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ENRICHING CONTINUOUS LAGRANGE FINITE ELEMENT
APPROXIMATION SPACES USING NEURAL NETWORKS
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Abstract. In this work, we present a study combining two approaches in the context of solving PDEs:
the continuous finite element method (FEM) and more recent techniques based on neural networks.
In recent years, physics-informed neural networks (PINNs) have become particularly interesting for
rapidly solving PDEs, especially in high dimensions. However, their lack of accuracy can be a significant
drawback in this context, hence the interest in combining them with FEM, for which error estimates
are already known. The complete pipeline proposed here consists in modifying the classical FEM
approximation spaces by taking information from a prior, chosen as the prediction of a neural network.
On the one hand, this combination improves and certifies the prediction of neural networks, to obtain a
fast and accurate solution. On the other hand, error estimates are proven, showing that such strategies
outperform classical ones by a factor that depends only on the quality of the prior. We validate our
approach with numerical results performed on parametric problems with 1D, 2D and 3D geometries.
These experiments demonstrate that to achieve a given accuracy, a coarser mesh can be used with our
enriched FEM compared to the standard FEM, leading to reduced computational time, particularly
for parametric problems.

Mathematics Subject Classification. 35A35, 656N30, 68T01.

Received February 14, 2025. Accepted January 15, 2026.

1. INTRODUCTION

The finite element method (FEM, e.g., [12,16,28]) is widely used for computing accurate solutions of complex
PDEs for which there is no analytic solution. It begins with a mesh as a subdivision of the computational domain
into elements, typically simplexes or quadrilaterals/hexahedra. Then the numerical solution is constructed from
degrees of freedom (dofs) that are coefficients of the finite element discretization defined by basis functions
related to the elements. Standard FEM performs poorly when the solution has strong local variations (like sharp
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gradients near cracks, re-entrant corners, material interfaces, etc). Then refining the mesh and/or increasing the
order of approximation can help, but the method becomes very (sometimes too) expensive.

This has motivated intensive research on new finite element methods to combine accuracy and lower compu-
tational burden. For instance, the Generalized Finite Element Method (GFEM, [34,65]) enriches the classical
finite element approximation space with special functions that capture local solution features (singularities, oscil-
lations, boundary layers, etc). Basically, GFEM belongs to the family of Partition of Unity Methods [5]. The
Extended Finite Element Method (XFEM) is a special case of GFEM, developed mainly for fracture mechanics.
It was popularized by Belytschko and co-workers [68], who suggested to enrich the finite element space with
discontinuous functions and/or singularity functions, without re-meshing. Therefore, both GFEM and XFEM
rely on the enrichment of the finite element spaces to treat local structures in order to increase the accuracy of
the solution [6,10]. The approach we propose has the same idea, but a different conception as it uses a (global)
prior of the solution (on the entire domain), and the FEM is used to correct it; this prior information further
allows the use of a low-order FEM. Furthermore, our application focuses on a parametric problem, with a prior
learnt from a set of parameter values. In [15], the authors deal with parametric problems by enriching finite
element spaces additively with functions determined by Proper Generalized Decomposition (PGD). However,
PGD requires a separability assumption on the parametric dependence of the solution, which is not necessary
in our approach. More generally, XFEM/GFEM is sensitive to the choice of functions for enrichment, which
must be chosen problem-dependent for best efficiency, while NN-based priors are more adapted to parametric
problems. Another way to improve the accuracy of FEM solutions is through post-processing superconvergence
(e.g., [71] and the references therein). However, their effectiveness is often problem-specific and depends on par-
ticular properties of the PDE, mesh, and element type. Moreover, they are not particularly suited for parametric
problems.

One approach to lowering the cost further consists of reducing the size of the discrete system. This can be done
by decreasing the number of degrees of freedom as in the Trefftz method (e.g., [36,39,50]) or the hybridizable
discontinuous Galerkin (HDG) method (e.g., [17,38,54]), along with hybrid high-order (HHO) approximations
[29], which solve a global system associated only with the degrees of freedom on the skeleton of the mesh. It is
then worth noting that these approaches are much easier to implement in the stationary case. In the same vein,
we can mention reduced-order methods, which focus more on the number of basis functions used to construct
the approximate solution. The idea is to construct a low-dimensional subspace from high-fidelity simulations
and then solve the PDE projected onto this subspace. This approach is very interesting when the parametric
family or the dominant structure of the solutions is known. Examples include the snapshot method or POD
(proper orthogonal decomposition, see [11,57]) and the reduced basis method [53,55]. Avoiding mesh refinement
is a significant advantage, making it possible to control often exorbitant computational costs without any special
preprocessing. This justifies other approaches that do not use meshes. Meshless methods have been investigated
in the last decades, and isogeometric analysis has been employed, see e.g., [9,32,37].

In recent years, learning-based alternatives have emerged, such as Physics-Informed Neural Networks (PINNs,
e.g., [56]) or the Deep Ritz method [27]. Similar methods were already present in the 1990s, see for instance [45,
46,49], but the advances in deep learning and computational power have significantly boosted their applicability
in recent years. The idea is to approximate the solution of the PDE under consideration using a neural network.
If this solution lives in some function space H, this amounts to projecting it onto a finite-dimensional subset
of H (e.g., a submanifold) defined by the parametrization inherent to the neural network. We stress that,
conversely, FEM projects the solution onto a finite-dimensional linear subspace of H. The neural network is
then trained by minimizing a loss function, taking the underlying physics into account. Unlike neural networks
trained with more conventional data-driven loss functions, these methods share similarities with traditional
solvers: they require the same inputs, namely the PDE, physical parameters, boundary, and initial conditions.
In addition, the training phase requires approximating the PDE solution in a discrete set of points of the space
domain. Thus, these approaches have some advantages, notably their relative dimension-insensitivity and their
mesh-free quality. Indeed, PINNs do not use a mesh, but rather require sampling points in the domain, as it
is done in meshless methods (see for instance [32]). But on complex geometries, sampling can be challenging;
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however, it is very often easier than meshing. Further refinements have been proposed to improve PINNs. For
instance, we refer to the review paper [19] for some analysis on PINNs, to [40] for a conservative version, to [43]
for PINNs using variational formulas, or to [20] for PINNs using weak formulations to improve discontinuity
handling. Since they do not require data (in the form of reference solutions), they are particularly well-suited
to high-dimensional problems on complex domains. However, at present, these learning-based techniques are
not competitive with classical finite element methods (see [35]), mainly because network-based methods lack
precision and convergence guarantees, see [61] for a comparison between PINNs and FEM. While FEM has
a better error/computation time ratio for a single resolution, PINNs are more advantageous for parametric
systems where a multitude of resolutions is needed.

This paper aims to propose a new method that combines learning-based and finite element methods applied
on coarse meshes. The general idea is to assume that some so-called “prior” information is available about
the solution of the PDE. It can be thought of as a function that approximates the solution, or a family of
functions that approximate the solution for different parameters. This prior then modifies the finite element
approximation space, which is finally used to compute the solution of the PDE. More precisely, we use a PINN to
compute either one offline solution in the non-parametric case, or a parametric family of offline solutions in the
parametric case. This is followed by calculating an online solution using coarse finite elements, with the PINN
solution used to modify the finite element approximation space; in the parametric case, this is done for a single
parameter. The result is a method capable of rapidly predicting a PDE solution while guaranteeing convergence
properties, thanks to the FEM framework. Finite element resolution improves the prediction while remaining
cheap as it is performed on a coarse mesh, benefiting from the network prediction. This paper proposes two ways
to enrich the FEM. In both cases, the finite element error will be exhibited as a function of the network error
with respect to the true solution. These corrections will be called “additive” and “multiplicative” depending on
how the prediction is incorporated in the FEM spaces. The error estimates, resulting from these two enriched
approaches, are mainly meant to show that enriching the space lets us get the same convergence orders as the
standard approach. In addition, this study helps guide choices about prior learning by showing that the higher
the approximation orders, the more high-order derivatives are involved. The manuscript does not aim to study
the gain constants obtained in these error estimates, which depend on the (hard to quantify) prediction error
associated with neural networks.

Work has already been undertaken to combine numerical methods and the use of a prior, be it obtained
through a neural network prediction or by some other means. Starting with the enhancement of FEM-related
methods, in the FEM itself, the approximation space can also be enriched to ensure stability, see for instance
the introduction of bubble functions in mixed problems (see e.g., [28]). In o-FEM, developed in [23] (see
also [18,24-26] for other contexts), the FEM prior is a level-set function used to localize the domain boundary.
In [15], the authors deal with parametric problems by additively enriching finite element spaces with functions
determined by Proper Generalized Decomposition (PGD). However, PGD requires a separability assumption
on the parametric dependence of the solution. Combining FEM and neural networks, in [31], the authors solve
a time-dependent PDE by splitting the problem into a spatial resolution (handled by a neural network) and
a temporal one (handled by FEM). Other works have also explored related ideas, such as [7] where neural
networks are interpolated onto FEM spaces, Margenberg et al. [48] where a coarse FEM is augmented with fine
information from a neural network, or [72] where GFEM is enriched with neural networks. It is also possible
to include the FEM shape functions in PINNs, as proposed in [63, 74]. Concerning other numerical methods,
in [1,13], the authors initialize Newton’s algorithm, used when solving nonlinear equations, with an initial guess
derived from the prediction of a neural network. Such a prediction can also be used as a prior for discontinuous
Galerkin methods (see [33]). In the finite difference context, the authors of [73] propose to replace automatic
differentiation with finite difference discretization when possible.

In this paper, we consider general parametric linear elliptic differential equations defined on a domain Q C R¢
with d space dimensions, with a smooth boundary 9§ (for instance a Lipschitz polytope). Consider a parameter
space M = {p = (p1,...,1p) € RP}. The typical problem of interest is, for one or several p € M, to find
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FIGURE 1. Pipeline of the enriched method. Top: offline phase (PINN training). Bottom: online
phase (PINN evaluation + Enriched FEM resolution).

u : 2 — R such that

Lusz,p) = flz, p), (1)
with & = (z1,...,24) € Q the space variable, and where £ is the parametric differential operator defined by
1
L(52,p1):u— Rz, p)u+ Clz,p) - Vu — EV - (D(z, p)Vu), (2)

with f(z,p) € L*(Q) the source term, R(a:,uj € L>(Q) the reaction coefficient, C(z, ) € WH>*(Q)4 the
convection coeflicient, D(x, p) € (WLO"(Q))dX the (symmetric and positive definite) diffusion matrix, and
Pe € R the Péclet number representing the ratio between convection and diffusion. We suppose that L is
coercive. The differential operator is considered with Dirichlet, Neumann or Robin boundary conditions, which
can also depend on .

Figure 1 presents the pipeline of our enriched method, described above.

The manuscript is organized as follows: in Section 2, we recall the classical finite element method applied to
our problem, introducing the notations needed in the following sections. In Sections 3 and 4, we present the two
proposed enrichments and prove error estimates. Both approaches rely on modifying the functions of the FEM
approximation space, using information from prior knowledge of the solution. This prior is first introduced in
an additive way, and then in a multiplicative way. Both approaches are compared in Section 5. Section 6 is
devoted to the construction of the prior, justifying the use of PINNs and recalling methods for improving their
efficiency. In Section 7, we give details on the implementation. Numerical simulations conclude this manuscript
in Section 8 and show that the proposed methods can significantly reduce the computational cost of solving
parametric problems. A short conclusion, as well as plans for future work, are given in Section 9. Appendix A
reviews the notations used throughout the manuscript.

2. CONTINUOUS FINITE ELEMENT METHOD

The goal of this section is to recall the classical FEM, and to introduce the notation that will be used
throughout the paper. Recall that, in the online step, the goal is to perform a coarse finite element resolution
of the PDE for a single parameter p. Therefore, in this section and the next two concerning error estimates, we
work a fixed p, and we omit the dependence on p for conciseness. To solve the problem (1) under consideration
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for a fixed parameter p with homogeneous Dirichlet boundary conditions using the continuous FEM, we rewrite
it as the following variational problem:

Find u € V° such that, Vv € V°, a(u,v) = I(v), (3)
where V9 = H}(Q2), and where the bilinear form a is given by

o, v) = %/ﬂD(m)Vu(:c)-Vv(a:)dw—i—/

R(z) u(x) v(x)dx +/ v(x) C(z) - Vu(x) de,
Q

Q

while the linear form [ reads
l(v) = / f(x)v(x) de.
Q
Remark 2.1. Note that since a is continuous on V° x V9 and coercive and [ is continuous on V9, the existence

and uniqueness of the solution u are ensured by the Lax-Milgram theorem.

Let 7;, be a mesh of the domain Q composed of simplexes, where h denotes the characteristic size of the
mesh, i.e., the biggest diameter of the simplexes. We suppose that 7, satisfies the Ciarlet condition (see e.g.,
[28]) and that its boundary is exactly 9€2. Consider V;? C V}, C V = H'(£) the two continuous Lagrange finite
elements spaces of degree k > 1 defined by

Vi, = {’Uh S CO(Q), VK € Tp, 'Uh‘K S ]Pk}, (4)

and
V]? = {Uh € CO(Q), VK € ,Th, Uh|K c ]Pk, ’Uh|aQ = O},

with Py the space of polynomials with real coefficients of degree at most k. The solution to (3) will be approxi-
mated by the solution uy to

Find uy, € V}? such that, Yo, € Vi, a(un,vn) = 1(vg). (5)

Let us now introduce some results used in the remainder of the paper. We first define the Lagrange interpo-
lation operator by

Ty : COQ) v Y w(a)y; € Vi, (6)

with (ag(i)>i€{1 o Naor} the Naogs degrees of freedom (dofs) associated to the mesh, and (¥i);c(y  n,.,.; the
associated Lagrange shape functions of degree k. These Lagrange shape functions are the unique continuous
piecewise polynomials of total degree at most & satisfying the interpolation property

’(/}Z(w(])) :§1j7 VZ,] S {17"'7Nd0fs};
where 9;; is the Kronecker symbol.

Remark 2.2. In the whole manuscript, for a Sobolev space H, the notation | - | and || - || will represent
respectively the semi-norm and the norm in H. Namely, for v € H!(Q), we set

020 = /Q Vo@) Pz and o3 = /Q jo(a)? da: + /Q Vo(@)? dz.

The following result gives a bound of the interpolation error:

Theorem 2.3 (see e.g., [28]). There exists Cy > 0 such that for all v € HIT1(Q) and 1 < ¢ < k,

lv = Zholl g < Cehd|v|gatr.
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The next estimate is associated to the elliptic regularity:

Theorem 2.4 (see e.g., [30], Thm. 4, p. 317). Suppose that the boundary S is C?, R € L>=(2), C € W1>(Q)?

and D € (Wl"x’(Q))dXd in the definition of L given in (2). There exists C, > 0 such that for all £ € L*(Q2) and
all associated weak solution w € HE(Q) to

Low=¢ (7)

with homogeneous Dirichlet boundary condition, we have w € H*(Q)) and

][z < Cel[€]| L2
Here L* represents the adjoint of the operator L.

These estimates, combined with Céa’s Lemma, which uses the continuity and coercivity of a, give the following
error estimate:

Theorem 2.5 (see e.g., [28]). Let 1 < q < k. Considering u € HIT(Q) and u, € V¥ the solutions to (3)
and (5), one has

u— up | < cq%hqu\mﬂ

and

2
= wnll 22 < CeCLOG R ul o,
where v and « are respectively the constants of continuity and coercivity of a.

For the sake of simplicity, we consider an elliptic boundary value problem with homogeneous Dirichlet con-
ditions. Obviously, we can use more general boundary conditions as Robin-like conditions depending on the
parameters. This will be investigated in the numerical experiments to show that the proposed methodology
applies to a larger class of boundary value problems, see Section 8.7.

3. ENRICHING THE FINITE ELEMENT METHOD WITH ADDITIVE PRIORS

In this section, we assume that a prior knowledge of the solution to (1) is available. In what follows, we call
this information a “prior”. This prior is denoted by @ — ug(x) with parameters 0, and we assume that it can
be constructed with the desired regularity up € HI9T1(Q) N HE(Q) for 1 < ¢ < k, where k is the polynomial
degree of the enriched FEM. In this section and the following two, the prior is assumed to be a general function.
However, from Section 6 onwards, the prior will be the prediction of a parametric PINN. In Section 3.1, we
first show how to use this prior to enriching classical finite element spaces. Then, in Section 3.2, we prove a
convergence estimate for the resulting method.

3.1. Construction of the modified problem

In the general setting of FEM, we follow the Bubnov—Galerkin method [28], where the basis functions and
the numerical solutions are in the same space (see (5), where both uy, and vy, are in V;?). As we intend to enrich
the classical approximation space, we exploit the idea formalized as the Petrov—Galerkin method (e.g., [12,21,
58]), where the test and trial functions belong to different spaces. This approach is often used for convection-
dominated problems, see [2]. We propose to enrich the trial space using the prior uy by defining

Vit ={uf =ug+pf, pf eV}, (8)

and we use the space V;? for the test functions. Since we have assumed that ug € HIT1(Q) N HE(Q), V,© is
also a subset of VY, like V2. Plugging this new trial space into the approximate problem (5), we obtain the
formulation

Find u;7 € V; such that, Vv, € Vi, a(u;f,vy) = l(vp), (9)
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which leads to the following approximation problem:
Find p; € V) such that, Yo, € Vi, a(p;f,vn) = 1(vn) — a(ug, vp). (10)
Therefore, we obtain a classical Galerkin approximation with a modified source term.

3.2. Convergence analysis

The objective is to prove that the FEM solution to problem (10) converges, with an error depending on the
quality of the prior. Due to this dependence on the prior (neural network in the numerical section), we are
not conducting an in-depth study of this gain. We are simply aiming to show that adding the prior does not
degrade the convergence orders and that it is the high-order derivatives that control the gain in comparison
with classical finite element method, which helps to guide choices regarding the prior.

Theorem 3.1. Let u € HITY(Q) be the solution to problem (3) and ug € HITH(Q)NHS(Q) be a prior on u. We
consider u;. € V' as the solution to the discrete problem (9) with V," the modified trial space defined in (8).
The following estimates hold. For all 1 < q < k,
2
o i < Cy O e (11)

and, supposing that dual problem (7) admits strong solutions (i.e., for all ¢ € L?(Q) there exists an associated
solution w € H(Q) N H%(Q) to (7)),

72 O+

|lw — UZHN < CeC’lc’qE ain RO | o (12)

with Ce, C1, Cy, v, o defined in Section 2 and

|u - u€|Hq+1
Cin = T

13)
|u| o+ (

Remark 3.2. The constant C;in represents the potential gain compared to the error of the classical FEM

presented in Theorem 2.5. Note that this constant is the same in L? norm and H'! semi-norm.

