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A MIXED FINITE ELEMENT METHOD FOR A CLASS OF FOURTH-ORDER
STOCHASTIC EVOLUTION EQUATIONS WITH MULTIPLICATIVE NOISE

BENIAMIN GOLDYS!®, AGUS LEONARDI SOENJAYA?*® AND THANH TRAN?

Abstract. We develop a fully discrete, semi-implicit mixed finite element method for approximating
solutions to a class of fourth-order stochastic partial differential equations (SPDEs) with non-globally
Lipschitz and non-monotone nonlinearities, perturbed by spatially smooth multiplicative Gaussian
noise. The proposed scheme is applicable to a range of physically relevant nonlinear models, including
the stochastic Landau-Lifshitz—Baryakhtar (sLLBar) equation, the stochastic convective Cahn—Hilliard
equation with mass source, and the stochastic regularised Landau-Lifshitz—Bloch (sLLB) equation,
among others. To overcome the difficulties posed by the interplay between the nonlinearities and the
stochastic forcing, we adopt a “truncate-then-discretise” strategy: the nonlinear term is first truncated
before discretising the resulting modified problem. We show that the strong solution to the truncated
system converges in probability to that of the original problem. A fully discrete numerical scheme is
then proposed for the truncated problem. Assuming initial data in H?, we utilise parabolic smoothing
estimates and the temporal Hélder continuity of the solution to establish both convergence in probability
and strong convergence (with quantitative rates) for the two fields used in the mixed formulation.
Numerical simulations are provided to support the theoretical results.
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1. INTRODUCTION

Motivated by physical applications, we consider the following fourth-order system of nonlinear SPDEs with
non-monotone nonlinearities, perturbed by a spatially smooth multiplicative Gaussian noise:

du = (\MH — 2AH —yu x H + 8(u)) dt + G(u) dW(t) for (t,x) € (0,T) x 2, (1.1a)
H = Au+ f(u) for (t,z) € (0,T) x 2, (1.1b)
u(0,x) = uop(x) for x € 7, (1.1c)
ou OH

% = 0, % =0 for (t,m) S (O,T) X 8.@, (11d)
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where 2 C RY, d < 3, is a bounded regular domain, and u : Q x [0,7] x 2 — R3 is a vector-valued random
variable. Here, W is a real-valued Wiener process on a filtered probability space (2, F, P, {F; }41>0) with respect
to the usual filtration, and G(u) is a Lipschitz function of u satisfying certain assumptions, but the framework
also accommodates more general noise; see Sect. 2.2. The forcing term f(u) := kuu — k|u|?u arises from the
Ginzburg-Landau theory, which is the negative variational derivative of V (u) := r(Ju|” — )2/4, a double-well
potential function. Define

S(u) := M(u) 4+ C(u),

where M(u) is a mass source term with at most quadratic growth and C(w) is a convective term given by
Clu) = -Viu+ foux (v-V)u, (1.2)

where v is specified in (2.4). All numerical coefficients are non-negative.

The problem (1.1) describes various problems in physics. When A1, Ao, and ~ are positive, problem (1.1) is
the stochastic Landau—Lifshitz—Baryakhtar (sLLBar) system with spin current [23,40,43], which can be seen as
a Cahn-Hilliard-type regularisation of the stochastic Landau—Lifshitz—Bloch (sLLB) equation in micromagnet-
ics [7,18,31,39]. When v = 0, (1.1) is the stochastic bi-flux reaction-diffusion system [5] if 82 = 0, a stochastic
population growth/dispersal model with long-range effects [12] if 51 = B2 = 0, the Cahn—Hilliard-Cook (CHC)
equation [29] if A; = B = M(u) = 0 (and the noise is additive), the stochastic convective Cahn-Hilliard equa-
tion with mass source (sSCHm) [32,36] if \y = B2 = 0, and the stochastic convective Allen—Cahn/Cahn—Hilliard
(sAC/CH) equation [1] if B2 = 0.

The development of numerical methods for physically relevant SPDEs with non-globally Lipschitz and non-
monotone nonlinearities perturbed by multiplicative noise is an active area of research (see e.g. [6,15,26,27]
and many others). As (1.1) is a fourth-order equation, a conforming finite element method to solve the equation
directly would require C'-elements, which can be computationally costly. Numerically treating the problem in
mixed form allows us to work with C%-conforming finite elements and use the mixed finite element method
(see (3.1)), at the expense of introducing an auxiliary unknown and performing a more delicate analysis. To the
best of our knowledge, no numerical scheme has been proposed for the problem (1.1) in its generality, not even
for the sLLBar equation (with or without spin current), the sSCHm equation, or the sAC/CH equation.

On a related note, several numerical schemes have been proposed in the literature for the CHC equation
with additive noise, including a C'-conforming semi-discrete scheme [11], a fully implicit scheme [20], and a
fully explicit scheme combined with spectral Galerkin method [9] (see also [19] for gradient-type noise, where
strong convergence of an implicit scheme in H~! is shown). Note that even in this setting (y = 32 = 0),
numerical schemes of implicit/explicit-type proposed here have not been analysed before. Furthermore, adding
a mass source and a convective/precession term in (1.1) causes a nontrivial difficulty in the analysis due to
the non-conservative mass and the loss of gradient flow structure, which is already encountered even in the
deterministic case [30,38]. On the other hand, setting Ay = 0 in (1.1) gives the sSLLB equation. A C'-conforming
finite element scheme for a regularised version of the SLLB equation (which is simpler than our problem (1.1))
is proposed in [22]. As we can consider (1.1) to be a physically relevant regularisation of sLLB, our scheme
provides a more practical method to approximate the solution to sLLB by taking Ay sufficiently small (in light
of the convergence result for sLLBar to sLLB in [23], Sect. 8).

Regarding the error analysis, we describe here some difficulties at the discrete level that need to be overcome.
To this end, let A denote the Neumann Laplacian, Ay the discrete Laplacian, and II;, the orthogonal projection
onto some finite element space V. Firstly, loosely speaking, the mixed finite element method aims to approx-
imate w and H simultaneously, using finite element functions which belong to H! (but not H?). This already
makes the analysis of the mixed finite element scheme more challenging than its C'-conforming counterpart,
even in the deterministic case. Furthermore, the presence of the finite element projection II, in front of the
nonlinearities present in (1.1) destroys some dissipativity properties of the continuous problem. For instance,
while there exists a C' > 0 such that for any sufficiently regular function v,

~(f(v),v) = =C, and — (Vf(v),Vv) > —C|| V|,
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we notice that for v, € Vp,
—(VITuf(vn), Vor) 2 —C|[Vos|3=.

As such, moment bounds for ||up|[ . and ||[Vuy|| 2, where uy, is the finite element approximation of u, are
difficult to attain.

Similar difficulties are encountered in [19,20] for a simpler model. In their case, however, these issues could be
overcome by exploiting the fact that the (scalar-valued) Cahn—Hilliard-Cook equation is the H ~!-gradient flow
of a Lyapunov functional together with the mass conservation property to derive a moment bound for the H !
norm of the finite element solution. This bound could then be bootstrapped and used to derive moment bounds
in stronger norms and strong convergence of the scheme in the H~! or L? norms. However, it is not clear how
to adapt such arguments to our case since (1.1) is not a gradient flow in the presence of the cross product term,
the forcing term f(u), and the convective term C(u). Furthermore, these nonlinearities are non-monotone, thus
the general results from [25,34] do not apply and the analysis needs to proceed differently here. We also remark
that the nonlinear term Af(u) is absent in the regularised sLLB model considered in [22]. In addition, since
C'-elements are employed there, the complications described in this and the preceding paragraph do not arise
in that work.

We outline the approach taken in this paper as follows. To overcome the difficulties mentioned before, while
still employing C?-conforming elements, we adopt the idea from [37] in the deterministic case by first truncating
the potential function so as to have at most quadratic growth at infinity. Such pointwise truncation is both
physically reasonable and a common practice [8,13,16,28,42]. In doing so, the forcing function f is approximated
by a globally Lipschitz C?-smooth function fr. We also truncate the mass source [32]. We show that the strong
solution to the problem with truncated potential converges in probability to that of (1.1) as the truncation
parameter R 1 oo. Note that even after these modifications, the problem (1.1) is still a system of SPDEs
with non-monotone and non-globally Lipschitz nonlinearities due to the cross product term w x H and the
non-variational term C(u), thus the analysis is not straightforward.

A mixed finite element method is proposed for the truncated problem. In the absence of cross-product
terms (corresponding to the sCHm or sAC/CH equations), the resulting fully discrete scheme is of IMEX type.
The error analysis is carried out within the variational framework for SPDEs and assumes initial data in H?,
which guarantees the existence and uniqueness of analytically strong pathwise solutions [23]. No additional or
unrealistic regularity assumptions are imposed. We establish stability estimates of the scheme in strong norms,
including bounds on higher moments, and exploit parabolic smoothing properties together with the temporal
Holder continuity of the solution. These ingredients are combined to derive error bounds localised on events of
large probability, leading to convergence in probability and strong convergence with quantitative rates for each
field in the mixed formulation, following the approach of [4,10]. The main results are stated in Theorems 3.9-3.11.
Numerical experiments to corroborate the theoretical results are described in Section 4.

2. PRELIMINARIES

2.1. Notations

We begin by defining some notations used in this paper. Let 2 be a convex Lipschitz domain or a domain with
C?-smooth boundary. The function space IL? := L?(Z;R3) denotes the usual space of p-th integrable functions
defined on 2 and taking values in R?, and W*? := W*P(2;R3) denotes the usual Sobolev space of functions
on 2 C RY taking values in R3. We write H* := W*2, The partial derivative d/0z; will be written by 9; for
short. The partial derivative of f with respect to time ¢ will be denoted by J;. The operator A denotes the
Neumann Laplacian acting on R3-valued functions with domain

ov
= 2 l — =
D(A) = {v e H: n 0 on 8_@}.
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If X is a Banach space, L?(0,T; X) and W*?(0,T; X) denote respectively the usual Lebesgue and Sobolev
spaces of strongly measurable functions on (0,7') taking values in X. The space LP(€); X) denotes the space of
strongly measurable X-valued random variable with finite p-th moment, where (£2, F,P) is a probability space.
For an interval J, the space C°(J; X) and C%(J; X) denote respectively the space of continuous functions and
the space of a-Holder continuous functions on J taking values in X. For brevity, we will denote the spaces
Lr(0,T; X), C°([0,T); X), and C*([0,T]; X) by LE(X), C2(X), and C3(X), respectively.

Throughout, we denote the scalar product in a Hilbert space H by (-,-)g and its corresponding norm by
Il - ||zr- The expectation of a random variable Y will be denoted by E[Y]. We do not distinguish between the
scalar product of .2 vector-valued functions taking values in R? and the scalar product of L? matrix-valued
functions taking values in R3*3  and denote them by (-, ).

In various estimates, the constant C denotes a generic constant which takes different values at different
occurrences. If the dependence of C' on some variables, e.g. R and T, is highlighted, we will write Cr 7.

