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A POSTERIORI ERROR CONTROL FOR A FINITE VOLUME SCHEME FOR A
CROSS-DIFFUSION MODEL OF ION TRANSPORT

Arne Berrens* and Jan Giesselmann

Abstract. We derive a reliable a posteriori error estimate for a cell-centered finite volume scheme
approximating a cross-diffusion system modeling ion transport through nanopores. To this end, we
derive a stability framework that is independent of the numerical scheme and introduce a suitable
(conforming) reconstruction of the numerical solution. The stability framework relies on some simplify-
ing assumptions that coincide with those made in weak uniqueness results for this system. Additionally,
when electrical forces are present, we assume that the solvent concentration is uniformly bounded from
below. This is the first a posteriori error estimate for a cross-diffusion system. Along the way, we de-
rive a pointwise a posteriori error estimate for a finite volume scheme that approximates the diffusion
equation. We conduct numerical experiments showing that the error estimator scales with the same
order as the true error.
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1. Introduction

1.1. Ion transport model

We consider the ion transport model presented in Burger et al. [7]. Similar to the Poisson–Nernst–Planck
equations given by Nernst [39], it models ionic species in an electrically neutral solvent. In contrast to the
Poisson–Nernst–Planck equations, the ion transport model incorporates forces due to finite size of every particle.
In essence, this means that the transport of ions is affected by size exclusion effects. This comes into play when
modeling ion transport through nanopores or membranes, i.e. when the size of an individual ion is not negligible
compared to the channel size. Due to size exclusion, different ionic species influence their diffusion and Fick’s law
is no longer true in small geometries (see [7, 36, 46] and references therein). Therefore, the ion transport model
incorporates cross-diffusion terms other than the classical Poisson–Nernst–Planck equations. Furthermore, the
ion transport model incorporates the solvent concentration and the convection with it, i.e. the ion particles are
dragged along with the movement of the solvent. Incorporating the solvent concentration leads to the volume
filling condition, namely that the volume fraction of the solvent is the remaining volume that is not occupied
by the ions. This is modeled in the second equation in (1).

Keywords and phrases. Cross-diffusion, ion transport, finite-volume approximation, a posteriori error estimates, diffusion
equation.
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In general, cross-diffusion systems are analytically and numerically challenging, since classical methods, like
maximum or comparison principles are not applicable (see [31,36,47]).

The ion transport model includes the ion concentrations (𝑣1, . . . , 𝑣𝑛), solvent concentration 𝑣0 and electric
potential Ψ in a Lipschitz domain Ω ⊂ R𝑑 for 𝑑 = 2 or 𝑑 = 3. The ion and solvent concentrations satisfy the
equations for some 𝑇 > 0

𝜕𝑡𝑣𝑖 = 𝐷𝑖div(𝑣0∇𝑣𝑖 − 𝑣𝑖∇𝑣0 + 𝑣0𝑣𝑖𝛽𝑧𝑖∇Ψ) 𝑖 = 1, . . . , 𝑛

𝑣0 = 1−
𝑛∑︁

𝑖=1

𝑣𝑖, in Ω× (0, 𝑇 ) (1)

where 𝐷1, . . . , 𝐷𝑛 > 0 are the diffusion coefficients, 𝛽 > 0 is the inverse thermal voltage and 𝑧𝑖 ∈ R the charge
of each particle of the 𝑖th species. The electric potential satisfies

−𝜆2∆Ψ =
𝑛∑︁

𝑖=1

𝑧𝑖𝑣𝑖 + 𝑓 in Ω× (0, 𝑇 ), (2)

where 𝜆 > 0 is the permittivity, 𝑓 ∈ 𝐿∞(Ω) is the permanent charge density. We fix a decomposition Γ𝐷, Γ𝑁 of
𝜕Ω and prescribe

(𝑣0∇𝑣𝑖 − 𝑣𝑖∇𝑣0 + 𝑣0𝑣𝑖𝛽𝑧𝑖∇Ψ) · 𝑛 = 0 on Γ𝑁 × [0, 𝑇 ], 𝑣𝑖 = 𝑣𝐷
𝑖 on Γ𝐷 × [0, 𝑇 ], 𝑖 = 1, . . . , 𝑛

∇Ψ · 𝑛 = 0 on Γ𝑁 × [0, 𝑇 ], Ψ = Ψ𝐷 on Γ𝐷 × [0, 𝑇 ]
(3)

and consider

𝑣𝑖(·, 0) = 𝑣0
𝑖 in Ω, 𝑖 = 0, . . . , 𝑛 (4)

for given functions 𝑣𝐷
𝑖 , Ψ𝐷 ∈ 𝐿2(0, 𝑇 ; 𝐿2(Γ𝐷)) and 𝑣0

𝑖 ∈ 𝐿∞(Ω). We further assume, that 𝑣𝐷
𝑖 and Ψ𝐷 are traces

of functions in 𝐿2(0, 𝑇 ; 𝐿∞(Ω))∩𝐿2(0, 𝑇 ; 𝐻1(Ω)). We will discuss the regularity of the solution in Theorem 1.1.
The main goal of this work is to establish an a posteriori error estimate for a finite volume scheme approxi-

mating the system (1)–(4). In the case of no electrical forces, i.e. 𝑧𝑖 = 0 for 𝑖 = 1, . . . , 𝑛, we derive an a posteriori
error estimate under the assumption of constant diffusion constants, namely 𝐷𝑖 = 𝐷 for 𝑖 = 1, . . . , 𝑛 and some
conditions on the data (see Condition 1.2 (C1)–(C7)). In the presence of electrical forces, we further need that
the solvent concentration is uniformly bounded from below (see Assumption 1.3) as well as constant diffusion
coefficients and equal charges and some conditions on the data (see Condition 1.2 (C1)–(C5)). This is a first
step towards a posteriori error analysis of cross diffusion systems. To our knowledge, there are no previous a
posteriori error estimates for finite volume schemes approximating general non-linear parabolic systems with
positive diffusion matrix. Cochez-Dhondt et al. [14] proved an a posteriori error estimate for a finite volume
method approximating a non-linear steady-state diffusion problem. Numerical schemes for cross-diffusion sys-
tems have been developed and studied in [2, 8, 32] and specifically for the ion transport model [9, 25, 26]. In
[26] the a priori convergence for a finite element scheme is shown and a priori convergence of a finite volume
scheme is proven in [9] for a reduced model and in [36] for the full model. In this paper, we initiate the pre-
viously missing a posteriori analysis. We use a cell centered finite volume scheme found in [25]. Finite volume
schemes are commonly used for cross-diffusion systems, since it is easier to prove some important properties of
the resulting numerical approximation like non-negativity and entropy dissipation compared to finite element
schemes. Therefore, we consider a finite volume scheme although it is usually harder to derive a posteriori error
estimates for finite volume schemes than for finite element schemes.

In contrast, there are a posteriori error estimates for finite element schemes for non-linear parabolic systems
see [48,50] and even ones allowing for degenerate diffusion coefficient in [10]. In [48] nonlinear diffusion systems
are studied with symmetric and positive definite diffusion matrices that do only depend on space and time and
not on the species 𝑣1, . . . , 𝑣𝑛. In [50] more general nonlinear parabolic systems are considered that also allow for
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species dependent diffusion matrices that are still symmetric and positive definite. Cancès et al. [10] provide a
posteriori error estimates for a finite element discretization of the nonlinear anisotropic Fokker-Planck equation
for only one species.

1.2. The model

The existence of weak solutions for the stationary version of (1) and (2) was shown in [7]. In [51] for the
time dependent problem with pure Neumann boundary conditions and in [25] for mixed Neumann and Dirich-
let boundary conditions. Uniqueness of weak solutions was established in [51] under the assumption of equal
diffusion coefficients 𝐷 = 𝐷𝑖 for 𝑖 = 1, . . . , 𝑛 and without electrical forces, i.e. Ψ = 0. In [25], the uniqueness of
weak solutions with electrical forces was shown under the assumption of equal diffusion coefficients 𝐷 = 𝐷𝑖 for
𝑖 = 1, . . . , 𝑛 and of equal charge 𝑧 = 𝑧𝑖 for 𝑖 = 1, . . . , 𝑛.

In [31,36], System (1) is written in the form

𝜕𝑡𝑣𝑖 = div

⎛⎝ 𝑛∑︁
𝑗=1

(𝐴𝑖,𝑗(𝑣)∇𝑣𝑗 + 𝑄𝑖,𝑗(𝑣)∇Ψ)

⎞⎠, 𝑖 = 1, . . . , 𝑛

with 𝑣 = (𝑣1, . . . , 𝑣𝑛) and 𝐴(𝑣), 𝑄(𝑣) ∈ R𝑛×𝑛

(𝐴(𝑣))𝑖,𝑗 =

⎧⎨⎩𝐷𝑖

(︂
1−

∑︀𝑛
𝑘=1
𝑖̸=𝑘

𝑣𝑘

)︂
if 𝑖 = 𝑗

𝐷𝑖𝑣𝑖 if 𝑖 ̸= 𝑗
, 𝑄𝑖,𝑗(𝑣) = 𝑣0𝑣𝑖𝛿𝑖,𝑗 .

The matrix 𝐴(𝑣) is called the diffusion matrix. Gerstenmayer and Jüngel [25] proved the global existence of
a weak solution by a compactness argument via the entropy variables. In what follows, we write |·| for the
𝑑-dimensional or 𝑑− 1-dimensional Lebesgue measure. For |Γ𝐷| > 0 we define the spaces

𝐻1
𝐷(Ω) := {𝑢 ∈ 𝐻1(Ω) : 𝑢 = 0 on Γ𝐷}

and 𝐻1
𝐷(Ω)′ the dual space of 𝐻1

𝐷(Ω). We equip the space 𝐻1
𝐷(Ω) with the norm

‖·‖𝐻1
𝐷(Ω) = ‖∇·‖𝐿2(Ω).

This norm is equivalent to the classical 𝐻1 norm on 𝐻1
𝐷 via the general Poincaré–Friedrichs inequality, see

Theorem 2.2 below. We denote by ⟨·, ·⟩ the duality pairing of 𝐻1
𝐷(Ω)′ and 𝐻1

𝐷(Ω). The next theorem states the
existence of a global bounded weak solutions to (1)–(4) under suitable conditions.

Theorem 1.1 ([25], Thm. 1). Let Γ𝑁 ∩Γ𝐷 = ∅ with Γ𝑁 open and |Γ𝐷| > 0. For all 𝑇 > 0, there exists a global
bounded weak solution 𝑣0, . . . , 𝑣𝑛 : (0, 𝑇 )×Ω → [0, 1], Ψ : (0, 𝑇 )×Ω → R of (1)–(4) with

∑︀𝑛
𝑖=0 𝑣𝑖 = 1 such that

𝑣𝑖
√

𝑣0,
√

𝑣0 ∈ 𝐿2(0, 𝑇 ; 𝐻1(Ω)), 𝜕𝑡𝑣𝑖 ∈ 𝐿2(0, 𝑇 ; 𝐻1
𝐷(Ω)′) 𝑖 = 1, . . . , 𝑛,

Ψ ∈ 𝐿2(0, 𝑇 ; 𝐻1(Ω))

and ∫︁ 𝑇

0

⟨𝜕𝑡𝑣𝑖, 𝜑𝑖⟩d𝑡 + 𝐷𝑖

∫︁ 𝑇

0

∫︁
Ω

(𝑣0∇𝑣𝑖 − 𝑣𝑖(∇𝑣0 + 𝑣0𝛽𝑧𝑖∇Ψ)) · ∇𝜑𝑖 d𝑥 d𝑡 = 0

𝜆2

∫︁ 𝑇

0

∫︁
Ω

∇Ψ · ∇𝜃 d𝑥 d𝑡−
∫︁ 𝑇

0

∫︁
Ω

(︃
𝑛∑︁

𝑖=1

𝑧𝑖𝑣𝑖 + 𝑓

)︃
𝜃 d𝑥 d𝑡 = 0

for all 𝜑𝑖, 𝜃 ∈ 𝐿2(0, 𝑇 ; 𝐻1
𝐷(Ω)), 𝑖 = 1, . . . , 𝑛. The boundary conditions (3) are fulfilled in the sense of traces in

𝐿2(Γ𝐷) and the initial conditions (4) are satisfied in the sense of 𝐻1
𝐷(Ω)′.
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We assume later on (see Assumption 1.3), that 𝑣0 is bounded away from 0. In this case, according to Remark
4 in [25], 𝑣𝑖 ∈ 𝐿2(0, 𝑇 ; 𝐻1(Ω)) for all 𝑖 = 0, . . . , 𝑛.

Similar to the uniqueness proof in [25] and the convergence proof of [9], we need the assumption 𝐷𝑖 = 𝐷
and 𝑧𝑖 = 𝑧 for 𝑖 = 1, . . . , 𝑛 and further assume for simplicity 𝐷 = 1 with the same boundary (4) and initial (3)
conditions (see Condition 1.2 (C5)). In this case the equations

𝜕𝑡𝑣𝑖 = div(𝑣0∇𝑣𝑖 − 𝑣𝑖∇𝑣0 + 𝑣0𝑣𝑖𝛽𝑧∇Ψ) 𝑖 = 1, . . . , 𝑛

𝑣0 = 1−
𝑛∑︁

𝑖=1

𝑣𝑖 in Ω× (0, 𝑇 ) (5)

−𝜆2∆Ψ = 𝑧(1− 𝑣0)

decouple in the sense that the solvent concentration 𝑣0 solves

𝜕𝑡𝑣0 = div(∇𝑣0 − 𝑣0(1− 𝑣0)𝑧𝛽∇Ψ). (6)

Equation (6) is obtained by summing up the evolution equations for the 𝑣𝑖 and using the fact that the sum of
all concentrations is 1. We call (5) the general model for convenience. Similar to [9, 31], we first consider the
reduced model

𝜕𝑡𝑣𝑖 = div(𝑣0∇𝑣𝑖 − 𝑣𝑖∇𝑣0) 𝑖 = 1, . . . , 𝑛

𝑣0 = 1−
𝑛∑︁

𝑖=1

𝑣𝑖 in Ω× (0, 𝑇 ) (7)

which is obtained by setting 𝑧 = 0. In the reduced model, the solvent concentration solves the diffusion equation

𝜕𝑡𝑣0 = div(∇𝑣0) = ∆𝑣0 in Ω× (0, 𝑇 ). (8)

1.3. Main results and proof strategy

1.3.1. Main results

We study a cell centered finite volume scheme for the system (5) and derive an a posteriori error estimate.
For this we need a conforming reconstruction of the finite volume solution denoted by (̂︁𝑢0, . . . ,̂︁𝑢𝑛, ̂︀Φ). Let
(𝑣0, . . . , 𝑣𝑛, Ψ) be a weak solution to the system (5) in the sense of Theorem 1.1. We list all conditions on the
data in Condition 1.2 and assumptions in Assumption 1.3 that are needed later. We do not need all conditions
and assumptions at every time and specify the needed conditions and assumptions to prove the statement.

Condition 1.2.

(C1) The domain Ω ⊂ R𝑑 (for 𝑑 = 2 or 3) is an open, bounded domain with polygonal boundary. Furthermore,
let Γ𝐷, Γ𝑁 be disjoint with 𝜕Ω = Γ𝐷 ∪ Γ𝑁 , Γ𝑁 open and |Γ𝐷| > 0.

(C2) Let 𝑣0
0 , . . . , 𝑣0

𝑛 ∈ 𝐿∞(Ω) ∩𝐻1(Ω) with 𝑣0
𝑖 > 0 for all 𝑖 = 1, . . . , 𝑛 and

∑︀𝑛
𝑖=0 𝑣0

𝑖 = 1 on Ω.
(C3) Let the boundary conditions 𝑣𝐷

𝑖 𝑖 = 0, . . . , 𝑛 be constant in time and constant on connected components
of Γ𝐷.

(C4) There exists 𝛾 > 0 such that

𝛾 < 𝑣0
0(𝑥) ≤ 1 ∀𝑥 ∈ Ω.

(C5) The diffusion coefficients and charges are all equal, i.e. 𝐷𝑖 = 𝐷 and 𝑧𝑖 = 𝑧 for 𝑖 = 1, . . . , 𝑛.
(C6) There exists a uniform bound of the 𝑊 1,𝑝*

𝐷 (Ω)-norm for some 1 ≤ 𝑝* ≤ 𝑑
𝑑−1 of the Laplace Green’s

function with homogeneous Dirichlet conditions on Γ𝐷 and homogeneous Neumann conditions on Γ𝑁 ,i.e.

‖∇𝑥𝐺(𝑥; 𝑦)‖𝐿𝑝* (Ω) ≤ 𝐶Green,𝑝* ∀𝑦 ∈ Ω.
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(C7) There exists a harmonic continuation 𝑢𝐷
0 ∈ 𝑊 1,𝑞(Ω) of 𝑢𝐷

0 ∈ 𝑊 1,𝑞(Γ𝐷) with ∇𝑢𝐷
0 · 𝑛 = 0 on Γ𝑁 .

Assumption 1.3. Assume that there exists 𝛾 > 0 such that

𝛾 < 𝑣0(𝑥, 𝑡) ≤ 1 ∀𝑥 ∈ Ω and 𝑡 ∈ [0, 𝑇 ].

Remark 1.4. (i) Conditions (C1) and (C2) guarantee that there exists a weak solution to (1)–(4) according
to Theorem 1.1.

(ii) Condition (C3) ensures that the Dirichlet condition is fulfilled exactly by the numerical reconstruction.
In most applications this assumption is not a severe restriction, since the Dirichlet boundary conditions
are constant on connected subsets that model connections to comparably large reservoirs with constant
concentration. We discuss Assumption (C3) in more detail in Section 5.

(iii) Condition (C4) ensures that the solvent concentration in the exact solution 𝑣0 is always bounded from
below by 𝛾 in the case of 𝑧 = 0. To ensure that the solvent concentration is bounded from below in the
case 𝑧 ̸= 0 we need Assumption 1.3. This is important, because equation (1) degenerates for 𝑣0 = 0 and we
do not get a bound on the error of the gradient in this case. However, 𝑣0 models the solvent concentration
and therefore it is physically meaningful to assume that 𝑣0 is bounded away from 0.

(iv) Condition (C5) ensures, that we obtain an equation for the solvent that is independent of all other species.
For simplicity we only consider the case 𝐷 = 1. This condition is also used in the uniqueness proof in [25].

(v) Conditions (C6) and (C7) are only needed for the 𝐿∞-norm error estimate for the diffusion equation from
Section 4. There are certain cases where Condition 1.2 (C6) can be proven to hold. These are
– for 𝑑 ≥ 2, Γ𝐷 = 𝜕Ω and 1 ≤ 𝑝* < 𝑑

𝑑−1 . The proof for the case 𝑑 = 2 can be found in Theorem 2.12,
Remark 2.19 of [19] and for 𝑑 > 2 in Theorem 1.1 of [27].

– for 𝑑 ≥ 2, Γ𝑁 = 𝜕Ω and 1 ≤ 𝑝* < 𝑑
𝑑−1 . The proof can be found in Theorem 1 of [37].

Usually, the constant 𝐶Green,𝑝* is not accessible.

The next two theorems state the a posteriori error estimates for the reduced model (7) and the general model
(5) respectively. The constants and estimators showing up in the next theorems are made explicit in Section 6.

Theorem 1.5. Let Condition 1.2 (C1)–(C7) hold. Let (𝑣0, . . . , 𝑣𝑛) be a weak solution to the reduced model
(7) similar to Theorem 1.1 and let (̂︁𝑢0, . . . ,̂︁𝑢𝑛) be the Morley type reconstruction of a finite volume solution
discussed in Section 3. The difference ̂︀𝑢𝑖 − 𝑣𝑖 for 𝑖 = 1, . . . , 𝑛 is bounded by

max
𝑡∈[0,𝑇 ]

‖ ̂︀𝑢𝑖 − 𝑣𝑖‖2Ω + ‖
√

𝑣0∇( ̂︀𝑢𝑖 − 𝑣𝑖)‖2[0,𝑇 ]×Ω

≤

⎛⎝2
⃦⃦⃦ ̂︀𝑢𝑖

0 − 𝑣0
𝑖

⃦⃦⃦
Ω

+
12
𝛾

⃦⃦⃦̂︁𝑢0
0 − 𝑣0

0

⃦⃦⃦2

Ω
+

12
𝛾

𝐽∑︁
𝑗=0

𝜏𝑗

(︂(︁
𝜂𝑗

𝑅,𝑖

)︁2

+
(︁
𝜂𝑗
2

)︁2
)︂

+
12
𝛾
‖∇ ̂︀𝑢𝑖‖2[0,𝑇 ]×Ω

(︀
𝜂𝐽
∞
)︀2⎞⎠

× exp

(︃
2𝐶

2
1−𝜃

𝐺 (1 + 𝐶2
𝐹,2,Γ𝐷

)
𝜃

1−𝜃
𝜇

𝛾
1+𝜃
1−𝜃

‖∇̂︁𝑢0‖
2

1−𝜃

𝑋(𝑞)

)︃

with 𝜃 = 𝑑
2 −

𝑑
𝑝 and 𝜇 = 1−𝜃

2

(︁
1

2(1+𝜃

)︁ 1+𝜃
1−𝜃

𝜂𝐽
∞ :=

⃦⃦⃦
𝑣0
0 −̂︁𝑢0

0
⃦⃦⃦

𝐿∞(Ω)
+

𝐽∑︁
𝑗=1

𝜂𝑗
𝑇,∞ +

𝐽∑︁
𝑗=1

𝜂̇𝑗
𝑆,𝑞𝐶Green,𝑝 + max

0≤𝑗≤𝐽
𝜂𝑗

𝑆,𝑞𝐶Green,𝑝,

𝜂𝑗
2 := 𝜂𝑗

𝑆,2 +
⃦⃦⃦
∇
(︁̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗−1
)︁⃦⃦⃦

Ω
,

𝜂𝑗
𝑅,𝑖 := 𝑅𝑗

𝑆,𝑖 + 𝑅𝑗
𝑇,𝑖 + 𝑅𝑗

𝑅,𝑖,

where 𝜂𝑗
𝑇,∞, 𝜂̇𝑗

𝑆,𝑞 were defined in Lemma 4.4, 𝜂𝑗
𝑆,𝑞 was defined in Lemma 4.3 and 𝑅𝑗

𝑆,𝑖, 𝑅
𝑗
𝑇,𝑖, 𝑅

𝑗
𝑅,𝑖 were defined

in Theorem 6.3.
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Theorem 1.6. Let the data satisfy Condition 1.2 (C1)–(C5) and let the weak solution (𝑣0, . . . , 𝑣𝑛, Ψ) of (5)
with initial and boundary conditions (3) and (4) in the sense of Theorem 1.1 satisfy Assumption 1.3. Let
(̂︁𝑢0, . . . ,̂︁𝑢𝑛, ̂︀Φ) be the reconstruction of a finite volume solution defined in Section 3.

