ESAIM: M2AN 60 (2026) 473-494 ESAIM: Mathematical Modelling and Numerical Analysis
https://doi.org/10.1051 /m2an/2026008 WWW.esalm-m2an.org

A KINETIC MODEL FOR POLYATOMIC GAS WITH QUASI-RESONANT
COLLISIONS LEADING TO BI-TEMPERATURE RELAXATION PROCESSES

THOMAS BORSONIV?*®, LAURENT BOUDIN?®,
JULIEN MATHIAUD?® AND FRANCESCO SALVARANI*?

Abstract. In this article, we extend the Boltzmann framework for polyatomic gases by introducing
quasi-resonant kernels, which relax resonant interactions, for which kinetic and internal energies are
separately conserved and lead to equilibrium states with two temperatures. We establish an H-theorem
and analyze the quasi-resonant model’s asymptotic behaviour, demonstrating a two-phase relaxation
process: an initial convergence towards a two-temperature Maxwellian state followed by gradual re-
laxation of the two temperatures towards each other. Numerical simulations validate our theoretical
predictions. The notion of quasi-resonance provides the first rigorous framework of a Boltzmann dy-
namics for which the distribution is at all times close to a multi-temperature Maxwellian, relaxing
towards a one-temperature Maxwellian.
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1. INTRODUCTION

In this article, we propose a rigorous Boltzmann framework for modelling a polyatomic gas whose molecules
undergo quasi-resonant collisions, relying on collision selection through the collision kernel. We discuss the
behaviour of the corresponding homogeneous dynamic, for which we expect the distribution to be at all times
close to a two-temperature Maxwellian, which temperatures relax towards each other, following a Landau-Teller
type equation. This is finally numerically verified.

The study of polyatomic gases has garnered significant interest in recent years, with numerous researchers
contributing to this field. Polyatomic gases differ from monatomic gases because their molecular structure cannot
be fully described using only kinematic variables such as position and velocity. To account for these differences,
an additional independent variable representing internal structure is required. The first works in this direction
date back to the 1950s with Wang Chang and Uhlenbeck [40] and Taxman [39]. A significant contribution was
provided by Borgnakke and Larsen in [7], introducing a numerically well-suited procedure. In this paper, we
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describe the internal structure of the polyatomic molecules through their internal energy level, denoted by I, and
belonging to R} endowed with a measure y, called the internal energy law. We assume p to have a nonnegative
and continuous density ¢ with respect to the Lebesgue measure as in the seminal works [12,17,18], i.e.

du(I) = o(I)dI,  T>0.

Some typical choices of ¢ are ¢ : I — I%/2=1 corresponding to a polytropic gas with 3 + ¢ number of degrees of
freedom, and the ceiling function ¢ : I — [I], corresponding to a diatomic molecule, whose rotation is classically
described via a rigid-rotor model, and vibration is described via a quantum harmonic oscillator model, for which
we refer to Bisi et al. [6].

Back in the 1960’s, it was already shown in Sharma [36] that vibrational energy transfers between COq
isotopes would exhibit near-resonance behaviour, in the sense that collision pathways for which the post-
collision vibrational energy is close to the pre-collisional one are largely dominant. This was later supported
by Stephenson and Moore [38] for a mixture involving in particular CO5 molecules. Detailed computations on
collision cross-sections involving the CO5 molecule recently conducted [27] also showed such a behaviour. Similar
results for other molecules, either with experimental data or ab initio calculations, have also been pointed out
since then [13,37]. Early discussions on resonant vibrational energy transfers are also found in [29,32]. Ab initio
calculations conducted in Lanza et al. [26] on the rotational energy transfer in HCl — Hy collisions were shown
to be mostly near-resonant, and to quote the authors of the latter work, “Near resonant energy transfer process
can be an important, often dominant, rotational energy transfer pathway at low temperatures”.

As such, despite their broad applicability and widespread use, polyatomic Boltzmann models with standard
cross-sections, such as Variable Hard Spheres, exhibit inconsistencies with experimental data and theoretical cal-
culations in the above mentioned scenarios. As noted in [27], the kinetic modelling of carbon dioxide presents some
peculiar challenges due to the emergence of two distinct temperatures associated with translational and rotational
energies, which do not mutually interact. Consequently, in the mathematical models describing this framework, the
kinetic and internal energy of colliding particles must be separately, or almost separately, conserved.

Advancements in this direction were made by Aoki et al. [25], who extended the ellipsoidal statistical model of the
Boltzmann equation for a polyatomic gas with constant specific heats (proposed in Andries et al. [2]) to a polyatomic
gas with temperature-dependent specific heats. Some other articles have then studied the complex dynamics of such
gases [3,4,23-25] in an ES-BGK framework, highlighting several properties of resonant collisions. In [19], Djordji¢,
Pavié-Coli¢ and Torrilhon proposed a polyatomic Boltzmann model including a term of frozen collisions, for which
no internal energy is exchanged, and which may be seen as a singular type of resonant collisions.

Since the 1960s, several authors have proposed kinetic models that preserve fundamental global properties of
the original Boltzmann equation while neglecting detailed collision mechanisms [22, 30, 34, 35].

Indeed, transition probabilities, which are essential in the Boltzmann description, are difficult to compute
ab initio, and can be derived from phenomenological assumptions [30] or obtained wvia molecular dynamics
simulations for specific gases [31].

In [15], Bruno and Giovangigli incorporated the notion of resonant collisions in a Boltzmann framework,
along with Magin, Graille and Massot [28], by considering the collision operator to be composed of a “fast”
component, related to resonant collisions, and a “slow” component, encompassing standard polyatomic collisions.
More recently, a Boltzmann model to describe resonant collisions has been introduced in Boudin et al. [11].
The equilibrium solution of the model depends on two temperatures, and several properties, including the H-
theorem, have been deduced. Given the recent introduction of the corresponding model in the literature, the
mathematical study of resonant collision kernels remains less developed compared to the standard Boltzmann
operator. Nonetheless, significant progress has been made, including investigations into the compactness of the
linearized operator [9,10]. Let us briefly discuss that resonant model. As already stated, a collision is said to
be resonant when the microscopic kinetic and internal energies are separately conserved during the collision
together with the microscopic momentum. Hence, formally, the model rises as a singular case of polyatomic
collisions exchanging momentum, kinetic energy and internal energy. Since the conservation laws are directly
related to the support of the collision kernel, the resonant property of the collisions can be provided by formally
putting the internal energy conservation in the collision kernel as a Dirac mass. With this viewpoint, a natural
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way to define quasi-resonant collision kernels is to replace the Dirac mass by a nonnegative approximation of
that Dirac mass in the kernel expression.

