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ERROR ESTIMATES OF ASYMPTOTIC-PRESERVING NEURAL NETWORKS
IN APPROXIMATING STOCHASTIC LINEARIZED BOLTZMANN EQUATION

Jiayu Wan*, Liu Liu and Zhenyi Zhu

Abstract. In this paper, we construct an asymptotic-preserving neural network (APNN) (Jin et al., J.
Sci. Comput. 94 (2023) 57) for the linearized Boltzmann equation with uncertain parameters. Utilizing
the micro-macro decomposition, we design the loss function based on the stochastic-Galerkin system
conducted from the micro-macro equations. Rigorous analysis is provided to show the capability of the
neural network in approximating solutions near the global Maxwellian. By employing hypocoercivity
techniques, we demonstrate two key results: (i) the existence of APNN leading to arbitrarily small loss
function, and (ii) the convergence of the APNN’s approximated solution as the loss tends to zero, with
the error exhibiting an exponential decay in time.
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1. Introduction

Kinetic equations have been widely used in many areas such as rarefied gas, plasma physics, astrophysics,
semiconductor device modeling, and social and biological sciences [33, 41]. They describe the non-equilibrium
dynamics of a system composed of a large number of particles and bridge atomistic and continuum models in
the hierarchy of multiscale modeling. The Boltzmann-type equation, as one of the most representative models
in kinetic theory, provides a power tool to describe molecular gas dynamics, radiative transfer, plasma physics,
and polymer flow [3]. They have significant impacts in designing, optimization, control, and inverse problems.
For example, it can be used in the design of semiconductor devices, topology optimization of gas flow channels,
or risk management in quantitative finance [10]. Many of these applications often require finding unknown or
optimal parameters in the Boltzmann-type equations or mean-field models [2, 6, 7, 9].

In addition, kinetic equations typically involve various sources of uncertainty, such as modeling errors, impre-
cise measurements, and uncertain initial conditions. In particular, the collision kernel in the Boltzmann equation
governs the transition rates during particle collisions. Calculating this collision kernel from first principles is
highly complex, and in practice, heuristic approximations or empirical data are often used, inevitably introducing
uncertainties. Additionally, uncertainties may stem from inaccurate measurements of initial or boundary condi-
tions, as well as from source terms, further compounding the uncertainties in the model. As a result, addressing
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uncertainty quantification (UQ) becomes essential for evaluating, validating, and improving the underlying mod-
els, underscoring our project’s significance. For numerical studies of the Boltzmann equation and other kinetic
models with or without randomness, we refer readers to works such as [18, 20, 24, 38] and [12, 17, 19, 35, 36].
Among the various numerical approaches, the generalized polynomial chaos (gPC)-based stochastic Galerkin
(SG) method and its variations have been widely adopted, demonstrating success in a range of applications
[43]. Beyond numerical simulations, theoretical studies have established the stability and convergence of these
methods. Spectral convergence for the gPC-based SG method was demonstrated in [16, 28, 29], while [11, 27]
introduced a robust framework based on hypocoercivity to perform local sensitivity analysis for a class of
multiscale, inhomogeneous kinetic equations with random uncertainties-approximated using the gPC-based SG
method. For further reference, we point readers to the recent collection [23] and the survey [37].

Modeling and predicting the evolution of multiscale systems such as the Boltzmann-type equations have
always been challenging, which often requires sophisticated knowledge of numerical methods and labor-intensive
implementation, in addition to the prohibitive costs due to the well-known curse of dimensionality. The issue
of high dimensionality becomes even more overwhelming when uncertainties are considered, making traditional
numerical approaches unfavorable. This motivates researchers to develop data-driven models and methods [42]
in the recent decade.

Machine Learning, or Deep neural networks (DNNs) in particular, have gained increasing interest in approx-
imating the solutions of partial differential equations (PDE) due to their universal approximation property and
ability to handle high-dimensional problems. Many studies have been done to employ DNN for solving determin-
istic or parameterized PDEs, and have shown remarkable promise in various applications. Among those, Physics
Informed Neural Network (PINN) [39] is one of the most famous approaches which incorporates the available
physical laws and limited data, such as boundary or initial conditions and the source term, to approximate the
solution of the underlying PDE. The idea has been successfully applied in the simulation of many forward and
inverse problems [8, 31,32].

However, if one directly applies the standard PINNs when dealing with multiscale kinetic models, it may
lead to incorrect inferences and predictions. This is due to the presence of small scales needing to be enforced
consistently during the learning process, but a standard PINN formulation only captures the solution at the
leading order of the Knudsen number, thereby losing accuracy in the asymptotic limit regimes. To overcome
this difficulty, the authors in [25] propose the Asymptotic-Preserving Neural Networks (APNNs) to enhance the
performance of standard PINN to solve multiscale linear transport equations. The idea of APNN is inspired
by the traditional AP schemes [21], which preserve the asymptotic transition from one scale to another at
the discrete level and capture the limiting macroscopic behavior of the solution when the scaling parameter
approaches zero. Recently, an APNN-based method is performed to solve the linear semiconductor Boltzmann
equation with good accuracy [30]. APNN is also applied to study hyperbolic-type linear kinetic equations with
multiple scales, for example, see [4].

Although some numerical experiments have been conducted to validate the efficiency and accuracy of APNN-
based methods, rigorous analysis of the convergence of these methods is still limited. For literature in this
direction, we refer to [1], in which the authors study Boltzmann equations with linear collision kernels and
present a formal proof of the convergence of the APNN solutions to the real solutions in the standard 𝐿2

space, as the defined APNN loss approaches zero. In this paper, we carry out rigorous analysis of APNN for
linearized Boltzmann equation perturbed around some global Maxwellian. We will perform error estimates for
the method and derive some convergence results. Our innovations are twofold. First, we introduce uncertainties
into our system and adopt the SG method to show the convergence of the approximated SG coefficients in some
weighted normed space, as inspired by Liu and Jin [27]. Second, we conduct hypocoercivity analysis [5, 34] to
the APNN system to derive convergence in 𝐻1 space with errors decaying exponentially in time, thus providing
a more accurate rate of convergence compared to [1]. Our analysis can be outlined as follows. First, we perform
micro-macro decomposition for the linearized Boltzmann equation and define our APNN loss function based
on the micro-marco system. We then have two main theorems to prove: the first theorem suggests that there
exists neural networks which lead to arbitrarily small APNN loss, and the proof is based on the Universal



ERROR ESTIMATES OF APNN IN APPROXIMATING STOCHASTIC LINEARIZED BOLTZMANN EQUATION 53

Approximation Theorem (UAT) of neural networks. The second theorem states that the errors of the APNN-
approximated solutions tend to zero as the APNN loss approaches zero, with an exponential decay in time.
The proof is inspired by Briant [5], which constructs a Lyapunov functional that is equivalent to the standard
Sobolev norm 𝐻1. We then estimate the time evolution for each term involved in the functional and keep track
of the terms that serve as components of the APNN loss function.

The rest of the paper is organized as follows. In Section 2, we review some important concepts in kinetic
theory which serve as the cornerstone for our analysis. This includes a short introduction to linearized Boltzmann
equation with uncertainty, a complete list of hypocoercivity assumptions, and a concise review of the stochastic
Galerkin method. In Section 3, we derive a coupled system in the micro-macro decomposition framework with a
formal analysis of the asymptotic limit. We then define our APNN loss function based on the decomposition and
generalize the result to the stochastic Galerkin setting. In Section 4, we prove our main results, which are the two
theorems mentioned in the previous paragraph. In Section 5, we conduct numerical experiments and demonstrate
that the APNN-based SG method is efficient to solve the linear Boltzmann model with uncertainties. Lastly,
we conclude the paper and mention the future work.

2. Preliminaries

2.1. Introduction to Boltzmann equation with uncertainties

Consider the initial value problem for the Boltzmann equation{︃
𝜕𝑡𝑓 + 1

𝜀𝛼 𝑣 · ∇𝑥𝑓 = 1
𝜀1+𝛼𝑄(𝑓, 𝑓)

𝑓(0, 𝑥, 𝑣, 𝑧) = 𝑓𝐼(𝑥, 𝑣, 𝑧), 𝑥 ∈ T𝑑, 𝑣 ∈ R𝑑, 𝑧 ∈ 𝐼𝑧 ⊂ R
(1)

where 𝑓 = 𝑓(𝑡, 𝑥, 𝑣, 𝑧) represents the particle density distribution in the phase space that depends on time 𝑡,
particle position 𝑥, particle velocity 𝑣 and a random variable 𝑧. The number 𝑑 ≥ 1 denotes the dimension of
the spatial and velocity spaces, and 𝑧 is a random variable that lies in domain 𝐼𝑧 ⊂ R with compact support,
which is used to account for the random uncertainties of inputs. For more details on the parameterization of
random inputs by a finite-dimensional random vector, we refer the reader to the appendix. The operator 𝑄 is
quadratic and models the binary collisional interactions between particles. The parameter 𝜀 is the dimensionless
Knudsen number, the ratio of particle mean free path over the domain size. The choice 𝛼 = 1 is referred to the
incompressible Navier–Stokes scaling, while 𝛼 = 0 corresponds to the Euler(acoustic) scaling. Periodic boundary
condition for the spatial domain Ω = T𝑑 is assumed.

We consider random collision kernels, hence the operator 𝑄 is defined by

𝑄(𝑓, 𝑔) =
∫︁

R𝑑×S𝑑−1
𝐵(|𝑣 − 𝑣*|, cos 𝜃, 𝑧)(𝑓 ′𝑔′* + 𝑓 ′*𝑔

′ − 𝑓𝑔* − 𝑓*𝑔) d𝑣* d𝜎 (2)

where we adopt the notations 𝑓 ′ = 𝑓(𝑣′), 𝑓* = 𝑓(𝑣*), 𝑓 ′* = 𝑓(𝑣′*) and similar for 𝑔. 𝑣′ and 𝑣′* are the post-
collisional velocities of particles depending on the pre-collisional velocities 𝑣 and 𝑣*, which are given by:

𝑣′ =
𝑣 + 𝑣*

2
+
|𝑣 − 𝑣*|

2
𝜎, 𝑣′* =

𝑣 + 𝑣*
2

− |𝑣 − 𝑣*|
2

𝜎

𝜃 ∈ [0, 𝜋] is the deviation angle between 𝑣′ − 𝑣′* and 𝑣 − 𝑣*. The collision kernel 𝐵 = 𝐵(|𝑣 − 𝑣*|, cos 𝜃, 𝑧) is a
non-negative function determined by physics, and it is assumed to depend on the random variable 𝑧 ∈ 𝐼𝑧 in our
setting. The Boltzmann collision operator conserves mass, momentum and energy, namely∫︁

R𝑑

𝑄(𝑓, 𝑓)𝜑(𝑣) d𝑣 = 0, 𝜑(𝑣) = 1, 𝑣, |𝑣|2. (3)
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Moreover, we have the celebrated Boltzmann’s H-theorem,∫︁
R𝑑

𝑄(𝑓, 𝑓) log (𝑓) d𝑣 ≤ 0, (4)

such that ∫︁
R𝑑

𝑄(𝑓, 𝑓) log (𝑓) d𝑣 = 0 ⇔ 𝑄(𝑓, 𝑓) = 0 ⇔ 𝑓 = ̃︁𝑀,

where ̃︁𝑀 is the local equilibrium state:

̃︁𝑀 =
𝜌

(2𝜋𝑇 )
𝑑
2

exp
(︂
−|𝑣 − 𝑢|2

2𝑇

)︂
, (5)

with
𝜌(𝑥, 𝑡) =

∫︁
T𝑑×R𝑑

𝑓 d𝑣,

𝑢(𝑥, 𝑡) =
1
𝜌

∫︁
T𝑑×R𝑑

𝑓𝑣 d𝑣,

𝑇 (𝑥, 𝑡) =
1

d𝜌

∫︁
T𝑑×R𝑑

𝑓 |𝑣 − 𝑢|2 d𝑣,

corresponding to the density, mean velocity and temperature of the gas respectively, which are all determined
by the initial datum due to the conservation properties. The global equilibrium is the unique stationary solution
to (1) and is given by

ℳ(𝑣) =
1

(2𝜋)
𝑑
2
𝑒−

|𝑣|2
2 . (6)

We consider a linearization around the global equilibrium for the solution:

𝑓 = ℳ+ 𝜀𝑀ℎ, (7)

where 𝑀 =
√
ℳ. Inserting (7) into the Boltzmann equation (1), the fluctuation ℎ satisfies⎧⎨⎩𝜕𝑡ℎ+

1
𝜀𝛼
𝑣 · ∇𝑥ℎ =

1
𝜀1+𝛼

ℒ(ℎ) +
1
𝜀𝛼
ℱ(ℎ, ℎ)

ℎ(0, 𝑥, 𝑣, 𝑧) = ℎ𝐼 ,
(8)

where the linearized collision operator ℒ is defined as

ℒ(ℎ) = 𝑀−1(𝑄(𝑀ℎ,ℳ) +𝑄(ℳ,𝑀ℎ))

= 𝑀

∫︁
R𝑑×S𝑑−1

𝐵(|𝑣 − 𝑣*|, cos 𝜃, 𝑧)ℳ*

(︂
ℎ′*
𝑀 ′
*

+
ℎ′

𝑀 ′ −
ℎ*
𝑀*

− ℎ

𝑀

)︂
d𝑣* d𝜎,

(9)

with the nonlinear operator ℱ given by

ℱ(ℎ, ℎ) = 𝑀−1[𝑄(𝑀ℎ,𝑀ℎ) +𝑄(𝑀ℎ,𝑀ℎ)]

=
∫︁

R𝑑×S𝑑−1
𝐵(|𝑣 − 𝑣*|, cos 𝜃, 𝑧)𝑀*(ℎ′*ℎ

′ − ℎ*ℎ) d𝑣* d𝜎.
(10)

In this paper, we will focus mainly on the acoustic scaling (𝛼 = 0) in spatial dimension three (𝑑 = 3), and
we will ignore the influence of the nonlinear operator ℱ by setting ℱ = 0 [34]. Then (8) becomes⎧⎨⎩𝜕𝑡ℎ+ 𝑣 · ∇𝑥ℎ =

1
𝜀
ℒ(ℎ)

ℎ(0, 𝑥, 𝑣, 𝑧) = ℎ𝐼 .
(11)
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The linear operator ℒ is self-adjoint on the space 𝐿2
𝑣, and it can be split as

ℒ(ℎ) = 𝐾(ℎ)− Λ(ℎ)

such that
𝐾(ℎ) = 𝐿+(ℎ)− 𝐿*(ℎ), 𝐿*(ℎ) = 𝑀 [(ℎ𝑀) *Φ],

with
𝐿+(ℎ) =

∫︁
R3×S2

𝐵(|𝑣 − 𝑣*|, cos 𝜃, 𝑧)(ℎ′𝑀 ′
* + ℎ′*𝑀

′)𝑀* d𝑣* d𝜎.

In addition, Λ(ℎ) = 𝜈(𝑣, 𝑧)ℎ, with the collision frequency

𝜈(𝑣, 𝑧) =
∫︁

R3×S2
𝐵(|𝑣 − 𝑣*|, cos 𝜃, 𝑧)ℳ* d𝑣* d𝜎 = (Φ *ℳ)(𝑣). (12)

Assumptions on the collision kernel

We will make the same assumptions on the collision kernel as in [11]. In particular, we will consider hard
potentials with 𝐵 satisfying Grad’s angular cutoff, that is,

𝐵(|𝑣 − 𝑣*|, cos 𝜃, 𝑧) = Φ(|𝑣 − 𝑣*|)𝑏(cos 𝜃, 𝑧), Φ(|𝑣 − 𝑣*|) = 𝐶|𝑣 − 𝑣*|𝛾 , 𝛾 ∈ [0, 1], 𝐶 > 0,

∀𝜂 ∈ [−1, 1], |𝑏(𝜂, 𝑧)| ≤ 𝐶𝑏, |𝜕𝜂𝑏(𝜂, 𝑧)| ≤ 𝐶𝑏,
⃒⃒
𝜕𝑘

𝑧 𝑏(𝜂, 𝑧)
⃒⃒
≤ 𝐶*𝑏 , ∀ 0 ≤ 𝑘 ≤ 𝑟.

(13)

We assume that 𝑏 is linear in 𝑧, namely

𝑏(cos 𝜃, 𝑧) = 𝑏0(cos 𝜃) + 𝑏1(cos 𝜃)𝑧, |𝑧| ≤ 𝐶𝑧. (14)

Furthermore, we presume that

𝑏0(cos 𝜃) ≥ (2𝑞 + 2)|𝑏1(cos 𝜃)|𝐶𝑧 +𝐷(cos 𝜃), (15)

where 𝐷 ∈ 𝐶1([−1, 1]) such that |𝐷(𝜂)|, |𝐷′(𝜂)| ≤ 𝐶𝐷, ∀𝜂 ∈ [−1, 1]. The importance of the linearity assumption
(14) will become clear when we introduce the stochastic Galerkin method in Section 2.3. Equation (15) is a
technical assumption to ensure that our hypocoercivity analysis can be generalized to the stochastic setting (see
Sect. 4 for more details).

2.2. Hypocoercivity assumptions

Our error estimate is based on hypocoercivity analysis, which relies on some assumptions on the collision
kernel. In this subsection, we will summarize these assumptions and we comment that the linearized Boltzmann
operator ℒ satisfies all these assumptions [34].

