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A POSTERIORI ERROR CONTROL FOR A FINITE VOLUME SCHEME FOR A
CROSS-DIFFUSION MODEL OF ION TRANSPORT

ARNE BERRENS*® AND JAN GIESSELMANN

Abstract. We derive a reliable a posteriori error estimate for a cell-centered finite volume scheme
approximating a cross-diffusion system modeling ion transport through nanopores. To this end, we
derive a stability framework that is independent of the numerical scheme and introduce a suitable
(conforming) reconstruction of the numerical solution. The stability framework relies on some simplify-
ing assumptions that coincide with those made in weak uniqueness results for this system. Additionally,
when electrical forces are present, we assume that the solvent concentration is uniformly bounded from
below. This is the first a posteriori error estimate for a cross-diffusion system. Along the way, we de-
rive a pointwise a posteriori error estimate for a finite volume scheme that approximates the diffusion
equation. We conduct numerical experiments showing that the error estimator scales with the same
order as the true error.
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1. INTRODUCTION

1.1. Ion transport model

We consider the ion transport model presented in Burger et al. [7]. Similar to the Poisson-Nernst—Planck
equations given by Nernst [39], it models ionic species in an electrically neutral solvent. In contrast to the
Poisson—Nernst—Planck equations, the ion transport model incorporates forces due to finite size of every particle.
In essence, this means that the transport of ions is affected by size exclusion effects. This comes into play when
modeling ion transport through nanopores or membranes, i.e. when the size of an individual ion is not negligible
compared to the channel size. Due to size exclusion, different ionic species influence their diffusion and Fick’s law
is no longer true in small geometries (see [7,36,46] and references therein). Therefore, the ion transport model
incorporates cross-diffusion terms other than the classical Poisson—Nernst—Planck equations. Furthermore, the
ion transport model incorporates the solvent concentration and the convection with it, i.e. the ion particles are
dragged along with the movement of the solvent. Incorporating the solvent concentration leads to the volume
filling condition, namely that the volume fraction of the solvent is the remaining volume that is not occupied
by the ions. This is modeled in the second equation in (1).

Keywords and phrases. Cross-diffusion, ion transport, finite-volume approximation, a posteriori error estimates, diffusion
equation.
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In general, cross-diffusion systems are analytically and numerically challenging, since classical methods, like
maximum or comparison principles are not applicable (see [31,36,47]).

The ion transport model includes the ion concentrations (v1,...,v,), solvent concentration vy and electric
potential ¥ in a Lipschitz domain © C R for d = 2 or d = 3. The ion and solvent concentrations satisfy the
equations for some 7" > 0

8t’l]7; = DidiV(Uov’l}i - UiV’UO + voviﬁziV\I/) 1= ]., N
vw=1-> v, in Qx (0,7) (1)
i=1
where D1,..., D, > 0 are the diffusion coeflicients, § > 0 is the inverse thermal voltage and z; € R the charge

of each particle of the ith species. The electric potential satisfies
—\AY = Zzivi + f in Qx (0,7), (2)
i=1

where A > 0 is the permittivity, f € L>°(Q) is the permanent charge density. We fix a decomposition I'p, 'y of
0f) and prescribe

(voVv; — v;Vvg + vov: 82 V¥) -n=0o0n Ty x [0,T], v;=vP onTp x[0,T], i=1,...,n

3
VU -n=0onTyx[0,T], ¥="onTpx][0,T] ®)

and consider
vi(0)=v?  InQi=0,...,n (4)

for given functions v?, ¥P € L?(0,T; L*(I'p)) and v{ € L>=(2). We further assume, that v” and P are traces
of functions in L2(0,T; L>=(Q)) N L2(0,T; H(Q)). We will discuss the regularity of the solution in Theorem 1.1.

The main goal of this work is to establish an a posteriori error estimate for a finite volume scheme approxi-
mating the system (1)—(4). In the case of no electrical forces, i.e. z; = 0 for i = 1,...,n, we derive an a posteriori
error estimate under the assumption of constant diffusion constants, namely D; = D for ¢ = 1,...,n and some
conditions on the data (see Condition 1.2 (C1)—(C7)). In the presence of electrical forces, we further need that
the solvent concentration is uniformly bounded from below (see Assumption 1.3) as well as constant diffusion
coefficients and equal charges and some conditions on the data (see Condition 1.2 (C1)—(C5)). This is a first
step towards a posteriori error analysis of cross diffusion systems. To our knowledge, there are no previous a
posteriori error estimates for finite volume schemes approximating general non-linear parabolic systems with
positive diffusion matrix. Cochez-Dhondt et al. [14] proved an a posteriori error estimate for a finite volume
method approximating a non-linear steady-state diffusion problem. Numerical schemes for cross-diffusion sys-
tems have been developed and studied in [2,8,32] and specifically for the ion transport model [9,25,26]. In
[26] the a priori convergence for a finite element scheme is shown and a priori convergence of a finite volume
scheme is proven in [9] for a reduced model and in [36] for the full model. In this paper, we initiate the pre-
viously missing a posteriori analysis. We use a cell centered finite volume scheme found in [25]. Finite volume
schemes are commonly used for cross-diffusion systems, since it is easier to prove some important properties of
the resulting numerical approximation like non-negativity and entropy dissipation compared to finite element
schemes. Therefore, we consider a finite volume scheme although it is usually harder to derive a posteriori error
estimates for finite volume schemes than for finite element schemes.

In contrast, there are a posteriori error estimates for finite element schemes for non-linear parabolic systems
see [48,50] and even ones allowing for degenerate diffusion coefficient in [10]. In [48] nonlinear diffusion systems
are studied with symmetric and positive definite diffusion matrices that do only depend on space and time and
not on the species vy, ..., v,. In [50] more general nonlinear parabolic systems are considered that also allow for
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species dependent diffusion matrices that are still symmetric and positive definite. Cances et al. [10] provide a
posteriori error estimates for a finite element discretization of the nonlinear anisotropic Fokker-Planck equation
for only one species.

1.2. The model

The existence of weak solutions for the stationary version of (1) and (2) was shown in [7]. In [51] for the
time dependent problem with pure Neumann boundary conditions and in [25] for mixed Neumann and Dirich-
let boundary conditions. Uniqueness of weak solutions was established in [51] under the assumption of equal
diffusion coefficients D = D; for i = 1,...,n and without electrical forces, i.e. ¥ = 0. In [25], the uniqueness of
weak solutions with electrical forces was shown under the assumption of equal diffusion coefficients D = D; for
i=1,...,n and of equal charge z = z; fori =1,... n.

In [31,36], System (1) is written in the form

Opv; = div[ > (Ai;(0)V; + Qi ;()VE) |, i=1,...,n

j=1

with v = (v1,...,v,) and A(v), Q(v) € R"*"

( Z;Z#% vk> if i = j

(A(v))i; = v Qi (v) = vovidi ;.

The matrix A(v) is called the diffusion matrix. Gerstenmayer and Jiingel [25] proved the global existence of
a weak solution by a compactness argument via the entropy variables. In what follows, we write |-| for the
d-dimensional or d — 1-dimensional Lebesgue measure. For |T'p| > 0 we define the spaces

HH(Q)={uc H(Q) : u=0 onTp}
and H},(Q)’ the dual space of H}(2). We equip the space H} () with the norm
-l () = IVl 20y

This norm is equivalent to the classical H! norm on H}, via the general Poincaré-Friedrichs inequality, see
Theorem 2.2 below. We denote by (-, -) the duality pairing of H}(Q2) and H} (). The next theorem states the
existence of a global bounded weak solutions to (1)—(4) under suitable conditions.

Theorem 1.1 ([25], Thm. 1). Let Ty NT'p = @ with T'x open and |Up| > 0. For all T > 0, there exists a global
bounded weak solution vy,...,v, : (0,T) x Q@ — [0,1], ¥ : (0,7) x Q@ — R of (1)—(4) with >\ v; =1 such that

viv0, /00 € L*(0,T; HY(Q)),  Ow; € L2(0,T;HH(Q))  i=1,...,n,
U e L*0,T; HY(Q))

and

T T
/ <(9t1}1', ¢1> dt + D; / / (’Uovvi — ’Ui(V’UQ + voﬁle\IJ)) -V¢;dxdt =0
0 0 Q

T T n
)\2/ V\I'-Vﬁdxdt—/ /(Zzivi—kf)dedt:O
0o Ja o Jo\i

for all ¢;,0 € L*(0,T; HL(?)), i = 1,...,n. The boundary conditions (3) are fulfilled in the sense of traces in
L*(T'p) and the initial conditions (4) are satisfied in the sense of H} ().
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We assume later on (see Assumption 1.3), that vy is bounded away from 0. In this case, according to Remark
4 in [25], v; € L2(0,T; HY(Q2)) for all i = 0,...,n.

Similar to the uniqueness proof in [25] and the convergence proof of [9], we need the assumption D; = D
and z; = z for i = 1,...,n and further assume for simplicity D = 1 with the same boundary (4) and initial (3)
conditions (see Condition 1.2 (C5)). In this case the equations

Opv; = div(vgVu; — v;Vug + vov; 82V T) t=1,....n
vw=1-Y v in Q x (0,7) (5)
i=1
~ANAV = z(1 — vy)
decouple in the sense that the solvent concentration vg solves
Opvo = div(Vug — vo(1 — vg) 26V Y). (6)

Equation (6) is obtained by summing up the evolution equations for the v; and using the fact that the sum of
all concentrations is 1. We call (5) the general model for convenience. Similar to [9,31], we first consider the
reduced model

Opv; = div(voVu; — v;Vug) i=1,....,n

w=1-Y v in Qx (0,7) (7)
i=1

which is obtained by setting z = 0. In the reduced model, the solvent concentration solves the diffusion equation
Ovo = div(Vug) = Avg  in 2 x (0,T). (8)

1.3. Main results and proof strategy

1.3.1. Main results

We study a cell centered finite volume scheme for the system (5) and derive an a posteriori error estimate.

~

For this we need a conforming reconstruction of the finite volume solution denoted by (ug,. .., U, ®). Let
(vo, - .., vn, ) be a weak solution to the system (5) in the sense of Theorem 1.1. We list all conditions on the

data in Condition 1.2 and assumptions in Assumption 1.3 that are needed later. We do not need all conditions
and assumptions at every time and specify the needed conditions and assumptions to prove the statement.

Condition 1.2.

(C1) The domain Q C RY (for d =2 or 3) is an open, bounded domain with polygonal boundary. Furthermore,
let Tp, Ty be disjoint with 02 =Tp UT N, T'n open and |T'p| > 0.

(C2) Letvy,...,v5 € L(Q) N HY(Q) with v? >0 for alli=1,...,n and > ;_,v) =1 on Q.

(C3) Let the boundary conditions vP i = 0,...,n be constant in time and constant on connected components
Of FD.

(C4) There exists v > 0 such that

y<od(x) <1 Vo € Q.

