
ESAIM: M2AN 60 (2026) 701–725 ESAIM: Mathematical Modelling and Numerical Analysis
https://doi.org/10.1051/m2an/2026017 www.esaim-m2an.org

STABLE HYBRID UPWINDING VAG SCHEME FOR THE INCOMPRESSIBLE
DIPHASIC MODEL WITH DISCONTINUOUS CAPILLARY PRESSURE

Thomas Crozon1, Roland Masson2, El Houssaine Quenjel3,* and Mazen Saad4

Abstract. In this work, we propose an improved discretization, in terms of stability and accuracy,
for the incompressible two-phase Darcy flows in a heterogeneous porous medium with discontinuous
capillary forces. For this purpose, the total velocity formulation of the model is used. The coupled system
is composed of a degenerate parabolic equation for the non-wetting phase and a pressure equation for
the total velocity. We combine a positive Vertex Approximation Gradient (VAG) type scheme for the
gradient fluxes with a hybrid upwinding of the mobilities. This approach entails a maximum principle on
the saturations, which remain in their physical ranges. Energy estimates are obtained by selecting key
approximations of the fluxes. These stability results allow to prove the existence of discrete solutions.
Numerical experiments on complex test-cases show the robustness of the new approach in terms of
the accuracy as well as the nonlinear convergence. Comparison to the usual phase potential upwinding
approach and to a previous hybrid upwinding scheme are also provided.
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1. Introduction

The diphasic system in porous media is a model of reference in subsurface flow engineering [4, 7, 22, 38]. It
arises in technologies simulating the CO2 sequestration, the Hydrogen storage or enhanced oil recovery. It is
also used in modeling and processing high-energy geothermal systems.

The inherent heterogeneity of natural porous media gives rise to discontinuous spatial variations in physical
properties, posing challenges for the modeling and discretization of two-phase Darcy flows. This work focuses
on the numerical challenges raised by heterogeneous rock-type properties such as permeability and capillary
pressure laws, leading potentially to highly contrasted velocities and highly nonlinear transmission conditions
at the interfaces between different rock-types. This is typically the case of flow in fractured porous media
which has been the object of intensive research during the last two decades [13, 37, 41]. Capturing all of these
elements is a challenging task. Several solvers have been already proposed on the subject in the literature based
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on Finite Volume discretizations [13, 14, 19, 24, 34], Gradient schemes [31], high order Discontinuous Galerkin
discretizations [6,27] possibly combined with a Mixed Finite Element method as in [35], and space-time domain
decomposition methods as in [1] for a purely capillary diffusive two-phase flow model. However, convergent,
robust and efficient numerical scheme taking into account the model degeneracy and heterogeneous rock-types
in 3D on general meshes is still under active research.

In this paper, we focus on the development of a new scheme for the diphasic problem with discontinuous
capillary pressure laws that is based on the Vertex Approximate Gradient (VAG) discretization [13, 14, 31].
Making use of vertices and cell centers as the main degrees of freedom, the VAG discretization is doted with
several advantages. First, the distribution of the cell porous volumes on the vertices is achieved in order to
avoid mixture of different rock-types in the same control volume as opposed to classical Control Volume Finite
Element (CVFE) methods. Second, it captures the discontinuity of the saturations at heterogeneous rock-type
interfaces as far as the heterogeneities are conforming with respect to the mesh. Third, the discrete problem size
can be reduced by eliminating the cell unknowns at the linear solver stage without any fill-in. The nonlinear
convergence of the VAG solver can be enhanced using a switching of variable technique based on capillary
pressure graphs parametrization [14]. It plays a crucial role to account for general capillary pressures curves
exhibiting low regularity or asymptotics. The VAG scheme integrates efficiently with the state-of-the-art of
CPR-AMG preconditioner and delivers particularly high CPU-time efficiency on simplicial meshes thanks to
its essentially nodal structure. It has been extensively used on realistic test cases in particular for geothermal
simulations [3]. On the other hand cell center approaches like TPFA or MPFA and Mixed Hybrid Methods
are better adapted to hexahedral meshes. Discontinuous Galerkin methods provide accurate solutions, but are
usually considered to be quite expensive for applications on realistic reservoir simulations compared with low
order approaches.

Hybrid Upwinding (HU) schemes [32–34] have been designed as a more robust alternative to the Phase
Potential Upwinding (PPU) approach [10, 25]. As a result of counter-flow fluxes, the latter suffers from the
presence of kinks in the fluxes, which may raise some difficulties to the nonlinear convergence. Thanks to its
total velocity formulation combined with an upwind approximation of the total velocity, capillary and gravity
terms, the better smoothness properties of the HU fluxes improves the solver nonlinear convergence for long-
term simulations of flows in heterogeneous media. In [16], the authors were able to extend the HU idea to
the framework of the VAG scheme. The positivity of the solution is ensured by incorporating the techniques
of Quenjel [39] in the diffusive capillary term. On the other hand, stability results such as energy estimates
could not be obtained because of the Multi-Point nature of the VAG fluxes discretization. Using the physical
primary variables, the first work addressing the convergence of a finite volume scheme with Two-Point Flux
Approximation (TPFA) for the degenerate diphasic model with discontinuous capillary pressure was proposed
in [17].

In this work, we propose an improved variant of the Hybrid Upwinding VAG (HU-VAG) scheme for the
incompressible two-phase flow in porous media with different rock-types. A proper approximation of the gener-
alized fluxes is proposed to reinforce the stability properties of the scheme. The key idea is to set up a direct
link between the discrete total velocity and the discrete global pressure. For this purpose, the expression of the
fractional flows in the pressure equation is computed implicitly through a nonlinear formula at each interface.
This modification offers a couple of important mathematical properties that could not be established using the
scheme of [16] while preserving the maximum principle property. More importantly, it allows the derivation
of essential energy estimates on both the global pressure and a capillary energy term. As a consequence, one
can make use of these ingredients to prove the existence result of the fully coupled nonlinear algebraic system
derived from the numerical scheme. Up to our knowledge, this original contribution is new in the context of
Multi-Point discretizations for degenerate models of incompressible immiscible two-phase flows in heterogeneous
media.

Several typical test cases are conducted to shed light on the assets of the new HU numerical scheme. In
addition to theoretical stability features, it offers a reduced numerical diffusion compared to our previous HU
solver [16]. This is due to key approximations of the fluxes and the mobilities. They exhibit quasi-similar behavior
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in terms of the nonlinear convergence and performance while requiring much fewer iterations than the PPU
solver.

The remaining of this article is structured as follows. In Sections 2.1 and 2.2, the heterogeneous incompressible
two-phase Darcy flow model is described, with its total velocity formulation as well as the main assumptions
on the data. In Section 3, we present the VAG discretization with the polytopal mesh described in Section 3.1
and the definition of VAG Darcy fluxes and porous volumes in Section 3.2. The definitions of the primary and
secondary unknowns of the two-phase flow model with the capillary pressure graph parametrization, the discrete
global pressure and the mobility weighted capillary pressure are introduced in Section 3.3. The HU-VAG scheme
of the two-phase flow model is then defined in Section 3.4. In Section 4, the mathematical properties satisfied
by the new numerical scheme are established; namely, the physical bounds on the saturations together with the
energy estimates on the global pressure and on the mobility weighted capillary pressure. The existence result
is then stated where the proof follows the pathway proposed in [23]. Numerical experiments are carried out in
Section 5. The paper in concluded in Section 6.

2. Model

2.1. The two-phase Darcy flow problem

We consider a polyhedral bounded domain Ω of R𝑑 (3 ≥ 𝑑 ≥ 1) partitioned into a set of rock-type polyhedral
subdomains denoted by (Ω𝑟𝑡)𝑟𝑡∈ℛ𝒯 where ℛ𝒯 is the set of rock-types. Denoting (0, 𝑡𝑓 ) (with 𝑡𝑓 < +∞)
the time interval, we denote by 𝑄𝑡𝑓

= Ω × (0, 𝑡𝑓 ) the space time domain. The porous medium is considered
heterogeneous when its petrophysical properties vary with the rock-type. We denote the wetting phase by w
and the non-wetting phase by nw. We consider immiscible and incompressible two-phase Darcy flow, which is
governed by the following equations (see [7, 22])⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜑(𝑥)𝜕𝑡𝑠
𝛼 + div 𝑉 𝛼 = 0, 𝛼 ∈ {nw, w},

V𝛼 = −𝑀𝛼(𝑥, 𝑠𝛼)Λ(𝑥)∇𝑝𝛼

𝑝𝑐 = 𝑝nw − 𝑝w ∈ 𝑃𝑐(𝑥, 𝑠nw),
𝑠nw + 𝑠w = 1,

(2.1)

neglecting gravity for the sake of simplicity. In (2.1) 𝜑(𝑥) is the porosity of the medium, Λ(𝑥) its permeability
tensor, 𝑠𝛼 the 𝛼-phase saturation, 𝑝𝛼 the phase pressure, V𝛼 the phase velocity that is given by the diphasic
Darcy law, and 𝑝𝑐 the capillary pressure. We denote by 𝑀𝛼(𝑥, 𝑠𝛼) the phase mobility, defined as the ratio
between the relative permeability 𝑘𝛼

𝑟 (𝑥, 𝑠𝛼) to the phase dynamic viscosity 𝜇𝛼. The function 𝑃𝑐(𝑥, 𝑠) represents
the monotone graph extension of the capillary pressure function. The spatial dependence of 𝑃𝑐 and 𝑀𝛼 is
assumed piecewise constant within each rock-type subdomain. This extension captures transmission conditions
for the phases occurring at the interface between different rock-types. If a phase is present then its pressure
must be continuous at the interface [43]. This permits well-observed oil-trapping effect [9, 18, 19, 26] that has
been studied in [21] for 3D domains.

We complete the system (2.1) with initial data for the selected variables and impose appropriate boundary
conditions

V𝛼 · n = 0 on Γ𝑁 × (0, 𝑡𝑓 ), 𝑝𝛼 = 𝑝𝛼
𝐷𝑖𝑟 on Γ𝐷𝑖𝑟 × (0, 𝑡𝑓 ) for 𝛼 ∈ {nw, w},

where n is the outward unit normal vector to Γ𝑁 . We assume that {Γ𝐷𝑖𝑟, Γ𝑁} is a partition of 𝜕Ω such that
|Γ𝐷𝑖𝑟| > 0. To introduce the total velocity formulation, let us first define the total mobility (see [22]) and total
velocity as follows

𝑀(𝑥, 𝑠nw) = 𝑀nw(𝑥, 𝑠nw) + 𝑀w(𝑥, 𝑠w) for a.e. 𝑥 ∈ Ω, (2.2)

V𝑇 = −
∑︁

𝛼∈{nw,w}

𝑀𝛼(𝑥, 𝑠𝛼)Λ(𝑥)∇𝑝𝛼.
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We also define the fractional flow functions

𝑓nw(𝑥, 𝑠nw) =
𝑀nw(𝑥, 𝑠nw)
𝑀(𝑥, 𝑠nw)

, 𝑓w(𝑥, 𝑠w) = 1− 𝑓nw(𝑥, 𝑠nw) =
𝑀w(𝑥, 𝑠w)
𝑀(𝑥, 𝑠nw)

·

This allows us to express the phase Darcy velocities with respect to the total velocity as follows

Vnw = 𝑓nw(𝑥, 𝑠nw)V𝑇⏟  ⏞  
fractional flow term

+
𝑀nw(𝑥, 𝑠nw)𝑀w(𝑥, 𝑠w)

𝑀(𝑥, 𝑠nw)
(−Λ(𝑥)∇𝑝𝑐)⏟  ⏞  

capillary diffusion term

,

Vw = 𝑓w(𝑥, 𝑠)V𝑇⏟  ⏞  
fractional flow term

+
𝑀nw(𝑥, 𝑠nw)𝑀w(𝑥, 𝑠w)

𝑀(𝑥, 𝑠nw)
(Λ(𝑥)∇𝑝𝑐)⏟  ⏞  

capillary diffusion term

,

leading to the following total velocity formulation of (2.1)⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝜑(𝑥)𝜕𝑡𝑠

nw + div
(︁
𝑓nw(𝑥, 𝑠)V𝑇 − 𝑀nw(𝑥,𝑠nw)𝑀w(𝑥,𝑠nw)

𝑀(𝑥,𝑠nw) Λ(𝑥)∇𝑝𝑐

)︁
= 0,

div V𝑇 = 0,

𝑝𝑐 = 𝑝nw − 𝑝w ∈ 𝑃𝑐(𝑥, 𝑠nw),

𝑠nw + 𝑠w = 1.

