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ON LOCAL ALGORITHMS FOR ELECTROSTATICS

Bo Lit*®, QIAN YIN?? AND SHENGGAO ZHOU?*

Abstract. We study finite-difference approximations of the Poisson—Boltzmann (PB) electrostatic
energy functional of ionic concentrations and electric displacements constrained by Gauss’ law and the
ionic mass conservation, and a class of local algorithms for minimizing the finite-difference discretized
such energy functional. We prove that the discrete Boltzmann distributions characterize the finite-
difference minimizer and obtain the uniform bounds and optimal error estimates in maximum norm for
such a minimizer. The local algorithm is an iteration over all the grid boxes that locally minimizes the
energy by updating the concentrations and displacement one grid box at a time, keeping Gauss’ law and
the mass conservation satisfied. A new local algorithm with a shift is constructed for minimizing the
Poisson electrostatic energy (the part of the PB energy without ionic concentrations) with a variable
dielectric coefficient. We prove the convergence of these local algorithms and present numerical tests
to demonstrate the results of our analysis.
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1. INTRODUCTION

We study a class of local algorithms [3, 24, 25, 27, 35] for minimizing the non-dimensionalized Poisson—
Boltzmann (PB) [2,6,10,17,43] electrostatic energy functional with constraints for periodic structures:

M
1
Minimize Fle,D] = / —|D* + Z csloges | da (PB energy), (1.1)
a \ 2 pt
M
subject to V-D=p+ Z qsCs in (Gauss’ law), (1.2)
s=1
/ csde =Ny, s=1,....M (Conservation of mass). (1.3)
Q
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Here, 0 = (0, L) for some L > 0, e > 0 and p are given variable dielectric coefficient and fixed charge density,
respectively, ¢ = (c1,...,cpr) with each ¢5 > 0 the concentration of ions of the sth species (a total of M species
assumed), and D is the vector field of electric displacement. For each s, gs # 0 is the charge of an ion of species
s and Ny > 0 is the total amount of concentrations of such ions, both known.

Let us cover Q with a finite-difference grid of size h. We approximate the displacement at half-grid points
by Dit1/2,541/2,k41/2 = (Wit1/2,5,k> Vioj41/2,k> Wi jkt1/2) [21,26,40] and concentrations ¢ = (c1,...,car) at grid
points by ¢, ; jr > 0 for all 5,4, j,k. The PB energy and Gauss’ law are discretized by

h3 “?+1/2 ik vi2j+1/2 k wizj k41/2 3
Fhple,D] := - Z AR = +h Z ch,i’jklogcsyi’j,m

gk €it+1/2,5,k €ij+1/2,k €i,5,k+1/2 s ik

S

_ h
Uig1/2,5,k — Wim1/2,5,k T Vij+1/2,k — Vij—1/2.k T Wi jk+1/2 — Wi jk—1/2 = D <pi,j,k + E QScs,i,j,k> )

respectively, where €, /2 ;1 = (e(24,yj, 2) +e(@ig1, Y5, 21)) /2 and €; j11/2.% and €; j k412 are similarly defined,
and p” is an approximation of p. The mass conservation can be discretized similarly. The local algorithm for
minimizing the finite-difference PB energy functional with the constraints is to locally update the discretized
ionic concentrations and displacement one grid box at a time to relax the energy while keeping the discretized
Gauss’ law and mass conservation satisfied. For instance, we update the concentration ¢, and displacement D
at neighboring grids, e.g., (i,7,k) and (i 4+ 1, 7, k), and at the edge connecting them, respectively, by

Csiigk < Csigk — Gy Csitlgk < Csitlgk TG and  Uipi/ojx < Uip1/2,56 — hqsC,

with a single parameter ¢ that can be computed readily to minimize the perturbed PB energy.

The PB model of electrostatics has many applications [2,7,13,36] and the periodic boundary conditions are
commonly used for simulations of electrostatics [11,33,34]. The local algorithm was initially proposed for Monte
Carlo simulations of the Poisson electrostatics and then extended to the PB electrostatics [3, 24, 25, 27, 35].
The discretization of displacement is a classical scheme for Maxwell’s equation for isotropic media [21, 26, 40].
The constrained variational model that is the basis for the local algorithm has been extended to model ionic
size effects [5,14,16,19,44]. Such a variational formulation, which seeks the minimizer of a convex functional
rather than a saddle point of a nonconvex functional, preserves physical constraints and ensures stability at the
discrete level [32,44]. Recently, the local algorithm has been incorporated into numerical methods for solving
the Poisson—Nernst—Planck equations [30-32]. The locality of the algorithm makes it appealing for combining
them with the fast binary level-set method for molecular simulations with a variational approach [23,41,42].
Potentially, the local algorithms are attractive for parallel implementations. The desirable properties and initial
applications of local algorithms motivate a rigorous numerical analysis of such algorithms, which is the main
contribution of this work.

We study the finite-difference approximations of the constrained electrostatic energy functional, the error
estimates of such approximations, and the local algorithm for minimizing such energy. While we focus on the
PB electrostatics, we also consider the Poisson electrostatics (i.e., without ions) as it has a wide range of
applications and the local algorithm was initially developed for such electrostatics. We present the analysis
results for the Poisson case but omit most of their proofs as they are similar to (and often easier than) the PB
case.

Let us now briefly describe and discuss our main results.

(1) Characterization of finite-difference minimizers. The unique minimizer (¢,  D!. ) of the discrete con-

strained PB energy F}, is characterized by (i) the local equilibrium conditions that consist of the discrete
Boltzmann distributions

Vilogeli o = —q.Vaol, (1<s< M) and DI = —eV,oh

min,s min min>
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where V}, is the discrete gradient and ¢!, is the discrete electrostatic potential which is the solution to the
discrete charge-conserved PB equation (CCPBE), and (ii) the uniform bounds

0<C<cin.<Co  (s=1,...,M) (1.4)

with Cy and Cs independent of h; cf. Theorems 2.1 and 2.2. A comparison argument [18] is used to obtain
the bounds (1.4). We also characterize the minimizer of the Gauss’ law constrained, discrete Poisson energy
given by (1.1) and (1.2) without ions; cf. Theorem 2.3.

(2) Error estimates. Let (¢min, Dmin) be the minimizer of the functional F' with the constraints (cf. (1.1)—(1.3)).
We prove the finite-difference error estimate

| cmin — Cﬁlin”oo + | Zh Dimin — Dr};in”oo < ChQa

where (Z,D); jx = (W(Tiv1/2,5,%), V(i j+1/2.6)> W(Zi jkt1/2)) and C > 0 is a constant independent of h; cf.
Theorem 3.1. The proof relies on the uniform boundedness (1.4), a property of diagonally dominated matrix
[38,39], and the known L*-stability for the discrete inverse Laplacian [4,28,29].

(3) Convergence of the local algorithm. The proof is based on the fact that §*) — 0, where 6(*) is the energy
difference after the kth local update, and that the amount of perturbation of concentrations and displacement
in each local update are controlled by the energy difference. Therefore, in the limit, the local equilibrium
conditions are satisfied; cf. Theorem 4.1.

(4) A new local algorithm with shift for minimizing the Poisson’s energy with a variable dielectric coefficient .
Each local update in the original local algorithm for relaxing the discrete Poisson energy does not change
E”k Dit1/2,541/2,k+1/2 but will change Zi#jyk(D/E)i+1/2,j+1/2’k+1/27 not preserving the global constraint,
if € is not a constant. Therefore, the algorithm may not converge in general. To resolve this issue, we propose
a new algorithm with a simple global shift to translate the displacement after many cycles of local updates
to satisfy the required global constraint, with negligible computational cost. We prove the convergence of
our new local algorithm; cf. Theorem 4.3.

(5) Numerical tests. We present numerical tests to demonstrate the results of our analysis on the error estimates
and the convergence of local algorithms; cf. Section 5.

We end our introduction with a precise statement of the minimizer of the constrained variational problem
for both PB and Poisson energy. We denote by Cpe (), C%,.(Q) (k € N), LP,.(Q) (1 < p < o0), and WEP(Q),

per per per

respectively, the subspaces of Q-periodic C, C*, L?, and W*P(Q) functions [1,9,12]. (Note that any ¢ € LP(£2)
can be extended Q-periodically to R3.) We define

L2,(Q) = {¢ € L8, () : oa(e) =0},
WEP(Q) = {p € WEP(Q) : oa(d) =0},

per per

where

1
g (u) = m/Audx,

if A C R?is a Lebesgue measurable set of finite Lebesgue measure |A| > 0 and u is Lebesgue integrable on A.
We denote HE, () = WE2(Q), HY (Q) = WE2(Q), and

per per per per
H(div,Q) = {D € L*(Q,RY) : V- D € L*(Q)},

where V - D is understood in the weak sense [37]. Note that H(div,{2) is a Hilbert space with the norm
| D (aiv,) = 1Dl 20 + IV - Dl 12(e) [37). We denote by Hpe,(div, ) the H(div, Q)-closure of C}.(Q, R?)-

per
functions.
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Let e € L2,(2) and p € L2, (). We assume
Positive bounds: 0 < emin < &(2) < €max Vr € Q, (1.5)
M
Charge neutrality: Z qsNg + / pdr =0, (1.6)
s=1 Q

where emin and emax are two positive constants. We define I : H} () — RU {400} by

M
€ _
1¢] = /Q (SIV6P — pp) do+ 3" Nylog (sh(e%)) Vo € Hil(O). (17)
s=1
The Euler-Lagrange equation for the functional I is the CCPBE [15]
M -1
V-eVep+ Zqus </ eqs¢dx) e % = —p in €. (1.8)
s=1 2
We denote ¢ = (c1,...,cp) and define
X, ={(c,D) € L} .(Q,RM) x Hper(div, Q) : ¢s > 0 ace. Q (1 < s < M),

(1.2) and (1.3) hold true},

Xo= {(5, D) € L3 (Q,RM) x Hye(div, Q) : / Gsdr =0 (1<s< M),

Q
M
V-D= ZqSES}.
s=1

It can be verified readily that for any p € L2 (€2) that X, # () if and only if (1.6) holds true. The following
theorem summarizes the results on the PB equation and energy functional (cf. [15-18,20] and the proof of

Thm. 2.1 below):
Theorem 1.1. Let e € C}..(Q) satisfy (1.5) and p € L2, (Q) satisfy (1.6).
(1) There exists a unique ¢min € H (Q) such that I[¢min] = min(beffécr(ﬂ) I¢]. Moreover, ¢min € Lo, (Q2) N

per

H2, () is the unique solution to the CCPBE (1.8).

per

(2) Let (Cmin7 Dmin) = (Cmin,la *** 5 Cmin,M Dmin) be given by
—1
Cmin,s = Ns (/ e~ s Pmin dx> e %%min  and  Dpin = —eVémin in R3. (1.9)
Q

Then (Cmin, Dmin) € X, is the unique minimizer of F': X, — RU {400} defined in (1.1).
(3) Let (¢,D) € X,. Then (¢, D) = (¢min, Dmin) if and only if the following are satisfied:
(i) Positive bounds: There exist 01,62 > 0 such that 61 < cs < 05 a.e. Q and s=1,..., M,

(ii) Global equilibrium:
M
1 ~
/ <ED D + Zéslogcs> dz =0 V(¢ D) e X,.
Q s=1

Define now

S, ={D € Hper(div, Q) : V- D = p in Q},
So ={D € Hpe(div, Q) : V- D =0 in Q}.
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The constraint V - D = p here is the Gauss’ law. It is verified that S, # 0 if and only if @ (p) = 0. Clearly
So # 0. We define

1ol = [ (5I96P ~ps) do o€ Hilo), (1.10)
F[D] :/ 21—€|D|2d:c VD€ S,. (1.11)
Q

We call F [D] the Poisson electrostatic energy of the displacement D. The following theorem collects some
properties of the Poisson energy minimization and its proof is omitted:
(Q) satisfy (1.5) and p € L2 (Q) satisfy a(p) = 0.

