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TWO-SCALE INTEGRATORS WITH HIGH ACCURACY AND LONG-TIME
CONSERVATIONS FOR THE NONLINEAR KLEIN-GORDON EQUATION IN
THE NONRELATIVISTIC LIMIT REGIME

BIN WANG!*®, ZHEN MIAO? AND YAOLIN JIANG!

Abstract. In this paper, we are concerned with two-scale integrators for the non-relativistic Klein—
Gordon (NRKG) equation with a dimensionless parameter 0 < ¢ < 1, which is inversely proportional
to the speed of light. The highly oscillatory property in time of this model corresponds to the parameter
¢ and the equation in the form of dnu — E%U + Jru+ e%f(u) = 0 has a factor 1/ in front of the
nonlinearity which means that this part becomes strong when ¢ is small. These two aspects bring signif-
icantly numerical burdens in designing numerical methods. We propose a class of two-scale integrators
which is constructed based on some reformulations to the system, Fourier pseudo-spectral method and
exponential integrators. Two practical integrators up to order three and four are constructed by using
some symmetric conditions and the stiff order conditions of implicit exponential integrators. The con-
vergence of the obtained integrators is rigorously studied, and it is shown that the uniform accuracy in
time is O(h*) and O(h*) for the time stepsize h. The near energy conservation over long times is also
established for the multi-stage integrators by using modulated Fourier expansions. Numerical results on
a NRKG equation show that the proposed integrators have high accuracy, excellent long time energy
conservation and competitive efficiency.
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1. INTRODUCTION

A significant portion of dynamical systems can be characterized by the non-relativistic Klein—-Gordon (NRKG)
equation, which is expressed as follows [1,4,7,13,35]

e20pu(w,t) — Au(z,t) + Hu(z, t) + Af(u(z, 1)) =0, ze€Ql tel0,T],

w(,0) = 1 (2), s (2, 0) = Labn(a), (L.1)

where ¢ is time, x € Q¢ is the spatial coordinate with d-dimensional (d > 1) space torus QZ, A is the Laplacian
operator, u(z,t) is a complex-valued scalar field, 0 < € < 1 is a dimensionless parameter inversely proportional
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to the speed of light, A € R is a given dimensionless parameter (positive and negative for defocusing and focusing
self-interaction, respectively), f(u) is a nonlinear function f(u) = VH;(u) with a smooth potential Hy, and v,
and 1y are given complex-valued e-independent functions. The NRKG (1.1) is time symmetric and conserves
the energy

H(u,v) = /Q <€2v|2 + |Vul* + €%|u|2 + )\Hl(u)> dz = H (¢1,¢2/€), (1.2)

with v := Jyu. It is noted that the scales of 11,9 lead to different properties of the system. In this paper, we
consider the scale 7 = O(1),12 = O(1) and this gives an energy unbounded system (1.1) with large initial
data. Although such system can be converted into an energy-bounded system through a scaling of the variables,
the case with large initial data exhibits more fundamental distinctions, such as more pronounced oscillatory
characteristics. This nuance renders the development and analysis of numerical methods for energy unbounded
system more difficult and challenging [46]. We should note that all the methods and analysis presented in this
paper are applicable to energy bounded system (1.1) where a small 1), is chosen as 1 = O(¢?). This study
employs periodic boundary conditions for clarity of presentation. However, the extension to other boundary
types is trivial, as the theoretical framework is centered on the time integrator.

The model (1.1) often arises in a variety of fields such as plasma physics for modeling interaction between
Langmuir and ion sound waves and cosmology as a phonological model for dark-matter and/or black-hole
evaporation. Its computation represents major challenges because of two aspects. (a) The solution of (1.1)
becomes highly oscillatory in time when large frequencies are involved in the equation, which corresponds to
the parameter 0 < ¢ < 1. (b) The nonlinear term f(u) is preceded by a factor of 1/e% (divide both sides of the
Eq. (1.1) by £2), indicating that this component is very strong when 0 < & < 1. This aspect also brings great
challenges for effective scientific computing.

The time integration of such equation (1.1) is a basic algorithmic task and it has been received much attention
in recent decades. Due to the high oscillations and strong part f(u)/e?, the traditional methods such as sym-
plectic/symmetric Runge-Kutta—Nystrom (RKN) methods [21,37] or energy-preserving Runge-Kutta methods
[8,40] often result in convergence problems. In order to get more competitive methods for second-order systems,
Gautschi-type trigonometric integrators were developed in [31] and different kinds of trigonometric integrators
were formulated and studied in [22,23,26,27,44,45]. However, for these integrators, they at most have uniform
second order accuracy in the absolute position error w.r.t. ¢ and only have uniform first order accuracy in
velocity error [26] for not strong nonlinearity. As a result, it is challenging to get trigonometric integrators with
high-order accuracy for the nonlinear Klein—Gordon equation in the nonrelativistic limit regime.

Recently, some new methods with uniform accuracy (w.r.t ) for highly oscillatory systems have been proposed
and analysed such as two-scale formulation methods [13,15], uniformly accurate exponential-type integrators
[6,7], nested Picard iterative integrators [12], multiscale time integrators [2,3,14], multi-revolution composition
methods [35], uniformly accurate methods with averaging [16,17] and low regularity integrators [11]. In [1,38],
various uniformly accurate (UA) methods and asymptotic expansion techniques have been compared system-
atically for solving the NRKG equation (1.1). Recently, time-splitting methods were proved to have improved
uniform error bounds for solving nonlinear Klein-Gordon equation with weak nonlinearity [4]. Most of these
uniformly accurate methods can be applied to the system (1.1) and they have uniform accuracy in both position
and velocity [1]. Unfortunately, most of them only have up to second uniform accuracy and do not have good
long time conservation behaviour when applied to conservative systems. More precisely, if a UA method is
considered as the approximation of (1.1), the numerical energy error will increase as time evolves. In a recent
work [16], the UA method named as pullback method is shown to hold the long time conservation by the
numerical results but without rigorous analysis. In a more recent work [43], the authors succeed in making the
two-scale method with near conservation laws for first-order systems. However, only one-stage type methods
of order two are presented there and the equation (1.1) does not share the form of the system considered in
[43], which means that the analysis of [43] is no longer applicable for the system (1.1) of this paper. Moreover,
the second-order differential equation (1.1) has its special structure which will be neglected if we rewrite it as
a general highly oscillatory first-order differential equation. Therefore, it is necessary and meaningful to design
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and analyze UA methods with uniform high order accuracy and good long time energy near conservation for
solving the second-order system (1.1). It is worth pointing out that the integrators derived in this paper will be
shown to have long time near conservation and the uniform accuracy O(h®) or O(h*) for the time stepsize h.
This high accuracy is different from the existing UA methods [1-3,7,12-17,35,43] because previous researches
have primarily focused on second-order UA algorithms.

In this paper we are interested in using numerical integrators with time stepsizes that are much larger than
the € of the system to obtain high accuracy and good long-time energy conservation. This work addresses both
high-order UA algorithms and their nice long-term behaviour, with the main challenge — compared to [13] —
being the need to achieve these two goals concurrently. To this end, we take advantage of two-scale formulation
approach, spectral semi-discretisation and exponential integrators with more than one stage. However, this
brings some challenges and difficulties in the achievement and analysis of long time energy conservation. (a)
The two-scale formulation approach results in a new system which has a completely different linear part and
nonlinear function in comparison with the original problem (1.1). This alteration introduces additional challenges
in establishing the proof of long time near energy conservation for the initial problem (1.1). (b) To achieve high
order accuracy and good long time behaviour, two-stage and three-stage exponential integrators are chosen
in this paper. Unfortunately, however, for a method with more than one stage applied to highly oscillatory
systems, it seems to us that long time analysis has not been done. As pointed out in [18], there is the technical
difficulty coming from the identification of invariants in the corresponding modulation system. Thus, it remains
a challenge to study long time behaviour for a method with more than one stage. (¢c) The third challenge comes
from the diversity of (1.1) considered in this paper. Large initial data case usually leads to large bounds of
the coefficient functions in the modulated Fourier expansion, which prevents the derivation of the long time
conservation.