(2.3)

2.2. Assumptions

Let us specify the main assumptions on the physical data and nonlinearities. They are classical in the study
of diphasic flow in porous media.

– (A0) The initial pressures 𝑝nw
0 , 𝑝w

0 are 𝐿2(Ω)-functions and the initial saturations of the 𝛼-phases are 𝐿∞(Ω)-
functions such that 0 ≤ 𝑠𝛼

0 (𝑥) ≤ 1 for a.e. 𝑥 ∈ Ω.
– (A1) The porosity 𝜑 is in 𝐿∞(Ω) and there exist 𝜑, 𝜑 > 0 such that: 𝜑 ≤ 𝜑(𝑥) ≤ 𝜑 for a.e. 𝑥 in Ω.
– (A2) For each 𝛼 ∈ {nw, w} the mobility function is space dependent and given by

𝑀𝛼(𝑥, 𝑠) =
∑︁

rt∈ℛ𝒯
𝑀𝛼

rt(𝑠)1Ωrt(𝑥), for a.e. 𝑥 ∈ Ωrt,

where 1Ωrt is the characteristic function of the subdomain Ωrt. Each mobility 𝑀𝛼
rt is a non-decreasing

continuous function on R, such that: 𝑀𝛼
rt(𝑠) = 0 for all 𝑠 ≤ 0 and 𝑀𝛼

rt(𝑠) = 𝑀𝛼
rt(1) for all 𝑠 ≥ 1. Moreover,

the total mobility (2.2) is bounded from below and above in the sense that there exists 𝑀max ≥ 𝑚min > 0
such that:

𝑚min ≤ 𝑀(𝑥, 𝑠) = 𝑀nw(𝑥, 𝑠) + 𝑀w(𝑥, 1− 𝑠) ≤ 𝑀max for a.e. 𝑥 ∈ Ω, ∀𝑠 ∈ R.

– (A3) The intrinsic permeability is a symmetric positive-definite matrix and is essentially bounded. It is also
uniformly elliptic i.e. there exist constants Λ and Λ such that

Λ|𝑧|2 ≤ Λ(𝑥)𝑧 · 𝑧 ≤ Λ|𝑧|2 for all 𝑧 ∈ R𝑑 and a.e. 𝑥 ∈ Ω.

– (A4) Each rock-type rt ∈ ℛ𝒯 has its own capillary pressure function 𝑃𝑐,rt(𝑠nw). It is assumed to be non-
decreasing and in 𝐶1([0, 1], R). We define its monotone graph extension as in [16,21] by

𝑃𝑐,rt(𝑠) =

⎧⎪⎨⎪⎩
[−∞, 𝑃𝑐,rt(0)] if 𝑠 = 0,

𝑃𝑐,rt(𝑠) if 𝑠 ∈ (0, 1),
[𝑃𝑐,rt(1), +∞] if 𝑠 = 1,
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and we set
𝑃𝑐(𝑥, 𝑠) =

∑︁
rt∈ℛ𝒯

𝑃𝑐,rt(𝑠)1Ωrt(𝑥), for a.e. 𝑥 ∈ Ωrt.

– (A5) The inverse of the capillary pressure graph is defined in each rock type by 𝑆nw
rt . It is a continuous

nondecreasing function from [0, 1] to R. Consider

Πrt(𝑣) =
∫︁ 𝑣

0

𝑢𝑆nw
rt (𝑢)′ d𝑢,

where 𝑢 → 𝑢𝑆nw
rt (𝑢)′ is assumed to be in 𝐿1(R+).

3. The VAG discretization

The Vertex Approximation Gradient (VAG) method is a control volume method (as the Control Volume
Finite Element method) in the sense that it solves a volume balance equation at each degree of freedom located
at the cell centers and vertices.

3.1. Generalized polyhedral mesh

We consider a set ℳ of disjoint open polyhedral subsets of Ω such that ∪𝑘∈ℳ𝑘 = Ω. Each cell 𝑘 ∈ ℳ is
assumed to have a center 𝑥𝑘 ∈ 𝑘, such that 𝑘 is star-shaped with respect to 𝑥𝑘. We denote by |𝑘| the measure
(volume) of the cell 𝑘. Each cell 𝑘 has a set ℱ𝑘 of faces, which are not required to be planar, thereby justifying
the “generalized” nature of the mesh. Then, for a face 𝜎, we denote by ℰ𝜎 its set of edges and by 𝒱𝜎 its set
of vertices. Accordingly, for a cell 𝑘, its set of vertices is given by 𝒱𝑘 = ∪𝜎∈ℰ𝑘

𝒱𝜎. We define the set vertices of
the mesh as 𝒱 = ∪𝑘∈ℳ𝒱𝑘, the set of faces as ℱ = ∪𝑘∈ℳℱ𝑘, and the set of edges as ℰ = ∪𝜎∈ℱℰ𝜎. For a vertex
𝑠 ∈ 𝒱, we denote by ℳ𝑠 the subset of cells sharing the vertex 𝑠. Finally, we denote by 𝑙𝑘 and 𝑙𝑠 the number of
vertices sharing a cell 𝑘, and the number of cells sharing a vertex 𝑠:

𝑙𝑘 = ♯𝒱𝑘, 𝑙𝑠 = ♯ℳ𝑠, ∀𝑘 ∈ℳ, ∀𝑠 ∈ 𝒱.

Let us define the parameter

𝑙𝒟 = max
(︂

max
𝛽∈ℳ∪𝒱

𝑙𝛽 , max
𝑘∈ℳ

♯ℱ𝑘

)︂
, (3.1)

which quantifies the mesh regularity.

The VAG discretization introduced in [29] considers both vertices and cell centers as degrees of freedom, it is
based on the following vector space of discrete unknowns

𝑋𝒟 = {𝑣𝑘 ∈ R, 𝑣𝑠 ∈ R, 𝑘 ∈ℳ, 𝑠 ∈ 𝒱}.

We assume that for any 𝜎 ∈ ℱ , a so-called face center 𝑥𝜎 ∈ 𝜎∖ ∪𝑒∈ℰ𝜎 𝑒 can be defined as a convex combination
of its vertices:

𝑥𝜎 =
∑︁
𝑠∈𝒱𝜎

𝛽𝜎,𝑠𝑥𝑠, with
∑︁
𝑠∈𝒱𝜎

𝛽𝜎,𝑠 = 1, and 𝛽𝜎,𝑠 ≥ 0 for all 𝑠 ∈ 𝒱𝜎.

Then, the face 𝜎 is supposed to be given by the union of the triangles 𝑇𝜎,𝑒, defined by the face center 𝑥𝜎 and
an edge 𝑒 ∈ ℰ𝜎. One can build 𝒯 , a tetrahedral sub-mesh of ℳ, given by 𝒯 = {𝑇𝑘,𝜎,𝑒, 𝑒 ∈ ℰ𝜎, 𝜎 ∈ ℱ , 𝑘 ∈ℳ}
where 𝑇𝑘,𝜎,𝑒 is the tetrahedron joining the cell center 𝑥𝑘 to the triangle 𝑇𝜎,𝑒. We measure the regularity and
the mesh size of this simplicial mesh with the parameters

𝜃𝒯 = max
𝑇∈𝒯

ℎ𝑇

𝜌𝑇
, (3.2)
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and
ℎ𝒯 = max

𝑇∈𝒯
ℎ𝑇 , (3.3)

where ℎ𝑇 and 𝜌𝑇 are respectively the diameter of 𝑇 and its insphere diameter. A second order interpolation
operator is defined at each face center 𝑥𝜎, 𝜎 ∈ ℱ , such that for any 𝑣𝒟 ∈ 𝑋𝒟

𝐼𝜎(𝑣𝒟) =
∑︁
𝑠∈𝒱𝜎

𝛽𝜎,𝑠𝑣𝑠.

The mesh ℳ is supposed to be conforming with respect to the partition of Ω into the subdomains Ωrt, and
to the partition {Γ𝐷𝑖𝑟, Γ𝑁} of 𝜕Ω. It means that for every cell 𝑘 ∈ℳ there exists a unique rt𝑘 ∈ ℛ𝒯 such that
𝑘 ⊂ Ωrt𝑘

. For the vertices, let us set 𝜒𝑠 = {rt𝑘, 𝑘 ∈ℳ𝑠} ⊂ ℛ𝒯 the subset of rock-types sharing the node 𝑠 ∈ 𝒱.
Then, we define 𝜒𝑘 = {rt𝑘} for all 𝑘 ∈ ℳ. Finally, we denote by 𝒱𝐷𝑖𝑟 the set of nodes located at the Dirichlet
boundary Γ

𝐷𝑖𝑟
.

3.2. VAG fluxes and porous volumes

Let 𝑣𝒟 be in 𝑋𝒟, the function 𝜋𝒯 𝑣𝒟 ∈ 𝐻1(Ω) is the continuous piecewise affine function on each tetrahedron
of 𝒯 such that 𝜋𝒯 𝑣𝒟(𝑥𝑘) = 𝑣𝑘, 𝜋𝒯 𝑣𝒟(𝑥𝑠) = 𝑣𝑠 and 𝜋𝒯 𝑣𝒟(𝑥𝜎) = 𝐼𝜎(𝑣𝒟) (see [28]). Then, we define the space
𝑉𝒯 = {𝜋𝒯 𝑢𝒟, 𝑢𝒟 ∈ 𝑋𝒟} ⊂ 𝐻1(Ω). The nodal basis of this finite element discretization 𝒯 writes 𝜙𝑘, 𝜙𝑠 for
𝑘 ∈ℳ, 𝑠 ∈ 𝒱 (the nodes of 𝒯 are the vertices and cell centers of ℳ).

In [29] the VAG fluxes 𝐹𝑘,𝑠(𝑢𝒟), associated with 𝑢𝒟 ∈ 𝑋𝒟, are derived from the finite element formulation
of the problem, it connects the cell 𝑘 to its vertex 𝑠. Therefore, the generalized VAG fluxes definition is given
by the expression:

𝐹𝑘,𝑠(𝑢𝒟) =
∫︁

𝑘

−Λ(𝑥)∇𝜋𝒯 𝑢𝒟 · ∇𝜙𝑠 d𝑥 =
∑︁

𝑠′∈𝒱𝑘

T𝑠,𝑠′

𝑘 (𝑢𝑘 − 𝑢′𝑠),

with
T𝑠,𝑠′

𝑘 =
∫︁

𝑘

Λ(𝑥)∇𝜙𝑠′ · ∇𝜙𝑠 d𝑥.

For each cell 𝑘 ∈ℳ, let us define the symmetric positive definite matrix

𝐴𝑘 =
(︁
T𝑠,𝑠′

𝑘

)︁
𝑠,𝑠′∈𝒱𝑘

∈ R𝑙𝑘×𝑙𝑘 , (3.4)

as in [20]. The linear operator 𝛿𝑘 : 𝑋𝒟 → R𝑙𝑘 is defined for each 𝑘 ∈ℳ by

(𝛿𝑘𝑣𝒟)𝑠 = 𝑣𝑘 − 𝑣𝑠, ∀𝑠 ∈ 𝒱𝑘, ∀𝑣𝒟 ∈ 𝑋𝒟. (3.5)

Then, one obtains∫︁
𝑘

Λ(𝑥)∇𝜋𝒯 𝑢𝒟 · ∇𝜋𝒯 𝑣𝒟 d𝑥 = 𝛿𝑘𝑣𝒟 ·𝐴𝑘𝛿𝑘𝑢𝒟, ∀𝑢𝒟, 𝑣𝒟 ∈ 𝑋𝒟, ∀𝑘 ∈ℳ. (3.6)

Let us now define the porous volumes assigned to each degree of freedom. They are obtained by distribution
of the given cell porous volumes to its nodes taking into account the heterogeneity of the porous medium.
Following [13,30], setting

𝑎𝑘,𝑠 =
T𝑠

𝑘∑︀
𝑘′∈ℳ𝑠

T𝑠
𝑘′

where T𝑠
𝑘 =

∑︁
𝑠′∈𝒱𝑘∖𝒱𝐷𝑖𝑟

T𝑠,𝑠′

𝑘 .

