𝛾)

∫︁
𝛾

𝜆𝑧𝑣 d𝑠− 3
2𝜇2(𝐾)

∫︁
𝐾

𝜆𝑧𝑣 dx =
1

2𝜇2(𝐾)

∫︁
𝐾

𝜆𝑧r𝐾,𝛾 · ∇𝑣 dx.

Set 𝑣 = |𝑤|2, and

1
𝜇1(𝛾)

∫︁
𝛾

𝜆𝑧|𝑤|2 d𝑠− 3
2𝜇2(𝐾)

∫︁
𝐾

𝜆𝑧|𝑤|2 dx ≤ 1
2𝜇2(𝐾)

∫︁
𝐾

|𝜆𝑧r𝐾,𝛾 · ∇(|𝑤|2)|dx

≤ 2ℎ𝐾

2𝜇2(𝐾)

∫︁
𝐾

𝜆𝑧|∇𝑤||𝑤|dx

≤ 2ℎ𝐾

2𝜇2(𝐾)

⃦⃦⃦
𝜆

1/2
𝑧 𝑤

⃦⃦⃦
L2(𝐾)

⃦⃦⃦
𝜆

1/2
𝑧 ∇𝑤

⃦⃦⃦
L2(𝐾)

.

�
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In addition, on time intervals 𝐼𝑚, 𝑚 = 1, . . . , 𝑠, we introduce an interpolation operator Π𝑚
𝜏𝑞 : 𝑉 → 𝑃𝑞(𝐼𝑚)

where 𝑉 is some function space and 𝑃𝑞(𝐼𝑚) is a polynomial space of degree 𝑞, which is defined by

𝑣 ∈ 𝑉 : Π𝑚
𝜏𝑞𝑣(𝑡𝑘) = 𝑣(𝑡𝑘) 𝑘 = 0, . . . , 𝑞, (14)

where 𝑡𝑘 ∈ 𝐼𝑚, 𝑘 = 0, . . . , 𝑞 are distinct time points. The operator Π𝑚
𝜏𝑞 can be explicitly represented by using

the Lagrange basis functions ℒ𝑘 as

Π𝑚
𝜏𝑞𝑤 =

𝑞∑︁
𝑘=0

𝑤(𝑡𝑘)ℒ𝑘. (15)

Lemma 3.5. Let 𝑟 ∈ [1,∞], 𝑞 ≥ 0 be the polynomial degree, 𝑠 ∈ [0, 1] and let 𝑡 be an integer such that
𝑠 ≤ 𝑡 ≤ 𝑞 + 1. Then, for 𝑤 ∈ W𝑡,𝑟(𝐼𝑚), the operator Π𝑚

𝜏𝑞 satisfies⃒⃒
𝑤 −Π𝑚

𝜏𝑞𝑤
⃒⃒
W𝑠,𝑟(𝐼𝑚)

≤ 𝐶𝜏 𝑡−𝑠
𝑚 |𝑤|W𝑡,𝑟(𝐼𝑚), (16)

with positive constant 𝐶.

Proof. This result follows from a simple Taylor series expansion; cf. Theorem 1.5 of [2]. �

3.2. Reliability

We first derive a posteriori upper bounds for the dual norm (9).

Theorem 3.6. Let 𝑢𝜏
ℎ ∈ 𝑆𝜏,𝑞

ℎ,𝑝 be the numerical solution obtained from (5) and ℛ be the residual defined by
(11); then, the following error bound of the dual norm (9) holds

|||ℛ(𝑢𝜏
ℎ)|||2𝑚 ≤

∑︁
𝐾∈𝒯𝑚

ℎ

𝜂2
1 +

∑︁
𝛾∈ℱ𝑚

ℎ,𝐼

𝜂2
2 +

∑︁
𝛾∈ℱ𝑚

ℎ

𝜂2
3 +

∑︁
𝐾∈𝒯𝑚

ℎ

𝜂2
4 (17)

for 𝑚 = 1, . . . , 𝑠, where

𝜂2
1 =

∫︁
𝐼𝑚

max
z∈𝒩𝐾

(︂
𝐶2

𝐹ℎ
2
𝑧

ℎ2
𝐾

)︂
ℎ2

𝐾‖𝑓 +∇ ·K(𝑢𝜏
ℎ)∇𝑢𝜏

ℎ − 𝜕𝑡𝜗(𝑢𝜏
ℎ)‖2L2(𝐾) d𝑡,

𝜂2
2 =

∫︁
𝐼𝑚

max
z∈𝒩𝛾

(︂
𝐴2ℎ2

𝑧

ℎ𝛾

)︂
ℎ𝛾‖n𝛾 · JK(𝑢𝜏

ℎ)∇𝑢𝜏
ℎK‖2L2(𝛾) d𝑡,

𝜂2
3 =

∫︁
𝐼𝑚

max
z∈𝒩𝛾

(︂
2𝐴2ℎ2

𝑧

ℎ𝛾

)︂
ℎ𝛾𝜖

2‖J𝑢𝜏
ℎK‖2L2(𝛾) d𝑡,

𝜂2
4 = (𝐶 + 1 + 0.5𝐶𝐼)2𝐶2

𝐹 max
z∈𝒩𝐾

(︂
ℎ2

𝑧

ℎ2
𝐾

)︂
ℎ2

𝐾

⃦⃦
⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1

⃦⃦2

L2(𝐾)
,

with 𝐴2 =
(︀
3𝐶2

𝐹 + 2𝐶𝐹

)︀
𝜇1(𝛾)𝜇2(𝐾)−1 ≈ 𝒪(ℎ−1

𝐾 ) and ℎ𝑧 = max𝐾∈𝜔𝑧
ℎ𝐾 .

Proof. Defining a partition of unity using the nodal hat functions and with a constant function 𝑣𝑧 ∈ 𝑃0(𝐾) we
have, by Galerkin orthogonality, that

⟨ℛ(𝑢𝜏
ℎ), 𝑣⟩ =

∑︁
z∈𝒩ℎ

⟨ℛ(𝑢𝜏
ℎ), 𝜆𝑧(𝑣 − 𝑣𝑧)⟩𝜔𝑧

, (18)

where ⟨·, ·⟩𝜔𝑧
= ⟨·, ·⟩|𝜔𝑧

. We now consider a single vertex z ∈ 𝒩ℎ and let 𝜎𝑧 be the set of edges in the patch 𝜔𝑧,
and define 𝜎𝐼

𝑧 = 𝜎𝑧 ∩ ℱ𝐼
ℎ . By integration by parts we have that
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⟨ℛ(𝑢𝜏
ℎ), 𝜆𝑧(𝑣 − 𝑣𝑧)⟩𝜔𝑧

= ℓ(𝜆𝑧(𝑣 − 𝑣𝑧))−𝐴ℎ,𝑚(𝑢𝜏
ℎ, 𝜆𝑧(𝑣 − 𝑣𝑧))

=
∫︁

𝐼𝑚

∑︁
𝐾∈𝜔𝑧

(𝑓, 𝜆𝑧(𝑣 − 𝑣𝑧))𝐾 d𝑡−
∫︁

𝐼𝑚

∑︁
𝐾∈𝜔𝑧

(K(𝑢𝜏
ℎ)∇𝑢𝜏

ℎ,∇𝜆𝑧(𝑣 − 𝑣𝑧))𝐾 d𝑡

+
∫︁

𝐼𝑚

∑︁
𝛾∈𝜎𝑧

(n𝛾 · {{K(𝑢𝜏
ℎ)∇𝑢𝜏

ℎ}}, J𝜆𝑧(𝑣 − 𝑣𝑧)K)𝛾 d𝑡−
∫︁

𝐼𝑚

∑︁
𝛾∈𝜎𝑧

𝜖(J𝑢𝜏
ℎK, J𝜆𝑧(𝑣 − 𝑣𝑧)K)𝛾 d𝑡

−
∫︁

𝐼𝑚

∑︁
𝐾∈𝜔𝑧

(𝜕𝑡𝜗(𝑢𝜏
ℎ), 𝜆𝑧(𝑣 − 𝑣𝑧))𝐾 d𝑡−

∑︁
𝐾∈𝜔𝑧

(︀
⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1, 𝜆𝑧(𝑣 − 𝑣𝑧)|+𝑚−1

)︀
𝐾

=
∫︁

𝐼𝑚

∑︁
𝐾∈𝜔𝑧

(𝑓 +∇ · (K(𝑢𝜏
ℎ)∇𝑢𝜏

ℎ)− 𝜕𝑡𝜗(𝑢𝜏
ℎ), 𝜆𝑧(𝑣 − 𝑣𝑧))𝐾 d𝑡

−
∫︁

𝐼𝑚

∑︁
𝛾∈𝜎𝐼

𝑧

(n𝛾 · JK(𝑢𝜏
ℎ)∇𝑢𝜏

ℎK, {{𝜆𝑧(𝑣 − 𝑣𝑧)}})𝛾 d𝑡

−
∫︁

𝐼𝑚

∑︁
𝛾∈𝜎𝑧

𝜖(J𝑢𝜏
ℎK, J𝜆𝑧(𝑣 − 𝑣𝑧)K)𝛾 d𝑡−

∑︁
𝐾∈𝜔𝑧

(︀
⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1, 𝜆𝑧(𝑣 − 𝑣𝑧)|+𝑚−1

)︀
𝐾

:= 𝜉1 + 𝜉2 + 𝜉3 + 𝜉4. (19)