H1: Λ satisfies coercivity conditions. ℒ : 𝐿2
𝑥,𝑣 = 𝐿2(T3 × R3) is closed, self-adjoint on 𝐿2

𝑣 and local in 𝑥.
ℒ has the form ℒ = 𝐾 − Λ. There is a norm ‖ · ‖Λ𝑣 on 𝐿2

𝑣 given by

‖ℎ‖Λ𝑣
=
⃦⃦⃦
ℎ(1 + |𝑣|)

𝛾
2

⃦⃦⃦
𝐿2

𝑣

(16)

such that ∀ℎ ∈ 𝐿2
𝑣, Λ satisfies the coercivity condition:

𝜈Λ
0 ‖ℎ‖2𝐿2

𝑣
≤ 𝜈Λ

1 ‖ℎ‖2Λ𝑣
≤ ⟨Λ(ℎ), ℎ⟩𝐿2

𝑣
≤ 𝜈Λ

2 ‖ℎ‖2Λ𝑣
, (17)

and ∀ℎ ∈ 𝐻1
𝑣 ,

⟨∇𝑣Λ(ℎ),∇𝑣ℎ⟩𝐿2
𝑣
≥ 𝜈Λ

3 ‖∇𝑣ℎ‖2Λ𝑣
− 𝜈Λ

4 ‖ℎ‖2Λ𝑣
, (18)
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where (𝜈Λ
𝑠 )0≤𝑠≤4 > 0 are constants depending on the operators and the velocity space. We also assume that

∀ℎ, 𝑔 ∈ 𝐿2
𝑣,

⟨ℒ(ℎ), 𝑔⟩𝐿2
𝑣
≤ 𝐶ℒ‖ℎ‖2Λ𝑣

‖𝑔‖2Λ𝑣
. (19)

We define a norm ‖ · ‖Λ on 𝐿2
𝑥,𝑣 by

‖ · ‖2Λ =
∫︁

T3
‖ · ‖2Λ𝑣

d𝑥. (20)

H2: 𝐾 has a regularizing effect. For any 𝛿 > 0, there exists some explicit constant 𝐶(𝛿) > 0 such that
∀ℎ ∈ 𝐻1

𝑣 ,
⟨∇𝑣𝐾(ℎ),∇𝑣ℎ⟩𝐿2

𝑣
≤ 𝐶(𝛿)‖ℎ‖2𝐿2

𝑣
+ 𝛿‖∇𝑣ℎ‖2𝐿2

𝑣
. (21)

In fact, it is shown in [34] that ‖∇𝑣𝐾(ℎ)‖2𝐿2
𝑣
≤ 𝐶(𝛿)‖ℎ‖2𝐿2

𝑣
+ 𝛿‖∇𝑣ℎ‖2𝐿2

𝑣
.

H3: ℒ has a finite dimensional kernel. One has

𝑁(ℒ) = Span{𝜙1, . . . , 𝜙𝑁},

such that {𝜙𝑖}1≤𝑖≤𝑁 forms an orthonormal set with 𝜙𝑖(𝑣) = 𝑃𝑖(𝑣)𝑒−
|𝑣|2
4 , where 𝑃𝑖 is a polynomial.

We denote by 𝜋ℒ the orthogonal projection in 𝐿2
𝑣 onto 𝑁(ℒ). Then ∀ℎ ∈ 𝐿2

𝑣,

𝜋ℒ(ℎ) =
𝑁∑︁

𝑖=1

(︂∫︁
R3
ℎ𝜙𝑖 d𝑣

)︂
𝜙𝑖. (22)

Here ℒ has the local coercivity property: there exists 𝜆 > 0 such that ∀ℎ ∈ 𝐿2
𝑣,

⟨ℒ(ℎ), ℎ⟩𝐿2
𝑣
≤ −𝜆‖ℎ⊥‖2Λ𝑣

, (23)

where ℎ⊥ = ℎ− 𝜋ℒ(ℎ) represents the microscopic part of ℎ. We summarize here some key facts about the fluid
projection 𝜋ℒ, which will be used later.

If ℎ ∈ 𝐻1
𝑥,𝑣, write 𝜋ℒ(ℎ) =

∑︀
ℎ𝑖𝜙𝑖 as in (22), then 𝜕𝑣𝑖

𝜙𝑗 is still of the form 𝑃 (𝑣)𝑒−
|𝑣|2
4 for a polynomial

𝑃 , whose norm in 𝐿2
𝑣 is finite. We let 𝑀 = max{‖∇𝑣𝜙𝑖‖2𝐿2

𝑣
}1≤𝑖≤𝑁 , then ‖∇𝑣𝜋ℒ(ℎ)‖2𝐿2

𝑥,𝑣
≤ 𝑀‖𝜋ℒ(ℎ)‖2𝐿2

𝑥,𝑣

by Cauchy–Schwarz and the orthonormality of {𝜙𝑖}. Similar results can be proved for ‖𝑣 · ∇𝑣𝜋ℒ(ℎ)‖2𝐿2
𝑥,𝑣

and

‖∇𝑣𝜋ℒ(𝑣 · ℎ)‖2𝐿2
𝑥,𝑣

by choosing 𝑀 to be max{‖𝑣 · ∇𝑣𝜙𝑖‖2𝐿2
𝑣
} and max{‖∇𝑣𝑣𝑖𝜙𝑗‖2𝐿2

𝑣
} respectively. Hence there

exists 𝐶𝜋1 > 0 such that ∀ℎ ∈ 𝐻1
𝑥,𝑣,

‖∇𝑣𝜋ℒ(ℎ)‖2𝐿2
𝑥,𝑣
≤ 𝐶𝜋1‖𝜋ℒ(ℎ)‖2𝐿2

𝑥,𝑣

‖𝑣 · ∇𝑣𝜋ℒ(ℎ)‖2𝐿2
𝑥,𝑣
≤ 𝐶𝜋1‖𝜋ℒ(ℎ)‖2𝐿2

𝑥,𝑣

‖∇𝑣𝜋ℒ(𝑣 · ℎ)‖2𝐿2
𝑥,𝑣
≤ 𝐶𝜋1‖𝜋ℒ(ℎ)‖2𝐿2

𝑥,𝑣
.

(24)

Moreover, setting 𝑀 = max{‖(1 + |𝑣|)
𝛾
2 𝜙𝑖‖2𝐿2

𝑣
} and 𝑀 = max{‖(1 + |𝑣|)

𝛾
2∇𝑣𝜙𝑖‖2𝐿2

𝑣
} respectively, we can prove

similar results for ‖𝜋ℒ(ℎ)‖2Λ and ‖∇𝑣𝜋ℒ(ℎ)‖2Λ. Hence there exists 𝐶𝜋 > 0 such that ∀ℎ ∈ 𝐻1
𝑥,𝑣,

‖𝜋ℒ(ℎ)‖2Λ ≤ 𝐶𝜋‖𝜋ℒ(ℎ)‖2𝐿2
𝑥,𝑣
≤ 𝐶𝜋‖ℎ‖2𝐿2

𝑥,𝑣

‖∇𝑣𝜋ℒ(ℎ)‖2Λ ≤ 𝐶𝜋‖𝜋ℒ(ℎ)‖2𝐿2
𝑥,𝑣
≤ 𝐶𝜋‖ℎ‖2𝐿2

𝑥,𝑣
.

(25)

Inequality (25), combining with H1, shows that the Λ-norm and the standard 𝐿2
𝑥,𝑣-norm are equivalent on

the fluid part of ℒ. Finally, for all ℎ ∈ 𝑁( 1
𝜀ℒ − 𝑣 · ∇𝑥)⊥, the Poincare inequality on the torus gives that for

some 𝐶𝑝 > 0,
‖𝜋ℒ(ℎ)‖2𝐿2

𝑥,𝑣
≤ 𝐶𝑝‖∇𝑥𝜋ℒ(ℎ)‖2𝐿2

𝑥,𝑣
≤ 𝐶𝑝‖∇𝑥ℎ‖2𝐿2

𝑥,𝑣
. (26)
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2.3. Stochastic Galerkin (SG) method

In this subsection, we discuss how to manage the random variable 𝑧 existing in the perturbed Boltzmann
equation (11). The main idea involves applying the stochastic Galerkin (SG) method to eliminate the random-
ness, thereby transforming the equation into a system of equations containing only deterministic coefficients.
Throughout the paper, we assume that 𝑧 ∈ 𝐼𝑧 ⊂ R with compact support.

We define the space
P𝐾 := Span

{︁
𝜑𝑖(𝑧)

⃒⃒⃒
1 ≤ 𝑖 ≤ 𝐾

}︁
equipped with the inner product with respect to the probability density function 𝜋(𝑧) in 𝑧(which is given a
priori):

⟨𝑓(𝑡, 𝑥, 𝑣, ·), 𝑔(𝑡, 𝑥, 𝑣, ·)⟩𝐼𝑧
=
∫︁

𝐼𝑧

𝑓(𝑡, 𝑥, 𝑣, 𝑧)𝑔(𝑡, 𝑥, 𝑣, 𝑧)𝜋(𝑧) d𝑧,

where {𝜑𝑖(𝑧)}𝐾
𝑖=1 is an orthonormal gPC basis function, i.e.,∫︁

𝐼𝑧

𝜑𝑖(𝑧)𝜑𝑗(𝑧)𝜋(𝑧) d𝑧 = 𝛿𝑖𝑗 , 1 ≤ 𝑖, 𝑗 ≤ 𝐾. (27)

For (11), we employ the SG method and expand ℎ(𝑡, 𝑥, 𝑣, 𝑧) as

ℎ(𝑡, 𝑥, 𝑣, 𝑧) ≈ ℎ𝐾(𝑡, 𝑥, 𝑣, 𝑧) :=
𝐾∑︁

𝑖=1

ℎ𝑖(𝑡, 𝑥, 𝑣)𝜑𝑖(𝑧), (28)

with
ℎ𝑖(𝑡, 𝑥, 𝑣) =

∫︁
𝐼𝑧

ℎ(𝑡, 𝑥, 𝑣, 𝑧)𝜑𝑖(𝑧)𝜋(𝑧) d𝑧. (29)

We perform the Galerkin projection of (11) onto P𝐾 to obtain a system of equations:{︃
𝜕𝑡ℎ

𝑖 + 𝑣 · ∇𝑥ℎ
𝑖 = 1

𝜀ℒ𝑖(ℎ𝐾),

ℎ𝑖(0, 𝑥, 𝑣) = ℎ𝐼
𝑖 (𝑥, 𝑣),

(30)

for 1 ≤ 𝑖 ≤ 𝐾, with periodic boundary conditions and initial data for ℎ𝑖 given by

ℎ𝐼
𝑖 (𝑥, 𝑣) :=

∫︁
𝐼𝑧

ℎ𝐼(𝑥, 𝑣, 𝑧)𝜑𝑖(𝑧)𝜋(𝑧) d𝑧.

The linear term ℒ𝑖(ℎ𝐾) is defined by

ℒ𝑖(ℎ𝐾) = ⟨ℒ(ℎ𝐾), 𝜑𝑖⟩𝐼𝑧
=

𝐾∑︁
𝑘=1

⟨ℒ(ℎ𝑘𝜑𝑘), 𝜑𝑖⟩𝐼𝑧

=
𝐾∑︁

𝑘=1

𝑀

∫︁
R3×S2

𝑆𝑖𝑘ℳ*

(︃
ℎ𝑘,′

*

𝑀 ′
*

+
ℎ𝑘,′

𝑀 ′ −
ℎ𝑘
*

𝑀*
− ℎ𝑘

𝑀

)︃
d𝑣* d𝜎

=
𝐾∑︁

𝑘=1

ℒ𝑖𝑘(ℎ𝑘)

(31)

with
𝑆𝑖𝑘(|𝑣 − 𝑣*|, cos 𝜃) =

∫︁
𝐼𝑧

𝐵(|𝑣 − 𝑣*|, cos 𝜃, 𝑧)𝜑𝑖(𝑧)𝜑𝑘(𝑧)𝜋(𝑧) d𝑧. (32)
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The linearity assumption (14) guarantees that for each fixed 𝑖, 𝑆𝑖𝑘 is nonzero for only three choices of
𝑘 : 𝑖− 1, 𝑖, 𝑖+ 1, which will simplify our error analysis in Section 4. We hence define

𝜒𝑖𝑘 =

{︃
0, 𝑆𝑖𝑘 = 0
1, 𝑆𝑖𝑘 ̸= 0.

(33)

Similar to [27], we make the technical assumption

‖𝜑𝑖‖𝐿∞ ≤ 𝐶𝑖𝑝, ∀1 ≤ 𝑖 ≤ 𝐾,

with parameter 𝑝 ≥ 0. Let 𝑞 > 𝑝+ 2, we then define the energy 𝐸𝐾
𝑡 by

𝐸𝐾
𝑡 (ℎ) =

𝐾∑︁
𝑖=1

⃦⃦
𝑖𝑞ℎ𝑖(𝑡, ·, ·)

⃦⃦2

𝐻1
𝑥,𝑣
, (34)

where ℎ = (ℎ1, ℎ2, . . . , ℎ𝐾)𝑇 .

3. APNN framework

3.1. Micro-macro decomposition

In this subsection, we derive the micro-macro decomposition for the linearized Boltzmann equation perturbed
around the global equilibrium ℳ(𝑣). As before, we assume acoustic scaling and suppose first that the model is
deterministic with spatial dimension 𝑑 = 3. We recall here that the equation is given by{︃

𝜕𝑡ℎ+ 𝑣 · ∇𝑥ℎ = 1
𝜀ℒ(ℎ),

ℎ(0, 𝑥, 𝑣) = ℎ𝐼 .
(35)

Denote 𝑀 =
√
ℳ. By H3, the null space of ℒ is finite dimensional and it is well known that 𝑁(ℒ) has an

orthonormal basis given by
𝑁(ℒ) = Span{𝜙0𝑀,𝜙1𝑀,𝜙2𝑀,𝜙3𝑀,𝜙4𝑀}

where ⎧⎪⎨⎪⎩
𝜙0(𝑣) = 1

𝜙𝑖(𝑣) = 𝑣𝑖, 1 ≤ 𝑖 ≤ 3

𝜙4(𝑣) = 1√
6
(|𝑣|2 − 3)

(36)

with ⟨𝜙𝑖𝑀,𝜙𝑗𝑀⟩𝐿2
𝑣

= 𝛿𝑖𝑗 . Let ℎ𝜀 be a solution to (35), we define the fluid quantities associated to ℎ𝜀 by⎧⎪⎨⎪⎩
𝜌𝜀(𝑡, 𝑥) = ⟨ℎ𝜀, 𝜙0𝑀⟩𝐿2

𝑣

𝑢𝜀(𝑡, 𝑥) = ⟨ℎ𝜀, 𝑣𝑀⟩𝐿2
𝑣

𝑇𝜀(𝑡, 𝑥) = ⟨ℎ𝜀, 𝜙4𝑀⟩𝐿2
𝑣
,

(37)

which are precisely the coefficients of 𝜋ℒ(ℎ𝜀) with respect to the orthonormal basis. We now describe the
micro-macro decomposition for (35).

We first decompose ℎ𝜀 as
ℎ𝜀 = 𝜋ℒ(ℎ𝜀) + 𝜀𝑔𝜀 = 𝑚𝑇

𝜀 𝜙𝑀 + 𝜀𝑔𝜀, (38)

where 𝑚𝜀 = (𝜌𝜀, 𝑢1,𝜀, 𝑢2,𝜀, 𝑢3,𝜀, 𝑇𝜀)𝑇 ,𝜙 = (𝜙0, 𝜙1, 𝜙2, 𝜙3, 𝜙4)𝑇 . To simplify the notation, we delete the subscript
𝜀 in the expression above and let ℎ̃ = 𝑚𝑇 𝜙𝑀 . Then the decomposition becomes ℎ = ℎ̃+ 𝜀𝑔. We substitute this
ansatz into (35) to get

𝜕𝑡

(︁
ℎ̃+ 𝜀𝑔

)︁
+ 𝑣 · ∇𝑥

(︁
ℎ̃+ 𝜀𝑔

)︁
=

1
𝜀
ℒ
(︁
ℎ̃+ 𝜀𝑔

)︁
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which is equivalent to
𝜕𝑡ℎ̃+ 𝜀𝜕𝑡𝑔 + 𝑣 · ∇𝑥ℎ̃+ 𝜀𝑣 · ∇𝑥𝑔 = ℒ(𝑔). (39)

Taking 𝜋ℒ on both sides of (39) gives the macroscopic part of the equation

𝜕𝑡ℎ̃+ 𝜋ℒ(𝑣 · ∇𝑥ℎ̃) + 𝜀𝜋ℒ(𝑣 · ∇𝑥𝑔) = 0, (40)

where we used 𝜋ℒ(𝑔) = 0, ⟨ℒ(𝑓), 𝜙𝑖𝑀⟩𝐿2
𝑣

= 0, ∀𝑓 ∈ 𝐿2
𝑣, 0 ≤ 𝑖 ≤ 4. Note that (40) is equivalent to

𝜕𝑡𝑚 +∇𝑥 ·
⟨
𝑣ℎ̃𝜙𝑀

⟩
+ 𝜀∇𝑥 · ⟨𝑣𝑔𝜙𝑀⟩ = 0, (41)

where ⟨𝑓⟩ :=
∫︀

R3 𝑓(𝑣) d𝑣 and ⟨𝑣ℎ̃𝜙𝑀⟩ stands for (⟨𝑣ℎ̃𝜙0𝑀⟩, ⟨𝑣ℎ̃𝜙1𝑀⟩, . . . , ⟨𝑣ℎ̃𝜙4𝑀⟩)𝑇 (similarly for ⟨𝑣𝑔𝜙𝑀⟩).
Taking 𝐼 − 𝜋ℒ on both sides of (39) leads to the microscopic part

𝜀𝜕𝑡𝑔 + (𝐼 − 𝜋ℒ)𝑣 · ∇𝑥ℎ̃+ 𝜀(𝐼 − 𝜋ℒ)𝑣 · ∇𝑥𝑔 = ℒ(𝑔). (42)

The coupled system (41) and (42) is the kinetic/fluid formulation of (35), and we can easily recover (35) from
the system by taking the dot product of (41) with 𝜙𝑀 , and then add the result to (42).

