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CONVERGENCE ANALYSIS OF A BALANCING DOMAIN DECOMPOSITION
METHOD FOR AN ELLIPTIC OPTIMAL CONTROL PROBLEM WITH HDG

DISCRETIZATIONS

Sijing Liu1 and Jinjin Zhang2,*

Abstract. In this work, a balancing domain decomposition by constraints (BDDC) algorithm is
applied to the nonsymmetric positive definite linear system arising from the hybridizable discontinuous
Galerkin (HDG) discretization of an elliptic distributed optimal control problem. Convergence analysis
for the BDDC preconditioned generalized minimal residual (GMRES) solver demonstrates that, when
the subdomain size is small enough, the algorithm is robust with respect to the regularization parameter,
and the number of iterations is independent of the number of subdomains and depends only slightly on
the subdomain problem size. Numerical experiments are performed to confirm the theoretical results.

Mathematics Subject Classification. 49J20, 49M41, 65N30, 65N55.

Received August 19, 2025. Accepted February 23, 2026.

1. Introduction

Elliptic distributed optimal control problems have been extensively studied using various discretization tech-
niques. Standard 𝑃1 finite element methods are applied to an elliptic optimal control problem constrained by
a diffusion–reaction equation in [36] and to one constrained by a advection–diffusion–reaction equation in [8].
Discontinuous Galerkin (DG) methods have been explored in [28, 29, 32, 35] for their applicability to optimal
control problems as well. Moreover, HDG methods are investigated in [11,12,26] and the error estimates in 𝐿2

norm are provided. Streamline upwind/Petrov–Galerkin (SUPG) methods have also been developed and ana-
lyzed for the elliptic optimal control problems constrained by a advection-dominated state equation in [14,24].
In particular, an error estimate in the energy norm for an HDG discretization has been established in [34],
where the dependence on the regularization parameter is explicitly tracked.

In terms of existing solvers for the discretized system, multigrid methods provide an effective approach
for solving elliptic optimal control problems. Typically, there are two main approaches (cf. [36]): the all-at-once
approach (cf. [8,37,38]), in which the multigrid method is applied directly to the coupled optimality system, and
the approach in [4,5,23], where multigrid methods are applied separately to the equations of the state variable,
the dual variable, and/or the control variable as components of the overall iterative scheme. For example, in
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[37], an additive Schwarz-type iterative method is formulated as a preconditioned Richardson method, which
enables the use of multigrid as a fully coupled all-at-once solver for the Karush–Kuhn–Tucker system, and in
[4], a domain-decomposed Schur complement partial differential equation (PDE) solver with a Krylov–Schur
preconditioner is proposed, which employs an approximate state/decision variable decomposition by replacing
the forward PDE Jacobians with their respective preconditioners.

BDDC algorithms are popular nonoverlapping domain decomposition techniques that were first introduced
in [15], they have been developed for solving symmetric positive definite problems with mixed and hybrid
formulations [40, 41], DG methods [27], and HDG discretizations [46]. A variant of the BDDC method has
been proposed for symmetric indefinite systems arising from finite element discretizations of the Helmholtz
equation in [30]. BDDC algorithm can also be extended to solve nonsymmetric positive definite problems.
In [47], BDDC algorithms are applied to the nonsymmetric positive definite discretized system resulting from
using HDG discretizations on the advection–diffusion equation. In [48], BDDC algorithms are developed for
the Oseen equations, where the globally coupled unknowns are reduced to the numerical trace of the velocity
on element boundaries and the mean pressure on each element. The resulting discretized nonsymmetric saddle
point system, derived from HDG discretizations, is solved within a benign subspace framework using GMRES.
In [34], we propose a BDDC preconditioner to solve an elliptic distributed optimal control problem discretized
by HDG methods. In this approach, the state and adjoint state variables on the subdomain interfaces are
coupled as the primary unknowns. The original problem is reduced to a global interface system. A BDDC
preconditioner is constructed by assembling the subdomain Schur complements and is used to solve the coupled
interface unknowns. Once the interface variables are computed, the remaining variables in the system can be
efficiently recovered.

In this article, we present a convergence analysis for the BDDC preconditioned GMRES method for the
optimal control problem proposed in [34]. The analysis establishes both upper and lower bounds with respect
to the regularization parameter 𝛽, as stated in Theorem 5.6, particularly for small values of 𝛽. This work is
a continuation of [34]. We show that when the subdomain size 𝐻 is sufficiently small, the convergence rate
becomes independent of 𝛽, and the number of iterations is independent of the number of subdomains. The
analysis proceeds in several steps. First, given the numerical trace 𝜆 defined on the union of element boundaries,
we construct some extensions from the HDG discretized system of the optimal control problem. Using the results
in [47], we derive estimates for the norms of these extensions by relating the optimal control equations to a pair
of advection–diffusion equations. Second, due to the presence of the 𝐿2-inner product in the nonsymmetric part
of the bilinear form, we introduce a new norm in Theorem 5.6. Unlike Theorem 6.6 of [47], which only focuses
on the symmetric part of the bilinear form, our norm incorporates the 𝐿2-norm of the extension operators in
addition to the symmetric component. Consequently, it is not equivalent to the triple-bar norm used in the
advection–diffusion problem (cf. [47]), which behaves similarly to an 𝐻1 semi-norm. Instead, we propose a full
norm rather than a semi-norm, which behaves similarly to an energy norm as defined in equation (3.3) of [34].
This difference makes it difficult to directly estimate the ℎ-norm, an 𝐿2 type norm defined in Section 4, of the
optimal control extension for certain key operators in the lower bound analysis. To address this issue, we estimate
the ℎ-norm of the corresponding advection–diffusion extension of these operators, then apply norm equivalence
relations to obtain the desired lower bound. Third, we establish upper and lower bounds that explicitly track the
dependence on the regularization parameter 𝛽. These bounds are derived by relating extensions of the optimal
control problem to extensions of the advection–diffusion problem and applying known estimates for the latter.

The rest of the paper is organized as follows. In Section 2, we introduce the HDG discretizations of the optimal
control problem and derive the corresponding matrix formulation. In Section 3, the subdomain local problem,
a reduced subdomain interface problem, and the BDDC preconditioner are given. In Section 4, we define some
extensions for the optimal control problem and introduce some useful bilinear forms and norms. In Section 5,
we give some estimates of these extensions and establish the upper and lower bounds for the BDDC algorithm
with the regularization parameter 𝛽 explicitly tracked. In Section 6, we provide the proofs of the lemmas used
in Section 5. In Section 7, we provide some numerical experiments to confirm the theoretical results. We end



CONVERGENCE ANALYSIS OF A BDDC METHOD 983

with some concluding remarks in Section 8. An appendix in Section A summarizes key operators and frequently
used symbols.

2. Problem setting and HDG discretizations

We consider the following elliptic optimal control problem. Let Ω ⊂ R2 be a bounded convex polygonal
domain, the desire state 𝑦𝑑 ∈ 𝐿2(Ω), and the regularization parameter 𝛽 > 0. Find

(𝑦, 𝑢̄) = argmin
(𝑦,𝑢)

[︂
1
2
‖𝑦 − 𝑦𝑑‖2𝐿2(Ω) +

𝛽

2
‖𝑢‖2𝐿2(Ω)

]︂
, (2.1)

where (𝑦, 𝑢) belongs to 𝐻1
0 (Ω)× 𝐿2(Ω) and satisfies

𝑎(𝑦, 𝑣) =
∫︁

Ω

𝑢𝑣 d𝑥 ∀𝑣 ∈ 𝐻1
0 (Ω). (2.2)

Here the bilinear form 𝑎(·, ·) is defined as

𝑎(𝑦, 𝑣) =
∫︁

Ω

∇𝑦 · ∇𝑣 d𝑥 +
∫︁

Ω

(𝜁 · ∇𝑦)𝑣 d𝑥, (2.3)

where the vector field 𝜁 ∈ [𝑊 1,∞(Ω)]2, and let ∇ · 𝜁 = 0 for simplicity (cf. [1, 6, 20]). Here 𝑦 denotes the state
variable and 𝑢 is the control variable.

By the classical theory in [31,39], the solution of (2.1) and (2.2) is characterized by the first-order optimality
system (cf. [8, 25])

𝑎(𝑞, 𝑝) = (𝑦 − 𝑦𝑑, 𝑞)𝐿2(Ω) ∀𝑞 ∈ 𝐻1
0 (Ω), (2.4a)

𝑝 + 𝛽𝑢̄ = 0, (2.4b)
𝑎(𝑦, 𝑧) = (𝑢̄, 𝑧)𝐿2(Ω) ∀𝑧 ∈ 𝐻1

0 (Ω), (2.4c)

where 𝑝 denotes the adjoint state. By eliminating the control variable 𝑢̄ using the relation (2.4b), we arrive at
the following reduced saddle point problem:

𝑎(𝑞, 𝑝)− (𝑦, 𝑞)𝐿2(Ω) = −(𝑦𝑑, 𝑞)𝐿2(Ω) ∀𝑞 ∈ 𝐻1
0 (Ω), (2.5a)

−(𝑝, 𝑧)𝐿2(Ω) − 𝛽𝑎(𝑦, 𝑧) = 0 ∀𝑧 ∈ 𝐻1
0 (Ω). (2.5b)

In order to obtain a more balanced system, we use the change of variable 𝑝 = −𝛽−
1
4 𝑝 and 𝑦 = 𝛽

1
4 𝑦 to arrive at

𝛽
1
2 𝑎(𝑞, 𝑝) + (𝑦, 𝑞)𝐿2(Ω) = 𝛽

1
4 (𝑦𝑑, 𝑞)𝐿2(Ω) ∀𝑞 ∈ 𝐻1

0 (Ω), (2.6a)

−(𝑝, 𝑧)𝐿2(Ω) + 𝛽
1
2 𝑎(𝑦, 𝑧) = 0 ∀𝑧 ∈ 𝐻1

0 (Ω). (2.6b)

Remark 2.1. By considering the reduced system (2.5), we do not explicitly discretize the control variable 𝑢̄.
This common strategy can be found in [8, 25]. The scaling argument we utilize here first appeared in [7, 8] and
was used to balance the parameter 𝛽 so that a suitable energy norm is straightforward to define. This scaling
strategy is also utilized in [21,22,33,34].

As mentioned in [34], it is more useful to consider a general problem as follows. Let 𝑓 and 𝑔 be sufficiently
smooth, find (𝑦, 𝑝) ∈ 𝐻1

0 (Ω)×𝐻1
0 (Ω) such that

𝛽
1
2 𝑎(𝑞, 𝑝) + (𝑦, 𝑞)𝐿2(Ω) = (𝑔, 𝑞)𝐿2(Ω) ∀𝑞 ∈ 𝐻1

0 (Ω), (2.7a)

−(𝑝, 𝑧)𝐿2(Ω) + 𝛽
1
2 𝑎(𝑦, 𝑧) = (𝑓, 𝑧)𝐿2(Ω) ∀𝑧 ∈ 𝐻1

0 (Ω). (2.7b)
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Therefore, the problem (2.7) is the variational form of the following equations:

𝛽
1
2 (−∆𝑦+𝜁 · ∇𝑦)−𝑝 = 𝑓 in Ω, (2.8a)

𝑦 = 0 on 𝜕Ω, (2.8b)

𝛽
1
2 (−∆𝑝− 𝜁 · ∇𝑝) + 𝑦 = 𝑔 in Ω, (2.8c)

𝑝 = 0 on 𝜕Ω. (2.8d)

We can also write the system (2.8) as a first-order system for the description of the HDG discretization. Let
q = −∇𝑦 and p = −∇𝑝. we can write (2.8) as

q +∇𝑦 = 0 in Ω, (2.9a)

𝛽
1
2 (∇ · q + 𝜁 · ∇𝑦)−𝑝 = 𝑓 in Ω, (2.9b)

𝑦 = 0 on 𝜕Ω, (2.9c)
p +∇𝑝 = 0 in Ω, (2.9d)

𝛽
1
2 (∇ · p− 𝜁 · ∇𝑝) + 𝑦 = 𝑔 in Ω, (2.9e)

𝑝 = 0 on 𝜕Ω. (2.9f)

2.1. HDG formulation and the matrix form

We define a shape-regular and quasi-uniform triangulation 𝒯ℎ of the domain Ω, where ℎ represents the
characteristic element size. Each element in 𝒯ℎ is denoted by 𝐾, and the set of all edges of the triangulation is
denoted by ℰℎ. Define the inner products (·, ·)𝒯ℎ

=
∑︀

𝐾∈𝒯ℎ
(·, ·)𝐾 and ⟨·, ·⟩𝜕𝒯ℎ

=
∑︀

𝐾∈𝒯ℎ
⟨·, ·⟩𝜕𝐾 , where (·, ·)𝐾

and ⟨·, ·⟩𝜕𝐾 represent the 𝐿2-inner products for functions defined over the element 𝐾 and its boundary 𝜕𝐾,
respectively. Define the finite element space as follows:

Vℎ =
{︀
v ∈ (𝐿2(Ω))𝑛 : v|𝐾 ∈ (𝑃 𝑘(𝐾))𝑛,∀𝐾 ∈ 𝒯ℎ

}︀
,

𝑊ℎ =
{︀
𝑤 ∈ 𝐿2(Ω) : 𝑤|𝐾 ∈ 𝑃 𝑘(𝐾),∀𝐾 ∈ 𝒯ℎ

}︀
,

𝑋ℎ =
{︀
𝜇 ∈ 𝐿2(ℰℎ) : 𝜇|𝑒 ∈ 𝑃 𝑘(𝑒),∀𝑒 ∈ ℰℎ

}︀
,

Λℎ = {𝜇 ∈ 𝑋ℎ : 𝜇|𝑒 = 0,∀𝑒 ∈ 𝜕Ω}.