(i) The difference ̂︁𝑢0 − 𝑣0 satisfies

max
𝑡∈[0,𝑇 ]

‖̂︁𝑢0(𝑡, ·)− 𝑣0(𝑡, ·)‖2𝐿2(Ω) + ‖∇(̂︁𝑢0 − 𝑣0)‖2𝐿2([0,𝑇 ]×Ω)

≤

⎛⎝2
⃦⃦⃦̂︁𝑢0

0 − 𝑣0
0

⃦⃦⃦2

𝐿2(Ω)
+

𝐽∑︁
𝑗=0

𝜏𝑗

(︃
|𝑧𝛽|2

4

(︁
𝜂𝑗

𝑅,Φ

)︁2

+ 4
(︁
𝜂𝑗

𝑅,0

)︁2
)︃⎞⎠

× exp

(︃
2𝐶

2
1−𝜃

𝐺 (1 + 𝐶2
𝐹,2,Γ𝐷

)
𝜃

1−𝜃 𝜇
⃦⃦⃦
∇̂︀Φ⃦⃦⃦ 2

1−𝜃

𝑋(𝑞)
+ 𝐶2

𝐹,2,Γ𝐷

|𝑧|4𝛽2

8𝜆4
𝑇

)︃
=: 𝜂𝐽

2 .

(ii) The 𝐿2-in-time, 𝐻1-in-space seminorm of ̂︀Φ−Ψ is bounded by

⃦⃦⃦
∇(̂︀Φ−Ψ)

⃦⃦⃦2

𝐿2([0,𝑇 ]×Ω)
≤ 𝐶2

𝐹,2,Γ𝐷

|𝑧|
𝜆2

𝜂𝐽
2 +

𝐽∑︁
𝑗=0

𝜏𝑗

(︁
𝜂𝑗

𝑅,Φ

)︁2

.

(iii) The error ̂︀𝑢𝑖 − 𝑣𝑖 satisfies

max
𝑡∈[0,𝑇 ]

‖ ̂︀𝑢𝑖 − 𝑣𝑖‖2𝐿2(Ω) + ‖
√

𝑣0∇( ̂︀𝑢𝑖 − 𝑣𝑖)‖2𝐿2([0,𝑇 ]×Ω) ≤
(︂

2
⃦⃦⃦ ̂︀𝑢𝑖

0 − 𝑣0
𝑖

⃦⃦⃦2

𝐿2(Ω)
+

12
𝛾

𝜂𝐽
2

(︁
‖∇ ̂︀𝑢𝑖‖2𝐿∞(0,𝑇 ;𝐿𝑞(Ω))

+ 2

(︃
(1 + 𝐶𝑆

√︀
1 + 𝐶𝐹,2,Γ𝐷

)|𝑧𝛽|
⃦⃦⃦
∇̂︀Φ⃦⃦⃦

𝐿∞(0,𝑇 ;𝐿𝑞(Ω))
+ 𝐶𝐹,2,Γ𝐷

𝑧2𝛽

𝜆2

)︂2
)︃

+
12
𝛾

𝐶2
𝐹,2,Γ𝐷

𝐽∑︁
𝑗=0

𝜏𝑗

(︂
|𝑧𝛽|2

(︁
𝜂𝑗

𝑅,Φ

)︁2

+
(︁
𝜂𝑗

𝑅,𝑖

)︁2
)︂⎞⎠

× exp

(︃
2𝐶

2
1−𝜃

𝐺

(︀
1 + 𝐶2

𝐹,2,Γ𝐷

)︀ 𝜃
1−𝜃

𝜇

𝛾
1+𝜃
1−𝜃

‖𝐹‖
2

1−𝜃

𝑋(𝑞)

)︃
. (9)

With 𝐹 := ∇̂︁𝑢0 −̂︁𝑢0𝑧𝛽∇̂︀Φ, the constants 𝜃 = 𝑑
2 −

𝑑
𝑝 and 𝜇 = 1−𝜃

2

(︁
1

2(1+𝜃)

)︁ 𝜃+1
𝜃−1

.

We also derive an a posteriori error estimate for the reduced model (7) in Theorem 1.5. For this, we first
consider the solvent concentration 𝑣0 that solves the diffusion equation (8). We establish a posteriori error
estimates for ̂︁𝑢0−𝑣0 in the 𝐿∞([0, 𝑇 ]×Ω) norm under a further assumption on the domain Ω and the boundary
conditions (see Condition 1.2 (C6) and (C7)) and for ∇(̂︁𝑢0 − 𝑣0) in the 𝐿2([0, 𝑇 ]× Ω) norm.

For the maximum norm error we use a technique similar to [16, 17, 33]. Such a maximum norm a posteriori
error estimate is new for any finite volume scheme for the diffusion equation (8) and we think it is interesting
in its own right. Similar estimates have been established for various finite element schemes see [16,17].

1.3.2. Proof strategy

We derive a residual based a posteriori error estimator using the approach presented in [34, 35]. First, we
derive a stability framework for the reduced, Theorem 5.3, and full, Theorem 5.4, ion transport models. In
essence, we provide upper bounds on the norm of the difference of the exact solution and the solution to
a perturbed system, where the upper bound only depends on the solution to the perturbed system and the
“perturbation”. To derive an a posteriori error estimate, we interpret approximate solutions as solution to a
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perturbed system, where the residuals serve as the perturbation. Hence, once the stability framework has been
derived, we only need to bound the residuals in a suitable norm that matches the stability framework to obtain
an a posteriori error estimate.

We state stability frameworks for the ion concentrations first for the reduced model (7) and then for the
general model (5). Both are independent of the numerical scheme and reconstruction used. We assume that
(𝑢0, . . . , 𝑢𝑛, Φ) is a weak solution of the perturbed system

𝜕𝑡𝑢𝑖 − div(𝑢0∇𝑢𝑖 − 𝑢𝑖∇𝑢0 + 𝑢0𝑢𝑖𝛽𝑧∇Φ) = 𝑅𝑖 𝑖 = 1, . . . , 𝑛
𝑛∑︁

𝑖=0

𝑢𝑖 = 1 on Ω× (0, 𝑇 ) (10)

−𝜆2∆Φ− 𝑧(1− 𝑢0) = 𝑅Φ

with data satisfying Condition 1.2 (C1)–(C5) and 𝑅1, . . . , 𝑅Φ ∈ 𝐿2(0, 𝑇 ; 𝐻1
𝐷(Ω)′). Additionally, we assume that

the solution 𝑢0, . . . , 𝑢𝑛, Φ satisfies Assumption 1.3 and Assumption 5.1. In the case 𝑧 = 0, we do not need
Assumption 1.3. In this paper, the solution to the perturbed system is the reconstruction ̂︁𝑢0, . . . ,̂︁𝑢𝑛, ̂︀Φ given
in Section 3 which satisfies Assumption 5.1 automatically. Using the stability framework, Theorem 5.4, for the
general model, we only need to bound the residuals 𝑅0, . . . , 𝑅𝑛, 𝑅Φ in the 𝐿2(0, 𝑇 ; 𝐻1

𝐷(Ω)′) norm to obtain a
reliable a posteriori error estimate for the model (5). For the reduced model we combine the estimates for the
solvent concentration from Section 4 and the bounds for the residuals 𝑅0, . . . , 𝑅𝑛, 𝑅Φ in the 𝐿2(0, 𝑇 ; 𝐻1

𝐷(Ω)′)
norm to get a reliable a posteriori error estimate via the stability framework for the reduced model (see
Thm. 5.3). This is done in Section 6 and relies mostly on the properties of the reconstruction.

We expect that the error ̂︀𝑢𝑖 − 𝑣𝑖 converges linearly in the 𝐿2(0, 𝑇 ; 𝐻1(Ω)) norm, since ̂︀𝑢𝑖 mainly composed
of piecewise linear polynomials (see Sect. 3.2). This linear convergence of the a posteriori estimator and error
is observed in numerical experiments in Section 7.

The paper is structured as follows: In Section 2, we introduce the simplicial mesh and some inequalities used
throughout this paper. Next in Section 3, we present a cell centered finite volume scheme for the full system
and a reconstruction of the finite volume solution similar to [40,41].

In Section 4, we prove the bounds on 𝑢0 − 𝑣0 and ∇(𝑢0 − 𝑣0) needed in the error estimator for the reduced
model presented in Section 5. After that, we present the stability framework for the reduced model (7) and the
general model under the assumptions in Assumption 1.3. The bounds for the residuals 𝑅0, . . . , 𝑅𝑛, 𝑅Φ in the
𝐿2(0, 𝑇 ; 𝐻1

𝐷(Ω)′)-norm and the a posteriori error estimator for the general and reduced system are stated and
proven in Section 6. In Section 7, the a posteriori error estimators are tested in numerical experiments.

2. Notation and basic inequalities

2.1. Notation

We use the classical definition of a regular admissible finite volume mesh of Ω found in Definition 9.1 of
[23]. The definition stated only allows for simplices, but the scheme in Section 3.1 can be used on any convex
polygonal control volumes for every 𝑑 ≥ 1. The reconstruction presented in Section 3.2, can be done in 𝑑 = 2
and 𝑑 = 3.

Definition 2.1 ([23], Def. 9.1). Let 𝒯 be a set of simplices, ℰ a family of edges with each 𝜎 ∈ ℰ being a subset
of Ω and contained in a hyperplane of R𝑑 and 𝒫 a set of points in Ω. The finite volume mesh (𝒯 , ℰ ,𝒫) is
admissible if the following conditions are satisfied.

(i)
⋃︀

𝐾∈𝒯 𝐾 = Ω.
(ii) For every 𝐾, 𝐿 ∈ 𝒯 with 𝐾 ̸= 𝐿 the (𝑑− 1)-dimensional Lebesgue measure of 𝐾 ∩ 𝐿 is 0 or there is 𝜎 ∈ ℰ

such that 𝜎 = 𝐾 ∩ 𝐿.
(iii) For every 𝐾 ∈ 𝒯 , there is a subset ℰ𝐾 ⊂ ℰ such that 𝜕𝐾 =

⋃︀
𝜎∈ℰ𝐾

𝜎 and ℰ =
⋃︀

𝐾∈𝒯 ℰ𝐾 .
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(iv) The set of points 𝒫 has the form 𝒫 = (𝑥𝐾)𝐾∈𝒯 with 𝑥𝐾 ∈ 𝐾 and 𝑥𝐾 ̸= 𝑥𝐿 for cells 𝐾 ̸= 𝐿. Furthermore,
for cells 𝐾, 𝐿 ∈ 𝒯 that share an edge 𝜎 = 𝐾 ∩ 𝐿 the straight line from 𝑥𝐾 to 𝑥𝐿 is orthogonal to 𝜎.

(v) Let 𝜎 ∈ ℰ with 𝜎 ⊂ 𝜕Ω. Then 𝜎 ⊂ Γ𝑁 or 𝜎 ⊂ Γ𝐷. We further divide the set of edges into

ℰ = ℰ 𝑖 ∪ ℰ𝑁 ∪ ℰ𝐷,

where ℰ 𝑖 are the inner edges, ℰ𝑁 are the edges on the Neumann boundary and ℰ𝐷 are the edges on the
Dirichlet boundary.

We denote by 𝑛𝐾,𝜎 the unit outer normal vector of 𝐾 on 𝜎 ∈ ℰ𝐾 and by {𝑎𝐾
𝑖 : 𝑖 = 0, . . . , 𝑑} ⊂ 𝐾 the corners

of 𝐾. Furthermore, we denote the maximum number of edges that every 𝐾 ∈ 𝒯 has by 𝑁𝜕 := max𝐾∈𝒯 #ℰ𝐾

(for 𝑑 = 2 this yields 𝑁𝜕 = 3 and 𝑑 = 3 we obtain 𝑁𝜕 = 4).
The jump of a sufficiently regular function 𝑓 across an edge 𝜎 ∈ ℰ is given by

J𝑓K(𝑥) :=

{︃
𝑓 |𝐾(𝑥) · 𝑛𝐾,𝜎 + 𝑓 |𝐿(𝑥) · 𝑛𝐿,𝜎 if 𝜎 = 𝜕𝐾 ∩ 𝜕𝐿

𝑓 |𝐾(𝑥) · 𝑛𝐾,𝜎 if 𝜎 ⊂ 𝜕Ω

for 𝑥 ∈ 𝜎. We also define the average on an edge by

{{𝑓}}(𝑥) :=

{︃
1
2 (𝑓 |𝐾(𝑥) + 𝑓 |𝐿(𝑥)) if 𝜎 = 𝜕𝐾 ∩ 𝜕𝐿

𝑓 |𝐾(𝑥) if 𝜎 ⊂ 𝜕Ω

for 𝑥 ∈ 𝜎. For a simplex 𝑆 = conv{𝑧0, . . . , 𝑧𝑑} with 𝑧0, . . . , 𝑧𝑑 ∈ R𝑑, the element bubble function 𝑏𝑆 is given by

𝑏𝑆 := 𝜆𝑧0 · 𝜆𝑧1 · · · ·𝜆𝑧𝑑

with 𝜆𝑧0 , . . . , 𝜆𝑧𝑑
the barycentric coordinates (see [3], Lem. 4.3). For an edge 𝜎 of 𝑆 represented by 𝜎 =

conv({𝑧0, . . . , 𝑧𝑑} ∖ {𝑧𝑖}) for some 𝑖 = 0, . . . , 𝑛, we denote by 𝑏𝜎 the edge bubble function defined by

𝑏𝜎 :=
∏︁

𝑗=0,𝑗 ̸=𝑖

𝜆𝑧𝑗 .

For every 𝐾 ∈ 𝒯 we set ℎ𝐾 := diam(𝐾) as the diameter of 𝐾 and for 𝜎 ∈ ℰ

𝑑𝜎 =

{︃
dist(𝑥𝐾 , 𝑥𝐿) if 𝜎 = 𝐾 ∩ 𝐿

dist(𝑥𝐾 , 𝜎) if 𝜎 ⊂ 𝜕Ω.

For each 𝐾 ∈ 𝒯 we define ℳ𝐾 : 𝐿2(𝐾) → R via

ℳ𝐾𝑓 =
1
|𝐾|

∫︁
𝐾

𝑓(𝑥) d𝑥 ∀𝐾 ∈ 𝒯 , 𝑓 ∈ 𝐿2(𝐾),

and for each 𝜎 ∈ ℰ we define 𝑀𝜎 : 𝐿2(𝜎) → R via

ℳ𝜎𝑓 =
1
|𝜎|

∫︁
𝜎

𝑓(𝑥) d𝑆(𝑥) ∀𝜎 ∈ ℰ , 𝑓 ∈ 𝐿2(𝜎).

For brevity, we write

‖·‖* := ‖·‖𝐿2(0,𝑇 ;𝐻1
𝐷(Ω)′), ‖·‖𝑀 := ‖·‖𝐿2(𝑀), 𝑋(𝑞) := 𝐿

2𝑞
𝑞−𝑑 (0, 𝑇 ; 𝐿𝑞(Ω)),

for some measurable set 𝑀 . For the time discretization, we fix a time 𝑇 and a partition (𝑡𝑗)𝐽
𝑗=0 with 𝑡0 = 0 and

𝑡𝐽 = 𝑇 . We denote the time step size by

𝜏𝑗 = 𝑡𝑗+1 − 𝑡𝑗 𝑗 = 0, . . . , 𝐽 − 1.
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2.2. Basic inequalities

We need the following generalized version of the classical Poincaré–Friedrichs inequality. A proof can be found
in Theorem 3.1 of [20] and Section II.1.4 of [49].

Theorem 2.2. Let Ω ⊂ R𝑑 be an open domain and Γ1 ⊂ 𝜕Ω with |Γ1| > 0 and 1 ≤ 𝑞 < ∞. Then there is a
constant 𝐶𝐹,𝑞,Γ1 > 0

‖𝑢‖𝐿𝑞(Ω) ≤ 𝐶𝐹,𝑞,Γ1‖∇𝑢‖𝐿𝑞(Ω)

for all 𝑢 ∈ 𝐻1(Ω) with 𝑢|Γ1 = 0.

We later need a so called multiplicative trace theorem on each triangle. This inequality can be found in
Lemma 12.15 of [21].

Lemma 2.3. There exists 𝐶cti > 0 such that for all 𝑝 ∈ [1,∞], 𝐾 ∈ 𝒯 , 𝜎 ∈ ℰ𝐾 and 𝑣 ∈ 𝑊 1,𝑝(𝐾) it holds

‖𝑣‖𝐿𝑝(𝜎) ≤ 𝐶cti

(︂
‖∇𝑣‖

1
𝑝

𝐿𝑝(𝐾) + ℎ
− 1

𝑝

𝐾 ‖𝑣‖
1
𝑝

𝐿𝑝(𝐾)

)︂
‖𝑣‖1−

1
𝑝

𝐿𝑝(𝐾)·

Combining Lemma 2.3 with the classical Poincaré inequality (see [3], Cor. 2.3) we prove an approximation
inequality on edges. We denote the Poincaré constant for the space 𝐿𝑞 by 𝐶𝑃,𝑞.

Theorem 2.4. There exists 𝐶app > 0 such that for all 𝑝 ∈ [1,∞], 𝐾 ∈ 𝒯 , 𝜎 ∈ ℰ𝐾 and 𝑣 ∈ 𝑊 1,𝑝(𝐾) the
following holds

‖𝑣 −ℳ𝐾𝑣‖𝐿𝑝(𝜎) ≤ 𝐶app,𝑝ℎ
1− 1

𝑝

𝐾 ‖∇𝑣‖𝐿𝑝(𝐾).

Proof. Using Lemma 2.3 and Poincaré inequality we can bound

‖𝑣 −ℳ𝐾𝑣‖𝐿𝑝(𝜎) ≤ 𝐶cti

(︂
‖∇𝑣‖

1
𝑝

𝐿𝑝(𝐾) + ℎ
− 1

𝑝

𝐾 ‖𝑣 −ℳ𝐾𝑣‖
1
𝑝

𝐿𝑝(𝐾)

)︂
‖𝑣 −ℳ𝐾𝑣‖1−

1
𝑝

𝐿𝑝(𝐾)

≤ 𝐶cti

(︂
‖∇𝑣‖

1
𝑝

𝐿𝑝(𝐾) + 𝐶
1
𝑝

𝑃,𝑝‖∇𝑣‖
1
𝑝

𝐿𝑝(𝐾)

)︂
𝐶

1− 1
𝑝

𝑃,𝑝 ℎ
1− 1

𝑝

𝐾 ‖∇𝑣‖1−
1
𝑝

𝐿𝑝(𝐾)

≤ 𝐶cti(𝐶
1− 1

𝑝

𝑃,𝑝 + 𝐶𝑃,𝑝)ℎ
1− 1

𝑝

𝐾 ‖∇𝑣‖𝐿𝑝(𝐾).

�

In the following, we need a version of the Gagliardo–Nirenberg inequality for bounded domains. A more
general version was first proved in [43] and the stated version can be found in Theorem 5.8 of [1]. In [1], the
domain Ω needs to satisfy the cone condition. Since we assume here that Ω has a locally Lipschitz boundary,
the cone condition is satisfied for Ω. We use the Gagliardo–Nirenberg inequality for the stability framework in
Section 5 and present a simple proof such that we get an explicit bound on the constant 𝐶𝐺,𝑝 that only depends
on the constant 𝐶𝑆,𝑞 in the Sobolev inequality for 𝑞 = 2(𝑑+𝑝)

𝑑 for 𝑑 = 2 and 𝑞 = 2𝑑
𝑑−2 for 𝑑 > 2.

