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RESIDUAL-BASED A POSTERIORI ERROR ESTIMATION FOR A
SPACE-TIME DISCONTINUOUS GALERKIN FORMULATION OF THE
RICHARDS EQUATION

ScoTT CONGREVE!"® AND HYUN-GEUN SHIN?

Abstract. In this article, we develop the a posteriori error analysis of a space-time discontinuous
Galerkin finite element method for the Richards equation. Computable upper and lower bounds on
the error in a residual dual norm are derived, which are explicit in the mesh size. Several numerical
experiments demonstrate the performance of the a posteriori error bound within an mesh refinement
algorithm, which refines the mesh as time evolves. Although this a posteriori error bound is on the
residual dual norm, and is not a upper bound for the H*-norm, it is able to refine the areas of the mesh
where the residual is large in a manner which reduces the H-error and L2-error as well.

Mathematics Subject Classification. 65N15, 65N30, 65N50.

Received January 27, 2025. Accepted November 25, 2025.

1. INTRODUCTION

In this article, we develop an a posteriori error analysis for the space-time discontinuous Galerkin method
(STDG) for the Richards equation. The Richards equation [42] models fluid flows in variably saturated porous
media, and is utilized in many areas such as agriculture and hydrology. The pressure formulation is given as

0d(u) — V- (K(uw)Vu) = f in Q x (0,7), (1)
u=0 on 002 x (0,T), (2)
u(+,0) = ug in Q. (3)

Here, Q@ C R? is a bounded polygonal domain with boundary 9Q, T > 0, 9, is the derivative with respect to
time, u : 2x (0,7) — R is the normalized pressure function with initial condition up : @ = R, f: Qx(0,7) - R
is the source term, K : R — R2*2 ig the hydraulic conductivity tensor, # : R — R is the water content function,
and ¥ : R — R is the active pore volume defined by

I(u) = 0(u) + g—: /_u 0(s)ds, (4)
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where S, s > 0 are material parameters. We assume that the water content ¥ is non-negative, non-decreasing,
and Lipschitz continuous and that the hydraulic conductivity K is symmetric, positively semi-definite, and
Lipschitz continuous. The Richards equation can be considered as a nonlinear degenerative parabolic equation
[18] as it can degenerate to either an elliptic equation (fast-diffusion degeneracy) or to a system of ordinary
differential equations (slow-diffusion degeneracy). The concept of fast and slow diffusions was described in [37]
by mentioning the experimental results on the curves of different models of hydraulic conductivity and water
content. We note that this is only one possible formulation of a Richards equation in broad sense depending on if
it is pressure-based (as in this case), saturation-based, or mixed, and whether the hydraulic head is normalized;
cf. for example, [21,43,44] for a comparison between different formulations.

The existence and uniqueness of a weak solution in L2([0, T], H}(€2)) for the Richards equation was first shown
in [3], with Dirichlet and Neumann boundary conditions. Moreover, existence of viscosity solutions are sought in
[34]. Furthermore, the existence of strong solutions are studied under the condition of constant pressure gradient
in [12].

Due to the nonlinearity and possibility of degeneracy the efficient computation of a numerical solution to the
Richards equation is challenging; cf. [32]. Several numerical methods have been proposed and analyzed, such as
conforming finite element methods [24,39], finite volume methods [30, 31], mixed finite elements [7, 41,49, 50],
and a mixed finite volume-finite element [40]. Additionally, several variants of discontinuous Galerkin finite
element methods have been studied [11, 16,26, 36].

The Richards equation (1) was solved in [21] with the interior penalty (IP) [8,20] variant of the space-
time discontinuous Galerkin finite element method. In particular, it was demonstrated that the STDG with
temporal and spatial adaptations exhibits an efficient simulation of practical problems in porous media flow. The
discontinuous nature of the method allows approximation of discontinuous and more stable sharp gradients in the
solution, such as boundary layers. However, only a practical implementation is provided, and no error estimation
was performed. A priori error estimation for a semi-discrete spatial discretization wvia a local discontinuous
Galerkin formulation has been studied in [17]. In this article, we will study a residual-type a posteriori error
estimation of the IP STDG method, and its use in driving the spatial adaptation.

Upper bounds for residual-type a posteriori error estimates on quasilinear parabolic partial differential equa-
tions for finite volume [25] and finite element [9,27,47] spatial discretization for the method of lines have been
analyzed in the case where the time derivative is linear; hence, the challenge is only in the nonlinear diffusion
term. Upper and lower bounds have been derived for a p-Laplacian operator which is assumed to be strictly
monotone [15]. In [22] an equilibrated flux reconstruction technique [14,19,28] for the a posteriori error estimate
for nonlinear diffusion with both continuous and discontinuous Galerkin space-time formulations has been stud-
ied. Degenerate nonlinear parabolic problems with linear time derivative has been studied with low order spatial
and temporal discretization methods such as the Pl-finite element [35] and finite volume [1] with backward
Euler.

Based on those results analysis for the Richards equation has been studied in various articles. In [10] only
the upper bounds for a formulation using multistep and finite volume method was derived for a version of the
Richards equation with nonlinear water content function and a bounded conductivity. A discontinuous Galerkin
formulation with a backwards difference formula in time was studied in [16] without derivation of lower bounds,
[38] studied a finite element method for a hydraulic conductivity bounded by positive constants, and [13] studied
a mixed finite element with implicit Euler. For a space-time discontinuous Galerkin formulation of the Richards
equation [23] adopted the technique from [22] to derive a posteriori error estimators based on a equilibrated flux
reconstruction. This technique requires additional local computations in order to compute the error bounds.
Furthermore, the scaling parameter and the defined norm in the analysis can be complicated.