Proof of Theorem 3.1. H!-error: To prove (11), we adapt the proof of Céa’s lemma to the additive prior case.
Considering the trial space defined in (8), the numerical solution uz is given by

+_ +
Uy = Up + Py,

with p; € V2 C V solution to (10). We have

a(u — u;r,u — u;) = a(u — uz, (u—ug) — vh) + a(u — u;,vh —pZ), Yoy, € V2.
Let us first treat the second term on the right-hand side. By Galerkin orthogonality (difference of the con-
tinuous problem (3) and discrete problem (9)), we obtain

a(u — ut,vh —pZ) =0, VYo, e€ Vf?.
Denoting by « and  the coercivity and continuity constants of the bilinear form a, we have

a}u—umil < a(u—uz,u—uZ) :a(u—uz,(u—u@) —vh), Yy, € V,?,
<
~X

’}’|U*U;‘H1|<U7U9)*U}1{Hl, vvhev]’?)
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which immediately leads to
|u — uZ|H1 < g|(u —up) — vh|H1, Yoy, € Vho.

We apply it to vy, = Zp(u — up) € V¥ with Zj, the Lagrange interpolation operator (6) in Vj, it holds using
interpolation estimate given in Theorem 2.3,

et < € LA el

with C defined in Section 2.
The above expression can be rewritten as

~y
|u—uZ|H1 S ancg;in hq|U‘Hq+1, (14)
with | |
U — Ug|gat+1
Oy = 1 el

|ul ot
which completes the first part of the proof.

L2-error: We will follow the Aubin—Nitsche technique. Consider w € Hg (2) N H?(Q) solution to

o — +
L'w=u—uy,

with homogeneous Dirichlet boundary condition. Thanks to Theorem 2.4, one has
lwllzz < Cellu— w12 (15)
Using the Galerkin orthogonality and the continuity of the bilinear form a,
Ju—uf |72 = a(u —ujf,w— Thw) < ylu —uf | |w — Tywl g, .

Thanks to Theorem 2.3 and (15),
|w — Inw|g, < C.Cih|lu— u;HLz,

which leads to the conclusion by using (14). O

Remark 3.3. The gain constant Cgain defined in (13) shows that the closer the prior is to the solution, the
smaller is the error constant associated with the FEM while keeping the same order of accuracy. Therefore,
as soon as C;in < 1, the FEM with additive prior will be more accurate than the classical one. While this
gives us a particularly flexible constraint, our objective is to balance this gain by relaxing the contribution h?,
using a coarser grid and low-order polynomial, to reduce the computational cost of the FEM while maintaining
accuracy. Nonetheless, the gain is related to the L? error associated with the derivatives of (¢ + 1)th order
(with 1 < g < k) of the prior. This shows that the prior must accurately approximate the derivatives of the
solution in addition to the solution itself. This highlights that we need to build our prior by ensuring a good
approximation of the derivatives of the solution. It also shows that the higher the order of the finite elements
k is, the better our prior should approximate the higher-order derivatives. Therefore, it is more appropriate to

use only low-order FEM so that k remains small.

4. ENRICHING THE FINITE ELEMENT METHOD WITH MULTIPLICATIVE PRIORS

This section employs the same assumptions as in Section 3, namely that we have a sufficiently smooth prior ugy
on the solution u of the PDE (1). However, this prior will now be multiplied to elements of V}, rather than added
to them. We construct the underlying modified problem in Section 4.1. Then, similarly to the additive approach
of Section 3, error estimates are obtained in Section 4.2. The objectives of this section on error estimates are
the same as in the previous section.
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4.1. Construction of the modified problem

To construct the modified problem in this case, we must ensure that the prior ug never vanishes. To that end,
we lift the initial problem (1) by a constant M € R, chosen large enough to ensure that uy; = u+ M > 0, to
get

L(upr) = f, in Q,
(um) = f (16)
upy = M, on 0f.
We then introduce the associated variational problem, defined by
Find up = u + M, with u € V° such that, Vv € VY a(upr,v) = 1(v). (17)
Therefore, solving (17), we recover the solution u of the initial problem (1) by setting
u=upy — M.
The prior
ug, M = Uy + M >0
is associated with problem (17).
Let us now introduce a new modified finite element space, defined by
Vi = {uar = won v i €14 VP, (18)
with, for all & € Q, up pr(x) # 0. From (17), this leads to the following approximate formulation:
Find p;f cl+ V;? such that, Yoy, € V;?, CL(’LLQ,]M p;f,uanh) = l(U97MUh). (19)

Therefore, solving (19), we recover the solution u; € V,* — M of the original problem (1) by setting
uy = uy o — M.

Based on the Ny dofs (:r,(i)) of the mesh, we consider the interpolation operator on V,* given by

i€{1,...,Naofs }

_ Naogs (1)
7h:C°'(Q) 3 v Z o(=")

. X
1 UG,M(x(i))wl G

i=
where the shape functions 1; associated to V,© are defined by
Ui = g ar i

with ; the classical shape functions presented in Section 2. Note that the new interpolation operator I, is
related to the classical Lagrange interpolation operator defined in (6) as follows

Yv € CO<Q), i-h(’l)> = Uy, M I (U:M>~ (20)

4.2. Convergence analysis

In this section, we finally prove that the modified FEM (19) converges to the solution to (16), and that it
satisfies the same type of estimate as the classical one. Equipped with the lifting trick from Section 4.1, we can
state the following convergence theorem.
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Theorem 4.1. Let upy; € HIT(Q) be the solution of the enhanced problem (17) and ug p € M + HITH(Q) N
Hg () be a prior on up. We consider uy \, € V), the solution to the finite element problem (19) with V,* the
modified trial space defined in (18), considering P polynomials. We define u = upr — M and u; = U;M — M.
Then, for all1 < g <k

lu—u) g < Cy cgalleh || a1 (21)

and, supposing that dual problem (7) admits strong solutions (i.e., for all £ € L*(S)), there exists an associated
solution w € H}(Q) N H%(Q) to (7)),

u— w2 < CeCiCy cx MW ul g, (22)

gain, L2

with Ce, C1, Cy, 7, a defined in Section 2, and where

Ung HUQ MHWl,:x)

oMo~ : 23
gain, H1 Ug. ’Hq+1 |u|}1q+1 ( )

" o,

UM ug, nm 1,00
oM —C W 24
gain, L2 0,M Uo.n1 ‘Hcﬁl |u|Hqul ( )
with

Comr = |lug pyllpo + 2lug jrlwoe + [ug 3 lwe.ee. (25)

Remark 4.2. The constants C’gxaljl\le and C* sain, L2 represent the potential gains in both H' semi-norm and

L? norm when using the multiplicative approach compared to the error of the classical FEM presented in
Theorem 2.5 with P, polynomials.

Proof of Theorem 4.1. H*-error: Considering the trial space defined in (18), the numerical solution wu; ,, is
given by
X _ X
Up v = UO,M Pp s

with p; € 1+ V2 € 1+ VO solution to (19). By coercivity of a,

aluy — u;’M@{l < a(uM — u,f’M,uM — u;M>
Thanks to (17) and (19), we have the following Galerkin orthogonality: for all v;, € V;?,

a(uM — u;;,M, u‘97Mvh> =0. (26)

upr
Up, :p;; _Ih( >a
Ug, M

we note that vy, is well-defined since the lifting ~trick ensures that ug s > 0, and that it belongs to V}? . With
this choice, we deduce by the definition (20) of Zj, that

Now, choosing

Up >

X X X X

a(uM — uh M>yUM — uh M) = a(uM — uh My UM — U97Mz'h(u )) = a(uM — uh Moy UM 7Ih(’u,M))
’ ’ ’ 0,M ’

By continuity of a,

< lluM —fh(uM)‘ . (27)

X
Uy — U
‘ M h’M‘Hl a H1
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Ung Uny
Ug, M Uog, M

Finally, applying interpolation estimate given in Theorem 2.3, it holds

Again, using the definition (20) of Zj,

‘UM —jh(uM)‘ < wo, sl .o .
H! H1

~ Upg
quIh UM ’ <C Up, M 1oohq ‘ 28
| (war)|, < Callwoar =B 20 (28)
with C, defined in Section 2. Combining the last inequality with (27), we obtain
i M
= s = uar = | < LR b s, (29)

with C* sain, H1 given in (23), which conclude the first part of the proof.

L2-error: Again, we follow the Aubin-Nitsche strategy here. Consider w — M € H}(Q) N H2(£2) solution to
Lrw=u—u; =upy — pj g,
with w = M on 99Q. Thanks to Theorem 2.4, one has

lwllzz < Cellu —uy 2.

Then, using the Galerkin orthogonality (26) for v, = Zp, (w M)

o = w13 = lluar = pwo.ar 30 = alung — pifuoar,w) = alus — pluoar,w — In(w)).
Hence, by continuity of a, }
lu =z |72 < Ylunr — pyuo,ne| [w — I (w)] o

Using (29) and (28) for ¢ = 1 to the term in the right-hand side,

2
ol
e = ullze < CrCo—lluomllwre| ——|  Ciilm

v ‘ CX’.M hQ+1|u|Hq+1.
M -

)

Moreover,
w

\ < Conallwlze,
UG, M | g2

with Cp ar given in (25). Thanks to the elliptic regularity, we obtain
lu—uplze < Ceclc Cgam 2 W | ot

with €M, defined in (24). O

gain, L2

Remark 4.3. We note that the gain constants Cgam g and Cgam ;2 are similar to the constant C’gtm introduced
in Section 3, in that, it depends on high-order derivatives of the prior. Hence, a high-quality prior will necessarily
involve a good approximation of the derivatives of the exact solution, and Remark 3.3 also applies in the present
context. The major difference with the additive approach lies in the choice of the lifting constant M. To better
understand this dependency in M, the following section provides a study of the behavior of our two gain constants

when M goes to infinity. Moreover, the actual choice of M will be numerically investigated in Section 8.
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5. COMPARISON OF THE TWO ENRICHED METHODS

This section aims to compare the two proposed methods, namely the additive approach presented in Section 3
and the multiplicative one proposed in Section 4. Recall that the constant M is chosen in the multiplicative
approach so that uy; > 0. Let u be the solution of problem (3) and uy € H9"1(2) N HE(2) be a prior on u,
with 1 < ¢ < k (k the polynomial degree of the finite element method). For clarity, we first recall the additive
and multiplicative enrichments, and their main error estimates.

Additive approach. We consider UZ € VhJr as the solution to the finite element method associated to

problem (10) with Vh+ the modified trial space defined in (8), considering Py polynomials. Using Theorem 3.1,
we have for 1 < g < k, the following additive theoretical gain constant

ot = |u — ug|prasr (30)

gain |U|Hq+1

Multiplicative approach. Let ups = u+ M be the solution of the enhanced problem (17) and wg pr = ug+ M
be a prior on uy. We consider uy ,, € V,” the solution to the finite element problem (19) with V,* the modified
trial space defined in (18), considering Py, polynomials. Using Theorem 4.1, we have for 1 < ¢ < k, the following
multiplicative theoretical gain constants

x,M Up Hue M||W1~°°
M , 31
gain,H1! U, a1 ot |U|Hq+1 ( )
e o, 2
ug, n 1,00
XML = G| M, 32
ga1n,L2 6,M 'LLG,M Hatt |U|Hq+l ( )

with Cy ar given in (25).

Comparison of the two approaches. The following result proves that the upper bound in (21) and in (22)
converges respectively to the one in (11) and in (12) when M goes to infinity. In other words, the multiplicative
gain constants defined in (31) and (32) converge to the additive gain constant defined in (30) when M goes to
infinity.

Theorem 5.1. We have
M +
CVgx.’:xin,Hl Mj)oo Cgain’ (33)
and
M
C'gxain,L2 Mj)oo C;rain‘ (34)
Proof. Convergence in H': According to the expressions (30) and (31) of the gain constants, the objective
of the proof is to show that
Up

— |u— ug|ga+r.

ue, M 1,00
Juo e lw =

Ug,Mm

Denoting by
Ep = u — uy,

the error made by the prior ug when approximating the solution u, we have
|’LL — u9|Hq+1 = |E9|Hq+1.

On the one hand, we have,

Ug
o llpne = I+ Ml = M1+ 55
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On the other hand, we have,

uM‘ C|u+M |u—ug+ug+ M _’1+u—ue B 1‘ Ey
UG, M | fra+1 ug + M | o up + M Ha+1 ug + Mg M1+ 35 Hq+1.
Multiplying these expressions, we obtain
UM Ug Eg
luo.aellw = — [+ 32| A (35)
Uo,M | fra+1 M llwre |1+ M | Fa+1

(M an

We now estimate term by term the right-hand side of the above equality (35), looking at their limits when M
goes to infinity.

Term (I): By decomposing the first term, we obtain

Up ug 1
D=+ 5 = 1 5, 71Vl
(@ b +3rl e T Vuelze =
e ol ol
U oo (7 Uu o
Rt 2
Term (II): Let us prove that
Ey
(II) = ‘ — |E9|Hq+1.
1+ % Ha+1 M —oo
By the triangular inequality,
Eg 2 ‘ Ee 2 2
— Ey + |E9| +1
‘1—’_% H‘1+1\ 1+% Hat1 e
and
Ep ? Ey |
By|3r0e < |~ — B + :
| 6|Hq+1 ’1+7X§ qu+1 ‘1+XZ .
Hence, by definition of the semi-norm |- |41,
Lo ’ 2 Ey 2
— |Eglfes1 | < — Fy
‘14_7\/0} Hat1 ’ 1+“7]\2 Hat1

2

2
E
< Q|qu“("u9 - Ee)
L2 1+ 37

_ |l (B _ g
1+ °
M

Then, using the general Leibniz rule, we have,

1o°

E +H g AR , (1
quﬂ( eue B Ee) < H \Y uae _vetig, n Z(q 48- 1) [V By, vé< ue)
1+M Loe 1+M Lo g=1 1+M Lo
vVitlg qtl 11 , 1
S HHQ = VB B lwarr Z(q s ) Vé(l n ue> :
M Lo s=1 M L=

1) (2)
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We now estimate terms (1) and (2) in the right-hand side of the above inequality.
Term (1): Taking M > |Jug|/L-, we obtain

1
1+ 3%

1 oo
IV By < o7l e o

-1 S M1 Tul=
M

el

Loe

Term (2): Let us define g = 14 4%. The Faa di Bruno formula (see [42]) gives the following expression for the
s-th derivative of the inverse of g:

VS() g ZH Z' e ? af[(Vig)m

i=1

where the sum covers all s-tuples (mq,...,m,) satisfying the constraint s = >°7_, im; and a = >_;_; m;.
Thus, using (36), there exists a constant C' > 0 such that, for any M > ||ug||r~ and 1 < s < ¢ + 1, the
following estimate holds

oY (L5 1 (]

! ol ) 1
<C<1_|u9]\/|[Loo)s+1 Z(1+M> MO‘ HHV GHLOO ]V[_)oo

Convergence in L?: Using the convergence of the gain for the H' semi-norm, we only need to prove that

which leads to (33).

Comlluon|lwie — 1,
M —oo

with Cy ar given by
Co.nr = Ilug gl + 2lug g lwoe + [ug pyrlwe.e.
Since
o e nllwree —— 1,
we are only required to prove that
MC’97M — 1.
M—o0

Considering M > |lug|| o, we have

Mgl = | —7| < —for— b
M= 1=
Moreover,
b~ =M 0
Similarly,

M|U;’}\J|W2oo M?oo 0,

which leads to the conclusion (34).
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6. PRIOR CONSTRUCTION USING PARAMETRIC PINNS

We have introduced new finite element approximation spaces in Sections 3 and 4 depending on the construc-
tion of priors. Physics-Informed Neural Networks (PINNs) are a good choice to build such priors. Indeed, since
PINNs minimize the PDE residual, they inherently give a good approximation of the derivative of the solution,
in addition to the solution itself (see e.g., [56]). This section is therefore dedicated to introducing PINNs in
Section 6.1, and then to show how to improve them in Section 6.2.

6.1. Physics-Informed Neural Networks for parametric PDEs

Physics-Informed Neural Networks, or PINNs, were introduced by [56] for solving a PDE with neural networks.
The main idea is to recast a PDE as an optimization problem. We illustrate the method on our problem (1), which
we now extend to non-homogeneous Dirichlet boundary conditions. Moreover, recall that the problem of interest
is a parametric PDE. Unlike classical PINNs, which are trained for specific physical parameters, parametric
PINNSs seek to learn a generalized solution covering a range of parameters. They incorporate these parameters
as additional inputs to the network, allowing greater flexibility in solving problems where physical conditions
or properties vary. Moreover, since they are based on neural networks, PINNs are ideally suited to solving
such higher-dimensional problems. This advantage is compounded when one uses Monte-Carlo integration to
estimate the loss functions, as its convergence rate is also insensitive to the dimension.

Considering p parameters p = (f1,...,H4p) € M C RP, with some parameter space M, the parametric
PDE (1) reads, with non-homogeneous Dirichlet boundary conditions:

{c(u(w,u);w,u) =flz,n), e, (37)

u(z, p) = g(x, p), x € 09,

with g the trace of a H? function on 9€2. Note that the solution of the equation depends on the parameters p,
as do the operator £ and the boundary conditions. We then denote wugy (-, u) the approximate PINN prediction
for given parameters p.

The first idea of PINNs comes from the observation that, by construction, neural networks with smooth acti-
vation functions are nothing but smooth functions of their weights and inputs. Therefore, neural networks form
natural candidates for approximating solutions to PDEs, especially with the advent of automatic differentiation
tools. In our case, a PINN is a neural network that takes d + p inputs, where d is the dimension of the space
variable & €  and p is the number of parameters pu € M. We denote by ug(x, p) the output, where 6 are the
learnable weights of the network. Classically, this neural network is a coordinate-based neural network, such
as a multi-layer perceptron (MLP). It depends on several used-defined hyperparameters, to be specified in the
numerical experiments.

Once this network is defined, solving the PDE can be rewritten as a minimization problem on €, namely
finding the optimal weights 6* that satisfy the following minimization problem:

0* = argmin (w,J; (0) + wyJp(0) + waataJaata(0)), (38)
0

with w,., wp and wqata some weights to balance the different terms of the loss function. In (38), the loss function
has three terms: the residual loss function

J.(6) = /M [ £t wi, ) = (o) do d (39)

the boundary loss function

J(0) = /M | o) = gta ) o d (40)
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and the data loss function

Naata
1 . ) 2
Jdata(e) N Z o (wéla),ta’ Ngila)uta) - ugiazta ’ (41)
data i—1
where (wé?ta, uggta, ufﬁta) N, A€ Nyata known data points, with ud +a @ reference solution at points a:((fgm

and for given parameters d ata- These reference solutions can be the exact solutions of the parametric PDE,
defined in this case by ugata = u(a:ggta, p,((fgta) They can also be an approximation produced by a numerical

method, such as finite elements on a fine mesh.

Remark 6.1. In Section 8, the focus is on PINNSs trained only with a residual loss function (with boundary con-
ditions imposed exactly as presented in Sect. 6.2.1). We will only consider the BC loss function in Section 8.5.3.
Furthermore, we will not use the data loss function in PINNs except in Section 8.2 where we will seek to compare
a true physics-informed network to a merely data-driven one.

