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ERROR ESTIMATES OF ASYMPTOTIC-PRESERVING NEURAL NETWORKS
IN APPROXIMATING STOCHASTIC LINEARIZED BOLTZMANN EQUATION

JiaAyu WAN*, L1iu Liu AND ZHENYI ZHU

Abstract. In this paper, we construct an asymptotic-preserving neural network (APNN) (Jin et al., J.
Sci. Comput. 94 (2023) 57) for the linearized Boltzmann equation with uncertain parameters. Utilizing
the micro-macro decomposition, we design the loss function based on the stochastic-Galerkin system
conducted from the micro-macro equations. Rigorous analysis is provided to show the capability of the
neural network in approximating solutions near the global Maxwellian. By employing hypocoercivity
techniques, we demonstrate two key results: (i) the existence of APNN leading to arbitrarily small loss
function, and (ii) the convergence of the APNN’s approximated solution as the loss tends to zero, with
the error exhibiting an exponential decay in time.
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1. INTRODUCTION

Kinetic equations have been widely used in many areas such as rarefied gas, plasma physics, astrophysics,
semiconductor device modeling, and social and biological sciences [33,41]. They describe the non-equilibrium
dynamics of a system composed of a large number of particles and bridge atomistic and continuum models in
the hierarchy of multiscale modeling. The Boltzmann-type equation, as one of the most representative models
in kinetic theory, provides a power tool to describe molecular gas dynamics, radiative transfer, plasma physics,
and polymer flow [3]. They have significant impacts in designing, optimization, control, and inverse problems.
For example, it can be used in the design of semiconductor devices, topology optimization of gas flow channels,
or risk management in quantitative finance [10]. Many of these applications often require finding unknown or
optimal parameters in the Boltzmann-type equations or mean-field models [2,6,7,9].

In addition, kinetic equations typically involve various sources of uncertainty, such as modeling errors, impre-
cise measurements, and uncertain initial conditions. In particular, the collision kernel in the Boltzmann equation
governs the transition rates during particle collisions. Calculating this collision kernel from first principles is
highly complex, and in practice, heuristic approximations or empirical data are often used, inevitably introducing
uncertainties. Additionally, uncertainties may stem from inaccurate measurements of initial or boundary condi-
tions, as well as from source terms, further compounding the uncertainties in the model. As a result, addressing
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uncertainty quantification (UQ) becomes essential for evaluating, validating, and improving the underlying mod-
els, underscoring our project’s significance. For numerical studies of the Boltzmann equation and other kinetic
models with or without randomness, we refer readers to works such as [18, 20, 24, 38] and [12,17, 19, 35, 36].
Among the various numerical approaches, the generalized polynomial chaos (gPC)-based stochastic Galerkin
(SG) method and its variations have been widely adopted, demonstrating success in a range of applications
[43]. Beyond numerical simulations, theoretical studies have established the stability and convergence of these
methods. Spectral convergence for the gPC-based SG method was demonstrated in [16, 28, 29], while [11, 27]
introduced a robust framework based on hypocoercivity to perform local sensitivity analysis for a class of
multiscale, inhomogeneous kinetic equations with random uncertainties-approximated using the gPC-based SG
method. For further reference, we point readers to the recent collection [23] and the survey [37].

Modeling and predicting the evolution of multiscale systems such as the Boltzmann-type equations have
always been challenging, which often requires sophisticated knowledge of numerical methods and labor-intensive
implementation, in addition to the prohibitive costs due to the well-known curse of dimensionality. The issue
of high dimensionality becomes even more overwhelming when uncertainties are considered, making traditional
numerical approaches unfavorable. This motivates researchers to develop data-driven models and methods [42]
in the recent decade.

Machine Learning, or Deep neural networks (DNNs) in particular, have gained increasing interest in approx-
imating the solutions of partial differential equations (PDE) due to their universal approximation property and
ability to handle high-dimensional problems. Many studies have been done to employ DNN for solving determin-
istic or parameterized PDEs, and have shown remarkable promise in various applications. Among those, Physics
Informed Neural Network (PINN) [39] is one of the most famous approaches which incorporates the available
physical laws and limited data, such as boundary or initial conditions and the source term, to approximate the
solution of the underlying PDE. The idea has been successfully applied in the simulation of many forward and
inverse problems [8,31,32].

However, if one directly applies the standard PINNs when dealing with multiscale kinetic models, it may
lead to incorrect inferences and predictions. This is due to the presence of small scales needing to be enforced
consistently during the learning process, but a standard PINN formulation only captures the solution at the
leading order of the Knudsen number, thereby losing accuracy in the asymptotic limit regimes. To overcome
this difficulty, the authors in [25] propose the Asymptotic-Preserving Neural Networks (APNNs) to enhance the
performance of standard PINN to solve multiscale linear transport equations. The idea of APNN is inspired
by the traditional AP schemes [21], which preserve the asymptotic transition from one scale to another at
the discrete level and capture the limiting macroscopic behavior of the solution when the scaling parameter
approaches zero. Recently, an APNN-based method is performed to solve the linear semiconductor Boltzmann
equation with good accuracy [30]. APNN is also applied to study hyperbolic-type linear kinetic equations with
multiple scales, for example, see [4].

Although some numerical experiments have been conducted to validate the efficiency and accuracy of APNN-
based methods, rigorous analysis of the convergence of these methods is still limited. For literature in this
direction, we refer to [1], in which the authors study Boltzmann equations with linear collision kernels and
present a formal proof of the convergence of the APNN solutions to the real solutions in the standard L?
space, as the defined APNN loss approaches zero. In this paper, we carry out rigorous analysis of APNN for
linearized Boltzmann equation perturbed around some global Maxwellian. We will perform error estimates for
the method and derive some convergence results. Our innovations are twofold. First, we introduce uncertainties
into our system and adopt the SG method to show the convergence of the approximated SG coefficients in some
weighted normed space, as inspired by Liu and Jin [27]. Second, we conduct hypocoercivity analysis [5,34] to
the APNN system to derive convergence in H' space with errors decaying exponentially in time, thus providing
a more accurate rate of convergence compared to [1]. Our analysis can be outlined as follows. First, we perform
micro-macro decomposition for the linearized Boltzmann equation and define our APNN loss function based
on the micro-marco system. We then have two main theorems to prove: the first theorem suggests that there
exists neural networks which lead to arbitrarily small APNN loss, and the proof is based on the Universal



ERROR ESTIMATES OF APNN IN APPROXIMATING STOCHASTIC LINEARIZED BOLTZMANN EQUATION 53

Approximation Theorem (UAT) of neural networks. The second theorem states that the errors of the APNN-
approximated solutions tend to zero as the APNN loss approaches zero, with an exponential decay in time.
The proof is inspired by Briant [5], which constructs a Lyapunov functional that is equivalent to the standard
Sobolev norm H'. We then estimate the time evolution for each term involved in the functional and keep track
of the terms that serve as components of the APNN loss function.

The rest of the paper is organized as follows. In Section 2, we review some important concepts in kinetic
theory which serve as the cornerstone for our analysis. This includes a short introduction to linearized Boltzmann
equation with uncertainty, a complete list of hypocoercivity assumptions, and a concise review of the stochastic
Galerkin method. In Section 3, we derive a coupled system in the micro-macro decomposition framework with a
formal analysis of the asymptotic limit. We then define our APNN loss function based on the decomposition and
generalize the result to the stochastic Galerkin setting. In Section 4, we prove our main results, which are the two
theorems mentioned in the previous paragraph. In Section 5, we conduct numerical experiments and demonstrate
that the APNN-based SG method is efficient to solve the linear Boltzmann model with uncertainties. Lastly,
we conclude the paper and mention the future work.