In this article, we instead conduct a residual-based a posteriori error analysis, cf. [48], to derive the upper and
lower bounds for the numerical approximation of the Richards equation (1)—(3) by the space-time discontinuous
Galerkin formulation. Here, as well as deriving both upper and lower bounds, which is often missing in the
above analysis, we also can compute the error estimate without any additional formulations or computations.
Specifically, we demonstrate how to estimate both the time and space jump terms.
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The article is organized as follows. In Section 2 we state the space-time discontinuous Galerkin formulation
of (1)—(3). The upper and lower a posteriori error bounds are derived in Section 3. Section 4 contains a set
of numerical experiments to validate the performance of adaptive refinement based on the a posteriori error
indicators. Finally, in Section 5 we summarise the main results of this article.

2. SPACE-TIME DISCONTINUOUS (GALERKIN FORMULATION

In this section, we discretize the Richards equation (1)—(3) using the incomplete interior penalty (IIP) space-
time discontinuous Galerkin finite element method; cf. [21]. To this end, we first introduce the necessary notation.

2.1. Meshes, spaces, and trace operators

We consider the partition of the time interval (0,7) into s sub-intervals I,;, = (tp—1,tm), m = 1,...,s, with
time step T, =ty — tm—1. For m = 1,..., s, we consider shape-regular meshes 7, that partition the domaln
) into disjoint triangles K such that Q U KeTm K. We assume each mesh is conformlng, i.e., the mesh does

not contain hanging nodes. We denote by hx the element diameter for each element K € 7. On a mesh 7,
we can define the broken H*-space, for k > 1 as

HY(Q,7,") = {¢ € L*(Q) : ¢|x € HY(K),K € T, },

with associated norm

||U||1%1k(9,7,;") = Z ”v”%{k(K)'
KeTm

Let p > 0 be an integer and P,(K) be the space of polynomial functions of total degree p on an element
KeT™, m=1,...,s; then, we can define the finite element space

Spt,={¢ € L*(Q) : ¢|x € Pp(K),K € T,"}.

Furthermore, for an integer ¢ > 0 let P, (L, S,Tl’fp) be the space of the tensor product of a polynomial function
in time of degree ¢ with the space S}, such that for a function ¢ € Py(I,,, S3,) it holds that ¢(-,t) € S, for
all t € I,,,. Then, we define the space-time finite element space

Spt = {¢ € L2(I,n,L2(Q)) : ¢l1,, € Py(Ln. S},)m =1,...,5}.

I,

We now define some suitable edge operators required for the definition of the STDG. To this end, we denote
by F"; and Fp"p, the set of interior and boundary faces, respectively, of the mesh ", m=1,...,s, and let
Fit = Fp'p UFp. For an edge v € F;" we denote by h, the length of the edge. Let v and q be scalar-
and vector-valued functions, respectively, which are smooth inside each element K e 7,*. Given two adjacent
elements K+, K~ € 7,™ which share a common edge v € Fp'p we write v* and q% to denote the traces of v
and q from the interior of K+, respectively, and define n., as the outward unit normal to K+ on the edge. We
now define the average of v and qatxe ’y as

{vl} == (U +v” ) {q} =
and the jumps of v and q at x € v as
[]= (" =v7) la=(a"—a).

On a boundary face v € /', we set {o} = v, {a} =q, [v] =v, and [q] =q
For v € ;1 we let

(a"+a”)

l\.’)\r—t

lim v(t), m=1,...,s, v:,rlzhmv(t) m=0,...,s—1,

t—tm t—>t,"

Um:

and define the time jump
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2.2. Incomplete interior penalty STDG discretization

In this section, we define the incomplete interior penalty STDG for the numerical approximation of (1)—(3),
cf. [21]. Given a time partition {I,,}5,_;, with corresponding meshes {7,”}? _,, and time and space polynomial
degrees p and ¢, respectively, we seek a numerical approximation uj, € S;:g such that

Ap,m(up, vy,) = €(vg), (5)
for all vf € Sp*1, m =1,...,s, where
Apm(u,v) = /I (0k9(w), v)m + anm(u,v)dt + (W(“)Jmfpvqu)ﬁ;'"a (6)
apnm (1,0) = (K(u)Vu, Vo)zm — > (ny - {K@)Vul, [o]), + Y e([ul, [v]), (7)
YEF yEF

to) = / (f.0) e, (8)

m

form =1,...,s. Here, (-,-)zm = Y1 (-, )k, and (-,-) i and (-,-), denote the L*-inner product for an element
K €T, and edge v € FJ", respectively. The parameter € is given by

= Gw
-3

where Cy > 0 is the penalization constant.
Remark 2.1. In the case of an inhomogeneous boundary condition u = g on 99 the linear functional ¢(v) is
replaced by
ov) = / Gyt 3 e
YEFRD
cf. [21].
3. A posteriori ERROR ANALYSIS

In this section, we follow the technique presented in Section 3.8 of [48] to derive a residual-based error estimate
for (5). We first define the dual norm

(R(u),v)
IR, = sup 9)
veL2(L, 1@\ (0} [Vl 1 @ 7))

for u € L?(1,,,, H*(Q, T,™)), where
(R(u),v) :==L(v) — Ap.m(u,v). (10)

Remark 3.1. We note that this dual norm is defined on the broken space H'(Q, 7;™) as it is the dual for the
broken H'-norm and needs to apply on the broken finite element space. We note that this is similar to how the

residual is defined in other discontinuous space-time methods; cf. for example equation (19) of [22] which uses
the L2(I,,, L?(Q2))-space.
For v € L?(I,, H(Q, 7;)) and uj, € Sp?, we have

(R(up), vy =L(v) — Apm(uf, v) = Apm(u,v) — Ap m (uf, v). (11)
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3.1. Auxiliary results

Before deriving the a posteriori error estimates we define the following auxiliary results. To this end, we first
define the set of vertices of the mesh 7, as N}, the set of vertices for each element K € 7, as N, and the
set of vertices of each edge v € F}* as N,. At each vertex z € N} we define the hat function A, and let w,
denote the patch of elements sharing the vertex z.