For notational simplicity, we will drop the subscript ℎ and denote the corresponding spaces by V, 𝑊 and Λ.
The HDG method is to find (qℎ,pℎ, 𝑦ℎ, 𝑝ℎ, ̂︀𝑦ℎ, ̂︀𝑝ℎ) ∈ V ×V ×𝑊 ×𝑊 × Λ× Λ such that,

−𝛽
1
2 (qℎ, r1)𝒯ℎ

+ 𝛽
1
2 (𝑦ℎ,∇ · r1)𝒯ℎ

− 𝛽
1
2 ⟨̂︀𝑦ℎ, r1 · n⟩𝜕𝒯ℎ

= 0, (2.10a)

−𝛽
1
2 (pℎ, r2)𝒯ℎ

+ 𝛽
1
2 (𝑝ℎ,∇ · r2)𝒯ℎ

− 𝛽
1
2 ⟨̂︀𝑝ℎ, r2 · n⟩𝜕𝒯ℎ

= 0, (2.10b)

𝛽
1
2 (∇ · qℎ, 𝑤1)𝒯ℎ

− 𝛽
1
2 (𝑦ℎ, 𝜁 · ∇𝑤1)𝒯ℎ

+ 𝛽
1
2 ⟨𝜏1𝑦ℎ, 𝑤1⟩𝜕𝒯ℎ

(2.10c)

−(𝑝ℎ, 𝑤1)𝒯ℎ
+ 𝛽

1
2 ⟨(𝜁 · n− 𝜏1)̂︀𝑦ℎ, 𝑤1⟩𝜕𝒯ℎ

= (𝑓, 𝑤1)𝒯ℎ
,

𝛽
1
2 (∇ · pℎ, 𝑤2)𝒯ℎ

+ (𝑦ℎ, 𝑤2)𝒯ℎ
+ 𝛽

1
2 (𝑝ℎ, 𝜁 · ∇𝑤2)𝒯ℎ

(2.10d)

+𝛽
1
2 ⟨𝜏2𝑝ℎ, 𝑤2⟩𝜕𝒯ℎ

− 𝛽
1
2 ⟨(𝜏2 + 𝜁 · n)̂︀𝑝ℎ, 𝑤2⟩𝜕𝒯ℎ

= (𝑔, 𝑤2)𝒯ℎ
,

−𝛽
1
2 ⟨qℎ · n, 𝜇1⟩𝜕𝒯ℎ

− 𝛽
1
2 ⟨𝜏1𝑦ℎ, 𝜇1⟩𝜕𝒯ℎ

− 𝛽
1
2 ⟨(𝜁 · n− 𝜏1)̂︀𝑦ℎ, 𝜇1⟩𝜕𝒯ℎ

= 0, (2.10e)

−𝛽
1
2 ⟨pℎ · n, 𝜇2⟩𝜕𝒯ℎ

− 𝛽
1
2 ⟨𝜏2𝑝ℎ, 𝜇2⟩𝜕𝒯ℎ

+ 𝛽
1
2 ⟨(𝜁 · n + 𝜏2)̂︀𝑝ℎ, 𝜇2⟩𝜕𝒯ℎ

= 0, (2.10f)

The matrix blocks in for all (r1, r2, 𝑤1, 𝑤2, 𝜇1, 𝜇2) ∈ V×V×𝑊 ×𝑊 ×Λ×Λ, where 𝜏1 are 𝜏2 are piecewise local

stabilization parameters, see [11,34] for more details. Define G =
[︂
q
p

]︂
,u =

[︂
𝑦
𝑝

]︂
, 𝜆 =

[︂̂︀𝑦̂︀𝑝
]︂

and Zℎ =
[︂
𝐹ℎ

𝐺ℎ

]︂
, where
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𝐹ℎ = (𝑓, 𝑤1)𝒯ℎ
and 𝐺ℎ = (𝑔, 𝑤2)𝒯ℎ

, and q,p, 𝑦, 𝑝, ̂︀𝑦 and ̂︀𝑝 are the unknowns associated with qℎ,pℎ, 𝑦ℎ, 𝑝ℎ, ̂︀𝑦ℎ

and ̂︀𝑝ℎ, respectively. The matrix form of system (2.10) can be written as

Ac

⎡⎣Gu
𝜆

⎤⎦ =

⎡⎣ 0
Zℎ

0

⎤⎦, (2.11)

where

Ac =

⎡⎢⎣AGG AT
uG AT

𝜆G

AuG Auu Au𝜆

A𝜆G A𝜆u A𝜆𝜆

⎤⎥⎦.

The matrix blocks in Ac are defined as follows

AGG =
[︂
𝐴qq 0
0 𝐴pp

]︂
,AuG =

[︂
𝐴𝑦q 0
0 𝐴𝑝p

]︂
,Auu =

[︂
𝐴𝑦𝑦 𝐴𝑦𝑝

𝐴𝑝𝑦 𝐴𝑝𝑝

]︂
,Au𝜆 =

[︂
𝐴𝑦𝑦 0
0 𝐴𝑝𝑝

]︂
A𝜆u =

[︂
𝐴𝑦𝑦 0
0 𝐴𝑝𝑝

]︂
, and A𝜆𝜆 =

[︂
𝐴𝑦𝑦 0
0 𝐴𝑝𝑝

]︂
,

where the entries of these submatrices are obtained from the inner products defined in (2.10), evaluated on the
polynomial basis functions associated with the spaces V, 𝑊 , and Λ.

For any (q1, 𝑢1, 𝜆1,p1, 𝑣1, 𝜇1), (q2, 𝑢2, 𝜆2,p2, 𝑣2, 𝜇2) ∈ V×𝑊 ×Λ×V×𝑊 ×Λ, by the definition of Ac, we
can define the following bilinear form:

ℬℎ((q1, 𝑢1, 𝜆1,p1, 𝑣1, 𝜇1), (q2, 𝑢2, 𝜆2,p2, 𝑣2, 𝜇2)) = (q2,p2, 𝑢2, 𝑣2, 𝜆2, 𝜇2)Ac(q1,p1, 𝑢1, 𝑣1, 𝜆1, 𝜇1)𝑇
.

We can reorder the unknowns by regrouping the equations in (2.10) as follows:

ℬℎ((q1, 𝑢1, 𝜆1,p1, 𝑣1, 𝜇1), (q2, 𝑢2, 𝜆2,p2, 𝑣2, 𝜇2)) = (q2, 𝑢2, 𝜆2,p2, 𝑣2, 𝜇2)Aa(q1, 𝑢1, 𝜆1,p1, 𝑣1, 𝜇1)𝑇
, (2.12)

where

Aa =

[︃
𝛽

1
2 𝐴𝑎𝑑

1 −𝐿

𝐿 𝛽
1
2 𝐴𝑎𝑑

2

]︃
. (2.13)

Here 𝐴𝑎𝑑
1 is defined as the matrix in equation (2.23) of [47] with viscosity 𝜖 = 1, corresponding to the advection–

diffusion equation for the state variable 𝑦. The matrix 𝐴𝑎𝑑
2 is obtained by replacing 𝜁 with −𝜁 and 𝜏1 with 𝜏2

in 𝐴𝑎𝑑
1 , corresponding to the advection–diffusion equation for the dual variable 𝑝. We see that 𝐿 satisfies

(q2, 𝑢2, 𝜆2)𝐿(q1, 𝑢1, 𝜆1)𝑇 = (𝑢1, 𝑢2)𝒯ℎ
, (2.14)

for all (q1, 𝑢1, 𝜆1), (q2, 𝑢2, 𝜆2) ∈ V ×𝑊 × Λ. Moreover, let

La =
[︂
𝐿 0
0 𝐿

]︂
, (2.15)

then

(q2, 𝑢2, 𝜆2,p2, 𝑣2, 𝜇2)La(q1, 𝑢1, 𝜆1,p1, 𝑣1, 𝜇1)𝑇 = (𝑢1, 𝑢2)𝒯ℎ
+ (𝑣1, 𝑣2)𝒯ℎ

,

for any (q1, 𝑢1, 𝜆1,p1, 𝑣1, 𝜇1), (q2, 𝑢2, 𝜆2,p2, 𝑣2, 𝜇2) ∈ V ×𝑊 × Λ×V ×𝑊 × Λ.
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Definition 2.2. Let Λ = Λ × Λ. Given 𝜆 ∈ Λ, we solve (2.11) locally on each element 𝐾 with Zℎ = 0 and
obtain the solution (Q𝜆,U𝜆) defined as the extensions of 𝜆 from the element boundary into the element interior
for the optimal control problem. Solving (2.11) over all elements in 𝒯ℎ with Zℎ = 0 yields the global solution
(Q𝜆,U𝜆), which together with 𝜆 satisfy[︂

AGG AT
uG AT

𝜆G

AuG Auu Au𝜆

]︂⎡⎣Q𝜆

U𝜆

𝜆

⎤⎦ =
[︂
0
0

]︂
. (2.16)

Denote Q𝜆 = (𝑄𝐴1𝜆, 𝑄𝐴2𝜆)𝑇 ,U𝜆 = (𝑈𝐴1𝜆, 𝑈𝐴2𝜆)𝑇 , we define

E𝒞(𝜆) = (𝑄𝐴1𝜆, 𝑈𝐴1𝜆, 𝜆,𝑄𝐴2𝜆, 𝑈𝐴2𝜆, 𝜇)𝑇
. (2.17)

Given 𝜆 = (𝜆, 𝜇)𝑇 and 𝑠 = (𝑠, 𝑡)𝑇 ∈ Λ, it follows from (2.12)–(2.14) and (2.17) that

ℬℎ(E𝒞(𝜆),E𝒞(𝑠)) = E𝑇
𝒞 (𝑠) AE𝒞(𝜆)

= (𝑄𝐴1𝑠, 𝑈𝐴1𝑠, 𝑠, 𝑄𝐴2𝑠, 𝑈𝐴2𝑠, 𝑡)

[︃
𝛽

1
2 𝐴𝑎𝑑

1 −𝐿

𝐿 𝛽
1
2 𝐴𝑎𝑑

2

]︃
(𝑄𝐴1𝜆, 𝑈𝐴1𝜆, 𝜆, 𝑄𝐴2𝜆, 𝑈𝐴2𝜆, 𝜇)𝑇

= (𝑄𝐴1𝑠, 𝑈𝐴1𝑠, 𝑠)
(︁
𝛽

1
2 𝐴𝑎𝑑

1

)︁
(𝑄𝐴1𝜆, 𝑈𝐴1𝜆, 𝜆)𝑇

+ (𝑄𝐴2𝑠, 𝑈𝐴2𝑠, 𝑡)
(︁
𝛽

1
2 𝐴𝑎𝑑

2

)︁
(𝑄𝐴2𝜆, 𝑈𝐴2𝜆, 𝜇)𝑇

− (𝑈𝐴1𝑠, 𝑈𝐴2𝜆)𝒯ℎ
+ (𝑈𝐴1𝜆, 𝑈𝐴2𝑠)𝒯ℎ

= bℎ(𝜆, 𝑠) + zℎ(𝜆, 𝑠),

where the last equality follows from equations (2.9) and (2.19)–(2.22) of [47], together with ⟨𝜁 · n𝜆, 𝑠⟩𝜕𝒯ℎ
= 0

and ⟨𝜁 ·n𝜇, 𝑡⟩𝜕𝒯ℎ
= 0. Here bℎ(𝜆, 𝑠) and zℎ(𝜆, 𝑠) denote, respectively, the symmetric and nonsymmetric bilinear

forms, defined by

bℎ(𝜆, 𝑠) = 𝛽
1
2 (𝑄𝐴1𝜆, 𝑄𝐴1𝑠)𝒯ℎ

+ 𝛽
1
2

⟨(︂
𝜏1 −

1
2
𝜁 · n

)︂
(𝑈𝐴1𝜆− 𝜆), (𝑈𝐴1𝑠− 𝑠)

⟩
𝜕𝒯ℎ

(2.18)

+ 𝛽
1
2 (𝑄𝐴2𝜆, 𝑄𝐴2𝑠)𝒯ℎ

+ 𝛽
1
2

⟨(︂
𝜏2 +

1
2
𝜁 · n

)︂
(𝑈𝐴2𝜆− 𝜇), (𝑈𝐴2𝑠− 𝑡)

⟩
𝜕𝒯ℎ

,

zℎ(𝜆, 𝑠) =
𝛽

1
2

2
(𝑈𝐴1𝑠, 𝜁 · ∇𝑈𝐴1𝜆)𝒯ℎ

− 𝛽
1
2

2
(𝑈𝐴1𝜆, 𝜁 · ∇𝑈𝐴1𝑠)𝒯ℎ

(2.19)

− 𝛽
1
2

2
⟨𝜁 · n 𝑠, 𝑈𝐴1𝜆⟩𝜕𝒯ℎ

+
𝛽

1
2

2
⟨𝜁 · n𝜆, 𝑈𝐴1𝑠⟩𝜕𝒯ℎ

− (𝑈𝐴1𝑠, 𝑈𝐴2𝜆)𝒯ℎ

− 𝛽
1
2

2
(𝑈𝐴2𝑠, 𝜁 · ∇𝑈𝐴2𝜆)𝒯ℎ

+
𝛽

1
2

2
(𝑈𝐴2𝜆, 𝜁 · ∇𝑈𝐴2𝑠)𝒯ℎ

+
𝛽

1
2

2
⟨𝜁 · n 𝑡, 𝑈𝐴2𝜆⟩𝜕𝒯ℎ

− 𝛽
1
2

2
⟨𝜁 · n𝜇, 𝑈𝐴2𝑠⟩𝜕𝒯ℎ(Ω𝑖) + (𝑈𝐴1𝜆, 𝑈𝐴2𝑠)𝒯ℎ

.

The full bilinear form is defined by

𝑎ℎ(𝜆, 𝑠) = bℎ(𝜆, 𝑠) + zℎ(𝜆, 𝑠).

By the definitions of 𝑎ℎ, (2.12) and (2.17), we have

ℬℎ(E𝒞(𝜆),E𝒞(𝑠)) = 𝑎ℎ(𝜆, 𝑠), ∀𝜆, 𝑠 ∈ Λ. (2.20)

In order to establish the relations between the extensions of the optimal control problem and the extensions of
the advection–diffusion problem, we introduce another definition.
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Definition 2.3. Given 𝜆 = (𝜆, 𝜇)𝑇 ∈ Λ, on each element 𝐾, we define

QAad(𝜆) =
(︁
𝑄𝐴𝑎𝑑

1
𝜆, 𝑄𝐴𝑎𝑑

2
𝜇
)︁𝑇

, UAad(𝜆) =
(︁
𝑈𝐴𝑎𝑑

1
𝜆, 𝑈𝐴𝑎𝑑

2
𝜇
)︁𝑇

,

where (𝑄𝐴𝑎𝑑
1

𝜆, 𝑈𝐴𝑎𝑑
1

𝜆) denotes the extensions from the element boundary into the element interior for the
advection–diffusion problem, defined similar to equation (2.14) of [47], using the extension operators associated
with 𝐴𝑎𝑑

1 . Here (𝑄𝐴𝑎𝑑
2

𝜇, 𝑈𝐴𝑎𝑑
2

𝜇) is defined analogously by applying the extension operators associated with 𝐴𝑎𝑑
2 .

Similar as equation (2.14) of [47], we obtain that

𝐴𝑎𝑑
1

⎡⎣𝑄𝐴𝑎𝑑
1

𝜆

𝑈𝐴𝑎𝑑
1

𝜆

𝜆

⎤⎦ =
[︂
0
0

]︂
and 𝐴𝑎𝑑

2

⎡⎣𝑄𝐴𝑎𝑑
2

𝜇

𝑈𝐴𝑎𝑑
2

𝜇

𝜇

⎤⎦ =
[︂
0
0

]︂
.

We also define

EAad(𝜆) =
(︁
𝑄𝐴𝑎𝑑

1
𝜆, 𝑈𝐴𝑎𝑑

1
𝜆, 𝜆,𝑄𝐴𝑎𝑑

2
𝜇, 𝑈𝐴𝑎𝑑

2
𝜇, 𝜇

)︁𝑇

. (2.21)

Let Aad =
[︂
𝐴𝑎𝑑

1 0
0 𝐴𝑎𝑑

2

]︂
. Given 𝜆, 𝑠 ∈ Λ, we define the following bilinear form

ℬad
ℎ (EAad(𝜆),EAad(𝑠)) = E𝑇

Aad(𝑠)AadEAad(𝜆). (2.22)

Recall in the system (2.11), we eliminate G and u in each element independently and obtain a system for 𝜆
as follows:

A𝜆 = b, (2.23)

where

A = A𝜆𝜆 −
[︀
A𝜆G A𝜆u

]︀[︂AGG AT
uG

AuG Auu

]︂−1[︂AT
𝜆G

Au𝜆

]︂
,

and

b = −
[︀
A𝜆G A𝜆u

]︀[︂AGG AT
uG

AuG Auu

]︂−1[︂ 0
Zℎ

]︂
.