Theorem 2.5. Let 2 ≤ 𝑝 < ∞ for 𝑑 ≤ 2 and 1 ≤ 𝑝 < 2𝑑
𝑑−2 for 𝑑 > 2. There is a constant 𝐶𝐺,𝑝 > 0 such that

‖𝑢‖𝐿𝑝(Ω) ≤ 𝐶𝐺,𝑝‖𝑢‖𝜃
𝐻1(Ω)‖𝑢‖

1−𝜃
𝐿2(Ω) ∀𝑢 ∈ 𝐻1(Ω)

with 𝜃 = 𝑑
2 −

𝑑
𝑝 . Furthermore, it holds 𝐶𝐺,𝑝 ≤ 𝐶𝜃

𝑆,𝑞 with 𝑞 = 2(𝑑+𝑝)
𝑑 .
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Proof. Since 𝑢 ∈ 𝐻1(Ω), the Sobolev inequality, see Theorem 4.12 from [1], implies that 𝑢 ∈ 𝐿𝑞(Ω). The 𝐿𝑝

interpolation inequality, see Theorem 2.11 from [1], implies

‖𝑢‖𝐿𝑝(Ω) ≤ ‖𝑢‖
1−𝜃
𝐿2(Ω)‖𝑢‖

𝜃
𝐿𝑞(Ω)

with 𝑞 = 2(𝑑+𝑝)
𝑑 for 𝑑 = 2 and 𝑞 = 2𝑑

𝑑−2 for 𝑑 > 2 and 𝜃 = 𝑑
2 −

𝑑
𝑝 . We apply the Sobolev inequality and obtain

‖𝑢‖𝐿𝑝(Ω) ≤ 𝐶𝜃
𝑆,𝑞‖𝑢‖

𝜃
𝐻1(Ω)‖𝑢‖

1−𝜃
𝐿2(Ω),

where 𝐶𝑆,𝑞 is the Sobolev embedding constant. �

3. Numerical scheme and reconstruction

We use the finite volume scheme from [25] to solve (1)–(4) in 𝑑 = 1, 2, 3 space dimensions and present a way
to reconstruct the numerical solution so that a conforming approximation is obtained. We provide a posteriori
error estimates by reconstructing the numerical solution, in a way similar to [40,41]. There are also other finite
volume schemes in the literature namely [9] and [11,12]. Since our goal is to initiate a posteriori error analysis
for cross diffusion systems we opted to use the simpler finite volume scheme from [25]. In order to derive an a
posteriori error estimate for the scheme from [11] we can combine the stability analysis from Section 5 and the
reconstruction presented below. However, the use of this reconstruction would lead to an error estimator that is
first order convergent, i.e. suboptimal for that scheme. Deriving a reconstruction that provides a second order
error estimator for the scheme from [11] is an interesting task but beyond the scope of this work.

Gerstenmayer and Jüngel [26] describes a structure preserving finite element method for (1)–(4). It solves
the equation in the entropy variables and therefore asks for higher regularity conditions than the finite volume
method presented below and all initial densities have to be positive everywhere.

3.1. Finite volume scheme

In the following, we write 𝑢𝑗
𝑖,𝐾 for the approximation of 𝑢𝑖 on 𝐾 at time 𝑡𝑗 . We approximate the initial

conditions as follows

𝑢0
𝑖,𝐾 = ℳ𝐾𝑢0

𝑖 , Φ0
𝐾 = ℳ𝐾Φ0

for 𝑖 = 0, . . . , 𝑛 and 𝐾 ∈ 𝒯 . We consider numerical schemes of the following form. For 𝐾 ∈ 𝒯 and 𝑗 ∈ {1, . . . , 𝐽}

|𝐾|
𝑢𝑗

𝑖,𝐾 − 𝑢𝑗−1
𝑖,𝐾

𝜏𝑗
+
∑︁

𝜎∈ℰ𝐾

ℱ𝑗
𝑖,𝐾,𝜎 = 0 ∀𝑖 ∈ {1, . . . , 𝑛}, (11)

𝑢𝑗
0,𝐾 = 1−

𝑛∑︁
𝑖=1

𝑢𝑗
𝑖,𝐾 , (12)

−𝜆2
∑︁

𝜎∈ℰ𝐾

𝐹𝐾
𝜎 (Φ𝑗)− |𝐾|

𝑛∑︁
𝑖=1

𝑧𝑖𝑢
𝑗
𝑖,𝐾 = 0, (13)

with

ℱ 𝑗
𝑖,𝐾,𝜎 := −𝑢𝑗

0,𝜎𝐹𝐾
𝜎 (𝑢𝑗

𝑖 ) + 𝑢𝑗
𝑖,𝜎𝐹𝐾

𝜎 (𝑢𝑗
0)− (𝑢𝑖𝑢0)𝑗

𝜎𝛽𝑧𝑖𝐹
𝐾
𝜎 (Φ𝑗)) 𝑖 = 1, . . . , 𝑛, (14)

and

𝐹𝐾
𝜎 (𝑢𝑗

𝑖 ) :=

⎧⎪⎨⎪⎩
|𝜎|
𝑑𝜎

(𝑢𝑗
𝑖,𝐾 − 𝑢𝑗

𝑖,𝐿) if 𝜎 = 𝐾 ∩ 𝐿

0 if 𝜎 ⊂ Γ𝑁
|𝜎|
𝑑𝜎

(𝑢𝑗
𝑖,𝐾 −ℳ𝜎𝑢𝐷

𝑖 ) if 𝜎 ⊂ Γ𝐷

,
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and 𝑢𝑗

𝑖,𝜎, (𝑢0𝑢𝑖)𝑗
𝜎 approximations to 𝑢𝑗

𝑖 and 𝑢𝑗
0𝑢

𝑗
𝑖 on the edge 𝜎 respectively. The next example presents the

choices of approximations 𝑢𝑗
𝑖,𝜎 and (𝑢0𝑢𝑖)𝑗

𝜎 for the numerical schemes so that (11)–(14) corresponds to the
schemes given in [9, 25] and [11,12] respectively.

Example 3.1. (i) The numerical scheme given in [25] uses the approximations

𝑢𝑗
𝑖,𝜎 :=

⎧⎪⎪⎨⎪⎪⎩
𝑢𝑗

𝑖,𝐾 if 𝜎 ⊂ Γ𝑁

ℳ𝜎𝑢𝐷
𝑖 if 𝜎 ⊂ Γ𝐷

𝑢𝑗
𝑖,𝐾−𝑢𝑗

𝑖,𝐿

log(𝑢𝑗
𝑖,𝐾)−log(𝑢𝑗

𝑖,𝐿)
if 𝜎 = 𝐾 ∩ 𝐿

𝑖 = 0, . . . , 𝑛

and (𝑢𝑗
0𝑢

𝑗
𝑖 )𝜎 := 𝑢𝑗

𝑖,𝜎𝑢𝑗
0,𝜎 for 𝑖 = 1, . . . , 𝑛.

(ii) To obtain the upwind scheme given in [9], we define

𝑢𝑗
0,𝜎 := max{𝑢𝑗

0,𝐾 , 𝑢𝑗
0,𝐿},

𝑢̌𝑗
0,𝜎,𝑖 :=

⎧⎪⎨⎪⎩
𝑢𝑗

0,𝐾 if 𝑧𝑖𝐹
𝐾
𝜎 (Φ𝑗) ≥ 0 or 𝜎 ⊂ Γ𝑁

ℳ𝜎𝑢𝐷
0 if 𝑧𝑖𝐹

𝐾
𝜎 (Φ𝑗) < 0 and 𝜎 ∈ Γ𝐷

𝑢𝑗
0,𝐿 if 𝜎 = 𝐾 ∩ 𝐿

,

𝑢𝑗
𝑖,𝜎 :=

⎧⎪⎨⎪⎩
𝑢𝑗

𝑖,𝐾 if 𝐹𝐾
𝜎 (𝑢𝑗

0)− 𝑢̌𝑗
0,𝜎,𝑖𝛽𝑧𝑖𝐹

𝐾
𝜎 (Φ𝑗) ≥ 0 or 𝜎 ⊂ Γ𝑁

ℳ𝜎𝑢𝐷
𝑖 if 𝐹𝐾

𝜎 (𝑢𝑗
0)− 𝑢̌𝑗

0,𝜎,𝑖𝛽𝑧𝑖𝐹
𝐾
𝜎 (Φ𝑗) < 0 and 𝜎 ⊂ Γ𝐷

𝑢𝑗
𝑖,𝐿 if 𝜎 = 𝐾 ∩ 𝐿

for 𝑖 = 1, . . . , 𝑛

with this we set (𝑢0𝑢𝑖)𝑗
𝜎 := 𝑢̌𝑗

0,𝜎,𝑖𝑢
𝑗
𝜎,𝑖.

(iii) To consider the class of two point flux approximation (TPFA) schemes from [11, 12], we directly use
Condition 1.2 (C5) (𝑧 = 𝑧𝑖 for all 𝑖 = 1, . . . , 𝑛) to obtain an approximation 𝑢𝑗

0,𝜎 that does not depend on
𝑧𝑖 (only on 𝑧). We do this in order to obtain a finite volume scheme for the solvent that does not directly
depend on the ion species (this is done below). With this we can define

𝑢𝑗
𝑖,𝜎 :=

⎧⎪⎨⎪⎩
𝑢𝑗

𝑖,𝐾 if 𝜎 ⊂ Γ𝑁

ℳ𝜎𝑢𝐷
𝑖 if 𝜎 ⊂ Γ𝐷

1
4

(︁
𝑢𝑗

𝑖,𝐾 + 𝑢𝑗
𝑖,𝐿

)︁(︁
B(𝑧(Φ𝑗

𝐿 − Φ𝑗
𝐾)) + B(𝑧(Φ𝑗

𝐾 − Φ𝑗
𝐿))
)︁

if 𝜎 = 𝐾 ∩ 𝐿

for 𝑖 = 0, . . . , 𝑛

with B ∈ 𝐶1(R) strictly positive with B(0) = 1 and B′(0) = − 1
2 (to obtain the Scharfetter-Gummel

scheme one uses B(𝑦) = 𝑦
𝑒𝑦−1 and for the SQRA scheme one uses B(𝑦) = 𝑒−

𝑦
2 ) and

(𝑢0𝑢𝑖)𝑗
𝜎 :=

⎧⎪⎪⎨⎪⎪⎩
𝑢𝑗

𝑖,𝐾𝑢𝑗
0,𝐾 if 𝜎 ∈ Γ𝑁

1
4

(︁
𝑢𝑗

𝑖,𝐾ℳ𝜎𝑢𝐷
0 + 𝑢𝑗

0,𝐾ℳ𝜎𝑢𝐷
𝑖

)︁
B(𝑧(ℳ𝜎Φ𝐷−Φ𝑗

𝐾))−B(𝑧(Φ𝑗
𝐾−ℳ𝜎Φ𝐷))

𝑧(Φ𝑗
𝐾−ℳ𝜎Φ𝐷)

if 𝜎 ⊂ Γ𝐷

1
4

(︁
𝑢𝑗

𝑖,𝐾𝑢𝑗
0,𝐿 + 𝑢𝑗

𝑖,𝐿𝑢𝑗
0,𝐾

)︁
B(𝑧(Φ𝑗

𝐿−Φ𝑗
𝐾))−B(𝑧(Φ𝑗

𝐾−Φ𝑗
𝐿))

𝑧(Φ𝑗
𝐾−Φ𝑗

𝐿)
if 𝜎 = 𝐾 ∩ 𝐿.

With the finite volume schemes for the ion concentrations at hand, we now turn our attention to the solvent
concentration. For the reconstruction of the solvent concentration we need an equation that is independent of
the ion species and determines the solvent concentration. In essence, we need a numerical equivalent of equation
(6). Indeed, summing (11) over 𝑖 yields

|𝐾|
𝑢𝑗

0,𝐾 − 𝑢𝑗−1
0,𝐾

𝜏𝑗
−
∑︁

𝜎∈ℰ𝐾

𝐹𝐾
𝜎 (𝑢𝑗

0)

(︃
𝑢𝑗

0,𝜎 +
𝑛∑︁

𝑖=1

𝑢𝑗
𝑖,𝜎

)︃
+ 𝛽𝐹𝐾

𝜎 (Φ𝑗)

(︃
𝑛∑︁

𝑖=1

𝑧𝑖(𝑢0𝑢𝑖)𝑗
𝜎

)︃
= 0. (15)

We write 𝑢𝑖,ℎ for the piecewise constant functions on Ω given by 𝑢𝑖,ℎ(𝑥) = 𝑢𝑖,𝐾 for all 𝑥 ∈ 𝐾 and 𝑖 = 0, . . . , 𝑛.
Similarly, we define Φℎ by Φℎ(𝑥) = Φ𝐾 for all 𝑥 ∈ 𝐾.
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Remark 3.2. If the mesh 𝒯 does not satisfy the orthogonality criterion, one can use the flux defined in
[15] and get a similar scheme. What is crucial for our reconstruction to work is conservation of mass, i.e.
𝐹 𝑗

𝜎,𝐾(𝑓) = −𝐹 𝑗
𝜎,𝐿(𝑓) for 𝜎 = 𝜕𝐾 ∩ 𝜕𝐿, and this is also satisfied for the fluxes used in [15,40,41].

3.2. Morley type reconstruction

We reconstruct the finite volume solution (𝑢0,ℎ, . . . , 𝑢ℎ,𝑛, Φℎ) defined in (11)–(13). We present here only the
case 𝑑 = 2. The case 𝑑 = 3 works similarly on tetrahedral meshes. For the spacial reconstruction we use a Morley
type reconstruction similar to [40, 41]. For every time step, we first interpolate the finite volume solution with
continuous piecewise linear functions. After that the integral of the outward normal derivative of the interpolant
is adjusted on every edge to fit the numerical diffusive flux.

In [40] similar reconstructions are applied to the Poisson equation and in [41] to more general elliptic equations.
The main difference to [41] is that we do not fix averages along edges in the reconstruction process. First, we
reconstruct the solvent concentration 𝑢0,ℎ and the electric potential Φℎ, since they solve equations independent
of the ion species or at least only the right hand side of (14) depends on the ion species. We use the following
polynomial space on 𝐾 ∈ 𝒯

𝑃𝐾 = {𝑞 + 𝑝𝑏𝐾 : 𝑞 ∈ P1(𝐾), 𝑝 ∈ P1(𝐾)}.

For the solvent concentration and electric potential we use the degrees of freedom

Σ𝐾,0 = {𝑣(𝑎𝐾
𝑖 )}𝑖=1,2,3 ∪

{︂∫︁
𝜎

𝜕𝑣

𝜕𝑛𝐾,𝜎
d𝑆

}︂
𝜎∈ℰ𝐾

on every element 𝐾 ∈ 𝒯 . We define the Morley finite element space for the reconstructions of the 𝑢𝑗
0 and Φ𝑗 by

𝑉 0
ℎ =

{︂
𝑣ℎ ∈ 𝐻1

𝐷(Ω) : 𝑣ℎ|𝐾 ∈ 𝑃𝐾 ∀𝐾 ∈ 𝒯 ,∫︁
𝜎

𝜕𝑣ℎ|𝐾
𝜕𝑛𝐾,𝜎

d𝑆 = −
∫︁

𝜎

𝜕𝑣ℎ|𝐿
𝜕𝑛𝐿,𝜎

d𝑆 ∀𝜎 ∈ ℰ , 𝐾, 𝐿 ∈ 𝒯 : 𝜎 = 𝐾 ∩ 𝐿,∫︁
𝜎

𝜕𝑣ℎ|𝐾
𝜕𝑛𝐾,𝜎

d𝑆 = 0 ∀𝐾 ∈ 𝒯 : 𝜎 ∈ ℰ𝑁 ∩ ℰ𝐾

}︂
with the above notation at hand we can define the Morley type reconstruction for the solvent concentration and
electric potential. To set the values of the reconstruction at the corners 𝑎𝐾

𝑖 (𝑖 = 1, . . . , 3) of an element 𝐾 ∈ 𝒯
we use the weights 𝑤𝐿(𝑎𝐾

𝑖 ) for each 𝐿 ∈ 𝒯 such that 𝑎𝐾
𝑖 ∈ 𝐾 ∩ 𝐿. Following Section 3.3 in [15] the weights

are obtained by minimizing a quadratic function. The important property of these weights for the following
considerations is that they satisfy

𝑝(𝑎𝐾
𝑖 ) =

∑︁
𝐿∈𝒯 :𝑎𝐾

𝑖 ∈𝐿

𝑤𝐿(𝑎𝐾
𝑖 )𝑝(𝑥𝐾)

for every affine linear function 𝑝.

Definition 3.3. Let the weights 𝑤𝐿(𝑎𝐾
𝑖 ) (𝑖 = 1, . . . , 3 and 𝐾, 𝐿 ∈ 𝒯 with 𝑎𝐾

𝑖 ∈ 𝐾 ∩ 𝐿) be given according to
Section 3.3 in [15].

(i) For a finite volume solution 𝑢𝑗
0 of (11)–(13) we define its Morley type reconstruction ̂︁𝑢0

𝑗 as the unique
element ̂︁𝑢0

𝑗 ∈ 𝑉 0
ℎ satisfying

̂︁𝑢0
𝑗(𝑎𝐾

𝑖 ) =
∑︁

𝐿∈𝒯 :𝑎𝐾
𝑖 ∈𝐿

𝑤𝐿(𝑎𝐾
𝑖 )𝑢𝑗

0(𝐿) ∀𝐾 ∈ 𝒯 , 𝑖 ∈ {1, 2, 3}
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𝜎

𝜕̂︁𝑢0
𝑗 |𝐾

𝜕𝑛𝐾,𝜎
d𝑆 = 𝐹𝐾

𝜎 (𝑢𝑗
0)

(︃
𝑢𝑗

0,𝜎 +
𝑛∑︁

𝑖=1

𝑢𝑗
𝑖,𝜎

)︃
∀𝐾 ∈ 𝒯 , 𝜎 ∈ ℰ𝐾 .

(ii) For a finite volume solution Φ𝑗 of (11)–(13) we define its Morley type reconstruction ̂︀Φ𝑗 as the unique
element ̂︀Φ𝑗 ∈ 𝑉 0

ℎ satisfying

̂︀Φ𝑗(𝑎𝐾
𝑖 ) =

∑︁
𝐿∈𝒯 :𝑎𝐾

𝑖 ∈𝐿

𝑤𝐿(𝑎𝐾
𝑖 )Φ𝑗(𝐿) ∀𝐾 ∈ 𝒯 , 𝑖 ∈ {1, 2, 3}

∫︁
𝜎

𝜕̂︀Φ𝑗 |𝐾
𝜕𝑛𝐾,𝜎

d𝑆 = 𝐹𝐾
𝜎 (Φ𝑗) ∀𝐾 ∈ 𝒯 , 𝜎 ∈ ℰ𝐾 .

Remark 3.4. (i) The Morley type reconstruction for the solvent concentration is different from that presented
in [40] and [41]. In [40] the 𝐶0 reconstruction on triangles uses the polynomial base 𝑞 + 𝑝𝑏𝐾 for 𝑞 ∈ P2(𝐾)
instead of P1(𝐾) and use {𝑝(𝑚𝑖)}𝑖=1,2,3 (with 𝑚𝑖 the edge-midpoints of the triangle 𝐾) in addition to
the degrees of freedom used here. For simplicity, we stick to the reconstruction presented in Definition 3.3,
since it uses less degrees of freedom and fulfills our needs.

(ii) In the definition of ̂︁𝑢0
𝑗 we used 𝐹𝐾

𝜎 (𝑢𝑗
0)
(︁
𝑢𝑗

0,𝜎 +
∑︀𝑛

𝑖=1 𝑢𝑗
𝑖,𝜎

)︁
instead of 𝐹𝐾

𝜎 (𝑢𝑗
0) for the integral of the normal

derivatives. In the proof of Theorem 4.6 and Proposition 4.2, we need that the integral of the normal
derivatives is given by the numerical fluxes used in the finite volume scheme to derive the orthogonality
condition (25). Recall that

(︁
𝑢𝑗

0,𝜎 +
∑︀𝑛

𝑖=1 𝑢𝑗
𝑖,𝜎

)︁
≈ 1.

For the other species 𝑢𝑖 (𝑖 = 1, . . . , 𝑛) we also use the polynomial space 𝑃𝐾 , but with degrees of freedom

Σ𝑗
𝐾 = {𝑣(𝑎𝐾

𝑖 )}𝑖=1,2,3 ∪
{︂∫︁

𝜎

̂︁𝑢0
𝑗 𝜕𝑣

𝜕𝑛𝐾,𝜎
d𝑆

}︂
𝜎∈ℰ𝜎

on every triangle and time step 𝑗 = 0, . . . , 𝐽 . We now prove that (𝐾, 𝑃𝐾 , Σ𝑗
𝐾) defines a finite element for every

𝐾 ∈ 𝒯 . The proof is similar to Lemma 4.1 in [41,42].

Proposition 3.5. If ̂︁𝑢0
𝑗

> 0 on 𝐾, then the triple (𝐾, 𝑃𝐾 , Σ𝑗
𝐾) is a 𝐶0-finite element.

Proof. Since dim 𝑃𝐾 = 6 = card Σ𝐾 it suffices to show that if 𝑤 = 𝑞 + 𝑝𝑏𝐾 ∈ 𝑃𝐾

𝜆(𝑤) = 0 ∀𝜆 ∈ Σ𝑗
𝐾

implies 𝑤 = 0. The condition 0 = 𝑤(𝑎𝐾
𝑖 ) = 𝑞(𝑎𝐾

𝑖 ) + 𝑝(𝑎𝐾
𝑖 )𝑏𝐾(𝑎𝐾

𝑖 ) = 𝑞(𝑎𝐾
𝑖 ) and 𝑞 ∈ P1(𝐾) implies 𝑞 = 0.

Let 𝜎 ∈ ℰ𝐾 be an arbritrary edge of 𝐾. Since the zero-set of 𝑏𝜎 is a subset of the zero-set of 𝑏𝐾 we can factor
out 𝑏𝜎

𝑏𝐾 = 𝑏𝜎𝜆𝜎,

with 𝜆𝜎 ̸= 0 in the interior of 𝜎. The properties of 𝑏𝜎 imply that 𝜕𝑏𝜎

𝜕𝑛𝜎,𝐾
< 0 on the interior of 𝜎. For every edge

𝜎 ∈ ℰ𝐾 holds

0 =
∫︁

𝜎

̂︁𝑢0
𝑗 𝜕𝑤

𝜕𝑛𝜎,𝐾
d𝑆 =

∫︁
𝜎

̂︁𝑢0
𝑗 𝜕(𝑝𝑏𝐾)

𝜕𝑛𝜎,𝐾
d𝑆 =

∫︁
𝜎

̂︁𝑢0
𝑗
𝑝𝜆𝜎

𝜕𝑏𝜎

𝜕𝑛𝜎,𝐾
d𝑆.