2.2. Assumptions
Let pr € C2(R?) be a C%-smooth bump function whose support lies in the closed ball Bag(0), such that

1, if|z|<R
- 2.1
vr(@) {0, if || > 2R. 2.1)

The functions fr : R? — R3 and Mp : R? — R3 are defined by

fr(u) == ¢r(u) f(u), (2.2)
Mg(u) = pr(u)M(u). 2.3

For equation (1.1), we set A\; = Ao = k = u = 1 for simplicity. We further assume the following:

(1) The map G : R?* — R3 is Lipschitz continuous with Lipschitz constant Cg. Moreover, there exists a constant
C > 0 such that

[VG(v) = VG(w)|2 < C|[Vv = V|, Vo, w € H,
[G0)lg> < C(1+ [[v]lg2), Vo € H2.

(2) The spin current vector field v € L (R*; L>(2; Rd)) is given. For simplicity, set

20 oo (e e (7)) = 1 (2.4)

We remark that our results are also valid more generally for noise of the form G(u)dW, where W is
a D(A)-valued Q-Wiener process of the form W (t) = Y77, \/arerWi(t), where {Wj}ren is a sequence of
independent real-valued Brownian motions, {ex}ren is an orthonormal basis of D(A) such that Qex = grey,
and Tr(Q) := > 7, qx < co. In this case, we assume G : H® — L(H?) is Lipschitz continuous for s = 1 and is
of linear growth for s = 2. The assumptions here cover the case where G(u) is the identity operator (additive
noise) or the noise term given in [23] for the sLLBar equation. We consider just a single real-valued Brownian
motion in this paper for simplicity of presentation.

2.3. Existence, uniqueness, and regularity of solution

The existence, uniqueness, and regularity of the (probabilistically and analytically) strong solution to the

problem (1.1) are studied in [23]. We summarise the relevant results here. First, define a self-adjoint operator
A:=A*— A, with D(4) = D(A?).

The following theorem is essentially shown in Theorems 2.2, 2.3, and Lemma 4.10 from [23].
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Theorem 2.1. Let ug € D(A%) and T > 0 be given. There exists a unique pathwise solution uw of the prob-
lem (1.1) with the following regularity: for any B € |0, %], a €0, % — 0], and p € [1,00),

u € LP(9;C*([0,T]; D(A7))) N LP(Q; L*(0,T; D(A))).
Moreover, the solution enjoys the smoothing property on (0,T): for any 5 € [%, 1),a€(0,1-0), andp € [1,00),
u € LP(9;C*((0,T); D(AP))).

We now consider problem (1.1) with truncated nonlinearities, with all numerical coefficients set to 1. More
precisely, for each R > 0, the pair (ug, Hg) satisfies

dug = (Hr — AHp —ug x Hg + S(ug)) dt + G(up)dW(t) for (t,z) € (0,T) x 2, (2.5a)
Hp = Augp + fr(ug) for (¢t,x) € (0,T) x 2, (2.5b)
ur(0,x) = up(x) forx € 2, (2.5¢)
auR 8HR

—_— = 2.
n 0, o 0 for (t,x) € (0,T) x 09, (2.5d)

i.e. the problem (1.1) with f(u) replaced by fr(ug), and
S(ug) := C(ug) + Mg(ug). (2.6)

A variational formulation for the problem (2.5) can be written as follows: For every ¢t € [0,7T] and P-a.s.,
(ugr, Hg) solves

(wn(t), x) = (uo, x) + / (H p(s), x) ds + / (VH p(s), Vx) ds

- /0t<u3(5) x H(s), x)ds + /0t<‘§(“R(s))vX> ds (2.7)

" / (Gur(s)), x) AW (s),
(HRr(t),¢) = —(Vug(t), Vo) + (fr(ur(t)), @),

for all x, ¢ € H'. This variational formulation will be used for the analysis of the numerical method proposed
in Section 3. By similar argument as in [23], we have the following result.

Proposition 2.2. Let ug € D(A%) and T > 0 be given. For each R > 0, there exists a unique pathwise solution
up of the problem (2.5) with the following regularity: for any 3 € [0, 3], a € [0, % — 0], and p € [1,00),

ug € LP(Q;C%([0, T); D(AP))) N LP(; L?(0, T; D(A))).
Moreover, the solution enjoys the smoothing property on (0,T): for any 5 € [%, 1), a€(0,1-0), andp € [1,00),
ur € LP(Q;C%((0,T); D(A?))).
Proposition 2.3. Let ug and u be the solution to the problems (1.1) and (2.5), respectively. Then ug(t) — u(t)

a.s. on [0,T] as R | oco. Furthermore, for any e >0 and p > 1,

P| sup [[ur(t) —u(t)|g >e| < C,R7P,
te[0,T]

where C, is a constant depending on T,p, and 2.
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Proof. For each R > 0, let

TR :=inf{t > 0: [|[ug(t)||y= > R} AT,
or :=inf{t > 0: ||u(t)||g > R} AT.

Then ug(t) = u(t) a.s. for all t < 7, and 75 1 T as R T oo, which implies ug(t) — u(t) a.s. on [0,7] as R T oo.
Furthermore, for any € > 0,

+P[TR<T]

P| sup [lup(t) —u(t)g > 6] < P[ sup [lur(t) — w(t)|lg >
te[0,T] te[0,7r]

:]P)[{TR < T}ﬂ{O'R :T}] +P[{TR < T}ﬂ{o’R < T}]
1
sl [
as required. O

As such, we can approximate the solution to the problem (1.1) using (2.5) by taking R sufficiently large.
From this point onwards, we will focus on the numerical approximation of (2.5) and write w in place of ug.

2.4. Finite element approximation

Let {7}n>0 be a family of quasi-uniform triangulations of 2 C R? with maximal mesh-size h, and let
V;, € WL be the Lagrange finite element space

Vy, = {¢p € C(Z;R%) : | € P1(K;R®), VK € Tp,},

where P; (K; R3) denotes the space of linear polynomials on K taking values in R3. Let T' > 0 be fixed and k be
the time-step size. Furthermore, let w} and H,, respectively, be the approximation in Vj, of ug(t) and Hg(t)
at time t = ¢, := nk, where n =0,1,2,...,N and N = |T/k].

We begin by defining several operators which will be used in the analysis. Firstly, there exists an orthogonal
projection operator I, : L2 — V), such that

(v —v,x) =0, Vx € V. (2.8)

The operator I, is stable [2,14,17] in P and WP for p € [1,00): there exists a constant C' independent of v
such that

vl < Cllvll, Vo € L7, (2.9)
VILv|, < CIVY,, Yo € WHP, (2.10)

Moreover, it has the following approximation property:
o~ Wy, + AV — T0)], < Ch o], s € (1,2}, (2.11)

We mainly use (2.9)—(2.11) for p = 2.
Secondly, define the Ritz projection Ry, : H! — V;, by

(VRpv —Vou,Vx) =0, Vx €V, suchthat (Rpv—wv,1)=0. (2.12)

The stability and approximation properties of the Ritz projection [33,35] are assumed to hold. In particular,
for p € (1, 00),

lo — Ruwl, + V@~ Ryv) < Ch ol s € {12}, (2.13)
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Finally, the discrete Laplacian operator Ay : V, — V}, is defined by
(Apvp, x) = —(Von, Vx), Vop, x € V. (2.14)
Consequently, for any p,q € [1, 00] such that 1/p+ 1/¢ = 1, by Holder’s inequality we have

2
IVonl2 < lonllun | Anonl. (2.15)
| Anvals < [Vorllen |V Aol (2.16)

2.5. Identities and inequalities

Some identities and inequalities that are frequently used in the analysis are collected in this section. Recall
that f(v) = v — |v|?v, where v : 2 — R3. For pr and fr defined in (2.1) and (2.2), respectively, we have the
following identities:

Vi) =Vou—2v(v- Vo) — [v[*Vu, (2.17)
Af(v) = Av — 2|Vv|?v — 2(v - Av)v — 4Vv (v - Vo) — |v[*Awv, (2.18)
Vfr(v) = V[ea@)] (f(v) " +er@)V[f(v)], (2.19)
Afi(®) = pr@) A/ @] + Sw)A [ R(©)] +2V[f(v)] - V]pr@)] (2:20)
Agr(v) = (Dpr(v))Av + Z (0v) (D*¢r(v)) (9v) (2:21)

where Dyg(v) and D?@g(v) denotes, respectively, the Jacobian and the Hessian of ¢ evaluated at v.

Lemma 2.4. Let 2 C R? be an open bounded domain with Lipschitz boundary and € > 0 be given. Then there
ezists a positive constant C' such that the following inequalities hold:

(i) For any v € H! and p € (2,6),

lollL, < Cellvllz2 + el Vollz.. (2.22)
(ii) For any v,w € H®, where s > d/2,

v © wllg. < Cllvflgsllwllg.- (2.23)

Here ©® denotes either the dot product or cross product.
(iii) Let 2 be a convex polygonal or polyhedral domain with globally quasi-uniform triangulation. Let Ay be the
discrete Laplacian operator defined in (2.14). For any vy, € Vy,

1_d d d
lonll= < Clloallis * (lonlls + 1Arvall ), (2.24)
IVvnllus < CllAwwallz. (2:25)

Proof. Inequality (2.22) follows from the Gagliardo—Nirenberg inequalities. Inequality (2.23) is shown
in Lemma 2.2 from [41]. The estimates (2.24) and (2.25) are shown in Appendix A of [24]. O

Some estimates for the nonlinear terms are derived in the following lemmas.

Lemma 2.5. Let pr and fr be the maps defined in (2.1) and (2.2), respectively. Let p,q € [1,00]. Then there
exists a positive constant C'r, depending on R, such that the following inequalities hold:
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(1) For anyv: 2 — R3,
IVIR()llL» < Cr[IVYIlL, (2.26)
18750l < (19012 + 18011, (227)
(2) Suppose that 1/p+1/q=1/2. For anyv: 2 — R3 and w: 2 — R3,
IV Fa(v) = Va(w)lys < C(1+ ol2 ) Vo - Vol
+ O+ ol ) 90 o — (229)
Proof. Firstly, by (2.17) and (2.19) it is clear that we have
IV fr(v)] < [Der(v)[|Vo]|f(v)] + |@r(v)|[v]*| Vo] < Cr| Vo],
which implies (2.26). Similarly, noting (2.18), (2.20), and (2.21) we have
Afr(0)| < lon(v)|(|A0] + 6170 o] + 3lof|Ac])
+ (Jol +101°) (IDer(v)l|Av] + dI Vo[’ | D2 R ()]
+ 1Dor(©)] Vo] (IVo] + 3o Vo))
< Cr(IVof + |av]),
which implies (2.27). Next, using (2.19) again, we have

IV fr(v) = Vfr(w)| < |V[<PR(U) — or(w)] ‘|f(”)| + |V[<PR(UJ)] Hf(”) — f(w)]
+ lor(v) — er(w)||V[f(0)]] + [er(w)||V[f(v) = f(w)]]. (2.29)

We now estimate each term on the right-hand side. Firstly,

IV[pr(®) = pr(w)]||f(v)] < |Dor(w)||[Vv — V|| f(v)| + |Dor(w) — Dor(v)|[Vol| f(v)]
< C’R(l + \v|3) Vv — V| + C’R<1 + |v|3> IVo|[v — wl.