To estimate the first term 𝜉1, we firstly apply the Cauchy–Schwarz inequality and Lemma 3.2 and obtain

|𝜉1| ≤
∫︁

𝐼𝑚

(︃ ∑︁
𝐾∈𝜔𝑧

⃦⃦⃦
𝜆

1/2
𝑧 (𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ)− 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦2

L2(𝐾)

)︃1/2(︃ ∑︁
𝐾∈𝜔𝑧

⃦⃦⃦
𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)

⃦⃦⃦2

L2(𝐾)

)︃1/2

d𝑡

≤
∫︁

𝐼𝑚

(︃ ∑︁
𝐾∈𝜔𝑧

⃦⃦⃦
𝜆

1/2
𝑧 (𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ)− 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦2

L2(𝐾)

)︃1/2(︃ ∑︁
𝐾∈𝜔𝑧

𝐶2
𝐹ℎ

2
𝐾

⃦⃦⃦
𝜆

1/2
𝑧 ∇𝑣

⃦⃦⃦2

L2(𝐾)

)︃1/2

d𝑡. (20)

Using Cauchy–Schwarz, Lemmas 3.4 and 3.2, the second term of (19), 𝜉2, can be estimated as

|𝜉2| ≤
∫︁

𝐼𝑚

⎛⎝∑︁
𝛾∈𝜎𝐼

𝑧

⃦⃦⃦
𝜆

1/2
𝑧 (n𝛾 · JK(𝑢𝜏

ℎ)∇𝑢𝜏
ℎK)
⃦⃦⃦2

L2(𝛾)

⎞⎠1/2⎛⎝∑︁
𝛾∈𝜎𝐼

𝑧

⃦⃦⃦
𝜆

1/2
𝑧 {{𝑣 − 𝑣𝑧}}

⃦⃦⃦2

L2(𝛾)

⎞⎠1/2

d𝑡

≤
∫︁

𝐼𝑚

⎛⎝∑︁
𝛾∈𝜎𝐼

𝑧

⃦⃦⃦
𝜆

1/2
𝑧 (n𝛾 · JK(𝑢𝜏

ℎ)∇𝑢𝜏
ℎK)
⃦⃦⃦2

L2(𝛾)

⎞⎠1/2(︃ ∑︁
𝐾∈𝜔𝑧

𝐴2ℎ2
𝐾

⃦⃦⃦
𝜆

1/2
𝑧 ∇𝑣

⃦⃦⃦2

L2(𝐾)

)︃1/2

d𝑡. (21)

Similarly, by Cauchy–Schwarz, (13), Lemmas 3.4 and 3.2

|𝜉3| ≤
∫︁

𝐼𝑚

(︃∑︁
𝛾∈𝜎𝑧

𝜖2
⃦⃦⃦
𝜆

1/2
𝑧 J𝑢𝜏

ℎK
⃦⃦⃦2

L2(𝛾)

)︃1/2(︃∑︁
𝛾∈𝜎𝑧

⃦⃦⃦
𝜆

1/2
𝑧 J𝑣 − 𝑣𝑧K

⃦⃦⃦2

L2(𝛾)

)︃1/2

d𝑡

≤
∫︁

𝐼𝑚

(︃∑︁
𝛾∈𝜎𝑧

𝜖2
⃦⃦⃦
𝜆

1/2
𝑧 J𝑢𝜏

ℎK
⃦⃦⃦2

L2(𝛾)

)︃1/2(︃ ∑︁
𝐾∈𝜔𝑧

2𝐴2ℎ2
𝐾

⃦⃦⃦
𝜆

1/2
𝑧 ∇𝑣

⃦⃦⃦2

L2(𝐾)

)︃1/2

d𝑡. (22)

Again by Cauchy–Schwarz we obtain that

|𝜉4| ≤
∑︁

𝐾∈𝜔𝑧

∫︁
𝐾

⃒⃒⃒
𝜆

1/2
𝑧 ⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1

⃒⃒⃒⃒⃒⃒
𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)|+𝑚−1

⃒⃒⃒
dx

=
∑︁

𝐾∈𝜔𝑧

∫︁
𝐾

1
2

⃒⃒⃒
𝜆

1/2
𝑧 ⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1

⃒⃒⃒⃒⃒⃒
𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)|+𝑚−1 + 𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)|−𝑚 + 𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)|+𝑚−1 − 𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)|−𝑚

⃒⃒⃒
dx.
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Using the fact that the trapezoidal rule is exact for the linear (in time) function Π𝑚
𝜏1(𝜆

1/2
𝑧 (𝑣− 𝑣𝑧)) ∈ 𝑃1(𝐼𝑚) we

have that ∫︁
𝐼𝑚

Π𝑚
𝜏1

(︁
𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)

)︁
d𝑡 =

𝜏𝑚
2

(︁
𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)|+𝑚−1 + 𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)|−𝑚

)︁
.

Applying this result and the fundamental theorem of calculus gives

|𝜉4| ≤
∑︁

𝐾∈𝜔𝑧

∫︁
𝐾

⃒⃒⃒
𝜆

1/2
𝑧 ⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1

⃒⃒⃒(︂⃒⃒⃒⃒ 1
𝜏𝑚

∫︁
𝐼𝑚

Π𝑚
𝜏1(𝜆1/2

𝑧 (𝑣 − 𝑣𝑧)) d𝑡− 1
2

∫︁
𝐼𝑚

𝜕𝑡(𝜆
1/2
𝑧 (𝑣 − 𝑣𝑧)) d𝑡

⃒⃒⃒⃒)︂
dx

≤
∑︁

𝐾∈𝜔𝑧

∫︁
𝐾

⃒⃒⃒
𝜆

1/2
𝑧 ⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1

⃒⃒⃒(︂ 1
𝜏𝑚

∫︁
𝐼𝑚

⃒⃒⃒
Π𝑚

𝜏1(𝜆1/2
𝑧 (𝑣 − 𝑣𝑧))− 𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)

⃒⃒⃒
d𝑡

+
1
𝜏𝑚

∫︁
𝐼𝑚

⃒⃒⃒
𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)

⃒⃒⃒
d𝑡+

1
2

∫︁
𝐼𝑚

⃒⃒⃒
𝜕𝑡

(︁
𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)

)︁⃒⃒⃒
d𝑡
)︂

dx

≤
∑︁

𝐾∈𝜔𝑧

∫︁
𝐾

⃒⃒⃒
𝜆

1/2
𝑧 ⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1

⃒⃒⃒(︂⃦⃦⃦
Π𝜏

(︁
𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)

)︁
− 𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)

⃦⃦⃦
L2(𝐼𝑚)

+
⃦⃦⃦
𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)

⃦⃦⃦
L2(𝐼𝑚)

+
𝜏𝑚
2

⃦⃦⃦
𝜕𝑡

(︁
𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)

)︁⃦⃦⃦
L2(𝐼𝑚)

)︂
dx.