Lemma 3.2. Let \, be the hat function at verter z. For w € HY(K) and w, € Py(K), X\,(w — wp) on an
element K € w, is zero on at least one edge v. Then,

’)\;/Q(wfwh)’ <CF Vw‘
L2(K) L2(K)’
where y
1AL (w — wh) |2
COr(K) = sup 7 )
weH (K)\{0}  hi ||\ Vw2 (k)
Proof. See [48], p. 105. O

Lemma 3.3. Let w € H'(Q,7,;™), then we can estimate the average term {-} and the jump term [-] as

> [Hrtas< 3o [ e (12

NEF KeTm
3 / [w)ds<2 3 / (|2 ds. (13)
VEF KeTm
Proof. See Lemma 2.27 of [20] for the second result. The first result follows similarly. O

Lemma 3.4. Let w € HY(K), K € T,™; then, for v € 0K

‘ < 3m) ‘ S hK,ul('Y)’
L2(y) ~ 2u2(K)

A2
LK) p2(K)
where p1(7y) and pe(K) is the Lebesgue measure of v and K, respectively.

: ] A2 A/2y

z

A2 ’

L2(K) ‘ L2(K)

Proof. We first define rx (x) = x — ax , where ar . is the vertex of the element K opposite the edge ~; then,
by Proposition 3.2 of [48] for A\,v € WH(K)

1 1
Avds — 7/ )\zvdx:i/ rg - V(Av)dx.
ey (K i 2a () e V)
From Proposition 3.3 of [48], using ri - VA, = A,

o vt i ) @ .
vds — ———— ALvdx = —— Arg ~ - Vodx.
() 2p2(K) Jx 2p5(K) Jye "

Az |lw|ds — Alwlfdx < —— )\Z i wl? )| dx
2hK /
A |Vw||lw| dx
2u2(K) Ji | H |

2hK ‘ 1
—_— )\2/2Vw‘
2u2(K)

A2

z

HL2(K)' L2(K)
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In addition, on time intervals I, m = 1,...,s, we introduce an interpolation operator II7, : V' — P,(In)
where V' is some function space and P,(I,,) is a polynomial space of degree ¢, which is defined by

veV iIlTv(ty) = v(ty) k=0,...,q, (14)
where t € Im, k =0,...,q are distinct time points. The operator II7, can be explicitly represented by using

the Lagrange basis functions £ as
q

7w =Y w(ty)Lr. (15)

k=0

Lemma 3.5. Let r € [1,00], ¢ > 0 be the polynomial degree, s € [0,1] and let ¢t be an integer such that
s<t<q+1. Then, for we Wb (1,,,), the operator 117, satisfies

| = 7wl r,,) < O “lolwer ), (16)
with positive constant C.

Proof. This result follows from a simple Taylor series expansion; cf. Theorem 1.5 of [2]. (|

3.2. Reliability

We first derive a posteriori upper bounds for the dual norm (9).

Theorem 3.6. Let uj € STZ be the numerical solution obtained from (5) and R be the residual defined by
(11); then, the following error bound of the dual norm (9) holds

IR@IZ < > mi+ > nd+ > 3+ > ni (17)

KET,™  NeFp,  A€FR KeTr

form=1,... s, where
CZh? )
Ui :/ Nx( ]f:; ) Kl + VK (uh) Vg, — 09 (uf)[1F2 ) At
I, Z€NK
A2h2
77% = ‘/Im ;Tel?\% h’y )h ||Il7 [[K(uh)Vuh]]”m(’y) dt,

2A2%n2 112
n = mfé%ff( h, >h’Y€2|Huh]]“L2(’Y)dt’

I
, 2\ ., T 2
n=(C+1+ 0.501) CF max h2 hKH W(Uh)JmAHLz(K)’

with A? = (3C% +2Cp) 1 (7)p2(K) ™t ~ O(hk') and h, = maxgen, hi.

Proof. Defining a partition of unity using the nodal hat functions and with a constant function v, € Py(K) we
have, by Galerkin orthogonality, that

(R(up),v) = Y (R(up), Ae(v —v2)),,., (18)

zENh

where (-, )w, = (-, *)|w.. We now consider a single vertex z € N}, and let o, be the set of edges in the patch w,,
and define ol = o, N .7-'5 . By integration by parts we have that
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(R(up), Az (v — 'Uz»wz =LA (v —vz)) — Apm(up, Az (v — v2))
= ﬁ Z (fa)\z(U_UZDKdt_/I Z (K(UZ)VU;,V)\Z(U—’UZ))K(H

m Kcw, m Kew,

+ / S (0, AK @) VUi b (o — 0], dt / S ([l [ (0 — v.)]), dt

- / S @IWD) Aew — 1)) e dt— 37 (10 oy Ae(® = 0)y) o
I Kew, Kew,
- / S (F+ V- (K(u]) V) — 00(uf), Ae(v — v2)) g dt
m KEw,
- [ 3 o KD VL (0= ),
™ ~yeol
- / S cllefh Pt e, = 3 (D0 el 0]
= fl —|—€2 +£3—|—§4. (19)

To estimate the first term &;, we firstly apply the Cauchy—Schwarz inequality and Lemma 3.2 and obtain

N+ VK ;) Vap) - 9 (u7)| A2 v,)

) 1/3 ) /3
< dt
ws) (Z] o) (Ee-li)

g/ (Z’ ’ ’ ))1/2dt. (20)

A\/2Vu

NS+ 9 K (R V) = 90(u,)|

1/3
02 h2 ’
LZ(K)> (Z UK L2(K
Kew, Kew,

Using Cauchy—Schwarz, Lemmas 3.4 and 3.2, the second term of (19), &2, can be estimated as
1/2 1/2