Let A = B + Z, where

B =
A + AT

2
, Z =

A−AT

2
(2.24)

denote the symmetric and nonsymmetric parts of A, respectively. For any 𝜆, 𝑠 ∈ Λ, we define the following
bilinear forms

⟨𝜆, 𝑠⟩B = 𝑠𝑇 B𝜆 = bℎ(𝜆, 𝑠), ⟨𝜆, 𝑠⟩Z = 𝑠𝑇 Z𝜆 = zℎ(𝜆, 𝑠). (2.25)

In addition, we define the matrix L by

⟨𝜆, 𝑠⟩L = 𝑠𝑇 L𝜆 = (𝑈𝐴1𝜆, 𝑈𝐴1𝑠)𝒯ℎ
+ (𝑈𝐴2𝜆, 𝑈𝐴2𝑠)𝒯ℎ

. (2.26)
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3. The BDDC algorithm

3.1. Domain decomposition and a reduced subdomain interface problem

We decompose the domain Ω into 𝑁 nonoverlapping subdomains Ω𝑖(𝑖 = 1, 2, · · · , 𝑁) and the diameter of
each subdomain is 𝐻𝑖. Let 𝐻 = max𝑖 𝐻𝑖 and Γ =

(︀⋃︀
𝑖 ̸=𝑗(𝜕Ω𝑖 ∩ 𝜕Ω𝑗)

)︀
∖ 𝜕Ω be the subdomain interface. The

spaces of finite element functions on Ω𝑖 are denoted by V(𝑖), 𝑊 (𝑖), and Λ(𝑖).
Given 𝜆(𝑖) = (𝜆(𝑖), 𝜇(𝑖))𝑇 , 𝑠(𝑖) = (𝑠(𝑖), 𝑡(𝑖))𝑇 ∈ Λ(𝑖), we define the following bilinear forms on each subdomain

Ω𝑖:

bℎ

(︁
𝜆(𝑖), 𝑠(𝑖)

)︁
= 𝛽

1
2

(︁
𝑄𝐴1𝜆

(𝑖), 𝑄𝐴1𝑠
(𝑖)
)︁
𝒯ℎ(Ω𝑖)

(3.1)

+ 𝛽
1
2

⟨(︂
𝜏1 −

1
2
𝜁 · n

)︂(︁
𝑈𝐴1𝜆

(𝑖) − 𝜆(𝑖)
)︁
,
(︁
𝑈𝐴1𝑠

(𝑖) − 𝑠(𝑖)
)︁⟩

𝜕𝒯ℎ(Ω𝑖)

+ 𝛽
1
2

(︁
𝑄𝐴2𝜆

(𝑖), 𝑄𝐴2𝑠
(𝑖)
)︁
𝒯ℎ(Ω𝑖)

+ 𝛽
1
2

⟨(︂
𝜏2 +

1
2
𝜁 · n

)︂(︁
𝑈𝐴2𝜆

(𝑖) − 𝜇(𝑖)
)︁
,
(︁
𝑈𝐴2𝑠

(𝑖) − 𝑡(𝑖)
)︁⟩

𝜕𝒯ℎ(Ω𝑖)

,

zℎ

(︁
𝜆(𝑖), 𝑠(𝑖)

)︁
=

𝛽
1
2

2

(︁
𝑈𝐴1𝑠

(𝑖), 𝜁 · ∇𝑈𝐴1𝜆
(𝑖)
)︁
𝒯ℎ(Ω𝑖)

− 𝛽
1
2

2

(︁
𝑈𝐴1𝜆

(𝑖), 𝜁 · ∇𝑈𝐴1𝑠
(𝑖)
)︁
𝒯ℎ(Ω𝑖)

(3.2)

− 𝛽
1
2

2

⟨
𝜁 · n 𝑠(𝑖), 𝑈𝐴1𝜆

(𝑖)
⟩

𝜕𝒯ℎ(Ω𝑖)
+

𝛽
1
2

2

⟨
𝜁 · n𝜆(𝑖), 𝑈𝐴1𝑠

(𝑖)
⟩

𝜕𝒯ℎ(Ω𝑖)

−
(︁
𝑈𝐴1𝑠

(𝑖), 𝑈𝐴2𝜆
(𝑖)
)︁
𝒯ℎ(Ω𝑖)

− 𝛽
1
2

2

(︁
𝑈𝐴2𝑠

(𝑖), 𝜁 · ∇𝑈𝐴2𝜆
(𝑖)
)︁
𝒯ℎ(Ω𝑖)

+
𝛽

1
2

2

(︁
𝑈𝐴2𝜆

(𝑖), 𝜁 · ∇𝑈𝐴2𝑠
(𝑖)
)︁
𝒯ℎ(Ω𝑖)

+
𝛽

1
2

2

⟨
𝜁 · n 𝑡(𝑖), 𝑈𝐴2𝜆

(𝑖)
⟩

𝜕𝒯ℎ(Ω𝑖)

− 𝛽
1
2

2

⟨
𝜁 · n𝜇(𝑖), 𝑈𝐴2𝑠

(𝑖)
⟩

𝜕𝒯ℎ(Ω𝑖)
+
(︁
𝑈𝐴1𝜆

(𝑖), 𝑈𝐴2𝑠
(𝑖)
)︁
𝒯ℎ(Ω𝑖)

,

𝑎ℎ

(︁
𝜆(𝑖), 𝑠(𝑖)

)︁
= bℎ

(︁
𝜆(𝑖), 𝑠(𝑖)

)︁
+ zℎ

(︁
𝜆(𝑖), 𝑠(𝑖)

)︁
. (3.3)

The local bilinear form ℬ(𝑖)
ℎ is defined by

ℬ(𝑖)
ℎ

(︁
E𝒞

(︁
𝜆(𝑖)

)︁
,E𝒞

(︁
𝑠(𝑖)
)︁)︁

= 𝑎ℎ

(︁
𝜆(𝑖), 𝑠(𝑖)

)︁
− 1

2

⟨
𝜁 · n𝜆(𝑖), 𝑠(𝑖)

⟩
𝜕𝒯ℎ(Ω𝑖)

+
1
2

⟨
𝜁 · n𝜇(𝑖), 𝑡(𝑖)

⟩
𝜕𝒯ℎ(Ω𝑖)

,

which is obtained by (2.12) and restricting Aa to the subdomain Ω𝑖.
To make the subdomain local problem positive definite, we introduce the Robin boundary conditions and let

ℬ(𝑖)
(︁
E𝒞

(︁
𝜆(𝑖)

)︁
,E𝒞

(︁
𝑠(𝑖)
)︁)︁

= ℬ(𝑖)
ℎ

(︁
E𝒞

(︁
𝜆(𝑖)

)︁
,E𝒞

(︁
𝑠(𝑖)
)︁)︁

+
1
2

⟨
𝜁 · n𝜆(𝑖), 𝑠(𝑖)

⟩
𝜕𝒯ℎ(Ω𝑖)

− 1
2

⟨
𝜁 · n𝜇(𝑖), 𝑡(𝑖)

⟩
𝜕𝒯ℎ(Ω𝑖)

= E𝑇
𝒞

(︁
𝑠(𝑖)
)︁
A(𝑖)

a E𝒞

(︁
𝜆(𝑖)

)︁
= E𝑇

𝒞

(︁
𝑠(𝑖)
)︁[︃𝛽 1

2 𝐴𝑎𝑑
1

(𝑖) −𝐿(𝑖)

𝐿(𝑖) 𝛽
1
2 𝐴𝑎𝑑

2
(𝑖)

]︃
E𝒞

(︁
𝜆(𝑖)

)︁ (3.4)

where 𝐿(𝑖) is the restriction of the global matrix 𝐿 in (2.14) to the subdomain Ω𝑖, and A(𝑖)
a , 𝐴𝑎𝑑

1
(𝑖)

, 𝐴𝑎𝑑
2

(𝑖) denote
the subdomain matrices of Aa, 𝐴𝑎𝑑

1 , and 𝐴𝑎𝑑
2 in (2.13), restricted to the subdomain Ω𝑖 with Robin boundary
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conditions, respectively. We then have

ℬ(𝑖)
(︁
E𝒞

(︁
𝜆(𝑖)

)︁
,E𝒞

(︁
𝑠(𝑖)
)︁)︁

= 𝑎
(𝑖)
ℎ

(︁
𝜆(𝑖), 𝑠(𝑖)

)︁
, ∀𝜆(𝑖), 𝑠(𝑖) ∈ Λ(𝑖). (3.5)

To reduce the global problem in (2.23) to a subdomain interface problem, we perform the following decom-
position

Λ =

(︃
𝑁⨁︁

𝑖=1

Λ(𝑖)
I

)︃⨁︁ ̂︀ΛΓ, (3.6)

where ̂︀ΛΓ denotes the degrees of freedom on the subdomain interface and Λ(𝑖)
I denotes the degrees of freedom

in the interior of subdomain Ω𝑖.
Given 𝜆Γ ∈ ̂︀ΛΓ, the original global problem (2.23) can be decomposed as[︂

AII AIΓ

AΓI AΓΓ

]︂[︂
𝜆I

𝜆Γ

]︂
=
[︂
bI

bΓ

]︂
. (3.7)

Therefore, for each subdomain Ω𝑖, the subdomain problem can be written as[︃
A(𝑖)

II A(𝑖)
IΓ

A(𝑖)
ΓI A(𝑖)

ΓΓ

]︃[︃
𝜆

(𝑖)
I

𝜆
(𝑖)
Γ

]︃
=

[︃
b(𝑖)

I

b(𝑖)
Γ

]︃
. (3.8)

The subdomain local Schur complement S(𝑖)
Γ can be defined as:

S(𝑖)
Γ 𝜆

(𝑖)
Γ = g(𝑖)

Γ , (3.9)

where

S(𝑖)
Γ = A(𝑖)

ΓΓ −A(𝑖)
ΓI A

(𝑖)−1

𝐼𝐼 A(𝑖)
IΓ ,

g(𝑖)
Γ = b(𝑖)

Γ −A(𝑖)
Γ𝐼A

(𝑖)−1

II b(𝑖)
I .

Denote R(𝑖)
Γ as the restriction operator from ̂︀ΛΓ to the subdomain interface Λ(𝑖)

Γ . By assembling the subdomain
local Schur complement S(𝑖)

Γ , we obtain the global interface Schur problem: find 𝜆 ∈ ̂︀ΛΓ such that

̂︀SΓ𝜆Γ = gΓ, (3.10)

where

̂︀SΓ =
𝑁∑︁

𝑖=1

R(𝑖)𝑇

Γ S(𝑖)
Γ R(𝑖)

Γ , gΓ =
𝑁∑︁

𝑖=1

R(𝑖)𝑇

Γ g(𝑖)
Γ .

3.2. The BDDC preconditioner

We define the partially assembled interface space ̃︀ΛΓ as

̃︀ΛΓ = ̂︀ΛΠ

⨁︁
ΛΔ = ̂︀ΛΠ

⨁︁(︃
𝑁∏︁

𝑖=1

Λ(𝑖)
Δ

)︃
, (3.11)

where ̂︀ΛΠ denotes the space of primal variables, which are typically continuous across subdomain interfaces.
The space ΛΔ, given by the direct sum of the local spaces Λ(𝑖)

Δ , consists of the remaining interface degrees of
freedom, which are typically discontinuous across subdomain interfaces.
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Let ̃︀RΓ denote the injection operator from the space ̂︀ΛΓ into ̃︀ΛΓ. We also define ̃︀RD,Γ = D̃︀RΓ, where D
is a diagonal scaling matrix. The diagonal entries of D are set to 1 for rows corresponding to primal interface
variables, and to 𝛿†𝑖 (𝑥) for the others. Here, 𝛿†𝑖 (𝑥) is the inverse counting function defined for a subdomain
interface node 𝑥 as:

𝛿†𝑖 (𝑥) =
1

card(𝑁𝑥)
, for 𝑥 ∈ 𝜕Ω𝑖 ∩ Γ,

where 𝑁𝑥 is the set of subdomain indices that contain 𝑥 on their boundaries. The function card(𝑁𝑥) gives the
number of such subdomains. The scaling matrix provides a partition of unity such that

̃︀R𝑇
D,Γ

̃︀RΓ = ̃︀R𝑇
Γ
̃︀RD,Γ = I. (3.12)

Various scaling strategies can be used in BDDC algorithms. Among them, deluxe scaling is particularly useful
for problems with discontinuous coefficients, as it enhances the robustness of the preconditioner in the presence
of parameter jumps in the model [16,50–52].

Let RΓ be the direct sum of R(𝑖)
Γ , which is the restriction operator from ̃︀ΛΓ to Λ(𝑖). Let SΓ be the direct

sum of the subdomain local Schur complement S(𝑖)
Γ defined in equation (3.9). The partially assembled interface

Schur complement is defined as

̃︀SΓ = R
𝑇

ΓSΓRΓ. (3.13)

With (3.13), we can define BDDC preconditioner as

P−1
BDDC = ̃︀R𝑇

D,Γ
̃︀S−1

Γ
̃︀RD,Γ.

Multiplying the BDDC preconditioner to the global interface problem (3.10) both sides, we have

̃︀R𝑇
D,Γ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ = ̃︀R𝑇
D,Γ
̃︀S−1

Γ
̃︀RD,ΓgΓ. (3.14)

Since ̂︀SΓ defined in (3.10) is nonsymmetric but positive definite, we employ the GMRES solver to solve (3.14).