2. PRELIMINARIES

2.1. Introduction to Boltzmann equation with uncertainties

Consider the initial value problem for the Boltzmann equation

{atf + 250 Vaof = 2=Q(, f) W

f0,z,v,2) = fr(z,v, 2), zreTlveRzecl,CR

where f = f(¢,x,v,2) represents the particle density distribution in the phase space that depends on time ¢,
particle position x, particle velocity v and a random variable z. The number d > 1 denotes the dimension of
the spatial and velocity spaces, and z is a random variable that lies in domain I, C R with compact support,
which is used to account for the random uncertainties of inputs. For more details on the parameterization of
random inputs by a finite-dimensional random vector, we refer the reader to the appendix. The operator @ is
quadratic and models the binary collisional interactions between particles. The parameter ¢ is the dimensionless
Knudsen number, the ratio of particle mean free path over the domain size. The choice o = 1 is referred to the
incompressible Navier—Stokes scaling, while o = 0 corresponds to the Euler(acoustic) scaling. Periodic boundary
condition for the spatial domain Q = T¢ is assumed.
We consider random collision kernels, hence the operator @ is defined by

Q)= [ Blo=vlcost)f's,+ f2d  fa. — fg)dv. do e

where we adopt the notations f/ = f(v'), fx = f(vs), fL = f(vl) and similar for g. v’ and v} are the post-
collisional velocities of particles depending on the pre-collisional velocities v and v,, which are given by:

P S [ ,_v+v*_|v—v*\

2 2 ’ * 2 2

6 € [0, 7] is the deviation angle between v/ — v, and v — v,.. The collision kernel B = B(|v — v*|,cos6,z2) is a
non-negative function determined by physics, and it is assumed to depend on the random variable z € I, in our
setting. The Boltzmann collision operator conserves mass, momentum and energy, namely

[ QU podo =0 o) = Lol (3
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Moreover, we have the celebrated Boltzmann’s H-theorem,

[ et prostnan <o, 8

such that N
[ QU piosndae=0 & Q. =0« 1 =1

where M is the local equilibrium state:

e () ?

with

u(z,t) = 7/ fuduo,
P JTdxRd

1
T(x,t) = — —ul?d
(2,1) P /deRdflv ul” dv,

corresponding to the density, mean velocity and temperature of the gas respectively, which are all determined
by the initial datum due to the conservation properties. The global equilibrium is the unique stationary solution
to (1) and is given by

1 lv|?
M) = ——e 2. 6
)= G (6)
We consider a linearization around the global equilibrium for the solution:
f=M+eMh, (7)

where M = v/ M. Inserting (7) into the Boltzmann equation (1), the fluctuation h satisfies

1 1 1
O+ v~ Vah= o L(h) + F(h. )

« €1+a

h(0,z,v,z) = hy,
where the linearized collision operator L is defined as
L(h) = M~Y(Q(Mh, M) + Q(M, Mh))
L; n hy h

- M B(|vv*|,0089,z)M*(Mi MM, M

Rdx§d—1
with the nonlinear operator F given by

F(h,h) = M [Q(Mh, Mh) + Q(Mh, Mh))

10
:/ B(|v — vi|,cos 0, 2) M, (h,h — hyh) dv, do. (10)
Ré x§d—1

In this paper, we will focus mainly on the acoustic scaling (o« = 0) in spatial dimension three (d = 3), and
we will ignore the influence of the nonlinear operator F by setting F = 0 [34]. Then (8) becomes

1
Ouh+v-V.h = ZL(h)
h(0,z,v,z) = hy.

(11)
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The linear operator £ is self-adjoint on the space L2, and it can be split as

such that
K(h) = L*(h) = L*(h),  L*(h) = M[(hM) * @],

with

LT(h) = / B(|v — vi|,cos0, 2)(h' M, + h,M") M, dv, do.
R3 xS§2

In addition, A(h) = v(v, z)h, with the collision frequency
v(v,2) :/ B(Jv — vy, co860, 2) M, dv, do = (© x M)(v). (12)
R3 xS§?

Assumptions on the collision kernel

We will make the same assumptions on the collision kernel as in [11]. In particular, we will consider hard
potentials with B satisfying Grad’s angular cutoff, that is,

B(|v — vy, c088, 2) = O(Jv — vi|)b(cos b, 2), O(lv —v]) =Clv—w.|”, y€10,1], C >0,

e -1, B0n2)| < G 0,002 < Coy [05b0n2)| < GG, YOSk < 1
We assume that b is linear in z, namely
b(cos B, z) = bp(cos @) + bi(cosh)z, |z| < C,. (14)
Furthermore, we presume that
bo(cos @) > (29 + 2)|b1(cos 0)|C, + D(cos ), (15)

where D € C'([—1,1]) such that |D(n)|, |D'(n)| < Cp, Vn € [-1,1]. The importance of the linearity assumption
(14) will become clear when we introduce the stochastic Galerkin method in Section 2.3. Equation (15) is a
technical assumption to ensure that our hypocoercivity analysis can be generalized to the stochastic setting (see
Sect. 4 for more details).

2.2. Hypocoercivity assumptions

Our error estimate is based on hypocoercivity analysis, which relies on some assumptions on the collision
kernel. In this subsection, we will summarize these assumptions and we comment that the linearized Boltzmann
operator L satisfies all these assumptions [34].

H1: A satisfies coercivity conditions. £: L2, = L?(T? x R3) is closed, self-adjoint on L2 and local in z.
L has the form £ = K — A. There is a norm || - ||, on L? given by

I, = [pcr+ D), (16)
such that Vh € L2, A satisfies the coercivity condition:
vllhllZs < vitllRlR, < (A(R),h)ez < v |IBIIR, s (17)

and Vh € H},
(VoA (h), Voh) 2 > v Vb3, — v [RIR,, (18)
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where (VQ)OSSQL > (0 are constants depending on the operators and the velocity space. We also assume that
Vh,g € L2,

(L(R),9) 2 < CEIRIR, N9IIR, - (19)

We define a norm || - |5 on L3, by

113 = / 113, de. (20)
T3

H2: K has a regularizing effect. For any § > 0, there exists some explicit constant C'(§) > 0 such that
Vh € H},

(VoK (h), Voh) s < C@)[hlI7z + 0l VuhZ,- (21)
In fact, it is shown in [34] that ||V, K (h)||2, < C(8)||h]|2. + 6||Vuh|2.,.

H3: £ has a finite dimensional kernel. One has

N(‘C) = Span{(pla sy 90]\’}7
v 2
such that {¢;}1<i<n forms an orthonormal set with ¢;(v) = P;(v)e %, where P; is a polynomial.
We denote by 7, the orthogonal projection in L2 onto N(£). Then Vh € L2,

N

me(h) =Y ( /]R D dv) ©i. (22)

i=1
Here £ has the local coercivity property: there exists A > 0 such that Vh € L2,
(L(h),h)rz < =A|IBTIR, (23)

where h't = h — 7 (h) represents the microscopic part of h. We summarize here some key facts about the fluid
projection 7, which will be used later.
)2

If h € H;;,U, write mz(h) = > hip; as in (22), then 0,,¢; is still of the form P(v)e_% for a polynomial
P, whose norm in L is finite. We let M = max{||V,@ill72}i<i<n, then [Vyme(R)||7. < Mlmz(h)]|7.
by Cauchy—Schwarz and the orthonormality of {(;}. Similar results can be proved for |[v - V,mz(h)||3. and
[Vome(v-h)||7. by choosing M to be max{|[v- Vy@;||7.} and max{||V,v;p;||7.} respectively. Hence there
exists Cr; > 0 such that Vh € H!

z,v’

IVome(B)lI7z < Crallme ()7 |
[[v- Vﬂz(h)Higm < Cw1||7fﬁ(h)||i§,v (24)
IVome(v-h)l7s | < Cmllme(h)7 -
Moreover, setting M = max{||(1 + |v|)%g01||%%} and M = max{||(1 + \v|)%VUcpi||2L%} respectively, we can prove
similar results for ||z (h)||3 and ||V,mz(h)|]3. Hence there exists Cr > 0 such that Vh € H

Iz (R)II3 < Crllme (W2 | < CrllhlZ:

(25)
IVume ()} < Callme )3z < CallBll3s -

Inequality (25), combining with H1, shows that the A-norm and the standard Li)v—norm are equivalent on
the fluid part of £. Finally, for all h € N (%[, — v - V,)?t, the Poincare inequality on the torus gives that for
some C), > 0,

Ire(W)lZs . < CollVame(h)|2: . < ClIVahI2 . (26)
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2.3. Stochastic Galerkin (SG) method

o7

In this subsection, we discuss how to manage the random variable z existing in the perturbed Boltzmann
equation (11). The main idea involves applying the stochastic Galerkin (SG) method to eliminate the random-
ness, thereby transforming the equation into a system of equations containing only deterministic coefficients.