For all 𝑠 ∈ 𝒱𝑘∖𝒱𝐷𝑖𝑟 and given 𝜔 > 0, we set

𝜑𝑘,𝑠 = 𝜔𝑎𝑘,𝑠

∫︁
𝑘

𝜑(𝑥) d𝑥,
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and define the porous volumes for all 𝑘 ∈ℳ and 𝑠 ∈ 𝒱∖𝒱𝐷𝑖𝑟 as

𝜑𝑠 =
∑︁

𝑘∈ℳ𝑠

𝜑𝑘,𝑠 = 𝜔
∑︁

𝑘∈ℳ𝑠

𝑎𝑘,𝑠

∫︁
𝑘

𝜑(𝑥) d𝑥,

𝜑𝑘 =
∫︁

𝑘

𝜑(𝑥) d𝑥−
∑︁

𝑠∈𝒱𝑘∖𝒱𝐷𝑖𝑟

𝜑𝑘,𝑠 =
∫︁

𝑘

𝜑(𝑥) d𝑥−
∑︁

𝑠∈𝒱𝑘∖𝒱𝐷𝑖𝑟

𝑎𝑘,𝑠

∫︁
𝑘

𝜑(𝑥) d𝑥

=

⎛⎝1− 𝜔
∑︁

𝑠∈𝒱𝑘∖𝒱𝐷𝑖𝑟

𝑎𝑘,𝑠

⎞⎠∫︁
𝑘

𝜑(𝑥) d𝑥.

The parameter 𝜔 is chosen small enough to guarantee the positivity of 𝜑𝑘. This construction of the porous
volumes avoids to enlarge artificially the drains at heterogeneous interfaces (see [13,30]).

Let us now recall the following Lemma stating the VAG Darcy fluxes coercivity property which, plays a key
role in the VAG scheme numerical analysis (see [11]).

Lemma 1 ([11], Lem. 3.1, coercivity of VAG fluxes). The VAG Darcy fluxes satisfy the following coercivity
property: for all 𝑢𝒟 ∈ 𝑋𝒟 one has∑︁

𝑠∈𝒱𝑘

(𝑢𝑘 − 𝑢𝑠)𝐹𝑘,𝑠(𝑢𝒟) =
∫︁

𝑘

Λ(𝑥)∇𝜋𝒯 𝑢𝒟 · ∇𝜋𝒯 𝑢𝒟 d𝑥,

and
Λ‖∇𝜋𝒯 𝑢𝒟‖𝐿2(𝑘)𝑑 ≤

∑︁
𝑠∈𝒱𝑘

(𝑢𝑘 − 𝑢𝑠)𝐹𝑘,𝑠(𝑢𝒟) ≤ Λ‖∇𝜋𝒯 𝑢𝒟‖𝐿2(𝑘)𝑑 .

3.3. Primary and secondary unknowns for the two-phase flow model

3.3.1. Capillary pressure graphs parametrization

The choice of the primary unknowns plays a key role in the convergence of the Newton method used to solve
the implicit problem at each time step (see [5]). Here, the non-wetting phase pressure 𝑝nw is classically chosen
as the first primary unknown. The second primary unknown, denoted by 𝜏 must be chosen in such away to
express the transmission conditions at heterogeneous rock-type interfaces and to enhance the stability of the
Newton algorithm. Following [14,16] our choice is based on a parametrization of the monotone graph extensions
𝑃𝑐,rt of the capillary pressure functions. For each degree of freedom (d.o.f.) 𝜈 ∈ℳ∪𝒱, we define non-decreasing
continuous functions of 𝜏 {︃

𝑃𝑐,𝜒𝜈
,

𝑆nw
𝜒𝜈 ,rt, for all rt ∈ 𝜒𝜈 ,

(3.7)

such that 𝑃𝑐,𝜒𝜈
(𝜏𝜈) is the capillary pressure at the d.o.f. 𝜈 and 𝑆nw

𝜒𝜈 ,rt(𝜏𝜈), rt ∈ 𝜒𝜈 are the non-wetting phase
saturations at the d.o.f. 𝜈 (with as many values as rock-types around 𝜈) capturing the saturation jumps for
general capillary pressure functions. These functions are built such that for all 𝜏 ∈ [0, 1]⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝑃𝑐,𝜒𝜈 (𝜏) ∈ 𝑃𝑐,rt(𝑆nw
𝜒𝜈 ,rt(𝜏)), for all rt ∈ 𝜒𝜈 ,

𝑆nw
𝜒𝜈 ,rt(0) = 0, 𝑆nw

𝜒𝜈 ,rt(1) = 1, for all rt ∈ 𝜒𝜈 ,

𝑃𝑐,𝜒𝜈
(0) = minrt∈𝜒𝜈

𝑃𝑐,rt(0), 𝑃𝑐,𝜒𝜈
(1) = maxrt∈𝜒𝜈

𝑃𝑐,rt(1),

𝑃𝑐,𝜒𝜈
(𝜏) +

∑︀
rt∈𝜒𝜈

𝑆nw
𝜒𝜈 ,rt(𝜏) is strictly increasing.

For the analysis, we extend these functions outside of the interval [0, 1] such that⎧⎪⎨⎪⎩
𝑆nw

𝜒𝜈 ,rt(𝜏) = 𝜏, if ∈ R∖[0, 1],

𝑃𝑐,𝜒𝜈
(𝜏) = 𝑃𝑐,𝜒𝜈

(0) + 𝜏, if 𝜏 < 0,

𝑃𝑐,𝜒𝜈
(𝜏) = 𝑃𝑐,𝜒𝜈

(1) + 𝜏 − 1, if 𝜏 > 1.

(3.8)
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Figure 1. Example of capillary pressure functions obtained for 𝑏b = 104 Pa and 𝑏d = 103 Pa
with the corresponding parametrizations of the capillary pressure 𝑃𝑐,{b,d}(𝜏) and of both rock-
type saturations 𝑆nw

{b,d},d(𝜏) and 𝑆nw
{b,d},b(𝜏).

The non-wetting phase saturation as a function of 𝜏 is readily obtained by 𝑆w
𝜒𝜈 ,rt(𝜏) = 1 − 𝑆nw

𝜒𝜈 ,rt(𝜏). One can
refer to [14,16] and to the numerical section (see Fig. 1) for examples of such parametrizations.

Then, the primary unknowns are defined by

𝑝nw
𝒟 = (𝑝nw

𝜈 )𝜈∈ℳ∪𝒱 and 𝜏𝐷 = (𝜏𝜈)𝜈∈ℳ∪𝒱 , (3.9)

from which we derive the following secondary unknowns⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝑝𝑐,𝒟 = (𝑝𝑐,𝜈)𝜈∈ℳ∪𝒱 , with 𝑝𝑐,𝜈 = 𝑃𝑐,𝜒𝜈 (𝜏𝜈),

𝑝w
𝒟 = (𝑝w

𝜈 )𝜈∈ℳ∪𝒱 , where 𝑝w
𝜈 = 𝑝nw

𝜈 − 𝑝𝑐,𝜈 ,

𝑠𝛼
𝑘 = 𝑆𝛼

𝜒𝑘,rt𝑘
(𝜏𝑘), 𝑘 ∈ℳ,

𝑠𝛼
𝑘,𝑠 = 𝑆𝛼

𝜒𝑠,rt𝑘
(𝜏𝑠), 𝑠 ∈ 𝒱, 𝑘 ∈ℳ𝑠.

Note that each phase pressure is uniquely defined at each degree of freedom while the saturations at a node 𝑠
depend on the cell rock-type, therefore capturing the saturation jumps.

3.3.2. Global pressure and mobility weighted capillary pressure

Due to the degeneracy of the phase mobilities, energy estimates on the phase pressures cannot be obtained.
To address this, a global pressure, interpreted as a weighted average of the phase pressures, is introduced in
[2, 22]. Following the approach of Brenner et al. [12, 17], we adapt the artificial (or corrective) pressures to our
VAG framework. In each rock-type rt ∈ ℛ𝒯 , we set

𝐺nw
rt𝑘

(𝑣) =
∫︁ 𝑣

0

𝑓nw
rt𝑘

(𝑆nw
rt𝑘

(𝑢)) d𝑢, 𝐺w
rt𝑘

(𝑣) =
∫︁ 𝑣

0

𝑓w
rt𝑘

(𝑆w
rt𝑘

(𝑢)) d𝑢,
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leading to the following definition of the cell global pressure 𝑝𝑘, 𝑘 ∈ ℳ and to the node global pressures 𝑝𝑘,𝑠,
𝑠 ∈ 𝒱, 𝑘 ∈ℳ𝑠, depending on the rock-type rt𝑘{︃

𝑝𝑘 = 𝑝𝑤
𝑘 + 𝐺nw

rt𝑘
(𝑝𝑐,𝑘) = 𝑝nw

𝑘 −𝐺w
rt𝑘

(𝑝𝑐,𝑘), for 𝑘 ∈ℳ,

𝑝𝑘,𝑠 = 𝑝𝑤
𝑠 + 𝐺nw

rt𝑘
(𝑝𝑐,𝑠) = 𝑝nw

𝑠 −𝐺w
rt𝑘

(𝑝𝑐,𝑠), for 𝑠 ∈ 𝒱, 𝑘 ∈ℳ𝑠.
(3.10)

To address the control of the capillary diffusion term, let us also introduce for each rock-type rt𝑘 ∈ ℛ𝒯 the
function 𝜉rt𝑘

, termed mobility weighted capillary pressure in the following, and defined by

𝜉rt𝑘
(𝑣) =

∫︁ 𝑣

0

√︁
𝑀nw

rt𝑘
(𝑆nw

rt𝑘
(𝑢))

√︁
𝑀w

rt𝑘
(1− 𝑆nw

rt𝑘
(𝑢)) d𝑢.

Then, the discrete mobility weighted capillary pressures are given by{︃
𝜉𝑘 = 𝜉rt𝑘

(𝑝𝑐,𝑘), for 𝑘 ∈ℳ,

𝜉𝑘,𝑠 = 𝜉rt𝑘
(𝑝𝑐,𝑠), for 𝑠 ∈ 𝒱, 𝑘 ∈ℳ𝑠.

(3.11)

As the saturations, these mobility weighted capillary pressures are “discontinuous” at vertices sharing several
rock-types, they encode the saturation jumps at the interface between rock-type subdomains.

3.4. The Hybrid Upwinding VAG discretization of the two-phase flow model

Following [16], to account for the potential discontinuity of the saturations at a given node 𝑠, let us define
the functions {︃

𝛾𝛼
𝑘 (𝜏) = 𝑆𝛼

𝜒𝑘,rt𝑘
(𝜏), 𝑘 ∈ℳ, 𝛼 ∈ {w, nw},

𝛾𝛼
𝑠 (𝜏) =

∑︀
𝑘∈ℳ𝑠

𝜑𝑘,𝑠

𝜑𝑠
𝑆𝛼

𝜒𝑠,rt𝑘
(𝜏), 𝑠 ∈ 𝒱∖𝒱𝐷𝑖𝑟,

(3.12)

that will be used in the accumulation terms. Using the Hybrid Upwinding approach, the VAG non-wetting
phase Darcy fluxes are defined by

ℱnw
𝑘,𝑠 = 𝑓nw,𝑢𝑝

𝑘,𝑠 𝑉 𝑇
𝑘,𝑠 +

√︁
𝑀nw,𝑢𝑝

𝑘,𝑠

√︁
𝑀w,𝑢𝑝

𝑘,𝑠

𝑀𝑇
𝑘

∑︁
𝑠′∈𝒱𝑘

√︁
𝑀nw

𝑘,𝑠′

√︁
𝑀w

𝑘,𝑠′T
𝑠,𝑠′

𝑘 𝛿𝑘,𝑠′𝑝𝑐,𝒟⏟  ⏞  
=𝐹 𝑑

𝑘,𝑠(𝑝𝑐,𝒟)

, (3.13)

and the VAG total velocity fluxes by

𝑉 𝑇
𝑘,𝑠 = 𝑀𝑇

𝑘

∑︁
𝛼∈{nw,w}

∑︁
𝑠′∈𝒱𝐾

T𝑠,𝑠′

𝑘 𝑓𝛼
rt𝑘

(𝑐𝑘,𝑠′)𝛿𝑘,𝑠′𝑝
𝛼
𝒟. (3.14)

The VAG wetting phase Darcy fluxes are readily obtained by ℱw
𝑘,𝑠 = 𝑉 𝑇

𝑘,𝑠 − ℱnw
𝑘,𝑠 . In (3.13), the fractional flow

is upwinded w.r.t the discrete total velocity

𝑓nw,𝑢𝑝
𝑘,𝑠 =

{︃
𝑓nw
rt𝑘

(𝑠nw
𝑘 ) if 𝑉 𝑇

𝑘,𝑠 ≥ 0,

𝑓nw
rt𝑘

(𝑠nw
𝑘,𝑠) if 𝑉 𝑇

𝑘,𝑠 < 0,
(3.15)

the mobilities in the capillary flux term are upwinded w.r.t. to 𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟) as follows