4. Extensions and norms

4.1. Subdomain extensions

Given 𝜆
(𝑖)
Γ = (𝜆(𝑖)

Γ , 𝜇
(𝑖)
Γ )𝑇 ∈ Λ(𝑖)

Γ , by solving the subdomain problem (3.8) with b(𝑖)
I = 0, we obtain the subdo-

main interior 𝜆
(𝑖)
I ∈ Ω𝑖 as 𝜆

(𝑖)
I = −A(𝑖)

II

−1
A(𝑖)

IΓ 𝜆
(𝑖)
Γ . Let (𝜆(𝑖)

I , 𝜇
(𝑖)
I )𝑇 = 𝜆

(𝑖)
I , we denote 𝜆

(𝑖)
𝐴,Γ = (𝜆(𝑖)

I , 𝜆
(𝑖)
Γ )𝑇 , 𝜇

(𝑖)
𝐴,Γ =

(𝜇(𝑖)
I , 𝜇

(𝑖)
Γ )𝑇 and define 𝜆

(𝑖)
A,Γ = (𝜆(𝑖)

𝐴,Γ, 𝜇
(𝑖)
𝐴,Γ). Similarly, given 𝜆Γ ∈ ̂︀ΛΓ or ̃︀ΛΓ, we obtain 𝜆I as 𝜆I = −A−1

II AIΓ𝜆Γ

and denote 𝜆𝐴,Γ = (𝜆I, 𝜆Γ)𝑇 , 𝜇𝐴,Γ = (𝜇I, 𝜇Γ)𝑇 , where (𝜆I, 𝜇I)𝑇 = 𝜆I. Let

𝜆A,Γ = (𝜆𝐴,Γ, 𝜇𝐴,Γ)𝑇 (4.1)

denote the optimal control extension of 𝜆Γ. We can also define the advection–diffusion extension of 𝜆Γ as

𝜆Aad,Γ =
(︁
𝜆𝐴𝑎𝑑

1 ,Γ, 𝜇𝐴𝑎𝑑
2 ,Γ

)︁𝑇

, (4.2)

where 𝜆𝐴𝑎𝑑
1 ,Γ is the advection–diffusion extension of 𝜆Γ defined similarly as equation (5.1) of [47] corresponding

to 𝐴𝑎𝑑
1 in (2.13), 𝜇𝐴𝑎𝑑

2 ,Γ can be obtained similarly as 𝜆𝐴𝑎𝑑
1 ,Γ corresponding to 𝐴𝑎𝑑

2 in (2.13). Let 𝜆
(𝑖)

Aad,Γ
=

(𝜆(𝑖)

𝐴𝑎𝑑
1 ,Γ

, 𝜇
(𝑖)

𝐴𝑎𝑑
2 ,Γ

)𝑇 , where 𝜆
(𝑖)

𝐴𝑎𝑑
1 ,Γ

, 𝜇
(𝑖)

𝐴𝑎𝑑
2 ,Γ

are the restrictions of 𝜆𝐴𝑎𝑑
1 ,Γ and 𝜇𝐴𝑎𝑑

2 ,Γ in subdomain Ω𝑖, respectively.
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4.2. A partial assembled finite element space and norms

We define a partially sub-assembled space ̃︀Λ as

̃︀Λ = ̂︀ΛΠ

⨁︁(︃
𝑁∏︁

𝑖=1

(︁
Λ(𝑖)

I

⨁︁
Λ(𝑖)

Δ

)︁)︃
. (4.3)

The functions in the space ̃︀Λ consist of a continuous primal component and a generally discontinuous dual
component. Moreover, we have Λ ⊂ ̃︀Λ.

Let ̃︀B, ̃︀Z, ̃︀A be the partially sub-assembled matrices corresponding to the bilinear forms in (3.1), (3.2)
and (3.3), respectively. Recall L defined in (2.26), let ̃︀L be the partially sub-assembled matrix corresponding to L
and ̃︀R be the injection vector from Λ to ̃︀Λ. Then, we have B = ̃︀R𝑇 ̃︀B̃︀R,Z = ̃︀R𝑇 ̃︀Z̃︀R,A = ̃︀R𝑇 ̃︀Ã︀R,L = ̃︀R𝑇 ̃︀L̃︀R,
where B,Z,A are defined in (2.24) and (2.23). ∀𝜆, 𝑠 ∈ ̃︀Λ, we define the following bilinear forms

⟨𝜆, 𝑠⟩̃︀B = 𝑠𝑇 ̃︀B𝜆 =
𝑁∑︁

𝑖=1

bℎ

(︁
𝜆(𝑖), 𝑠(𝑖)

)︁
, ⟨𝜆, 𝑠⟩ ̃︀𝑍 = 𝑠𝑇 ̃︀𝑍𝜆 =

𝑁∑︁
𝑖=1

zℎ

(︁
𝜆(𝑖), 𝑠(𝑖)

)︁
,

⟨𝜆, 𝑠⟩̃︀A = 𝑠𝑇 ̃︀A𝜆 =
𝑁∑︁

𝑖=1

𝑎ℎ

(︁
𝜆(𝑖), 𝑠(𝑖)

)︁
,

⟨𝜆, 𝑠⟩̃︀L = 𝑠𝑇 ̃︀L𝜆 = (𝑈𝐴1𝜆, 𝑈𝐴1𝑠)𝒯ℎ
+ (𝑈𝐴2𝜆, 𝑈𝐴2𝑠)𝒯ℎ

.

(4.4)

Given the definition ℬ(𝑖) in (3.4) in each subdomain, for any 𝜆, 𝑠 ∈ ̃︀Λ, we can define the following bilinear
form

̃︀ℬ(E𝒞(𝜆); E𝒞(𝑠)) =
𝑁∑︁

𝑖=1

ℬ(𝑖)
(︁
E𝒞

(︁
𝜆(𝑖)

)︁
; E𝒞

(︁
𝑠(𝑖)
)︁)︁

= E𝑇
𝒞 (𝑠)AaE𝒞(𝜆) (4.5)

= E𝑇
𝒞 (𝑠)

[︂
𝛽

1
2 𝐴𝑎𝑑

1 −𝐿

𝐿 𝛽
1
2 𝐴𝑎𝑑

2

]︂
E𝒞(𝜆),

̃︀ℬad(E𝒞(𝜆); E𝒞(𝑠)) = E𝑇
𝒞 (𝑠)AadE𝒞(𝜆), (4.6)

where Aa, 𝐴
𝑎𝑑
1 , 𝐴𝑎𝑑

2 are obtained by assembling the local matrices A(𝑖)
a , 𝐴𝑎𝑑

1
(𝑖)

, 𝐴𝑎𝑑
2

(𝑖) in (3.4) on each subdomain
respectively. Here, the matrices Aa, 𝐴

𝑎𝑑
1 , 𝐴𝑎𝑑

2 ,Aad have been adjusted by the Robin boundary conditions.
Let

M = B + L, ̃︁M = ̃︀B + ̃︀L, (4.7)

by using the optimal control extension in (4.1), we can define the following bilinear forms

∀𝜆Γ, 𝑠Γ ∈ ̂︀ΛΓ, ⟨𝜆Γ, 𝑠Γ⟩BΓ = 𝑠𝑇
A,ΓB𝜆A,Γ, ⟨𝜆Γ, 𝑠Γ⟩ZΓ = 𝑠𝑇

A,ΓZ𝜆A,Γ, (4.8)

⟨𝜆Γ, 𝑠Γ⟩LΓ = 𝑠𝑇
A,ΓL𝜆A,Γ, ⟨𝜆Γ, 𝑠Γ⟩MΓ = 𝑠𝑇

A,ΓM𝜆A,Γ;

∀𝜆Γ, 𝑠Γ ∈ ̃︀ΛΓ, ⟨𝜆Γ, 𝑠Γ⟩̃︀BΓ
= 𝑠𝑇

A,Γ
̃︀B𝜆A,Γ, ⟨𝜆Γ, 𝑠Γ⟩̃︀ZΓ

= 𝑠𝑇
A,Γ
̃︀Z𝜆A,Γ, (4.9)

⟨𝜆Γ, 𝑠Γ⟩̃︀LΓ
= 𝑠𝑇

A,Γ
̃︀L𝜆A,Γ, ⟨𝜆Γ, 𝑠Γ⟩̃︁MΓ

= 𝑠𝑇
A,Γ
̃︁M𝜆A,Γ.

By (2.25), (2.26), (3.5), (4.4), (4.5), (4.7), (4.8) and (4.9), we obtain the following lemma.

Lemma 4.1. Given 𝜆Γ, 𝑠Γ ∈ ̃︀ΛΓ, we have the following relations

⟨𝜆Γ, 𝑠Γ⟩̃︀SΓ
= ⟨𝜆A,Γ, 𝑠A,Γ⟩̃︀A = ⟨𝜆Γ, 𝑠Γ⟩̃︀BΓ

+ ⟨𝜆Γ, 𝑠Γ⟩̃︀ZΓ
. (4.10)

When 𝜆Γ = 𝑠Γ, ⟨𝜆Γ, 𝜆Γ⟩̃︀ZΓ
= 0, ⟨𝜆Γ, 𝜆Γ⟩̃︀SΓ

= ⟨𝜆A,Γ, 𝜆A,Γ⟩̃︀A = E𝑇
𝒞 (𝜆A,Γ)AaE𝒞(𝜆A,Γ) = ⟨𝜆A,Γ, 𝜆A,Γ⟩̃︀B =

⟨𝜆Γ, 𝜆Γ⟩̃︀BΓ
, and ⟨𝜆Γ, 𝜆Γ⟩̃︁MΓ

= ⟨𝜆Γ, 𝜆Γ⟩̃︀BΓ
+ ⟨𝜆Γ, 𝜆Γ⟩̃︀LΓ

= ⟨𝜆Γ, 𝜆Γ⟩̃︀SΓ
+ ⟨𝜆Γ, 𝜆Γ⟩̃︀LΓ

. The same results also hold

for 𝜆, 𝑠 ∈ ̂︀ΛΓ and their corresponding bilinear forms.
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4.3. Norms

Recall Aa defined in (2.13) and La defined in (2.15). Let

Ma = Aa + La.

For any 𝜆 = (𝜆, 𝜇)𝑇 ∈ ̃︀Λ, we can define the following norms

‖E𝒞(𝜆)‖2Aa
= E𝑇

𝒞 (𝜆)AaE𝒞(𝜆) (4.11)

= 𝛽
1
2 ‖𝑄𝐴1𝜆‖2𝒯ℎ

+ 𝛽
1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2

(𝑈𝐴1𝜆− 𝜆)

⃦⃦⃦⃦
⃦

2

𝜕𝒯ℎ

+ 𝛽
1
2 ‖𝑄𝐴2𝜆‖2𝒯ℎ

+ 𝛽
1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2

(𝑈𝐴2𝜆− 𝜇)

⃦⃦⃦⃦
⃦

2

𝜕𝒯ℎ

,

‖U𝜆‖2𝒯ℎ
= ‖𝑈𝐴1𝜆‖2𝒯ℎ

+ ‖𝑈𝐴2𝜆‖2𝒯ℎ
= E𝑇

𝒞 (𝜆)LaE𝒞(𝜆), (4.12)

‖E𝒞(𝜆)‖2Ma
= E𝑇

𝒞 (𝜆)MaE𝒞(𝜆) = ‖E𝒞(𝜆)‖2Aa
+ ‖U𝜆‖2𝒯ℎ

. (4.13)

By Lemma 4.1 and (4.13), we have

∀𝜆Γ ∈ ̃︀ΛΓ, ‖𝜆Γ‖2̃︁MΓ
= ‖E𝒞(𝜆A,Γ)‖2Ma

, ∀𝜆Γ ∈ ̂︀ΛΓ, ‖𝜆Γ‖2MΓ
= ‖E𝒞(𝜆A,Γ)‖2Ma

. (4.14)

Additionally, by (4.6), we define the norms associated with EAad(𝜆) defined in (2.21) as follows:

‖EAad(𝜆)‖2Aad = E𝑇
Aad(𝜆)AadEAad(𝜆) (4.15)

=
⃦⃦⃦
𝑄𝐴𝑎𝑑

1
𝜆
⃦⃦⃦2

𝒯ℎ

+

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴𝑎𝑑
1

𝜆− 𝜆
)︁⃦⃦⃦⃦⃦

2

𝜕𝒯ℎ

+
⃦⃦⃦
𝑄𝐴𝑎𝑑

2
𝜇
⃦⃦⃦2

𝒯ℎ

+ 𝛽
1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴𝑎𝑑
2

𝜇− 𝜇
)︁⃦⃦⃦⃦⃦

2

𝜕𝒯ℎ

,

‖UAad(𝜆)‖2𝒯ℎ
=
⃦⃦⃦
𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦2

𝒯ℎ

+
⃦⃦⃦
𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦2

𝒯ℎ

. (4.16)

Moreover, we introduce several useful norms as defined in [47], for any domain 𝐷 and 𝜆 = (𝜆, 𝜇)𝑇 ∈ ̃︀Λ(𝐷),
suppose ℎ is the diameter of 𝐷, then

‖𝜆‖2ℎ,𝐷 :=
∑︁

𝐾∈𝒯ℎ(𝐷)

‖𝜆‖2𝜕𝐾

|𝐷|
|𝜕𝐷|

, (4.17)

|||𝜆|||2𝐷 :=
∑︁

𝐾∈𝒯ℎ(𝐷)

‖𝜆−𝑚𝐾(𝜆)‖2𝜕𝐾

(︂
|𝐷|
|𝜕𝐷|

)︂−1

, where 𝑚𝐾(𝜆) =
1

|𝜕𝐾|

∫︁
𝜕𝐾

𝜆 d𝑠. (4.18)

For the domain Ω, we simplify the notation by omitting the subscript. Specifically, we use ‖ · ‖ℎ and ||| · ||| to
denote ‖ · ‖ℎ,Ω and ||| · |||Ω respectively. Note that in this paper, the norm of 𝜆 = (𝜆, 𝜇)𝑇 , ‖𝜆‖ℎ,𝐷, |||𝜆|||ℎ,𝐷 and
‖𝜆‖𝜕𝐷, are defined as follows:

‖𝜆‖ℎ,𝐷 :=
(︀
‖𝜆‖2ℎ,𝐷 + ‖𝜇‖2ℎ,𝐷

)︀ 1
2 , |||𝜆|||𝐷 :=

(︀
|||𝜆|||2𝐷 + |||𝜇|||2𝐷

)︀ 1
2 , ‖𝜆‖𝜕𝐷 :=

(︀
‖𝜆‖2𝜕𝐷 + ‖𝜇‖2𝜕𝐷

)︀ 1
2 .
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4.4. Some norm estimates

Lemma 4.2 ([47], Lem. 7.8). If 𝜇 ∈ Λ(𝑖) and 𝜇 is edge average zero on 𝜕Ω𝑖, then

‖𝜇‖ℎ,Ω𝑖
≤ 𝐶𝐻|||𝜇|||Ω𝑖

.

Lemma 4.3 ([47], Lem. 7.10). If 𝜇 ∈ ̃︀Λ, then

‖𝜇‖ℎ ≤ 𝐶 |||𝜇|||.

From the definitions of ‖ · ‖ℎ and ||| · |||, we see that

Lemma 4.4. If 𝜇 ∈ ̃︀Λ, then
|||𝜇||| ≤ 𝐶ℎ−1‖𝜇‖ℎ.

For any 𝜆 = (𝜆, 𝜇)𝑇 ∈ ̃︀Λ, by Lemma 7.2 of [47] with 𝜖 = 1, we have⃦⃦⃦
𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾
≤ 𝐶‖𝜆‖ℎ,𝐾 . (4.19)

Replacing 𝜁 with −𝜁, 𝜏1 with 𝜏2 and by similar proofs as Lemma 7.2 of [47], we obtain⃦⃦⃦
𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦

𝐾
≤ 𝐶‖𝜇‖ℎ,𝐾 . (4.20)

Also, for 𝜆 ∈ ̃︀Λ, by Lemma 7.6 of [47] we have

𝑐|||𝜆||| ≤ ‖EAad(𝜆)‖Aad ≤ 𝐶|||𝜆|||, (4.21)

where 𝑐 and 𝐶 are two constants such that 𝑐 ≤ 𝐶.
By Lemmas 7.3, 7.4 of [47] with 𝜖 = 1, we obtain the following lemma.