Similarly, we have

\V[pr(w)]||f(v) = f(w)| < [Dpgr(w)||Vw — Vol f(v) = f(w)] + [Der(w)||Vo|| f(v) - f(w)|
< C’R(l + \v|3) Vv — V| + CR<1 + |v|2) Vol[v — wl,

and
[pr(®) = pr(w)|[V[f(@)]| < Cr(1+ o) |Vollv - w]|.
Finally, for the last term, we note that
Vi) - Vf(lw)=(Vv-Vw)— 2('0((1) —w) - Vv)+ (v —w)(w-Vv) +w(w- (Vv — V'w)))

- (((v —w) - (v+w))Vo + [w]* (Vv — Vw)).
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This implies
lor(w)||V[f(v) = f(w)]| < CrlVv = Vw| + Cr(1 + v])| Voo — w.
Thus, continuing from (2.29) we obtain
IV fr(®) = Vp(w)] < Cr(1+ o) [Vo = w| + Cp(1+ o) Vo]l - wl,
from which (2.28) follows by Holder’s inequality. a

Lemma 2.6. Let C be the map defined in (1.2) and v be given. For each € > 0, there exists a positive constant
C such that for any v € H* and w € L*°,

(€@),v)a] < C(1+ VI g ) I0]F: + €l V012, (2.30)
[(C@w)whz| < C(1+ Wl o)) (1 + I0lE ) [0IE= + el Vol . (2.31)

Now, let p,q,r € [1,00] be such that 1/p+1/q+1/r = 1. For each € > 0, there exists a positive constant C such
that for any v € WH4N1LP and w € L",

2 2 2 2
[(C(0), w)ya] < IR ey (14 012, ) IV0IE, + el (2:32)

Proof. Inequalities (2.30) and (2.31) follow directly from Young’s inequality. To show (2.32), we apply Holder’s
and Young’s inequalities to obtain

[(C(), w2 | < ClIVlILn (g ey IVl Wl + 2]l (20) 19 o IVl 0]l

2 2 2 2
< Ol ey (1+ 1012, ) 19012, + el

as required. This completes the proof of the lemma. O

3. A FULLY-DISCRETE MIXED FINITE ELEMENT METHOD

In this section, we propose a mixed finite element method for (1.1) with partially implicit Euler time-stepping.
We start with u) = IT,u(0) € Vj. Let ¢, € [0,T], where n € {1,2,...,N} and N = |T/k], given u} "' € Vj,,
we find F;, -adapted and Vj x Vj,-valued random variables {(u}, H},)} satisfying P-a.s.,

(up —up = xp) = k(H}, x3,) + k(VH}, Vx3,) — ky(up x H}, x,,) + k(C(up), x5)
+ k<MR(uZ_1)7Xh> + <G(’U’Z—1)7Xh>zwna (31)
< Za ¢)h> = _<vu2a v¢h> + <fR(u271)7 d)h>a

for all xp,, ¢, € V. Here, AW™ := W (t,,) — W (tn—1) ~ N(0, k).
In particular, when v = (5 = 0, this is a fully-discrete IMEX-type scheme for the sSCHm or the sAC/CH
equations. Subsequently, we set v = 1 in the analysis for ease of presentation.

Lemma 3.1. There exists a sequence {(u}, Hy)} of Vi, x Vp,-valued random variables which solves (3.1).

Proof. Fix w € Q. We aim to use induction and a form of Brouwer’s fixed point theorem to show the existence of
a sequence {u}(w)}X_; solving (3.1). Suppose that uf(w), uj (w),...,u} ' (w) are given. Consider a continuous
map G¥ : Vy, — Vj, defined by

Gl(v)=v— u;fl(w) — kApv — KT, fR (qul(w)) + kAiv + kAL fR (uzfl(w))
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+ kv x (Apv + I fr(u) ™ (w))) — KIL,C(v) — kI Mg (u) ™" (w))
— G (u) (W) AW ™ (w).

For all v € V},, by Young’s inequality, Lipschitz continuity of G, fr, and Mg, and (2.26) we have

(G (v),v) > 1||v||12Lz - *Hu W)[Ira + KVl + Kl Awo]e — k(0 fr(up = (@), v)
— KV fr(uy ™ (), Vo) = k(v - V)v,v) — kK{(Mg(v),v)

—(Glug” <>> W (w),v)
1 k
> Sl — 5 Hu @)lca + K1Vl + kA0 ]E: — 208k |up ™ @)]|5 - g0l
~ Cgk
0 A P R ) A R I

_ - k
- 2Ocuuz '@)ra AW @) = Sl

1 1 —
= 5 (L= k= 20k)[vllf= = 7 (9Ckk +8Ca[BW"(@)[*)[|up~ @)||7.-

Now, suppose that k < (1+2Cg)"!, and set 8 :=1—k — 2Crk > 0. Let
Boi={o e Vi lollfs =487 An(w)},
where
1 1IN 2 n—1 2
An@) i= 7 (9CRk +8Ca [BW"()*) up ™ @)[|7 < o

Then we have (G¥(v),v) > 0 for all v € B, (w). Brouwer’s fixed point theorem ([21], Cor. VI.1.1) implies the
existence of u'(w) such that G¥(ul(w)) = 0, thus also of Hj(w) = Apuf(w) + I fr(u) ' (w)). The F;, -
measurability of the map u} : Q — Vj, thus also of H7},, follows from the same argument as in Theorem 2.2
from [3]. O

We establish some stability estimates in the following lemmas.

Lemma 3.2. Let p € [1,00) be a natural number. Suppose that {(uy, H})} satisfies (3.1). There exists a
positive constant C' such that

;2" n , 2 2P -2
B b 2] + [ 32t =l
< =
— gp—1
n j 2 i 2 ; 2P _2 n ; 2
) 3(L e N R W R D Lo
=1 =1
op—1 op—1
+E kz;HAhuh L +E| 6> H] L <cC (3.2)
= j=1

where C' depends on T, p, R, and ||ug||; 2, but is independent of n, h, and k.

Proof. We begin the proof by showing the inequality for p = 1. Setting x;, = u}, we have

1 1
o (22 = [l 2 ) + 5l — g = RCHR wf) + WOV, Vag) + kC(uh), uf)
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+ E(Mp(up™"),up) + (G(u) "), up ) AW™
rR(U h h » Uh :

Successively taking ¢, = u} and ¢, = —Apu}, then substituting the results to (3.3), we obtain

1 1
§Qmmé—uwlwp)+§w%—uh1mf+WVuﬂm+wwnuwp
= k(/r( u,L cup) = k(fr(uy ™), Apup) + k(C(upy), up) + k(Mg (up ™), ujy)
+<G up ), 271>ZW71 <G(“Z 1) up —uy >AW”
= J1+J2++J6

(3.3)

(3.4)

We will estimate each term on the last line. By Lipschitz continuity of fr, G, and Mg, (2.32), and Young’s

inequality we have
2] < Crklo =2+ S s,
ol < Cklfu ™2, + Eanups,
ol + 1] < o 7+ gl — w7+ S 19
We aim to estimate the moments of the last two terms. To this end, note that by Young’s inequality,

1 _
ol < gkt =g 712+ G| B

(3.5)

By the tower property of the conditional expectation and the independence of the Wiener increment, we infer

that

© e 3wt 3w - 3 [efo L
- ot | e[

2
L2 |’

Noting the assumptions on G, we also have by the Burkholder-Davis—Gundy inequality,

n
< CkZ]E[l o |esh |
j=1

[N

. N n 2 .
E | max <G(uifl),u§;1>AW7 < CE kZ(l + Hu%lHLJ Huifl
j=1

2
< CE max(l + Hule )
Jj<n L2

[N
N

n
j—1
k E ‘uh
Jj=1

L2
<cilE 2]« ce | S ki
< € G el + 08| ok
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As such, summing (3.4) over j € {1,2,...,1}, taking the maximum over [, applying the expected value, and

absorbing the second term in (3.7) to the right-hand side, we infer from (3.5) to (3.7) that
2 n , Tt n 2 2
E{I}lgaicHuhHLz] +E ;Hufl —u || +E Ek(nwhm + llAnuz]?:)
= j=

- —112
< Juf+ 0 14k DBl ] |
=1 =

where C' depends on T and R. The first inequality then follows by the discrete Gronwall lemma.

Next, we aim to prove the second inequality. We will show the case p = 2 in detail. Multiplying (3.4) by

Huﬁ”iz, we obtain

i(n wlEe = len e + (i = [lup =) )+§Huz—u21|ii2|uzniz
+ Kl Vaup | Fa g 1 + Kl Apg | Fo |y 122
= k{fr(up ™), up)|upllfs — k(fr(u; "), Ahuz>|\uzni2 + k(Clup), up) |y |7
+ R(Mp(up ™), w) lup|fe + (Glu ™AW" ul =) uf|F
+<G(uh )AWnauh_uh >||uh||]L2
=h+L+-+1I.

From the corresponding estimates for J; to Jy in (3.4), the first four terms can be estimated as:
k n n—1|2 n||2 n|4
1] < gl = i~ [l + Ol L2,
k 2 2 4 194
|I2| < EHAhUZHL?HuZ”]L? + Ck|lupl: + Ck|luj, 1”1[‘2’
k 2 2 k —12 2 4
[Is| + || < ElIVuRlicalunlice + 5 llun — wi ™l llwhllcs + Ckllugi..
For the term I5, by Young’s inequality we have

15 = (G AW g [ (g2 — e ) + g

1 _ _
SE(”“ZH?Lz |up~ 1||L2) +ClJup [ AW+ (Glup AW, w1 Jup L

Similarly, for the term Ig we infer that
- 1
s < Cllup ™ L2 AW 2lhug 2 + T lwi — w17 i
< 16<H"h||mz = [k 1HL2) + Oy |2 (IRW7 4 |AW?)
+ ol — L alag .

Altogether, for sufficiently small k, we obtain

1 1 2 1
7 (it =l 1) + 5 (lupliEs = [l (17) "+ gl =i g

(3.10)
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k k
+ IV IZ [uf 12 + JlAnu |2 ufl
< Ckllup|its + CklJup [, + Cllup = |[L, (AW™|* + [AW™?)
+ (Gl AW up ) ur 1 (3.11)

We need to estimate the moment of the right-hand side of the last inequality. To this end, note that by the
Burkholder-Davis—-Gundy inequality, similarly to (3.7) we have

! o 2 n 2 (6
E max Y (Gl AW ul ) |u] || < CE kZ(HHug;luLz)Hu{l‘V
=1 j=1

I<n 4

*H; . (312)

1 4
<C+ ZE [r&a;c”uthLz} + CE

With this estimate, we can continue from (3.11). Summing (3.11) over j € {1,2,...,1}, taking the maximum
over [, applying the expected value as before, we deduce the required inequality for p = 2 by the discrete
Gronwall lemma, except for the last two terms on the left-hand side. For general p > 2, the inductive step is as
follows: once we obtain inequality of the form

1 1 -\? 1
o5 (i 22 = [ 1|\L2)+2p+1(||uh||2" el ) S [ W

2P —2 2P -2

+]‘“'HvuhH]m||uh|\
< ORIl + O™ 17+ Cllug ™7 (B "+ S

+ Rl A |22 [l 22

Cvx ne 127 =2
+ (Gl AW a ) il (3.13)
we multiply it by ||uZHiZ Note that the above inequality for p = 2 is (3.11). In this manner, we obtain