(1) There exists a unique ¢umin € ﬁféer(ﬂ) such that [pmin] = min¢€ﬁéer(9) I[¢]. Moreover, ¢uin is the unique

Theorem 1.2. Let e € L

per

weak solution in flper(Q) to Poisson’s equation V - 6V<}3min = —p;
(2) There exists a unique Dyin € S, such that F[Dyin] = minpeg, F'[D]. Moreover, the minimizer Dy s

characterized by ﬁmin €S, and

1 ~ -
/7Dmm.Ddx:0 VD € Sp.
[eR3

(3) We have Diin = —€V in.
2. FINITE-DIFFERENCE APPROXIMATIONS

~ We first study the finite-difference approximation of the CCPBE. Let N > 1 be an integer. We cover
Q = [0, L]® with a uniform finite-difference grid of size h = L/N. Denote hZ3 = {(ih,jh,kh) : i,j,k € Z}.
For ¢ : hZ® — R and 4,5,k € Z, we denote ¢; j = ¢(ih,jh,kh), Otdijr = (dit1,jk — Pijk)/h, and
o8¢ ik and 04, ;i similarly. We define the discrete gradient V¢ = (91'¢, 08¢, 0%¢) on hZ3, V_p¢i ik =
(a?qﬁi_l,j,k,agqbi,j_l,k,(’95})1,251-,]-,;6_1) (i,j,k € Z), and the discrete Laplacian Ap¢p = V_p - Vo = V), - V_pé. A
function ¢ : hZ? — R is Q-periodic, if ¢pitnjk = i j+N .k = PijhtN = Pijk Vi, j, k € Z. We denote
Vi, = {Q-periodic grid functions ¢ : hZ* — R},
Vi = {9 € Vi : #(¢) = 0},
| N p\3 Nl
“p(¢) = N3 Z Gi gk = (L) Z Pi gk
i,5,k=0 i,5,k=0

Let € € Cper(2) satisfy (1.5). We define a new function, still denoted ¢, on half grid points by

_ Sigk T Eiv1jk _ Sigk T Eijt1k _ Eigk T Eigktl 91
€itr1/2,5,k = - 5 Eij+1/2,k = - 9 Eigk+1/2 = - 9 ( . )

for all 4, j, k € Z. For any ¢ € V},, we define A5 [¢4] € V}, by

A5 [Dijk = 0V (eim1/2,5, 608 Pi1,jk) + 08 (655172608 Bij—1,k) + O (€4 k—1/205 Bi 1) (2.2)
for all 4, j, k € Z. Clearly, Aj : V}, — Vj, is linear. If ¢ = 1 identically, then A; = Ajp. We denote for any ¢,y € V},
N-1
(Vio, Vit)en = B® Z <5i+1/2,j,ka{l(bi,j,ka?wi,j,k + i jr1/2605BijkOS ik
i\j, k=0

h h
+ €ijia+1/205 3,003 Wj,k:) ;

eh = A/ (Vrod, Vig)e n.

Vro
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If ¢ =1 then we denote (-, -)p = (-, -)ep and || - || = || - |e,n- We have the discrete Poincaré inequality
L 5
[¢lln < mﬂvhcﬁﬂh V¢ € V.
This implies that (-, -). 5 is an inner product and || - || 5 the corresponding norm of Vi.
Let p" € V}, and assume (cf. (1.6))
Discrete charge neutrality: Z qsN, + h? Z o k= (2.3)
4,3,k=0
We define
1 M
In[o] = 5[Vl p — (0" &) + Y _ Nalog (e (e7%)) Vo € Vi, (24)
s=1

We verify that I,[¢+a] = In[¢] (¢ € Vi and a € R), I, : Vj, — R is strictly convex, and there exist K1 > 0 and
K, € R, independent of h, such that Iy[¢] > K1[|[Vro|Z,, + K; for all ¢ € Vj,.

Theorem 2.1. Let ¢ € Cpe () satisfy (1.5) and p" € Vj, satisfy (2.3). There exists a unique ¢t € Vi, such

that In[oh. | = min, v, In[¢]. Moreover, ¢ := ¢t is the unique solution in Vj, to the discrete charge-conserved
PBE (CCPBE):

min

A5 [ equ‘zb =—p" on hZ>. 2.5
0+ 3 gt = 29
If in addition supy, ||p"| s < o0, then supy, ||[¢%,]le0 < 00.

Proof Since dim (Vh) < o0 and I, : Vi, — R is strictly convex, there exists a unique minimizer in € Vi, of

Vi, = R. Thus, ¢ := ¢! satisfies

min

(V4. Va)e, Z T O = O VEe T,

e qs ¢
Since
—qs¢ 0
p+ZL3ﬂh6qb e eV,
by (2.3) and (Vi¢, Vi) n = (A5 [@],&)p for all € € Vi, by summation by parts, we see that ¢ is the solution
to the discrete CCPBE (2.5). ) )
Now assume sup, ||p"[|oc < 00. Let ¢f € V}, be such that (V,¢8, Vi&)en = (p, &) for all € € V. Note that

¢l € V, is the unique solution to A5 [ph] = —p" on hZ3. By the uniform stability of the inverse of A5 [4,28,29],
there exists C' > 0, independent of h, such that |¢g’i7j’k\ < C for all 4,5, k € Z. Define

M
Jnl] = %thwn;h + ;NS log (,sth (e_QS(¢g+w))) Vo) € Vi
Let ¢ € Vi, and ¢ = o, (). Since (Viog, Vath)en = (0", 9 — ¥)n and [ Va2, = (0", 68,

M
Jnl] = Tl — 9] - qus No= D[+ 6] + 2 |IVaebl, — DN

s=1
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In particular, if ¢ € V), and ¢=1+ ke ‘O/h, then

] = Tl] + SI9n0412

Thus, Yt = ¢, —oh € Vj, is the unique minimizer of Jj, : Vo — R. We show that Yl is bounded uniformly
with respect to k. This will lead to the desired bound for ¢", .

For convenience, let us denote 1) = ¥, and ¢y = ¢&. We consider three cases.

Case 1: there exist s',s” € {1,..., M} such that ¢» > 0 and ¢s» < 0. Let A > 0 and

W if [y < A,
=14 A if 1) > A, and ¢y = 1hx — Fh(ha). (2.6)
- A if p < =\,

Clearly, 1\ € Vj, and ¥, € Vj, hence Jr[] < Jp[wa]. Consider two neighboring grid points, e.g., (¢,7, k) and
(t+1,5,k). Let a = 9; ), and f = ;11 5k, and assume o < (. (The case that 3 > « is similar.) We can
verify that |41,k — Vi ikl > \1&,\,1'-5-1,3',1@ - 1&>\7i,.j7k| by checking the following six cases: (1) a < 8 < =X; (2)
a<-A<BINB)aA<KASB (M) - A<a<F<N(B) -A<a< A< B and (6) A < a < B Thus,
IVito| > |[Via] = [Vata] on hZ3. Applying Jensen’s inequality to u — — log u, we thus have

1 A 1
0> §||Vh¢A||§,h - §||Vh1/ng,h

= Jn[ta] = Ju[v] + iNs [IOg (;z/h(e*qs(‘i’DW))) —log (dh (equwom)))]

s=1

M
= Julto] = ulo] = A () D 4N

M
—qs( AR —qs( bx)
+;Ns [log (ﬂh (e qs (ot )) log (ﬂfh (e qs (do+ia ))}

M
> o, (Bh(¢o +¢) = By (fbo + %)) — h(¥x) Y qsNs, (2.7)

s=1

where .

By (u) = ; OZ‘S}L@_QS“ and Qs = S, (e_qs(d’ﬁw) ) (2.8)

We claim that there are positive constants C; and C5, independent of h, such that
0<01§a5’h§02 VSZL...,M. (29)

In fact, by applying Jensen’s inequality to u — —logu and the fact that ¢g,v € f/h7 we obtain that log as p, >
—qs (¢ + 1) = 0. Hence, o, > 1 =: C;. Note by the uniform bound of ¢y = ¢§ that Zi\il Nilog(asn) <
Jr[y] < Jp[0] < C, where C is a constant independent of h. Since each o, > C1, we have that each o, < Co
for some constant Cy independent of h. Thus, (2.9) is true.

We show now there exists A > 0 such that |¢; ; x| < A for all ¢, j,k € Z. Suppose this were not true. Then for
any A > 0 there is some h such that with ¢ = ¢!, the set {(i,, k) : ¥ijr > AP U{(i, 4, k) : i < —A} #£ 0.

We may assume both of these subsets of indices are nonempty as the case that one of them is empty is similar.
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Set b= Zi\il qsNs. It is clear that By, defined in (2.8), is a convex function. Thus, by Jensen’s inequality and
the fact that %,(¢)) = 0, we can continue from (2.7) to get

0> o ([Bi, (¢0+2) + 0] (=)
= Z (B}, (do0,ijk +A) + 0] (ijn — N)

Vi g k>
+h° Z (B, (90,156 — A) +0] (Y6 +A) - (2.10)
Vi g e<—A

Since g > 0 and gy < 0, it follows from (2.9) that for any u € R

M
NS —g.u N u
Bh(u) =) —(—g)e "> > C( gs)e " + Z —qs)e” " =1 by(u).

5:45>0 s: qb<0

The h-dependent function by, (u) is an increasing function of v € R. Moreover, by, (+00) = +00 and by, (—00) =
—00. By the uniform bound on ¢g = ¢%, we can find A, > 0 sufficiently large and independent of h such that

B ($0,ijk +A) +b>bp(doije +A)+b>1  VA> AL Vi j ke
Similarly, there exists A_ > 0 sufficiently large and independent of i such that
By (¢oijk—AN)+b< —1  YA>A_Vi,jkeZ.

Let A > max{A;, A_}. It thus follows from (2.10) that
0> Z [Vije — Al + Z Vi gk + Al
B4,k i g > A 5,k i g e <—A
This is impossible.

Case 2: all ¢g; < 0 (1 §5§M).Let)\>()anddeﬁne@/;>\ — ¢ ifyp < Xand ¢y = A if ¥ > A, and
P ¢>\ — .;th(z/»\) In this case, the function Bp(u) defined in (2.8) is convex and

M
Z &N, e " =1 by p(u) Yu € R,

where C is the same as in (2.9). Thus, b4 ,(u) is an increasing function of v € R and b4 p,(+00) = +00. Hence,
carrying out the same calculations as above with {1/ > A} replacing {|¢| > A}, we get 1 < A on hZ? for any
A large enough and all h. Since ¢ = 9" is the minimizer of J}, : Vi — R, it is a critical point of Jp, which
implies

M
€ 4 & —as(do+¥) — h73
(V] Z Lo, ® = on ,

where a j, is defined in (2.8). Since g5 < 0 for all s, ¢g = ¢f is uniformly bounded, and % is uniformly bounded
above, we have by (2.9) and the uniform L>-stability of the inverse of Aj : Vi — Vi [4,28,29] that v is also
bounded below uniformly with respect to all A > 0.

Case 3: all ¢ >0 (s =1,...,M). This is similar to Case 2. O
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We now study the finite-difference approximation of the constrained PB energy functional. We define a
discretized displacement D = (u,v,w) : h(Z + 1/2)> — R3 by
Div12j+1/20+1/2 = (Wit1/2,5 0 Vigj+1/2.00 Wigkt1/2) Vi J k € Z. (2.11)

Here, wit1/2,5,k, Vi j+1/2,k> and w; jy1/2 are approximations of the first, second, and third components of a
displacement at ((¢ + 1/2)h, jh, kh), (ih, (j + 1/2)h, kh), and (ih, jh, (k + 1/2)h). We denote

Y}, = {Q-periodic functions D = (u,v,w) : h(Z 4+ 1/2)* — R? in the form (2.11)}, (2.12)
where D is Q-periodic if
D(+hNe)=D(§)  VéE€h(Z+1/2)° Ve € {(1,0,0),(0,1,0),(0,0,1)}.
Given D = (u,v,w) € Y}, we define the discrete divergence Vj, - D : hZ3 — R and the discrete curl Vj, x D :
h(Z +1/2)® — R3, respectively, by
(Vi-D)ijr = 7 (Ui+1/2,j,k —Ui—1/2,5k T Vij+1/2k = Vij—1/2,k T Wi jk+1/2 — wi,j,kfl/Q) )
1 [ Wij+1,k4+1/2 = Wijk+1/2 — Vi j+1/2,k+1 + Vii+1/2.k
(Vi X D)ig1/2,4+1/2,k4+1/2 = o | Yir/2aken  Yit1)25k T Wiksjkt1/2 + Wi jk11/2
Vit1,j41/2,k — Vij+1/2,k — Wit1/2,54+1,k + Ui41/2,5,k
Note that the discrete curl at (i + 1/2,5 + 1/2,k + 1/2) is defined through the three grid faces of the grid box
(i,4,k) + [0, 1]? sharing the same grid (4, j, k).

