
ESAIM: M2AN 60 (2026) 317–345 ESAIM: Mathematical Modelling and Numerical Analysis
https://doi.org/10.1051/m2an/2026001 www.esaim-m2an.org

TWO-SCALE INTEGRATORS WITH HIGH ACCURACY AND LONG-TIME
CONSERVATIONS FOR THE NONLINEAR KLEIN–GORDON EQUATION IN

THE NONRELATIVISTIC LIMIT REGIME

Bin Wang1,* , Zhen Miao2 and Yaolin Jiang1

Abstract. In this paper, we are concerned with two-scale integrators for the non-relativistic Klein–
Gordon (NRKG) equation with a dimensionless parameter 0 < 𝜀 ≪ 1, which is inversely proportional
to the speed of light. The highly oscillatory property in time of this model corresponds to the parameter
𝜀 and the equation in the form of 𝜕𝑡𝑡𝑢 − Δ

𝜀2 𝑢 + 1
𝜀4 𝑢 + 𝜆

𝜀2 𝑓(𝑢) = 0 has a factor 1/𝜀2 in front of the
nonlinearity which means that this part becomes strong when 𝜀 is small. These two aspects bring signif-
icantly numerical burdens in designing numerical methods. We propose a class of two-scale integrators
which is constructed based on some reformulations to the system, Fourier pseudo-spectral method and
exponential integrators. Two practical integrators up to order three and four are constructed by using
some symmetric conditions and the stiff order conditions of implicit exponential integrators. The con-
vergence of the obtained integrators is rigorously studied, and it is shown that the uniform accuracy in
time is 𝒪(ℎ3) and 𝒪(ℎ4) for the time stepsize ℎ. The near energy conservation over long times is also
established for the multi-stage integrators by using modulated Fourier expansions. Numerical results on
a NRKG equation show that the proposed integrators have high accuracy, excellent long time energy
conservation and competitive efficiency.
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1. Introduction

A significant portion of dynamical systems can be characterized by the non-relativistic Klein–Gordon (NRKG)
equation, which is expressed as follows [1, 4, 7, 13,35]

𝜀2𝜕𝑡𝑡𝑢(𝑥, 𝑡)−∆𝑢(𝑥, 𝑡) + 1
𝜀2𝑢(𝑥, 𝑡) + 𝜆𝑓

(︀
𝑢(𝑥, 𝑡)

)︀
= 0, 𝑥 ∈ Ω𝑑

𝑥, 𝑡 ∈ [0, 𝑇 ],
𝑢(𝑥, 0) = 𝜓1(𝑥), 𝑢𝑡(𝑥, 0) = 1

𝜀2𝜓2(𝑥), (1.1)

where 𝑡 is time, 𝑥 ∈ Ω𝑑
𝑥 is the spatial coordinate with 𝑑-dimensional (𝑑 ≥ 1) space torus Ω𝑑

𝑥, ∆ is the Laplacian
operator, 𝑢(𝑥, 𝑡) is a complex-valued scalar field, 0 < 𝜀≪ 1 is a dimensionless parameter inversely proportional
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to the speed of light, 𝜆 ∈ R is a given dimensionless parameter (positive and negative for defocusing and focusing
self-interaction, respectively), 𝑓(𝑢) is a nonlinear function 𝑓(𝑢) = ∇𝐻1(𝑢) with a smooth potential 𝐻1, and 𝜓1

and 𝜓2 are given complex-valued 𝜀-independent functions. The NRKG (1.1) is time symmetric and conserves
the energy

𝐻(𝑢, 𝑣) =
∫︁

Ω𝑑
𝑥

(︂
𝜀2|𝑣|2 + |∇𝑢|2 +

1
𝜀2
|𝑢|2 + 𝜆𝐻1(𝑢)

)︂
d𝑥 ≡ 𝐻

(︀
𝜓1, 𝜓2/𝜀

2
)︀
, (1.2)

with 𝑣 := 𝜕𝑡𝑢. It is noted that the scales of 𝜓1, 𝜓2 lead to different properties of the system. In this paper, we
consider the scale 𝜓1 = 𝒪(1), 𝜓2 = 𝒪(1) and this gives an energy unbounded system (1.1) with large initial
data. Although such system can be converted into an energy-bounded system through a scaling of the variables,
the case with large initial data exhibits more fundamental distinctions, such as more pronounced oscillatory
characteristics. This nuance renders the development and analysis of numerical methods for energy unbounded
system more difficult and challenging [46]. We should note that all the methods and analysis presented in this
paper are applicable to energy bounded system (1.1) where a small 𝜓2 is chosen as 𝜓2 = 𝒪(𝜀2). This study
employs periodic boundary conditions for clarity of presentation. However, the extension to other boundary
types is trivial, as the theoretical framework is centered on the time integrator.

The model (1.1) often arises in a variety of fields such as plasma physics for modeling interaction between
Langmuir and ion sound waves and cosmology as a phonological model for dark-matter and/or black-hole
evaporation. Its computation represents major challenges because of two aspects. (a) The solution of (1.1)
becomes highly oscillatory in time when large frequencies are involved in the equation, which corresponds to
the parameter 0 < 𝜀≪ 1. (b) The nonlinear term 𝑓(𝑢) is preceded by a factor of 1/𝜀2 (divide both sides of the
Eq. (1.1) by 𝜀2), indicating that this component is very strong when 0 < 𝜀 ≪ 1. This aspect also brings great
challenges for effective scientific computing.

The time integration of such equation (1.1) is a basic algorithmic task and it has been received much attention
in recent decades. Due to the high oscillations and strong part 𝑓(𝑢)/𝜀2, the traditional methods such as sym-
plectic/symmetric Runge–Kutta–Nyström (RKN) methods [21,37] or energy-preserving Runge–Kutta methods
[8,40] often result in convergence problems. In order to get more competitive methods for second-order systems,
Gautschi-type trigonometric integrators were developed in [31] and different kinds of trigonometric integrators
were formulated and studied in [22,23,26,27,44,45]. However, for these integrators, they at most have uniform
second order accuracy in the absolute position error w.r.t. 𝜀 and only have uniform first order accuracy in
velocity error [26] for not strong nonlinearity. As a result, it is challenging to get trigonometric integrators with
high-order accuracy for the nonlinear Klein–Gordon equation in the nonrelativistic limit regime.

Recently, some new methods with uniform accuracy (w.r.t 𝜀) for highly oscillatory systems have been proposed
and analysed such as two-scale formulation methods [13, 15], uniformly accurate exponential-type integrators
[6,7], nested Picard iterative integrators [12], multiscale time integrators [2,3,14], multi-revolution composition
methods [35], uniformly accurate methods with averaging [16,17] and low regularity integrators [11]. In [1, 38],
various uniformly accurate (UA) methods and asymptotic expansion techniques have been compared system-
atically for solving the NRKG equation (1.1). Recently, time-splitting methods were proved to have improved
uniform error bounds for solving nonlinear Klein–Gordon equation with weak nonlinearity [4]. Most of these
uniformly accurate methods can be applied to the system (1.1) and they have uniform accuracy in both position
and velocity [1]. Unfortunately, most of them only have up to second uniform accuracy and do not have good
long time conservation behaviour when applied to conservative systems. More precisely, if a UA method is
considered as the approximation of (1.1), the numerical energy error will increase as time evolves. In a recent
work [16], the UA method named as pullback method is shown to hold the long time conservation by the
numerical results but without rigorous analysis. In a more recent work [43], the authors succeed in making the
two-scale method with near conservation laws for first-order systems. However, only one-stage type methods
of order two are presented there and the equation (1.1) does not share the form of the system considered in
[43], which means that the analysis of [43] is no longer applicable for the system (1.1) of this paper. Moreover,
the second-order differential equation (1.1) has its special structure which will be neglected if we rewrite it as
a general highly oscillatory first-order differential equation. Therefore, it is necessary and meaningful to design
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and analyze UA methods with uniform high order accuracy and good long time energy near conservation for
solving the second-order system (1.1). It is worth pointing out that the integrators derived in this paper will be
shown to have long time near conservation and the uniform accuracy 𝒪(ℎ3) or 𝒪(ℎ4) for the time stepsize ℎ.
This high accuracy is different from the existing UA methods [1–3,7, 12–17,35,43] because previous researches
have primarily focused on second-order UA algorithms.

In this paper we are interested in using numerical integrators with time stepsizes that are much larger than
the 𝜀 of the system to obtain high accuracy and good long-time energy conservation. This work addresses both
high-order UA algorithms and their nice long-term behaviour, with the main challenge – compared to [13] –
being the need to achieve these two goals concurrently. To this end, we take advantage of two-scale formulation
approach, spectral semi-discretisation and exponential integrators with more than one stage. However, this
brings some challenges and difficulties in the achievement and analysis of long time energy conservation. (a)
The two-scale formulation approach results in a new system which has a completely different linear part and
nonlinear function in comparison with the original problem (1.1). This alteration introduces additional challenges
in establishing the proof of long time near energy conservation for the initial problem (1.1). (b) To achieve high
order accuracy and good long time behaviour, two-stage and three-stage exponential integrators are chosen
in this paper. Unfortunately, however, for a method with more than one stage applied to highly oscillatory
systems, it seems to us that long time analysis has not been done. As pointed out in [18], there is the technical
difficulty coming from the identification of invariants in the corresponding modulation system. Thus, it remains
a challenge to study long time behaviour for a method with more than one stage. (c) The third challenge comes
from the diversity of (1.1) considered in this paper. Large initial data case usually leads to large bounds of
the coefficient functions in the modulated Fourier expansion, which prevents the derivation of the long time
conservation.

To overcome these difficulties and make the analysis go smoothly, a novel approach to the design of integrators
is established. The main contributions of this paper are as follows.

(a) We consider some transformations of the original system and use two-scale exponential integrators which
satisfy the derived stiff order conditions. The transformations of the system and stiff order conditions
proposed in this paper can keep the high accuracy, and the symmetric conditions used in the formulation
of the methods yield good long time near energy conservation. It will be shown that these both important
properties can be hold for the integrators used with large time stepsizes, which is very effective and efficient
in scientific computing over long times.

(b) Compared with the existing UA methods, the accuracy of our integrators is proved to be 𝒪(ℎ3) and 𝒪(ℎ4)
for solving (1.1), where ℎ is the time stepsize. This high accuracy is very competitive in the numerical
computation of NRKG equation where 0 < 𝜀≪ 1.

(c) Moreover, we should note that we managed to derive the long-time energy conservation for the two-stage
and three-stage methods applied to the large initial value system, which is different form the existing long
term analysis work [18–20, 24, 27, 30, 41, 43], where only one-stage type methods and small initial value
are both necessary. The long time analysis presented in this paper provides an extension of the powerful
technique named as modulated Fourier expansion [18, 19, 24, 27, 30] to multi-stage methods and with such
extension it is believed that more numerical methods with complicated scheme can be studied.

The rest of this paper is organized as follows. In Section 2, we firstly present the formulation process of the
integrators, and then we construct two practical integrators by using the proposed symmetry and stiff order
conditions. The main results concerning the error bound and near energy conservation are given in Section 3,
and some numerical results are made to show these two properties. The convergence is proved in Section 4, and
the long-time analysis of energy conservation is drawn in Section 5. The last section includes the conclusions of
this paper.
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2. Formulation of the numerical integrators

2.1. The construction process of integrators

In the formulation of the numerical scheme, we first make some transformations of the system and then
consider the numerical integration. There are in all three steps in the process and we present them one by one.

Step 1. Some transformations of the system. Firstly, we rewrite the original system (1.1) as

𝜕𝑡𝑡𝑢(𝑥, 𝑡) + 1−𝜀2Δ
𝜀4 𝑢(𝑥, 𝑡) + 1

𝜀2𝜆𝑓
(︀
𝑢(𝑥, 𝑡)

)︀
= 0. (2.1)

By using a scaling to the variables

𝑢̃(𝑥, 𝑡) := 𝑢(𝑥, 𝑡) and 𝑣(𝑥, 𝑡) := 𝜀2𝜕𝑡𝑢(𝑥, 𝑡),

a new system is obtained immediately

𝜕𝑡𝑢̃(𝑥, 𝑡) =
1
𝜀2
𝑣(𝑥, 𝑡), 𝑢̌(𝑥, 0) = 𝜓1(𝑥),

𝜕𝑡𝑣(𝑥, 𝑡) = −1− 𝜀2∆
𝜀2

𝑢̃(𝑥, 𝑡)− 𝜆𝑓(𝑢̌(𝑥, 𝑡)), 𝑣(𝑥, 0) = 𝜓2(𝑥), 𝑡 ∈ [0, 𝑇 ].
(2.2)

Then letting

𝑢̃(𝑥, 𝑡) :=
(︁√︀

1− 𝜀2∆
)︁−1

[︃
cos

(︃
𝑡
√

1− 𝜀2∆
𝜀2

)︃
𝑞(𝑥, 𝑡) + sin

(︃
𝑡
√

1− 𝜀2∆
𝜀2

)︃
𝑝(𝑥, 𝑡)

]︃
,

𝑣(𝑥, 𝑡) := − sin

(︃
𝑡
√

1− 𝜀2∆
𝜀2

)︃
𝑞(𝑥, 𝑡) + cos

(︃
𝑡
√

1− 𝜀2∆
𝜀2

)︃
𝑝(𝑥, 𝑡),

we obtain

𝜕𝑡𝑞(𝑥, 𝑡) = − sin

(︃
𝑡
√

1− 𝜀2∆
𝜀2

)︃
𝑔(𝑡, 𝑞(𝑥, 𝑡), 𝑝(𝑥, 𝑡)), 𝑞(𝑥, 0) =

√︀
1− 𝜀2∆𝜓1(𝑥),

𝜕𝑡𝑝(𝑥, 𝑡) = cos

(︃
𝑡
√

1− 𝜀2∆
𝜀2

)︃
𝑔(𝑡, 𝑞(𝑥, 𝑡), 𝑝(𝑥, 𝑡)), 𝑝(𝑥, 0) = 𝜓2(𝑥),

(2.3)

where

𝑔(𝑡, 𝑞, 𝑝) = −𝜆𝑓

(︃(︁√︀
1− 𝜀2∆

)︁−1
[︃

cos

(︃
𝑡
√

1− 𝜀2∆
𝜀2

)︃
𝑞 + sin

(︃
𝑡
√

1− 𝜀2∆
𝜀2

)︃
𝑝

]︃)︃
.