1 +1 1 2 1
et (RIS = o )+ g (st = g 02) g o — i s 2

2 2Pt _2 2 2r
S MR [ A e PV A A
+1 _ opt1 2P [ — — —
< Chllup22 + Chllup ™7+ Cllup [ (B2 4 AW 2

optl_o

+(Glup AW, u >||”1H2”2

::CkHuZHLz +Ck||u;;*1||p +5; + 9.

p
For the term S;, we add and subtract Hu" ! ||1L2, and apply Young’s inequality to obtain

1 _ 1\ 2 +1 _
slsw(uumii I [ [ ) +Cllup e (1AW AW,

and thus after rearranging, we obtain inequality of the form (3.13) with p replaced by p + 1. Now, for the term
S, we can estimate its moment by the same argument as in (3.12):

l ort+1l_o
F=INArd ai—1\]||, -1
E max <G(uh VAW oy, >Huh

L2
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opP+2 _

< CE ki(HHug iy )H -1
j=1

1 2P+1
<Ot g k] + ZkHuh .
Summing (3.13) over j € {1,2,...,1}, taking the maximum over [ and the expected value, we obtain (3.2) for

general p, except for the last two terms on the left-hand side. In particular, we have shown for any ¢ > 1,
E L9, | < c. 14
a1 | < € (3.14)

Finally, we sum (3.4) over j € {1,2,...,n} and raise it to the 2°P~!-th power. Noting (3.5) and applying
similar argument as before yield

or—1 2r—1
2P n 2 n 2
[ kZHVuiLHV + kZHAhu{LHH}
j=1 j=1
op—1 op—1 gp—1
n 2 n 2 n o N
L3 e ) B D e ) I Dy e
j=1 j=1 j=1
=: R + Ry + Rs. (315)

The expected value of R; is clearly bounded by (3.14). For Ra, we have by Jensen’s inequality, (3.14), and the
same argument as in (3.6),
Jj—1 2
Y HL? =C.

For the term Rg3, by the Burkholder—-Davis—Gundy and the Jensen inequalities, noting the assumption on G, we
obtain

E[Ry] < Cn?" 1k ZIE[
j=1

oP—2
n 2 2
—1 j—1
ElRs] < GE | | Yo k|G ™| i,
=1
- b2
- op—1 n 112 ’
<Gy fmaxlu | (#30 (1 Jud )
S Cp I;lga;cuh 2 ; + [|uy, Lo
p—1
1 27 n ’
z j-1 2t
< e[l ]+ 0| (2 (0 ok L)
1 " 2P 4 2P
< —F |max ||uj, H + CT + CrE |max||u’ H <C.
4 | j<n L2 j<n L2

This completes the proof of inequality (3.2), upon noting the definition of H} in the second equation of (3.1).
O
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Lemma 3.3. Suppose that {(u}, Hy)} satisfies (3.1). There ezists a positive constant C such that

2 n 12
[max”uhHHl} +E ZHuh w0 |k <o
j=1
where C' depends on T, R, and ||wo||y:, but is independent of n, h, and k.
Proof. We set x, = H} and ¢, = u}! —u}~! in (3.1) to obtain
(wp —up™ ' Hy) = K| HR D2 + EIVHRE: + k(C(u), HR) + k(Mg (uj; ")
+(Gup ™), Hy ) AW™, (3.16)
n n— 1 ni2 n—1112 1 n n—1102
(g — ) = =5 (IVuR s — [ Ve 2.) = 511 Vi = Va2,
+ (frlup™),up —uph). (3.17)

Next, putting ¢, = HhG(uZ%) yields
(Gup™ "), HP)AW™ = (VIL,G(u} "), Vup " HYAW™ — (VIL,G(u} '), Vup — Vu)  YAW™
+ (I G(u) ™), fr(up ™)) AW™. (3.18)

Furthermore, taking x, = I, fr(u} ") gives

(frlup™h),upy —up™t) = k(H}, fr(up ™)) + k(VH}, VI, fr(u; ™))
— k(up x Hy, Oy fr(up ")) + k(C(up), My fr(up )
+ E(Mp(up™ ), Oy frlu) ™)) + (Guy ™), Oy fr(u) ™) )Y AW™. (3.19)

Subtracting (3.17) from (3.16), then adding the resulting expression with (3.18) and (3.19), we obtain

1 — 1 n n— n n
L (vuies - v ) + guwh - B
= —k(C(u}), HY) — k(Mp(up™ "), HY) + k(H}, fr(ul ™)) + k(VH}, VIT, fr(ul ™))
— k(up x Hy, Iy, fr(up ™)) + k<C( 1) M fr(uy ™ )> + k(Mg (up ™), M fr(up ™))
— (VIL,G(up™ "), Vu " YAW™ — (VIL,G(u) "), Vuj — Vu)  YAW™
=L+ L+ -+ (3.20)

We need to bound each term on the last line. For the first two terms, by (2.32), the Gagliardo—Nirenberg and
Young inequalities, it is clear that

]+ 1] < Okl 22 + Ch (1 + g2 ) IV 122 + SIBRIZ + SV HRE.. (3.21)

For the terms I3 and I, by the assumptions on fg, Young’s inequality and (2.26) we have

_ koo k N
Iz + Crkl| Ve |7, + JIHRE: + 7 IVEGE:. (3.22)

|Is| + 14| < Crk|lup~
For the term I5, by Young’s inequality, the Sobolev embedding H' «— L*, and the stability of II;,, we infer

15| < CrkllupllyallF, [la | [Ta fr (g~ |2
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2 —1(2 k 2 k 2
< Ckllup | allup ™| + IHRlL: + Z IVH L. (3.23)
For the terms Is and I7, we again apply (2.32) and the Lipschitz continuity of Mg to obtain
s+ |12] < Okl |72 + O (14 [[ui ™ [[F ) I 2 + ORIV
< Chllup ™ 72 + Ch(1+ up 7 s + [Anup 7 72 ) lusllfs + CRIVuz ., (324)
where in the last step we also used (2.24) and Young’s inequality. For the term Iy, we have
1| < %sz — VY7, + 4| VLG (up Y || AW

1 _
< g lIvul = i+ Ol g [ AW, (3.25)

where in the last step we used the H!-stability of the LL?-projection [2] and the definition of G. The term Ig
in (3.20) remains as is for now.

We now collect all the estimates (3.21)—(3.25), and continue from (3.20), taking care to absorb appropriate
terms to the left-hand side. Summing over j € {1,2,...,1l}, taking the maximum over [, and applying the
expected value, we obtain

2 n , 2 n 12
2 b + 8| e - e[| + 2| oo

2
L4

9 2 n 112 ,
R e A R DOl CR B

2

2 i
N
L2 + H WU

2 j
)l

2
L4

L L2

i , 2 n ,
wou| Sul] e[| + oSk
=1 =1
l n
2
j—1 i—1\ 1175 j—1 ~N1id |2
+E rlngagj_1<G(u§L ), Apuy >AVVJ +CE ;Hui HHI‘AWJ‘

=Ji+Jo+ -+ J7 (3.26)

It remains to estimate the last five terms on the right-hand side. Firstly, the term Js is bounded by (2.25)
and Lemma 3.2. Next, we have

2

<C.

2
H1

) n .12 n .
Jy < CE <I}1§ai<||u;l 1||L2> ;kHuiLHL <C+CE ;kuuﬂ

The term Js can be similarly bounded. For the term Jg, by the Burkholder—Davis—Gundy inequality and the
H!-stability of II, we obtain

|-

l n
E | max <G(u;';1), Ahu;';1>ZWf <CE||k Z<1 + ‘
j=1

I<n

]L2
j=1

i—1|? j—1|?
w7, ) e
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Nl

< CE max(l + Hug;l

j<n

2\ 2 n 1112
j—
]L2 kZHAhuh
Jj=1

L2

n ) 2
j—1
<C+CE ;kHAhuh HL <,

where in the last step we used Lemma 3.2. Similarly for the last term, we infer from the independence of the
Wiener increment that

n
2
j—1
o< CE| Y k|uf || | <c.
j=1
Substituting these estimates back into (3.26), we deduce the required inequality. O

In the following, we assume that 32 = 0 in (1.2). This estimate will be used only in Theorem 3.11.

Lemma 3.4. Suppose that B2 = 0 in (1.2) and let p € [1,00) be a natural number. There exists a positive
constant C' such that
2P —1

2r—1

1Hvu;l ) <c, (3.27)

[r&a;c”uhHHl} +E Z k’HHJ

n 12
J
+E|(#)0|H], .
=1

where C' depends on T, R, and ||ugl|g:, but is independent of n, h, and k.

Proof. As before, we prove the case p = 2 in detail. Similarly to the proof of Lemma 3.2, we multiply (3.20) by
[Va,||?2 to obtain

1 n T - 2 2 1 n n— 2 n
O R (A 2 Y B R N e S 2
n 2 n 2 n 2 n 2
+ R Hp I Vugllee + EIVHE[|L: [ Vag g
= —k{C(up), H">IIVUZ||12L2 — k(Mg (ui ™), Hiy) |Vupllts + k(HG, frluy ™) Va2

+ K(VH}, VI fr(up ) | Vupll2. — k(up x H} T, fr(u "71)>||VUZH]2Lz

+ k(C(up) 7thR(uh DIVup I + k(M a(uy ™), T fr(u) =) Vg2

—(VILG(up ™), VDY AW™ ||Vl |7, — (VLG (u)~ ),Vuh — YVl DYAW™|Vul|)f,
=0L+1+ -+ (3.28)

Noting B2 = 0, we can estimate the first five terms following the corresponding bounds in (3.21) to (3.24):
2 ny2
11| < CHllupllg= [ Vuillzs + Okl Va | T IIH [N
n— 4 " 4 n n 2 n 2
|Io| < Chlug ™[ + Chllug 2 + Ck”vuh”L2 + T6||Hh||L2||Vuh||L2a
k
ny4 n)|2 n||2
[Is| < Chllup |1 + 6Hvuh||]L2 + 16 H ke Ve i,

1114 k nid k ny 2 n2
L] < Ck||Vuy ™| + 16 IVuhllL: + 7 IVH Rl [V L.,
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2 —102 2 2 k 2 2
115] < Ol 12 g~ 17 (1 upliEs + I AnuglE ) + o IER I [ Vb,

2 —1/2 2 2 —114 4
[Is| + 7] < ChlluglFa|un = (72 (IVup 22 + Az E2) + Chllup = |12 + CRIVug Lz,

where for the terms I5 and Is we also used (2.15). The expected values of the terms Ig and Ig can be estimated
as (3.9), (3.10), and (3.12). Substituting these estimates into (3.28), summing, taking the maximum and the
expected value, and applying the results of Lemma 3.2 as done previously shows (3.27) for the first two terms.
To establish the inequality for the last term, we sum (3.28) over j € {1,2,...,n}, square the result, and follow
the same argument as in (3.15). The general case follows by induction as in the proof of Lemma 3.2. We omit
further details for brevity. O

To facilitate the proof of the error estimate, we decompose the error of the numerical method at time ¢,
n=0,1,...,N, as:

u(ty) —up = (u(ty) — Rpu(ty)) + (Rpu(t,) —up) =: p" 4+ 607, (3.29)
H(t,) — H =(H(t,) — RpH(t,)) + (RpH(t,) — Hy) =:n" + &". (3.30)

As such by the definition of the Ritz projection (2.12),
(Vp", Vxn) = (Vn",Vx,) =0, Vx;, € Vp. (3.31)
Furthermore, define a sequence of subsets of 2 which depend on x and m:

2 2 n2
= : < .
Q.m {w €Q tgngIIU(t)IIHQ + tgjj/ET”H(t)”Hﬂ + %a%(”uh”]}ﬂl < H}, (3.32)

where k£ > 0 is to be specified. It is clear that for any x > 0 and m € N, we have Q ,, D Q1. Thus, for any
time-discrete random variable v™,

m
E 1771112%; ]IQNY271<’U v’ l,ve>]
1 2 i 2
g 0 300 )

o~
Il
—_

1 n
> 21@[%2}5(]1%_1 o7 1) ~ 1, ||v0’|]12‘2} T S Ty (3.33)
- =1

The following technical lemmas will be needed in the analysis.