2 2
el [ | X e, envaD)| |-y, | a
Im T L2(v) T L2(v)
yeEol V€0
/2 1/9
2 2
g/ 3 ‘ A/2(n, - [[K(uIL)Vu;TL]])‘ 2 S Ath‘ A;/Qw‘ ) dt. (21)
Im T L2(7) L2(K)
yeol Kew,
Similarly, by Cauchy—Schwarz, (13), Lemmas 3.4 and 3.2
) /2 ) /2
&3 g/ 62‘)\;/2 up, ‘A;/Qv—vz dt
sl I gz Lot s, gz lo=vell . )
) 1/2 ) 1/2
< ||\l 24212 ‘A%WH dt. 22
- /fm <7§ Ll L2(v)> <K§€; " L2(K) (22)

Again by Cauchy—Schwarz we obtain that

< ¥ o,
-y /K %

Kew,

A= vl

m—l‘

dx

|| dx.

AP0 =02y + AL (0 = )| + AL (0 = o) [y = A (v — )

m—

N[O |
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Using the fact that the trapezoidal rule is exact for the linear (in time) function H’Tnl()\,lz/Z(v —v,)) € Pi(I,) we
have that

[ (3 - e at = 22 (Va0 = )y 4 AP0 )l

m

Applying this result and the fundamental theorem of calculus gives
CED S RCUTTA{
Kew, K
1
< ¥ [ Preenna|(= [ rmede- o) - o)
Kew, VK Tm 1,
1 1 1/2
+ — dt+§ ‘at()\z (v—vz))‘dt dx

Tm Im
Dl 0)

< Z/
>dx
L2(In)

A2 (v —w,)
Setting D = C'+ 1+ 0.5C} and applying Cauchy—Schwarz, Minkowski inequality, Lemma 3.2, and the standard
inverse inequality |w[m1(s,,) < Cr7,tlwllpz(,,y ([20], Lem. 2.21) gives that
2 2
L2(Im,L2(K))

2 1/2
DQ‘
) (2

i/ H:”l()\i/z(vaz))dt—%/ at(A;/Q(vvz))dtD dx
I,

Tm Im

dt

/\;/2(1) —v,)

L2(Im)

|

Tm
+ 2

) (A;/z(v - vz))‘

L2(Im)

m

)\l/z(v —v;)

AL 9(7) ]|

|£4|§<Z\

Kew,
) 1/3 ) /3
A2 [9(u ‘ / D2C212 ‘AWVU' ar| . 23
(Kze;z\ [9( h>Jm1L2(K)) (KZ L RV (23)

Letting h, = maxpe,. K and combining (19)—(23), we have that

N2(f+ V- K(up)Vuy) — o (uh)

1/2
) dt) ||UHL2(IWHi(Wz))

(R(h), Ao = v2), < | crnz |

Kew,
1/2
2
+ /A2h§Z‘AL/Q(HV-HK(UZ)WZH)‘LZ()dt 1V lle (g, 113 ()
I yleo, K
1/3
+ /zmg S|, ) el e
I, +IDeg,

2 /2
AL/QW(UZ)Jm_l‘LZ(K)> [Vll2(1,,, 17 02y

+ <D20§h§ S j

Kew,

where
1

/2
dt> |
L2(K)

||UHL2 (I, H (w2)) (/ Z ’

1/2 ‘
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Then, by (18) and the definition of the dual norm (9), summation over all z € N}, gives

RODIES Y [ chnz Y |3+ 9 K - doo; >\2 a
Bl F h M|z
zEN}, Kcw.
£ [ z\ A, K uhw)\
zEN}, yl€o.
+ > / 2A%h2 2|\ dt
zEN}, Im IDEO’
2
2 2 \Y
+ 3 pew Y e ‘mx)‘
zeN}, Kew,
We note that
2 1/2
Z/ C2h? Z’ (f + V- K(ul)Vul) — 89(ul) L(K)dt
zeN;, Y Im Kew,
2
= > Z/ CZR2IN2(f + V- K(u})Vu] — 0,9 (uh))’Ldet
KeT™ zeNk (K)
< C%hi h2 Al/i’ K(uT T 99(uT 2
= Z Joax nz ) Z , ‘ P+ V- K(up) Vuy, — 0, (uh))‘m(l{)
Ke1™ z€E m
CEh2\ 2
= Z Jjuax | — o Wi | IIf + V- K(up)Vuj, — 09 (uh)”LQ(K)dt Z M-
KeTm K K I, KeT,m
Similar calculations for the remaining three terms completes the proof. O

Remark 3.7. In the case of an inhomogeneous boundary condition u = g on 0 the sum of the 13 terms

becomes
Z 5+ Z 3 p

YEFR' T YEF'D

2A2hz - 9
o = /Im Helfaf( Iy >h”62|“h = 9llEa () dt-

where

Remark 3.8. We note that compared to other a posteriori error analysis of space-time methods, cf. [29], the
time jump term 7?7 does not appear to depend on the time step size 7, which potentially makes this error
bound sub-optimal in time. However, we note that some of the analysis for space-time methods in fact have
a dependency on the inverse of the time step size O(7,,}) resulting from the jump term, although these have
performed a reconstruction to extend to an integral over the time interval (t,,_1,tm); cf. [22,23].

3.3. Efficiency

To derive the a posteriori lower bounds, we first define bubble functions ¥k (x) on K and v (z) on v, which
cut off the neighboring elements and edges; cf. Section 2.3.2 of [48]. To this end, for m =1,..., s we define w.,
v € F}"*, as the union of the elements in 7, which share the common edge ~.