Solving the minimization problem (38) requires computing the gradient of the loss function with respect to 6,
which involves calculating the integrals in (39) and (40). The most natural idea is to estimate them with a
Monte-Carlo method, see e.g., [14]. One could also use Gauss-type quadrature rules to evaluate integrals, as is
done in Variational Physics-Informed Neural Networks [43], but the limitation is the impossibility of selecting
an adequate quadrature order due to the unknown properties of the neural network approximation. For that
purpose, we define so-called “collocation points” on 2 x M and its boundary 92 x M, denoted respectively by
(), ugo)l)l 1., and (), u? )i—1....n,.- Then, we approximate the residuals and boundary losses by

1 Neor

Jr(a) = Ncol Z

i=1

5(“0( go)l"u’g))l) g)l’ug))l) f( .(3217#&)1)‘ (42)

and

2
: (43)

(1)
0= 5 3o o242) )

where N.o and Ny are heuristically determined and should be large enough to ensure that the Monte-Carlo
integration is accurate enough. The precise values of these parameters will be given in the numerical experiments.
In the case of complex geometries, one solution for obtaining a sample of these collocation points in the {2 domain
is to use a level-set function, denoted ¢. This function, which vanishes on the boundary of €2, can be obtained
differently. The authors of [67] propose different approaches to obtain a level-set function analytically in the case
of polygonal or curved geometries. Learning-based approaches have also been proposed, notably in e.g., [51,62].

Because of the minimization problem (38), the PINN wy does not exactly satisfy the boundary conditions.
Moreover, loss functions compete, which may require fine-tuning the coefficients between J,. and Jp. In addition,
classical PINNs do not include information on higher-order derivatives. As highlighted in Remarks 3.3 and 4.3,
for our purposes, a good prior should yield a good approximation of the derivatives of the solution. For these
reasons, the following section recalls several improvements of classical PINNs in the literature.

6.2. Improving PINN training and prediction

This section focuses on several ways of improving PINNs: exactly imposing the boundary conditions in
Section 6.2.1, adding a higher-order derivative term in the loss function in Section 6.2.2, and countering the
spectral bias in Section 6.2.3. Although these approaches are presented separately, they can easily be combined
with one another.
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6.2.1. Exact imposition of boundary conditions

To avoid the issues of classical PINNs discussed in Section 6.1, the authors of [33,45] propose a method to
enforce inhomogeneous Dirichlet boundary conditions exactly. To that end, they search the approximation ug
of solution to (37) with the form: for all z € Q and p € M

ug(z, p) = p(x)wo(x, 1) + g(z, p),

where ¢ and wy are, respectively, the level-set function and a neural network as defined in Section 6.1. Thus
ug will automatically satisfy the boundary conditions, since ug(x, ) = g(x,p) for all x € 9Q and p € M.
Note that this level-set function can be used in a few different ways, firstly to generate a sample of points in
), as shown in Section 6.1, and secondly to impose boundary conditions. However, to use it directly in the
formulation of the prior, it will require a certain regularity. For example the signed distance function is not
a good candidate. Similar methods to impose boundary conditions exist for Robin and Neumann conditions;
see [67].

In this case, only the residual and data loss functions are minimized, and the minimization problem (38)
becomes

0* = argénin (wTJT(G) + wdataJdata(ﬁ)),

with w, and wqata some weights to balance the terms of the loss function.

6.2.2. Sobolev training for PINNs

As presented in Section 6.1, PINNs approximate the PDE solution by directly incorporating the equations
into their training. Despite their effectiveness, these models can sometimes struggle to learn correctly, especially
when the solution or its derivatives are complicated. The authors of [64] have proposed an approach called
Sobolev training to try and overcome these difficulties, in the case of solutions with high regularity. Note
that, in this case, the source term needs to be differentiable to ensure sufficient regularity and to compute the
additional term. This method simply imposes constraints not only on the solutions themselves, but also on
their derivatives. In the context of solving the problem (37) under consideration, Sobolev training is applied by
adding a cost term Jsop, to the initial minimization problem (38):

6* = argmin (w,J; (6) + wsobJsob (0) + wpJp(8) + waataJaata(8)), (44)
0

with J., Jp and Jqata defined as in (39), (40) and (41) respectively and w,., wsob, wp and wyata the weights to
balance the different terms of the loss function. The Sobolev loss function Jyop in (44) is defined by

Juon(0) = /M /Q IV (£ (g, 12); 2, 12) — f(, )| dee dps, (45)

where the integral is estimated by the Monte-Carlo method, similarly to the other loss functions.

Remark 6.2. Please note that this training has an additional cost, due to the calculation of higher-order deriva-
tives. For example, considering exactly the network from the first 2D test case Section 8.5.1 over 1000 epochs
with Adam, Sobolev training takes two times longer than standard training (79 s versus 38s).

6.2.3. Overcoming the spectral bias

Multiple ways of overcoming the spectral bias of MLPs are available. For instance, in [69], the authors
introduce Fourier features to improve the network, while the authors of [22] rely on a domain decomposition-
based approach.

In this work, when dealing with high-frequency solutions (i.e., solutions with more than three wavelengths
propagating), we use the Fourier features from [69]. It relies on modifying the input of the neural network.
Indeed, the prior ug is now defined, for all x € Q2 and p € M, as

ug(x, p) = wo (0, p;sin(rayx), cos(wbyx), . . ., sin(ran, x), cos(rby, x)),
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where (a;); € R™f and (b;); € R"f are additional trainable parameters. This makes it possible to learn higher-
frequency solutions, by also learning the frequency itself. This MLP with Fourier features (MLP w/ FF) needs
the same parameters as the classical MLP (defined in Rem. 7.1), but also the number ny of Fourier features.

7. IMPLEMENTATION DETAILS

Before moving on to numerical experiments, we discuss some practical details regarding the implementation
of the methods introduced in Sections 3 and 4. In Section 7.1, we first look at how to effectively plug the PINN
prediction in the FEM solver. Then, in Section 7.2, we discuss the imposition of boundary conditions in the two
proposed methods.

The tools used to implement the methods and obtain the numerical results in Section 8 are, on the one hand,
PyTorch [52] and ScimBa! for the prior construction, in particular the implementation of the PINN, and, on
the other hand, FEniCS [4] (version 2019.1.0) or FEniCSx [3,8,59,60] (version 0.8) for the implementation of the
finite element methods. For mesh generation, use either FEniCS/FEniCSx or mshr mesh generators. Note that,
we define the characteristic mesh size h as the length of the longest edge, for the space dimension d € {1, 2, 3}.

Moreover, in Section 8, we do not specify the training times of the networks for each test case. To give the
reader a rough idea, PINN training takes less than ten minutes on a NVIDIA RTX 2000 (8 GB VRAM). For
cases using the LBFGS optimizer, training takes a little longer, but remains under an hour. Regarding the EF
part, the CPU considered depends on the numerical cost required for each test case; we ran the solvers using
either Intel 17-13800H or AMD EPYC 7713.

Remark 7.1. To construct the PINN, we require some hyperparameters for the MLP and the training phase.
In particular, the MLP activation function is denoted by o, and “layers” represents a sequence of integers
describing the number of neurons associated with each layer of the MLP. For training, we will denote by “Ir”
the learning rate and nepochs the number of epochs considered, as well as “decay” the multiplicative factor of
the learning rate decay considered every 20 epochs thanks to PyTorch’s StepLR scheduler. Unless otherwise
specified, the batch size will correspond to the number of collocation points chosen. The Adam optimizer [44]
will be used to train the network, but in some cases, we will switch to the LBFGS optimizer [66] at the ngyitcn-th
epoch.

7.1. Using PINN prediction effectively

To be effective, our methods will in practice depend on the quality of the approximation of the prior’s
derivatives, computed from automatic differentiation, and its precise integration on the domain.

Automatic differentiation. It is important to use the automatic differentiation offered by neural networks,
enabling exact (in the sense of machine precision) derivative computation without having to manipulate complex
symbolic expressions. In particular, in the context of PINNs, automatic differentiation will play a fundamental
role in integrating the PDE under consideration. This automatic differentiation will enable the two improved
finite element methods to use the exact derivatives of the prior uwg and thus avoid introducing an additional
error in the computation of the derivative.

Numerical integration. Our approaches require the numerical integration, in the weak problem, of several
functions with a closed-form expression (most notably the prior; also the right-hand side of the PDE for instance).
This integration has to be done with sufficient precision for our methods to be effective. Thus, in e.g., the additive
approach, a quadrature rule with a higher degree than the traditional FEM has to be applied to discretize the
term I(vp) — a(ug,vp,) in (10). This point, and the required degree of the quadrature rule, will be studied in
more detail in the first 2D test case considered in Section 8.5.1.

1 https://gitlab.inria.fr/scimba/scimba.
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Remark 7.2. In practice, the source term in the additive approach will be computed in the strong way. For
instance, in the case of the Laplacian equation with ug = 0 on 02, the term

l(vp) — alug,vp) = /Qf(:c)vh(w) dx — /Q Vug(x) - Vop(x) de

will be replaced by
/Q (f() + Aug(x))vn(z) dee.

If wg is not equal to zero on 02, one needs to include a boundary term.

7.2. Imposing boundary conditions

In this section, we focus on the crucial question of imposing boundary conditions. We first look at this problem
in the context of the additive approach presented in Section 3 and then in the context of the multiplicative
approach presented in Section 4.

For simplicity, this section focuses on (non-homogeneous) Dirichlet conditions. For our enriched FEM, just
like in classical FEM, these boundary conditions are imposed by manually eliminating essential dofs, see [28],
and more precisely by modifying the matrix and the right-hand side of the linear system. This approach is not
needed for Neumann and Robin conditions.

7.2.1. Additive approach
In this first approach, if our Dirichlet problem satisfies u = g on 052, then p; has to satisfy

p;r:g—ug on 0f),

with ug the PINN prior. This non-homogeneous boundary condition becomes homogeneous as soon as ug is
exact at the boundary, or, in other words, as soon as the boundary conditions are imposed exactly in the PINN,
as presented in Section 6.2.1.

Remark 7.3. However, in the case of curved geometries (e.g., disks) where the meshes do not coincide with
the boundary of the geometry, problems occur when k& > 2, and especially on coarse meshes. In the numerical
results, to avoid this problem and check the error estimates, we assume that g = v on 99y, where €2, is the
domain covered by the mesh. Furthermore, we need to be careful because even if, in PINN, the conditions are
imposed exactly (as shown in Sect. 6.2.1), the prediction uy will not be exact on the approximate boundary
09,. We made this choice here to simplify the problem, but in practice, solutions exist to improve the quality
of the results.

7.2.2. Multiplicative approach

In this second method, the boundary conditions are a bit more complex to handle. In the Section 4, we have
denoted by

X X
Up p = U6,M Py,

the solution obtained by the multiplicative approach to the modified problem (16) with the prior ug pr = ug+M.
Therefore, we can recover the solution w; of the original problem (1) by setting u; = u; v M.

Standard PINN. In the case where our prior ug is the prediction of a standard PINN, as presented in
Section 6.1, the boundary conditions are not imposed exactly. Thus, if our problem satisfies u = g on 952, then
p; has to satisfy
M
pr = g+ on 0.
U, M
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PINN with exact BC. We now tackle the case where we exactly impose the boundary conditions in the
PINN, as presented in Section 6.2.1. Then, supposing that M > 0, we have ug s = g+M on 9 and therefore p;*
has to satisfy

pr =1 on 0.

However, there is a specific case when this condition is not necessarily true. Indeed, if the boundary conditions
are homogeneous, then g = 0 and ug » = M on 9. Considering that ug > 0 in 2, M = 0 is a possible choice.
In this case, ugy = ug,o =0 on 012, and u,f’M = u;,o = u; automatically satisfies the boundary conditions.
Hence, imposing a boundary condition on p; becomes unnecessary.

Remark 7.4. In the numerical results of Section 8.3, one of these specific cases is considered in 1D. We will
see that leaving p; free will give better results here than imposing p; = 1 on 9. Indeed, this approach leaves
more freedom to capture the correct derivatives at the boundary.

8. NUMERICAL RESULTS

This section is dedicated to validating the proposed method on several numerical experiments, which are
mostly instances of the problem (1) with spatial dimension d € {1,2,3}, and with increasing complexity. The
idea is to compare, in different ways, the additive and multiplicative approaches presented in Sections 3 and 4 to
the standard finite element method presented in Section 2. The multiplicative approach will only be considered
in dimension d = 1, showing that only in rare cases, and with a good choice of the lifting constant M, does
it provide better results than the additive one. We will also show that the approach proposed in Section 6 for
choosing the prior is more efficient than more classical ones, still in the 1D case.

In Section 8.1, we present the two tests that will be performed for each test case. We are interested in three
1D test cases (d = 1): the Poisson problem with homogeneous Dirichlet conditions in Section 8.2, a general
elliptic system in a convection-dominated regime in Section 8.3 and a non-smooth transmission problem in
Section 8.4. We then consider three 2D cases (d = 2). We start with a Poisson problem with homogeneous
Dirichlet conditions on a square domain in Section 8.5. We then continue with a more complicated elliptic
problem, still with Dirichlet conditions and on a square domain, but with parameter-dependent anisotropy, in
Section 8.6. In Section 8.7, we return to the 2D Poisson problem, but this time considering mixed boundary
conditions on a ring-shaped domain. Finally, we consider a 3D Poisson problem with homogeneous Dirichlet
conditions on a cube domain in Section 8.8. To reproduce these results, an open-source code is available on
GitHub?.

More specifically, in each test case, we will consider the additive approach and use a prior constructed by a
PINN (where we mostly impose boundary conditions using a level-set function). We will perform an analysis
of error estimates and an evaluation of the gains of the enriched approach over the standard approach on a set
of parameters (in L? norm). In the first two 1D test cases (Sects. 8.2 and 8.3), we will also choose to consider
the multiplicative approach. A study in the H' semi-norm will be performed in the first 1D and 2D test case
(Sects. 8.8 and 8.5.1). Additionally, this first 1D test case includes a comparative study between theoretical and
numerical constants. In the third 1D test case, we will focus on a problem where the gradient is discontinuous.
Subsequently, we will test the approach with other networks, notably: a data-driven network (Sect. 8.2) that
will justify the use of PINNs, networks with weakly imposed conditions (Sects. 8.4 and 8.5.3), and an improved
PINN where we used Sobolev training (Sect. 8.5.2). Two studies on the numerical costs of the additive approach
will be carried out in Sections 8.5.1 and 8.8.2. We will also perform a brief analysis of the influence of PINN
quality, depending on the initialization of the network weights, the number of collocation points considered, and
the number of epochs (Sects. 8.2.5 and 8.8.4). In some test cases, we will also look at the visualization of the
solutions obtained by the different FE approaches.

The first two 1D test cases show that the multiplicative approach only gives better results than the additive
approach in certain very specific cases. The first test case also validates the theoretical results, in particular the

2 https://github.com/flecourtier/EnrichedFEMUsingPINNs.
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importance of the derivatives of the prior by validating the choice of PINNs. The third 1D test case extends
the theoretical framework to a non-smooth problem, showing that, once again, high-order derivatives have the
greatest impact on the results. The first 2D test case (Poisson in a square) introduces training with Sobolev loss
and discusses the numerical costs of FE approaches (in terms of number of degrees of freedom). It also discusses
the imposition of weak or strong boundary conditions in the network and compares the gains between the “high
frequency” and “low frequency” cases. The second 2D test case highlights the flexibility of the method for more
complex problems, particularly with parameter-dependent anisotropy. The third 2D test case introduces the
approach in a slightly more complex geometric setting (with an annulus) as well as Robin conditions. Finally,
the 3D test case validates the approach in a larger dimension and analyzes the associated numerical costs.
This time in terms of computation time, considering the complete parametric framework. It also introduces the
influence of PINN quality on the final results. More generally, all test cases show that, with the right choice
of priors, the additive approach yields significant gains over the standard approach. In particular, the average
results obtained over a set of parameters show that for elements Py, this enriched approach provides the same
accuracy as the standard approach with meshes 5 (2D anisotropic problem) to 28 (low-frequency Poisson with
Sobolev training) times coarser, which leads to a gain in computation time (from a purely online perspective).
The 3D test case takes a closer look at execution times, particularly in the parametric context in which the
enriched approach is developed. More specifically, gains in terms of mesh size make it possible to achieve a
speed-up from 19 parameter sets to reach a relative accuracy of 1073 (in the L? norm).

8.1. Setup of the numerical experiments

For each of the proposed test cases, we consider a parametric problem, on which we train a PINN as presented
in Section 6.1, to resolve it on a set of parameters, denoted by M. Let p = dim(M) be the number of parameters,
and consider a set S of n, parameter instances:

S= {H(1)7'-'>/~L(np)}a

with, for j =1,...,n,,
M(J)_(M()7."7MP)EM

In the following, we denote by ul9) a reference solution to problem (37) for a given parameter u9) and by
up, 7) the solution obtained by the standard finite element method (52 where V}, is the P, Lagrange space defined
in (4) and h is the characteristic mesh size. We also denote by u, ) the solution obtained by the parametric
PINN, and by ug ', the solution obtained by the additive a <p})roach (10) with V+ the P, Lagrange space defined
in (8). In some test cases, we also consider the solution uh w of the multlphcatlve approach (19) with V,* the
PP, Lagrange space defined in (18), depending on the lifting constant M.

Remark 8.1. In the following, to estimate the error, we consider the reference solution to be either an analytical
solution or a solution obtained with a very fine mesh and a high polynomial degree. More precisely, we need the
characteristic size hpof associated with the reference mesh to be much smaller than the size associated with the
current mesh h, i.e.; hyet < h, and we will consider k.. = 3 the polynomial degree associated with the reference
solution.

In each test case, we investigate two aspects; the first in Section 8.1.1 involves verifying the error estimates
and the second in Section 8.1.2 is the evaluation of the gains achieved by the proposed methods compared with
the standard one.

8.1.1. Error estimates

Consider a small set S with n, = 2 parameter instances. Given a fixed parameter p9)| j =1,2, we start
by testing the error estimates obtained in Theorem 3.1 for the additive approach. In the case d = 1, we will
also be interested in the error estimates in Theorem 4.1 for the multiplicative approach. By varying the mesh
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size h, we then estimate the errors obtained with the two methods. To evaluate these errors, we compare the
approximations to the reference solution u) (see Rem. 8.1). We then define by

)y ) @)
T ] R T ] Py "
[[u@)]| 2 [u@)]| 2
the L? relative error obtained for the standard FEM and the PINN respectively. We further define,
o _ I il ) I il .
ot [[uO]] 2 M T

the L? relative errors obtained for the additive and multiplicative approach (depending on the lifting constant
M), respectively. Relative errors in the semi-norm H' can be defined in the same way.