In this work, we propose a Boltzmann model with quasi-resonant collisions, providing a more realistic frame-
work than the resonant one, and allowing to capture slow bi-temperature relaxations, during which the dis-
tribution is at all times close to a bi-temperature Maxwellian. From a theoretical perspective, incorporating
quasi-resonant kernels extends classical thermal relaxation models within the Boltzmann framework and pro-
vides insight into transitions between dynamical regimes in kinetic transport. This approach bridges the gap
between idealized resonant interactions and the complexity of real molecular systems, offering a more general
and physically consistent description of energy exchange. Our approach bears similarities with the ones of [15,16]
and [28], with an emphasis on the collision kernel, characterization of quasi-resonant collisions and derivation
of Landau-Teller equations.

The article is structured as follows.

In the next Section, we introduce the model and establish a precise definition of quasi-resonance quantified
by a quasi-resonance parameter € > 0. We then derive an H-theorem for this model and investigate the resonant
asymptotics as € vanishes, recovering the version of the resonant model used in Borsoni et al. [10] equipped with
the correct internal energy measure.

In Section 3, we explore the implications of these findings and discuss the expected properties of the model.
We argue that a homogeneous quasi-resonant Boltzmann dynamics likely follows a two-phase evolution. Initially,
in the short-term regime, the distribution behaves similarly to the fully resonant case and relaxes toward a two-
temperature Maxwellian equilibrium. Subsequently, in the long-term regime, the distribution remains in this
form while the kinetic and internal temperatures gradually converge towards each other. Assuming that latter
behaviour holds, we explicitly derive an ODE system which approximately governs the evolution of the kinetic
and internal temperatures during the second phase. This system, valid for a broad class of collision kernels, is
of Landau-Teller-type, see, for instance, [33].

Finally, in Section 4, we conduct numerical simulations to validate our theoretical predictions. Specifically,
we verify that the kinetic and internal temperatures approximately follow the derived Landau—Teller-type ODE
system, and conduct a preliminary quantitative study of the behaviour of the approximation as the quasi-
resonance parameter € goes to 0.

2. BOLTZMANN MODEL WITH QUASI-RESONANT COLLISIONS

The approach developed here is based on a polyatomic kinetic framework wherein quasi-resonant collisions
are selected by truncating the cross-section.

We study a single gas composed of polyatomic molecules, which are described, at the microscopic level, by
their mass m > 0, velocity v € R3 and internal energy level I € R,. We then consider two colliding molecules
with respective incoming velocities v, v, € R? and internal energies I, I, € R, and their outgoing counterparts
o', v, I’ I.. Since the momentum and total energy of the two-particle (isolated) system are conserved during
the collision, the following microscopic conservation laws hold

v+ v, =0 + 0, (1)
1 2 1 2 _ 1 /12 1 /12 ! !
—m|v|* + —ml|v. |+ I+ L, = —m|'|* + —m|vl|* + I' + I. (2)
2 2 2 2
It is important to notice that (1) and (2) imply that the total energy in the center of mass of the molecules
E:fﬁvfmﬁ+1+fwz%wkﬂm2+F+L; (3)

is conserved during the collision. Then (1) and (2) ensure the existence of o € S? such that

. vdu. 2 JE-TT T . vtu. 2
= Z JE-T+1 = - L JE-—(I+1I 4
v T = (I'+1)o, o 5 = (I'+ 1)) o, (4)
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and I’ + I, < E. We moreover introduce the following notations

m|v’7v;|271 I'+ 1) R,im|v7v*|271 I+1.

4F E 7 4F E ®)

as in the Borgnakke—Larsen description, see [12] for instance. At the microscopic level, resonant collisions, for
which the kinetic and internal energy are separately conserved, can thus be characterized by the property

R:

R=R.
In the quasi-resonant case, both the kinetic and internal energies are separately almost conserved, i.e.
A e e N R N I A

or equivalently,
R~ R.

Our approach, detailed in Subsection 2.1, consists in considering some reference polyatomic collisions, and
removing the ones which are deemed too far from being resonant.

2.1. Quasi-resonance by collision kernel truncation

In the Boltzmann model, the collisional properties are embedded in the collision kernel. It is a positive
function whose support (related to its domain of definition) is provided by the microscopic momentum and
energy conservation laws, and whose values formally correspond to some density of probability of possible
collisions. Therefore, it is equivalent to state that a collision is possible, and that the collision kernel takes a
positive value on the variables involved in the latter. We consider a reference collision kernel B whose support
characterizes standard polyatomic collisions. From that reference kernel, we define the family of quasi-resonant
collision kernels (B:)c>0, indexed by the quasi-resonant parameter ¢ > 0, as the product of B with a cut-
off function x.. This function, defined below in (10), allows the removal of collisions deemed too far from
being resonant relatively to the parameter €, and is built in such a way that it approximates a Dirac mass
(corresponding to the resonant case) when e vanishes. Figure 1 provides a schematic representation of the
situation.

In the standard polyatomic setting, the collision kernel seen as a measure on (R® x Ri)* is sup-
ported on a manifold C, as shown on Figure la. Then the intersection of C with the set of quadruplets
((v, 1), (vs, L), (W', I"), (v}, I.)) such that R = R’ corresponds to the resonant manifold seen on Figure 1. In
the quasi-resonant setting drawn on Figure lc, the collision kernel support coincides with the support of the
cut-off function x., which is a narrow strip within C surrounding the resonant submanifold, with a width of
order €. The quasi-resonant model is then built such that, as € goes to 0, the quasi-resonant collision kernel
measure gets closer to the resonant collision kernel measure.

To make this argument more precise, we introduce the following formalism.

Reference collision kernel
We introduce B := B(v,v,, I, 1., I',I.,0) > 0 a reference polyatomic collision kernel, in the sense that it
satisfies, for almost every v, v, € R, I, I, I', I. € R, , 0 € S?, a symmetry property

B(v,v.,I,1.,I',I',0) = B(vs,v,1,,1,I.,I', —o), (6)

s Ly s Lo

a micro-reversibility assumption

|v — v | B(v,vs, I, I, I', I.,0) = v/ — .| B(W', v, I', I, I,I,,0"), (7)

) Tk Pt

and a positivity condition to authorize only physical collisions, that is

I'+I'<E <= B(vv,I,1,I' I, ) >0, (8)

) Tk



POLYATOMIC GAS MODELLING WITH QUASI-RESONANT COLLISIONS 477

Manifold C

((’U,I), (’U*al*)v (vlvll)a (Uivli)) € (RS X R+)4 such that

/ /
V4 Vs =0V + Uy,

Dol + T+ 2P+ L= 22 + I’ + Zl]? + ..