Lemma 4.5. For 𝜆 defined on 𝜕𝐾, we have⃦⃦⃦
∇𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾
≤ 𝐶|||𝜆|||𝐾 ,

⃦⃦⃦
∇𝑈𝐴𝑎𝑑

2
𝜆
⃦⃦⃦

𝐾
≤ 𝐶|||𝜆|||𝐾 , (4.22)⃦⃦⃦

𝑈𝐴𝑎𝑑
1

𝜆− 𝜆
⃦⃦⃦

𝜕𝐾
≤ 𝐶ℎ

1
2 |||𝜆|||𝐾 ,

⃦⃦⃦
𝑈𝐴𝑎𝑑

2
𝜆− 𝜆

⃦⃦⃦
𝜕𝐾

≤ 𝐶ℎ
1
2 |||𝜆|||𝐾 . (4.23)

5. The Convergence rate of the BDDC preconditioned system

In this section, we examine the dependence of the GMRES convergence rate on the regularization parameter
𝛽, the subdomain size 𝐻 and the mesh size ℎ. Throughout this section, we use 𝐶 to denote any constants inde-
pendent of these parameters. Following A(1)–A(3) of [11] and Assumption 6.1 of [47], we make the assumption
below.

Assumption 5.1. For the stabilizers 𝜏1 and 𝜏2, we assume

(1) 𝜏1 is a piecewise positive constant on 𝜕𝒯ℎ and there exists a constant 𝐶1 such that 𝜏1 ≤ 𝐶1;
(2) 𝜏1 = 𝜏2 + 𝜁 · n;
(3) maxℰ⊂𝜕𝐾 inf

𝑥∈ℰ
(𝜏1 − 1

2𝜁 · n) = 𝐶𝐾 , ∀𝐾 ∈ 𝒯ℎ;

(4) inf𝑥∈ℰ(𝜏1 − 1
2𝜁 · n) ≥ 𝐶* max𝑥∈ℰ |𝜁(𝑥) · n|,∀ℰ ∈ 𝜕𝐾 and ∀𝐾 ∈ 𝒯ℎ.

We also make the following assumption as in Assumption 6.2 of [47].
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Assumption 5.2. For each two adjacent subdomains Ω𝑖 and Ω𝑗, which share the edge ℰ𝑖𝑗, for any 𝜆(𝑖) ∈ Λ(𝑖),
we assume that ∫︁

ℰ𝑖𝑗

𝜆(𝑖) d𝑠,

∫︁
ℰ𝑖𝑗

𝜁 · n𝜆(𝑖) d𝑠,

∫︁
ℰ𝑖𝑗

𝜁 · n𝜆(𝑖)𝑠 d𝑠,

are contained in the coarse level primal subspace ̂︀ΛΠ, which are the same or different by a −1 factor due to the
normal direction.

Remark 5.3. The first two constraints are used in Lemma 6.1 to establish estimate (6.1). Similar to Lemma 6.4
of [47], for each subdomain Ω𝑖 (𝑖 = 1, . . . , 𝑁), assume 𝑢 ∈ 𝐻2(Ω𝑖) and let I𝐻 denote the finite element interpo-
lation operator into the continuous linear finite element space ̂︁𝑊𝐻 . Applying the Bramble–Hilbert lemma yields
the estimate

‖𝑢− I𝐻𝑢‖𝐻𝑡(Ω𝑖) ≤ 𝐶𝐻2−𝑡|𝑢|𝐻2(Ω𝑖), 𝑡 = 0, 1, 2. (5.1)

This estimate, combined with these three constraints, is used to derive Lemma 6.3, following arguments similar
to those in Lemma 7.17 of [47].

Assumption 5.4. Each subdomain Ω𝑖 is triangular or quadrilateral. These subdomains form a shape regular
coarse mesh of Ω.

Remark 5.5. We make this shape regularity assumption as in [30, 45, 47]. This assumption ensures the exis-
tence of an interpolation operator onto a conforming finite element space, thereby enabling the application of
continuous trace theory (cf. [3, 17]). Furthermore, it guarantees that the constants 𝐶 appearing in inequalities
such as the trace inequality and the Bramble–Hilbert inequality (5.1) are uniformly bounded and independent of
the subdomain size 𝐻 and the mesh size ℎ. These properties are essential for establishing the condition number
bounds of the proposed method.

Let T = ̃︀R𝑇
D,Γ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ denote the BDDC preconditioned operator. The convergence behavior of the
GMRES method applied to (3.14) is analyzed using the framework established in Theorem 6.5 of [47], whose
proof is detailed in [18]. Based on this result, we derive the following theorem on the convergence rate of the
BDDC preconditioned GMRES iterations, which constitutes the main result of this paper.

Theorem 5.6. Given 𝜆Γ ∈ ̂︀ΛΓ, let 𝐶𝑢 and 𝑐𝑙 be the constants established in Lemmas 5.16 and 5.17, respectively.
Then, the following bounds hold:

𝑐𝑙⟨𝜆Γ, 𝜆Γ⟩MΓ ≤ ⟨𝜆Γ,T𝜆Γ⟩MΓ ,

⟨T𝜆Γ,T𝜆Γ⟩MΓ ≤ 𝐶2
𝑢⟨𝜆Γ, 𝜆Γ⟩MΓ .

As a result, the residual r𝑚 of the GMRES iteration at iteration 𝑚 satisfies

‖r𝑚‖MΓ

‖r0‖MΓ

≤
(︂

1− 𝑐2
𝑙

𝐶2
𝑢

)︂𝑚/2

.

We outline the proof of Theorem 5.6 as follows. First, by comparing with the corresponding extensions for the
advection–diffusion problem, we establish norm equivalences between the extensions associated with the optimal
control problem and those for the advection–diffusion problem in Lemma 5.10. Then, we derive some estimates
for the average operator in Lemma 5.12. Next, we bound some bilinear forms in Lemmas 5.13 and 5.15, and
derive estimates for some key operators through the extensions of advection–diffusion problem in Lemma 5.14.
These estimates are used in the proof of Theorem 5.6 to obtain the upper bound 𝐶𝑢 and the lower bound 𝑐𝑙.
Finally, Section 6 provides the technical details supporting the proofs in Section 5.
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5.1. Average operator estimates

The relationship among the norms ||| · ||| defined in (4.18), ‖ · ‖Aa defined in (4.11), and ‖ · ‖Ma defined (4.13)
is established in the following lemma.

Lemma 5.7. For any 𝐾 ∈ 𝒯ℎ and 𝜆 = (𝜆, 𝜇)𝑇 ∈ ̃︀Λ we have

𝐶|||𝜆|||𝐾 ≤ ‖𝑄𝐴1𝜆‖𝐾 , 𝐶|||𝜇|||𝐾 ≤ ‖𝑄𝐴2𝜆‖𝐾 (5.2)

which implies that
𝐶𝛽

1
4 |||𝜆||| ≤ ‖E𝒞(𝜆)‖Aa ≤ ‖E𝒞(𝜆)‖Ma . (5.3)

Proof. Equation (5.2) can be proved similarly as Lemma 3.8 of [13]. (5.3) follows from assembling (5.2) over all
elements 𝐾 ∈ 𝒯ℎ, with the definitions (4.11) and (4.13). �

Estimates for the 𝐿2-norm of U𝜆 is given in the lemma below, and the proof is given in Section 6.

Lemma 5.8. For any 𝜆 = (𝜆, 𝜇)𝑇 ∈ ̃︀Λ , we have the following estimates:

‖U𝜆‖𝐾 ≤ 𝐶𝑐0‖𝜆‖ℎ,𝐾 , (5.4)
‖U𝜆‖𝒯ℎ

≤ 𝐶𝑐0‖𝜆‖ℎ, (5.5)

where 𝑐0 = ℎ𝛽−
1
2 + 1. Therefore,

‖U𝜆‖𝒯ℎ
≤ 𝐶𝑐0𝛽

− 1
4 ‖E𝒞(𝜆)‖Aa . (5.6)

The following lemma provides the gradient estimates and other auxiliary bounds for the extensions of the
optimal control problem, and the proof is given in Section 6.

Lemma 5.9. For 𝜆 = (𝜆, 𝜇)𝑇 ∈ ̃︀Λ, we have⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦
𝒯ℎ

+
⃦⃦⃦
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦
𝒯ℎ

≤ 𝐶ℎ𝛽−
1
2 ‖U𝜆‖𝒯ℎ

, (5.7)

𝛽
1
2 ‖∇𝑈𝐴1𝜆‖𝒯ℎ

≤ 𝐶
(︁

1 + 𝛽
1
4

)︁
‖E𝒞(𝜆)‖Ma

, 𝛽
1
2 ‖∇𝑈𝐴2𝜆‖𝒯ℎ

≤ 𝐶
(︁

1 + 𝛽
1
4

)︁
‖E𝒞(𝜆)‖Ma

. (5.8)

Moreover, we obtain that

𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2

(𝑈𝐴1𝜆− 𝜆)

⃦⃦⃦⃦
⃦

𝜕𝒯ℎ

+ 𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2

(𝑈𝐴2𝜆− 𝜇)

⃦⃦⃦⃦
⃦

𝜕𝒯ℎ

≤ 𝐶ℎ
1
2

(︁
1 + 𝛽−

1
4

)︁
‖E𝒞(𝜆)‖Ma

. (5.9)

Lemma 5.10 establishes the relation between E𝒞(𝜆A,Γ), as defined in (2.17) and (4.1), and EAad(𝜆Aad,Γ), as
defined in (2.21) and (4.2). The proof of Lemma 5.10 can be found in Section 6.

Lemma 5.10. Given 𝜆Γ = (𝜆Γ, 𝜇Γ)𝑇 ∈ ̃︀ΛΓ, we have

‖E𝒞(𝜆A,Γ)‖Aa
≤ 𝐶𝛽

1
4 𝑐0‖EAad

(︀
𝜆Aad,Γ

)︀
‖Aad + 𝐶

(︁
𝑐0𝛽

− 1
4

)︁
‖𝜆Aad,Γ‖ℎ, (5.10)

and
𝛽

1
4 ‖EAad(𝜆Aad,Γ)‖Aad ≤ 𝐶‖E𝒞(𝜆A,Γ)‖Aa . (5.11)
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We define two Schur complements, ̃︀𝑆𝑎𝑑
1,Γ and ̃︀𝑆𝑎𝑑

2,Γ, for 𝐴𝑎𝑑
1 and 𝐴𝑎𝑑

2 in (4.5). ̃︀𝑆𝑎𝑑
1,Γ is defined similarly to

equation (4.1) of [47] with 𝜖 = 1 and 𝜏 = 𝜏1. ̃︀𝑆𝑎𝑑
2,Γ is defined analogously with 𝜏 = 𝜏2 and 𝜁 replaced by −𝜁 in

̃︀𝑆𝑎𝑑
1,Γ. Let ̃︀Sad

Γ =

[︃̃︀𝑆𝑎𝑑
1,Γ 0
0 ̃︀𝑆𝑎𝑑

2,Γ

]︃
. Then, we have

‖𝜆Γ‖̃︀Sad
Γ

= ‖EAad(𝜆Aad,Γ)‖Aad . (5.12)

Let ED𝜆Γ be the average operator defined as ED𝜆Γ = ̃︀RΓ
̃︀R𝑇

D,Γ𝜆Γ. An estimate for the average operator of the
advection–diffusion problem is provided in Lemma 6.9 from [47] with 𝜖 = 1. This leads to the following lemma:

Lemma 5.11. For 𝜆Γ ∈ ̃︀ΛΓ, we have

‖ED𝜆Γ‖̃︀Sad
Γ
≤ 𝐶

(︂
1 + log

𝐻

ℎ

)︂
‖𝜆Γ‖̃︀Sad

Γ
.

We are now ready to provide the estimates for the average operator.

Lemma 5.12. Given 𝜆Γ ∈ ̃︀ΛΓ, there exists a positive constant 𝐶, independent of 𝛽,𝐻, ℎ, such that for all
𝜆Γ ∈ ̃︀ΛΓ, we have

‖ED𝜆Γ‖̃︀SΓ
≤ 𝐶𝐶𝐸𝐷‖𝜆Γ‖̃︀SΓ

, (5.13)

‖ED𝜆Γ‖̃︁MΓ
≤ 𝐶𝐸𝐷,𝑀‖𝜆Γ‖̃︁MΓ

, (5.14)

where 𝐶𝐸𝐷 = 𝑐0(1 + 𝐻𝛽−
1
2 )
(︀
1 + log 𝐻

ℎ

)︀
, 𝐶𝐸𝐷,𝑀 = 𝐶(1 + 𝑐0𝐻𝛽−

1
4 )𝐶𝐸𝐷, and 𝑐0 is defined in Lemma 5.8.

Proof. Let vΓ = ED𝜆Γ − 𝜆Γ, then we have ‖ED𝜆Γ‖2̃︀SΓ
≤ 𝐶‖vΓ‖2̃︀SΓ

+ 𝐶‖𝜆Γ‖2̃︀SΓ
. Since

‖vΓ‖̃︀SΓ
= ‖E𝒞(vA,Γ)‖Aa ≤ 𝐶𝑐0𝛽

1
4 ‖EAad(vAad,Γ)‖Aad + 𝐶

(︁
𝑐0𝛽

− 1
4

)︁
‖vAad,Γ‖ℎ

≤ 𝐶𝑐0𝛽
1
4 ‖EAad(vAad)‖Aad + 𝐶

(︁
𝑐0𝛽

− 1
4

)︁
𝐻|||vAad,Γ|||

≤ 𝐶
(︁
𝑐0𝛽

1
4 + 𝑐0𝛽

− 1
4 𝐻
)︁
‖EAad(vAad,Γ)‖Aad

= 𝐶
(︁
𝑐0𝛽

1
4 + 𝑐0𝛽

− 1
4 𝐻
)︁
‖vΓ‖̃︀Sad

Γ
≤ 𝐶

(︁
𝑐0𝛽

1
4 + 𝑐0𝛽

− 1
4 𝐻
)︁(︂

1 + log
𝐻

ℎ

)︂
‖𝜆Γ‖̃︀Sad

Γ

= 𝐶
(︁
𝑐0𝛽

1
4 + 𝑐0𝛽

− 1
4 𝐻
)︁(︂

1 + log
𝐻

ℎ

)︂
‖EAad(𝜆Aad,Γ)‖Aad

≤ 𝐶
(︁
𝑐0 + 𝑐0𝛽

− 1
2 𝐻
)︁(︂

1 + log
𝐻

ℎ

)︂
‖E𝒞(𝜆A,Γ)‖Aa

= 𝐶
(︁
𝑐0 + 𝑐0𝛽

− 1
2 𝐻
)︁(︂

1 + log
𝐻

ℎ

)︂
‖𝜆Γ‖̃︀SΓ

:= 𝐶𝐶𝐸𝐷‖𝜆Γ‖̃︀SΓ
,

(5.15)

where 𝐶𝐸𝐷 := 𝑐0(1+𝛽−
1
2 𝐻). We use Lemma 4.1 for the first equality, (5.10) for the first inequality. The second

inequality follows from Lemma 4.2 with the fact that

‖vAad,Γ‖ℎ =

(︃
𝑁∑︁

𝑖=1

⃦⃦⃦
v(𝑖)

Aad,Γ

⃦⃦⃦2

ℎ,Ω𝑖

)︃ 1
2

≤ 𝐶

(︃
𝑁∑︁

𝑖=1

𝐻2
⃒⃒⃒⃒⃒⃒ ⃒⃒⃒

v(𝑖)

Aad,Γ

⃒⃒⃒⃒⃒⃒ ⃒⃒⃒2
Ω𝑖

)︃ 1
2

≤ 𝐶𝐻|||vAad,Γ|||. (5.16)

The third inequality follows from (4.21), the second and third equalities follow from (5.12), the second to last
inequality follows from Lemma 5.11, and the last inequality follows from (5.11). The second to last equality
follows from Lemma 4.1.
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Moreover, we have

‖UvA,Γ‖𝒯ℎ
≤ 𝐶𝑐0‖vA,Γ‖ℎ ≤ 𝐶𝑐0𝐻|||vA,Γ||| ≤ 𝐶𝑐0𝐻𝛽−

1
4 ‖vΓ‖̃︀SΓ

≤ 𝐶𝑐0𝐻𝛽−
1
4 𝐶𝐸𝐷‖𝜆Γ‖̃︀SΓ

,
(5.17)

where (5.5) is used for the first inequality. The second inequality can be obtained similarly as (5.16), the second
to last inequality follows from (5.3), and the last inequality follows from (5.15).