Throughout the paper, we assume that z € I, C R with compact support.
We define the space

PK = Span{qbi(z) ‘ 1< < K}

equipped with the inner product with respect to the probability density function 7(z) in z(which is given a

priori):

(f(t,z,v,-), g(t, z,v, ')>Iz :/1 flt,x,v,2)g(t, z,v,2)7(2) dz,

where {¢;(2)}X | is an orthonormal gPC basis function, i.e.,
/ q{)z(z)qu(z)w(z) dZ = 5ij7 1 S i,j S K
I,

For (11), we employ the SG method and expand h(t,x,v, z) as

K
h(t,x,v,z) = hg(t,z,v,2) = Z hi(t,xw)gbi(z),
i=1
with
Ri(t, 2, v) :/ h(t,z,v, 2)¢;(2)m(2) dz.
I

z

We perform the Galerkin projection of (11) onto PX to obtain a system of equations:

Oih! + v Vph' = 1Li(hi),
hi(0,z,v) = hl(z,v),

for 1 < i < K, with periodic boundary conditions and initial data for h; given by

hl(z,v) ::/I hr(x,v, 2)¢;(2)m(2) dz.

z

The linear term £;(hg) is defined by

with
Sik(Jv — vs|, cos 0) = / B(|Jv — v, c080, 2)p;(2)pr(2)7(2) dz.
I.

(30)

(31)

(32)
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The linearity assumption (14) guarantees that for each fixed ¢, S;; is nonzero for only three choices of
k:i—1,4,94 1, which will simplify our error analysis in Section 4. We hence define

0, Six=0
= 33
ik {1, Sir # 0. (33)

Similar to [27], we make the technical assumption
@3]l e <C®,  V1<i<K,

with parameter p > 0. Let ¢ > p + 2, we then define the energy EX by
X 2
Eff(h) = [l ) (34)
i=1 "

where h = (h',h2, ... WE)T.

3. APNN FRAMEWORK

3.1. Micro-macro decomposition

In this subsection, we derive the micro-macro decomposition for the linearized Boltzmann equation perturbed
around the global equilibrium M (v). As before, we assume acoustic scaling and suppose first that the model is
deterministic with spatial dimension d = 3. We recall here that the equation is given by

{&h—l—v-vwh = 12(n), (35)

h(0,z,v) = hy.

Denote M = v M. By H3, the null space of L is finite dimensional and it is well known that N(£) has an
orthonormal basis given by
N(‘C) = Span{(pOM7 SDIM7 QDQM, SOSMa S04M}

where
wo(v) =1
pi(v) =v;, 1<i<3 (36)
p1(v) = L (o — 3)

with (p; M, M)z = d;;. Let he be a solution to (35), we define the fluid quantities associated to h. by

pe(t,z) = <hsv@0M>L,%
ue(t,z) = (he,vM) 2 (37)
Ta(twr) = <h€a<104M>L12)7

which are precisely the coefficients of m(he) with respect to the orthonormal basis. We now describe the
micro-macro decomposition for (35).
We first decompose h. as
he = me(he) +eg. = mI oM +eg., (38)
where m. = (pe, u1 e, u2.c,u3.6,T:)T, @ = (¢0, 1, P2, @3, ¢a) L. To simplify the notation, we delete the subscript
€ in the expression above and let h = m” M. Then the decomposition becomes h = h+ eg. We substitute this
ansatz into (35) to get

8t(ﬁ+€g) +v~VI<fL+5g) = %C(E—ksg)
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which is equivalent to

Oth +e0yg +v - Veh+ev-Vag = L(g). (39)
Taking 7, on both sides of (39) gives the macroscopic part of the equation
Oh + (v - Vzﬁ) +emp(v-Veg) =0, (40)

where we used mz(g) =0, (L(f), p;iM)2 =0, Vf e L2, 0<1i<4. Note that (40) is equivalent to
dym + V- <UB¢M> + eV, - (ugeM) =0, (41)

where (f) := [z, f(v) dv and (vhe M) stands for ((vhpoM), (vher M), ... (vhesM)T (similarly for (vgeM)).
Taking I — m, on both sides of (39) leads to the microscopic part

g+ (I —mp)v-Voh+e(I —ng)v-Vag = L(g). (42)

The coupled system (41) and (42) is the kinetic/fluid formulation of (35), and we can easily recover (35) from
the system by taking the dot product of (41) with @M, and then add the result to (42).
As e — 0, the coupled system becomes

{Btm + Vg - <vl~upM> =0,

- (43)
(I —mg)v-Vih=L(g).

Thus g = L7 ((I —7z)v-Vh) and (p, u, T) satisfies ;m + V- (vhe M) = 0, which takes the following explicit

form

O+ Vo (p+8T) =0 (44)
T +V, - (%u) =0.

This is precisely the acoustic equations as described in [14], with a slight change in the constant coefficients due
to different choices of the orthonormal basis. Hence our macro-micro formulation correctly captures the fluid
limit of (35).

Our goal is to obtain (p,u, T, g) using neural networks. We will denote fy to be the approximation of f
using a neural network with parameters 6. In the APNN framework, we will construct networks (pg, ug, To, go)
to approximate (p,u, T, g), and we refer to [30] for a detailed description of the APNN structure. Notice that
the function g contains the velocity variable v, which has an unbounded domain R3. But when using neural
networks to approximate functions, we typically consider functions in a bounded domain. So we will restrict
our training of gg over some bounded domain D C R2. For technical purpose, we then extend gy over the entire
velocity space by setting go = 0 for v € R3 —D. Moreover, (g) = 0 if g is the real solution to (42). This clearly
does not necessarily hold for an arbitrary gyg. Hence, we perform a post-processing of our network to replace gy
by g9 — 7 (ge) to make sure 7z (gp) = 0 and hence 7z (hy) = hg, where

mg = (pg,ue, Ty)"
ilg = mgQOM
hg = iLe + £9p.

The best approximation (pg, ug, Ty, go) is obtained by minimizing the loss function of our neural network, which
we now describe. Replacing (p,u, T, g) by (pg,us, Tp, ge) in (41) and (42), we get

omy + V- <vﬁggoM> +eVy - (vgepM) = d

8 (45)
edigo + (I — mz)v - Vahg +e(I —me)v - Vage — L(gg) = dj.
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We further define

di"" = hg(0,x,v) — h(0,z,v) (46)
dlé = (h’e(t? xl?‘erﬂ-vv) - he(ta x1,x2, _va))Q + (hﬁ(t; xlaﬂ—vl?nv) - h@(t; X, —7T,.’E3,’U))2
+ (hﬂ(ta ™, T2,T3, ’U) - hﬂ(ta —Tm,x2,T3, U))Q (47)

which correspond to the losses on the initial data and boundary value, respectively. We define the generalization
error by N
RG =Ry +Rj+ Ry + Ry (48)
where -
Ré = fo Ré,t dt, Ré,t = f’I[‘3 |dé|2 dx
T 2
Ry = Jo Ro,dt, RE, = [1a [pld5|” dvda
R = [ [p|dii|* dvda
T 2
RY = Io Rg’t dt, jo = [ops fD‘dg| dvdo(z).
Notice that as € — 0, the residual loss (45) will tend to the residual loss of the fluid limit (43), which clearly
demonstrates the AP property of the network.
Since we will eventually prove convergence results in the H' space, we need a H I_counterpart of the loss func-
tion. Hence we further define dé’v” = V.d}, d;,v, = V,d3, and let dlem’v“,dg’v’” similarly as di™, 4, replacing

hg,h by Vi hg, V.h. We then define R(SJ,VI similarly as Rg;, replacing each integrand by the corresponding

(49)

V-counterpart, and we define R?’v” in the same way. Finally, we let
1
Ry =RG +RGY +RGV, (50)

which is the final loss function we are going to minimize during the training process of our networks.

3.2. APNN for the SG system

We now generalize the previous APNN framework to linearized Boltzmann equation with uncertainty. We
assume again acoustic scaling and then the equation reads

{&sh-l-v -V.h=L1L(n), (51)

h(0,z,v,2) = hy.