(c¢) Quasi-resonant submanifold, same dimension as
(b) Resonant submanifold, one dimension less than C. C.

FIGURE 1. Standard, resonant and quasi-resonant manifolds of allowed collision quadruplets in
(Rg X R+)4.

remembering that E is defined in (3). These assumptions may be found for instance in Borsoni et al. [8], and are
compatible with other standard formulations as in [17,20], as soon as the corresponding Boltzmann operator is
defined accordingly.

A possible reference collision kernel, which we later use for explicit computations in Sections 3 and 4, would
be

Kr—1/2 Kl
B(v,v,,I,I,I',I',0) = C b(o - &) [%v —v*ﬂ ’ [%v' —v;ﬂ ’

L Lirtr<m

I+1)% (I'+1)% E :
(I + L) (I' + I7) o (E)

where the velocities v’ and v} are functions of the variables of B given by (4), ki, k; and  are real numbers,
Cp > 0 is a (dimensional) constant, and b is an angular kernel satisfying, for w € S?,

b(o-w)do = 1.
S2

Eventually, the notation 1y stands for the characteristic function of the set X, and my,(E) is the L'-norm of
141 <p) on (0, +00)? with respect to the internal energy distribution measure, that is

mo(5) = | /( o trenzm e e ar A (9)
;oo

We emphasize again that the above explicit choice of B is not required at all in this current section.
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Truncation function and quasi-resonant collision kernel

Let us now build the quasi-resonant family of kernels (B:).so from the reference kernel B. In order to
discriminate whether a collision is deemed quasi-resonant or not, relatively to e, we introduce the family of
cut-off functions (xc)e>0, defined, for all € > 0, by

(R, R)

R.R) =
XE( ) ) %

L (r)—n(r))|<e)» R,R' €(0,1). (10)
Here, 7 is a C*-diffeomorphism from (0,1) to R, and ¢, is a C' normalizing factor, satisfying a symmetry

property
(R, R) =cy(R,R), R,R €(0,1), (11)

which is required to preserve the micro-reversibility of B., and a diagonal condition
Cn(Rv R) = n/(R)v R e (07 1)7 (12)

which is crucial to recover the resonant asymptotics when e goes to 0, as we shall see below. Possible choices for
¢, would be ¢, (R, R') = /0 (R)n'(R') or ¢,(R,R’) = (7' (R) + n'(R’))/2, but the upcoming computations can
be carried out by keeping c, general. Indeed, we shall see that the study of the e-vanishing asymptotics only
requires, at the first non-zero order with respect to €, the knowledge of conditions (11) and (12).

We emphasize that the cut-off functions (x.) fully characterize the notion of quasi-resonance. Indeed, at fixed
e > 0, the collisions deemed to be quasi-resonant are exactly the ones for which x.(R, R') > 0. Moreover, the
support of x. goes to (0,1)? (all collisions are allowed: standard polyatomic case) when ¢ — oo, and that x.
approximates the Dirac at R = R’ (resonant collisions) when € — 0.

Remark 1. The symmetry property of ¢, implies that 01¢, (R, R') = 02¢,(R’, R) for any R, R’ € (0, 1). Besides,
by differentiating (12), we get, for any R € (0, 1), di¢,(R, R) + 02¢,(R, R) = 1" (R), so that, for any R € (0,1),

n'(R)
2

O1¢cy(R,R) = 02¢y (R, R) = (13)
In the expression (10) of the truncation function, the C°°-diffeomorphism 7 is used to enhance the model
flexibility and prevent boundary issues. Indeed, using 1jjz—pg/|<c) in (10) would be problematic. For instance,
when R’ < ¢ is fixed, the set {R € (0,1) | |R— R/| < ¢} becomes asymmetric due to the constraint R > 0. Using
instead 1,(r)—n(Rr)|<e] avoids this issue.
A typical choice of 7, later used in the explicit computations of Sections 3 and 4, would be

R
£ (0,1) = R log ——
n:(0,1) , Re— og(l_R)

which is indeed an (increasing) C*°-diffeomorphism from (0,1) to R. The distance from resonance measured
through the quantity n(R) — n(R’) corresponds in this case to

n(R) —n(R') = (log B}, — log E}) — (log By, — log E;) = (log Ey, — log Ey,) — (log E} — log E;).

That difference hence allows to simultaneously quantify the discrepancy between pre- and post-collisional ener-
gies, but also between kinetic and internal ones. Moreover, due to the presence of the log function, the comparison
is made through ratios instead of differences.

We are now in a position to define the family of quasi-resonant collision kernels (B.)c>o associated to the
reference kernel B and the truncation family (x.):o, by, for any ¢ > 0, v, v, € R3 0 € S§? and I, I,, I,
I e Ry,

B.(v,v, [, 1., I' I, 0) = B(v,vs, I, I, I' I, ,0) x- (R, R'), (14)

? L » Lo
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where R and R’ are given by (5). Thanks to (11), for any € > 0, the kernel B, satisfies the symmetry and
micro-reversibility properties, for any v, vy, o, I, I, I', I,

Pt )

Ba(vyv*y-[y-[*v-[ly[iao—) :B€<U*7’U7-[*7I7I;7[/7_0')7 (]‘5)
|v — | Be(v, 04, I, L, I', I, 0) = |[v" — v |B:(V' v, ' I, I, 1., o), (16)

)T

and thanks to (8), B. satisfies the following positivity property, which differs from (8) through the involvement
of  and ¢,

{I'+I,<E and [p(R)—n(R)| <e} < B:(v,v.,I, 1, I I, 0)>0. (17)

2.2. Quasi-resonant Boltzmann operator and H-theorem

We consider a family of quasi-resonant collision kernels (Bg):so defined as in the previous subsection, and
denote by (Q:)e>o the associated family of Boltzmann quasi-resonant collision operators. For ¢ > 0, Q. is
defined for any density f = f(v,I) > 0 for which it makes sense, and almost every v € R?, I € R, by

gE(f? f)(v71>
/ ﬂ/ / ("/f, ff*)Bs(’U,’U*y]v]*,[/,ZI,O')(]U(o(l’)dl’w(l;)dli(0([ )dl*dv*7 (18)
R3 (0,+oo)3 S2 *

where, in the above equation, we use the standard shortcuts f = f(v,I), f. = f(vs, L), [/ = f(', 1), fl =
FL, IL), and ', ), are defined by (4).
Weak form of the operator