To overcome these difficulties and make the analysis go smoothly, a novel approach to the design of integrators
is established. The main contributions of this paper are as follows.

(a) We consider some transformations of the original system and use two-scale exponential integrators which
satisfy the derived stiff order conditions. The transformations of the system and stiff order conditions
proposed in this paper can keep the high accuracy, and the symmetric conditions used in the formulation
of the methods yield good long time near energy conservation. It will be shown that these both important
properties can be hold for the integrators used with large time stepsizes, which is very effective and efficient
in scientific computing over long times.

(b) Compared with the existing UA methods, the accuracy of our integrators is proved to be O(h®) and O(h?)
for solving (1.1), where h is the time stepsize. This high accuracy is very competitive in the numerical
computation of NRKG equation where 0 < ¢ < 1.

(¢) Moreover, we should note that we managed to derive the long-time energy conservation for the two-stage
and three-stage methods applied to the large initial value system, which is different form the existing long
term analysis work [18-20, 24, 27,30, 41, 43], where only one-stage type methods and small initial value
are both necessary. The long time analysis presented in this paper provides an extension of the powerful
technique named as modulated Fourier expansion [18,19,24,27,30] to multi-stage methods and with such
extension it is believed that more numerical methods with complicated scheme can be studied.

The rest of this paper is organized as follows. In Section 2, we firstly present the formulation process of the
integrators, and then we construct two practical integrators by using the proposed symmetry and stiff order
conditions. The main results concerning the error bound and near energy conservation are given in Section 3,
and some numerical results are made to show these two properties. The convergence is proved in Section 4, and
the long-time analysis of energy conservation is drawn in Section 5. The last section includes the conclusions of
this paper.
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2. FORMULATION OF THE NUMERICAL INTEGRATORS

2.1. The construction process of integrators

In the formulation of the numerical scheme, we first make some transformations of the system and then
consider the numerical integration. There are in all three steps in the process and we present them one by one.

Step 1. Some transformations of the system. Firstly, we rewrite the original system (1.1) as

Bupul, t) + =58z, t) + SAf (ulz, b)) = 0. (2.1)

54
By using a scaling to the variables
a(z,t) ;== u(x,t) and o(z,t) := e2Owu(x,t),

a new system is obtained immediately

Byii(w, 1) = Eiza(x,t), iz, 0) = 1 (x),

LR, 0) A1), #(2,0) = va(e), 1€ [0.T].

(2.2)
8t17(x, t) = —

Then letting

a(x,t) = (\/ 1- EQA)_l
—sin(tm>q
22

2

cos (tl—g?A) g(z,t) +sin <t1€_252A>p(m, t)} ,

o(z,t) =

(x,t) + cos (tls_;—%)p(x, t),

we obtain

. [ tV1I—¢e2A
Orq(z,t) = —sin —

tv1 — 52A>g
-2

)g(tﬂ(ﬂcat),p(%t)), q(2,0) = V1 —e2A¢(z),

Oip(z,t) = COS( (t,q(z,t),p(x, 1)), p(x,0) = 1/12(93),

g(t,q,p) = =Af ((\/ 1-— 52A) N [cos (tlg_ngA) q +sin (751€_2€2A>p

t\/lfa"’A)
62

where

).

) =sin(t/e? 4+ tD.) = sin(t/e?) cos(tD.) + cos(t/e®) sin(tD,),

For the propagators sin( and cos(tivl;fm), we deal with them as

[ tV1—€e2A
sin | ———5—
(2.4)

e2

cos (H_&:QA> = cos(t/e* + tD.) = cos(t/e?) cos(tD.) — sin(t/e*) sin(tD,)

with an operator D, := 7”_2?_1 : H"™2 — HY which is uniformly bounded w.r.t. . From (2.4), it is clear

that the propagators sin(tivl;%) and cos(tivl;fm) can be expressed by the 2r-periodic functions sin(t/£?)

and cos(t/e?) in t/e2.
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Step 2. Two-scale formulation. By isolating the fast time variable t/e? as another variable 7 and denoting
Ulx,t,t/e?) = q(z,t), V(z,t,t/e?) = p(x,t),

the two-scale pattern of (2.3) can be formulated as follows:

U (z,t,7) + glzaTU(a:, t,7) = —(sin(7) cos(tD;) + cos(7) sin(t D)) F (¢, 7, U(z,t,7), V(z,t,7)), -
OV (x,t, 1)+ é@TV(l‘,t,T) = (cos(7) cos(tD.) — sin(7) sin(t D)) F (¢, 7, U (x, t,7), V(z,t, 7)),

where t € [0,T], 7 € T, U(z,t,7) and V(x,t,7) are the unknowns which are periodic in 7 on the torus
T =R/27Z and

F(t,7,U, V) =— X f((\/l - 52A) o [(cos(T) cos(tD.) — sin(r) sin(tD.))U

).

+ (sin(7) cos(tD.) + cos(7) sin(tD.))V

1

Letting
[ —(sin(7) cos(tD;) + cos(7) sin(t D)) F(t, 7, U(z,t,7),V(x,t, 7))
G(t, 7, X(,t,7)) := ( (cos(7) cos(tD.) — sin(7) sin(t D)) F (¢, 7, U(z, t,7), V(z,t, 7))
with X := [U; V], the above system can be rewritten in a compact form

WX (z,t,7)+ E%(%X(:c,t,r) =G, 7, X(z,t, 7)), t€[0,T], T€T. (2.6)

For this new system, the following assumption is required in this paper.

Assumption 2.1. Consider that the unknowns of (1.1) ¢ — w andt — Oyu are maps onto the Sobolev spaces
H"1(Q4) and HY(Q2) with integers v > 0 and the d-dimensional space torus Q% (d > 1), respectively. It is
also required that these maps have continuous derivatives (w.r.t. t and ) up to fourth order. In addition, it
is required that v > 4+d which is necessary for the analysis in Banach algebras. For all o, 3,y € {0,1,...,4}
and for the function G(t,7,X), it is assumed that the functional 8;‘.‘8?6;’(6'@ 7, X) is continuous and locally
bounded w.r.t. ¢ from T x HY to L(H" x ---x H°,H°™P), where v > o > 3 +d.

B times

Remark 2.2. It is noted that this new variable 7 of (2.6) offers a free degree for designing the initial date
X(2,0,7). This two-scale equation (2.5) with a modified initial data is analysed in [13,17] to construct
uniformly accurate methods. We here use the strategy from [13,17] to obtain the fourth-order initial data
for (2.5), which is presented briefly as follows.

For the periodic function v(-) on T, we introduce the notations

1 2m

L:=09;,, Iv: v(7)dr.