8.1.2. Gains achieved with the enriched bases

As we have trained the network to be parameter-dependent to predict a solution for a set of parameters,
we are interested in the average gains we obtain with our enriched approaches compared to the PINN and
the standard FEM. More precisely, for a fixed mesh size h and a fixed polynomial degree k, for a set S of n,
parameter instances, the numerical gains obtained by the additive approach on PINN and standard FEM are
respectively defined for j =1,...,n, by:

) (J) 0 _ (J)
G+,9 = ﬁ and G (]) y (48)
eh + €h,+

with eéj ), eglj ) and eEIj )+ respectively the L? relative errors obtained with the PINN, the standard FEM and
the additive approach, defined in Section 8.1.1. Similarly, the theoretical gains obtained by the multiplicative
approach (depending on the lifting constant M) on PINN and standard FEM are respectively defined for
j=1,...,np, by:
, ) , )
G0y =0 and GY) = h, (49)

i i

with e ) the L? relative error obtained with the multiplicative approach (depending on the lifting constant
M), deﬁned in Section 8.1.1. Therefore, we will be interested in the minimum, maximum, mean and standard
deviation obtained on the following samples:

Gro={GY. .10} and Gy ={c,. .. 61}, (50)

which respectively represent the gains obtained with our additive approach over PINN and over standard FEM
on the set S of parameter instances. In the same way, we define Gs ¢ and Gy, which respectively represent the
gains obtained with our multiplicative approach over PINN and over standard FEM on S by:

Guro = {G%}{e, N .,Gg;;fg} and Gy = {G;y, N .,Gggw}. (51)

8.2. 1D Poisson problem

In this section, we will consider the problem (1) in its most simplified Poisson form, with homogeneous
Dirichlet boundary conditions. In the 1D case (d = 1), we have,

{ —0Opzu=f, in Qx M, (52)

u=0, on 90 xM,
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TABLE 1. Network, training parameters (Rem. 7.1) and loss weights for uy and ugata in the 1D
Poisson problem. Considering N collocation points for the PINN prior and Ngat, data for
the data prior.

Network — MLP Training Loss weights
- 1 3 data
layers 20,80, 80, 80,20, 10 lr 9e—2  Mepochs 10000 PINN prior ug Data prior ug
o sine decay—().99 wr 1 wiata 0 wr 0 wdata 1
Ncol/data 5000 wp 0 Wsob 0 Wb 0 Db 0

with Q = (0,1), 9Q its boundary and M C RP the parameter space (with p the number of parameters). We
prescribe a family of exact solutions depending on the parameter vector p = (p1, p2, us) € M = [0,1]* (p = 3
parameters) defined by

u(z, p) = p sin(2mx) + pg sin(4drx) 4+ pg sin(67rz) .

Note that the associated right-hand side f in (52) also depends on p. This problem is thus four-dimensional:
one dimension in space and three dimensions for the parameters p.

For this first test case, we construct two priors, as detailed in Section 8.2.1. The first one, denoted by uyg, is
built from a PINN as presented in Section 6. The second one, denoted by ug®** is constructed only from data
(obtained from the analytical solution). The aim is to show that using physics-informed training to construct
the prior leads to better results than data-driven training. In this test case, we also compare the additive and
multiplicative approaches (presented for several values of M), but only with & = 1 polynomial order to remain
concise.

We first present the error estimates obtained with the PINN prior in Section 8.2.2. First, we check the orders
of convergence of the two enriched approaches. Then, we verify the results expected in Section 5 by comparing
the theoretical gain constants of the additive and multiplicative approaches. Afterwards, in Section 8.2.3, we
compare, for a given parameter, the derivatives obtained with the two priors and analyze the associated gains.
Then, we evaluate the gains obtained with the two priors in Section 8.2.4 on a sample of parameters. Finally,
in Section 8.2.5, we analyze the influence of the weight initialization of the PINN prior on the gains obtained
with our enriched approaches.

1

Remark 8.2. In the following, the characteristic mesh size is h = =,

considered nodes.

where N represents the number of

8.2.1. Construction of the two priors

The hyperparameters used to construct the two priors are presented in Table 1. We discuss below the specific
differences in training both priors.

Physics-informed training. For the first prior, we will consider a parametric PINN, depending on the
problem parameters p, where we exactly impose the Dirichlet boundary conditions as presented in Section 6.2.1
and without using data in training. Thus, we construct ug as in (6.2.1) with the level-set function ¢ defined by

p(e) = x(z - 1),

which vanishes exactly on 92 and ¢ = 0. Since we impose the boundary conditions by using the level-set
function, we will only consider the residual loss J,. approached by a Monte-Carlo method as defined in (42) with
Ncol = 5000 collocation points uniformly chosen on 2 x M. The hyperparameters are given in Table 1; we use
the Adam optimizer [44].

Data-driven training. For the second prior considered, noted ugata, a network is trained only on the data

(constructed from the analytical solution). Therefore, we will only consider the data loss Jyats defined in (41),
considering Ngata = 5000 points. As for the physics-informed training, we still consider the hyperparameters
defined in Table 1 and construct the prior ugam in the same way using the level-set function.
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FIGURE 2. Considering the 1D Poisson problem and the PINN prior ug. Left: considering p(1).
L? relative error on h obtained with standard FEM 621) (solid lines) with k = 1 and k = 2, the
additive approach e hll (dashed lines) with & = 1 and the multiplicative approach 6213\/1 (dotted
lines) with & =1 (M = 3 and M = 100). Right: same for pu(?.

8.2.2. Error estimates — with the PINN prior

In this section, we look at the theoretical results of the additive and multiplicative approaches, considering
the PINN prior ug. First, we check the orders of convergence of Theorems 3.1 and 4.1 (in the L? norm), associ-
ated with both methods. Next, we numerically verify Theorem 5.1, showing that the multiplicative correction
converges, for sufficiently large M, towards the additive correction (in both the L? norm and H' semi-norm).

Convergence rate. We test the error estimates of Theorems 3.1 and 4.1 for the following two sets of param-
eters:
p® =(0.3,02,01) and p® =(0.8,0.5,0.8),

W1th the PINN prior ug. For j € {1,2}, the aim is to com are, by varying the mesh size h, the L? relative errors
eh obtalned with the standard FEM, defined in (46) eh . obtained with the additive approach, defined in (47)
and e;; 3\4 obtained with the multiplicative approach (taklng M =3 and M = 100), defined in (47). The results
are presented in Figure 2 for polynomial orders £k = 1 and k = 2, with h depending on the number of nodes
N € {16,32,64,128,256} as presented in Remark 8.2. We also present in Figure 3 the results obtained for the
semi-norm H'.

The results of Figures 2 and 3 show that all the enriched finite elements increase the accuracy of the method
and that they also converge at the same rate as the classical approach (i.e., for polynomial approximation
of order k = 1, the convergence order in the L? norm is 2 and in the semi-norm H'! is 1). Furthermore, the
theoretical analysis (which showed that the multiplicative correction has the same error as the additive one when
M — o0) is confirmed for both sets of parameters. In addition, Figures 2 and 3 also shows that this multiplicative
enrichment can be less efficient for small M when the (k+ 1)th derivative of the solution is large. Indeed, for the
first parameter considered in Figures 2a and 3a, for which the second derivative takes lower values, we observe
that the multiplicative approach with small M is closer to the additive one than for the second set of parameters
considered in Figures 2b and 3b, for which the derivatives are larger. Moreover, it seems that we gain almost
one order of interpolation with the additive approach: the additive method with polynomial order &k = 1 gives
relative errors close to the original FEM with k& = 2, although the rate of convergence is different.

Gain constants. We consider the first parameter p(") and the PINN prior ug. We now evaluate the gain

constants Cg;m, Cgm]r\l/[Hl and Cgaljr\l/[m (for different values of M), which are respectively defined in Theo-
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FIGURE 3. Considering the 1D Poisson problem and the PINN prior ug. Left: considering p(1).
Semi-H! relative error on h obtained with standard FEM (solid lines) with & = 1 and k = 2,
the additive approach (dashed lines) with £ = 1 and the multiplicative approach (dotted lines)
with k =1 (M = 3 and M = 100). Right: same for pu(?.

Comparison in L? norm Comparison in H' semi-norm
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FIGURE 4. Considering the 1D Poisson problem with "), k = 1 and the PINN prior ug. Left:
convergence of Theorem 5.1 with the L? error. Right: convergence of Theorem 5.1 with the
semi-H ' error.

rems 3.1 and 4.1 for the additive and multiplicative approaches. The idea is to check the convergence of the two
multiplicative gain constants towards the additive one, as proven in Theorem 5.1. The results are presented in
Figure 4 in L? norm and H' semi-norm, considering M > min |ug|.

Figure 4 shows that the multiplicative gain constant converges to the additive gain constant when M increases,
as expected in the theoretical results of Theorem 5.1. Furthermore, we can compare the expected theoretical
gains with the numerical gains obtained. For the additive approach, it would appear that the expected theoretical
gain (approximately 34.01) corresponds well with the numerical results of Tables 2 and 3 (left subtable). As
for the multiplicative approach, it appears that these constants align well when M becomes large; however,
for smaller M, the theoretical error estimates seem suboptimal. For example, for M = 3, we find a theoretical
gain of approximately 8.22 in semi-norm H' compared to the 30 obtained in practice in Table 3 (left subtable).
Moreover, in Figure 4, we see that the theoretical gain (in L? norm and H' semi-norm) converges to 0 when M
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TABLE 2. Considering the 1D Poisson problem with p®, k = 1 and N € {16,32}. Left —
L? relative error obtained with FEM. Right — Considering the PINN prior up and the data
prior ugata, L? relative errors and gains with respect to FEM, obtained with our methods. Our
methods: additive approach, multiplicative approach with M = 3 and M = 100.

PINN prior ug Data prior ug®*®
Method N  Error Gain  Error Gain
_FEM 16 1.29-10° 40.34 3.51-107% 14.78
N  Error Add

32 349.107* 3541 88-107* 14.06
16 5.18-1072 16 2.15-107° 24.13 3.38-10"° 15.36
32 1.24-107? Mult (M = 3) 32 5.41-107% 22.86 8.53-107* 14.51
16 1.3-1073 39.84 3.5-107° 14.83
32 3.53-107* 3508 8.78-107* 14.09

Mult (M = 100)

TABLE 3. Considering the 1D Poisson problem with p®, k = 1 and N € {16,32}. Left —
Semi-H' relative error obtained with FEM. Right — Considering the PINN prior us and the
data prior ugaLta Semi-H! relative errors and gains with respect to FEM, obtained with our
methods. Our methods: additive approach, multiplicative approach with M =3 and M = 100.

PINN prior ug Data prior ug®*®
Method N  Error Gain  Error Gain
_FEM 16 6.45-10"° 38.94 1.74-10~2 14.45
N  Error Add

32 353-107% 3521 891-107° 13.93
16 2.51-1071 16 8.02-107° 31.31 1.64-10"2 15.32
32 1.24-1071 Mult (M = 3) 32 4.26-107% 29.16 8.51-107% 14.59
16 6.49-10~° 38.7 1.74-1072 14.48
32 354-107% 3504 89-107% 13.95

Mult (M = 100)

tends to min |ug|, whereas in practice the numerical gains obtained have never been less than 1. More precisely,
for this test case in the H' semi-norm, we converge to 2.45 numerically when M is small.

8.2.8. Derivatives — with both priors

To better explain the results of Section 8.2.2, we compare the solution, the first- and second-order derivatives
between the exact solution and the prediction of both priors, for selected parameter p(!). Figures 5 and 6
respectively present this comparison for the PINN prior uy and the data prior ugata. We also compare the
relative errors and gains obtained with these two priors for N € {16,32} in Tables 2 and 3, respectively in L?
norm and H'! seml norm. More precisely for the L? norm, we evaluate the additive error eglll_ and the additive
gain on FEM el + , respectively defined in (47) and (48), for both PINN and data priors. We also evaluate the
multiplicative error 6213\4 and the multiplicative gain on FEM G Y defined in (47) and (49), for both priors,
with M = 3 and M = 100.

The results reported in Figures 5 and 6 and Tables 2 and 3 show that, even if the approach chosen to build the
prior (physics-informed or data-driven training) gives a good approximation of the solution, the important point
lies in the derivatives and mainly in the second-order derivatives, which are clearly better learned by PINNs.
Indeed, while the enriched FEM solution is more accurate using the PINN prior (Tabs. 2 and 3), we see from
Figures 5 and 6 that the raw PINN approximates the solution w less accurately than the raw data-driven the
solution, but the PINN better approximates the derivatives. As the error of the enriched FEM is mainly due to
the (k+ 1)th derivatives of the network being close to the (k+ 1)th derivatives of the solution, this explains why
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FIGURE 5. Considering the 1D Poisson problem with u(!) and the PINN prior ug, comparison
between analytical solution and network prediction. From left to right: solution; first derivative;
second derivative; errors.
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FIGURE 6. Considering the 1D Poisson problem with u(!) and the data prior ugata, comparison

between analytical solution and network prediction. From left to right: solution; first derivative;
second derivative; errors.

the enriched FEM with data prior does not perform as well as with a PINN prior. Therefore, PINNs have two
advantages: they do not require training data and give better results. Their main shortcoming is that training
takes longer; data could be used in addition to physics-informed training to speed up the process, but we do
not expect it to improve the accuracy of the prior derivatives. However, we mention that if data are available
for first- and second-order derivatives, it could also be used to improve a purely data-driven prior.

8.2.4. Guains achieved with the additive and multiplicative approaches — with both priors

Considering a set S of n,, = 100 parameter instances, we now evaluate the gains G4 g and G4 defined in (50)
with the PINN prior ug and with the data prior ugata. We also compute Gy g and Gy, defined in (51), similarly
for both priors. For fixed polynomial order £k =1 and N € {20, 40}, the results with the physics-informed prior
ug and the data-driven prior ugata are respectively presented in Tables 4 and 5.

The previous results indicate that the average gain provided by the enriched FE with the PINN prior is
significant, particularly when using the additive approach. These findings also confirm the behavior of the
multiplicative prior method for varying values of M. In contrast, when applied with data-driven instead of
physics-informed training, the same method does not yield similarly favourable results. Consequently, in the
experiments we perform below, we only employ the PINN prior.

Furthermore, it is important to note that we cannot expect enriched methods to have generalization or
extrapolation properties for parameters p ¢ M. Indeed, these potential extrapolation properties would depend
on those of the PINN. Since the PINN is a very smooth function, we might expect it to give reasonable results
near the boundaries of M. Intuitively, we might also expect that the further the parameters are from the
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TABLE 4. Considering the 1D Poisson problem and the PINN prior ug. Left — Gains in L?
error of our methods with respect to PINN by taking k = 1. Right — Gains in L? error of our
methods with respect to FEM by taking £ = 1. Our methods: additive approach, multiplicative
approach with M = 3 and M = 100.

Gains in L? rel error Gains in L? rel error
of our method w.r.t. PINN of our method w.r.t. FEM
Method N  Min Max Mean Std Min Max Mean Std

20 10.47 251.6 92.19 50.96 26.49 271.92 140.74 55.16
40 42.12  969.51 362.88 195.53 23.4 258.37 134.11 51.86
20 5.19 106.29  25.34 20.57 3.93 163.81  42.72 34.93
40 17.25 443.21 99.66 85.19 3.16 149.83  40.22 33.75
20 10.48 253.57 92.59 51.9 26.29 270.87 140.82 55

40 42.17 97991 364.38 199.36 23.28 257.71 134.15 51.62

Add

Mult (M = 3)

Mult (M = 100)

TABLE 5. Considering the 1D Poisson problem and the data prior ug®*®. Left — Gains in L?
error of our methods with respect to data Network by taking k& = 1. Right — Gains in L2
error of our methods with respect to FEM by taking £ = 1. Our methods: additive approach,
multiplicative approach with M = 3 and M = 100.

Gains in L? rel error of our Gains in L? rel error
method w.r.t. Data Network of our method w.r.t. FEM
Method N Min Max Mean Std Min Max Mean Std
Add 20 1.34 10.95 3.33 2.09 6.91 60.85 26.12 12.45
40 4.35 34.37 11.19 6.97 7.13 39.34 20.55 7.94
Mult (M = 3) 20 0.85 104 2.56 1.98 3.54 53.99 19.66 11.11

40 2.64 35.3 8.68 6.98 218 39.06 15.66 8.25
20 1.35 1096 3.33 209 6.9 60.73 26.11 12.43
40 4.35 3441 1119 697 7.13 39.38 20.55 7.93

Mult (M = 100)

training domain, the worse the results will be. However, there is no way to control this potential extrapolation
property. For this test case, considering the additive approach with the PINN prior, N = 20 and a sample of
100 parameters in [1,1.1]> (close to M), we find a mean gain of 9.18, compared to the 140.74 in Table 4 for
parameters in M: the gain has been lowered by a factor of 15. If we move away from the training area with
parameters in [1.1,1.5]3, we once again halve this factor with a mean gain of 4.48, confirming the previous
intuition.

8.2.5. Influence of the PINN initialization

In this section, we focus on the influence of network weight initialization on the quality of our results. To do
this, we consider a set of 30 PINN initializations with the hyperparameters defined in Table 1. Thus, for each
network, we are interested in the same way as in Section 8.2.4, in the gain of our enriched approaches on a
set of n, = 50 parameter instances. For each prior, we evaluate the minimum, maximum, mean, and standard
deviation on this sample. We then regroup these 30 values in Table 6, in the form mean=std, where mean and
std represent the mean and standard deviation, respectively, on the 30 networks considered.

In Table 6, we can see that the initialization of the PINN weights has an influence on the gains obtained
with the different enriched approaches. More specifically, for the additive approach (N = 20), for example, we
can see that the minimum gain obtained on the sample averages 23 across the 30 networks considered, with a
standard deviation of 6. It would therefore seem that there is always a gain in using the enriched approach,
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TABLE 6. Consider the 1D Poisson problem and a set of 30 PINN priors. L? error gains for k = 1
of our methods compared to FEM: mean=+std on the 30 networks considered. Our methods:
additive approach, multiplicative approach with M = 3 and M = 100.

Gains in L? rel error of our method w.r.t. FEM

Method N  Min Max Mean Std
Add 20 23.04+5.66 306.85+50.27 148.56 +£24.05 61.57 4+ 10.46
Add 40 21.65+£5.19 278.924+44.55 141.72+£21.92 56.69 *+ 8.62

Mult (M = 3) 20 6.10+£2.12 166.78 £52.32  44.54 £10.76 31.25 £8.81
Mult (M = 3) 40 4.76 £1.69 154.64 £49.58 41.51 +10.18 29.74 £8.41
Mult (M =100) 20 23.03£5.65 305.61+50.89 148.07+23.85 61.28+10.31
Mult (M =100) 40 21.64+£5.17 277.30+44.34 141.29 +£21.77 56.45+ 8.51

even if initialization influences its magnitude. On the other hand, even though the maximum is on average 307,
the standard deviation is close to 50, which is not negligible. However, the results on the mean column seem
close to the results obtained in Table 4. The results obtained with the multiplicative approach also appear to
be consistent with those obtained previously.