Since the kernel B, satisfies the usual polyatomic symmetry and micro-reversibility conditions, we immedi-
ately obtain (see for instance [8]) that, for any test-function ¢ = (v, I) such that the following makes sense,
we have

/RB /0+°°¢(U,I)Qa(fyf)(v,f)w(l)dldv:;//(RS)Z ////(0,+oo)4 /S FIe @' +45 =4 =)

Be(v,vi, [, L., I' I o) do p(I") A’ o(I.) dI, (1) dI ¢(I) dI, dv d,,
(19)
where we use the same shortcuts as in (18). We deduce from its weak form (19) that, as usual, ). conserves,

at least formally, the mass, momentum and total energy. More precisely, for any f = f(v, I) such that it makes
sense, the following property holds

1
+oo
[ [ eunwnl, © |enaaw=o (20)
R J0 §m|v|2+l

Notice that the conservation properties of the quasi-resonant operators are the same as those in the non-resonant
polyatomic case. On the other hand, in the resonant case, kinetic and internal energy are conserved separately.

Collision invariants and H theorem

We now focus on the basic properties of the quasi-resonant kernel.
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Definition 1. A function ¢ : R* xR, — R is said to be an e-quasi-resonant collision invariant if ¢ is measurable
and satisfies, for any v, v, € R3, 0 € S? and I, I, I', I. € R,

(I'+IL<E and [p(R)—n(R)<e) = @O, 1) +90, L) =y +¢., L)), (21)
where E is given by (3), v, v} by (4), and R and R’ by (5).

The definition of e-quasi-resonant collision invariants slightly differs from the one of the usual polyatomic
invariants through the additional condition |p(R) — n(R’)| < e. Therefore, the set of collisions on which the
invariance property is assumed to hold is smaller than in the standard polyatomic case. As a result, we cannot
directly apply the known results of characterization of the collision invariants in the generic case. We provide
this characterization in the following proposition, whose proof is mostly based on Lemma 3 of [11].

Proposition 1 (Collision invariants). Assume @ to be a continuous e-quasi-resonant collision invariant. Then
there exist a; € R, p € R® and ay € R such that for all (v,I) € R® x R, we have

1/)(11,[):a1+p-v+a2(%|v|2+1). (22)

Proof. As a collision invariant in the quasi-resonant case, v satisfies

—_ ! __ / . ! A
w(””* +2\/Ma,f’> +w<”+”* W R I"mLﬁ) =, ]) + (o, L) (23)
2 m 2 m

for any (v,vs, I, L, I',I.,0) such that B.(v,vs, I, L., I',I.,0) is non-zero. In particular, (23) holds whenever

R = R/, using the notations defined in (5), 7.e. in the resonant case. Thanks to the computations detailed in
Boudin et al. [11], there exist a1, az, a3 € R and p € R3 such that, for any (v, I),

Qa
W, ) =a1+p-v+ §m|v|2 + asl.

Replacing ¢ by its previous expression in (23), we obtain
P (0 +0l) + 2 (o' P+ mlol]?) + ag(I' + 1) = p- (v +v.) + 2 (mlol® + mlo. ) + as(1 + L),
Thanks to the microscopic conservations (1) and (2) of momentum and total energy, we get
(ag —a3)(I' + I, — I — I,) = 0.

Finally, we can choose (v, vy, I, I, I’ I, o) such that B.(v,v., I, 1., I' I, 0) # 0 and R # R’ simultaneously, so

9 Tk Tk

that I’ + I, # I + I, and subsequently obtain as = as. O

Let us emphasize that the collision invariants (22) are here the same as in the usual polyatomic case, rather
than those of the resonant case.

Having derived the weak form of the Boltzmann collision operator and characterized the collision invariants,
we are now in a position to state the H-theorem associated with the quasi-resonant model.

Theorem 1 (H-theorem). For any density f = f(v,I) > 0, we have, at least formally,

+oo
/R 3 / log (v, 1) Qe(f, f)(v, I) dv p(I) dI < 0. (24)

Moreover, the following two conditions are equivalent:

“+o0
/R 3 / log (v, 1) Qe (f, f)(w, I) dvp(I) d = 0 (25)
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and

f, 1) = M(v,I):= (2:?)3/2 Z(1/T) exp (—m“’_“P — I), (26)

2T T

r
m

where

1s the internal partition function, p, w and T are respectively the mass density, average velocity and average
temperature associated with f, i.e. satisfy

P oo 1

pu = I) v dv (1) dI
34+ 6(T 1 / / f(v, 1 ¥ )
%pff#» §p|u|2 R3 JO §|U|2+I

and where the number of internal degrees of freedom 0(T) is given by

5(T) = —%(bg Z)’(;).

Notice that, in the quasi-resonant case, the equilibrium distributions are, as in the usual polyatomic case,
Maxwell functions with a single temperature. We recall that, in the resonant case, these distributions have two
distinct temperatures (one kinetic and one internal).

The proof of Theorem 1 is straightforward once collision invariants are characterized (here, thanks to Prop. 1)
and very standard, see for instance the proof of Theorem 4.1 of [8].

2.3. Resonant asymptotics

In this subsection, we investigate the consistency of the quasi-resonant collision kernels with the corresponding
resonant collision kernel in the vanishing ¢ asymptotics.

Proposition 2. Consider B a continuous reference collision kernel, hence satisfying (6)—(8). Let ¢ > 0,
and ¢ := (I',I.) be a continuous test-function with a compact support in (0,~+00)%. The tuple of variables
(v, v4, I, I, 0) € (R?)? x (0,4+00)? x S? being fived, we set

T = // Be(v,vi, I, L, I' I o) (I, I) o(I') o(I.) dI' dI.,.
(0,400)?

