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ASYMPTOTIC ANALYSIS OF HIGH ORDER IMEX-RK METHODS FOR
ES-BGK MODEL AT NAVIER-STOKES LEVEL

T 3
SEBASTIANO BOSCARINO'® AND SEUNG YEON CHO?**

Abstract. Implicit—explicit Runge-Kutta (IMEX-RK) time discretization methods are very popular
when solving stiff kinetic equations. In the work of Hu and Zhang in [J. Sci. Comput. 73 (2017)
797-818], an asymptotic analysis shows that a specific class of high-order IMEX-RK schemes can
accurately capture the Navier—Stokes limit without needing to resolve the small scales dictated by
the Knudsen number. In this work, we extend the asymptotic analysis to general IMEX-RK schemes,
known in literature as Type I and Type II. We further introduce some IMEX-RK methods developed
by Boscarino and Pareschi [J. Comput. Appl. Math. 316 (2017) 60-73] to attain uniform accuracy in
the wide range of Knudsen numbers. Several numerical examples are presented to verify the validity of
the obtained theoretical results and the effectiveness of the methods.
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1. INTRODUCTION

One of the most well-known kinetic models for rarefied gas dynamics is the Boltzmann transport equation
(BTE). Its dimensionless form is written as

1
atf+vvzf: gQ(faf)v (11)
where f(t,x,v) is the distribution function which depends on time ¢ > 0, on the position of particles z =
(71, ,24,) € R% and on their velocity v = (v1,--- ,v4,) € R%. Here ¢ is the so-called Knudsen number,

defined as the ratio of the mean free path of molecules and the characteristic length scale of the physical problem.
The dimension of space and velocity domains are denoted by d, and d,, respectively.

The Boltzmann collision operator Q(f, f) is a non-linear operator that describes the binary collisions between
molecules. It acts only on the velocity dependence of the distribution function f, and has the following funda-
mental properties

— of conserving mass momentum and energy:

(Q(f. flo(v)) = 0 e R 2, (1.2)
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for p(v) = (1, v, %‘UP) and (g) := [a, g(v)do,
— to satisfy H-theorem:
g Q(f,f)In fdv <0, (1.3)
— to vanish, i.e., Q(f, f) = 0 when f is the local Maxwellian:
p(tva) ‘7) _u(t7x)‘2
t = — 1.4
MUfl(t2,0) = G enp (), (1.4
where p, u = (u1, - ,uq, ), and E are density, mean velocity and energy associated to f:
(f(v)) = (p.pu, B)" =U € R™*2, (1.5)

and temperature 7' is given by ”pT =F- 2p|u|2 We introduce the vector U for later use.

When the Knudsen number is small, it is well known that BTE is closely related to fluid models such as
compressible Euler or compressible Navier—Stokes (CNS) equations. The form of these fluid models associated to
BTE are traditionally derived using the perturbation techniques like the Hilbert or Chapman—FEnskog expansions
[13,14,19]. Thus, BTE can be used for various Knudsen number, i.e., from rarefied to continuum gas dynamics.

In spite of its good predictability and close relationship with fluid models, computation of the Boltzmann
collision operator is very expensive due to its high dimensionality. Furthermore, the problem becomes more
severe as the Knudsen number gets closer to zero (fluid regime). In this case, solving BTE by a standard explicit
numerical scheme requires the use of a time step of the order of ¢, which leads to very expensive numerical
computations. Even if one adopts an implicit or semi-implicit time discretization for the collision part, it is still
numerically challenging to construct an efficient implicit solver due to the complicate structure of the Boltzmann
collision operator.

To circumvent the issue on computational cost of the Boltzmann collision operator Q(f, f) in (1.1), simpler
kinetic models have been proposed to mimic the main properties of the full integral operator Q(f, f). One such
model is the BGK model [4]:

of
o 40 Ve = Z(MIf) - ), (16)

where 7 is the collision frequency that depends on p and T. The BGK model replaces the Boltzmann collision
operator with a simple relaxation toward the local Maxwellian. Note that the BGK model still maintains the
conservation of mass, momentum, and energy, as well as the entropy inequality [13]. In addition, the BGK model
describes the correct fluid limit as € — 0, i.e., at the leading order term € = 0, it yields the compressible Euler
equations (see [13,19]). Unfortunately, at the first-order correction in e, the transport coefficients obtained at
the Navier—Stokes level are not satisfactory. In particular, the Prandtl number defined by Pr = ﬁﬁ’ which
relates the viscosity p to the heat conductivity x of gases is fixed by 1. Here, the polytropic constant v for
monatomic molecule with transional motions is given by v = %. Note that for most realistic gases, we have
Pr < 1. In addition, in the hard-sphere model for monoatomic gases (y = 5/3) in Boltzmann equation, its
Prandt] number is very close to 2/3.

Many variants of the BGK model have been proposed in order to give the correct transport coefficients at the
Navier—Stokes level. In [20], Holway proposed a model that possesses several desirable properties. It not only
satisfies the correct conservation laws and the entropy condition, but also yields the Navier—Stokes equations
with a Prandtl number less than one through the Chapman—Enskog expansion. This model is known as the
ellipsoidal statistical model (ES-BGK) and reads:

Ji
S Vaf = 2l - 1), (17)
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where the collision frequency 7 = —pL__ depends on the free parameter —% < v < 1. The anisotropic Gaussian

w(l—v)
distribution G[f] is defined by

T v—u(t,z))" ) v —u(t,x
The temperature tensor 7 (¢, ) and stress tensor (¢, x) are defined as
T(t,x)=1—-v)T(tz)Id+vO(t, ), (1.9)
1 1
O(t,x) = p /Rd“ (v—u)® (v—u)f(t,z,v)dv = ;((v —u)® (v—u)f)), (1.10)

respectively, where Id is the d, x d, identity matrix and (v — u) ® (v — u) denotes the tensor product! of two
vectors (v — u) and (v — u).

As emphasized before, ES-BGK model also has a close relationship with fluid models. The Chapman—Enskog
expansion applied to ES-BGK model gives the compressible Euler equations [16] at the leading order term:

p pu
Ol pu | +Ve- | pu®u+pld | =0, (1.11)
E (E+pu

where p = pT'. While at the first-order correction in €, we obtain the CNS equations [13] (for details see
Appendix A):

p pu 0
O pu | +Ve | pu@u+pld | = eV - (po(u)) (1.12)
E (E+pu eVy - (po(u)u+ q)

where the stress tensor o(u) and heat flux ¢ are given by

2
o(u) = Veu + (Veu)' — d—Vw ~uld, q=kV,T,

v

with viscosity p = ﬁ and thermal conductivity x = d“—zﬁg. Thus, the Prandtl number is given by

dy +2 1
< Pr= + B < 00,
2 K 1—v

[SCE )

and this implies that desired such number can be recovered by choosing v appropriately. Note that the equation
for the total energy can be replaced by the equation for the temperature T' [2] as follows:

%p(@tT +u-V,T)+ pTV,-u=0(e). (1.13)

Considering the relationship with fluid models, when developing numerical methods for ES-BGK model, such
methods should have a correct asymptotic behavior, i.e., for small parameter ¢, the schemes should degenerate
into a good approximation of the fluid asymptotic (compressible Euler or CNS equations).

In the fluid dynamic limit, i.e., in the case of the limiting compressible Euler equations, numerical methods
that work effective while keeping the mesh size and time step fixed as the Knudsen number approaches zero,
are referred to as asymptotic preserving (AP) [22]. Additionally, a scheme that not only preserves the correct

IThe tensor product of two vectors a = (a1,...,aq),b = (b1,...,bq) € R% means the outer product of v and v, i.e., a @b € REX4
with (a ® b)ij = aibj.
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asymptotic behavior but also maintains high accuracy in the fluid dynamic regime is called asymptotically
accurate (AA) [12]. In other words, a scheme that satisfies both the AP and AA properties exhibits robustness
and high accuracy in the fluid dynamic regime, without resolving the small Knudsen number.

On the construction of AP and AA methods for kinetic models, IMEX time discretization [1,5, 6,8, 23, 24]
have been successfully applied and studied. We focus our literature reviews to the works on the NS limit based
on IMEX time discretization applied to BGK or ES-BGK model. There is, of course, a considerable amount
of literature on the use of IMEX-RK methods for BGK-type equations, (see, e.g., [12,16,17]). For instance, in
[3,26], the authors considered a micro-macro decomposition of the BGK equation and then applied IMEX-RK
schemes to the resulting coupled system. In [18], authors introduced a first order IMEX method for ES-BGK
model and showed that it is consistent to first order time discretization of CNS equations. High order IMEX-RK
methods of type CK (or type II) [21] and IMEX multistep methods [17] are also similarly applied to ES-BGK
model, and the methods are shown to be able to capture the NS limit under suitable conditions. However,
reference [21] focuses solely on a specific subclass of IMEX schemes (namely, type CK or type II methods [12]).

This paper provides a broader and more unified analysis of the various IMEX-RK schemes, specifically
type I and type II, extending and improving upon existing results in the literature for the ES-BGK model. In
particular, we study their asymptotic behavior and generalize the results presented in [21], showing that both
types of schemes are capable of capturing the compressible Navier—Stokes (CNS) limit without resolving the
small parameter .

Another novelty of the present work is that we show numerically the uniform accuracy of specific type of
IMEX-RK methods, originally introduced in [7] when applied to ES-BGK model for a wide range of Knudsen
numbers. These IMEX-RK schemes were originally developed and analyzed for a specific class of hyperbolic
relaxation systems. In the context of the ES-BGK model, we show that, under suitable assumptions on the
coefficients of such schemes introduced in [7], consistency with CNS equations is ensured (see Thm. 3.8). More-
over, additionally order conditions allow the schemes to maintain the order of accuracy throughout the entire
range of Knudsen numbers, thereby guaranteeing uniform accuracy. These conditions are sufficient but not
necessary. However, the price to pay is that the IMEX-RK schemes proposed in [7] require more stages than
those commonly used.