On the set of functions with vanishing average, 0, is invertible with inverse defined by (see [13]) L™1v :=
(I —1) [, v(6)df. By further letting A :== L='(I —II), it is easy to get

LII=0, M?=1, IILv=0, IIA=0,

LA=T1-1I, LA’=(I-IMA=A-TIA= A.
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Based on the Chapman—Enskog expansion [16,17], the solution X (x,¢,7) of (2.6) can be formulated as
X(z,t,7) = X(x,t) + w(z, t,7) with X(z,t) =10X(z,¢,7), k(z,t,7)=0.
From the fact (2.6), it follows that
0 X(z,t) =G, 7, X(x,t) + 6(z,t,7)).
Then the correction k satisfies the differential equation
Opk(z, t,7) + é@Tm(x,tm) = -G, 1, X(z,1t) + k(z,t, 7)),
which can be reformulated as
k(x,t,7) = 2 AG(t, 7, X (x,t) + wk(x, t, 7)) — 2L~ (Ok(a, t, 7). (2.8)
We seek an expansion in powers of ¢ for the composer «:
w(z,t,7) = %k (1, X (2, 1)) + 54/12(7', X(x,t)) + elkr3(r, X(2,1)) + Oxv (68), (2.9)

where Oy» denotes the term uniformly bounded with the X”-norm and X" := (,;<,_,C'(T; H*7).
Inserting (2.9) into (2.8) and using the Taylor series of G at X yield o

ek + etk + %3 + Oxv (%) = ®AG(t, 7, X) + 2 A0x G(t, 7, X) (%K1 + e'k2)
1
+ §€2A8[2]G(t, 7,X)(%k1,€%k1) — 2L (%01 + €*Opkia) + Oxv (9).
By comparing the coefficients of e/ with j = 1,2, 3, one gets

k1= AG(t,7,X), ko= AdxG(t,7,X)AG(t,7,X) — L™ 0k1,

1 2.10
k3 = AOx G(t, 7, X)Kko + §A8[2]G(t, 7, X) (K1, k1) — L™ Opkin. ( )

With these preparations, consider the following initial condition
Xo(7) := X0 4 22k, (T, X[O]) + etk (T, X[O]) + e0%kg (7’, X[O]), (2.11)

where X% is given by X[ := [q(x,0); p(x,0)]. Observing that II, A are bounded on C°(T; H?) for any o,
it is deduced that x1, k1, k3 all belong to X'”. For the two-scale system (2.5) with the initial data (2.11), the
following estimate of the solution is obtained and its proof will be given in the next section.

Proposition 2.3. Under the conditions given in Assumption 2.1, it is clear that X0 45 uniformly bounded
in € w.r.t. the H” norm. Then, the two-scale system (2.6) with the initial condition (2.11) has a unique
solution X (-,t,7) € C°([0,T] x T; H") with the bound

IXCots ) ge < CillXo(T)lge <C2 ¥V E€(0,T],

where the constants C1,Cy > 0 are independent of € but depend on T. Moreover, the derivatives of X (-,t,T)
are bounded by
”a#X('vth)”L?_O(HV*u) SCS Vie (O,T],

where = 1,2,3,4 and C3 is independent of € but depends on T .
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Step 3. Fully discrete scheme. This step is devoted to the fully discrete scheme.
Firstly, for the problem (1.1), from the point of practical computations, the operator —A is in general
approximated by a symmetric and positive semi-definite differential matrix. In this paper, we consider the
Fourier spectral collocation (FSC) (see, [39]). Then a discrete two-scale system for (2.6) is obtained

WZ(t, )+ é@TZ(t,T) =G(t,7,Z(t,7)), te[0,T), r€T. (2.12)

Here G, (t, 7, Z(t, 7)) with Z := [ZU ZV] is the approximation of G(t, 7, X) by the Fourier spectral colloca-
tion, where —A is replaced by a d-dimensional matric A, ZY and Z v are d-dimensional vectors which are
respectively referred to the discrete U and V in x, and the initial value of (2.12) is

Zo(T) = A= (T,Z[O]) + ko (T, Z[O]) + %4 (T,Z[O]), (2.13)

where Z1% := T1[§(0); 5(0)] and §(0) or $(0) denotes the discrete g(z,0) or p(z,0) in z, respectively. By the
analysis presented in [39], it is obtained immediately that

HX(lL’,t,T) - Z(taT)”HV < 5:77{—,

where 0% denotes the error brought by the Fourier pseudo-spectral method in x.

We now present the fully discrete scheme for (2.5) which is constructed by making use of the spectral
semi-discretisation (see [39]) in 7 and exponential integrators (see [33]) in time.

For the spectral semi-discretisation used in 7, let M := {=N,/2,—N,/2 4+ 1,...,N,/2} with a positive
integer N, > 1 and Yy = span{e'*", k € M, 7 € [—m, 7|}. For any periodic function v(7) on [—, 7], define
the standard projection operator Py : L?([—m,7]) — Y and the trigonometric interpolation operator
I : C([—7, w]) — Y respectively as

(Ppo)(T Z 0pe*T, (Ipo)(7 Z ore*T, (2.14)
keM keM

where i = /—1, ), for k € M are the Fourier transform coefficients of the periodic function v(7) and vy, are
the discrete Fourler transform coefficients of the vector {v(7y)},, .— 2r . For consistency reasons, we assume

that the first term and the last one in the summation are taken Wlth a factor 1/2 here and after. Then the
Fourier spectral method is given by finding the trigonometric polynomial

ZM(t, 1) = (Zl/\/l(t’T))l:I,Z,..‘,QdA’ (t,7) €[0,T] x [-m, ]

with

_ Z Z/];;_(?)eik‘r

keM
such that
1 ~
o ZM(t, ) + ;QaTZM(t,T) =G(t, 1,2t 1)).

It follows from the orthogonality of the Fourier functions and collecting all the 2; in (N, + 1)-periodic
coefficient vectors Z(t) = (Zy(t)) that

(D) = 10Z() + F(t, Z(t)), (2.15)
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~FS(t)f(C(t)Z" + S(t)Z?)
FC(t)f(C(t)Z" + S(t)Z?)
(N, + 1) with its block vectors Z',Z? in dimension D/2, F denotes the discrete Fourier transform, Q :=

diag(Q1,Qa,...,Q,;) with Q) =Qy =--- =Q,;:= s%diag(%7% - ,...,—%), and

where T'(t, Z) = —)\< )7 the vector Z := [Z';Z?] is in dimension D := 2d x

S(t) :=cos(tD4) ® sin(Qy) + sin(tD ) ® cos(21),
C(t) :=cos(tD4) ® cos(Q1) —sin(tD 4) ® sin(£2y),
cos(tDy)

S(t) i= —==% in(Q _— 01),
)= Jraeg @)+ =gy @ cos(hy)
ct) = D) o sy — SREPA) o o,

V1+e2A V1+e24A

with Dy = 7”*':?4_1. Our analysis presented below will use the entries of 27 which are denoted by

—_—

~ —_ —_——
7 = (27%717Z7%+1’1,...7Z%’1,Z7%’2,Z7%+1’2,...,Z%’Q,...,Z_%yzdgz_%H’Qd,...7Z%’23).

The same notation is used for all the vectors and diagonal matrices with the same dimension as Z. We also
use the notations Z.; = (th b Zﬁhﬂ Py LN z) forl=1,2,..., 2d and the FZ denotes the discrete
2 2 s 2

Fourier transform acting on each 2\7 of Z. Then the fully discrete scheme (FS-F) can read

ni _ | ik ndlo \ _ ot ikt
ZM,Z(T) = Z Efle ) ZM,l (1) = Z Zk,l e,
keM keM

fori=1,2,...,s, where we consider the following s-stage exponential integrators [33] applied to (2.15):

7 = M7 g eh S iy (WMOT (b + o, Z77),
o (2.16)
20 = MM 70t eh S by (BT (1 + e h, Z70).
p=1

Here i = 1,2,...,s with s > 1, h is the time stepsize, n = 0,1,...,T/h— 1, M := iQ, ¢; are constants
belonging to [0, 1], and a;,(hM), b;(hM) are matrix-valued functions of hM.
The above procedure, however, is unsuitable in practice because of the computation of Fourier transform
coefficients. In order to find an efficient implementation, we now consider the discrete Fourier transform
coefficients instead of Fourier transform coefficients. This gives the following scheme. For a positive integer
N: > 1, let 7, = ¥5k with k € M := {=N;/2, =N, /2+1,...,N;/2} and Z}') = Zi(tn + cih, ), 2} &
Zi(tn, 1) for 1 =1,2,..., 2d. An exponential Fourier spectral discretization (FS-D) is defined as
= Zpetn, zett = N e, (2.17)
keEM kEM
where 7 € M and
S
zmni — eCihMﬁ + 5hz dlp(hM)F(tn + Cph, Zn\p)7
p=1
- . (2.18)
Zr1 = M7t eh 3 by (RM)D (b + o, Z77).
p=1

Here 0 < h <1 is the time stepsize and s > 1 is the stage of the implicit exponential integrator with the
coefficients ¢;, a;,(hM) and b,(hM).
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Based on the above three steps, we obtain the fully discrete scheme, which is described as follows.