(C5) The diffusion coefficients and charges are all equal, i.e. D; =D and z; = z fori=1,...,n.
(C6) There exists a uniform bound of the Wll,’p (Q)-norm for some 1 < p* < ﬁ of the Laplace Green’s
Sfunction with homogeneous Dirichlet conditions on I'p and homogeneous Neumann conditions on 'y ,i.e.

||VIG(1’7y)||LP* Q) S CGreen,p* Vy € Q.
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C7) There exists a harmonic continuation vl € WH4(Q) of uf € WhH4(T'p) with Vuf -n=0 on T'y.
0 0 0
Assumption 1.3. Assume that there exists v > 0 such that
v <vo(z,t) <1 Vo € Qandte[0,T)].

Remark 1.4. (i) Conditions (C1) and (C2) guarantee that there exists a weak solution to (1)—(4) according
to Theorem 1.1.

(ii) Condition (C3) ensures that the Dirichlet condition is fulfilled exactly by the numerical reconstruction.
In most applications this assumption is not a severe restriction, since the Dirichlet boundary conditions
are constant on connected subsets that model connections to comparably large reservoirs with constant
concentration. We discuss Assumption (C3) in more detail in Section 5.

(iii) Condition (C4) ensures that the solvent concentration in the exact solution vy is always bounded from
below by « in the case of z = 0. To ensure that the solvent concentration is bounded from below in the
case z # 0 we need Assumption 1.3. This is important, because equation (1) degenerates for vy = 0 and we
do not get a bound on the error of the gradient in this case. However, vy models the solvent concentration
and therefore it is physically meaningful to assume that vy is bounded away from 0.

(iv) Condition (C5) ensures, that we obtain an equation for the solvent that is independent of all other species.
For simplicity we only consider the case D = 1. This condition is also used in the uniqueness proof in [25].

(v) Conditions (C6) and (C7) are only needed for the L>°-norm error estimate for the diffusion equation from
Section 4. There are certain cases where Condition 1.2 (C6) can be proven to hold. These are
—ford>2,Tp=00and 1 < p* < %. The proof for the case d = 2 can be found in Theorem 2.12,

Remark 2.19 of [19] and for d > 2 in Theorem 1.1 of [27].
—ford>2, Ty =002 and 1 < p* < ﬁ. The proof can be found in Theorem 1 of [37].
Usually, the constant Cgreen,p+ is not accessible.

The next two theorems state the a posteriori error estimates for the reduced model (7) and the general model
(5) respectively. The constants and estimators showing up in the next theorems are made explicit in Section 6.

Theorem 1.5. Let Condition 1.2 (C1)-(C7) hold. Let (vo,...,v,) be a weak solution to the reduced model

(7) similar to Theorem 1.1 and let (ug,...,u,) be the Morley type reconstruction of a finite volume solution
discussed in Section 3. The difference u; — v; for i =1,...,n is bounded by
2
tg[lg}:,{ [ — UZHQ + VooV (t; — Ui)”[o,T]xQ

J
121_o 2 12 S\ 2 N 2 12 2 2
v+ 7““0 - UgHQ + o Zﬁ'((ﬁﬁ,i) + (77%> ) + 7||vui||[0,T]xQ(ngo)

Jj=0

27 £
X exp <2C'G “(1+ 0127,2,FD) 1-0 ——& 1+3 VUOHX(Q))
Y

ZT]TOO + Zﬁs qCGreenp + max 775 qCGreen,p7
) —"sz+HV(uo - 1)H
773%,1‘ = Rf?i +R +RRz7

where 77%700, ﬁg’q were defined in Lemma /.4, 77$q was defined in Lemma 4.3 and RSZ, R%’,i’Rg{,i were defined
i Theorem 6.3.
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Theorem 1.6. Let the data satisfy Condition 1.2 (C1)-(C5) and let the weak solution (vo,...,vn, ¥) of (5)
with ingtial and boundary conditions (3) and (4) in the sense of Theorem 1.1 satisfy Assumption 1.3. Let
(U0, - - ., Un, ®) be the reconstruction of a finite volume solution defined in Section 3.

(i) The difference ug — vo satisfies

2
i [75(0,) = o(t, )20y + 19 = v0) 32,110

< 2’%0—110)

’ ~ (18P
) J
0l L2 (0 + ZTJ ( 4 (WR,‘@)
Jj=0
2|3

_2 0 ~ 13
xexp<2059(1+c§,2,%)1mHVchX( F 2y, 8 ) —nj.

(i) The L2-in-time, H'-in-space seminorm of ® — U is bounded by

9 J

HV(@ B \Ij)’ L2([0,T]x ) = 02 2Tp \2 )\2 Z ( ) ’

(iii) The error @; — v; satisfies

12

2
ﬁ\io _ ’UQ
L2 (Q)

+2<(1+Csm)|zﬁ|“v‘5“ i +CF,27FDzj26)2>

L>(0,T;L9(Q2))

12 ¢ 2( i Vo ()
+ 7CF,2,FD ZTj <|Zﬂ| (nR,q>) + (771{7@) )

Jj=0

2 ~ 2
s 1 = vl 0y + VTG = 00l o e < (2

—~ 112
3 (IIlelem,T;m‘(ﬂ))

_2 _0
xme%%uﬁwglwmmo (9)
vt

<
[

With F = Vug — quzﬁv§>, the constants 0 = g —

SRS

—0 -1
and = 17 <2(171+9)) .

We also derive an a posteriori error estimate for the reduced model (7) in Theorem 1.5. For this, we first
consider the solvent concentration vy that solves the diffusion equation (8). We establish a posteriori error
estimates for g — v in the L>([0, 7] X ) norm under a further assumption on the domain Q and the boundary
conditions (see Condition 1.2 (C6) and (C7)) and for V(ug — vp) in the L%([0,T] x Q) norm.

For the maximum norm error we use a technique similar to [16,17,33]. Such a maximum norm a posteriori
error estimate is new for any finite volume scheme for the diffusion equation (8) and we think it is interesting
in its own right. Similar estimates have been established for various finite element schemes see [16,17].

1.3.2. Proof strategy

We derive a residual based a posteriori error estimator using the approach presented in [34, 35]. First, we
derive a stability framework for the reduced, Theorem 5.3, and full, Theorem 5.4, ion transport models. In
essence, we provide upper bounds on the norm of the difference of the exact solution and the solution to
a perturbed system, where the upper bound only depends on the solution to the perturbed system and the
“perturbation”. To derive an a posteriori error estimate, we interpret approximate solutions as solution to a
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perturbed system, where the residuals serve as the perturbation. Hence, once the stability framework has been
derived, we only need to bound the residuals in a suitable norm that matches the stability framework to obtain
an a posteriori error estimate.

We state stability frameworks for the ion concentrations first for the reduced model (7) and then for the
general model (5). Both are independent of the numerical scheme and reconstruction used. We assume that
(ug, - .., up, ®) is a weak solution of the perturbed system

Opu; — div(upVu; — u;Vug + upu; 32VP) = R; i=1,...,n
> ui=1 on Q x (0,7) (10)
=0
~A?Ad — 2(1 —uy) = Ro

with data satisfying Condition 1.2 (C1)—(C5) and Ry, ..., Re € L*(0,T; H5(Q2)"). Additionally, we assume that
the solution ug, ..., u,, P satisfies Assumption 1.3 and Assumption 5.1. In the case z = 0, we do not need
Assumption 1.3. In this paper, the solution to the perturbed system is the reconstruction wg,...,u,,® given
in Section 3 which satisfies Assumption 5.1 automatically. Using the stability framework, Theorem 5.4, for the
general model, we only need to bound the residuals Ry, ..., R,, Re in the L?(0,T; H1(2)’) norm to obtain a
reliable a posteriori error estimate for the model (5). For the reduced model we combine the estimates for the
solvent concentration from Section 4 and the bounds for the residuals Ry, ..., R,, Re in the L?(0,T; H1 ()"
norm to get a reliable a posteriori error estimate via the stability framework for the reduced model (see
Thm. 5.3). This is done in Section 6 and relies mostly on the properties of the reconstruction.

We expect that the error @; — v; converges linearly in the L?(0,T; H*(£))) norm, since @; mainly composed
of piecewise linear polynomials (see Sect. 3.2). This linear convergence of the a posteriori estimator and error
is observed in numerical experiments in Section 7.

The paper is structured as follows: In Section 2, we introduce the simplicial mesh and some inequalities used
throughout this paper. Next in Section 3, we present a cell centered finite volume scheme for the full system
and a reconstruction of the finite volume solution similar to [40,41].

In Section 4, we prove the bounds on ug — vg and V(ug — vg) needed in the error estimator for the reduced
model presented in Section 5. After that, we present the stability framework for the reduced model (7) and the
general model under the assumptions in Assumption 1.3. The bounds for the residuals Ry,..., R,, Re in the
L?(0,T; H}(Q))-norm and the a posteriori error estimator for the general and reduced system are stated and
proven in Section 6. In Section 7, the a posteriori error estimators are tested in numerical experiments.

2. NOTATION AND BASIC INEQUALITIES

2.1. Notation

We use the classical definition of a regular admissible finite volume mesh of 2 found in Definition 9.1 of
[23]. The definition stated only allows for simplices, but the scheme in Section 3.1 can be used on any convex
polygonal control volumes for every d > 1. The reconstruction presented in Section 3.2, can be done in d = 2
and d = 3.

Definition 2.1 ([23], Def. 9.1). Let 7 be a set of simplices, £ a family of edges with each o € £ being a subset
of © and contained in a hyperplane of R? and P a set of points in Q. The finite volume mesh (7,&,P) is
admissible if the following conditions are satisfied.

() Uer K =100 -
(ii) For every K, L € 7 with K # L the (d — 1)-dimensional Lebesgue measure of K N L is 0 or there is 0 € £
such that o0 = K N L.
(iii) For every K € 7, there is a subset £k C & such that 0K = J, ¢, 0 and & = Ugcr €.
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(iv) The set of points P has the form P = (vx)xe7 With 1x € K and xx # xr, for cells K # L. Furthermore,

for cells K, L € T that share an edge ¢ = K N L the straight line from zx to z;, is orthogonal to o.
(v) Let 0 € £ with 0 C 9. Then 0 C I'y or 0 C I'p. We further divide the set of edges into

E=&ueNuer,

where £ are the inner edges, £V are the edges on the Neumann boundary and £ are the edges on the
Dirichlet boundary.

We denote by ng , the unit outer normal vector of K on o € £ and by {a¥ :i=0,...,d} C K the corners
of K. Furthermore, we denote the maximum number of edges that every K € 7 has by Ny = maxgecr #EK
(for d = 2 this yields Ny = 3 and d = 3 we obtain Ny = 4).