Lemma 3.9. Assume that the functions R and J are piecewise polynomials on T,™ up to degree p. Then, for
all K € T;™, there exists a function ¥x € H'(Q) with suppx C K such that

10K llz sy < 1, (24)
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IRl s, < C / Rix. (25)

IVOxlle ey < Cra(K (26)

where 6171 and 6172 are positive constants dependent on p and K. Additionally, for all v € F* there exists a
function ., € HY(Q) with supp ¥, C w., such that

eyl <1, 27)
1le < Cra() / Jis, (28)

[ lli2,) < pax Craly, K)hl? (29)
1V lliaqe,) < moax Crs(v, K)hy ' (30)

where 5[’3, 6’174 >1, and 61’5 > 1 are positive constants dependent on K, v, and p.
Proof. The results follow from Theorem 3.58 of [48]. O

Lemma 3.10. Assume that the functions R and J are piecewise polynomials on 1, x I, up to degree p in space
and degree q in time. Then, for all K € T,™, there exists a function i € L?(I,, H'(Q)) with supp o C K x I,
such that

H‘F’KHL? (Im,L2(K <Cp O(K Ly, (31)
(K))

1Rl ar, 1200y < Cra (K Ly / | Rex. (32)

IVer e, 12y < Cra(K, Ln)hy! (33)

¢Klmo1 =0 (34)

where Cro, Cr1 and Cy2 are positive constants dependent on p, q, K, and I,,. Additionally, for all v € F;"
there exists a function ., € L*(1,,, H(Q)) with supp ¢, C wy X I,, such that

||807||L2(1,H,L2(7)) < Cre(v: Im), (35)
st a0 = Crsnto) [ [ e (36)
10l 10 < max Cra(y, K, L)h? (37)
1Vl 120y < o 015(7,1( In)hy ' (38)

where Cr3, Cra >1, Cr5 > 1 and Cr ¢ are positive constants dependent on I,,,, K, v, p and q.
Proof. The polynomial R(x,t) can be written as
q
R=Y Ri(x)e:(t)
i=0

where R; is a polynomial of degree p is space, and ¢;, i =0, ..., ¢ form a basis of the polynomial space P,(I,)
which, for simplicity, we assume is an orthogonal basis under integration over I,,; i.e., [ 1 Gigidt = 0if i # j.
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For a polynomial in I,,, there exists a function y,, which satisfies identical conditions to (24) and (25), with K
replaced by I,,, and potentially different constants such that ., (tm,—1) = 0 and X (tm) = 1; cf. Theorem 3.58
of [48]. Additionally, for R; there exists a function satisfying Lemma 3.9. Setting ¢k to a suitable product of

these functions we have from (25) and the fact ¢;, i = 1,...,q, form an orthogonal basis that
G (K / /wamdan / S 1B g (o
Im =1

/3

Y

/ (ZHR S| <t>>2dt

1/2
(/ > lnix ||L2<K)|¢z<>|2dt>

"’11

</ ) i'R“X)'zl@(t)P x dt> 1/2

2 /2

dx dt

i(t)

m

which proves (32). Equations (31) and (33) are proven trivially vie Cauchy—Schwarz. The proof of (35)-(38)
follows analogously. |

We note that in order to derive the lower bounds for the dual norm of the residual R we use the above
inverse inequalities which require polynomial functions. However, in general, the residual R is not a polynomial.
Therefore, we note that form=1,...,s

(RO, w) = (R(up) = Rlup),w) + (R(f), w),

for w € L%(I,,,, H'(Q, 7,™)), where for a function g we denote by g the projection onto Py(I, Shtp). We can

estimate (R(u}) — R(u}), w) and (R(u},),w) in a similar way to the estimation of the upper bounds. We can
now state the lower bounds for the dual norm (9).

Theorem 3.11. Let uj, € S0 be the numerical solution obtained from (5), R(uf,) be the projection of the
residual defined by (11) onto Py(Iy, Sy",); then, the lower bound of the dual norm (9)

7o

‘fnZC Z i+ 2772

m
KeTy

holds for m =1,...,s, where

:/ hillf +V - K(uf) Vuj, - 3#%“2)”12}(1() d,
/ - K@) Vi 2a

and C is a positive constant.
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Proof. We start by studying (R(u}),v), for a specific function v € L?(I,,,, H}(Q,7;™)). To this end, we define

ax = h% ‘f + V- K(uj)Vuj — 0:9(uj)

By = h’y‘ Ny - [[Wﬂ

L2(Im,L2(7))

My = hyellluplllizr, 12

oy

m=tllpe )

Using the functions ¢x and ¢, from Lemma 3.10 we define

Y akpr,  wva= Y Byey.  vs= > 0y,
NeFM

KeT,m ye}‘;’j’,

and let
v = 01v1 + Ov3 + 0303 + 0404,

where 0; > 0, i = 1,2,3,4 will be determined later. Then, we have that

<m,v> =+ +E+E,

where

&="6 > aK f+v K (uf,)Vuj — 019(uf), SOK) dt
I, Ke’]"m

+ 62/ Z By (f + V- K(uj)Vu], — 0y9(u}), <pw>w dt

Im YEF T Rl

+03/ Z nA,<f+V K(u])Vuj — 09 (u}), gov) dt

Im YEFI®

+94/ Z (5K(f+V K(u])Vuj — 09 (u}), <pK> dt

Im Ke1™

:—92/ Z 5v n, - [[ uh)Vuh]] {{@7}} dt 93/ Z Ty nv [[K(uﬁ)Vuﬁ]],{{apv}})wdt

mwefm m'yG}'m
b= by / S Bye(lufls [oaD), dt — s / S nnell], I-]), d
I, 'y€.7:m L yEFT

G=—0 ) OéK(W(UZ)Jmf@KLJZl) —6> Y 57({ J - a80w;1>w

KeT™ NEF,

L2 (I, L?(K))

Z (SKSDKv

KeTm

~

— 0, Z "V({WJmf(p”;l) — 04 Z 5K<{ J - ’w{'jnl)}(

YEF Wy KeT™

We note that pk|; _; =0, {o,} = ¢, and [p,] = 0; hence, & = 0 and & = 0.