8.3. 1D general elliptic system and convection-dominated regime

In this experiment, we consider the problem (1) in a more complex form, still in a 1D (d = 1) configuration:

1
Ozt — —Ogzu =71, in x M,
Pe
u=0, on 0 x M,

with Q@ = (0,1) and 99 its boundary,  the reaction constant term, and Pe the Péclet number, describing the
ratio between the convection and the diffusion terms. For all z € ), the analytical solution reads

ePez -1
u(w, p) = 7’<I - epe_1)7 (53)

with p = 2 parameters p = (r,Pe) € M = [1,2] x [10, 100].

Remark 8.3. In the large Péclet regime, i.e., for convection-dominated flows, the classical finite element
method may generate oscillations when no specific treatment is applied, see e.g., [41].

In this test case, we construct only one prior, denoted ug, built from a PINN as presented in Section 6. We
also compare the additive and multiplicative approaches by considering polynomial order £ = 1, and since the
solution is positive in €2, we consider M = 0 for the multiplicative approach. We start by evaluating the error
in Section 8.3.1, then we compare the derivatives of the PINN prior and compare the different approaches in
Section 8.3.2. Finally, we evaluate the gains obtained in Section 8.3.3 on a sample of parameters. As we are
dealing with a specific case, we will compare two methods for imposing boundary conditions, as presented in
Section 7.2.2: the strong and the weak approaches.

Remark 8.4. As in Section 8.2, the characteristic mesh size is h = where N is the number of nodes

considered.

_1
N-1°

We consider a parametric PINN, depending on the problem parameters p, where we exactly impose the
Dirichlet boundary conditions as presented in Section 6.2.1. We define the prior ug and the level-set ¢ as
in Section 8.2.

Therefore, we will only consider the residual loss J,. approached by a Monte-Carlo method as defined in (42)
with Neo = 5000 collocation points (uniformly chosen on §2 x M) and we seek to solve the minimisation problem
(38). The hyperparameters are given in Table 7; we use the Adam optimizer [44].
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TABLE 7. Network, training parameters (Rem. 7.1) and loss weights for ug in the 1D FElliptic case.

Network — MLP Training Loss weights
layers 40,40, 40, 40, 40 Ir le=3 Mepochs 20000 wr 1 wdata O
o tanh _decay  0.99 w 0 w 0
Neot 5000 b sob
L2 L2
1072
104+
10-6 & i 1 1 i | . | | | s h
3. 92e 3  7.87e-3 1.59e-2  3.23e-2 6.67e-2 3.92e-3  7.87e-3  1.59e-2  3.23e-2  6.67e-2
—a— FEM P; --®- Mult strong P; -m- Add Py —a— FEM P; --®- Mult strong P, - m- Add P,
—o— FEM P, --®- Mult weak Py —o— FEM Py --®- Mult weak Py
(A) Case of p™ (B) Case of pu?

FIGURE 7. Considering the 1D Elliptic case and the PINN prior ug. Left: considering pu). L2
error on h obtained with standard FEM 621) (solid lines) with k = 1 and k = 2, the additive
approach egl (dashed lines) with & = 1 and the multiplicative approach eg;\/] (dotted lines)
with k = 1, considering strong and weak BC. Right: same for pu(?).

8.8.1. Error estimates

We start by testing the error estimates (Thms. 3.1 and 4.1) for the following two sets of parameters:
p =(1.2,40) and p® = (1.5,90),

by considering the PINN prior ug. For j € {1,2}, the aim is to compare for different mesh sizes h, the L2
relative errors eg obtained with the standard FEM, defined in (46), e ( i obtained with the additive approach
and 623\4 obtained with the multiplicative approach (taking M = 0), defined in (47). We will consider the
two 1mplementat10ns of the boundary conditions for the multiplicative approach: the strong and the weak BC,
as presented in Section 7.2. The results are presented in Figure 7 by varying the mesh size h, considering
N € {16,32,64,128,256} as presented in Remark 8.4.

In Figure 7, we see that the enriched approaches seem to give better results than standard FEM except for the
multiplicative approach with strong imposition of boundary conditions. Moreover, this approach, which imposes
p; =1 on 99, does not follow the expected convergence order (i.e., for k = 1, the expected convergence order
in the L? norm is 2, compared to 1 obtained numerically). The additlve approach seems much less effective here
than in the previous experiment of Section 8.2, whereas the multiplicative approach with weak BC seems to
significantly improve the results obtained with standard FEM. Nevertheless, these two approaches appear to
respect the expected convergence order in the L? norm, namely 2 for polynomials of order k = 1. A comparative
study of the different methods is given in Section 8.3.2. In addition, we see that the standard FEM with
polynomial order k = 2 is clearly less accurate than the multiplicative approach using weak BC applied with
polynomial order k = 1.
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Solutions First-order derivatives Second-order derivatives Absolute errors
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FIGURE 8. Considering the 1D Ellipctic case with u(® and the PINN prior ug, comparison
between analytical solution and network prediction. From left to right: solution; first derivative;
second derivative; errors.

TABLE 8. Considering the 1D Elliptic case with ), k = 1 and N € {16,32}. Left — L?
relative error obtained with FEM. Right — Considering the PINN prior ug, L? relative errors
and gains with respect to FEM, obtained with our methods. Our methods: additive approach,
multiplicative approach by taking M = 0 (strong and weak BC).

PINN prior ug

Method N  Error Gain

N EEMi Add 16 1.47-107" 1.26
rror 32 5-1072 1.26

16 1.85-107! 16 1.49-1077 1.24
32 6.31-1072 Mult (strong) 59 ¢'65.10-2 (.95

16 1.6-107° 115.82

Mult (weak) 59 g'or o1 737

8.3.2. Comparison of different approaches

We now focus on the second parameter p(?. We first look at the PINN prediction for this parameter and its
derivatives in Figure 8. As in the previous section, we consider the following approaches: standard FEM, the
additive approach and the multiplicative approach (with M = 0) with strong or weak imposition of boundary
conditions. We compare the different methods in Table 8, where we can see the different errors obtained with
the considered methods for k = 1 and N € {16, 32} as well as the gains obtained in comparison with standard
FEM. Next, we take a closer look at the solutions obtained with the different approaches in Figure 9; for each
method, we compare the solution obtained (uy, for standard FEM, ut for the additive approach and u; for the
multiplicative approach, with strong or weak BC imposition) with the analytical solution w. For the enriched
methods, using the PINN prior, we will also compare the proposed correction; namely, for the additive approach,
we will compare PZ with u — ug and for the multiplicative one p;* with u/ug (with ug > 0 in Q).

In Figure 8, we can see that PINN has difficulties to capture the solution and that the prediction it provides
is far from the analytical solution. As for its derivatives, they seem to be relatively inaccurate compared to the
analytical. Indeed, since the PINN is a smooth function, it has trouble approximating functions with very sharp
gradients such as the one of (53).

In Figure 9 and Table 8, we present a comparison of the different approaches proposed. In Figure 9a, we first
notice the oscillations anticipated in Remark 8.3 for standard FEM at both polynomial orders k = 1 and k = 2.
This behavior is also seen in the additive enrichment (blue dashed line in Fig. 9b), which does not seem to
give better results than standard FEM due to the derivatives presented in Figure 8, and for the multiplicative
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FEM Solutions Absolute errors Enriched solutions with Py Absolute errors
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(A) FEM solutions with polynomials order approximation (B) Enriched solutions with polynomial order approxima-
k =1 and k = 2, and absolute errors. tion k = 1, and absolute errors.

FIGURE 9. Considering the 1D Elliptic case with u®), N = 16 and the PINN prior ug. Com-
parison of the solution obtained with the different methods with the analytical solution. For
each enriched method, comparison of the correction term with the analytical one. Different
methods: standard FEM, additive approach, multiplicative approach by taking M = 0 (strong
and weak BC).

approach with strong boundary conditions (green dotted line in Fig. 9b). However, weakly imposing the BC
gives the appropriate results (red dotted line in Fig. 9b). It seems that for this specific test case, the prediction
obtained (close to a multiplicative constant of the solution) favors the multiplicative approach over the additive
one.

More specifically, since the accuracy of enriched approaches is completely dependent on the prior, it is not
clear in advance which approach (additive or multiplicative) will yield the best results. However, this strong
dependence means that we can intuitively choose the enriched approach based on our knowledge of PINNs. For
example, as explained above, since PINNs are regular functions, they have difficulty approximating functions
with very sharp gradients, as in this test case. Thus, knowing the nature of the test case in question, we can
get an idea of the quality of the prior and therefore estimate which approach should be more compatible with
it. To go further, if we want a more precise idea of the approach to focus on, we could, after training, calculate
the theoretical gain constants using a coarse FEM as a reference solution, for example, which in a parametric
approach could be seen as an offline cost. However, there is no theoretical guarantee that the constants will
exhibit the same behavior for different parameters, particularly depending on the type of parameter considered.

8.8.8. Gains achieved with the additive and the multiplicative approaches

Considering a set S of n, = 50 parameter instances, we will evaluate the gains G4 ¢y and G defined in (50)
with the PINN prior ug. We will evaluate Gy and Gy, defined in (51), in the same way with M = 0 for the
multiplicative approach, by considering the two implementations of the boundary conditions; strong and weak
BC. The results are presented in Table 9 for fixed k¥ =1 and N € {20, 40} fixed.

Table 9 confirms the above results. The multiplicative approach with weak BC seems to give the best results
on our set S of parameter instances. The additive and multiplicative approaches with strong BC imposition do
not appear to be very effective on this test case. In particular, even though the additive approach improves the
standard FEM error by a factor of 3, we have seen in Section 8.3.2 that the solutions obtained do not correspond
to the expected solution, whereas the multiplicative approach with low BCs does. In the following, we will only
consider the additive approach, as it seems to be the most efficient one, except in special cases such as the
one under consideration in this Section 8.3. Indeed, the following test cases will not contain boundary layers or
strong gradients.
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TABLE 9. Considering the 1D Ellipctic case, k = 1 and the PINN prior ug. Left — Gains in L?
relative error of our methods with respect to PINN. Right — Gains in L? relative error of our
methods with respect to FEM. Our methods: additive approach, multiplicative approach with
M =0 (strong and weak BC).

Gains in L? rel error Gains in L? rel error
of our method w.r.t. PINN of our method w.r.t. FEM
Method N  Min Max Mean Std Min Max Mean Std
Add 20 7.01 93.15 17.97 16.59 1.2 52.18 3.35 6.57
40 21.19 363.77 68.7 69.83 1.2 46.32 3.29 6.17
Mult (strong) 20 5.29 19.77 9.35 2.51 0.33 13.95 1.58 1.76
40 10.48 39.89 18.9 4.48 0.16 6.74 0.87 0.84

20 69.49 6247.43 1479.77  1094.37 65.32 359.24 186.72 77.12

Mult (weak) 0 96057 24007.73 442373 367441 5445 9252.57 148.83 48.35

8.4. 1D non-smooth transmission problem

Let Q = (0,7) and 0N its boundary. In this test case, the physical properties of the medium are discontinuous
with respect to space, and we define the interface point I = 5 at the middle of the domain. We consider the
folllowing one-dimensional non-smooth transmission problem:

—00z,u = f, in Q\{I} xM,
u =0, on 00 x M,
: . (54)
hrn+ o(x, p)0zu(x, p) = hr?i oz, pw)0u(z, ), peM,
li =1
Jim w(z, p) = lim u(z, p), e M,

where the diffusion coefficient ¢ is defined by

o, 1) = o1, ifxel0,1],
B = oy, ifz e (1,7,

with = (01,02) € M = [2.5,3.5] x [0.5,1.5] (we have p = 2 parameters). We prescribe a family of exact
solutions (depending on the parameter vector) defined by

Lsin(2z), ifze(0,1),
ul ) = {Jllsin(%:) if z € (I,m)
o2 ’ 1D
and we deduce the associated right-hand side f(z, u) = 4sin(2x).
At first, we will resonate in a non-parametric framework, focusing on the parameter u(*) = (3,1). Therefore,
in Section 8.4.2, we first present the error estimates obtained on this parameter, considering three different priors
(whose construction is detailed in Sect. 8.4.1). The first one (denoted by up) is a PINN with a generic MLP

architecture. The second one (denoted by ud®*?®) is constructed from data on the solution and its derivatives

(obtained from the analytical solution). For the third one (denoted by u§ "), we use a PINN with the architecture
proposed in [70], specifically designed to better capture the behavior of the solution around the interface by
enriching the MLP with a singular function. The aim is to show that for this type of problem, using an
architecture adapted to the problem leads to better results than a generic one. More specifically, we will show

that a naive network is not suited to the enriched approach we propose. However, by enriching the network in
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TABLE 10. Network, training parameters (Rem. 7.1) and loss weights for non-parametric priors
ug, ud®® and uy"® in the 1D transmission problem. Considering Nco collocation points for

PINNs and Ngat, data for the data prior. Weights not specified in the table are defined to be

Z€ero.
Traini Loss weights
Network — MLP -aing 4
Ir le=3 n 2000 "o up™™ Uy
layers 20,20, 20 epochs wy 1 Wdata 1 wr 1
o tanh decay 0.99 w 20 w 20
Ncol/data 3000 i W‘b N 1

a similar way that classical finite element methods are enriched to capture known discontinuities, we obtain
results similar to the other test cases considered, for low values of the polynomial degree k. To do this, we will
focus in Section 8.4.3 on the predictions and derivatives of the different non-parametric priors and analyze the
results of the enriched approach with the three priors. Finally, in Section 8.4.4, we will return to our parametric
framework by constructing the enriched prior uzing in a parametric way (considering g € M) and evaluate the
gains obtained with it on a sample of parameters.

Remark 8.5. As in the previous sections, the characteristic mesh size is h = ﬁ7 where N is the number of
nodes considered. For the finite element methods, we will choose to consider that the interface I lies on a mesh
node (by taking odd values of N) to avoid integration issues.

8.4.1. Construction of the different priors

Here, we will discuss the differences in training the three non-parametric networks (used in
Sects. 8.4.2 and 8.4.3) for the specific parameter p. We will also add the construction of the parametric
network uy "® (considered in Sect. 8.4.4). For PINNs, we will not strongly impose the boundary conditions (i.e.,

with a levelset function), but rather include them in the loss function.

Non-parametric physics-informed training with classical architecture. The first non-parametric prior
ug is a PINN with a generic MLP architecture. Since the problem is not defined on I, we can simply consider
that the integral of the residual loss is divided between the two subdomains (to the left and right of I). By
applying an independent Monte Carlo method, we obtain the same approximate residual loss J, defined in
(42) (considering N, = 3000 collocation points uniformly chosen on Q \ {I}). Since the boundary conditions
are not strongly imposed in this network, we also include the boundary loss J, defined in (43). It should be
noted that, by definition of the network in question, the continuity condition is automatically validated, but the
flow condition cannot be satisfied. In practice, the considered prior will aim to be accurate on the residual of
transmission problem, while the solution itself will be very poorly represented. The hyperparameters used are
given in Table 10.

Non-parametric data-driven training with classical architecture. For the second non-parametric prior
ugata, a network is trained only on the data (constructed from the analytical solution), considering the same
architecture as above. In Section 8.2, we have already seen that a network based on data is not sufficient to
correctly capture the derivatives of the solution. Hence, based on [70], we define the following modified data

loss function, including information on the derivatives:

Ndata
1 i i ata /(i i
Jdata(g) - Ndata Z |ugata(w<(1€3ta’ I’l’(l)) - u(w((ie)tta7 l‘l’(l)) |2 + |8xug ‘ (m((ia)ta’ll'(l)) - azu(wgiezta’ /’l’(l)) |2’
i=1

with Ngata = 3000 points uniformly chosen on Q \ {I}. The hyperparameters used are also given in Table 10.
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Non-parametric physics-informed training with enriched architecture. The third non-parametric
prior up "® is a PINN with an enriched architecture specifically designed to capture the behavior of the solution
around the interface. This architecture was proposed in [70] under the name ReCoNNs (Regularity-Conforming

Neural Networks). More precisely, we define the non-parametric network as follows:

|z — 1|
2 )

sing

Ug (Qi,p,) :wg(fﬂyﬂ)'f‘wé(%li) (55)
with wp = (w), w}) a classic MLP and p = pM). This architecture allows us to capture the discontinuity of the
first derivative of the solution at the interface I. The network is trained in a physics-informed way, minimizing
the same residual loss function J, as for the first prior and the same boundary loss function J,. The continuity
condition is automatically satisfied by the construction of the network. For the flow condition, we then add the
interface loss Ji, defined by:

Jint (6) -

r—It z—I1—

lim J(m,u(l))ﬁmuzmg(x,u(l)) — lim a(x,u(l))amuzing<x,u(l)>‘2,

where the limits of network derivatives at the interface are calculated analytically, as detailled in [70]. The
minimization problem then becomes:

0" = argmin (wyJ;.(6) + wpJy(0) + wWingJine (0)),
0

with w,, wp and wj,; some weights to balance the different terms of the loss function. The hyperparameters used
are still given in Table 10.

Parametric physics-informed training with enriched architecture. For Section 8.4.4, we will consider
the same enriched architecture as above, but in a parametric way. Thus, we define the parametric network as
defined in (55), consdering g € M and the modified interface loss function:

Neot 2
1 % sing % . i sin %
Jint (0) = v E lim U(%Nio)])amue g(m,ugo)) — hm_a(x,,ugo)l)azug g(ﬂc,ugo)l)
col =1 z—1I z—I

The hyperparameters used for the network and training are the same as for the non-parametric PINN prior
with enriched architecture (defined in Tab. 10), except for the number of epochs set t0 nepochs = 10000 and the
initial learning rate set to Ir = 1.8e-2.

8.4.2. Error estimates — with the three non-parametric priors

We perform the same test as in the previous sections, considering only the additive approach with the three
non-parametric priors presented in Section 8.4.1. The results in L? norm are presented for /J,(l) in Figure 10 for
fixed k € {1,2,3} and by varying the number of nodes N € {21,41,61,81,101} (Rem. 8.5).

The results of the enriched approach are obtained by calculating the source term weakly, meaning only using
the first derivatives of the prior. Also, like in the other test cases, the derivatives are calculated analytically
using PyTorch. However, in the case of the particular architecture used in u,"#, the derivatives produced are
discontinuous, which must be taken into account during integration. More precisely, using an odd number of
nodes N (as stated in Rem. 8.5), two cells of the mesh intersect at the interface I. Using a Galerkin discontinuous
space to represent the first derivative of the prior, we will define the value at I of the left (resp. right) cell by
its value at I — e (resp. I +¢) with e = 1076, This way, we ensure that the correct value of the derivative is used
on each side of the interface during integration.