Definition 2.4 (Fully discrete scheme). The fully discrete scheme for the nonlinear relativistic Klein-Gordon
equation (1.1) is defined as follows.

— With the two-scale technologies stated in Steps 1 and 2, we get a highly oscillatory two-scale system (2.6)
with the initial condition (2.11) over the time interval [0, T7.

— Consider the Fourier spectral collocation [39] for the approximation of the operator —A and then a discrete
two-scale system (2.12) over [0, 7] with the initial value (2.13) is obtained.

— Then choose a positive time stepsize h, and use the exponential Fourier spectral discretization (FS-D) (2.17)
to solve (2.12). This produces the numerical approximation

Zln — Z ZEeijnh/az ~ Z(’I’Lh,nh/EQ)
JEM

of (2.12) for [ =1,2,...,2d and n =1,2,...,T/h.
— Finally, the numerical approximation u™ =~ u(-,nh), v™ & v(-,nh) of the original system (1.1) is given by

veey

u™ =+/1+ Y [cos(nh/e2 +nhDa)(Z]")_y 5. 4+ sin(nh/e® +nhDy) (Z;?H)h1 , J} ,

vt =2 {— sin(nh/e* + nhDA)(Zln)z:Lz,.,_,d' + cos(nh/e* + nhD ) <Zg+l)l—1 ) J} .

where n =1,2,...,T/h.

2.2. Some practical integrators

The above procedure fails to be practical unless the coefficients ¢;, @;,(hM) and b;(hM) appearing in (2.18)
are determined. To this end, the symmetry and stiff order conditions of (2.18) are needed.

Proposition 2.5 (Symmetric conditions). The s-stage implicit exponential integrator (2.18) is symmetric if
and only if for i,p=1,2,...,s, its coefficients satisfy

C; = 1 — CS+1_1', Bp(hM) = BhMBS_;,_l_p(*hM),
ip(hM) = e“"™Mb 1, (=hM) — @s11—; 541—p(—hM). (2.19)

Proof. Under the conditions (2.19), it is trivial to verify that the method (2.18) remains the same after exchang-
ing n 4+ 1 < n and h < —h. This completes the proof immediately. O

Proposition 2.6 (Stiff order conditions). Define

S B C’Lp—l
0l) = ) = SR gy
s 5*1
1/Jp,z‘(z) :SDP(C’L‘Z)Cf_ : a/ﬁ(z) (pci 1)|’ i= 1727"'787

where the notations @, [33] are defined by p,(z) = fol or—1e(1=92/(p—1)1d0 for p=1,2,.... For a fized number
1 <r <4, the order conditions of Table 1 are assumed to be true up to order r and the condition 1,.(hM) =0
is weakened to the form 1,(0) = 0. Under these assumptions, the conditions of Assumption 2.1, and the local
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TABLE 1. Stiff order conditions.

Stiff order conditions Order r
P1(hM) =0 1
Yo(hM) =0, Y1, (hM)=0 2
Y3(hM) =0, 2:(hM)=0 3
Ya(hM) =0, ¢¥3;(hM)=0 4

—_~—

assumptions of% = Z(ty,), there exists a constant hgy independent of € such that for 0 < h < hg, the local error
bounds satisfy the following inequalities

|27 =zt +em)| <o,

|27 = Z(tr) | < OO I (BAD |y + ),

where 0 <n <T/h, and C > 0 is a constant depending on T but is independent of € and h.
Proof. The proof will be given in Section 4 combined with the analysis of convergence. O

The practical integrators presented below will be based on these symmetric conditions and stiff order condi-
tions.

Third-order integrator. We first consider two-stage integrators, i.e., s = 2. Solving the order conditions
1 (hM) = po(hM) = 0 leads to

by (hM) = —e2p1(AM) + po (M) ba(hM) = c101(hM) — o (hM)

C1 — C2 C1 — C2

Then using some other order conditions
Y1,1(hM) = p1 2(hM) = tpa2(RM) = 0

and a symmetric condition

alg(hM) + 621(—hM) = (po(Cth)ih(—hM),

we get the results of a;, as

2

_c(—prat )

(g1 = ——————, Q11 = —0G12 + C1911,
€1 —C2

o = —dio1 + Co12, G12 = —do1(—hM) + @o1b1 (—hM),

where ¢;; := @;(c;hM). On noticing ¢; = 1 — co, it can be verified that this class of integrators is at least order

two. As an example, we choose ¢; = 3*6‘/3 which is obtained by requiring a further condition ¢3(0) = 0 and
denote the corresponding method as S203. For this method, it can be easily checked that 1 ;(hM) = 0 for

i =1,2 but ¢5(hM) # 0. Thence it is of order three.

Fourth-order integrator. We now continue with three-stage (s = 3) integrators and obtain their coefficients
by solving
i(hM) =0 and 1, ;(hM) =0 fori,p=1,2,3.
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The choice of ¢ =1, ¢o = 1/2, ¢5 = 0 and the corresponding results

1 1
agy = agz = agz3 =0, as; = %22 + 5 P32 22 = P22 — P32,
o 3 T o
(3 = P12 — 722 + 5P3; A1 = by = 4p3 — 2, G12 = by = 4o — 8z,

13 = b3 = 1 — 3p2 + 43,

determine this integrator. It is noted that this method satisfies all the stiff order conditions of order four and
symmetric conditions. This integrator is referred as S304.

3. MAIN RESULTS AND NUMERICAL TESTS

In this section, we shall present the main results of this paper. The first one is about convergence and the
second is devoted to long time energy near conservation. To support these two results, a numerical experiment
with numerical results is carried out in the second part of this section.

3.1. Main results

Theorem 3.1 (Convergence). Under the conditions of Assumption 2.1, Propositions 2.3 and 2.6, for the final
numerical solutions u™, v™ produced by Definition 2.4 with S208 or S304, the global errors are
S203 : [[u" = u(-, nhe)|| go-1 < Cr(R® + 67),
0™ = v(-, nhe) || o2 < Ca(h®/e* 4+ 6F),
S304 : [[u" — u(-, nhe)| go-s < C3(h* + 67),
HU” - U<~7nh€)HH,,,4 < C4(h4/€2 + (5]:),
where 0 < n < T/h, the constants C1-Cy depend on T, |11 (2)|| guv+1 and ||t2(x)]| ., but are independent of

n,h,e. Here §x denotes the error in x and T brought by the Fourier pseudo-spectral method. We point out that
v > 4+ d is required for S304 and it can be weakened to v > 2+ d for S203.

Remark 3.2. It is noted that these two methods have a very nice accuracy which is Qg1 (h?) for S203 and
Opv-3(h?*) for S304 in the approximation of u. This high accuracy is very significant for the numerical methods
applied to highly oscillatory systems where ¢ is a very small value.