Then (J.) converges, as & goes to 0, towards

+o00o
To = / B (v, v, I, L, I, o) (I', T+ I, = IV o(I') (I + I, — I')d[’, (27)
0

where the resonant collision kernel B associated to the reference kernel B is defined by
BreS(U,’U*,I,I*, II, 0') = B('U,’U*, I, I*,I/, I + I* — I/, 0') E]l[I’SI-‘,-I*]v (28)

Proposition 2 confirms that, from a modelling viewpoint, considering a small ¢ in our approach indeed allows
to describe the quasi-resonance phenomenon. More precisely, it is clear that B will not be the corresponding
resonant cross-section, and that it is not enough to impose I, = I + I, — I’: the measure on I’ is also modified,
and an additional term F rises. Hence, in (27), we obtain the resonant integration measure o(I') o(I + I, —
I')dI’ used in the corrected version [10] of [9]. Moreover, B™* still complies with the symmetry and micro-
reversibility properties. In fact, the characteristic function can be omitted, as the argument I + I, — I’ of B
ensures nonnegativity whenever B is non-zero.
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Proof. Since v, vy, I, I, and o are fixed, we set, in the following, for the sake of clarity,

U(I', I7) = Bv,vi, I, L, I', I, o) (I, ) (I") o ().

Pk

Using (10)—(14), we get
1
J. = % // cn(R, R') Lyjy(ry—n(rr) <) (R, R) W(I', I,) dI' dI,.
9 (0,400)2

Remembering that R’ only depends on some of the fixed variables, and not on I’ or I, a convenient way to
proceed is to use the Borgnakke-Larsen representation, that is to change variables (I’,I}) into (R, r) with
I'+1 r
R=1- * = —
E T Ty

with Jacobian (1 — R)E?. Then we have
1
\75 = 2—6 //( o Cn(R, R/) ﬂ[\U(R)*U(R'NSE] (R, R/) \I/(’I“(l — R)E, (1 — 7“)(1 — R)E) (1 — R)E2 dRdr. (29)
0,1

Consider both r and E to be fixed and denote, for any R,

U(R)=9(r(1-R)E,(1 -7)(1—-R)E) (1 - R)E?,

which is clearly continuous by assumption. We now focus, in (29), on the integral in R, that is

1

1
% /0 (B B) Ljnry—n(rry <) (B, BY) W(R) dR.

We perform the change of variable z = n(R), so that it becomes

2*16/ch(n_l(z)aR/)]1[\z—n(R/)|§e](nfl(z),R/) U(n~'(z) (") (2)dz
1 n(R')+e B
=% e (2), R) ¥ (n~(2)) (1) (2) dz. (30)
n(R')—e

Letting € go to 0 in (30) and using (12), we get, at the limit,

(R, R) W(R)
)

(R R B(R) (7Y () = 2Pt = W),

Hence, by dominated convergence, (Jz) converges, when ¢ goes to 0, towards
1
/ U(r(1—-R)E,(1 -7)(1 - R)E)(1 - R)E*dr,
0

which we denote by Jo. Remembering that (1 — R')E = I 4 I, we finally perform the change of variable r to
I' with I' = r(I + I.), leading to

I+1,
To = / U(I',I+1,—I')EAT,
0

and then to (27). O



POLYATOMIC GAS MODELLING WITH QUASI-RESONANT COLLISIONS 483

convergence towards a relaxation of the two temperatures

two-temperature Maxwellian towards each other

short time long time time

FIGURE 2. Expected behaviour of the quasi-resonant dynamics.

3. DERIVATION OF LANDAU-TELLER-TYPE EQUATIONS

In this section, we discuss what we can deduce from the H theorem (Thm. 1) and the resonant asymptotics
(Prop. 2). We consider from now on the homogeneous quasi-resonant Boltzmann equation, for some € > 0,

6tf(t,7),1) = Qs(f(t)af(t))(vaj)v f(O,U,I) = fin(va)a (31)
fort >0,veR3and I € R,.

Expected properties of the quasi-resonant dynamics

Let us first informally discuss the properties of the quasi-resonant model we may expect, based on the results
proven earlier. The H theorem ensures that the equilibrium distributions of the quasi-resonant dynamics have
a Maxwellian form, with one temperature. On the other hand, for the resonant asymptotics, Proposition 2.3
ensures that, at least formally, when ¢ is small, the quasi-resonant dynamics should behave almost like the
associated resonant ones. But we also recall that the equilibrium distributions of the resonant dynamics are
Maxwell functions with two temperatures.

Therefore, we expect the quasi-resonant dynamics to be composed of two phases, as schematically illustrated
in Figure 2. In the short term, the quasi-resonant dynamics closely resembles its associated resonant dynamics,
leading to a relaxation towards a two-temperature Maxwellian. Over longer time scales, since the distribution
remains close to this form, the two temperatures should gradually converge towards each other. Moreover,
we anticipate that the distribution will retain the structure of a two-temperature Maxwellian, as the resonant
component of the quasi-resonant collision operator dominates its mixing component. This behaviour differs from
the dynamics of the non-resonant polyatomic case and is a specific feature of the present model. In particular, we
deduce a pair of coupled ordinary differential equations on both kinetic and internal temperatures, of Landau—
Teller type, see for instance [33].

Let us now obtain explicit formulas, at the lowest non-zero order of approximation in €, for the aforementioned
two temperatures in the second, long-time, part of the dynamics. To this end, we derive ODEs of Landau—Teller
type on the kinetic and internal temperatures, which are locally satisfied at time ¢ = 0 by the solutions to the
quasi-resonant dynamics (31) with a two-temperature Maxwellian initial distribution. The heuristic discussed
above on the two phases of the dynamics allows to see those ODEs as good candidates for actually computing
the two temperatures at all times: this is later highlighted by numerical experiments presented in Section 4.

Computational choices

Before stating the main result of this section, we first recall the expressions we use in the computations below.
We emphasize once again that these expressions were not needed in the previous section. First, the energy law
density ¢ is chosen as

o(I) =121 1>0, (32)

with § > 2. This choice of energy law density corresponds to a polytropic gas with a number of internal degrees
of freedom equal to 4, and is common in the literature, see [1,12].
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Second, the reference collision kernel is set to

Ly <

B(v,v.,I1,1,,1',I.,0) = Cg b(c - 0’ Eﬁk—% oA o ol 02 ’
(v,v 0 0) Bblo-0') E, . i 5

(33)
where we use the shortcut notations
_ m 2 L /o m, 112 /7! / _ _ /
Ekfz|v7v*|, E;,=1+1,, Ekfz|v7v*|, E=1I+1, E=E,+FE,=FE, +E,

v’ and v} are given by (4), kg, #; and ~ are real numbers, Cp is a positive constant, and b is an angular kernel
satisfying, for w € S?,

/ b(o-w)do = 1. (34)
S2

Eventually, taking (32) into account in (9), and thanks to Lemma A.1, we have

I(6/2)?
E)= Liprag INe(I)drdr = —+r=_ E°, 35
where I' stands for the Gamma function.
Finally, we choose n as
R
n(R) = 10%(1_}3)» R e (0,1). (36)

Let ¢ > 0. That function 7 allows to define the truncation function x. through (10)—(12) (with no need to
specify ¢,) and subsequently B, as

B.(v,vi, [, I, I' I, 0) = B(v,vi, [, L., I', I, ,0) x« (R, R). (37)

Local Landau—Teller equations

We can now provide, in the next proposition, the first term in the expansion in ¢ of the derivative at time
t = 0 of the internal temperature of a solution to the homogeneous quasi-resonant Boltzmann equation (31)
with a two-temperature Maxwellian initial condition.