Thus, ̂︁𝑢0
𝑗
𝑝 has a root on the interior of every edge 𝜎 ∈ ℰ𝐾 . Since ̂︁𝑢0

𝑗
> 0, we conclude, that 𝑝 ∈ P1(𝐾) has a

root on the interior of every edge 𝜎 ∈ ℰ𝐾 . This implies 𝑝 = 0 and with the above 𝑤 = 0. �
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We define the Morley finite element space for the reconstructions of 𝑢𝑗
𝑖,ℎ by

𝑉𝑗,ℎ =
{︂

𝑣ℎ ∈ 𝐻1
𝐷(Ω) : 𝑣ℎ|𝐾 ∈ 𝑃𝐾 ∀𝐾 ∈ 𝒯 ,∫︁

𝜎

̂︁𝑢0
𝑗 𝜕𝑣ℎ|𝐾

𝜕𝑛𝜎
d𝑆 =

∫︁
𝜎

̂︁𝑢0
𝑗 𝜕𝑣ℎ|𝐿

𝜕𝑛𝜎
d𝑆 ∀𝜎 ∈ ℰ , 𝐾, 𝐿 ∈ 𝒯 : 𝜎 = 𝐾 ∩ 𝐿,∫︁

𝜎

̂︁𝑢0
𝑗 𝜕𝑣ℎ|𝐾

𝜕𝑛𝜎
d𝑆 = 0 ∀𝜎 ∈ ℰ𝑁 ∩ ℰ𝐾

}︂
.

Definition 3.6. The Morley type reconstruction ̂︀𝑢𝑖
𝑗 for the species 𝑢𝑗

𝑖 at time 𝑗 is the unique element ̂︀𝑢𝑖
𝑗 ∈ 𝑉𝑗,ℎ

satisfying

̂︀𝑢𝑖
𝑗(𝑎𝐾

𝑖 ) =
∑︁

𝐿∈𝒯 :𝑎𝐾
𝑖 ∈𝐿

𝑤𝐿(𝑎𝐾
𝑖 )𝑢𝑗

𝑖,𝐿 ∀𝐾 ∈ 𝒯 , 𝑖 ∈ {1, 2, 3}

∫︁
𝜎

̂︁𝑢0
𝑗 𝜕 ̂︀𝑢𝑖

𝑗 |𝐾
𝜕𝑛𝐾,𝜎

d𝑆 = 𝑢𝑗
0,𝜎𝐹𝐾

𝜎 (𝑢𝑗
𝑖 ) ∀𝐾 ∈ 𝒯 , 𝜎 ∈ ℰ𝐾 ,

where we again use the weights 𝑤𝐿(𝑎𝐾
𝑖 ) chosen according to [15].

Remark 3.7. Nicaise [41] uses terms of the form 𝛼𝜎𝑏𝜎𝑏𝐾 (𝛼𝜎 ∈ R for every edge 𝜎 ∈ ℰ𝐾) to add degrees of
freedom corresponding to the convective fluxes. In our experiments, the convection term 𝑢𝑗

𝑖,𝜎𝐹𝐾
𝜎 (𝑢𝑗

0) is large
compared to 𝑢𝑗

𝑖 so that the coefficient 𝛼𝜎 becomes large and introduces artificial bumps of the form 𝑏𝜎𝑏𝐾 in the
middle of the triangle 𝐾. This yields convergence rates of order 1

2 rather than linear convergence.

For the reconstruction in time we use a linear interpolation between the time steps. Namely, we denote the
space-time reconstruction by

̂︀𝑢𝑖(𝑡) :=
𝑡− 𝑡𝑗−1

𝜏𝑗
̂︀𝑢𝑖

𝑗 +
𝑡𝑗 − 𝑡

𝜏𝑗
̂︀𝑢𝑖

𝑗−1 for 𝑖 = 0, . . . , 𝑛,

for 𝑡 ∈ [𝑡𝑗−1, 𝑡𝑗 ]. We use a linear reconstruction in time, since it is easy and is sufficient for our needs.

4. Error estimates for the diffusion equation

The solvent concentration in the reduced model (7) solves the diffusion equation. In Theorem 5.3, we derive
a bound of the difference 𝑢𝑖 − 𝑣𝑖 that requires bounds for ‖𝑢0 − 𝑣0‖𝐿∞([0,𝑇 ]×Ω) and ‖∇(𝑢0 − 𝑣0)‖𝐿2([0,𝑇 ]×Ω). In
this section, we derive such bounds if 𝑢0 is given by the reconstruction of the finite volume solution given in
Section 3 and use them in Section 6.2 to derive the a posteriori error estimate for the reduced model. Following
a similar strategy as in [33] and [18], we first derive the 𝐿∞ bound with the help of Green’s function for the
Poisson equation on Ω. The proof presented below uses a uniform with respect to the second argument bound
on the 𝑊 1,𝑝 norm of Green’s function on Ω for some 𝑝* ∈

[︁
1, 𝑑

𝑑−1

)︁
(see Condition 1.2 (C6)). For the 𝐿2 bound

of the gradient of 𝑢0−𝑣0 we use the stability estimate from Proposition 4.5 of [3]. The residual is then estimated
by the properties of the reconstruction similar to [40,41].

4.1. 𝐿∞ norm estimates for the diffusion equation

We look at the classical diffusion or heat equation with Dirichlet and Neumann boundary conditions

𝜕𝑡𝑣 = ∆𝑣 on Ω× [0, 𝑇 ]

𝑣 = 𝑣𝐷 on Γ𝐷 × [0, 𝑇 ]
∇𝑣 · 𝑛 = 0 on Γ𝑁 × [0, 𝑇 ]

(16)



A POSTERIORI ERROR CONTROL FOR A CROSS-DIFFUSION MODEL 923

with Ω, Γ𝐷 and Γ𝑁 as in Conditions 1.2 (C1), (C7) and initial and boundary conditions satisfying Condi-
tions (C2), (C3) and (C6). More on these conditions in Remark 4.1. To show an upper error bound in the
maximum norm for the reconstruction of the finite volume solution we follow the approach of [16, 18, 33]. To
pursue this approach, we split the error 𝑒 := 𝑣0 −̂︁𝑢0 into an elliptic part 𝜀 := 𝑤 −̂︁𝑢0 and a parabolic part
𝜌 := 𝑣0 − 𝑤, where 𝑤 is a suitable elliptic reconstruction defined later, see (17) below. This splitting allows us
to use pointwise a posteriori error estimates for the Poisson equation to estimate the elliptic error 𝜀 at every
time step and the maximum principle to bound the parabolic error 𝜌. Combining those two estimates yields the
maximum-norm a posteriori error estimate.

We define the elliptic reconstruction 𝑤𝑗 for time step 𝑗 as the solution of∫︁
Ω

∇𝑤𝑗 · ∇𝑓 d𝑥 =
∫︁

Ω

−𝐴𝑗𝑓 d𝑥 ∀𝑓 ∈ 𝐻1
𝐷(Ω) (17)

with

𝐴𝑗 :=

{︃
∆ℎ𝑢0

0,ℎ if 𝑗 = 0
𝑢𝑗

0−𝑢𝑗−1
0

𝜏𝑗
if 𝑗 > 0

(18)

and boundary conditions

∇𝑤𝑗 · 𝑛 = 0 on Γ𝑁 (19)

𝑤𝑗 = 𝑢𝐷 on Γ𝐷. (20)

In (18), we use the discrete Laplacian defined by

−∆ℎ𝑢0
0,ℎ|𝐾 =

1
|𝐾|

∑︁
𝜎∈ℰ𝐾

(︃
𝑢𝑗

0,𝜎 +
𝑛∑︁

𝑖=1

𝑢𝑗
𝑖,𝜎

)︃
𝐹𝐾

𝜎 (𝑢0
0) ∀𝐾 ∈ 𝒯 .

The reason for this is that we cannot use ∆̂︁𝑢0
0 for 𝑤0, since ∆̂︁𝑢0

0
/∈ 𝐿2(Ω) and we need −𝐴0 ∈ 𝐿2(Ω) in

Lemma 4.4. Condition 1.2 (C6) and (C7) then guarantee that the elliptic reconstruction 𝑤0 ∈ 𝐻2(Ω) (see
Rem. 4.1). We observe that 𝑢𝑗

0 is a finite volume solution to the Poisson equation with right hand side 𝐴𝑗 and
homogeneous Neumann boundary conditions on Γ𝑁 and Dirichlet boundary conditions given by 𝑢𝐷 on Γ𝐷,
while (17) and (19) imply that 𝑤𝑗 is the exact solution to that problem.

To obtain the estimate for the elliptic part 𝜀 we need Green’s function for the Laplacian 𝐺 in the domain Ω
satisfying

−∆𝑥𝐺(𝑥; 𝑦) = 𝛿(𝑦 − 𝑥) ∀𝑥, 𝑦 ∈ Ω,

with boundary conditions

∇𝐺 · 𝑛 = 0 on Γ𝑁

𝐺 = 0 on Γ𝐷.

Recall that 𝑞 > 𝑑 implies that 𝑊 1,𝑞(Ω) embeds into 𝐶0(Ω). Then Green’s identity implies

𝑓(𝑦) =
∫︁

Ω

∇𝐺(𝑥; 𝑦) · ∇𝑓(𝑥) d𝑥 ∀𝑓 ∈ 𝐻1
𝐷(Ω) ∩𝑊 1,𝑞(Ω). (21)

We use (21) to represent the elliptic error 𝜀 pointwise at every time step. Using this representation we bound
the right hand side uniformly in 𝑥 ∈ Ω to obtain an estimate for 𝜀 in the 𝐿∞-norm. Since 𝜀 is piecewise linear
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in time, we obtain an upper bound for max𝑡∈[0,𝑇 ]‖𝜀(𝑡)‖𝐿∞ by using max𝑗=0,...,𝐽‖𝜀(𝑡𝑗)‖𝐿∞ and the a posteriori
error for every time step.

To bound the parabolic error 𝜌, we observe that 𝜌 solves the diffusion equation

𝜕𝑡𝜌−∆𝜌 = 𝑅(𝑡)− 𝜕𝑡𝜀 (22)

with the temporal residual 𝑅(𝑡) := −ℓ𝑗−1𝐴
𝑗−1 − ℓ𝑗𝐴

𝑗 − ̂︁𝑢0
𝑗−̂︁𝑢0

𝑗−1

𝜏𝑗
for 𝑡 ∈ [𝑡𝑗−1, 𝑡𝑗 ]. Therefore, we can use

Duhamel’s principle and the maximum principle to bound 𝜌.
We will proceed as follows: First, we bound 𝜀 pointwise using the properties of the Morley type reconstruction

and Green’s function at each time level 𝑡𝑗 . We can represent the elliptic error at time 𝑡𝑗 by (21) and obtain
a pointwise bound by estimating the right hand side. After that, we use the 𝐿∞-contractivity of the heat
semigroup on Ω with homogeneous Neumann and Dirichlet boundary conditions to bound ‖𝜌‖𝐿∞([0,𝑇 ]×Ω). For
this we also use the elliptic error estimate that was derived in the first step. Combining the error estimates for⃦⃦
𝜀𝑗
⃦⃦

𝐿∞([0,𝑇 ]×Ω)
and ‖𝜌‖𝐿∞([0,𝑇 ]×Ω), we obtain the error estimate for ‖𝑒‖𝐿∞([0,𝑇 ]×Ω).

Remark 4.1. Condition 1.2 (C6) and (C7) guarantees that the elliptic reconstruction satisfies 𝑤𝑗 ∈ 𝑊 1,𝑞(Ω)
with 1

𝑞 + 1
𝑝* = 1. Indeed, the elliptic reconstruction 𝑤𝑗 can be decomposed 𝑤𝑗 = 𝑤̃𝑗 + 𝑢𝐷 with 𝑤̃𝑗 ∈ 𝐻1

𝐷(Ω).
Using (17) we can write

𝑤𝑗(𝑦) =
∫︁

Ω

𝐺(𝑥; 𝑦)𝐴𝑗(𝑥) d𝑥 + 𝑢𝐷(𝑦).

Since 𝐴𝑗 ∈ 𝐿∞(Ω), we get that 𝑤𝑗 ∈ 𝑊 1,𝑞(Ω).

We first prove a bound for the elliptic error 𝜀 for every time step. The next proposition establishes a quasi-
orthogonality property for 𝜀 to piecewiese constant functions similar to Lemma 5.3 in [40]. Since we cannot use
piecewiese constant functions as test functions in the weak formulation of the Poisson problem, the error cannot
be orthogonal to those functions. The proposition below is central to the following considerations.

Proposition 4.2. Let 1 ≤ 𝑝 ≤ 𝑝*. The elliptic error 𝜀𝑗 := 𝑤𝑗 −̂︁𝑢0
𝑗 at time step 𝑗 satisfies∫︁

Ω

∇(𝑤𝑗 −̂︁𝑢0
𝑗) · ∇𝑓 d𝑥 =

∑︁
𝐾∈𝒯

(︂∫︁
𝐾

(−𝐴𝑗 −∆̂︁𝑢0
𝑗)(𝑓 −ℳ𝐾𝑓) d𝑥

− 1
2

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

∫︁
𝜎

r
∇̂︁𝑢0

𝑗
z

(𝑓 −ℳ𝐾𝑓) d𝑆

⎞⎠ ∀𝑓 ∈ 𝑊 1,𝑝
𝐷 (Ω)

Proof. Let 𝑓 ∈ 𝑊 1,𝑝
𝐷 (Ω). Similar to Lemma 5.3 in [40], we conclude using the definition of the reconstruction

(see Def. 3.3)∫︁
𝐾

∆̂︁𝑢0
𝑗 d𝑥 =

∑︁
𝜎∈ℰ𝐾

∫︁
𝜎

∇̂︁𝑢0
𝑗 · 𝑛𝐾,𝜎 d𝑆 =

∑︁
𝜎∈ℰ𝐾

(︃
𝑢𝑗

0,𝜎 +
𝑛∑︁

𝑖=1

𝑢𝑗
𝑖,𝜎

)︃
𝐹𝐾

𝜎 (𝑢𝑗
0) =

∫︁
𝐾

−𝐴𝑗 d𝑥 (23)

for every 𝐾 ∈ 𝒯 . Using (17) and integration by parts on each 𝐾 ∈ 𝒯 yields∫︁
Ω

∇(𝑤𝑗 −̂︁𝑢0
𝑗) · ∇𝑓 d𝑥 =

∫︁
Ω

𝐴𝑗𝑓 d𝑥−
∑︁
𝐾∈𝒯

∫︁
𝐾

∇̂︁𝑢0
𝑗 · ∇𝑓 d𝑥

=
∫︁

Ω

𝐴𝑗𝑓 d𝑥 +
∑︁
𝐾∈𝒯

∫︁
𝐾

(∆̂︁𝑢0
𝑗)𝑓 d𝑥 +

∑︁
𝜎∈ℰ𝐾

∫︁
𝜎

∇̂︁𝑢0
𝑗 · 𝑛𝐾,𝜎𝑓 d𝑥

(24)
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with (23) and (24) we derive∫︁
Ω

∇(𝑤𝑗 −̂︁𝑢0
𝑗) · ∇𝑓 d𝑥 =

∑︁
𝐾∈𝒯

∫︁
𝐾

(−𝐴𝑗 −∆̂︁𝑢0
𝑗)(𝑓 −ℳ𝐾𝑓) d𝑥− 1

2

∑︁
𝐾∈𝒯

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

∫︁
𝜎

r
∇̂︁𝑢0

𝑗
z
𝑓 d𝑠 (25)

Due to the conservation property of the numerical flux, i.e.∫︁
𝜎

∇̂︁𝑢0
𝑗 · 𝑛𝐾,𝜎 d𝑆 = 𝐹𝐾

𝜎 (𝑢𝑗
0) = −𝐹𝐿

𝜎 (𝑢𝑗
0) = −

∫︁
𝜎

∇̂︁𝑢0
𝑗 · 𝑛𝐿,𝜎 d𝑆

for 𝜎 = 𝐾 ∩ 𝐿, we get∫︁
Ω

∇(𝑤𝑗 −̂︁𝑢0
𝑗) · ∇𝑓 d𝑥 =

∑︁
𝐾∈𝒯

∫︁
𝐾

(−𝐴𝑗 −∆̂︁𝑢0
𝑗)(𝑓 −ℳ𝐾𝑓) d𝑥

− 1
2

∑︁
𝐾∈𝒯

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

∫︁
𝜎

r
∇̂︁𝑢0

𝑗
z

(𝑓 −ℳ𝐾𝑓) d𝑆.

�

We can now estimate the elliptic error in the maximum norm for every time step. For this we use Proposition
4.2 with 𝑓 = 𝐺 and Theorem 2.3 to estimate the jump terms.

Lemma 4.3. If Condition 1.2 (C1)–(C3), (C6) and (C7) are satisfied with 𝑝*, then the elliptic error 𝜀𝑗 at time
𝑡𝑗 can be bounded by ⃦⃦

𝜀𝑗
⃦⃦

𝐿∞
≤ 𝜂𝑗

𝑆,𝑞𝐶Green,𝑝

with 1
𝑝* + 1

𝑞 = 1 and

𝜂𝑗
𝑆,𝑞 :=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
2

1
𝑝*

⎛⎝∑︁
𝐾∈𝒯

⎛⎝𝐶𝑞
𝑃,𝑝*ℎ

𝑞
𝐾

⃦⃦⃦
𝐴𝑗 + ∆̂︁𝑢0

𝑗
⃦⃦⃦𝑞

𝐿𝑞(𝐾)
+

𝐶𝑞
app,𝑝*𝑁

𝑞−1
𝜕

2𝑞
ℎ𝐾

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦⃦
J∇̂︁𝑢0

𝑗K
⃦⃦⃦𝑞

𝐿𝑞(𝜎)

⎞⎠⎞⎠ 1
𝑞

for 𝑞 < ∞

max
𝐾∈𝒯

⎛⎝𝐶𝑃,1ℎ𝐾

⃦⃦⃦
𝐴𝑗 + ∆̂︁𝑢0

𝑗
⃦⃦⃦

𝐿∞(𝐾)
+

𝐶app,1

2

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦⃦
J∇̂︁𝑢0

𝑗K
⃦⃦⃦

𝐿∞(𝜎)

⎞⎠ for 𝑞 = ∞.

Proof. Using (21) and Proposition 4.2 yields

(𝑤𝑗 −̂︁𝑢0
𝑗)(𝑦) =

∫︁
Ω

∇(𝑤𝑗 −̂︁𝑢0
𝑗) · ∇𝐺(·; 𝑦) d𝑥

=
∑︁
𝐾∈𝒯

∫︁
𝐾

(−𝐴𝑗 −∆̂︁𝑢0
𝑗)(𝐺−ℳ𝐾𝐺) d𝑥− 1

2

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

∫︁
𝜎

r
∇̂︁𝑢0

𝑗
z

(𝐺−ℳ𝐾𝐺) d𝑆

≤
∑︁
𝐾∈𝒯

⃦⃦⃦
−𝐴𝑗 −∆̂︁𝑢0

𝑗
⃦⃦⃦

𝐿𝑞(𝐾)
‖𝐺−ℳ𝐾𝐺‖𝐿𝑝* (𝐾) +

1
2

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦⃦r
∇̂︁𝑢0

𝑗
z⃦⃦⃦

𝐿𝑞(𝜎)
‖𝐺−ℳ𝐾𝐺‖𝐿𝑝* (𝜎).
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Using Theorem 2.4 and the Cauchy–Schwarz inequality we can estimate
∫︁

Ω

∇(𝑤𝑗 −̂︁𝑢0
𝑗) · ∇𝐺 d𝑥 ≤

∑︁

𝐾∈𝒯

⃦⃦
⃦−𝐴𝑗 −Δ̂︁𝑢0

𝑗
⃦⃦
⃦

𝐿𝑞(𝐾)
𝐶𝑃,𝑝*ℎ𝐾‖∇𝐺‖𝐿𝑝* (𝐾)

+
1

2

∑︁

𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦
⃦
r
∇̂︁𝑢0

𝑗
z⃦⃦
⃦

𝐿𝑞(𝜎)
𝐶app,𝑝*ℎ

1− 1
𝑝*

𝐾 ‖∇𝐺‖𝐿𝑝* (𝐾)

≤ 2
1

𝑝*

⎛

⎝
∑︁

𝐾∈𝒯

⎛

⎝𝐶𝑞
𝑃,𝑝*ℎ

𝑞
𝐾

⃦⃦
⃦𝐴𝑗 + Δ̂︁𝑢0

𝑗
⃦⃦
⃦

𝑞

𝐿𝑞(𝐾)
+

𝐶𝑞
app,𝑝*𝑁

𝑞−1
𝜕

2𝑞
ℎ𝐾

∑︁

𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦
⃦J∇̂︁𝑢0

𝑗K
⃦⃦
⃦

𝑞

𝐿𝑞(𝜎)

⎞

⎠

⎞

⎠

1
𝑞

×

(︃
∑︁

𝐾∈𝒯

‖∇𝐺‖𝑝*

𝐿𝑝* (𝐾)

)︃ 1
𝑝*

≤ 𝜂𝑗
𝑆,𝑞‖∇𝐺‖𝐿𝑝* (Ω).