The next theorem requires a non-resonance condition and to describe it, we introduce the notations [43]

K= (k:f%’l,kf%ﬂ,l,...,k%mki%g,l@%ﬂg,...,k%727...,k_%’2&, . .,k%,m),
W = (w_%,l,w_%+17l,...,w%ﬂ,w_%g,w_%ﬂz,...,w%g,...,w_%gd,...,w%’m),
- N - N

2d TT 2d 2T
K=" > Jkul, kew:= kjiwji,

=1 =12

.— 1 (N: N _ _N- ]
where (wi%’l,wf%ﬂ’l,...,w%yl) = 52( 5 5 L., =5 ) for any 1 < [ < 2d. Denote the resonance

module by M := {k € Q: k-w = 0}, where Q := {k € ZP : there exists an [ € {1,...,2d} such that |k, | =
lk|}. Let (j); be the unit coordinate vector (0,...,0,1,0,...,0)T € RP with the only entry 1 at the (j,1)-th
position. Further let IC be a set of representatives of the equivalence classes in @/ M. The set K is determined
by two requirements. The first is that if k € K, we have —k € K. The other is to minimize the sum |k| in the
equivalence class [k] = k + M for each k € K. Meanwhile, for those elements having the same minimal sum
k|, all of them are kept in K. Denote Ny = {k € K : [k| < N} and N = Ny U{{(0)i},_, 5 o4 for a positive
integer N.
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Theorem 3.3 (Long time energy near conservation). Denote the initial value appeared in Definition 2.4 by
0o = HEBHHV which is a value between 0 and 1°. The non-linearity f(u) is assumed to be smooth and satisfy
f(0) = f'(0) = 0. For the time stepsize h, we assume a lower bound h/\/e > co > 0 and h < §*. It is further
required that the numerical non-resonance condition |sin (%hwj,1)| > clx/ﬁ holds for a constant ¢y > 0 and
| = —%, f% +1,..., % Then the long time energy conservation of u™, v™ produced by Definition 2.4 with

5208 or 8§30/ is estimated by

g2 0,0 352 € O_NJrS

%|H(u",vn)—H(u,v)|§C’6 05 +Cor, OthST, (3.1)
where the constant C' depends on N, N+, cg,c1 but is independent of n, h, €, and dx denotes the error brought
by the Fourier pseudospectral method. Since N can be arbitrarily large and €/h? < 1/c3, the near conservation
law holds for a long time.

Remark 3.4. The above statement (3.1) seems a little surprised since these two methods (with different order)
have the same result of energy near conservation. It is noted here that this fact comes from the same boundedness
of the coeflicient functions appeared in the modulated Fourier expansion. Moreover, the numerical results of the
test given in Section 3.2 demonstrate and support this behaviour (see Figs. 7 and 8).

Remark 3.5. Although the smallness of the parameter §g is technically required, we should note here that &g
is totally independent of €. This means that the initial value of (1.1) is large, which has not been considered yet
in the long term analysis of any methods. In all the previous work on this topic, small initial data is required
(see, e.g., [18-20,24,27,30,41, 43]). Moreover, we only need the lower bound on the time stepsize h > co\/e,
which means that large stepsize can be used to keep the long time energy conservation. Compared with the
analysis of [43], a looser numerical non-resonance requirement is posed in this theorem and this is because the
methods derived in this paper avoid sin (3h(w;1 — (k- w))) with k € Ay but # (j); in the denominator of the

2
ansatz (5.8) of the modulated Fourier functions.

Remark 3.6. It is noted that we only focus on the energy conservation in this paper. For the nonlinear
relativistic Klein-Gordon equation, it has other (almost) invariants such as momentum and harmonic actions.
With the same arguments presented in this paper, the proposed methods can be proved to have long time near
conservations in these invariants. This paper will not go further on this aspect for simplicity.

3.2. Numerical test

3.2.1. 1D test
As a numerical example, we consider the nonlinear relativistic Klein-Gordon equation (1.1) with A = —1,d =
1,9, = (=7, 7) and the initial values
3sin(x)
exp(a/2) + exp(—22/2)

o) — 2exp(—x2)'
) wZ( )_ \/77_

By the Fourier spectral collocation method, we consider the second-order Fourier differentiation matrix
(akj) yy« xy Whose entries are given by

P1(z) =

(D™ g2 ((k;;[j)ﬁ), k # j,

M72+l k:j7

with M = JQV—” In this test, we consider N, = 32 and N, = 64. For implicit methods, we use standard fixed
point iteration as nonlinear solver in the practical computations. We set 107'2 as the error tolerance and 200
as the maximum number of each iteration.
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FiGURE 1. ISV: the log-log plot of the temporal errors err, = TaC it Tt and err, =
m at t, = 1 under different h, where ¢ = 1/2k with k=1,2,...,5.
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FI1GURE 2. S203: the log—log plot of the temporal errors err, = W and err, =

I =oCtn)llmo o t, = 1 under different h, where ¢ = 1/2%¥ with k =1,2,...,5.

llo(stn)ll o

Accuracy. For comparison, we choose the second-order improved Stérmer—Verlet method (ISV) given in [27].
This method is directly used without taking the process given in Section 2. For the methods presented in this
paper, they are used to solve the two-scale system (2.6) over [0,T]. Firstly the accuracy of all the methods is
shown by displaying the global errors

_ [u™ —ul, o)l _ [v" — (-, tn)]| fro
t

err, = err, =
! luCsta)llgn (-t £ro

at T'= 1 in Figures 1-6. We use the result given by the S304 with a small time stepsize as the reference solution.
In the light of these results, we have the following observations.

(a) The improved Stérmer—Verlet method ISV shows non-uniform accuracy. When ¢ becomes small, the accu-
racy becomes badly (see Fig. 1).

31f not, it can be achieved by rescaling the solution of the considered system.
41t is noted that this restriction is an artificial condition for rigorous proof and is hoped to be weakened in future.
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FiGURE 4. ISV: the log-log plot of the temporal errors err, = and err, =

(b) The two integrators given in this paper have uniform accuracy, and when h decreases, the accuracy is
improved. S203 shows third order and S304 performs fourth order (see Figs. 2 and 3).

(¢) Figures 4-6 show the dependence of global errors in €. It can be seen that for a fixed time stepsize, ISV
behaves very badly for small ¢ (see Fig. 4), and S203 and S304 have uniform convergence in u and £%v (see
Figs. 5 and 6, respectively). These observations agree with the theoretical results given in Theorem 3.1.

Energy conservation. Then we display the long time energy conservation of our methods by presenting

n n 0 0
the energy error erryg = [H(Z ‘52 Z)O_go(i 2l For comparison, we replace S203 with the following one-stage
1Ly

exponential integrator:
Zm = MM ZE 2T (b 4+ 1/2,27),
Zn+l = M zn 4 hsol(hM)F(tn +h/2, Zﬁ)

This method is non-symmetric and we shall denote it by NSM. The energy errors are shown in Figures 7-9 for
different £ and large h. According to these numerical results, the following observations are made.
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(a) The energy H is nearly preserved numerically by our integrators over long times. S203 and S304 have an
nice and similar long time conservation, and with large time stepsize h, the numerical error in the energy
can be improved when ¢ decreases (see Figs. 7 and 8). There observations agree with the results given in
Theorem 3.3.

(b) In contrast, NSM shows substantial drift in the energy quantity and thus it does not have long-term
performance in the energy conservation (see Fig. 9). The reason is that it is not a symmetric method. This
observation demonstrates that symmetric conditions play an important role in the numerical behaviour of
energy conservation.

Efficiency. Compared with ISV, the scheme of our integrators given in this paper is more complicate. For
example, the two-scale method enlarges the dimension of the original system and this usually adds some com-
putation cost. Fortunately, Fast Fourier Transform (FFT) techniques can be used in the integrators and we
hope that the efficiency of our integrators is still acceptable even compared with methods without using the
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F1GURE 11. 2D test: contour plots of the solutions obtained by S304 with h = 0.1 at different
time ¢.

two-scale technology. To show this point, we solve this problem on the time interval [0, 7]. The efficiency® of
each integrator (measured by the log—log plot of the temporal error at t = 10 against CPU time) is displayed
in Figure 10. Clearly, our integrators have very competitive efficiency.