For the propagators sin( 𝑡
√

1−𝜀2Δ
𝜀2 ) and cos( 𝑡

√
1−𝜀2Δ
𝜀2 ), we deal with them as

sin

(︃
𝑡
√

1− 𝜀2∆
𝜀2

)︃
= sin

(︀
𝑡/𝜀2 + 𝑡𝐷𝜀

)︀
= sin

(︀
𝑡/𝜀2

)︀
cos(𝑡𝐷𝜀) + cos

(︀
𝑡/𝜀2

)︀
sin(𝑡𝐷𝜀),

cos

(︃
𝑡
√

1− 𝜀2∆
𝜀2

)︃
= cos

(︀
𝑡/𝜀2 + 𝑡𝐷𝜀

)︀
= cos

(︀
𝑡/𝜀2

)︀
cos(𝑡𝐷𝜀)− sin

(︀
𝑡/𝜀2

)︀
sin(𝑡𝐷𝜀)

(2.4)

with an operator 𝐷𝜀 :=
√

1−𝜀2Δ−1
𝜀2 : 𝐻𝜈+2 → 𝐻𝜈 which is uniformly bounded w.r.t. 𝜀. From (2.4), it is clear

that the propagators sin( 𝑡
√

1−𝜀2Δ
𝜀2 ) and cos( 𝑡

√
1−𝜀2Δ
𝜀2 ) can be expressed by the 2𝜋-periodic functions sin(𝑡/𝜀2)

and cos(𝑡/𝜀2) in 𝑡/𝜀2.
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Step 2. Two-scale formulation. By isolating the fast time variable 𝑡/𝜀2 as another variable 𝜏 and denoting

𝑈(𝑥, 𝑡, 𝑡/𝜀2) := 𝑞(𝑥, 𝑡), 𝑉 (𝑥, 𝑡, 𝑡/𝜀2) := 𝑝(𝑥, 𝑡),

the two-scale pattern of (2.3) can be formulated as follows:

𝜕𝑡𝑈(𝑥, 𝑡, 𝜏) +
1
𝜀2
𝜕𝜏𝑈(𝑥, 𝑡, 𝜏) = −(sin(𝜏) cos(𝑡𝐷𝜀) + cos(𝜏) sin(𝑡𝐷𝜀))𝐹 (𝑡, 𝜏, 𝑈(𝑥, 𝑡, 𝜏), 𝑉 (𝑥, 𝑡, 𝜏)),

𝜕𝑡𝑉 (𝑥, 𝑡, 𝜏) +
1
𝜀2
𝜕𝜏𝑉 (𝑥, 𝑡, 𝜏) = (cos(𝜏) cos(𝑡𝐷𝜀)− sin(𝜏) sin(𝑡𝐷𝜀))𝐹 (𝑡, 𝜏, 𝑈(𝑥, 𝑡, 𝜏), 𝑉 (𝑥, 𝑡, 𝜏)),

(2.5)

where 𝑡 ∈ [0, 𝑇 ], 𝜏 ∈ T, 𝑈(𝑥, 𝑡, 𝜏) and 𝑉 (𝑥, 𝑡, 𝜏) are the unknowns which are periodic in 𝜏 on the torus
T = R/2𝜋Z and

𝐹 (𝑡, 𝜏, 𝑈, 𝑉 ) =− 𝜆𝑓
(︁(︁√︀

1− 𝜀2∆
)︁−1[︁

(cos(𝜏) cos(𝑡𝐷𝜀)− sin(𝜏) sin(𝑡𝐷𝜀))𝑈

+ (sin(𝜏) cos(𝑡𝐷𝜀) + cos(𝜏) sin(𝑡𝐷𝜀))𝑉
]︁)︁
.

Letting

𝐺(𝑡, 𝜏,𝑋(𝑥, 𝑡, 𝜏)) :=
(︂
−(sin(𝜏) cos(𝑡𝐷𝜀) + cos(𝜏) sin(𝑡𝐷𝜀))𝐹 (𝑡, 𝜏, 𝑈(𝑥, 𝑡, 𝜏), 𝑉 (𝑥, 𝑡, 𝜏))
(cos(𝜏) cos(𝑡𝐷𝜀)− sin(𝜏) sin(𝑡𝐷𝜀))𝐹 (𝑡, 𝜏, 𝑈(𝑥, 𝑡, 𝜏), 𝑉 (𝑥, 𝑡, 𝜏))

)︂
with 𝑋 := [𝑈 ;𝑉 ], the above system can be rewritten in a compact form

𝜕𝑡𝑋(𝑥, 𝑡, 𝜏) +
1
𝜀2
𝜕𝜏𝑋(𝑥, 𝑡, 𝜏) = 𝐺(𝑡, 𝜏,𝑋(𝑥, 𝑡, 𝜏)), 𝑡 ∈ [0, 𝑇 ], 𝜏 ∈ T. (2.6)

For this new system, the following assumption is required in this paper.

Assumption 2.1. Consider that the unknowns of (1.1) 𝑡→ 𝑢 and 𝑡→ 𝜕𝑡𝑢 are maps onto the Sobolev spaces
𝐻𝜈+1(Ω𝑑

𝑥) and 𝐻𝜈(Ω𝑑
𝑥) with integers 𝜈 ≥ 0 and the 𝑑-dimensional space torus Ω𝑑

𝑥 (𝑑 ≥ 1), respectively. It is
also required that these maps have continuous derivatives (w.r.t. 𝑡 and 𝑥) up to fourth order. In addition, it
is required that 𝜈 ≥ 4+𝑑 which is necessary for the analysis in Banach algebras. For all 𝛼, 𝛽, 𝛾 ∈ {0, 1, . . . , 4}
and for the function 𝐺(𝑡, 𝜏,𝑋), it is assumed that the functional 𝜕𝛼

𝜏 𝜕
𝛽
𝑡 𝜕

𝛾
𝑋𝐺(𝑡, 𝜏,𝑋) is continuous and locally

bounded w.r.t. 𝜀 from T×𝐻𝜈 to ℒ(𝐻𝜎 × · · · ×𝐻𝜎⏟  ⏞  
𝛽 times

, 𝐻𝜎−𝛽), where 𝜈 ≥ 𝜎 ≥ 𝛽 + 𝑑.

Remark 2.2. It is noted that this new variable 𝜏 of (2.6) offers a free degree for designing the initial date
𝑋(𝑥, 0, 𝜏). This two-scale equation (2.5) with a modified initial data is analysed in [13, 17] to construct
uniformly accurate methods. We here use the strategy from [13, 17] to obtain the fourth-order initial data
for (2.5), which is presented briefly as follows.

For the periodic function 𝑣(·) on T, we introduce the notations

𝐿 := 𝜕𝜏 , Π𝑣 :=
1

2𝜋

∫︁ 2𝜋

0

𝑣(𝜏) d𝜏.

On the set of functions with vanishing average, 𝜕𝜏 is invertible with inverse defined by (see [13]) 𝐿−1𝑣 :=
(𝐼 −Π)

∫︀ 𝜏

0
𝑣(𝜃) d𝜃. By further letting 𝐴 := 𝐿−1(𝐼 −Π), it is easy to get

𝐿Π = 0, Π2 = Π, Π𝐿𝑣 = 0, Π𝐴 = 0,
𝐿𝐴 = 𝐼 −Π, 𝐿𝐴2 = (𝐼 −Π)𝐴 = 𝐴−Π𝐴 = 𝐴.

(2.7)
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Based on the Chapman–Enskog expansion [16,17], the solution 𝑋(𝑥, 𝑡, 𝜏) of (2.6) can be formulated as

𝑋(𝑥, 𝑡, 𝜏) = 𝑋(𝑥, 𝑡) + 𝜅(𝑥, 𝑡, 𝜏) with 𝑋(𝑥, 𝑡) = Π𝑋(𝑥, 𝑡, 𝜏), Π𝜅(𝑥, 𝑡, 𝜏) = 0.

From the fact (2.6), it follows that

𝜕𝑡𝑋(𝑥, 𝑡) = Π𝐺(𝑡, 𝜏,𝑋(𝑥, 𝑡) + 𝜅(𝑥, 𝑡, 𝜏)).

Then the correction 𝜅 satisfies the differential equation

𝜕𝑡𝜅(𝑥, 𝑡, 𝜏) +
1
𝜀2
𝜕𝜏𝜅(𝑥, 𝑡, 𝜏) = (𝐼 −Π)𝐺(𝑡, 𝜏,𝑋(𝑥, 𝑡) + 𝜅(𝑥, 𝑡, 𝜏)),

which can be reformulated as

𝜅(𝑥, 𝑡, 𝜏) = 𝜀2𝐴𝐺(𝑡, 𝜏,𝑋(𝑥, 𝑡) + 𝜅(𝑥, 𝑡, 𝜏))− 𝜀2𝐿−1(𝜕𝑡𝜅(𝑥, 𝑡, 𝜏)). (2.8)

We seek an expansion in powers of 𝜀 for the composer 𝜅:

𝜅(𝑥, 𝑡, 𝜏) = 𝜀2𝜅1(𝜏,𝑋(𝑥, 𝑡)) + 𝜀4𝜅2(𝜏,𝑋(𝑥, 𝑡)) + 𝜀6𝜅3(𝜏,𝑋(𝑥, 𝑡)) +𝒪𝒳𝜈

(︀
𝜀8
)︀
, (2.9)

where 𝒪𝒳𝜈 denotes the term uniformly bounded with the 𝒳 𝜈-norm and 𝒳 𝜈 :=
⋂︀

0≤𝑙≤𝜈−𝑑 𝐶
𝑙(T;𝐻𝜈−𝑙).

Inserting (2.9) into (2.8) and using the Taylor series of 𝐺 at 𝑋 yield

𝜀2𝜅1 + 𝜀4𝜅2 + 𝜀6𝜅3 +𝒪𝒳𝜈

(︀
𝜀8
)︀

= 𝜀2𝐴𝐺(𝑡, 𝜏,𝑋) + 𝜀2𝐴𝜕𝑋𝐺(𝑡, 𝜏,𝑋)
(︀
𝜀2𝜅1 + 𝜀4𝜅2

)︀
+

1
2
𝜀2𝐴𝜕2

𝑈𝐺(𝑡, 𝜏,𝑋)
(︀
𝜀2𝜅1, 𝜀

2𝜅1

)︀
− 𝜀2𝐿−1

(︀
𝜀2𝜕𝑡𝜅1 + 𝜀4𝜕𝑡𝜅2

)︀
+𝒪𝒳𝜈

(︀
𝜀8
)︀
.

By comparing the coefficients of 𝜀𝑗 with 𝑗 = 1, 2, 3, one gets

𝜅1 = 𝐴𝐺(𝑡, 𝜏,𝑋), 𝜅2 = 𝐴𝜕𝑋𝐺(𝑡, 𝜏,𝑋)𝐴𝐺(𝑡, 𝜏,𝑋)− 𝐿−1𝜕𝑡𝜅1,

𝜅3 = 𝐴𝜕𝑋𝐺(𝑡, 𝜏,𝑋)𝜅2 +
1
2
𝐴𝜕2

𝑈𝐺(𝑡, 𝜏,𝑋)(𝜅1, 𝜅1)− 𝐿−1𝜕𝑡𝜅2.
(2.10)

With these preparations, consider the following initial condition

𝑋0(𝜏) := 𝑋 [0] + 𝜀2𝜅1

(︁
𝜏,𝑋 [0]

)︁
+ 𝜀4𝜅2

(︁
𝜏,𝑋 [0]

)︁
+ 𝜀6𝜅3

(︁
𝜏,𝑋 [0]

)︁
, (2.11)

where 𝑋 [0] is given by 𝑋 [0] := Π[𝑞(𝑥, 0); 𝑝(𝑥, 0)]. Observing that Π, 𝐴 are bounded on 𝐶0(T;𝐻𝜎) for any 𝜎,
it is deduced that 𝜅1, 𝜅1, 𝜅3 all belong to 𝒳 𝜈 . For the two-scale system (2.5) with the initial data (2.11), the
following estimate of the solution is obtained and its proof will be given in the next section.

Proposition 2.3. Under the conditions given in Assumption 2.1, it is clear that 𝑋 [0] is uniformly bounded
in 𝜀 w.r.t. the 𝐻𝜈 norm. Then, the two-scale system (2.6) with the initial condition (2.11) has a unique
solution 𝑋(·, 𝑡, 𝜏) ∈ 𝐶0([0, 𝑇 ]× T;𝐻𝜈) with the bound

‖𝑋(·, 𝑡, 𝜏)‖𝐻𝜈 ≤ 𝐶1‖𝑋0(𝜏)‖𝐻𝜈 ≤ 𝐶2 ∀ 𝑡 ∈ (0, 𝑇 ],

where the constants 𝐶1, 𝐶2 > 0 are independent of 𝜀 but depend on 𝑇 . Moreover, the derivatives of 𝑋(·, 𝑡, 𝜏)
are bounded by

‖𝜕𝜇
𝑡 𝑋(·, 𝑡, 𝜏)‖𝐿∞𝜏 (𝐻𝜈−𝜇) ≤ 𝐶3 ∀ 𝑡 ∈ (0, 𝑇 ],

where 𝜇 = 1, 2, 3, 4 and 𝐶3 is independent of 𝜀 but depends on 𝑇 .
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Step 3. Fully discrete scheme. This step is devoted to the fully discrete scheme.
Firstly, for the problem (1.1), from the point of practical computations, the operator −∆ is in general
approximated by a symmetric and positive semi-definite differential matrix. In this paper, we consider the
Fourier spectral collocation (FSC) (see, [39]). Then a discrete two-scale system for (2.6) is obtained

𝜕𝑡𝑍(𝑡, 𝜏) +
1
𝜀2
𝜕𝜏𝑍(𝑡, 𝜏) = ̂︀𝐺(𝑡, 𝜏, 𝑍(𝑡, 𝜏)), 𝑡 ∈ [0, 𝑇 ], 𝜏 ∈ T. (2.12)

Here ̂︀𝐺𝜏 (𝑡, 𝜏, 𝑍(𝑡, 𝜏)) with 𝑍 := [𝑍𝑈 ;𝑍𝑉 ] is the approximation of 𝐺(𝑡, 𝜏,𝑋) by the Fourier spectral colloca-
tion, where −∆ is replaced by a 𝑑-dimensional matric 𝐴, 𝑍𝑈 and 𝑍𝑉 are 𝑑-dimensional vectors which are
respectively referred to the discrete 𝑈 and 𝑉 in 𝑥, and the initial value of (2.12) is

𝑍0(𝜏) := 𝑍 [0] + 𝜀2𝜅1

(︁
𝜏, 𝑍 [0]

)︁
+ 𝜀4𝜅2

(︁
𝜏, 𝑍 [0]

)︁
+ 𝜀6𝜅3

(︁
𝜏, 𝑍 [0]

)︁
, (2.13)

where 𝑍 [0] := Π[𝑞(0); 𝑝(0)] and 𝑞(0) or 𝑝(0) denotes the discrete 𝑞(𝑥, 0) or 𝑝(𝑥, 0) in 𝑥, respectively. By the
analysis presented in [39], it is obtained immediately that

‖𝑋(𝑥, 𝑡, 𝜏)− 𝑍(𝑡, 𝜏)‖𝐻𝜈 ≤ 𝛿𝑥
ℱ ,

where 𝛿𝑥
ℱ denotes the error brought by the Fourier pseudo-spectral method in 𝑥.