We used that
(︂∑︀

𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦⃦
J∇̂︁𝑢0

𝑗K
⃦⃦⃦

𝐿𝑞(𝜎)

)︂𝑞

≤ 𝑁𝑞−1
𝜕

∑︀
𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦⃦
J∇̂︁𝑢0

𝑗K
⃦⃦⃦𝑞

𝐿𝑞(𝜎)
. Where 𝑁𝜕 = max𝐾∈𝒯 #ℰ𝐾 , see

Definition 2.1. The proof for 𝑞 = ∞ is completely analogous. �

We now study the parabolic error 𝜌. For this we need the heat semigroup on Ω with homogeneous Neumann
and Dirichlet conditions on Γ𝑁 and Γ𝐷 respectively, denoted by

(︀
𝑒𝑡Δ
)︀
𝑡≥0

. Furthermore, we note that in Chapter
4 of [44] it is proved that ⃦⃦

𝑒𝑡Δ𝑓
⃦⃦

𝐿∞(Ω)
≤ ‖𝑓‖𝐿∞(Ω)

for every 𝑓 ∈ 𝐿∞(Ω) and 𝑡 > 0. Notice, that since 𝑤 and 𝑣0 satisfy the boundary conditions exactly, we only
need to consider homogeneous Dirichlet and Neumann boundary conditions. Further, we define the temporal
residual

𝑅(𝑡, ·) = −ℓ𝑗−1(𝑡)𝐴𝑗−1 − ℓ𝑗(𝑡)𝐴𝑗 − ̂︁𝑢0
𝑗 −̂︁𝑢0

𝑗−1

𝜏
𝑡 ∈ [𝑡𝑗−1, 𝑡𝑗 ]

with ℓ𝑗−1(𝑡) := 𝑡𝑗−𝑡
𝜏𝑗

and ℓ𝑗(𝑡) := 𝑡𝑗−1+𝑡
𝜏𝑗

.

Lemma 4.4. If Condition 1.2 (C1)–(C3), (C6) and (C7) are satisfied, then the parabolic error 𝜌 := 𝑣0 − 𝑤
satisfies for 𝑡 ∈ (𝑡𝑗−1, 𝑡𝑗) and 𝑗 = 1, . . . , 𝐽

‖𝜌(𝑡, ·)‖𝐿∞(Ω) ≤ ‖𝜌(𝑡𝑗−1, ·)‖𝐿∞(Ω) + 𝜂𝑗
𝑇,∞ + 𝜏𝑗 𝜂̇

𝑗
𝑆,𝑞𝐶Green,𝑝*

with 1
𝑝* + 1

𝑞 = 1 and

𝜂𝑗
𝑇,∞ :=

∫︁ 𝑡𝑗

𝑡𝑗−1

‖𝑅(𝑡, ·)‖𝐿∞(Ω) d𝑡 =
∫︁ 𝑡𝑗

𝑡𝑗−1

⃦⃦⃦⃦
⃦−ℓ𝑗−1𝐴

𝑗−1 − ℓ𝑗𝐴
𝑗 − ̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗−1

𝜏𝑗

⃦⃦⃦⃦
⃦

𝐿∞(Ω)

d𝑡

𝜂̇𝑗
𝑆,𝑞 := 𝜏−1

𝑗 2
1

𝑝*

(︃∑︁
𝐾∈𝒯

(︂
𝐶𝑞

𝑃,𝑝*ℎ
𝑞
𝐾

⃦⃦⃦
𝐴𝑗 −𝐴𝑗−1 + ∆(̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗−1)

⃦⃦⃦𝑞

𝐿𝑞(𝐾)

+
𝐶𝑞

app,𝑝*𝑁
𝑞−1
𝜕

2𝑞
ℎ𝐾

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦⃦r
∇(̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗−1)

z⃦⃦⃦𝑞

𝐿𝑞(𝜎)

⎞⎠⎞⎠ 1
𝑞

for 𝑞 < ∞

𝜂̇𝑗
𝑆,∞ := 𝜏−1

𝑗 max
𝐾∈𝒯

(︂
𝐶𝑃,1ℎ𝐾

⃦⃦⃦
𝐴𝑗 −𝐴𝑗−1 + ∆(̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗−1)

⃦⃦⃦
𝐿∞(𝐾)

+
𝐶app,1

2

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦⃦r
∇(̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗−1)

z⃦⃦⃦
𝐿∞(𝜎)

⎞⎠ for 𝑞 = ∞.
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Proof. One can easily verify that

𝜕𝑡𝜌−∆𝜌 = −ℓ𝑗−1𝐴
𝑗−1 − ℓ𝑗𝐴

𝑗 − ̂︁𝑢0
𝑗 −̂︁𝑢0

𝑗−1

𝜏𝑗
− 𝜕𝑡𝜀 = 𝑅(𝑡)− 𝜕𝑡𝜀

for all 𝑡 ∈ (𝑡𝑗−1, 𝑡𝑗). Hence, using Duhamel’s principle and the continuous semigroup 𝑒𝑡Δ, we can express 𝜌 as

𝜌(𝑡) = 𝑒(𝑡−𝑡𝑗)Δ𝜌(𝑡𝑗−1) +
∫︁ 𝑡

𝑡𝑗−1

𝑒(𝑡−𝑠)Δ(𝑅(𝑠)− 𝜕𝑡𝜀(𝑠)) d𝑠.

Using this expression we can bound

‖𝜌(𝑡, ·)‖𝐿∞(Ω) ≤ ‖𝜌(𝑡𝑗−1, ·)‖𝐿∞(Ω) +
∫︁ 𝑡

𝑡𝑗−1

‖𝑅(𝑠, ·)‖𝐿∞(Ω) + ‖𝜕𝑡𝜀(𝑠, ·)‖𝐿∞(Ω) d𝑠

≤ ‖𝜌(𝑡𝑗−1, ·)‖𝐿∞(Ω) + 𝜂𝑗
𝑇 + 𝜏𝑗‖𝜕𝑡𝜀‖𝐿∞([𝑡𝑗−1,𝑡𝑗 ]×Ω).

It only remains to show ‖𝜕𝑡𝜀‖𝐿∞([𝑡𝑗−1,𝑡𝑗 ]×Ω) ≤ 𝜂̇𝑗
𝑆,𝑞. To do this we write

𝜕𝑡𝜀 = 𝜏−1
𝑗 (𝑤𝑗−1 − 𝑤𝑗 −̂︁𝑢0

𝑗−1 +̂︁𝑢0
𝑗)

and use the same arguments as in Lemma 4.3 to arrive at

⟨∇𝜕𝑡𝜀,∇𝐺⟩ ≤ 𝜏−1
𝑗 2

1
𝑝*

(︃∑︁
𝐾∈𝒯

(︂
𝐶𝑞

𝑃,𝑝*ℎ
𝑞
𝐾

⃦⃦⃦
𝐴𝑗 −𝐴𝑗−1 + ∆(̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗−1)

⃦⃦⃦𝑞

𝐿𝑞(𝐾)

+
𝐶𝑞

app,𝑝𝑁
𝑞−1
𝜕

2𝑞
ℎ𝐾

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦⃦r
∇(̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗−1)

z⃦⃦⃦𝑞

𝐿𝑞(𝜎)

⎞⎠⎞⎠ 1
𝑞

‖∇𝐺‖𝐿𝑝* (Ω).

Combining the two estimates finishes the proof. �

Theorem 4.5. If Condition 1.2 (C1)–(C3), (C6) and (C7) are satisfied for some exponent 1 ≤ 𝑝* < 𝑑
𝑑−1 , then

the 𝐿∞(0, 𝑇 ; 𝐿∞(Ω)) norm of 𝑒 := ̂︁𝑢0 − 𝑣0 satisfies

max
𝑡∈[0,𝑇 ]

‖𝑒(𝑡, ·)‖𝐿∞(Ω) ≤ ‖𝑒(0, ·)‖𝐿∞(Ω) +
𝐽∑︁

𝑗=1

𝜂𝑗
𝑇,∞ +

𝐽∑︁
𝑗=1

𝜏𝑗 𝜂̇
𝑗
𝑆,𝑞𝐶Green,𝑝* + max

0≤𝑗≤𝐽
𝜂𝑗

𝑆,𝑞𝐶Green,𝑝*

with 1
𝑝* + 1

𝑞 = 1 and the estimators 𝜂𝑗
𝑇,∞, 𝜂̇𝑗

𝑆,𝑞 defined in Lemma 4.4 and 𝜂𝑗
𝑆,𝑞 defined in Lemma 4.3.

Proof. With Lemmas 4.3 and 4.4 it follows by induction over the time steps 𝑗 = 0, . . . , 𝐽 that

max
𝑡∈[0,𝑇 ]

‖𝑒(𝑡, ·)‖𝐿∞(Ω) ≤ max
𝑡∈[0,𝑇 ]

(︁
‖𝜌(𝑡, ·)‖𝐿∞(Ω) + ‖𝜀(𝑡, ·)‖𝐿∞(Ω)

)︁
≤ max

𝑡∈(𝑡𝐽−1,𝑡𝐽 ]
‖𝜌(𝑡, ·)‖𝐿∞(Ω) + max

𝑡∈[0,𝑡𝐽−1]
‖𝜌(𝑡, ·)‖𝐿∞(Ω) + max

0≤𝑗≤𝐽
‖𝜀(𝑡𝑗 , ·)‖𝐿∞(Ω)

≤ ‖𝜌(𝑡𝐽−1, ·)‖𝐿∞(Ω) + 𝜂𝐽
𝑇,∞ + 𝜏𝐽 𝜂̇𝐽

𝑆𝐶Green,𝑝* + max
𝑡∈[0,𝑡𝑗−1]

‖𝜌(𝑡, ·)‖𝐿∞(Ω) + max
0≤𝑗≤𝐽

‖𝜀𝑗‖𝐿∞(Ω)

≤ ‖𝑒(0, ·)‖𝐿∞(Ω) +
𝐽∑︁

𝑗=1

𝜂𝑗
𝑇,∞ +

𝐽∑︁
𝑗=1

𝜏𝑗 𝜂̇
𝑗
𝑆𝐶Green,𝑝* + max

0≤𝑗≤𝐽
𝜂𝑗

𝑆,𝑞𝐶Green,𝑝*

where we also used

‖𝜌(0, ·)‖𝐿∞(Ω) ≤ ‖𝑒(0, ·)‖𝐿∞(Ω) + ‖𝜀(0, ·)‖𝐿∞(Ω) ≤ ‖𝑒(0, ·)‖𝐿∞(Ω) + 𝜂0
𝑆,𝑞𝐶Green,𝑝* .

�
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4.2. Gradient error bounds

We now derive an upper bound for ‖∇(̂︁𝑢0 − 𝑣0)‖𝐿2([0,𝑇 ]×Ω). For this we use a classical stability framework
for the diffusion equation. The proof is similar to that in Proposition 4.5 of [3]. The bound on 𝑒 then only relies
on the 𝐿2([0, 𝑇 ]; 𝐻1

𝐷(Ω)′) norm of the residual 𝑅0 := −
∑︀𝑛

𝑖=1 𝑅𝑖.

Theorem 4.6. The 𝐿2-norm in space and time of ∇𝑒 = ∇(̂︁𝑢0 − 𝑣0) is bounded as follows

sup
𝑡∈[0,𝑇 ]

‖𝑒(𝑡, ·)‖2Ω +
∫︁ 𝑇

0

‖∇𝑒(𝑡, ·)‖2𝐿2(Ω) d𝑡 ≤ 2‖̂︁𝑢0(0, ·)− 𝑣0(0, ·)‖2𝐿2(Ω)

+
𝐽∑︁

𝑗=0

𝜏𝑗

(︃
𝜂𝑗

𝑆,2 + 𝐶𝐹,2,Γ𝐷

⃦⃦⃦⃦
⃦𝜕𝑡̂︁𝑢0

𝑗 −
𝑢𝑗

0,ℎ − 𝑢𝑗−1
0,ℎ

𝜏𝑗

⃦⃦⃦⃦
⃦

Ω

+
⃦⃦⃦
∇(̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗−1)

⃦⃦⃦
Ω

)︃2

with 𝜂𝑗
𝑆,2 defined in Lemma 4.3.

Proof. We use the stability estimate from Proposition 4.5 in [3]. Namely, the error 𝑒 := 𝑣0 −̂︁𝑢0 satisfies

sup
𝑡∈[0,𝑇 ]

‖𝑒(𝑡)‖2Ω + ‖∇𝑒‖[0,𝑇 ]×Ω ≤ 2‖𝑒(0)‖2Ω + ‖𝑅0‖2*.

We now only need to bound ‖𝑅0‖2*. Let 𝑓 ∈ 𝐻1
𝐷(Ω). For every 𝑡 ∈ (𝑡𝑗−1, 𝑡𝑗) we have

⟨𝑅0(𝑡), 𝑓⟩ = (𝜕𝑡̂︁𝑢0(𝑡), 𝑓) + (∇̂︁𝑢0(𝑡),∇𝑓)

=

(︃
𝜕𝑡̂︁𝑢0 −

𝑢𝑗
0,ℎ − 𝑢𝑗−1

0,ℎ

𝜏𝑗
, 𝑓

)︃
+

1
𝜏𝑗

(︁
𝑢𝑗

0,ℎ − 𝑢𝑗−1
0,ℎ , 𝑓

)︁
+
(︁
ℓ𝑗∇̂︁𝑢0

𝑗 + ℓ𝑗−1̂︁𝑢0
𝑗−1

,∇𝑓
)︁

=
(︁
∇
(︁̂︁𝑢0

𝑗 − 𝑤𝑗
)︁
,∇𝑓

)︁
+

(︃
𝜕𝑡̂︁𝑢0 −

𝑢𝑗
0,ℎ − 𝑢𝑗−1

0,ℎ

𝜏𝑗
, 𝑓

)︃
+
(︁

(ℓ𝑗 − 1)∇̂︁𝑢0
𝑗 + ℓ𝑗−1∇̂︁𝑢0

𝑗−1
,∇𝑓

)︁
=: I + II + III.

We bound I using Proposition 4.2. We perform the same steps as in the proof of Lemma 4.3 to arrive at

(︁
∇
(︁̂︁𝑢0

𝑗 − 𝑤𝑗
)︁
,∇𝑓

)︁
=
∑︁
𝐾∈𝒯

(︂∫︁
𝐾

(−𝐴𝑗 −∆̂︁𝑢0
𝑗)(𝑓 −ℳ𝐾𝑓) d𝑥 − 1

2

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

∫︁
𝜎

r
∇̂︁𝑢0

𝑗
z

(𝑓 −ℳ𝐾𝑓) d𝑆

⎞⎠
≤ 𝜂𝑗

𝑆,2‖∇𝑓‖Ω.

(26)

For II we use Hölder’s inequality and the Poincaré–Friedrichs inequality (Theorem 2.2) to derive(︃
𝜕𝑡̂︁𝑢0 −

𝑢𝑗
0,ℎ − 𝑢𝑗−1

0,ℎ

𝜏𝑗
, 𝑓

)︃
≤

⃦⃦⃦⃦
⃦𝜕𝑡̂︁𝑢0 −

𝑢𝑗
0,ℎ − 𝑢𝑗−1

0,ℎ

𝜏𝑗

⃦⃦⃦⃦
⃦

𝐿2(Ω)

‖𝑓‖Ω

≤ 𝐶𝐹,2,Γ𝐷

⃦⃦⃦⃦
⃦𝜕𝑡̂︁𝑢0 −

𝑢𝑗
0,ℎ − 𝑢𝑗−1

0,ℎ

𝜏𝑗

⃦⃦⃦⃦
⃦

Ω

‖∇𝑓‖Ω. (27)

Notice, that (27) is not optimal in the sense that we estimate ‖𝜕𝑡(̂︁𝑢0 − 𝑢0,ℎ)‖𝐻1
𝐷(Ω)′ .

⃦⃦⃦⃦
𝜕𝑡̂︁𝑢0 −

𝑢𝑗
0,ℎ−𝑢𝑗−1

0,ℎ

𝜏𝑗

⃦⃦⃦⃦
Ω

.

Since the 𝐿2 norm of 𝜕𝑡̂︁𝑢0 −
𝑢𝑗

0,ℎ−𝑢𝑗−1
0,ℎ

𝜏𝑗
converges linearly as does the rest of the estimator we may use the 𝐿2
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norm, which is easier to compute than the 𝐻1
𝐷(Ω)′ norm, without changing the convergence behavior of the

overall estimator.
For III we use Hölder’s inequality(︁

(ℓ𝑗 − 1)∇̂︁𝑢0
𝑗 + ℓ𝑗−1∇̂︁𝑢0

𝑗−1
,∇𝑓

)︁
≤
⃦⃦⃦

(ℓ𝑗 − 1)∇̂︁𝑢0
𝑗 + ℓ𝑗−1∇̂︁𝑢0

𝑗−1
⃦⃦⃦

Ω
‖∇𝑓‖Ω

≤
⃦⃦⃦
∇̂︁𝑢0

𝑗 −∇̂︁𝑢0
𝑗−1
⃦⃦⃦

Ω
‖∇𝑓‖Ω.

(28)

Combining estimates (26)–(28) yields the desired result. �

5. Stability frameworks

We first prove a stability framework for the reduced model (7) with initial conditions (4) and boundary
conditions (3). This means we bound the difference 𝑢𝑖 − 𝑣𝑖 (𝑖 = 1, . . . , 𝑛), with (𝑣𝑖)𝑛

𝑖=0 a weak solution in the
sense of Theorem 1.1 and (𝑢𝑖)𝑛

𝑖=0 a weak solution of the perturbed system (10). This upper bound relies on
bounds for the 𝐿∞([0, 𝑇 ]×Ω) norm of 𝑢0 − 𝑣0 and the 𝐿2([0, 𝑇 ]×Ω) norm of ∇(𝑢0 − 𝑣0), that were derived in
Section 4.

After that we present a stability framework for the general model (5) with the same boundary conditions
(3). The upper bound for 𝑢𝑖 − 𝑣𝑖 (𝑖 = 1, . . . , 𝑛) follows in the same way as for the reduced model. We also need
upper bounds for 𝑢0 − 𝑣0 and Φ−Ψ, since we cannot use the bound from Section 4.

For the stability frameworks, we need the Assumption 5.1 on the weak solution (𝑢0, . . . , 𝑢𝑛, Φ) of the perturbed
system (10). Recall 𝑋(𝑞) := 𝐿

2𝑞
𝑞−𝑑 (0, 𝑇 ; 𝐿𝑞(Ω)). In Section 6, when we derive the a posteriori error estimate

the solution to the pertubed system is the reconstruction of the numerical solution. Hence, we do not need
Assumption 5.1 for the a posteriori error estimate.

Assumption 5.1. (i) Assume that the Dirichlet boundary conditions are exactly satisfied by the solution of
the perturbed system, i.e.

𝑢𝑖 = 𝑣𝐷
𝑖 on Γ𝐷.

(ii) We assume that the solvent concentration fulfills ∇𝑢0 ∈ 𝑋(𝑞) for some 𝑞 > 𝑑. If 𝑧 ̸= 0, we assume
additionally that 𝐹 := ∇𝑢0 − 𝑢0𝑧𝛽∇Φ ∈ 𝑋(𝑞) and ∇𝑢𝑖 ∈ 𝐿∞(0, 𝑇 ; 𝐿𝑞(Ω)) for some 𝑞, 𝑞 > 2 for 𝑑 = 2 and
𝑞, 𝑞 ≥ 3 for 𝑑 = 3.

Remark 5.2. (a) Assumption 5.1(i) states, that the perturbed system satisfies the same Dirichlet boundary
conditions as the original system. If we did not impose Assumption (i), we would have to bound

⟨𝑢0𝜕𝑛𝑢𝑖 − 𝑢𝑖𝜕𝑛𝑢0 − 𝑣0𝜕𝑛𝑣𝑖 + 𝑣𝑖𝜕𝑛𝑣0, 𝑢𝑖 − 𝑣𝑖⟩
𝐻−

1
2 (Γ𝐷),𝐻

1
2 (Γ𝐷)

in the proof of Theorems 5.3 and 5.4. It is unclear how this can be done. If the boundary conditions
satisfy (C3), then the reconstruction of the numerical solution from Section 3 satisfies Assumption 5.1(i)
automatically.

(b) We do not assume that the Neumann boundary condition is exactly satisfied. The perturbed Neumann
boundary conditions are incorporated in the right hand side 𝑅𝑖 ∈ 𝐻1

𝐷(Ω). Hence, we do not see the
boundary error explicitly in this setting.

(c) We need the additional regularity assumptions in (ii) for the full model, since we cannot utilize the classical
maximal regularity results for the diffusion equation. Since the reconstruction is composed of continuous
piecewise polynomial function, Assumption 5.1(ii) is automatically satisfied.
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5.1. Stability framework for the reduced system

We now establish a stability framework for the simplified ion transport model. Let, in this subsection,
(𝑣𝑖)𝑖=0,...,𝑛 be a weak solution of (7) and (𝑢𝑖)𝑖=0,...,𝑛 be a weak solution of the perturbed system

𝜕𝑡𝑢𝑖 − div(𝑢0∇𝑢𝑖 − 𝑢0∇𝑢𝑖) = 𝑅𝑖 𝑖 = 1, . . . , 𝑛
𝑛∑︁

𝑖=0

𝑢𝑖 = 1 in Ω× (0, 𝑇 ) (29)

with 𝑅𝑖 ∈ 𝐿2(0, 𝑇 ; 𝐻1
𝐷(Ω)′) and (𝑢0, . . . , 𝑢𝑛) satisfying Assumption 5.1. For this stability framework, it does

not matter how the solution to the perturbed system is obtained, as long as it has the required regularity
and satisfies Assumption 5.1. This stability framework can be used with other numerical methods or different
reconstructions, since we only impose minimal conditions on the residuals 𝑅𝑖 and the regularity conditions on
𝑢0, . . . , 𝑢𝑛.