Lemma 3.5. Let (u, H) be the solution of (2.7) with initial data uo € D(A2). Suppose that {tedNy is a
uniform partition of [0,T] with k = T/N. Then for any § € [5,1) and o € (0,1 — B), there exists a constant C
such that for any n € {1,2,..., N},

n te
E[Zn | Tutte) = u)lands
=1

te—1

< Ck*.

The constant C depends on «, B, and T, but is independent of n and k.
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Proof. From the proof of Lemma 4.10 from [23], for ug € D(A2), we have the following estimate

B[ lult) — (o) | < Ol = 5) s 7H D, v 5> 0 330
Therefore,
" be 2 — [" 20 .—2 L
B\Y oy [ ) = u)ands| <O [ - s s
=1 te—1 e=1"te—1
T 1
< Ck2a/ 872(a+ﬁ7§)ds < Ck2a,
0
as required. ([

Lemma 3.6. Let (u, H) be the solution of (2.7) with initial data uy € D(A?). Suppose that {t,}, is a
uniform partition of [O T)] with k = T/N. Suppose that X is a Banach space and {¢* MY, is a sequence of
functions in X such that

e o] | <
Then for any « € (0, %), there exists a constant C' such that for any n € {1,2,...,N},
n te
E[S 1o, , / Jua(s) —lte DI 1, [0 H ds| < cR2e. (3.35)
=1 te—a
Consequently, we have for any « € (0, %),
n tﬂ
E eZ]IQN’H /t s 2 ) ’q& H ds| < CF 4+ CrkE anw o H ] (3.36)
=1 (—

The constant C depends on o and T', but is independent of n and k.

Proof. We have by Holder’s inequality,

n te 2
2
B3 o, [ ule) - utie ol !‘f’edeS]
(=1 be=

= (E{?&%{H D <Z/tl ) Effu(s) u(”‘l)”é(fx%))éds)

gc/otl (Eluts) — wl? )%HO(Z/H (Blus) — e 1)|D(A2))5ds>

te—1

For I;, we use the fact that u € LP(Q;C([O,T];D(A%))) to obtain Iy < Ck. For the term Iz, we use (3.34) to
infer for any « € (0, 1),

T
I < CZ/f 5 —tg_1)%%t;%ds < Ck*® Zk:t[ 20 < Ck:Q"‘/O s ds < Ck*®,
£—1 /=2
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thus proving (3.35). To show (3.36), we write u(s) = u(s) — u(ty—1) + u(te—1), and employ (3.32) to note that

n ty 2 n 2
E EZﬂQMl/tp ||u(tg_1)||2D(A%) ‘(ﬁeHXdS] < likIELX:]lgwl ¢L]HX].
=1 (—1 =1

Inequality (3.36) then follows by using (3.35) and the triangle inequality. This completes the proof of the
lemma. ([

We are now ready to prove an auxiliary error estimate. Similar to the assumptions in the following proposition,
a technical mesh constraint condition h = O(k) is also implicitly assumed in [22].

Proposition 3.7. Let (u, H) be the solution of (2.7) with initial data o € D(A?), and let (u]', H}) be the
solution to (3.1). Let Q. , be as defined in (3.32). Let " and " be as defined in (3.29) and (3.30), respectively.
Suppose that h = O(k) and n € {1,2,...,N}. Then for any § > 0,

E[gg(ﬂgﬁ,m_lllt”mllﬁz)} + k;E[ﬂgwl (HVN ; + Hng;ﬂ < O (n? 4 k10,

where C' is a constant depending on R, T', and §, but is independent of h and k.

Proof. Subtracting (2.7) from (3.1), rewriting the indices, and noting (3.29) and (3.30), we have for any x,, ¢;, €
Vha

<9‘—0‘Hxh>=—<pf—pf—1,xh>+/t:21< h,xh>ds+/ < H(s) - VH], Vx;, ) ds
[ (-t xHh,xh>ds— [t (ats) - ) s
[ vt ua) s [ () - ) 0 D) s
: :1<u<s>x<u-v><u<s>—uh> ) ts [ (Muuls) - M) 0
. :1<G<u<s>>G<u2—1>7xh>dW<s>, (337)
(€' 6n) = ~(n", &) — (VO + V", 9, ) + (Fululte)) — fuluf "), by). (3.38)

We now put x;, = 0° in (3.37) and ¢, = k0" in (3.38), then multiply the resulting equations by 1o, , .,
where the set Q, ,, was defined in (3.32). We then sum the resulting expression over ¢ € {1,2,...,m}, take the
maximum over m < n, and apply the expectation value. Noting (3.29), (3.30), (3.31), and (3.33), we obtain

1 2 1 < 2
EE {g}g%(ﬂﬂmﬂnl Ha ]Lz>:| + 2 g_ZlE |:]IQN%—1 ]L2:|
1 0 G ’ —1 pt
§ |:||0 H]L2:| —E rﬁg}é;]lgn,E—l <p - P 30 >

m t(
gllgxgﬂg / <nl+€g+H(8)—H(tz)79€>d8]
- =1

o' 0471‘

+E

te—1
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te—1

A .,
+ 332352 Lo, ., / <V£€ +VH(s)— VH(t,), v04> ds]

te
—-E IN?%ZMM 1/@ 1<(pl+0€+u(s)—u(tg)) X Hfb,9€>ds]

¢
-k E?%ZHQ“ 1/t(21<u(8) (n"+¢& +H(s)— H(t)),0 >ds]
ty

+E ngxZ]lQMfl/ <I/ V(p’ + 0" + u(s) —u(ty)),0 >ds]
It te—1
- - Y

+E mng]IQ&LI/ <(pl+9€+u(s)—u(tg)) x (v V)uh,95>d8]
"= te—1
- - .

+E mng]lQM_l/ <u(3) x (v-V)(p' + 6" +u(s) — u(ty)), 0 >ds]
_m_n = te_1
- - .

+E mgxz]lgzw,l/ <MR( (s)) — MR( ) 06>ds‘|
It te—1
- - Y

+E[max Y 1o, , / <G(u(s))—G(ui‘l),ee>dW(s)], (3.39)
"= te—1

and
E maxin%“@‘,eﬂ = —kE maxi]lgmH vofH: — kE lmaxingwl@f,aﬂ
m<n — m<n - L m<n —
+ KE [ max " 1o, ( fa(u(te) — fa(ui ™), efﬂ . (3.40)
=" =1

Next, we put ¢, = k€™ to obtain

m 2 m
£ 0 &l
Blmax3 to.. e HM] = —HE [ﬁzﬂ@ €)

In?g)ﬁz 119*;_471<fR(u(te)) - fR(Ui_l),€£>]- (3.41)

- 4=1

IE lg%iﬂﬂme—l<v"l7wf>

- 4=1

+ kE

Adding (3.39)—(3.41), we have

1 my 2 1 < ¢ 1]
3 max (1o o) |+ 5 S0 o o
n , 2 n , 2 T
+ kE Z]lfzn,l—l VO'HL? + kE Z]ISZN,271 13 L2
= =1 |

maxZ]IQM 1<pz pit 0€>

< E[I6°I:] -
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te
+E In?aiiz]lﬁw 1/

==t
m t(
+E mgxz ]lgwfl/ VH{ s) —VH(tg),V0é>d$]
m*"z:1 to 1

{

{

2y ton [
_E maxznw,l / ’ (u(s) % (n' + € + H(s) - H(1,)),0") ds]

{

{

(

{

(p' + 6" +u(s) —u(ty)) x HY, 04> ds]

== te1
- .,

+E mnganH/ y-V(p5+05+u(s)—u(tg)),9f>d8
"= te—1

te

E 1
+ mggz Qe /
m te
S S /

+E maXZnQM / MR(u(s))—MR(uf;—l)79€>ds]

3o (st~ i)

- 4=1

— kE [max E ]lgwl<'r)e,0£>] — kE [max E ]lgwl<ne,£e>]
mgne 1 msn i

+E max E 1q, ,_ 1/ MR MR(Ui_1)7£é>dS]
m*ng 1 te—1

+E maLxZ:ﬂQM 1/t[ <G(u(s))—G(qu1)76Z>dW(s)]

m<n to_1

— %E y|90||L2] + L+ L4+ (3.42)

We will estimate each term on the last line, noting the regularity of the solution in Proposition 2.2. Let € > 0
be a constant to be determined later. For the first term, by (2.13) and Young’s inequality,

n 2
Sllpt = > Lo M]
=1 =1
n 2
;]19&“ nE

Let 6 > 0 be arbitrary. For the second term, by Young’s inequality, (2.13), and the Hélder continuity in time of
the solution given by Proposition 2.2,

2

L2

n

|| < CE'E + CkE 0"

< Cnh*k~' + CkE 0°

n 2
L] < Ch* + kE|Y 1q,, sfHU + CKE 0’

(=1

n
E : 19&,#1
=1
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+CE|S oy [ IH() - H(t) ds
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=1 te—1

n n 9
0
E ]]‘Qm,lfl E 19&,#1 Lzl
/=1 =1

For the term I3, by Young’s inequality and Lemma 3.5 (essentially with § = 3/4), we have

< Ch* 4 Ck'™% + ¢kE + CkE 0

e
L2

n 2 n te
Bl < | Y ta, |06 |+ CE|Y 1o, [ IVEE) - VHE) ds]
=1 L =2 te—1
n 2 )
<ekE|S 1o, , vefHLQ 4 Ck30, (3.43)
/=1

Next, we estimate I,. By the Holder, Young, and Gagliardo—Nirenberg inequalities, noting the regularity of
the solution, we obtain
.|

vaf‘

2
L2

VGZ‘

n tﬁ
10 < CB| Sty [ (6l + uls) = it o'
£—1

(=1
n
2
2 : Y4
]IQH,471 0 ‘LZ]
/=1

n
2
< Ckh’E lZ|u|L%(W1A)
=1
Z ]lQH,,If—l
(=1

n
E ILQN,Z*I
=1

=i

L2

HZHQ + CKE
h L2

2
+ CKE H€LHL2 + ekE

2
L2
2
L2

2
Lz] , (3.44)

n
1 2
Z ]lQn,e—le ”u”c;/‘*(Hl)
=1

04‘

< CH2E | [ul|} gz + (kiHHﬁHi)z + CKE
=1

2
1 4 - 2
+ CKIE |u|C;/4(H1)+<kZHHﬁHL2 + ekE
=1

n

E ]lﬂn,lfl
=1

n

z ]IQN,Zfl
(=1

n

Z 119»;,271

{=1

2
< Ch? + Ck? + CkE 0%2 + ekE Vo'

where in the last step we also used (3.2).
To estimate I5, we utilise (3.36), noting that E [ max,<y ||0€Hﬁ2} is finite by (3.29), (3.2), and the boundedness
of the Ritz projection. By Holder’s and Young’s inequalities, for any ¢ > 0,

n ty
| < Elz ooy [ Nl (s + €] + 1) — EG1) o] ds]

=1 te—1

- be 2 ks
<CE|Y o, [ - o] as
=1 te—1 -
" te ¢ 2 ¥ 2 2
+ > Lo [ (Il + €]+ 1HE - HE@IE ) as

=1 te—1

< Ck'™% + CkkE 0"

n
E ]lQn,/za
(=1

2
L2
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n n 17]
Z 1o, . Z 1a,, ., / | H(s) — H(tl)||12L2 ds]
=1 =1 te—1

n 2
Z]lﬂn.za 2|’
=1

+ Ch* + ekE + €E

2
L
¢l

2
< ChY 4 CEk'° 4 CrkE afHLQ + ¢kE

n
E 19&,271
=1

for any § > 0, where in the last step we also used Lemma 3.5 with § = %
For Ig, a straightforward application of Young’s inequality and Lemma 3.5 yields

[ n n 2
“[6| < CkE Z]lﬂn,zf1 Zﬂszﬁ,lfl LQ]
L{=1 (=1

. .
+ ¢k Z 1o, ,., / [Vu(s) — Vu(te)||fs dS]
L{=1 1
+ Ch? + Ck' 0.