The outline of this paper is the following. In Section 2, we explain IMEX-RK methods for ES-BGK model.
In Section 3, we perform asymptotic analysis at the Navier—Stokes level. Then in Section 4, we give several
numerical tests in order to validate our theoretical findings. Finally, conclusion will be provided.

2. IMEX-RK SCHEMES FOR ES-BGK EQUATION

For the time discretization of (1.7) we consider an implicit-explicit (IMEX) Runge-Kutta (RK) scheme
because the convection term in (1.7) is not stiff and the collision term is stiff when Knudsen number is small.
An IMEX-RK scheme usually can be represented by the double Butcher tables:

¢l A clA
%7 ‘*bf.r (2.1)

Here A = (a;;) with a;; = 0 for j > i and A = (a;;) with a;; = 0 for j > i are s x s matrices, which are

associated to the explicit and implicit time discretizations, respectively. The coefficients vectors b= (l~71, ey l~)5)T
and b = (by,...,b,) " represent the weights, and the vectors é = (&,...,é)' and ¢ = (¢1,...,¢s) are the nodes
defined as

i—1 i
Ei = E Qij, Ci = E Qg 1= 1,...,8. (2.2)
j=1 j=1

Now we give some preliminary definitions. Based on the structure of matrix A in the implicit table, the IMEX
schemes can be classified into the following types [5,8,12]:
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Definition 2.1. An IMEX-RK method is of type I if the matrix A is invertible.
Definition 2.2. An IMEX-RK method is of type II if the matrix A can be written as

(00 o)

where @ = (ag1,...,a51)" € R*! and the submatrix A € RE-D*G=1D g invertible [23]; in particular if
a=0¢€R*"! b =0, the scheme is said of type ARS [1].

We note that IMEX-RK schemes of type II are very attractive because they allow some simplifying assump-
tions that make order conditions easier to treat, therefore permitting the construction of higher order IMEX-RK
schemes [6,8]. On the other hand, schemes of type I are more amenable to a theoretical analysis since the matrix
A of the implicit scheme is invertible. Later, we start our analysis with the latter scheme, type I.

In the following, we will also make use of the following representation of the matrix A in the explicit part

A= (2 %), (2.4)

where @ = (a1, ... 7?151)—'— € R*~! and ;1 e RG-Dx(=1) This representation of matrix A is useful for the
analysis of IMEX-RK methods of type II.
Finally, we give the following definition [9,10]:

Definition 2.3. If b; = ay; for i = 1,...,s, the scheme is said to be stiffly accurate (SA) in the implicit
tableau. Moreover, if b; = ag; for i = 1,..., s, the scheme is said to be globally stiffly accurate (GSA).

The first condition in Definition 2.3 guarantees that an A-stable implicit tableau is L-stable?. The AP property
of IMEX-RK schemes are strongly related to the L-stability of the implicit part of the scheme. Finally, if the
IMEX-RK scheme is GSA we have f"t! = () j ¢., the numerical solution coincides with the last stage of the
method.

Below, we review IMEX-RK methods of type I and type II applied to ES-BGK model (1.7).

— IMEX-RK method of type I. Applying an IMEX-RK method of type I to (1.7), we get in vector form

F = f"e — AtAL(F) + gAF(Q[F] - F),
Agt (2.5)
= - ATL(F) + ?bT?(g[F} - F),

where F = (f, f@ . fGNT e R*, L(F) = (L(fM),...,L(f®))T € R*, being L(f®)) = v -V, f* for
allk=1,...,s, G[F] := (G(fM),...,G(f®O)NT € R*. A diagonal matrix 7 := diag(7(!),...,7(9)) is defined

with the relaxation time 7(¥) associated to f(*) and e = (1,1,...,1)" is a vector of length s.
From the first equation in (2.5), we get

AtF(G[F] — F) = cA™ (F ~ fre+ AtAL(F)) (2.6)
and inserting in the numerical solution, we obtain
= (1—b A e +bTATIF — At(iﬁ - bTA*IA)L(F). (2.7)

Therefore, for IMEX-RK schemes of type I the numerical solution is independent on € and we are able to
pass to the limit ¢ — 0 in (2.5).

2A Runge-Kutta method is L-stable if lim, o, R(z) = 0, where R(z) is the stability function of the method. If the A-stable
RK-scheme is SA, i.e.,, bT A~le = 1, it follows that R(c0) = lim, oo R(z) =1 —bT A~'e = 0 [25]. Here e = (1,1,...,1)T is a
vector of length s.
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- IMEX-RK method of type II. Regarding the IMEX-RK method of type II applied to (1.7), with the
notations in (2.3) and (2.4), the scheme reads in vector form

=g

F = "6 — AtaL(f") — AtAL (F) + Atag(g[f”] N NY

™ |2
N

FE = A L) — ATL(R) + At TG~ 1) + AT L (GIF] - F),

where F = (f@ ... fONT e R~ L(F) = (L(f@),...,L(fONT e R*1 6 = (1,1,...,1)T € R,

b= (by,b3,....0s)T, 7" =7 7 := diag(+®?,..., 7)) and G[F] := (G(f@),...,G(f®))T € R*"!. From
the second equation in (2.8) we get

At7(GIF] — F) = AL [F - "6 + AtaL(f") + AtAL(R)| — AtA~lar(GIf") = /"), (29)
and substituting into the numerical solution in (2.8), we obtain

frHt = (1 - BTA—lé) - Atn(i)l - BTA‘la)L(f") - At(?ﬁ - z;TA—lfx)L(ﬁ) o)
+ At(b1 - BTA—la)%(g[f”] — ") +bT AR,

Unfortunately, here the numerical solution depends on €. Now, in order to be able to pass to the limit
£ — 0, we can either require that the initial conditions are well-prepared® [12], or impose that the additional
condition by — bT A~'a = 0 has to be satisfied, which allows us to take the limit ¢ — 0 in (2.8). Note that
the condition by — bT A~la = 0, is automatically satisfied if the scheme is SA, i.e., bTA-! = &l |, with
el ; =(0,---,0,1) vector of length s — 1. Alternatively, this condition also holds for IMEX schemes of type

ARS, where having a = 0 and b; = 0 condition b; — bT A=lq = 0 is also satisfied.

In both types, the methods require implicit solver for computing relaxation terms. However, the use of collision
invariants allows us to treat the implicit terms explicitly. The details will be provided in Section 3.

3. ASYMPTOTIC PROPERTIES OF THE IMEX RK SCHEMES

In this section, we discuss in detail the asymptotic properties of the IMEX-RK schemes of type I and II
with respect to the Euler and Navier—Stokes limits. We begin with a brief overview and proof of the results
related to the Euler limit, highlighting the preservation of leading-order asymptotic. More details can be found
in [12,16,18,21]. Next, we will analyze the asymptotic properties of IMEX-RK schemes of type I and II in the
Navier—Stokes limit.

3.1. Preserving the Euler limit

We start with an arbitrary IMEX-RK scheme written for each stage k:

k—1 k
At
(k) _ pm _ = . 0, 2t () 0] _ £ _
FO = = ALY e Vo f Y + =Y anr (g[f } f ) k=1,...,s (3.1)
=1 =1
with numerical solution
.- At &
ntl _ g . (k) (k) ®)] _ k)
fr=f At;_l:bkv VoS + = k§_1bkr (g[r®] - r®). (3.2)

3The initial data for equation (1.1) are said well-prepared if fo(z.v) = M[fo](z,y) + g (z,v), im0 g (z,v) = 0.
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At every kth stage of (3.1), the computation of f*) requires implicit treatment of 7(¥) and G[f*)]. This difficulty
can be circumvented by approximating 7*) and G [f*)] explicitly. For this, we rewrite (3.1) as

g

AtrFq
= Ik g[ (k)}
e+ 7R Atagy

(k)
£ €+ T(k)Atakk

f® (3.3)

with - e
= =AY e Va0 + =Y awr@(g[50] - 59).

(=1 =1

Taking the moments (-, @) := [p,, - ¢(v) dv with ¢(v) := (1,v, |v\2/2)T on both sides of (3.3), and using the
conservation properties (A.1), the implicit part is canceled, i.e.,

((6[s®] - 1)e) =0,

Therefore, one obtains the macroscopic quantities U := (p, pu, E) at every stage k:

k—1 k—1
U = / ( fr= ALY agw -V, f<f>>¢(v) dv = < f”¢> — Aty dkg<v Vs f<%>, (3.4)
Rdv =1

{=1

and numerical solution
yntl — <fn¢> _ At Z l;k<v . me(k)¢>. (3.5)
k=1

Note that using (3.4) we can obtain p®) u®) and T) at every stage k, which enables us to compute explicitly
7). To evaluate G[f(¥)], however, we need to determine the stress tensor ©%) in (1.10). To achieve this, we
first define the tensor 3 as follows

Z:/ v@ufdv=p(O+uu), (3.6)
Rv
and consider the stage values:
$(k) _ / v @ o f® dy = p® (@(k) g u(k))_ (3.7)
Rv
Note that ©) can be obtained by computing %(*). Next, we use (1.9) and (3.6) to get

pT =p[(1 =v)TId+vO]) = p(1 —v)TId 4+ vE — vpu ® u,

and combine this with
[ voudifiw)dn=pT +usw),
Rdv

to obtain
/Rdu v @ v (Gf] - f)dv = (1— v)(p(TTd +u®u) — ). (3.8)

Now, we multiply the scheme (3.1) by v ® v and integrate it over v, and use the relation (3.8) to derive the
equation for X(%):

At(l — V)T(k)akk
nk) _ < * B (TE g+ u® & y® 3.9
ST 0= )T At et (L= v)r At (101 +u® @ u®), (3:9)
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where
k—1 AL
Yr=3" - At Z eV - <v ® vvf(£)> + — Z age(l — I/)T(e) [p(e) (T(Z)Id +u® u“)> — 2(4)}.
(=1 =1

Then, the IMEX-RK scheme reads

At(]. — V)T(k)akk
n(k) — < . B (TR Id 4 u® @y
e+ (1 — )70 Atayy, e+ (1= )T ™ Atag,” ( e ) (3.10)
£ € ), AtrWag [ <k>}
e + 7F) Atayy, - e + 7)) Atay,, ’
and
°- At &
n+l _ yn . (k) = (k) (k)| _ (k)
) ) At;bkvz <v®vvf >+ : ;bk<v®v<7 (g[f } f ))>
=1 =t (3.11)

Frt = e AES b V) = 3 b (gr®] - o).
k=1 k=1

Regarding the leading order limit, i.e., Euler equation, the following results for IMEX-RK schemes of type I
and IT have been proved in [12,21].