We now present the fully discrete scheme for (2.5) which is constructed by making use of the spectral
semi-discretisation (see [39]) in 𝜏 and exponential integrators (see [33]) in time.
For the spectral semi-discretisation used in 𝜏 , let ℳ := {−𝑁𝜏/2,−𝑁𝜏/2 + 1, . . . , 𝑁𝜏/2} with a positive
integer 𝑁𝜏 > 1 and 𝑌ℳ = span{𝑒i𝑘𝜏 , 𝑘 ∈ℳ, 𝜏 ∈ [−𝜋, 𝜋]}. For any periodic function 𝑣(𝜏) on [−𝜋, 𝜋], define
the standard projection operator 𝑃ℳ : 𝐿2([−𝜋, 𝜋]) → 𝑌ℳ and the trigonometric interpolation operator
𝐼ℳ : 𝐶([−𝜋, 𝜋]) → 𝑌ℳ respectively as

(𝑃ℳ𝑣)(𝜏) =
∑︁

𝑘∈ℳ

̃︀𝑣𝑘𝑒
i𝑘𝜏 , (𝐼ℳ𝑣)(𝜏) =

∑︁
𝑘∈ℳ

̂︀𝑣𝑘𝑒
i𝑘𝜏 , (2.14)

where i =
√
−1, ̃︀𝑣𝑘 for 𝑘 ∈ℳ are the Fourier transform coefficients of the periodic function 𝑣(𝜏) and ̂︀𝑣𝑘 are

the discrete Fourier transform coefficients of the vector {𝑣(𝜏𝑘)}𝜏𝑘:= 2𝜋
𝑁𝜏

𝑘. For consistency reasons, we assume
that the first term and the last one in the summation are taken with a factor 1/2 here and after. Then the
Fourier spectral method is given by finding the trigonometric polynomial

𝑍ℳ(𝑡, 𝜏) =
(︀
𝑍ℳ𝑙 (𝑡, 𝜏)

)︀
𝑙=1,2,...,2𝑑

, (𝑡, 𝜏) ∈ [0, 𝑇 ]× [−𝜋, 𝜋]

with
𝑍ℳ𝑙 (𝑡, 𝜏) =

∑︁
𝑘∈ℳ

𝑍𝑘,𝑙(𝑡)ei𝑘𝜏

such that

𝜕𝑡𝑍
ℳ(𝑡, 𝜏) +

1
𝜀2
𝜕𝜏𝑍

ℳ(𝑡, 𝜏) = ̂︀𝐺(︀𝑡, 𝜏, 𝑍ℳ(𝑡, 𝜏)
)︀
.

It follows from the orthogonality of the Fourier functions and collecting all the ̃︂𝑍𝑘,𝑙 in (𝑁𝜏 + 1)-periodic

coefficient vectors ̃︂Z(𝑡) = (𝑍𝑘,𝑙(𝑡)) that

d
d𝑡
̃︂Z(𝑡) = iΩ̃︂Z(𝑡) + Γ

(︁
𝑡, ̃︂Z(𝑡)

)︁
, (2.15)
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where Γ
(︀
𝑡, ̃︀Z)︀ := −𝜆

(︂
−ℱS(𝑡)𝑓

(︀
𝒞(𝑡)̃︀Z1 + 𝒮(𝑡)̃︀Z2

)︀
ℱC(𝑡)𝑓

(︀
𝒞(𝑡)̃︀Z1 + 𝒮(𝑡)̃︀Z2

)︀ )︂, the vector ̃︀Z := [̃︀Z1; ̃︀Z2] is in dimension 𝐷 := 2𝑑 ×

(𝑁𝜏 + 1) with its block vectors ̃︀Z1, ̃︀Z2 in dimension 𝐷/2, ℱ denotes the discrete Fourier transform, Ω :=
diag(Ω1,Ω2, . . . ,Ω2𝑑) with Ω1 = Ω2 = · · · = Ω2𝑑 := 1

𝜀2 diag
(︀

𝑁𝜏

2 ,
𝑁𝜏

2 − 1, . . . ,−𝑁𝜏

2

)︀
, and

S(𝑡) := cos(𝑡𝐷𝐴)⊗ sin(Ω1) + sin(𝑡𝐷𝐴)⊗ cos(Ω1),
C(𝑡) := cos(𝑡𝐷𝐴)⊗ cos(Ω1)− sin(𝑡𝐷𝐴)⊗ sin(Ω1),

𝒮(𝑡) :=
cos(𝑡𝐷𝐴)√

1 + 𝜀2𝐴
⊗ sin(Ω1) +

sin(𝑡𝐷𝐴)√
1 + 𝜀2𝐴

⊗ cos(Ω1),

𝒞(𝑡) :=
cos(𝑡𝐷𝐴)√

1 + 𝜀2𝐴
⊗ cos(Ω1)− sin(𝑡𝐷𝐴)√

1 + 𝜀2𝐴
⊗ sin(Ω1),

with 𝐷𝐴 =
√

1+𝜀2𝐴−𝐼
𝜀2 . Our analysis presented below will use the entries of ̃︀Z, which are denoted by

̃︀Z =
(︁
𝑍−𝑁𝜏

2 ,1,
˜𝑍−𝑁𝜏

2 +1,1, . . . , 𝑍𝑁𝜏
2 ,1, 𝑍−𝑁𝜏

2 ,2,
˜𝑍−𝑁𝜏

2 +1,2, . . . , 𝑍𝑁𝜏
2 ,2, . . . ,

˜𝑍−𝑁𝜏
2 ,2𝑑,

˜𝑍−𝑁𝜏
2 +1,2𝑑, . . . , 𝑍𝑁𝜏

2 ,2𝑑

)︁
.

The same notation is used for all the vectors and diagonal matrices with the same dimension as ̃︀Z. We also
use the notations ̃︂Z:,𝑙 =

(︀
𝑍−𝑁𝜏

2 ,𝑙,
˜𝑍−𝑁𝜏

2 +1,𝑙, . . . , 𝑍𝑁𝜏
2 ,𝑙

)︀
for 𝑙 = 1, 2, . . . , 2𝑑 and the ℱ ̃︀Z denotes the discrete

Fourier transform acting on each ̃︂Z:,𝑙 of ̃︀Z. Then the fully discrete scheme (FS-F) can read

𝑍𝑛𝑖
ℳ,𝑙(𝜏) =

∑︁
𝑘∈ℳ

̃︂𝑍𝑛𝑖
𝑘,𝑙e

i𝑘𝜏 , 𝑍𝑛+1
ℳ,𝑙 (𝜏) =

∑︁
𝑘∈ℳ

𝑍𝑛+1
𝑘,𝑙 ei𝑘𝜏 ,

for 𝑖 = 1, 2, . . . , 𝑠, where we consider the following 𝑠-stage exponential integrators [33] applied to (2.15):

̃︂𝑍𝑛𝑖 = 𝑒𝑐𝑖ℎ𝑀 ̃︁𝑍𝑛 + 𝜀ℎ

𝑠∑︁
𝜌=1

𝑎̄𝑖𝜌(ℎ𝑀)Γ
(︁
𝑡𝑛 + 𝑐𝜌ℎ,̃︂𝑍𝑛𝜌

)︁
,

𝑍𝑛+1 = 𝑒ℎ𝑀 ̃︁𝑍𝑛 + 𝜀ℎ

𝑠∑︁
𝜌=1

𝑏̄𝜌(ℎ𝑀)Γ
(︁
𝑡𝑛 + 𝑐𝜌ℎ,̃︂𝑍𝑛𝜌

)︁
.

(2.16)

Here 𝑖 = 1, 2, . . . , 𝑠 with 𝑠 ≥ 1, ℎ is the time stepsize, 𝑛 = 0, 1, . . . , 𝑇/ℎ − 1, 𝑀 := iΩ, 𝑐𝑖 are constants
belonging to [0, 1], and 𝑎̄𝑖𝜌(ℎ𝑀), 𝑏̄𝑖(ℎ𝑀) are matrix-valued functions of ℎ𝑀 .
The above procedure, however, is unsuitable in practice because of the computation of Fourier transform
coefficients. In order to find an efficient implementation, we now consider the discrete Fourier transform
coefficients instead of Fourier transform coefficients. This gives the following scheme. For a positive integer
𝑁𝜏 > 1, let 𝜏𝑘 = 2𝜋

𝑁𝜏
𝑘 with 𝑘 ∈ ℳ := {−𝑁𝜏/2,−𝑁𝜏/2 + 1, . . . , 𝑁𝜏/2} and 𝑍𝑛𝑖

𝑘,𝑙 ≈ 𝑍𝑙(𝑡𝑛 + 𝑐𝑖ℎ, 𝜏𝑘), 𝑍𝑛
𝑘,𝑙 ≈

𝑍𝑙(𝑡𝑛, 𝜏𝑘) for 𝑙 = 1, 2, . . . , 2𝑑. An exponential Fourier spectral discretization (FS-D) is defined as

𝑍𝑛𝑖
𝑗,𝑙 =

∑︁
𝑘∈ℳ

̂︂𝑍𝑛𝑖
𝑘,𝑙e

i𝑘𝜏𝑗 , 𝑍𝑛+1
𝑗,𝑙 =

∑︁
𝑘∈ℳ

𝑍𝑛+1
𝑘,𝑙 ei𝑘𝜏𝑗 , (2.17)

where 𝑗 ∈ℳ and ̂︂𝑍𝑛𝑖 = 𝑒𝑐𝑖ℎ𝑀 ̂︁𝑍𝑛 + 𝜀ℎ

𝑠∑︁
𝜌=1

𝑎̄𝑖𝜌(ℎ𝑀)Γ
(︁
𝑡𝑛 + 𝑐𝜌ℎ,̂︂𝑍𝑛𝜌

)︁
,

𝑍𝑛+1 = 𝑒ℎ𝑀 ̂︁𝑍𝑛 + 𝜀ℎ

𝑠∑︁
𝜌=1

𝑏̄𝜌(ℎ𝑀)Γ
(︁
𝑡𝑛 + 𝑐𝜌ℎ,̂︂𝑍𝑛𝜌

)︁
.

(2.18)

Here 0 < ℎ < 1 is the time stepsize and 𝑠 ≥ 1 is the stage of the implicit exponential integrator with the
coefficients 𝑐𝑖, 𝑎̄𝑖𝜌(ℎ𝑀) and 𝑏̄𝜌(ℎ𝑀).
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Based on the above three steps, we obtain the fully discrete scheme, which is described as follows.

Definition 2.4 (Fully discrete scheme). The fully discrete scheme for the nonlinear relativistic Klein–Gordon
equation (1.1) is defined as follows.

– With the two-scale technologies stated in Steps 1 and 2, we get a highly oscillatory two-scale system (2.6)
with the initial condition (2.11) over the time interval [0, 𝑇 ].

– Consider the Fourier spectral collocation [39] for the approximation of the operator −∆ and then a discrete
two-scale system (2.12) over [0, 𝑇 ] with the initial value (2.13) is obtained.

– Then choose a positive time stepsize ℎ, and use the exponential Fourier spectral discretization (FS-D) (2.17)
to solve (2.12). This produces the numerical approximation

𝑍𝑛
𝑙 :=

∑︁
𝑗∈ℳ

̂︂𝑍𝑛
𝑗,𝑙e

i𝑗𝑛ℎ/𝜀2
≈ 𝑍

(︀
𝑛ℎ, 𝑛ℎ/𝜀2

)︀
of (2.12) for 𝑙 = 1, 2, . . . , 2𝑑 and 𝑛 = 1, 2, . . . , 𝑇/ℎ.

– Finally, the numerical approximation 𝑢𝑛 ≈ 𝑢(·, 𝑛ℎ), 𝑣𝑛 ≈ 𝑣(·, 𝑛ℎ) of the original system (1.1) is given by

𝑢𝑛 =
√︀

1 + 𝜀2𝐴
−1
[︂
cos
(︀
𝑛ℎ/𝜀2 + 𝑛ℎ𝐷𝐴

)︀
(𝑍𝑛

𝑙 )𝑙=1,2,...,𝑑 + sin
(︀
𝑛ℎ/𝜀2 + 𝑛ℎ𝐷𝐴

)︀(︁
𝑍𝑛

𝑑+𝑙

)︁
𝑙=1,2,...,𝑑

]︂
,

𝑣𝑛 = 𝜀−2

[︂
− sin

(︀
𝑛ℎ/𝜀2 + 𝑛ℎ𝐷𝐴

)︀
(𝑍𝑛

𝑙 )𝑙=1,2,...,𝑑 + cos
(︀
𝑛ℎ/𝜀2 + 𝑛ℎ𝐷𝐴

)︀(︁
𝑍𝑛

𝑑+𝑙

)︁
𝑙=1,2,...,𝑑

]︂
,

where 𝑛 = 1, 2, . . . , 𝑇/ℎ.

2.2. Some practical integrators

The above procedure fails to be practical unless the coefficients 𝑐𝑖, 𝑎̄𝑖𝜌(ℎ𝑀) and 𝑏̄𝑖(ℎ𝑀) appearing in (2.18)
are determined. To this end, the symmetry and stiff order conditions of (2.18) are needed.