¢

0‘52 + eh? + ekE
L2 € + €

ve‘*‘

to—

+ ekE

ol vo..

<CKE|Y g,
L{=1

n
E ]lQn,K—l
=1

Next, we employ Young’s inequality and Lemma 3.2, and proceed as in the estimate of the term I to obtain

n 4 1 n ) 2
>t oL | oot 2| (3w
r=1 = =1

1
2

2
I;| < ekE 0"
17|
]L4

n

te
+ CkE [Z 1o, , / [V, |12, () — wlte) 2 dS]
=1 be—1
Z ]]‘QN.[fl
=1
Z ]lﬂn,e—1
=1

2
< ekE eéHﬂl + Ch? + CK3E

el ey 2 11m,“k||w£!|i2]
=1

2
< kE HEH
Hl

n 2
+Ch? + Ck*E ||u||éi(H1) - (Z kHVquHiZ,)
T =1

n 2
E HQH,271 m |
=1

For Ig, we proceed as in the estimate for I5 to obtain
n te .
¢
St [ )l (196 + |96+ luts) = el
r=1 te-1

n n 2
E 15%,@-1 E ]IQN,E—1 2|
=1 =1

For the terms Iy, 119, and I;3, we apply the Lipschitz continuity assumption on Mgz and fr to obtain

< Ch? + Ck? + ¢kE

ef‘

[Is] < CE

o], ]

2
< Ch?+ Ck'™° + CKEE afHLQ + ekE ve'

n 2 n 2
_ ¢ 4
o] + [Tio| + [is] < Ch* + CR' 4+ CHE| Y1, 0| | + kB> 1a,, ,||¢ V}.
(=1 =1
The terms I;; and I15 can be estimated easily as
S 0l 4 - ¢||?
L] + sl < CRE| Y 1., |0 HL + O+ kB> 1o, €|
=1 (=1
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For the term I4, we split the stochastic integral as

L,=E linaxi]lgw_l /t/Z <G(u(s)) — G(ui ™), 6Zi1> dW(s)}

— te—1
m to
+E mg’xz]lﬂn,l—l/ <G(U(3)) G(u),” 1),9€98_1>dw(8)] =: Iiaq + L.

For the first term above, noting the assumptions on G and the Hélder continuity of u, we apply the Burkholder—
Davis—Gundy and the Young inequalities to obtain
- 1
n t[ Z L 9 2 2
o < CB| (Yo, [ Gt - G0 o
=1 -1

n te
< (mstaJ0 1) (St [ ot - a1 )
m<n —1 to—1
=1 L

For the term I45, we use Young’s inequality, It0’s isometry, the assumptions on G, and the Holder continuity
of u to obtain

0571‘

[N

0@—1‘

< ek [mgx Lo, . . |0m§2} + Ch* + Ck'=° + CkE

n 2

17 n 2
Ly < CE Z 1o, , . / (G(u(s)) — G(uj 1)) dW (s) + €E Z]lszmg,l o' — gt 1 2]
—1 te—1 L2 =1 -
n 17 _ 2 n — 2
= CE(3 o,y [ (61D — Gl st + @ Zﬂwl o =6 ]

+ €k — 0!

Z]IQ;\@ 1

< Ch*+ Ck'~ 5+0kE[219H .

o' 1H

2
Lz |

We substitute all the above estimates into (3.42), set € = 1/16, and rearrange the terms. Now, continuing
from (3.42), noting the assumption h = O(k) we obtain for any § > 0,

2
ST AR ] B o LR
n
Z]lﬂn,ffl ZHQKZ 1
(=1

0[ 1 :|
E[[6°l5:] + Ch? + C(1+ kI~ + C(1L+ k) kZE[]lQN .
=1

2
+kE vefHLz +kE

] (3.45)

By choosing u) such that ]E[HHOHHQJQ] < Ch?, say u = II,u, we infer the required result for sufficiently small
k by the discrete Gronwall lemma. (]

We also deduce the following estimate in stronger norms.



852 B. GOLDYS ET AL.

Proposition 3.8. Assume that the hypotheses of Proposition 3.7 hold and n € {1,2,...,N}. For any 6 > 0,
we have

E{g@ﬁ(ngwl||vam|iz)} + kiﬁ{ﬂwl (HVAhefH; + vaZH;H < CeCr’ <h2 + k"5>
- =1

where C'is a constant depending on R, T, §, and the coefficients of the equation, but is independent of h and k.

Proof. We put x;, = —A,6° in (3.37), then multiply the resulting equations by 1g_,_ ,, sum the resulting
expression over ¢ € {1,2,...,m}, take the expectation value, and argue similarly as in (3.39) and (3.42) to
obtain

E{max(]l Qe 1||V0m|Lz)} + %]E

m<n

DN =

Vo' - VG“HH

n
E ]lQn,Z—l
/=1

% [[v6°[l;.] +E an 1<p€p“,Ahaf>]

_E an / <77£+£Z+H(s)—H(tg),Ah0€>ds]

) sz; o, . /t :Zl VE! + VH(s) — VH(t,), VAh04> ds]
+E:§1w /tt (p' + 0" +u(s) — u(ty)) xH(s),Ah0€>ds]
+E_§;19M1 /tt ul x (nl+£€+H(s)—H(t[)),A;L0€>ds]

(p' + 0" +u(s) —u(ty)) x (v-V)u), Ah02> ds]

{

{

{
B o [ (V0 uls) i), 306 ds]
“E|> 1., /<u<> x <u-v><pf+0f+u(s>—u(te>>,Ahef>ds]
{

Mp(u(s)) — Mp(ub™), Ah0£> ds]

n te
~E Z]lm,u/

Le=1 te—1
~E|Y 1q,,, / Z <G(u(s))—G(qu’1),Ah0e> dW(s)}. (3.46)
=1 te—1

Similarly, we take ¢, = kA?6° and rearrange the terms. Noting the definition of A, in (2.14), we have

E|Y 1o,
{=1

VAhNH;] — kE li 1o, <vgf, VAh9€> ds}
=1

— kE li Lo, ( VI, VAL6")
/=1
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+ kE

Dl <VthR(U(tz)) — VI fr(uy, "), VAheéﬂ : (3.47)

2
L2

Adding (3.46) and (3.47), upon rearranging the terms we obtain

n

: :HQK,Z—l
{=1

n
Z ]lﬂn,/za

YA

‘ < ¢ + 62 + H(S) - H(t€)7Ah96> (L;|

te—1

1 2 1 ¢ o
QE{E%(M&M|v0m||L2)} +5E Vet —ve't

n
E ]lQn,/za

2
+kE AhefH +kE
]L2

mhaeH;]

%E[HV@OHM} + kE ZHQM anet
+E ZHQ~,271<PZ fpefl,Ah06>
—E anw )
-E anu_l
Lé=1
ZHQ~,171
ZHQK,471
=1
+E Z]IQK_[ .
:6:1
+E Z]lm,e ,
—E anw )
—E ZHQM )
:6:1
-E Z]lm,e :
~-E anw .

—E an 1 <G(u(s))—G(ui1),Ah6Z>dW(s)]
L{=1

\

te

=

te—1

<VH(s) ~VH(t), VAh0f> ds}

— kE

/\

VIIn!, VAh9‘>

3
—

+ kE

/\

VI fr(u(ty) — VI fr(uy ), VAh0é>]

N
~ ~~
| ~
L

(p' +0° +u(s) —u(ty)) x H(s), Ah0£> ds]

g
=

F\
S ~
| ~
L

x (n' + &+ H(s) — H(t)), Ah0€> ds]

(\ o~
| N
=

v-V(p' + 0" +u(s) —u(ty)), Ah95> ds]

N
~ ~~
| ~
L

(p' +0° +u(s) —u(ty) x (v-V)ub, Ah9z> ds}

F\
~ +
) <
-

w(s) x (v-V)(p" + 0" + u(s) — u(ty)), Ah9£> ds]

e U N s U e

< &
~
-

Mp(u(s)) — Mp(ul™), Ahef> ds]

~+
~

~
~
|

1

= SE[|ve’| ]

+

Iy +1s + -+ In3. (3.48)
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We will estimate each term on the last line. In what follows, whenever appropriate, we invoke Proposi-
tions 2.2 and 3.7 without further elaboration. Let € > 0. For the first term, by (2.16) and Young’s inequality we
have

n 9 L 2
|I,| < CKE lz 1o, , , VGZHM + ekE Z]lm,eﬂ VAhOeH]LZ]
e =1
1 S5 i 4 2
< Cefr (h2 +kz™ ) + ekE Z]lﬂm’ffl VA9 HM]'
(=1

For the second term, by Young’s inequality and (2.13),

Sllet = oy
=1
Z 19,@@71
/=1

g 1o, , .||Ax0 ;
]LQ
—1

where in the last step we used the assumption h = O(k).
Next, noting Lemma 3.5 with 8 = 1/2, by Young’s inequality we have
Z ]IQ»@,Zfl

n
E ]lQn,/za
/=1 =1

Zﬂmfl/l |H (s) — H(to)||f ds]
L2‘|.

=1 te—1
Z ]]'Qﬁ,,[—l
/=1
n tl 2
S o, / IVE(s) — VE(t))]% ds
/=1

te—1

L] < Ck™'E + ekE

n
E ]]‘Qm,é—l
/=1

2
L2

Ahof‘

2
L2

< Onh*k™' + ekE AL0°

< Ck + ekE

n

2
II3| < Ch* + CKE 54HU + kE A6

2
L2

+CE

< CeCr (h2 + k%—5) + ekE Y

By a similar argument as in (3.43), we have

n
E ]lQ;c,E—l
/=1
n
§ :]lQm,é—l
(=1

For the term I5, we use (2.10) and Young’s inequality to deduce

n
: :195,5—1
(=1

To estimate I, we apply Young’s inequality, (2.28), and (2.13). Noting Proposition 2.2 (temporal Holder
continuity of u) and the Sobolev embeddings H? < W1# — L, we obtain for any 6 > 0,

n
E ]lQn,/za
(=1

2
1] < ekE VAhGZHLQ +CE

2
< kE VAhe‘fHM OR3-S, (3.49)

|I5] < Ch? + ek

VAhe‘fH;].