Proposition 3.1. Consider the IMEX-RK method (3.1) and (3.2) of type I. Then in the limit ¢ — 0, for a
fized At, the scheme becomes the explicit RK scheme characterized by the pair (A,b) applied to the limit Fuler
equations (1.11).

Corollary 3.2. Furthermore, if the scheme is GSA, then
sl n+1
lim 77 = lim M[f"]. (3.12)

Remark 3.3. According to Proposition 3.1, the limit scheme is both AP and AA. In other words, as ¢ — 0,
the scheme remains stable and accurate, precisely matching the explicit tableau of the IMEX-RK method.

Corollary 3.2 claims that an important property of the IMEX schemes of type I is obtained if in the limit
¢ — 0 the distribution function is projected over the equilibrium, i.e., f** = M(f"*1). From (2.7) it is clear
that this property is achieved if the scheme is GSA i.e., b A~! = e/, with e] = (0,...0, 1) vector of length s,
and bT ATA=10" [12,16].

Note that GSA property is not essential for type I schemes to result in AP and AA for limit Euler equations,
(see [5,6,8,12]).

Proposition 3.4. Consider a GSA IMEX-RK method (3.1) and (3.2) of type II, then in the limit ¢ — 0, for
fized At and well-prepared initial data, the scheme becomes the explicit RK scheme characterized by the pair
(A,b) applied to the limit Euler equations (1.11).

Remark 3.5. Since the scheme is GSA, it ensures that the initial value remains consistent at the next time step,
i.e., fPT = M[f"*1]. Without the assumption of GSA and the consistency of the initial data in Proposition 3.4,
as discussed for the type II case in Section 2, IMEX-RK schemes of type ARS (¢ = 0 and b3 = 0), remain
asymptotic-preserving (AP) without requiring additional conditions (in (2.23) the quantity (b; —b” A~'a) = 0),
although they are not necessarily asymptotically accurate (AA). However, imposing the additional condition
by = 0 ensures asymptotic accuracy (see for more details [12]).
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Usually, to guarantee that an IMEX-RK scheme of type I or II remains robust and stable for any value of
€, that is, performs correctly across both the rarefied and fluid regimes, assuming GSA condition may achieve
this task, particularly in the fluid regime, without additional order conditions [7,12]. However, as noted in
Remark 3.5, we can consider Type ARS schemes that are not GSA, but characterized by some assumptions on
the coefficients of the scheme in order to guarantee both AP and AA properties.

We conclude this section by considering an explicit RK scheme characterized by (/1, B) applied to the limit
compressible Euler equations (1.11) with 7' = p/p, which takes the form:

k-1
p*) = p" — At Z apeVe - (P(Z)Um),
=1
k-1
(PU)(k) = (pu)" — At Z akeVa ((pu)(z) @ u® + p(z)T(z)Id) (3.13)
=1
-1
E® = g — Atz eV - (( BO 4+ pw)T(@)u(z))
=1
for k =1,...,s, with numerical solution
Pl = g Atzgkvm ) (p(k)u(k))’
k=1
(pu)™** = (pu)" = ALY BVa - ()™ @ u® 4 pO T 13), (3.14)

w AN (B 4 7))
Et = E At;bkvw <(E + T )u )

Note that in (3.13) and (3.14), to the leading-order, we can exchange the energy equation with the temperature
one (1.13), so we get

2

T®) — 1" — At § ke (um VIO + =TOV, - M), (3.15)
- 2

T =T — At § by (u(k) VT® 4 STV, u(’”). (3.16)

3.2. Preserving the Navier—Stokes limit

In this section, we analyze the asymptotic behavior of IMEX-RK schemes of type I and II for ES-BGK
equations (1.7), and prove that for small value of ¢, these schemes asymptotically capture the NS limit without
resolving e, providing a numerical scheme for the corresponding CNS equations (1.12). The two main Theorems
below not only extend the asymptotic analysis in [21] by considering genereal IMEX RK methods, but also
result in explicit-type RK schemes for CNS equations which are consistent with the results of Boscarino and
Pareschi [7].

At the Navier—Stokes level, (for small but non-negligible Knudsen numbers, ¢ < 1), the GSA condition is
not crucial to ensure consistency with CNS equations for both types of IMEX-RK schemes. Therefore, for the
subsequent analysis, we do not impose the GSA condition on the scheme.

— IMEX-RK scheme of type I. We first analyze the IMEX-RK method of type I. The following shows that
the result in [7] can be generalized to ES-BGK model.
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Theorem 3.6. For small values of ¢ and with AtP + eAt + Z—i = o(e), the IMEX-RK of type I (2.5) asymp-

totically becomes a consistent macroscopic explicit-type RK scheme of order p charterized by the pair (fl, I;) and
(B,w) for the CNS equations (1.12) with

B=AA"'A, w' =b"ATA.

Note that the pair (A, b) is the explicit table of the IMEX-RK method of type I'in (2.1), and A corresponds
to the implicit part. Moreover, in the theorem we assume that the explicit-type RK method is of order p. We
remark that the order p could be ensured by enforcing additional order conditions derived from the associated
two pair of Butcher tableaux. Such conditions are derived in [7] up to order p = 3.

Proof. We start by considering the vector notation of the IMEX-RK scheme (2.5). By the first order discrete
Chapman—Enskog expansion in € of f* and F, we get

fr=Mf" 1 +efl’, F=M[F|+efy, (3.17)

where the vector function f; satisfies the so-called compatibility conditions (¢f;) = 0 in (A.5). Inserting this
expansions (3.17) into (2.5), then multiplying by ¢(v) function and integrating on v, we get

(PM[F]) = (pM[f"]e) — AtA(SL(M[F])) — eAtAV, - (vofy),

where A = A@g Ig, 42 € R(ZHdv)sx(2+dv)s 14,42 is the (d, +2) x (d, + 2) identity matrix, and the symbol ®
denotes the Kronecker product®. Defining the flux vector V- F(U®) = (¢pL(M[FD))) with U = (¢ M[FD]),

it follows _ _
U=e®gU" — AtAV, - F(U) — cAtAV, - (vofy), (3.18)

where e = (1,1,...,1)T € R?,

- (Uu) U@ ... ,U<s))T € RZ+dv)s,
(@) i)y, (D) (i))T c R+

(@) ()| e R@tdo)s
AV (p(i)u(i))
v, F(Uu)) — | Vo (0DuD @ u® 4 pOTO 1) | e RN (i=1,...,5).
V. - ((E(i) + p(i)T(i))u(i))

By Lemma A.3 in Appendix A, we obtain

U=e®g U" — AtAV, - F(U) — eAtAV, - H(U), (3.20)
and, similarly, for the numerical solution we have

U™t = U™ — AtbV, - F(U) — eAtbV,, - H(U), (3.21)

4\We use the symbol ® g to denote the Kronecker product: If A is a m X n matrix and B is a p X ¢ matrix, then the Kronecker

a11B ainB
product of A, B is a mp X nqg matrix that can be written in block form as A ®x B = : : .
am1B amnB
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where b:=b' ®x Iq,+2 and

-
v, -H(U) = (vx : H(U“)),m : H(U(Q)),...,Vz-H<U(S))) € RGHd)s,
0
v, 1 (U0) = V.- (h0ef”) ER> D (j=1,...,5).
v, - (@ + pefu)
Now we evaluate the quantities @5’7 and Qgi), for i = 1,...,s. To achieve this, we expand the anisotropic

Gaussian G with respect to ¢, i.e.,
G[F] = M[F] + eg, (3.22)

with vector g defined as (A.13). Now inserting (3.17), (3.22) into (2.5), we get

MIF] = Mf"]e — ALAL(MIF]) - (£ — fie + ALAL(R)) + AtA7(g - 1) (3.23)
which implies
7(fy —g) = —A"" (M[F] _A?A[f le + AL(M[F])) + O(i). (3.24)
Now, applying only the explicit part of IMEX-RK scheme to (A.20), we get
M(G] _Ai\/l[fn]e + A(L(M[G])) = Adiag (M[G]) (A(V) : @ +2B(V) - vNT) + O(e), (3.25)

where G denotes the vector of internal stage for the equation (A.20) and

u= (u(1)7...,u(s))T € R%* T = (T(l),...,T(S)>T € R,

v=(vove, . V(S))T erts yo 4 pa
) ) 9 \/ﬁ )

74

A(V) : # € R®, (A(V) A (vu) oV _ di

2Id) : J(U(i))

),
B(V)-V.VTeR, (B(V)- vzﬁ)i = ;V(“(\V(“ ", +2)) VL NVTO, =1, s,

Integrating both sides of (3.25) macroscopic variables are associated to G are obtained as follows:
Ug = e®k U" — AtAV, - F(Ug) + O(eAt), (3.26)

where Ug is the macroscopic quantities associated to the stage values. Since the first stage values of F and
G are the same [, U and Ug are obtained from the same U™ and this implies that [|[U — Ug|lcc = O(eAt).
Then, by Lemma A.1 we have M[G] = M[F]| + O(cAt). Inserting this into (3.24), we get

Ff —g)=—A" <M[G] _A;V’[fn]e + AL(M[G]) + O(e) + O(sAt)) +0(5)
(3.27)
—_A! <Adiag (M[G]) <A(V) : @ 1 2B(V)- vx\/T) + (’)(5)) + O(Ait) +O(eA)
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where the second line comes from (3.25). Now, we again use M[G] = M[F] + O(cAt) to derive

F(f —g)= A1 <Adiag (MF]) (A(V) : @ F2B(V) - vzﬁ» + O(Ait) +O(e) + O(eAt).