Proposition 2.5 (Symmetric conditions). The 𝑠-stage implicit exponential integrator (2.18) is symmetric if
and only if for 𝑖, 𝜌 = 1, 2, . . . , 𝑠, its coefficients satisfy

𝑐𝑖 = 1− 𝑐𝑠+1−𝑖, 𝑏̄𝜌(ℎ𝑀) = 𝑒ℎ𝑀 𝑏̄𝑠+1−𝜌(−ℎ𝑀),

𝑎̄𝑖𝜌(ℎ𝑀) = 𝑒𝑐𝑖ℎ𝑀 𝑏̄𝑠+1−𝜌(−ℎ𝑀)− 𝑎̄𝑠+1−𝑖,𝑠+1−𝜌(−ℎ𝑀). (2.19)

Proof. Under the conditions (2.19), it is trivial to verify that the method (2.18) remains the same after exchang-
ing 𝑛+ 1 ↔ 𝑛 and ℎ↔ −ℎ. This completes the proof immediately. �

Proposition 2.6 (Stiff order conditions). Define

𝜓𝜌(𝑧) = 𝜙𝜌(𝑧)−
𝑠∑︁

𝑖=1

𝑏̄𝑖(𝑧)
𝑐𝜌−1
𝑖

(𝜌− 1)!
,

𝜓𝜌,𝑖(𝑧) = 𝜙𝜌(𝑐𝑖𝑧)𝑐
𝜌
𝑖 −

𝑠∑︁
𝑖̃=1

𝑎̄𝑖𝑖(𝑧)
𝑐𝜌−1

𝑖̃

(𝜌− 1)!
, 𝑖 = 1, 2, . . . , 𝑠,

where the notations 𝜙𝜌 [33] are defined by 𝜙𝜌(𝑧) =
∫︀ 1

0
𝜃𝜌−1e(1−𝜃)𝑧/(𝜌−1)! d𝜃 for 𝜌 = 1, 2, . . .. For a fixed number

1 ≤ 𝑟 ≤ 4, the order conditions of Table 1 are assumed to be true up to order 𝑟 and the condition 𝜓𝑟(ℎ𝑀) = 0
is weakened to the form 𝜓𝑟(0) = 0. Under these assumptions, the conditions of Assumption 2.1, and the local
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Table 1. Stiff order conditions.

Stiff order conditions Order 𝑟

𝜓1(ℎ𝑀) = 0 1
𝜓2(ℎ𝑀) = 0, 𝜓1,𝑖(ℎ𝑀) = 0 2
𝜓3(ℎ𝑀) = 0, 𝜓2,𝑖(ℎ𝑀) = 0 3
𝜓4(ℎ𝑀) = 0, 𝜓3,𝑖(ℎ𝑀) = 0 4

assumptions of ̃︁𝑍𝑛 = 𝑍(𝑡𝑛), there exists a constant ℎ0 independent of 𝜀 such that for 0 < ℎ ≤ ℎ0, the local error
bounds satisfy the following inequalities⃦⃦⃦̃︂𝑍𝑛𝑖 − ˜𝑍(𝑡𝑛 + 𝑐𝑖ℎ)

⃦⃦⃦
𝐻𝜈−𝑟

≤ 𝐶ℎ𝑟,⃦⃦⃦
𝑍𝑛+1 − 𝑍(𝑡𝑛+1)

⃦⃦⃦
𝐻𝜈−𝑟

≤ 𝐶
(︀
ℎ𝑟‖𝜓𝑟(ℎ𝑀)‖𝐻𝜈−𝑟+1 + ℎ𝑟+1

)︀
,

where 0 ≤ 𝑛 ≤ 𝑇/ℎ, and 𝐶 > 0 is a constant depending on 𝑇 but is independent of 𝜀 and ℎ.

Proof. The proof will be given in Section 4 combined with the analysis of convergence. �

The practical integrators presented below will be based on these symmetric conditions and stiff order condi-
tions.

Third-order integrator. We first consider two-stage integrators, i.e., 𝑠 = 2. Solving the order conditions
𝜓1(ℎ𝑀) = 𝜓2(ℎ𝑀) = 0 leads to

𝑏̄1(ℎ𝑀) =
−𝑐2𝜙1(ℎ𝑀) + 𝜙2(ℎ𝑀)

𝑐1 − 𝑐2
, 𝑏̄2(ℎ𝑀) =

𝑐1𝜙1(ℎ𝑀)− 𝜙2(ℎ𝑀)
𝑐1 − 𝑐2

·

Then using some other order conditions

𝜓1,1(ℎ𝑀) = 𝜓1,2(ℎ𝑀) = 𝜓2,2(ℎ𝑀) = 0

and a symmetric condition
𝑎̄12(ℎ𝑀) + 𝑎̄21(−ℎ𝑀) = 𝜙0(𝑐1ℎ𝑀)𝑏̄1(−ℎ𝑀),

we get the results of 𝑎̄𝑖𝜌 as

𝑎̄21 =
𝑐22(−𝜙12 + 𝜙22)

𝑐1 − 𝑐2
, 𝑎̄11 = −𝑎̄12 + 𝑐1𝜙11,

𝑎̄22 = −𝑎̄21 + 𝑐2𝜙12, 𝑎̄12 = −𝑎̄21(−ℎ𝑀) + 𝜙01𝑏̄1(−ℎ𝑀),

where 𝜙𝑖𝑗 := 𝜙𝑖(𝑐𝑗ℎ𝑀). On noticing 𝑐1 = 1− 𝑐2, it can be verified that this class of integrators is at least order
two. As an example, we choose 𝑐1 = 3−

√
3

6 which is obtained by requiring a further condition 𝜓3(0) = 0 and
denote the corresponding method as S2O3. For this method, it can be easily checked that 𝜓2,𝑖(ℎ𝑀) = 0 for
𝑖 = 1, 2 but 𝜓3(ℎ𝑀) ̸= 0. Thence it is of order three.

Fourth-order integrator. We now continue with three-stage (𝑠 = 3) integrators and obtain their coefficients
by solving

𝜓𝑖(ℎ𝑀) = 0 and 𝜓𝜌,𝑖(ℎ𝑀) = 0 for 𝑖, 𝜌 = 1, 2, 3.
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The choice of 𝑐1 = 1, 𝑐2 = 1/2, 𝑐3 = 0 and the corresponding results

𝑎̄31 = 𝑎̄32 = 𝑎̄33 = 0, 𝑎̄21 = −1
4
𝜙22 +

1
2
𝜙32, 𝑎̄22 = 𝜙22 − 𝜙32,

𝑎̄23 =
1
2
𝜙12 −

3
4
𝜙22 +

1
2
𝜙3, 𝑎̄11 = 𝑏̄1 = 4𝜙3 − 𝜙2, 𝑎̄12 = 𝑏̄2 = 4𝜙2 − 8𝜙3,

𝑎̄13 = 𝑏̄3 = 𝜙1 − 3𝜙2 + 4𝜙3,

determine this integrator. It is noted that this method satisfies all the stiff order conditions of order four and
symmetric conditions. This integrator is referred as S3O4.

3. Main results and numerical tests

In this section, we shall present the main results of this paper. The first one is about convergence and the
second is devoted to long time energy near conservation. To support these two results, a numerical experiment
with numerical results is carried out in the second part of this section.

3.1. Main results

Theorem 3.1 (Convergence). Under the conditions of Assumption 2.1, Propositions 2.3 and 2.6, for the final
numerical solutions 𝑢𝑛, 𝑣𝑛 produced by Definition 2.4 with S2O3 or S3O4, the global errors are

S2O3 : ‖𝑢𝑛 − 𝑢(·, 𝑛ℎ𝜀)‖𝐻𝜈−1 ≤ 𝐶1

(︀
ℎ3 + 𝛿ℱ

)︀
,

‖𝑣𝑛 − 𝑣(·, 𝑛ℎ𝜀)‖𝐻𝜈−2 ≤ 𝐶2

(︀
ℎ3/𝜀2 + 𝛿ℱ

)︀
,

S3O4 : ‖𝑢𝑛 − 𝑢(·, 𝑛ℎ𝜀)‖𝐻𝜈−3 ≤ 𝐶3

(︀
ℎ4 + 𝛿ℱ

)︀
,

‖𝑣𝑛 − 𝑣(·, 𝑛ℎ𝜀)‖𝐻𝜈−4 ≤ 𝐶4

(︀
ℎ4/𝜀2 + 𝛿ℱ

)︀
,

where 0 ≤ 𝑛 ≤ 𝑇/ℎ, the constants 𝐶1-𝐶4 depend on 𝑇 , ‖𝜓1(𝑥)‖𝐻𝜈+1 and ‖𝜓2(𝑥)‖𝐻𝜈 , but are independent of
𝑛, ℎ, 𝜀. Here 𝛿ℱ denotes the error in 𝑥 and 𝜏 brought by the Fourier pseudo-spectral method. We point out that
𝜈 ≥ 4 + 𝑑 is required for S3O4 and it can be weakened to 𝜈 ≥ 2 + 𝑑 for S2O3.

Remark 3.2. It is noted that these two methods have a very nice accuracy which is 𝒪𝐻𝜈−1(ℎ3) for S2O3 and
𝒪𝐻𝜈−3(ℎ4) for S3O4 in the approximation of 𝑢. This high accuracy is very significant for the numerical methods
applied to highly oscillatory systems where 𝜀 is a very small value.

The next theorem requires a non-resonance condition and to describe it, we introduce the notations [43]

k :=
(︁
𝑘−𝑁𝜏

2 ,1, 𝑘−𝑁𝜏
2 +1,1, . . . , 𝑘𝑁𝜏

2 ,1, 𝑘−𝑁𝜏
2 ,2, 𝑘−𝑁𝜏

2 +1,2, . . . , 𝑘𝑁𝜏
2 ,2, . . . , 𝑘−𝑁𝜏

2 ,2𝑑, . . . , 𝑘𝑁𝜏
2 ,2𝑑

)︁
,

𝜔 :=
(︁
𝜔−𝑁𝜏

2 ,1, 𝜔−𝑁𝜏
2 +1,1, . . . , 𝜔𝑁𝜏

2 ,1, 𝜔−𝑁𝜏
2 ,2, 𝜔−𝑁𝜏

2 +1,2, . . . , 𝜔𝑁𝜏
2 ,2, . . . , 𝜔−𝑁𝜏

2 ,2𝑑, . . . , 𝜔𝑁𝜏
2 ,2𝑑

)︁
,

|k| :=
2𝑑∑︁
𝑙=1

𝑁𝜏
2∑︁

𝑗=−𝑁𝜏
2

|𝑘𝑗,𝑙|, k · 𝜔 :=
2𝑑∑︁
𝑙=1

𝑁𝜏
2∑︁

𝑗=−𝑁𝜏
2

𝑘𝑗,𝑙𝜔𝑗,𝑙,

where
(︀
𝜔−𝑁𝜏

2 ,𝑙, 𝜔−𝑁𝜏
2 +1,𝑙, . . . , 𝜔𝑁𝜏

2 ,𝑙

)︀
:= 1

𝜀2

(︀
𝑁𝜏

2 ,
𝑁𝜏

2 − 1, . . . ,−𝑁𝜏

2

)︀
for any 1 ≤ 𝑙 ≤ 2𝑑. Denote the resonance

module by ℳ := {k ∈ 𝒬 : k · 𝜔 = 0}, where 𝒬 := {k ∈ Z𝐷 : there exists an 𝑙 ∈ {1, . . . , 2𝑑} such that |k:,𝑙| =
|k|}. Let ⟨𝑗⟩𝑙 be the unit coordinate vector (0, . . . , 0, 1, 0, . . . , 0)ᵀ ∈ R𝐷 with the only entry 1 at the (𝑗, 𝑙)-th
position. Further let 𝒦 be a set of representatives of the equivalence classes in 𝒬/ℳ. The set 𝒦 is determined
by two requirements. The first is that if k ∈ 𝒦, we have −k ∈ 𝒦. The other is to minimize the sum |k| in the
equivalence class [k] = k + ℳ for each k ∈ 𝒦. Meanwhile, for those elements having the same minimal sum
|k|, all of them are kept in 𝒦. Denote 𝒩𝑁 = {k ∈ 𝒦 : |k| ≤ 𝑁} and 𝒩 *

𝑁 = 𝒩𝑁

⋃︀
{⟨0⟩𝑙}𝑙=1,2,...,2𝑑 for a positive

integer 𝑁 .
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Theorem 3.3 (Long time energy near conservation). Denote the initial value appeared in Definition 2.4 by
𝛿0 := ‖̂︁𝑍0‖𝐻𝜈 which is a value between 0 and 13. The non-linearity 𝑓(𝑢) is assumed to be smooth and satisfy
𝑓(0) = 𝑓 ′(0) = 0. For the time stepsize ℎ, we assume a lower bound ℎ/

√
𝜀 ≥ 𝑐0 > 0 and ℎ ≤ 𝛿0

4. It is further
required that the numerical non-resonance condition | sin

(︀
1
2ℎ𝜔𝑗,1

)︀
| ≥ 𝑐1

√
ℎ holds for a constant 𝑐1 > 0 and

𝑗 = −𝑁𝜏

2 ,−
𝑁𝜏

2 + 1, . . . , 𝑁𝜏

2 . Then the long time energy conservation of 𝑢𝑛, 𝑣𝑛 produced by Definition 2.4 with
S2O3 or S3O4 is estimated by

𝜀2

𝛿20

⃒⃒
𝐻(𝑢𝑛, 𝑣𝑛)−𝐻

(︀
𝑢0, 𝑣0

)︀⃒⃒
≤ 𝐶𝜀3𝛿20 + 𝐶𝛿ℱ , 0 ≤ 𝑛ℎ ≤ 𝜀𝛿−𝑁+3

0

ℎ2
, (3.1)

where the constant 𝐶 depends on 𝑁,𝑁𝜏 , 𝑐0, 𝑐1 but is independent of 𝑛, ℎ, 𝜀, and 𝛿ℱ denotes the error brought
by the Fourier pseudospectral method. Since 𝑁 can be arbitrarily large and 𝜀/ℎ2 < 1/𝑐20, the near conservation
law holds for a long time.

Remark 3.4. The above statement (3.1) seems a little surprised since these two methods (with different order)
have the same result of energy near conservation. It is noted here that this fact comes from the same boundedness
of the coefficient functions appeared in the modulated Fourier expansion. Moreover, the numerical results of the
test given in Section 3.2 demonstrate and support this behaviour (see Figs. 7 and 8).

Remark 3.5. Although the smallness of the parameter 𝛿0 is technically required, we should note here that 𝛿0
is totally independent of 𝜀. This means that the initial value of (1.1) is large, which has not been considered yet
in the long term analysis of any methods. In all the previous work on this topic, small initial data is required
(see, e.g., [18–20, 24, 27, 30, 41, 43]). Moreover, we only need the lower bound on the time stepsize ℎ ≥ 𝑐0

√
𝜀,

which means that large stepsize can be used to keep the long time energy conservation. Compared with the
analysis of [43], a looser numerical non-resonance requirement is posed in this theorem and this is because the
methods derived in this paper avoid sin

(︀
1
2ℎ(𝜔𝑗,1 − (k ·𝜔))

)︀
with k ∈ 𝒩𝑁 but ̸= ⟨𝑗⟩𝑙 in the denominator of the

ansatz (5.8) of the modulated Fourier functions.

Remark 3.6. It is noted that we only focus on the energy conservation in this paper. For the nonlinear
relativistic Klein–Gordon equation, it has other (almost) invariants such as momentum and harmonic actions.
With the same arguments presented in this paper, the proposed methods can be proved to have long time near
conservations in these invariants. This paper will not go further on this aspect for simplicity.