To obtain the bound, we subtract the weak formulations for (7) and (29) and test with 𝑢𝑖 − 𝑣𝑖. In the end,
we use the Gronwall lemma. Note, that according to Theorem 3.9 in Section 5.9 from [22] 𝑣𝑖 ∈ 𝐶([0, 𝑇 ], 𝐿2(Ω))
for all 𝑖 = 0, . . . , 𝑛 and 𝑇 > 0. The positivity of the heat semigroup (𝑒𝑡Δ)𝑡≥0 implies that 𝛾 < 𝑣0(𝑡, 𝑥) for all
(𝑡, 𝑥) ∈ [0, 𝑇 ]× Ω (see [44], Sect. 4.1).

Theorem 5.3. Let the data satisfy Condition 1.2 (C1) and (C2). Let (𝑣0, . . . , 𝑣𝑛) be a weak solution of (1)–
(4) and (𝑢0, . . . , 𝑢𝑛) be a weak solution of (29) with the boundary and initial conditions (3) and (4). Under
Assumption 5.1, the difference 𝑢𝑖 − 𝑣𝑖 for 𝑖 = 1, . . . , 𝑛 is bounded as follows

max
𝑡∈[0,𝑇 ]

‖𝑢𝑖 − 𝑣𝑖‖2Ω +
∫︁ 𝑇

0

‖
√

𝑣0∇(𝑢𝑖 − 𝑣𝑖)‖2Ω d𝑡 ≤
(︂

2
⃦⃦
𝑢0

𝑖 − 𝑣0
𝑖

⃦⃦2

Ω
+

12
𝛾
‖𝑣0 − 𝑢0‖2𝐿∞([0,𝑇 ]×Ω)‖∇𝑢𝑖‖2[0,𝑇 ]×Ω

+
12
𝛾
‖∇(𝑢0 − 𝑣0)‖2[0,𝑇 ]×Ω +

12
𝛾
‖𝑅𝑖‖2*

)︂
× exp

(︃
2𝐶

2
1−𝜃

𝐺 (1 + 𝐶𝐹,2,Γ𝐷
)

𝜃
1−𝜃

𝜇

𝛾
1+𝜃
1−𝜃

‖∇𝑢0‖
2

1−𝜃

𝑋(𝑞)

)︃

with 𝜃 = 𝑑
2 −

𝑑
𝑝 and 𝜇 = 1−𝜃

2

(︁
1

2(1+𝜃)

)︁ 𝜃+1
𝜃−1

.

Proof. Subtracting the weak formulations for 𝑢𝑖 and 𝑣𝑖 and testing with 𝑢𝑖 − 𝑣𝑖 yields

1
2

d
d𝑡

∫︁
Ω

(𝑢𝑖 − 𝑣𝑖)2 d𝑥 =−
∫︁

Ω

(𝑢0∇𝑢𝑖 − 𝑢𝑖∇𝑢0 − 𝑣0∇𝑣𝑖 + 𝑣𝑖∇𝑣0) · (∇(𝑢𝑖 − 𝑣𝑖)) d𝑥

+ ⟨𝑅𝑖, 𝑢𝑖 − 𝑣𝑖⟩.

Rearranging yields

1
2

d
d𝑡

∫︁
Ω

(𝑢𝑖 − 𝑣𝑖)2 d𝑥 =−
∫︁

Ω

𝑣0∇(𝑢𝑖 − 𝑣𝑖) · ∇(𝑢𝑖 − 𝑣𝑖) + (𝑢0 − 𝑣0)∇𝑢𝑖 · ∇(𝑢𝑖 − 𝑣𝑖)

+ 𝑣𝑖∇(𝑣0 − 𝑢0) · ∇(𝑢𝑖 − 𝑣𝑖) + (𝑣𝑖 − 𝑢𝑖)∇𝑢0 · ∇(𝑢𝑖 − 𝑣𝑖) d𝑥

+ ⟨𝑅𝑖, 𝑢𝑖 − 𝑣𝑖⟩.

Using Hölder’s inequality for every term and the duality pairing for the last term yields

1
2

d
d𝑡
‖𝑢𝑖 − 𝑣𝑖‖2Ω ≤− ‖

√
𝑣0∇(𝑢𝑖 − 𝑣𝑖)‖2Ω + ‖𝑣0 − 𝑢0‖𝐿∞(Ω)‖∇𝑢𝑖‖Ω‖∇(𝑢𝑖 − 𝑣𝑖)‖Ω

+ ‖𝑣𝑖‖𝐿∞(Ω)‖∇(𝑢0 − 𝑣0)‖Ω‖∇(𝑢𝑖 − 𝑣𝑖)‖Ω
+ ‖𝑢𝑖 − 𝑣𝑖‖𝐿𝑝(Ω)‖∇𝑢0‖𝐿𝑞(Ω)‖∇(𝑢𝑖 − 𝑣𝑖)‖Ω
+ ‖𝑅𝑖‖𝐻1

𝐷(Ω)′‖∇(𝑢𝑖 − 𝑣𝑖)‖Ω,

(30)
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with 1
𝑝 + 1

𝑞 = 1
2 and 𝑞 > 𝑑. To bound the 𝐿𝑝 norm of 𝑢𝑖 − 𝑣𝑖 we use the Gagliardo–Nirenberg inequality

(Thm. 2.5) with 𝜃 = 𝑑
2 −

𝑑
𝑝

‖𝑢𝑖 − 𝑣𝑖‖𝐿𝑝(Ω) ≤ 𝐶𝐺‖𝑢𝑖 − 𝑣𝑖‖𝜃
𝐻1(Ω)‖𝑢𝑖 − 𝑣𝑖‖1−𝜃

Ω

≤ 𝐶𝐺

(︀
1 + 𝐶2

𝐹,2,Γ𝐷

)︀ 𝜃
2 ‖𝑢𝑖 − 𝑣𝑖‖1−𝜃

Ω ‖∇(𝑢𝑖 − 𝑣𝑖)‖𝜃
Ω.

(31)

Using (30), (31) and Young’s inequality we arrive at

1
2

d
d𝑡
‖𝑢𝑖 − 𝑣𝑖‖2Ω ≤−

1
2
‖
√

𝑣0∇(𝑢𝑖 − 𝑣𝑖)‖2Ω +
6
𝛾
‖𝑣0 − 𝑢0‖2𝐿∞(Ω)‖∇𝑢𝑖‖2Ω +

6
𝛾
‖𝑣𝑖‖2𝐿∞(Ω)‖∇(𝑢0 − 𝑣0)‖2Ω

+ 𝐶
2

1−𝜃

𝐺 (1 + 𝐶2
𝐹,2,Γ𝐷

)
𝜃

1−𝜃
𝜇

𝛾
1+𝜃
1−𝜃

‖∇𝑢0‖
2

1−𝜃

𝐿𝑞(Ω)‖𝑢𝑖 − 𝑣𝑖‖2Ω +
6
𝛾
‖𝑅𝑖‖2𝐻1

𝐷(Ω)′ ,

with 𝜇 := 1−𝜃
2

(︁
1

2(1+𝜃)

)︁ 𝜃+1
𝜃−1

. The claim then follows with the classical Gronwall inequality.

max
𝑡∈[0,𝑇 ]

‖𝑢𝑖 − 𝑣𝑖‖2Ω +
∫︁ 𝑇

0

‖
√

𝑣0∇(𝑢𝑖 − 𝑣𝑖)‖2Ω d𝑡 ≤
(︂

2
⃦⃦
𝑢0

𝑖 − 𝑣0
𝑖

⃦⃦2

Ω
+

12
𝛾
‖𝑣0 − 𝑢0‖2𝐿∞([0,𝑇 ]×Ω)‖∇𝑢𝑖‖2[0,𝑇 ]×Ω

+
12
𝛾
‖∇(𝑢0 − 𝑣0)‖2[0,𝑇 ]×Ω +

12
𝛾
‖𝑅𝑖‖2*

)︂
× exp

(︃
2𝐶

2
1−𝜃

𝐺 (1 + 𝐶2
𝐹,2,Γ𝐷

)
𝜃

1−𝜃
𝜇

𝛾
1+𝜃
1−𝜃

‖∇𝑢0‖
2

1−𝜃

𝑋(𝑞)

)︃
.

�

5.2. A stability framework for the general model

We now derive a stability framework for the general model. Let (𝑢0, . . . , 𝑢𝑛, Φ) be a weak solution of the
perturbed system (10) satisfying Assumption 1.3. Let (𝑣0, . . . , 𝑣𝑛, Ψ) be a weak solution for the general model
(5) in the sense of Theorem 1.1. The main differences, compared to the previous section, are that we need to
control the difference of the electric potential and that the solvent no longer solves the diffusion equation and
we do not have a good bound for the difference 𝑣0 − 𝑢0 in 𝐿∞([0, 𝑇 ]× Ω).

We first derive a stability framework for the electric potential. To do so, we note that the electric potential
solves the Poisson equation. Therefore, we can use the classical stability estimate for the Poisson equation
obtained by the Poincaré inequality

‖∇(Φ−Ψ)‖Ω ≤ 𝐶𝐹,2,Γ𝐷

|𝑧|
𝜆2
‖𝑢0 − 𝑣0‖Ω +

1
𝜆2
‖𝑅Φ‖𝐻1

𝐷(Ω)′ ∀𝑡 ∈ [0, 𝑇 ]. (32)

For the ion concentrations we can perform similar steps as in Theorem 5.3 with 𝐹 := ∇𝑢0 − 𝑧𝛽𝑢0∇Φ and
𝐺 := ∇𝑣0 − 𝑧𝛽𝑣0∇Ψ instead of ∇𝑢0 and ∇𝑣0 respectively. Furthermore, to estimate ‖(𝑢0 − 𝑣0)∇𝑢𝑖‖[0,𝑇 ]×Ω

without using ‖𝑢0 − 𝑣0‖𝐿∞([0,𝑇 ]×Ω) we utilize the Sobolev inequality∫︁ 𝑇

0

∫︁
Ω

(𝑢0 − 𝑣0)∇𝑢𝑖 · ∇(𝑢𝑖 − 𝑣𝑖) d𝑥 d𝑡 ≤
∫︁ 𝑇

0

‖𝑢0 − 𝑣0‖𝐿𝑝(Ω)‖∇𝑢𝑖‖𝐿𝑞(Ω)‖∇(𝑢𝑖 − 𝑣𝑖)‖Ω d𝑡

≤ 𝐶𝑆‖𝑢0 − 𝑣0‖𝐿2(0,𝑇 ;𝐻1(Ω))‖∇𝑢𝑖‖𝐿∞(0,𝑇 ;𝐿𝑞(Ω))‖∇(𝑢𝑖 − 𝑣𝑖)‖𝐿2(0,𝑇 ;𝐿2(Ω)),

with 1
𝑝 + 1

𝑞 = 1
2 and 𝑞 > 2 for 𝑑 = 2 and 𝑞 ≥ 3 for 𝑑 = 3. Therefore, here we need Assumption 5.1(ii), i.e.

∇𝑢𝑖 ∈ 𝐿∞(0, 𝑇 ; 𝐿𝑞(Ω)) instead of 𝐿2(0, 𝑇 ; 𝐿2(Ω)). This gives us the estimate
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max
𝑡∈[0,𝑇 ]

‖𝑢𝑖 − 𝑣𝑖‖2Ω +
∫︁ 𝑇

0

‖
√

𝑣0∇(𝑢𝑖 − 𝑣𝑖)‖2Ω d𝑡 ≤
(︂

2
⃦⃦
𝑢0

𝑖 − 𝑣0
𝑖

⃦⃦2

Ω
+

12
𝛾
‖∇(𝑣0 − 𝑢0)‖2[0,𝑇 ]×Ω‖∇𝑢𝑖‖2𝐿∞(0,𝑇 ;𝐿𝑞(Ω))

+
12
𝛾
‖𝐹 −𝐺‖2[0,𝑇 ]×Ω +

12
𝛾
‖𝑅𝑖‖2*

)︂
× exp

(︃
2𝐶

2
1−𝜃

𝐺 (1 + 𝐶2
𝐹,2,Γ𝐷

)
𝜃

1−𝜃
𝜇

𝛾
1+𝜃
1−𝜃

‖𝐹‖
2

1−𝜃

𝑋(𝑞)

)︃
with 𝜃 and 𝜇 from Theorem 5.3. Furthermore, we can bound the difference 𝐹−𝐺 by the use of Sobolev inequality,
Poincaré–Friedrichs inequality and equation (32), Theorem 2.2

‖𝐹 −𝐺‖2[0,𝑇 ]×Ω ≤
∫︁ 𝑇

0

(‖∇(𝑢0 − 𝑣0)‖Ω + |𝑧𝛽|‖(𝑢0 − 𝑣0)∇Φ‖Ω + |𝑧𝛽|‖𝑣0∇(Φ−Ψ)‖Ω)2 d𝑡

≤
∫︁ 𝑇

0

(︁
‖∇(𝑢0 − 𝑣0)‖Ω + |𝑧𝛽|‖𝑢0 − 𝑣0‖𝐿𝑝(Ω)‖∇Φ‖𝐿𝑞(Ω) + |𝑧𝛽|‖∇(Φ−Ψ)‖Ω

)︁2

d𝑡

≤ 2‖∇(𝑢0 − 𝑣0)‖2[0,𝑇 ]×Ω

(︃
1 + 𝐶𝑆

√︁
1 + 𝐶2

𝐹,2,Γ𝐷
|𝑧𝛽|‖∇Φ‖𝐿∞(0,𝑇 ;𝐿𝑞(Ω)) + 𝐶𝐹,2,Γ𝐷

|𝑧|2𝛽
𝜆2

)︃2

+ 2
|𝑧𝛽|2

𝜆2
‖𝑅Φ‖2*,

where we used 0 ≤ 𝑣0 ≤ 1 in the second estimate. We now turn our attention to the solvent concentration.
Since the solvent concentration does not solve the diffusion equation in the general model, we cannot use the
classical stability framework here. To control the difference 𝑢0−𝑣0, we test the weak formulation for the solvent
concentration equation (6) with 𝑢0 − 𝑣0 and use Hölder’s inequality and 0 ≤ 𝑣0 ≤ 1 to arrive at

1
2

d
d𝑡
‖𝑢0 − 𝑣0‖2Ω ≤ −‖∇(𝑢0 − 𝑣0)‖2Ω + |𝑧𝛽|‖𝑢0 − 𝑣0‖𝐿𝑝(Ω)‖∇Φ‖𝐿𝑞(Ω)‖∇(𝑢0 − 𝑣0)‖Ω

+
|𝑧𝛽|

4
‖∇(Φ−Ψ)‖Ω‖∇(𝑢0 − 𝑣0)‖Ω + ‖𝑅0‖𝐻1

𝐷(Ω)′‖∇(𝑢0 − 𝑣0)‖Ω.

The right hand side contains the 𝐿𝑝 norm of the difference 𝑢0− 𝑣0. We estimate this term using the Gagliardo–
Nirenberg inequality with 𝜃 = 𝑑

2 −
𝑑
𝑝 similar to equation (31) and use equation (32) to arrive at

1
2

d
d𝑡
‖𝑢0 − 𝑣0‖2Ω ≤ −

1
2
‖∇(𝑢0 − 𝑣0)‖2Ω + 𝐶

2
1−𝜃

𝐺 𝜇‖𝑢0 − 𝑣0‖2Ω‖∇Φ‖
2

1−𝜃

𝐿𝑞(Ω)

+
|𝑧𝛽|2

8

(︃
𝐶2

𝐹,2,Γ𝐷

|𝑧|2

𝜆4
‖𝑢0 − 𝑣0‖2Ω + ‖𝑅Φ‖2𝐻1

𝐷(Ω)′

)︃
+ 2‖𝑅0‖2𝐻1

𝐷(Ω)′ .

Applying Gronwall’s inequality yields

max
𝑡∈[0,𝑇 ]

‖𝑢0 − 𝑣0‖2Ω +
∫︁ 𝑇

0

‖∇(𝑢0 − 𝑣0)‖2Ω d𝑡 ≤

(︃
2
⃦⃦
𝑢0

0 − 𝑣0
0

⃦⃦2

Ω
+
|𝑧𝛽|2

4
‖𝑅Φ‖2* + 4‖𝑅0‖2*

)︃

× exp

(︃
2𝐶

2
1−𝜃

𝐺 (1 + 𝐶2
𝐹,2,Γ𝐷

)
𝜃

𝜃−1 𝜇
⃦⃦⃦
∇̂︀Φ⃦⃦⃦ 2

1−𝜃

𝑋(𝑞)
+ 𝐶2

𝐹,2,Γ𝐷
𝑇
|𝑧|4𝛽2

8𝜆4

)︃
·

We now summarize the inequalities from above in one theorem.

Theorem 5.4. Let the data satisfy Condition 1.2 (C1) and (C2). Let Assumptions 1.3 and 5.1 hold. Let
(𝑢0, . . . , 𝑢𝑛, Φ) be a weak solution of (10) and (𝑣0, . . . , 𝑣𝑛, Ψ) be a weak solution of (1)–(4). The electric potentials
Φ and Ψ satisfy

‖∇(Φ−Ψ)‖Ω ≤ 𝐶𝐹,2,Γ𝐷

|𝑧|
𝜆2
‖𝑢0 − 𝑣0‖Ω + ‖𝑅Φ‖𝐻1

𝐷(Ω)′ ∀𝑡 ∈ [0, 𝑇 ].
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The difference 𝑢0 − 𝑣0 satisfies

max
𝑡∈[0,𝑇 ]

‖𝑢0 − 𝑣0‖2Ω +
∫︁ 𝑇

0

‖∇(𝑢0 − 𝑣0)‖2Ω d𝑡 ≤

(︃
2
⃦⃦
𝑢0

0 − 𝑣0
0

⃦⃦2

Ω
+
|𝑧𝛽|2

4
‖𝑅Φ‖2* + 4‖𝑅0‖2*

)︃

× exp

(︃
2𝐶

2
1−𝜃

𝐺 (1 + 𝐶2
𝐹,2,Γ𝐷

)
𝜃

1−𝜃 𝜇
⃦⃦⃦
∇̂︀Φ⃦⃦⃦ 2

1−𝜃

𝑋(𝑞)
+ 𝐶2

𝐹,2,Γ𝐷
𝑇
|𝑧|4𝛽2

8𝜆4

)︃
·

The difference 𝑢𝑖 − 𝑣𝑖 for 𝑖 = 1, . . . , 𝑛 satisfies

max
𝑡∈[0,𝑇 ]

‖𝑢𝑖 − 𝑣𝑖‖2Ω +
∫︁ 𝑇

0

‖
√

𝑣0∇(𝑢𝑖 − 𝑣𝑖)‖2Ω d𝑡 ≤
(︂⃦⃦

𝑢0
𝑖 − 𝑣0

𝑖

⃦⃦2

Ω
+

5
𝛾
‖∇(𝑣0 − 𝑢0)‖2[0,𝑇 ]×Ω‖∇𝑢𝑖‖2𝐿∞(0,𝑇 ;𝐿𝑞(Ω))

+
5
𝛾
‖𝐹 −𝐺‖2[0,𝑇 ]×Ω +

5
𝛾
‖𝑅𝑖‖2*

)︂
× exp

(︃
2𝐶

2
1−𝜃

𝐺 (1 + 𝐶2
𝐹,2,Γ𝐷

)
𝜃

1−𝜃
𝜇

𝛾
1+𝜃
1−𝜃

‖𝐹‖
2

1−𝜃

𝑋(𝑞)

)︃
,

with 𝑞, 𝑞 > 2 for 𝑑 = 2 and 𝑞, 𝑞 ≥ 3 for 𝑑 = 3 and 𝜃 = 𝑑
2 −

𝑑
𝑝 , 𝜇 = 1−𝜃

2

(︁
1

2(1+𝜃)

)︁ 𝜃+1
𝜃−1

.

Let us comment on our stability theory, Theorem 5.4, and its relation to commonly used methods for stability
and uniqueness of cross diffusion systems.

Remark 5.5. Gerstenmayer and Jüngel [25] showed a uniqueness result for the general model (5) using the
Gajewski method. They use the entropy functional

𝐻[𝑣] =
𝑛∑︁

𝑖=0

∫︁
Ω

𝑣𝑖(log(𝑣𝑖)− 1) d𝑥

for a solution 𝑣 = (𝑣0, . . . , 𝑣𝑛) of (5). Following the route of Gajewski (see [24]), this leads to the metric

𝑑(𝑢, 𝑣) = 𝐻[𝑢] + 𝐻[𝑣]− 2𝐻

[︂
𝑢 + 𝑣

2

]︂
for two solutions 𝑣 = (𝑣0, . . . , 𝑣𝑛) and 𝑢 = (𝑢0, . . . , 𝑢𝑛). This metric can be seen as a symmetrization of the
often used relative entropy (see [13], Rem. 4).

This entropy structure is often used to prove weak uniqueness and weak-strong uniqueness results for cross-
diffusion systems see also [4,6,29,30,51]. Instead, we use the 𝐿2 norm to establish a stability framework. Using
the 𝐿2 norm in this context is advantageous. The 𝐿2 metric is weaker in the sense that

‖𝑢− 𝑣‖2𝐿2(Ω) ≤
⃦⃦√

𝑢−
√

𝑣
⃦⃦2

𝐿2(Ω)
≤ 𝑑(𝑢, 𝑣)

for two solution 𝑣 = (𝑣0, . . . , 𝑣𝑛) and 𝑢 = (𝑢0, . . . , 𝑢𝑛). This allows us to obtain an a posteriori error estimate.
More precisely, in the Gajewski metric setting the equation for 𝑢𝑖 is tested with log

(︁
2𝑢𝑖

𝑢𝑖+𝑣𝑖

)︁
. It is unclear to

us how to bound the residual tested with this function, since log
(︁

2𝑢𝑖

𝑢𝑖+𝑣𝑖

)︁
/∈ 𝐻1(Ω) for 𝑢𝑖 = 0 outside of a

set of measure zero. Whether this problem can be overcome by the use of another numerical method or by
reconstructing in a different way is an interesting question beyond the scope of this paper.