Then, we have
f—g—71A"" (;1 diag (M[F]) (A(V) : @ +2B(V) - vxﬁ» + (At) LO(e).  (3.29)

Multiplying by v ® v or v|v|?>/2 both side in (3.28) and taking the integration over v, we get from (A.21),
(A.22) and (A.23) that

p(i)@gi) = l/p(i)@gi) - % Z(A_lfl)

j=1

ijp(j’T(j)a(u(j)) + O(i)’ i=1,...,s

D () (e Sy LSS N S ooy £oooN e Ao 2

@§>+p(z>@§>um:,,pu)@g)u(z)_mz(/l 1A)ij(pu)TmU(um)um+ 2+ p(J)T(J)vIT(J))
=1

+0(5;)

Thus, the approximations of stress tensor and heat flux are given by

.
PO, = (pu)@(ll)’p(z)@f),... m(s)@gs))

_ [ SRR S
- —— V(T A~ A diag(p) ®x Id) o(u) +0(At)
(a®x Id) x o(u )+(’)(At>
q:(@l ( (1) ;" anS)>
_de 2 4 €
o ( A~ A diag(p )®K1d) waT—l—O(E)
(R®x Id) x V T+(’)<At)
where o(uV) = V,u® + (V,u)T — 2V, . u1d, and p = (p,p@, ..., p) T with p = pOTO . Here we
defined the viscosity and thermal conductlwty s X s matrices i = (u”) and R = (Kij) as
_ 1 __1 17 . _ _7dv+2_71 1% . _
= = V)T (A A) diag(p), k= 5T (A A) diag(p). (3.29)

This implies that

~ 2
71 (A—lA) diag(p) = (1 )= g5
and hence J ) )
CREy 1<i,j<s

2 l’*iij_l—l/7

This form is consistent to the Prandtl number of the ES-BGK model. To sum up, the scheme reads

U=e®g U" — AtAV, - F(U) + eAtAV, - S(U) + O(?), (3.30)
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and

U™t = U — AtbV, - F(U) 4+ eAtbV, - S(U) + O(£?), (3.31)
for the numerical solution, where

T
V- S(U) = (vw S(UW),V, - SUP),...,V, ~§(U(S))) € R(®+2)s,
V-0,
(i) — V. (ST g o (u®
vz : E(U ) - x ijl :u’lja-(u ) 9
v, - (Zﬁ;i fiijor (u))ul) 4+ Rijvao‘))

V-0,

= Vi - (T(li) Z;;ll (1iu) (AlA)ijp(j)a(u(j))>’ S R%+2,

V- (T(l) Z;;ll (1iu) (A—ljl)i lp(j)g(u(j))u(j) 4 drv2+2 (A_llzl)ijp(j)va(j)>

J

For each i,j = 1,..., s, we now consider the approximation 7(9 = 70) + O(At) + O(£?). Inserting this approx-
imation into the S(U) in (3.30) and (3.31), we obtain

U=e@r U"— AtAV, - F(U) + eAtAV, - S(U) + O(£?) + O(eAt?),
Ut = U™ — AtbV, - F(U) + eAtbV, - S(U) + O(?) + O(eAt?),

where
-
V. -S(U) = (VT -§(U<1>),vx .g(U@)),...,vm ,é(U(@)) e R(+2)s,
V. -0,
v, é(Uu)) — Vi (Z§=1 W(Alg)ijpmg(u(j))),
v, - (ZL —L (A—l,zl) ijp(j)”(“(j))“(j) + a2 (A_IA)MP(”VITU))
V. -0,
_ YO (A—lli)ijvaj (p Do (u)), c Ré+2
> (A71;1> Vo (1o (uD)u) + 0V, T0))
ij
with pt) = (171})7(”1)0), k) = g:fj?p(j). Defining

V.- S(U) = (vz : S(U(l)),vx : S(U(2>), Vi S(U(s)))T € R@+2)s,
V. -0,
V., - s(uw) - Ve (Do (u®)), € Rw+2,
Vo (10 (w®)ul + xOV,T0)
we finally derive
U=e®yg U"— AtAV, - F(U) + eAtBV, - S(U) + O(?) + O(eAt?),

) 3.32
Ut = U™ — AtbV,, - F(U) + eAtwV,, - S(U) + 0(£2) + O(eAt?), -
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where B = (AA 1A) QK Ig,+2 and w = (bTA 1A) ®f La,+2. Next, we consider the following exphc1t -type RK
method of order p based on the coefficients matrices A, B and the weights b, w with B = AA™'A, wT =bT A" 1A
applied to the CNS equations (1.12):

U=e®g U" — AtAV, - F(U) 4+ eAtBV, - S(U),
U™ttt = U — AtbV, - F(U) + eAtwV, - S(U).

Assuming that u(t) is the true solution of the CNS, then the local truncation error is O(At?), i.e.,

O(AP) = (t”“—+2bv P (u) - szev -5 (u) (3.33)

where p is the order of the explicit scheme with

u® = u(ty) AtZa”V P (u) - AtZB”eV s (u),

Jj=1 Jj=1

where B = (B;;). Now, we consider the local trunction of our method (3.32):

L.T.E. — (t"“— v Z b; (v F( )) - Zw (€Vx5<u(i))) + 0<2) + O(eAY) (3.34)

where w = (wy,wa, . ..,ws) . This combined with (3.33), gives
2
LT.E = O(A#) + O <Zt> + O(AY). (3.35)

O

Theorem 3.6 implies that, to accurately capture the Navier—Stokes eqyation, it is necessary that the local
truncation error satisfies L.T.E = o(e), which holds true if AtP 4-eAt + %7 = o(e).

Corollary 3.7. Setting 7 = 1 in (1.7) the macroscopic explicit-type RK scheme has a local truncation error:
LT.E. = O(AtP) + O(2/At).

Similarly, analogous considerations can be made for type II by introducing a new definition of the matrix B
and weights w (for details, see paper [7]). However, in practice, 7 is closely related to the viscosity and heat
conductivity of gases, and hence the form of 7 should be set carefully (see for example [3,16,18,19]).

— IMEX-RK scheme of type II. In this section we analyze the asymptotic behavior of type II IMEX-RK
schemes. As type I scheme, at this stage, we do not need to assume that the scheme satisfies the GSA
condition.

Theorem 3.8. For small values of € and with AtP +eAt + Z—Zt = o(e), the IMEX-RK of type II (2.8) satisfying

AAYa=a, bTAl'a=by, (3.36)
with ingtial data f* = M[f"] + ef{’, where

g TinM[f"] (AV™) s o) + 2BV - VoVT7) 4 0(2), (3.37)
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V= 22U asymptotically becomes a consistent macroscopic explicit-type RK scheme of order p charterized by

VI
the pair (A,b) and (B,w) for the CNS equations (1.12) with
0 0
(0 1) e
b, B (3.38)

by = AA G, B=AA'A, w=bTA'a, oT=b A!

As in the case of Theorem 3.6, we remark that the order p could be ensured by enforcing additional order
conditions derived up to order 3 for type II from the associated two pair of Butcher tableaux in [7].

Proof. The IMEX RK scheme of type II applied to (1.7) can be written in compact form (2.8) as

FO = = e~ AtlaL(f") — AtZL(ﬁ) + gm"(g[f"] — M+ %A%(g [F} - F) (3.39)

- 2 . At >

n+l _ prn n T n n T

PP = ABL(f) — Ath L(F>+?b1(g[f = /) + b (g[F] - %).
Now inserting expansions

fr= MU et E=MF| weh, Gl = MU+ eg”, GlF| = MF| 4 g, (3.40)
into (3.39), multiplying by ¢(v) function and integrating on v, we get
v =un,
U =60k U~ At(awx V. FU") + AV, - F(0)) —eat(aer (oL(f1) + AL (h))),  (3.41)
Ut = U = AtV FU) + bV, - F(0)) - eat(bloLm) + B<¢L(f1)>).