Proposition 3. For e > 0, consider [ a solution to the homogeneous quasi-resonant Boltzmann equation (31)
associated to v, n and B. defined thanks to (32)—(37), with v = § + 1. Assume the initial condition fi, to be
a two-temperature Mazwellian distribution associated to the energy law ¢, the mass density p > 0, the average
velocity u € R? and the kinetic and internal temperatures T,S >0 and T? > 0. For t > 0, we set

tm@)zfl// o — ul? f(t,0, 1) dv (D) d, ﬂ&)=§>// [f(t o, D) dvp(D)dl,  (38)
60 J JRr3 x(0,+00) P J JR3x(0,400)

i.e. the respective kinetic and internal temperatures of f at time t. Then

dT;
dt

=2 pCtS,Kk,m (TIS)QMCJr% (Ti0)2m+5 (TIS _ Tl()) + 0(82),
t=0

with
Cs " (26 +3) T (2k; + 26+ 1)
12 T(3/2) T(6)

Cis,m«,m =
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Proof. Since f solves (31), we have

dT;
dt

t=07 0

1 //]R3><(0 . IQ:(fin, fin)(v,I)(I)dI dv. (39)

Hence, we need to compute the right-hand side of (39). It comes from the weak form (19) of the operator Q.
that

1
< 1 e\Jin» Jin aI I)did
55 L 10U )DL e

_ Zép//(w ////(07%)4 RICANGERETEYS

Be(v, v, [, L., I' I o) do (1) o(L) o(I') o(I.) dI dI, dI’ dI, dv dw,.

The latter integral can be rewritten as

il Il
o5 fin fin*
25;) (R3)2 (0,+00)2 ( )
[// / I'+ 1 —1—1,)Be(v,0s,1, I*,I’,I;,o)@(I’)(p([i)dodl’dli]
(0,400)? JS2
o) (1) dI dI, dv dv,. (40)

We now focus on the term between brackets in (40). Using the explicit form (33) of the reference collision kernel
B as well as its angular property (34), the term becomes
E! B,

B 1/2E’“E7 "
Cp——— // E;) (E - E)™ E™ 11[E/<E]xs< -5 1E> o(I")dI' p(I') dI.
OJroo)2

By definition (9) of m,, substituting E} = I’ 4+ I, as an integration variable, the above term reads

E! E;

EVPEREY (P .
i [ By - my (1 - ) el aB
0

C my,(E)

Then, using the explicit form (35) of m,,, performing the change of variable R = 1 — E!/E and setting Ry =
1— E;/E, we transform the integral into

1
Cpé E,’j’“_l/gEf"'E””””i“/ (Ry — R) R (1= R)**™~1x_(R,Ry)dR. (41)
0

Applying Lemma A.2 to ¢(R) = —R" (1 — R)*+9~! yields the expansion of (41) with respect to & around 0 as

o Cp(d + 1) Efr 1P g prtstnitl By "’f(lRO)“iMl{ Kk | Kit+0
€

31 (Ro)? (logn')' (Ro) — Re 1_RO}+0(52). (42)

Ro

Now, since we chose 7(Ro) = log :=-, we have (log ) (Ro) = _R%) + 1_1R0 and n,(}%o)Q = R3(1 — Ro)? (see

Rem. 2), the expression actually equals

Cpo
2
° 73

Ko 1/2 1 , 1 kit$
e D S A ) A <_”th + ffRO) +o(e?).
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As RyFE = Ej, and (1 — Ry)E = E;, the previous term becomes

CBO  okptl o,
e % EXEE g2 gr=0-1 (g 4 5V By — (ki + 1)Ei] + 0(c2).

Finally, recalling that v = § + 1, the bracket term in (40) reads

g2 —CB(S E

g BB (ks + 0) i — (mk + DEL] + o). (43)

Therefore, (39) can be rewritten, when e goes to 0, as

C . ~
_2Cs / / / / B RER (5 4 0) By — (kg + 1) E)
1=0 6p JJ o)z JJ (0, 400)2

X fin (fin)s 1%/371dI 19727141, do dv, + o(e?).

dT;
dt

Recall that fi,, is a two-temperature Maxwell function with mass density p, and respective kinetic and internal
temperatures T,g and T?. The previous equation may be recast as
dT;
dt

C % .
= &2 S8 by (1) m (1)

t=0

(DRI m2 (0] ofe?), (44)

where we set, for any >0 and T > 0,
27T\ 8
mg(T) = (ﬂ') // e—m(|v\2+|v*\2)/2T [@h} _ U*|2} dv dv,, (45)
m (R3)2 4

—1
m?(T) = // e~ UHL)/T (11,)/271 41 dI, // e UHL)/T (1 4 [)P(I1,)°/27 1 dIdI,.  (46)
(0,400) (0,400)2

2

We point out that the latter depends on ¢ too. Then we plug (A.6) and (A.7) from Lemma A.3 in (44) to get

d7; 5, Cup T (26 4+ 3)0(26; + 26 +1) 0o 11 _
— T Kk + /2 TO 2K;+0 TO _ TO 2
dt o € 12 F(S/Q)F((S) ( k) ( i ) ( k [ ) + 0(5 )7
which ends the proof. O

Remark 2. It may be possible to generalize the choice of  beyond (36) to carry out the computation, provided
that the term in (42) remains polynomial in Ry.

Global Landau—Teller equations in the quasi-resonant case

In the previous Proposition 3, we obtained an explicit formula, for small €, of the derivative around time
t = 0 of the internal temperature of a solution to the homogeneous quasi-resonant Boltzmann equation (31)
with a two-temperature Maxwellian initial condition. Following our discussion from the beginning of the current
section, a solution to the homogeneous quasi-resonant Boltzmann equation is expected to remain close to the
two-temperature Maxwellian form.