To deal with the random variale z, we follow the stochastic Galerkin method introduced in Section 2.3. Let
h~hg = Zfil hi¢;(z), and we again write h = h +eg = m* @M + eg. Then

hi(t,x,v)z/l hoi(2)m(z) dz

— [ T oM + cg)o () d:
I,
:/ mT oMe;(2)7(z) dz+5/ goi(z)m(z)dz
I. I.
= (m")ToM + g,
where m? = (p*,u’, T%)", which can be easily proved to be the coefficients of 7, (h?) with respect to the

orthonormal basis {¢p M}, due to the fact that 7. is interchangeable with fI -dz. Hence we also have g* € N(£)*
for1<i< K.
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As in (30), the stochastic Galerkin system for (51) is given by
Oih' +v - Vyh' = —Li(hi), (52)
€

for 1 <i < K where £;(hf) is defined in (31). Substituting h* = (m?)TpM + g’ into (52) and taking 7z and
I — 7w, respectively on both sides of the equation will lead to
amt +V, - {vhieM) + eV, - (vgipM) =0,
i V- (M) + 2V - (vg'pM) = (53)
g+ (I —mp)Vev-h'+e(I —7e)v- Vg = Li(9k),

for 1 <¢ < K. This is the macro-micro formulation for (52).
As in the deterministic case, we will construct networks (ph, ub, T, g) to approximate (pj, ub, T4, g§). The
losses (dé’z7 dZ’Z, dg’, dg’z) are defined similarly as (d}, d2, dj, d5), replacing (pg, ug, Ty, go) by (phy, ub, Tj, g§). Then

3tmzé + Vg - <viL§)<pM> +eVy - <vg§<,aM> = dé’i,

, - ) . (54)
€drglhy + (I —me)v - Vohi + (I — mp)v - Vagh — Li(gr.e) = dy'.
The generalization error in the stochastic case is defined by
. .
RQ,sto = Ré,sto + Rg,sta + RZQ,sto + Rg,sto? (55)
where
K T . 12
Risto = P i / Ry dt, Ry = / ‘dé’l dz,
=1 0 T
and ngsw, g)ysw, Rg,sto are defined similarly. Finally, we define
G,H' G G,V G,V,
Ra,sto = RO,StO + RG,sto + Ra,sto ’ (56)

where each term is defined analogously to the deterministic case.

4. MAIN RESULTS

In this section, we formally prove our convergence results. Similar results for APNN are obtained in [1].
Compared to [1], our innovations can be summarized as follows. First, our problem contains uncertainties, which
are characterized by the random variable z. This stochastic setting will introduce new challenges to our analysis,
as we shall see later. Second, our analysis differs significantly from that in [1], in terms of both methodology
and implications. In general, we have adopted hypercoercivity methods to derive a more explicit convergence
result than [1]. We also mention that our analysis can be easily generalized to other linear models involving
Boltzmann-type operators, such as the linear semiconductor Boltzmann model, which will be illustrated by
numerical experiments in Section 5.

4.1. Existence of APNN with arbitrarily small loss

Our first result states that there exists a neural network so that the APNN loss Rg;ﬁl is sufficiently small.
Notice that gé can only approximate g° in a bounded subset of the velocity space. Hence inspired by Abdo
et al. [1], we need to make some technical assumptions on g¢ outside some bounded subset of R? so that the
approximation is valid over the entire velocity space. To be specific, we define the following quantities.

Let T
Ci:/ // |gi|2+|v'Vzgi|2dvdxdt.
0o JT3 JR3-D
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Y

Define civ’”,ci in a similarly way, replacing g* by V,g¢’ and V,g’ respectively in the definition of ¢;. Let

T
Ci\k = / / / |Vikvvgk|2 + |(Vvl/ik)gk|2dv dz dt
0 T JR3—-D

where v is defined similarly as (12), replacing the collision kernel with the proper kernels in the SG setting.
We make the following assumption, which asserts that quantities related to the microscopic part g outside
some sufficiently large D is negligible.

Assumption 1. For anyn > 0, there exists a bounded domain D C R? large enough, such that cp := Z£1(Ci+
Va Vo K
¢ e+ s eh) <

Theorem 1. Consider the linearized Boltzmann equation with uncertainty (51), and let (p,u,8,g) be the solu-
tion to the macro-micro formulation (53) such that the microscopic part g satisfies Assumption 1. Then for any
§ > 0, there exists a bounded domain D C R and a network (pg,ug, Ty, gg) such that

Hl
RS

0,sto <.

Proof. To prove the statement, we need the following lemma from [30], which is basically the Universal Approx-
imation Theorem for neural networks. (]

Lemma 1. Let Q C RY be a bounded subset. Suppose f € C%(Q). Then for any n > 0, there exists a two-layer
neural network fg such that,
Ilf— f9||W2~00(Q) <n.

Let D be a bounded domain in R? such that cp < d for some d > 0 to be chosen later. Let Q = [0, 7] x T3 x D.
Suppose hi € C?(Q) for all 1 < i < K. Then from Lemma 1, for any 7 > 0, there exists a network (pg, ug, Ty, go)
such that

19h = P'llw2es(o,)xm2) <1, [lug — ' llwz.oo (0,7 xm2) <1, (57)
175 — T*lw2os (0,11 x13) < 15 1195 — 9" lw2(0) < 1.
Combining (53) and (54), we have
Dyrini) + V- <vﬁgcpM> + eV, - (vgieM) = —d) 9
0 gy + (I — me)v- Vohiy +e(I — m)v - Vagh — Li(gr.0) = —dy".
For the rest of the proof, we use the notation || - || = || - [|z2 e lle =11 llee and || - |la-p =
[0,T] xT3 xR3 Q

H . ||L[20,T]><’ﬂ‘3><(]R3—D

- Consider Ry" = ||d2"||3. From (57),

<19 ||3t§é 2

< llawgill; [ <19

o

el|o:gh
and o L o
|e(I = me)v- Vags|lg < (I = 7)o Vaga||” < |lv- Vado]|

=llo- Vadillg +llv- Vadi s

12
<C’ v Vag'l_p

< Cin? +ds
where we use the fact that g} vanishes when v € R3 —D and Assumption 1 in the last two inequalities. Similarly,

we can show ||(I — mz)v - V,hi||3 < Con? + do.
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Finally, since L, is a bounded operator on L?(R3), for all 1 < i,k < K, we have

!!Eik(ﬁéf)\\; < HLik(Q(’;)HZ < Csl|gg ’2 = 03( ay

’522 + Hng?pD) < C3n* + C3do.

Collecting all the above inequalities, we get Rg’i < Cn?+C"dé for some C,C" > 0. Using the same arguments,

we can show ’RZ’i’v” < Cn?+ C'ds. For Rg’i’v“, we will apply similar arguments, with additional observations
that

2 2 i 112 T
| "+ o VoVagy||” + [ Vere (v Vagp) |

P o VoVads||* + Coallo - Vs

va(l - Wﬁ)v ! Vrgé

< ||V
< ||V

where we use (24) for the last inequality, and

VoL (@) < 2)| Vo ir (35) |+ 2]| Vo hir (35) |
< 2|[Vogh||” + 20m)|gk]” + 4| (Vv | K

+ 4| vir Vo iy

where we use (21) and the definition for A;. So we have Rj ,, + ROVE 4 Rg:svtg < Cn? + C'déS. The error

6,sto
estimates for Rj o, Ry™,,, Rf 44, and their V, (or V,)-counterparts are analogous and simpler. So we omit the
details here. Finally, setting d and 7 to be small enough will yield the desired result.

4.2. Convergence of APNN solution

1
Our next theorem suggests that when the APNN loss Rg;jfo is small enough, (pg, ug, Ty, go) will tend towards
the true solution (p,u, T, g) in the weighted H'-norm. Again, we need to make some technical assumptions on
the microscopic part g, which is given as follows.
Let

Riy = fus fus_p|0g'[* + v Vog'|* + |Lilgx))” dvde, RL = [ RY, dt,
Ré = [1s fRS_D|gi(0,x7v)‘2dv dz, (59)
Réﬁt = fmrg fRS_DU’gi|2dU do(z), N% = fOT Rg)tdt.
Replacing g by V,g and V,g respectively, we can define ij’“i and ij“’i in a similar way for j =1,2,3. We
let R = Zfil Z?:1(R; + ij” + ]:Zjv'“’i). We make the following assumption on R.

Assumption 2. For any 0 < € < 1, there ezists D C R3 large enough such that R < 0(g) with 6(g) — 0 as
e—0.

Theorem 2. Let (pp,us, 09,gg) be approzimations to (p,u,T,g) using a neural network with parameters 6
such that g satisfies Assumption 2, and let hg = h — hy. Then for any t € (0,T] and 0 < e < 1,

e < O 0)

for some C, 7 > 0 independent of €.