Let € € Cper(Q) satisfy (1.5) and p" € Vj, satisfy (2.3). We consider discrete concentrations ¢, € Vj, (s =
1,..., M) and electric displacement D € Y}, that satisfy the following conditions:

Nonnegativity: Coijk >0, s=1,....M; i,j,k=1,...,N; (2.13)
N—1
Discrete mass conservation: WY caije=Ns, s=1,...,M; (2.14)
4,5,k=0

M

Discrete Gauss’ law: Vy-D=p"+ Z gscs on hZ3. (2.15)
s=1

We define

Xpn={(c,D)=(c1,...,cp; D) € VM x Y}, ¢ (2.13)~(2.15) hold true},
M
Xon = {(ab) = (1. e D) VM XY}, : Vi D= qsé, on hZ3}.
s=1
Clearly, X, # 0 if p" € Vj, satisfies the condition (2.3), and )N(O,h # (. Define for any D = (um,w)?f? =
(a,0,w) €Yy,

N—1 - - -
- U Uy ; V; i Vj 5 W 4 W;
3 E: i+1/2,5,k%i+1/2,5,k i,j+1/2,kYi,5+1/2,k i,5,k+1/2Wi 5, k+1/2
<DaD>1/s,h:h ( + + 5

it Cit1/2,5k €ij+1/2.k €ijk+1/2

1Dl /e, = /{D, D)1/e.n-



1030 B. LI ET AL.

Note that (-,-)1/s,, and || - ||1/c,, are an inner product and the corresponding norm of Y;,. If € = 1, we simply
write the subscript h. If D = (u,v,w) € Y}, we define D/e € Y}, by
D U . Vs s W;
() _ ( 125k Vig b1k wJ€+1/2> VijkeL. (2.16)
€ Jit1/2,5+1/2,k+1/2 Cit1/2,4.k Cij+1/2,k  Eigk+1/2

If ¢ € Vj,, we define D5 [¢] = (u,v,w) € Y}, by

h h h
Uig1/2,5k = —€it1/2,5,k01 Pijiks Vijri/2.k = —€ij41/2k02Pijks Wijrt1/2 = —E€ijk+1/203 Gigr-  (2.17)

It follows from the definition of A5 (cf. (2.2)) that

A5 gl = =V, - D (9] Vo € V. (2.18)
We define the discrete PB energy
1 M N-1
Fple,D] = §||D|\§/S7h +h3 Z Z Cs,ij,k 108 Cs i ik V(c,D) € Xpp- (2.19)
s=11,5,k=0

Let ¢". be the unique minimizer of the functional I}, : Vi, — R as in Theorem 2.1. Define

min

N
Cfbnin s R e_q8¢:;m (S = ]'7 R M) and Dr}gin = DiEL[ ﬁlin]; (220)
’ L35Z{h (6_q5¢n1i11)
cf. (2.17) for the definition of Df. Denote cfy = (4, .., cfnimM). By direct calculations using (2.18) and

applying Theorem 2.1, we obtain the following lemma:

Lemma 2.1. Let (¢c,D) = (cl,,, DI, ) be defined by (2.20). Then (¢,D) € X, and V; x (D/e) = 0 on
h(Z + 1/2)3. If in addition sup,, ||p"||c < 00, then there exist positive constants 01 and 0, independent of h,

such that 0 < 0, < cg < 0y on hZ3 fors=1,..., M.

We remark that this lemma asserts the uniform (with respect to the grid size) positivity of finite-difference
minimizers of ionic concentrations. At the continuum level, such positivity results from the entropic term (the
integral of ¢, logc,) [16,17]. For finite-difference approximations, such positivity is also found in the numerical
analysis of the Poisson—Nernst—Planck equations [8,22].

Theorem 2.2. That (c!

min’

D) defined in (2.20) is the unique minimizer of Fy, : X, — R. Moreover, if

(¢, D) = (c1,...,emsu,v,w) € X, p, then the following are equivalent:
(1) (C, D) = (C’rilin’ Drlll'lin);

(2) (i) Positivity: ¢s > 0 on hZ3 for all s=1,...,M; and
(ii) Global equilibrium:
~ M ~ ~ ~
(D, D)1jep+ Y (esloges)n =0 V(& D) = (&,...,éx; D) € Xop; (2.21)

s=1

(3) (i) Positivity: ¢y > 0 on hZ3 for all s=1,...,M; and
(ii) Local equilibrium—finite-difference Boltzmann distributions:

D
(Vilogces)ije = s (

) Vs e {1,...,M} ¥i,j ke Z. (2.22)
€ Jit1/2,5+1/2,k+1/2
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Proof. The functional F}, : X, 5 — R is strictly convex and bounded below, and F},[c, D] — oo if ||(¢, D)|| — +o0
(with any norm). Thus it has a unique minimizer.

We prove that Part (1) implies Part (2). Let (¢, D) = (¢1,...,¢éx; D) € Xop. Then, V- D = Zi\il qsCs-
Since (¢, D) = (ct, ., D ) by Part (1) and D", = D5 [#".,] by (2.20), it follows from the definition of D5 (cf.

(2.17)) and summation by parts that

M
(D, D)1jen = (Sroins Vi - Dhn =Y s (Dfnins &) (2.23)
s=1
Since @, (¢s) = 0 for all s € {1,..., M}, we get by (2.20) that
M M
Z<6sv 10g Cs>h = - Z qs <5sv ¢r};1in>h' (224)
s=1 s=1

Now (2.23) and (2.24) imply Part (2)(ii), the global equilibrium property (2.21). Together with (2.20) which
implies Part (2)(i), we see that Part (1) implies Part (2).

We now prove that Part (2) implies Part (1). Denoting by (¢m,Dm) = (¢, DI, ) € X, the unique
minimizer of Fj over X, and (E,ﬁ) = (¢m — ¢, Dy — D) € Xy, we have by the convexity of u — ulogu,
the fact that E?fj,_klzo s,k =0forall se{l,..., M}, and the global equilibrium property (2.21) for (¢, D) in
Part (2) that

Fh[Cm,Dm] — Fh[q D]

2
L

B

> (D, D)y e + I [(Csije + Cs,igk) 108(Cssijk + Coijik) — s,k 108 Cs i k]

0

Il
—
-

z &
| =
~

S

Csijk(1+1ogesijn)
=0

M=

> <D7l~)>1/5,h +h3

14

X

S

[

)

=0.

Thus, Fj[c, D] < Fpl¢m, D], and (¢, D) is the minimizer of F}, : X, , — R. Hence, Part (2) implies Part (1).
We now prove that Part (1) implies Part (3). Let (¢, D) = (cl, ,DI. ) € X, be the minimizer of F}, :
X,n — R. We need only to prove the local equilibrium property (2.22), as (2.20) implies Part (3)(i). Let
us fix s € {1,...,M} and a grid point (4,4, k) with 0 < ¢,5,k < N — 1. Define é; = ¢5 at all (p,q,r) with
0 < p,gr <N —1except sk = Csyijk +0 and G511,k = Csit1,5k — 0, where 6 € R is such that
—Cs,ijk < 0 < Cs,it1,5k- Extend ¢, periodically. For 8" # s, we set ¢y = ¢. Let us also define D= (t,0,10) € Yy
by setting o = v and @ = w everywhere, and @ = u everywhere except @; 11 /2,5 = Uit1/2,j,k + Pqs0 (extended

periodically). We verify that (&, D) = (&1, ..., éu; D) € Xp,n- Let
9(5) = Fh[é, b] — Fh[a D]
2_ 2
_ }hg (wis1/2,56 +hgsd)” — U2 ok ey
2 €it+1/2,5,k

+ (541,56 — 6)108 (€501, — 0) = Cs,it1,5,k 108 Cs i1,k ] -

[(€s,i4.k + 0)10g(Cs,i gk +6) — Csijk log s i jik

If § = 0 then (¢ D) = (¢, D), which is the minimizer of Fj, : X,; — R. Thus, g is minimized at § = 0 and
¢'(8) = 0. This leads to 9 10g s ; jk = qstit1/2,jk/Ei+1/2,5,k- Same is true for the other components of (2.22).
Hence, (2.22), and Part (3), is true.

Finally, we prove that Part (3) implies Part (2). We need only to prove the global equilibrium property (2.21).
Let (¢, D) € X, 1, and assume it satisfies (i) and (ii) of Part (3). We need only to prove the global equilibrium



1032 B. LI ET AL.

property (2.21). Let (&, D) = (¢1,...,é; @, 0,%) € Xou. Fix o € {1,..., M} and fix j, k € {0,...,N — 1}. By
(2.22) and summation by parts,

N—1 - N—1
Uit1/2,5,kWit1/2,5k 1 1 1 -
=5 ) (0gcoitijn =108 Coigk) Uit1/2,k
=0 Ei+1/2,5,k 4o 25

N—

—

1 ) .
=== 2 (@iayogh = Wicaya5k) 108 Coyigib
o =

i=

Similar identities for © and @ hold true. Thus, it follows from the definition of Vy, - Dand V,-D = Z;\il (sCs
as (¢, D) € Xy, that

M
M 1 M S /~
<D’D>1/87h = _q7<vh : D’logca>h = _Z ;<Cs,10gCg>h.

Hence,

M M
~ 1 1
<Dv D>1/s,h + Z<63710g Cs>h = Zq$<ésa — log Cs — — IOg CU> . (225)
a—1 =1 ds qo h

For each s, we define ¢, € V}, by

1 L.
Os,ijk = 5 log ¢si ik + &s Vi, j, k € Z,
S

where £, = N3¢, ! Eg;i:o 10g €5 p.q.r Clearly, ¢, € Vj,. It follows from (2.22) that

1 Uit1/2,4k Vig+1/2k Wigjk+1/2 .
(Vids)ijhe = ——(Viloges)ije = —h ( ; ; Vi, j, k € Z.
4s Cit1/2,4,k Eij+1/2,k  Eijk+1/2

The right-hand side is independent of s. So, if s,s’ € {1,..., M}, then Vj(¢s — ¢s) = 0 on hZ3, which implies
s = dsr, since o, (ds — ¢psr) = 0. Thus,

1 1 .
—log s ik — q— logesijr =6 — & Vi, j, k € Z.

qs I
Since %, (¢s) = 0 for each s, this and (2.25) imply the global equilibrium property (2.21). |
We finally consider the discrete Poisson electrostatic energy. Let p" € V},. We define
S,n=1{D €Yy, :Vy-D=p"onhZ},
Son={D €Yy, :Vy-D=0on hZ?}.

We verify that S, , # 0 if and only if p" € V.
Let p" € V}, and define

~ 1 o

Inlg] = SIVéllZn = (" &n Vo E VN, (2.26)
. 1
Fy[D] = Z[IDI). VD € Spp. (2:27)

Lemma 2.2. (1) There exists a unique minimizer qg’élin of I : Vi, — R, characterized by éﬁlin € Vi and

(thgh, Vi€)en = (p", En for all € € V. Equivalently, it is the unique solution in Vi of the discrete Poisson
equation A3 [¢n] = —p" on hZ3.
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(2) Ifsupy, ||p"]|ec < 00, then there exists a constant C > 0, independent of h, such that ||@" . |leo+ | VA& oo <
C.
Proof. Part (1) is standard. Part (2) is proved in [28,29] (cf. also [4]). O

Theorem 2.3. Lete € C(Q) satisfy (1.5) and p* € V,. There exists a unique D, € S, such that Fy,[Dl' ] =
minpes, , Fh[D]. Moreover, if D € S, 1,, then the following are equivalent:

) Minimizer: D = D", is the minimizer of F, : Vi, — R;

1
2) Global equ1l1br1um (D D>1/5 h=0forall D c So,h;
3) D=Dj| b1 with ¢ € Vi, the unique solution to AS| 1= —ph on hZ3 as in Lemma 2.2;
4) (i) Local equilibrium: D/e is curl free, i.e., Vy x (D/e) =0 on h(Z+1/2)3; and

(ii) Zero total field: o7, (D/e) = 0 in R3.

(
(
(
(

Proof. The existence and uniqueness of the minimizer and the equivalence between Part (1) and Part (2) follow
from usual arguments.