3.2. Numerical test

3.2.1. 1D test

As a numerical example, we consider the nonlinear relativistic Klein–Gordon equation (1.1) with 𝜆 = −1, 𝑑 =
1,Ω𝑥 = (−𝜋, 𝜋) and the initial values

𝜓1(𝑥) =
3 sin(𝑥)

exp(𝑥2/2) + exp(−𝑥2/2)
, 𝜓2(𝑥) =

2 exp
(︀
−𝑥2

)︀
√
𝜋

·

By the Fourier spectral collocation method, we consider the second-order Fourier differentiation matrix
(𝑎𝑘𝑗)𝑀̃×𝑀̃ whose entries are given by

𝑎𝑘𝑗 =

⎧⎨⎩
(−1)𝑘+𝑗

2 sin−2
(︁

(𝑘−𝑗)𝜋

𝑀̃

)︁
, 𝑘 ̸= 𝑗,

𝑀2

12 + 1
6 , 𝑘 = 𝑗,

with 𝑀̃ = 2𝜋
𝑁𝑥

. In this test, we consider 𝑁𝑥 = 32 and 𝑁𝜏 = 64. For implicit methods, we use standard fixed
point iteration as nonlinear solver in the practical computations. We set 10−12 as the error tolerance and 200
as the maximum number of each iteration.
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Figure 1. ISV: the log–log plot of the temporal errors err𝑢 = ‖𝑢𝑛−𝑢(·,𝑡𝑛)‖𝐻1

‖𝑢(·,𝑡𝑛)‖𝐻1
and err𝑣 =

‖𝑣𝑛−𝑣(·,𝑡𝑛)‖𝐻0

‖𝑣(·,𝑡𝑛)‖𝐻0
at 𝑡𝑛 = 1 under different ℎ, where 𝜀 = 1/2𝑘 with 𝑘 = 1, 2, . . . , 5.

Figure 2. S2O3: the log–log plot of the temporal errors err𝑢 = ‖𝑢𝑛−𝑢(·,𝑡𝑛)‖𝐻1

‖𝑢(·,𝑡𝑛)‖𝐻1
and err𝑣 =

‖𝑣𝑛−𝑣(·,𝑡𝑛)‖𝐻0

‖𝑣(·,𝑡𝑛)‖𝐻0
at 𝑡𝑛 = 1 under different ℎ, where 𝜀 = 1/2𝑘 with 𝑘 = 1, 2, . . . , 5.

Accuracy. For comparison, we choose the second-order improved Störmer–Verlet method (ISV) given in [27].
This method is directly used without taking the process given in Section 2. For the methods presented in this
paper, they are used to solve the two-scale system (2.6) over [0, 𝑇 ]. Firstly the accuracy of all the methods is
shown by displaying the global errors

err𝑢 =
‖𝑢𝑛 − 𝑢(·, 𝑡𝑛)‖𝐻1

‖𝑢(·, 𝑡𝑛)‖𝐻1

, err𝑣 =
‖𝑣𝑛 − 𝑣(·, 𝑡𝑛)‖𝐻0

‖𝑣(·, 𝑡𝑛)‖𝐻0

at 𝑇 = 1 in Figures 1–6. We use the result given by the S3O4 with a small time stepsize as the reference solution.
In the light of these results, we have the following observations.

(a) The improved Störmer–Verlet method ISV shows non-uniform accuracy. When 𝜀 becomes small, the accu-
racy becomes badly (see Fig. 1).

3If not, it can be achieved by rescaling the solution of the considered system.
4It is noted that this restriction is an artificial condition for rigorous proof and is hoped to be weakened in future.
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Figure 3. S3O4: the log–log plot of the temporal errors err𝑢 = ‖𝑢𝑛−𝑢(·,𝑡𝑛)‖𝐻1

‖𝑢(·,𝑡𝑛)‖𝐻1
and err𝑣 =

‖𝑣𝑛−𝑣(·,𝑡𝑛)‖𝐻0

‖𝑣(·,𝑡𝑛)‖𝐻0
at 𝑡𝑛 = 1 under different ℎ, where 𝜀 = 1/2𝑘 with 𝑘 = 1, 2, . . . , 5.

Figure 4. ISV: the log–log plot of the temporal errors err𝑢 = ‖𝑢𝑛−𝑢(·,𝑡𝑛)‖𝐻1

‖𝑢(·,𝑡𝑛)‖𝐻1
and err𝑣 =

‖𝑣𝑛−𝑣(·,𝑡𝑛)‖𝐻0

‖𝑣(·,𝑡𝑛)‖𝐻0
at 𝑡𝑛 = 1 under different 𝜀, where ℎ = 1/2𝑘 with 𝑘 = 6, 7, . . . , 10.

(b) The two integrators given in this paper have uniform accuracy, and when ℎ decreases, the accuracy is
improved. S2O3 shows third order and S3O4 performs fourth order (see Figs. 2 and 3).

(c) Figures 4–6 show the dependence of global errors in 𝜀. It can be seen that for a fixed time stepsize, ISV
behaves very badly for small 𝜀 (see Fig. 4), and S2O3 and S3O4 have uniform convergence in 𝑢 and 𝜀2𝑣 (see
Figs. 5 and 6, respectively). These observations agree with the theoretical results given in Theorem 3.1.

Energy conservation. Then we display the long time energy conservation of our methods by presenting
the energy error err𝐻 = |𝐻(𝑍𝑛,𝑍𝑛

𝑡 )−𝐻(𝑍0,𝑍0
𝑡 )|

|𝐻(𝑍0,𝑍0
𝑡 )| . For comparison, we replace S2O3 with the following one-stage

exponential integrator: ̂︂𝑍𝑛1 = 𝑒ℎ𝑀/2̂︁𝑍𝑛 + ℎ/2Γ
(︁
𝑡𝑛 + ℎ/2,̂︂𝑍𝑛1

)︁
,

𝑍𝑛+1 = 𝑒ℎ𝑀 ̂︁𝑍𝑛 + ℎ𝜙1(ℎ𝑀)Γ
(︁
𝑡𝑛 + ℎ/2,̂︂𝑍𝑛1

)︁
.

This method is non-symmetric and we shall denote it by NSM. The energy errors are shown in Figures 7–9 for
different 𝜀 and large ℎ. According to these numerical results, the following observations are made.
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Figure 5. S2O3: the log–log plot of the temporal errors err𝑢 = ‖𝑢𝑛−𝑢(·,𝑡𝑛)‖𝐻1

‖𝑢(·,𝑡𝑛)‖𝐻1
and err𝑣 =

‖𝑣𝑛−𝑣(·,𝑡𝑛)‖𝐻0

‖𝑣(·,𝑡𝑛)‖𝐻0
at 𝑡𝑛 = 1 under different 𝜀, where ℎ = 1/2𝑘 with 𝑘 = 6, 7, . . . , 10.

Figure 6. S3O4: the log–log plot of the temporal errors err𝑢 = ‖𝑢𝑛−𝑢(·,𝑡𝑛)‖𝐻1

‖𝑢(·,𝑡𝑛)‖𝐻1
and err𝑣 =

‖𝑣𝑛−𝑣(·,𝑡𝑛)‖𝐻0

‖𝑣(·,𝑡𝑛)‖𝐻0
at 𝑡𝑛 = 1 under different 𝜀, where ℎ = 1/2𝑘 with 𝑘 = 6, 7, . . . , 10.

(a) The energy 𝐻 is nearly preserved numerically by our integrators over long times. S2O3 and S3O4 have an
nice and similar long time conservation, and with large time stepsize ℎ, the numerical error in the energy
can be improved when 𝜀 decreases (see Figs. 7 and 8). There observations agree with the results given in
Theorem 3.3.

(b) In contrast, NSM shows substantial drift in the energy quantity and thus it does not have long-term
performance in the energy conservation (see Fig. 9). The reason is that it is not a symmetric method. This
observation demonstrates that symmetric conditions play an important role in the numerical behaviour of
energy conservation.

Efficiency. Compared with ISV, the scheme of our integrators given in this paper is more complicate. For
example, the two-scale method enlarges the dimension of the original system and this usually adds some com-
putation cost. Fortunately, Fast Fourier Transform (FFT) techniques can be used in the integrators and we
hope that the efficiency of our integrators is still acceptable even compared with methods without using the
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Figure 7. S2O3: the plot of the energy error err𝐻 = |𝐻(𝑢𝑛,𝑣𝑛)−𝐻(𝑢0,𝑣0)|
|𝐻(𝑢0,𝑣0)| against 𝑡.

Figure 8. S3O4: the plot of the energy error err𝐻 = |𝐻(𝑢𝑛,𝑣𝑛)−𝐻(𝑢0,𝑣0)|
|𝐻(𝑢0,𝑣0)| against 𝑡.

Figure 9. NSM: the plot of the energy error err𝐻 = |𝐻(𝑢𝑛,𝑣𝑛)−𝐻(𝑢0,𝑣0)|
|𝐻(𝑢0,𝑣0)| against 𝑡.
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Figure 10. Efficiency: the plot of the error 𝑒𝑟𝑟 = err𝑢 + err𝑣 against the CPU time (CPU)
with ℎ = 1/2𝑘 for 𝑘 = 1, 2, . . . , 6.

Figure 11. 2D test: contour plots of the solutions obtained by S3O4 with ℎ = 0.1 at different
time 𝑡.

two-scale technology. To show this point, we solve this problem on the time interval [0, 𝑇 ]. The efficiency5 of
each integrator (measured by the log–log plot of the temporal error at 𝑡 = 10 against CPU time) is displayed
in Figure 10. Clearly, our integrators have very competitive efficiency.

3.2.2. 2D test

We now turn to the 2D case with 𝜆 = 1, employing the initial data defined in [1]:

𝜙1(𝑥, 𝑦) = exp
(︀
−(𝑥+ 2)2 − 𝑦2

)︀
+ exp

(︀
−(𝑥− 2)2 − 𝑦2

)︀
, (3.2)

𝜙2(𝑥, 𝑦) = exp
(︀
−𝑥2 − 𝑦2

)︀
, (𝑥, 𝑦) ∈ (−16, 16)2. (3.3)

The numerical parameters are set as 𝑁𝑥 = 𝑁𝑦 = 28 and 𝑁𝜏 = 25. The problem is first solved for 𝜀 = 0.05
with periodic boundary conditions by the S3O4 scheme, and the resulting solution contours are shown in
Figure 11. Subsequently, the accuracy and energy conservation properties are illustrated in Figures 12 and 13.
All observations are consistent with the 1D case.

5This test is conducted in a sequential program in MATLAB R2020b on a laptop ThinkPad X1 nano (CPU: i7-1160G7 @
1.20GHz 2.11GHz, Memory: 16GB, Os: Microsoft Windows 10 with 64bit).
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Figure 12. 2D test: the log–log plot of the temporal errors 𝑒𝑟𝑟 at 𝑡𝑛 = 1 under different 𝜀,
where ℎ = 1/2𝑘 with 𝑘 = 1, 2, . . . , 5.

Figure 13. 2D test: the plot of the energy error err𝐻 against 𝑡.

4. Proof of high accuracy (Thm. 3.1)

The convergence of the three-stage integrator of order four (S3O4 with 𝑠 = 3) is studied in this section. The
proof is easily presented for the third order S2O3 and we omit it for brevity.

Proof. The proof is presented in four steps.

I. A lemma and its proof. A preliminary result is needed in the analysis and we present it by the following
lemma.

Lemma 4.1. Under the conditions of Proposition 2.3, for any 𝜅 > 0, there exists 0 < 𝑇𝜅 ≤ 𝑇 such that
for all 0 < 𝜀 ≤ 𝜀0, the two-scale system (2.6) with the initial condition 𝑋0 (2.11) has a unique solution
𝑋(·, 𝑡, 𝜏) ∈ 𝐶0([0, 𝑇𝜅]× T;𝐻𝜈) with the bound

sup
0<𝜀≤𝜀0

‖𝑋(·, 𝑡, ·)‖𝐿∞𝜏 (𝐻𝜈) ≤ 𝜅 sup
0<𝜀≤𝜀0

‖𝑋0(·)‖𝐿∞𝜏 (𝐻𝜈) ∀ 𝑡 ∈ [0, 𝑇𝜅]. (4.1)

In addition, the solution 𝑋(·, 𝑡, 𝜏) has first derivatives w.r.t. both 𝜏 and 𝑡 and they satisfy

𝜕𝜏𝑋(·, 𝑡, 𝜏) ∈ 𝐶0
(︀
[0, 𝑇𝜅]× T;𝐻𝜈−1

)︀
, 𝜕𝑡𝑋(·, 𝑡, 𝜏) ∈ 𝐶0

(︀
[0, 𝑇𝜅]× T;𝐻𝜈−1

)︀
.
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Moreover, if the nonlinear function 𝐺(𝑡, 𝜏,𝑋) satisfies

‖𝐺(𝑡, 𝜏,𝑋)‖𝐻𝜈 ≤ 𝐶1‖𝑋‖𝐻𝜈 + 𝐶2

for some positive constants 𝐶1, 𝐶2, then the unique solution

𝑋(·, 𝑡, 𝜏) ∈ 𝐶0([0, 𝑇 ]× T;𝐻𝜈)

of (2.6) further has the following estimate

sup
0<𝜀≤𝜀0

‖𝑋(·, 𝑡, ·)‖𝐿∞𝜏 (𝐻𝜈) ≤
(︂

sup
0<𝜀≤𝜀0

‖𝑋0(·)‖𝐿∞𝜏 (𝐻𝜈) + 𝐶2𝑡

)︂
𝑒𝐶1𝑡

for 𝑡 ∈ [0, 𝑇 ].

Proof. This lemma can be shown in a similar way as Proposition 2.1 of [13] with some modifications. Denote
the smooth solution 𝑋(·, 𝑡, 𝜏) of (2.6) by a new function

𝜒(𝑡, 𝜏) = 𝑋
(︀
·, 𝑡, 𝜏 + 𝑡/𝜀2

)︀
.

Based on (2.6), it can be seen that

𝜕𝑡𝜒(𝑡, 𝜏) = 𝐺
(︀
𝑡, 𝜏 + 𝑡/𝜀2, 𝜒(𝑡, 𝜏)

)︀
with 𝜒(0, 𝜏) = 𝑋0(𝜏). Hence 𝜕𝑡𝜒 is in 𝐻𝜈 . From the Cauchy–Lipschitz theorem in 𝐻𝜈 , it follows that this system
has a unique solution on [0, 𝑇 ] which satisfies

‖𝜒(𝑡, 𝜏)‖𝐻𝜈 ≤ 𝐶1‖𝑋0(𝜏)‖𝐻𝜈 +
∫︁ 𝑡

0

⃦⃦
𝐺
(︀
𝑡, 𝜏 + 𝜃/𝜀2, 𝜒(𝜃, 𝜏)

)︀⃦⃦
𝐻𝜈 d𝜃.