Setting 𝐷 = 𝐶 + 1 + 0.5𝐶𝐼 and applying Cauchy–Schwarz, Minkowski inequality, Lemma 3.2, and the standard
inverse inequality |𝑤|H1(𝐼𝑚) ≤ 𝐶𝐼𝜏

−1
𝑚 ‖𝑤‖L2(𝐼𝑚) ([20], Lem. 2.21) gives that

|𝜉4| ≤

(︃ ∑︁
𝐾∈𝜔𝑧

⃦⃦⃦
𝜆

1/2
𝑧 ⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1

⃦⃦⃦2

L2(𝐾)

)︃1/2(︃ ∑︁
𝐾∈𝜔𝑧

𝐷2
⃦⃦⃦
𝜆

1/2
𝑧 (𝑣 − 𝑣𝑧)

⃦⃦⃦2

L2(𝐼𝑚,L2(𝐾))

)︃1/2

≤

(︃ ∑︁
𝐾∈𝜔𝑧

⃦⃦⃦
𝜆

1/2
𝑧 ⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1

⃦⃦⃦2

L2(𝐾)

)︃1/2(︃∫︁
𝐼𝑚

∑︁
𝐾∈𝜔𝑧

𝐷2𝐶2
𝐹ℎ

2
𝐾

⃦⃦⃦
𝜆

1/2
𝑧 ∇𝑣

⃦⃦⃦2

H1(𝐾)
d𝑡

)︃1/2

. (23)

Letting ℎ𝑧 = maxℎ∈𝜔𝑧
𝐾 and combining (19)–(23), we have that

⟨ℛ(𝑢𝜏
ℎ), 𝜆𝑧(𝑣 − 𝑣𝑧)⟩𝜔𝑧

≤

(︃∫︁
𝐼𝑚

𝐶2
𝐹ℎ

2
𝑧

∑︁
𝐾∈𝜔𝑧

⃦⃦⃦
𝜆

1/2
𝑧 (𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ)− 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦2

L2(𝐾)
d𝑡

)︃1/2

‖𝑣‖L2(𝐼𝑚,𝐻1
𝜆(𝜔𝑧))

+

⎛⎝∫︁
𝐼𝑚

𝐴2ℎ2
𝑧

∑︁
𝛾𝐼∈𝜎𝑧

⃦⃦⃦
𝜆

1/2
𝑧 (n𝛾 · JK(𝑢𝜏

ℎ)∇𝑢𝜏
ℎK)
⃦⃦⃦2

L2(𝛾)
d𝑡

⎞⎠1/2

‖𝑣‖L2(𝐼𝑚,𝐻1
𝜆(𝜔𝑧))

+

⎛⎝∫︁
𝐼𝑚

2𝐴2ℎ2
𝑧

∑︁
𝛾𝐼𝐷∈𝜎𝑧

𝜖2
⃦⃦⃦
𝜆

1/2
𝑧 J𝑢𝜏

ℎK
⃦⃦⃦2

L2(𝛾)
d𝑡

⎞⎠1/2

‖𝑣‖L2(𝐼𝑚,𝐻1
𝜆(𝜔𝑧))

+

(︃
𝐷2𝐶2

𝐹ℎ
2
𝑧

∑︁
𝐾∈𝜔𝑧

⃦⃦⃦
𝜆

1/2
𝑧 ⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1

⃦⃦⃦2

L2(𝐾)

)︃1/2

‖𝑣‖L2(𝐼𝑚,𝐻1
𝜆(𝜔𝑧)),

where

‖𝑣‖L2(𝐼𝑚,𝐻1
𝜆(𝜔𝑧)) :=

(︃∫︁
𝐼𝑚

∑︁
𝐾∈𝜔𝑧

⃦⃦⃦
𝜆

1/2
𝑧 ∇𝑣

⃦⃦⃦2

L2(𝐾)
d𝑡

)︃1/2

.
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Then, by (18) and the definition of the dual norm (9), summation over all z ∈ 𝒩ℎ gives

|||ℛ(𝑢𝜏
ℎ)|||2* ≤

∑︁
z∈𝒩ℎ

∫︁
𝐼𝑚

𝐶2
𝐹ℎ

2
𝑧

∑︁
𝐾∈𝜔𝑧

⃦⃦⃦
𝜆

1/2
𝑧 (𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ)− 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦2

L2(𝐾)
d𝑡

+
∑︁

z∈𝒩ℎ

∫︁
𝐼𝑚

𝐴2ℎ2
𝑧

∑︁
𝛾𝐼∈𝜎𝑧

⃦⃦⃦
𝜆

1/2
𝑧 (n𝛾 · JK(𝑢𝜏

ℎ)∇𝑢𝜏
ℎK)
⃦⃦⃦2

L2(𝛾)
d𝑡

+
∑︁

z∈𝒩ℎ

∫︁
𝐼𝑚

2𝐴2ℎ2
𝑧

∑︁
𝛾𝐼𝐷∈𝜎𝑧

𝜖2
⃦⃦⃦
𝜆

1/2
𝑧 J𝑢𝜏

ℎK
⃦⃦⃦2

L2(𝛾)
d𝑡

+
∑︁

z∈𝒩ℎ

𝐷2𝐶2
𝐹ℎ

2
𝑧

∑︁
𝐾∈𝜔𝑧

⃦⃦⃦
𝜆

1/2
𝑧 ⌊𝜗(𝑢𝜏

ℎ)⌋𝑚−1

⃦⃦⃦2

L2(𝐾)
.

We note that∑︁
z∈𝒩ℎ

∫︁
𝐼𝑚

𝐶2
𝐹ℎ

2
𝑧

∑︁
𝐾∈𝜔𝑧

⃦⃦⃦
𝜆

1/2
𝑧 (𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ)− 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦2

L2(𝐾)
d𝑡

=
∑︁

𝐾∈𝒯𝑚
ℎ

∑︁
z∈𝒩𝐾

∫︁
𝐼𝑚

𝐶2
𝐹ℎ

2
𝑧

⃦⃦⃦
𝜆

1/2
𝑧 (𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ))
⃦⃦⃦2

L2(𝐾)
d𝑡

≤
∑︁

𝐾∈𝒯𝑚
ℎ

max
z∈𝒩𝐾

(︂
𝐶2

𝐹ℎ
2
𝑧

ℎ2
𝐾

)︂
ℎ2

𝐾

∑︁
z∈𝒩𝒦

∫︁
𝐼𝑚

⃦⃦⃦
𝜆

1/2
𝑧 (𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ))
⃦⃦⃦2

L2(𝐾)
d𝑡

=
∑︁

𝐾∈𝒯𝑚
ℎ

max
z∈𝒩𝐾

(︂
𝐶2

𝐹ℎ
2
𝑧

ℎ2
𝐾

)︂
ℎ2

𝐾

∫︁
𝐼𝑚

‖𝑓 +∇ ·K(𝑢𝜏
ℎ)∇𝑢𝜏

ℎ − 𝜕𝑡𝜗(𝑢𝜏
ℎ)‖2L2(𝐾) d𝑡 =

∑︁
𝐾∈𝒯𝑚

ℎ

𝜂2
1 .

Similar calculations for the remaining three terms completes the proof. �

Remark 3.7. In the case of an inhomogeneous boundary condition 𝑢 = 𝑔 on 𝜕Ω the sum of the 𝜂3 terms
becomes ∑︁

𝛾∈ℱ𝑚
ℎ,𝐼

𝜂2
3 +

∑︁
𝛾∈ℱ𝑚

ℎ,𝐷

𝜂2
3,𝐷

where

𝜂2
3,𝐷 =

∫︁
𝐼𝑚

max
z∈𝒩𝛾

(︂
2𝐴2ℎ2

𝑧

ℎ𝛾

)︂
ℎ𝛾𝜖

2‖𝑢𝜏
ℎ − 𝑔‖2L2(𝛾) d𝑡.

Remark 3.8. We note that compared to other a posteriori error analysis of space-time methods, cf. [29], the
time jump term 𝜂2

4 does not appear to depend on the time step size 𝜏𝑚 which potentially makes this error
bound sub-optimal in time. However, we note that some of the analysis for space-time methods in fact have
a dependency on the inverse of the time step size 𝒪(𝜏−1

𝑚 ) resulting from the jump term, although these have
performed a reconstruction to extend to an integral over the time interval (𝑡𝑚−1, 𝑡𝑚); cf. [22, 23].

3.3. Efficiency

To derive the a posteriori lower bounds, we first define bubble functions 𝜓𝐾(𝑥) on 𝐾 and 𝜓𝛾(𝑥) on 𝛾, which
cut off the neighboring elements and edges; cf. Section 2.3.2 of [48]. To this end, for 𝑚 = 1, . . . , 𝑠 we define 𝜔𝛾 ,
𝛾 ∈ ℱ𝑚

ℎ , as the union of the elements in 𝒯 𝑚
ℎ which share the common edge 𝛾.