Hence, one can extrapolate that, if f solves (31) with a kernel B, defined in (37), for a small e, and with an
initial condition close to a two-temperature Maxwellian, we have for any time t > 0,

(Ti(t), Te(t) ~ (Ti(t), Tk(t)), (47)
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where (T}, Tj) solves the ODE system

dT; — _

3 1= 8 p Cspme Th(®)>™ V2 Ty(t)> 40 (Ty(t) = Ti(1), ¢ >0, (48)

3dT,, § dT;
5?@*{@ (t) =0, t>0, (49)
(T3(0), T (0)) = (73(0), T3 (0)), (50)

using the same notations as in Proposition 3. The goal of the next section is then to check, through some
numerical experiments, the validity of (47).

4. NUMERICAL EXPERIMENTS

In this section, we conduct a numerical experiment to check the validity of our statement (47), providing
an equation on the relaxation of the kinetic and internal temperatures towards each other, in a quasi-resonant
context. We highlight that it relies on the assumption that, in the quasi-resonant setting, the distribution stays
at all times close to a two-temperature Maxwellian, which statement is therefore also numerically verified here.

In order to achieve this goal, we proceed as follows.

(i) We simulate the 3D space-homogeneous Boltzmann equation (31) associated to the collision kernel (37),
with a two-temperature Maxwellian initial condition. We denote the kinetic and internal temperatures of
the solution at time ¢ by Tk (t) and T;(t).
(ii) We numerically solve the ODE system (48)—(50) with the same initial conditions of temperature as the
ones of DSMC.
(iii) We compare t — Tj(t) with t — T;(t): if the two curves globally coincide, then we observe experimentally
the validity of (47) and the expected behaviour (Fig. 2).

4.1. Main experiment: a comparison between Landau-Teller and DSMC

Numerically solving (48)—(50) is straightforward. We simulate the three-dimensional homogeneous Boltzmann
equation (31) associated with the collision kernel (37), with a two-temperature Maxwellian initial condition,
through the DSMC method [5], where each particle is endowed with its velocity v € R® and internal energy
quantile ¢ € R,. For a discussion on the use of energy quantiles g instead of energy levels I in numerical
simulations, see [6]. The mass density, average velocity, average temperature, kinetic and internal temperatures
of f(t) are respectively denoted p > 0, u € R3, Toq > 0 (these quantities are constant w.r.t. time) and T (t) and
T;(t). In particular, for all ¢ > 0,
3T3(t) + 0T;(t) = (3 + 9)Teq.

In our DSMC simulation, we consider the functions ¢, 7 and for some € > 0, the kernel B, of the form (32)—(37),
with

1
CB:27 b:77 m=1, p:17 5:27 Kk = 5> Hi:_§7 ’7:(5—"_17
(R, R') = /iy (R)n/ (R)).
We set the initial temperatures to be
) =1, T =50.

We point out that the equilibrium temperature is Tcq = 20.6 and that all values are here adimensionned. We

also mention that there are no restrictions (for instance, of closeness) on the initial temperatures to consider.
Our main numerical experiment is conducted taking ¢ = 10~1 (which is already in the quasi-resonant regime)

and 10° numerical particles. We show in Figure 3 the result of the simulation. The black curve of Figure 3a
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F1GURE 3. Comparison of the internal temperatures T; and T'; obtained respectively by DSMC
simulation and by solving the Landau-Teller ODE system, with ¢ = 107!, (a) Internal tem-
peratures T; (DSMC) and T; (Landau-Teller) w.r.t. time. (b) Relative error |T; — T;|/T; in
semi-log scale, w.r.t. time.

indicates the time evolution of the internal temperature T; of the system simulated through the DSMC algorithm,
while the gray dashed curve is obtained by solving the ODE system (48)—(50) with the solver solve_ivp from
the Python package scipy.integrate. The gray dotted line corresponds to the equilibrium temperature Te,.
We plot on Figure 3b the graph of |T; — T;|/T; in semi-log scale, the relative error between T; (DSMC) and T}
(Landau—Teller), with respect to time.

We observe on Figure 3 a firm agreement between the DSMC-computed T; and the Landau-Teller-solved T';
in a quasi-resonant setting with ¢ = 107!.
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Remark 3. We also conducted a numerical experiment in a far-from-resonance setting, with ¢ = 10, and
observed in this case, as expected, no matching between the curves of the internal temperatures given respectively
by the DSMC simulation and the solving of the Landau-Teller ODE system.

Remark 4. We also conducted two experiments with initial distributions which are not two-temperature
Maxwellians: a uniform distribution in both velocity and internal energy, and the product of an anisotropic
distribution in velocities and a uniform one in internal energy. Using the Henze-Zikler [21] normality and Lev-
ene [14] isotropy tests for the velocity part and Kolmogorov-Smirnov test (comparing the quantile functions)
for the internal part, we observed a relaxation time toward the two-temperature Maxwellian of the order of
10~*, much smaller than the relaxation time of the temperatures towards each other, of the order of 1072 (see
Fig. 3), providing a numerical validation of the expected behaviour presented in Figure 2.

These result support, at least for our chosen set of parameters, the statements of Section 3: the kinetic and
internal temperatures of a solution to the homogeneous quasi-resonant Boltzmann equation, associated to the
kernel B, defined in (32), for some ¢ small and two-temperature Maxwellian initial condition, are close to the
solution to the Landau—Teller ODE system (48)—(50).

This moreover somehow provides a numerical validation on the expected behaviour of the quasi-resonant
dynamics schematically presented in Figure 2: it does appear reasonable to understand the latter as composed
of two parts, a resonant-like dynamics in short-time making the distribution relax towards a two-temperature
Maxwellian, and then a relaxation of the two temperatures towards each other driven by a Landau—Teller-type
ODE system, in particular in the light of Remark 4.

4.2. Behaviour with a vanishing quasi-resonance parameter

In the previous subsection, we checked the validity of our statement (47) on a given set of parameters,
validity that should be reinforced as the quasi-resonance parameter € vanishes. In this subsection, we numerically
investigate deeper the behaviour of the relative error between the internal temperatures given respectively by
the DSMC simulation and the Landau-Teller system, |T; — T;|/T;, in the vanishing ¢ limit.