We prove that Part (1) and Part (3) are equivalent, i.e., D

min = DI mm] cf. (2.17) for the definition of D".
We first note by (2.18) that Vh Di ol ] = —As (ot = p" on hZ3. Thus, D;[¢"] € S, 4. We now denote
¢ =l €Vyand D= D5 [l

] = (u,v,w). Let D = (@4, 9,%) € So . For fixed j and k, we have by (2.17)

min
and summation by parts that
_ . 1 V=
Uit1/2,5,k%it1/2,5k
Z i+1/2 i+1/2 = Z ljk‘ ul+1/2jk'_ul 1/2]k) (228)
o €i+1/2,5,k Pt

Similar identities hold for the v and w components. Summing both sides of all these identities, we obtain by
the fact that V), - D = 0 that (D, D), /.5 = (¢, Vi - D);, = 0. This is Part (2), which is equivalent to Part (1).
Hence, D € S, 1, is the unique minimizer. Consequently, Part (1) and Part (3) are equivalent.

We show that Part (1) implies Part (4). Assume D = D", . Since Parts (1)-(3) are equivalent, D = D"[¢]. ],
and hence D := (u, v, w) is given by (2.17) with ¢" . replacing ¢. By the definition of D /e (cf. (2.16)) and that
of the discrete curl operator, we can directly verify that D/e is curl free. Hence, Part (1) implies Part (4)(i).
For any (a,b,¢) € R3, D + (a,b,¢) € S,. Since g(a,b,c) := Fy[D + (a,b,¢)] (a,b,c € R) reaches its minimum
at a = b= c¢ =0, we have 9,9(0,0,0) = 959(0,0,0) = 9.9(0,0,0) = 0, implying Part (4)(ii). Thus, Part (1)
implies Part (4).

Finally, we prove that Part (4) implies Part (2). Suppose Part (4) is true. It follows from Lemma 2.3 below,
applied to D/e, that D/e = —V ¢ for a unique ¢ € Vi, and thus (D/e)it1/2.5+1/2,h+1/2 = — Vi for all
1,7,k € Z. Consequently, setting D = (u,v,w), we have by the same argument used above (cf. (2.28)) that
(D, D)l/g,h =0 for any D = (i, ,w) € Sp5,. Thus, Part (4) implies Part (2). O

Lemma 2.3. If D = (u,v,w) € Y}, satisfies Vi x D = 0 on h(Z +1/2)* and @,(D) = 0 in R?, then there
exists a unique ¢ € V, such that D = D5 [¢p] with e = 1 identically.

Proof. If ¢1,¢o € Vj, and Vio1 = Vige, then Vi (¢ — ¢2) = 0. Thus ¢ — ¢ is a constant on hZ3. Since
o1 — P2 E f/h, this constant must be 0 and hence ¢ = ¢s. Thls is the uniqueness.

Let p" =V,,-D € Vh The periodicity of D implies that p" € Vh By Lemma 2.2, there exists a unique ¢ € Vh
such that AS[¢] = —p" on hZ? with ¢ = 1. We define D = (4,9,0) € Y3 by D = D5[¢] with e = 1, i.e., by
(2.17) with 4, 0, and W replacing u, v, and w, respectively, and with £ = 1 identically. Since ¢ = 1, %h(ﬁ) =0.
By (2.18),

ViD=V, Dip] = —A5[¢] =p"  on hZ.

By the definition of discrete curl operator and direct calculations using~(2.17) with @, 0, and @ replacing u, v,
and w, respectively, we have Vj, x D = 0 on h(Z + 1/2)3. Denoting D = (%, 9,%) := D — D € Y}, we have
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S

<

(i+1,7,k)

A .

T

FIGURE 1. The divergence-free of the displacement D at the two vertices A and B (cf. (2.29)
and (2.30)) and the zero circulation along the four edges of each of the four faces sharing the
edge AB that results from the curl-free of D (cf. (2.31)~(2.34)) lead to the mean-value property
of the @-component of D at the midpoint of the edge AB (cf. the last equation above). An arrow
indicates the sign of a component of D, positive (negative) if the arrow points in the positive
(negative) coordinate direction. Note that the current from B to A is counted six times.

Vi-D=0onhZ3 Vj, x D=0on h(Z+1/2)3, and o, (D) = 0 in R3. We shall show that D = 0 identically
which will imply that D = D = D5 [¢] = —V ¢, the desired existence.

We claim that each component of D = (4,0, W) is a discrete harmonic function. Fix 4, j, k € Z. We consider
the two adjacent grid points labeled by A = (i,5,k) and B = (i + 1, 4, k), and also the four faces of grid boxes
that share the common edge AB connecting these two grid points; cf. Figure 1. Since —(Vy, - D)”k =0 and

(Vh . D)i+1,j,k = 0, we have

Wi—1/2,5,k — Uir1/2,5k T Vij—1/2,k — Vigy1/2.k + Wijk—1/2 — Wi jky12 =0, (2.29)

Uir3/2,5,k — Uit1/2,5,k T Vit1541/2,k — Vitl,j—1/2,k T Wit jk+1/2 — Wit jk—1/2 = 0. (2.30)

Two of the four faces sharing the edge AB are on the plane y = jh, one with the vertices A, B, (i,j,k — 1),
and (i+ 1,5,k — 1), and the other A, B, (i,7,k+ 1), and (i + 1,7,k + 1), respectively. The other two faces are
on the coordinate plane z = kh, with vertices A, B, (i,7—1,k), and (i+1,j —1,k), and A, B, (¢, + 1,k), and
(i +1,j + 1, k), respectively. Since Vj, x D = 0, we have, by keeping the term Uit1/2,5,k With a negative sign,
the four circulation-free equations on these four faces (cf. Fig. 1)

Uir1/2,5,k—1 — Uig1/2,5,k + Wit jks1/2 — Wi ry1/2 = 0, (2.31)
Uit1/2,5,k+1 — Uit1/2,5,k + Wijkt1/2 — Wit1jk+1/2 = 0, (2.32)
Ui1/2,j— 1,k — Uir1/2,4,k T Vi1 j—1/26 — Vij—1/2,k = 0, (2.33)
Uig1/2,4+1,k — Wir1/2,5,k T Vij+1/2,k — Vig1 4172k = 0. (2.34)

Adding the same sides of all (2.29)—(2.34) leads to

Uig3/2,5k T Wim1/24k T Wig1/2,5 k-1t Qig1/2 5416 T Qig1/2,5.k—1 T Uig1/2,5+1,6 — OUir1/2,56 = 0.

Since i, j, k € Z are arbitrary, this means that @ satisfies the discrete mean-value property, i.e., @ is a discrete
harmonic function. Similarly, ¥ and @ are discrete harmonic functions.
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Let p,q,r € Z be such that /24, = Max; j xez Uit1/2,j,k- Then, it follows from the mean-value property
(cf. the last equation above) with (i,4,k) = (p,q,r) that @ also achieves its maximum value at the 6 neigh-
boring points. Applying this argument to these 6 neighboring points, and to the 6 points neighboring each of
these 6 points, and so on, we see that all @,/ ;5 equal the maximum value. Hence @ is a constant. But,

S0 fli1/2,0 = 0. Hence, i = 0 identically. Similarly, 7 = 0 and 1w = 0. Hence D = 0. O
3. ERROR ESTIMATES
Let f € Cper(Q) and D = (u,v,w) € Cper(Q,R?). We define 25, f € V, by
nf = f+alf)—oh(f) on hZ’
and also define 2, D €Y, (cf. (2.12) for the notation Y},) by
(PnD)it1/241/20+1/2 = (W((i +1/2)h, jh, kh), v(ih, (j + 1/2)h, kh), w(ih, jh, (k +1/2)h))

for all ¢, 5,k € Z. We denote by C' > 0 a generic constant, independent of h. We omit the proof of the following
elementary lemma:

Lemma 3.1. (1) If f € C2..(Q), then
Df = fl = |alf) — () <CRE on hZP.

(2) If D € C3,(Q,R?), then

V- P2,D=V-D+h’" with o" € V}, and \ah’| < C on hZ3.
(3) Ife € C2..(Q) satisfies (1.5), ¢ € C3..(Q), and D = —eV¢ € C3(Q,R?), then

PnD = D5 6]+ h*T"  with T" € Y}, and |[T"| <C  on h(Z+1/2)%.

(4) If e € C2..(Q) satisfies (1.5), ¢ € Cp,(Q), and D = —eV¢ € C3(Q,R?), then

V-eVep = A5 [¢] + A% with 7" € V,, and |7"| < C on hZ3.

For any D = (u,v,w) € Y}, (cf. (2.12)), we define my[D] : hZ*> — R3 by

U ik T Ui1/2,5k Vi + v Wy, j + Wi g o
(mh[D])i,j,k:< +1/2,5,k : 1/27J,k7 J+1/2.k . J 1/2,1@, Jik+1/2 : 5k 1/2) Vi ik € 7.

Theorem 3.1. Let e € C2,, () satisfy (1.5), p € C2,.(Q) satisfy (1.6), and "= Dp with

M N—-1
1 1
Znp = p+ a(p) = Flp) =P~ 13 > q.N, - ~3 > p(lh,mh,nh). (3.1)
s=1 l,m,n=0

Let ¢pmin € ﬁ;er(ﬁ), h € Vi, (Conin, Dmin) € X,, and (P, D) € X, be the unique minimizer of

I:H! (Q) - RU{+o0}, Ij : Vi =R, F: X, =R, and Fy, : X, — R, respectively. Assume dmin € C5.(Q)

per -
and D, € C3..(Q,R3). Then, we have

per

l|Cmin — c?nith + Hf@thin - Dr};ith + H¢m1n - 'rlnith < Ch*. (3.2)

If pmin € Cper(Q), then we also have

< Ch?. (3.3)

mp [7Dr}¥1in] o .
‘ c vQbmln

lmin — cnlloe + 1120 Dusin — Dhalloc + \

o0
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Proof. Let us denote
¢ = bmin, " =iy, €=Cmin, D=Dmin, "=c,, D"=Dl,.
By Theorem 1.1, D = —eV¢. Thus, it follows from Lemma 3.1 that
PyD = D5 [¢] + h2T"  with |T"| < C on h(Z +1/2).
Let (&, D) € Xo,h~ Summation by parts leads to
(PwD, D)1/en < (Dj[6°1, D)1jep + C{(1, D)R? < (¢, Vi - D)p + Ch?||D|n-
It follows from (1.9) in Theorem 1.1 that for each s € {1,..., M}
loge, = & —qo¢ with & = —log (N LEah,(e7%?)).
Since each ¢4 € f/h, which implies (cs,&s)p =0, and V, - D= Ziw:l qsCs, We have
M M

Z<ésalogcs>h = Z<ésyfs - QS¢>h = —<¢7Vh . D>h

s=1 s=1

This and (3.4) lead to

M
(PhD,D)1jes + > (& loge)n < Ch?|Dlln V(& D) € Xon.

s=1

(3.5)

Let e? = 2, D — D". By Theorem 2.2, (", D") € X, , satisfies the global equilibrium condition (2.21), which

together with (3.5) imply

M
<8£,D>1/E’h + Z<és710gcs - 10gc?>h < Ch2||D||h V(E,D) € XOJL'

s=1

Since (¢, D) € X, and (c",D") € X, 1,, we have

M
V-D:p—l—qucs in R?,

s=1
M
Vi -Dh=ph+ qucg on hZ3.
s=1

Moreover, by Lemma 3.1,
Vi - P,D=V-D+oc"h®>  on hZ?

for some " € Vj, such that |o"| < C on hZ3. Thus,

M
Vi - e,? =V - (ﬂhD — Dh) = qu(cs — c?) +p— ph +ohn? on hZ3.
s=1

Define
éS:cs—c?+MQ(cS)—Mh(Cs) (s=1,...,M).