𝑀nw,𝑢𝑝
𝑘,𝑠 =

{︃
𝑀nw

rt𝑘
(𝑠nw

𝑘 ) if 𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟) ≥ 0,

𝑀nw
rt𝑘

(𝑠nw
𝑘,𝑠) if 𝐹 𝑑

𝑘,𝑠(𝑝𝑐,𝒟) < 0,
𝑀w,𝑢𝑝

𝑘,𝑠 =

{︃
𝑀w

rt𝑘
(𝑠w

𝑘,𝑠) if 𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟) ≥ 0,

𝑀w
rt𝑘

(𝑠w
𝑘 ) if 𝐹 𝑑

𝑘,𝑠(𝑝𝑐,𝒟) < 0,
(3.16)
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and we set 𝑀𝛼
𝑘,𝑠 =

𝑀𝛼
rt𝑘

(𝑠𝛼
𝑘 )+𝑀𝛼

rt𝑘
(𝑠𝛼

𝑘,𝑠)

2 . In (3.14), the mean saturation 𝑐𝑘,𝑠′ is defined as the unique solution of
the nonlinear equation

𝑓nw
rt𝑘

(𝑐𝑛
𝑘,𝑠′)(𝐺

w
rt𝑘

(𝑝𝑛
𝑐,𝑘)−𝐺w

rt𝑘
(𝑝𝑛

𝑐,𝑠′)) = 𝑓w
rt𝑘

(𝑐𝑛
𝑘,𝑠′)(𝐺

nw
rt𝑘

(𝑝𝑛
𝑐,𝑘)−𝐺nw

rt𝑘
(𝑝𝑛

𝑐,𝑠′)), (3.17)

and the total mobility is defined by the following centered choice

𝑀𝑇
𝑘 = 𝑀rt𝑘

(𝑠nw
𝑘 ). (3.18)

We will see in Section 4 that the definitions (3.13) and (3.14) of the VAG non-wetting and total velocity fluxes
lead to the control of the global and mobility weighted capillary pressures and to the existence of a discrete
solution. This was not the case of the previous HU-VAG scheme introduced in [16].

We consider a time discretization 𝑡0 = 0 < 𝑡1 < . . . < 𝑡𝑁−1 < 𝑡𝑁 = 𝑡𝑓 of the finite time-interval [0, 𝑡𝑓 ] assumed
to be uniform without any loss of generality such that 𝛿𝑡 = 𝛿𝑡𝑛 = 𝑡𝑛−𝑡𝑛−1 = 𝑡𝑓/𝑁 for all 𝑛 ∈ {1, . . . , 𝑁}. Given
initial conditions 𝜏0

𝒟 ∈ [0, 1]♯(ℳ∪𝒱), 𝑝nw,0
𝒟 ∈ R♯(ℳ∪𝒱), and Dirichlet boundary conditions such that for 𝑠 ∈ 𝒱𝐷𝑖𝑟,

𝜏𝑠,𝐷𝑖𝑟 ∈ [0, 1] and 𝑝nw
𝑠,𝐷𝑖𝑟 ∈ R. The implicit HU-VAG scheme looks for the solution (𝑝nw,𝑛

𝒟 , 𝜏𝑛
𝒟), 𝑛 = 1, . . . , 𝑁 in

𝑋𝒟 of the following system of balance equations and Dirichlet boundary conditions⎧⎪⎨⎪⎩
𝜑𝑘

𝛿𝑡𝑛 (𝛾𝛼
𝑘 (𝜏𝑛

𝑘 )− 𝛾𝛼
𝑘 (𝜏𝑛−1

𝑘 )) +
∑︀

𝑠∈𝒱𝑘
ℱ𝛼,𝑛

𝑘,𝑠 = 0, ∀𝑘 ∈ℳ, ∀𝛼 ∈ {nw, w},
𝜑𝑠

𝛿𝑡𝑛 (𝛾𝛼
𝑠 (𝜏𝑛

𝑠 )− 𝛾𝛼
𝑠 (𝜏𝑛−1

𝑠 ))−
∑︀

𝑘∈ℳ𝑠
ℱ𝛼,𝑛

𝑘,𝑠 = 0, ∀𝑠 ∈ 𝒱/𝒱𝐷𝑖𝑟, ∀𝛼 ∈ {nw, w},
𝑝nw,𝑛

𝑠 = 𝑝nw
𝑠,𝐷𝑖𝑟, 𝜏𝑛

𝑠 = 𝜏𝑠,𝐷𝑖𝑟, ∀𝑠 ∈ 𝒱𝐷𝑖𝑟.

(3.19)

Summing the conservation equations over the phases provides an equivalent formulation of the system com-
posed of a transport equation for the non-wetting phase and a divergence-free discrete equation for the total
velocity as follows ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝜑𝑘

𝛿𝑡𝑛 (𝛾nw
𝑘 (𝜏𝑛

𝑘 )− 𝛾nw
𝑘 (𝜏𝑛−1

𝑘 )) +
∑︀

𝑠∈𝒱𝑘
ℱnw,𝑛

𝑘,𝑠 = 0, ∀𝑘 ∈ℳ,
𝜑𝑠

𝛿𝑡𝑛 (𝛾nw
𝑠 (𝜏𝑛

𝑠 )− 𝛾nw
𝑠 (𝜏𝑛−1

𝑠 ))−
∑︀

𝑘∈ℳ𝑠
ℱnw,𝑛

𝑘,𝑠 = 0, ∀𝑠 ∈ 𝒱/𝒱𝐷𝑖𝑟,∑︀
𝑠∈𝒱𝑘

𝑉 𝑇,𝑛
𝑘,𝑠 = 0, ∀𝑘 ∈ℳ,∑︀

𝑘∈ℳ𝑠
−𝑉 𝑇,𝑛

𝑘,𝑠 = 0, ∀𝑠 ∈ 𝒱/𝒱𝐷𝑖𝑟,

𝑝nw,𝑛
𝑠 = 𝑝nw

𝑠,𝐷𝑖𝑟, 𝜏𝑛
𝑠 = 𝜏𝑠,𝐷𝑖𝑟, ∀𝑠 ∈ 𝒱𝐷𝑖𝑟.

(3.20)

4. A priori estimates and existence result

This section establishes a priori estimates for the solution of the numerical scheme (3.20). The proofs of
Propositions 2 and 3 are deferred to Sections 4.1 and 4.2, respectively. Based on these a priori estimates, the
existence of a discrete solution, as stated in Proposition 5, is then derived.

The first proposition states that any solution of (3.20) ensures that the saturations remain within the physical
bounds of [0, 1] or equivalently (due to (3.7) and (3.8)) that the primary unknown 𝜏𝑛

𝒟 is in [0, 1]♯(ℳ∪𝒱) .

Proposition 2 (Maximum principle). Let ℱnw
𝑘,𝑠 be the numerical fluxes given by (3.13). Then, for an initial

condition 𝜏0
𝒟 ∈ [0, 1]ℳ∪(𝒱∖𝒱𝐷𝑖𝑟) and the given nodal data 𝜏𝑠,𝐷𝑖𝑟 ∈ [0, 1] at Dirichlet boundary nodes, any solution

(𝑝nw,𝑛
𝒟 , 𝜏𝑛

𝒟), 𝑛 = 1, . . . , 𝑁 , of the 𝑉 𝐴𝐺-scheme satisfies the following maximum principle

𝜏𝑛
𝜈 ∈ [0, 1], for all 𝜈 ∈ℳ∪ 𝒱, ∀𝑛 ∈ {0, · · · , 𝑁}. (4.1)

The second proposition states that the global pressure and the mobility weighted capillary pressure satisfy
energy estimates.
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Proposition 3 (Energy estimates). Let (𝑝nw
𝒟 , 𝜏𝒟) be a solution of the scheme (3.20), under the hypotheses

(𝐴0)− (𝐴5). Then, there exists a constant 𝐶 > 0, depending on the mesh regularity parameters (3.2), (3.1), Λ,
Λ, the initial data and Ω, but independent of the discretization parameters 𝛿𝑡 and ℎ𝒯 such that

𝑁∑︁
𝑛=1

∑︁
𝑘∈ℳ

𝛿𝑡
∑︁
𝑠∈𝒱𝑘

𝐹𝑘,𝑠(𝜉rt𝑘
(𝑝𝑛

𝑐,𝒟))
(︀
𝜉𝑛
𝑘 − 𝜉𝑛

𝑘,𝑠

)︀
≤ 𝐶, (4.2)

𝑁∑︁
𝑛=1

∑︁
𝑘∈ℳ

𝛿𝑡
∑︁
𝑠∈𝒱𝑘

𝐹𝑘,𝑠(𝑝𝑛
𝒟)
(︀
𝑝𝑛

𝑘 − 𝑝𝑛
𝑘,𝑠

)︀
≤ 𝐶. (4.3)

Remark 4. In the above energy estimates, we assume for the sake of simplicity that the Dirichlet boundary
conditions are homogeneous with 𝑝w

𝑠𝐷𝑖𝑟
= 0 and 𝑝nw

𝑠𝐷𝑖𝑟
= 0 for all 𝑠 ∈ 𝒱𝐷𝑖𝑟. Let us refer to [40] for a possible

extension to non homogeneous Dirichlet boundary conditions.

The following Proposition states the existence of a solution to the numerical scheme (3.20). The proof is
mainly based on the previous energy estimates. It follows the guidelines of [23].

Proposition 5 (Existence of a solution to (3.20)). Under the hypotheses (𝐴0)–(𝐴5) the scheme (3.20) admits
at least a solution.

We would like to emphasize that The HU-VAG scheme proposed in [16] suffers from some theoretical and
numerical issues. First, it overestimates the approximation of the diffusion by taking a standard upwinding of
the capillary fluxes. This leads to an additional numerical viscosity as exhibited in the first test of the numerical
section. Second, there is no a priori estimation of energy type on the solution. Then, it does not allow to prove
the existence of solutions for the coupled system. The new HU-VAG scheme is designed to circumvent these
difficulties. It is stable in the sense that energy estimates are fulfilled. Moreover, one can prove the existence of
a solution for both the saturation and the pressure. This is due to two key contributions. First, the upwinding
thanks to the weighted capillary flux. Second, the particular choice of the saturation in the fractional flow
functions of the total velocity.

4.1. Proof of the maximum principle

The property (4.1) holds true by assumption for 𝑛 = 0 and for any Dirichlet node. We proceed by induction,
assuming the result for any 0 ≤ 𝑖 ≤ 𝑛 − 1 and we want to prove it at the time step 𝑛. We suppose that there
exists 𝑘 ∈ℳ such that

𝜏𝑛
𝑘 = min

𝜈∈ℳ∪(𝒱∖𝒱𝐷𝑖𝑟)
𝜏𝑛
𝜈 < 0.

because of 𝛾nw
𝑘 (𝜏𝑛

𝑘 ) < 0, one has

𝛾nw
𝑘 (𝜏𝑛−1

𝑘 ) = 𝛾nw
𝑘 (𝜏𝑛

𝑘 ) +
𝛿𝑡

𝜑𝑘

∑︁
𝑠∈𝒱𝑘

ℱnw,𝑛
𝑘,𝑠 <

𝛿𝑡

𝜑𝑘

∑︁
𝑠∈𝒱𝑘

ℱnw,𝑛
𝑘,𝑠 .