We consider the same set of physical parameters as in the previous subsection. We run the simulation for a
range of values of ¢, and denote for each ¢ > 0 by ¢ — T¢(t) and ¢ — T, (t) the internal temperatures obtained
respectively with the DSMC simulation and solving the ODE system. We study the error between the dynamics
provided by the DSMC simulation and the Landau—Teller ODE system on a complete relaxation to equilibrium.
Since the time of relaxation to equilibrium depends itself on e (it scales as ¢ ~2), we consider here, as our measure
for discrepancy between the two dynamics, the average relative L?-error between 7§ and Tf, given by

1w -To
TE/O ( T;(t) )dt ’

where 7, is the time of relaxation to equilibrium, depending on . We then fit the average relative L2-error, seen
as a function of €, to a power law in ¢, using a linear regression through least squares on the logarithm of the
relative L2-error.

We show on Figure 4 the graph of the relative L?-error as a function of €, obtained by running simulations
with over 3 x 10° particles, for 16 values of €, ranging from 0.2 to 0.5 uniformly in log-scale.

We observe on this test that the average relative L?-error behaves like £/3. Although 5 /3 is an interesting
non-trivial order of convergence, we draw no definite conclusion as of the actual order of convergence, since the
comparison is made here with a DSMC simulation, and we also do not exclude that the power may change for
smaller values of ¢.
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FIGURE 4. Result of the numerical experiment to study the behavior of the average L2-error
between T; and T'; relatively to €. (a) Plots of ¢t — T;(t) (DSMC) and t — T'(t) for various
values of €. (b) Average relative L?-error between T; and T; as a function of .

5. CONCLUSION

We have numerically observed all behaviours of the quasi-resonant dynamics announced in Section 3. Namely,
with our parameters and € = 0.1, the typical time of convergence to a two-temperature Maxwellian is of the
order of 10=* (Rem. 4), which is much shorter than the typical time of convergence of the two temperatures
towards each other, of the order of 10~2 (Fig. 3). This latter time indeed becomes larger as ¢ diminishes (Fig. 4a).
We have also shown the validity of the Landau—Teller equation (Fig. 3), which gets all the more accurate as ¢
diminishes (Fig. 4b).
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APPENDIX A. VARIOUS TECHNICAL LEMMAS

The first lemma is dedicated to the computation of m, and its derivative, it is presented here for the sake of com-
pleteness, as it is a well-known result.

Lemma A.l. Recall the expression (9) of my, that is, for any E > 0,

E J
moB) = [ tpanen e e ' al = [ [T e - 1)aras (A1)
(0,400) o Jo
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Then, for any E > 0, we have

w,(B)= [ el)elp - 1)ar. (A2)

Moreover, if ¢ : I — I%%71 for some 6 > 0, then, for any E > 0, we have

wo(5) = SR B ) = 2 (A3)

Proof. First, (A.2) is a straightforward consequence of (A.1). Then, if ¢ : I — I°/271 performing the change of variable
I' - I'/E in (A.2), and denoting the Beta function by B, we get, for any E > 0,

wl,(E) = B(5/2,6/2)B° ",
and eventually (A.3) thanks to the relationship between the Beta and Gamma functions. g

Then the following lemma is an intermediate result leading to relevant Taylor expansions with respect to the quasi-
resonance parameter e.

Lemma A.2. Let ¢ € C'((0,1)). Then, for any Ro € (0,1), we have

L [ (R (Ro) — 0 (Ro) $(Ro)]€® + o(c?), (A4)

/0 (B~ Ro) $(R) x=(R. Ro) dR =  25rpg

where x. is defined in (10).
Proof. Let Ro € (0,1), denote by ¥ an antiderivative of R — (R — Ro)¥(R)cy(R, Ro), and set, for any = € R,
g(z) = 1" (n(Ro) + x).

That latter function g is C* on R, as 7 is itself C* and 1’ > 0. We may write, for any € > 0,

1 g(e)
/0 (R — Ro) ¥(R) x=(R, Ro) dR = 217-: /(7 )(R — Ro) ¢¥(R) ¢y (R, Ro) dR.

We highlight that, while ¥ is only C? on (0,1), it is C? at the point R = Ro. Then a straightforward Taylor expansion
of W o g near 0 yields

2

[ (R Ro)wR) e o) 4R = (w6 (0) + 5 (¥ 06)"(0) + o). (4.5)
The zeroth-order (in ¢) term in (A.5) vanishes since (¥ o g)’(0) = ¥/(Ry)g’(0) = 0. The second-order term involves
(¥ og)"(0) = W'(Ro)g"(0) +3¥"(Ro) g'(0) g"(0) + ¥ (Ro) ¢/ (0)".
By direct computations, using in particular (12) and (13), we get
U'(Ro) =0,  ¥'(Ro) =v(Ro)n'(Ro), ¥ (Ro)=2¢'(Ro)n'(Ro) +(Ro) 1" (Ro).

Moreover, we also have, remembering that n’ > 0,

Putting everything together, we get (A.4). d

Remark A.1. It is worth noticing that, if the regularity of v is C?, the correction term o(¢?) in (A.4) is actually O(e?).
In particular, there is no term of order 3.
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Eventually, we need the following lemma to obtain our Landau—Teller form with explicit coefficients.
Lemma A.3. Consider the functions mf and mzﬁ defined in (45) and (46).

— Assume 3 > —3. Then, for any T > 0, we have

_(B+3/2)
)= T

— Let 6 > 0 and assume that B > —6. Then, for any T > 0, we have

TP, (A.6)

_T(B+9)
m?(T) = WT@. (A7)

Proof. We start by proving (A.6). We perform the change of variables (v,v.) — (g,G) = (v — v., “£=) in (45) and get

47T —3/2 —mlgl? m B
mi(r) = (5) [ et ] ag,
R

Changing to polar coordinates leads to

-3/2 +oo 2\ B
m}) (T) = (ﬂ) \S2|/ 6_mT2/4T<%> 2 dr.
m 0

Then, performing the change of variable r — z = ms? /4T, we obtain

—3/2 +o0 +oo
m? (T) = (LZLT) |SQ|/O e " (xT)”? (%)m % d—\/:; = % TB/O e "2t g,

which allows to recover (A.6).

To deal with (A.7), it is enough to compute the following integral, which depends on both ¢ and S,
Is= // e IHL/T (1 4 1P (11,)%/*7 dI dIL.,
(0,+00)2

for any relevant 3, since m? (T') = Z3/Zo. Thanks to Lemma A.1, the change of variable I, — E| = I + I, leads to

+o0 2 —+oo
T, = / e~ B/T BB ! (E:) dE; = I'(6/2) / ¢~ EilT 4014,
0 L@ Jo

and subsequently to
_T(6/2)?°P(B+9) 1p+s
Is = () T°™°.
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