Proof. Combing the two equations in (58) gives

s 1 - i i
Ouly +0 - Vb = L (hm) —d oM — d (60)
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where iLZQ =ht— hé V1 <i< K. We let Aé = —dé’i M — dz’i. Unless specified otherwise, we use the notation
|-II>=1-I7. and (-,-) = (-,-)2  for the rest of the proof. Define

i = Jps fRLD‘dg’i : dvdz
rh = [pa fR37D|hi(O,x,v)|2 dvdz
v = foms Jas_p 0[P dvdo(z),
Since gg vanishes on R? — D and the Maxwellian M (v) is sufficiently small outside some large D, we can derive

that ZlK:l fOT 7}, dt < 6(e) using Assumption 2. Similarly, Zfil rh < &(e) and Zfil fOT g, dt < 6(e). Same
arguments also hold for rjv””’i and rjv’”’i with 1 < j < 3. We then follow the idea in [5] to construct a Lyapunov

functional || - |2, on H} , that is equivalent to the standard Sobolev norm by
2
1R2L = arllbll® + a2 Vohl* + as|[Voht[|" 4+ ase(Vah, Vo) Vhe Hy, (61)
for ay, as,az,aq > 0. ([l

Lemma 2. For any fixed choices of a1,as,ay > 0 and 0 < & < 1, we can choose ay to be big enough so that
|- |12, is equivalent to the standard Sobolev norm || - |3, , with equivalence independent of e.

Proof of lemma. Using Cauchy—Schwarz, Young’s inequality and the fact that € < 1, we have
a4€
-
a1e(Veh, Vo) 2 —asen|Vohl* = IV 2 —aml|Vah] = SHIToh)

ase(Vh, Vb < asen||Voh|? + == ||Voh|* < aun|Vh| + %vahH?

Write h = ht + 7z (h) and using (24), we get
IVohll* < Vo[ + Co |11,

SO

asChr a 2
T ( - n) 1A + (az — asm) | Vahl? + ( - ;) A

Thus, for any fixed choices a1, as,as > 0, we can choose 7 and as big enough, so that ||h[|?, > 0 Vh # 0 and
|hl|2, > Cy||h||% for some C; > 0 where ||h||% = ||h]|? + |Vzh|? + ||V,hE (%, Similarly, it can be proved that
|hl12, < Ca|lh||% for some Cy > 0, independent of e. So for any fixed a1, as,as > 0 and 0 < € < 1, we can
choose ay to be big enough such that || - ||, is equivalent to || - [|2, with equivalence indenpendent of e.

Using (24), we can derive

2
IVohl® < [[Vob*[|” + Car Al < IVoh]* + 2C |IA]1%.

Hence || - [|Z is equivalent to the standard Sobelov norm || - [|3;; , and the result follows.
Similarly, we define 7

K K K K
BE o(h) = an 3l a2 3o Tub|[” +as 3Vt + ase 32Tk, Vo). (62)
i=1 =1 =1 i=1

Then EEKLt is equivalent to EtK for proper choices of a1, as,asz,as > 0. Next, we use four lemmas to bound the
time evolution for each term in (62). O



ERROR ESTIMATES OF APNN IN APPROXIMATING STOCHASTIC LINEARIZED BOLTZMANN EQUATION 65

Lemma 3. We have the estimate

K A .
) :Hiqh;}
=1

K
2 A 12
< ——sD ZHiqh;ﬁHA + Ry
=1

where

K L1 & 2 K K 4
o= fy [l + 4 >||iha|| + oY PRy + > i,
i=1 Li=a i=1 i=1

for Ap, f1,C > 0, all independent of € with f1 a free variable to be chosen later.

Proof of lemma. Take the inner product with respect to izé on both sides of (60), we get
2 Y 1< AT i 7
= —<’Uth97h9>+6;<£zk(h9),h0>+< 9,h9>. (63)

Notice that since flfQ is not necessarily periodic, the operator v -V is not skew-symmetric. Using integration
by part and splitting [ps = [, + [ps_p» we have

Ly|

ili
2 9

~(v- Vol ) < CRY, 474,

To bound the term L 374 (Ly1.(hf), k), we follow exactly the same arguments in [11], which we summarize

as follows. Define
Term I = z;zzq Z< ik (ﬁ’;),ﬁ§> (64)

hz i i pi ~ . . .
Let ©; = 377 + }ZLV[, - hj\zf — % @, = i40,. Consider the change of variables (v,v,) — (v/,v.), (vs,v)

respectively. It can be shown that
K
Term I = Z i2q<£ik (h§)7h39>
ik=1

= _1/ / MM, x Term A dv, do dvdz,
T3 JR3 JR3 xS2

where

K ANK
Term A = Z <;) S;:0,0y. (65)

ik=1

Using assumptions (13)—(15) on the collision kernel, it can be proved that
K
Term A > (by — (274 2)|61]C.) Z D(cos9) Z

and hence

K
1 ~
Term I < ~1 E / / MM..¢(|v — vi|)D(cos 0)0? dv, do dv dz
; R3 JRR3 x§?

=S e(eo(ia) i) < o3|

i=1

2
)
A
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where

2wy =M [ ol = v DleostM. (1 + 1 — 1

W W h. h
R xSd—1

We use the Cauchy—Schwarz and Young’s inequality to bound (A}, fz},) by

< hl><f1[|AZ}|+ ’h

Multiply (63) by i?? and sum over all 1 < i < K. The result follows by collecting all the inequalities above. [

Lemma 4. We have the estimate

K
Y
=1

AV

EPRLLE o P RN L
<= j 4
S AR

where

19 Vmiﬁ

K s K _
:fQZHqumAgHerf— +02z2q72“v + Yy iyt
i=1 2= i—1

for Ap, fo,C > 0, all independent of € with fo a free variable to be chosen later.

Proof of lemma. Take V. on both sides of (60) and then take the inner product with respect to V,hj, we get

50 = (v Vu Vb, Vi) + é fxﬁik (Vah), Vahiy) + (Vo A, Tl ). (66)
k=1

Following exactly the same arguments as for ||2}]|2, we can derive

_<U . VIVI}AL@, V1ﬁ10> < CRZ’;’V +ry ;,l

Zz2qz<£k (Va hg) v h0> < )\DZ ZQHV h”_‘A

)

i=1 k=1
and
i 24 il|2 1 i |12
<va97vzh0> < f2vaA0|| + Evahe
Hence the result follows by multiplying (66) by i?q and sum over all 1 <i < K. O

Lemma 5. We have the estimate

K
0y
i=1

K

Ny C 2 C

ao sl 1 ik, L 2
ZW%H<*ZZ%W*?Z
i=1 =1

2 K 2
iVt oG Y19V + R,
i=1
2)

for Cy,Cs,C3,C1, CY, Ch, f3 >0, all independent of € with f3 a free variable to be chosen later.

where

ith} i1V, hi)

K
ry= 63 (Lol + Seweil”) + £ (3
i=1

i=1

2 K
23
K
TP RS W AR RE PR it )|
=1 i=1

i=1
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Proof of lemma. Take I —m, and V, respectively on both sides of (60), and then take the inner product with
respect to Vvhfg’L. We get

A = (o Vi) v+ 2 S (Tutt () Wb ) 4 (Vo v, o7

k=1

50
where we used Li(f) € N(Lix)™ Vf € L2, and hence (Lin(h§)E = Lin(hh) — np(Lin(hh)) = Li(hE) =
Lip(hg™).