Therefore, by Lemma 4.1, (5.15) and (5.17), we obtain that

‖vΓ‖̃︁MΓ
≤ 𝐶

(︁
1 + 𝑐0𝐻𝛽−

1
4

)︁
𝐶𝐸𝐷‖𝜆Γ‖̃︀SΓ

,

and

‖ED𝜆Γ‖̃︁MΓ
≤ 𝐶‖vΓ‖̃︁MΓ

+ 𝐶‖𝜆Γ‖̃︁MΓ
≤ 𝐶

(︁
1 + 𝑐0𝐻𝛽−

1
4

)︁
𝐶𝐸𝐷‖𝜆Γ‖̃︁MΓ

.

�

5.2. Upper bound estimate for 𝐶𝑢 and lower bound estimate for 𝑐𝑙

We make use of the dual argument together with the norm equivalence between the extensions of the
advection–diffusion problem and the extensions of the optimal problem stated in Lemma 5.10, to derive the
following estimates for the nonsymmetric bilinear form. The proof of Lemma 5.13 is detailed in Section 6.

Lemma 5.13. Given 𝜆Γ, 𝑠Γ ∈ ̃︀ΛΓ, we have

⟨𝜆Γ, 𝑠Γ⟩̃︀ZΓ
≤ 𝐶𝛾1‖𝜆Γ‖MΓ

(︁
𝐶
(︁
𝐻𝛽−

1
4

)︁
‖𝑠Γ‖̃︀SΓ

+ ‖𝑠Aad,Γ‖ℎ

)︁
, (5.18)

where 𝛾1 =
(︀
1 + 𝛽

1
4
)︀
𝑐0 and 𝑐0 is defined in Lemma 5.8. The same estimate holds for 𝜆Γ, 𝑠Γ ∈ ̂︀ΛΓ analogously.

Given 𝜆Γ ∈ ̂︀ΛΓ, define wΓ = ̃︀S−1
Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ. Different from the extension UAad𝜆 studied in [47], the
extension operator U of the optimal control problem does not preserve constants, that is, even if 𝜆 is constant
on the mesh element, U𝜆 is not a constant, as seen from (6.4). This leads to the difficulty of estimating the
ℎ-norm ‖wA,Γ −𝜆A,Γ‖ℎ directly using the approach in Lemma 7.20 of [47]. To overcome this difficulty, we will
use a dual argument and estimate the ℎ-norm ‖wAad,Γ − 𝜆Aad,Γ‖ℎ as in the following lemma, and its proof is
presented in Section 6.

Lemma 5.14. Given 𝜆Γ ∈ ̂︀ΛΓ, let ℋAad(𝜆) = 𝜆Aad,Γ, we have

‖ℋAad(wΓ − 𝜆Γ)‖ℎ ≤ 𝐶𝛼1

(︁
‖wΓ‖̃︁MΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
, (5.19)

‖ℋAad(T𝜆Γ − 𝜆Γ)‖ℎ ≤ 𝐶𝛼2

(︁
‖wΓ‖̃︁MΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
, (5.20)

where 𝛼1 = 𝐻
(︀(︀

1 + 𝛽−
1
2
)︀
𝑐2
0 + 𝛽−

1
4
)︀
, 𝛼2 = 𝐻

(︀(︀
1 + 𝛽−

1
2
)︀
𝑐2
0 + 𝛽−

1
4 𝐶𝐸𝐷

)︀
, 𝑐0 is defined in Lemma 5.8 and 𝐶𝐸𝐷 is

defined in Lemma 5.12.

Lemma 5.15. For any 𝜆Γ ∈ ̂︀ΛΓ, when 𝐻 is sufficiently small, let zΓ = ̃︀L−1
Γ
̃︀RD,ΓLΓ𝜆Γ, we have the following

estimates ⃒⃒⃒⃒⟨
wΓ, zΓ − ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

⃒⃒⃒⃒
≤ 𝐶𝑐1‖𝜆Γ‖LΓ

‖wΓ‖̃︁MΓ
, (5.21)⃒⃒

⟨𝜆Γ,T𝜆Γ − 𝜆Γ⟩ZΓ

⃒⃒
≤ 𝐶𝑐2‖𝜆‖MΓ

(︁
‖wΓ‖̃︁MΓ

+ ‖𝜆Γ‖MΓ

)︁
, (5.22)
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wΓ − ̃︀RΓ𝜆Γ

⃦⃦⃦
̃︀LΓ

≤ 𝐶𝑐3‖wΓ‖̃︁MΓ
, (5.23)⃒⃒⃒⃒⟨

wΓ, ̃︀RΓ𝜆Γ −wΓ

⟩
̃︀ZΓ

⃒⃒⃒⃒
≤ 𝐶𝑐4‖w‖̃︁MΓ

(︁
‖w‖̃︁MΓ

+ ‖𝜆Γ‖MΓ

)︁
, (5.24)

where 𝑐1 = 𝑐0𝐻𝛽−
1
4 𝐶𝐸𝐷, 𝑐2 = 𝛾1𝛼2, 𝑐3 = 𝑐0𝐻

(︀
1 + 𝛽−

1
2
)︀
, 𝑐4 = 𝛾1𝛼1. 𝛼1, 𝛼2 are defined in Lemma 5.14. 𝛾1 is

defined in Lemma 5.13.

The proof of Lemma 5.15 is provided in Section 6. Recall that T = ̃︀R𝑇
D,Γ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ, we proceed to derive
the upper bound 𝐶𝑢 and lower bound 𝑐𝑙.

Lemma 5.16. Given 𝜆Γ ∈ ̂︀ΛΓ, when 𝐻 is sufficient small, we have

⟨T𝜆Γ,T𝜆Γ⟩MΓ
≤ 𝐶2

𝑢⟨𝜆Γ, 𝜆Γ⟩MΓ ,

where 𝐶𝑢 = 𝐶𝐶2
𝐸𝐷,𝑀 . 𝐶𝐸𝐷,𝑀 is defined in Lemma 5.12.

Proof. By (4.9) and (5.23), we have

‖wΓ‖2̃︁MΓ
= ‖wΓ‖2̃︀BΓ

+ ‖wΓ‖2̃︀LΓ
≤ ‖wΓ‖2̃︀BΓ

+
⃦⃦⃦
wΓ − ̃︀RΓ𝜆Γ

⃦⃦⃦2

̃︀LΓ

+
⃦⃦⃦ ̃︀RΓ𝜆Γ

⃦⃦⃦2

̃︀LΓ

≤ ‖wΓ‖2̃︀BΓ
+ 𝐶𝑐2

3‖wΓ‖2̃︁MΓ
+ ‖𝜆‖2MΓ

,

when 𝐻 is sufficiently small, we can make 𝑐3 small enough and obtain that

‖wΓ‖2̃︁MΓ
≤ 𝐶

(︁
‖wΓ‖2̃︀BΓ

+ ‖𝜆Γ‖2MΓ

)︁
. (5.25)

Also, by Lemma 4.1, (5.22) and (5.25), we have

‖wΓ‖2̃︀BΓ
= ‖wΓ‖2̃︀SΓ

= w𝑇
Γ
̃︀SΓw𝑇

Γ = w𝑇
Γ
̃︀SΓ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ =
⟨
𝜆Γ, ̃︀R𝑇

D,ΓwΓ

⟩
̂︀SΓ

= ⟨𝜆Γ,T𝜆Γ⟩̂︀SΓ
= ⟨𝜆Γ,T𝜆Γ⟩BΓ + ⟨𝜆Γ,T𝜆Γ − 𝜆Γ⟩ZΓ

≤ ‖𝜆Γ‖BΓ‖T𝜆Γ‖BΓ + 𝐶𝑐2‖𝜆‖MΓ

(︁
‖wΓ‖̃︁MΓ

+ ‖𝜆Γ‖MΓ

)︁
≤ ‖𝜆Γ‖MΓ‖T𝜆Γ‖MΓ + 𝐶𝑐2‖𝜆‖MΓ‖wΓ‖̃︀BΓ

+ 𝐶𝑐2‖𝜆‖2MΓ
.

(5.26)

By Young’s inequality, we obtain that

‖wΓ‖2̃︀BΓ
≤ 𝐶

(︀
‖𝜆Γ‖MΓ‖T𝜆Γ‖MΓ +

(︀
𝐶𝑐2

2 + 𝐶𝑐2

)︀
‖𝜆Γ‖2MΓ

)︀
. (5.27)

Since

⟨T𝜆Γ,T𝜆Γ⟩MΓ
=
⟨̃︀R𝑇

D,Γ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ, ̃︀R𝑇
D,Γ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ

⟩
MΓ

= ⟨EDwΓ,EDwΓ⟩̃︁MΓ
= ‖EDwΓ‖2̃︁MΓ

,

we see that

‖T𝜆Γ‖2MΓ
= ‖EDwΓ‖2̃︁MΓ

≤ 𝐶𝐶2
𝐸𝐷,𝑀‖wΓ‖2̃︁MΓ

≤ 𝐶𝐶2
𝐸𝐷,𝑀

(︁
‖wΓ‖2̃︀BΓ

+ ‖𝜆Γ‖2MΓ

)︁
,

≤ 𝐶𝐶2
𝐸𝐷,𝑀‖𝜆Γ‖MΓ‖T𝜆Γ‖MΓ + 𝐶𝐶2

𝐸𝐷,𝑀

(︀
𝑐2
2 + 𝑐2 + 1

)︀
‖𝜆Γ‖2MΓ

,

where (5.14) is used for the first inequality, (5.25) for the second inequality, and (5.27) for the last inequality.
Consequently, when 𝐻 is sufficiently small, 𝑐2 can be small enough, therefore applying Young’s inequality yields

‖T𝜆Γ‖2MΓ
≤ 𝐶

(︀(︀
𝐶2

𝐸𝐷,𝑀

)︀2 + 𝐶2
𝐸𝐷,𝑀 (𝑐2

2 + 𝑐2 + 1)
)︀
‖𝜆Γ‖2MΓ

≤ 𝐶
(︀
𝐶2

𝐸𝐷,𝑀

)︀2‖𝜆Γ‖2MΓ
= 𝐶2

𝑢‖𝜆Γ‖2MΓ
,

(5.28)

where 𝐶𝑢 := 𝐶𝐶2
𝐸𝐷,𝑀 . �
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Lemma 5.17. For any 𝜆Γ ∈ ̂︀ΛΓ, when 𝐻 is sufficiently small, we have

𝑐𝑙⟨𝜆Γ, 𝜆Γ⟩MΓ ≤ ⟨𝜆Γ,T𝜆Γ⟩MΓ ,

where 𝑐𝑙 = 𝐶
(︀
1 − 𝐶𝑐2𝐶𝐸𝐷,𝑀 − 𝐶𝑐3𝐶

2
𝐸𝐷,𝑀

)︀
. 𝑐2 and 𝑐3 are defined in Lemma 5.15. 𝐶𝐸𝐷,𝑀 is defined in

Lemma 5.16.

Proof. We have

⟨𝜆Γ, 𝜆Γ⟩MΓ
= ⟨𝜆Γ, 𝜆Γ⟩BΓ

+ ⟨𝜆Γ, 𝜆Γ⟩LΓ
= ⟨𝜆Γ, 𝜆Γ⟩̂︀SΓ

+ ⟨𝜆Γ, 𝜆Γ⟩LΓ

=
⟨
wΓ, ̃︀RΓ𝜆Γ

⟩
̃︀SΓ

+ ⟨𝜆Γ, 𝜆Γ⟩LΓ

=
⟨
wΓ, ̃︀RΓ𝜆Γ

⟩
̃︁MΓ

−
⟨
wΓ, ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

+
⟨
wΓ, ̃︀RΓ𝜆Γ

⟩
̃︀ZΓ

+
⟨̃︀RΓ𝜆Γ, ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

=
⟨
wΓ, ̃︀RΓ𝜆Γ

⟩
̃︁MΓ

−
⟨
wΓ − ̃︀RΓ𝜆Γ, ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

+
⟨
wΓ, ̃︀RΓ𝜆Γ −wΓ

⟩
̃︀ZΓ

≤ 1
2
‖wΓ‖2̃︁MΓ

+
1
2
‖𝜆Γ‖2MΓ

−
⟨
wΓ − ̃︀RΓ𝜆Γ, ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

+
⟨
wΓ, ̃︀RΓ𝜆Γ −wΓ

⟩
̃︀ZΓ

,

where the first and the second equalities follow from Lemma 4.1. The third equality follows from (3.12) with
the fact that ⟨

wΓ, ̃︀RΓ𝜆Γ

⟩
̃︀SΓ

= 𝜆𝑇
Γ
̃︀R𝑇

Γ
̃︀SΓwΓ = 𝜆𝑇

Γ
̃︀R𝑇

Γ
̃︀SΓ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ = ⟨𝜆Γ, 𝜆Γ⟩̂︀SΓ
.

The last inequality follows from⟨
wΓ, ̃︀RΓ𝜆Γ

⟩
̃︁MΓ

≤ ‖wΓ‖̃︁MΓ

⃦⃦⃦ ̃︀RΓ𝜆Γ

⃦⃦⃦
̃︁MΓ

≤ 1
2

(︁
‖wΓ‖2̃︁MΓ

+ ‖𝜆Γ‖2MΓ

)︁
.