One reason the Gajewski approach is used in the weak-strong uniqueness proof is that Gerstenmayer and
Jüngel [25] aim to avoid the assumption that ∇𝑢0 ∈ 𝐿∞(0, 𝑇 ; 𝐿𝑞(Ω)) for one solution. In the setting of
a posteriori analysis, the role of 𝑢0 is played by a continuous piecewise polynomial function and therefore
∇𝑢0 ∈ 𝐿∞(0, 𝑇 ; 𝐿𝑞(Ω)) is satisfied.
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6. A posteriori error estimator

We now establish a posteriori error estimates using the stability frameworks from Section 5 and the recon-
struction defined in Section 3. The only thing left is to establish a computable upper bound for the residuals
𝑅𝑖 in the 𝐿2(0, 𝑇 ; 𝐻1

𝐷(Ω)′)-norm. To achieve this we use the properties of the Morley type reconstruction from
Section 3.2. We prove the first key property in Lemma 6.1. The residual for the reduced model is given by

⟨𝑅𝑖, 𝑓⟩ =
∫︁

Ω

𝜕𝑡 ̂︀𝑢𝑖 𝑓 d𝑥 +
∫︁

Ω

(̂︁𝑢0∇ ̂︀𝑢𝑖 − ̂︀𝑢𝑖∇̂︁𝑢0) · ∇𝑓 d𝑥

for all 𝑓 ∈ 𝐻1
𝐷(Ω). We first present the bound of the residual for the reduced model (7) in detail. Together with

the stability framework and bounds on the difference 𝑢0− 𝑣0 from Section 4, we can state the a posteriori error
estimate for the difference 𝑢𝑖 − 𝑣𝑖 (𝑖 = 1, . . . , 𝑛).

The bound for the general model can be deduced in a similar fashion. We state the residual bound and a
posteriori estimate for the general model in Section 6.3.

6.1. Bounding the 𝐻1
𝐷(Ω)′ norm of the residual for the reduced model

Lemma 6.1 is crucial to estimate the element residual in Theorem 6.3. Since we do not reconstruct with
respect to convection, we get an error term on the right hand side, that is not present in Lemma 5.2 of [41].

Lemma 6.1. The reconstruction ̂︀𝑢𝑖 satisfies∫︁
𝐾

𝜕𝑡𝑢
𝑗
𝑖,ℎ d𝑥−

∫︁
𝐾

div(̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗) d𝑥 = −
∑︁

𝜎∈ℰ𝐾

(︂
𝑢𝑗

𝑖,𝜎𝐹𝐾
𝜎 (𝑢𝑗

0)−
∫︁

𝜎

̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗 · 𝑛𝐾,𝜎 d𝑆

)︂

for all 𝐾 ∈ 𝒯 , 𝑖 = 1, . . . , 𝑛 and 𝑗 = 1, . . . , 𝐽 .

Proof. We first use Gauss’ theorem on every element 𝐾 ∈ 𝒯 to arrive at∫︁
𝐾

𝜕𝑡𝑢
𝑗
𝑖,ℎ d𝑥−

∫︁
𝐾

div(̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗) d𝑥 =
∫︁

𝐾

𝜕𝑡𝑢
𝑗
𝑖,ℎ d𝑥−

∑︁
𝜎∈ℰ𝐾

∫︁
𝜎

(︁̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗
)︁
· 𝑛𝐾,𝜎 d𝑆

=
∫︁

𝐾

𝜕𝑡𝑢
𝑗
𝑖,ℎ d𝑥−

∑︁
𝜎∈ℰ𝐾

(︁
𝑢𝑗

0,𝜎𝐹𝐾
𝜎 (𝑢𝑗

𝑖 )− 𝑢𝑗
𝑖,𝜎𝐹𝐾

𝜎 (𝑢𝑗
0)
)︁

−
∑︁

𝜎∈ℰ𝐾

(︂
𝑢𝑗

𝑖,𝜎𝐹𝐾
𝜎 (𝑢𝑗

0)−
∫︁

𝜎

̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗 · 𝑛𝐾,𝜎 d𝑆

)︂
.

The claim now follows from the definition of the numerical scheme. �

Remark 6.2. Notice that we used 𝜕𝑡𝑢
𝑗
𝑖,ℎ in Lemma 6.1 with 𝑢𝑖,ℎ the piecewiese constant in space finite volume

solution and not the reconstruction ̂︀𝑢𝑖. The reason for this is, that the finite volume solution solves the equation

𝑚(𝐾)𝜕𝑡𝑢
𝑗
𝑖,ℎ =

∑︁
𝜎∈ℰ𝐾

𝑢𝑗
0,𝜎𝐹𝐾

𝜎 (𝑢𝑗
𝑖 )− 𝑢𝑗

𝑖,𝜎𝐹𝐾
𝜎 (𝑢𝑗

0)

for all 𝑖 = 1, . . . , 𝑛, 𝑗 = 0, . . . , 𝐽 and 𝐾 ∈ 𝒯 . The reconstruction is done in such a way, that we treat 𝜕𝑡𝑢
𝑗
𝑖,ℎ as a

right hand side. Therefore, similar to Lemma 5.2 in [41] we have to use 𝜕𝑡𝑢
𝑗
𝑖,ℎ instead of 𝜕𝑡 ̂︀𝑢𝑖

𝑗 .

We can now bound the 𝐻1
𝐷(Ω)′ norm of 𝑅𝑖.
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Theorem 6.3. The residual 𝑅𝑖 is bounded in 𝐻1
𝐷(Ω)′ by

‖𝑅𝑖(𝑡)‖𝐻1
𝐷(Ω)′ ≤ 𝑅𝑗

𝑆,𝑖 + 𝑅𝑗
𝑇,𝑖 + 𝑅𝑗

𝑅,𝑖 ∀𝑡 ∈ [𝑡𝑗−1, 𝑡𝑗 ]

where the spacial bound 𝑅𝑗
𝑆,𝑖, temporal bound 𝑅𝑗

𝑇,𝑖 and reconstruction bound 𝑅𝑗
𝑅,𝑖 are given by

𝑅𝑗
𝑆,𝑖 =

√
2

(︃∑︁
𝐾∈𝒯

(︂
ℎ2

𝐾𝐶2
𝑃,2

⃦⃦⃦
𝜕𝑡𝑢

𝑗
𝑖,ℎ − div

(︁̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗
)︁⃦⃦⃦2

𝐾

+
𝑁𝜕

4
𝐶2

app,2ℎ𝐾

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦⃦
Ĵ︁𝑢0

𝑗∇ ̂︀𝑢𝑖
𝑗 − ̂︀𝑢𝑖

𝑗∇̂︁𝑢0
𝑗K
⃦⃦⃦2

𝜎

⎞⎠⎞⎠ 1
2

𝑅𝑗
𝑇,𝑖 =

⃦⃦⃦̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗−1∇ ̂︀𝑢𝑖

𝑗−1 + ̂︀𝑢𝑖
𝑗−1∇̂︁𝑢0

𝑗−1
⃦⃦⃦

Ω

𝑅𝑗
𝑅,𝑖 = 𝐶𝐹,2,Γ𝐷

⃦⃦⃦
𝜕𝑡( ̂︀𝑢𝑖

𝑗 − 𝑢𝑗
𝑖,ℎ)
⃦⃦⃦

Ω
+

𝐶app,2𝑁
1
2
𝜕

2

⎛⎝∑︁
𝐾∈ℰ

∑︁
𝜎∈ℰ𝐾∖ℰ𝑁

ℎ𝜎

⃦⃦⃦⃦
⃦ ̂︀𝑢𝑖

𝑗{{∇̂︁𝑢0
𝑗}} · 𝑛𝐾,𝜎 − 𝑢𝑖,𝜎

𝐹𝐾
𝜎 (𝑢𝑗

0)
|𝜎|

⃦⃦⃦⃦
⃦

2

𝜎

⎞⎠ 1
2

.

Proof. Let 𝑓 ∈ 𝐻1
𝐷(Ω). We split the residual into a temporal part II and the rest I

⟨𝑅[𝑢]𝑖, 𝑓⟩ = ⟨𝜕𝑡 ̂︀𝑢𝑖, 𝑓⟩+ ⟨̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗
,∇𝑓⟩⏟  ⏞  

=:𝐼

+ ⟨̂︁𝑢0∇ ̂︀𝑢𝑖 − ̂︀𝑢𝑖∇̂︁𝑢0 −̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 + ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗
,∇𝑓⟩⏟  ⏞  

=:𝐼𝐼

for 𝑡 ∈ (𝑡𝑗−1, 𝑡𝑗). For the first part I, we use Gauss’ theorem on every triangle 𝐾 ∈ 𝒯 and Lemma 6.1 to arrive
at

I =
∫︁

Ω

𝜕𝑡( ̂︀𝑢𝑖 − 𝑢𝑖,ℎ)𝑓 d𝑥 +
∑︁
𝐾∈𝒯

∫︁
𝐾

(𝜕𝑡𝑢𝑖,ℎ − div(̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗))𝑓 d𝑥

+
∑︁

𝜎∈ℰ𝐾∖ℰ𝐷

∫︁
𝜎

(̂︁𝑢0∇ ̂︀𝑢𝑖 − ̂︀𝑢𝑖∇̂︁𝑢0) · 𝑛𝐾,𝜎𝑓 d𝑆

=
∫︁

Ω

𝜕𝑡( ̂︀𝑢𝑖 − 𝑢𝑖,ℎ)𝑓 d𝑥⏟  ⏞  
=:I1

+
∑︁
𝐾∈𝒯

∫︁
𝐾

(𝜕𝑡𝑢𝑖,ℎ − div(̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗))(𝑓 −ℳ𝐾𝑓) d𝑥⏟  ⏞  
=:I2

−
∑︁
𝐾∈𝒯

∑︁
𝜎∈ℰ𝐾

(︂
𝑢𝑗

𝑖,𝜎𝐹𝐾
𝜎 (𝑢𝑗

0)−
∫︁

𝜎

̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗 · 𝑛𝐾,𝜎 d𝑆

)︂
ℳ𝐾𝑓 +

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

∫︁
𝜎

(︁̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗
)︁
· 𝑛𝐾,𝜎𝑓 d𝑆

⏟  ⏞  
=:I3

.

For I1, we use Hölder’s inequality and Poincaré–Friedrichs inequality (Thm. 2.2) to arrive at

I1 ≤ 𝐶𝐹,2,Γ𝐷
‖𝜕𝑡( ̂︀𝑢𝑖 − 𝑢𝑖,ℎ)‖Ω‖∇𝑓‖Ω. (33)

Notice, that similar to the proof of Theorem 4.6 we estimated the 𝐻1
𝐷(Ω)′-norm of 𝜕𝑡( ̂︀𝑢𝑖−𝑢𝑖,ℎ) with the 𝐿2-norm.

Similarly, the 𝐿2-norm converges linearly in ℎ and therefore we use the 𝐿2-norm rather than the 𝐻1
𝐷(Ω)′-norm.
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For I2 we also use Hölder’s inequality and Poincaré inequality on every element

I2 ≤ 𝐶P,2

∑︁
𝐾∈𝒯

ℎ𝐾

⃦⃦⃦
𝜕𝑡𝑢𝑖,ℎ − div

(︁̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗
)︁⃦⃦⃦

𝐾
‖∇𝑓‖𝐾 . (34)

For the last part I3, we use the properties of the reconstruction to derive that∑︁
𝐾∈𝒯

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

∫︁
𝜎

Ĵ︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗K𝑓 d𝑆 =
∑︁
𝐾∈𝒯

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

∫︁
𝜎

Ĵ︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗K(𝑓 −ℳ𝐾𝑓) d𝑆 (35)

and ∫︁
𝜎

̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗 · 𝑛𝐾,𝜎(𝑓 −ℳ𝐾𝑓) d𝑆 =
∫︁

𝜎

(︂
1
2

r ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗
z

+ ̂︀𝑢𝑖
𝑗{{∇̂︁𝑢0

𝑗}}
)︂

(𝑓 −ℳ𝐾𝑓) d𝑆. (36)

Furthermore, with the conservation of mass and 𝑓 ∈ 𝐻1
𝐷(Ω) follows∑︁

𝐾∈𝒯

∑︁
𝜎∈ℰ𝐾∖ℰ𝑁

∫︁
𝜎

𝑢𝑗
𝑖,𝜎

𝐹𝐾
𝜎 (𝑢𝑗

0)
|𝜎|

𝑓 d𝑆 = 0. (37)

Using (36) and (35) for the second equality and (37) in the last equality yields

I3 =
∑︁
𝐾∈𝒯

∑︁
𝜎∈ℰ𝐾

(︂∫︁
𝜎

̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗 · 𝑛𝐾,𝜎(ℳ𝐾𝑓 − 𝑓) +
(︁̂︁𝑢0

𝑗∇ ̂︀𝑢𝑖
𝑗
)︁
· 𝑛𝐾,𝜎𝑓 d𝑆 − 𝑢𝑗

𝑖,𝜎𝐹𝐾
𝜎 (𝑢𝑗

0)ℳ𝐾𝑓

)︂
=
∑︁
𝐾∈𝒯

∑︁
𝜎∈ℰ𝐾

(︂∫︁
𝜎

(︂
1
2

r ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗
z

+ ̂︀𝑢𝑖
𝑗{{∇̂︁𝑢0

𝑗}} · 𝑛𝐾,𝜎

)︂
(ℳ𝐾𝑓 − 𝑓) +

1
2

r̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗
z
𝑓 d𝑆 − 𝑢𝑗

𝑖,𝜎𝐹𝐾
𝜎 (𝑢𝑗

0)ℳ𝐾𝑓

)︂

=
∑︁
𝐾∈𝒯

⎛⎝1
2

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

∫︁
𝜎

Ĵ︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗K(𝑓 −ℳ𝐾𝑓) d𝑆

+
∑︁

𝜎∈ℰ𝐾∖ℰ𝑁

∫︁
𝜎

(︃
𝑢𝑗

𝑖,𝜎

𝐹𝐾
𝜎 (𝑢𝑗

0)
|𝜎|

− ̂︀𝑢𝑖
𝑗{{∇̂︁𝑢0

𝑗}} · 𝑛𝐾,𝜎

)︃
(𝑓 −ℳ𝐾𝑓) d𝑆

⎞⎠·
With Hölder and the trace inequality (Thm. 2.4) we arrive at

I3 ≤ 𝐶app,2
1
2

∑︁
𝐾∈𝒯

ℎ
1
2
𝐾

⎛⎝ ∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦⃦
Ĵ︁𝑢0

𝑗∇ ̂︀𝑢𝑖
𝑗 − ̂︀𝑢𝑖

𝑗∇̂︁𝑢0
𝑗K
⃦⃦⃦

𝜎

+
∑︁

𝜎∈ℰ𝐾∖ℰ𝑁

⃦⃦⃦⃦
⃦𝑢𝑖,𝜎

𝐹𝐾
𝜎 (𝑢𝑗

0)
|𝜎|

− ̂︀𝑢𝑖
𝑗{{∇̂︁𝑢0

𝑗}} · 𝑛𝐾,𝜎

⃦⃦⃦⃦
⃦

𝜎

⎞⎠‖∇𝑓‖𝐾 . (38)

Combining (33), (34) and (38) we can estimate with the discrete Hölder inequality

I ≤ (𝑅𝑆,𝑖 + 𝑅𝑅,𝑖)‖∇𝑓‖Ω.

We can now proceed with the temporal part II using Hölder’s inequality∫︁
Ω

(︁̂︁𝑢0∇ ̂︀𝑢𝑖 − ̂︀𝑢𝑖∇̂︁𝑢0 −̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 + ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗
)︁
· ∇𝑓 d𝑥

≤
⃦⃦⃦̂︁𝑢0

𝑗∇ ̂︀𝑢𝑖
𝑗 − ̂︀𝑢𝑖

𝑗∇̂︁𝑢0
𝑗 −̂︁𝑢0

𝑗−1∇ ̂︀𝑢𝑖
𝑗−1 + ̂︀𝑢𝑖

𝑗−1∇̂︁𝑢0
𝑗−1
⃦⃦⃦

Ω
‖∇𝑓‖Ω.

�
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6.2. Error estimator for the reduced model

We can now state a reliable a posteriori error bound for the difference 𝑢𝑖 − 𝑣𝑖. For this we use the stability
framework from Section 5, the a posteriori error bounds of the diffusion equation from Section 4 and the residual
bound from Theorem 6.3.

Proof of Theorem 1.5. Theorem 5.3 yields

max
𝑡∈[0,𝑇 ]

‖ ̂︀𝑢𝑖 − 𝑣𝑖‖2Ω +
∫︁ 𝑇

0

‖
√

𝑣0∇( ̂︀𝑢𝑖 − 𝑣𝑖)‖2Ω d𝑡 ≤
(︂

2
⃦⃦⃦ ̂︀𝑢𝑖

0 − 𝑣0
𝑖

⃦⃦⃦2

Ω
+

12
𝛾
‖𝑣0 −̂︁𝑢0‖2𝐿∞([0,𝑇 ]×Ω)‖∇ ̂︀𝑢𝑖‖2[0,𝑇 ]×Ω

+
12
𝛾
‖∇(̂︁𝑢0 − 𝑣0)‖2[0,𝑇 ]×Ω +

12
𝛾
‖𝑅𝑖‖2*

)︂
× exp

(︃
2𝐶

2
1−𝜃

𝐺 (1 + 𝐶2
𝐹,2,Γ𝐷

)
𝜃

1−𝜃
𝜇

𝛾
1+𝜃
1−𝜃

‖∇̂︁𝑢0‖
2

1−𝜃

𝑋(𝑞)

)︃
.

We now can use the estimates from Theorems 4.5, 4.6 and 6.3 to infer the claim. �

6.3. Error estimator for the general model

Similar to the reduced model, given the stability result, Theorem 5.3, we now only need bounds on the
residuals 𝑅0, . . . , 𝑅𝑛 and 𝑅Φ in the 𝐻1

𝐷(Ω)′ norm. First we derive a bound for the residual 𝑅Φ. Using integration
by parts and the properties of the reconstruction we can bound the residual by

⟨𝑅Φ, 𝑓⟩ =
(︁
∇̂︀Φ,∇𝑓

)︁
− 𝑧

𝜆2
(1−̂︁𝑢0, 𝑓)

= −
∑︁
𝐾∈𝒯

∫︁
𝐾

(︁ 𝑧

𝜆2
(1−̂︁𝑢0) + ∆̂︀Φ)︁𝑓 d𝑥−

∑︁
𝜎∈ℰ

∫︁
𝜎

J∇̂︀ΦK𝑓 d𝑆
(39)

We use the same technique as in Corollary 5.4 of [40] to arrive at

⟨𝑅Φ, 𝑓⟩ = −
∑︁
𝐾∈𝒯

∫︁
𝐾

(︁ 𝑧

𝜆2
(1− 𝑢0,ℎ) + ∆̂︀Φ)︁(𝑓 −ℳ𝐾𝑓) d𝑥−

∑︁
𝜎∈ℰ

∫︁
𝜎

J∇̂︀ΦK(𝑓 −ℳ𝐾𝑓) d𝑆

+
∫︁

Ω

𝑧

𝜆2
(̂︁𝑢0 − 𝑢0,ℎ)𝑓 d𝑥 ≤

(︃
√

2

(︃∑︁
𝐾∈𝒯

𝐶2
𝑃,2ℎ

2
𝐾

⃦⃦⃦ 𝑧

𝜆2
(1− 𝑢0,ℎ) + ∆̂︀Φ⃦⃦⃦2

𝐾

+
𝐶2

app,2ℎ𝐾𝑁𝜕

4

∑︁
𝜎∈ℰ𝐾∖ℰ𝐷

⃦⃦⃦
J∇̂︀ΦK

⃦⃦⃦2

𝜎

⎞⎠ 1
2

+
|𝑧|
𝜆2

𝐶𝐹,2,Ω‖̂︁𝑢0 − 𝑢0,ℎ‖Ω

⎞⎟⎠‖∇𝑓‖Ω.