As 𝜀→ 0, the coupled system becomes{︃
𝜕𝑡𝑚 +∇𝑥 ·

⟨
𝑣ℎ̃𝜙𝑀

⟩
= 0,

(𝐼 − 𝜋ℒ)𝑣 · ∇𝑥ℎ̃ = ℒ(𝑔).
(43)

Thus 𝑔 = ℒ−1((𝐼−𝜋ℒ)𝑣 ·∇𝑥ℎ̃) and (𝜌, 𝑢, 𝑇 ) satisfies 𝜕𝑡𝑚+∇𝑥 · ⟨𝑣ℎ̃𝜙𝑀⟩ = 0, which takes the following explicit
form ⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜕𝑡𝜌+∇𝑥 · 𝑢 = 0

𝜕𝑡𝑢+∇𝑥

(︁
𝜌+

√
6

3 𝑇
)︁

= 0

𝜕𝑡𝑇 +∇𝑥 ·
(︁√

6
3 𝑢
)︁

= 0.

(44)

This is precisely the acoustic equations as described in [14], with a slight change in the constant coefficients due
to different choices of the orthonormal basis. Hence our macro-micro formulation correctly captures the fluid
limit of (35).

Our goal is to obtain (𝜌, 𝑢, 𝑇, 𝑔) using neural networks. We will denote 𝑓𝜃 to be the approximation of 𝑓
using a neural network with parameters 𝜃. In the APNN framework, we will construct networks (𝜌𝜃, 𝑢𝜃, 𝑇𝜃, 𝑔𝜃)
to approximate (𝜌, 𝑢, 𝑇, 𝑔), and we refer to [30] for a detailed description of the APNN structure. Notice that
the function 𝑔 contains the velocity variable 𝑣, which has an unbounded domain R3. But when using neural
networks to approximate functions, we typically consider functions in a bounded domain. So we will restrict
our training of 𝑔𝜃 over some bounded domain 𝒟 ⊂ R3. For technical purpose, we then extend 𝑔𝜃 over the entire
velocity space by setting 𝑔𝜃 = 0 for 𝑣 ∈ R3−𝒟. Moreover, 𝜋ℒ(𝑔) = 0 if 𝑔 is the real solution to (42). This clearly
does not necessarily hold for an arbitrary 𝑔𝜃. Hence, we perform a post-processing of our network to replace 𝑔𝜃

by 𝑔𝜃 − 𝜋ℒ(𝑔𝜃) to make sure 𝜋ℒ(𝑔𝜃) = 0 and hence 𝜋ℒ(ℎ𝜃) = ℎ̃𝜃, where⎧⎪⎨⎪⎩
𝑚𝜃 = (𝜌𝜃, 𝑢𝜃, 𝑇𝜃)𝑇

ℎ̃𝜃 = 𝑚𝑇
𝜃 𝜙𝑀

ℎ𝜃 = ℎ̃𝜃 + 𝜀𝑔𝜃.

The best approximation (𝜌𝜃, 𝑢𝜃, 𝑇𝜃, 𝑔𝜃) is obtained by minimizing the loss function of our neural network, which
we now describe. Replacing (𝜌, 𝑢, 𝑇, 𝑔) by (𝜌𝜃, 𝑢𝜃, 𝑇𝜃, 𝑔𝜃) in (41) and (42), we get⎧⎨⎩𝜕𝑡𝑚𝜃 +∇𝑥 ·

⟨
𝑣ℎ̃𝜃𝜙𝑀

⟩
+ 𝜀∇𝑥 · ⟨𝑣𝑔𝜃𝜙𝑀⟩ = 𝑑1

𝜃

𝜀𝜕𝑡𝑔𝜃 + (𝐼 − 𝜋ℒ)𝑣 · ∇𝑥ℎ̃𝜃 + 𝜀(𝐼 − 𝜋ℒ)𝑣 · ∇𝑥𝑔𝜃 − ℒ(𝑔𝜃) = 𝑑2
𝜃.

(45)
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We further define

𝑑𝑖𝑛𝑖
𝜃 = ℎ𝜃(0, 𝑥, 𝑣)− ℎ(0, 𝑥, 𝑣) (46)

𝑑𝑏
𝜃 = (ℎ𝜃(𝑡, 𝑥1, 𝑥2, 𝜋, 𝑣)− ℎ𝜃(𝑡, 𝑥1, 𝑥2,−𝜋, 𝑣))2 + (ℎ𝜃(𝑡, 𝑥1, 𝜋, 𝑥3, 𝑣)− ℎ𝜃(𝑡, 𝑥1,−𝜋, 𝑥3, 𝑣))2

+ (ℎ𝜃(𝑡, 𝜋, 𝑥2, 𝑥3, 𝑣)− ℎ𝜃(𝑡,−𝜋, 𝑥2, 𝑥3, 𝑣))2 (47)

which correspond to the losses on the initial data and boundary value, respectively. We define the generalization
error by

ℛ𝐺
𝜃 = ℛ1

𝜃 +ℛ2
𝜃 +ℛ𝑖𝑛𝑖

𝜃 +ℛ𝑏
𝜃 (48)

where ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ℛ1

𝜃 =
∫︀ 𝑇

0
ℛ1

𝜃,𝑡 d𝑡, ℛ1
𝜃,𝑡 =

∫︀
T3 |𝑑1

𝜃|2 d𝑥

ℛ2
𝜃 =

∫︀ 𝑇

0
ℛ2

𝜃,𝑡 d𝑡, ℛ2
𝜃,𝑡 =

∫︀
T3

∫︀
𝒟

⃒⃒
𝑑2

𝜃

⃒⃒2 d𝑣 d𝑥

ℛ𝑖𝑛𝑖
𝜃 =

∫︀
T3

∫︀
𝒟

⃒⃒
𝑑𝑖𝑛𝑖

𝜃

⃒⃒2 d𝑣 d𝑥

ℛ𝑏
𝜃 =

∫︀ 𝑇

0
ℛ𝑏

𝜃,𝑡 d𝑡, ℛ𝑏
𝜃,𝑡 =

∫︀
𝜕T3

∫︀
𝒟

⃒⃒
𝑑𝑏

𝜃

⃒⃒2 d𝑣 d𝜎(𝑥).

(49)

Notice that as 𝜖 → 0, the residual loss (45) will tend to the residual loss of the fluid limit (43), which clearly
demonstrates the AP property of the network.

Since we will eventually prove convergence results in the 𝐻1 space, we need a 𝐻1-counterpart of the loss func-
tion. Hence we further define 𝑑1,∇𝑥

𝜃 = ∇𝑥𝑑
1
𝜃, 𝑑

2,∇𝑥

𝜃 = ∇𝑥𝑑
2
𝜃, and let 𝑑𝑖𝑛𝑖,∇𝑥

𝜃 , 𝑑𝑏,∇𝑥

𝜃 similarly as 𝑑𝑖𝑛𝑖
𝜃 , 𝑑𝑏

𝜃, replacing
ℎ𝜃, ℎ by ∇𝑥ℎ𝜃,∇𝑥ℎ. We then define ℛ𝐺,∇𝑥

𝜃 similarly as ℛ𝐺
𝜃 , replacing each integrand by the corresponding

∇𝑥-counterpart, and we define ℛ𝐺,∇𝑣

𝜃 in the same way. Finally, we let

ℛ𝐺,𝐻1

𝜃 = ℛ𝐺
𝜃 +ℛ𝐺,∇𝑥

𝜃 +ℛ𝐺,∇𝑣

𝜃 , (50)

which is the final loss function we are going to minimize during the training process of our networks.

3.2. APNN for the SG system

We now generalize the previous APNN framework to linearized Boltzmann equation with uncertainty. We
assume again acoustic scaling and then the equation reads{︃

𝜕𝑡ℎ+ 𝑣 · ∇𝑥ℎ = 1
𝜀ℒ(ℎ),

ℎ(0, 𝑥, 𝑣, 𝑧) = ℎ𝐼 .
(51)

To deal with the random variale 𝑧, we follow the stochastic Galerkin method introduced in Section 2.3. Let
ℎ ≈ ℎ𝐾 =

∑︀𝐾
𝑖=1 ℎ

𝑖𝜑𝑖(𝑧), and we again write ℎ = ℎ̃+ 𝜀𝑔 = 𝑚𝑇 𝜙𝑀 + 𝜀𝑔. Then

ℎ𝑖(𝑡, 𝑥, 𝑣) =
∫︁

𝐼𝑧

ℎ𝜑𝑖(𝑧)𝜋(𝑧) d𝑧

=
∫︁

𝐼𝑧

(𝑚𝑇 𝜙𝑀 + 𝜀𝑔)𝜑𝑖(𝑧)𝜋(𝑧) d𝑧

=
∫︁

𝐼𝑧

𝑚𝑇 𝜙𝑀𝜑𝑖(𝑧)𝜋(𝑧) d𝑧 + 𝜀

∫︁
𝐼𝑧

𝑔𝜑𝑖(𝑧)𝜋(𝑧) d𝑧

= (𝑚𝑖)𝑇 𝜙𝑀 + 𝜀𝑔𝑖,

where 𝑚𝑖 = (𝜌𝑖, 𝑢𝑖, 𝑇 𝑖)𝑇 , which can be easily proved to be the coefficients of 𝜋ℒ(ℎ𝑖) with respect to the
orthonormal basis {𝜙𝑀}, due to the fact that 𝜋ℒ is interchangeable with

∫︀
𝐼𝑧
·d𝑧. Hence we also have 𝑔𝑖 ∈ 𝑁(ℒ)⊥

for 1 ≤ 𝑖 ≤ 𝐾.
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As in (30), the stochastic Galerkin system for (51) is given by

𝜕𝑡ℎ
𝑖 + 𝑣 · ∇𝑥ℎ

𝑖 =
1
𝜀
ℒ𝑖(ℎ𝐾), (52)

for 1 ≤ 𝑖 ≤ 𝐾 where ℒ𝑖(ℎ𝐾) is defined in (31). Substituting ℎ𝑖 = (𝑚𝑖)𝑇 𝜙𝑀 + 𝜀𝑔𝑖 into (52) and taking 𝜋ℒ and
𝐼 − 𝜋ℒ respectively on both sides of the equation will lead to⎧⎨⎩𝜕𝑡𝑚

𝑖 +∇𝑥 ·
⟨
𝑣ℎ̃𝑖𝜙𝑀

⟩
+ 𝜀∇𝑥 ·

⟨︀
𝑣𝑔𝑖𝜙𝑀

⟩︀
= 0,

𝜀𝜕𝑡𝑔
𝑖 + (𝐼 − 𝜋ℒ)∇𝑥𝑣 · ℎ̃𝑖 + 𝜀(𝐼 − 𝜋ℒ)𝑣 · ∇𝑥𝑔

𝑖 = ℒ𝑖(𝑔𝐾),
(53)

for 1 ≤ 𝑖 ≤ 𝐾. This is the macro-micro formulation for (52).
As in the deterministic case, we will construct networks (𝜌𝑖

𝜃, 𝑢
𝑖
𝜃, 𝑇

𝑖
𝜃 , 𝑔

𝑖
𝜃) to approximate (𝜌𝑖

𝜃, 𝑢
𝑖
𝜃, 𝑇

𝑖
𝜃 , 𝑔

𝑖
𝜃). The

losses (𝑑1,𝑖
𝜃 , 𝑑2,𝑖

𝜃 , 𝑑𝑖,𝑖
𝜃 , 𝑑

𝑏,𝑖
𝜃 ) are defined similarly as (𝑑1

𝜃, 𝑑
2
𝜃, 𝑑

𝑖
𝜃, 𝑑

𝑏
𝜃), replacing (𝜌𝜃, 𝑢𝜃, 𝑇𝜃, 𝑔𝜃) by (𝜌𝑖

𝜃, 𝑢
𝑖
𝜃, 𝑇

𝑖
𝜃 , 𝑔

𝑖
𝜃). Then⎧⎨⎩𝜕𝑡𝑚

𝑖
𝜃 +∇𝑥 ·

⟨
𝑣ℎ̃𝑖

𝜃𝜙𝑀
⟩

+ 𝜀∇𝑥 ·
⟨︀
𝑣𝑔𝑖

𝜃𝜙𝑀
⟩︀

= 𝑑1,𝑖
𝜃 ,

𝜀𝜕𝑡𝑔
𝑖
𝜃 + (𝐼 − 𝜋ℒ)𝑣 · ∇𝑥ℎ̃

𝑖
𝜃 + 𝜀(𝐼 − 𝜋ℒ)𝑣 · ∇𝑥𝑔

𝑖
𝜃 − ℒ𝑖(𝑔𝐾,𝜃) = 𝑑2,𝑖

𝜃 .
(54)

The generalization error in the stochastic case is defined by

ℛ𝐺
𝜃,𝑠𝑡𝑜 = ℛ1

𝜃,𝑠𝑡𝑜 +ℛ2
𝜃,𝑠𝑡𝑜 +ℛ𝑖

𝜃,𝑠𝑡𝑜 +ℛ𝑏
𝜃,𝑠𝑡𝑜, (55)

where

ℛ1
𝜃,𝑠𝑡𝑜 =

𝐾∑︁
𝑖=1

𝑖2𝑞

∫︁ 𝑇

0

ℛ1,𝑖
𝜃,𝑡 d𝑡, ℛ1,𝑖

𝜃,𝑡 =
∫︁

T3

⃒⃒⃒
𝑑1,𝑖

𝜃

⃒⃒⃒2
d𝑥,

and ℛ2
𝜃,𝑠𝑡𝑜,ℛ𝑖

𝜃,𝑠𝑡𝑜,ℛ𝑏
𝜃,𝑠𝑡𝑜 are defined similarly. Finally, we define

ℛ𝐺,𝐻1

𝜃,𝑠𝑡𝑜 = ℛ𝐺
𝜃,𝑠𝑡𝑜 +ℛ𝐺,∇𝑥

𝜃,𝑠𝑡𝑜 +ℛ𝐺,∇𝑣

𝜃,𝑠𝑡𝑜 , (56)

where each term is defined analogously to the deterministic case.

4. Main results

In this section, we formally prove our convergence results. Similar results for APNN are obtained in [1].
Compared to [1], our innovations can be summarized as follows. First, our problem contains uncertainties, which
are characterized by the random variable 𝑧. This stochastic setting will introduce new challenges to our analysis,
as we shall see later. Second, our analysis differs significantly from that in [1], in terms of both methodology
and implications. In general, we have adopted hypercoercivity methods to derive a more explicit convergence
result than [1]. We also mention that our analysis can be easily generalized to other linear models involving
Boltzmann-type operators, such as the linear semiconductor Boltzmann model, which will be illustrated by
numerical experiments in Section 5.

4.1. Existence of APNN with arbitrarily small loss

Our first result states that there exists a neural network so that the APNN loss ℛ𝐺,𝐻1

𝜃,𝑠𝑡𝑜 is sufficiently small.
Notice that 𝑔𝑖

𝜃 can only approximate 𝑔𝑖 in a bounded subset of the velocity space. Hence inspired by Abdo
et al. [1], we need to make some technical assumptions on 𝑔𝑖 outside some bounded subset of R3 so that the
approximation is valid over the entire velocity space. To be specific, we define the following quantities.

Let

𝑐𝑖 =
∫︁ 𝑇

0

∫︁
T3

∫︁
R3−𝒟

⃒⃒
𝑔𝑖
⃒⃒2

+
⃒⃒
𝑣 · ∇𝑥𝑔

𝑖
⃒⃒2

d𝑣 d𝑥d𝑡.
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Define 𝑐∇𝑥
𝑖 , 𝑐∇𝑣

𝑖 in a similarly way, replacing 𝑔𝑖 by ∇𝑥𝑔
𝑖 and ∇𝑣𝑔

𝑖 respectively in the definition of 𝑐𝑖. Let

𝑐Λ𝑖𝑘 =
∫︁ 𝑇

0

∫︁
T3

∫︁
R3−𝒟

⃒⃒
𝜈𝑖𝑘∇𝑣𝑔

𝑘
⃒⃒2

+
⃒⃒
(∇𝑣𝜈𝑖𝑘)𝑔𝑘

⃒⃒2
d𝑣 d𝑥d𝑡

where 𝜈𝑖𝑘 is defined similarly as (12), replacing the collision kernel with the proper kernels in the SG setting.
We make the following assumption, which asserts that quantities related to the microscopic part 𝑔 outside

some sufficiently large 𝒟 is negligible.