Here A == A0 Iy 42, b = b ®x Ly, +2, and we define V,-F(U™) = (¢L(M[f"])) and V- F(0) = ($L(M[F])),
i.e.,

U= (U®,Uu®,... U(s))T € R@+d)(s—1)

v® = (p i) p<z (i E<>) c R+

V. F(U®),... V. F(U<S>))T € R@Fd)(—1) (3.42)

(p( ) ))
Ve U(’) p< >u<1 @u® +pWTOId) [ e R (i=1,...,s).
E(z + p(Z)T(Z)) (2))
Then, by Lemma A.3 we obtain
U — U,

U=éarU" - At(awx Vo FU") + AV, - F(U)) —cat(aer V.- HU") + AV, - H(0)), (3.43)

Ut — g - At(élvz - F(U™) + bV, F(U)) - aAt(élvx H(U™) + bV, - H(U))
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where

v, H(U) = (Vm : H(U(Q))7VZ -H(U(:”)), V- H(U(s)>)T € RHd)(s=1)
0

VI~H<U(”): A -(p(“@(“) ER¥ =1, s
vx.( CINCINCH )

Now we evaluate f; in (3.41). Substituting (3.40) into (3.39), we obtain
M[F| = Mife - At(aL(m(f +AL( 7))
- 5<f1 fle+ At (aL(f1 1) ) (3.44)

+At<a7"(g"—f +AT( —fl))

Following the same argument for type I in (3.25)—(3.27), we have
Az (ﬂ - g) = -G (M[f”] (A(V”) : "(;‘ ) Lopmy. Vx\/T">)

~A(M[E] (a(v) 75 s 2m(v) - v.VT) ) (3.45)

—ar"(f{ = g") +0(5;) + 00,

1)

where u” = (u®,aT), TT = (T, TT) with a7 € R, TT ¢ Rs~! and

v = <V(1)’\7T)7 vV — (V(2>,V<2>’ N .7V(s))T c RbG—1) 16 ”_7“(” e R,
\/T()

with «() =", T =T and V(Y) = V™. Now, at the initial step n, by the assumption (3.37) we have

(g7 = g = - (a0 s T 4 2mm) 9T 4 o)
and substituting this into (3.45), we get
fi=g—7'A"Ya—a) (M[f”] (A(V") : @ +2B(V") - vm\/ﬁ»
e A i) (a(7) - T om(1) vV ) o) 4 000

Recall that F) = 2 UM = U we set g1 = ¢", fl(l) = fr. Now, we multiplying by v ® v or v|v|?/2 both
side in (3.46), and take the integration over v, which together with (A.21)—(A.23) gives

(3.46)

1
pel = el - P T (u") + O(e),
(3.47)

| dy +2
Q" + pMeu® = ppheiu® — — <P"T"0(U”)U" + T+
n

p”T"V;ET”> +0e),
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and
(3 7 1 T ~
p(Z)G()—Vp(’)G)()— , (A 1(a—a)) P T o (u™)
(@) i—1
1—2
1 i-1 1) GHD PG+ (4D £
S ) () o ).
i=

dy +2

QY 4 pDOW YD — 1MWy _ » ( A'a - a))i_l <p”T"U(u")un + p"T”VmT">

1—2 R
_ }) (A—l@) p(j+1)T(j+1)U(u(j+1))u(j+1) +dv;2p(j+1>T(j+1)V1T(j+1)>
T\ £ ij
Jj=1
+0(55) i=2

with /Al*l(& —a) € R*"L. Thus, the approximations of stress tensor and heat flux are given by

WeW — 1 agm mn W) _do+2 e
PO = Gy T W) + 0(), Q= 5o VLT +0(e),
A @) (3) )"
o1 = (p@0, e .. peel) |
_ 1 2—1 A—1/~ n ny _ 1 A1 515 4 ~ N i
= 1_1/(7' A7 (a a)p)@KU(U) 1_}/(7’ A Adl&g(p)@KId)xa(u)—i-(’)(At)

= iY@k o(U™) — (i @K Id) x o(h) +O(é)
T
q:(@lz( 52), 53)5”'aQ:(LS)> )

= _d”;2 (7%_1/1_1(& — a)p") QK VT —

dv+2 a=12_17% .. A S 9
5 (T A1 Adiag(p) @ Id) x va+0(E)

. < £
where o() = (o(u®), ..., o(u®)T, V,T = (V,T?, ..., V,TNT ou®) = V,u® 4+ (V,ul)T - 2V

uDId (i = 2,...,s) and p = (p@,pB) ... pNT with p® = pATE (5 = 2,... s). Now we introduce the
viscosity and thermal conductivity matrices given by

0 0 0 0
:L_L: ((1) A)? R’: <(1) A)? (348)
it p R R
where . Q49
=(1) -1 p—1(~ n z(1) _ G T "
I T V(T A7 (a—a)p ), R 3 ('r A7 (a—a)p ), (3.49)
and ji = (p;;) and & = (ki;) are s — 1 x s — 1 matrices such that
A 1 ~—1( 7-1 2 . A 2 dv+2 ~—1( 41—1 3 s =
= = V)T (A A) diag (p), R=——1T (A A) diag (p) (3.50)

Therefore, from (3.43) we obtain

v =pn,

~

U=é0x U — Ata @ Vy - F(U") — AtAV, - F(U) teAta®g V- S(UM) + eAtAY, -S(ﬂ) +0(e2)



394 S. BOSCARINO AND S.Y. CHO

UM = U — At V. - F(U™) — AtbY, F( ) YAV, - S(U) + eAtBY, 5( ) +0(?) (3.51)
with
v, -0,
n n n n 1 n n dy +2 n
VzS(U): vfb'(lu'a(u))a y M=o P, k= n P
(1-v)r 2T

V- (po(u™)u™ + "V, T™)

V. -5(0) = (v, S(v®).v, - 5(09).....v, - 5(00)) e R,
V.0,

V.- 5(U) = Vo (i) + Ve (i s () 0
Ve (Mz( Do (umyur + RglﬂvxT") + Vg - (22;21 fiijo (u D )ul?) 4 f‘iz’jvxT(jH))
From 7 = 70) + O(At) + O(e?) for i,j = 1,...,s, we further get
v — U,
U=é0xU" — Ata®g V, - F(U") — AtAV, - F(ﬁ)

+eAta @K V- S(U™) + eAtAV, §<U> +0(?) + O(eAr?)

Ut = U™ — At V, - F(U™) — AtbV, - F(0)
+ AV, - SUT) + eAtbY, - 5(T) + O(c?) + O(A¢)

with
V.- S(U) = (VI -§(U(2>),Vw -?(U@), Y. .?(Uu)))T € R+,
V.0
v, 5(v0) = (Ata-a) Vo @ro@m)
(A7 @ =), Ve (Grotwyr) +r09.Tm)
V.0
+ iz 1<A 1A) V, - (W00 (w41

ZJ 1<A 1A> V- (u(3+1) (uU D)+ 4 G+ Y, TE+D)

V., - S(fj) - (vm : S(U@)),vm : 5(U<3>), V. S(U(S)))T € R(@+2)(s=1)
v, -0,
v, 5(U®) = Ve - (Do (u®)), eRLY2 =2 ...,
Y, (Do (u®)u® + kOT,TO)
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we finally obtain
vt =un,
U=é0xU" — Ata®g V, - F(U") — AtAV, - F(ﬁ)
4 At Ok V- S(U) + eALAA (@ — a) @5 Vo - S(U™) + eAtBV,, - S(fJ) + 0(e?) + 0(eAt?)
U™ = U™ — AthV, - F(U™) — AtbY, - F(U)

+ eAth V, - S(U™) + sAtZTA_l(d —a)V, - S(U") + eAtwV,, - S(ﬁ) +0(e?) + 0(eAt?)  (3.52)
where B = B @k Iy, 2 with B = AA~'4A and & = & @k L4 42 with @ = b1 A~TA. By the extra condition
(3.36), we get

v =yn,
U=é0xU" — Ata®g V, - F(U") — AtAV, - F(fj)
+eAthy @1 Vo - SUT) + BV, - 5(T) + 0(e) + 0(A¢)
U™ = U — At V, - F(U™) — AtbV, - F(0)
+eAtw1V, - S(U™) + eAtwV, - S(I:T) + 0(e%) + 0(eAt?)

where and by = AA~1G and wy = bT A~'a. Next, we consider the following explicit-type RK method of order
p applied to the CNS equations (1.12):

v =y,

U=é0xU" — Ata®g V, - F(U") — AtAV, - F(U)
+cAtby @k Vo - S(U) +eABY, - 5(0) (3.53)
U™ = U — AtV - F(U™) — AtbY, - F(U)

+ eAtw V- S(U™) + eAtOV, - S(U)

charterized by the pair (fl, E) and (B,w) given by (3.38) for type II schemes.
The same conclusions regarding the local truncation error presented in Theorem 3.6 can be applied here for
the case of type II. O

3.3. Uniform accuracy

In the stiff case, i.e., At > ¢, the phenomenon of order reduction may occur, particularly in the worst case
when At = ¢ (intermediate regime of €). In this scenario, the classical order of the method can drop off, leading
to a loss of accuracy in IMEX-RK schemes within this regime. This phenomenon was investigated in detail in
[5,7,12]. In particular in [7] the authors considered a prototype hyperbolic relaxation system and performed an
asymptotic expansion up to O(g) for IMEX-RK methods of type I and II. They showed that, under additional
order conditions, these schemes effectively reduce to explicit-type RK methods at the O(g) level. These methods
were carefully designed to accurately match the O(e) terms up to a desired order p, ensuring that effectively
behave as explicit RK schemes of order p for the convection-diffusion equation when ¢ is small but not negligible.
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However, constructing high-order IMEX-RK schemes of type I requires additional stages to satisfy extra-order
conditions, their construction is particularly challenging [7,12]. In this work, we therefore focus on IMEX-RK
schemes of type II [7], since their structures make them easier to construct.

We note that if conditions (3.36) are not satisfied, order reduction is likely to occur in these intermediate
regimes of ¢, for example, in the numerical tests (Test 1 and Test 2), a classical ARS scheme of type IT in (4.1)
show this phenomenon of order reduction. Alternatively, we adopt IMEX-RK schemes of type II introduced
in [7] that satisfy conditions (3.36) ensuring the consistency of the schemes (Thm. 3.8). Furthermore, these
schemes satisfy additional order conditions, preventing order reduction in the intermediate regime and ensuring
uniform accuracy over the full range of Knudsen numbers. In particular, we examine two IMEX-RK schemes of
type II called IMEX-II-GSA3 (4.2) and IMEX-II-ISA3 (4.3). These two schemes are specifically designed in [7]
to improve the resolution of hyperbolic relaxation systems, especially in the intermediate regime, i.e., € = At.
In Section 4, we compare these methods with other IMEX-RK schemes of type I or II existing in literature.