Lemma 3.9. Assume that the functions 𝑅 and 𝐽 are piecewise polynomials on 𝒯 𝑚
ℎ up to degree 𝑝. Then, for

all 𝐾 ∈ 𝒯 𝑚
ℎ , there exists a function 𝜓𝐾 ∈ H1(Ω) with supp𝜓𝐾 ⊂ 𝐾 such that

‖𝜓𝐾‖L2(𝐾) ≤ 1, (24)
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‖𝑅‖L2(𝐾) ≤ ̂︀𝐶𝐼,1(𝐾)
∫︁

𝐾

𝑅𝜓𝐾 , (25)

‖∇𝜓𝐾‖L2(𝐾) ≤ ̂︀𝐶𝐼,2(𝐾)ℎ−1
𝐾 (26)

where ̂︀𝐶𝐼,1 and ̂︀𝐶𝐼,2 are positive constants dependent on 𝑝 and 𝐾. Additionally, for all 𝛾 ∈ ℱ𝑚
ℎ there exists a

function 𝜓𝛾 ∈ H1(Ω) with supp𝜓𝛾 ⊂ 𝜔𝛾 such that

‖𝜓𝛾‖L2(𝛾) ≤ 1, (27)

‖𝐽‖L2(𝛾) ≤ ̂︀𝐶𝐼,3(𝛾)
∫︁

𝛾

𝐽𝜓𝛾 , (28)

‖𝜓𝛾‖L2(𝜔𝛾) ≤ max
𝐾∈𝜔𝛾

̂︀𝐶𝐼,4(𝛾,𝐾)ℎ1/2
𝛾 (29)

‖∇𝜓𝛾‖L2(𝜔𝛾) ≤ max
𝐾∈𝜔𝛾

̂︀𝐶𝐼,5(𝛾,𝐾)ℎ−1/2
𝛾 (30)

where ̂︀𝐶𝐼,3, ̂︀𝐶𝐼,4 ≥ 1, and ̂︀𝐶𝐼,5 ≥ 1 are positive constants dependent on 𝐾, 𝛾, and 𝑝.

Proof. The results follow from Theorem 3.58 of [48]. �

Lemma 3.10. Assume that the functions 𝑅 and 𝐽 are piecewise polynomials on 𝒯 𝑚
ℎ ×𝐼𝑚 up to degree 𝑝 in space

and degree 𝑞 in time. Then, for all 𝐾 ∈ 𝒯 𝑚
ℎ , there exists a function 𝜙𝐾 ∈ L2(𝐼𝑚,H1(Ω)) with supp𝜙𝐾 ⊂ 𝐾×𝐼𝑚

such that

‖𝜙𝐾‖L2(𝐼𝑚,L2(𝐾)) ≤ 𝐶𝐼,0(𝐾, 𝐼𝑚), (31)

‖𝑅‖L2(𝐼𝑚,L2(𝐾)) ≤ 𝐶𝐼,1(𝐾, 𝐼𝑚)
∫︁

𝐼𝑚

∫︁
𝐾

𝑅𝜙𝐾 , (32)

‖∇𝜙𝐾‖L2(𝐼𝑚,L2(𝐾)) ≤ 𝐶𝐼,2(𝐾, 𝐼𝑚)ℎ−1
𝐾 (33)

𝜙𝐾 |+𝑚−1 = 0 (34)

where 𝐶𝐼,0, 𝐶𝐼,1 and 𝐶𝐼,2 are positive constants dependent on 𝑝, 𝑞, 𝐾, and 𝐼𝑚. Additionally, for all 𝛾 ∈ ℱ𝑚
ℎ

there exists a function 𝜙𝛾 ∈ L2(𝐼𝑚,H1(Ω)) with supp𝜙𝛾 ⊂ 𝜔𝛾 × 𝐼𝑚 such that

‖𝜙𝛾‖L2(𝐼𝑚,L2(𝛾)) ≤ 𝐶𝐼,6(𝛾, 𝐼𝑚), (35)

‖𝐽‖L2(𝐼𝑚,L2(𝛾)) ≤ 𝐶𝐼,3(𝛾, 𝐼𝑚)
∫︁

𝐼𝑚

∫︁
𝛾

𝐽𝜙𝛾 , (36)

‖𝜙𝛾‖L2(𝐼𝑚,L2(𝜔𝛾)) ≤ max
𝐾∈𝜔𝛾

𝐶𝐼,4(𝛾,𝐾, 𝐼𝑚)ℎ1/2
𝛾 (37)

‖∇𝜙𝛾‖L2(𝐼𝑚,L2(𝜔𝛾)) ≤ max
𝐾∈𝜔𝛾

𝐶𝐼,5(𝛾,𝐾, 𝐼𝑚)ℎ−1/2
𝛾 (38)

where 𝐶𝐼,3, 𝐶𝐼,4 ≥ 1, 𝐶𝐼,5 ≥ 1 and 𝐶𝐼,6 are positive constants dependent on 𝐼𝑚, 𝐾, 𝛾, 𝑝 and 𝑞.

Proof. The polynomial 𝑅(x, 𝑡) can be written as

𝑅 =
𝑞∑︁

𝑖=0

𝑅𝑖(x)𝜑𝑖(𝑡)

where 𝑅𝑖 is a polynomial of degree 𝑝 is space, and 𝜑𝑖, 𝑖 = 0, . . . , 𝑞 form a basis of the polynomial space 𝑃𝑞(𝐼𝑚)
which, for simplicity, we assume is an orthogonal basis under integration over 𝐼𝑚; i.e.,

∫︀
𝐼𝑚
𝜑𝑖𝜑𝑗 d𝑡 = 0 if 𝑖 ̸= 𝑗.
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For a polynomial in 𝐼𝑚, there exists a function 𝜒𝑚 which satisfies identical conditions to (24) and (25), with 𝐾
replaced by 𝐼𝑚 and potentially different constants such that 𝜒𝑚(𝑡𝑚−1) = 0 and 𝜒𝑚(𝑡𝑚) = 1; cf. Theorem 3.58
of [48]. Additionally, for 𝑅𝑖 there exists a function satisfying Lemma 3.9. Setting 𝜙𝐾 to a suitable product of
these functions we have from (25) and the fact 𝜑𝑖, 𝑖 = 1, . . . , 𝑞, form an orthogonal basis that

̂︀𝐶𝐼,1(𝐾) ̂︀𝐶𝐼,1(𝐼𝑚)
∫︁

𝐼𝑚

∫︁
𝐾

𝑅𝜙𝐾𝜒𝑚 dx ≥ ̂︀𝐶𝐼,1(𝐼𝑚)
∫︁

𝐼𝑚

𝑛∑︁
𝑖=1

‖𝑅𝑖(x)‖L2(𝐾)𝜑𝑖(𝑡)𝜒𝑚 d𝑡

≥

⎛⎝∫︁
𝐼𝑚

(︃
𝑛∑︁

𝑖=1

‖𝑅𝑖(x)‖L2(𝐾)𝜑𝑖(𝑡)

)︃2

d𝑡

⎞⎠1/2

=

(︃∫︁
𝐼𝑚

𝑛∑︁
𝑖=1

‖𝑅𝑖(x)‖2L2(𝐾)|𝜑𝑖(𝑡)|2 d𝑡

)︃1/2

=

(︃∫︁
𝐼𝑚

∫︁
𝐾

𝑛∑︁
𝑖=1

|𝑅𝑖(x)|2|𝜑𝑖(𝑡)|2 dx d𝑡

)︃1/2

=

⎛⎝∫︁
𝐼𝑚

∫︁
𝐾

⃒⃒⃒⃒
⃒

𝑛∑︁
𝑖=1

𝑅𝑖(x)𝜑𝑖(𝑡)

⃒⃒⃒⃒
⃒
2

dx d𝑡

⎞⎠1/2

which proves (32). Equations (31) and (33) are proven trivially via Cauchy–Schwarz. The proof of (35)–(38)
follows analogously. �

We note that in order to derive the lower bounds for the dual norm of the residual 𝑅 we use the above
inverse inequalities which require polynomial functions. However, in general, the residual 𝑅 is not a polynomial.
Therefore, we note that for 𝑚 = 1, . . . , 𝑠⟨

ℛ(𝑢𝜏
ℎ), 𝑤

⟩
=
⟨
ℛ(𝑢𝜏

ℎ)−ℛ(𝑢𝜏
ℎ), 𝑤

⟩
+ ⟨ℛ(𝑢𝜏

ℎ), 𝑤⟩,

for 𝑤 ∈ L2(𝐼𝑚,H1(Ω, 𝒯 𝑚
ℎ )), where for a function 𝑔 we denote by 𝑔 the projection onto 𝑃𝑞(𝐼𝑚, 𝑆𝑚

ℎ,𝑝). We can
estimate ⟨ℛ(𝑢𝜏

ℎ) − ℛ(𝑢𝜏
ℎ), 𝑤⟩ and ⟨ℛ(𝑢𝜏

ℎ), 𝑤⟩ in a similar way to the estimation of the upper bounds. We can
now state the lower bounds for the dual norm (9).