Assumption 1. For any 𝜂 > 0, there exists a bounded domain 𝒟 ⊂ R3 large enough, such that 𝑐𝒟 :=
∑︀𝐾

𝑖=1(𝑐𝑖+
𝑐∇𝑥
𝑖 + 𝑐∇𝑣

𝑖 +
∑︀𝐾

𝑘=1 𝑐
Λ
𝑖𝑘) < 𝜂.

Theorem 1. Consider the linearized Boltzmann equation with uncertainty (51), and let (𝜌,𝑢,𝜃, 𝑔) be the solu-
tion to the macro-micro formulation (53) such that the microscopic part 𝑔 satisfies Assumption 1. Then for any
𝛿 > 0, there exists a bounded domain 𝒟 ⊂ R3 and a network (𝜌𝜃,𝑢𝜃,𝑇𝜃, 𝑔𝜃) such that

ℛ𝐺,𝐻1

𝜃,𝑠𝑡𝑜 < 𝛿.

Proof. To prove the statement, we need the following lemma from [30], which is basically the Universal Approx-
imation Theorem for neural networks. �

Lemma 1. Let Ω ⊂ R𝑁 be a bounded subset. Suppose 𝑓 ∈ 𝐶2(Ω). Then for any 𝜂 > 0, there exists a two-layer
neural network 𝑓𝜃 such that,

‖𝑓 − 𝑓𝜃‖𝑊 2,∞(Ω) < 𝜂.

Let 𝒟 be a bounded domain in R3 such that 𝑐𝒟 < 𝑑𝛿 for some 𝑑 > 0 to be chosen later. Let Ω = [0, 𝑇 ]×T3×𝒟.
Suppose ℎ𝑖 ∈ 𝐶2(Ω) for all 1 ≤ 𝑖 ≤ 𝐾. Then from Lemma 1, for any 𝜂 > 0, there exists a network (𝜌𝜃,𝑢𝜃,𝑇𝜃, 𝑔𝜃)
such that {︃

‖𝜌𝑖
𝜃 − 𝜌𝑖‖𝑊 2,∞([0,𝑇 ]×T3) < 𝜂, ‖𝑢𝑖

𝜃 − 𝑢𝑖‖𝑊 2,∞([0,𝑇 ]×T3) < 𝜂,

‖𝑇 𝑖
𝜃 − 𝑇 𝑖‖𝑊 2,∞([0,𝑇 ]×T3) < 𝜂, ‖𝑔𝑖

𝜃 − 𝑔𝑖‖𝑊 2,∞(Ω) < 𝜂.
(57)

Combining (53) and (54), we have⎧⎨⎩𝜕𝑡𝑚̂
𝑖
𝜃 +∇𝑥 ·

⟨
𝑣
ˆ̃
ℎ𝑖

𝜃𝜙𝑀
⟩

+ 𝜀∇𝑥 ·
⟨︀
𝑣𝑔𝑖

𝜃𝜙𝑀
⟩︀

= −𝑑1,𝑖
𝜃

𝜀𝜕𝑡𝑔
𝑖
𝜃 + (𝐼 − 𝜋ℒ)𝑣 · ∇𝑥

ˆ̃
ℎ𝑖

𝜃 + 𝜀(𝐼 − 𝜋ℒ)𝑣 · ∇𝑥𝑔
𝑖
𝜃 − ℒ𝑖(𝑔𝐾,𝜃) = −𝑑2,𝑖

𝜃 .
(58)

For the rest of the proof, we use the notation ‖ · ‖ = ‖ · ‖𝐿2
[0,𝑇 ]×T3×R3

, ‖ · ‖Ω = ‖ · ‖𝐿2
Ω

and ‖ · ‖Ω−𝒟 =

‖ · ‖𝐿2
[0,𝑇 ]×T3×(R3−𝒟)

. Consider ℛ2,𝑖
𝜃 = ‖𝑑2,𝑖

𝜃 ‖2Ω. From (57),

𝜀
⃦⃦
𝜕𝑡𝑔

𝑖
𝜃

⃦⃦2

Ω
<
⃦⃦
𝜕𝑡𝑔

𝑖
𝜃

⃦⃦2

Ω
≤ |Ω| ·

⃦⃦
𝜕𝑡𝑔

𝑖
𝜃

⃦⃦2

𝐿∞Ω
< |Ω|𝜂2

and ⃦⃦
𝜀(𝐼 − 𝜋ℒ)𝑣 · ∇𝑥𝑔

𝑖
𝜃

⃦⃦2

Ω
≤
⃦⃦

(𝐼 − 𝜋ℒ)𝑣 · ∇𝑥𝑔
𝑖
𝜃

⃦⃦2 ≤
⃦⃦
𝑣 · ∇𝑥𝑔

𝑖
𝜃

⃦⃦2

=
⃦⃦
𝑣 · ∇𝑥𝑔

𝑖
𝜃

⃦⃦2

Ω
+
⃦⃦
𝑣 · ∇𝑥𝑔

𝑖
𝜃

⃦⃦2

Ω−𝒟

< 𝐶1𝜂
2 +

⃦⃦
𝑣 · ∇𝑥𝑔

𝑖
⃦⃦2

Ω−𝒟

≤ 𝐶1𝜂
2 + 𝑑𝛿

where we use the fact that 𝑔𝑖
𝜃 vanishes when 𝑣 ∈ R3−𝒟 and Assumption 1 in the last two inequalities. Similarly,

we can show ‖(𝐼 − 𝜋ℒ)𝑣 · ∇𝑥
ˆ̃
ℎ𝑖

𝜃‖2Ω < 𝐶2𝜂
2 + 𝑑𝛿.
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Finally, since ℒ𝑖𝑘 is a bounded operator on 𝐿2(R3), for all 1 ≤ 𝑖, 𝑘 ≤ 𝐾, we have⃦⃦
ℒ𝑖𝑘

(︀
𝑔𝑘

𝜃

)︀⃦⃦2

Ω
≤
⃦⃦
𝐿𝑖𝑘

(︀
𝑔𝑘

𝜃

)︀⃦⃦2 ≤ 𝐶3

⃦⃦
𝑔𝑘

𝜃

⃦⃦2
= 𝐶3

(︁⃦⃦
𝑔𝑘

𝜃

⃦⃦2

Ω
+
⃦⃦
𝑔𝑘
⃦⃦2

Ω−𝒟

)︁
< 𝐶3𝜂

2 + 𝐶3𝑑𝛿.

Collecting all the above inequalities, we get ℛ2,𝑖
𝜃 < 𝐶𝜂2+𝐶 ′𝑑𝛿 for some 𝐶,𝐶 ′ > 0. Using the same arguments,

we can show ℛ2,𝑖,∇𝑥

𝜃 < 𝐶𝜂2 + 𝐶 ′𝑑𝛿. For ℛ2,𝑖,∇𝑣

𝜃 , we will apply similar arguments, with additional observations
that ⃦⃦

∇𝑣(𝐼 − 𝜋ℒ)𝑣 · ∇𝑥𝑔
𝑖
𝜃

⃦⃦2 ≤
⃦⃦
∇𝑥𝑔

𝑖
𝜃

⃦⃦2
+
⃦⃦
𝑣 · ∇𝑣∇𝑥𝑔

𝑖
𝜃

⃦⃦2
+
⃦⃦
∇𝑣𝜋ℒ

(︀
𝑣 · ∇𝑥𝑔

𝑖
𝜃

)︀⃦⃦2

≤
⃦⃦
∇𝑥𝑔

𝑖
𝜃

⃦⃦2
+
⃦⃦
𝑣 · ∇𝑣∇𝑥𝑔

𝑖
𝜃

⃦⃦2
+ 𝐶𝜋1

⃦⃦
𝑣 · ∇𝑥𝑔

𝑖
𝜃

⃦⃦2

where we use (24) for the last inequality, and⃦⃦
∇𝑣ℒ𝑖𝑘

(︀
𝑔𝑘

𝜃

)︀⃦⃦2 ≤ 2
⃦⃦
∇𝑣𝐾𝑖𝑘

(︀
𝑔𝑘

𝜃

)︀⃦⃦2
+ 2
⃦⃦
∇𝑣Λ𝑖𝑘

(︀
𝑔𝑘

𝜃

)︀⃦⃦2

≤ 2𝜂
⃦⃦
∇𝑣𝑔

𝑘
𝜃

⃦⃦2
+ 2𝐶(𝜂)

⃦⃦
𝑔𝑘

𝜃

⃦⃦2
+ 4
⃦⃦

(∇𝑣𝜈𝑖𝑘)𝑔𝑘
𝜃

⃦⃦2
+ 4
⃦⃦
𝜈𝑖𝑘∇𝑣𝑔

𝑘
𝜃

⃦⃦2

where we use (21) and the definition for Λ𝑖𝑘. So we have ℛ2
𝜃,𝑠𝑡𝑜 + ℛ2,∇𝑥

𝜃,𝑠𝑡𝑜 + ℛ2,∇𝑣

𝜃,𝑠𝑡𝑜 < 𝐶𝜂2 + 𝐶 ′𝑑𝛿. The error
estimates for ℛ1

𝜃,𝑠𝑡𝑜,ℛ𝑖𝑛𝑖
𝜃,𝑠𝑡𝑜,ℛ𝑏

𝜃,𝑠𝑡𝑜 and their ∇𝑥(or ∇𝑣)-counterparts are analogous and simpler. So we omit the
details here. Finally, setting 𝑑 and 𝜂 to be small enough will yield the desired result.

4.2. Convergence of APNN solution

Our next theorem suggests that when the APNN loss ℛ𝐺,𝐻1

𝜃,𝑠𝑡𝑜 is small enough, (𝜌𝜃,𝑢𝜃,𝑇𝜃, 𝑔𝜃) will tend towards
the true solution (𝜌,𝑢,𝑇 , 𝑔) in the weighted 𝐻1-norm. Again, we need to make some technical assumptions on
the microscopic part 𝑔, which is given as follows.

Let ⎧⎪⎪⎨⎪⎪⎩
𝑅̃𝑖

1,𝑡 =
∫︀

T3

∫︀
R3−𝒟

⃒⃒
𝜕𝑡𝑔

𝑖
⃒⃒2 +

⃒⃒
𝑣 · ∇𝑥𝑔

𝑖
⃒⃒2 + |ℒ𝑖(𝑔𝐾)|2 d𝑣 d𝑥, 𝑅̃𝑖

1 =
∫︀ 𝑇

0
𝑅̃𝑖

1,𝑡 d𝑡,

𝑅̃𝑖
2 =

∫︀
T3

∫︀
R3−𝒟

⃒⃒
𝑔𝑖(0, 𝑥, 𝑣)

⃒⃒2 d𝑣 d𝑥,

𝑅̃𝑖
3,𝑡 =

∫︀
𝜕T3

∫︀
R3−𝒟 𝑣

⃒⃒
𝑔𝑖
⃒⃒2 d𝑣 d𝜎(𝑥), 𝑅̃𝑖

3 =
∫︀ 𝑇

0
𝑅̃𝑖

3,𝑡 d𝑡.

(59)

Replacing 𝑔 by ∇𝑥𝑔 and ∇𝑣𝑔 respectively, we can define 𝑅̃∇𝑥,𝑖
𝑗 and 𝑅̃∇𝑣,𝑖

𝑗 in a similar way for 𝑗 = 1, 2, 3. We
let 𝑅̃ =

∑︀𝐾
𝑖=1

∑︀3
𝑗=1(𝑅̃𝑖

𝑗 + 𝑅̃∇𝑥,𝑖
𝑗 + 𝑅̃∇𝑣,𝑖

𝑗 ). We make the following assumption on 𝑅̃.

Assumption 2. For any 0 < 𝜀 < 1, there exists 𝒟 ⊂ R3 large enough such that 𝑅̃ < 𝛿(𝜀) with 𝛿(𝜀) → 0 as
𝜀→ 0.

Theorem 2. Let (𝜌𝜃,𝑢𝜃,𝜃𝜃, 𝑔𝜃) be approximations to (𝜌,𝑢,𝑇 , 𝑔) using a neural network with parameters 𝜃
such that 𝑔 satisfies Assumption 2, and let ℎ̂𝜃 = ℎ− ℎ𝜃. Then for any 𝑡 ∈ (0, 𝑇 ] and 0 < 𝜀 < 1,

𝐸𝐾
𝑡

(︁
ℎ̂𝜃

)︁
≤
𝐶
(︁
ℛ𝐺,𝐻1

𝜃,𝑠𝑡𝑜 + 𝛿(𝜀)
)︁

𝜀
𝑒−𝜀𝜏𝑡,

for some 𝐶, 𝜏 > 0 independent of 𝜀.

Proof. Combing the two equations in (58) gives

𝜕𝑡ℎ̂
𝑖
𝜃 + 𝑣 · ∇𝑥ℎ̂

𝑖
𝜃 =

1
𝜀
ℒ𝑖

(︁
ℎ̂𝐾,𝜃

)︁
− 𝑑1,𝑖

𝜃 ·𝜙𝑀 − 𝑑2,𝑖
𝜃 (60)



64 Y. WAN ET AL.

where ℎ̂𝑖
𝜃 = ℎ𝑖−ℎ𝑖

𝜃 ∀1 ≤ 𝑖 ≤ 𝐾. We let 𝐴𝑖
𝜃 = −𝑑1,𝑖

𝜃 ·𝜙𝑀 − 𝑑2,𝑖
𝜃 . Unless specified otherwise, we use the notation

‖ · ‖2 = ‖ · ‖2𝐿2
𝑥,𝑣

and ⟨·, ·⟩ = ⟨·, ·⟩𝐿2
𝑥,𝑣

for the rest of the proof. Define⎧⎪⎪⎪⎨⎪⎪⎪⎩
𝑟𝑖
1,𝑡 :=

∫︀
T3

∫︀
R3−𝒟

⃒⃒⃒
𝑑2,𝑖

𝜃

⃒⃒⃒2
d𝑣 d𝑥

𝑟𝑖
2 :=

∫︀
T3

∫︀
R3−𝒟

⃒⃒
ℎ𝑖(0, 𝑥, 𝑣)

⃒⃒2 d𝑣 d𝑥

𝑟𝑖
3,𝑡 :=

∫︀
𝜕T3

∫︀
R3−𝒟 𝑣

⃒⃒
ℎ𝑖
⃒⃒2 d𝑣 d𝜎(𝑥).

Since 𝑔𝜃 vanishes on R3−𝒟 and the Maxwellian ℳ(𝑣) is sufficiently small outside some large 𝒟, we can derive
that

∑︀𝐾
𝑖=1

∫︀ 𝑇

0
𝑟𝑖
1,𝑡 d𝑡 < 𝛿(𝜀) using Assumption 2. Similarly,

∑︀𝐾
𝑖=1 𝑟

𝑖
2 < 𝛿(𝜀) and

∑︀𝐾
𝑖=1

∫︀ 𝑇

0
𝑟𝑖
3,𝑡 d𝑡 < 𝛿(𝜀). Same

arguments also hold for 𝑟∇𝑥,𝑖
𝑗 and 𝑟∇𝑣,𝑖

𝑗 with 1 ≤ 𝑗 ≤ 3. We then follow the idea in [5] to construct a Lyapunov
functional ‖ · ‖2𝜀⊥ on 𝐻1

𝑥,𝑣 that is equivalent to the standard Sobolev norm by

‖ℎ‖2𝜀⊥ = 𝑎1‖ℎ‖2 + 𝑎2‖∇𝑥ℎ‖2 + 𝑎3

⃦⃦
∇𝑣ℎ

⊥⃦⃦2
+ 𝑎4𝜀⟨∇𝑥ℎ,∇𝑣ℎ⟩ ∀ℎ ∈ 𝐻1

𝑥,𝑣 (61)

for 𝑎1, 𝑎2, 𝑎3, 𝑎4 > 0. �

Lemma 2. For any fixed choices of 𝑎1, 𝑎3, 𝑎4 > 0 and 0 < 𝜀 < 1, we can choose 𝑎2 to be big enough so that
‖ · ‖2𝜀⊥ is equivalent to the standard Sobolev norm ‖ · ‖2𝐻1

𝑥,𝑣
, with equivalence independent of 𝜀.

Proof of lemma. Using Cauchy–Schwarz, Young’s inequality and the fact that 𝜀 < 1, we have

𝑎4𝜀⟨∇𝑥ℎ,∇𝑣ℎ⟩ ≤ 𝑎4𝜀𝜂‖∇𝑥ℎ‖2 +
𝑎4𝜀

𝜂
‖∇𝑣ℎ‖2 ≤ 𝑎4𝜂‖∇𝑥ℎ‖2 +

𝑎4

𝜂
‖∇𝑣ℎ‖2

𝑎4𝜀⟨∇𝑥ℎ,∇𝑣ℎ⟩ ≥ −𝑎4𝜀𝜂‖∇𝑥ℎ‖2 −
𝑎4𝜀

𝜂
‖∇𝑣ℎ‖2 ≥ −𝑎4𝜂‖∇𝑥ℎ‖2 −

𝑎4

𝜂
‖∇𝑣ℎ‖2.