Finally, we note that IMEX-IT-ISA3 scheme fulfills b = b and the quantity in (3.52) becomes

VA Y a—a)=b" A" (a—a)=¢&] (a —a) (3.54)
which equals zero if @y = as1. It is worth noting that the assumption b = b, plays an important rule in mitigating
the lost of accuracy, especially in regimes where £ &~ At, as demonstrated in [5]. In Section 4, we will show that
IMEX-II-GSA3 scheme, which is GSA and b # b leads to a mild order reduction for small values of . On the
contrary, IMEX-II-ISA3 with b= b, does not exhibit order reduction, (as confirmed by the numerical results in
the next section).

4. NUMERICAL RESULTS

In this section, we test the performance of different types of IMEX RK schemes using two distinct models:
the 1 + 1 BGK model and the 1 + 2 ES-BGK model. We use the fifth-order finite difference WENO method
[15] to approximate spatial derivatives. The discretization of the velocity domain is achieved through uniform
grid points within a sufficiently large interval or domain. The choice of free parameter v and collision frequency
7 will be explained in each problem.

Throughout this section, we consider IMEX-RK schemes of type I and II. In particular, we take into
account the GSA IMEX-II-GSA3 scheme and IMEX-II-ISA3 with b = b. For comparison, we consider the
SI-IMEX(4, 4, 3) scheme of type I not GSA in [12], and the scheme GSA ARS(4, 4, 3) of type IT in [1].

In the following, these schemes are represented, as usual, by the double Butcher tableau.

— Third-order SI-IMEX(4, 4, 3) scheme of type I in [12]. (Top: explicit method. Bottom: implicit method).

0 0 0 0 0
5 v 0 0 0
3| 1.243893189483362  —0.525959928729133 0 0
1| 0.630412558152867  0.786580740199155  —0.416993298352022 0

0 1.208496649176010  —0.644363170684468  ~
v 0 0 0

0

Y

0 ¥ 0
c3| 0 0.282066739245771 ~ 0

0 1.208496649176010 —0.644363170684468 -~

0 1.208496649176010 —0.644363170684468 ~

v = 0.435866521508459, c3 = 0.7179332607542294.
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— Third-order GSA ARS(4,4,3) in [1]:

0 0 0 0 0 0 0ol 0 0 0 0 0
12| 1/2 0 0 0 0 1/2] 0 1/2 0 0 0
2/3| 11/18 1/18 0 o 0 2/3 0 1/6 1/2 0 0
12| 5/6 -5/6 1/2 0 0 1/2[ 0 -1/2 1/2 1/2 0 .

1| 1/4 7/4 3/4 —7/4 0 1| 0 32 =3/2 1/2 1/2

1/4  7/4 3/4 —7/4 0 0 3/2 -3/2 1/2 1/2

— Third-order GSA IMEX-II-GSA3 of type ARS [7]. (Top: explicit method. Bottom: implicit method):

0 0 0 0 0 0 0 0
43/100 | 43/100 0 0 0 0 0 0
336/929 0 336/929 0 0 0 0 0
—29/42 0 —29/42 0 0 0 0 0
581/527 0 —1213/770  2491/956  267/3701 0 0 0

2/3 0 —197/1238  499/743 0 581/3768 0 0

1 0 263/620  134/16589  1040/22119 0 AT77/9174 0

0 263/620  134/16589  1040/22119 0 AT77/9174 0

0 0 0 0 0 0 0 0
43/100| 0 43/100 0 0 0 0 0
336/929| 0  —168/2459  43/100 0 0 0 0
—29/42| 0 —2353/2100 0 43/100 0 0 0
581/527) 0 889/1322 0 0 43/100 0 0

2/3 | 0 247/2416 0 408/3035 0 43/100 0
1 0  872/1201 0 139/4081 —50/237 434/20817  43/100
0  872/1201 0 139/4081 —50/237 434/20817  43/100

— Third-order IMEX-II-ISA3 [7]. (Top: explicit method. Bottom: implicit method):

0] 0 0 0 0 0 0 0
1/5| 1/5 0 0 0 0 0 0
1/3] 0 1/3 0 0 0 0 0
2/3 0 557 /867 7/289 0 0 0 0
3/4 0 16,289 803/1156 0 0 0 0

1| 0 13348/3993 —9355/3993 0 0 0 0

1] 0 75/154 0 —-3/14  8/11 0 0

0  —155/112 251/80  —547/280 2/3 1/3 1/5

0] 0 0 0 0 0 0 0
1/5/ 0 1/5 0 0 0 0 0
1/3] 0 2/15 1/5 0 0 0 0
2/3| 0 7/15 0 1/5 0 0 0
3/4) 0 1137/1004 —731/1255 0 1/5 0 0.

1| 0  447/565 0 —636/613  519/496 1/5 0

1| 0 -—155/112  251/80  —547/280  2/3  1/3 1/5

0 —155/112  251/80  —547/280  2/3  1/3 1/5

397

(4.2)
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4.1. Accuracy test

Test 1. In this test we investigate numerically the convergence rate solving the BGK model for a smooth
solution. The initial data is taken as

1
po(x)’ (4.4)

po(z) =1+ 0.2sin(rx), wuo(x) =1, To(z)=

€

folz,v) = M(z,v) 7_(I— T p) (010, M)

where

_ _po(x) |0 — uo(x)[”
M(z,v) = 27T;})(Qc)ez)<p<—2To(zac)).

For an explicit definition of the term (I — IIaq)(v10,M), please refer to Remark A.2 in the appendix.

We use 32 uniform points for velocity in the interval v € [—10,10], and N, uniform points for space in the
interval x € [0, 2] with periodic boundary conditions. We set At = CFLAz/10 with CFL = 0.9 and 7 = 1.

Since the exact solution is not available for this test, as well as for the subsequent test, the L' errors are
computed as the difference of the numerical solutions on two consecutive meshes in space, i.e., we use the
numerical solution on a finer mesh with mesh size Az/2 as the reference solution to compute the error for
solutions on the mesh size of Ax.

Table 1 shows results for third order accurate IMEX-RK schemes at ¢t = 0.25. First we can see order reduction
in the intermediate regime for ARS(4, 4, 3) and SI-IMEX(4, 4, 3) scheme. Although we observe order reductions
for IMEX-RK at small Knudsen numbers, such as 1074, it is a typical issue of IMEX-RK methods. In general,
it is highly nontrivial to avoid order reduction of IMEX-RK schemes in the intermediate regime (for example,
see papers [5,6,8]).

For comparison, we test the two third-order schemes introduced in [7] IMEX-II-GSA3 (4.2) and IMEX-II-
ISA3 (4.3) for this example. The third order accuracy is achieved for IMEX-II-ISA3 for all values of € even in
the intermediate regime, i.e., the scheme maintains uniform accuracy, on the other hand IMEX-II-GSA3 shows
a slight order reduction for the value ¢ = 10~*. Note that, as discussed in Section 2, since the IMEX-II-ISA3
scheme has same weights, it performs better than the other methods for intermediate values of €.

Test 2. In this test we investigate numerically the convergence rate solving the ES-BGK model for a smooth
solution considering d,, = 2 with v = (v1,v2), and the initial well-prepared initial data (4.4), where

i)

M(z,v) =

) exp (4.5)

For the velocity discretization, we use 32 x 32 uniform points in the domain v € [-10, 10] x [-10, 10]. Note that,
for the SI-IMEX(4, 4, 3) scheme in order to achieve the expected order of convergence, we required more points
in velocity. In this test we use N, = 80 uniform points for the velocity. We use N, uniform points for space
in the interval x € [0, 2] with periodic boundary conditions. The time step is taken as At = CFLAxz/10 with
CFL=09,7=1and v =—-1/2.

Table 2 shows the result for the third order accurate IMEX-RK schemes at ¢t = 0.25. As the one dimensional
case we can see order reduction in the intermediate regime (¢ = 107%) for the ARS(4, 4, 3) scheme. The third
order scheme IMEX-II-ISA3 achieves the third order accuracy for all the values of ¢ even in the intermediate
regime, whereas IMEX-II-GSA3 and SI-IMEX(4,4, 3) schemes show a slight order reduction for the value ¢ =
104

At the theoretical level, the ES-BGK model approximates the NSE equations with an error of order O(g?),
as is well known from the Chapman-Enskog expansion. However, verifying this convergence numerically is
extremely challenging. Indeed, the numerical method approximates the ES-BGK model, not the NSE system
directly. Hence, the observed error will always be a combination of the modeling error, between ES-BGK and
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TABLE 1. Accuracy test for the BGK equation. Initial data is given in (4.4), L' error on the
density p at T'= 0.25 and N, = 32.