3.2.2. 2D test
We now turn to the 2D case with A = 1, employing the initial data defined in [1]:

p1(2,y) = exp(—(z +2)> — %) + exp(—(z — 2)> = ¢?), (3.2)
pa(z,y) = exp(—2® —¢?),  (x,y) € (~16,16)". (33)
The numerical parameters are set as N, = N, = 28 and N, = 2°. The problem is first solved for ¢ = 0.05

with periodic boundary conditions by the S304 scheme, and the resulting solution contours are shown in
Figure 11. Subsequently, the accuracy and energy conservation properties are illustrated in Figures 12 and 13.
All observations are consistent with the 1D case.

5This test is conducted in a sequential program in MATLAB R2020b on a laptop ThinkPad X1 nano (CPU: i7-1160G7 @
1.20 GHz 2.11 GHz, Memory: 16 GB, Os: Microsoft Windows 10 with 64bit).
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4. PROOF OF HIGH ACCURACY (THM. 3.1)

The convergence of the three-stage integrator of order four (S304 with s = 3) is studied in this section. The
proof is easily presented for the third order S203 and we omit it for brevity.

Proof. The proof is presented in four steps.
I. A lemma and its proof. A preliminary result is needed in the analysis and we present it by the following

lemma.

Lemma 4.1. Under the conditions of Proposition 2.3, for any k > 0, there exists 0 < T, < T such that
for all 0 < € < &g, the two-scale system (2.6) with the initial condition Xy (2.11) has a unique solution

X(-,t,7) € C°[0,T,] x T; H") with the bound

sup [ X(ot M pm gy <% s (X0l pmsrey V£ € 0.7 (4.1)
0<e<eo 0<e<eo

In addition, the solution X (-,t,T) has first derivatives w.r.t. both 7 and t and they satisfy

- X(t,7) € CU[0,T.] x T; H™), 9, X(-,t,7) € C°([0,T,.] x T; H'™1).
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Moreover, if the nonlinear function G(t,T,X) satisfies
G X)) e < Crll Xl o + Co
for some positive constants Cy, Cs, then the unique solution
X(-t,7) € C°([0,T] x T; H")

of (2.6) further has the following estimate

sup (| X (-, )| oo vy < ( sup {| Xo()ll oo (prv) +C2t>€clt
0<e<eo 0<e<eo

fort €[0,T7.

Proof. This lemma can be shown in a similar way as Proposition 2.1 of [13] with some modifications. Denote
the smooth solution X (-,¢,7) of (2.6) by a new function

Xt 1) =X (- t, 7 +t/e?).
Based on (2.6), it can be seen that
Dex(t,7) = G(t, 7 +1/e%, X(t,7))

with x(0,7) = Xo(7). Hence 9y is in H”. From the Cauchy—Lipschitz theorem in H", it follows that this system
has a unique solution on [0, 7] which satisfies

t
I (t: )l e < Cul[Xo ()] v +/0 |Gt 7+ 0/ x(0,7))|| ;. dO.

Based on this result and with the same arguments of [13], we obtain the estimate (4.1).
Now we derive the differential equation of 9, x(¢,7) which reads

0 (0:X)(t,7) = 0-(0eX)(t, 7) = 0, G (t, T+ t/e*, x(t, 7)) + Ox G (t, T + /%, x(t, 7)) O x(t, 7). (4.2)

Observing that the initial value 9, x(0,7) = 9, Xo(7) € H"~! and 9.G (resp. dxG) is a continuous and locally
bounded function from T x H” to H”~! (resp. L(H"~!, H"~1)), one gets that the solution 9, x of differential
equation (4.2) is unique and in HY~1. Moreover, according to x(t,7) = X (-,t, 7 + t/£?), it is deduced that

- X(t, 1) =0, x(t, 7 —t/e*) e HV !

and
1
8tX('7 ta T) = 8tX(t7 T—= t/52) - *267—)((15, T — t/€2) S HUfl.
€
The last result can be done using the bootstrap type argument and the Gronwall lemma. O

I1. Proof of Proposition 2.3 (boundedness of the solution of the two-scale system). Noticing that the
operators II and A are both bounded on C%(T; H?) for any o > 0, the initial value (2.11) can be estimated that
Xo (2.11) is uniformly bounded w.r.t. ¢ in L>°(H"). Combining this with Lemma 4.1, it is known that the two-
scale system (2.5) as well as the initial value (2.11) determines a unique solution satisfying || X (¢, 7)| o gy < C-

Furthermore, the first derivative of X (t,7)® w.r.t. ¢ exists and is a function with value in HY~*.

6In the following parts of this section, we omit the expression x for bervity.
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In what follows, we study the boundedness of the derivatives of X (¢,7) w.r.t. ¢ and hope to get a more
rigorous result. To this end, we first consider the differential equation of the first derivative 9; X (¢, 7) := V (¢, 7)
which reads

oV(t,T)+ Eizaq.V(t,T) = 0,G(t, T, X(t, 7))+ OxG(t, T, X(t, 7))V (L, T).

The initial date of this system is

Vo := V(0,7) = 8,X(0,7) = G(t, 7, Xo) — 8%LXO
= G(t, 7, Xo) — Lk (7’, 1[0]) — %Ly (7’, EO]) — *Lrkg (T, 5[01)
— G(t, 7, Xo) — G(t, T, E‘”) TG (t, T, 1[01) — Lk (77 5[01) — Lk (T, 5[01)
= 0xG(t;m, X7 (Xo — X) + TG (£, 7, X)) + O (=2)
= e20x G (., X )y (7, X7) 116G (1,7, X1T) + O (22)
= HG(t,T, EO]) + Oxu-1(e?).

According to this result, we obtain
% == OXU—I (1)

Moreover, the nonlinear function satisfies
10:G(t, 7, X(t, 7))+ OxG(t, 7, X (t, 7))V (t,T)|| -1 < C1 + Co||V(t,7)|| gro—1-

These results and Lemma 4.1 yield
6tX(t, T) = OXV—I (1)

This procedure can be proceeded in an analogous way for
O2X(t,7), 02X (t, 1), 04 X (t,T),

and we get
X (t,7) = Opv—2(1), BX(t,7)=Oxv-s(1), OtX(t,7) = Oxv-a(1).

ITI. Proof of Proposition 2.6 (local errors of exponential integrators). Then we prove Proposition 2.6,
where the local errors of our integrators for the transformed system are stated.
For all h > 0, it is true that @o(hM) and ¢;(hM) for i = 1,2,3 are uniformly bounded w.r.t. €. Therefore,

the coefficients a;,(hM),b,(hM) for i, p = 1,2,3 of exponential integrators are uniformly bounded.
Define the error functions by

(1) i= Z(tn, ) — I Z"™, E™(7):= Z(tp + cih,7) — IMZ™,
and the projected errors as
e (1) = P Z(tn,7) — Z3yy EWNY(T) i= P Z(ty, + cih,7) — Z34,
where Iy and Py are defined in (2.14). By the triangle inequality and estimates on projection error [39], one

has
el mv-a < llefallar—2 + (1234 — ImMZ™ | gv-2 + | Z (80, T) — PrmZ (tn, 7)) rv-1

S llellmr-a + 0%,
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and similarly ||E"| gv-1 S ||ER || grv-4 + 6%, where 6% denotes the error in 7 brought by the Fourier pseudo-
spectral method. Therefore, the estimations for e® and E™ could be converted to the estimations for et and
Since the scheme (2.16) is implicit, iterative solutions are needed, and we consider pattern

—— [0 — 3 —
(Zm)[ b e Zn 4y 3 Gip (WML (ty + e h, Z7),
p=1

—\ [ +1] ) ot > = ZON
(Zn1> = ec”hMZn +h Z a; (h’M)F (t” +ec h7 (an) )7
p=1 ’ '

for j =0,1,...,55%°PPed Then according to the property of e“" and the boundedness of the coefficients, the
followmg result can be proved That is, there exists a small constant 0 < hg < 1 such that when 0 < h < hg

and ZO € HY with HZOHHV < Kl, we can obtain Zn € HV (an)[]itoppcd] c HY as well as their bounds