Based on this result and with the same arguments of [13], we obtain the estimate (4.1).
Now we derive the differential equation of 𝜕𝜏𝜒(𝑡, 𝜏) which reads

𝜕𝑡(𝜕𝜏𝜒)(𝑡, 𝜏) = 𝜕𝜏 (𝜕𝑡𝜒)(𝑡, 𝜏) = 𝜕𝜏𝐺
(︀
𝑡, 𝜏 + 𝑡/𝜀2, 𝜒(𝑡, 𝜏)

)︀
+ 𝜕𝑋𝐺

(︀
𝑡, 𝜏 + 𝑡/𝜀2, 𝜒(𝑡, 𝜏)

)︀
𝜕𝜏𝜒(𝑡, 𝜏). (4.2)

Observing that the initial value 𝜕𝜏𝜒(0, 𝜏) = 𝜕𝜏𝑋0(𝜏) ∈ 𝐻𝜈−1 and 𝜕𝜏𝐺 (resp. 𝜕𝑋𝐺) is a continuous and locally
bounded function from T ×𝐻𝜈 to 𝐻𝜈−1 (resp. ℒ(𝐻𝜈−1, 𝐻𝜈−1)), one gets that the solution 𝜕𝜏𝜒 of differential
equation (4.2) is unique and in 𝐻𝜈−1. Moreover, according to 𝜒(𝑡, 𝜏) = 𝑋(·, 𝑡, 𝜏 + 𝑡/𝜀2), it is deduced that

𝜕𝜏𝑋(·, 𝑡, 𝜏) = 𝜕𝜏𝜒
(︀
𝑡, 𝜏 − 𝑡/𝜀2

)︀
∈ 𝐻𝜈−1

and
𝜕𝑡𝑋(·, 𝑡, 𝜏) = 𝜕𝑡𝜒

(︀
𝑡, 𝜏 − 𝑡/𝜀2

)︀
− 1
𝜀2
𝜕𝜏𝜒

(︀
𝑡, 𝜏 − 𝑡/𝜀2

)︀
∈ 𝐻𝜈−1.

The last result can be done using the bootstrap type argument and the Gronwall lemma. �

II. Proof of Proposition 2.3 (boundedness of the solution of the two-scale system). Noticing that the
operators Π and 𝐴 are both bounded on 𝐶0(T;𝐻𝜎) for any 𝜎 ≥ 0, the initial value (2.11) can be estimated that
𝑋0 (2.11) is uniformly bounded w.r.t. 𝜀 in 𝐿∞𝜏 (𝐻𝜈). Combining this with Lemma 4.1, it is known that the two-
scale system (2.5) as well as the initial value (2.11) determines a unique solution satisfying ‖𝑋(𝑡, 𝜏)‖𝐿∞𝜏 (𝐻𝜈) ≤ 𝐶.
Furthermore, the first derivative of 𝑋(𝑡, 𝜏)6 w.r.t. 𝑡 exists and is a function with value in 𝐻𝜈−1.

6In the following parts of this section, we omit the expression 𝑥 for bervity.
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In what follows, we study the boundedness of the derivatives of 𝑋(𝑡, 𝜏) w.r.t. 𝑡 and hope to get a more
rigorous result. To this end, we first consider the differential equation of the first derivative 𝜕𝑡𝑋(𝑡, 𝜏) := 𝑉 (𝑡, 𝜏)
which reads

𝜕𝑡𝑉 (𝑡, 𝜏) +
1
𝜀2
𝜕𝜏𝑉 (𝑡, 𝜏) = 𝜕𝑡𝐺(𝑡, 𝜏,𝑋(𝑡, 𝜏)) + 𝜕𝑋𝐺(𝑡, 𝜏,𝑋(𝑡, 𝜏))𝑉 (𝑡, 𝜏).

The initial date of this system is

𝑉0 := 𝑉 (0, 𝜏) = 𝜕𝑡𝑋(0, 𝜏) = 𝐺(𝑡, 𝜏,𝑋0)− 1
𝜀2
𝐿𝑋0

= 𝐺(𝑡, 𝜏,𝑋0)− 𝐿𝜅1

(︁
𝜏,𝑋 [0]

)︁
− 𝜀2𝐿𝜅2

(︁
𝜏,𝑋 [0]

)︁
− 𝜀4𝐿𝜅3

(︁
𝜏,𝑋 [0]

)︁
= 𝐺(𝑡, 𝜏,𝑋0)−𝐺

(︁
𝑡, 𝜏,𝑋 [0]

)︁
+ Π𝐺

(︁
𝑡, 𝜏,𝑋 [0]

)︁
− 𝜀2𝐿𝜅2

(︁
𝜏,𝑋 [0]

)︁
− 𝜀4𝐿𝜅3

(︁
𝜏,𝑋 [0]

)︁
= 𝜕𝑋𝐺

(︁
𝑡, 𝜏,𝑋 [0]

)︁(︁
𝑋0 −𝑋 [0]

)︁
+ Π𝐺

(︁
𝑡, 𝜏,𝑋 [0]

)︁
+𝒪𝒳𝜈−1

(︀
𝜀2
)︀

= 𝜀2𝜕𝑋𝐺
(︁
𝑡, 𝜏,𝑋 [0]

)︁
𝜅1

(︁
𝜏,𝑋 [0]

)︁
+ Π𝐺

(︁
𝑡, 𝜏,𝑋 [0]

)︁
+𝒪𝒳𝜈−1

(︀
𝜀2
)︀

= Π𝐺
(︁
𝑡, 𝜏,𝑋 [0]

)︁
+𝒪𝒳𝜈−1

(︀
𝜀2
)︀
.

According to this result, we obtain
𝑉0 = 𝒪𝒳𝜈−1(1).

Moreover, the nonlinear function satisfies

‖𝜕𝑡𝐺(𝑡, 𝜏,𝑋(𝑡, 𝜏)) + 𝜕𝑋𝐺(𝑡, 𝜏,𝑋(𝑡, 𝜏))𝑉 (𝑡, 𝜏)‖𝐻𝜈−1 ≤ 𝐶1 + 𝐶2‖𝑉 (𝑡, 𝜏)‖𝐻𝜈−1 .

These results and Lemma 4.1 yield
𝜕𝑡𝑋(𝑡, 𝜏) = 𝒪𝒳𝜈−1(1).

This procedure can be proceeded in an analogous way for

𝜕2
𝑡𝑋(𝑡, 𝜏), 𝜕3

𝑡𝑋(𝑡, 𝜏), 𝜕4
𝑡𝑋(𝑡, 𝜏),

and we get
𝜕2

𝑡𝑋(𝑡, 𝜏) = 𝒪𝒳𝜈−2(1), 𝜕3
𝑡𝑋(𝑡, 𝜏) = 𝒪𝒳𝜈−3(1), 𝜕4

𝑡𝑋(𝑡, 𝜏) = 𝒪𝒳𝜈−4(1).

III. Proof of Proposition 2.6 (local errors of exponential integrators). Then we prove Proposition 2.6,
where the local errors of our integrators for the transformed system are stated.

For all ℎ ≥ 0, it is true that 𝜙0(ℎ𝑀) and 𝜙𝑖(ℎ𝑀) for 𝑖 = 1, 2, 3 are uniformly bounded w.r.t. 𝜀. Therefore,
the coefficients 𝑎̄𝑖𝜌(ℎ𝑀), 𝑏̄𝜌(ℎ𝑀) for 𝑖, 𝜌 = 1, 2, 3 of exponential integrators are uniformly bounded.

Define the error functions by

𝑒𝑛(𝜏) := 𝑍(𝑡𝑛, 𝜏)− 𝐼ℳ𝑍𝑛, 𝐸𝑛𝑖(𝜏) := 𝑍(𝑡𝑛 + 𝑐𝑖ℎ, 𝜏)− 𝐼ℳ𝑍𝑛𝑖,

and the projected errors as

𝑒𝑛
ℳ(𝜏) := 𝑃ℳ𝑍(𝑡𝑛, 𝜏)− 𝑍𝑛

ℳ, 𝐸𝑛𝑖
ℳ(𝜏) := 𝑃ℳ𝑍(𝑡𝑛 + 𝑐𝑖ℎ, 𝜏)− 𝑍𝑛𝑖

ℳ,

where 𝐼ℳ and 𝑃ℳ are defined in (2.14). By the triangle inequality and estimates on projection error [39], one
has

‖𝑒𝑛‖𝐻𝜈−4 ≤ ‖𝑒𝑛
ℳ‖𝐻𝜈−4 + ‖𝑍𝑛

ℳ − 𝐼ℳ𝑍𝑛‖𝐻𝜈−4 + ‖𝑍(𝑡𝑛, 𝜏)− 𝑃ℳ𝑍(𝑡𝑛, 𝜏)‖𝐻𝜈−4

. ‖𝑒𝑛
ℳ‖𝐻𝜈−4 + 𝛿𝜏

ℱ ,
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and similarly ‖𝐸𝑛𝑖‖𝐻𝜈−4 . ‖𝐸𝑛𝑖
ℳ‖𝐻𝜈−4 + 𝛿𝜏

ℱ , where 𝛿𝜏
ℱ denotes the error in 𝜏 brought by the Fourier pseudo-

spectral method. Therefore, the estimations for 𝑒𝑛 and 𝐸𝑛𝑖 could be converted to the estimations for 𝑒𝑛
ℳ and

𝐸𝑛𝑖
ℳ.
Since the scheme (2.16) is implicit, iterative solutions are needed, and we consider pattern(︁̃︂𝑍𝑛𝑖

)︁[0]

= 𝑒𝑐𝑖ℎ𝑀 ̃︁𝑍𝑛 + ℎ
3∑︀

𝜌=1
𝑎̄𝑖𝜌(ℎ𝑀)Γ

(︀
𝑡𝑛 + 𝑐𝜌ℎ, ̃︁𝑍𝑛

)︀
,

(︁̃︂𝑍𝑛𝑖
)︁[𝑗+1]

= 𝑒𝑐𝑖ℎ𝑀 ̃︁𝑍𝑛 + ℎ

3∑︁
𝜌=1

𝑎̄𝑖𝜌(ℎ𝑀)Γ
(︂
𝑡𝑛 + 𝑐𝜌ℎ,

(︁̃︂𝑍𝑛𝜌
)︁[𝑗]
)︂
,

for 𝑗 = 0, 1, . . . , 𝑗stopped. Then according to the property of 𝑒𝑐𝑖ℎ𝑀 and the boundedness of the coefficients, the
following result can be proved. That is, there exists a small constant 0 < ℎ0 < 1 such that when 0 < ℎ ≤ ℎ0

and ̃︁𝑍0 ∈ 𝐻𝜈 with ‖̃︁𝑍0‖𝐻𝜈 ≤ 𝐾1, we can obtain ̃︁𝑍𝑛 ∈ 𝐻𝜈 , (̃︂𝑍𝑛𝑖)[𝑗
stopped] ∈ 𝐻𝜈 as well as their bounds

‖̃︁𝑍𝑛‖𝐻𝜈 ≤ 𝐶0, ‖(̃︂𝑍𝑛𝑖)[𝑗
stopped]‖𝐻𝜈 ≤ 𝐶0, where the constant 𝐶0 depends on 𝑇 and 𝐾1.

The error system of FS-F method is to find 𝑒𝑛
ℳ(𝜏) and 𝐸𝑛𝑖

ℳ(𝜏) in the space 𝑌ℳ, i.e., we have

𝑒𝑛+1
ℳ (𝜏) =

∑︁
𝑘∈ℳ

(︁
𝑒𝑛+1
ℳ

)︁
𝑘
ei𝑘𝜏 , 𝐸𝑛𝑖

ℳ(𝜏) =
∑︁

𝑘∈ℳ

(︁̃︂𝐸𝑛𝑖
ℳ

)︁
𝑘
ei𝑘𝜏 ,

where

𝑒𝑛+1
ℳ = 𝑒ℎ𝑀̃︂𝑒𝑛

ℳ + ℎ

3∑︁
𝜌=1

𝑏̄𝜌(ℎ𝑀)∆̃︂Γ𝑛𝜌 + 𝛿𝑛+1,

̃︂𝐸𝑛𝑖
ℳ = 𝑒𝑐𝑖ℎ𝑀̃︂𝑒𝑛

ℳ + ℎ
3∑︀

𝜌=1
𝑎̄𝑖𝜌(ℎ𝑀)∆̃︂Γ𝑛𝜌 + ̃︂∆𝑛𝑖,

(4.3)

and ∆̃︂Γ𝑛𝜌 := Γ
(︀
𝑡𝑛 + 𝑐𝜌ℎ, 𝑃ℳ𝑍(𝑡𝑛 + 𝑐𝜌ℎ, 𝜏)

)︀
− Γ

(︀
𝑡𝑛 + 𝑐𝜌ℎ, 𝑍

𝑛𝜌
ℳ
)︀

. Here the remainders 𝛿𝑛+1, ̃︂∆𝑛𝑖 are bounded
by inserting the exact solution of (2.15) into the numerical approximation, i.e.,

˜Z(𝑡𝑛 + ℎ) = 𝑒ℎ𝑀 Z̃(𝑡𝑛) + ℎ
3∑︀

𝜌=1
𝑏̄𝜌(ℎ𝑀)Γ

(︁
𝑡𝑛 + 𝑐𝜌ℎ, ˜Z(𝑡𝑛 + 𝑐𝜌ℎ)

)︁
+ 𝛿𝑛+1,

˜Z(𝑡𝑛 + 𝑐𝑖ℎ) = 𝑒𝑐𝑖ℎ𝑀 Z̃(𝑡𝑛) + ℎ
3∑︀

𝜌=1
𝑎̄𝑖𝜌(ℎ𝑀)Γ

(︁
𝑡𝑛 + 𝑐𝜌ℎ, ˜Z(𝑡𝑛 + 𝑐𝜌ℎ)

)︁
+ ̃︂∆𝑛𝑖.