Write ℎ = ℎ⊥ + 𝜋ℒ(ℎ) and using (24), we get

‖∇𝑣ℎ‖2 ≤ ‖∇𝑣ℎ
⊥‖2 + 𝐶𝜋1‖ℎ‖2,

so

‖ℎ‖2𝜀⊥ ≥
(︂
𝑎1 −

𝑎4𝐶𝜋1

𝜂

)︂
‖ℎ‖2 + (𝑎2 − 𝑎4𝜂)‖∇𝑥ℎ‖2 +

(︂
𝑎3 −

𝑎4

𝜂

)︂⃦⃦
∇𝑣ℎ

⊥⃦⃦2
.

Thus, for any fixed choices 𝑎1, 𝑎3, 𝑎4 > 0, we can choose 𝜂 and 𝑎2 big enough, so that ‖ℎ‖2𝜀⊥ > 0 ∀ℎ ̸= 0 and
‖ℎ‖2𝜀⊥ ≥ 𝐶1‖ℎ‖2∼ for some 𝐶1 > 0 where ‖ℎ‖2∼ = ‖ℎ‖2 + ‖∇𝑥ℎ‖2 + ‖∇𝑣ℎ

⊥‖2. Similarly, it can be proved that
‖ℎ‖2𝜀⊥ ≤ 𝐶2‖ℎ‖2∼ for some 𝐶2 > 0, independent of 𝜀. So for any fixed 𝑎1, 𝑎3, 𝑎4 > 0 and 0 < 𝜀 < 1, we can
choose 𝑎2 to be big enough such that ‖ · ‖2𝜀⊥ is equivalent to ‖ · ‖2∼, with equivalence indenpendent of 𝜀.

Using (24), we can derive

‖∇𝑣ℎ‖2 ≤
⃦⃦
∇𝑣ℎ

⊥⃦⃦2
+ 𝐶𝜋1‖ℎ‖2 ≤ ‖∇𝑣ℎ‖2 + 2𝐶𝜋1‖ℎ‖2.

Hence ‖ · ‖2∼ is equivalent to the standard Sobelov norm ‖ · ‖2𝐻1
𝑥,𝑣

, and the result follows.
Similarly, we define

𝐸𝐾
𝜀⊥,𝑡(ℎ) = 𝑎1

𝐾∑︁
𝑖=1

⃦⃦
𝑖𝑞ℎ𝑖

⃦⃦2
+ 𝑎2

𝐾∑︁
𝑖=1

⃦⃦
𝑖𝑞∇𝑥ℎ

𝑖
⃦⃦2

+ 𝑎3

𝐾∑︁
𝑖=1

⃦⃦
𝑖𝑞∇𝑣ℎ

𝑖,⊥⃦⃦2
+ 𝑎4𝜀

𝐾∑︁
𝑖=1

𝑖2𝑞
⟨︀
∇𝑥ℎ

𝑖,∇𝑣ℎ
𝑖
⟩︀
. (62)

Then 𝐸𝐾
𝜀⊥,𝑡 is equivalent to 𝐸𝐾

𝑡 for proper choices of 𝑎1, 𝑎2, 𝑎3, 𝑎4 > 0. Next, we use four lemmas to bound the
time evolution for each term in (62). �
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Lemma 3. We have the estimate

𝜕𝑡

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞ℎ̂𝑖

𝜃

⃦⃦⃦2

≤ −𝜆𝐷

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞ℎ̂𝑖,⊥

𝜃

⃦⃦⃦2

Λ
+𝑅1

where

𝑅1 = 𝑓1

𝐾∑︁
𝑖=1

⃦⃦
𝑖𝑞𝐴𝑖

𝜃

⃦⃦2
+

1
𝑓1

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞ℎ̂𝑖

𝜃

⃦⃦⃦2

+ 𝐶

𝐾∑︁
𝑖=1

𝑖2𝑞ℛ𝑏,𝑖
𝜃,𝑡 +

𝐾∑︁
𝑖=1

𝑖2𝑞𝑟𝑖
3,𝑡

for 𝜆𝐷, 𝑓1, 𝐶 > 0, all independent of 𝜀 with 𝑓1 a free variable to be chosen later.

Proof of lemma. Take the inner product with respect to ℎ̂𝑖
𝜃 on both sides of (60), we get

1
2
𝜕𝑡

⃦⃦⃦
ℎ̂𝑖

𝜃

⃦⃦⃦2

= −
⟨
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃, ℎ̂

𝑖
𝜃

⟩
+

1
𝜀

𝐾∑︁
𝑘=1

⟨
ℒ𝑖𝑘

(︁
ℎ̂𝑘

𝜃

)︁
, ℎ̂𝑖

𝜃

⟩
+
⟨
𝐴𝑖

𝜃, ℎ̂
𝑖
𝜃

⟩
. (63)

Notice that since ℎ̂𝑖
𝜃 is not necessarily periodic, the operator 𝑣 · ∇𝑥 is not skew-symmetric. Using integration

by part and splitting
∫︀

R3 =
∫︀
𝒟 +

∫︀
R3−𝒟, we have

−
⟨
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃, ℎ̂

𝑖
𝜃

⟩
≤ 𝐶ℛ𝑏,𝑖

𝜃,𝑡 + 𝑟𝑖
3,𝑡.

To bound the term 1
𝜀

∑︀𝐾
𝑘=1⟨ℒ𝑖𝑘(ℎ̂𝑘

𝜃), ℎ̂𝑖
𝜃⟩, we follow exactly the same arguments in [11], which we summarize

as follows. Define

Term I =
𝐾∑︁

𝑖=1

𝑖2𝑞
𝐾∑︁

𝑘=1

⟨
ℒ𝑖𝑘

(︁
ℎ̂𝑘

𝜃

)︁
, ℎ̂𝑖

𝜃

⟩
. (64)

Let Θ𝑖 =
ℎ̂𝑖,′

𝜃,*
𝑀 ′
*

+ ℎ̂𝑖,′
𝜃

𝑀 ′ −
ℎ̂𝑖

𝜃,*
𝑀*

− ℎ̂𝑖
𝜃

𝑀 , Θ̃𝑖 = 𝑖𝑞Θ𝑖. Consider the change of variables (𝑣, 𝑣*) → (𝑣′, 𝑣′*), (𝑣*, 𝑣)
respectively. It can be shown that

Term I =
𝐾∑︁

𝑖,𝑘=1

𝑖2𝑞
⟨
ℒ𝑖𝑘

(︁
ℎ̂𝑘

𝜃

)︁
, ℎ̂𝑖

𝜃

⟩
= −1

4

∫︁
T3

∫︁
R3

∫︁
R3×S2

ℳℳ* × Term A d𝑣* d𝜎 d𝑣 d𝑥,

where

Term A =
𝐾∑︁

𝑖,𝑘=1

(︂
𝑖

𝑘

)︂𝑞

𝑆𝑖𝑘Θ̃𝑖Θ̃𝑘. (65)

Using assumptions (13)–(15) on the collision kernel, it can be proved that

Term A ≥ (𝑏0 − (2𝑞 + 2)|𝑏1|𝐶𝑧)
𝐾∑︁

𝑖=1

Θ̃2
𝑖 ≥ 𝐷(cos 𝜃)

𝐾∑︁
𝑖=1

Θ̃2
𝑖 ,

and hence

Term I ≤ −1
4

𝐾∑︁
𝑖=1

∫︁
T3

∫︁
R3

∫︁
R3×S2

ℳℳ*𝜑(|𝑣 − 𝑣*|)𝐷(cos 𝜃)Θ̃2
𝑖 d𝑣* d𝜎 d𝑣 d𝑥

=
𝐾∑︁

𝑖=1

𝑖2𝑞
⟨
ℒ𝐷
(︁
ℎ̂𝑖

𝜃

)︁
, ℎ̂𝑖

𝜃

⟩
≤ −𝜆𝐷

𝐾∑︁
𝑖=1

𝑖2𝑞
⃦⃦⃦
ℎ̂𝑖,⊥

𝜃

⃦⃦⃦2

Λ
,
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where

ℒ𝐷(ℎ) = 𝑀

∫︁
R𝑑×S𝑑−1

𝜑(|𝑣 − 𝑣*|)𝐷(cos 𝜃)ℳ*

(︂
ℎ′*
𝑀 ′
*

+
ℎ′

𝑀 ′ −
ℎ*
𝑀*

− ℎ

𝑀

)︂
d𝑣* d𝜎.

We use the Cauchy–Schwarz and Young’s inequality to bound ⟨𝐴𝑖
𝜃, ℎ̂

𝑖
𝜃⟩ by⟨

𝐴𝑖
𝜃, ℎ̂

𝑖
𝜃

⟩
≤ 𝑓1

⃦⃦
𝐴𝑖

𝜃

⃦⃦2
+

1
𝑓1

⃦⃦⃦
ℎ̂𝑖

𝜃

⃦⃦⃦2

.

Multiply (63) by 𝑖2𝑞 and sum over all 1 ≤ 𝑖 ≤ 𝐾. The result follows by collecting all the inequalities above. �

Lemma 4. We have the estimate

𝜕𝑡

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

≤ −𝜆𝐷

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
+𝑅2,

where

𝑅2 = 𝑓2

𝐾∑︁
𝑖=1

⃦⃦
𝑖𝑞∇𝑥𝐴

𝑖
𝜃

⃦⃦2
+

1
𝑓2

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞 ∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+ 𝐶

𝐾∑︁
𝑖=1

𝑖2𝑞ℛ𝑏,𝑖,∇𝑥

𝜃,𝑡 +
𝐾∑︁

𝑖=1

𝑖2𝑞𝑟∇𝑥,𝑖
3,𝑡 ,

for 𝜆𝐷, 𝑓2, 𝐶 > 0, all independent of 𝜀 with 𝑓2 a free variable to be chosen later.

Proof of lemma. Take ∇𝑥 on both sides of (60) and then take the inner product with respect to ∇𝑥ℎ̂
𝑖
𝜃, we get

1
2
𝜕𝑡

⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

= −
⟨
𝑣 · ∇𝑥∇𝑥ℎ̂

𝑖
𝜃,∇𝑥ℎ̂

𝑖
𝜃

⟩
+

1
𝜀

𝐾∑︁
𝑘=1

⟨
ℒ𝑖𝑘

(︁
∇𝑥ℎ̂

𝑘
𝜃

)︁
,∇𝑥ℎ̂

𝑖
𝜃

⟩
+
⟨
∇𝑥𝐴

𝑖
𝜃,∇𝑥ℎ̂

𝑖
𝜃

⟩
. (66)

Following exactly the same arguments as for ‖ℎ̂𝑖
𝜃‖2, we can derive

−
⟨
𝑣 · ∇𝑥∇𝑥ℎ̂

𝑖
𝜃,∇𝑥ℎ̂

𝑖
𝜃

⟩
≤ 𝐶ℛ𝑏,𝑖,∇𝑥

𝜃,𝑡 + 𝑟∇𝑥,𝑖
3,𝑡

𝐾∑︁
𝑖=1

𝑖2𝑞
𝐾∑︁

𝑘=1

⟨
ℒ𝑖𝑘(∇𝑥ℎ̂

𝑘
𝜃),∇𝑥ℎ̂

𝑖
𝜃

⟩
≤ −𝜆𝐷

𝐾∑︁
𝑖=1

𝑖2𝑞
⃦⃦⃦
∇𝑥ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
,

and ⟨
∇𝑥𝐴

𝑖
𝜃,∇𝑥ℎ̂

𝑖
𝜃

⟩
≤ 𝑓2

⃦⃦
∇𝑥𝐴

𝑖
𝜃

⃦⃦2
+

1
𝑓2

⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

.

Hence the result follows by multiplying (66) by 𝑖2𝑞 and sum over all 1 ≤ 𝑖 ≤ 𝐾. �

Lemma 5. We have the estimate

𝜕𝑡

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

≤ 𝐶1

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞ℎ̂𝑘,⊥

𝜃

⃦⃦⃦2

Λ
− 𝐶2

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
+ 𝜀𝐶3

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+𝑅3,

where

𝑅3 = 𝑓3𝐶1

(︃
𝐾∑︁

𝑖=1

⃦⃦
𝑖𝑞𝐴𝑖

𝜃

⃦⃦2
+

𝐾∑︁
𝑖=1

⃦⃦
𝑖𝑞∇𝑣𝐴

𝑖
𝜃

⃦⃦2

)︃
+

1
𝑓3
𝐶1

(︃
𝐾∑︁

𝑖=1

⃦⃦⃦
𝑖𝑞ℎ̂𝑖

𝜃

⃦⃦⃦2

+
𝐾∑︁

𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖
𝜃

⃦⃦⃦2
)︃

+ 𝐶 ′1

(︃
𝐾∑︁

𝑖=1

𝑖2𝑞ℛ𝑏,𝑖
𝜃,𝑡 +

𝐾∑︁
𝑖=1

𝑖2𝑞ℛ𝑏,𝑖,∇𝑣

𝜃,𝑡

)︃
+ 𝐶 ′2

(︃
𝐾∑︁

𝑖=1

𝑖2𝑞𝑟𝑖
3,𝑡 +

𝐾∑︁
𝑖=1

𝑖2𝑞𝑟∇𝑣,𝑖
3,𝑡

)︃
,

for 𝐶1, 𝐶2, 𝐶3, 𝐶
′
1, 𝐶

′
2, 𝐶1, 𝑓3 > 0, all independent of 𝜀 with 𝑓3 a free variable to be chosen later.
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Proof of lemma. Take 𝐼 − 𝜋ℒ and ∇𝑣 respectively on both sides of (60), and then take the inner product with
respect to ∇𝑣ℎ̂

𝑖,⊥
𝜃 . We get

1
2
𝜕𝑡

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

= −
⟨
∇𝑣

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁⊥
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
+

1
𝜀

𝐾∑︁
𝑘=1

⟨
∇𝑣ℒ𝑖𝑘

(︁
ℎ̂𝑘,⊥

𝜃

)︁
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
+
⟨
∇𝑣𝐴

𝑖,⊥
𝜃 ,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
, (67)

where we used ℒ𝑖𝑘(𝑓) ∈ 𝒩 (ℒ𝑖𝑘)⊥ ∀𝑓 ∈ 𝐿2
𝑣, and hence (ℒ𝑖𝑘(ℎ̂𝑘

𝜃))⊥ = ℒ𝑖𝑘(ℎ̂𝑘
𝜃) − 𝜋ℒ(ℒ𝑖𝑘(ℎ̂𝑘

𝜃)) = ℒ𝑖𝑘(ℎ̂𝑘
𝜃) =

ℒ𝑖𝑘(ℎ̂𝑘,⊥
𝜃 ).

First, consider the term 1
𝜀

∑︀𝐾
𝑘=1⟨∇𝑣ℒ𝑖𝑘(ℎ̂𝑘,⊥

𝜃 ),∇𝑣ℎ̂
𝑖,⊥
𝜃 ⟩. we multiply the term by 𝑖2𝑞 and sum over all 0 ≤ 𝑖 ≤

𝐾. Then we use 𝐻1−𝐻2 and follow exactly the same arguments in [27] to get

1
𝜀

𝐾∑︁
𝑖=1

𝑖2𝑞
𝐾∑︁

𝑘=1

⟨
∇𝑣ℒ𝑖𝑘

(︁
ℎ̂𝑘,⊥

𝜃

)︁
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
=

1
𝜀

𝐾∑︁
𝑖,𝑘=1

𝑖2𝑞
⟨
∇𝑣ℒ𝑖𝑘

(︁
ℎ̂𝑘,⊥

𝜃

)︁
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩

≤ 1
𝜀

𝐾∑︁
𝑖,𝑘=1

𝜒𝑖𝑘 · 𝑖2𝑞

(︂(︂
𝐶(𝛿)

𝜈Λ
1

𝜈Λ
0

+ 𝜈Λ
4

)︂⃦⃦⃦
ℎ̂𝑘,⊥

𝜃

⃦⃦⃦2

Λ
+
(︂
𝛿
𝜈Λ
1

𝜈Λ
0

− 𝜈Λ
3

)︂⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ

)︂

=
1
𝜀

𝐾∑︁
𝑖,𝑘=1

𝜒𝑖𝑘 ·
𝑖2𝑞

𝑘2𝑞

(︂
𝐶(𝛿)

𝜈Λ
1

𝜈Λ
0

+ 𝜈Λ
4

)︂⃦⃦⃦
𝑘𝑞ℎ̂𝑘,⊥

𝜃

⃦⃦⃦2

Λ
+

1
𝜀

𝐾∑︁
𝑖,𝑘=1

𝜒𝑖𝑘 ·
(︂
𝛿
𝜈Λ
1

𝜈Λ
0

− 𝜈Λ
3

)︂⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ

≤ 3× 4𝑞

𝜀

(︂
𝐶(𝛿)

𝜈Λ
1

𝜈Λ
0

+ 𝜈Λ
4

)︂ 𝐾∑︁
𝑘=1

⃦⃦⃦
𝑘𝑞ℎ̂𝑘,⊥

𝜃

⃦⃦⃦2

Λ
+

3
𝜀

(︂
𝛿
𝜈Λ
1

𝜈Λ
0

− 𝜈Λ
3

)︂ 𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
.