127 v < Co, H(Zm) 7Tl g < Co, where the constant Cy depends on T and K.
The error system of FS-F method is to find e7,(7) and E7(7) in the space Yy, i.e., we have

W= 3 (A7), B = 3 ()
keM keM

where

3
ST = MG+ b3 (WM)ATT 4 575
P=13 (4.3)
2

B = eMMe 4 h S a;,(hM)AT™ + Ami,
and AT = I‘(tn + cph, PuZ(t, + Cph,T)) - F(tn +c,h, ZX,’{) . Here the remainders 57_1\‘*/1, A" are bounded
by inserting the exact solution of (2.15) into the numerical approximation, i.e.,

P 3 _ — —~—
Z(tn +h) = e"MZE) +h S bp(hM)F(tn +eoh Z(t, + c,,h)) +on T,
p=1
—_ T — —_ T — 3 —_— ——
Lty + cih) = e“"™MZ(t) +h S aip(hM)F(tn +eph, Tty + cph)> + AR,
p=1

By the Duhamel principle and Taylor expansions, the remainders 6"t! can be represented as

—

4 1 Pl

n (1—z)h M (zh)P~ d

gnrl = h/ ) § PRI ——T(t,)dz
pl

s 4 P 1hp 1 s 1 —
h b;(hM S = T(t,) + 6"
+ ]; ]( )p=1 (p ) dte— 1 ( )
4 dp_l o /7\;/1
:thq//p(hM)FF( n) + 0

where we take the notation F( = F(t Z ) With the bounds of the solution of the two-scale system proposed
t

in Proposition 2.3, it is obtained that éitpl“( n) = Ogv—n(1) for p=0,1,...,4. Thus we get for ¢ € [0,1]

d4
gl = Oy 4<h5 T I'(t, +<h)> = Oyo-a (7).
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Similarly, one has
-1

dP —~—
Ani = Zh Upa(hM) Zo Dta) + AF

p=1

with A% = Opo-s (h4). Then using the stiff order conditions presented in Proposition 2.6, we know that

rm:@and
3

—_—

O+t = Whipa (M) 5T (tn) + 057
The proof of Proposition 2.6 is immediately complete.
IV. Proof of the global errors. We are now in a position to derive the error bounds in a standard way. To
make the analysis be more compact, here we only present the main points but without details.

For the error recursion (4 3), by Taylor series, one gets AT = ], E}lv’f with a matrix J,. Then there exist
bounded operators N™ (e ) such that

By = A () + B R

with uniformly bounded remainders R™ in H*~%. Now it is arrived at

3
T = M 1Y b )1 ()
p=1
3 - FE
+ 0> by(hM)J, A + h4w4(hM)@F(tn) + O (°)

p=1

N SN 43 ——
= ehMeﬁ/l + hN™ (e’/(,t)e"M + h4w4(hM)@F(tn) + Opv-a (h5),

where we use the notation N ”(67]\;) = Z by (hM) T, N (e ) Solving this recursion leads to

n—1 —
ey =h Yy eI (el )ely

j=0
n—1 d3 .

+ Rt eI My, 4(hM) 5Tt n) + Opv-a(h%).
7=0

The order condition 44(0) = 0 shows that there exists bounded operator ¥4 (hM) with t4(hM) = hM,(hM)
and Lemma 4.8 of [32] contributes

|
—

n 3 n—1 3

@~ _ _ B ——
n—j—1)hM E n—j—1)hM

<.
Il
o

d® ——
= OHI/—4 (dtgl—‘(tn)> = OHU—4(1).

Combined with the above results and using Gronwall inequality leads to g’]; = Ofv-a (h4). This result and the
formulation of the scheme give the final convergence for the numerical solutions of the original system (1.1):

[u(-,nh) = u™|| s < [|X (s nhynh/e?) = T Z"|| s
< ||X (-,nh,nh/e*) — ) goos 12 7) = I 27| s
<O% 4 (| P Z(tn, 7) — Z%ll go—s + 0 < 87 + Ch?,
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and similarly
1
lo(,nh) = 0"l go-s < 0 + S 1PMZ(tn, 7) = Zidllpro-s + 07 < 67 + Ch/e®.
The proof of Theorem 3.1 is complete. O

5. PROOF OF LONG TIME ENERGY NEAR CONSERVATION (THM. 3.3)

Long time energy near conservation is proved mainly based on the technology of modulated Fourier expan-
sions, which was firstly developed in [27] and was used for the long-term analysis of many methods [18-
20, 24, 30, 41-43]. The main differences and contributions of long term analysis given in this section involve
in two aspects. We extend the technology of modulated Fourier expansions to multi-stage schemes and prove
the long-time result for both two-stage and three-stage methods. This provides some developments for studying
long-term behavior of various methods. Moreover, in contrast to the existing work, we neither assume bounded
energy, nor assume small initial value for the considered system. In the proof, the result is derived for the
methods applied to the energy unbounded system (1.1) with large initial value. Finite dimensional vector space
and Euclidean norm are considered in the analysis.

Proof. The proof consists of three parts. The first two parts are given for S203 and the last one is devoted to
the proof of S304.

I. Modulated Fourier expansions.

Lemma 5.1. With the notations introduced in Section 3.1 and under the conditions given in Theorem 3.3, the
numerical result Z™ (2.18) obtained from S203 can be expressed by the following modulated Fourier expansion
att =nh

2?1 =3 ei(k»w)tak(t) + RZ,N(t), (5.1)
keENS '
where o are smooth coefficient functions for t = nh. These functions and their derivatives have the bounds

. e h2
() = O6). 6 (1) = 0(63),

vileall g2
h .
a;(,l(t) = O< 6Ok|>7 k 7é <]>la (52)
lleall 72
where j € {=N;/2,—N,/2+1,...,N;/2}, 1 =1,2,...,2d and
hiwd, 1202 -t
1 = WM’ Ly 1= —1h*Q} (hQ — cotC—i—cos(cscC) , (5.3)

with ¢ := $h(Q — (k- w)I). The remainder appeared in (5.1) is bounded by
Rz n(t) = O(th*s) ). (5.4)

The constants symbolised by the notation O are independent of h, e, but depend on cy,c1 appeared in the condi-
tions of Theorem 3.3.

Proof. Proof of (5.1). We first derive the following modulated Fourier expansion of the numerical integrators,
i.e., the numerical scheme S203 has the formal expansion:

Zr=0(t) = Yy ellak(y), (5.5)
keNZ
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where NV denotes the set of N, with N = +o00. With the same arguments of local errors, it can be shown that
the error between Zm and ®(t 4 ¢;h) has the form O(h?)®(t 4 6h) for some 6 € [0, ¢;]. Hence, one can assume
that for i = 1,2
Znt = ®(t + ¢;h) + Ch2D2®(t + c;h),
where C is the error constant which is independent of h,e and D is referred to the differential operator (see
[29]) .
Inserting (5.5) into (2.18) and defining the operators

(D) = (1P — M) by (RAD)EH + Ba(hA)e>P)
hD ( )(l_)l(hM) (eC1hD + ChQDZ) + BQ(hM) (ec2hD + Chgpg))fl B ,Cl(hp)’
E(hD) Ly (hD)JrEQ( D),

one has
L(KD)®(t) = hI(t, D()).