First, consider the term 1 Zszl (Vvﬁik(ﬁ]g’L), Vo ﬁ;ﬂ we multiply the term by i2¢ and sum over all 0 < i <
K. Then we use H1 — H2 and follow exactly the same arguments in [27] to get

K

LS S (v (). Vi) = LS (v (). 9,05

i=1 k=1 i,k=1
K A R A .
<23 i (cw ) i)+ (52 - ) oot )
K 2 A
— % ) xiw;;(C(é)Z(l)Aﬂf)\kqh“H Z Xit - (5 ! _,,d>
S3><E4q<c A+u4>2‘ V3A>Z

v, h’lH
A

e 2
i1V -
A

k, L v
g %(‘SJA
0

For the term —(V,(v - V,hi)t, valfg’ﬂ, we expand it as

<vv<v.v$%>av,,,;y>_<vv<v.vx%),vvw>+<m<v.m>w>

Using integration by part and inequality (24), we have
7,1 i, L b, b,i, )
~(v Vol Vbt ) < O (R +REYT ) + Co (v, + 733,
Apply the Cauchy—Schwarz, Young’s inequality and inequality (17), we have

. " A 12 1 RIE
(Vi Vuhigt) < mi|| Vb +vavh;’lH

S lI? 74, L
< | Vi + Hv s H .
mv () A
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Apply the Cauchy—Schwarz, Young’s inequality, inequality (24) and (17), we can derive

7<v N Vars (i}g) , vvi}f;l> <

oo Tune ()| + 4 i
-l wune(wi)|[ i |

< 772C7r1

T (Vzilé) H + — va%’l H

~ 12
§n2cﬂ'1 vzhzyH + —=

HV 2l

7720 A

and

<VU7T£ (v . V$B§),Vvﬁévl> < 773HVU7TL (v ) V;Jzé) H2 N n%vailngz

N2 1 T
< 13Cr e (V) | +—4—vah3 H

< msCon ||Vl || + 2 HV h“H .

nsvy A

Finally, we use the Cauchy—Schwarz, Young’s inequality and (24) to bound <VDAZQ’J‘7 V,fLé,’J‘) by
= P2 in2 1 -
gﬁQQMN+H%AN)+QO

2
z )
Multiply both sides of (67) by i?? and sum over all 0 < i < K. Then collect all the inequalities above, we get

S G B
i=1

i=1

3( v vt vt A\ &
+<(51A—u§‘>+ L L4 L))y
e\ mvo  N2Vo M3V /) T

1

(vt < e+ g i

~ . 112 “.
| e

N 2
iqh’;’LH
A

2
. .1
Vb

A

K
+ (1 4+ 72Ce1 +13Cx1) D qumﬁg‘)Q + R

1=

Let m = ny = n3 = e7. We then choose 7} to be big enough and § to be small enough to get the desired
result. ]

Lemma 6. We have the estimate

K K
atzz'2q5<vwﬁg,vvf}g> < —Z ZHiqvwﬁg
=1 i=1

where

> D
+—1€ZHZQV hLH +—ZH v hLH + Ra,

K e 1 & 2
Ry= 3 |[iV. 4] + EZHqu,,hg
=1 =1

i=1 i=1 =1

K K K K
. b,i . 0,3,V . x50 . vt
+C g Z2qR0:;,Vm + E quRo’;’v +C, g 22‘11"32 - E zquzt ‘1,
i=1
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for Dy, Da, fs,e,C1,Ch > 0, all independent of € with fy > 0 and e > 4 two free variables to be chosen later.

Proof of lemma. Take V, on both sides of (60) and then take the inner product with respect to VU%, we get

%at<vxﬁg,vvﬁg> = —(Va(v- Vahh), Tuhi) + ii<£i’“ (Vah), Vuhip) + (VoA Wuh).  (68)

Using integration by part, Cauchy—Schwarz and Young’s inequality, one can show that
f<vr (v : vri}g),vvh@ < <v : vri};’,,vrvvi@ + CIRELY " + CoREEY 4 Cpry i 4 Cyry
- <v (v V. hg) Va h9> + IRy + CaRyyY + Oy + Cérs,vt””

e

—<v~VUVzﬁé,Vmﬁé>+C1 RELYe + CoRY LY 4 Opry ;7 + Chry

~. |12
<_Hvzhg +<u Vohi, VoV, h9>+2C1 RyEYe 4 2CoRY LY 4 20 ry

+2Cyry
Since (v - Vohi, VoV hi) = (V, (v - Vuhi), VJL@, we have

(Vv Vahi), Vol ) < —va i RYVe 4 CuRYLYY 4+ ClrYe + Chry o

+Cl

y (19), for each L;,, there is a constant C*i* such that (L (h),g) < CFi
Cct = maX{Cﬁik}ogi’kSK. Then

1 X 1k 714 1 - 7k, L 74
- S (L (Vahb), Vuhi) = Ekz_:l@k (Vahig ™), Vi)

k=1

hlla, llglla, Yh,g € L. Let

K
1 7 74
<13 cefeuit | o], o
ey K K +1)
< CUS v+ SEED 0
k=1

where we apply Young’s inequality in the last inequality above. Using inequality (25) and the Poincare inequality
(26), We can further bound ||V, h§||3 by
Voii| = Ve (i) + voiiit|
[Vt = [7ome (3) + 925"

~\ (2 AL
<2V (i) + 2] 7

714 2 71,1 2

ollme (Ro) |+ 2] %,
~. |12 . 2

< 20,Cy | Wuhi | + 2| Wby HA

Finally, we use Cauchy-Schwarz, Young’s inequality to bound (V, A}, Vvﬁ@ by

(Vo Ay, Vohi) < fil|Vadi]|” + %va% 2
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Set n = g for D > 0 and collect all the inequalities above, we get

0 Vb, Vbl ) < (zcﬁcpc‘(féw _ ;) v

CED &N p i1
T ZHVZ}W HA'XHC
k=1

w“v h”H + 1| VoAb + HVU% i

+ IRV + CoRy YV + Ciry i + Clhr 3?,‘;”.

We set D = 2C,C,C*(K + 1)e for some e > 4 to be chosen later. Then we multiply both sides of the
inequality above by ¢ and use the fact that € < 1 to get

. . 12 D
8ts<Vxh§,Vvh’a>§—ZHVxh’a +—162Hv h“H - Xik

D . . 1 TP (69)
%vahﬁHA + fal| VoAb || + —vahg
+ O Ry Y+ CaRyyY + Ciry i + Cyry
Finally, multiple both sides of (69) by i2? and sum over all 1 <i < K, we get
K LK > Pre & -
2 7 P . P
at ;Z q€<vzh0,vvh9> S _Z ; quxhe + ? ZZI ﬁ kqv h H * Xik
K
Dy o piL]|?
=2 hit|| R
s 2
. 7 i, L
<5l « B e,
K

D 2
= ZHiqv’Uh,gLH + R4a

£ A

where D; = 3 X 4qﬁ1 and the result follows.
Collecting Lemmas 3-6, we can derive that
0 BX (i) < a3C1 — a1 \p qgiiL]|? | aaDie —azAp = &
V(o) < SRR 3 ki mmm S v
- - (70)

as Do

e i R (LR Do |

where R = R; + Ry + Rs + Ry.
We first pick asz, a4 so that asCs — 22 < 0. Then we pick e big enough so that “4D2 —a3Cy < 0. Then we
pick aq big enough so that a3C; — al)\D < 0. Finally, we choose as big enough so that agD1e — asAp < 0 and

+ R,
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E[it is equivalent to EJS. Then (70) becomes

€

K
griL]]? K
1Thy - —

€

. 2
iV iy
A A

BtEEIj_’t (ile) < —% i
i=1

o K 2 K 12
Y (M N o ) A
€ i=1 A i=1
K |.q3i,L K . 2L
<_d~(<zi_1 ik IR | i eVah IR

+R

g2 €2

2 vt
+ +R

+ZHZ‘1V hZ

zthLH —|—Z 19V hllH —|—Z 19V th’ —|—Z 19V, hl

K 2 K .
S—sK(Z Ahy | 9N hy ) +R
=1 =1

< *E:‘K'EtK (ile) + R.

The last inequality is based on the following fact: Let

{F1<h> = B4+ (I Vaht [+ ([ [ + V0]
Fao(h) = |A]} + IV} + || Ve

then use (25) and Poincare inequality (26), we have

IR < (B3 + Ime )R < (1B} + CxColl Vbl

Similarly,
IVLhl2 < || Va3 + CrllVah]?,

so Fy(h) < CFy(h) for some C > 0. On the other hand, using (25) and (17), we get

OI/1

IV hl12 < ||Voh [} + [Vome (B < ||Voh™ ][} + 173

Hence ||h|3,, < C'Fy(h) for some C' > 0. Finally, since A-norm controls the standard L? norm, we have
A ~
Hh“zi < C//”thq}\ for some C” > 0. Combining all these inequalities, we get ”h”%’i < CF;i(h) for some
C > 0.
Finally, we analyze the term R. Set f1 = fo = f3 = f, = # for some f > 0, we have

Ch
R <efCiE; (he) + 7EK(A0) + (Ra t,sto T Re t,sto T Re t, sto) +Cs (T37t + T?Yf + 7“37?)7
for some C1, Cy,C3 > 0. We choose f to be small enough so that fCy — K < 0. Then

i N
OBE (ko) < KB (ha) + = (B[ (A0) + Ri a0+ REY 20 + Ry bty + 0 + 157 +737 )
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Split [ps = [+ Jgs_p and use Assumption 2, we have

[ e e |

_pli 24 | i
= Re,t + Re,t T
E i2 1,i,Vy 2,i,Va Vi i2 1,4,V 2,i,Vy Vi
Similarly, [|[VzAG[* < Rpy ™= + Ry "= + 1" and [V Ay|* <Ry ™ + Ry ™" + 1y So we get
R

OEL (ho) < —K"EF (ho) + g

where
o 1 1,V 1,V 2 2,V 2,V, b
R = 7?’O,t,sto + RO,t,;to + RG,t,svto + Re,t,sto + RG,t,:to + 7?’B,t,svto + Re,t,sto
b,V b,V Ve Vo V. Vo
+Ro i sto T Ryt oot e +1if +rif +r3e+7r37 +737.