For the term −⟨∇𝑣(𝑣 · ∇𝑥ℎ̂
𝑖
𝜃)⊥,∇𝑣ℎ̂

𝑖,⊥
𝜃 ⟩, we expand it as

−
⟨
∇𝑣

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁⊥
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
= −

⟨
∇𝑣

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
+
⟨
∇𝑣𝜋ℒ

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
= −

⟨
∇𝑥ℎ̂

𝑖
𝜃,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
−
⟨
𝑣 · ∇𝑣∇𝑥ℎ̂

𝑖
𝜃,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
+
⟨
∇𝑣𝜋ℒ

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
= −

⟨
∇𝑥ℎ̂

𝑖
𝜃,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
−
⟨
𝑣 · ∇𝑣∇𝑥𝜋ℒ

(︁
ℎ̂𝑖

𝜃

)︁
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
−
⟨
𝑣 · ∇𝑥∇𝑣ℎ̂

𝑖,⊥
𝜃 ,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
+
⟨
∇𝑣𝜋ℒ

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
.

Using integration by part and inequality (24), we have

−
⟨
𝑣 · ∇𝑥∇𝑣ℎ̂

𝑖,⊥
𝜃 ,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
≤ 𝐶 ′1

(︁
ℛ𝑏,𝑖

𝜃,𝑡 +ℛ𝑏,𝑖,∇𝑣

𝜃,𝑡

)︁
+ 𝐶 ′2

(︁
𝑟𝑖
3,𝑡 + 𝑟∇𝑣,𝑖

3,𝑡

)︁
.

Apply the Cauchy–Schwarz, Young’s inequality and inequality (17), we have

−
⟨
∇𝑥ℎ̂

𝑖
𝜃,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
≤ 𝜂1

⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+
1
𝜂1

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

≤ 𝜂1

⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+
𝜈Λ
1

𝜂1𝜈Λ
0

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
.
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Apply the Cauchy–Schwarz, Young’s inequality, inequality (24) and (17), we can derive

−
⟨
𝑣 · ∇𝑣∇𝑥𝜋ℒ

(︁
ℎ̂𝑖

𝜃

)︁
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
≤ 𝜂2

⃦⃦⃦
𝑣 · ∇𝑣∇𝑥𝜋ℒ

(︁
ℎ̂𝑖

𝜃

)︁⃦⃦⃦2

+
1
𝜂2

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

= 𝜂2

⃦⃦⃦
𝑣 · ∇𝑣𝜋ℒ

(︁
∇𝑥ℎ̂

𝑖
𝜃

)︁⃦⃦⃦2

+
1
𝜂2

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

≤ 𝜂2𝐶𝜋1

⃦⃦⃦
𝜋ℒ

(︁
∇𝑥ℎ̂

𝑖
𝜃

)︁⃦⃦⃦2

+
1
𝜂2

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

≤ 𝜂2𝐶𝜋1

⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+
𝜈Λ
1

𝜂2𝜈Λ
0

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ

and ⟨
∇𝑣𝜋ℒ

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁
,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
≤ 𝜂3

⃦⃦⃦
∇𝑣𝜋ℒ

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁⃦⃦⃦2

+
1
𝜂3

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

≤ 𝜂3𝐶𝜋1

⃦⃦⃦
𝜋ℒ

(︁
∇𝑥ℎ̂

𝑖
𝜃

)︁⃦⃦⃦2

+
1
𝜂3

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

≤ 𝜂3𝐶𝜋1

⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+
𝜈Λ
1

𝜂3𝜈Λ
0

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
.

Finally, we use the Cauchy–Schwarz, Young’s inequality and (24) to bound ⟨∇𝑣𝐴
𝑖,⊥
𝜃 ,∇𝑣ℎ̂

𝑖,⊥
𝜃 ⟩ by⟨

∇𝑣𝐴
𝑖,⊥
𝜃 ,∇𝑣ℎ̂

𝑖,⊥
𝜃

⟩
≤ 𝑓3

⃦⃦⃦
∇𝑣𝐴

𝑖,⊥
𝜃

⃦⃦⃦2

+
1
𝑓3

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

≤ 𝑓3𝐶1

(︁⃦⃦
𝐴𝑖

𝜃

⃦⃦2
+
⃦⃦
∇𝑣𝐴

𝑖
𝜃

⃦⃦2
)︁

+
1
𝑓3
𝐶1

(︂⃦⃦⃦
ℎ̂𝑖

𝜃

⃦⃦⃦2

+
⃦⃦⃦
∇𝑣ℎ̂

𝑖
𝜃

⃦⃦⃦2
)︂
.

Multiply both sides of (67) by 𝑖2𝑞 and sum over all 0 ≤ 𝑖 ≤ 𝐾. Then collect all the inequalities above, we get

𝜕𝑡

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

≤ 3× 4𝑞

𝜀

(︂
𝐶(𝛿)

𝜈Λ
1

𝜈Λ
0

+ 𝜈Λ
4

)︂ 𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞ℎ̂𝑘,⊥

𝜃

⃦⃦⃦2

Λ

+
(︂

3
𝜀

(︂
𝛿
𝜈Λ
1

𝜈Λ
0

− 𝜈Λ
3

)︂
+

𝜈Λ
1

𝜂1𝜈0
+

𝜈Λ
1

𝜂2𝜈0
+

𝜈Λ
1

𝜂3𝜈0

)︂ 𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ

+ (𝜂1 + 𝜂2𝐶𝜋1 + 𝜂3𝐶𝜋1)
𝐾∑︁

𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+𝑅3.

Let 𝜂1 = 𝜂2 = 𝜂3 = 𝜀𝜂. We then choose 𝜂 to be big enough and 𝛿 to be small enough to get the desired
result. �

Lemma 6. We have the estimate

𝜕𝑡

𝐾∑︁
𝑖=1

𝑖2𝑞𝜀
⟨
∇𝑥ℎ̂

𝑖
𝜃,∇𝑣ℎ̂

𝑖
𝜃

⟩
≤ −𝜀

4

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+
𝐷1𝑒

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
+
𝐷2

𝑒𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
+𝑅4,

where

𝑅4 = 𝑓4

𝐾∑︁
𝑖=1

⃦⃦
𝑖𝑞∇𝑥𝐴

𝑖
𝜃

⃦⃦2
+

1
𝑓4

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖
𝜃

⃦⃦⃦2

+ 𝐶 ′1

(︃
𝐾∑︁

𝑖=1

𝑖2𝑞ℛ𝑏,𝑖,∇𝑥

𝜃,𝑡 +
𝐾∑︁

𝑖=1

𝑖2𝑞ℛ𝑏,𝑖,∇𝑣

𝜃,𝑡

)︃
+ 𝐶 ′2

(︃
𝐾∑︁

𝑖=1

𝑖2𝑞𝑟∇𝑥,𝑖
3,𝑡 +

𝐾∑︁
𝑖=1

𝑖2𝑞𝑟∇𝑣,𝑖
3,𝑡

)︃
,
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for 𝐷1, 𝐷2, 𝑓4, 𝑒, 𝐶
′
1, 𝐶

′
2 > 0, all independent of 𝜀 with 𝑓4 > 0 and 𝑒 > 4 two free variables to be chosen later.

Proof of lemma. Take ∇𝑥 on both sides of (60) and then take the inner product with respect to ∇𝑣ℎ̂
𝑖
𝜃, we get

1
2
𝜕𝑡

⟨
∇𝑥ℎ̂

𝑖
𝜃,∇𝑣ℎ̂

𝑖
𝜃

⟩
= −

⟨
∇𝑥

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁
,∇𝑣ℎ̂

𝑖
𝜃

⟩
+

1
𝜀

𝐾∑︁
𝑘=1

⟨
ℒ𝑖𝑘

(︁
∇𝑥ℎ̂

𝑘
𝜃

)︁
,∇𝑣ℎ̂

𝑖
𝜃

⟩
+
⟨
∇𝑥𝐴

𝑖,∇𝑣ℎ̂
𝑖
𝜃

⟩
. (68)

Using integration by part, Cauchy–Schwarz and Young’s inequality, one can show that

−
⟨
∇𝑥

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁
,∇𝑣ℎ̂

𝑖
𝜃

⟩
≤
⟨
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃,∇𝑥∇𝑣ℎ̂

𝑖
𝜃

⟩
+ 𝐶1ℛ𝑏,𝑖,∇𝑥

𝜃,𝑡 + 𝐶2ℛ𝑏,𝑖,∇𝑣

𝜃,𝑡 + 𝐶 ′1𝑟
∇𝑥,𝑖
3,𝑡 + 𝐶 ′2𝑟

∇𝑣,𝑖
3,𝑡

= −
⟨
∇𝑣

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁
,∇𝑥ℎ̂

𝑖
𝜃

⟩
+ 𝐶1ℛ𝑏,𝑖,∇𝑥

𝜃,𝑡 + 𝐶2ℛ𝑏,𝑖,∇𝑣

𝜃,𝑡 + 𝐶 ′1𝑟
∇𝑥,𝑖
3,𝑡 + 𝐶 ′2𝑟

∇𝑣,𝑖
3,𝑡

= −
⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

−
⟨
𝑣 · ∇𝑣∇𝑥ℎ̂

𝑖
𝜃,∇𝑥ℎ̂

𝑖
𝜃

⟩
+ 𝐶1ℛ𝑏,𝑖,∇𝑥

𝜃,𝑡 + 𝐶2ℛ𝑏,𝑖,∇𝑣

𝜃,𝑡 + 𝐶 ′1𝑟
∇𝑥,𝑖
3,𝑡 + 𝐶 ′2𝑟

∇𝑣,𝑖
3,𝑡

≤ −
⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+
⟨
𝑣 · ∇𝑣ℎ̂

𝑖
𝜃,∇𝑥∇𝑥ℎ̂

𝑖
𝜃

⟩
+ 2𝐶1ℛ𝑏,𝑖,∇𝑥

𝜃,𝑡 + 2𝐶2ℛ𝑏,𝑖,∇𝑣

𝜃,𝑡 + 2𝐶 ′1𝑟
∇𝑥,𝑖
3,𝑡

+ 2𝐶 ′2𝑟
∇𝑣,𝑖
3,𝑡 .

Since ⟨𝑣 · ∇𝑣ℎ̂
𝑖
𝜃,∇𝑥∇𝑥ℎ̂

𝑖
𝜃⟩ = ⟨∇𝑥(𝑣 · ∇𝑥ℎ̂

𝑖
𝜃),∇𝑣ℎ̂

𝑖
𝜃⟩, we have

−
⟨
∇𝑥

(︁
𝑣 · ∇𝑥ℎ̂

𝑖
𝜃

)︁
,∇𝑣ℎ̂

𝑖
𝜃

⟩
≤ −1

2

⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+ 𝐶1ℛ𝑏,𝑖,∇𝑥

𝜃,𝑡 + 𝐶2ℛ𝑏,𝑖,∇𝑣

𝜃,𝑡 + 𝐶 ′1𝑟
∇𝑥,𝑖
3,𝑡 + 𝐶 ′2𝑟

∇𝑣,𝑖
3,𝑡 .

By (19), for each ℒ𝑖𝑘, there is a constant 𝐶ℒ𝑖𝑘 such that ⟨ℒ𝑖𝑘(ℎ), 𝑔⟩ ≤ 𝐶ℒ𝑖𝑘‖ℎ‖Λ𝑣‖𝑔‖Λ𝑣 ∀ℎ, 𝑔 ∈ 𝐿2
𝑣. Let

𝐶ℒ = max{𝐶ℒ𝑖𝑘}0≤𝑖,𝑘≤𝐾 . Then

1
𝜀

𝐾∑︁
𝑘=1

⟨
ℒ𝑖𝑘

(︁
∇𝑥ℎ̂

𝑘
𝜃

)︁
,∇𝑣ℎ̂

𝑖
𝜃

⟩
=

1
𝜀

𝐾∑︁
𝑘=1

⟨
ℒ𝑖𝑘

(︁
∇𝑥ℎ̂

𝑘,⊥
𝜃

)︁
,∇𝑣ℎ̂

𝑖
𝜃

⟩

≤ 1
𝜀

𝐾∑︁
𝑘=1

𝐶ℒ
⃦⃦⃦
∇𝑥ℎ̂

𝑘,⊥
𝜃

⃦⃦⃦
Λ

⃦⃦⃦
∇𝑣ℎ̂

𝑖
𝜃

⃦⃦⃦
Λ
· 𝜒𝑖𝑘

≤ 𝐶ℒ𝜂

𝜀

𝐾∑︁
𝑘=1

⃦⃦⃦
∇𝑥ℎ̂

𝑘,⊥
𝜃

⃦⃦⃦2

Λ
· 𝜒𝑖𝑘 +

𝐶ℒ(𝐾 + 1)
𝜀𝜂

⃦⃦⃦
∇𝑣ℎ̂

𝑖
𝜃

⃦⃦⃦2

Λ

where we apply Young’s inequality in the last inequality above. Using inequality (25) and the Poincare inequality
(26), We can further bound ‖∇𝑣ℎ̂

𝑖
𝜃‖2Λ by⃦⃦⃦
∇𝑣ℎ̂

𝑖
𝜃

⃦⃦⃦2

Λ
=
⃦⃦⃦
∇𝑣𝜋ℒ

(︁
ℎ̂𝑖

𝜃

)︁
+∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ

≤ 2
⃦⃦⃦
∇𝑣𝜋ℒ

(︁
ℎ̂𝑖

𝜃

)︁⃦⃦⃦2

Λ
+ 2
⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ

≤ 2𝐶𝜋

⃦⃦⃦
𝜋ℒ

(︁
ℎ̂𝑖

𝜃

)︁⃦⃦⃦2

+ 2
⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ

≤ 2𝐶𝜋𝐶𝑝

⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+ 2
⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
.

Finally, we use Cauchy–Schwarz, Young’s inequality to bound ⟨∇𝑥𝐴
𝑖
𝜃,∇𝑣ℎ̂

𝑖
𝜃⟩ by⟨

∇𝑥𝐴
𝑖
𝜃,∇𝑣ℎ̂

𝑖
𝜃

⟩
≤ 𝑓4

⃦⃦
∇𝑥𝐴

𝑖
𝜃

⃦⃦2
+

1
𝑓4

⃦⃦⃦
∇𝑣ℎ̂

𝑖
𝜃

⃦⃦⃦2

.
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Set 𝜂 = 𝐷
𝜀 for 𝐷 > 0 and collect all the inequalities above, we get

𝜕𝑡

⟨
∇𝑥ℎ̂

𝑖
𝜃,∇𝑣ℎ̂

𝑖
𝜃

⟩
≤
(︂

2𝐶𝜋𝐶𝑝
𝐶ℒ(𝐾 + 1)

𝐷
− 1

2

)︂⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+
𝐶ℒ𝐷

𝜀2

𝐾∑︁
𝑘=1

⃦⃦⃦
∇𝑥ℎ̂

𝑘,⊥
𝜃

⃦⃦⃦2

Λ
· 𝜒𝑖𝑘

+
2𝐶ℒ(𝐾 + 1)

𝐷

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
+ 𝑓4

⃦⃦
∇𝑥𝐴

𝑖
𝜃

⃦⃦2
+

1
𝑓4

⃦⃦⃦
∇𝑣ℎ̂

𝑖
𝜃

⃦⃦⃦2

+ 𝐶1ℛ𝑏,𝑖,∇𝑥

𝜃,𝑡 + 𝐶2ℛ𝑏,𝑖,∇𝑣

𝜃,𝑡 + 𝐶 ′1𝑟
∇𝑥,𝑖
3,𝑡 + 𝐶 ′2𝑟

∇𝑣,𝑖
3,𝑡 .

We set 𝐷 = 2𝐶𝜋𝐶𝑝𝐶
ℒ(𝐾 + 1)𝑒 for some 𝑒 > 4 to be chosen later. Then we multiply both sides of the

inequality above by 𝜀 and use the fact that 𝜀 < 1 to get

𝜕𝑡𝜀
⟨
∇𝑥ℎ̂

𝑖
𝜃,∇𝑣ℎ̂

𝑖
𝜃

⟩
≤ −𝜀

4

⃦⃦⃦
∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+
𝐷1𝑒

𝜀

𝐾∑︁
𝑘=1

⃦⃦⃦
∇𝑥ℎ̂

𝑘,⊥
𝜃

⃦⃦⃦2

Λ
· 𝜒𝑖𝑘

+
𝐷2

𝑒𝜀

⃦⃦⃦
∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
+ 𝑓4

⃦⃦
∇𝑥𝐴

𝑖
𝜃

⃦⃦2
+

1
𝑓4

⃦⃦⃦
∇𝑣ℎ̂

𝑖
𝜃

⃦⃦⃦2

+ 𝐶1ℛ𝑏,𝑖,∇𝑥

𝜃,𝑡 + 𝐶2ℛ𝑏,𝑖,∇𝑣

𝜃,𝑡 + 𝐶 ′1𝑟
∇𝑥,𝑖
3,𝑡 + 𝐶 ′2𝑟

∇𝑣,𝑖
3,𝑡 .