Therefore, we obtain that

⟨𝜆Γ, 𝜆Γ⟩MΓ ≤ ‖wΓ‖2̃︁MΓ
+ 𝐶

⃒⃒⃒⃒⟨
wΓ − ̃︀RΓ𝜆Γ, ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

⃒⃒⃒⃒
+ 𝐶

⃒⃒⃒⃒⟨
wΓ, ̃︀RΓ𝜆Γ −wΓ

⟩
̃︀ZΓ

⃒⃒⃒⃒
. (5.29)

In order to estimate ‖𝜆Γ‖MΓ , we need to estimate ‖wΓ‖̃︁MΓ
. Define zΓ = ̃︀L−1

Γ
̃︀RD,ΓLΓ𝜆Γ, we have

⟨wΓ,wΓ⟩̃︁MΓ
= ⟨wΓ,wΓ⟩̃︀BΓ

+ ⟨wΓ,wΓ⟩̃︀LΓ
= ⟨𝜆Γ,T𝜆Γ⟩̂︀SΓ

+ ⟨wΓ,wΓ⟩̃︀LΓ

= ⟨𝜆Γ,T𝜆Γ⟩MΓ − ⟨𝜆Γ,T𝜆Γ⟩LΓ + ⟨𝜆Γ,T𝜆Γ⟩ZΓ + ⟨wΓ,wΓ⟩̃︀LΓ

= ⟨𝜆Γ,T𝜆Γ⟩MΓ + ⟨𝜆Γ,T𝜆Γ⟩ZΓ − ⟨wΓ, zΓ −wΓ⟩̃︀LΓ

= ⟨𝜆Γ,T𝜆Γ⟩MΓ + ⟨𝜆Γ,T𝜆Γ − 𝜆Γ⟩ZΓ − ⟨wΓ, zΓ −wΓ⟩̃︀LΓ

= ⟨𝜆Γ,T𝜆Γ⟩MΓ + ⟨𝜆Γ,T𝜆Γ − 𝜆Γ⟩ZΓ −
⟨
wΓ, zΓ − ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

+
⟨
wΓ,wΓ − ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

,

(5.30)

where the first equality follows from Lemma 4.1, the second equality follows from ‖wΓ‖2̃︀BΓ
= ⟨𝜆Γ,T𝜆Γ⟩̂︀SΓ

which
is proved in (5.26), and the third equality follows from the symmetry of the inner product ⟨·, ·⟩LΓ with the fact
that

⟨𝜆Γ,T𝜆Γ⟩LΓ
= 𝜆𝑇

ΓLΓ
̃︀R𝑇

D,Γ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ = 𝜆𝑇
ΓLΓ

̃︀R𝑇
D,Γ
̃︀L−1

Γ
̃︀LΓ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ = ⟨wΓ, zΓ⟩̃︀LΓ
.

Also, when 𝐻 is sufficiently small, by (5.25), (5.27), (5.28), we obtain

‖wΓ‖̃︁MΓ
≤ 𝐶𝐶𝐸𝐷,𝑀‖𝜆‖MΓ , (5.31)
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where 𝐶𝐸𝐷,𝑀 is defined in Lemma 5.16. Then, we have

⟨wΓ,wΓ⟩̃︁MΓ
≤ ⟨𝜆Γ,T𝜆Γ⟩MΓ

+ ⟨𝜆Γ,T𝜆Γ − 𝜆Γ⟩ZΓ +
⃒⃒⃒⃒⟨

wΓ, zΓ − ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

⃒⃒⃒⃒
+
⃒⃒⃒⃒⟨

wΓ,wΓ − ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

⃒⃒⃒⃒
≤ ⟨𝜆Γ,T𝜆Γ⟩MΓ + 𝐶𝑐2‖𝜆Γ‖MΓ(‖wΓ‖̃︁MΓ

+ ‖𝜆Γ‖MΓ) + 𝐶𝑐1‖𝜆Γ‖MΓ‖wΓ‖̃︁MΓ

+ 𝐶𝑐3‖wΓ‖2̃︁MΓ

≤ ⟨𝜆Γ,T𝜆Γ⟩MΓ + 𝐶𝑐2𝐶𝐸𝐷,𝑀‖𝜆Γ‖2MΓ
+ 𝐶𝑐3𝐶

2
𝐸𝐷,𝑀‖𝜆Γ‖2MΓ

,

(5.32)

where the first inequality follows from (5.30), the second inequality follows from (5.22), (5.21) and (5.23), the
last inequality follows from (5.31), and 𝑐1 ≤ 𝑐2. Therefore,

⟨𝜆Γ, 𝜆Γ⟩MΓ ≤ ‖wΓ‖2̃︁MΓ
+ 𝐶

⃦⃦⃦
wΓ − ̃︀RΓ𝜆Γ

⃦⃦⃦
̃︀LΓ

‖𝜆Γ‖LΓ + 𝐶

⃒⃒⃒⃒⟨
wΓ, ̃︀RΓ𝜆Γ −wΓ

⟩
̃︀ZΓ

⃒⃒⃒⃒
≤ ‖wΓ‖2̃︁MΓ

+ 𝐶𝑐3‖wΓ‖̃︁MΓ
‖𝜆Γ‖MΓ + 𝐶𝑐4‖w‖̃︁MΓ

(︁
‖w‖̃︁MΓ

+ ‖𝜆Γ‖MΓ

)︁
≤ (𝐶 + 𝐶𝑐4)‖wΓ‖2̃︁MΓ

+ 𝐶(𝑐2
3 + 𝑐2

4)‖𝜆Γ‖2MΓ

≤ (𝐶 + 𝐶𝑐4)
(︂
⟨𝜆Γ,T𝜆Γ⟩MΓ + 𝐶𝑐2𝐶𝐸𝐷,𝑀‖𝜆Γ‖2MΓ

+ 𝐶𝑐3𝐶
2
𝐸𝐷,𝑀‖𝜆Γ‖2MΓ

)︂
+ 𝐶

(︀
𝑐2
3 + 𝑐2

4

)︀
‖𝜆Γ‖2MΓ

≤ (𝐶 + 𝐶𝑐4)⟨𝜆Γ,T𝜆Γ⟩MΓ + (𝐶 + 𝐶𝑐4)
(︀
𝑐2𝐶𝐸𝐷,𝑀 + 𝑐3𝐶

2
𝐸𝐷,𝑀

)︀
‖𝜆Γ‖2MΓ

,

where the first inequality follows from (5.29), the second inequality follows from (5.23) and (5.24), the third
inequality follows from Young’s inequality, the second to last inequality follows from (5.32), and the last inequal-
ity follows from the fact that 𝑐3 ≤ 𝐶𝐸𝐷,𝑀 , 𝑐4 ≤ 𝑐2, and 𝐶𝐸𝐷,𝑀 ≥ 1.

Therefore, when 𝐻 is sufficiently small, we have 𝑐2, 𝑐3, 𝑐4 small enough such that

⟨𝜆Γ, 𝜆Γ⟩MΓ ≤ 𝐶⟨𝜆Γ,T𝜆Γ⟩MΓ + 𝐶
(︀
𝑐2𝐶𝐸𝐷,𝑀 + 𝑐3𝐶

2
𝐸𝐷,𝑀

)︀
‖𝜆Γ‖2MΓ

,

and

𝑐𝑙⟨𝜆Γ, 𝜆Γ⟩MΓ ≤ ⟨𝜆Γ,T𝜆Γ⟩MΓ ,

where 𝑐𝑙 := 𝐶
(︀
1− 𝐶𝑐2𝐶𝐸𝐷,𝑀 − 𝐶𝑐3𝐶

2
𝐸𝐷,𝑀

)︀
. �

Remark 5.18. Based on the estimates in Lemmas 5.16 and 5.17, we obtain the following: when 𝛽 = 𝑂(1), the
bounds 𝐶𝑢, 𝑐𝑙 can be simplified as

𝐶𝑢 = 𝐶

(︂
1 + log

𝐻

ℎ

)︂2

, 𝑐𝑙 = 𝐶

(︂
1− 𝐶𝐻

(︂
1 + log

𝐻

ℎ

)︂2)︂
,

and these estimates are consistent with the results in [47] for the advection–diffusion problem. When 𝛽 is not
too small compared to ℎ, namely 𝛽 = 𝑂(ℎ2−𝛿) for any fixed 𝛿 ∈ (0, 2), the bounds 𝐶𝑢, 𝑐𝑙 can be simplified as

𝐶𝑢 = 𝐶

(︂
1 + log

𝐻

ℎ

)︂2

, 𝑐𝑙 = 𝐶

(︂
1− 𝐶𝐻ℎ−1+ 𝛿

2

(︂
1 + log

𝐻

ℎ

)︂2)︂
.

In this case, our results are comparable to those established in Theorem 4.2 of [36], which are based on standard
finite element discretizations combined with multigrid methods. The 𝒪(ℎ2−𝛿) threshold can be reflected in
Lemma 5.14, which utilizes specific properties of the HDG discretizations and plays a crucial role in establishing
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the lower bound. In both cases, the convergence rates are independent of 𝛽. By selecting appropriate values of 𝐻
and ℎ, 𝑐𝑙 can be ensured to be positive. The convergence rate of the proposed BDDC algorithms is independent
of the number of subdomains and depends slightly on subdomain problem size 𝐻/ℎ. When 𝛽 is very small, 𝐻
is required to be tiny to maintain the positivity of 𝑐𝑙, which might not be practical. Nevertheless, numerical
experiments still exhibit good convergence behavior in such case.

6. Proofs of lemmas

In this section, we provide the proofs of Lemmas 5.8, 5.9, 5.10, 5.13, 5.14 and 5.15, along with the supporting
lemmas required for these proofs.

Lemma 6.1. Given 𝜆 = (𝜆, 𝜇)𝑇 , 𝑠 = (𝑠, 𝑡)𝑇 ∈ ̃︀Λ, under Assumption 5.2, we have the following estimates

|⟨𝜁 · n𝜆, 𝑠⟩𝜕𝒯ℎ
| ≤ 𝐶𝐻𝛽−

1
2 ‖E𝒞(𝜆)‖Aa‖E𝒞(𝑠)‖Aa , |⟨𝜁 · n𝑡, 𝜇⟩𝜕𝒯ℎ

| ≤ 𝐶𝐻𝛽−
1
2 ‖E𝒞(𝜆)‖Aa‖E𝒞(𝑠)‖Aa .

Proof. Suppose that Ω𝑖 and Ω𝑗 are two adjacent subdomains sharing the interface edge ℰ𝑖𝑗 . Let 𝜆(𝑖) =
(𝜆(𝑖), 𝜇(𝑖))𝑇 and 𝑠(𝑖) = (𝑠(𝑖), 𝑡(𝑖))𝑇 denote the restrictions of 𝜆 and 𝑠 to subdomain Ω𝑖, respectively. Define
𝜆ℰ𝑖𝑗

= 1
|ℰ𝑖𝑗 |

∫︀
ℰ𝑖𝑗

𝜆(𝑖) d𝑠 and 𝑠ℰ𝑖𝑗
= 1

|ℰ𝑖𝑗 |
∫︀
ℰ𝑖𝑗

𝑠(𝑖) d𝑠, we obtain the following result

⃒⃒
⟨𝜁 · n𝜆, 𝑠⟩𝜕𝒯ℎ

⃒⃒
=

⃒⃒⃒⃒
⃒

𝑁∑︁
𝑖=1

∑︁
ℱ⊂𝜕Ω𝑖

⟨
𝜁 · n𝜆(𝑖), 𝑠(𝑖)

⟩
ℱ

⃒⃒⃒⃒
⃒ =

⃒⃒⃒⃒
⃒⃒ 𝑁∑︁
𝑖=1

∑︁
ℱ⊂𝜕Ω𝑖∩𝜕Ω𝑗

⟨
𝜁 · n𝜆(𝑖), 𝑠(𝑖)

⟩
ℱ

⃒⃒⃒⃒
⃒⃒

=

⃒⃒⃒⃒
⃒⃒ 𝑁∑︁
𝑖=1

∑︁
ℱ⊂𝜕Ω𝑖∩𝜕Ω𝑗

⟨
𝜁 · n

(︁
𝜆(𝑖) − 𝜆ℰ𝑖𝑗

)︁
,
(︁
𝑠(𝑖) − 𝑠ℰ𝑖𝑗

)︁⟩
ℱ

⃒⃒⃒⃒
⃒⃒

≤ 𝐶

𝑁∑︁
𝑖=1

∑︁
ℱ⊂𝜕Ω𝑖∩𝜕Ω𝑖

⃦⃦⃦
𝜆(𝑖) − 𝜆ℰ𝑖𝑗

⃦⃦⃦
ℱ

⃦⃦⃦
𝑠(𝑖) − 𝑠ℰ𝑖𝑗

⃦⃦⃦
ℱ
≤ 𝐶

𝑁∑︁
𝑖=1

𝐻|||𝜆(𝑖)|||𝒯ℎ(Ω𝑖)|||𝑠
(𝑖)|||𝒯ℎ(Ω𝑖)

≤ 𝐶𝐻𝛽−
1
2 ‖E𝒞(𝜆)‖Aa‖E𝒞(𝑠)‖Aa ,

(6.1)

where the last equality follows from the first two constraints in Assumption 5.2. Specifically, by the first con-
straint we have

∑︀𝑁
𝑖=1

∑︀
ℱ⊂𝜕Ω𝑖∩𝜕Ω𝑗

⟨𝜁 · n𝜆ℰ𝑖𝑗
, 𝑠ℰ𝑖𝑗

⟩ℱ = 0, and the first and the second constraints together yield∑︀𝑁
𝑖=1

∑︀
ℱ⊂𝜕Ω𝑖∩𝜕Ω𝑗

⟨𝜁 · n𝜆ℰ𝑖𝑗
, 𝑠(𝑖)⟩ℱ =

∑︀𝑁
𝑖=1

∑︀
ℱ⊂𝜕Ω𝑖∩𝜕Ω𝑗

⟨𝜁 · n𝜆(𝑖), 𝑠ℰ𝑖𝑗
⟩ℱ = 0. The second inequality follows

from equation (7.49) of [47], and the last inequality follows from (5.3). A similar argument holds for (𝜇, 𝑡)𝑇 ∈ ̃︀Λ.
Therefore, we obtain the desired result. �

6.1. Proof of Lemma 5.8

Proof. We will use a similar method as the proof in Lemma 7.2 from [47]. By equation (2.16), equation (2.16)
of [47] with 𝜖 = 1, we have

(𝑄𝐴1𝜆, r)𝐾 − (𝑈𝐴1𝜆,∇ · r)𝐾 + ⟨𝜆, r · n⟩𝜕𝐾 = 0,

𝛽
1
2 (∇ ·𝑄𝐴1𝜆, 𝑤)𝐾 + 𝛽

1
2

⟨(︂
𝜏1 −

1
2
𝜁 · n

)︂
(𝑈𝐴1𝜆− 𝜆), 𝑤

⟩
𝜕𝐾

− 𝛽
1
2

2
(𝜁 · ∇𝑤, 𝑈𝐴1𝜆)𝐾 +

𝛽
1
2

2
(𝜁 · ∇𝑈𝐴1𝜆, 𝑤)𝐾 +

𝛽
1
2

2
⟨𝜁 · n𝜆, 𝑤⟩𝜕𝐾 − (𝑈𝐴2𝜆, 𝑤)𝐾 = 0,

(6.2)
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and (︁
𝑄𝐴𝑎𝑑

1
𝜆, r
)︁

𝐾
−
(︁
𝑈𝐴𝑎𝑑

1
𝜆,∇ · r

)︁
𝐾

+ ⟨𝜆, r · n⟩𝜕𝐾 = 0,

𝛽
1
2

(︁
∇ ·𝑄𝐴𝑎𝑑

1
𝜆, 𝑤

)︁
𝐾

+ 𝛽
1
2

⟨(︂
𝜏1 −

1
2
𝜁 · n

)︂(︁
𝑈𝐴𝑎𝑑

1
𝜆− 𝜆

)︁
, 𝑤

⟩
𝜕𝐾

− 𝛽
1
2

2

(︁
𝜁 · ∇𝑤, 𝑈𝐴𝑎𝑑

1
𝜆
)︁

𝐾
+

𝛽
1
2

2

(︁
𝜁 · ∇𝑈𝐴𝑎𝑑

1
𝜆, 𝑤

)︁
𝐾

+
𝛽

1
2

2
⟨𝜁 · n𝜆, 𝑤⟩𝜕𝐾 = 0.