The jump of a sufficiently regular function f across an edge o € £ is given by

_ ) k(@) ngo + flo(x) - npe if o =K NOL
)= {f|K<sc> oy it c 0

for z € 0. We also define the average on an edge by

_ Jaflx(@) + fle(@))  ifo=0KNIL
7= {;|K(Z) ) it o C 00

for x € 0. For a simplex S = conv{z, ..., zq} With zo,...,2s € R? the element bubble function bg is given by
bs == )‘Zo ')‘21 . )\Zd

with A,.,...,A,, the barycentric coordinates (see [3], Lem. 4.3). For an edge o of S represented by o =
conv({zg, ..., 24} \ {#i}) for some i =0,...,n, we denote by b, the edge bubble function defined by

bo= [[ X

J=0,j#i

For every K € T we set hi = diam(K) as the diameter of K and for o € £

) dist(zk,zr) ifo=KnNL
7 ldist(zk,0) if o C 00

For each K € T we define Mg : L?(K) — R via
1
MKfz—/ f(z)dz VK €T, f € L*(K),
K] Jk
and for each o € £ we define M, : L?(c) — R via
1
Mof = 1o / F(2)dS(z) Vo €&, f e L(o).
For brevity, we write

_2q
L = -l 20, zemn )y Il = [l L2 ary, X () = La=2(0, T3 L(€2),

for some measurable set M. For the time discretization, we fix a time T and a partition (t;) 3-’:0 with ¢ty = 0 and
t; = T. We denote the time step size by

Tj:tj+1—tj j:O,...,J—l.
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2.2. Basic inequalities

We need the following generalized version of the classical Poincaré—Friedrichs inequality. A proof can be found
in Theorem 3.1 of [20] and Section II.1.4 of [49].

Theorem 2.2. Let 2 C RY be an open domain and Ty C 0 with [T1| > 0 and 1 < q < oo. Then there is a
constant Crqr, >0

[ullzago) < Crar:Vull L)

for all w € H'(Q) with u|r, = 0.

We later need a so called multiplicative trace theorem on each triangle. This inequality can be found in
Lemma 12.15 of [21].

Lemma 2.3. There exists Cy; > 0 such that for allp € [1,00], K € T, 0 € Ex and v € WHP(K) it holds

1 11 1—1
lolanio < e 190l Eacry + i ol 0l

Combining Lemma 2.3 with the classical Poincaré inequality (see [3], Cor. 2.3) we prove an approximation
inequality on edges. We denote the Poincaré constant for the space L? by Cp .

Theorem 2.4. There ezists Copp > 0 such that for all p € [1,00], K € T, 0 € Ex and v € WHP(K) the
following holds

1—1
v — MKU”LP(U) < Cappphg ” ||Vv||Lp(K)‘

Proof. Using Lemma 2.3 and Poincaré inequality we can bound

1 _1 1 11
o= Mictlun < o IVl + i = Micolle ) o = Mol

1 1 1 1-1 -1 1-1
< Ccti<||vv||£p(1() + Clg,pv”|zp(1()>cp,pp by * ||V”||Lp(p]<)

1—1 1—1
Ceti(Cpy” + Cpp)hy * ||VUHLP(K)'

IN

Py

O

In the following, we need a version of the Gagliardo—Nirenberg inequality for bounded domains. A more
general version was first proved in [43] and the stated version can be found in Theorem 5.8 of [1]. In [1], the
domain 2 needs to satisfy the cone condition. Since we assume here that €2 has a locally Lipschitz boundary,
the cone condition is satisfied for 2. We use the Gagliardo—Nirenberg inequality for the stability framework in
Section 5 and present a simple proof such that we get an explicit bound on the constant C¢ ;, that only depends
on the constant Cs 4 in the Sobolev inequality for ¢ = Z(dijp) ford =2 and ¢ = dQ—_dQ for d > 2.

Theorem 2.5. Let2<p< oo ford<2and1<p< % for d > 2. There is a constant Cq, > 0 such that

0 1-0
lll ooy < Capllulli @ lull 2oy Yu e HH(S)

with 0 = 4 — g. Furthermore, it holds Cg p, < ngq with ¢ = Q(dfjp).
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Proof. Since u € H'(£), the Sobolev inequality, see Theorem 4.12 from [1], implies that u € L9(2). The LP
interpolation inequality, see Theorem 2.11 from [1], implies

lall oy < Mell ey el 2

with ¢ = (d“) ford=2and q= 75 ford > 2 and 0 = % — %. We apply the Sobolev inequality and obtain

||U||Lp Q) = CS,qHU”Hl SZ)HU’”L2 Q)

where Cg 4 is the Sobolev embedding constant. O

3. NUMERICAL SCHEME AND RECONSTRUCTION

We use the finite volume scheme from [25] to solve (1)—(4) in d = 1,2, 3 space dimensions and present a way
to reconstruct the numerical solution so that a conforming approximation is obtained. We provide a posteriori
error estimates by reconstructing the numerical solution, in a way similar to [40,41]. There are also other finite
volume schemes in the literature namely [9] and [11,12]. Since our goal is to initiate a posteriori error analysis
for cross diffusion systems we opted to use the simpler finite volume scheme from [25]. In order to derive an a
posteriori error estimate for the scheme from [11] we can combine the stability analysis from Section 5 and the
reconstruction presented below. However, the use of this reconstruction would lead to an error estimator that is
first order convergent, i.e. suboptimal for that scheme. Deriving a reconstruction that provides a second order
error estimator for the scheme from [11] is an interesting task but beyond the scope of this work.

Gerstenmayer and Jiingel [26] describes a structure preserving finite element method for (1)—(4). It solves
the equation in the entropy variables and therefore asks for higher regularity conditions than the finite volume
method presented below and all initial densities have to be positive everywhere.

3.1. Finite volume scheme

In the following, we write uZ i for the approximation of u; on K at time ¢;. We approximate the initial
conditions as follows

0 0 0 0
u; g = Mgu;, Pp=Mg®

fori =0,...,nand K € T. We consider numerical schemes of the following form. For K € 7 and j € {1,...,J}

ul o —ul 7 ,
K| =%+ > Fly, =0 Vie{l,...,n}, (11)

T
J oefk

ug,K =1- Z“g,m (12)
i=1

=N FE(@®) — K] ziud e =0, (13)
=1

oc€fk
with
Flyy = —ub oFE(ul) +ul JFE (uh) — (wjuo)L Bz FE (7)) i=1,...,n, (14)
and
4 O] o —ulp) ifo=KNL
FX(u)) = % ifocy

__Adgu?) ifeocIp

Q.
—
<
.
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and ul s (uou)? approxnnatlons to u] and uou on the edge o respectively. The next example presents the
choices of approximations u] . and (ugu;)? for the numerical schemes so that (11)—(14) corresponds to the
schemes given in [9,25] and [11 12] respectively.

Example 3.1. (i) The numerical scheme given in [25] uses the approximations

7 .
U g ifo CI'y
. D . .
ug,a_ Moy ifoClp 1=0,...,n

uLK uLL : AT

— s ife=KNL

log(u] j)—log(ul ;)

and (ulul), = =uj up, fori=1,...,n

(ii) To obtain the upwind scheme given in [9], we define
= mx{u o, .
‘ U'é)K if ZZ‘FO}_((
Wi = Moug  if 2y FJ5 (9
u g, ifo=KnNL
‘ wl e AES () — i, 82 Ff (#) 2 00or 0 C Ty
ul = MouP if FX(u)) - uo’a’lﬁleaK( NY<0O0ando CTp fori=1,...,n
ul g, ifoc=KNL
with this we set (ugu;) = ﬂémuﬁn
(iii) To consider the class of two point flux approximation (TPFA) schemes from [11,12], we directly use
Condition 1.2 (C5) (2 = z; for all i = 1,...,n) to obtain an approximation uj , that does not depend on
z; (only on z). We do this in order to obtam a finite volume scheme for the solvent that does not directly
depend on the ion species (this is done below). With this we can define

uiK if o C 'y
ul = Mup ifocIp fori=0,...,n
el +ud,) (BE(@] - 0f) + B:(0) —@])))  ifo=KnL
with B € CY(R) strictly positive with B(0) = 1 and B/(0) = —3 (to obtain the Scharfetter-Gummel
scheme one uses B(y) = ;%5 and for the SQRA scheme one uses B(y) = e~ %) and
uz}KuévK ifoely
. j j B (2(Mo PP 37 ) =B (2(D) — M 2P .
(uou)l = i(UiKMUUOD + “&KMUWD)‘ ( ( 2@ ))M (q)( )K i ifoCl'p
(i ) Pl fo-FnL

With the finite volume schemes for the ion concentrations at hand, we now turn our attention to the solvent
concentration. For the reconstruction of the solvent concentration we need an equation that is independent of
the ion species and determines the solvent concentration. In essence, we need a numerical equivalent of equation
(6). Indeed, summing (11) over 4 yields

ul u . LU g
K| 20K~ B0 Z FE (4 (ug’g + Zuia) + BFE(®7) <Z 2 (uou;)?, ) =0. (15)
oEEK i=1 i=1
We write w; p, for the piecewise constant functions on € given by w; p(z) = ujx forallz € K and i =0,...,n

Similarly, we define ®j, by ®p(z) = Pk for all z € K.
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Remark 3.2. If the mesh 7 does not satisfy the orthogonality criterion, one can use the flux defined in
[15] and get a similar scheme. What is crucial for our reconstruction to work is conservation of mass, i.e.
F! (f)=—F’ (f) for o = 0K N L, and this is also satisfied for the fluxes used in [15,40,41].

3.2. Morley type reconstruction

We reconstruct the finite volume solution (ug p, - - ., Un,n, Pp) defined in (11)—(13). We present here only the
case d = 2. The case d = 3 works similarly on tetrahedral meshes. For the spacial reconstruction we use a Morley
type reconstruction similar to [40,41]. For every time step, we first interpolate the finite volume solution with
continuous piecewise linear functions. After that the integral of the outward normal derivative of the interpolant
is adjusted on every edge to fit the numerical diffusive flux.

In [40] similar reconstructions are applied to the Poisson equation and in [41] to more general elliptic equations.
The main difference to [41] is that we do not fix averages along edges in the reconstruction process. First, we
reconstruct the solvent concentration ug j and the electric potential @5, since they solve equations independent
of the ion species or at least only the right hand side of (14) depends on the ion species. We use the following
polynomial space on K € 7

Pr ={q+pbx : ¢ €Pi(K),p € Pi(K)}.
For the solvent concentration and electric potential we use the degrees of freedom

ov
» = K = d
Ko ={v(a; )} _1,2,3u{/0 P S}oesK

on every element K € 7. We define the Morley finite element space for the reconstructions of the ué and ®7 by

V;?:{uheH}j(Q) cuplx € Pk VK €T,

Ovn |k Ovnlr

dsS = —

dSVo e E,K,LeT:0=KnNL,
U@nK,U UanL,o

/avh|KdSOVK€T:a€£N05K}

OnK)(,

with the above notation at hand we can define the Morley type reconstruction for the solvent concentration and
electric potential. To set the values of the reconstruction at the corners aX (i =1,...,3) of an element K € T
we use the weights wr,(aX) for each L € 7 such that o € K N L. Following Section 3.3 in [15] the weights
are obtained by minimizing a quadratic function. The important property of these weights for the following
considerations is that they satisfy

plaj) = Z wr(a; )p(rK)
LeT:aKel
for every affine linear function p.