The results presented in Figure 10 show that the additive approach with the PINN prior and the enriched
architecture uzing provides the best results. In particular, we observe that for polynomial order k£ = 1, the errors
obtained with PINNs are much lower than those obtained with the data network, and that the gain compared
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FIGURE 10. Considering the 1D transmission problem with pu(). Left: L? relative error on h,
obtained with the standard FEM eg) (solid line) and the additive approach eﬁl (dashed lines),
with k = 1, by considering the PINN prior with classic architecture ug, the data-driven prior
ug?*® and the PINN with enriched architecture uj"® (all in a non-parametric way). Middle:
same with k = 2. Right: same with k = 3.

to standard FEM is significant. Furthermore, we also observe that the convergence rates are similar for all three
priors and match those of the classical FEM. This confirms that using a network architecture adapted to the
problem yields better results in our enriched finite element method. On the other hand, we can see that the
data-driven network seems to deteriorate the results of the standard approach, particularly for k # 1, which
is a behavior we did not observe elsewhere. As this test case does not enter into the theoretical framework of
Section 3, we cannot assert the causes of this; further study is warranted. However, from what we have seen
so far, we have observed that the more we increase the polynomial order, the more the order of the derivatives
that control the error increases. If the reasoning is similar here, a network trained solely by data could produce
such a result. To better understand these results, we now analyze the predictions and derivatives of the three
priors in Section 8.4.3.

8.4.3. Derivatives — with the three non-parametric priors

To better explain the results of Section 8.4.2 for selected parameter p(!), we compare the solution, the first-
and second-order derivatives between the exact solution and the prediction of the three priors constructed in
Section 8.4.1. For analytical second derivatives, they are calculated independently on the left and right intervals.
The results are presented in Figure 11.

In Figure 11, we see that the prior that gives the best approximation of the solution is the PINN with the
singular architecture, followed by the data-driven network, which seems to smooth the solution at the interface
somewhat. The standard PINN, on the other hand, has great difficulty capturing the solution. In terms of
first derivatives, we see that the enriched PINN is also very successful, as is the case for the solution. The
data-driven network seems to give a smooth approximation of the first derivative, while the standard PINN still
seems quite far off. However, the data-driven network has the most difficulty approximating second derivatives,
followed by the standard PINN, while the singular network approximates them very well. In view of the results
of Section 8.4.2, it would therefore seem that it is the higher-order derivatives that have the greatest impact on
the results, even if the prior itself is not optimal. This conclusion also holds true in other test cases where our
theoretical framework is applicable.

8.4.4. Gains achieved with the additive approach — with the parametric enriched PINN prior

Considering a set S of n, = 50 parameter instances and the parametric enriched PINN prior uzing defined in
Section 8.4.1, we now evaluate the gains G g and G defined in (50). The results are presented in Table 11 for
ke {1,2,3} and N € {21,41}.
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FIGURE 11. Considering the 1D transmission problem with p") and the three different non-
parametric priors, the PINN prior with classic architecture ug (black), the data-driven prior
ug®*® (green) and the PINN with enriched architecture uy "® (blue). Comparison between analyt-
ical solution and network prediction. From left to right: solution; zoom on solution at interface;
first derivative; second derivative.

TABLE 11. Considering the 1D transmission problem, k € {1,2,3} and the parametric PINN
prior with enriched architecture up"®. Left — Gains in L? relative error of the additive method
with respect to PINN. Right — Gains in L? relative error of our approach with respect to FEM.

Gains in L? rel error

of our method w.r.t. PINN

Gains in L? rel error

of our method w.r.t. FEM

Min

Max Mean Std Min Max Mean Std
1 21  37.43 185.85 101.87 40.6 32.41 270.99 139.17 41.77
41 141.02 629.45 383.64 133.39 33.64 231.89 132.2 35.7
9 21 211.26 3555.64 1033.67 643.81 16.72  34.59 25.08 4.7
41 1057.29 25483.75 5719.05 4470.3 13.52 19.16 16.56 1.54
3 21 770.08 28142.92 4569.45 4825.81 1.48 2.68 1.79 0.23
41 11038.01 354298.53 58440.14 60029.7 1.2 2.02 1.45 0.22

The results in Table 11 confirm the results obtained for 1 in Section 8.4.2. It would appear that the additive
approach with the enriched PINN prior uy® provides significant gains, particularly for k = 1. For k = 3, the
minimum obtained is greater than 1, so we see that, unlike when using the data-driven prior, the results of the
standard method do not appear to be degraded. On the other hand, as the degree of the polynomial increases,
the average gains appear to decrease, and quite considerably so.

8.5. 2D Poisson problem in a square domain
We now consider the problem of Section 8.2 but in two dimensions (d = 2), with,

7Au:fa
{ u =0,

in Qx M,

56
on 00 x M, (56)

with A the Laplace operator on the domain = (—0.57,0.57)* with boundary 9, and M C RP the parameter
space (with p the number of parameters). We define the right-hand side f such that the solution is given by

(57)

u(x, p) = exp (— (= m) ;— (v = o) ) sin(kx) sin(ky),
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TABLE 12. Network, training parameters (Rem. 7.1) and loss weights for ug in the 2D low-
frequency case.

Training — with LBFGS

Network — MLP Loss weights

layers 40,60, 60, 60, 40 Ir 1.7e=2  Tepochs 5000 1 o 0
o sine decay  0.99 Nswitch 1000 S 5
Ncol 6000 b sob

with & = (z,y) € Q and some parameters g = (1, 12) € M = [—0.5,0.5]”, hence with p = 2 parameters. With
an abuse of language as well, we refer to the quantity x in (57) as the frequency of the solution, in the sense
that it characterizes the number of oscillations in the solution.

We start with a “low frequency” case in Section 8.5.1, taking x = 2 and considering a PINN where we
impose the Dirichlet boundary conditions as presented in Section 6.2.1, i.e., using a level-set function. To
further improve the prior quality, we introduce an augmented loss function in Section 8.5.2 by using the Sobolev
training presented in Section 6.2.2. Afterwards, we test another loss in Section 8.5.3 that includes the Dirichlet
condition, or in other words, that does not use a level-set function. Finally, we consider a “higher frequency”
case in Section 8.5.4, with k = 8.

Remark 8.6. In the following, the characteristic mesh size h = J’{,—\E is defined as a function of IV, considering

a cartesian mesh of N2 nodes for our squared 2D domain of length 7.

8.5.1. Low-frequency case

We consider a “low-frequency” problem, taking x = 2. In this section, we consider the additive approach,
as presented in Section 3, by considering the PINN prior ug. We start by testing the error estimates in (in L?
norm and H! semi-norm) with polynomial order k € {1,2,3}, then we compare the different approaches. We
evaluate the gains obtained on a sample of parameters. Then, we compare the numerical costs of the different
methods. Finally we discuss the importance of integrating analytical functions, as presented in Section 7.1.

Since the problem under consideration is parametric we deploy a parametric PINN, which depends on both
the space variable ¢ = (x,y) € Q and the parameters p = (u1,u2) € M. Moreover, we strongly impose the
Dirichlet boundary conditions, as presented in Section 6.1. To do this, we use the prior uy defined in (6.2.1),
where we choose the level-set function ¢ defined by

o(x) = (x + 0.57)(x — 0.57)(y + 0.57)(y — 0.57).

Thus, we will only consider the residual loss J,. approached by a Monte-Carlo method as defined in (42) with
Ncol = 6000 collocation points uniformly chosen on 2 x M. The parametric network is defined as an MLP with
the hyperparameters defined in Table 12; we use the Adam optimizer and then switch to the LBFGS optimizer
after the ngwitcn-th epoch.

Error estimates. We start by testing the error estimates of Theorem 3.1 for the following two sets of
parameters, randomly selected in M:

p) =(0.05,0.22) and p® =(0.1,0.04),

by considering the PINN prior ug. We perform the same tests as in the previous sections, but this time considering
only the additive approach. The results are presented in Figures 12 and 13 (respectively in norm L? and semi-
norm H') for fixed k € {1,2,3} with h depending on N € {16, 32,64, 128,256}, as presented in Remark 8.6.
In Figures 12 and 13, we observe the expected behavior. Indeed, the error decreases with the correct order of
accuracy as the mesh size h decreases (i.e., with a slope of k& + 1 in the L? norm and k in the H' semi-norm).
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FIGURE 12. Considering the 2D low-frequency case and the PINN prior ug. Left: L? relative
error on h, obtained with the standard FEM eg) (solid lines) and the additive approach egl
(dashed lines) for u™, with k € {1,2,3}. Right: same for u(®.
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FiGURE 13. Considering the 2D low-frequency case and the PINN prior ug. Left: semi-H'
relative error on h, obtained with the standard FEM (solid lines) and the additive approach
(dashed lines) for ") with k € {1,2,3}. Right: same for p(%).

This observation is valid for both the classical and enriched FEM. Moreover, we observe that the error constant
of the additive approach is significantly lower than that of the classical FEM. In the following paragraph, we
will compare these different approaches in more detail. As noted in the 1D case, we can see that the additive
enriched approach for k = 1 (resp. k = 2) seems to give relative errors close to the original FEM for k = 2 (resp.
k = 3), although the rate of convergence is different.

Comparison of different approaches. We now focus on the first parameter p(!). We compare the standard
FEM with the additive approach, first in the Table 13 where we can see the different errors obtained with the
different methods for k = 1 fixed and N € {16, 32} as well as the gains obtained in comparison with standard
FEM. Next, we take a closer look at the solution obtained with the different approaches in Figure 14; for each
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TABLE 13. Considering the 2D low-frequency case with u(), k = 1 and N € {16,32}. Left —
L? relative error obtained with FEM. Right — Considering the PINN prior ug, L? relative errors
and gains with respect to FEM, obtained with the additive approach.

FEM PINN prior ue
N  Error Method N  Error Gain
16 595-1072 Add 16 229-107*  260.38
32 1.44-1072 32 5.67-107° 253.66
Solution FEM solution uj, Additive solution u:f Additive correction PI
B \ \ T \ \ \ \ \ T T 2.1073
0.5 0.5 0.5
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FIGURE 14. Considering the 2D low-frequency case with p), k =1, N = 16 and the PINN
prior ug. Comparison of the solution obtained with the standard FEM and the additive approach
with the analytical solution. For the additive method, comparison of the correction term with
the analytical one.

method, we compare the solution obtained (uy, for standard FEM and u; for the additive approach) with the
analytical solution u. For the enriched method, using the PINN prior ug, we will also compare the proposed
correction; namely, for the additive approach, we will compare p; with u — ug.

In Table 13, we observe that the additive approach significantly improves the error of the standard FEM,
with gains of around 260 for N = 16 and k& = 1, which is equivalent to refining the mesh by a factor of 16
for P; elements. Indeed, in this case, our enriched approach gives much better results than standard FEM.
In Figure 14, we observe that the solution obtained with the additive approach is very close to the analytical
solution, with a correction term that is also very close to the analytical one. This shows the effectiveness of the
additive approach in this case.

Gains achieved with the additive approach. Considering a set S of n, = 50 parameter instances, we
now evaluate the gains G4 g and G defined in (50). The results are presented in Table 14 for k € {1,2,3} and
N € {20,40}.

In Table 14, we observe (left subtable) that our method significantly improves the error of the PINN, especially
for large values of k, where the enrichment is performed in a richer approximation space. Moreover, we also
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TABLE 14. Considering the 2D low-frequency case, k € {1,2,3} and the PINN prior ugy. Left —
Gains in L? relative error of the additive method with respect to PINN. Right — Gains in L?
relative error of our approach with respect to FEM.

Cains in L? rel error Gains in L? rel error
of our method w.r.t. PINN of our method w.r.t. FEM

k N Min Max Mean Std Min Max Mean Std
1 20 15.69 48.33 33.62 5.56 134.32 377.36 269.39 43.66

40 61.4 195.53 135.25 23.18 131.2 362.12 262.13 41.68
9 20 244.05 993.21 653.07 153.16 67.02 164.65 134.85 21.29

40 2055.16 8340.94 5501.88 1286.49 66.45 159.48 131.86 20.34
3 20 2780.52 11705.79 7542.95 1766.24 39.52 72.65 61.55 7.02

40 50649.24 211156.91 136714.04 31882.69 39.83 72.62 61.67 6.87

TABLE 15. Considering the 2D low-frequency case with p™), k € {1,2,3} and the PINN prior
ug. Left — Characteristic N (associated to the characteristic mesh size h) required to reach
a fixed error e for standard FEM and the additive approach. Right — Number of degrees of
freedom Ngyogs associated with each case.

N Ndofs
E e FEM Add FEM Add
1 1-107% 119 8 14161 64
1-107* 379 24 143641 576
5 1‘10*?1 42 8 6889 225
1-107° 89 17 31329 1089
3 1-107° 28 10 6724 784
1-107% 48 18 20164 2704

observe (right subtable) significant gains with respect to classical FEM. For instance, as expected from the
results of the previous paragraph, the mean gains for £ = 1 are around 270, which corresponds to refining the
mesh approximately 16 times for P; elements. This means that our P; enhanced bases capture the solution as
accurately as classical P; bases with a mesh sixteen times finer. For k£ = 2 and k = 3, the mean gains are around
134 and 61, respectively, which corresponds to refining the mesh approximately 5 times for P elements and 2.8
times for P3 elements. A natural follow-up question consists in assessing the impact of the PINN quality on our
results. This will be the subject of the Section 8.5.2.

Costs of the different methods. To more accurately assess the benefits of using the enriched methods, we
look in this section at the costs of the different methods proposed, considering the parameter p(*). Thus, we will
consider that the cost of using the PINN prior ug, corresponds to the total number of weights of the network
considered. In this case, it is given as an MLP with the hyperparameters defined in Table 12, for a total of
Nyeights = 12461 weights.

For the different finite element methods, we endeavor to determine, for a fixed polynomial degree k, the
characteristic mesh size h (depending on N as described in Rem. 8.6) required to reach a given fixed error e. In
Table 15, we study, for k € {1,2,3}, considering standard FEM and the additive approach, the N required to
achieve the same error e. More precisely, the characteristic mesh size required by standard FEM so that eg)
and the one required by the additive approach so that egll’i ~ e. Depending on the polynomial degree k, we can
also determine the number of degrees of freedom Ng.¢s associated with each case. These results are obtained by
interpolating the convergence curves of Figure 12 for the different methods for a given e.

~ e
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TABLE 16. Considering the 2D low-frequency case, k € {1,2,3} and the PINN prior ugy. Left —
Total costs of standard FEM and the additive approach to reach an error e for a set of n, =1
parameter. Right — Same for a set of n,, = 100 parameters.

npy =1 np = 100
E e FEM Add FEM Add
. 1-1073 14161 12525 1416100 18861
1-107* 143641 13037 14364100 70061
9 1-1071% 6889 12686 688900 34961
1-107° 31329 13550 3132900 121361
5 1-107° 6724 13245 672400 90 861
1.00-107% 20164 15165 2016400 282861

In Table 15, we see that the additive approach proposed in Section 3 requires a much coarser mesh than
standard FEM to achieve the same e error. This is due to the error estimations of Theorem 3.1 which show that
the error of the enhanced FEM is significantly lower than that of the classical FEM (depending on the quality
of the prior). This is also reflected in the number of degrees of freedom required to achieve the same error e.

However, the enriched approaches proposed require using the prior PINN wug, which also includes its inference
cost. For this reason, it is also interesting to study these same costs on a set of parameters, say of size n, = 100.
Since we are in the context of parametric PINN, we can estimate that the computational cost of solving (56)
on this sample of n, parameters corresponds, for the additive approach, to n, times its number of dofs plus
the cost of using PINN (i.e., its total number of weights), thus n, X Naofs + Nweights (With Naogs the number of
dofs associated to the additive approach). For standard FEM, this cost is equivalent to n, times its estimated
number of dofs n, X Ngogs (with Ngogs the number of dofs associated with standard FEM). We will then compare
these costs for a set of n, = 100 parameters, considering the same error e to be achieved for both methods.
The results are presented in Table 16. Note that these results (right subtable) are, in fact, only an estimate of
the real cost of solving n, problems. In practice, the number of degrees of freedom Ngfs associated with each
method depends on the parameter itself. The error to be achieved e will require more or less fine meshes for
each parameter.

In Table 16, for n, = 1 (left subtable), we can see that the cost of the additive method is generally lower than
that of standard FEM, even though they are of the same range. However, it is important to note that these are
not entirely comparable: in fact, a large part of the cost of the additive method lies in PINN prediction, which
will be more or less well estimated depending on a number of hyper-parameters (number of epochs, learning
rate, etc.). If we then take n, = 100 (right subtable), we can see that the cost of standard FEM becomes
radically higher than with the additive approach. This is why the improved approach is particularly interesting
for solving the (56) problem on a set of parameters.

Integration of analytical functions. This section aims to discuss one of the important points, presented
in Section 7.1, that enables PINN to be used effectively and can make our enriched methods more or less
effective. Indeed, according to (10), we have to integrate f + Awugy multiplied by the test function. To perform
this integration, we first interpolate this term on a polynomial space and then integrate it exactly. The degree
of this polynomial approximation is an important parameter to make our technique effective.

The goal here is simply to show that for enriched approaches to be effective, particularly the additive method,
this polynomial approximation must be of a sufficiently high degree. Consider the parameter p("), a polynomial
degree k = 3 and a number of nodes N? with N = 128. In Figure 15, we display the L? relative error of the
additive approach with respect to the degree of polynomial approximation of f + Aug.

In Figure 15, we observe that the error decreases as the degree of polynomial approximation increases. This
shows the importance of properly interpolating analytical functions in the context of enriched methods.
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FIGURE 15. Considering the 2D low-frequency case with p), k =3, N = 128 and the PINN
prior ug. Considering the additive approach, L? error egll with respect to the degree of poly-

nomial approximation of f 4+ Auyg.

TABLE 17. Network, training parameters (Rem. 7.1) and loss weights for u°" in the 2D low-
frequency case.

Training — with LBFGS

Network — MLP Loss weights

lr 1.7e—2  mnepochs 3000
gzyers 331’660’ 60,60, 40 decay  0.99 batch size 2000 ZT (1) Zdata 8 T
Neol 6000 b b

8.5.2. Low-frequency case — Sobolev training

This section focuses on the same problem as in Section 8.5.1. The aim here is to show that the network
quality has a non-negligible impact on the results obtained with our method and that if the network is better,
our results will be, too. To this end, we defined a new prior uZOb by using the Sobolev training presented in
Section 6.2.2, where the derivatives of the solution should be better approximated than by a standard training
and compared it with the PINN prior up defined in Section 8.5.1. We start by testing the error estimation
with k& € {1,2,3} polynomial order and evaluate the gains obtained on the same sample of parameters as in
Section 8.5.1.

We deploy here a parametric PINN, denoted by uZOb, where we consider the residual loss J, and the Sobolev
loss Jsob, respectively defined in (39) and (45), whose integrals are both approximated by a Monte-Carlo method
with Neo1 = 6000 collocation points. We then solve the minimisation problem defined in (44) considering that
the Dirichlet boundary conditions are strongly imposed as in Section 8.5.1. The hyperparameters are defined in
Table 17; we use the Adam optimizer.