2
Ig| < ekE VA;LOZHLQ + CKE

> o, IVIR((te) = V fr(u(te-1)) ||H2,2]

(=1
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+CkE[Z]lQM NIV Fr(ulte- 1))va(u2_1)||i2]

{=1

n
E ]lQn,Efl
27

+ CkE Zﬂﬂn/ 1(1+HU to—1)lISoe ) Vlto1)[1Fallue(te) — it 1)4

2
< ekE VAhOZHM 4 CKE

> o (14 el ) I9u(ee) - vfuw_l)iz]

L{=1

L{=1

+CHE[Y t (U ulte) 2 ) | Valte-1) Vufﬂlé]

+Ck’E Z]IQNZ 1(1+ Hu t@ 1 H]LOO ||V’U, tg 1 ||]L4||u tg 1) —uh 1||L4]

L{=1
2
L4

2
< ¢kE VAhafHLQ FO(1 4 kYEES

n
E ]lQm,z—1
=1

+C(1 + x*)KE

n
E Lo, .,
/=1

ve'-! +Vp£ 1‘

+Hee 1 peq

n 2 n 2
< KE[Y o, |[VAEY| | + 0+ <k15 + B2 + KE ZZ Lo, [0 HD
(=1 =1
n 2
< kB> 1q,, VAhGZHLQ FO(1 + K1)eCx (h2 + k%—é), (3.50)

where in the last step we also used Proposition 3.7.
For the term I7, we apply Young’s inequality and (2.13), then invoke (3.35) to obtain

n te
B[S ta [ [ef 46"+ uts) ue)|IHG), Aw‘HMds]
£=1 te—1
. /|| 4 4
< HE|Y Lo, [0n6’| | + CHE[IHN] g e + lulll o)
{=1
- te 2 2
HCE| Sty [ ul) — ult B ) ds
=1 te—1
n 2
4 Ck (1,2 15
< ek ;1%“ VALO HL + C(1+ r)eC™ (12 + K379),

where in the last step we also used (2.16), (2.22), and Proposition 3.7.
Next, we estimate Is. To this end, noting (3.30), (2.5b), and (3.1), we write

n'+¢ = Hl(t,) - Hj,
= Au(ty) — Apuj, + fr(u(te)) — nfr(uy ')
= (I =) Aulty) + An8° + (I —T1y) fr(u(te)) + a (fr(ulte)) — fr(ub ),
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where in the last step we used the fact that ApRy, = I, A. It follows that

n te
I < E[Z To,, /

<qu w (I = TIy) Au(ty)), Ah0€>‘ ds]

(=1 te—1

+E zn: la,, /tz (uhy x (T~ T1) F(u(t2))), 2,0 ds
Le=1 te—a

+E -zn: Lo, . /tf <qu X (Hh(fR(u(tz)) _ fR(Uﬁfl))),AhGZM ds]
Le=1 te—1

- .
vB|Y o [ |(uhx (HG) - H), 006 ds]
Le=1 te—1
< Igg + Igp + Igc + Igq-
For the terms Ig, and Ig,, we use (2.11) and Young’s inequality to obtain

[Isa| + |Iso| < CH’E ||u||2L°o(t1,T;H3) Z’fHUﬁHiL]
=1

2
AhegHm + ekE

- 2
+E|> 1o, , VAhHZHLQ]
L{=1

n
E ]lQK,,z—l
=1

n 2
< Ol e+ (410
{=1

[ ™ 2 n 2
+E|Y 1q,, AhefHV +aE|Y 1q,, VA,,,ef‘LZ]
L{=1 =1
n 2 n 2
<R+ ekE|Y 1g,, AhefHM +ekE|Y 1q,, VAhefHLQ].
(=1 =1

For Ig., we use the stability of IIj, Lipschitz continuity of fr, and Hélder continuity of u to obtain

Is| < CKE

> oo futte) — wtte 1) + 6 AWHJ

{=1
]L4‘|

9@—1 Aheé

+ CHE [Z Lo, [lunll,.
(=1

L4

n 2 n
_ 4 2 _1112
<CMh*+EHE leallgarz-s g2y + (ZkHquHW) +CrEE|Y 1o, ,||0° 1‘H1]
(=1 =1
+ekE|Y 1o, A0 HL +ekE|Y 1o, |vVaLe HL
=1 =1
1 n 2 n 2
gC’(l—l—/@)eC”(hQ—&-kz 5) +ekE|> 1q,,, AhefHLg +ekE| Y 1o, VA,ZBZHU],
=1 =1
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where in the last step we again used Proposition 3.7. For Ig4, by a similar argument as in Lemma 3.5, we have
>t / | I (1) — H(s)]2 Sto., s
to— =1
1 n 2
< C( [max D (Z E||H te) — (s)u];;) ’ ds) +ekE|> 1o, M]
te—1 (=1
where in the last step we essentially used (3.34) with 8 = 3/4. Hence, altogether we obtain for any ¢ > 0,

< Ck2~° + ekE Z 1o, , . Z Lo, , .
(=1 (=1
Z ]]-Q,c,g_l Z ]lQ;c,ﬂ—l
/=1 (=1

For the terms Iy and I;1, we apply a similar argument as above to infer that

n ty
T10| < E[glm,g_l /t“(HpZHM + Hef Lt

|Isq| < CE + €kE AL6°

AL6°

+ ¢kE

14
20,

2
VAhefH ]
]LZ

2
[Is] < CL+ m)eC (B2 + k) + kB Ah‘)ZHLz + ekE

VAhHZHiQ].

+ [Ju(s) — U(tZ)HM) Vi AhazHﬂﬂ] as

n 2 n 2
Ck 2 15 4 4
< O+ m)e (B2 4 1E0) 4+ ek ;::1]19%1 VALO HL + ekE ;1%“ Y m]’
n tg
Tl < Elzﬂm,u S 1@ (196 s+ [0 + 19060)  Vutoa) !AhB‘HU] ds
=1 -1

2
< C(1+ K)eCr (h2 + k%—é) + kE 26|

n
E ]lﬂn,zf1
=1

Next, by Young’s inequality and (2.13), it is easy to see that

Zlﬂm‘g,l Z]IQN,271

2 2
Io| + |I12| < €kE VAL0" + ekE AL0°
L2 L2

+ 0l (h2 + k%*‘s).

Finally, we split the stochastic integral in I3 as

m to
L =E|max) la,., / <VHhG(u(s)) VIL,G(uy, "), VO™ 1> dW (s )1
m<n — to_1
m to
FE|max) 1, / (VILG(u(s)) ~ VGl ), V0’ — V0" dW(S)]
m<n =1 to_1
=: 134 + I13p-

For the first term above, noting the assumptions on G, the H' stability of II;, and Lemma 3.5, we apply the
Burkholder—Davis—Gundy and the Young inequalities to obtain
%
2
Vo' H ds)
L2

n tZ
I3, < CE <Z]]‘Qm‘ll\/t ||VG(U(3)) VG( H]L2
=1 -1
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1

n te :
= Cr (m‘z‘“ﬂ~m|W9m‘l|le) <Z o, [ [IVu(s) —vu;;—1||§2>
= =1 tp—1
< ¢E [mgx]lm,mllve%Q] + e (2 4 50).

For the term I35, we use Young’s inequality, [t0’s isometry, the assumptions on G, and Lemma 3.5 to obtain

n 2

Iy < CE Z

(=1

n
E 19&,471
=1

Lo, / ’ (VILG(u(s)) — VIL,G(uj, ') dW (s)

te—1
2
]L2

ZHQM_I/Z HVHhG(u(s))—VHhG(uf;l)Hiz ds]
=1

L2

+€E Vel —vei?

=CE

te—1

n 2
> g, ,||[Ve - ve! ]
=1 ) L2

n
E : ]195,1371
=1

We now substitute all the above estimates into (3.48), set ¢ = 1/16, and rearrange the terms. Altogether,
continuing from (3.48) we deduce that

+ cE

< CeCr (h2 + k%*‘S) +¢E

Vo' - WZ_IHH'

E {mgx(nﬂm_l ||v0m||§2)] + kE + kE

2
AhefH
L2

n n
E ]lQ,Q‘,gfl § ]]‘Qn‘ifl
=1 =1

<E[[[V6°||y.] + CeO(n? + k179, (3.51)

2
VAhofv’H ]
]LZ

Furthermore, note that by setting ¢, = —kAp€" in (3.38), multiplying by 1q

and taking expectation, then
applying (2.14) and (3.31), we obtain

K,n—1

KE[la,., , IVE"I7] = KE[La, , ,(VIIi", VE")] + E[Lo, , , (VAL0", VE")]
+kE[Lq, ,_ (VI fr(u(t,)) — VI, fr(u] "), VE)]
< CER? + ekE 1o, IVE" || + CHE[1q, V210" 2]
+ CKE {%Wl | VIL, fr(u(t,)) — VIL, fR(uZ_l)H]iQ], (3.52)

where in the last step we used Young’s inequality and (2.13). The final term in (3.52) can be estimated using
(2.28) as done in (3.50). Summing (3.52) over £ € {1,2,...,n} and applying (3.51), we obtain

n
: : ]]‘Qm.lfl
(=1

kE

vng;] <E[[[V6°I[5.] + Ce(n? + k170,

Choosing u! such that ]E[HVBOHHQJZ} < Ch?, say u) = Ijug, we deduce the required result from the last
estimate and (3.51). O
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The following error estimate, which holds over a sample space with large probability, now follows from the
above propositions. Indeed, note that by Chebyshev’s inequality,

1 C
Pl 2 1 - (E s (1] + B[, o |EFOIR: ] + B maaglt | ) 2 1- S22

K t<tm AT K

Here, Cr,7 is a constant depending on R, T', and the coefficients of the equation, which is conferred by Lemma 3.3
and Proposition 2.2. Therefore, P[Qy ] — 1 as kK — o0.

Theorem 3.9. Assume that the hypotheses of Proposition 3.7 hold and n € {1,2,...,N}. For any § > 0, we
have

E[max(ﬂgml lw(tm) — u;””;llﬂ + kZIE[IlQH,el
=1

m<n

H(té)—Hf;’

;J < Celr (h2 + k%—5), (3.53)

where C' is a constant depending on R, T, and §, but is independent of h and k.

Proof. This follows from Propositions 3.7 and 3.8, equations (3.29) and (3.30), estimate (2.13), and the triangle
inequality. (]

We now define the following quantities:

n 2
Ay = max(Ta, L lutn) = witl) + 5D o, || H ) - B (3.54)
- =1
— n 2
m |2 Y4
A, = glgﬁ(nﬂg,mil () — ul |\H1) +k ; T, HH(tZ) - HhHHl. (3.55)

By selecting a suitable value of k, we establish several convergence results. We begin by stating a theorem
regarding the rate of convergence in probability.