Theorem 3.11. Let 𝑢𝜏
ℎ ∈ 𝑆𝜏,𝑞

ℎ,𝑝 be the numerical solution obtained from (5), ℛ(𝑢𝜏
ℎ) be the projection of the

residual defined by (11) onto 𝑃𝑞(𝐼𝑚, 𝑆𝑚
ℎ,𝑝); then, the lower bound of the dual norm (9)

⃒⃒⃒⃒⃒⃒⃒⃒⃒
ℛ(𝑢𝜏

ℎ)
⃒⃒⃒⃒⃒⃒⃒⃒⃒2

𝑚
≥ 𝐶

⎛⎝ ∑︁
𝐾∈𝒯𝑚

ℎ

̃︀𝜂2
1 +

∑︁
𝛾∈ℱ𝑚

ℎ

̃︀𝜂2
2

⎞⎠
holds for 𝑚 = 1, . . . , 𝑠, where

̃︀𝜂2
1 =

∫︁
𝐼𝑚

ℎ2
𝐾‖𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ)‖2L2(𝐾) d𝑡,

̃︀𝜂2
2 =

∫︁
𝐼𝑚

ℎ𝛾‖n𝛾 · JK(𝑢𝜏
ℎ)∇𝑢𝜏

ℎK‖2L2(𝛾) d𝑡,

and 𝐶 is a positive constant.
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Proof. We start by studying ⟨ℛ(𝑢𝜏
ℎ), 𝑣⟩, for a specific function 𝑣 ∈ L2(𝐼𝑚,H1(Ω, 𝒯 𝑚

ℎ )). To this end, we define

𝛼𝐾 = ℎ2
𝐾

⃦⃦⃦
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦

L2(𝐼𝑚,L2(𝐾))

𝛽𝛾 = ℎ𝛾

⃦⃦⃦
n𝛾 ·

r
K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ

z⃦⃦⃦
L2(𝐼𝑚,L2(𝛾))

𝜂𝛾 = ℎ𝛾𝜖‖J𝑢𝜏
ℎK‖L2(𝐼𝑚,L2(𝛾))

𝛿𝐾 = ℎ2
𝐾

⃦⃦⃦⃦⌊︁
𝜗(𝑢𝜏

ℎ)
⌋︁

𝑚−1

⃦⃦⃦⃦
L2(𝐾)

.

Using the functions 𝜙𝐾 and 𝜙𝛾 from Lemma 3.10 we define

𝑣1 =
∑︁

𝐾∈𝒯𝑚
ℎ

𝛼𝐾𝜙𝐾 , 𝑣2 =
∑︁

𝛾∈ℱ𝑚
ℎ,𝐼

𝛽𝛾𝜙𝛾 , 𝑣3 =
∑︁

𝛾∈ℱ𝑚
ℎ

𝜂𝛾𝜙𝛾 , 𝑣4 =
∑︁

𝐾∈𝒯𝑚
ℎ

𝛿𝐾𝜙𝐾 ,

and let

𝑣 = 𝜃1𝑣1 + 𝜃2𝑣2 + 𝜃3𝑣3 + 𝜃4𝑣4, (39)

where 𝜃𝑖 ≥ 0, 𝑖 = 1, 2, 3, 4 will be determined later. Then, we have that⟨
𝑅(𝑢𝜏

ℎ), 𝑣
⟩

= 𝜉1 + 𝜉2 + 𝜉3 + 𝜉4, (40)

where

𝜉1 = 𝜃1

∫︁
𝐼𝑚

∑︁
𝐾∈𝒯 𝑚

ℎ

𝛼𝐾

(︁
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ), 𝜙𝐾

)︁
𝐾

d𝑡

+ 𝜃2

∫︁
𝐼𝑚

∑︁
𝛾∈ℱ𝑚

ℎ,𝐼

𝛽𝛾

(︁
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ), 𝜙𝛾

)︁
𝜔𝛾

d𝑡

+ 𝜃3

∫︁
𝐼𝑚

∑︁
𝛾∈ℱ𝑚

ℎ

𝜂𝛾

(︁
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ), 𝜙𝛾

)︁
𝜔𝛾

d𝑡

+ 𝜃4

∫︁
𝐼𝑚

∑︁
𝐾∈𝒯𝑚

ℎ

𝛿𝐾

(︁
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ), 𝜙𝐾

)︁
𝐾

d𝑡 (41)

𝜉2 = −𝜃2
∫︁

𝐼𝑚

∑︁
𝛾∈ℱ𝑚

ℎ,𝐼

𝛽𝛾

(︁
n𝛾 ·

r
K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ

z
, {{𝜙𝛾}}

)︁
𝛾

d𝑡− 𝜃3

∫︁
𝐼𝑚

∑︁
𝛾∈ℱ𝑚

ℎ

𝜂𝛾

(︁
n𝛾 ·

r
K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ

z
, {{𝜙𝛾}}

)︁
𝛾

d𝑡 (42)

𝜉3 = −𝜃2
∫︁

𝐼𝑚

∑︁
𝛾∈ℱ𝑚

ℎ,𝐼

𝛽𝛾𝜖(J𝑢𝜏
ℎK, J𝜙𝛾K)𝛾 d𝑡− 𝜃3

∫︁
𝐼𝑚

∑︁
𝛾∈ℱ𝑚

ℎ

𝜂𝛾𝜖(J𝑢𝜏
ℎK, J𝜙𝛾K)𝛾 d𝑡 (43)

𝜉4 = −𝜃1
∑︁

𝐾∈𝒯𝑚
ℎ

𝛼𝐾

(︂⌊︁
𝜗(𝑢𝜏

ℎ)
⌋︁

𝑚−1
, 𝜙𝐾 |+𝑚−1

)︂
𝐾

− 𝜃2
∑︁

𝛾∈ℱ𝑚
ℎ,𝐼

𝛽𝛾

(︂⌊︁
𝜗(𝑢𝜏

ℎ)
⌋︁

𝑚−1
, 𝜙𝛾 |+𝑚−1

)︂
𝜔𝛾

− 𝜃3
∑︁

𝛾∈ℱ𝑚
ℎ

𝜂𝛾

(︂⌊︁
𝜗(𝑢𝜏

ℎ)
⌋︁

𝑚−1
, 𝜙𝛾 |+𝑚−1

)︂
𝜔𝛾

− 𝜃4
∑︁

𝐾∈𝒯𝑚
ℎ

𝛿𝐾

(︂⌊︁
𝜗(𝑢𝜏

ℎ)
⌋︁

𝑚−1
, 𝜙𝐾 |+𝑚−1

)︂
𝐾

. (44)

We note that 𝜙𝐾 |+𝑚−1 = 0, {{𝜙𝛾}} = 𝜙𝛾 and J𝜙𝛾K = 0; hence, 𝜉3 = 0 and 𝜉4 = 0.



A POSTERIORI ERROR FOR STDG OF RICHARDS EQUATION 37

We first estimate the four terms of (41) individually. For the first term, using (32), we have the lower bound∑︁
𝐾∈𝒯 𝑚

ℎ

∫︁
𝐼𝑚

𝛼𝐾

(︁
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ), 𝜙𝐾

)︁
𝐾

d𝑡

≥
(︂

max
𝐾∈𝒯𝑚

ℎ

𝐶𝐼,1(𝐾, 𝐼𝑚)
)︂−1 ∑︁

𝐾∈𝒯𝑚
ℎ

ℎ2
𝐾

⃦⃦⃦
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦2

L2(𝐼𝑚,L2(𝐾))
.

By applying the Cauchy–Schwarz inequality, (37), the definition of 𝛽𝛾 and the fact that ℎ𝛾 ≤ ℎ𝐾 we bound
the second term of 𝜉1 as∑︁

𝛾∈ℱ𝑚
ℎ,𝐼

∫︁
𝐼𝑚

𝛽𝛾

(︁
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ), 𝜙𝛾

)︁
𝜔𝛾

d𝑡

≤
∑︁

𝛾∈ℱ𝑚
ℎ,𝐼

max
𝐾∈𝜔𝛾

𝐶𝐼,4(𝛾,𝐾, 𝐼𝑚)
∑︁

𝐾∈𝜔𝛾

𝛽𝛾ℎ
1/2
𝛾

∫︁
𝐼𝑚

⃦⃦⃦
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦

L2(𝐾)
d𝑡

≤ max
𝐾∈𝒯𝑚

ℎ ,𝛾∈𝜕𝐾
𝐶𝐼,4(𝛾,𝐾, 𝐼𝑚)

⎛⎝ ∑︁
𝛾∈ℱ𝑚

ℎ,𝐼

ℎ𝛾

⃦⃦⃦
n𝛾 ·

r
K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ

z⃦⃦⃦2

L2(𝐼𝑚,L2(𝛾))

⎞⎠1/2

×

⎛⎝ ∑︁
𝐾∈𝒯𝑚

ℎ

ℎ2
𝐾

⃦⃦⃦
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦2

L2(𝐼𝑚,L2(𝐾))

⎞⎠1/2

.