Remark 8.7. Adding the Sobolev loss can make training more difficult, so we only consider 3000 epochs but a
batch size of 2000. This means that for each epoch, the weights will be updated 3 times (because N, = 6000).

Error estimates. For simplicity, we consider the first parameter p() = (0.05,0.22) presented in Section 8.5.1.
We perform the same test as in the previous section, considering the two priors, ug and uZOb, in the enriched
approach. The results are presented in Figure 16 for fixed k € {1,2,3} (in L? norm).

We observe that Sobolev training improves the results obtained with the L? training, for k& € {1,2,3}. This
shows the impact of the quality of the network prediction on our method. To further investigate this, we evaluate

the gains obtained with the Sobolev training on the same sample of parameters as in Section 8.5.1.

Gains achieved with the additive approach. Considering the same set S of n,, = 50 parameter instances

as in Section 8.5.1, we now evaluate the gains G4 g and G defined in (50) considering the PINN prior uZOb

using Sobolev training. The results are presented in Figure 18 for k € {1,2,3} and N € {20, 40}.
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FIGURE 16. Considering the 2D low-frequency case with p). Left: L? relative error on h,

obtained with the standard FEM eg) (solid line) and the additive approach eg’zr (dashed lines),

with & = 1, by considering the PINN prior with standard training ug and Sobolev training uZOb.
Middle: same with k = 2. Right: same with k = 3.

TABLE 18. Considering the 2D low-frequency case, k € {1,2,3} and the PINN prior uj°"
(Sobolev training). Left — Gains in L? relative error of the additive method with respect to
PINN. Right — Gains in L? relative error of our approach with respect to FEM.

Gains in L? rel error Gains in L? rel error
of our method w.r.t. PINN of our method w.r.t. FEM

k N Min Max Mean Std Min Max Mean Std
1 20 16.14 80.38 41.1 15.04 188.69 1085.32 768.22 200.13

40 63.93 324.11 166.45 61.46 187.82 1051.55 751.01 190.72
9 20 263.88 1751.13 896.03 394.57 147.08 536.32 414.91 78.1

40 2235.97 14849.11 7600.79 3349.18 146.35 528.57 408.6 76.94
3 20  3040.5 22972.38 10662.78 5092.35 91.84 244.09 192.96 32.23

40  55299.93 416438.72 194157.02 92537.38 93.16 246.78 194.31 32.51

The gains reported in Figure 18 show that, compared to L? training, Sobolev training increases the mean
gains by a factor of about 3. This corresponds to almost half an additional mesh refinement for the P; elements.
We also note that this Sobolev training is particularly interesting for higher polynomial degrees, with standard
L? training having lower gains than for k& = 1.

8.5.3. Low-frequency case — Boundary loss training

In this section, we focus on the same problem as in Sections 8.5.1 and 8.5.2. We now turn to a standard PINN,
denoted by uSC, where we impose the boundary conditions in the loss function (no longer with the level-set
function). The aim here is to show that our enriched methods also work with priors that do not have exact
boundary conditions. To this end, we start by testing the error estimation and evaluate the gains obtained on
the same sample of parameters as in Section 8.5.1.

We deploy a new parametric PINN, denoted u'é’c, where we consider the residual loss function J, and the
boundary loss function Jy, respectively defined in (42) and (43). These integrals are both approximated by a
Monte-Carlo method considering N.,; = 6000 collocation points and Ny, = 2000 boundary collocation points.
We insist that the collocation points are resampled at each epoch during the training process. Here, we no longer
strongly impose the Dirichlet boundary conditions. The hyperparameters are defined in Table 19; we use the
Adam optimizer and then switch to the LBFGS optimizer after the ngwitcnh-th epoch. The training loss curves
are presented in Figure 17 for both priors ug and ulg’c.
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TABLE 19. Network, training parameters (Rem. 7.1) and loss weights for u'gc in the 2D low-
frequency case.

Network — MLP Training — with LBFGS

Loss weights

layers 40, 60, 60, 60, 40 Ir 1.7¢=2  nepochs 5000 1 o o
o sine decay  0.99 Nswitch 1000 R 5
Neot 6000 Noe 2000 b sob
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FIGURE 17. Training loss curves obtained in the 2D low-frequency case. Left: considering the
PINN prior ug with strong boundary conditions (Sect. 8.5.1). Right: considering the PINN prior
¢ with boundary loss training (Sect. 8.5.3).
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FicURE 18. Considering the 2D low- {Tequency case with ). Left: L? relative error on h,
obtained with the standard FEM eh (solid line) and the additive approach 621 fl (dashed
lines), with k = 1, by considering the PINN prior w1th standard training ug and the BC loss
training u}°. Middle: same with k = 2. Right: same with k = 3.

Error estimates. We consider the first parameter p(!) = (0.05,0.22) presented in Section 8.5.1 and perform
the same test as before, considering the two priors ug and uBC. The results are presented in Figure 18 for fixed
k€ {1,2,3} (in L? norm).

We can see in Figure 18 that the additive approach also works when the prior is not exact on the boundary,
as here with u]gc. In particular, for k € {1,2,3} and the parameter M our enriched approach using the prior
uBC seems to give very similar results to those obtained with ug even if the approach with level-set is, for this
case, slightly better.

Gains achieved with the additive approach. Considering the same set S of n, = 50 parameter instances
as in Section 8.5.1, we now evaluate the gains G g and G defined in (50) considering the PINN prior “9
using BC loss training. The results are presented in Table 20 for k € {1,2,3} and N € {20, 40}.
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TABLE 20. Considering the 2D low-frequency case, k € {1,2,3} and the PINN prior u‘gc (BC
loss training). Left — Gains in L? relative error of the additive method with respect to PINN.
Right — Gains in L? relative error of our approach with respect to FEM.

Gains in L? rel error Gains in L? rel error
of our method w.r.t. PINN of our method w.r.t. FEM

kN Min Max Mean Std Min Max Mean Std
1 20 21.37 54.17 34.72 6.45 81.13 246.75 168.01 45.92

40 85.88 220.61 139.04 26.75 80.46 236.88 162.51 43.23
9 20 356.19 1248.67 579.58 179.56 48.74 91.6 70.04 12.06

40 3046.74 10658.21 4959.71 1534.67 48.42 90.91 69.6 11.98
3 20 5100.32 16 798.35 8398.62 2524.2 27.54  52.09 40.41 6.78

40  92448.59 308340.35 152537.79 46156.7 27.93 52.21 40.55 6.75

TABLE 21. Network, training parameters (Rem. 7.1) and loss weights for ugy in the 2D high-
frequency case.

Network — MLP w/ FF Training — with LBFGS .
Loss weights
layers 40,60, 60, 60, 40 Ir 1.7e—2  Mepochs 20000
B Wr 1 Wdata 0
o sine decay  0.99 Nswitch 1000 o 0 o 0
ng 40 Neol 6000 b sob

The gains reported in Table 20 show that for this test case, the use of the prior uy (using the level-set) in
our enriched approach, seems to give better gains than those of Table 14, considering the current prior ugc.
This may be due to the addition of the wy. hyperparameter for balancing losses in training, which may make
training less efficient. However, the results obtained with the current prior ub¢ are still very good, and the gains
are still significant compared to the standard FEM.

8.5.4. High-frequency case

To increase in complexity, we investigate a higher-frequency problem by taking x = 8 in (57). In this section,
we start by testing the error estimates. Then, we compare the different methods and evaluate the gains obtained
on a sample of parameters.

This time, we use the Fourier features from [69] as presented in Section 6.2.3 to construct the PINN prior
ug. The hyperparameters are defined in Table 21; we use the Adam optimizer and then switch to the LBFGS
optimizer after the ngyitcn-th epoch. We consider N, = 6000 collocation points, uniformly chosen on 2. We
impose the Dirichlet boundary conditions as in Section 8.5.1 using the level-set function and the same residual
loss.

Error estimates. We perform the same test as in Section 8.5.1, with a standard training (Sobolev training
is not considered). The results are displayed in Figure 19, where we observe the expected behavior. Indeed, all
schemes have the correct order of accuracy, and the enhanced FEM has a significantly lower error constant than
the classical FEM.

Comparison of different approaches. Considering the first parameter (), we perform the same comparison
as in Section 8.5.1 for the high-frequency case. The results are presented in Table 22 and Figure 20.

We can see here that the gains obtained in Table 22 are much better than for the “low frequency” case
presented in Section 8.5.1. This is, in fact, due to FEM’s difficulty in approximating the solution for high
frequencies, especially on coarse meshes. In fact, for the same choice of parameters, the FEM error on this
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FIGURE 19. Considering the 2D high-frequency case and the PINN prior ug. Left: L? relative
error on h, obtained with the standard FEM eg) (solid lines) and the additive approach egl
(dashed lines) for u™, with k € {1,2,3}. Right: same for u(®.

TABLE 22. Considering the 2D high-frequency case with p™, k =1 and N € {16, 32}. Left
— L? relative error obtained with FEM. Right — Considering the PINN prior ug, L? relative
errors and gains with respect to FEM, obtained with the additive approach.

FEM PINN prior ug
N  Error Method N  Error Gain
16 5.53-107" Add 16 1.36-107%  405.23
32 1.84-1071 32 4.66-107* 394.18

high-frequency problem is 10 times worse than on the low-frequency one, which explains why our gains are so
much greater. This also makes the use of the proposed enriched methods particularly interesting. Moreover, we
note that while FEM provides a reasonable approximation of the mean of the solution (as evidenced by the
second figure on the top row of Fig. 20), it is unable to correctly resolve the small-scale oscillating behavior of
the solution. The additive correction restores this ability, and the new solution (third figure on the top row of
Fig. 20) is much better able to capture the oscillations.

Gains achieved with the additive approach. We now evaluate the gains G g and G4, defined in (50),
using the same set S of n, = 50 parameter instances. The results are reported in Table 23 for k € {1,2,3} and
N € {20,40}.

The same results can be observed in Table 23 as for the pu(!) parameter. These could be improved by
considering a Sobolev training, as in the “low-frequency” case presented in Section 8.5.2.

8.6. 2D anisotropic elliptic problem on a square

In this section, we will consider the (1) problem in a more complex form than in Section 8.5, by considering
the following elliptic problem with homogeneous Dirichlet boundary conditions, in the 2D case (d = 2),

—div(DVu) = f, in Q,
uw=0, on 09,
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Solution w FEM solution uy, Additive solution uh Additive correction ph

2.1072
1-1072
- —-1-1072
.
% —2.1072
_ T 0 s sl _r _ 0 ™ s _n _m
2 4 r 4 2 2 4 r 4 2 2 4
Absolute FEM error |u — up| Absolute additive error |u — (ug + Dy )|
E 102 102
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Yy o0 10~ 1072
-7 10” 107*
-5 10~ 1076
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FIGURE 20. Considering the 2D high-frequency case with u(», k =1, N = 16 and the PINN
prior ug. Comparison of the solution obtained with the standard FEM and the additive approach
with the analytical solution. For the additive method, comparison of the correction term with
the analytical one.

TABLE 23. Considering the 2D high-frequency case, k € {1,2,3} and the PINN prior ug. Left
— Gains in L? relative error of the additive method with respect to PINN. Right — Gains in L?
relative error of our approach with respect to FEM.

Gains in L? rel error Gains in L? rel error
of our method w.r.t. PINN of our method w.r.t. FEM

kN Min Max Mean Std Min Max Mean Std
1 20 9.16 36.18 19.8 6.63 112.19  450.8 349.84 82.9

40 26.1 111.31 58.78 19.77 106.01 388.91 308.44 71.79
9 20 35.89 164.85 87.44 29.21 65.44 210.59 159.41 38.96

40 204.25 1088.02 516.55 179.21 52.5 139.6 109.72  22.04
3 20 100.37 533.16 252.86 88.38 32.91 81.05 63 12.73

40 971.70 6165.56 2592.38 978.71 19.80 41.1 33.53  4.98

with Q = (0,1)2, 99 its boundary and M C RP the parameter space (with p the number of parameters).
Considering & = (z,y) € Q, we define p = 4 parameters p = (p1, po,€,0) € M = [0.4,0.6] x [0.4,0.6] x
[0.01,1] x [0.1,0.8]. We define the (symmetric and positive definite) diffusion matrix D by

(@t (- Day
D(:l:,y,) = ((6 _ l)xy z2 + €y2

and the right-hand side f by

f(z, p) = exp (— (@~ “13‘0;5((732 — pi2) > _
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TABLE 24. Network, training parameters (Rem. 7.1) and loss weights for ug in the 2D Elliptic case.

Network — MLP Training Loss weights
layers 40, 60, 60, 60, 40 Ir 1.66=2 mepochs 15000 wr 1 wdata O
o tanh decay  0.99 w 0 w 0

Neol 8000 b sob

Note that the matrix D has eigenvalues 22 + 3? and €(2% + y?), leading to a diffusion process whose anisotropy
increases as € decreases.
In this section, we consider the following three sets of parameters:

p® =(0.51,0.54,0.52,0.55), p® =(0.48,0.53,0.41,0.89) and wu® = (0.46,0.52,0.05,0.12).

In Section 8.6.1, we start by testing the error estimates of Theorem 3.1. Then, we compare the two different
approaches in Section 8.6.2. Finally, we evaluate the gains achieved with the additive approach as in Section 8.6.3.

Remark 8.8. In the following, the characteristic mesh size h = % is defined as a function of IV, considering

a cartesian mesh of N2 nodes.

We consider a parametric PINN where we exactly impose the Dirichlet boundary conditions as presented in
Section 6.2.1. Thus, we construct ug as in (6.2.1) with the level-set function ¢ defined by

p(x) =x(x —1y(y — 1).

Since we impose the boundary conditions by using the level-set function, we will only consider the residual
loss J,. approached by a Monte-Carlo method as defined in (42) with N., = 8000 collocation points uniformly
chosen on  x M. The hyperparameters are given in Table 24; we use the Adam optimizer [44].

Remark 8.9. Here, we do not know the analytical solution associated with the problem under consideration.
So, in order to analyze the results obtained, we will define u as a reference solution u,.s obtained from a FEM
solver on an over-refined mesh of characteristic mesh size h,of and with k.. polynomial order. In this section,
we set Nor = 1000 (and the associated characteristic mesh size hyct, as defined in Rem. 8.8) and k.. = 3. The
linear systems resulting from the finite element discretization is solved using the Conjugate Gradient iterative
method (tolerance: 10~!3, maximum number of iterations: 10000) preconditioned by the algebraic multigrid
(AMG).

8.6.1. Error estimates

We first test the error estimates (Thm. 3.1) for the following two sets of parameters, randomly chosen from M:
p and pu. We perform the same tests as in the Section 8.5, considering only the additive approach. The
results are presented in Figure 21 for a fixed k € {1,2,3} with N € {16,32,64, 128,256}, as presented in
Remark 8.8.

As in the other test cases, the two approaches tested appear to respect the correct slopes of Theo-
rems 2.5 and 3.1. The additive approach seems to be more efficient than the standard FEM for polynomial
orders k € {1,2,3} and for the two sets of parameters considered.

8.6.2. Comparison of different approaches

We perform the same comparison as in Section 8.5.1 for this elliptic case. We focus on the third parameter
13 by taking a closer look at the solution obtained with the different approaches in Figure 22 considering
N =16 and k = 2.
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h, obtained with the standard FEM egl) (solid lines) and the additive approach egl’zr (dashed
lines) for u™), with k € {1,2,3}. Right: same for p(?).

Solution u FEM solution up,

0 025 5 075 1 0 025 4, 075 1

Absolute FEM error |u — up|
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FIGURE 22. Considering the 2D elliptic case with u®), k = 2, N = 16 and the PINN prior ug.

Comparison of the solution obtained with

the standard FEM and the additive approach with

the analytical solution. For the additive method, comparison of the correction term with the

analytical one.

We observe that the enriched FEM provides a more accurate solution compared to the standard FEM one.
The results indicate that the additive approach is particularly effective in capturing the solution’s finer details.
This demonstrates its potential in solving anisotropic problems with higher accuracy than standard methods.
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TABLE 25. Considering the 2D elliptic case, k € {1,2,3} and the PINN prior ug. Left — Gains
in L? relative error of the additive method with respect to PINN. Right — Gains in L? relative
error of our approach with respect to FEM.

Gains in L? rel error Gains in L? rel error

of our method w.r.t. PINN of our method w.r.t. FEM

k N Min Max Mean Std Min Max Mean  Std
1 20 2.26 50.1 17.35 11.21 7.12  82.57 35.67 17.55
40 4.84 185.73 62.52 43.15 6.8 77.55 33.91 16.36

9 20 15.03 623.17 213.18 143.68 3.54 3588 18.32 7.95

40 118.35 4942.28 1560 1096.15 2.37 31.82 14.83 7.49

3 20 151.67 3295.53 1111.11 750.19 1.33 26.51 8.32 5.02

40 1939.42 62146.51 1437523 12088.42 1.03 19.8 5.77 3.86

8.6.3. Gains achieved with the additive approach

Considering a set S of n, = 50 parameter instances, we will evaluate the gains Gy 9 and G defined in (50).
The results are presented in Table 25 for k € {1,2,3} fixed and N € {20, 40} fixed.

As in the previous test cases, the additive approach seems to be more efficient than the standard FEM for
the three polynomial orders k € {1,2,3} and for the two mesh sizes N € {20, 40}. However, the gains obtained
are less significant than in the previous test cases. This is due to the fact that the problem under consideration
is more complex, and thus, the prior ug is less accurate. Namely, PINNs have trouble converging on such highly
anisotropic problems, see e.g., [75].

8.7. 2D Poisson problem on an annulus, with mixed boundary conditions

This section concerns the problem (1), considering the Poisson problem with mixed (Dirichlet and Robin)
boundary conditions defined in two space dimensions (d = 2) by

—Au = f, in 2 x M,
u=g, on I'g x M,

l+u:g3, on I'y x M,
on

with M C RP the parameter space (with p the number of parameters). We consider Q2 to be an annulus centered
at the origin, defined by the unit circle with a circular hole of radius 0.25. Or, in other words, €2 is defined by

a={ecR?[025 < Va?+y? < 1}.

We then define 92 = I'; UT'g the boundary of 2, with I'; the inner boundary (the hole) and 'y the outer
boundary (the unit circle). We consider the analytical solution defined for all @ = (z,y) € Q by

In (m 2 + y2)

’LL(ZC”U,) =1- 111(4) >

with some parameters p = 1 € [2.4,2.6] (p = 1 parameter), and the associated right-hand side f = 0. The
Dirichlet condition g on I'; and the Robin condition gz on I'; are defined by
~ In(u) 4 —1In(p)

glx,pm) =1 In(4) and  gp(z,p) =2+ ()

These boundary conditions are thus parameter-dependent, contrary to the previous cases, which makes the
problem more complex. To avoid geometric errors, we apply Remark 7.3, by considering that ¢ = uw on I'g 3,
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TABLE 26. Network, training parameters (Rem. 7.1) and loss weights for ug in the 2D Laplacian
case on an Annulus.