(40)
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We first estimate the four terms of (41) individually. For the first term, using (32), we have the lower bound

> /I g (f +V-Kul)Vu] — 8,0(u]), W)K at

KezyIn

2

-1
> (Kné%( Cri(K, Im)> Z h%(Hf + V- K(uj)Vu], — @19(112)‘

L2(Im,L2(K))
K (I L2 (K))

By applying the Cauchy—Schwarz inequality, (37), the definition of 8, and the fact that h, < hx we bound
the second term of & as

Z /1 By (f+V-K(u;)Vu; —8t19(u;),<p7)w dt

~

’yE]—',’ZjI
< ¢ Jree R
< Z o Cra(v, K, Iy Z Byh /1 [+ V-K(uj)Vuj, — 0y9(uj) L2(K) dt
VEF, Kewy "
1/2
Cra(v, K, I h Kepva |||
< ) BV
_KE']%}‘?")Y(EQK 1’4(77 ’ m) 7;” ’YHn’Y |:|: (uh) Uh:|:| L2(I'm7L2(V))
h,T
/s
2
<[ hg(HHv-K(u;)w;—aﬂ?(u;)
KeTm L2 (Im,L2(K))
Analogously for the third term of & we have that
Z / m(f—FV-K(u;)Vu;—31519(“;71)7%07) dt
~eFm /m -
1/2
2 71|12
= wetleon e I 2 eI, sy
h

/5

2

X Z h%(HerV~K(u;)Vu; fam(u;)‘
KeTm

L2(Im,L2(K))

Similarly, by the Cauchy—Schwarz inequality and (31), the last term of &; is bounded as

S [ o (FFV KGRV~ 0760, ox )

Ket]’}:n m

< Jnax, Cro(K,I,) Z 6KHf + V- K(uj)Vuj, — 0;9(uj)
h KeT™

L2 (I, L?(K))

1/2
2
< m%ifnCI,O(Kylm) > Wk P(UZ)J

Ke
KeTm

m—1 LQ(K)

2

<[ h%}”f YV K(u])Vul — am(u;)\
KeTm

L2(Im,L2(K))
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Now, we estimate the two terms of & (42). By (36), we obtain a lower bound for the first term of &> as

Z / 57 n, - Wﬂ’(ﬁ)vdtz <max Crs(v, Im )>_1 Z hVHnW.[[K(u;)Vu;]] ’
'yGT;TL"‘I

& "EF] L2 (I L2(+)

By employing Cauchy—Schwarz and (35), the second term of & can be estimated as

- Z / Ty nv [K(uf)Vul, ‘Pv) dt

YEF

< Tnax Cr6(7, I Z h 6||[[uhﬂ||L2(1m,L2('y))Hn’Y [[ (UZ)VUZ]] LA (T, L3n)

fm
1/2 1/2
a2
< max Cy6(7, I he | [l ]2 h Hn |[K ur VUT]]
= s r,6(7, Im) 'yez_;,:" ve Il hHHLZ(]m,L?(—y)) gf:hm ¥ (| Py (uf) Vuj, L2112 (7))

Combining all these results into (40), applying Young’s inequality, and setting C; = maxgerm Cr1, Co =
maxger; Cro, O3 = maxyerm Crs, Oy = maxgerm yeok Cra, and C5 = maxgerm yeak Cre gives

1 1 1 2
(R.v) > (9101 — 502C5CF — 5051 - 29402> 3 hf(H T+ K@) Vg — o),

KeTm
0,01 190—1 190 h K(ul)Vu?l ’
20— g0ty — 5fsle Z VHHW'H (uh) uhﬂ L2(1,n,L2(7))
yeF
1
- 593(04 + Cs) Z hv€2||[[uﬂ]||i2(1m,L2(7))
’yG.?-'}L"
1 - 2
—59402 Z h% {ﬁ(u;)J
m i x)

KeTm

As all four terms must be non-negative, we must set 63 = 6, = 0; then, we select 6; and 6 such that
0107 = 00507 > 0,

which gives that

Foy>C S 7+ S 7 (45)
where C is a positive constant. Now, applying (31), (33), (37) and (38) we have, noting that 63 = 64 = 0, that

”v”L?(Im,Hl(Q,T}:")) <6 Z C“K||<PK||L2(IM,H1(K))+92 Z ﬁ’YHSO'Y”LQ(I,,,L,Hl(wa}:”))

KET"” 'yefm
Z Cihitax + 0, Z Reo CQh 7P,
KET"’ Vefm
Z ClhKHf + V- K(uf)Vuj, — 09(uf) L2(I,,,L2(K))
KeT,»

o, - [KG7v47]

0 Coh/?
T2 D Keo, 2 L2 (10 12(7))]
eFm
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where 51 = max(Cr,o(K, I,)Ch, Cr2(K, I,)) and 6’2 = max(Cr4(K, I,)Ch,Crs(K, I,)) given a constant
Cy, < diam(€2) such that hx < Cj, for all K € 7,”. Hence,

1/2
oo, m@zmy <C D2 W+ YW (46)
KeTm NEF
where C is a positive constant. Combining (45) and (46) we have that
- - 1/2
oYY <R(u;),w> <R(u;),v> ~2 ~2
’HR(U;) ’ = sup > >C Z m+ Z 2
m o wer? (1, 1 @ TN 0} W, m @y~ 10llLee,, m@zm) P =

where C' is a positive constant. (Il

Remark 3.12. We note that we do not have lower bounds in terms of 13 and 7.