Analogously for the third term of 𝜉1 we have that∑︁
𝛾∈ℱ𝑚

ℎ

∫︁
𝐼𝑚

𝜂𝛾

(︁
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ), 𝜙𝛾

)︁
𝜔𝛾

d𝑡

≤ max
𝐾∈𝒯𝑚

ℎ ,𝛾∈𝜕𝐾
𝐶𝐼,4(𝛾,𝐾, 𝐼𝑚)

⎛⎝ ∑︁
𝐾∈𝒯𝑚

ℎ

ℎ𝛾𝜖
2‖J𝑢𝜏

ℎK‖2L2(𝐼𝑚,L2(𝐾))

⎞⎠1/2

×

⎛⎝ ∑︁
𝐾∈𝒯𝑚

ℎ

ℎ2
𝐾

⃦⃦⃦
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦2

L2(𝐼𝑚,L2(𝐾))

⎞⎠1/2

.

Similarly, by the Cauchy–Schwarz inequality and (31), the last term of 𝜉1 is bounded as∑︁
𝐾∈𝒯𝑚

ℎ

∫︁
𝐼𝑚

𝛿𝐾

(︁
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ), 𝜙𝐾

)︁
𝐾

d𝑡

≤ max
𝐾∈𝒯 𝑚

ℎ

𝐶𝐼,0(𝐾, 𝐼𝑚)
∑︁

𝐾∈𝒯𝑚
ℎ

𝛿𝐾

⃦⃦⃦
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦

L2(𝐼𝑚,L2(𝐾))

≤ max
𝐾∈𝒯 𝑚

ℎ

𝐶𝐼,0(𝐾, 𝐼𝑚)

⎛⎝ ∑︁
𝐾∈𝒯𝑚

ℎ

ℎ2
𝐾

⃦⃦⃦⃦⌊︁
𝜗(𝑢𝜏

ℎ)
⌋︁

𝑚−1

⃦⃦⃦⃦2

L2(𝐾)

⎞⎠1/2

×

⎛⎝ ∑︁
𝐾∈𝒯 𝑚

ℎ

ℎ2
𝐾

⃦⃦⃦
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦2

L2(𝐼𝑚,L2(𝐾))

⎞⎠1/2

.
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Now, we estimate the two terms of 𝜉2 (42). By (36), we obtain a lower bound for the first term of 𝜉2 as

−
∑︁

𝛾∈ℱ𝑚
ℎ,𝐼

∫︁
𝐼𝑚

𝛽𝛾

(︁
n𝛾 ·

r
K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ

z
, 𝜙𝛾

)︁
𝛾

d𝑡 ≥
(︂

max
𝛾∈ℱ𝑚

ℎ

𝐶𝐼,3(𝛾, 𝐼𝑚)
)︂−1 ∑︁

𝛾∈ℱ𝑚
ℎ,𝐼

ℎ𝛾

⃦⃦⃦
n𝛾 ·

r
K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ

z⃦⃦⃦2

L2(𝐼𝑚,L2(𝛾))
.

By employing Cauchy–Schwarz and (35), the second term of 𝜉2 can be estimated as

−
∑︁

𝛾∈ℱ𝑚
ℎ

∫︁
𝐼𝑚

𝜂𝛾

(︁
n𝛾 · JK(𝑢𝜏

ℎ)∇𝑢𝜏
ℎK, 𝜙𝛾

)︁
𝛾

d𝑡

≤ max
𝛾∈ℱ𝑚

ℎ

𝐶𝐼,6(𝛾, 𝐼𝑚)
∑︁

𝛾∈ℱ𝑚
ℎ

ℎ𝛾𝜖‖J𝑢𝜏
ℎK‖L2(𝐼𝑚,L2(𝛾))

⃦⃦⃦
n𝛾 ·

r
K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ

z⃦⃦⃦
L2(𝐼𝑚,L2(𝛾))

≤ max
𝛾∈ℱ𝑚

ℎ

𝐶𝐼,6(𝛾, 𝐼𝑚)

⎛⎝ ∑︁
𝛾∈ℱ𝑚

ℎ

ℎ𝛾𝜖
2‖J𝑢𝜏

ℎK‖2L2(𝐼𝑚,L2(𝛾))

⎞⎠1/2⎛⎝ ∑︁
𝛾∈ℱ𝑚

ℎ

ℎ𝛾

⃦⃦⃦
n𝛾 ·

r
K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ

z⃦⃦⃦2

L2(𝐼𝑚,L2(𝛾))

⎞⎠1/2

.

Combining all these results into (40), applying Young’s inequality, and setting 𝐶1 = max𝐾∈𝒯 𝑚
ℎ
𝐶𝐼,1, 𝐶2 =

max𝐾∈𝒯 𝑚
ℎ
𝐶𝐼,0, 𝐶3 = max𝛾∈ℱ𝑚

ℎ
𝐶𝐼,3, 𝐶4 = max𝐾∈𝒯𝑚

ℎ ,𝛾∈𝜕𝐾 𝐶𝐼,4, and 𝐶5 = max𝐾∈𝒯 𝑚
ℎ ,𝛾∈𝜕𝐾 𝐶𝐼,6 gives⟨︀

𝑅, 𝑣
⟩︀
≥
(︂
𝜃1𝐶

−1
1 − 1

2
𝜃2𝐶3𝐶

2
4 −

1
2
𝜃3𝐶4 −

1
2
𝜃4𝐶2

)︂ ∑︁
𝐾∈𝒯 𝑚

ℎ

ℎ2
𝐾

⃦⃦⃦
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦2

L2(𝐼𝑚,L2(𝐾))

+
(︂
𝜃2𝐶

−1
3 − 1

2
𝜃2𝐶

−1
3 − 1

2
𝜃3𝐶6

)︂ ∑︁
𝛾∈ℱ𝑚

ℎ

ℎ𝛾

⃦⃦⃦
n𝛾 ·

r
K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ

z⃦⃦⃦2

L2(𝐼𝑚,L2(𝛾))

− 1
2
𝜃3(𝐶4 + 𝐶6)

∑︁
𝛾∈ℱ𝑚

ℎ

ℎ𝛾𝜖
2‖J𝑢𝜏

ℎK‖2L2(𝐼𝑚,L2(𝛾))

− 1
2
𝜃4𝐶2

∑︁
𝐾∈𝒯 𝑚

ℎ

ℎ2
𝐾

⃦⃦⃦⃦⌊︁
𝜗(𝑢𝜏

ℎ)
⌋︁

𝑚−1

⃦⃦⃦⃦2

L2(𝐾)

.

As all four terms must be non-negative, we must set 𝜃3 = 𝜃4 = 0; then, we select 𝜃1 and 𝜃2 such that

𝜃1𝐶
−1
1 − 𝜃2𝐶3𝐶

2
4 ≥ 0,

which gives that ⟨︀
𝑅, 𝑣

⟩︀
≥ ̂︀𝐶

⎛⎝ ∑︁
𝐾∈𝒯 𝑚

ℎ

̃︀𝜂2
1 +

∑︁
𝛾∈ℱ𝑚

ℎ

̃︀𝜂2
2

⎞⎠ (45)

where ̂︀𝐶 is a positive constant. Now, applying (31), (33), (37) and (38) we have, noting that 𝜃3 = 𝜃4 = 0, that

‖𝑣‖L2(𝐼𝑚,H1(Ω,𝒯𝑚
ℎ )) ≤ 𝜃1

∑︁
𝐾∈𝒯 𝑚

ℎ

𝛼𝐾‖𝜙𝐾‖L2(𝐼𝑚,H1(𝐾)) + 𝜃2
∑︁

𝛾∈ℱ𝑚
ℎ

𝛽𝛾‖𝜙𝛾‖L2(𝐼𝑚,H1(𝜔𝛾 ,𝒯𝑚
ℎ ))

≤ 𝜃1
∑︁

𝐾∈𝒯𝑚
ℎ

̃︀𝐶1ℎ
−1
𝐾 𝛼𝐾 + 𝜃2

∑︁
𝛾∈ℱ𝑚

ℎ

max
𝐾∈𝜔𝛾

̃︀𝐶2ℎ
−1/2
𝛾 𝛽𝛾

= 𝜃1
∑︁

𝐾∈𝒯𝑚
ℎ

̃︀𝐶1ℎ𝐾

⃦⃦⃦
𝑓 +∇ ·K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ − 𝜕𝑡𝜗(𝑢𝜏

ℎ)
⃦⃦⃦

L2(𝐼𝑚,L2(𝐾))