By the Duhamel principle and Taylor expansions, the remainders 𝛿𝑛+1 can be represented as

𝛿𝑛+1 = ℎ

∫︁ 1

0

𝑒(1−𝑧)ℎ𝑀
4∑︁

𝜌=1

(𝑧ℎ)𝜌−1

(𝜌− 1)!
d𝜌−1

d𝑡𝜌−1
Γ̃(𝑡𝑛)d𝑧

+ ℎ

𝑠∑︁
𝑗=1

𝑏̄𝑗(ℎ𝑀)
4∑︁

𝜌=1

𝑐𝜌−1
𝑗 ℎ𝜌−1

(𝜌− 1)!
d𝜌−1

d𝑡𝜌−1
Γ̃(𝑡𝑛) + 𝛿𝑛+1

4

=
4∑︁

𝜌=1

ℎ𝜌𝜓𝜌(ℎ𝑀)
d𝜌−1

d𝑡𝜌−1
Γ̃(𝑡𝑛) + 𝛿𝑛+1

4 ,

where we take the notation ̃︂Γ(𝑡) := Γ
(︀
𝑡, ̃︂Z(𝑡)

)︀
. With the bounds of the solution of the two-scale system proposed

in Proposition 2.3, it is obtained that d𝜌

d𝑡𝜌 Γ̃(𝑡𝑛) = 𝒪𝐻𝜈−𝜌(1) for 𝜌 = 0, 1, . . . , 4. Thus we get for 𝜁 ∈ [0, 1]

𝛿𝑛+1 = 𝒪𝐻𝜈−4

(︂
ℎ5 d4

d𝑡4
˜Γ(𝑡𝑛 + 𝜁ℎ)

)︂
= 𝒪𝐻𝜈−4

(︀
ℎ5
)︀
.
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Similarly, one has ̃︂∆𝑛𝑖 =
3∑︁

𝜌=1

ℎ𝜌𝜓𝜌,𝑖(ℎ𝑀)
d𝜌−1

d𝑡𝜌−1
Γ̃(𝑡𝑛) + ̃︂∆𝑛𝑖

3

with ̃︂∆𝑛𝑖
3 = 𝒪𝐻𝜈−3

(︀
ℎ4
)︀
. Then using the stiff order conditions presented in Proposition 2.6, we know that̃︂∆𝑛𝑖 = ̃︂∆𝑛𝑖

3 and

𝛿𝑛+1 = ℎ4𝜓4(ℎ𝑀)
d3

d𝑡3
Γ̃(𝑡𝑛) + 𝛿𝑛+1

4 .

The proof of Proposition 2.6 is immediately complete.

IV. Proof of the global errors. We are now in a position to derive the error bounds in a standard way. To
make the analysis be more compact, here we only present the main points but without details.

For the error recursion (4.3), by Taylor series, one gets ∆̃︂Γ𝑛𝜌 = 𝐽𝑛
̃︂𝐸𝑛𝜌
ℳ with a matrix 𝐽𝑛. Then there exist

bounded operators 𝒩𝑛𝑖(̃︂𝑒𝑛
ℳ) such that̃︂𝐸𝑛𝑖

ℳ = 𝒩𝑛𝑖
(︁̃︂𝑒𝑛
ℳ

)︁̃︂𝑒𝑛
ℳ + ̃︂∆𝑛𝑖 + ℎ4ℛ𝑛𝑖

with uniformly bounded remainders ℛ𝑛𝑖 in 𝐻𝜈−4. Now it is arrived at

𝑒𝑛+1
ℳ = 𝑒ℎ𝑀̃︂𝑒𝑛

ℳ + ℎ

3∑︁
𝜌=1

𝑏̄𝜌(ℎ𝑀)𝐽𝑛𝒩𝑛𝜌
(︁̃︂𝑒𝑛
ℳ

)︁̃︂𝑒𝑛
ℳ

+ ℎ

3∑︁
𝜌=1

𝑏̄𝜌(ℎ𝑀)𝐽𝑛
̃︂∆𝑛𝜌 + ℎ4𝜓4(ℎ𝑀)

d3

d𝑡3
Γ̃(𝑡𝑛) +𝒪𝐻𝜈−4

(︀
ℎ5
)︀

= 𝑒ℎ𝑀̃︂𝑒𝑛
ℳ + ℎ𝒩𝑛

(︁̃︂𝑒𝑛
ℳ

)︁̃︂𝑒𝑛
ℳ + ℎ4𝜓4(ℎ𝑀)

d3

d𝑡3
Γ̃(𝑡𝑛) +𝒪𝐻𝜈−4

(︀
ℎ5
)︀
,

where we use the notation 𝒩𝑛(̃︂𝑒𝑛
ℳ) :=

∑︀3
𝜌=1 𝑏̄𝜌(ℎ𝑀)𝐽𝑛𝒩𝑛𝜌(̃︂𝑒𝑛

ℳ). Solving this recursion leads to

̃︂𝑒𝑛
ℳ =ℎ

𝑛−1∑︁
𝑗=0

𝑒(𝑛−𝑗−1)ℎ𝑀𝒩 𝑗(̃︂𝑒𝑗
ℳ)̃︂𝑒𝑗

ℳ

+ ℎ4
𝑛−1∑︁
𝑗=0

𝑒(𝑛−𝑗−1)ℎ𝑀𝜓4(ℎ𝑀)
d3

d𝑡3
Γ̃(𝑡𝑛) +𝒪𝐻𝜈−4

(︀
ℎ4
)︀
.

The order condition 𝜓4(0) = 0 shows that there exists bounded operator 𝜓4(ℎ𝑀) with 𝜓4(ℎ𝑀) = ℎ𝑀𝜓4(ℎ𝑀)
and Lemma 4.8 of [32] contributes

𝑛−1∑︁
𝑗=0

𝑒(𝑛−𝑗−1)ℎ𝑀𝜓4(ℎ𝑀)
d3

d𝑡3
Γ̃(𝑡𝑛) =

𝑛−1∑︁
𝑗=0

𝑒(𝑛−𝑗−1)ℎ𝑀ℎ𝑀𝜓4(ℎ𝑀)
d3

d𝑡3
Γ̃(𝑡𝑛)

= 𝒪𝐻𝜈−4

(︂
d3

d𝑡3
Γ̃(𝑡𝑛)

)︂
= 𝒪𝐻𝜈−4(1).

Combined with the above results and using Gronwall inequality leads to ̃︂𝑒𝑛
ℳ = 𝒪𝐻𝜈−4

(︀
ℎ4
)︀
. This result and the

formulation of the scheme give the final convergence for the numerical solutions of the original system (1.1):

‖𝑢(·, 𝑛ℎ)− 𝑢𝑛‖𝐻𝜈−3 ≤
⃦⃦
𝑋(·, 𝑛ℎ, 𝑛ℎ/𝜀2)− 𝐼ℳ𝑍𝑛

⃦⃦
𝐻𝜈−4

≤
⃦⃦
𝑋
(︀
·, 𝑛ℎ, 𝑛ℎ/𝜀2

)︀
− 𝑍(𝑡, 𝜏)

⃦⃦
𝐻𝜈−4 + ‖𝑍(𝑡, 𝜏)− 𝐼ℳ𝑍𝑛‖𝐻𝜈−4

≤ 𝛿𝑥
ℱ + ‖𝑃ℳ𝑍(𝑡𝑛, 𝜏)− 𝑍𝑛

ℳ‖𝐻𝜈−4 + 𝛿𝜏
ℱ ≤ 𝛿ℱ + 𝐶ℎ4,
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and similarly

‖𝑣(·, 𝑛ℎ)− 𝑣𝑛‖𝐻𝜈−4 ≤ 𝛿𝑥
ℱ +

1
𝜀2
‖𝑃ℳ𝑍(𝑡𝑛, 𝜏)− 𝑍𝑛

ℳ‖𝐻𝜈−3 + 𝛿𝜏
ℱ ≤ 𝛿ℱ + 𝐶ℎ4/𝜀2.

The proof of Theorem 3.1 is complete. �

5. Proof of long time energy near conservation (Thm. 3.3)

Long time energy near conservation is proved mainly based on the technology of modulated Fourier expan-
sions, which was firstly developed in [27] and was used for the long-term analysis of many methods [18–
20, 24, 30, 41–43]. The main differences and contributions of long term analysis given in this section involve
in two aspects. We extend the technology of modulated Fourier expansions to multi-stage schemes and prove
the long-time result for both two-stage and three-stage methods. This provides some developments for studying
long-term behavior of various methods. Moreover, in contrast to the existing work, we neither assume bounded
energy, nor assume small initial value for the considered system. In the proof, the result is derived for the
methods applied to the energy unbounded system (1.1) with large initial value. Finite dimensional vector space
and Euclidean norm are considered in the analysis.

Proof. The proof consists of three parts. The first two parts are given for S2O3 and the last one is devoted to
the proof of S3O4.

I. Modulated Fourier expansions.

Lemma 5.1. With the notations introduced in Section 3.1 and under the conditions given in Theorem 3.3, the
numerical result ̂︁𝑍𝑛 (2.18) obtained from S2O3 can be expressed by the following modulated Fourier expansion
at 𝑡 = 𝑛ℎ ̂︁𝑍𝑛 =

∑︀
k∈𝒩*𝑁

ei(k·𝜔)𝑡𝛼k(𝑡) +𝑅𝑍,𝑁 (𝑡), (5.1)

where 𝛼k are smooth coefficient functions for 𝑡 = 𝑛ℎ. These functions and their derivatives have the bounds

𝛼
⟨𝑗⟩𝑙
𝑗,𝑙 (𝑡) = 𝒪(𝛿0), 𝛼̇

⟨𝑗⟩𝑙
𝑗,𝑙 (𝑡) = 𝒪

(︂
ℎ2

𝜄1‖𝜄2‖𝐿2

𝛿30

)︂
,

𝛼k
𝑗,𝑙(𝑡) = 𝒪

(︂
ℎ

‖𝜄2‖𝐿2

𝛿
|k|
0

)︂
, k ̸= ⟨𝑗⟩𝑙, (5.2)

where 𝑗 ∈ {−𝑁𝜏/2,−𝑁𝜏/2 + 1, . . . , 𝑁𝜏/2}, 𝑙 = 1, 2, . . . , 2𝑑 and

𝜄1 := ℎ3𝜔2
𝑗,𝑙

4 sin2(ℎ𝜔𝑗,𝑙/2)
, 𝜄2 := −iℎ2Ω2

(︁
ℎΩ− cot 𝜁 + cos 𝜁 csc 𝜁

)︁−1

, (5.3)

with 𝜁 := 1
2ℎ(Ω− (k · 𝜔)𝐼). The remainder appeared in (5.1) is bounded by

𝑅𝑍,𝑁 (𝑡) = 𝒪
(︀
𝑡ℎ2𝛿𝑁+1

0

)︀
. (5.4)

The constants symbolised by the notation 𝒪 are independent of ℎ, 𝜀, but depend on 𝑐0, 𝑐1 appeared in the condi-
tions of Theorem 3.3.

Proof. Proof of (5.1). We first derive the following modulated Fourier expansion of the numerical integrators,
i.e., the numerical scheme S2O3 has the formal expansion:

̂︁𝑍𝑛 = Φ(𝑡) :=
∑︁

k∈𝒩*∞

ei(k·𝜔)𝑡𝛼k(𝑡), (5.5)
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where 𝒩 *
∞ denotes the set of 𝒩 *

𝑁 with 𝑁 = +∞. With the same arguments of local errors, it can be shown that
the error between ̂︂𝑍𝑛𝑖 and Φ(𝑡+ 𝑐𝑖ℎ) has the form 𝒪(ℎ2)Φ̈(𝑡+ 𝜃ℎ) for some 𝜃 ∈ [0, 𝑐𝑖]. Hence, one can assume
that for 𝑖 = 1, 2 ̂︂𝑍𝑛𝑖 = Φ(𝑡+ 𝑐𝑖ℎ) + 𝐶ℎ2𝒟2Φ(𝑡+ 𝑐𝑖ℎ),

where 𝐶 is the error constant which is independent of ℎ, 𝜀 and 𝒟 is referred to the differential operator (see
[29]) .

Inserting (5.5) into (2.18) and defining the operators

ℒ1(ℎ𝒟) :=
(︀
𝑒ℎ𝒟 − 𝑒ℎ𝑀

)︀(︀
𝑏̄1(ℎ𝑀)𝑒𝑐1ℎ𝒟 + 𝑏̄2(ℎ𝑀)𝑒𝑐2ℎ𝒟)︀−1

,

ℒ2(ℎ𝒟) :=
(︀
𝑒ℎ𝒟 − 𝑒ℎ𝑀

)︀(︀
𝑏̄1(ℎ𝑀)

(︀
𝑒𝑐1ℎ𝒟 + 𝐶ℎ2𝒟2

)︀
+ 𝑏̄2(ℎ𝑀)

(︀
𝑒𝑐2ℎ𝒟 + 𝐶ℎ2𝒟2

)︀)︀−1 − ℒ1(ℎ𝒟),
ℒ(ℎ𝒟) := ℒ1(ℎ𝒟) + ℒ2(ℎ𝒟),

one has
ℒ(ℎ𝒟)Φ(𝑡) = ℎΓ(𝑡,Φ(𝑡)).

Expanding the nonlinearity into its Taylor series yields

ℒ(ℎ𝒟)Φ(𝑡) = ℎ
∑︁

k∈𝒩*∞

ei(k·𝜔)𝑡
∑︁
𝑚≥2

Γ(𝑚)(𝑡, 0)
𝑚!

∑︁
k1+...+k𝑚=k

[︁
𝛼k1

· . . . · 𝛼k𝑚
]︁
(𝑡).

We remark that the assumptions 𝑓(0) = 0 and 𝑓 ′(0) = 0 are used here. Inserting the ansatz (5.5) into these
expressions and comparing the coefficients of ei(k·𝜔)𝑡, we obtain

ℒ(ℎ𝒟 + i(k · 𝜔)ℎ)𝛼k(𝑡) = ℎ
∑︁
𝑚≥2

Γ(𝑚)(𝑡, 0)
𝑚!

∑︁
k1+...+k𝑚=k

[︁
𝛼k1

· . . . · 𝛼k𝑚
]︁
(𝑡).