4. NUMERICAL EXPERIMENTS

In this section, we perform two numerical experiments to test the performance of the a posteriori error bound
in Theorem 3.6 within an automated adaptive refinement routine with fixed time step size. We note that it
would be advisable to use an adaptive time step size; see, for example, [21,23]. At each time step we solve the
system of nonlinear equations using a simple fixed point iteration with initial guess given by the previous time
step (or projection of the initial condition); for each inner iteration we solve the system of linear equations using
the Multifrontal Massively Parallel Solver (MUMPS); cf. [4-6].

The mesh 7,", at each time step m = 1,...,s is constructed by performing h-adaptive mesh refinement
based on marking 20% of elements with the largest elemental error indicators, which are the restriction of the
error bound from Theorem 3.6 to each element, for refinement and the 5% with the smallest error indicators for
coarsening. This is repeated at each time step until the error bound reaches a desired tolerance 4 x 1073. The
initial mesh 7,™ at step m = 2,...,s is constructed by performing h-refinement of the previous mesh Thm71
with the smallest 50% marked for coarsening and the largest 1% marked for refinement.

We note that we cannot compute the dual norm of the residual; however, we can compare the convergence
of the error bound to the L2(I,,, H} (2, 7,™))- and L2(I,,,L?(2, 7,™))-error.

4.1. Barenblatt problem
For the first example, by setting ¥(u) = (u) = u"/" and K = I we consider the Barenblatt problem
o™ — Au=0 in (—6,6)% x (0,2)
for n > 0 with the analytical solution
2| n/n—1

1 1 n—1 |x
t+1 dn? (t+ 1)),

u(x,t) =

where [a]; = max(a,0). We first consider n = 0.2, which is fast-diffusion problem and set suitable initial and
boundary conditions. We consider the space-time discretization with space polynomial degree p = 2 and time
polynomial degree ¢ = 1 with fixed time step size 7,,, = 0.02, m = 1,...,100.

In Figure 1a we plot the error bound from Theorem 3.6 at each time step and each iteration of the adaptive
refinement, along with the actual error in the L2(I,,, H' (2, 7,;™))- and L?(I,,, L*(2, 7;™))-norms. We note that
even though the error bound is not for the L2(I,,, H! (€, T.7"))-error, it appears to overestimate this error by a
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T I I [ T ]
10° £ oError Bound E 3 o
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(A) Errors (B) Effectivity

FIGURE 1. Barenblatt problem (n = 0.2). Error bound, actual error, and effectivity at each
time step and mesh refinement step.

roughly constant amount, which can be seen in Figure 1b where we compute an effectivity index by dividing
the error bound by the L?(1,,, H'(Q, 7,™))-error.

In Figure 2 we show the final mesh at time step m = 1,10, 50 alongside the numerical solution uj. We note
that at m = 1 refinement produced by the error indicators is concentrated around the peak at the origin, and
as the solution diffuses (at m = 10,50) the mesh coarsens around this origin, while keeping similar refinement
in the rest of the domain.

We also consider the Barenblatt problem for n = 2,4, which is the more traditional porous media case. In
this situation, in order for the resulting linear systems to be solveable we instead solve the formulation for a
v = u"/"; namely, we derive a numerical approximation vj, to the equation

o —V - (nv|"'Vov) =0  in (—6,6)% x (0,2)

and then compute u] = (v})". We note that for n = 4 we increase the desired tolerance to 0.1 as continuing
the refinement further would produce very refined, and difficult to read, meshes; cf. Figure 5.

In Figures 3a and 3b we plot the error bound from Theorem 3.6 at each time step and each iteration of
the adaptive refinement for m = 2,4, respectively, along with the actual error in the L?(I,,,H*(Q2,7,™))- and
L2(I,,,L?(,7,™))-norms. Again, we note that even though the error bound is not for the L2(I,,, H' (2, 7,™))-
error, it appears to overestimate this error by a roughly constant amount. However, the effectivity index in
Figure 3c indicates that this overestimation is not completely constant. We remark here, that especially at coarse
mesh resolutions the actual error norms may be incorrect as they are calculated using numerical integration
elementwise, and on an insufficiently refined mesh the analytical solution may be badly approximated by the
quadrature. Notably, on the first mesh, changing the number of quadrature points £1 results in large changes
in the computed error; however, this effect disappears on more refined meshes.

Figures 4 and 5 show the final mesh at time step m = 1,10,50 alongside the numerical solution uj for
m = 2,4, respectively. We note here that a sharp discontinuity in the gradient occurs around the base of the
“hill”, which we note is captured by the refinement at m = 1 produced by the error indicators and which moves
outwards from the origin as time evolves (at m = 10, 50) with some minor coarsening caused by the discontinuity
becoming less sharp. Additionally, as time evolves the mesh around the peak at the origin is coarsened as the
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FIGURE 2. Barenblatt problem (n = 0.2). Final meshes compared to solution at m = 1, 10, 50.
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FIGURE 3. Barenblatt problem (n = 2,4). Error bound, actual error, and effectivity at each

time step and mesh refinement step.

peak diffuses. We note that the layer is sharper in the m = 4 case resulting in more refinement around this

layer.

4.2. Tracy problem

For this problem we consider the equation (1) on Q = (0,1) x (0,2) with f = 0 and 7" = 0.001 with the

Gardner [33] constitutive relationships. We set

if u >0,

o) = 1%
Or + (05 - QR)BAu if u <0,
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FIGURE 6. Tracy problem. Error bound, actual error, and effectivity at each time step and
mesh refinement step.

i >
K(U)Z{KSI if u>0,

KgleA" if u <0,

with A =0.1, Kg = 1.1, 85 = 0.5, and 8r = 0. We set the initial condition ug = —10 on the whole domain €,
and define inhomogeneous Dirichlet boundary conditions of —10 on every edge, except the y = 2 (top) edge,
where we set the boundary condition to

log (e + (1 — e"0)) sin(7/4).
We refer to [45,46] for the analytical solution.