Taking a closer look at the non-wetting fluxes, owing to the degeneracy of the mobilities, one gets

ℱnw,𝑛
𝑘,𝑠 = 𝑓nw,𝑢𝑝,𝑛

𝑘,𝑠 𝑉 𝑇,𝑛
𝑘,𝑠 +

√︁
𝑀nw,𝑢𝑝,𝑛

𝑘,𝑠

√︁
𝑀w,𝑢𝑝,𝑛

𝑘,𝑠

𝑀𝑇,𝑛
𝑘

𝐹 𝑑
𝑘,𝑠(𝑝𝑛

𝑐,𝒟)

= 𝑓nw
rt𝑘

(𝑠nw,𝑛
𝑘 )

(︁
𝑉 𝑇,𝑛

𝑘,𝑠

)︁+

− 𝑓nw
rt𝑘

(𝑠nw,𝑛
𝑘,𝑠 )

(︁
𝑉 𝑇,𝑛

𝑘,𝑠

)︁−
−

√︁
𝑀nw

rt𝑘
(𝑠nw,𝑛

𝑘,𝑠 )
√︁

𝑀w
rt𝑘

(𝑠w,𝑛
𝑘 )

𝑀𝑇,𝑛
𝑘

(︀
𝐹 𝑑

𝑘,𝑠(𝑝𝑛
𝑐,𝒟)

)︀−
+

√︁
𝑀nw

rt𝑘
(𝑠nw,𝑛

𝑘 )
√︁

𝑀w
rt𝑘

(𝑠w,𝑛
𝑘,𝑠 )

𝑀𝑇,𝑛
𝑘

(︀
𝐹 𝑑

𝑘,𝑠(𝑝𝑛
𝑐,𝒟)

)︀+
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= −𝑓nw
rt𝑘

(𝑠nw,𝑛
𝑘,𝑠 )

(︁
𝑉 𝑇,𝑛

𝑘,𝑠

)︁−
−

√︁
𝑀nw

rt𝑘
(𝑠nw,𝑛

𝑘,𝑠 )
√︁

𝑀w
rt𝑘

(𝑠w,𝑛
𝑘 )

𝑀𝑇,𝑛
𝑘

(︀
𝐹 𝑑

𝑘,𝑠(𝑝𝑛
𝑐,𝒟)

)︀− ≤ 0.

It implies that 𝛾nw
𝑘 (𝜏𝑛−1

𝑘 ) < 0, which is absurd. One can proceed similarly if the minimum is reached for 𝑠 in𝒱∖𝑉𝐷𝑖𝑟.
Concerning the upper bound, if we assume it is violated for 𝑘 inℳ (the nodal case works similarly), one has

𝜏𝑛
𝑘 = max

𝜈∈ℳ∪(𝒱∖𝒱𝐷𝑖𝑟)
𝜏𝑛
𝜈 > 1.

It follows that 𝛾nw
𝑘 (𝜏𝑛

𝑘 ) > 1, implying

𝛾nw
𝑘 (𝜏𝑛−1

𝑘 ) = 𝛾nw
𝑘 (𝜏𝑛

𝑘 ) +
𝛿𝑡

𝜑𝑘

∑︁
𝑠∈𝒱𝑘

ℱnw,𝑛
𝑘,𝑠 > 1 +

𝛿𝑡

𝜑𝑘

∑︁
𝑠∈𝒱𝑘

ℱnw,𝑛
𝑘,𝑠 .

The VAG non-wetting phase fluxes are such that

ℱnw,𝑛
𝑘,𝑠 = 𝑓nw

rt𝑘
(𝑠nw,𝑛

𝑘 )
(︁
𝑉 𝑇,𝑛

𝑘,𝑠

)︁+

− 𝑓nw
rt𝑘

(𝑠nw,𝑛
𝑘,𝑠 )

(︁
𝑉 𝑇,𝑛

𝑘,𝑠

)︁−
+

√︁
𝑀nw

rt𝑘
(𝑠nw,𝑛

𝑘 )
√︁

𝑀w
rt𝑘

(𝑠w,𝑛
𝑘,𝑠 )

𝑀𝑇,𝑛
𝑘

(︀
𝐹 𝑑

𝑘,𝑠(𝑝𝑛
𝑐,𝒟)

)︀+
≥
(︁
𝑉 𝑇,𝑛

𝑘,𝑠

)︁+

−
(︁
𝑉 𝑇,𝑛

𝑘,𝑠

)︁−
= 𝑉 𝑇,𝑛

𝑘,𝑠 .

Then, using the discrete divergence-free equation for the total velocity (3.20), one gets

𝛾nw
𝑘 (𝜏𝑛−1

𝑘 ) > 𝛾nw
𝑘 (𝜏𝑛

𝑘 ) +
𝛿𝑡

𝜑𝑘

∑︁
𝑠∈𝒱𝑘

ℱnw,𝑛
𝑘,𝑠 > 1 +

𝛿𝑡

𝜑𝑘

∑︁
𝑠∈𝒱𝑘

𝑉 𝑇,𝑛
𝑘,𝑠 = 1.

It contradicts the induction hypothesis. Finally, the physical ranges hold true. The proof is complete.

4.2. Proof of the energy estimates

4.2.1. Preliminary lemmas

The following lemma establishes a key relationship between the discrete total velocity and the global pressure,
serving as the discrete counterpart of the corresponding result in the continuous setting.
Lemma 6. For all 𝑘 ∈ℳ and 𝑠 ∈ 𝒱𝑘, the total velocity is linked to the global pressures by

𝑉 𝑇,𝑛
𝑘,𝑠 = 𝑀𝑇,𝑛

𝑘

∑︁
𝑠′∈𝒱𝑘

T𝑠,𝑠′

𝑘 (𝑝𝑛
𝑘 − 𝑝𝑛

𝑘,𝑠′). (4.4)

Proof. Using (3.10) in the definition (3.14) of the total velocity we obtain

𝑉 𝑇,𝑛
𝑘,𝑠 = 𝑀𝑇,𝑛

𝑘

∑︁
𝛼∈{nw,w}

∑︁
𝑠′∈𝒱𝐾

T𝑠,𝑠′

𝑘 𝑓𝛼,𝑛
𝑘,𝑠′𝛿𝑘,𝑠′𝑝

𝛼,𝑛
𝒟

= 𝑀𝑇,𝑛
𝑘

∑︁
𝛼∈{nw,w}

∑︁
𝑠′∈𝒱𝐾

T𝑠,𝑠′

𝑘 𝑓𝛼,𝑛
𝑘,𝑠′𝛿𝑘,𝑠′𝑝

𝑛
𝒟

+ 𝑀𝑇,𝑛
𝑘

∑︁
𝑠′∈𝒱𝐾

T𝑠,𝑠′

𝑘

(︁
𝑓nw,𝑛

𝑘,𝑠′ (𝐺w
rt𝑘

(𝑝𝑛
𝑐,𝑘)−𝐺w

rt𝑘
(𝑝𝑛

𝑐,𝑠′))− 𝑓w,𝑛
𝑘,𝑠′ (𝐺

nw
rt𝑘

(𝑝𝑛
𝑐,𝑘)−𝐺nw

rt𝑘
(𝑝𝑛

𝑐,𝑠′))
)︁
.

(4.5)

This motivates the choice of 𝑓𝛼,𝑛
𝑘,𝑠′ = 𝑓𝛼

rt𝑘
(𝑐𝑛

𝑘,𝑠′) with 𝑐𝑘,𝑠′ defined by (3.17) such that the last term in the previous
equality vanishes. Thus, one deduces from (4.5), (3.17), and

∑︀
𝛼∈{nw,w} 𝑓𝛼,𝑛

𝑘,𝑠′ = 1, that

𝑉 𝑇,𝑛
𝑘,𝑠 = 𝑀𝑇,𝑛

𝑘

∑︁
𝛼∈{nw,w}

∑︁
𝑠′∈𝒱𝐾

T𝑠,𝑠′

𝑘 𝑓𝛼,𝑛
𝑘,𝑠′𝛿𝑘,𝑠′𝑝

𝛼,𝑛
𝒟

= 𝑀𝑇,𝑛
𝑘

∑︁
𝑠′∈𝒱𝐾

T𝑠,𝑠′

𝑘 (𝑝𝑛
𝑘 − 𝑝𝑛

𝑘,𝑠′).

�



STABLE HYBRID UPWINDING VAG SCHEME FOR THE INCOMPRESSIBLE DIPHASIC MODEL 713

Remark 7. The equation (3.17) is equivalent to

𝑓nw
rt𝑘

(𝑐𝑛
𝑘,𝑠′)

(︀
𝑝𝑛

𝑐,𝑘 − 𝑝𝑛
𝑐,𝑠′
)︀

= (𝐺nw
rt𝑘

(𝑝𝑛
𝑐,𝑘)−𝐺nw

rt𝑘
(𝑝𝑛

𝑐,𝑠′)). (4.6)

If 𝑝𝑛
𝑐,𝑘 = 𝑝𝑛

𝑐,𝑠′ , then we take 𝑐𝑛
𝑘,𝑠′ = 𝑠nw,𝑛

𝑘,𝑠′ = 𝑠nw,𝑛
𝑘 ∈ [0, 1]. Else, if 𝑝𝑛

𝑐,𝑘 ̸= 𝑝𝑛
𝑐,𝑠′ it means that 𝑠nw,𝑛

𝑘,𝑠′ ̸= 𝑠nw,𝑛
𝑘 and

that they are both in [0, 1]. Since 𝑓nw
rt𝑘

(𝑠) is strictly increasing on (0, 1), and is equal to 0 for 𝑠 ≤ 0, and equal
to 1 for 𝑠 ≥ 1, then, there exists a unique 𝑐𝑛

𝑘,𝑠′ in (0, 1) satisfying (4.6).

Lemma 8. For all 𝑣, 𝑤 in R, the following estimate holds

Πrt𝑘
(𝑣)−Πrt𝑘

(𝑤) ≤ 𝑣
(︀
𝑆nw

𝜒𝑘,rt𝑘
(𝑣)− 𝑆nw

𝜒𝑘,rt𝑘
(𝑤)
)︀
.

Setting 𝑣 = 𝑝𝑛
𝑐,𝑘, and 𝑤 = 𝑝𝑛−1

𝑐,𝑘 , it results that for 𝑛 ∈ {1..., 𝑁}, 𝑘 ∈ℳ and 𝑠 ∈ 𝒱𝑘 one has

Πrt𝑘
(𝑝𝑛

𝑐,𝑘)−Πrt𝑘
(𝑝𝑛−1

𝑐,𝑘 ) ≤ 𝑝𝑛
𝑐,𝑘

(︁
𝑠nw,𝑛

𝑘 − 𝑠nw,𝑛−1
𝑘

)︁
,

Πrt𝑘
(𝑝𝑛

𝑐,𝑠)−Πrt𝑘
(𝑝𝑛−1

𝑐,𝑠 ) ≤ 𝑝𝑛
𝑐,𝑠

(︁
𝑠nw,𝑛

𝑘,𝑠 − 𝑠nw,𝑛−1
𝑘,𝑠

)︁
.

These estimates will be used to deal with the accumulation term in the energy estimates.

Proof. The proof follows the arguments of [12,17]. �

In the two following Lemmas, we omit the time superscript for legibility.

Lemma 9. For each 𝑘 ∈ℳ, 𝑠 ∈ 𝒱𝑘, the following inequality holds true√︁
𝑀nw,𝑢𝑝

𝑘,𝑠

√︁
𝑀w,𝑢𝑝

𝑘,𝑠 𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠) ≥

√︁
𝑀nw

𝑘,𝑠

√︁
𝑀w

𝑘,𝑠𝐹
𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠).

Proof. This is done by disjunction of cases. Let 𝑝𝑐,𝒟 ∈ 𝑋𝒟 be given.

– We first consider the case 𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟) ≥ 0 which implies that√︁

𝑀nw,𝑢𝑝
𝑘,𝑠

√︁
𝑀w,𝑢𝑝

𝑘,𝑠 𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠) =

√︁
𝑀nw

rt𝑘
(𝑠nw

𝑘 )
√︁

𝑀w
rt𝑘

(𝑠w
𝑘,𝑠)𝐹 𝑑

𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠).

Two sub-cases are considered:
∙ If 𝑠nw

𝑘 ≥ 𝑠nw
𝑘,𝑠, then 𝑝𝑐,𝑘 ≥ 𝑝𝑐,𝑠 (using the non-decreasing property of 𝑃𝑐,𝜒𝑘

for any rt𝑘), and using the
monotonicity of 𝑀nw

rt𝑘
and 𝑀w

rt𝑘
, it follows that√︁

𝑀nw
rt𝑘

(𝑠nw
𝑘 )⏟  ⏞  

≥𝑀nw
𝑘,𝑠

√︁
𝑀w

rt𝑘
(𝑠w

𝑘,𝑠)⏟  ⏞  
≥𝑀w

𝑘,𝑠

𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟)⏟  ⏞  
≥0

(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠)⏟  ⏞  
≥0

≥
√︁

𝑀nw
𝑘,𝑠

√︁
𝑀w

𝑘,𝑠𝐹
𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠),

∙ else 𝑠nw
𝑘 < 𝑠nw

𝑘,𝑠, meaning that 𝑝𝑐,𝑘 ≤ 𝑝𝑐,𝑠, which lead to√︁
𝑀nw

rt𝑘
(𝑠nw

𝑘 )⏟  ⏞  
≤𝑀nw

𝑘,𝑠

√︁
𝑀w

rt𝑘
(𝑠w

𝑘,𝑠)⏟  ⏞  
≤𝑀w

𝑘,𝑠

𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟)⏟  ⏞  
≥0

(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠)⏟  ⏞  
≤0

≥
√︁

𝑀nw
𝑘,𝑠

√︁
𝑀w

𝑘,𝑠𝐹
𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠).