(69)

Finally, multiple both sides of (69) by 𝑖2𝑞 and sum over all 1 ≤ 𝑖 ≤ 𝐾, we get

𝜕𝑡

𝐾∑︁
𝑖=1

𝑖2𝑞𝜀
⟨
∇𝑥ℎ̂

𝑖
𝜃,∇𝑣ℎ̂

𝑖
𝜃

⟩
≤ −𝜀

4

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+
𝐷1𝑒

𝜀

𝐾∑︁
𝑖,𝑘=1

𝑖2𝑞

𝑘2𝑞

⃦⃦⃦
𝑘𝑞∇𝑥ℎ̂

𝑘,⊥
𝜃

⃦⃦⃦2

Λ
· 𝜒𝑖𝑘

+
𝐷2

𝑒𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
+𝑅4

≤ −𝜀
4

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+
𝐷1𝑒

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ

+
𝐷2

𝑒𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
+𝑅4,

where 𝐷1 = 3× 4𝑞𝐷1 and the result follows.
Collecting Lemmas 3–6, we can derive that

𝜕𝑡𝐸
𝐾
𝜀⊥,𝑡

(︁
ℎ̂𝜃

)︁
≤ 𝑎3𝐶1 − 𝑎1𝜆𝐷

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞ℎ̂𝑖,⊥

𝜃

⃦⃦⃦2

Λ
+
𝑎4𝐷1𝑒− 𝑎2𝜆𝐷

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ

+
𝑎4𝐷2

𝑒 − 𝑎3𝐶2

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
+ 𝜀
(︁
𝑎3𝐶3 −

𝑎4

4

)︁ 𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+𝑅,

(70)

where 𝑅 = 𝑅1 +𝑅2 +𝑅3 +𝑅4.
We first pick 𝑎3, 𝑎4 so that 𝑎3𝐶3 − 𝑎4

4 < 0. Then we pick 𝑒 big enough so that 𝑎4𝐷2
𝑒 − 𝑎3𝐶2 < 0. Then we

pick 𝑎1 big enough so that 𝑎3𝐶1 − 𝑎1𝜆𝐷 < 0. Finally, we choose 𝑎2 big enough so that 𝑎4𝐷1𝑒− 𝑎2𝜆𝐷 < 0 and
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𝐸𝐾
𝜀⊥,𝑡 is equivalent to 𝐸𝐾

𝑡 . Then (70) becomes

𝜕𝑡𝐸
𝐾
𝜀⊥,𝑡

(︁
ℎ̂𝜃

)︁
≤ −𝐾1

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞ℎ̂𝑖,⊥

𝜃

⃦⃦⃦2

Λ
− 𝐾2

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ

− 𝐾3

𝜀

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
− 𝜀𝐾4

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

+𝑅

≤ −𝜀𝐾̃

(︃∑︀𝐾
𝑖=1 ‖𝑖𝑞ℎ̂

𝑖,⊥
𝜃 ‖2Λ

𝜀2
+
∑︀𝐾

𝑖=1 ‖𝑖𝑞∇𝑥ℎ̂
𝑖,⊥
𝜃 ‖2Λ

𝜀2

+

∑︀𝐾
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ

𝜀2
+

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2

⎞⎟⎠+𝑅

≤ −𝜀𝐾̃

(︃
𝐾∑︁

𝑖=1

⃦⃦⃦
𝑖𝑞ℎ̂𝑖,⊥

𝜃

⃦⃦⃦2

Λ
+

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
+

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑣ℎ̂

𝑖,⊥
𝜃

⃦⃦⃦2

Λ
+

𝐾∑︁
𝑖=1

⃦⃦⃦
𝑖𝑞∇𝑥ℎ̂

𝑖
𝜃

⃦⃦⃦2
)︃

+𝑅

≤ −𝜀𝐾̃𝐸𝐾
𝑡

(︁
ℎ̂𝜃

)︁
+𝑅.

The last inequality is based on the following fact: Let{︃
𝐹1(ℎ) =

⃦⃦
ℎ⊥
⃦⃦2

Λ
+
⃦⃦
∇𝑥ℎ

⊥
⃦⃦2

Λ
+
⃦⃦
∇𝑣ℎ

⊥
⃦⃦2

Λ
+ ‖∇𝑥ℎ‖2

𝐹2(ℎ) = ‖ℎ‖2Λ + ‖∇𝑥ℎ‖2Λ +
⃦⃦
∇𝑣ℎ

⊥
⃦⃦2

Λ
,

then use (25) and Poincare inequality (26), we have

‖ℎ‖2Λ ≤
⃦⃦
ℎ⊥
⃦⃦2

Λ
+ ‖𝜋ℒ(ℎ)‖2Λ ≤

⃦⃦
ℎ⊥
⃦⃦2

Λ
+ 𝐶𝜋𝐶𝑝‖∇𝑥ℎ‖2.

Similarly,
‖∇𝑥ℎ‖2Λ ≤

⃦⃦
∇𝑥ℎ

⊥⃦⃦2

Λ
+ 𝐶𝜋‖∇𝑥ℎ‖2,

so 𝐹2(ℎ) ≤ 𝐶𝐹1(ℎ) for some 𝐶 > 0. On the other hand, using (25) and (17), we get

‖∇𝑣ℎ‖2Λ ≤
⃦⃦
∇𝑣ℎ

⊥⃦⃦2

Λ
+ ‖∇𝑣𝜋ℒ(ℎ)‖2Λ ≤

⃦⃦
∇𝑣ℎ

⊥⃦⃦2

Λ
+
𝐶𝜋𝜈

Λ
1

𝜈Λ
0

‖ℎ‖2Λ.

Hence ‖ℎ‖2
𝐻1

Λ
≤ 𝐶 ′𝐹2(ℎ) for some 𝐶 ′ > 0. Finally, since Λ-norm controls the standard 𝐿2 norm, we have

‖ℎ‖2𝐻1
𝑥,𝑣

≤ 𝐶 ′′‖ℎ‖2
𝐻1

Λ
for some 𝐶 ′′ > 0. Combining all these inequalities, we get ‖ℎ‖2𝐻1

𝑥,𝑣
≤ 𝐶𝐹1(ℎ) for some

𝐶 > 0.
Finally, we analyze the term 𝑅. Set 𝑓1 = 𝑓2 = 𝑓3 = 𝑓4 = 1

𝑓𝜀 for some 𝑓 > 0, we have

𝑅 ≤ 𝜀𝑓𝐶1𝐸
𝐾
𝑡

(︁
ℎ̂𝜃

)︁
+
𝐶1

𝜀𝑓
𝐸𝐾

𝑡 (𝐴𝜃) + 𝐶2

(︁
ℛ𝑏

𝜃,𝑡,𝑠𝑡𝑜 +ℛ𝑏,∇𝑥

𝜃,𝑡,𝑠𝑡𝑜 +ℛ𝑏,∇𝑣

𝜃,𝑡,𝑠𝑡𝑜

)︁
+ 𝐶3

(︁
𝑟3,𝑡 + 𝑟∇𝑥

3,𝑡 + 𝑟∇𝑣
3,𝑡

)︁
,

for some 𝐶1, 𝐶2, 𝐶3 > 0. We choose 𝑓 to be small enough so that 𝑓𝐶1 − 𝐾̃ < 0. Then

𝜕𝑡𝐸
𝐾
𝜀⊥,𝑡

(︁
ℎ̂𝜃

)︁
≤ −𝜀𝐾*𝐸𝐾

𝑡

(︁
ℎ̂𝜃

)︁
+
𝐶

𝜀

(︁
𝐸𝐾

𝑡 (𝐴𝜃) +ℛ𝑏
𝜃,𝑡,𝑠𝑡𝑜 +ℛ𝑏,∇𝑥

𝜃,𝑡,𝑠𝑡𝑜 +ℛ𝑏,∇𝑣

𝜃,𝑡,𝑠𝑡𝑜 + 𝑟3,𝑡 + 𝑟∇𝑥
3,𝑡 + 𝑟∇𝑣

3,𝑡

)︁
.
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Split
∫︀

R3 =
∫︀
𝒟 +

∫︀
R3−𝒟 and use Assumption 2, we have

⃦⃦
𝐴𝑖

𝜃

⃦⃦2 ≤
⃦⃦⃦
𝑑1,𝑖

𝜃 ·𝜙𝑀
⃦⃦⃦2

+
⃦⃦⃦
𝑑2,𝑖

𝜃

⃦⃦⃦2

= ℛ1,𝑖
𝜃,𝑡 +ℛ2,𝑖

𝜃,𝑡 + 𝑟𝑖
1,𝑡.

Similarly, ‖∇𝑥𝐴
𝑖
𝜃‖2 ≤ ℛ

1,𝑖,∇𝑥

𝜃,𝑡 +ℛ2,𝑖,∇𝑥

𝜃,𝑡 + 𝑟∇𝑥,𝑖
1,𝑡 and ‖∇𝑣𝐴

𝑖
𝜃‖2 ≤ ℛ

1,𝑖,∇𝑣

𝜃,𝑡 +ℛ2,𝑖,∇𝑣

𝜃,𝑡 + 𝑟∇𝑣,𝑖
1,𝑡 . So we get

𝜕𝑡𝐸
𝐾
𝜀⊥,𝑡

(︁
ℎ̂𝜃

)︁
≤ −𝜀𝐾*𝐸𝐾

𝑡

(︁
ℎ̂𝜃

)︁
+
𝐶

𝜀
𝑅̃

where
𝑅̃ = ℛ1

𝜃,𝑡,𝑠𝑡𝑜 +ℛ1,∇𝑥

𝜃,𝑡,𝑠𝑡𝑜 +ℛ1,∇𝑣

𝜃,𝑡,𝑠𝑡𝑜 +ℛ2
𝜃,𝑡,𝑠𝑡𝑜 +ℛ2,∇𝑥

𝜃,𝑡,𝑠𝑡𝑜 +ℛ2,∇𝑣

𝜃,𝑡,𝑠𝑡𝑜 +ℛ𝑏
𝜃,𝑡,𝑠𝑡𝑜

+ℛ𝑏,∇𝑥

𝜃,𝑡,𝑠𝑡𝑜 +ℛ𝑏,∇𝑣

𝜃,𝑡,𝑠𝑡𝑜 + 𝑟1,𝑡 + 𝑟∇𝑥
1,𝑡 + 𝑟∇𝑣

1,𝑡 + 𝑟3,𝑡 + 𝑟∇𝑥
3,𝑡 + 𝑟∇𝑣

3,𝑡 .

Thus by Gronwall’s inequality, we have

𝐸𝐾
𝑡

(︁
ℎ̂𝜃

)︁
≤

(︃
𝐶

𝜀

∫︁ 𝑇

0

𝑅̃ d𝑡+ 𝐸𝐾
0

(︁
ℎ̂𝜃

)︁)︃
𝑒−𝜀𝜏𝑡

≤
𝐶
(︁
ℛ𝐺,𝐻1

𝜃,𝑠𝑡𝑜 + 𝛿(𝜀)
)︁

𝜀
𝑒−𝜀𝜏𝑡,

for some 𝐶, 𝜏 > 0 independent of 𝜀. This completes the proof. �

Remark 1. Use similar arguments and a Grönwall type inequality, we can also show that 𝐸𝐾
𝑡 (ℎ̂𝜃) ≤ 𝐶(ℛ𝐺,𝐻1

𝜃,𝑠𝑡𝑜 +
𝛿(𝜀)) for some 𝐶 > 0 independent of 𝜀, hence the error won’t explode when 𝜀 ≪ 1. But in this case we can’t
derive the exponential decay in time. This is not a real problem since 𝑒−𝜀𝜏𝑡 → 1 as 𝜀→ 0, hence the exponential
decay becomes insignificant when we are in the fluid regime. We comment that in the acoustic scaling, we can’t
expect an exponential decay with decay rate independent of 𝜀, as suggested in [27].

5. Numerical experiments

5.1. The micro-macro decomposition method

In this section, we will numerically implement the APNN-SG method and demonstrate that it is efficient
and can deliver robust results. Instead of studying the full Boltzmann (or its linearized model), we consider the
linear semiconductor Boltzmann equation [22] with uncertainties and under the diffusive scaling. As mentioned
in the beginning of Section 4, our analysis can be easily generalized to this linear model. The equation of the
model is given by

𝜀𝜕𝑡𝑓 + 𝑣 · ∇𝑥𝑓 +∇𝑥𝜑 · ∇𝑣𝑓 =
1
𝜀
ℒ(𝑓), (71)

where

ℒ(𝑓)(𝑣, 𝑧) =
∫︁

R𝑑

𝜎(𝑣, 𝑤, 𝑧)(𝑀(𝑣)𝑓(𝑤, 𝑧)−𝑀(𝑤)𝑓(𝑣, 𝑧)) d𝑤.

Here 𝑡 and 𝑥 dependence in functions are omitted. We employ the micro-macro decomposition method [26] and
derive the micro-macro system for the semiconductor Boltzmann equation (71). Assume the ansatz

𝑓 = Π𝑓 + 𝜀𝑔, (72)
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where 𝑔 = 𝑔(𝑡, 𝑥, 𝑣, 𝑧) and Π𝑓 = ⟨𝑓⟩𝑀(𝑣), with

⟨𝑓⟩ =
∫︁

R
𝑓(𝑡, 𝑥, 𝑣, 𝑧) d𝑣 = 𝜌(𝑡, 𝑥, 𝑧).

One can derive a coupled system for 𝜌 and 𝑔 in this micro-macro decomposition framework, then{︃
𝜕𝑡𝜌+∇𝑥 · ⟨𝑣𝑔⟩+∇𝑥𝑉 · ⟨𝜕𝑣𝑔⟩ = 0,

𝜀2𝜕𝑡𝑔 + 𝑣 · ∇𝑥𝜌𝑀(𝑣) + 𝜀(I−Π)(𝑣 · ∇𝑥𝑔 +∇𝑥𝜑 · ∇𝑣𝑔)− 2𝑣𝜌 · ∇𝑥𝑉𝑀(𝑣) = ℒ(𝑔).
(73)

5.2. APNN-SG method

We approximate the solutions 𝜌, 𝑔 in (73) by the following ansatzes:

𝜌𝑁𝑁
𝐾 (𝑡, 𝑥, 𝑧) =

𝐾∑︁
𝑘=0

𝜌𝑁𝑁
𝑘 (𝑡, 𝑥)𝜑𝑘(𝑧), 𝑔𝑁𝑁

𝐾 (𝑡, 𝑥, 𝑣, 𝑧) =
𝐾∑︁

𝑘=0

𝑔𝑁𝑁
𝑘 (𝑡, 𝑥, 𝑣)𝜑𝑘(𝑧). (74)

To approximate the solution of the stochastic Galerkin system, we represent the expansion coefficients using
deep neural networks. Specifically, we employ two distinct sets of 𝐾+1 neural networks to parameterize the gPC
coefficients {𝜌𝑘(𝑡, 𝑥)} and {𝑔𝑘(𝑡, 𝑥, 𝑣)} in the expansions (74). For the density coefficients, a physical constraint
is that the leading-order term 𝜌0, must be non-negative. To enforce this property at the network level, we model
this coefficient using a neural network 𝜌NN

0 followed by an exponential activation function:

𝜌NN
0 (𝑡, 𝑥) := exp

(︀
𝜌NN
0 (𝑡, 𝑥; 𝜃𝜌)

)︀
, (75)

where the inputs to the network are time 𝑡 and position 𝑥. The remaining coefficients, 𝜌NN
𝑘 for 𝑘 > 0, are standard

fully-connected networks. To ensure this condition is met by construction for all coefficients, we formulate each
network approximation, 𝑔NN

𝑘 , using a projection-based approach:

𝑔NN
𝑘 (𝑡, 𝑥, 𝑣) := 𝑔NN

𝑘 (𝑡, 𝑥, 𝑣; 𝜃𝑔)−Π𝑔NN
𝑘 . (76)

Here, 𝑔NN
𝑘 is a standard fully-connected neural network whose inputs include time 𝑡, position 𝑥, and velocity 𝑣.

This formulation inherently satisfies the constraint for any trainable network 𝑔NN
𝑘 , since applying the projection

operator Π to 𝑔NN
𝑘 yields: Π𝑔NN

𝑘 = 0. This architectural choice correctly embeds the physical constraints of the
model directly into our neural network representation.