We also can bound the residual 𝑅0 using the same technique as in Section 6.1

‖𝑅0(𝑡)‖𝐻1
𝐷(Ω)′ ≤ 𝑅𝑗

𝑇,0 + 𝑅𝑗
𝑆,0 + 𝑅𝑗

𝑅,0 =: 𝜂𝑗
𝑅,0 ∀𝑡 ∈ [𝑡𝑗−1, 𝑡𝑗 ]
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with the temporal, spacial and residual bounds given by

𝑅𝑗
𝑇,0 =

⃦⃦⃦
∇̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗(1−̂︁𝑢0

𝑗)𝛽𝑧∇Φ𝑗 −∇̂︁𝑢0
𝑗−1 +̂︁𝑢0

𝑗−1(1−̂︁𝑢0
𝑗−1)𝛽𝑧∇Φ𝑗−1

⃦⃦⃦
Ω

𝑅𝑗
𝑆,0 =

√
2

(︃∑︁
𝐾∈𝒯

(︂
𝐶2

𝑃,2ℎ
2
𝐾

⃦⃦⃦
𝜕𝑡𝑢0,ℎ − div

(︁
∇̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗(1−̂︁𝑢0

𝑗)𝛽𝑧∇̂︀Φ𝑗
)︁⃦⃦⃦2

𝐾

+
𝑁𝜕𝐶2

app,2

4

∑︁
𝜎∈ℰ∖ℰ𝐷

ℎ𝐾

⃦⃦⃦
J∇̂︁𝑢0

𝑗 −̂︁𝑢0
𝑗(1−̂︁𝑢0

𝑗)∇̂︀Φ𝑗K
⃦⃦⃦2

𝜎

⎞⎠⎞⎠ 1
2

𝑅𝑗
𝑅,0 = 𝐶𝐹,2,Γ𝑁

‖𝜕𝑡(̂︁𝑢0 − 𝑢0,ℎ)‖Ω +
𝐶app,2𝑁

1
2
𝜕

2

×

⎛⎝∑︁
𝐾∈𝒯

∑︁
𝜎∈ℰ∖ℰ𝑁

ℎ𝐾

⃦⃦⃦⃦
⃦̂︁𝑢0

𝑗
𝛽𝑧(1−̂︁𝑢0

𝑗)
{︁{︁
∇̂︀Φ𝑗

}︁}︁
· 𝑛𝐾,𝜎 − 𝛽𝑧

(︃
𝑛∑︁

𝑖=1

(𝑢0𝑢𝑖)𝑗
𝜎

)︃
𝐹𝐾

𝜎 (Φ𝑗)
|𝜎|

⃦⃦⃦⃦
⃦

2

𝜎

⎞⎠ 1
2

·

(40)

With (1) we notice that
∑︀𝑛

𝑖=1 𝑢𝑗
𝑖,𝜎 is an approximation of 1 − 𝑢0 on the edge 𝜎. The 𝑅𝑗

0,𝑅 in (40) is also
consistent with (15). Hence, we expect that the second term in 𝑅𝑗

0,𝑅 is small.
The residuals 𝑅𝑖 can be bounded similar to Theorem 6.3

‖𝑅𝑖(𝑡)‖𝐻1
𝐷(Ω)′ ≤ 𝑅𝑗

𝑆,𝑖 + 𝑅𝑗
𝑇,𝑖 + 𝑅𝑗

𝑅,𝑖 =: 𝜂𝑗
𝑅,𝑖 ∀𝑡 ∈ [𝑡𝑗−1, 𝑡𝑗 ]

where the spacial bound 𝑅𝑗
𝑆,𝑖, temporal bound 𝑅𝑗

𝑇,𝑖 and reconstruction bound 𝑅𝑗
𝑅,𝑖 are given by

𝑅𝑗
𝑆,𝑖 =

√
2

(︃∑︁
𝐾∈𝒯

(︂
𝐶2

𝑃,2ℎ
2
𝐾

⃦⃦⃦
𝜕𝑡𝑢𝑖,ℎ − div

(︁̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗 + ̂︀𝑢𝑖
𝑗̂︁𝑢0

𝑗
𝛽𝑧∇̂︀Φ𝑗

)︁⃦⃦⃦2

𝐾

+
𝑁𝜕𝐶2

app,2

4

∑︁
𝜎∈ℰ∖ℰ𝐷

ℎ𝐾

⃦⃦⃦
Ĵ︁𝑢0

𝑗∇ ̂︀𝑢𝑖
𝑗 − ̂︀𝑢𝑖

𝑗∇̂︁𝑢0
𝑗 + ̂︀𝑢𝑖

𝑗̂︁𝑢0
𝑗
𝛽𝑧∇̂︀Φ𝑗K

⃦⃦⃦2

𝜎

⎞⎠⎞⎠ 1
2

𝑅𝑗
𝑇,𝑖 =

⃦⃦⃦̂︁𝑢0
𝑗∇ ̂︀𝑢𝑖

𝑗 − ̂︀𝑢𝑖
𝑗∇̂︁𝑢0

𝑗 + ̂︀𝑢𝑖
𝑗̂︁𝑢0

𝑗
𝛽𝑧∇̂︀Φ𝑗

−̂︁𝑢0
𝑗−1∇ ̂︀𝑢𝑖

𝑗−1 + ̂︀𝑢𝑖
𝑗−1∇̂︁𝑢0

𝑗−1 − ̂︀𝑢𝑖
𝑗−1̂︁𝑢0

𝑗−1
𝛽𝑧∇̂︀Φ𝑗−1

⃦⃦⃦
Ω

𝑅𝑗
𝑅,𝑖 = 𝐶𝑃,2,Ω‖𝜕𝑡( ̂︀𝑢𝑖 − 𝑢𝑖,ℎ)‖Ω + 𝐶app,2𝑁

1
2
𝜕

×

⎛⎝ ∑︁
𝜎∈ℰ∖ℰ𝑁

ℎ𝐾

⃦⃦⃦⃦
⃦ ̂︀𝑢𝑖

𝑗
{︁{︁
∇̂︁𝑢0

𝑗 − 𝛽𝑧̂︁𝑢0
𝑗∇Φ𝑗

}︁}︁
· 𝑛𝐾,𝜎 −

𝑢𝑗
𝑖,𝜎𝐹𝐾

𝜎 (𝑢𝑗
0)− (𝑢0𝑢𝑖)𝑗

𝜎𝛽𝑧𝐹𝐾
𝜎 (Φ𝑗)

|𝜎|

⃦⃦⃦⃦
⃦

2

𝜎

⎞⎠ 1
2

· (41)

Notice that the residual bound has the same structure as the residual bound in Theorem 6.3. The only difference
is, that the convective part has changed from − ̂︀𝑢𝑖∇̂︁𝑢0 for the reduced model to − ̂︀𝑢𝑖(∇̂︁𝑢0 − 𝛽𝑧̂︁𝑢0∇Φ).

Proof of Theorem 1.6. The claims follow from Theorem 5.4 and the bounds on the residuals from (39)
to (41). �

Remark 6.4. All the constants appearing in the estimator in Theorem 1.6 except for 𝛾 are computable for
convex polygonal domains. The following bound on the Poincaré–Friedrichs constant 𝐶𝐹,2,Γ𝐷

for convex domains
can be found in [45].

𝐶𝑃,2 ≤ 𝐶𝐹,2,Γ𝐷
≤ diam(Ω)

𝜋
·
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Figure 1. Initial mesh used in our tests (see [28]).

A bound on the Sobolev constant 𝐶𝑆 for a finite union of convex domains can be found in [38]. A bound for
the constant in the Gagliardo–Nirenberg inequality used here can be found in Theorem 2.5.

7. Numerical results

We now show the results of numerical experiments to validate the optimal scaling behavior of the error
estimators from Theorems 1.5 and 1.6. The implementation is done in Python and the non-linear system
of equations (11)–(13) are solved using Newton’s method. Where 𝜂𝑖,𝐽

2 and 𝜂𝐽
2 are the estimators defined in

Theorem 1.5 for the reduced model and from Theorem 1.6.
For all tests we use the mesh from [28] (see Fig. 1) as an initial mesh and divide every element into four

subtriangles by connecting the midpoints of every edge. We define the estimated order of convergence (EOC)
of two sequences 𝑎(𝑖) and ℎ(𝑖) by

EOC(𝑎, ℎ; 𝑖) :=
log(𝑎(𝑖 + 1)/𝑎(𝑖))
log(ℎ(𝑖 + 1)/ℎ(𝑖))

·

We also look at the effectivity index

EI𝑖 :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

√︁
max𝑡∈[0,𝑇 ]‖𝑣0(𝑡)−̂︁𝑢0(𝑡)‖2Ω + ‖∇(𝑣0 −̂︁𝑢0)‖2[0,𝑇 ]×Ω

𝜂𝐽
2

for 𝑖 = 0,√︁
max𝑡∈[0,𝑇 ]‖𝑣𝑖(𝑡)− ̂︀𝑢𝑖(𝑡)‖2Ω +

⃦⃦√
𝑣0∇(𝑣𝑖 − ̂︀𝑢𝑖)

⃦⃦2

[0,𝑇 ]×Ω

𝜂𝑖,𝐽
2

for 𝑖 = 1, . . . , 𝑛.

EIΦ :=

⃦⃦⃦
∇(̂︀Φ−Ψ)

⃦⃦⃦
[0,𝑇 ]×Ω

𝜂𝐽
Φ

·

7.1. The reduced model

In what follows, we choose Ω = [0, 1]2 with Dirichlet boundary Γ𝐷 := {0, 1} × [0, 1] and Neumann boundary
Γ𝑁 := (0, 1)× {0, 1}. Furthermore, we set 𝑇 = 1 and consider the time intervall [0, 1]. We use the finite volume
scheme from [25]. We use

𝑣1(𝑡, 𝑥, 𝑦) = 0.1 + 0.1𝑥 + 𝑡𝑥(1− 𝑥)𝑒−20𝑥2

𝑣2(𝑡, 𝑥, 𝑦) = 0.1− 0.05𝑥− 0.5(1− cos(𝑡))𝑥(1− 𝑥) sin(𝑥)

𝑣3(𝑡, 𝑥, 𝑦) = 0.2 + 0.1𝑥 + 𝑡𝑥(1− 𝑥)𝑒−20(𝑥−0.5)2
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Table 1. Estimators, EOC and effectivity index for the reduced model.

𝑖 𝜂𝐽
2 EOC 𝜂𝐽

∞ EOC 𝜂1,𝐽
2 EOC EI0 EI1

0 1.458 1.1 18.14 0.98 118.1 1.2 0.16 0.00076
1 0.6916 1.0 9.194 0.53 51.55 0.5 0.15 0.00084
2 0.337 1.0 6.359 0.79 36.36 0.68 0.15 0.00055
3 0.1655 1.0 3.669 0.96 22.67 0.91 0.15 0.00043
4 0.0819 1.0 1.891 0.99 12.09 0.98 0.15 0.0004
5 0.04072 – 0.9507 – 6.148 – 0.15 0.00039

as a manufacured soluion to (7). With initial and boundary condition chosen accordingly. With this choice, we
arrive at 𝛾 = 0.3. We here fix 𝑞 = 42 and 𝑞 = 2.1 and the other constants are then given by

𝜇 ≤ 1.08, 𝐶𝐺 ≤ 1.02, 𝐶𝑆 ≤ 12.02 (42)

with Theorem 2.5 and Table 2 in [38] and the Poincaré and Poincaré–Friedrichs constant given in Remark 6.4.
For the maximum norm estimator 𝜂𝐽

∞ from Theorem 4.5 we set 𝑝* = 1 and 𝐶Green,1 = 1, since this constant is not
accessible (see Rem. 1.4). A sequence of approximate solutions is obtained from the scheme and reconstruction
described in Section 3 using mesh width ℎ = 2−𝑖−1 and time step size 𝜏 = 2−𝑖−1 for 𝑖 = 0, . . . , 5.

In Table 1, we see a linear convergence of the estimators 𝜂𝐽
2 , 𝜂𝐽

∞ and 𝜂1,𝐽
2 . The estimators for the other

species are similar to 𝜂1,𝐽
2 and are therefore omitted. The effectivity indices indicate that the estimator 𝜂1,𝐽

2

overestimates the error by a large factor but the estimator scales with the same order as the true error.

7.2. The general model

7.2.1. Test 1

In what follows, we choose Ω = [0, 1]2 with Dirichlet boundary Γ𝐷 := {0, 1} × [0, 1] and Neumann boundary
Γ𝑁 := (0, 1)× {0, 1}. We use the finite volume scheme from [25]. We use

𝑣1(𝑡, 𝑥, 𝑦) := 0.1 + 𝑡2𝜃(𝑦)𝑥(1− 𝑥) exp(−100(𝑥− 0.5)2)

𝑣2(𝑡, 𝑥, 𝑦) := 0.2𝑥 + 0.1(1− 𝑥)− 1
2

sin(𝑡)𝜃(𝑦))𝑥(1− 𝑥) cos(𝑥)

𝑣3(𝑡, 𝑥, 𝑦) := 0.2− 0.1𝑥− 0.55𝑡𝑥(1− 𝑥)𝜃(𝑦) exp(−100(𝑥− 0.5)2)

Ψ(𝑡, 𝑥, 𝑦) :=
25
3

(𝑥− 1)𝑥(5𝑥2 − 2.6− 2.4 + 𝑡(𝑥2 − 𝑥))𝜃(𝑦)

with

𝜃(𝑦) :=
𝑦4

3
− 2

𝑦3

3
+

𝑦2

3
+

47
48

as a manufacured solution to (5) with constants 𝛽 = 𝑧 = 𝜆 = 1. We again choose 𝑞 = 42 and 𝑞 = 2.1 and
the same constants as in (42). A sequence of approximate solutions is obtained again by using the mesh width
ℎ = 2−𝑖−1 and time step size 𝜏 = 2−𝑖−1 for 𝑖 = 0, . . . , 5. In Table 2, we see a linear convergence of the estimators
𝜂𝐽
2 , 𝜂1,𝐽

2 and 𝜂𝐽
Φ. The estimators for the other species are similar to 𝜂1,𝐽

2 and are therefore omitted. We see that
the estimators 𝜂𝐽

2 , 𝜂1,𝐽
2 for the general model are much larger than the estimator for the reduced model (see

Tab. 1). One reason for this is that due to the choice of example the norm appearing in the exponential term

is much larger, i.e. ‖𝐹‖
2

1−𝜃

𝑋(𝑞) ≈ 4.7 for the general model compared to ‖∇̂︁𝑢0‖
2

1−𝜃

𝑋(𝑞) ≈ 0.4 for the reduced model.
Furthermore, the maximum norm estimator for the solvent concentration in the reduced model enables us to
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Table 2. Estimators, EOC and effectivity index for the general model.

𝑖 𝜂𝐽
2 EOC 𝜂1,𝐽

2 EOC 𝜂𝐽
Φ EOC EI0 EI1 EIΦ

0 2.667e+07 −1.2 3.811e+11 −1.8 8.489e+06 −1.2 5.8e−09 8.7e−13 8.9e−08
1 6.157e+07 0.46 1.292e+12 0.3 1.96e+07 0.46 1.4e−09 1.5e−13 1.9e−08
2 4.484e+07 0.9 1.047e+12 0.86 1.427e+07 0.9 9e−10 8.3e−14 1.2e−08
3 2.408e+07 0.98 5.784e+11 0.97 7.666e+06 0.98 8.1e−10 7.3e−14 1.1e−08
4 1.218e+07 1.0 2.946e+11 1.0 3.878e+06 1.0 7.9e−10 7.1e−14 1.1e−08
5 6.091e+06 – 1.475e+11 – 1.939e+06 – 7.9e−10 7e−14 1.1e−08

Table 3. Estimators, EOC and effectivity index for the second general model with 𝜆 = 0.1.

𝑖 𝜂𝐽
2 EOC 𝜂1,𝐽

2 EOC 𝜂𝐽
Φ EOC EI0 EI1 EIΦ

0 2.3817e+341 1.8e+02 2.3287e+747 1e+02 1.5163e+341 1.8e+02 4.01e−342 1.19e−748 2.69e−341
1 2.3163e+288 1e+02 3.5024e+716 3.1e+01 1.4746e+288 1e+02 2.46e−289 4.9e−718 1.39e−288
2 1.1712e+257 2.6e+01 1.5996e+707 0.53 7.4558e+256 2.6e+01 2.23e−258 5.23e−709 1.27e−257
3 1.4514e+249 −2.6 1.105e+707 −7.6 9.2398e+248 −2.6 8.92e−251 3.77e−709 6.83e−250
4 8.6796e+249 −3.0 2.0731e+709 −3.2 5.5256e+249 −3.0 1.64e−251 2.07e−711 5.71e−251
5 6.9649e+250 – 1.8927e+710 – 4.434e+250 – 2.67e−252 2.96e−712 3.56e−252

Table 4. Residuals and EOC for the second general model with 𝜆 = 0.1.

𝑖 𝑅0 EOC 𝑅1 EOC 𝑅Φ EOC

0 3.851 0.68 1.102 0.52 6.941 0.80
1 2.396 0.90 0.766 0.86 3.980 0.95
2 1.277 0.91 0.422 0.93 2.051 0.96
3 0.679 0.92 0.221 0.94 1.050 0.98
4 0.359 0.94 0.115 0.96 0.534 0.99
5 0.186 – 0.059 – 0.269 –

use the 𝐿2([0, 𝑇 ]×Ω) norm of ∇̂︁𝑢1 instead of the 𝐿∞(0, 𝑇 ; 𝐿𝑞(Ω)) norm in the general model, also contributing
to the smaller effectivity index in the second experiment. The estimator of the error of solvent concentration 𝜂𝐽

2

for the general model has an additional exponential term that is large for this example.
We see that the error estimators for the reduced model and the general model converge linearly. Since the

reconstruction presented in Section 3 is mostly made up of piecewise linear polynomials and the error estimates
bound a (weighted) 𝐿2(0, 𝑇 ; 𝐿2(Ω))-norm of the difference of the gradients of the reconstruction and the weak
solution, the linear convergence of the error estimators is expected.

7.2.2. Test 2

We consider a second numerical experiment for the general model inspired by the first experiment done in
[11, 12]. We use the TPFA scheme from [11] with B(𝑦) = 𝑦

𝑒𝑦−1 . We consider again Ω = [0, 1]2 with Dirichlet
boundary Γ𝐷 := {0, 1} × [0, 1] and Neumann boundary Γ𝑁 := (0, 1)× {0, 1}. We use the initial conditions

𝑢0
1(𝑥, 𝑦) = 0.2 + 0.1(𝑥− 1) 𝑢0

2(𝑥, 𝑦) = 0.4 ∀(𝑥, 𝑦) ∈ Ω

Φ𝐷(𝑥, 𝑦) =

{︃
10 if 𝑥 = 0
0 if 𝑥 = 1
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Table 5. Estimators, EOC and effectivity index for the second general model with 𝜆 = 0.5.

𝑖 𝜂𝐽
2 EOC 𝜂1,𝐽

2 EOC 𝜂𝐽
Φ EOC EI0 EI1 EIΦ

0 6.4822e+64 −3.0 5.1255e+83 −4.7 4.1267e+64 −3.0 1.15e−66 1.56e−85 7.43e−66
1 5.0194e+65 −0.78 1.3116e+85 −1.9 3.1954e+65 −0.78 6.53e−68 3.97e−87 4.26e−67
2 8.6134e+65 0.42 4.8081e+85 −0.014 5.4834e+65 0.42 1.64e−68 6.04e−88 1.21e−67
3 6.4534e+65 0.83 4.8559e+85 0.67 4.1084e+65 0.83 1.08e−68 2.98e−88 8.09e−68
4 3.6273e+65 0.95 3.0537e+85 0.89 2.3092e+65 0.95 9.62e−69 2.37e−88 7.20e−68
5 1.8719e+65 – 1.6490e+85 – 1.1917e+65 – 9.32e−69 2.19e−88 6.98e−68

with diffusion coefficients 𝐷1 = 𝐷2 = 1 and charges 𝑧1 = 𝑧2 = 1 as well as 𝜆 = 0.1. We used a grid made of
229376 cells and 1024 time steps as a reference solution to obtain the effectivity indices. In Table 3, we see that
the error estimator does not converge with order one (as we would expect). In our test the

⃦⃦⃦
∇̂︀Φ⃦⃦⃦

𝑋(𝑞)
in the

exponential term in the error estimate is still changing rapidly under grid refinement (due to the strong dynamics
induced by the small 𝜆). Hence, the exponential term in 𝜂𝐽

2 is not constant with respect mesh refinement at
this stage and we do not see the linear convergence of the estimators. However, in Table 4 we see that the
residuals converge linearly. Hence, we expect that the error estimator converges linearly once the

⃦⃦⃦
∇̂︀Φ⃦⃦⃦

𝑋(𝑞)

norm is sufficiently close to ‖∇Φ‖𝑋(𝑞). Additionally, we also considered the case with 𝜆 = 0.5. In Table 5, we
see that the error estimator converges with linear order (as expected).
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[23] R. Eymard, T. Gallouët and R. Herbin, Finite volume methods, in Solution of Equation in R𝑛 (Part 3), Techniques
of Scientific Computing (Part 3), edited by J.L. Lions and P. Ciarlet. Vol. 7 of Handbook of Numerical Analysis.
Elsevier, Netherlands (2000) 713–1020.

[24] H. Gajewski, On a variant of monotonicity and its application to differential equations. Nonlinear Anal. Theory
Methods Appl. 22 (1994) 73–80.
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Birkhäuser Boston, Boston (2010) 235–243.

[38] M. Mizuguchi, K. Tanaka, K. Sekine and S. Oishi, Estimation of sobolev embedding constant on a domain dividable
into bounded convex domains. J. Inequal. Appl. 2017 (2017) 299.

[39] W. Nernst, Zur Kinetik der in Lösung befindlichen Körper. Zeitschrift für Physikalische Chemie 2U (1888) 613–637.

[40] S. Nicaise, A posteriori error estimations of some cell-centered finite volume methods. SIAM J. Numer. Anal. 43
(2005) 1481–1503.

[41] S. Nicaise, A posteriori error estimations of some cell centered finite volume methods for diffusion-convection-reaction
problems. SIAM J. Numer. Anal. 44 (2006) 949–978.

[42] T.K. Nilssen, X.-C. Tai and R. Winther, A robust nonconforming ℎ2-element. Math. Comput. 70 (2000) 489–506.

[43] L. Nirenberg, On elliptic partial differential equations. Annali della Scuola Normale Superiore di Pisa – Scienze
Fisiche e Matematiche 13 (1959) 115–162.

[44] E.-M. Ouhabaz, Analysis of Heat Equations on Domains. (LMS-31). Vol. 31 of London Mathematical Society Mono-
graphs. Princeton University Press, New Jersey (2009).
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