– Otherwise for 𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟) < 0, one gets√︁

𝑀nw,𝑢𝑝
𝑘,𝑠

√︁
𝑀w,𝑢𝑝

𝑘,𝑠 𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠) =

√︁
𝑀nw

rt𝑘
(𝑠nw

𝑘,𝑠)
√︁

𝑀w
rt𝑘

(𝑠w
𝑘 )𝐹 𝑑

𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠).

As previously, two possible sub-cases are considered:
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∙ Either we have 𝑠nw
𝑘 ≥ 𝑠nw

𝑘,𝑠, which implies that 𝑝𝑐,𝑘 ≥ 𝑝𝑐,𝑠, then√︁
𝑀nw

rt𝑘
(𝑠nw

𝑘,𝑠)⏟  ⏞  
≤𝑀nw

𝑘,𝑠

√︁
𝑀w

rt𝑘
(𝑠w

𝑘 )⏟  ⏞  
≤𝑀w

𝑘,𝑠

𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟)⏟  ⏞  

<0

(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠)⏟  ⏞  
≥0

≥
√︁

𝑀nw
𝑘,𝑠

√︁
𝑀w

𝑘,𝑠𝐹
𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠),

∙ or 𝑠nw
𝑘 < 𝑠nw

𝑘,𝑠 providing 𝑝𝑐,𝑘 ≤ 𝑝𝑐,𝑠 and√︁
𝑀nw

rt𝑘
(𝑠nw

𝑘,𝑠)⏟  ⏞  
≥𝑀nw

𝑘,𝑠

√︁
𝑀w

rt𝑘
(𝑠w

𝑘 )⏟  ⏞  
≥𝑀w

𝑘,𝑠

𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟)⏟  ⏞  

<0

(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠)⏟  ⏞  
≤0

≥
√︁

𝑀nw
𝑘,𝑠

√︁
𝑀w

𝑘,𝑠𝐹
𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠).

The proof is completed. �

It results from Lemma 9 that for all 𝑘 ∈ℳ, we have∑︁
𝑠∈𝒱𝑘

√︁
𝑀nw,𝑢𝑝

𝑘,𝑠

√︁
𝑀w,𝑢𝑝

𝑘,𝑠 𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠) ≥

∑︁
𝑠∈𝒱𝑘

√︁
𝑀nw

𝑘,𝑠

√︁
𝑀w

𝑘,𝑠𝐹
𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠).

The following result shows an estimate between the discrete capillary and mobility weighted capillary pressures
(3.11).

Lemma 10. For each 𝑘 in ℳ, there exists a constant 𝐶𝑘 > 0 with 1
4𝐷 ≤ 𝐶𝑘 ≤ 1

4 such that∑︁
𝑠∈𝒱𝑘

√︁
𝑀nw,𝑢𝑝

𝑘,𝑠

√︁
𝑀w,𝑢𝑝

𝑘,𝑠 𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑐,𝑘 − 𝑝𝑐,𝑠) ≥ 𝐶𝑘

∑︁
𝑠∈𝒱𝑘

𝐹𝑘,𝑠(𝜉rt𝑘
(𝑝𝑐,𝒟))(𝜉𝑘 − 𝜉𝑘,𝑠), (4.7)

where 𝐷 depends only on the mesh regularity parameters (3.2), (3.1) and on the lower and upper bounds Λ and
Λ of the permeability tensor eigenvalues but not on the mesh size.

Proof. This proof is derived from the arguments provided in [20]. Since the mobilities are monotone func-
tions, one has for any real interval [𝑎, 𝑏], max𝑐∈[𝑎,𝑏]

√︀
𝑀𝛼

rt(𝑐) = max(
√︀

𝑀𝛼
rt(𝑎),

√︀
𝑀𝛼

rt(𝑏)). Setting ℐ𝛼
𝑘,𝑠 =

[min(𝑠𝛼
𝑘 , 𝑠𝛼

𝑘,𝑠), max(𝑠𝛼
𝑘 , 𝑠𝛼

𝑘,𝑠)], one obtains√︁
𝑀𝛼

𝑘,𝑠 ≥
1√
2

max
𝑐∈ℐ𝛼

𝑘,𝑠

√︀
𝑀𝛼

rt(𝑐).

It follows that

|𝜉𝑘,𝑠 − 𝜉𝑘| ≤

(︃
max

𝑐∈ℐnw
𝑘,𝑠

√︁
𝑀nw

rt𝑘
(𝑐)

)︃(︃
max

𝑐′∈ℐw
𝑘,𝑠

√︁
𝑀w

rt𝑘
(𝑐′)

)︃
|𝑝𝑐,𝑠 − 𝑝𝑐,𝑘| ≤ 2

√︁
𝑀nw

𝑘,𝑠

√︁
𝑀w

𝑘,𝑠|𝑝𝑐,𝑠 − 𝑝𝑐,𝑘|.

For 𝑘 ∈ℳ, the diagonal square matrix 𝑀𝑘(𝜏𝐷) in R𝑙𝑘×𝑙𝑘 is defined by

(𝑀𝑘(𝜏𝐷))𝑠,𝑠′ =

{︃√︁
𝑀nw

𝑘,𝑠

√︁
𝑀w

𝑘,𝑠, if 𝑠 = 𝑠′,

0, otherwise.

Recalling the notation (3.5), we have the estimate

‖𝑀𝑘(𝜏𝒟)𝛿𝑘𝑝𝑐,𝒟‖22 =
∑︁
𝑠∈𝒱𝑘

𝑀nw
𝑘,𝑠𝑀w

𝑘,𝑠(𝑝𝑐,𝑠 − 𝑝𝑐,𝑘)2

≥ 1
4

∑︁
𝑠∈𝒱𝑘

(𝜉𝑘,𝑠 − 𝜉𝑘)2 =
1
4
‖𝛿𝑘𝜉rt𝑘

(𝑝𝑐,𝒟)‖22.
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Then, from the SPD property of the cell VAG transmissibility matrix 𝐴𝑘 (3.4), we readily have that

𝑣 ·𝐴𝑘𝑣 ≥ 𝑤 ·𝐴𝑘𝑤, ∀𝑣, 𝑤 ∈ R𝑙𝑘 such that |𝑣|2 ≥ Cond2(𝐴𝑘)|𝑤|2,

from which we derive the estimate

𝑀𝑘(𝜏𝒟)𝛿𝑘𝑝𝑐,𝒟 ·𝐴𝑘𝑀𝑘(𝜏𝒟)𝛿𝑘𝑝𝑐,𝒟 ≥
1

4Cond2(𝐴𝑘)
𝛿𝑘𝜉rt𝑘

(𝑝𝑐,𝒟) ·𝐴𝑘𝛿𝑘𝜉rt𝑘
(𝑝𝑐,𝒟)

=
1

4Cond2(𝐴𝑘)

∫︁
𝑘

Λ(𝑥)∇𝜋𝒯 𝜉rt𝑘
(𝑝𝑐,𝒟) · ∇𝜋𝒯 𝜉rt𝑘

(𝑝𝑐,𝒟) d𝑥.

Finally, the result is established by setting 𝐶𝑘 = 1
4Cond2(𝐴𝑘) . The proof is concluded by referring to Lemma 6.1

in the appendix of [20] stating that there exists a constant 𝐷 depending only on the mesh regularity parameters
(3.2), (3.1) and on the lower and upper bounds Λ, Λ of the permeability tensor eigenvalues but not on the mesh
size, such that 𝐷 > Cond2(𝐴𝑘) ≥ 1. �

4.2.2. Proof of Proposition 3

For each degree of freedom 𝜈 ∈ ℳ ∪ (𝒱/𝒱𝐷𝑖𝑟), we multiply the non-wetting phase equation of the system
(3.20) by the corresponding capillary pressure at the corresponding time-step 𝑛. Then, we sum it up over all
degrees of freedom and time steps to get

𝑁∑︁
𝑛=1

𝛿𝑡

(︃∑︁
𝑘∈ℳ

(︃
𝜑𝑘

𝛿𝑡
(𝛾nw

𝑘 (𝜏𝑛
𝑘 )− 𝛾nw

𝑘 (𝜏𝑛−1
𝑘 )) +

∑︁
𝑠∈𝒱𝑘

ℱnw,𝑛
𝑘,𝑠

)︃
𝑝𝑛

𝑐,𝑘

+
∑︁

𝑠∈𝒱∖𝒱𝐷𝑖𝑟

(︃
𝜑𝑠

𝛿𝑡
(𝛾nw

𝑠 (𝜏𝑛
𝑠 )− 𝛾nw

𝑠 (𝜏𝑛−1
𝑠 ))−

∑︁
𝑘∈ℳ𝑠

ℱnw,𝑛
𝑘,𝑠

)︃
𝑝𝑛

𝑐,𝑠

⎞⎠ = 0.

Using discrete integration by parts and taking into account the homogeneous Dirichlet boundary conditions
according to Remark 4, we obtain

𝐴1 + 𝐴2 + 𝐴3 = 0,

with

𝐴1 =
𝑁∑︁

𝑛=1

𝛿𝑡

⎛⎝∑︁
𝑘∈ℳ

𝜑𝑘

𝛿𝑡
(𝛾nw

𝑘 (𝜏𝑛
𝑘 )− 𝛾nw

𝑘 (𝜏𝑛−1
𝑘 ))𝑝𝑛

𝑐,𝑘 +
∑︁

𝑠∈𝒱∖𝑉𝐷𝑖𝑟

𝜑𝑠

𝛿𝑡
(𝛾nw

𝑠 (𝜏𝑛
𝑠 )− 𝛾nw

𝑠 (𝜏𝑛−1
𝑠 ))𝑝𝑛

𝑐,𝑠

⎞⎠,

𝐴2 =
𝑁∑︁

𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

𝑓nw,𝑢𝑝,𝑛
𝑘,𝑠 𝑉 𝑇,𝑛

𝑘,𝑠 (𝑝𝑛
𝑐,𝑘 − 𝑝𝑛

𝑐,𝑠),

𝐴3 =
𝑁∑︁

𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

√︁
𝑀nw,𝑢𝑝,𝑛

𝑘,𝑠

√︁
𝑀w,𝑢𝑝,𝑛

𝑘,𝑠

𝑀𝑇,𝑛
𝑘

𝐹 𝑑
𝑘,𝑠(𝑝𝑐,𝒟)(𝑝𝑛

𝑐,𝑘 − 𝑝𝑛
𝑐,𝑠).
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The accumulation term 𝐴1 is treated using Lemma 8 in a similar way as in [17], leading to the estimate

𝐴1 ≥

⎛⎝∑︁
𝑘∈ℳ

𝜑𝑘

(︀
Πrt𝑘

(𝑝𝑁
𝑐,𝑘)−Πrt𝑘

(𝑝0
𝑐,𝑘)
)︀

+
∑︁

𝑠∈𝒱∖𝑉𝐷𝑖𝑟

∑︁
𝑘∈ℳ

𝜑𝑘,𝑠

(︀
Πrt𝑘

(𝑝𝑁
𝑐,𝑠)−Πrt𝑘

(𝑝0
𝑐,𝑠

)︀⎞⎠
=

⎛⎝∑︁
𝑘∈ℳ

𝜑𝑘Πrt𝑘
(𝑝𝑁

𝑐,𝑘) +
∑︁

𝑠∈𝒱∖𝑉𝐷𝑖𝑟

∑︁
𝑘∈ℳ

𝜑𝑘,𝑠Πrt𝑘
(𝑝𝑁

𝑐,𝑠)

⎞⎠
⏟  ⏞  

𝐴1,𝑁

−

⎛⎝∑︁
𝑘∈ℳ

𝜑𝑘Πrt𝑘
(𝑝0

𝑐,𝑘) +
∑︁

𝑠∈𝒱∖𝑉𝐷𝑖𝑟

∑︁
𝑘∈ℳ

𝜑𝑘,𝑠Πrt𝑘
(𝑝0

𝑐,𝑠)

⎞⎠
⏟  ⏞  

𝐴1,0

.