This is the modulation system for the coefficients 𝛼k(𝑡) of the modulated Fourier expansion.
In the light of the coefficients of S2O3, the Taylor expansions of ℒ1(ℎ𝒟) are given by

ℒ1(ℎ𝒟) = − ℎΩi + ℎ𝒟 − 1
2
ℎΩ−1

(︀
− 2𝐼 + ℎΩ cot(ℎΩ/2)

)︀
i𝒟2 + . . . ,

ℒ1(ℎ𝒟 + iℎ(k · 𝜔)) = − ℎ2Ω2(ℎΩ− cot 𝜁 + cos 𝜁 csc 𝜁)−1i + . . . ,

(5.6)

with 𝜁 := 1
2ℎ(Ω− (k · 𝜔)𝐼). Some particular components we need are expressed as

(ℒ1(ℎ𝒟 + 𝑖ℎ⟨𝑗⟩𝑙 · 𝜔))𝑗,𝑙 =
ℎ2𝜔2

𝑗,𝑙

4 sin2(ℎ𝜔𝑗,𝑙/2)
ℎ𝒟 − i

ℎ2𝜔2
𝑗,𝑙

16 sin4(ℎ𝜔𝑗,𝑙/2)
(ℎ𝜔𝑗,𝑙 − sin(ℎ𝜔𝑗,𝑙))(ℎ𝒟)2 + . . . . (5.7)

Similarly, we get ℒ2(ℎ𝒟) = −𝐶𝒟2(𝒟 − iΩ)ℎ3 + · · · and this demonstrates that the main part of ℒ(ℎ𝒟) comes
from ℒ1(ℎ𝒟). With these Taylor expansions and in the spirit of Euler’s derivation of the Euler–Maclaurin
summation formula (see [28], Chapt. II.10), the following ansatz of the modulated Fourier functions 𝛼k(𝑡) is
derived (see [43] for the details of the derivation):

𝛼̇
⟨𝑗⟩𝑙
𝑗,𝑙 (𝑡) =

ℎ

𝜄1
Γ1

𝑗0(·) + . . . , 𝑗 = −𝑁𝜏

2
,−𝑁𝜏

2
+ 1, . . . ,

𝑁𝜏

2
,

𝛼k(𝑡) =
ℎ

𝜄2

(︀
Γk

𝑗0(·) + . . .
)︀
, k ̸= ⟨𝑗⟩𝑙,

(5.8)

where the dots mean the power series in ℎ and Γk and so on stand for formal series. We truncate the series
after the 𝒪(ℎ𝑁+𝑁0) terms for arbitrary positive integer 𝑁0 since they often diverge. The initial values for the
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differential equations appeared in the ansatz are determined by considering Φ(0) = ̂︁𝑍0. We thus get ̂︂𝑍0
𝑗,𝑙 =

𝛼
⟨𝑗⟩𝑙
𝑗,𝑙 (0) +𝒪(ℎ𝛿20), which yields 𝛼⟨𝑗⟩𝑙𝑗,𝑙 (0) = 𝒪(𝛿0).
Under the above analysis, the numerical result obtained from S2O3 can be expressed by (5.1). From the

construction of the coefficient functions, it follows that it is reasonable to assume 𝛼k
0,𝑙 = 0 if k ̸= ⟨0⟩𝑙 and

𝛼k
:,𝑚 = 0 if |k:,𝑙| > 0 and 𝑙 ̸= 𝑚. Considering the fact ̂︁𝑍𝑛 ∈ R𝐷 yields that 𝛼−k

−𝑙,𝑗 = 𝛼k
𝑙,𝑗 .

Proof of (5.2). In what follows, we derive the bounds of the coefficient functions 𝛼k(𝑡). By the first formula
of (5.8), we obtain a coarse estimate as

𝛼̇
⟨𝑗⟩𝑙
𝑗,𝑙 (𝑡) = 𝒪

(︁ ℎ
𝜄1

)︁
𝒪(Γ1) = 𝒪

(︁ ℎ
𝜄1

)︁
and by further considering the bound of 𝛼⟨𝑗⟩𝑙𝑗,𝑙 (0), it is arrived that

𝛼
⟨𝑗⟩𝑙
𝑗,𝑙 (𝑡) = 𝒪(𝛿0).

Based on this estimate, it is deduced that Γk = 𝒪(𝛿|k|0 ). Therefore, 𝛼k
𝑗,𝑙(𝑡) is bounded as

𝛼k
𝑗,𝑙(𝑡) = 𝒪

(︂
ℎ𝜀

‖𝜄2‖
𝛿
|k|
0

)︂
by the second formula of (5.8). According to these estimates, a finer bound of Γ1 is determined by∑︁

k1+···+k𝑚=⟨𝑗⟩𝑙

[︁
𝜂k

1

𝑗,𝑙 · . . . · 𝜂k
𝑚

𝑗,𝑙

]︁
,

which yields Γ1 = 𝒪( ℎ
𝜄2
𝛿30). Thence, we get

𝛼̇
⟨𝑗⟩𝑙
𝑗,𝑙 (𝑡) = 𝒪

(︂
ℎ2

𝜄1‖𝜄2‖
𝛿30

)︂
.

Therefore, the bounds presented in (5.2) are derived.

Proof of (5.4). Finally, we show the bound of remainder (5.4). First insert Φ(𝑡) into the numerical scheme
(2.18) and then the corresponding discrepancies are (here we omit (ℎ𝑀) for conciseness)

𝑑1(𝑡) = Φ(𝑡+ 𝑐1ℎ)− 𝑒𝑐1ℎ𝑀Φ(𝑡)− ℎ(𝑎̄11Γ(𝑡+ 𝑐1ℎ,Φ(𝑡+ 𝑐1ℎ)) + 𝑎̄12Γ(𝑡+ 𝑐2ℎ,Φ(𝑡+ 𝑐2ℎ))),

𝑑2(𝑡) = Φ(𝑡+ 𝑐2ℎ)− 𝑒𝑐2ℎ𝑀Φ(𝑡)− ℎ(𝑎̄21Γ(𝑡+ 𝑐1ℎ,Φ(𝑡+ 𝑐1ℎ)) + 𝑎̄22Γ(𝑡+ 𝑐2ℎ,Φ(𝑡+ 𝑐2ℎ))),

𝑑3(𝑡) = Φ(𝑡+ ℎ)− 𝑒ℎ𝑀Φ(𝑡)− ℎ
(︀
𝑏̄1Γ(𝑡+ 𝑐1ℎ,Φ(𝑡+ 𝑐1ℎ)) + 𝑏̄2Γ(𝑡+ 𝑐2ℎ,Φ(𝑡+ 𝑐2ℎ))

)︀
.

There are two aspects in the bounds of these discrepancies: 𝒪
(︁

ℎ
𝜄2
𝛿𝑁+1
0

)︁
= 𝒪(𝜀𝛿𝑁+1

0 ) in the truncation of

modulated Fourier expansions and 𝒪(ℎ𝑁+𝑁0) in the truncation of the ansatz (5.8). Therefore, discrepancies are
bounded by

𝑑𝑗(𝑡) = 𝒪
(︀
ℎ𝑁+𝑁0

)︀
+𝒪

(︀
𝜀𝛿𝑁+1

0

)︀
= 𝒪

(︀
𝜀𝛿𝑁+1

0

)︀
for 𝑗 = 1, 2, 3 on the basis of the arbitrarily large 𝑁0. Then define the errors

𝑒𝑍
𝑛 = ̂︁𝑍𝑛 − Φ(𝑡𝑛), 𝐸𝑍

𝑛𝑖 = ̂︂𝑍𝑛𝑖 − Φ(𝑡𝑛 + 𝑐𝑖ℎ).

They satisfy the error recursion

𝐸𝑍
𝑛𝑖 = 𝑒𝑐𝑖ℎ𝑀𝑒𝑍

𝑛 + ℎ𝜀

2∑︁
𝜌=1

𝑎̄𝑖𝜌(ℎ𝑀)
(︁

Γ
(︁
𝑡𝑛 + 𝑐𝜌ℎ,̂︂𝑍𝑛𝜌

)︁
− Γ(𝑡𝑛 + 𝑐𝜌ℎ,Φ(𝑡𝑛 + 𝑐𝜌ℎ))

)︁
+ 𝑑𝑖(𝑡𝑛), 𝑖 = 1, 2,
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𝑒𝑍
𝑛+1 = 𝑒ℎ𝑀𝑒𝑍

𝑛 + ℎ𝜀
2∑︀

𝜌=1
𝑏̄𝜌(ℎ𝑀)

(︁
Γ
(︁
𝑡𝑛 + 𝑐𝜌ℎ,̂︂𝑍𝑛𝜌

)︁
− Γ(𝑡𝑛 + 𝑐𝜌ℎ,Φ(𝑡𝑛 + 𝑐𝜌ℎ))

)︁
+ 𝑑3(𝑡𝑛).

Taking the Lipschitz condition into account, we obtain⃦⃦⃦
Γ
(︁
𝑡𝑛 + 𝑐𝜌ℎ,̂︂𝑍𝑛𝜌

)︁
− Γ(𝑡𝑛 + 𝑐𝜌ℎ,Φ(𝑡𝑛 + 𝑐𝜌ℎ))

⃦⃦⃦
≤ 𝐿

⃦⃦
𝐸𝑍

𝑛𝜌

⃦⃦
.

The application of the Gronwall inequality now shows the boundedness of the defect (5.4). �

II. Almost-invariant. We have derived the modulated Fourier expansion (5.1) of S2O3 integrator and its
long time energy conservation will be studied on the basis of an almost-invariant of the coefficient functions of
(5.1). Using the same arguments of [43], the following almost-invariant can be derived.

Lemma 5.2. Define the almost-invariant ℋ(𝑡) := 1
𝜀2 ℐ(𝑡) +ℋ1(𝑡), which satisfies

𝜀2ℋ(𝑡) = 𝜀2ℋ(0) +𝒪(𝑡𝜀2ℎ2𝛿𝑁+1
0 ).

Here ℐ and ℋ1 are expressed as

ℐ(𝑡) =
𝑑∑︁

𝑙=1

𝑁𝜏 /2∑︁
𝑗=−𝑁𝜏 /2

(︂
Ω2

𝑗,𝑙

⃒⃒⃒
𝛼
⟨𝑗⟩𝑙
𝑗,𝑙

⃒⃒⃒2
(𝑡) +

⃒⃒⃒
𝛼
⟨𝑗⟩𝑙+𝑑

𝑗,𝑙+𝑑

⃒⃒⃒2
(𝑡)
)︂

+𝒪
(︀
𝜀3𝛿40

)︀
,

ℋ1(𝑡) = 𝒱(𝛼(𝑡)) +𝒪
(︀
𝜀2𝛿40

)︀
,

with 𝛼(𝑡) =
(︀
𝛼k(𝑡)

)︀
k∈𝒩* and the potential

𝒱(𝛼(𝑡)) :=
𝑁∑︁

𝑚=1

𝐻
(𝑚+1)
1 (0)

(𝑚+ 1)!

∑︁
k1+···+k𝑚+1=0

(︁
𝛼k1

ℎ · . . . · 𝛼k𝑚+1

ℎ

)︁
(𝑡).

Here we use the notation 𝛼k
ℎ(𝑡) = e𝑖(k·𝜔)𝑡𝛼k(𝑡) and the potential 𝐻1 given in (1.2). Moreover, the relationship

between this almost-invariant and the result 𝐻 of the numerical method is derived as

𝜀2ℋ(𝑡𝑛) = 𝜀2𝐻(𝑢𝑛, 𝑣𝑛) +𝒪
(︀
𝜀3𝛿40

)︀
+𝒪(𝛿ℱ ).

With the above results, it is easy to get

𝜀2𝐻(𝑢𝑛, 𝑣𝑛) = 𝜀2ℋ(𝑡𝑛) +𝒪
(︀
𝜀3𝛿40

)︀
+𝒪(𝛿ℱ )

= 𝜀2ℋ(𝑡0) + 𝑛ℎ𝒪
(︀
ℎ2𝜀2𝛿𝑁+1

0

)︀
+𝒪

(︀
𝜀3𝛿40

)︀
+𝒪(𝛿ℱ )

= . . . = 𝜀2𝐻
(︀
𝑢0, 𝑣0

)︀
+𝒪

(︀
𝜀3𝛿40

)︀
+𝒪(𝛿ℱ )

as long as 𝑛ℎ3𝜀2𝛿𝑁+1
0 ≤ 𝜀3𝛿40 . This completes the proof of Theorem 3.3 for S2O3.

III. Proof for S3O4. For the integrator S3O4, it follows from its coefficients that

̂︂𝑍𝑛𝑗 = Φ(𝑡+ 𝑐𝑗ℎ) + 𝐶𝜀5ℎ4𝒟4Φ(𝑡+ 𝑐𝑗ℎ)

for 𝑗 = 1, 2, 3 with the error constant 𝐶. We define the operator

ℒ𝑆3(ℎ𝒟) :=
(︀
𝑒ℎ𝒟 − 𝑒ℎ𝑀

)︀(︀
𝑏̄1(ℎ𝑀)

(︀
𝑒𝑐1ℎ𝒟 + 𝐶ℎ4𝒟4

)︀
+ 𝑏̄2(ℎ𝑀)

(︀
𝑒𝑐1ℎ𝒟 + 𝐶ℎ4𝒟4

)︀
+ 𝑏̄3(ℎ𝑀)

(︀
𝑒𝑐1ℎ𝒟 + 𝐶ℎ4𝒟4

)︀)︀−1
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for S3O4. Then the rest proceeds similarly to that stated above for S2O3. It should be noted that the bounds
of the coefficients in modulated expansion have the same expression as S2O3. For S3O4, the notations 𝜄1, 𝜄2
appeared in the above proof (5.3) become

𝜄1 :=
ℎ4𝜔3

𝑗,𝑙

sin3(ℎ𝜔𝑗,𝑙/4)(64 cos(ℎ𝜔𝑗,𝑙/4) + 16ℎ𝜔𝑗,𝑙 sin(ℎ𝜔𝑗,𝑙/4))
, 𝜄2 := 𝒪(ℎ)Ω,

based on the Taylor expansion of ℒ𝑆3. Therefore, the energy at S3O4 has the following relation with the
almost-invariant ℋ:

𝜀2ℋ(𝑡𝑛) = 𝜀2𝐻(𝑢𝑛, 𝑣𝑛) +𝒪(𝜀3𝛿40) +𝒪(𝛿ℱ ).

This result yields the estimate of S3O4 given in Theorem 3.3. �

6. Conclusion

In this paper, we have designed and analyzed two-scale integrators for the nonlinear Klein–Gordon equation
with a dimensionless parameter 0 < 𝜀 ≪ 1. Using some transformations of the original system, two-scale
formulation approach, spectral semi-discretisation and exponential integrators with stiff order and symmetric
conditions, a class of large-stepsize highly accurate integrators was formulated as the numerical approximation
of (1.1) with large initial data. Stiff order conditions and symmetric property were used in the construction of
practical methods. The proposed integrators were shown to have not only high accuracy but also good long-
term energy near conservation. The numerical results of a numerical experiment supported the properties of the
obtained integrators.

Last but not least, we point out that the main contribution of this paper is that we have established a new
framework to design uniform higher-order integrators with long time behavior for solving highly oscillatory
differential equations with strong nonlinearity. We believe that the methodology presented in this paper can be
extended to a range of nonlinear Hamiltonian PDEs such as the Dirac equation and Schrödinger equation. The
rigorous analysis on this topic will be considered in our next work. Another issue for future exploration is the
study of uniform higher-order integrators with exact structure conservation such as symplecticity and energy.
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