Relative L' error and order of density
SI-IMEX(4, 4, 3)-WENO35
e=1 e=10"? e=10"" e=10""°
N, 2N;) Ly Order L Order L, Order L, Order

(
(40, 80) 5.5435e—06 2.4034e—07 2.4841e—-07 2.5178e—07

(80, 160) 1.9598e—07  4.82 1.5473e—08  3.96 8.0955e—09 4.94 8.1595e—09 4.95
(160, 320) 8.6077e—09 4.51 1.9379e—09  3.00 2.9470e—10 4.78 2.5731e—10 4.99
(
(

320, 640) 6.0318e—10 3.84 2.5092e—10 2.95 3.468%e—11  3.09 8.1584e—12 4.98
640,1280) 6.2088e—11  3.28 3.2067e—11  2.97 9.1516e—12  1.92 3.3436e—13 4.61

GSA ARS(4,4, 3)-WENO35
e=1 e=1072 e=10"" e=10"6
Nz, 2N,) L1 Order L, Order L, Order L1 Order

40, 80) 1.6273e—05 1.2738e—06 1.1499e—06 1.1482e—06

80, 160) 8.5850e—07 4.24 4.2936e—08 4.89 3.5346e—08  5.02 3.5193e—-08 5.02
160, 320) 5.9885e—08  3.84 3.5424e—09  3.60 1.3376e—09  4.72 1.2315e—09 4.83
320, 640) 6.2342e—09  3.26 4.7790e—10 2.88 8.0292e—10 0.73 5.6966e—11 4.43
640,1280) 7.4782e—10 3.06 6.2449e—11 2.93 4.7953e—10 0.74 6.3566e—12  3.16

IMEX-II-GSA3-WENO35
Nz,2N) L Order L, Order L, Order L, Order

(
(40, 80) 1.3047e—05 1.2245e—06 1.1307e—06 1.1301e—06

(80, 160) 4.2711e—07  4.93 3.5404e—-08 5.11 3.2615e—08 5.11 3.2616e—08 5.11
(160, 320) 1.4238e—08  4.90 1.0951e—-09 5.01 8.8667e—10  5.20 8.8936e—10  5.20
(
(

P

320, 640) 2.4517e—-09  2.53 1.1533e—10 3.24 2.3656e—11  5.22 2.1240e—11 5.38
640,1280) 3.2531le—10 2.92 1.5141e—11 2.93 5.8846e—12  2.00 3.5767e—12  2.57

IMEX-II-ISA3-WENO35

(Ng, 2Ny) L1 Order L, Order L, Order L, Order
(40, 80) 1.5114e—05 1.2600e—06 1.1486e—06 1.1426e—06
(80,160) 6.8701e—07 4.45 3.9869e—08 4.98 3.4483e—08 5.05 3.4369¢e—08  5.05
(160, 320) 3.6504e—08  4.23 1.4366e—09 4.79 1.1093e—09 4.95 1.1169e—09 4.94
(320, 640) 3.2821e—09 3.47 7.6254e—11 4.23 4.9755e—11  4.47 4.4882e—11 4.63
(640,1280) 3.7817e—10 3.11 7.0441e—12 3.43 4.4539e—12 3.48 4.7061e—12  3.25

NSE, and the numerical discretization error in approximating both models. With this view point, to show the
error between ES-BGK and NSE is O(g?), we consider the same initial data used in Test 2, compute very
accurate solutions for each model for a range of Knudsen numbers, and check whether the discrepancy of the
numerical solutions show expected order O(£?). In view of this, we compute numerical solutions with sufficiently
small At and Az (for both ES-BGK and NSE) and large number of velocity grid points (for ES-BGK), and
measure the discrepancy in relative L!'-norm. In the following Figure 1, it appears that the convergence rates
are close to 2 when 1074 < & < 1072. On the other cases, the second order is not obtained. Note that when ¢ is
relatively small (¢ < 10™%), the result is improved as we increase the accuracy of numerical solutions. However,
when ¢ is relatively large (¢ > 1072), the errors are not improved even for high accurate solutions. This can be
interpreted as modelling errors between ES-BGK and NSE.
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TABLE 2. Accuracy test for the ES-BGK equation. Initial data is given in (4.4) with (4.5), L!
error on the density p at T = 0.25.

Relative L' error and order of density
SI-IMEX (4,4, 3)-WENO35 N, = 80
e=1 e=10"? e=10"" e=10""°
N, 2N;) Ly Order L Order L, Order L, Order

(
(40, 80) 3.1641e—-05 1.4962e—06 1.1980e—06 1.1999e—06

(80, 160) 1.8285e—06 4.11 4.4260e—08  5.07 3.5725e—08  5.06 3.6019e—08  5.05
(160, 320) 8.6363e—08 4.40 1.7243e—09  4.68 1.0440e—09  5.09 1.1081e—09  5.02
(
(

320, 640) 6.2789e—09 3.78 1.9614e—10 3.13 5.0039e—11  4.38 3.4509e—11  5.00
640,1280) 4.1337e—10 3.92 2.5833e—11  2.92 1.0886e—11  2.20 3.4304e—12  3.33

GSA ARS(4,4, 3)-WENO35 N, = 32
e=1 e=1072 e=10"" e=10"6
Nz, 2N,) L1 Order L, Order L, Order L1 Order

40, 80) 5.8625e—06 8.7440e—08 6.1776e—08 6.2235e—08

80, 160) 4.0040e—07  3.87 5.0511e—09 4.11 2.3576e—09 4.71 2.4420e—09  4.67
160, 320) 4.0934e—-08  3.29 5.0181e—10 3.33 2.5187e—10 3.22 1.4842e—10 4.04
320, 640) 4.8923e—09  3.06 6.0480e—11  3.05 1.1787e—10 1.09 1.4216e—11 3.38
640,1280) 6.0623e—10 3.01 7.5418e—12  3.00 4.6731le—11 1.33 1.8633e—12 2.93

IMEX-II-GSA3-WENO35 N, = 32
Nz,2N) L Order L, Order L, Order L, Order

(
(40, 80) 3.3509e—06 6.5315e—08 1.1307e—06 4.5811e—07

(80,160) 1.1158e—07 4.90 1.4444e—09 5.49 3.2615e—08 5.11 1.2718e—08  5.17
(160, 320) 1.5075e—08  2.88 1.4088e—10 3.35 8.8667e—10  5.20 3.8152e—10  5.05
(
(

P

320, 640) 3.7304e—-09  2.01 3.6735e—11 1.93 2.3656e—11  5.22 1.1960e—11  5.00
640,1280) 2.6209e—10  3.83 3.2301e—12  3.50 5.8846e—12  2.00 1.7831e—12 2.75

IMEX-II-ISA3-WENO35 N, = 32

(Ng, 2Ny) L1 Order L, Order L, Order L, Order
(40, 80) 4.9602e—06 7.9449e—08 5.9187e¢—08 4.6149e—07
(80,160) 2.6934e—07 4.20 3.4997e—09 4.50 2.0718e—09 4.83 1.3395e—08 5.10
(160, 320) 2.3668e—08  3.50 2.5659e—10 3.76 1.0526e—10 4.29 4.7348e—10 4.82
(320, 640) 2.7055e—09 3.12 2.740le—11 3.22 9.1594e—12 3.52 2.0956e—11 4.50
(640,1280) 3.3206e—10 3.02 3.2314e—12  3.08 1.1581e—12 2.98 2.6896e—12  2.96

Test 3. Riemann Problem. In this problem, we consider a Riemann problem in 1D space and 2D velocity
domain. The same test has been adopted in [18] to show the consistency between the ES-BGK model and BTE
or NSE. As initial macroscopic states, we use

(1,Mv2,0,1), —1<z <05,

(Po, Uz0, Uyo, To) =
(%, 0,0, i)7 otherwise,

where M = 2.5 is the Mach number. Here we impose the free-flow boundary condition in space = € [—1,2]. We
truncate the velocity domain with vy,x = 15. We compare numerical solutions at time ¢t = 0.15, 0.2, 0.4 with
the time step that corresponds to CFL = 0.5. Here we set v = —1 and 7 = 0.97p/2 following [18], which gives
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&—N,=320
——N,=640
—e—N,=1280

order 2

Relative L1 -norm

.
107 107 107"
Knudsen number

FIGURE 1. Knudsen number () vs. relative Li-norm. For the comparison, we used the same
initial data for test 2, and compute numerical solutions up to ¢ = 0.5.

the following viscosity and heat conductivity:

1 1
0on > T ol

We consider these transport coefficients when computing the reference solutions to NSE. We remark that this
choice matches the viscosity of ES-BGK model and the one derived from BTE for Maxwellian molecules [18].

In Figures 2 and 3, we present numerical results for BTE, NSE and ES-BGK model for different Knudsen
numbers € = 0.5, 0.1 respectively. For BTE, we use an explicit fourth-order semi-Lagrangian scheme [11], while
for NSE, we use the classical RK4 and WENO23. For ES-BGK, we use the combination of IMEX-TI-ISA3 for
the time discretization and WENO23 for the space one. For ¢ = 0.5, the numerical solution of the ES-BGK
model is very close to that of BTE, while solutions to NSE are deviated from the other solutions. On the other
hand, for € = 0.1, the discrepancy between three solutions become smaller, which confirms the consistency of
the three models.

Test 4. The Lax Shock Tube Problem. Finally we test IMEX-RK schemes solving the ES-BGK model for the
Lax shock tube problem [21]. We set the collision frequency 7 for ES-BGK model as

2
T = gp\/f7

N:

which yields the viscosity and heat conductivity:

1
W= VT, n=2uT.

4
where v = —1/2, and this implies that the Prandtl number is 2/3. We consider the initial macroscopic variables
Z ~ J(0.445,0.698,3.528)T, —0.5<z <0,
» ~1(0.5,0,0.571) T, 0<2z<0.5,
on the free-flow condition x € [—5, 5]. We take well-prepared initial conditions

e

fo(z,v) = M(z,v) 7_(I — 1) (010, M),

where I is the identity operator and IT 4 is the projection operator defined as (A.16). We first use 80 x 80 uniform
points for the velocity domain [—20, 20] x [—20, 20], and N,, = 200 uniform points for the spatial discretization.
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t=0.40 . t=0.40

05 L L L L L ) 15

FiGURE 2. Comparison between reference solutions of BTE and NSEs with the numerical
solutions for ES-BGK model. We report the case of density, velocity, temperature and heat flux
at time ¢t = 0.1, 0.25, 0.4. The Knudsen number is ¢ = 0.5.