Theorem 3.10. Assume that the hypotheses of Proposition 3.7 hold and n € {1,2,...,N}. For any 6 > 0, we
have

n
. m 2 _ 101_
lim P lmaxuu(tm) Y A :HH(tg) - HfLHW > a(h2<1 20) 4 301 86)) —0
=1

h,k—0+ m<n

for any a,§ > 0.

Proof. By Chebyshev’s inequality and Theorem 3.9 with k = O(log(log 1/h)), for any «,d > 0 we have
m |2 - & 2(1-26) 1(1-86)
P ma|utn) — ul [ + k;HHw) —Hj| > a(n?170) 4 078

<ot (h2(1725) + ké(lf&?))_lE[An] + P[ﬂi,n_l]

N|=

-1
< Ca™! (h2<1*25> + k%(1*85)) (h"’“*‘” + k%U*‘”)) + Cror(log(log(1/h))) "2,

which tends to 0 as h,k — 0. O

We now assume that (G = 0 to derive a strong order of convergence for the scheme.
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Theorem 3.11. Suppose that B = 0. Assume that the hypotheses of Proposition 3.7 hold andn € {1,2,...,N}.
For any 6 > 0, we have

-r

< C’log(hz + k%’5> . Vr> 1 (3.56)

n 2
E[ggggnu(tm) — s + k;Hmm - Hj|

The constant C' depends on R, T, r, and §, but is independent of h and k. In particular, the right-hand side
of (3.56) tends to 0 as h,k — 0T.

Proof. Note that by Hélder’s inequality with exponents 29! and p = 2971 /(29! — 1), where ¢ > 1, we have

1
1 ’ Nk
Blmctor Tt - a3 < C[P(0,)] " 2 (g LI + maxlu )| 7 @0
Similarly,

1
-1 54=T

24 29
2
H) . (3.58)

The last terms on the right-hand side of (3.57) and (3.58) are bounded due to the assumed regularity in
Proposition 2.2 and the stability estimate (3.27). Therefore, it remains to establish a bound for the probability
of the “bad” set Qﬁ,n,l. To this end, by Chebyshev’s inequality and the definition of the set €, ,,_1,

E

n 2
4
kl ]IQE)“IHH(Q)—H}LHHI
=1

< cfe(o8,)]* (s imeot + )
(=1

_9a—1 24 24 m 27
P02 1) < o2 B s )12 + g DO + a5 )|

which implies by the definition (3.55),

E{An} <2 (3.59)

For sufficiently small h and k, we set k = % (| log(h? + k%_‘sﬂ — (247 — 1) log | log(h* + k%_‘s)’), where C is the
constant in (3.53). With this choice of , noting (3.59), we have by (3.53), (3.57), and (3.58),

n 2 —
E | max|u(tn) = w5 + k> ||[H(te) - HiHHI] —E[4,] + E|4,]
- =1

< éeéfi (hQ + k%—é) + qui_gqfl

<Cr

)

log(h2 + k:%_‘s)

for any r > 1. This completes the proof of the theorem. (Il

Remark 3.12. If the initial data ug and the noise are more regular, say belonging to D(A%), then by a similar
argument as in [23], one can show that the pathwise solution u of (2.7) belongs to L (Q; C*(0, T} D(A%))) N
LP(Q;CQ([O,T];D(A%))), where a € (0, 3), for any p > 1. In that case, an O(k'~%) bound can be obtained
in (3.43), (3.44), and (3.49), leading to an O(k'~%) bound in Propositions 3.7, 3.8, and Theorem 3.9 (instead of

O(k%*‘s) as stated currently). Consequently, the right-hand side of (3.56) would read Cr|10g (h2 + kl"s) |7T in
this case.



A MIXED FEM FOR A CLASS OF FOURTH-ORDER SPDES WITH MULTIPLICATIVE NOISE 861

Remark 3.13. The convergence rate established in Theorem 3.11 is likely suboptimal. This is due to the
technique of estimating errors on the event €, ,,,, where the error bounds depend exponentially on the truncation
parameter k. It accounts for the rare possibility of a certain “blow-up” events defined by QEM. Optimising the
choice of k with respect to h and k to control the probability of the complement QE’m typically results in a
reduced theoretical order. However, as illustrated in the numerical experiments (Sect. 4), the observed rate of
convergence is significantly better, aligning more closely with the results of Theorems 3.9 and 3.10.

4. NUMERICAL EXPERIMENTS

We present a set of numerical experiments to validate the theoretical convergence properties of the proposed
finite element scheme for the sLLBar equation (1.1), with G(u) = A\1g —yu x g (where g is to be specified) and
M (u) = 0. All computations are carried out in the FENICS environment. The computational domains 2 are
taken to be the unit interval and the unit square. The magnetisation vector field w and the effective field H are
discretised in space using continuous piecewise linear finite elements on a family of quasi-uniform meshes.

To assess convergence, we compute a reference solution on a fine mesh and with a small time step. This
reference solution serves as an approximation of the exact stochastic solution for each realisation of the Wiener
process. For coarser discretisations, we use the same Brownian path so that the difference between the numerical
solution and the reference is meaningful pathwise. The errors £¥(h, k) and EH (h, k) at final time T is then
measured in L2(2;H*)-norm for s = 0 or 1, defined by

2\ 2
]HI3> '

Here, (uhN, HZ) is the numerical solution with mesh size h at time T' = Nk, and (uref(T), Href(T)) denotes
the reference solution at the same final time along the same realisation of the Brownian motion. In practice,
the expectation is approximated by a Monte Carlo average over M independent sample paths.

We vary separately the mesh size h and the time step k to test spatial and temporal convergence. To verify
spatial convergence, we fix a sufficiently small time step and compare errors across a sequence of meshes (h = 277
for some consecutive values of j). For temporal convergence, we fix a fine spatial mesh and vary the time step size
(k = (25 x 27)~! for some consecutive values of j). In both cases, errors are averaged over M = 25 realisations.
The experimental rate of convergence is obtained by fitting the errors against mesh size or time step in a log—log
plot.

1

E¥(h, k) = (]EHuhN — et (T)| ;I)* and EH (b, k) := (EHH{X - Hrcf(T)‘

4.1. Simulation 1 (thin wire)

Set 9 = [0,1]. We take the parameters to be A\; = 0.02, Ay = 0.001, v = 6.0, & = 0.5, p = 1.0, 5, = 0.1,
B2 = 0.05. The current density is v = 1.0. The initial data is specified to be

ug(x) = (0.1, cos(2mz), sin(27x)),
and the vector field g is set to be
g(z) = (2sin(rz),sin(rz), 2 cos(27x)).

We solve the sLLBar equation by employing the implicit scheme (3.1). Snapshots of a sample path of the
magnetisation vector field u and the effective field H with mesh-size h = 1/16 at selected times are shown in
Figures 1 and 2, respectively. The colour indicates the relative value of the magnitude.

Figure 3 shows the energy of the system over 30 independent sample paths for h = 1/16, k = 1/50, and for
h =1/32, k = 1/100. We recall that the energy is defined as

2
L2’

1 K
Energy(u) i= 5[ Vullfs + 7 |luf* ~ 4
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FIGURE 1. Snapshots of a sample path of the magnetisation w in simulation 1.
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FIGURE 2. Snapshots of a sample path of the effective field H in simulation 1.
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(A) Graph of energy vs time with A = 1/16 and  (B) Graph of energy vs time with ~ = 1/32 and
k = 1/50 for 30 sample paths. k = 1/100 for 30 sample paths.

FIGURE 3. Energy evolution in simulation 1.

The energy shows minor pathwise fluctuations and, on average, decays over time.

Now, we set ' = 0.05 and fix a reference solution with h = 1/128 and k = 1/3200. To verify spatial
convergence, we compare errors across a sequence of meshes (h = 277 for j = 2,3, 4). For temporal convergence,
we vary the time step size (k = (25 x 27)71 for j = 2,3,4). Figures 4a and 4b display the plots of £ against
1/h and 1/k, respectively. Similar plots for EH against 1/h and 1/k are shown in Figures 5a and 5b. These
results are consistent with Theorem 3.9 in the H' norm, while the numerical simulation indicates an even higher
convergence rate in the L2 norm. Such behavior is in line with what is traditionally expected in finite element
analysis, though a rigorous proof in our setting remains an interesting open question.
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FIGURE 4. Convergence orders of magnetisation vector field w in simulation 1.
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FIGURE 7. Snapshots of a sample path of the effective field H in simulation 2.

4.2. Simulation 2 (thin slab, small noise)

Fix 2 = [0, 1]2. In this simulation, we take the parameters to be Ay = 0.2, Ay = 0.1, v = 5.0, K = 0.5, u = 1.0,
B1 = 0.1, and B2 = 0.05. The current density is v = (1,0) ". The initial data is specified to be

’Ll,o(il?) = (_ y,:r,O),

and the vector field g is taken to be

g(z) = (0.8(1 — x),0.2,0.5(1 + x)).
We solve the sLLBar equation with T = 0.2.

Snapshots of a sample path of the magnetisation vector field w and the effective field H with mesh-size
h =1/16 at selected times are shown in Figures 6 and 7, respectively. The colour indicates the relative value of
the magnitude.

Figure 8 shows the energy of the system over 30 independent sample paths for h = 1/16, & = 0.01, and for
h = 1/32, k = 0.005. For relatively small noise intensity, the energy shows only minor pathwise fluctuations
and, on average, decays over time.

Next, still with T = 0.2, we fix a reference solution with h = 1/64 and k = 1/800. Figures 9a and 9b

display the plots of €% against 1/h and 1/k, respectively. Similar plots for £ against 1/h and 1/k are shown
in Figures 10a and 10b.
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FIGURE 8. Energy evolution in simulation 2.

Plot of £* against 1/h

Plot of £* against 1/k

(A) Spatial convergence order of u. (B) Temporal convergence order of wu.

F1GURE 9. Convergence orders of magnetisation vector field u in simulation 2.

4.3. Simulation 3 (thin slab, moderate noise)

Set 2 = [0,1]2. In this simulation, we take the parameters to be \; = 0.5, Ay = 0.05, v = 8.0, x = 0.25,
u=1.0, f; = 0.2, and B = 0.1. The current density is v = (2,0)". The initial data is specified to be

ug(x)

(sin(2my), sin(27z),0),
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FIGURE 11. Snapshots of a sample path of the magnetisation w in simulation 3.

and the vector field g is taken to be
g(z) = (5(1 + 2),10(1 + y), 2 cos(27z)).

Snapshots of a sample path of the magnetisation vector field w and the effective field H with mesh-size
h =1/16 at selected times are shown in Figures 11 and 12, respectively. The colour indicates the relative value
of the magnitude.

Figure 13 shows the energy over 30 independent sample paths for h = 1/16, kK = 1/50, and for h = 1/32,
k = 1/100. Since the noise intensity is moderately large, the energy trajectory exhibits more pronounced
pathwise variability around the mean profile.
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F1GURE 13. Energy evolution in simulation 3.
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(A) Spatial convergence order of H. (B) Temporal convergence order of H.

F1GURE 15. Convergence orders of effective field H in simulation 3.

Finally, we set 7' = 0.05 and fix a reference solution with A = 1/64 and k& = 1/800. Figures 14a and 14b
display the plots of £ against 1/h and 1/k, respectively. Similar plots for £ against 1/h and 1/k are shown
in Figures 15a and 15b.
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