Definition 3.3. Let the weights wy,(aX) (i =1,...,3 and K, L € 7 with o € K N L) be given according to
Section 3.3 in [15].

(i) For a finite volume solution u? of (11)~(13) we define its Morley type reconstruction 7y’ as the unique

element g7 € V)0 satisfying

u’(af) = Y wi(af)uh(L) VK € T,ie{1,2,3}
LET:af(EZ
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oy’ |k
/080 ds = FX(u uOGJrZuw VK € T,0 € &k.

NK.o

(i) For a finite volume solution ®7 of (11)~(13) we define its Morley type reconstruction ® as the unique
element ®7 € V! satisfying

®(af)= Y wi(af)PI(L) VK € T,ic {1,2,3}
LGT:afEZ
- |
/aq’ i ds = FX (o) VK € T,o € &k.
o 8nK’U

Remark 3.4. (i) The Morley type reconstruction for the solvent concentration is different from that presented
in [40] and [41]. In [40] the C° reconstruction on triangles uses the polynomial base q + pbx for ¢ € Py(K)
instead of P1(K) and use {p(m;)}i=1,23 (with m; the edge-midpoints of the triangle K) in addition to
the degrees of freedom used here. For simplicity, we stick to the reconstruction presented in Definition 3.3,
since it uses less degrees of freedom and fulfills our needs.

(ii) In the definition of 7y’ we used FE(u)) (ugﬁg +30 u{a) instead of FX (u) for the integral of the normal
derivatives. In the proof of Theorem 4.6 and Proposition 4.2, we need that the integral of the normal
derivatives is given by the numerical ﬂuxes used in the finite volume scheme to derive the orthogonality
condition (25). Recall that (Uo ot i ul ) ~ 1.

For the other species u; (i = 1,...,n) we also use the polynomial space Pk, but with degrees of freedom
S = {v(af)} zlzsU{/ }
nK o o€y
on every triangle and time step j =0, ..., J. We now prove that (K, Pk, Zﬂ() defines a finite element for every

K € T. The proof is similar to Lemma 4.1 in [41,42].

Proposition 3.5. If 4y’ > 0 on K, then the triple (K, PK,E%() is a C°-finite element.

Proof. Since dim Px = 6 = card X it suffices to show that if w = ¢+ pbg € P
Mw)=0 VYrexi

implies w = 0. The condition 0 = w(aX) = q(al) + p(af )bk (al) = ¢(af) and ¢ € P;(K) implies ¢ = 0.
Let 0 € £k be an arbritrary edge of K. Slnce the zero-set of b, is a subset of the zero-set of bx we can factor
out by

bK = bo'>\0'7
with A, # 0 in the interior of . The properties of b, imply that 86 — < 0 on the interior of 0. For every edge
o € Ex holds
- __; O(pb Py 0by
o_/ g ds = / 5 9pbrc) W' pAo ds.
na K nU K o ana,K

Thus, ﬂij has a root on the interior of every edge o € k. Since ﬂBj > 0, we conclude, that p € P;(K) has a
root on the interior of every edge o € £x. This implies p = 0 and with the above w = 0. O
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We define the Morley finite element space for the reconstructions of uf 5, by

V}',h = {'Uh GH%)(Q) Z’I}]—L‘K € Px VKET7

/%jagﬂdsz/%jagh“ dSVo € E,K,LeT :0=KNL,
o No o N

/ﬂaja”"|K dS = 0 Vo € &N mgK}.
- on,

Definition 3.6. The Morley type reconstruction uAij for the species uZ at time j is the unique element {[Z-j €Vin

satisfying
@)= Y wre)ul, VKeT.ie{1,23}
LET:alKEZ
. ouy , .
/UOJ n ‘KdS:uéaFJ((uD VK € 7,0 € &k,
pu 8TLK10 ’

where we again use the weights wy, (a) chosen according to [15].

Remark 3.7. Nicaise [41] uses terms of the form a,b,bx (s € R for every edge 0 € £k ) to add degrees of

freedom corresponding to the convective fluxes. In our experiments, the convection term u’ FX (u}) is large

1,0" O
compared to u so that the coefficient a,, becomes large and introduces artificial bumps of the form b,b in the
middle of the triangle K. This yields convergence rates of order % rather than linear convergence.

For the reconstruction in time we use a linear interpolation between the time steps. Namely, we denote the
space-time reconstruction by

N t—t;
ul(t) = J

1o~ ti—t i g .
a4+ 2 uy’ fort=0,...,n,

Tj Tj

for t € [t;—1,t;]. We use a linear reconstruction in time, since it is easy and is sufficient for our needs.

4. ERROR ESTIMATES FOR THE DIFFUSION EQUATION

The solvent concentration in the reduced model (7) solves the diffusion equation. In Theorem 5.3, we derive
a bound of the difference u; — v; that requires bounds for [lug — vol| e (0, 7)x0) and [|V(uo = v0)|l 12 (jo,r1x - In
this section, we derive such bounds if ug is given by the reconstruction of the finite volume solution given in
Section 3 and use them in Section 6.2 to derive the a posteriori error estimate for the reduced model. Following
a similar strategy as in [33] and [18], we first derive the L> bound with the help of Green’s function for the
Poisson equation on §2. The proof presented below uses a uniform with respect to the second argument bound

on the WP norm of Green’s function on Q for some p* € [1, d%‘ll) (see Condition 1.2 (C6)). For the L? bound

of the gradient of ug — vy we use the stability estimate from Proposition 4.5 of [3]. The residual is then estimated
by the properties of the reconstruction similar to [40,41].
4.1. L*° norm estimates for the diffusion equation
We look at the classical diffusion or heat equation with Dirichlet and Neumann boundary conditions
O = Av on  x [0,7]
v=0oP onI'p x [0,T] (16)
Vo-n=0 on 'y x [0,T]
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with ,Tp and I'y as in Conditions 1.2 (C1), (C7) and initial and boundary conditions satisfying Condi-
tions (C2), (C3) and (C6). More on these conditions in Remark 4.1. To show an upper error bound in the
maximum norm for the reconstruction of the finite volume solution we follow the approach of [16,18,33]. To
pursue this approach, we split the error e := vy — ug into an elliptic part € := w — @y and a parabolic part
p = vy — w, where w is a suitable elliptic reconstruction defined later, see (17) below. This splitting allows us
to use pointwise a posteriori error estimates for the Poisson equation to estimate the elliptic error € at every
time step and the maximum principle to bound the parabolic error p. Combining those two estimates yields the
maximum-norm a posteriori error estimate.
We define the elliptic reconstruction w’ for time step j as the solution of

/ij.Vfdx:/ — Al fda Vf € Hp(Q) (17)
Q Q
with
, Apud if7=0
A= (18)
E— ifj>0
and boundary conditions
Vuwl -n =0 onI'y (19)
w = uP on I'p. (20)

In (18), we use the discrete Laplacian defined by

1 ) L
b= gy 3 (ot o G e
i=1

c€EEK

The reason for this is that we cannot use Aug° for w°, since A" ¢ L2(€2) and we need —A° € L2(Q) in
Lemma 4.4. Condition 1.2 (C6) and (C7) then guarantee that the elliptic reconstruction w® € H?() (see
Rem. 4.1). We observe that v} is a finite volume solution to the Poisson equation with right hand side A7 and
homogeneous Neumann boundary conditions on I'y and Dirichlet boundary conditions given by u” on I'p,
while (17) and (19) imply that w’ is the exact solution to that problem.

To obtain the estimate for the elliptic part € we need Green’s function for the Laplacian G in the domain 2
satisfying

—A,G(z;y) =6y — x) Vo,y € Q,
with boundary conditions

VG-n=0 on 'y
G=0 onI'p.
Recall that ¢ > d implies that W14(Q2) embeds into C°(Q2). Then Green’s identity implies
W) = [ VG@y) Viwds e HH@ W), (21)
Q

We use (21) to represent the elliptic error € pointwise at every time step. Using this representation we bound
the right hand side uniformly in « € {2 to obtain an estimate for £ in the L*°-norm. Since ¢ is piecewise linear
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in time, we obtain an upper bound for max;co,71|/e(t)|| . by using max;—o,...,s[|e(t;)||,~ and the a posteriori
error for every time step.
To bound the parabolic error p, we observe that p solves the diffusion equation

Otp — Ap = R(t) — 8755 (22)

with the temporal residual R(t) = —f;_1 4771 — (; A7 — M for t € [tj_1,t;]. Therefore, we can use
Duhamel’s principle and the maximum principle to bound p. ’

We will proceed as follows: First, we bound ¢ pointwise using the properties of the Morley type reconstruction
and Green’s function at each time level ;. We can represent the elliptic error at time ¢; by (21) and obtain
a pointwise bound by estimating the right hand side. After that, we use the L°°-contractivity of the heat
semigroup on  with homogeneous Neumann and Dirichlet boundary conditions to bound ||p|| Lo ([0,T]x Q)" For
this we also use the elliptic error estimate that was derived in the first step. Combining the error estimates for
||e? ||Lx([O7T]XQ) and [|p| o< (o, 77x02), We obtain the error estimate for [le]| ;. 77xq)-

Remark 4.1. Condition 1.2 (C6) and (C7) guarantees that the elliptic reconstruction satisfies w/ € W14(Q)
with % + 1% = 1. Indeed, the elliptic reconstruction w’ can be decomposed w?/ = @/ + uP with @7 € H}j ().
Using (17) we can write

wi(y) = /Q Gl(a;9) 49 (z) dz + uP(y).

Since A7 € L*°(Q)), we get that w/ € Wh4(Q).

We first prove a bound for the elliptic error ¢ for every time step. The next proposition establishes a quasi-
orthogonality property for £ to piecewiese constant functions similar to Lemma 5.3 in [40]. Since we cannot use
piecewiese constant functions as test functions in the weak formulation of the Poisson problem, the error cannot
be orthogonal to those functions. The proposition below is central to the following considerations.

Proposition 4.2. Let 1 < p < p*. The elliptic error &/ := w’ — u/\oj at time step j satisfies

v @) i = Y ([ (-4 AT - M) s

KeT

_% T /O[[VUAOJ‘]] (f = Mx f)dS Vfe Wy (Q)

oc€EK\EP

Proof. Let f € WSP(). Similar to Lemma 5.3 in [40], we conclude using the definition of the reconstruction
(see Def. 3.3)

fawar 3 [ v moas = X (ot X)) - [ wia
K oc€lK g o€elk 1=1 K
for every K € 7. Using (17) and integration by parts on each K € 7 yields

/QV(wj—quj)-Vfda:z/QAjfdx— Z/Kvaaj-wdx

KeT

- J o -
_/QA fdx-f—Z/K(Auo )fdz + Z Vug” - niefde

KeT o€l 9

(24)
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with (23) and (24) we derive

V( — ) Vfda:—Z/ W) (f — Mg f) x—fz > /Vuo fds (25)

KeT KET g€ \EP

Due to the conservation property of the numerical flux, i.e.
/vaaj ngodS=FEwl)=—FFu)) = —/ Vg’ - npedS
g (e
for o = K N L, we get

| i =) Vide= 37 [ (4 - 8T~ Mf) da

KeT

_72 Z / f Mg f)dS

KeT e \EP

O

We can now estimate the elliptic error in the maximum norm for every time step. For this we use Proposition
4.2 with f = G and Theorem 2.3 to estimate the jump terms.