Training — with LBFGS

Network — MLP Loss weights

layers 40, 40, 40, 40, 40 Ir 162 mepocns 4000 w, 1 wiata O
. ok decay  0.99 Newitch 3000 or 0 weon 01
Noot 6000 so :

and gp = % on I'y p, with I'g , and I'7 , the respective outer and inner boundaries of 2, the domain covered
by the mesh. Note also that ug is not exact on these approximate boundaries.

In this section, we consider the additive approach, as presented in Section 3, by considering the PINN prior
ug. We start by testing the error estimates in Section 8.7.1. Then, we compare the different approaches in
Section 8.7.2 and evaluate the gains obtained in Section 8.7.3 on a sample of parameters.

Since the problem under consideration is parametric, we deploy a parametric PINN, which depends on both
the space variable = (z,y) €  and the parameters g = p1 € M. To improve the derivatives’ quality, we
consider the Sobolev training presented in Section 6.2.2. Moreover, we strongly impose the Dirichlet boundary
conditions, as explained in Section 6.2.1, by using the formulation proposed in [67]. To do this, we define the
prior

YE

Ug = ——
op + 3

‘P% 2
29+90E801w97 (58)

[we + 1 (we — Ver - Vwg — gr)| + ot

where wy is the neural network under consideration and ¢; and ¢ g are respectively the signed distance functions
to I'; and I'p defined by

pr(@) = Va2 T2 - 025, pp(x)=1- Va2 + 2,

which cancels out exactly on I'; and I'g. Note that the level-sets considered are signed distance functions in
this specific test case, which is not the case in the other test cases. In this test case, this is necessary because
of the formulation proposed in (58) by Sukumar and Srivastava [67].

In this case, we consider an MLP with 5 layers and a tanh activation function with the hyperparameters
defined in Table 26; we use the Adam optimizer [44]. We consider the residual and Sobolev losses in the same
way as in Section 8.5.2 with N, = 6000 collocation points.

8.7.1. Error estimates

We start by testing the error estimation of Theorem 3.1 for the following two sets of parameters, uniformly
selected from M:

p® = (251) and p® = (2.54),

by considering the PINN prior ug. We perform the same tests as in the previous sections, considering only the
additive approach. The results are presented in Figure 23 for fixed k € {1, 2, 3}.

As expected, we see in Figure 23 that the error estimates are confirmed by the numerical results obtained
with the standard FEM and the additive approach. The error decreases with the correct order of convergence
for these two methods. Furthermore, the enriched approach provides a better accuracy than the standard FEM,
as expected.

8.7.2. Comparison of different approaches

We perform the same comparison as in Section 8.5.1 for this Laplacian case on an annulus. We focus on the
first parameter p(!) by taking a closer look at the solution obtained with the different approaches in Figure 24
considering h ~ 1.67- 107" and k = 1.
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FIGURE 23. Considering the 2D Laplacian case on an Annulus and the PINN prior ug. Left: L?
relative error on h, obtained with the standard FEM egl) (solid lines) and the additive approach
egll,lr (dashed lines) for ™, with k € {1,2,3}. Right: same for u(%).
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FIGURE 24. Considering the 2D Laplacian case on an Annulus with p(, k=1, h ~ 1.67-10~"
and the PINN prior ug. Comparison of the solution obtained with the standard FEM and the
additive approach with the analytical solution. For the additive method, comparison of the
correction term with the analytical one.
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TABLE 27. Considering the 2D Laplacian case on an Annulus, k € {1,2,3} and the PINN prior
ug. Left — Gains in L? relative error of the additive method with respect to PINN. Right —
Gains in L? relative error of our approach with respect to FEM.

Gains in L? rel error Gains in L? rel error
of our method w.r.t. PINN of our method w.r.t. FEM
k h Min Max Mean Std Min Max Mean  Std
1 1.33-107Y 51.44 154.48 124.76 31.45 15.12 137.72 55.5 38.24
6.9-1072 186.44 569.39 460.53 118.34 14.35 12491 51.72 34.68
9 1.33-107T  551.64 5688.06 3401.69 1674.34 31 77.46 58.41 15.46

6.9-1072 3148.05 39267.58 21619.73 11644.3 28.45 58.98 47.17  10.1
1.33-10" " 2005.65 51857 19839.47 14735.78 18.72  21.49 20.6 0.82
1 6.9-1072 29270.47 681417.4 281187.12 197765.09 17.92 19.85 19.33  0.57

Once again, we observe that the enriched approach provides a significant improvement in accuracy compared
to the standard FEM. This demonstrates the effectiveness of incorporating neural network priors in the case of
mixed boundary conditions on more complex geometries than squares (here, on an annulus).

8.7.8. Gains achieved with the additive approach

Considering a set S of n, = 50 parameter instances, we now evaluate the gains G g and G4 defined in (50).
The results are presented in Table 27 for k € {1,2,3} and h € {1.33-107%,6.90 - 10~2}.

As in previous sections, the PINN-enriched approach seems to give better results than standard FEM. For
k =1 we see a gain of 50 on average for this test case, which is equivalent to refining the mesh by a factor of 7
for IP; elements.

8.8. 3D Poisson problem in a cube domain

We now consider the problem (56) of Section 8.5.1 but in three dimensions (d = 3), in the space domain
Q = (—0.57,0.57)3 and the parameter domain M = [—0.5,0.5]2. We define the right-hand side f such that the
solution is given for all & = (x,y, 2) € Q and p = (u1, po, pu3) € M by

2 2 2
u(z, p) = exp (— (r =)+ —2,u2) + (== i) ) sin(2x) sin(2y) sin(2z).

In this section, we study the additive approach with & = 1. In Section 8.8.1, we start by testing the error
estimates. Then, in Section 8.8.2, we conduct a study of the computation times of the different methods. In
Section 8.8.3, we evaluate the gains achieved with the enriched approach. Finally, we discuss the importance of
the prior quality in Section 8.8.4.

Remark 8.10. In this section, the cube € of side length 7 is discretized using a Cartesian mesh with N3 nodes.
Consequently, the characteristic mesh size is defined as a function of N by h = ]’{,—‘ﬁ

We deploy the same type of parametric PINN as in the previous sections, where we strongly impose the
Dirichlet boundary conditions. This PINN depends on both the spatial variable  and the parameters pu. We
use the prior uy defined in (6.2.1), where we choose the level-set function ¢ defined by

o(x) = (z + 0.57)(x — 0.57)(y + 0.57)(y — 0.57) (2 + 0.57)(z — 0.57).

The residual loss function (42) is approximated with N, = 40000 collocation points uniformly chosen in Qx M.
The hyperparameters are defined in Table 28; we use the Adam optimizer and then switch to the LBFGS
optimizer after the ngwitcn-th epoch.
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TABLE 28. Network, training parameters (Rem. 7.1) and loss weights for ug in the 3D Poisson
problem.

Network — MLP Training — with LBFGS

Loss weights

layers 40, 60, 60, 60, 40 Ir 1.7e=2 nepochs 5000 w1 wiata O
tanh decay Nswitch 2000 0 0
g Neol 40000 b Wsob
L2 L2
101 101
1073 1073
__.-nu __.-m
w7 w7
l"“.’—— 4’2 .——"'—— 4’2
U i h T L h
o0 g e g gne? | poet 2865 0 g g8 g g2e? | oot 98007
’+FEM[P’1—I— Add P, \ ’+FEMIP’1—I— Add Py \
(a) Case of p® (B) Case of pu?

FI1GURE 25. Considering the 3D Poisson problem and the PINN prior ug. Left: L? relative error

on h, obtained with the standard FEM e;ll) (solid lines) and the additive approach eﬁl (dashed

lines) for p™), with k = 1. Right: same for pu(?.

Remark 8.11. The results are obtained using the iterative conjugate gradient method (tolerance: 10~8, max-
imum number of iterations: 1000) preconditioned by preconditioned by HYPRE’s BoomerAMG (a classical
algebraic multigrid method) with a strong connection threshold of 0.7 and 4 levels of non-local aggregation
using 2 paths (recommended options for the Poisson problem in FEniCSx?). For both FE approaches, the right-
hand side is interpolated on a P2 space. This means that for the additive approach, the derivatives of the network
are evaluated analytically (using torch.autograd) on the degrees of freedom associated to the space P2. To
give an order of magnitude, the evaluation of the second derivatives of the prior, on the mesh with N = 100
(i.e., 7880599 evaluation points for a P? space) takes 1.01s on an NVIDIA H100 GPU.

8.8.1. Error estimates

We start by testing the error estimates of Theorem 3.1 for the following two sets of parameters, randomly
selected in M:

p™ =(0.05,0.22,0.1) and p® = (0.04,-0.08,0.15),

by considering the PINN prior ug and by performing the same tests as in the previous sections. The results are
presented in Figure 25 with A depending on N € {20, 40, 60, 80,100}, as presented in Remark 8.10. We make
the same observations as in the previous sections, both in terms of convergence rate and gains.

Shttps://github.com/FEniCS/performance-test.
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FIGURE 26. Considering the 3D Poisson problem with pu), k = 1 and the PINN prior ug.
L? relative error obtained with the standard FEM egll) (solid lines) and the additive approach
6211_ (dashed lines) as a function of the online computation time (in seconds), including mesh
construction.

8.8.2. Computation times of the different methods

Just like in Section 8.5.1, we are now interested in the numerical costs of the different approaches, but this
time in terms of computation time. First, we perform a study in a non-parametric framework, considering only
the parameter p(V). Thus, in Figure 26, we examine the execution time of the two approaches (training time
not included for the additive approach), comparing it to the relative L? error. In Table 29, we perform a study
similar to the one done previously. More precisely, for a given error e, we look at the numerical cost of the two
approaches that allow us to achieve it. Therefore, for a given e, we report the characteristic mesh size h, the
number of degrees of freedom Ngos, and the execution time. In this purely online context on the parameter
1 the times indicated will include all the steps necessary to solve the EF problem, i.e., mesh construction,
system assembly, solving the linear system, and, for the additive approach, the cost of evaluating the derivatives
of the prior.

However, the offline cost of the additive approach cannot be neglected, as it includes the training time of
the prior (in this case: 707.84s). This is why, in Figure 27, we are interested in the numerical costs of the two
approaches in a parametric framework (since PINN is trained parametrically). To do this, we seek to determine,
for a fixed error e, the number of parameter instances at which the additive approach is better than the standard
approach, including the PINN training time. More precisely, the offline cost of the standard approach consists
simply of constructing the mesh (of the size required to achieve e), while the additive approach includes the
construction of the (coarser) mesh as well as the training time. For the online phase, both approaches include
all the FE steps (assembly and resolution of the system as well as the evaluation of derivatives for the enriched
method). It should be noted that the online costs are much higher for the standard approach, due to a finer
mesh size.

In Figure 26, we observe that for a given error, the additive approach is significantly faster than the standard
FEM. This is confirmed in Table 29, where we can see that a coarser mesh can be used to achieve a given
accuracy with our enriched FEM compared to the standard FEM, leading to reduced computational time. For
example, to reach an error of 1073, we need N = 152 (execution time: 76.5s) with the standard FEM, whereas
with the additive approach, we only need N = 12 (execution time: 0.052s). This represents a speed-up of
approximately 1471 times.

However, the cost of training the network cannot be ignored. In Figure 27, we see that when we include a
parametric context (including offline cost), the additive approach becomes more advantageous than the standard
approach when using n, = 19 parameter sets for an error of 1072 (left figure) and n, = 5 parameter sets for
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TABLE 29. Considering the 3D Poisson problem with p™) k = 1 and the PINN prior ug.
Left — Characteristic N (associated to the characteristic mesh size h) required to reach a
fixed error e for standard FEM and the additive approach. Middle — Number of degrees of
freedom Ngyofs associated with each case. Right — Execution time (in seconds) of the online
phase associated with each case. The results in brackets are extrapolations provided to give an
order of magnitude.

N Naoss Computation time
e FEM Add FEM Add FEM Add

1-1073% 152 12 3.51-10° 1.73-10° (7.65-10") 5.2.1072
1-107* 484 39 1.13-10% 5.93-10* (2.8-10%°) 9.26-107!
1-107° 1539 122 3.65-10° 1.82-10° (1.02-10%) (5.26-10%)

— FEM Py
Time (s) Time (s) --- Add P,
Offli t
6000 — ine cos
1500
4000
1000
708 5000
°00 708
0 np 0 Tp
0 10 20 30 40 50 0 10 20 30 40 50
(a) To achieve an error of 107? (B) To achieve an error of 5-10™*

FIGURE 27. Computation time (in seconds) of the total process (including the offline phase)
as a function of the number of parameter instances n, to be solved. The vertical dashed line

represents the number of parameter instances from which the additive approach becomes more
efficient than the standard FEM.

an error of 5-10~% (right figure). And it is with this framework that approaches enriched by PINNs become
interesting.

8.8.3. Gains achieved with the additive approach

Considering a set S of n, = 50 parameter instances, we now evaluate the gains G g and G4 defined in (50).
The results are presented in Table 30 for k = 1 and N € {20,40}, where we observe gains relatively close to the
2D test case (Sect. 8.5.1).

8.8.4. Influence of prior quality on the additive approach

Lastly, we focus on the impact of PINN quality on the results obtained with the additive approach. In
Table 31, we look at the average gain obtained with different priors on the same sample of n,, = 50 parameters
as in Section 8.8.3. More specifically, we train 9 PINNs (including the PINN from the previous sections) by
varying only the number of epochs 7epochs and the number of collocation points Neoi.

In Table 31, we can see that the number of collocation points considered seems to have a significant impact
on the gains obtained. On the other hand, the number of epochs appears to be less significant. The previous
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TABLE 30. Considering the 3D Poisson problem, k = 1 and the PINN prior ug. Left — Gains
in L? relative error of the additive method with respect to PINN. Right — Gains in L? relative
error of our approach with respect to FEM.

Gains in L? rel error Gains in L? rel error
of our method w.r.t. PINN of our method w.r.t. FEM
Method N  Min Max Mean Std Min Max Mean Std

20 8.57 20.19 14.11  2.69 75.34 166.98 137.34 24.07
40  33.67 82.21 56.47 11.15 75.57 161.70 133.31 22.14

Add

TABLE 31. Considering the 3D Poisson problem, k = 1. Mean gain in L? relative error of the
additive method with respect to FEM, by varying the quality of the PINN prior ug (by changing
Nepochs and Ncol)~

Nepochs

Neot 2500 5000 10000

10000 57.27 776.38 T7.74
20000 78.33 87.79 88.26
40000 110.52 137.34 138.59

results, therefore, seem to have been obtained by choosing the training among the nine that gives the best gains,
while having a relatively correct number of epochs.

9. CONCLUSION AND FUTURE WORK

In this work, we explored a new approach combining FEM and predictions from neural networks. The neural
network prediction is used to enhance the FEM prediction, by correcting the FEM approximation space. Two
strategies were investigated: an additive correction and a multiplicative one. For both approaches, we have
proved a priori error estimates for both the H! semi-norm and the L? norm. We have also highlighted a link
between these two techniques. Moreover, the constant appearing in these inequalities is compared with the
case of classical FEM. Numerical simulations on parametric problems in one, two and three dimensions confirm
our theoretical analyses. The various numerical test cases have shown that PINNs are good candidates for our
enriched methods due to their ability to approximate the derivatives of the solution, which is necessary for the
quality of our @ priori error estimates. The non-smooth one-dimensional transmission test case, which does not
fit into the theoretical framework of the two enriched approaches, also showed a similar behavior when using
an appropriate prior. In addition, the ability of PINNs to approximate the solution of the parametric PDE over
a set of parameters also showed that the proposed approaches are much more interesting in terms of numerical
cost than the standard method. Solutions to improve the quality of the prior and, thus, the quality of the
results have also been highlighted, with Sobolev training in particular. We have also observed that the additive
approach offers greater robustness and a more straightforward implementation than the multiplicative one.

The present work opens up several perspectives. For instance, the additive and multiplicative can be easily
adapted to non-linear equations. Moreover, the prediction could also be used to build an optimal mesh before
the FEM resolution, for instance, via a posteriori error estimates. Furthermore, more complex geometries can be
considered through the use of level-sets. In this paper, we restrict our attention to regular shapes. For geometries
with re-entrant corners, the corresponding singularities can be incorporated into the neural network, following
the approach of [70], while a posteriori error estimators may be employed to drive mesh adaptation in the FEM
correction. This direction will be explored in future work. In this work, the prior is provided by the prediction
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of a PINN, which offers the advantage of accurately approximating derivatives. Alternatively, a reduced-order
model could serve as a prior, provided its derivatives are sufficiently precise, although this option may become
computationally demanding. Finally, the use of neural operators (e.g., Fourier Neural Operators, see [47]) instead
of neural networks could be an interesting alternative to explore, allowing for better generalization without being
restricted to parameterized functions.
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APPENDIX A. NOTATIONS AND DEFINITIONS

The aim of this section is to introduce the notations used throughout the paper. We present the notations related to
the parametric PDE (Tab. A.1), to the neural network (Tab. A.2), and to the finite element methods (Tab. A.3).

TABLE A.1. Notations introduced for the parametric PDE.

Notation Definition

Q Spatial domain
d Spatial dimension
x = (r1,...,24) Spatial coordinates

<

Parameter space
Number of parameters

(p1,...,up) Parameter vector

Lifting constant

Solution of the problem

Solution of the lifted problem (by M)
Right-hand side of the problem

Parametric differential operator of the problem
Reaction coefficient

Convection coefficient

Diffusion matrix

gthxi@:::%

jas)
®

Péclet number
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TABLE A.2. Notations considered for the neural network.

Notation Description

Ug Neural network prediction of u
U, M Neural network prediction of was
Level-set function used to impose BCs

s and generate sampling in PINNs

0 Trainable parameters of the neural network
0* Optimal parameters of 6

Jr Residual loss

Jb Boundary loss

Jaata Data loss

Jsob Sobolev loss

TABLE A.3. Notations used in the various finite element methods.

Notation Description

- VP Finite element approximation space
_cE S un Finite element approximation of u
%E h Characteristic size of the mesh
&z Ih Lagrange interpolation operator
k Polynomial degree of the finite element approximation
o 45 Vh+ Finite element approximation space enriched with additive prior
;; E u% F?nTte element approx%matTon of u in Vh"f .
;% é Dy Finite element approximation of u — ug in V},
o Cgain Additive gain constant
|7 Finite element approximation space enriched with multiplicative prior
é *é upy Finite element approximation of u in V,* — M
£ ;:E p,f Finite element approximation of was/ug,ar in 1+ V;?
g é gxain, 71 Multiplicative gain constant in H' semi-norm
S © ngaim 12 Multiplicative gain constant in L? norm

Ih Modified Lagrange interpolation operator
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