Thus by Gronwall’s inequality, we have

Ef (ﬁe) < ( /OT Rdt+ EX (ﬁ9)> et

o),

9

o |Q

for some C’, 7 > 0 independent of €. This completes the proof. (Il

Remark 1. Use similar arguments and a Grénwall type inequality, we can also show that EX (ile) <C (Rg;ﬁl +

4(e)) for some C' > 0 independent of &, hence the error won’t explode when ¢ < 1. But in this case we can’t
derive the exponential decay in time. This is not a real problem since e~ *™* — 1 as ¢ — 0, hence the exponential
decay becomes insignificant when we are in the fluid regime. We comment that in the acoustic scaling, we can’t
expect an exponential decay with decay rate independent of ¢, as suggested in [27].

5. NUMERICAL EXPERIMENTS

5.1. The micro-macro decomposition method

In this section, we will numerically implement the APNN-SG method and demonstrate that it is efficient
and can deliver robust results. Instead of studying the full Boltzmann (or its linearized model), we consider the
linear semiconductor Boltzmann equation [22] with uncertainties and under the diffusive scaling. As mentioned
in the beginning of Section 4, our analysis can be easily generalized to this linear model. The equation of the
model is given by

DS+ Vaf + Va6 Vo = TL(f). ()
where

L(f)(v, 2) = /Rd o(v,w, 2)(M(v) f(w, z) = M(w) f(v,2)) dw.

Here ¢t and x dependence in functions are omitted. We employ the micro-macro decomposition method [26] and
derive the micro-macro system for the semiconductor Boltzmann equation (71). Assume the ansatz

f=1f+eg, (72)
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where g = g(t,z,v,2) and IIf = (f) M(v), with

- / f(t,z,v,2) dv = p(t,z, 2).
R

One can derive a coupled system for p and g in this micro-macro decomposition framework, then

atp + V- <Ug> +V, V- <avg> =0, (73)
e201g+v - Vep M) +e(l—M)(v-Veg+ Vid - Viug) —20p -V, VM) = L(g).
2. APNN-SG method
We approximate the solutions p, g in (73) by the following ansatzes:
PN (¢, 2) ZANNtwk 2, V(e 2) ZANwak() (74)

To approximate the solution of the stochastic Galerkin system, we represent the expansion coefficients using
deep neural networks. Specifically, we employ two distinct sets of K 41 neural networks to parameterize the gPC
coefficients {pr(¢,2)} and {gi (¢, z,v)} in the expansions (74). For the density coefficients, a physical constraint
is that the leading-order term pg, must be non-negative. To enforce this property at the network level, we model
this coefficient using a neural network s\~ followed by an exponential activation function:

o (t,x) == exp(py " (£ 30,)), (75)

where the inputs to the network are time ¢ and position x. The remaining coefficients, ﬁlle for k > 0, are standard
fully-connected networks. To ensure this condition is met by construction for all coefficients, we formulate each
network approximation, Q,IC\IN, using a projection-based approach:

G (t ) = gy (L@, v50p) — TG (76)
Here, g}jN is a standard fully-connected neural network whose inputs include time ¢, position x, and velocity v.
This formulation inherently satisfies the constraint for any trainable network gi™, since applying the projection
operator II to gkNN yields: Hg}C\IN = 0. This architectural choice correctly embeds the physical constraints of the
model directly into our neural network representation.

Conducting the SG method on the micro-macro system (73) and incorporating the initial and boundary
conditions, one defines the loss function for the APNN-SG method as the following;:

1 N X . 2
RTotal = m/ / HatpeNN + Vm . <UggIN> + V;p¢ . < yggIN>H dx dt

|T><D><Q///H oGy " +e(I —I)(v- Vag)™ + Vad - Vody )

—20- Vg pYN M(v) + v Vo phN M (v) — L(g)N) H dv dz dt (77)

- |T><8D><Q|//8D/HB (PYN M (v) +egh™) — Fy||” dvdz

|DXQ‘//HI (BN M(v) + 2gd™) — fol| dv de,
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where 7, D, Q denote the temporal, spatial and velocity domain respectively, the penalty parameters Ai, Ao
are chosen for good performances. Here || - || represents the L? norm for vectors, and L(gYN) is shown as

L™ = M) [ Blo.w)g™ (w) dw = F)g™ (o), (78)

with matrices (Bj;) kxx and (Fjj) kx x defined by

By (v, w) = / o (0, w, 2 (s () (2) d, (79)

z

Fu(0) = [ A 2)ua(2)us(:)n(a) e (30)

5.3. Numerical tests

In our numerical experiments, we will show one example to illustrate the robustness and accuracy of our
designed APNN-SG method. We employ the APNN-SG for the semiconductor Boltzmann model with uncer-
tainties. We compare the reference solution obtained by traditional numerical methods and APNN-SG methods
in different regimes, ranging from the kinetic regime (¢ = O(1)) to the diffusive regime (¢ <« 1), and observe that
the APNN-SG can capture the multiscale nature of the model with uncertainties thanks to the design of the loss
function based on the macro-micro decomposition. For the velocity discretization, the integral in v is computed
by using the Hermite quadrature rule with N,, quadrature points. We adopt the Hermite polynomials in velocity
discretization to provide more accurate velocity derivatives, a technique similar to the moment method [22,40].
See details in the appendix.

Networks architecture. In our experiments, we use the feed-forward neural network (FNN) with one input
layer, one output layer and 4 hidden layers with 128 nerouns in each layer, unless otherwise specified. The
hyperbolic tangent function (Tanh) is chosen as our activation function.

gPC basis. Since the random variable z is assumed following the uniform distribution, we use the following
Legendre polynomials:

Po(z) = 1,
¢1(Z) = \/§Z,
V5 o o
(;52(2) = 7(3 - 1)7 (81)
b3(z) = g(&z?’ - 3z),
pa(z) = 2(355‘ —30z° +3).

Training settings. We train the neural network by Adam with Xavier initialization. We set epochs to be
200000 and the learning rate to be 10~%, and use full batch for most of the following experiments in the
numerical experiments unless otherwise specified. All the hyper-parameters are chosen by trial and error.

Loss design. For our experiment, we consider the spatial and temporal domains to be [0,1] and [0,0.1]
respectively. We choose the collocation points {(¢;, z;,v;)} for f(¢,z,v) in the following way. For spatial points
x;, we select 99 interior points evenly spaced in [0, 1]. For temporal points ¢;, we select 20 interior points evenly
spaced in the range [0,0.1]. We use the tensor product grid for the collocation points. For velocity points v;,
N, = 8 points are generated by the Hermite quadrature rule. The variable z is uniformly defined on the interval
[—1, 1], over which the function o(z) is positive. For numerical evaluation, we discretize this domain using 101
uniformly spaced points. The penalty parameters in (77) are set to (A1, A2) = (1,1).
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FIGURE 1. Problems I with different €. Mean of density p for APNN-SG and reference solutions
at T =0.1.

TABLE 1. Problems I. Relative £? error comparisons for the mean of the reference solution and
APNNs with different ¢ at the final time at "= 0.1.

€ 1 102 1073 108
APNN-SG 3.81x107% 299x 102 4.31x107° 3.65x 1073
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FIGURE 2. Problems I with different €. Standard deviation of density p for APNN-SG and
reference solutions at "= 0.1.