(4.8)

Multiplying the discrete total velocity divergence-free equation in (3.20) by the corresponding wetting-phase
pressure and summing over all degrees of freedom and time steps leads to

𝑁∑︁
𝑛=1

𝛿𝑡

⎛⎝∑︁
𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

𝑉 𝑇,𝑛
𝑘,𝑠 𝑝w,𝑛

𝑘 −
∑︁

𝑠∈𝒱∖𝒱𝐷𝑖𝑟

∑︁
𝑘∈ℳ𝑠

𝑉 𝑇,𝑛
𝑘,𝑠 𝑝w,𝑛

𝑠

⎞⎠ = 0.

Injecting the global pressure definition (3.10) in the above equality, we obtain that

𝑁∑︁
𝑛=1

𝛿𝑡

⎛⎝∑︁
𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

𝑉 𝑇,𝑛
𝑘,𝑠

(︀
𝑝𝑛

𝑘 −𝐺nw
rt𝑘

(𝑝𝑛
𝑐,𝑘)
)︀
−

∑︁
𝑠∈𝒱∖𝒱𝐷𝑖𝑟

∑︁
𝑘∈ℳ𝑠

𝑉 𝑇,𝑛
𝑘,𝑠

(︀
𝑝𝑛

𝑘,𝑠 −𝐺nw
rt𝑘

(𝑝𝑛
𝑐,𝑠)
)︀⎞⎠ = 0,

which also writes, taking into account the homogeneous Dirichlet boundary conditions

𝑁∑︁
𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

𝑉 𝑇,𝑛
𝑘,𝑠

(︀
𝑝𝑛

𝑘 − 𝑝𝑛
𝑘,𝑠

)︀
⏟  ⏞  

=𝐵1

=
𝑁∑︁

𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

𝑉 𝑇,𝑛
𝑘,𝑠

(︀
𝐺nw

rt𝑘
(𝑝𝑛

𝑐,𝑘)−𝐺nw
rt𝑘

(𝑝𝑛
𝑐,𝑠)
)︀

⏟  ⏞  
=𝐵2

.

We deduce from Lemmas 6 and 1 that

𝐵1 =
𝑁∑︁

𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

𝑀𝑇,𝑛
𝑘

∑︁
𝑠∈𝒱𝑘

∑︁
𝑠′∈𝒱𝑘

T𝑠,𝑠′

𝑘

(︀
𝑝𝑛

𝑘 − 𝑝𝑛
𝑘,𝑠

)︀(︀
𝑝𝑛

𝑘 − 𝑝𝑛
𝑘,𝑠′
)︀

=
𝑁∑︁

𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

𝑀𝑇,𝑛
𝑘

∫︁
𝑘

Λ(𝑥)∇𝜋𝒯 𝑝𝑛
𝒟 · ∇𝜋𝒯 𝑝𝑛

𝒟 d𝑥

≥ 𝑚min

𝑁∑︁
𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

𝐹𝑘,𝑠(𝑝𝑛
𝒟)(𝑝𝑛

𝑘 − 𝑝𝑛
𝑘,𝑠).

(4.9)

Turning to the total velocity term 𝐴2, we first need to establish the estimate

𝑓nw,𝑢𝑝,𝑛
𝑘,𝑠 𝑉 𝑇,𝑛

𝑘,𝑠 (𝑝𝑛
𝑐,𝑘 − 𝑝𝑛

𝑐,𝑠) ≥ 𝑓nw,𝑛
𝑘,𝑠 𝑉 𝑇,𝑛

𝑘,𝑠 (𝑝𝑛
𝑐,𝑘 − 𝑝𝑛

𝑐,𝑠), (4.10)

which results from the non-decreasing property of 𝑓nw
rt𝑘

for each rock-type rt𝑘. The proof proceeds by case
disjunction as follows
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– if 𝑉 𝑇,𝑛
𝑘,𝑠 ≥ 0, one has 𝑓nw,𝑢𝑝,𝑛

𝑘,𝑠 = 𝑓nw
rt𝑘

(𝑠nw,𝑛
𝑘 ), and two sub-cases must be investigated,

∙ either 𝑝𝑛
𝑐,𝑘 − 𝑝𝑛

𝑐,𝑠 ≥ 0 implying that 𝑠nw,𝑛
𝑘 ≥ 𝑐𝑛

𝑘,𝑠 ≥ 𝑠nw,𝑛
𝑘,𝑠 , then that 𝑓nw,𝑢𝑝,𝑛

𝑘,𝑠 ≥ 𝑓nw,𝑛
𝑘,𝑠 ≥ 𝑓nw

rt𝑘
(𝑠nw,𝑛

𝑘,𝑠 );
∙ or 𝑝𝑛

𝑐,𝑘 − 𝑝𝑛
𝑐,𝑠 ≤ 0 implying that 𝑠nw,𝑛

𝑘 ≤ 𝑐𝑛
𝑘,𝑠 ≤ 𝑠nw,𝑛

𝑘,𝑠 , then that 𝑓nw,𝑢𝑝,𝑛
𝑘,𝑠 ≤ 𝑓nw,𝑛

𝑘,𝑠 ≤ 𝑓nw
rt𝑘

(𝑠nw,𝑛
𝑘,𝑠 ).

– else if 𝑉 𝑇,𝑛
𝑘,𝑠 < 0 one has 𝑓nw,𝑢𝑝,𝑛

𝑘,𝑠 = 𝑓nw
rt𝑘

(𝑠nw,𝑛
𝑘,𝑠 ) and we proceed in a similar way as the previous case.

This proves (4.10). Then, using (4.10) and the definition (4.6) of 𝑐𝑘,𝑠, one infers

𝐴2 ≥
𝑁∑︁

𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

𝑓nw,𝑛
𝑘,𝑠 𝑉 𝑇,𝑛

𝑘,𝑠 (𝑝𝑛
𝑐,𝑘 − 𝑝𝑛

𝑐,𝑠) =
𝑁∑︁

𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

𝑉 𝑇,𝑛
𝑘,𝑠 (𝐺nw

rt𝑘
(𝑝𝑛

𝑐,𝑘)−𝐺nw
rt𝑘

(𝑝𝑛
𝑐,𝑠′)) = 𝐵2.

It follows from 𝐵2 = 𝐵1 and (4.9) that

𝐴2 ≥ 𝑚min

𝑁∑︁
𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

𝐹𝑘,𝑠(𝑝𝑛
𝒟)(𝑝𝑛

𝑘 − 𝑝𝑛
𝑘,𝑠). (4.11)

Turning to 𝐴3, Lemma 10 provides the estimate

𝐴3 ≥
𝑁∑︁

𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

𝐶𝑘

𝑀𝑇,𝑛
𝑘

∑︁
𝑠∈𝒱𝑘

𝐹𝑘,𝑠(𝜉rt𝑘
(𝑝𝑛

𝑐,𝒟))
(︀
𝜉𝑛
𝑘 − 𝜉𝑛

𝑘,𝑠

)︀
≥ 1

4𝐷𝑀max

𝑁∑︁
𝑛=1

𝛿𝑡
∑︁

𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

𝐹𝑘,𝑠(𝜉rt𝑘
(𝑝𝑛

𝑐,𝒟))
(︀
𝜉𝑛
𝑘 − 𝜉𝑛

𝑘,𝑠

)︀
.

(4.12)

Combining the estimates (4.8)–(4.11)–(4.12) with 𝐴1 +𝐴2 +𝐴3 = 0 and using that the positivity of the capillary
energy density Πrt𝑘

, we obtain that

𝑁∑︁
𝑛=1

𝛿𝑡

(︃∑︁
𝑘∈ℳ

∑︁
𝑠∈𝒱𝑘

𝐹𝑘,𝑠(𝜉rt𝑘
(𝑝𝑛

𝑐,𝒟))
(︀
𝜉𝑛
𝑘 − 𝜉𝑛

𝑘,𝑠

)︀
+ 𝐹𝑘,𝑠(𝑝𝑛

𝒟)
(︀
𝑝𝑛

𝑘 − 𝑝𝑛
𝑘,𝑠

)︀)︃
≤ max

(︂
4𝐷𝑀max,

1
𝑚min

)︂
𝐴1,0.

which conclude the proof of Proposition 3.

5. Numerical tests

In this section, the new Hybrid Upwinding VAG scheme (denoted by New HU in the following) is compared
in terms of accuracy, efficiency and robustness to the previously introduced Hybrid Upwinding VAG scheme
denoted by HU [15, 16] and to the VAG scheme combined with the classical Phase Potential Upwind strategy
denoted by PPU and based on an upwind approximation of each phase mobility according to the sign of its
Darcy velocity (see [30]).

In all test cases, the phase specific densities and dynamic viscosities are given by Table 1. All test cases
include gravity effect with the gravitational acceleration set to 𝑔 = 10 m.s−2, and consider a set ℛ𝒯 = {d, b}
of a drain d and barrier b rock-types. For each rock-type, the phase relative permeabilities are defined by
𝑘𝛼

𝑟,rt(𝑠
𝛼) = (𝑠𝛼)𝑛𝛼

rt , 𝛼 ∈ {nw, w} and the capillary pressure is given by 𝑃𝑐,rt(𝑠nw) = −𝑏rt log(1− 𝑠nw).
Following [14,16], the parametrization (3.7) of the capillary pressure graphs is defined by 𝜏 = 𝑠nw for all cells

and for all nodes belonging to a single rock-type subdomain, and by

𝑆nw
{b,d},d(𝜏) =

{︃
𝜏, 𝜏 ∈ [0, 𝜏1),

1− (𝜏1 + (1− 𝜏1)
𝑏d
𝑏b − 𝜏)

𝑏b
𝑏d , 𝜏 ∈ [𝜏1, 𝜏2),

(5.1)

𝑆nw
{b,d},b(𝜏) =

⎧⎨⎩1− (1− 𝜏)
𝑏d
𝑏b , 𝜏 ∈ [0, 𝜏1),

𝜏 − 𝜏1 + 1− (1− 𝜏1)
𝑏d
𝑏b , 𝜏 ∈ [𝜏1, 𝜏2),

(5.2)
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Table 1. Phases thermodynamical properties.

Quantity Notation Dimension Value

Non-wetting phase density 𝜌𝑛𝑤 [Kg/m3] 700
Wetting phase density 𝜌𝑤 [Kg/m3] 1000
Non-wetting phase dynamic viscosity 𝜇𝑛𝑤 [Pa.s] 0.005
Wetting phase dynamic viscosity 𝜇𝑤 [Pa.s] 0.001

𝑃𝑐,{b,d}(𝜏) =

{︃
−𝑏d ln(1− 𝜏), 𝜏 ∈ [0, 𝜏1),

−𝑏b ln(𝜏1 + (1− 𝜏1)
𝑏d
𝑏b − 𝜏), 𝜏 ∈ [𝜏1, 𝜏2),

(5.3)

for all nodes belonging to both rock-type subdomains, with 𝜏1 = 1 − ( 𝑏d
𝑏b

)
𝑏b

𝑏b−𝑏d and 𝜏2 = 𝜏1 + (1 − 𝜏1)
𝑏d
𝑏b (see

Fig. 1).
In the following simulations, the time stepping is defined by ∆𝑡1 = ∆𝑡𝑖𝑛𝑖𝑡, and for all 𝑛 ≥ 1, by

∆𝑡𝑛+1 = min(∆𝑡max, 1.2∆𝑡𝑛)

in case of a successful time step ∆𝑡𝑛, and ∆𝑡𝑛+1 = Δ𝑡𝑛

2 , in case of non convergence of the Newton algorithm in
25 iterations. At each time step, the nonlinear system is solved using a Newton algorithm. The cell unknowns are
eliminated without any fill-in before solving the linear system using a GMRES iterative algorithm preconditioned
by the CPR-AMG preconditioner [36,42]. To obtain a more robust convergence of the nonlinear solver, a damping
of the Newton step forces a maximum variation of 1 of the 𝜏 discrete unknown. This strategy is applied for
all test cases and all schemes. Let us denote by (𝑅𝜈(𝑝nw

𝒟 , 𝜏𝒟))𝜈∈ℳ∪𝒱 the residual of equations (3.19) with
𝑅𝜈 = (𝑅1

𝜈 , 𝑅2
𝜈) ∈ R2, and its norm

‖𝑅‖1 =
∑︁

𝜈∈ℳ∪𝒱
|𝑅1

𝜈 |+ |𝑅2
𝜈 |.