Lemma 4.3. If Condition 1.2 (C1)-(C3), (C6) and (C7) are satisfied with p*, then the elliptic error &/ at time
t; can be bounded by

”8j ||Loc S né,qCGreen,p

wzth —|— = =1 and

Q=

. cd . Ni~!
29 Z CY A7 + Aug ‘ 4+ R0 g H[[Vu/\oj]]’ for ¢ < o0
v La(K) 24 La(o)
i KeT cEEK\ED
Ns,q =
j —J Capp,l —J
max CplhK‘A]+AUO H + — H[[Vuo ﬂH for g = o0
KeT ’ L>=(K) 2
oc SK\(‘:D
Proof. Using (21) and Proposition 4.2 yields
(w? — 5" )( /Vw”—uo) VG(+y)de
. 1 .
=> / — AT ) (G - MgQG)dz — 5 > / vuof (G MgG)dS
KeT cEEK\EP
1 .
o I IS U [ [ e

c€ER\EP
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Using Theorem 2.4 and the Cauchy—Schwarz inequality we can estimate

/ V! —w’) vGde < Y H—Aj — AT
Q

LQ(K)CP,p* hKHVGHLIJ* (K)

KeT
1 —~j 1- gk
35 I ot 1
occE\EDP
1
N . e Cc? *Ng_l T !
<2 | S| Cpehie| 4+ 2w ||+ e S|l
Pt LI(K) D Li(o)
c€EK\E

1
p* )
x (Z ||VG||§1,*(K)> < e IVGl o -

KeT

We used that (ZJESK\SD

q
— -1

WUOJ]]’ Lq(g)> <SNG Doeen\en

Definition 2.1. The proof for ¢ = oo is completely analogous. O

Rt
[Vue’] HLq(U). Where Ny = maxger #EK, see

We now study the parabolic error p. For this we need the heat semigroup on {2 with homogeneous Neumann
and Dirichlet conditions on I'y and I' p respectively, denoted by (em) Furthermore, we note that in Chapter

4 of [44] it is proved that

>0

HetAfHLOO(Q) <Nl e o

for every f € L>°(2) and ¢t > 0. Notice, that since w and vy satisfy the boundary conditions exactly, we only
need to consider homogeneous Dirichlet and Neumann boundary conditions. Further, we define the temporal
residual
_ R TP A ypc
R(t,) = =41 (DA™ — (1) A — =——— L€ [tj 1.t

T

with £;_1(t) = tg_’f and £;(t) == ﬂ

Lemma 4.4. If Condition 1.2 (C1)-(C3), (C6) and (C7) are satisfied, then the parabolic error p = vg — w
satisfies fort € (tj_1,t;) and j=1,...,J

100 ey < 10(E5—1: M e 2y + e + 73775 g Cineon.pr

a1, 1
wzthp—*—l—a—l and
) tj tj ) o it
700 1:/ IR, ) oo () At = / —l AT A - dt
tj—1 tj—1 Tj Loo ()
) . . oy P q
ﬁ%’,q = Tj_lQP% (Z (C%vp*hz(HAJ — AT+ A(UOJ — g’ 1) Le(K)
KeT
Caopr Ng —j -] ’
+ 57 hx Z H HV(uo — Ug )]] i) for ¢ < oo
cEERK\EP
. -1 j j— —~F —~j—1
Capp,1 —~j _ —~j-1
Tty Z H [[V(uo — Yo )]] HLoo(a) for ¢ = oc.

oc€ER\EP
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Proof. One can easily verify that

—~F  ——j—1
0" — Uo

8tp — Ap = —Ej_lAjil — ngj — — 8ts = R(t) — 8t5

7j
for all t € (t;—1,t;). Hence, using Duhamel’s principle and the continuous semigroup et®, we can express p as
t
plt) = D8p(t; )+ [ eI R(s) - Dis(s)) ds
tj71
Using this expression we can bound

t
106t My < 101wy + [ 1y + 10005y d
tj—1

]‘_
< llp(tj-1, ')”Loo(Q) +p+ Tj||3t5HL<>C([tj,1,tj]xQ)'
It only remains to show [|0¢e || poo (1, , ¢, 1x0) < f]g,q. To do this we write
dre =77 (I 0! — T 4
and use the same arguments as in Lemma 4.3 to arrive at

q

(Voye, VG) < Tj—lﬁ (Z <C§’a,p*h§<HAj A A —w Y

KeT Le(x)
co NI~ | !
app,p” "0 J_ -1
+ThK Z MV(UO — g’ )HHLq(g) IVGIl Lo -
oc€ER\EP
Combining the two estimates finishes the proof. O

Theorem 4.5. If Condition 1.2 (C1)-(C3), (C6) and (C7) are satisfied for some exponent 1 < p* < 7%=, then
the L*(0,T; L>=()) norm of e == ug — vy satisfies

J J

o lle(t, | ) < 1600, Mzoe @y + D e + D 7315y Coreonsr + X, 7%  Cireon.
Jj=1 Jj=1

with 1% + % =1 and the estimators n%oo, ﬁjs-yq defined in Lemma 4.4 and ng q defined in Lemma 4.3.
Proof. With Lemmas 4.3 and 4.4 it follows by induction over the time steps j =0, ..., J that

R A CRI P A (ORISR ECOI Py

gte(?}?itﬂ"p(7')||L°°(Q)+ cmaxc ot Moo + e et Ml e o)

< lp(ts-1, ) g (@) + 700 + 7513 Clreensp + semax ot )l e (o) + max liejll o o)

[0,t5-1] 0<j<J
J J
< 00, ey + D T + D 57 Clmoon + 83 1 Clnoon.pe
j=1 j=1

where we also used

1200, M oo () < €0, )l oo () + 120, )] oo () < €0, )||L°°(Q)+77g,qCGTCCH7P*‘
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4.2. Gradient error bounds

We now derive an upper bound for |[V(2o — vo)l[12(0,77xq)- For this we use a classical stability framework

for the diffusion equation. The proof is similar to that in Proposition 4.5 of [3]. The bound on e then only relies
on the L?([0,T; H5(Q)’) norm of the residual Ry :== — Y. | R;.

Theorem 4.6. The L%*-norm in space and time of Ve = V(ug — vo) is bounded as follows

T
2 2 o~ 2
sup |le(t, ) +/ [Ve(t, )T2(q) dt < 2[[ue(0,-) — vo(0, ) |20
te[0,T) 0

J

S <W§,2+CF,2,FD

Jj=0

J j—1

Y Wo,n — Up,p

tUo” — —
Tj

2
ot -5, )
Q

with né o defined in Lemma 4.3.
Proof. We use the stability estimate from Proposition 4.5 in [3]. Namely, the error e := vg — ug satisfies

2 2 2
sup [le(t)llq + [IVelljpryxq < 2lle0)llg + | Roll-
te€[0,7

We now only need to bound ||Ry||”. Let f € HL (). For every t € (tj—1,t;) we have
(Ro(t), f) = (Qruo(t), f) + (Vua(t), V)

ul  — 1/ . . , ,
= (atﬂa — b _Oh ,f> (=i 1)+ (GVE V)

Tj Tj
= (v(@ ~w).v) + <ata3 - %h;%hlf> + (6 = DVE + 40V, v7)
J

=141l 4 III.

We bound I using Proposition 4.2. We perform the same steps as in the proof of Lemma 4.3 to arrive at

(v(fojwj),w)Z(/I{Mﬂ'mjwwndx; >

[vi'] (f - Mucpyas

KeT cEER\EP VT (26)
<751V fllg-
For IT we use Holder’s inequality and the Poincaré—Friedrichs inequality (Theorem 2.2) to derive
J Jj—1 J Jj—1
. Uy p— Uyn . Upp — Uy
g — —————, f | < ||0ug — ———— 1flo
Tj Tj L2()
J Jj—1
_~ Uyp T Uy
< Crarpl||0ig — ———| [[Vfllq- (27)
J Q
§o i1
Notice, that (27) is not optimal in the sense that we estimate ||0;(uo — uo,n)|| 71 @ S ’8@5 - “0'17% )
D
Q

i1
Since the L? norm of d,ug — w converges linearly as does the rest of the estimator we may use the L?
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norm, which is easier to compute than the H}(Q)" norm, without changing the convergence behavior of the
overall estimator.
For III we use Holder’s inequality

(6 =V + 60,V F) < || = DV + 4V | IVF, o)
< |va@’ - v 19 flle.

Combining estimates (26)—(28) yields the desired result. O

5. STABILITY FRAMEWORKS

We first prove a stability framework for the reduced model (7) with initial conditions (4) and boundary
conditions (3). This means we bound the difference u; — v; (i = 1,...,n), with (v;)_, a weak solution in the
sense of Theorem 1.1 and (u;)_, a weak solution of the perturbed system (10). This upper bound relies on
bounds for the L ([0, T] x §2) norm of 1y — vp and the L2([0,T] x £2) norm of V(ug — vp), that were derived in
Section 4.

After that we present a stability framework for the general model (5) with the same boundary conditions

(3). The upper bound for u; —v; (i =1,...,n) follows in the same way as for the reduced model. We also need
upper bounds for ug — vg and ¢ — ¥, since we cannot use the bound from Section 4.
For the stability frameworks, we need the Assumption 5.1 on the weak solution (ug, . . . , ty, ®) of the perturbed

2
system (10). Recall X (q) == La-4(0,T;L4(R)). In Section 6, when we derive the a posteriori error estimate
the solution to the pertubed system is the reconstruction of the numerical solution. Hence, we do not need
Assumption 5.1 for the a posteriori error estimate.

Assumption 5.1. (i) Assume that the Dirichlet boundary conditions are exactly satisfied by the solution of
the perturbed system, i.e.

ui:UiD on I'p.

(ii) We assume that the solvent concentration fulfills Vug € X(gq) for some ¢ > d. If z # 0, we assume
additionally that F :== Vug — ug28V® € X(q) and Vu,; € L>(0,T; L(R)) for some ¢,G > 2 for d = 2 and
q,q > 3 for d = 3.

Remark 5.2. (a) Assumption 5.1(i) states, that the perturbed system satisfies the same Dirichlet boundary
conditions as the original system. If we did not impose Assumption (i), we would have to bound

{w00nui — uiOntuo — v00nvi + viOnvo, Ui = Vi) o ) yd
in the proof of Theorems 5.3 and 5.4. It is unclear how this can be done. If the boundary conditions
satisfy (C3), then the reconstruction of the numerical solution from Section 3 satisfies Assumption 5.1(i)
automatically.

(b) We do not assume that the Neumann boundary condition is exactly satisfied. The perturbed Neumann
boundary conditions are incorporated in the right hand side R, € HL(f2). Hence, we do not see the
boundary error explicitly in this setting.