(3.6)
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Since ¢ € X, and c" € X, 5, Fo(cs) = () = NyL=3. Hence, &5 € V. It then follows from (3.7) that

M
\V/ ef = Z qsCs + R34, (3.8)
s=1

where

M
WPy == " qq [dales) — @h(cs)] +p— p" + o"h?.
s=1

By Lemma 3.1, |y"| < C on hZ3. Moreover, 4" € Vj,, since e is periodic and each &, € Vj,. Let 9" € Vj, be
such that Ay = —4". We thus have |[¢"| < C on hZ? by Lemma 2.2. Denoting G* = —V,9" € Y}, and
D= eP — h?G" € Y}, we then have by (3.8) that V,, D= Ziwzl gsCs. Hence, setting ¢ = (G, ..., ¢n), we have
(¢, D) € Xo . o

Now, plugging the newly constructed (¢, D) € X 5, in (3.6), we obtain

M
(e ef) —h2G")1jen+ Y (e =+ alcs) — h(cs) loges —log el < Ch?|lef) — h2G"|n.

s=1
Consequently, since |« (cs) — @, (cs)| < Ch? for all s by Lemma 3.1, we have

M
(eR er’ — h2G") e + Z(cs — M loges —logch)y,

s=1

< CR2||eP||n + CRH| G|\, + Ch2||log cs — log | . (3.9)

Since 0 < Cy < ¢,, ¢ < Cy on hZ3 for all h and s (cf. Thms. 1.1 and 2.2), we have by the Mean-Value Theorem
that

1 1
(cs — ¢, log ey —logeg)n > les — gl and  [[loges —logelfln < =lles = c5lln- (3.10)
2 1

Moreover, since G* = —V, 9" € Y},, by summation by parts and the Cauchy-Schwarz inequality, we get
IG" 17 = (G", =Vt = (Vi - G 0" = (7" ") < A"l [0 (I < C. (3.11)

It now follows from (3.9)-(3.11) and the equivalence of the norms || - [|1 /-, and || - ||, that
€8 13/e + - lle — I3
h ll1/e,h Cy h

M
< <65’65 - thh>1/e,h + <ehDv h2Gh>1/s,h + Z<CS - C?»IOg Cs — IOg Cg>h
s=1

< Ch?||ef || + Ch* 4+ Ch2|lcs — |n

1 1
< §H€f?||i+@||cs—C?|\%+Ch4~ (3.12)

By Lemma 3.1 and the fact that D" = D5 [¢"], we have
IVhe = Vi |n < Cs||Dj[¢] — D5[6"]| < Csl| P D — D™||n + C3h* < Ch2.

Since ¢" and 2,¢ are in ‘o/h and ¢" — 2),¢ is constant on hZ3, the discrete Poincaré inequality then implies
that
1216 — ¢l < ClIVr21¢ — Vid" |l = C||[Viro — Vag"||n < Ch*.
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This and Lemma 3.1, together with (3.12), then imply the estimates (3.2).
Assume now ¢ € Cp,(Q). Since ¢ and @" are solutions to the CCPBE (1.8) and the discrete CCPBE (2.5),
respectively, it follows that

M h
o qs N, e~ qs® e~ 4s® o 3
V-eVe — Aj 0" + A AP T ey | T pt—p on hZ°. (3.13)
- ,
By Lemma 3.1, the definition p" = 2,p, and (3.1), we have
|V -eVp— A5 [p]] < Ch* and |p—p"| < Ch*  on hZ3. (3.14)

|oo < C. Thus, it follows from Theorem 2.1 that ||¢" | < C and that all ||e_q-*¢h||oo, &/Q(e_qsd’h),

and ,Q%h(e’th) are bounded below and above by positive constants independent of h. Consequently, the Mean-
Value Theorem, the Cauchy—Schwarz inequality, and (3.2) together imply that

Clearly, ||p"

N—
1
ﬂh(efq-"‘d’)—sth(e*qs ‘ < BNE] Z ‘e Gabijh _ g=4s97 ik
i,5,k=0
N-1
¢ o
< N3 ‘(bmk ”k‘
1,5,k=0
< Cllé—¢"|n
< COh?, s=1,...,M.

This and Lemma 3.1 imply

| (679 ?) — (e %")| < (e ?) — (e 99)| + | (e 9?) — athy (7 %%")]
< Ch?. (3.15)

Moreover, by the fact again that dh(e_qu”L) is bounded below by a positive constant independent of h (cf. the
argument below (3.14)), we obtain by (3.15) that

< Ch?, 1<s< M.

h
e qs$ _ e 4 ¢ _ 1 (e_qs¢ e_qs )
ﬂﬂ(equ(b) %h(e*‘h*ﬁh) MQ (equ(z’)

Denoting the error r,f = ¢ — ¢", this and (3.14) allow us to rewrite (3.13) into

sV,
5 i —qs¢ __ s _ 12, h 3
Arh—|—§:L396qS)(e‘1 o—as® ) h2a on hZ?, (3.16)
where o € V}, satisfies || < C on hZ3. Since e~ %% — e—s8" = —qse_q“”?rf; for some 9" € V}, which lies in

between ¢ and ¢" at each (i, j, k), the error equation (3.16) for r;’j becomes
— A5 [rp) + by = —h?a, (3.17)

where
M

quSe_q\swiL

— 'V d c,<vh<cC
2 L3£¢Q(6—qs¢)e hoan 4=" =5

b =
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for some constants Cy > 0 and Cs > 0 independent of h.
The linear operator My, : V;, — V}, defined by

Mpén = —A5 6] + 0" (En € Vi)
can be represented by a matrix My, := By — Aj, where By, is the diagonal matrix with diagonal entries bzh, ik
(0<1i,j,k < N—1)and Aj is the matrix representing the difference operator A5. By (2.2) and (2.1), B, —Aj is

strictly diagonally dominant. In fact, if M}, (; j ), (1,m,n) is the entry of My, in the row and column corresponding
to (i,7,k) and (I,m,n), respectively, then we can verify that

(nin, (IMh,@,j,k),(i,j,k)l - > Mh,(z',j,k>,<z,m,n)|> = min b, > Cy > 0.
no) (L) (i3.4) (28

Therefore, the matrix Mj, is invertible and | M || < 1/Cy; cf. [38,39]. Hence, My, : Vj, — Vj, is invertible and
| M |oo < 1/Cy. Since |a®| < C on hZ?3, we have by (3.17) that

I lloe = R2[1M; " [loo < B M loclla" oo < OB2. (3.18)
By Theorems 1.1, 2.2, (3.15), (3.18), and the bound [|¢"||o. < C, we have

e~ Us® ="
MQ (e*q‘s(b) o rQ{h(e_Qqul)

N
3

< Ch?, s=1,..., M. (3.19)

lles — CZ”O@ =

oo

Let
Fﬁ = rf; — m/h(rﬁ) eV and " = h2al + bhr;f € V.

Then (3.17) becomes Ai[?f] = 4" on hZ3. This implies 8" € Vj,. Moreover, ||3"||c < Ch? by (3.18). Since
A5 1 V), — Vj, is invertible, we have 7 = (A35)~!4". Tt follows now from the stability of (45)~" [4,28,29] that

100 lloo = 10075 lloo < 1103 (A7) M locll8" oo < CR* (M =1,2,3).
This and Part (3) of Lemma 3.1 imply
122,D = D"||oe < | 24D = Dj[¢]]le + | D5 [}l < CRZ, (3.20)

Finally, Taylor expanding (¢01¢)((i + 1/2)h, jh, kh) and (¢01¢((i — 1/2)h, jh, kh) at (i, 4, k) leads to

1 L. L.
5(“z’+1/2,j,k +ui—1y25k) + (€019)(i, 4, k)| < Ch? Vi, j, k € Z.

Similar inequalities hold with respect to 0> and 0s. Hence, by the definition of my,, |my[22, D] + eVp| < Ch?
on hZ3. But (3.20) implies that |m[D"] — m;[22,D]| < Ch? on hZ?. Therefore,

|mp[~D" —eVe| < Ch*  on hZ?.
This, together with (3.19) and (3.20), implies (3.3). O

We now present the error estimate for the finite-difference approximation of the Poisson energy but omit its
proof.
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Theorem 3.2. Assume € € Cger(i) satisfies (1.5), p € C2,.(Q) satisfies Fa(p) = 0, and o= 2pp € Vi,
Let (bmm € Héer(ﬂ), qgfnin € Vh, Dinin € Sy, and Dmm € S,n be the unique minimizers of the functionals

I: Héer(Q) — R, I : Vi, — R, F S, = R, and Fy Sy.n — R, respectively. Assume that (ﬁmin € Cg’er(i) and
Duin € Cg’cr(ﬁ, R?), then there exists a constant C = C(e,p, ) > 0, independent of h, such that

. . —Dh. .
||<@thin - Dr};in”h + M - v(7zsmin S th
< h
If in addition ¢min € per( ), then
. —Dn. .
nythin DhlnHoo + M - Vquin < Ch2

4. LOCAL ALGORITHMS AND THEIR CONVERGENCE

We first describe the local algorithm for minimizing the discrete PB energy F}, : X, — R defined in (2.19)
with ¢ € V}, such that ¢ > 0 on hZ> and p" € Vj, satisfying (2.3). We define ¢(®) = (c§°),...,c§3)) with
c(o))] L =L 3N, forallijkeZands=1,..., M. Let 7" = ph + "M gs¢t”. We define [3]

.. 0 0 0
Vije{0,... . N-1}: w” =0 w  ,=w _,thp, k=1 N-1, (4.1)
: . 0 (0) (0) .
Vi, k€ {0,...,N —1}: V1o = 0, v”H/zk ”71/27k+hqj,k7 j=1,...,N—1, (4.2)
. 0
Vi, ke{0,...,N —1}: ug/)zﬂ =0, u7.+1/2] k= 57)1/2&’,6 +h(ﬂ-}fj,k — Pk — 4k, (4.3)
i=1,...,N—1, (4.4)
where
1 N—-1 N-—
Pk =73 >l and q]kfﬁz ik — (,k=0,...,N—1). (4.5)
l,m=0 =0

We verify that our initialization (c(®, D)) € X, ,.
To describe the local updates, let (¢, D) = (c1,. .., carsu, v, w) € X, with ¢, 5,51 > 0 for all s and 4, j, k. Fix
s and (i, 7, k). Define (¢, D) to be the same as (¢, D) except

Coijjk 7= Csijgk — Gy Coiitljk = Csitlgk + Cso  Uit1/2,5,k = Uit1/2,5k — NGsCs,

where (s € (—Cs,i41,j,k, Cs,i,5,k) 1S to be determined. One verifies that (¢, D) e X,,», and all the components of
¢ are still strictly positive. We choose (s to minimize the perturbed energy Fy[¢, D], equivalently, the energy
change
AFy,(Cs) == Fylé, D] — Fyle, D)
= h? [(C,ii — Cs) 108 (Coigik — Cs) + (Cs,in e + Cs) 10g (Csit, ik + Cs)
— Cs,ijk 108 Csijk = Csit1,5,k 108 Cs it k]
2
W8 | (Wi = DasGs)™ — U2y o 5,

2 €i+1/2,5,k

(4.6)
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for all (s € (—Cs,it1,j,ksCs,i,j,k). We verify that (AFp)” > 0 and AFj, attains its unique minimum at some
Cs,it1/2,,k € (—Cs,it1,j,ks Cs,i 5,k ), Which is determined by (AF,) (Csiv1/2,5,6) = 0, i€,

1og (cs,i41,5,k + Coit1/2,5,8) = 108 (€sijik = Coin1/2,5k)
g (wis1/2,56 — hGsCoiv1/2.5k)
€it1/2,5,k

= 0. (4.7)

With ¢ := Cs,i+1/2,j,k7 Q= Csigks B = Csyitl,g.ky V = Uit1/2,5k, @ = h2q§/€i+1/z,j,k > 0, and b =
hQS/€i+1/2,j,k € R? (47) becomes f(aaﬁa’)/a() = Oa where

fla, B8,7,¢) = log(B + () —log(a = () — by + ag,

and it is defined for @ > 0, § > 0, —0c0 < v < 00, and —( < { < «. Clearly, f is a continuously differentiable
function. Moreover, O f(c, 3,7,() =1/(B+¢)+1/(ac—¢) +a > 0. Since f(c, 8,7,¢) = 0 has a unique solution
¢ = ((a,B,y) for a > 0, B > 0, and —oco < 7 < o0, it follows from the Implicit Function Theorem that
¢ = ((«, B,7) is a continuously differentiable function of («, 3,+). Taking the partial derivative on both sides
of f(a,B,7,¢) =0, we obtain

B+¢ (—a _ba=9B+7)
q

O = ()’ O = q(¢)”’ q(¢) ’

where ¢(¢) = a(a — {)(8+ () + 8+ . Therefore, 0 < 0,¢ < 1, =1 < 93¢ < 0, and |0,¢| < |b|/a, and hence
¢ = ¢(a, 8,7) is Lipschitz-continuous for a > 0, 8 > 0, —co < 7 < 00, and —f < { < a. By (4.6), (4.7), and
the fact that log(1+4a) < aif a € (—1,1), we have