Let us also denote by (𝑑𝑝nw
𝒟 , 𝑑𝜏𝒟) the solution of the Newton Jacobian system and define ‖𝑑𝑝nw

𝒟 ‖∞ =
max𝜈∈ℳ∪𝒱 |𝑑𝑝nw

𝜈 |, ‖𝑑𝜏𝒟‖∞ = max𝜈∈ℳ∪𝒱 |𝑑𝜏𝜈 |. The Newton solver is convergent if the relative residual ‖𝑅‖1
‖𝑅(0)‖1

is lower than 10−5 with 𝑅(0) the initial residual, or if the weighted maximum norm of the Newton increment
‖𝑑𝜏𝒟‖∞ + 10−5‖𝑑𝑝nw

𝒟 ‖∞ is lower than 10−4. The GMRES stopping criterion on the relative residual is fixed to
10−6.

We denote by 𝑁△𝑡 the number of successful time steps, by 𝑁Chop the number of time step chops, by 𝑁Newton

the average number of Newton iterations per successful time step, and by 𝑁GMRES the average number of
GMRES iterations per Newton iteration. Finally, CPU (s) stands for the CPU time in seconds.

5.1. Oil migration in a 1D basin with capillary barrier

To compare the accuracy of the three VAG schemes, we first consider a slightly modified version (regarding
capillary pressures) of the 1D basin test case introduced in [16]. The basin domain is defined by Ω = (0, 𝐿𝑥)×
(0, 𝐿𝑦)× (0, 𝐿𝑧) with 𝐿𝑥 = 𝐿𝑦 = 10 m and 𝐿𝑧 = 800 m including a drain rock-type on Ω𝑑 = (0, 𝐿𝑥)× (0, 𝐿𝑦)×
(0, 𝐿𝑧

2 ) and a barrier rock-type on Ω𝑏 = Ω∖Ω𝑑. The dynamic petrophysical properties are defined by 𝑛𝛼
𝑑 = 𝑛𝛼

𝑏 = 2,
𝑏𝑑 = 104 Pa, 𝑏𝑏 = 6 · 105 Pa. To enhance the capillary barrier effect, the porosity and absolute permeability are
taken homogeneous with 𝜑 = 0.2 and Λ = 10−13 m2. The basin is initially saturated by the wetting phase and
the non-wetting phase migrates by gravity during the 150 years of simulation from the bottom boundary at
which the fixed saturation 𝑠nw = 0.5 is prescribed. All meshes are uniform with only one cell in the 𝑥 and 𝑦
directions and capture the interface between both rock-type subdomains. Let us refer to [16] for a more detailed
description of the test case. The time stepping is defined by ∆𝑡𝑖𝑛𝑖𝑡 = 1 day and ∆𝑡max = 360 days.
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Figure 2. Non-wetting phase saturations as a function of 𝑧 at final time 𝑡𝑓 = 150 years,
obtained for the PPU, HU and New-HU-VAG schemes on the 30 (left top), 60 (right top), and
100 cells (bottom) meshes. The reference solution is obtained with the PPU VAG scheme on a
800 cells mesh.

Table 2. For the three VAG schemes on the 100 cells mesh: number of successful time steps
𝑁Δ𝑡, number of the time step chops 𝑁chop, total number of Newton iterations, average number
of GMRES iterations per Newton step 𝑁GMRes.

Scheme 𝑁Δ𝑡 𝑁chop 𝑁Newton 𝑁GMRes

PPU 202 0 868 6.3
HU 202 0 727 6.0
New HU 202 0 730 6.0

Hybrid Upwinding schemes are known to be more diffusive than the PPU scheme since they combine the
diffusion of the total velocity, capillary and gravity terms. This can be checked in Figure 2 showing that the
PPU scheme exhibits the smaller diffusion of the left front before the barrier. We also notice that the New
HU-VAG scheme is less diffusive than the HU-VAG scheme, with a left front basically in between the PPU and
HU solutions. This is because the new HU-VAG method provides a more accurate and stable approximation of
the continuous capillary term by incorporating square roots of the mobilities. In contrast, the standard HU-VAG
approach uses a simpler upwinding scheme for the mobilities in the diffusive fluxes, which leads to a less accurate
representation translated into numerical diffusion. On the other hand, all schemes capture in an excellent way
the saturation jump at the interface between both rock-types. Table 2 exhibits the gain in terms of nonlinear
convergence obtained with both HU VAG schemes compared to the PPU VAG scheme, even for this rather
simple 1D test case. This is known to result from the better smoothness properties of the HU fluxes compared
with the PPU fluxes [32,34].
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Figure 3. Geometrical configuration of the matrix domain and the fracture network meshed
with 47 670 tetrahedra and 1670 fracture faces.

Figure 4. From left to right, non-wetting phase saturation along the fracture network and in
the matrix (above the threshold 0.25) for the PPU, HU and New HU-VAG schemes.

5.2. Small 3D Discrete Fracture Matrix model (DFM)

We consider the test case introduced in [15] which simulates the oil migration in a fractured reservoir Ω =
(0, 100 m)3. The fracture network is modeled as a set of co-dimension one planar fractures Ω𝑑 acting as a drain
with aperture 𝑑𝑓 = 10−2 m, porosity 𝜑𝑑 = 0.4, and tangential permeability Λ𝑑 = 10−10 m2. The surrounding
matrix domain Ω𝑏 = Ω ∖ Ω𝑑 is homogeneous with porosity 𝜑𝑏 = 0.2, and isotropic permeability Λ𝑏 = 10−16 m2

highly contrasted with respect to the fracture network. The dynamic petrophysical properties are given by the
parameters 𝑛𝛼

𝑏 = 2, 𝑛𝛼
𝑑 = 1.2, 𝑏𝑏 = 104 Pa, 𝑏𝑑 = 103 Pa. The domain is discretized using a tetrahedral mesh

conforming to the fracture network and consisting of 47 670 cells and 1670 fracture faces (see Fig. 3). Let us refer
to [13, 14] for the description of the DFM two-phase flow model based on the continuous pressure assumption
at matrix fracture interfaces, and for the extension of the VAG discretization to such model.

The non-wetting phase is injected from the bottom boundary in the reservoir initially saturated with the
wetting phase. Dirichlet boundary conditions are imposed at the top boundary with a wetting phase pressure
of 1 MPa and 𝑠𝑤

𝑏 = 1, as well as at the bottom boundary with 𝑝𝑤 = 4.106 Pa and 𝑠nw
𝑏 = 0.9. The lateral

boundaries are impervious. The final simulation time is fixed to 𝑡𝑓 = 3600 days, and the time stepping is defined
by ∆𝑡𝑖𝑛𝑖𝑡 = 0.01 day and ∆𝑡max = 100 days.

We display in Figures 4–6 and in Table 3 the results obtained for the PPU, HU, and New HU-VAG discretiza-
tions. Both HU schemes provide basically the same solutions while small differences can be observed between
the HU and PPU schemes. These differences have been checked in [15] to partially result from the centered
approximation of the total mobility term for the HU schemes especially at the input boundary compared with
the upwind PPU approximation.
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Figure 5. Non wetting-phase volume as a function of time in the matrix (left) and in the
fracture network (right) for the three VAG schemes (small 3D DFM test case).

Figure 6. Accumulated number of Newton iterations as a function of time for the three VAG
schemes (small 3D DFM test case).

Table 3. Number of successful time steps 𝑁Δ𝑡, number of the time step chops 𝑁chop, average
number of Newton iterations per time step 𝑁Newton, average number of GMRES iterations per
Newton step 𝑁GMRes and CPU time for the three VAG schemes (small 3D DFM test case).

Scheme 𝑁Δ𝑡 𝑁chop 𝑁Newton 𝑁GMRes CPU (s)

PPU 106 8 6.7 14.9 341
HU 82 0 3.8 13.8 142
New HU 82 0 3.9 13.6 163

The nonlinear convergence exhibited in Figure 6 and Table 3 shows, as in the 1D basin test case, a more
robust and efficient behavior of both HU-VAG schemes compared with the PPU VAG scheme. It is remarkable
that this property, resulting from the better smoothness properties of the HU fluxes, extends to the New HU
scheme with only a slight overcost due to the additional complexity of the new HU scheme fluxes. To challenge
the robustness of the schemes, we have tested an initial time step of 10 days which basically corresponds to fill
the fractures in a single time step (see Fig. 5). The number of Newton iterations obtained for this single time
step is 31 for the HU scheme, 41 for the new HU scheme, while the PPU scheme only converges after 10 time
step chops down to roughly 10−2 day.
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Figure 7. Large DFM model meshed with 495 233 tetrahedra and 66 908 fracture faces.

Figure 8. Non-wetting phase saturation in the matrix (top) and in the fracture network
(bottom) at final simulation time obtained for the PPU (left), HU (middle) and New HU (right)
VAG schemes.

5.3. Large 3D Discrete Fracture Matrix model (DFM)

To further assess the robustness of the New HU-VAG scheme, we consider the test case introduced in [16]
based on the large DFM provided by the Benchmark [8] and exhibited in Figure 7. The domain is defined
by Ω = (0, 85) × (0, 60) × (0, 140) m and includes a co-dimension one fracture network with 52 fractures of
constant aperture 𝑑𝑓 = 10−2 m, tangential permeability Λ𝑑 = 10−11 m2 and porosity 𝜑𝑑 = 0.2. The matrix is
homogeneous with isotropic permeability Λ𝑏 = 10−14 m2 and porosity 𝜑𝑏 = 0.4. The dynamic petrophysical
properties are defined by the parameters 𝑛𝛼

𝑏 = 2, 𝑛𝛼
𝑑 = 1.2, 𝑏𝑏 = 104 Pa, 𝑏𝑑 = 103 Pa.

The reservoir is initially saturated with the wetting phase. Dirichlet boundary conditions are imposed at the
output boundary {0, 85} × (0, 20) × (110, 140) with a wetting phase pressure of 𝑝w = 2 · 106 − 𝜌w𝑔𝑧 Pa and
𝑠w

𝑏 = 1, as well as at the input boundary {0} × (40, 60) × (0, 30) ∪ (0, 30) × (40, 85) × {0} with 𝑠nw
𝑏 = 0.9 and

𝑝w = 4 · 106 − 𝜌w𝑔𝑧 Pa. The remaining boundaries are impervious and the final simulation time is fixed to
𝑡𝑓 = 3600 days. The time stepping is defined by ∆𝑡𝑖𝑛𝑖𝑡 = 0.1 day, and ∆𝑡max = 100 days.

Figure 8 show that the non-wetting saturations obtained at final time by the PPU and both HU-VAG schemes
are almost the same. Small differences can be noticed on the top right part of the fracture network in Figure 8
showing again that the solution of the New HU scheme is somewhat in between the solutions of the original HU
and PPU schemes.

Table 4 and Figure 9 compare the numerical efficiency of the three VAG schemes. Compared with the PPU
scheme, the nonlinear convergence of the HU schemes is more robust (no time step failure against 3 time step
chops for PPU) and more efficient (average of 4 to 4.5 Newton iterations for the HU schemes against 6.4 for
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Table 4. Number of successful time steps 𝑁Δ𝑡, number of the time step chops 𝑁chop, average
number of Newton iterations per time step 𝑁Newton, average number of GMRES iterations per
Newton step 𝑁GMRes and CPU time for the three VAG schemes (large 3D DFM test case).

Scheme 𝑁Δ𝑡 𝑁chop 𝑁Newton 𝑁GMRes CPU (s)

PPU 77 3 6.4 28 4570
HU 69 0 4.1 33 2820
New HU 69 0 4.5 32 3230

Figure 9. Accumulated number of Newton iterations as a function of time for the three VAG
schemes (large 3D DFM test case).

PPU) resulting in an overall gain in CPU time of a factor roughly 1.5 in favor of both HU-VAG schemes. The
New HU-VAG scheme is slightly more costly than the original HU scheme but remains much more robust and
efficient than the PPU scheme.

6. Conclusion

We developed a new Hybrid Upwinding VAG scheme for the discretization of incompressible two-phase Darcy
flow in heterogeneous porous media. Two main challenges are encountered in the numerical analysis of these
types of systems. First, there is a strong coupling of mass conservation laws, especially in the presence of
discontinuous capillary forces. Second, the Multi-Point character of the VAG discretization method on general
polyhedral meshes makes it difficult to obtain stability results. Based on the total velocity formulation of the
diphasic model as well as on a parameterization of the capillary pressure graph, we introduce a particular
approximation of the fluxes in order to derive the main a priori estimates. For this purpose, the capillary term
is approximated thanks to the positive upwinding scheme with particular choices of the mobilities. Additionally,
some nonlinear equalities are imposed to link the total velocity to the global pressure function. These a priori
estimates are the cornerstone to prove the existence of a numerical solution. Numerical experiments show that
this new HU-VAG scheme is still much more robust than the standard PPU scheme and provides a gain in
accuracy compared with the previously introduced HU-VAG scheme [16].
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