(¢) We need the additional regularity assumptions in (ii) for the full model, since we cannot utilize the classical
maximal regularity results for the diffusion equation. Since the reconstruction is composed of continuous
piecewise polynomial function, Assumption 5.1(ii) is automatically satisfied.
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5.1. Stability framework for the reduced system

We now establish a stability framework for the simplified ion transport model. Let, in this subsection,
(v3)i=o0,...,n be a weak solution of (7) and (u;);=0,....n be a weak solution of the perturbed system

Opu; — div(ugVu; — ugVu;) = R; i=1,...,n
> ui=1 in Q x (0,7) (29)
i=0

with R; € L?(0,T; H+(Q)') and (ug,...,u,) satisfying Assumption 5.1. For this stability framework, it does
not matter how the solution to the perturbed system is obtained, as long as it has the required regularity
and satisfies Assumption 5.1. This stability framework can be used with other numerical methods or different
reconstructions, since we only impose minimal conditions on the residuals R; and the regularity conditions on
UQy e v oy Up.

To obtain the bound, we subtract the weak formulations for (7) and (29) and test with u; — v;. In the end,
we use the Gronwall lemma. Note, that according to Theorem 3.9 in Section 5.9 from [22] v; € C([0,T], L*(2))
for all i = 0,...,n and T > 0. The positivity of the heat semigroup (e!*);>o implies that v < vy (¢, ) for all
(t,z) € [0,T] x Q (see [44], Sect. 4.1).

Theorem 5.3. Let the data satisfy Condition 1.2 (C1) and (C2). Let (vo,...,v,) be a weak solution of (1)-
(4) and (ug,-...,un) be a weak solution of (29) with the boundary and initial conditions (3) and (4). Under
Assumption 5.1, the difference u; — v; fori=1,...,n is bounded as follows

T
2 2 2 12 2 2
tgg%HUi —villg + /0 [VvoV (u; — vi)[lgdt < <2HU? — || + 7\\110 = wol| Lo (jo,17x) IV illj0, 7702

12 ) 12
+ 2190 = o)y 1y + 7||RZ-||*)

= 0 =5
X exp (20&9 (1 + CF)27]_"D) -0 ;%HVU()H;{(Z)>
N1

Y
[

. —0 -1
wzth@z%—%anduz%(ﬁ) .

Proof. Subtracting the weak formulations for u; and v; and testing with u; — v; yields
1d
—— [ (u; —v)?de = — / (uoVu; —u;Vug — voVu; +v;Vug) - (V(u; — v;)) da
+ <Rz,uz - 1}7;>.

Rearranging yields
1d
—— [ (u; —v)*de =— / oV (u; — ;) - V(u; —v;) + (uo — vo) V- V(u; — v5)
+v;V(vg — up) - V(u; — v;) + (v; — u;)Vug - V(u; — v;) de
+ (R, ui — vy).

Using Holder’s inequality for every term and the duality pairing for the last term yields

1d 2
Sl = vl < = VooV (ui = v:) g + 00 = woll oo (e I Vel ||V (i = v) 1

2dt
+ [[vill oo () IV (10 = v0) ||V (w5 — i)l
+ i = vill Loy [ Vol pa o) IV (ui — i) [l
+ 1Rill gy ey 1V (i = 03[l
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with % + 1 = % and ¢ > d. To bound the LP norm of u; — v; we use the Gagliardo—Nirenberg inequality
(Thm. 2.5) with 6 = ¢ — %

6 1—
i = vill ooy < Callui — vill g q)llus — villg

2 g 1-6 0 (31)
< Ce(1+ CF,2,FD) ui —villg IV (ui —vi)llg-
Using (30), (31) and Young’s inequality we arrive at
1d 2 1 2 6 2 2 6 2 2
5 dt”uz villg < — §|\\/%V(uz‘ —vi)llg + *||UO — ol o0 (o [ Vil + ;”UiHLOO(Q)”V(UO —vo)|lg
2 2 2 25 2, 6,2
+Cq " (1 +Chor,) ™7 —=7 1+9 HVUOIILq(mIIUi —villg + ;”Ri”HlD(Q)'v
NI
%
—1
with p = % (ﬁ) . The claim then follows with the classical Gronwall inequality.
max |Ju; — vi|§ + TH\/FV(M — vl dt < (2]l =02 + 1200 — woll? Vs [
wefoor T Vil T o VUi — Vi)llgdl = i ille ™ 0 01l Loo([0,T)x Q) ill[o,T]xQ
12 2 12 2
+ 21900~ o)y + 1)
~ .10 T 7
=% 6
X exp (20&9 (1 + C%»erD) T—6 1+6 |V’LL0||X(q)>
v
O
5.2. A stability framework for the general model
We now derive a stability framework for the general model. Let (ug,...,u,, ®) be a weak solution of the

perturbed system (10) satisfying Assumption 1.3. Let (vq, ..., v,, ¥) be a weak solution for the general model
(5) in the sense of Theorem 1.1. The main differences, compared to the previous section, are that we need to
control the difference of the electric potential and that the solvent no longer solves the diffusion equation and
we do not have a good bound for the difference vy — ug in L>([0,T] x ).

We first derive a stability framework for the electric potential. To do so, we note that the electric potential
solves the Poisson equation. Therefore, we can use the classical stability estimate for the Poisson equation
obtained by the Poincaré inequality

2 1
I9(2 = W)l < Crary sy llto — vollo + 351 Rall sy oy ¥t € 0,7 (32)

For the ion concentrations we can perform similar steps as in Theorem 5.3 with F' := Vug — 28ugV® and
G = Vug — 2PBugVV instead of Vug and Vug respectively. Furthermore, to estimate [|(uo — vo) Vil 7740
without using [luo — vo[ e (jo,7)x) We utilize the Sobolev inequality

T T
| o = )P s =y awar < [ = ol 190l |90 = ) g
< Cslluo = voll 20,710 () I Vill Lo 0,75 2302 IV (i = Vi)l L2 0,75 22 02

with 1 —|— i =32 and G > 2 for d =2 and ¢ > 3 for d = 3. Therefore, here we need Assumption 5.1(ii), i.e.
Vu; € L‘X’( ; L9(€2)) instead of L2(0,T; L?(€2)). This gives us the estimate
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2 2
tg%gbx ||U1_Uz||Q / VooV (u _Uz)Hth< (2H“ _UOHQ *”V UO)H[O,T]XQ||vui||L°°(0,T;Lq(Q))

2 2
+ 21F Gl e+ 7||Ri||*)
2 .
< exp (205;6 (L4 Chyp, )i ||F||X(q)>
yI-e

with 6 and p from Theorem 5.3. Furthermore, we can bound the difference F'—G by the use of Sobolev inequality,
Poincaré—Friedrichs inequality and equation (32), Theorem 2.2

T
IF — Gl gy < / (11 (0 = vo)llg, + 1261l (w0 — 16) V[, + |28l[[00V (@ — W) )% d

T 2
</ (||v<uo—vo>||g+|zﬁ|||uo—vo||Lp<Q>Hv¢>||m<m+|zﬁ|||v<<1>—w>||g) dt

|8
§2||V(U0vo)[20,T]xQ<1+CS U4 Char BVl gnay + Crars )

IZﬂI

+2-5- | Ral7,

where we used 0 < vy < 1 in the second estimate. We now turn our attention to the solvent concentration.
Since the solvent concentration does not solve the diffusion equation in the general model, we cannot use the
classical stability framework here. To control the difference ug —vg, we test the weak formulation for the solvent
concentration equation (6) with ug — vy and use Holder’s inequality and 0 < vy < 1 to arrive at

1d

2 2
5 g llUo =~ vollg < = [V(uo = vo)llg +|26]lluo — voll Lo o) IV @Il La (o) |V (w0 = v0)llg
28]
+ o IV(©@ = W)llo[IV (w0 = vo)llg + [Rolly, IV (w0 = v0) -

The right hand side contains the LP norm of the difference ug —vg. We estimate this term using the Gagliardo—
Nirenberg inequality with 6 = 4 — % similar to equation (31) and use equation (32) to arrive at

1d

1
2
5 =luo = vollf, < = 5119w — vl + CF 7 lluo — ol HIVEI Loty

|Zﬁ\ |Z\ 2 2 2
+ Chorp o i l[uo = vollg + 1 Ba |51 oy | + 2l Rollgy oy -

Applying Gronwall’s inequality yields

T 2
2 2 |Zﬂ| 2 2
max |lug — vollg, + /O IV (uo — vo) | dt < <2||US = vl + 1Bl +4||Ro||*>

te[0,T)
3||= s
+Chyp TS ).
X(a) Fate

2
X exp (20&9 1+ CIZ’,ZFD)T Y

We now summarize the inequalities from above in one theorem.

Theorem 5.4. Let the data satisfy Condition 1.2 (C1) and (C2). Let Assumptions 1.8 and 5.1 hold. Let
(ug, - - -, Un, ®) be a weak solution of (10) and (vo, ..., vy, ¥) be a weak solution of (1)—(4). The electric potentials
® and U satisfy

||
IV(® =)l < Crarp g luo —wlo + [ Rellgy @)y VE€[0,T].
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The difference ug — vy satisfies

T 2
2 2P
ma%Huo—voH?)—i—/ 1V (uo — vo)|[5, dt < <2Hu8—v8||9—|—| 4|
0

|Ra | +4||Ro||i>
telo,

= Es
Chor,T :
xig P20t gy

2 ~
X exp (20&9 (1+ C%,z,rn)%WHW’

The difference u; — v; fori=1,...,n satisfies

T
2 2 2 9 2 2
tler[lg%\\uz‘ —villg +/0 VooV (u; — vi)|lgdt < <Hu? — 0] + ;HV(UO = o)lljo,ryx 0l VUil 0,7:1.0(02))

5 2 5 2)
+o|F-G + =[R2
7H lio.71x0 7H |

= 2 M 5
X exp <20é ¢ (1 + C%,Q,FD) e 1+g||F|)1((Z)>’
vy

041
with ¢,q > 2 ford =2 and §,q > 3 ford=3 and@z%—%,uz%(ﬁ)eil.

Let us comment on our stability theory, Theorem 5.4, and its relation to commonly used methods for stability
and uniqueness of cross diffusion systems.

Remark 5.5. Gerstenmayer and Jingel [25] showed a uniqueness result for the general model (5) using the
Gajewski method. They use the entropy functional

i =3 /Q vi(log(vi) — 1) da

for a solution v = (v, ...,vy) of (5). Following the route of Gajewski (see [24]), this leads to the metric

d(u,v) = H[u] + H[o] — 2H {“ i ”}
for two solutions v = (vg,...,v,) and u = (ug,...,u,). This metric can be seen as a symmetrization of the
often used relative entropy (see [13], Rem. 4).

This entropy structure is often used to prove weak uniqueness and weak-strong uniqueness results for cross-
diffusion systems see also [4,6,29,30,51]. Instead, we use the L? norm to establish a stability framework. Using
the L? norm in this context is advantageous. The L? metric is weaker in the sense that

= 0l720) < [V = V0|2 < dlu,0)

for two solution v = (vg,...,v,) and u = (ug, ..., uy). This allows us to obtain an a posteriori error estimate.