Expanding the nonlinearity into its Taylor series yields
: rm (t,0) 1 m
_ i(k-w)t - T\BY) k' | .
L)) =h Y by PR LR [}
keNZ m>2 kl+..+km=k

We remark that the assumptions f(0) = 0 and f’(0) = 0 are used here. Inserting the ansatz (5.5) into these
expressions and comparing the coefficients of /(¥ )t we obtain

L(hD +i(k - w)h —hzr()to > [akl-.,,~akm}(t).

m>2 ’ kl+...+km=k

This is the modulation system for the coefficients aX(t) of the modulated Fourier expansion.
In the light of the coefficients of S203, the Taylor expansions of £y (hD) are given by

L1(hD) = — hQi + hD — %hQ*( — 21 + hS cot(h$2/2))iD? +

(5.6)
Ly (hD +ih(k - w)) = — h2Q?(hQ2 — cot ¢ + cosCesc ()i
with ¢ := $h(Q — (k- w)I). Some particular components we need are expressed as
h2w2 22,
Li(WD +ih{j)i - = ——jh~—'h» D) +.... 5.7
( 1( +/L <]>l w))j,l 4Sln2(hwj7l/2) 165111 (hw] 1/2)( w.]’l Sln( w]»l))( ) + ( )

Similarly, we get Lo(hD) = —CD?(D —iQ2)h® + - -+ and this demonstrates that the main part of £(hD) comes
from £;(hD). With these Taylor expansions and in the spirit of Euler’s derivation of the Euler-Maclaurin
summation formula (see [28], Chapt. 11.10), the following ansatz of the modulated Fourier functions a*(t) is
derived (see [43] for the details of the derivation):

(i h . NT N‘f‘ NT
Oé;?l>1(t):71_‘}0()+ HE) .]:_7’_7 1""’77
2 (5.8)
ak(t) = . — (%) +---), k# (),

where the dots mean the power series in h and I'* and so on stand for formal series. We truncate the series
after the O(hNTNo) terms for arbitrary positive integer Ny since they often diverge. The initial values for the
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differential equations appeared in the ansatz are determined by considering ®(0) = 70. We thus get 2;0’\1 =
a9 (0) + O(hd3), which yields %" (0) = O(d).

Under the above analysis, the numerical result obtained from S203 can be expressed by (5.1). From the
construction of the coefficient functions, it follows that it is reasonable to assume a%il = 01if k # (0); and
ok, =0if [k.;| > 0 and I # m. Considering the fact Zn € RP yields that aj‘j = ;kj.
Proof of (5.2). In what follows, we derive the bounds of the coefficient functions aX(t). By the first formula
of (5.8), we obtain a coarse estimate as

a0 () = O(;)O(Fl) -o(+)
and by further considering the bound of aﬁl (0), it is arrived that
ai(t) = O(6).
Based on this estimate, it is deduced that Tk = (’)(6(‘31(‘). Therefore, a;l(t) is bounded as
he
k ||
f () =0 —90
ot =0 o)
by the second formula of (5.8). According to these estimates, a finer bound of I'! is determined by
1 m
S ]
ki km=(j)

which yields T't = (’)(%58). Thence, we get

2
i _ h 3)
a’lt(t)=0 o .
i ) <L1|62|| 0

Therefore, the bounds presented in (5.2) are derived.

Proof of (5.4). Finally, we show the bound of remainder (5.4). First insert ®(¢) into the numerical scheme
(2.18) and then the corresponding discrepancies are (here we omit (hM) for conciseness)

d1 (t) = (I)(t + Clh) — GcthCD(t) — h((‘znf(t + Clh7 @(t + Clh)) + &12F(t + Cgh, (I)(t + Cgh))),
dg(t) = q)(t + Cgh) — GCQhM(p(t) — h(C_LQlF(t + Clh7 (b(t + Clh)) + C_LQQF(t + CQ}L, (I)(t + CQh))),
d3(t) = ©(t + h) — e"MB(t) — h(biT(t + c1h, ®(t + c1h)) + bl (t + coh, D(t + c2h))).

There are two aspects in the bounds of these discrepancies: (’)(%5(])\[ +1> = O(e6p 1) in the truncation of

modulated Fourier expansions and O(hN*70) in the truncation of the ansatz (5.8). Therefore, discrepancies are
bounded by
4,(t) = O(HV) + O(e51) = O(ca) )

for j =1,2,3 on the basis of the arbitrarily large Ny. Then define the errors
eZ = 70— d(t,), BZ = Zm — &(t, + c;h).

They satisfy the error recursion

2
EZ = e"M™MeZ 4 he 3" g, (hM) (r (tn +e,h, Zn\p) —T(ty + coh, B(t, + cph))) Fdi(ty), i =1,2,

p=1
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2, =e"MeZ 4 he 22)1 b, (hM) (r (tn +e,h, Z/\”P) —T(tn + cph, B(t, + cph))) +ds(tn).
o=
Taking the Lipschitz condition into account, we obtain
HF(tn 6o, 277 ) = Dt + o, ®(tn + coh)|| < LI|EZ|
The application of the Gronwall inequality now shows the boundedness of the defect (5.4). (]

II. Almost-invariant. We have derived the modulated Fourier expansion (5.1) of S203 integrator and its
long time energy conservation will be studied on the basis of an almost-invariant of the coefficient functions of
(5.1). Using the same arguments of [43], the following almost-invariant can be derived.

Lemma 5.2. Define the almost-invariant H(t) := 5Z(t) + Hi(t), which satisfies
e2H(t) = *H(0) + O(t=*h*6) ).

Here T and H1 are expressed as

with a(t) = (aX(t)) and the potential

keN*
N (m+1)
H 0 1 m—+1
V(alt)) = E:lil() S (az ok )(t).
T k4 tkmHl=0

Here we use the notation oX(t) = e!&“)taX(t) and the potential Hy given in (1.2). Moreover, the relationship
between this almost-invariant and the result H of the numerical method is derived as

e¥H(t,) = 2 H(u",v"™) + O(°05) + O(67).
With the above results, it is easy to get

e2H(u",v") = e*H(t,) + O(°05) + O(67)
= e¥H(to) + nhO (K26 ) + O(%55) + O(67)
=...=’H(u’ ") + 0(°63) + O(67)
as long as nh3szdév+1 < 363. This completes the proof of Theorem 3.3 for S203.

II1. Proof for S304. For the integrator S304, it follows from its coefficients that
75 = Ot + ¢;h) + Ce®h*DA®(t + c;h)
for j = 1,2,3 with the error constant C'. We define the operator

Ls3(hD) == (e"P — "™ (by (hM) (e + Ch'D?)

+ bo(hM) (7P + CR*D*) + by (hM) (P + ChAD*)) ™!
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for S304. Then the rest proceeds similarly to that stated above for S203. It should be noted that the bounds
of the coefficients in modulated expansion have the same expression as S203. For S304, the notations ¢, to
appeared in the above proof (5.3) become

htw?,
= =~ , 12 = 0O(h)Q,
! sin® (hw; 1 /4)(64 cos(hw; 1 /4) + 16hw; ; sin(hw;;/4)) 2 )

based on the Taylor expansion of Lg3. Therefore, the energy at S304 has the following relation with the
almost-invariant H:

2H(t,) = e2H(u™,v") + O(363) + O(0 7).
This result yields the estimate of S304 given in Theorem 3.3. ]

6. CONCLUSION

In this paper, we have designed and analyzed two-scale integrators for the nonlinear Klein—-Gordon equation
with a dimensionless parameter 0 < ¢ < 1. Using some transformations of the original system, two-scale
formulation approach, spectral semi-discretisation and exponential integrators with stiff order and symmetric
conditions, a class of large-stepsize highly accurate integrators was formulated as the numerical approximation
of (1.1) with large initial data. Stiff order conditions and symmetric property were used in the construction of
practical methods. The proposed integrators were shown to have not only high accuracy but also good long-
term energy near conservation. The numerical results of a numerical experiment supported the properties of the
obtained integrators.

Last but not least, we point out that the main contribution of this paper is that we have established a new
framework to design uniform higher-order integrators with long time behavior for solving highly oscillatory
differential equations with strong nonlinearity. We believe that the methodology presented in this paper can be
extended to a range of nonlinear Hamiltonian PDEs such as the Dirac equation and Schrodinger equation. The
rigorous analysis on this topic will be considered in our next work. Another issue for future exploration is the
study of uniform higher-order integrators with exact structure conservation such as symplecticity and energy.
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