The CFL number is taken as 0.2 and final time 1.3. We consider IMEX-II-ISA3 scheme coupled with WENO35
for solving the ES-BGK model. In Figure 4, we compare the numerical solution of the ES-BGK model with those
of the compressible Navier-Stokes equations and the compressible Euler equations. The reference solution of
the Euler equations and of the Navier—Stokes equations was generated by using spectral method for the spatial
derivatives and fourth-order RK method for the time on a grid of 3200 for e = 0,1072,10~* respectively. As we
can see from the Figure 4 the numerical solution of the ES-BGK model is very close to that of the NS equations.
Furthermore for a better visualization, we zoomed the two solutions on a portion of the domain. In Figure 5 we
reported the moments

—po(u) = filv—uw) @ (w—u)dv=(fi(v—u)® (v—u)),
Rdv
1 (4.6)
—kVT = f1§(U—U)|U—U|2dU=<f1(U—u)|U—U\2>a
Rdw
i.e., the shear stress and heat flux, computed (1) from the function f; = % (2) from the macroscopic quantities

and (3) from the NS equation for the case of e = 1072 and ¢ = 1074,
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0.8 L L L

~——-BTE

FiGURE 3. Comparison between reference solutions of BTE and NSEs with the numerical
solutions for ES-BGK model. We report the case of density, velocity, temperature and heat flux

t=0.40

~——-BTE
————NSE
ES-BGK

at time ¢t = 0.1, 0.25, 0.4. The Knudsern number is € = 0.1.

1 T T T T T T
Euler
——NS, e =0.01
——NS, £ = 0.0001
v ES-BGK, € = 0.0001
o ES-BGK, ¢ = 0.01

08

F1GURE 4. Comparison between reference solutions of Navier—Stokes equations and the numeri-
cal solutions of IMEX-TI-GSA3 (left) and a zoom (right). Uniform 40 x 40 points for the velocity

domain [—20,20] x [—20,20].
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FIGURE 5. The shear stress and heat flux for € = 1072, 10~%. Uniform 40 x 40 points for the
velocity domain [—20, 20] x [—20, 20].

5. CONCLUSIONS

In this work, we investigated the asymptotic behavior at the Navier—Stokes level, reproducing theoretical
results, Theorems 3.6 and 3.8. We showed that existing IMEX-RK schemes including type I and II can accurately
capture the NS limit without resolving the small scales determined by the Knudsen number. To address the
issues on order reduction of these schemes at the Navier—Stokes level, we propose IMEX-RK schemes of type II
developed in [7]. In particular, the IMEX-II-ISA3 scheme of type ARS satisfying additional conditions (3.36)
guarantees uniform accuracy avoiding order reduction. Finally, we provided numerical examples that validate
the theoretical results.
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APPENDIX A. APPENDIX

A.1. Basic properties of Gaussian distribution function

By definition, G[f] satisfies

(1) = [, 1= [ ainwan={o) =
(o) = [ vt = [ w6iri)a0= (6710 = pu

Note that from

/R (-0 - wf)do = e,

[, @=u& w=welnw) v = o,
we further have

f=6lfl = f=Mf];

f=Glf] +O@) implies glf] = M[f] +O(e).
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(A.2)

(A.3)

The proof is straightforward. In fact, on both side of f = G[f] using (A.2) we get © = 7 and from (1.9) we get 7 = TId
hence G[f] is just the isotropic Maxwellian M|f]. Similarly if on both side of f = M][f] takes (A.2). For the second point

in (A.3) the proof is similar and we omit the details.

Lemma A.1. Let Us = (ps,prus, Er) and Uy = (pg, psug, Eq) be macroscopic variables associated to f and g, respec-

tively. Then, for a positive constant 0 the assumption
U5 = Uglloo = O(9)

implies that
IMLf] = Mg]| = O(6).
Proof. The differential form of M satisfies

_ _ 2
dM:MEdp+LT“)~du+ (‘” ul d”)dT]

272 2T
This further implies that

|U_Ug|2 _ ﬁ

M15] = M) = Mlg) | -(or = )+ O g )+ (1l -

Py T,

This gives the desired estimate.

) (T — Tg)] + O(8%).
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A.2. Chapman—Enskog expansion of ES-BGK model

Here we perform the first order Chapman—Enskog expansion of ES-BGK model with respect to e:
f=Mfl+eh, (A.4)
which implies that f; satisfies the so-called compatibility relations:
(¢f1) =0, &= (10,0 (A.5)

Now we take the expansion in terms of ¢ for the stress tensor

© =TId+ 26, (A.6)
and the heat flux
o — ul?

Q::< 3 (vfu)f>:0+sQ1 (A7)

with
(9121 fl(v—U)®(v—u)dU=1<f1(v—u)®(v—u)>v (A.8)

P Jrdv P

and

Qi = flé(v—u)\v—ufdv:<f1%(v—u)|v—u\2>. (A.9)
Rdv

Inserting (A.4) and these latter expansions for © and Q into the conservation laws

(@f) + (¢v-Vaf) =0,

or

(OM[f]) + (pv - Vo M[f]) = =€V - (dvf1),

it gives the equations:

OU + V,F(U) =—-eV, - H(U) (A.10)
with
p pu 0
U={(of)y=|pu]|, FU)=|puu+pTld |, H(U)= pO1 . (A.11)

To evaluate the quantities p©; and Q1, we seek the form of f;. For this aim, we consider the expansion of the anisotropic
Gaussian G(f) with respect to ¢, i.e.,

Glf] = Mlf] +eg. (A.12)

By (1.9) and considering the expansion (A.6), we get 7 = TId + ve©1, and using the fact that ¢r(01) = 0, this gives
det(7) = T + O(e?) and

—1 1 2
T = Z(1d- 761) +0(),
and therefore by (1.8) we obtain
g:= gl/] _EM[ﬂ = V/\Q/l,}g‘] (v —u) O1(v—u). (A.13)

where we neglect the term O(g?). Now the next step is to insert expansions (A.4) and (A.12) into the equation
T
ouf +v-Vaf = (Gl - §)

Then, we get
T(fl —g) = _(8tM+U'VzM+E((9tf1+1}-sz1)). (A14)

Before proceeding, we review a Hilbert space and an associated operator considered in [3] and some lemmas.
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Remark A.2. Given a Maxwellian function M([f], TIap(f) is the orthogonal projection in the Hilbert space L3, =
{#such that pM =2 € Ly(R™)} onto
N = Span{M, v M, |v\2M},

equipped with the following weighted inner product

(V) o = (BYM™1) = pY M do.

Rdv

Then, by using the orthogonal basis of A/

1 (v—u)l (|v—u|2 dv>1 }
B=4{-M, -M, - = | =My, A.15
{p VT p 2T 2/)p ( )

its explicit form is written as

() = /1)[<f>+ ©ow (o), <’”;T“ [ _ ‘é)d?<(|;T“ _ ;l)fﬂ/\/t (A.16)

Note that a direct calculation gives ITy((0:M) = 0 and ITy(f1 — g) = f1 — g. Then, from (A.14) we have

T(fi—9) = =Tr)(7(f1 — 9))
= —(I = L) (M + v - Vo M) + Oc) (A.17)
= (I —TLu)(v - VaM) + O(e).

Moreover, by Golse [19] and Filbet and Jin [18] it follows that

(I —Tm)(v- VM) = M(A(V) : # +2B(V) - VT\/T) + O(e), (A.18)
where
v—u 1 2 1 2
V= Wirlk AV)=V RV — d—U|V| Id, B(V)= §V(|V| — (dv + 2)), (A.19)
and

o(u) = Veu + (Veu) ' — divz -uld.

v

To sum up, the relations (A.14), (A.18) and (A.17) imply that
IM +v-V . M :M<A(V) : @ +2B(V) - vz\/:F> + O(e). (A.20)

Lemma A.3. For ¢ = (1,v,v|?/2)7, it follows
(o fr) = H{U), where H(U) = (0,p01,Q1 + pO1u) ", (A.21)
with U = (p, pu, E) .
Lemma A.4. For ¢ = (1,v,|v|>/2)7, it follows
(vog) = G(U), where G(U) = (0,vp01,vp01u)", (A.22)

with U = (p, pu, B) .
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Lemma A.5. For ¢ = (1,v,v|?/2)", it follows

wo(I —Tpm)(v - VM)) = <v¢/\/l (A(V) : # +2B(V) - vzx/f)> = F(U) (A.23)
where -
FU) = <O,pTU(u),pTU(u)u + dUJQpTVT> ,
with U = (p, pu, E) .
By Remark A.2, we can rewrite (A.14) as
fi :g—%<M<A(V) : #—&—QB(V)-VQC\/T)) + O(e). (A.24)

Next, we multiply both sides of (A.24) by v¢ and take integration and use Lemmas A.3-A.5 to obtain

(wo11) = (v69) = ~(voM(A(V) : o) +2B(V) - Vav'T) ) + O(e),

1 (A.25)
H(U) = G(U) ~ 2F(U) + O(e),
that is,
0 0 ) 0
pO1 =| vp®: | — = pTo(u) + O(e). (A.26)
Q1 + pO1u vp©1u pTo(u)u + %pTvxT
Then, we get
pO1 = —po(u) + O(e),
with viscosity u = ﬁ and
Ql = _KVLT + 0(5)7
with the thermal conductivity
o dv+2p
T2 7
where p = pT. Finally, from (A.10) we derive the CNS equations
U+ V,-F(U)=¢eV,-SU), (A.27)
with
0
soy=|  pow |, (A.28)

po(w)u + kVT

o(u) = Vou+ (Vou) " — divz ~ul.
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