+ 𝜃2
∑︁

𝛾∈ℱ𝑚
ℎ

max
𝐾∈𝜔𝛾

̃︀𝐶2ℎ
1/2
𝛾

⃦⃦⃦
n𝛾 ·

r
K(𝑢𝜏

ℎ)∇𝑢𝜏
ℎ

z⃦⃦⃦
L2(𝐼𝑚,L2(𝛾))

,
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where ̃︀𝐶1 = max(𝐶𝐼,0(𝐾, 𝐼𝑚)𝐶ℎ, 𝐶𝐼,2(𝐾, 𝐼𝑚)) and ̃︀𝐶2 = max(𝐶𝐼,4(𝐾, 𝐼𝑚)𝐶ℎ, 𝐶𝐼,5(𝐾, 𝐼𝑚)) given a constant
𝐶ℎ ≤ diam(Ω) such that ℎ𝐾 ≤ 𝐶ℎ for all 𝐾 ∈ 𝒯 𝑚

ℎ . Hence,

‖𝑣‖L2(𝐼𝑚,H1(Ω,𝒯𝑚
ℎ )) ≤ ̃︀𝐶

⎛⎝ ∑︁
𝐾∈𝒯 𝑚

ℎ

̃︀𝜂2
1 +

∑︁
𝛾∈ℱ𝑚

ℎ

̃︀𝜂2
2

⎞⎠1/2

, (46)

where ̃︀𝐶 is a positive constant. Combining (45) and (46) we have that

⃒⃒⃒⃒⃒⃒⃒⃒⃒
ℛ(𝑢𝜏

ℎ)
⃒⃒⃒⃒⃒⃒⃒⃒⃒

𝑚
= sup

𝑤∈L2(𝐼𝑚,H1(Ω,𝒯 𝑚
ℎ ))∖{0}

⟨
ℛ(𝑢𝜏

ℎ), 𝑤
⟩

‖𝑤‖L2(𝐼𝑚,H1(Ω,𝒯 𝑚
ℎ ))

≥

⟨
ℛ(𝑢𝜏

ℎ), 𝑣
⟩

‖𝑣‖L2(𝐼𝑚,H1(Ω,𝒯 𝑚
ℎ ))

≥ 𝐶

⎛⎝ ∑︁
𝐾∈𝒯 𝑚

ℎ

̃︀𝜂2
1 +

∑︁
𝛾∈ℱ𝑚

ℎ

̃︀𝜂2
2

⎞⎠1/2

where 𝐶 is a positive constant. �

Remark 3.12. We note that we do not have lower bounds in terms of 𝜂3 and 𝜂4.

4. Numerical experiments

In this section, we perform two numerical experiments to test the performance of the a posteriori error bound
in Theorem 3.6 within an automated adaptive refinement routine with fixed time step size. We note that it
would be advisable to use an adaptive time step size; see, for example, [21, 23]. At each time step we solve the
system of nonlinear equations using a simple fixed point iteration with initial guess given by the previous time
step (or projection of the initial condition); for each inner iteration we solve the system of linear equations using
the Multifrontal Massively Parallel Solver (MUMPS); cf. [4–6].

The mesh 𝒯 𝑚
ℎ , at each time step 𝑚 = 1, . . . , 𝑠 is constructed by performing ℎ-adaptive mesh refinement

based on marking 20% of elements with the largest elemental error indicators, which are the restriction of the
error bound from Theorem 3.6 to each element, for refinement and the 5% with the smallest error indicators for
coarsening. This is repeated at each time step until the error bound reaches a desired tolerance 4× 10−3. The
initial mesh 𝒯 𝑚

ℎ at step 𝑚 = 2, . . . , 𝑠 is constructed by performing ℎ-refinement of the previous mesh 𝒯 𝑚−1
ℎ

with the smallest 50% marked for coarsening and the largest 1% marked for refinement.
We note that we cannot compute the dual norm of the residual; however, we can compare the convergence

of the error bound to the L2(𝐼𝑚,H1(Ω, 𝒯 𝑚
ℎ ))- and L2(𝐼𝑚,L2(Ω, 𝒯 𝑚

ℎ ))-error.

4.1. Barenblatt problem

For the first example, by setting 𝜗(𝑢) = 𝜃(𝑢) = 𝑢1/𝑛 and K = I we consider the Barenblatt problem

𝜕𝑡𝑢
1/𝑛 −∆𝑢 = 0 in (−6, 6)2 × (0, 2)

for 𝑛 > 0 with the analytical solution

𝑢(x, 𝑡) =
1

𝑡+ 1

[︂
1− 𝑛− 1

4𝑛2

|x2|
(𝑡+ 1)1/𝑛

]︂𝑛/𝑛−1

+

,

where [𝑎]+ = max(𝑎, 0). We first consider 𝑛 = 0.2, which is fast-diffusion problem and set suitable initial and
boundary conditions. We consider the space-time discretization with space polynomial degree 𝑝 = 2 and time
polynomial degree 𝑞 = 1 with fixed time step size 𝜏𝑚 = 0.02, 𝑚 = 1, . . . , 100.

In Figure 1a we plot the error bound from Theorem 3.6 at each time step and each iteration of the adaptive
refinement, along with the actual error in the L2(𝐼𝑚,H1(Ω, 𝒯 𝑚

ℎ ))- and L2(𝐼𝑚,L2(Ω, 𝒯 𝑚
ℎ ))-norms. We note that

even though the error bound is not for the L2(𝐼𝑚,H1(Ω, 𝒯 𝑚
ℎ ))-error, it appears to overestimate this error by a
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Figure 1. Barenblatt problem (𝑛 = 0.2). Error bound, actual error, and effectivity at each
time step and mesh refinement step.

roughly constant amount, which can be seen in Figure 1b where we compute an effectivity index by dividing
the error bound by the L2(𝐼𝑚,H1(Ω, 𝒯 𝑚

ℎ ))-error.
In Figure 2 we show the final mesh at time step 𝑚 = 1, 10, 50 alongside the numerical solution 𝑢𝜏

ℎ. We note
that at 𝑚 = 1 refinement produced by the error indicators is concentrated around the peak at the origin, and
as the solution diffuses (at 𝑚 = 10, 50) the mesh coarsens around this origin, while keeping similar refinement
in the rest of the domain.

We also consider the Barenblatt problem for 𝑛 = 2, 4, which is the more traditional porous media case. In
this situation, in order for the resulting linear systems to be solveable we instead solve the formulation for a
𝑣 = 𝑢1/𝑛; namely, we derive a numerical approximation 𝑣𝜏

ℎ to the equation

𝜕𝑡𝑣 −∇ · (𝑛|𝑣|𝑛−1∇𝑣) = 0 in (−6, 6)2 × (0, 2)

and then compute 𝑢𝜏
ℎ = (𝑣𝜏

ℎ)𝑛. We note that for 𝑛 = 4 we increase the desired tolerance to 0.1 as continuing
the refinement further would produce very refined, and difficult to read, meshes; cf. Figure 5.

In Figures 3a and 3b we plot the error bound from Theorem 3.6 at each time step and each iteration of
the adaptive refinement for 𝑚 = 2, 4, respectively, along with the actual error in the L2(𝐼𝑚,H1(Ω, 𝒯 𝑚

ℎ ))- and
L2(𝐼𝑚,L2(Ω, 𝒯 𝑚

ℎ ))-norms. Again, we note that even though the error bound is not for the L2(𝐼𝑚,H1(Ω, 𝒯 𝑚
ℎ ))-

error, it appears to overestimate this error by a roughly constant amount. However, the effectivity index in
Figure 3c indicates that this overestimation is not completely constant. We remark here, that especially at coarse
mesh resolutions the actual error norms may be incorrect as they are calculated using numerical integration
elementwise, and on an insufficiently refined mesh the analytical solution may be badly approximated by the
quadrature. Notably, on the first mesh, changing the number of quadrature points ±1 results in large changes
in the computed error; however, this effect disappears on more refined meshes.

Figures 4 and 5 show the final mesh at time step 𝑚 = 1, 10, 50 alongside the numerical solution 𝑢𝜏
ℎ for

𝑚 = 2, 4, respectively. We note here that a sharp discontinuity in the gradient occurs around the base of the
“hill”, which we note is captured by the refinement at 𝑚 = 1 produced by the error indicators and which moves
outwards from the origin as time evolves (at 𝑚 = 10, 50) with some minor coarsening caused by the discontinuity
becoming less sharp. Additionally, as time evolves the mesh around the peak at the origin is coarsened as the
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Figure 2. Barenblatt problem (𝑛 = 0.2). Final meshes compared to solution at 𝑚 = 1, 10, 50.
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Figure 3. Barenblatt problem (𝑛 = 2, 4). Error bound, actual error, and effectivity at each
time step and mesh refinement step.

peak diffuses. We note that the layer is sharper in the 𝑚 = 4 case resulting in more refinement around this
layer.