More precisely, in the Gajewski metric setting the equation for u; is tested with log(%

us how to bound the residual tested with this function, since log(%) ¢ H'(Q) for u; = 0 outside of a
set of measure zero. Whether this problem can be overcome by the use of another numerical method or by
reconstructing in a different way is an interesting question beyond the scope of this paper.

One reason the Gajewski approach is used in the weak-strong uniqueness proof is that Gerstenmayer and
Jingel [25] aim to avoid the assumption that Vuy € L°°(0,7T;L9(€2)) for one solution. In the setting of
a posteriori analysis, the role of ug is played by a continuous piecewise polynomial function and therefore
Vug € L*>(0,T; L9(R)) is satisfied.

). It is unclear to
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6. A posteriori ERROR ESTIMATOR

We now establish a posteriori error estimates using the stability frameworks from Section 5 and the recon-
struction defined in Section 3. The only thing left is to establish a computable upper bound for the residuals
R; in the L?(0,T; H5(Q2)")-norm. To achieve this we use the properties of the Morley type reconstruction from
Section 3.2. We prove the first key property in Lemma 6.1. The residual for the reduced model is given by

(R, f) = / Oris f da + / (@Y, — @ Vig) - Vi da
Q Q

for all f € H}(£2). We first present the bound of the residual for the reduced model (7) in detail. Together with
the stability framework and bounds on the difference ug — vy from Section 4, we can state the a posteriori error
estimate for the difference u; —v; (i =1,...,n).

The bound for the general model can be deduced in a similar fashion. We state the residual bound and «a
posteriori estimate for the general model in Section 6.3.

6.1. Bounding the H} (€)' norm of the residual for the reduced model

Lemma 6.1 is crucial to estimate the element residual in Theorem 6.3. Since we do not reconstruct with
respect to convection, we get an error term on the right hand side, that is not present in Lemma 5.2 of [41].

Lemma 6.1. The reconstruction @; satisfies
/ 8tug’h dz —/ div(w’ Vi — 4/ Vg ) de = — Z (uZUFf(uJO) — / @ vy’ ‘NK - dS)
K K o
foral KeT,i=1,....nandj=1,...,J.

Proof. We first use Gauss’ theorem on every element K € 7 to arrive at

/atulhdx—/ div (@’ Vi’ —uZJVuO dx—/ atulhdac— Z/ TISAATY —quVuo) N, dS

oc€fK
:‘/Qé%uihdx__ zg: (UOUITK( ') zaﬁ} ( ))
K oc€fK
- > ( 1 FE (uf) — / GV g dS).
oc€fK g
The claim now follows from the definition of the numerical scheme. |

Remark 6.2. Notice that we used (“)tug 5, in Lemma 6.1 with u; j, the piecewiese constant in space finite volume
solution and not the reconstruction ;. The reason for this is, that the finite volume solution solves the equation

m(K)ouly, = > uh FE(ul) —ul ,FX (uf)

c€EK

foralli=1,...,n,7=0,...,J and K € 7. The reconstruction is done in such a way, that we treat 8tug’h as a

right hand side. Therefore, similar to Lemma 5.2 in [41] we have to use 8tug ,, instead of o,ay’.

We can now bound the H}(Q) norm of R;.
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Theorem 6.3. The residual R; is bounded in HL(2)" by
IR (D)l 111 oy < Ry, + Ry, + Ry, Vt € [tj-1,]

where the spacial bound RJ ., temporal bound RZ. . and reconstruction bound R% . are given by
S,i T, R,i

, , , ) N\ 2
Opul , — div (uOJ Vi’ —a’ Vuoj> H
. K

Riez = \/5( Z (h%((jz%,z’
KeT

2

]\]8 S Py 2
+TC2 QhK Z H[[UOJVUZ‘J_UZ‘]VUOJH

app, .
o€ER\EP
i i i el o~ e o~ Teg—g—1
R%“J = HUOJ VuiJ — uiJVuoj - Uoj VuiJ + ui] VUOJ H

Q

) . FE (4
GILVTY - nic.o — gy L2 L0

"ol

1
| | 5

1

. " , C )2N§

= Coarepi 0, - (5
KeE oeEx\EN

Proof. Let f € Hy (). We split the residual into a temporal part IT and the rest I

(R[u);, f) = (0, f) + (W’ Va7 — @/ Vg’ , V)
=71
+ (WG — 4;Vip — @’ Vi, + 4V, V)

=1

for t € (tj—1,t;). For the first part I, we use Gauss’ theorem on every triangle K € 7 and Lemma 6.1 to arrive

at
- / o(@ —win)fde+ 3 [ (Bruin — div(@ Vi — @' Vi) f da
Q KeT 'K

+ Y [ @Va - @V - nxefds

o€EK\EP VT
= / Ou(@; — wip) fde+ ) / (Opuip — div(@’ Vi — @7 Vig?))(f — M f) da
Q KeT K
=1, =1,
I <u€,gFf(ué>— / @' V! -nK,gdS>MKf+ 3 / (@' V@ — @/ Vi ) - nicof dS.
KeT oe€x 7 oE€ER\EP VT

=13
For I, we use Holder’s inequality and Poincaré-Friedrichs inequality (Thm. 2.2) to arrive at
L < Crarp 100(t = uin)llolIV - (33)

Notice, that similar to the proof of Theorem 4.6 we estimated the H},(€2)'-norm of 8;(&; —u;, ) with the L?-norm.
Similarly, the L?-norm converges linearly in h and therefore we use the L?-norm rather than the H b (€)' -norm.
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For I, we also use Holder’s inequality and Poincaré inequality on every element

I, < Cpp Z hK’

KeT

Ouin — div (Vi — @' ViR )| IVl
For the last part I3, we use the properties of the reconstruction to derive that

oo > Jmvallfds =Y > [[w’ Val](f - Mkf)dS

KeT ge&x\EP V7 KeT geEx\EP VY

and

/UJVuo g (f—Mkf)dS = /( @JV ]]‘F“z]{{Vqu]}})(f—MKf)dS

Furthermore, with the conservation of mass and f € H D(Q) follows

>y / Fr fds =o.

KET oer\EN

Using (36) and (35) for the second equality and (37) in the last equality yields

L= > (/ GV o (Micf = )+ (V@) o fAS = ul  FE (ug)MKf)

KeT oe€i

KeT o€k
1 o i i
N DY / [@’' Vi — @ Vg )(f — M f) dS

KeT UESK\SD

+ ) /( ], — @ V' } - nKa)(f—MKf)dS

ccEx\EN

With Hoélder and the trace inequality (Thm. 2.4) we arrive at

1 1 e g
I3 < Capp,2§ Z hi Z H[[uojVu — @ vy
KeT G'ESK\:‘:D

i >—@j{{vm}-nm 1941l

_p>

o€ER\EN

o

Combining (33), (34) and (38) we can estimate with the discrete Holder inequality
I<(Rsi+ Rri)lV g

We can now proceed with the temporal part IT using Holder’s inequality
| (@9 - v - @'val + @ Va) - Vi da
Q

< @' var - @' - @ va T @l Va9 .

Z Z (/( [[ Z.J'VuAOJ‘]] +@j{{VﬂBj}}-nK’g>(MKf_f)+;[[ﬂajva\ij]]fds_ugﬁﬁ_‘a

(34)

‘)MKf>
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6.2. Error estimator for the reduced model

We can now state a reliable a posteriori error bound for the difference u; — v;. For this we use the stability
framework from Section 5, the a posterior: error bounds of the diffusion equation from Section 4 and the residual
bound from Theorem 6.3.

Proof of Theorem 1.5. Theorem 5.3 yields

0 2
—v;

T
e 18- il + [ IV (@ - ol ae < (2@
0

tel0,T

1 2 2
+ 7””@ = U0l o0 (0,770 | Vil jo, 7 x 2
12 120
=|IV(ug — vo —||R; *)
+3 IV (@5 — v0) o 176 + S [ R
] 6
X €xXp (20617‘ (14 0127,2,FD) e 1+9 VU0||X(q)>

We now can use the estimates from Theorems 4.5, 4.6 and 6.3 to infer the claim. ([l

N T

6.3. Error estimator for the general model

Similar to the reduced model, given the stability result, Theorem 5.3, we now only need bounds on the
residuals Ry, ..., R, and Rg in the H}(Q) norm. First we derive a bound for the residual Rg. Using integration
by parts and the properties of the reconstruction we can bound the residual by

(R, ) = (V8, V) = (1~ 5. /)
:—Z/ 1z (1—1p) +A<I> fdx—Z/[[Vcb]]de

KeT e

(39)

We use the same technique as in Corollary 5.4 of [40] to arrive at

sy == 3 [ (0= w0 +AB)( = Much) o = 3 [ [V01(S ~ M) a5

oce&

+/>\2(u0—u0h)fdx<< (Z C2 b2 Hv uo,h)—i—Aff)Hj(

1

lva1];) +3

cEERK\EP

C’gpp‘ghKNa
i

uo — uonllg | IIV£lg-

We also can bound the residual Ry using the same technique as in Section 6.1

[Ro(t)ll 13 (2 < Bpo + R} 50T RRO = 7730 vt € [tj—1,14]
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with the temporal, spacial and residual bounds given by

Ry o= ||V -’ (1 - @')8:ve! - vig ™ + i’ (1w )aved |

Ry — \/§< G

- R
Ouuo,n — div (V! — 7’ (1 - w") 398 )|

KeT
1
2
Nacapp, —~j _ —~j —~ivoail
+f Z hKH[[V’U,Q — U (1—’(1,0 )V@J]] . (40)

oceE\EP

1
3
Capp,?Na

R o = Crary |00 — uon)llg + =

AT X

KeT oee\EN

LR ) S P Lt |

i=1

o

With (1) we notice that Y., u -a is an approximation of 1 — up on the edge o. The ngR in (40) is also

consistent with (15). Hence, we expect that the second term in R%  is small.
The residuals R; can be bounded similar to Theorem 6.3

||Ri(t)||Hb(Q)' < st,i + RJT,z‘ + R?{i =R Vt € [tj-1,t5]

5T

where the spacial bound Rs ;» temporal bound ij and reconstruction bound R;M are given by

. . . . . . . —~. 2
R, =2 ( 3 (Cz%gh%(Hatm,h ~ div (@' VR - @ Vi + @@ 5987 ) |
KeT

2

NpC?

a

o2 S |V — @V + i 62 |

oceE\EP

R}, = Huo Vi — a4 Vuy + 6 ug! B2V
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Q
. 1
i ~ 3
RR,i = Cp2,0ll0: (i — uin)llg + Capp2N3

X Zh}{

ceE\EN

. . ) ) quKuj—uuiszKQj 2
@]{vu/\oj _6Z%JV¢J}}'7LKJ_ i,0" 0 ( O) ( 0 )06 g'( )

(41)

||
o

Notice that the residual bound has the same structure as the residual bound in Theorem 6.3. The only difference
is, that the convective part has changed from —u; Vg for the reduced model to —;(Vug — BzugVP).