Cs,it1/2.5.k Coyit1/2,5.k
AFy(Civ1/2,k) = B® |:Cs,i,j,k log (1 _ onEH/RgR ) Cs,it1,j,k10g | 1+ oA 1/25:k
Cs,i,j,k Csit+1,j,k

5.2/2
h qSCs,i+l/2,j,k
2ei41/2,5.k
5 2,2
h qus,i+1/2,j7k
< ___rsatl/zgk
25i+1/2,j,k

To summarize, we update cs i jk, Cs;it1,5,k, and u;yq/2 55 t0

Csyivjh = Csyijjk — Csit1/2,5k  a0d  Csit1jh = Csit1ik + Coit1/2,5ks (4.8)

Uit1/2,5,k = Wit1/2,5,k — PAsCs it1/2,5k5

where Csi11/2.5,k € (—Cs,it1,j,k> Cs,i,5,k) 1S determined by (4.7). Similarly, we update ¢ i j ks Csi i1,k Vi j+1/2,k
and Csi jk, Csijk+1s Wi jkt1/2, TeSpectively, by

Csigk = Csyigk — Coyij+1/2,k  and  Csijrik = Csij+lk + Coij+1/2,ks (4.10)
171‘,j+1/2,k =V j4+1/2,k — hqus,i,j+1/2,ka (4-11)
és,i,j,k = Cs,i,j,k — Cs,i,j,k+1/2 and és,i,j,k+1 = Cs,i,jk+1 T+ <s,i,j,k+1/27 (412)
wi,j,k+1/2 = W jk+1/2 — thCS,i,j,k+1/27 (4.13)
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where (g j11/2.6 € (—Csyij+1,ks Csinjk) a0 o s ky1/2 € (—Csipjk+1, Cs,i,jk) are uniquely determined by

log (Cs,i,j+1,k + Cs,i,j+1/2,,k) —log (Cs,i,j,k - Cs,i,j+1/2,k)
hgs (Ui,j+1/2,k - thCs,i,jH/z,k)

a €i,j+1/2,k
10g (Cs,ij k1 + Coinjor/2) — 108 (Csijk — Csijiot1/2)
hqs (wi,j,k+1/2 - hQSCs,i,j,k+1/2)

a €i,4,k+1/2

=0, (4.14)

=0, (4.15)

respectively. We solve (4.7), (4.14), and (4.15) using Newton’s iteration.
We summarize some of the properties of these local updates in the following;:

Lemma 4.1. Let (¢,D) = (c1,...,cpm,u,0,w) € Xyn satisfy c¢s > 0 on hZ? for all s = 1,...,M. Let 0 <
i,5,k <N —1and1<s< M. Update (c,D) to (¢,D) € X, by (4.8)~(4.13) with Csit1/2,5k Cs,ij+1/2,6, and
Cs,injk+1/2 given in (4.7), (4.14), and (4.15), respectively.

(1) Each update keeps the components of ¢ to be still positive at all the grid points.

(2) All Csiv1/2.5k € (—Csit1,4.k» Csyivik)s Coyivir1/2k € (—Csiijtths Coiigik)s and (i jt1/2 € (—Coijikt1s Csiijik)
are Lipschitz-continuous functions of (Cs}i’j’k,cs7i+1’j’k7u7;+1/27jﬁk)) (Cs’i’j’k,Cs’i’j+1,k,vi’j+1/2)k);
and (Cs,i jk, Csijk+1s Wi jkt+1/2), Tespectively.

(3) The energy change AFy(C) = Fu[¢, D] — Filc, D] from the three updates from (c, D) to (¢, D) for given
s,1, 7,k satisfy

IAF, (Csi0)| = RPG3CE 5/ (2e5)  foro € {(i+1/2,5,k), (1,5 +1/2, k), (i, 5,k + 1/2)}.
(4) The updates of (¢, D) at all grid points do not decrease the energy, i.c.,

Csit1/2,4.k = Csyijr1/2.k = Csigkr12 =0 Vs 0,4, k,
if and only if the local equilibrium conditions (2.22) are satisfied.

Local algorithm for minimizing the discrete PB energy I}, : X,;, — R

Step 1. Initialize (¢(9, D)) ¢ X,,n and set m = 0.

Step 2. Update (¢, D) := (c(™, D(™) at all the grid boxes one by one in a fixed order.
Set (ctm*tD Dm+1)) = (¢, D).

Step 3. If the updates of (¢, D) at all the grid points do not further decrease the energy, then stop. Otherwise,
set m :=m + 1 and go to Step 2.

We denote by (¢(¥), D®) (t = 0,1,...) the sequence of updates produced by the local algorithm. For each
t > 1, (D, DI+ s obtained from (¢, D) by one of the 3M updates associated with the M components
of ¢ and the three edges connected to one of the N3 grid points. Since there are a total of N grid points
with three edges for each grid point and there are M ionic species, for any ¢ > 0, (c(t+3MN3), D(t+3MN3)) and
(c(t), D(t)) are updates on the same component of the concentration and displacement on the same edge of a
grid point.

Theorem 4.1. Let (¢, D®)) € Xon (t = 0,1,...) be the sequence generated by the local algorithm and
(ch..,DM. e X,n be the unique minimizer of Fy, : X, , — R. We have

min’ ~ min

lim (C(t)7D(t)) = (ch- Dh. : : ] .
500 min? min min’ min

) on VM xY, and lim B, {c(t),D(t)} = By [chy, D"
—00
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Proof. We may assume the sequence is infinite for otherwise the conclusions follow from Lemma 4.1 and Theo-
rem 2.2. Since o — ologo (o > 0) is bounded below, the discrete energy functional Fj, : X, — R is bounded
below. Since each update in the local algorithm decreases the energy, the sequence Fj,[c(*) D(t)] (t=0,1,...)
decreases monotonically and is bounded below. Thus, F}, o := lim;_,o F}, [c(t), D(t)] € R exists. Denoting

5, = [ ® D(t)} [ (t+1) D(t“)} t=0,1,...),

we have all § >0 and 0 < Y7 6, < F,[c9, DO — Fj, 00 < 00. Hence, lim;_,o 6 = 0.
Let us denote (¢, D®) = (c{V .. (t) u® v® w®) (t =0,1,...). For any s,i,5,k € Z (1 < s < M and

0<2]J<:<N—1) and any t > 0, WedeﬁneC“_H/?Jk ()]k7 itf)b+1jk;7

replacing those without the superscript (¢). Similarly, we define CS i),k and Cé k120 cf.

to be the unique solution to (4 7) with ¢

(t)
and u 172,k

(4.14) and (4.15). We claim that

(t) (t)
Coit125 — 00 Cgijyrjon — 0, and Cs dgki1y2 0 ast— oo (4.16)

We shall prove the first convergence as the other two are similar.

0 0
s7.]k’ s,i+1,5,k? s,i4+1/2,5,k?

and D® used to define Cq ) sit1/2,j,k A€ possibly obtained by several local updates (instead of just one single

Fix t, s, i, j, and k. The values of ! and u which are the only components of ¢(*)

update) at grid points nearby and including (4,7, k). Assume that the last local update that determines all

ng,jw citz_HJ 4o and ugl/lj,k is from (e~ 1), D(t/*l)) to (), DU, where ¢/ <t < t' +3M N3. This means
(t) (t") (t) _ @) (t/) (t)
that c, ke = Csijk Coitl gl = Coiti b and u1+1/27] k= Wip12.5 k0 and hence CS 12k = §s7i+1/27j7k. The
update is given by
&y (t —1) (t'—1) (") (t'—1) (t'—1) (t") (-1 (t'—1)
Cs,i,j,k Cs ,4,0,k + 6 G Ji+1,5,k Cs,i+1 7.k + 6z+1 ’ us,i+1/2,j,k = U ,i+1/2,5,k + 6z+1/2 '

Some of these perturbations 5? 71), 51(11 , and 5= maybe 0 but at least one of them is nonzero. Assume

i+1 /2
that this last local update is associated with an edge connecting some grid points (I, m,n) and (I + 1,m,n) or

(I,m+1,n)or (I,m,n+ 1) and with the species s’ that may be different from s. If we denote the corresponding
optimal perturbation by C ' 1mon (b (4.7), (4.14), and (4.15)), then we can write

610 71) O flinlw)nﬂ 57?1171) - 01+1C(’ liriz)'rﬂ 51(1;/12) - Ui+1/2hqslcs(f,l;}7,),n7

where 0;,0i11,0,41/2 € {0,1,—1} and at least one of them is nonzero. By Part (3) of Lemma 4.1, (g(f 1772 )2 s

bounded by the energy change resulting from this local update. Consequently, it follows from the definition of
d0¢, the fact that 6; — 0, and the fact that ' — oo if t — oo that

Jim ¢{7) —o0. (4.17)
Therefore, by the formula of local update (cf. (4.8)),
i ) p) _ (=D pt'-DY| —
lim Kc D ) (c D )} = 0. (4.18)

By Part (2) of Lemma 4.1, C(tlfl) and C

L ) l+1/2 ;. depend respectively on (¢'=D D=1y and (), D))

Lipschitz- contmuously Therefore, it follows from (4.18) that CS i1/2,5.k - (f l_,i n — 0ast— oo. Consequently,
by (4.17) again, CS 120k = Cifill/z,j,k — 0 ast — oo.
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We now prove (¢, D®) — (ch. DIy which implies Fj,[c®), D®] — Fy[ch, DI . Assume that
lim (e, D) = (), D)) (4.19)

for a convergent subsequence {(c(t*), Dt))1o0 | of {(c®), D®)1e  and some discrete and vector-valued func-
tions ¢(>) and D(*®). We show that (c(>), D(>)) = D! ). This will complete the proof. Since clearly

( mln ’ min

(c{>), D)) € X, 1,, by Theorem 2.2, we need only to show that c( ) sx > 0foralls,i,j,k and that (clo0), D(o2))
satisfies (2.22).

If there exists s € {1,..., M} such that ) = 0 at some grid point, then by (2.14) and the nonnegativity

of c§°°), Wwe may assume Wlthout loss of generality that a, := cgoloznn > 0 but c l+)1 m.m = 0 for some (I,m,n).
Let () = (cgoo), o ,CS\ZO)) and D) = (u(%) p() ()} Since ¢(tr) — (>°) and D) — D) we have
Qr = Cg l)m n Qoo >0, fr= Cit,lril,m,n =0, = “Ser/zm,n 7 Yoo E “iﬁl/z,m,m
as r — 00. By (4.16), ¢, : Citlll/Q mn — 0. On the other hand, by (4.7), ¢, is uniquely determined by
log(B: + &) — log(ay — () + aly — by, =0, (4.20)

where a = h2q§/8l+1/2 mon and b = hqs/€141/2,m,» are independent of r. As r — oo, the left-hand side of (4.20)
(o0 )k > 0 for all s,1,j, k.

diverges to —oo, while the rlght hand side remains 0. This is a contradiction. Thus ¢ ;7

Fix any s,1, j, k and set Cé 412,k by (4.7) with cg Zg & cg?;)rl’j’k, and u, +1)/2 ik replacing ¢ i j k, Cs,i+1,5,k, and

U;+1/2,5,k» respectively. Then, by Part (1)(ii) of Lemma 4.1 and the fact (c(t), D)) — (>0, D(%0)), Cﬁ 1_?_1/2 ik

%) o as T — 00 But ¢7) o — 0 by (4.16). Hence ('), , - = 0. Similarly, (%), =¢S5 01 =
0. Part (4) of Lemma 4.1 implies that (c(°), D(*°)) satisfies (2.22). O

We now describe the local algorithm [24,25] for minimizing the discrete Poisson energy 2% Sp,n — R defined
n (2.27), given € € Vj, with £ > 0 and p" € Vj,. The update of the displacement in this algorithm can be added
to the local algorithm for minimizing the PB energy as described above. The initialization of D) ¢ Sp,n can
be defined by (4.1)—(4.5) with p" replacing 7". Note in this case we have @7,(D(®) = 0 if € € V}, is a constant.