Remark 4.1. We note that the solution u should not be positive due to the maximum principle; however, we
consider u > 0 as the STDG formulation considered here does not guarantee the preservation of the maximum
principle for the numerical solution. In practice, the solution does appear to stay non-positive; cf. Figure 7.

We note that we have an inconsistency between the initial and boundary conditions. To allow for this, we only
solve the first time step to the tolerance 4 x 1072. For this problem, we consider the space-time discretization
with space polynomial degree p = 2 and time polynomial degree ¢ = 1 with fixed time step size 7, = 1077,
m=1,...,100.

In Figure 6a we plot the error bound from Theorem 3.6 at each time step and each iteration of the adaptive
refinement, along with the actual error in the L?(I,,, H' (92, 7,™))- and L?(I,,,L*(Q, 7;™))-norms. Additionally,
we also include L?(1,,,, H}(Q, 7;™))- and L?(1,,,, L*(2, 7,™))-norms for ¥ to show that the error in the active pore
volume behaves similarly to the pressure variable. In this problem, we note that the error bound underestimates
the L2(I,,, H' (2, 7,;™))-error. This is confirmed in Figure 1b where we compute an effectivity index by dividing
the error bound by the L2(I,,, H! (€, 7,™))-error, where this value is below 1. Additionally, we also compute an
effectivity index for the L?(I,,,H*(Q, 7;™))-error of 9, which we notice the error indicator overestimates, and
with an effectivity which fluctuates.

We again show in Figure 7 the final mesh at time step m = 1, 5,25 compared to the numerical solution. We
note that the refinement follows the front of the solution with coarsening as the solution diffuses; notably, at
m =1 there is a sharp layer at y = 2, but this is more diffused at m = 25.
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FIGURE 7. Tracy problem. Final meshes compared to solution at m = 1,5, 25.

4.3. Brooks—Corey problem

For the final problem, we consider a more realistic simulation resembling a Brooks—Corey model; cf. Section 6.3
of [38]. For this problem we consider, on the domain Q = (0,1)?, a slightly different version of the differential
equation,

2S(p) - V- (R(S()(Vp+g)) =0 inQx (0,1), (47)
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where p is the pressure and S(p) is the saturation. We note that we can consider this equation the same as (1)
by setting u =p+g-x, J(u) = S(u—g-x), K(u) = K(¥(u)), and f =0 in (1). Additionally, we set

ifp<1, ~

1
g=—-e, S = { (2-p)"/* K(s) =Ks®,

1 ifp>1,

where e, is the unit vector in the z-direction and K € R?*? is a matrix denoting the properties of the medium.
In this example, we consider a heterogeneous and anisotropic medium with

— K, for z < 0.5, — 1 0 cos7/3  —sin7/3
K= _ where K; = , Q= . .
0.1QTK;Q for z > 0.5, 0 05 sinv/3  cos™/3

We also consider inhomogeneous Dirichlet conditions p = pi, = 0.8 on the boundary {0} x (0,0.5) and
P = Pout = —3 on the boundary (0.5,1) x {1}, and homogeneous Neumann boundary conditions on the rest of
the boundary. We note that we have not considered the analysis of Neumann boundary conditions in this article;
therefore, to perform the simulation we consider the following changes to the formulation and error indicators:

— in the form ap m (u,v), cf. (7), we change all integrals over edges to be only integrals over interior edges and
edges on the Dirichlet boundary, and
— the error indicator 73, cf. (17), is not calculated for edges on the Neumann boundary.

This problem does not have a known analytical solution; therefore, we use the initial condition

o — Pin+8-%x, x<0.5
T \Poutg X, 2205

to conform with the boundary. For this problem, we consider the space-time discretization with space polynomial
degree p = 2 and time polynomial degree ¢ = 1 with fixed time step size 7,,, = 0.01, m = 1,...,100. We
additionally start with a uniform mesh in order to accurately capture the interface between the materials.

As we cannot compare the error bound to the true error, we only display the meshes generated and the
numerical solution at several time steps in Figure 8 to demonstrate the performance of the error indicator. We
first note that we use a fairly high tolerance, 0.9, due to the high level of refinement that otherwise occurs at
the point (0.5,1). As can be seen in the meshes, the refinement at the initial steps is concentrated around the
discontinuity in the initial solution between the two materials, as well as at the points between the Dirichlet and
Neumann boundaries at (0,0.5) and (0.5,1). As time evolves, the refinement around the point (0.5,1) becomes
more refined along with refinement on the boundary (0.5,1) x {1}, while the rest of the domain is coarsened
towards the initial mesh as the discontinuity at the material interface becomes smooth. We also note that as
time evolves a portion of the domain around (0.5,0) becomes fully saturated. We have highlighted the vertices
of the mesh where this occurs on the plot of the saturation at each time step.

5. CONCLUSION

In this article, we have studied the numerical approximation of the Richards equation using a space-time
discontinuous Galerkin formulation. We have derived both upper and lower a posteriori error bounds for error
in a residual dual norm. These error bounds are based on extending residual based arguments from continuous
spatial metheds to a discontinuous space-time formulation, and are computable just from the numerical solution
without solving an additional formulation or problem. We have provided several numerical approximations where
the mesh is adapted at each subinterval of time based on local error indicators from the error estimate. In these
numerical experiments we note that while the error bound is not a bound on the actual error in the H!-norm
it does behave similarly to the actual error and the mesh adapts according to how the solution evolves in time.
While the error bound is, therefore, not a true bound on the error, it can be used to drive adaptive refinement
as it is able to approximate areas in the mesh where the error is likely to be large.
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F1GURE 8. Brooks—Corey problem. Final meshes compared to solutions at m = 1,10, 50, 100.
The region where the solution is in the saturated regime is marked on the saturation solution.
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