Conducting the SG method on the micro-macro system (73) and incorporating the initial and boundary
conditions, one defines the loss function for the APNN-SG method as the following:

ℛTotal =
1

|𝒯 × 𝒟|

∫︁
𝒯

∫︁
𝒟

⃦⃦
𝜕𝑡𝜌

NN
𝜃 +∇𝑥 ·

⟨︀
𝑣𝑔NN

𝜃

⟩︀
+∇𝑥𝜑 ·

⟨︀
∇𝑣𝑔NN

𝜃

⟩︀⃦⃦2
d𝑥d𝑡

+
1

|𝒯 × 𝒟 × Ω|

∫︁
𝒯

∫︁
𝒟

∫︁
Ω

⃦⃦⃦
𝜀2𝜕𝑡𝑔

NN
𝜃 + 𝜀(𝐼 −Π)

(︀
𝑣 · ∇𝑥𝑔NN

𝜃 +∇𝑥𝜑 · ∇𝑣𝑔NN
𝜃

)︀
− 2𝑣 · ∇𝑥𝜑𝜌NN

𝜃 𝑀(𝑣) + 𝑣 · ∇𝑥𝜌NN
𝜃 𝑀(𝑣)− L

(︀
𝑔NN

𝜃

)︀⃦⃦⃦2

d𝑣 d𝑥 d𝑡

+
𝜆1

|𝒯 × 𝜕𝒟 × Ω|

∫︁
𝒯

∫︁
𝜕𝒟

∫︁
Ω

⃦⃦
ℬ
(︀
𝜌NN

𝜃 𝑀(𝑣) + 𝜀𝑔NN
𝜃

)︀
− 𝐹B

⃦⃦2
d𝑣 d𝑥d𝑡

+
𝜆2

|𝒟 × Ω|

∫︁
𝒟

∫︁
Ω

⃦⃦
ℐ
(︀
𝜌NN

𝜃 𝑀(𝑣) + 𝜀𝑔NN
𝜃

)︀
− 𝑓0

⃦⃦2
d𝑣 d𝑥,

(77)
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where 𝒯 , 𝒟, Ω denote the temporal, spatial and velocity domain respectively, the penalty parameters 𝜆1, 𝜆2

are chosen for good performances. Here ‖ · ‖ represents the 𝐿2 norm for vectors, and L(𝑔NN
𝜃 ) is shown as

L(𝑔NN
𝜃 ) = 𝑀(𝑣)

∫︁
R𝑑

B(𝑣, 𝑤)𝑔NN
𝜃 (𝑤) d𝑤 − F(𝑣)𝑔NN

𝜃 (𝑣), (78)

with matrices (Bij)𝐾×𝐾 and (Fij)𝐾×𝐾 defined by

Bij(𝑣, 𝑤) =
∫︁

𝐼𝑧

𝜎(𝑣, 𝑤, 𝑧)𝜓i(𝑧)𝜓j(𝑧)𝜋(𝑧) d𝑧, (79)

Fij(𝑣) =
∫︁

𝐼𝑧

𝜆(𝑣, 𝑧)𝜓i(𝑧)𝜓j(𝑧)𝜋(𝑧) d𝑧. (80)

5.3. Numerical tests

In our numerical experiments, we will show one example to illustrate the robustness and accuracy of our
designed APNN-SG method. We employ the APNN-SG for the semiconductor Boltzmann model with uncer-
tainties. We compare the reference solution obtained by traditional numerical methods and APNN-SG methods
in different regimes, ranging from the kinetic regime (𝜀 ≈ 𝑂(1)) to the diffusive regime (𝜀≪ 1), and observe that
the APNN-SG can capture the multiscale nature of the model with uncertainties thanks to the design of the loss
function based on the macro-micro decomposition. For the velocity discretization, the integral in 𝑣 is computed
by using the Hermite quadrature rule with 𝑁𝑣 quadrature points. We adopt the Hermite polynomials in velocity
discretization to provide more accurate velocity derivatives, a technique similar to the moment method [22,40].
See details in the appendix.

Networks architecture. In our experiments, we use the feed-forward neural network (FNN) with one input
layer, one output layer and 4 hidden layers with 128 nerouns in each layer, unless otherwise specified. The
hyperbolic tangent function (Tanh) is chosen as our activation function.

gPC basis. Since the random variable 𝑧 is assumed following the uniform distribution, we use the following
Legendre polynomials: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜑0(𝑧) = 1,

𝜑1(𝑧) =
√

3𝑧,

𝜑2(𝑧) =
√

5
2
(︀
3𝑧2 − 1

)︀
,

𝜑3(𝑧) =
√

7
2
(︀
5𝑧3 − 3𝑧

)︀
,

𝜑4(𝑧) =
3
8
(︀
35𝑧4 − 30𝑧2 + 3

)︀
.

(81)

Training settings. We train the neural network by Adam with Xavier initialization. We set epochs to be
200 000 and the learning rate to be 10−4, and use full batch for most of the following experiments in the
numerical experiments unless otherwise specified. All the hyper-parameters are chosen by trial and error.

Loss design. For our experiment, we consider the spatial and temporal domains to be [0, 1] and [0, 0.1]
respectively. We choose the collocation points {(𝑡𝑖, 𝑥𝑖, 𝑣𝑖)} for 𝑓(𝑡, 𝑥, 𝑣) in the following way. For spatial points
𝑥𝑖, we select 99 interior points evenly spaced in [0, 1]. For temporal points 𝑡𝑖, we select 20 interior points evenly
spaced in the range [0, 0.1]. We use the tensor product grid for the collocation points. For velocity points 𝑣𝑖,
𝑁𝑣 = 8 points are generated by the Hermite quadrature rule. The variable 𝑧 is uniformly defined on the interval
[−1, 1], over which the function 𝜎(𝑧) is positive. For numerical evaluation, we discretize this domain using 101
uniformly spaced points. The penalty parameters in (77) are set to (𝜆1, 𝜆2) = (1, 1).
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Figure 1. Problems I with different 𝜀. Mean of density 𝜌 for APNN-SG and reference solutions
at 𝑇 = 0.1.

Table 1. Problems I. Relative ℓ2 error comparisons for the mean of the reference solution and
APNNs with different 𝜀 at the final time at 𝑇 = 0.1.

𝜀 1 10−2 10−3 10−8

APNN-SG 3.81× 10−3 2.99× 10−3 4.31× 10−3 3.65× 10−3
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Figure 2. Problems I with different 𝜀. Standard deviation of density 𝜌 for APNN-SG and
reference solutions at 𝑇 = 0.1.

The reference solutions are obtained by traditional AP scheme [22]. We compute the relative ℓ2 errors for the
mean and standard deviation of 𝜌 obtained from the APNN-SG method and the reference solution, which are
defined by

ℰmean(𝑡) =

⎯⎸⎸⎷∑︀𝑗 |𝜌NN
mean(𝑡, 𝑥𝑗)− 𝜌ref

mean(𝑡, 𝑥𝑗)|2∑︀
𝑗 |𝜌ref

mean(𝑡, 𝑥𝑗)|2
, ℰstd(𝑡) =

⎯⎸⎸⎷∑︀𝑗

⃒⃒
𝜌NN
std (𝑡, 𝑥𝑗)− 𝜌ref

std(𝑡, 𝑥𝑗)
⃒⃒2∑︀

𝑗

⃒⃒
𝜌ref
std(𝑡, 𝑥𝑗)

⃒⃒2 · (82)

Here the mean and standard deviation of 𝜌(𝑡, 𝑥, 𝑧) over a set of 𝑀 data points {𝑧𝑖}𝑀
𝑖=1 are given by

𝜌mean(𝑡, 𝑥) =
1
𝑀

𝑀∑︁
𝑖=1

𝜌(𝑡, 𝑥, 𝑧𝑖), 𝜌std(𝑡, 𝑥) =

⎯⎸⎸⎷ 1
𝑀

𝑀∑︁
𝑖=1

(𝜌(𝑡, 𝑥, 𝑧𝑖)− 𝜌mean(𝑡, 𝑥))2. (83)

Uncertainty in the collision kernel. Let 𝑥 ∈ [0, 1], the potential 𝑉 = 𝑒−50exp(1)(1/4−𝑥)2 and the scattering
coefficient 𝜎(𝑣, 𝑤, 𝑧) = 10 + 9𝑧. In this problem, we assume 𝑧 ∈ [−1, 1] following the uniform distribution.
Consider the initial data 𝑓(𝑡 = 0, 𝑥, 𝑣, 𝑧) = 1√

𝜋
𝑒−𝑣2

and incoming boundary conditions in space.
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Table 2. Problems I. Relative ℓ2 error comparisons for standard deviation of the reference
solution and APNN-SG with different 𝜀 at the final time at 𝑇 = 0.1.

𝜀 1 10−2 10−3 10−8

APNN-SG 4.76× 10−2 1.27× 10−2 1.65× 10−2 1.75× 10−3

We will establish two networks to learn the coefficients 𝜌𝑘(𝑡, 𝑥) and 𝑔𝑘(𝑡, 𝑥, 𝑣) respectively and use the Legendre
polynomials as our basis. In numerical experiments, we consider the cases when 𝐾 = 4. We construct five
different neural networks to approximate each gPC coefficient in 𝜌 and 𝑔 respectively. Figure 1 shows the mean
of 𝜌(𝑡,𝑥, 𝑧) under different 𝜀. To qualitatively demonstrate the performance of the APNN-SG, we report the
relative ℓ2 errors for the test sets generated by APNN-SG in Table 1, where we compute the ℓ2 errors of the
density between APNN-SG solution and the reference solution. Besides the mean of density, we further study
the standard deviation. Figure 2 shows the standard deviation of 𝜌(𝑡, 𝑥, 𝑧) under different 𝜀. We observe that
APNN-SG can capture an accurate solution compared to the reference when 𝜀 is a relatively large value, such
as 𝜀 = 1, and when 𝜀 is extremely small, such as 𝜀 = 10−8, thanks to the AP property of the loss function in
APNN-SG (Tab. 2).

6. Conclusion

In this paper, we construct an asymptotic-preserving neural network (APNN) for the linearized Boltzmann
equation in the acoustic scaling with uncertainties. We employ the micro-macro decomposition method and
build the APNN loss function based on the micro-macro system. Rigorous analysis have been conducted to
show the existence of neural networks when the APNN loss goes to zero, and the convergence of the neural
network approximated solution when the loss function tends to zero. In numerical examples, we demonstrate
that the proposed APNN-SG method works efficiently for the linear semiconductor Boltzmann equation with
uncertainties and under the diffusive scaling. In the future work, we will further improve our analysis result by
incorporating the Barron-type functions [13] and develop posterior estimates for the neural network approxima-
tions, and implement the APNN-based method for higher-dimensional problem and the full Boltzmann equation
with uncertainties.
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Appendix A. Velocity discretizations

For completeness, we briefly mention the velocity discretization similar to what has been studied in [22]. Set 𝑓(𝑡, 𝑥, 𝑣) =

𝜓(𝑡, 𝑥, 𝑣)𝑀(𝑣), where 𝑀(𝑣) = 1√
𝜋
𝑒−𝑣2

, with

𝜓(𝑡, 𝑥, 𝑣) =

𝑁∑︁

𝑘=0

𝜓𝑘(𝑡, 𝑥)𝐻̃𝑘(𝑣), (A.1)

being the Hermite expansion. For notation simplicity, we omit the 𝑡 and 𝑥 dependence of functions below. Here 𝐻̃𝑘 are
the renormalized Hermite polynomials defined as 𝐻̃−1 = 0, 𝐻̃0 = 1/𝜋1/4 and

𝐻̃𝑗+1 = 𝑣

√︂
2

𝑗 + 1
𝐻̃𝑗 −

√︂
𝑗

𝑗 + 1
𝐻̃𝑗−1 for 𝑗 ≥ 0,

satisfying 𝜕𝑣𝐻̃𝑗 =
√

2𝑗 𝐻̃𝑗−1. The inverse Hermite expansion is given by

𝜓𝑘 =

𝑁∑︁

𝑗=0

𝜓(𝑣𝑗) 𝐻̃𝑘(𝑣𝑗)𝑤𝑗 , (A.2)
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where (𝑣𝑗 , 𝑤𝑗) are the points and corresponding weights of the Gauss–Hermite quadrature rule. Thus the collision operator
ℒ in (71) can be computed by

ℒ(𝑓)(𝑣) = 𝑀(𝑣)

𝑁∑︁

𝑗=0

𝜎(𝑣, 𝑣𝑗)𝜓(𝑣𝑗)𝑤𝑗 − 𝜆(𝑣)𝑓(𝑣),

with 𝜆(𝑣) =
∑︀𝑁

𝑗=0 𝜎(𝑣, 𝑣𝑗)𝑤𝑗 .

Appendix B. Parametrization of random inputs

In this appendix, we discuss how to manage the randomness existing in our model. The key step is to parameterize the
random inputs by a finite set of independent random variables to make computational simulations plausible. If the random
inputs are already given in the form of finitely many random parameters with a proper probability distribution, e.g.,
jointly Gaussian, then parametrization is straightforward, e.g., using Cholesky decomposition. However, in many cases,
the random inputs are formulated by random processes, which are often characterized by a continuous index 𝑡 ∈ 𝑇 . Then
we need to apply dimension blackuction techniques to approximate the processes using finitely many random variables.
One of the most widely used techniques in this regard is the Karhunen–Loeve (KL) expansion, see [15,43].

For a random process {𝑌𝑡(𝜔)}𝑡∈𝑇 (we use the notation 𝑌𝑡 as an abbreviation) with mean 𝜇𝑌 (𝑡) and autocorrelation
function 𝑅𝑌 (𝑡, 𝑠) = E[𝑌𝑡𝑌𝑠], its KL expansion, if exists, is given by

𝑌𝑡(𝜔) =

∞∑︁

𝑖=1

𝜓𝑖(𝑡)𝑌𝑖(𝜔), (B.1)

where the series converges in the mean square sense (m.s.), {𝜓𝑖} is an orthonormal family of functions in 𝐿2(𝑇 ) and
𝑌𝑖’s are mutually orthogonal, i.e., E[𝑌𝑖𝑌𝑗 ] = 0 ∀𝑖 ̸= 𝑗. The existence of KL expansion for 𝑌𝑡 is guaranteed by Mercer’s
theorem, provided that the random process 𝑌𝑡 is m.s. continuous, i.e., 𝑅𝑌 (𝑡, 𝑠) is continuous over 𝑇 × 𝑇 .

We now analyze how to derive 𝜓𝑖 and 𝑌𝑖 if the KL expansion for 𝑌𝑡 exists. The KL expansion for 𝑌𝑡 can be viewed
as an analogue of decomposing 𝑓 ∈ 𝐿2(𝑇 ) with respect to an orthonormal family {𝜓𝑖}, i.e.,

𝑓 =

∞∑︁

𝑖=1

𝑓𝑖𝜓𝑖,

where 𝑓𝑖 =
∫︀

𝑇
𝑓𝜓𝑖 d𝑡 ∈ R are the Fourier coefficients. In the KL setting, once an orthonormal family {𝜓𝑖} is chosen, we

can define the “Fourier coefficients” 𝑌𝑖 analogously by

𝑌𝑖(𝜔) =

∫︁

𝑇

𝑌𝑡(𝜔)𝜓𝑖(𝑡) d𝑡. (B.2)

The only difference is that the coefficients for the KL expansion are random variables instead of real numbers. The
challenge now is to pick {𝜓𝑖} properly so that the coefficients {𝑌𝑖} are mutually orthogonal. This can be accomplished
by the following lemma, whose proof is included in [15].

Lemma B.1. Suppose 𝑌𝑡 is m.s. continuous and (B.1) holds for 𝑌𝑡 with {𝜓𝑖} orthonormal and {𝑌𝑖} not necessarily
mutually orthogonal. Then it is a KL expansion (i.e., 𝑌𝑖’s are mutually orthogonal) if and only if 𝜓𝑖’s are eigenfunctions
of 𝑅𝑌 :

𝑅𝑌 (𝜓𝑖) = 𝜆𝑖𝜓𝑖,

where 𝑅𝑌 is an operator on 𝐿2(𝑇 ) given by 𝑅𝑌 (𝜓)(𝑡) =
∫︀

𝑇
𝑅𝑌 (𝑡, 𝑠)𝜓(𝑠) d𝑠 for any 𝜓(𝑡) ∈ 𝐿2(𝑇 ). In case (B.1) is a KL

expansion, the eigenvalues are given by 𝜆𝑖 = E[|𝑌𝑖|2].

In summary, if 𝑌𝑡 is m.s. continuous, its KL expansion can be established by first solving an eigenvalue problem related
to the autocorrelation function 𝑅𝑌 (𝑡, 𝑠) to obtain an orthonormal family {𝜓𝑖}, followed by a computation of the “Fourier
coefficients” 𝑌𝑖(𝜔) associated to this orthonormal family. Once the KL expansion is established, the analysis of 𝑌𝑡 can
be naturally transformed into the analysis of the coefficients 𝑌𝑖.

For practical purposes, we need to truncate the series appearing in (B.1) to obtain a finite dimensional parametrization
of the random process, i.e.,

𝑌𝑡(𝜔) ≈
𝑑∑︁

𝑖=1

𝜓𝑖(𝑡)𝑌𝑖(𝜔), 𝑑 ≥ 1. (B.3)
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In most situations, the eigenvalues 𝜆𝑖 as appeablack in Lemma B.1 will decay as 𝑖 increases. Hence we can choose the
truncation order 𝑑 based on the decay rate of the eigenvalues. For more details, we refer the readers to [43]. Once (B.3) is
established, we can represent the random process 𝑌𝑡 by finitely many orthogonal random variables 𝑌𝑖 as we desire. Note
that in general 𝑌𝑖’s are not mutually independent, unless additional assumptions on 𝑌𝑡 are made, e.g., 𝑌𝑡 is a Gaussian
process with zero mean. We will not pursue further in this direction and shall be content with finite representation of 𝑌𝑡

by orthogonal random variables. Some remarks are in order.

Remark B.1. The condition of m.s. continuity to guarantee the existence of a KL expansion is not very restrictive.
Many random processes we use for modeling, e.g., Brownian motion and Poisson process, satisfy this property.

Remark B.2. We assume the distribution of the random process 𝑌𝑡 is prescribed. Hence, we can derive the probability
distributions of 𝑌𝑖 using (B.2). This is especially straightforward and useful when 𝑌𝑡 is a Gaussian process.

Remark B.3. The truncated KL expansion (B.3) identifies the “most accurate” 𝑑-dimensional approximation of 𝑌𝑡 in
the sense that it minimizes E[‖𝑌𝑡 −𝑍𝑡‖2] over all 𝑑-dimensional random processes 𝑍𝑡. A random process 𝑍𝑡 is said to be

𝑑-dimensional if it has the form 𝑍𝑡(𝜔) =
∑︀𝑑

𝑖=1 𝜑𝑖(𝑡)𝑍𝑖(𝜔) for any 𝑑 random variables 𝑍1, . . . , 𝑍𝑑 and functions 𝜑1, . . . , 𝜑𝑑.
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