To describe the local update, we set D = (u,v,w) € S, . Fix (4, j, k) with 0 < 4,5,k < N — 1 and consider
the grid box B, jx = (i,J, k) + [0,1]%; cf. Figure 2 (Left). We update D on the edges of the three faces of B; j
(on the plane x = ih, y = jh, and z = kh) that share the vertex (i, j, k).

Consider the face on the plane z = kh, the square of vertices P = (¢,7,k), @Q = (i + 1,5,k), R= (i + 1,5 +
1,k), and S = (i, + 1, k); cf. Figure 2 (Right). To update the 4 values w;1/2 j.ks Yit1/2,j41,k» Vi,j+1/2,k> and
Vit1,j+1/2,6 of D on the 4 edges of the face PQRS, we define a locally perturbed displacement D = (a,9,w) €
Sp.n by D = D everywhere except

Wip1/2,4k = Wit1/2,5k T @ Vip1jy1/2,k = Viglj41/2.k T 05,

Uir1/2,j41,k = Wig1/2, 541k TV Vijyi/2k = Vij+1/2,6 + 0,

where o, 3,7,0 € R are to be determined. In order for D € Sp,h, the discrete Gauss’ law Vy, - D = ol at the 4
vertices P, @, R, S should be satisfied. Consequently,

a+déd=0, —a+pB=0, —f—v=0, v—§6=0.
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FIGURE 2. Left: grid box B; 1 = (i,j, k) + [0, 1]3. Right: grid face of box B, j; with vertices
P, Q, R, and S. The perturbations «, 3, v and § of u and v with subscript, the corresponding
components of the displacement D, are to be determined.

Thus, @ = 3 = —y = —§ =: n € R. The optimal value of 7 is set to minimize the perturbed energy F}, [D], or
equivalently, the energy change

AFy(n) := Fy[D] — Fy,[D]

3

_ Ezﬂj,j,kh ng +o (ui+1/2,j,k i Vit1,j4+1/2,k _ Ui41/2,j+1,k _ Ui,j+1/2,k> 7
2 Eiv1/25k  Eitlj+1/2k  Eitl/2 4Lk Eijir1/2,k

1 n 1 n 1 n 1

with Ezigk = .
€i+1/2,5,k €it1,j+1/2,k €i4+1/2,j+1,k €i,j+1/2,k

This is minimized uniquely at n = 7, ; ; » with the minimum AFZ’i,j’k = min,ecr Aﬁ’h(n) given by

1 Uir1/2,5,k = Vitl,j Uu; i V; j
2Js i+1,54+1/2,k i4+1/2,j+1,k i,j+1/2,k
Neyighe = — + - - , (4.21)
€zi,5,k \€i+1/2,5,k  Ci+l+1/2,k  ECit1/25+1,k  Eij+1/2,k
. 1
_ 3,2
AFzijh = =582k Mz k- (4.22)
Therefore, we update D by
Uit1/2,5,k < Wit1/2,5.k T Nz,i,5,k Vit1,j+1/2,k < Vitl,j+1/2,k T Nzi .k (4.23)
Wi 172,541,k < Wit1/2,j41,k — Nzirj ks Vijt1/2.k < Vija1/2,k — Nzinj k- (4.24)

We denote by D? € S, , this updated displacement.
Similarly, we update D on the 4 edges of the face of the grid box B, j on the plane y = jh and x = ih to
get the updated displacement DY € S, ;, and D* € S, j,, respectively, by

Wi 5 k+1/2 < Wigk+1/2 T Myigks Uit 1/2,5,k+1 < Wit1/2,5,k+1 T My,ij ks (4.25)
Wit jk4+1/2 < Witl,jk+1/2 — Myigks Uit 1725,k <= Wit1/2,5.k — Myigk (4.26)
Vi j41/2,k < Vij+1/2,k T Nxij ks Wi j41,k+1/2 < Wi j41,k+1/2 T Nwij ks (4.27)
Vi j41/2,k+1 < Vijt1/2,k+1 — Mok Wi 5 k41/2 < Wi g k+1/2 — Nayigk- (4.28)

Note that the sign of each of the perturbations 7, ; ;. x, 7y.:, 5k, and 7 ; j, follows from the right-hand rule for
orientations; cf. Figure 2 (Right). The optimal perturbations 7, ; ; and 7, j, and the corresponding energy
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differences AF, ; j r and AF, ; ;. are given by

1 Wi, 5,k+1/2 WUit1/2,5,k+1 Wit1,5,k+1/2 Uit1/2,5,k
My,i,jk = = + - - , (4.29)
€y,igk \ €ijk+1/2 €i4+1/2,5,k+1 €it+1,5,k+1/2 €i4+1/2,5,k
1 V; 4 Wy V; 4 Wy
J+1/2,k 4,j+1,k+1/2 1,7+1/2,k+1 4,5,k+1/2
Nayigk = — + - - , (4.30)
€x,ig.k \€i,j+1/2,k €i,j+1,k+1/2 €i,j+1/2,k+1 €i,5,k+1/2
. 1 . 1
_ 3,2 _ 3,2
AFyije = —58yigkh My e and  AFuije = —5€0ii ke (4.31)
1 1 1 1
where ey % = + + + )
€i,j,k+1/2 €it+1/2,5,k+1 Eit1,5,k+1/2 €i+1/2,5,k
1 1 1 1
Eaigk = + + +

Cij+1/2,k  Cij+1,k+1/2  Eij+1/2k+1  Eigk+1/2

Note that, by (4.30), (4.29), (4.21), and the definition of the discrete curl, we have

P(E i ki, k> €k Mysisgohe €2 k2,05 k) = — (Vi X (D/€))ii1 2 iv1/o k4172 Visdik € Z.
We summarize these calculations in the following lemma:

Lemma 4.2. Let D = (u,v,w) € S, 5.

(1) Given i,j,k € {0,...,N — 1}. Let D*, DY, and D? be updated from D by (4.23)—(4.28) with 1y jk,
Nyirjks Naigks AFx,i,j,k; Aﬁy7i7j,k, and Aﬁz,m‘,k given in (4.21), (4.22), and (4.29)—(4.31), respectively.
Then D*, DY D* € Sp,h, szh(DI) = ,Q{h(Dy) = ,th(DZ) = ,th(D), and

2 ~
_7AFO',’L‘J,]€7 [UlS {(E,y,Z}.

1
?7c2;,z‘,j,k: = EHDU ~DJj, = e nh®
06,5,

(2) That Vi, x (D/e) =0 on h(Z+ 1/2)3 if and only if Nevigk = Myigk = Mgk =0 for all i, j, k.

Here is the local algorithm for a constant coefficient €. In this case, the expressions of all those subscripted
n and AF' can be simplified.

Local algorithm for minimizing the discrete Poisson energy Ey Sp,n — R with a constant dielectric
coefficient ¢

Step 1. Initialize a displacement D(®) € S, with <7,(D(®) = 0. Set m = 0.
Step 2. Update D := D(™).
Fori,j,k=0,...,N —1
Update D — D* and D «— D%;
Update D — DY and D « DV,
Update D — D? and D « D?=.
End for
Step 3. If Ny ik = Nyijk = N2k =0 foralli,j,k=0,...,N — 1, then stop.
Otherwise, set D(™*+1) = D and m := m + 1 and go to Step 2.

We denote by D) (t =0,1,...) the sequence of updates produced by the local algorithm. For each t > 1,
DD s obtained from D® by an update on one of the three grid faces of a grid box associated with a grid
point. Since there are a total of N2 grid points, for any ¢t > 0, D3N and D® are updates on the same
displacement on the same grid face.
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Theorem 4.2. Lete > 0 be a constant, p" € Vi, and Dl € 8,1 be the unique minimizer of Fy, : S, , — R. Let
D® € S, (t=0,1,...) be the sequence of displacements generated by the local algorithm with <,(D®)) = 0.
Then

lim D® = D"

min
t—oo

on h(Z+1/2)3 and tlirrolo ER[DW] = F[D", 1.
Proof. We may assume the sequence is infinite for otherwise the conclusions follow from Lemma 4.2 and The-
orem 2.3. Note that for each t € N, the iteration from D® to D**1 consists of a cycle of 3N local updates
(with 1 on each of the 3 faces of the grid box associated with each grid point and a total of N3 grid points). Let
us redefine the sequence of updates, still denoted D®) (t =1,2,...), by a single-step local update, i.e., D¢+
is obtained by updating D® on one of the 3N grid faces. The new DE3N?) and D® are updates on the same
grid face for each ¢ > 1. Clearly, the original sequence is a subsequence of the new one. We prove that this new
sequence converges to D which will imply that the original sequence converges to Dglin.

By Lemma 4.2, F},[D®)] decreases as t increases. Since 0 < Fj,[D®] < F,[D©)] for all ¢+ > 1, the limit
Fh)oo = limy— o0 F), [D®)] exists and Fh)oo > 0. Denoting

6 = F[DY) — F,[DEV) >0 (t=0,1,...),

we have as before 0 < >°.° 6, < Fh[D(O)] Fh o < F’h[D( )]. Hence, lim,_,o, 6; = 0.

To show D) — DI which implies immediately FR[DW] — Fy,[DP, ], it suffices to show that the limit of
any convergent subsequence of {DW}2e is DI Let {D()}22 | be such a subsequence and assume D() =
lim, oo D). Since D® e Sp.n and o, (D (t)) =0 for all t > 1 by Lemma 4.2, D(®) € § o,h and JZ{}L(D(OO)) =0.
By Theorem 2.3, it suffices to show that D(*) is locally in equilibrium, i.e., Vj x (D(OO)/S) = 0 which is the
same as Vj X D) = ( since ¢ is a constant.

Since {D(*)}22 | is an infinite sequence and there are only finitely many grid faces, there exists a grid face
with vertices, say, (i + 61, + 0o, k) with 51,00 € {0,1}, on which D) is updated for infinitely many 7’s.

Therefore, there exists a subsequence of { D)} | not relabeled, such that for each r > 1, D) is updated on

(t) (00) (tr) (00)

that same grid face. Since D) — D(%) Maigk = Msije wheren, oo, and n, ;. are the n; values as defined

in (4.21) with D) and D(*) replacing D, respectlvely. On the other hand, since §; — 0, Lemma 4.2 implies

that [nitl)] ]2 — 0. Hence, niof;k =0.

Finally, fix any grid point (I, m,n). We show nioloznn = néolo)mn = W;Oloznn = 0, where these n-values are
defined as in (4.21), (4.29), and (4.30) with D(>) and (I,m, n) replacing D and (i, j, k), respectively. This will
imply that D(°) is in local equilibrium, and complete the proof.

Note that in the local algorithm a cycle of 3N? local updates are done for all the grid faces before next cycle
starts. Thus, for each r > 1, there exists an integer 7, such that 1 < 7, < 3N3 and D®***7) is updated, with
the perturbation 772 b ;T’;l), on the grid face parallel to the z-plane of the grid box By ;. = (I,m,n) + [0, 1]3; cf.
Figure 2 (Left). (Since the order of grid points is fixed for local updates, 7, is independent of r.) Since §; — 0,

Lemma 4.2 implies |[D®+Y — D®) ||, — 0 as t — oco. Thus,

3N
D +m) — DU, <N DUF) — DUt 0 as r — oo

But D(*) — D(), Hence, D(r+7) — D). Thus, by Lemma 4.2, n%) = lim, .o n57) = 0. Similarly,
niolo)mn =0 and ny’h)m’n =0. O

To treat the case of a variable coefficient e, we propose a new local algorithm based on the following lemma
whose proof is omitted:



1048 B. LI ET AL.

Lemma 4.3. Let ¢ € Vj, be such that e > 0, p* € Vi, D = (u,v,w) € Sy, and

N-1
b o) = Uz‘+1/2,j,k/€i+1/2,j,k Ui,j+1/2,k/51',j+1/2,k, wi,j,k+1/2/5i,j,k+1/2
(a7 ,C) - = — ) — ) — :
N-T N-T N-T
i,j,k=0 1,m,n=0 /5l+1/2,m,n ZLm,’n:O /El,m—‘rl/Q,n Zlmwpo /5l,m,n+1/2

Then D+(a,b,c) € S, 1, for any a,b,c € R, (a, b, ¢) is the unique minimizer of g(a, b, c) := F, [D+(a,b, c)]—Fh[D]
(a,b,c € R), and the minimum of g : R® — R is

h3 N-1 1 N-1

gabe)y=—21| D ———|a®+ | > b+

i k=0 CiFL/2.5:k Zo Cigt1/2.k irjem0 Sisdik+1/2

Ju

1
= ] e

Moreover, o, ((D + (a,b,¢))/e) = 0.