4.2. Tracy problem

For this problem we consider the equation (1) on Ω = (0, 1) × (0, 2) with 𝑓 = 0 and 𝑇 = 0.001 with the
Gardner [33] constitutive relationships. We set

𝜃(𝑢) =

{︃
𝜃𝑆 if 𝑢 ≥ 0,
𝜃𝑅 + (𝜃𝑆 − 𝜃𝑅)𝑒𝐴𝑢 if 𝑢 < 0,
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Figure 4. Barenblatt problem (𝑛 = 2). Final meshes compared to solution at 𝑚 = 1, 10, 50.
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Figure 5. Barenblatt problem (𝑛 = 4). Final meshes compared to solution at 𝑚 = 1, 10, 50.
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Figure 6. Tracy problem. Error bound, actual error, and effectivity at each time step and
mesh refinement step.

K(𝑢) =

{︃
𝐾𝑆I if 𝑢 ≥ 0,
𝐾𝑆I𝑒𝐴𝑢 if 𝑢 < 0,

with 𝐴 = 0.1, 𝐾𝑆 = 1.1, 𝜃𝑆 = 0.5, and 𝜃𝑅 = 0. We set the initial condition 𝑢0 = −10 on the whole domain Ω,
and define inhomogeneous Dirichlet boundary conditions of −10 on every edge, except the 𝑦 = 2 (top) edge,
where we set the boundary condition to

log
(︀
𝑒𝐴𝑢0 +

(︀
1− 𝑒𝐴𝑢0

)︀)︀
sin(𝜋/𝐴).

We refer to [45,46] for the analytical solution.

Remark 4.1. We note that the solution 𝑢 should not be positive due to the maximum principle; however, we
consider 𝑢 > 0 as the STDG formulation considered here does not guarantee the preservation of the maximum
principle for the numerical solution. In practice, the solution does appear to stay non-positive; cf. Figure 7.

We note that we have an inconsistency between the initial and boundary conditions. To allow for this, we only
solve the first time step to the tolerance 4 × 10−2. For this problem, we consider the space-time discretization
with space polynomial degree 𝑝 = 2 and time polynomial degree 𝑞 = 1 with fixed time step size 𝜏𝑚 = 10−5,
𝑚 = 1, . . . , 100.

In Figure 6a we plot the error bound from Theorem 3.6 at each time step and each iteration of the adaptive
refinement, along with the actual error in the L2(𝐼𝑚,H1(Ω, 𝒯 𝑚

ℎ ))- and L2(𝐼𝑚,L2(Ω, 𝒯 𝑚
ℎ ))-norms. Additionally,

we also include L2(𝐼𝑚,H1(Ω, 𝒯 𝑚
ℎ ))- and L2(𝐼𝑚,L2(Ω, 𝒯 𝑚

ℎ ))-norms for 𝜗 to show that the error in the active pore
volume behaves similarly to the pressure variable. In this problem, we note that the error bound underestimates
the L2(𝐼𝑚,H1(Ω, 𝒯 𝑚

ℎ ))-error. This is confirmed in Figure 1b where we compute an effectivity index by dividing
the error bound by the L2(𝐼𝑚,H1(Ω, 𝒯 𝑚

ℎ ))-error, where this value is below 1. Additionally, we also compute an
effectivity index for the L2(𝐼𝑚,H1(Ω, 𝒯 𝑚

ℎ ))-error of 𝜗, which we notice the error indicator overestimates, and
with an effectivity which fluctuates.

We again show in Figure 7 the final mesh at time step 𝑚 = 1, 5, 25 compared to the numerical solution. We
note that the refinement follows the front of the solution with coarsening as the solution diffuses; notably, at
𝑚 = 1 there is a sharp layer at 𝑦 = 2, but this is more diffused at 𝑚 = 25.
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Figure 7. Tracy problem. Final meshes compared to solution at 𝑚 = 1, 5, 25.

4.3. Brooks–Corey problem

For the final problem, we consider a more realistic simulation resembling a Brooks–Corey model; cf. Section 6.3
of [38]. For this problem we consider, on the domain Ω = (0, 1)2, a slightly different version of the differential
equation,

𝜕𝑡𝑆(𝑝)−∇ ·
(︁ ̂︀K(𝑆(𝑝))(∇𝑝+ g)

)︁
= 0 in Ω× (0, 1), (47)
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where 𝑝 is the pressure and 𝑆(𝑝) is the saturation. We note that we can consider this equation the same as (1)
by setting 𝑢 = 𝑝+ g · x, 𝜗(𝑢) = 𝑆(𝑢− g · x), K(𝑢) = ̂︀K(𝜗(𝑢)), and 𝑓 = 0 in (1). Additionally, we set

g = −e𝑥, 𝑆(𝑝) =

{︃
1

(2−𝑝)1/3
if 𝑝 < 1,

1 if 𝑝 ≥ 1,
, ̂︀K(𝑠) = K𝑠3,

where e𝑥 is the unit vector in the 𝑥-direction and K ∈ R2×2 is a matrix denoting the properties of the medium.
In this example, we consider a heterogeneous and anisotropic medium with

K =

{︃
K1 for 𝑥 < 0.5,

0.1Q⊤K1Q for 𝑥 ≥ 0.5,
where K1 =

(︂
1 0
0 0.5

)︂
, Q =

(︂
cos 𝜋/3 − sin 𝜋/3

sin 𝜋/3 cos 𝜋/3

)︂
.

We also consider inhomogeneous Dirichlet conditions 𝑝 = 𝑝in = 0.8 on the boundary {0} × (0, 0.5) and
𝑝 = 𝑝out = −3 on the boundary (0.5, 1)× {1}, and homogeneous Neumann boundary conditions on the rest of
the boundary. We note that we have not considered the analysis of Neumann boundary conditions in this article;
therefore, to perform the simulation we consider the following changes to the formulation and error indicators:
– in the form 𝑎ℎ,𝑚(𝑢, 𝑣), cf. (7), we change all integrals over edges to be only integrals over interior edges and

edges on the Dirichlet boundary, and
– the error indicator 𝜂3, cf. (17), is not calculated for edges on the Neumann boundary.

This problem does not have a known analytical solution; therefore, we use the initial condition

𝑢0 =

{︃
𝑝in + g · x, 𝑥 < 0.5,
𝑝out + g · x, 𝑥 ≥ 0.5

to conform with the boundary. For this problem, we consider the space-time discretization with space polynomial
degree 𝑝 = 2 and time polynomial degree 𝑞 = 1 with fixed time step size 𝜏𝑚 = 0.01, 𝑚 = 1, . . . , 100. We
additionally start with a uniform mesh in order to accurately capture the interface between the materials.

As we cannot compare the error bound to the true error, we only display the meshes generated and the
numerical solution at several time steps in Figure 8 to demonstrate the performance of the error indicator. We
first note that we use a fairly high tolerance, 0.9, due to the high level of refinement that otherwise occurs at
the point (0.5, 1). As can be seen in the meshes, the refinement at the initial steps is concentrated around the
discontinuity in the initial solution between the two materials, as well as at the points between the Dirichlet and
Neumann boundaries at (0, 0.5) and (0.5, 1). As time evolves, the refinement around the point (0.5, 1) becomes
more refined along with refinement on the boundary (0.5, 1) × {1}, while the rest of the domain is coarsened
towards the initial mesh as the discontinuity at the material interface becomes smooth. We also note that as
time evolves a portion of the domain around (0.5, 0) becomes fully saturated. We have highlighted the vertices
of the mesh where this occurs on the plot of the saturation at each time step.

5. Conclusion

In this article, we have studied the numerical approximation of the Richards equation using a space-time
discontinuous Galerkin formulation. We have derived both upper and lower a posteriori error bounds for error
in a residual dual norm. These error bounds are based on extending residual based arguments from continuous
spatial metheds to a discontinuous space-time formulation, and are computable just from the numerical solution
without solving an additional formulation or problem. We have provided several numerical approximations where
the mesh is adapted at each subinterval of time based on local error indicators from the error estimate. In these
numerical experiments we note that while the error bound is not a bound on the actual error in the H1-norm
it does behave similarly to the actual error and the mesh adapts according to how the solution evolves in time.
While the error bound is, therefore, not a true bound on the error, it can be used to drive adaptive refinement
as it is able to approximate areas in the mesh where the error is likely to be large.
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Figure 8. Brooks–Corey problem. Final meshes compared to solutions at 𝑚 = 1, 10, 50, 100.
The region where the solution is in the saturated regime is marked on the saturation solution.
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