Proof of Theorem 1.6. The claims follow from Theorem 5.4 and the bounds on the residuals from (39)
o (41). O
Remark 6.4. All the constants appearing in the estimator in Theorem 1.6 except for v are computable for
convex polygonal domains. The following bound on the Poincaré-Friedrichs constant C'r o 1, for convex domains

can be found in [45].
diam(€?)

Cp2 < Cpar, < -
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FIGURE 1. Initial mesh used in our tests (see [28]).

A bound on the Sobolev constant Cg for a finite union of convex domains can be found in [38]. A bound for
the constant in the Gagliardo—Nirenberg inequality used here can be found in Theorem 2.5.

7. NUMERICAL RESULTS

We now show the results of numerical experiments to validate the optimal scaling behavior of the error
estimators from Theorems 1.5 and 1.6. The implementation is done in Python and the non-linear system
of equations (11)-(13) are solved using Newton’s method. Where n4” and 7 are the estimators defined in
Theorem 1.5 for the reduced model and from Theorem 1.6.

For all tests we use the mesh from [28] (see Fig. 1) as an initial mesh and divide every element into four
subtriangles by connecting the midpoints of every edge. We define the estimated order of convergence (EOC)
of two sequences a(i) and h(i) by

. log(a(i +1)/a(i))
EOC(a, ;1) := log(h(i + 1)/h(i)

~—

We also look at the effectivity index

Ve mlo(®) — BB + 190 — @)l 110 .
o or ¢ =0,
ElL = — 5 —
\/Hlaxte[o,T] [vi(t) — @ ()|lq + ||VUOV(”71 - ui)”[o T)xQ .
i : fori=1,...,n.
Up)
v@-u)
Elp — . [0,T]xQ
Mo

7.1. The reduced model
In what follows, we choose Q = [0, 1]? with Dirichlet boundary I'p := {0,1} x [0, 1] and Neumann boundary

I'n :=(0,1) x {0,1}. Furthermore, we set T =1 and consider the time intervall [0, 1]. We use the finite volume
scheme from [25]. We use

vi(t,z,y) =01+ 0.1z + ta(l — 3:)6720902

va(t,z,y) = 0.1 — 0.052 — 0.5(1 — cos(t))z(1 — x) sin(z)

v3(t, 2, y) = 0.2 + 0.12 + ta (1 — z)e20@=05)°
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TABLE 1. Estimators, EOC and effectivity index for the reduced model.

Ny EOC nL EOC 7y’ EOC EI, EI

1.458 1.1 18.14 098 1181 1.2 0.16  0.00076
0.6916 1.0 9.194 0.53 51.55 0.5 0.15 0.00084
0.337 1.0 6.359 0.79 36.36 0.68 0.15 0.00055
0.1655 1.0 3.669 0.96 2267 091 0.15 0.00043
0.0819 1.0 1.891 0.99 12.09 098 0.15 0.0004

0.04072 — 0.9507 — 6.148 - 0.15 0.00039

<.

T W N~ O

as a manufacured soluion to (7). With initial and boundary condition chosen accordingly. With this choice, we
arrive at v = 0.3. We here fix ¢ = 42 and ¢ = 2.1 and the other constants are then given by

n<1.08, Cg<1.02, Cg<12.02 (42)

with Theorem 2.5 and Table 2 in [38] and the Poincaré and Poincaré-Friedrichs constant given in Remark 6.4.
For the maximum norm estimator ngo from Theorem 4.5 we set p* = 1 and Cgreen,1 = 1, since this constant is not
accessible (see Rem. 1.4). A sequence of approximate solutions is obtained from the scheme and reconstruction
described in Section 3 using mesh width h = 27! and time step size 7 = 27" for i =0,...,5.

In Table 1, we see a linear convergence of the estimators 13,77, and n;’J. The estimators for the other
species are similar to n;’J and are therefore omitted. The effectivity indices indicate that the estimator né"]
overestimates the error by a large factor but the estimator scales with the same order as the true error.

7.2. The general model

7.2.1. Test 1

In what follows, we choose 2 = [0, 1] with Dirichlet boundary I'p := {0, 1} x [0, 1] and Neumann boundary
I'n == (0,1) x {0,1}. We use the finite volume scheme from [25]. We use

v (t, 2z, y) = 0.1+ t?0(y)x(1 — x) exp(—100(x — 0.5)?)

(t,2,y)
va(t,z,y) =02z +0.1(1 — x) — %sin(t)@(y))x(l — x) cos(x)
vs(t, z,y) = 0.2 — 0.1z — 0.55tx(1 — )0(y) exp(—100(x — 0.5)?)
U(tz,y) = ?(m C D)e(52? — 2.6 — 2.4+ t(2? — 2))0(y)
with
4 3 2

as a manufacured solution to (5) with constants 3 = z = A = 1. We again choose ¢ = 42 and ¢ = 2.1 and

the same constants as in (42). A sequence of approximate solutions is obtained again by using the mesh width

h =27""1 and time step size 7 = 27! for i = 0, ..., 5. In Table 2, we see a linear convergence of the estimators

0y, 77;‘] and 1. The estimators for the other species are similar to n;’J and are therefore omitted. We see that

the estimators 7 ,n;"] for the general model are much larger than the estimator for the reduced model (see

Tab. 1). One reason for this is that due to the choice of example the norm appearing in the exponential term
2

2 2
is much larger, i.e. ||F||)1(‘(Z) ~ 4.7 for the general model compared to ||V1/LB||)1{(Z) ~ 0.4 for the reduced model.
Furthermore, the maximum norm estimator for the solvent concentration in the reduced model enables us to
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TABLE 2. Estimators, EOC and effectivity index for the general model.

0y EOC ny’ EOC ni EOC El EL Els

2.667e+07 —1.2 3.81le+11 —1.8 8.489%+06 —1.2 5.8e—09 8.7e—13 8.9e—08
6.157e4+-07  0.46 1.292e+12 0.3 1.96e+4-07 0.46 1.4e—09 1.5e—13 1.9¢—08
4.484e+07 0.9 1.047e+12  0.86 1.427e+07 0.9 9e—10 8.3e—14 1.2e—08
2.408e+07  0.98 5.784e+11  0.97 7.666e+06 0.98  8.1le—10 7.3e—14 1.1e—08
1.218e+07 1.0 2.946e+11 1.0 3.878e+06 1.0 7.9e—10 7.1le—14 1.1e—08
6.091e+06 — 1.475e+11  — 1.939e+06 — 7.9e—10 Te—14 1.1e—08

.

Tk W N~ O

TABLE 3. Estimators, EOC and effectivity index for the second general model with A = 0.1.

i ng EOC  nb’ EOC  nd EOC  EI EL Els

0 2.3817e+341 1.8e+02 2.3287e+747 1le+02 1.5163e+341 1.8e+02 4.01e—342 1.19e—748 2.69e—341
1 2.3163e+288 le+02 3.5024e+716 3.1e+01 1.4746e+288 le+02 2.46e—289 4.9e—718 1.39e—288
2 1.1712e+257 2.6e4+01 1.5996e+707 0.53 7.4558e+256 2.6e+01 2.23e—258 5.23e—709 1.27e—257
3 1.4514e+249 —2.6  1.105e+707 —7.6  9.2398¢+248 —2.6  8.92e—251 3.77e—709 6.83e—250
4 8.6796e+249 —3.0  2.0731e+709 —3.2  5.5256e+249 —3.0  1.64e—251 2.07e—711 5.71e—251
5 6.9649¢4250 — 1.8927e+710 — 44344250 — 2.67e—252 2.96e—712 3.56e—252

TABLE 4. Residuals and EOC for the second general model with A = 0.1.

i Ro EOC R EOC Ros EOC

3.851 0.68 1.102 0.52  6.941 0.80
2.396 090 0.766 0.86  3.980 0.95
1.277 091 0.422 093  2.051 0.96
0.679 092 0221 094 1.050 0.98
0.359 094 0.115 0.96 0.534 0.99
0.186 — 0.059 — 0.269 —

T W N~ O

use the L2([0, T] x ) norm of Va7 instead of the L>(0,T; L(2)) norm in the general model, also contributing
to the smaller effectivity index in the second experiment. The estimator of the error of solvent concentration 7;
for the general model has an additional exponential term that is large for this example.

We see that the error estimators for the reduced model and the general model converge linearly. Since the
reconstruction presented in Section 3 is mostly made up of piecewise linear polynomials and the error estimates
bound a (weighted) L2(0,7T; L?(2))-norm of the difference of the gradients of the reconstruction and the weak
solution, the linear convergence of the error estimators is expected.

7.2.2. Test 2

We consider a second numerical experiment for the general model inspired by the first experiment done in
[11,12]. We use the TPFA scheme from [11] with B(y) = —%5. We consider again Q = [0,1]* with Dirichlet

boundary I'p := {0,1} x [0, 1] and Neumann boundary Iy := (0,1) x {0, 1}. We use the initial conditions

uf(z,y) =0.24+0.1(x — 1) uy(z,y) = 0.4 V(z,y) € Q

10 ifz=0
PP =
(=9) {0 ifo=1
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TABLE 5. Estimators, EOC and effectivity index for the second general model with A = 0.5.

.

n3 EOC ny’ EOC N3 EOC El, EL Elg

6.4822e+64 —3.0 5.1255e+83 —4.7 4.1267e+64 —3.0 1.15e—66 1.56e—85 7.43e—66
5.0194e+65 —0.78 1.3116e+85 —1.9 3.1954e+65 —0.78 6.53e—68 3.97e—87 4.26e—67
8.6134e+65 0.42 4.8081e+85 —0.014 5.4834e+65 0.42 1.64e—68 6.04e—88 1.21e—67
6.4534e+65 0.83 4.8559e+85  0.67 4.1084e+65 0.83 1.08e—68 2.98e—88  8.09e—68
3.6273e+65 0.95 3.0537e+85 0.89 2.3092e+65 0.95 9.62e—69 2.37e—88  7.20e—68
1.8719e+65 — 1.6490e+85 — 1.1917e+65 — 9.32e—69 2.19e—88  6.98e—68

Tk W N~ O

with diffusion coefficients D1 = Dy = 1 and charges z; = 29 = 1 as well as A\ = 0.1. We used a grid made of
229376 cells and 1024 time steps as a reference solution to obtain the effectivity indices. In Table 3, we see that

the error estimator does not converge with order one (as we would expect). In our test the HVEI;H @ in the
X(q

exponential term in the error estimate is still changing rapidly under grid refinement (due to the strong dynamics
induced by the small \). Hence, the exponential term in 7y is not constant with respect mesh refinement at
this stage and we do not see the linear convergence of the estimators. However, in Table 4 we see that the
residuals converge linearly. Hence, we expect that the error estimator converges linearly once the HVEI;H

X(q)
norm is sufficiently close to |[V®| ). Additionally, we also considered the case with A = 0.5. In Table 5, we

see that the error estimator converges with linear order (as expected).
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