The reference solutions are obtained by traditional AP scheme [22]. We compute the relative ¢ errors for the
mean and standard deviation of p obtained from the APNN-SG method and the reference solution, which are
defined by

2 2
Zj|p§§an(tvxj) - p?ﬁgan(ta‘rj” Z |p:,td t ‘TJ pstd(t x])|
gmean(t) = of D) 3 5std<t) = rof D) : (82)
Zj'pmean(t7xj)| Z }ps‘tad t xﬂ |
Here the mean and standard deviation of p(t,x, z) over a set of M data points {z;}}£, are given by
1 < 1 <
pmean(tax) M Zp(taxazi)a pstd(tvx) = Z t x, Zz pmean(tvx))Q- (83)

z:l

[

Uncertainty in the collision kernel. Let z € [0, 1], the potential V = e~50exp(1)(1/4=2)* 4nq the scattering
coefficient o(v,w,z) = 10 + 9z. In this problem, we assume z € [—1,1] following the uniform distribution.

Consider the initial data f(t = 0,2,v,2) = ﬁe‘f and incoming boundary conditions in space.
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TABLE 2. Problems I. Relative ¢ error comparisons for standard deviation of the reference
solution and APNN-SG with different ¢ at the final time at T' = 0.1.

€ 1 1072 1073 108
APNN-SG 476 x 1072 1.27x1072 165x1072 1.75x 1073

We will establish two networks to learn the coefficients pi (¢, ) and gi (¢, z, v) respectively and use the Legendre
polynomials as our basis. In numerical experiments, we consider the cases when K = 4. We construct five
different neural networks to approximate each gPC coefficient in p and g respectively. Figure 1 shows the mean
of p(t,x,z) under different . To qualitatively demonstrate the performance of the APNN-SG, we report the
relative £2 errors for the test sets generated by APNN-SG in Table 1, where we compute the ¢ errors of the
density between APNN-SG solution and the reference solution. Besides the mean of density, we further study
the standard deviation. Figure 2 shows the standard deviation of p(t,z,z) under different e. We observe that
APNN-SG can capture an accurate solution compared to the reference when ¢ is a relatively large value, such
as € = 1, and when ¢ is extremely small, such as ¢ = 10~%, thanks to the AP property of the loss function in
APNN-SG (Tab. 2).

6. CONCLUSION

In this paper, we construct an asymptotic-preserving neural network (APNN) for the linearized Boltzmann
equation in the acoustic scaling with uncertainties. We employ the micro-macro decomposition method and
build the APNN loss function based on the micro-macro system. Rigorous analysis have been conducted to
show the existence of neural networks when the APNN loss goes to zero, and the convergence of the neural
network approximated solution when the loss function tends to zero. In numerical examples, we demonstrate
that the proposed APNN-SG method works efficiently for the linear semiconductor Boltzmann equation with
uncertainties and under the diffusive scaling. In the future work, we will further improve our analysis result by
incorporating the Barron-type functions [13] and develop posterior estimates for the neural network approxima-
tions, and implement the APNN-based method for higher-dimensional problem and the full Boltzmann equation
with uncertainties.
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APPENDIX A. VELOCITY DISCRETIZATIONS

For completeness, we briefly mention the velocity discretization similar to what has been studied in [22]. Set f(¢,z,v) =
Y(t,z,v)M(v), where M(v) = %671)2, with
N ~
’l/J(t,[E,’U) = Z¢k(t7$)Hk(U)7 (Al)

k=0

being the Hermite expansion. For notation simplicity, we omit the ¢ and = dependence of functions below. Here H,, are
the renormalized Hermite polynomials defined as H_1 =0, Hy = 1/7r1/4 and

~ [ 2 = N .
Hjy = ——H; — /| ——H;_1 f >0,
j+1 =70 1 J 1 j—1 1orj =
satisfying 8, H i =+2) H j—1. The inverse Hermite expansion is given by

Ui =Y () He(vg) wy, (A.2)

7=0
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where (vj,w;) are the points and corresponding weights of the Gauss—Hermite quadrature rule. Thus the collision operator
L in (71) can be computed by

L(f)(v) = M(v) Za(v,vj)w(vj)wj —A() f(v),

Jj=0
. N
with A(v) = 3250, 0(v,v;) w;.
APPENDIX B. PARAMETRIZATION OF RANDOM INPUTS

In this appendix, we discuss how to manage the randomness existing in our model. The key step is to parameterize the
random inputs by a finite set of independent random variables to make computational simulations plausible. If the random
inputs are already given in the form of finitely many random parameters with a proper probability distribution, e.g.,
jointly Gaussian, then parametrization is straightforward, e.g., using Cholesky decomposition. However, in many cases,
the random inputs are formulated by random processes, which are often characterized by a continuous index ¢t € T'. Then
we need to apply dimension blackuction techniques to approximate the processes using finitely many random variables.
One of the most widely used techniques in this regard is the Karhunen—Loeve (KL) expansion, see [15,43].

For a random process {Y;(w)}ter (we use the notation Y; as an abbreviation) with mean py (t) and autocorrelation
function Ry (t,s) = E[Y:Ys], its KL expansion, if exists, is given by

Vi(w) = Zwi(tmm, (B.1)

where the series converges in the mean square sense (m.s.), {;} is an orthonormal family of functions in L?(T) and
Y;’s are mutually orthogonal, i.e., E[Y;Y;] =0 Vi # j. The existence of KL expansion for Y; is guaranteed by Mercer’s
theorem, provided that the random process Y; is m.s. continuous, i.e., Ry (t,s) is continuous over T' x T.

We now analyze how to derive ¥; and Y; if the KL expansion for Y; exists. The KL expansion for Y; can be viewed
as an analogue of decomposing f € L*(T) with respect to an orthonormal family {v;}, i.e.,

F=" fabi,
i=1

where f; = fT fiidt € R are the Fourier coefficients. In the KL setting, once an orthonormal family {«;} is chosen, we
can define the “Fourier coefficients” Y; analogously by

Yi(w) = /T Vi (w)bi (t) dt. (B.2)

The only difference is that the coefficients for the KL expansion are random variables instead of real numbers. The
challenge now is to pick {¢;} properly so that the coefficients {Y;} are mutually orthogonal. This can be accomplished
by the following lemma, whose proof is included in [15].

Lemma B.1. Suppose Y; is m.s. continuous and (B.1) holds for Y; with {1;} orthonormal and {Y;} not necessarily
mutually orthogonal. Then it is a KL expansion (i.e., Y;’s are mutually orthogonal) if and only if 1;’s are eigenfunctions
Of Ry :

Ry (i) = Xithi,
where Ry is an operator on L*(T) given by Ry (1)(t) = [, Ry (t, s)1(s)ds for any ¢(t) € L*(T). In case (B.1) is a KL
expansion, the eigenvalues are given by \; = E[|Y;|?].

In summary, if Y; is m.s. continuous, its KL expansion can be established by first solving an eigenvalue problem related
to the autocorrelation function Ry (¢, s) to obtain an orthonormal family {«;}, followed by a computation of the “Fourier
coefficients” Y;(w) associated to this orthonormal family. Once the KL expansion is established, the analysis of Y; can
be naturally transformed into the analysis of the coefficients Y;.

For practical purposes, we need to truncate the series appearing in (B.1) to obtain a finite dimensional parametrization
of the random process, i.e.,

V@) ® Y eYiw),  d>1 (B.3)
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In most situations, the eigenvalues \; as appeablack in Lemma B.1 will decay as ¢ increases. Hence we can choose the
truncation order d based on the decay rate of the eigenvalues. For more details, we refer the readers to [43]. Once (B.3) is
established, we can represent the random process Y; by finitely many orthogonal random variables Y; as we desire. Note
that in general Y;’s are not mutually independent, unless additional assumptions on Y; are made, e.g., Y; is a Gaussian
process with zero mean. We will not pursue further in this direction and shall be content with finite representation of Y;
by orthogonal random variables. Some remarks are in order.

Remark B.1. The condition of m.s. continuity to guarantee the existence of a KL expansion is not very restrictive.
Many random processes we use for modeling, e.g., Brownian motion and Poisson process, satisfy this property.

Remark B.2. We assume the distribution of the random process Y; is prescribed. Hence, we can derive the probability
distributions of Y; using (B.2). This is especially straightforward and useful when Y; is a Gaussian process.

Remark B.3. The truncated KL expansion (B.3) identifies the “most accurate” d-dimensional approximation of Y; in
the sense that it minimizes E[||Y; — Z:]|?] over all d-dimensional random processes Z;. A random process Z; is said to be
d-dimensional if it has the form Z;(w) = E?Zl ¢i(t)Z;(w) for any d random variables Z1, ..., Zq and functions ¢1, ..., dq.
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