In our local algorithm with shift for minimizing the discrete Poisson energy with a variable coefficient €, the
initial D is not necessary to satisfy Mh(D(O)) = 0. Moreover, we introduce Njoca1 € N to control the number
of cycles of local updates followed by one shift of displacement.

Local algorithm with shift for minimizing the discrete Poisson energy 1% S,n — R with a variable
dielectric coefficient ¢

Step 1. Initialize a displacement D(® e Sp.n- Set m = 0.
Step 2. Update locally D := D(™),
Forn=1,... Nigcal
For¢,5,k=0,...,N —1
Update D — D* and D «— D%;
Update D — DY and D « DY,
Update D — D? and D « D~>.
End for
End for
Step 3. Shift D : Compute @, b, ¢ and D «— D + (a, b, é).
Step 4. If 1y jk = Nyijk = Neijk =0 forall i, j,k=0,...,N —1 and @ = b = é = 0, then stop.
Otherwise, set D+ = D and m := m + 1. Go to Step 2.

Theorem 4.3. Let e € V}, withe > 0, pp, € ‘o/h, and D. € Sp.n be the unique minimizer of Fh :Spn — R,

Let D) ¢ Sp.n and DM ¢ Spn (t=0,1,...) be the sequence generated by the local algorithm with shift. Then

lim DY =D on WZ+1/2)°  and lim £,[D®] = F[Dh,

t—oo t—oo
Proof. We again assume the sequence of updates is infinite. For any D = (u,v,w) € S, 5, we define n = n(D) =
(e, My, M=) by (4.30), (4.29), and (4.21) at any (4, j, k). We also define G = G(D) = (a,b,¢) € R? with @, b, and
¢ given in Lemma 4.3. Clearly, both n(D) and G(D) depend on D linearly and hence continuously. We claim
that

tlgrolO n(D®) = (0,0,0) (at all the grid points) and tlilglo G(D®) = (0,0,0). (4.32)
Suppose (4.32) is true. We prove that D®) — DI. = which implies F,[D®)] — F,[D; ]. Tt suffices to
show the following: assume that D) (r = 1,2,...) is a convergent subsequence of D®) (¢t = 1,2,...) and
D) — D) then D(*) = D" In fact, with such an assumption, D(>) ¢ Sp.h, and n(D)) = (0,0,0) and
G(D)) = (0,0,0) by (4.32). Hence, V, x (D) /e) = 0 by Lemma 4.2 and .@%,(D(*>) /¢) = 0 by Lemma 4.3.
Consequently, D(>®) = lA)f;in by Theorem 2.3.
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We now proceed to prove (4.32). By Lemmas 4.2 and 4.3, By, [D®] > 0 decreases as ¢ increases. Thus, the
limit Fj, o0 := limy oo Fh[D(t)] > 0 exits. Denoting

6 = Fp DY) — B, [DY] >0 (t=0,1,...),

we have as before that 0 < Zfil 5 < By, [D(O)] and hence lim;_, o, 6; = 0.

Denote n® = (n{? n{? ) = p(D®) and GO = G(D®) = (a®, 5", e®) (t =1,2,...). We show that

772” — 0 at all 4,5,k as t — oo. Let us fix t > 1 and also ¢, j, k. By (4.21), nizj i is a linear combination of

(t) (t) (t) (t) : :
172,500 Wit /254160 Vija1/2.00 and Vit 12,k Each of these values is obtained from some previous local

updates or a global update. There are two cases: one is that the last update that determines all these values is
local, and the other global.

Consider the first case. Assume the last update that determines all “(31/2 ik 521/2,j+1,k’ U§2+1/27k, and
Z(i)l 11/, is a local update from D=1 to D) with some ¢’ such that ¢’ < ¢ < ' +3N3+1. (This 1 accounts

for a possible global update.) Note that some of the four u® and v-values might have been possibly updated

before this last update. Assume also the perturbation associated with this last local update is né Lm ) for some

I,m,n with 6 = x or y or z. All l, m, n, and 6 depend on ¢’ and hence ¢, and (I,m,n) may not be the same as
(i,j7 k). By Lemma 4.2, that fact that 6; — 0, and ¢’ — oo as t — oo,

hm 779 Lmn =0 (4.33)

This, together with Lemma 4.2 again, implies
IDE) — D=V 2 = 4 "D 12 0 as t — oo (4.34)
Note that, after that last local update from (¢ — 1) to (¢'), all the values of ul +1/2] 0 ugi)l/z,jﬂ,k’ Ul(tj)+1/2 0

and ”z(+1 112 are not changed before the next update from D® to DU Thus, ugjzl/“ y = Ei)l/Qj .
D (t') (t) _ (t) (t')

_ (t) _ (t) _
Uiv1/2, 541,k — z+1/2,]+1 k> Y ,j+1/2 = Yigr1/2.0 and v; g1z = Ykl +1/2.k Consequently, 7, ; ;. =

nitz) k- BY (4.21), 77( and 779 Lm.n depend linearly and hence continuously on D) and D'~ , respectively.

ERN N
Hence, it follows from (4.34) that 77&)] b= nétl ml)n — 0 as t — oo. This and (4.33) imply nizjk = ni’i?j’k -0

as t — oo. Similarly, ng(f)”k — 0 and 773(;,2‘,]‘,1@
Now the second case: the update from D=1 to DM is global, i.e., D) = D=1 4 (=1 plt=1) at-1))

By Lemma 4.3 and the fact that &, — 0, all a®, b®, &®) converge to 0. Therefore, since 7, ; j, = nz,z,j,k(D)

— 0.

depends on D linearly7 . 2 ik nitl Jl) — 0. Note that niti_jl )k is a linear combination of ugi_ll/)w . ugi_ll/)Q ik
vg’tj__‘_ll)/m, and Uz—i—l J)+1/2 .- Since the update from D~ to D) is global, the last update that determines those

(t—1)

z,%,4,k

()

21,5,k 0

four values of D*~1) must be a local update. By case 1 above, we have 7

Similarly, nifzyjyk — 0 and néfz,j’k — 0. The first limit in (4.32) is proved.

We now prove the second limit in (4.32). Let ¢ > 0. If the update from D® to DU+ ig global, then
G(D®) — (0,0,0) as t — oo by Lemma 4.3 and the fact that §; — 0. Suppose the update is local. Then, there
exists an integer m = m(t) such that 1 < m < 3Niocar N3, and with the notation to = t — m, the update from
D) to D(to+1) is global but all the updates from D(tot™) to Dtotn+1) (n =1 . m — 1) are local. It follows

from Lemma 4.3, the fact that J; — 0, and the fact that t; — oo as t — oo that
|G(D®)|2 < C(e)h™36,, — 0 as t — oo, (4.35)

where C(g) > 0 is a constant independent of h and ;. By Lemma 4.2, Lemma 4.3, and the fact that §; — 0,
|D®) — D=1, — 0 as t — oo. Thus,

— 0, and hence 7

||D(t) _ D(to)”h < Z ||D(to+n) _ D(to+n—1)||h = 0.

n=1
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FIGURE 3. (a) and (b): Log-log plots of the L?-error (a) and the L>-error (b) for the approxi-
mation of (¢p, Dp) = (¢1,n, ¢2,1; Dn) of (¢, D) = (c1, ¢2, D) (marked ¢1, ¢z, and D), respectively,
and for the approximation Ej, := mp[Dp]/e of the electric field E := —V¢ (marked E). The
blue dashed lines (marked Ref) are reference lines indicating the O(h?) convergence rate. (c)—
(e): The discrete energy (c), the L2-error (d), and the L>-error (e) for the approximations

(cgk), D,(Ik)) vs. the iteration step k in the local algorithm.
This and (4.35), together with the continuity of G(D) on D by Lemma 4.3, imply that G(D®)) — (0,0,0). O

5. NUMERICAL TESTS

We present two tests: one for the PB energy and the other for the Poisson energy with a variable dielectric
coefficient e.

Test 1. The PB energy. Weset Q = (0,2)% (i.e., L=2), M =2,q1 = —qz = 1, ¢c; = e %% (s = 1,2), D = —eV¢,
and

e(z1, 22, x3) = 3 — cos(mxy) cos(mas) cos(mrs),

¢(x1, T2, x3) = — cos(mxy) cos(maa) cos(mas),

2
p(x) ==V V() = Y gee %),
s=1

st/e*q“‘"ﬁdx (s=1,2).
Q

Note that we do not need to compute the integral that defines N;. It can be verified that ¢ is the unique periodic
solution to the CCPBE (1.8) and (¢, D) = (¢1,¢2; D) € X, is the unique minimizer of F : X, — R U {4o0}.
For a given finite-difference grid of size h, we denote by (¢, Dr) = (c1,n, ¢2,n; D) € X, 1 the unique minimizer
of the discrete PB energy functional Fj, : X, — R, same as (c;,, D;) in Theorem 2.2, where p" in the
definition of X, j, is constructed in Theorem 3.1. We also denote by (c}lk), D,(lk)) = (cgk}{7 cgf})l; D;Lk)) (k=0,1,...)
the iterates produced by the local algorithm. Figures 3a and 3b show in the log-log scale the L? and L> errors
for the approximation ¢, of ¢; (s = 1,2) and D), of D, and also the approximation Ej := my[Dy]/e of the
electric field —V ¢, respectively, against the finite-difference grid size h. Figures 3c-3e show the discrete energy
Fh[cgk)7D,(1k)], L2-errors ||cs — s plln (s =1,2) and |22, D — D;lk)Hh, and L>®-errors ||cs — ¢s.plloo (s =1,2) and
2D — D;Lk)HOO, respectively, vs. the iteration step k of local update with h = L/N = 2/160 = 0.0125. We
observe from Figures 3c—3e the monotonic decrease of all the energy and errors during iteration. In fact, the
errors converge to some values that are set by the grid size h. We observe from Figures 3a and 3b the O(h?)
convergence rate as predicted by Theorem 3.1.
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FIGURE 4. (a) and (b): Log-log plots of the L2-error (a) and the L®-error (b) for the
approximation D), of the displacement D (marked D) and the reconstructed approximation

E), := mp[Dp) /e of the electric field E := —V¢ (marked E) for Test 2. The blue dashed lines
(marked Ref) are reference lines indicating the O(h?) convergence rate. (c)—(e): The discrete

energy (c), L?-error (d), and L*-error (e) for the displacement lA),(Zk vs. the iteration step k in
the local algorithm with shift for Test 2.

Test 2. The Poisson energy with a variable permittivity. We set Q = (0,2)® and define

e(x1, 29, 3) = 3 — cos(mzy),

¢(w1, 72, 23) = f(21) cos(mzz) cos(rzs),

if |21 — 1] < 0.5,

if0<z; <0b5o0rlb<z <2

1
e (z1—-1)2—-0.52

f(iv1)={
0

first for (21,79, 73) € [0,2]® and then extend them [0, 2]3-periodically to R3, Note that f is a C*°-function. We
define p = =V - eV¢ and D = —eV¢. So, ¢ is the periodic solution to Poisson’s equation V - eV¢p = —p and
D € 8, is the minimizer of ' : S, — R defined in (1.11). For a finite-difference grid with grid size h = L/N
for some N € N, we denote by Dy e Sp.n the finite-difference displacement that minimizes the discrete energy
Fh : S,n — R defined in (2.27). Note that ﬁh is the same as ﬁfflin in Theorem 2.3, where p” is constructed
as in Theorem 3.2. We also denote by b,(lk) (k =0,1,...) the iterates produced by the local algorithm with
shift. Figures 4a and 4b show in the log-log scale the L? and L* errors for the approximation Dy, of the
exact minimizer D and also for the approximation Ej, := mh[f)h] /e of the electric field —V¢, respectively,
against the finite-difference grid size h. We observe the O(h?) convergence rate as predicted by Theorem 3.2.
Figures 4c and 4d show the discrete energy F, [f)gk)}, L2-error |22, D — bék)Hh, and L*-error || P, D — ﬁ,(lk) Il oo
vs. the iteration step k of local update with the grid size h = L/N = 2/160 = 0.0125. We again observe a fast
decrease of the energy at the beginning of iteration and then slow decrease of the energy afterwards. The errors
converge to some values that are set by the grid size h.
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