(6.3)

Subtracting (6.3) from (6.2), we obtain that

𝛽
1
2

(︁
𝑄𝐴1𝜆−𝑄𝐴𝑎𝑑

1
𝜆, r
)︁

𝐾
− 𝛽

1
2

(︁
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆,∇ · r

)︁
𝐾

= 0

𝛽
1
2

(︁
∇ ·
(︁
𝑄𝐴1𝜆−𝑄𝐴𝑎𝑑

1
𝜆
)︁
, 𝑤
)︁

𝐾
+ 𝛽

1
2

⟨(︂
𝜏1 −

1
2
𝜁 · n

)︂(︁
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
)︁
, 𝑤

⟩
𝜕𝐾

− 𝛽
1
2

2

(︁
𝜁 · ∇𝑤, 𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
)︁

𝐾
+

𝛽
1
2

2

(︁
𝜁 · ∇

(︁
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
)︁
, 𝑤
)︁

𝐾

− (𝑈𝐴2𝜆, 𝑤)𝐾 = 0.

(6.4)

Let r = 𝑄𝐴1𝜆−𝑄𝐴𝑎𝑑
1

𝜆, 𝑤 = 𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑
1

𝜆, then

𝛽
1
2

⃦⃦⃦
𝑄𝐴1𝜆−𝑄𝐴𝑎𝑑

1
𝜆
⃦⃦⃦2

𝐾
+ 𝛽

1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑
1

𝜆
)︁⃦⃦⃦⃦⃦

2

𝜕𝐾

=
(︁
𝑈𝐴2𝜆, 𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
)︁

𝐾
. (6.5)

Similarly, by (2.16), and equation (2.16) of [47] with 𝜖 = 1, 𝜏1 replaced by 𝜏2 and 𝜁 replaced by −𝜁, we obtain
that

𝛽
1
2

⃦⃦⃦
𝑄𝐴2𝜆−𝑄𝐴𝑎𝑑

2
𝜇
⃦⃦⃦2

𝐾
+ 𝛽

1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑
2

𝜇
)︁⃦⃦⃦⃦⃦

2

𝜕𝐾

= −
(︁
𝑈𝐴1𝜆, 𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
)︁

𝐾
. (6.6)

By adding (6.5) and (6.6), we have

𝛽
1
2

⃦⃦⃦
𝑄𝐴1𝜆−𝑄𝐴𝑎𝑑

1
𝜆
⃦⃦⃦2

𝐾
+ 𝛽

1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑
1

𝜆
)︁⃦⃦⃦⃦⃦

2

𝜕𝐾

+ 𝛽
1
2

⃦⃦⃦
𝑄𝐴2𝜆−𝑄𝐴𝑎𝑑

2
𝜇
⃦⃦⃦2

𝐾
+ 𝛽

1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑
2

𝜇
)︁⃦⃦⃦⃦⃦

2

𝜕𝐾

=
(︁
𝑈𝐴2𝜆,−𝑈𝐴𝑎𝑑

1
𝜆
)︁

𝐾
+
(︁
𝑈𝐴1𝜆, 𝑈𝐴𝑎𝑑

2
𝜇
)︁

𝐾
=
(︁
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇,−𝑈𝐴𝑎𝑑

1
𝜆
)︁

𝐾
+
(︁
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆, 𝑈𝐴𝑎𝑑

2
𝜇
)︁

𝐾
.

Therefore, we obtain that

𝛽
1
2

⃦⃦⃦
𝑄𝐴1𝜆−𝑄𝐴𝑎𝑑

1
𝜆
⃦⃦⃦2

𝐾
+ 𝛽

1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑
1

𝜆
)︁⃦⃦⃦⃦⃦

2

𝜕𝐾

+ 𝛽
1
2

⃦⃦⃦
𝑄𝐴2𝜆−𝑄𝐴𝑎𝑑

2
𝜇
⃦⃦⃦2

𝐾
+ 𝛽

1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑
2

𝜇
)︁⃦⃦⃦⃦⃦

2

𝜕𝐾

≤
⃦⃦⃦
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦

𝐾

⃦⃦⃦
𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾
+
⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾

⃦⃦⃦
𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦

𝐾

≤
(︁⃦⃦⃦

𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑
2

𝜇
⃦⃦⃦

𝐾
+
⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾

)︁
‖𝜆‖ℎ,𝐾 ,

(6.7)
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where the last inequality follows from (4.19) and (4.20).
Next, to estimate ‖U𝜆‖𝐾 , we invoke the result from Lemma 3.3 of [13], which states that⃦⃦⃦

𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑
1

𝜆
⃦⃦⃦

𝐾
≤ ℎ

⃦⃦⃦
ℬ𝑡
(︁
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
)︁⃦⃦⃦

𝐾
+ ℎ

1
2 min
ℰ⊂𝜕𝐾

⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦
ℰ
, (6.8)⃦⃦⃦

𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑
2

𝜇
⃦⃦⃦

𝐾
≤ ℎ

⃦⃦⃦
ℬ𝑡
(︁
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
)︁⃦⃦⃦

𝐾
+ ℎ

1
2 min
ℰ⊂𝜕𝐾

⃦⃦⃦
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦
ℰ
. (6.9)

Then, by (6.7), together with the identities ℬ𝑡(𝑈𝐴1𝜆−𝑈𝐴𝑎𝑑
1

𝜇) = 𝑄𝐴1𝜆−𝑄𝐴𝑎𝑑
1

𝜆, ℬ𝑡(𝑈𝐴2𝜆−𝑈𝐴𝑎𝑑
2

𝜇) = 𝑄𝐴2𝜆−
𝑄𝐴𝑎𝑑

2
𝜆, and (3) in Assumption 5.1, it is straightforward to see that⃦⃦⃦

𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑
1

𝜆
⃦⃦⃦

𝐾
+
⃦⃦⃦
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦

𝐾

≤ 𝐶ℎ
⃦⃦⃦
𝑄𝐴1𝜆−𝑄𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾
+

𝐶

𝐶𝐾
ℎ

1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑
1

𝜆
)︁⃦⃦⃦⃦⃦

𝜕𝐾

+ 𝐶ℎ
⃦⃦⃦
𝑄𝐴2𝜆−𝑄𝐴𝑎𝑑

2
𝜆
⃦⃦⃦

𝐾
+

𝐶

𝐶𝐾
ℎ

1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑
2

𝜆
)︁⃦⃦⃦⃦⃦

𝜕𝐾

≤ 𝐶ℎ
1
2 𝛽−

1
4

√︂(︁⃦⃦⃦
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦

𝐾
+
⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾

)︁
‖𝜆‖ℎ,𝐾 ,

which implies that ⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾
+
⃦⃦⃦
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦

𝐾
≤ 𝐶ℎ𝛽−

1
2 ‖𝜆‖ℎ,𝐾 , (6.10)

and

‖U𝜆‖𝐾 ≤ 𝐶(‖𝑈𝐴1𝜆‖𝐾 + ‖𝑈𝐴2𝜆‖𝐾)

≤ 𝐶
(︁
ℎ𝛽−

1
2 ‖𝜆‖ℎ,𝐾 +

⃦⃦⃦
𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾
+
⃦⃦⃦
𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦

𝐾

)︁
≤ 𝐶

(︁
ℎ𝛽−

1
2 + 1

)︁
‖𝜆‖ℎ,𝐾 = 𝐶𝑐0‖𝜆‖ℎ,𝐾 ,

where 𝑐0 := ℎ𝛽−
1
2 + 1. The last inequality follows from (4.19) and (4.20). Therefore, we see that

‖U𝜆‖𝒯ℎ
=
√︃∑︁

𝐾∈𝒯ℎ

‖U𝜆‖2𝐾 ≤ 𝐶𝑐0‖𝜆‖ℎ ≤ 𝐶𝑐0|||𝜆||| ≤ 𝐶𝑐0𝛽
− 1

4 ‖E𝒞(𝜆)‖Aa ,

where the second inequality follows from Lemma 4.3, the last inequality follows from (5.3). �

6.2. Proof of Lemma 5.9

Proof. By (6.5) and (6.6) we have

𝛽
1
2

⃦⃦⃦
𝑄𝐴1𝜆−𝑄𝐴𝑎𝑑

1
𝜆
⃦⃦⃦2

𝐾
+ 𝛽

1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑
1

𝜆
)︁⃦⃦⃦⃦⃦

2

𝜕𝐾

+ 𝛽
1
2

⃦⃦⃦
𝑄𝐴2𝜆−𝑄𝐴𝑎𝑑

2
𝜇
⃦⃦⃦2

𝐾
+ 𝛽

1
2

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑
2

𝜇
)︁⃦⃦⃦⃦⃦

2

𝜕𝐾

≤
⃦⃦⃦
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦

𝐾
‖𝑈𝐴1𝜆‖𝐾 +

⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾
‖𝑈𝐴2𝜆‖𝐾

≤
(︁⃦⃦⃦

𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑
2

𝜇
⃦⃦⃦

𝐾
+
⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾

)︁
‖U𝜆‖𝐾 .

(6.11)
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By (6.8), (6.9) and (6.11), we have⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾
+
⃦⃦⃦
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦

𝐾

≤ 𝐶ℎ
⃦⃦⃦
𝑄𝐴1𝜆−𝑄𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾
+

𝐶̃︀𝐶𝐾

ℎ
1
2
⃦⃦
|𝜏1 −

1
2
𝜁 · n

⃒⃒ 1
2
(︁
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
)︁⃦⃦

𝜕𝐾

+ 𝐶ℎ
⃦⃦⃦
𝑄𝐴2𝜆−𝑄𝐴𝑎𝑑

2
𝜆
⃦⃦⃦

𝐾
+

𝐶̃︀𝐶𝐾

ℎ
1
2
⃦⃦⃒⃒

𝜏2 +
1
2
𝜁 · n

⃒⃒ 1
2
(︁
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜆
)︁⃦⃦

𝜕𝐾

≤ 𝐶ℎ
1
2 𝛽−

1
4

√︂(︁⃦⃦⃦
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦

𝐾
+
⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾

)︁
‖U𝜆‖𝐾 ,

which implies that ⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦

𝐾
+
⃦⃦⃦
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦

𝐾
≤ 𝐶ℎ𝛽−

1
2 ‖U𝜆‖𝐾 ,

𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑
1

𝜆
)︁⃦⃦⃦⃦⃦

𝜕𝐾

+ 𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑
2

𝜇
)︁⃦⃦⃦⃦⃦

𝜕𝐾

≤ 𝐶ℎ
1
2 𝛽−

1
4 ‖U𝜆‖𝐾 .

Therefore, we obtain⃦⃦⃦
𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆
⃦⃦⃦
𝒯ℎ

+
⃦⃦⃦
𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑

2
𝜇
⃦⃦⃦
𝒯ℎ

≤ 𝐶ℎ𝛽−
1
2 ‖U𝜆‖𝒯ℎ

, (6.12)

𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑
1

𝜆
)︁⃦⃦⃦⃦⃦

𝜕𝒯ℎ

+ 𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑
2

𝜇
)︁⃦⃦⃦⃦⃦

𝜕𝒯ℎ

(6.13)

≤ ℎ
1
2 𝛽−

1
4 ‖U𝜆‖𝒯ℎ

.

Moreover, we obtain that

𝛽
1
2 ‖∇𝑈𝐴1𝜆‖𝒯ℎ

≤ 𝛽
1
2 ‖∇𝑈𝐴1𝜆−∇𝑈𝐴𝑎𝑑

1
𝜆‖𝒯ℎ

+ 𝛽
1
2 ‖∇𝑈𝐴𝑎𝑑

1
𝜆‖𝒯ℎ

≤ 𝛽
1
2 ℎ−1‖𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑

1
𝜆‖𝒯ℎ

+ 𝛽
1
2 |||𝜆|||𝐾

≤ 𝛽
1
2 ℎ−1

(︁
ℎ𝛽−

1
2

)︁
‖U𝜆‖𝒯ℎ

+ 𝛽
1
4 ‖E𝒞(𝜆)‖Aa

≤ 𝐶
(︁

1 + 𝛽
1
4

)︁
‖E𝒞(𝜆)‖Ma ,

(6.14)

where the second inequality follows from an inverse inequality and (4.22), the second to last inequality follows
from (6.12) and (5.3), and the last inequality follows from the definition of ‖ · ‖Ma in (4.13). Moreover, we have

𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2

(𝑈𝐴1𝜆− 𝜆)

⃦⃦⃦⃦
⃦

𝜕𝒯ℎ

+ 𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2

(𝑈𝐴2𝜆− 𝜇)

⃦⃦⃦⃦
⃦

𝜕𝒯ℎ

≤ 𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴1𝜆− 𝑈𝐴𝑎𝑑
1

𝜆
)︁⃦⃦⃦⃦⃦

𝜕𝒯ℎ

+ 𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏1 −

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴𝑎𝑑
1

𝜆− 𝜆
)︁⃦⃦⃦⃦⃦

𝜕𝒯ℎ

+ 𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴2𝜆− 𝑈𝐴𝑎𝑑
2

𝜇
)︁⃦⃦⃦⃦⃦

𝜕𝒯ℎ

+ 𝛽
1
4

⃦⃦⃦⃦
⃦
⃒⃒⃒⃒
𝜏2 +

1
2
𝜁 · n

⃒⃒⃒⃒ 1
2(︁

𝑈𝐴𝑎𝑑
2

𝜇− 𝜇
)︁⃦⃦⃦⃦⃦

𝜕𝒯ℎ

≤ ℎ
1
2 𝛽−

1
4 ‖U𝜆‖𝒯ℎ

+ 𝛽
1
4 ℎ

1
2 |||𝜆||| ≤ ℎ

1
2

(︁
𝛽−

1
4 + 1

)︁
‖E𝒞(𝜆)‖Ma

,

where the second to last inequality follows from (6.13) and (4.23), and the last inequality follows from (4.13)
and (5.3). �
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6.3. Proof of Lemma 5.10

Proof. To prove (5.10), notice that E𝒞(𝜆A,Γ)−EAad(𝜆Aad,Γ) has 0 value on ̃︀ΛΓ, therefore(︀
E𝒞(𝜆A,Γ)−EAad(𝜆Aad,Γ)

)︀𝑇
AaE𝒞(𝜆A,Γ) = 0. (6.15)

This implies

‖E𝒞(𝜆A,Γ)‖2Aa
= E𝑇

Aad(𝜆Aad,Γ)AaE𝒞(𝜆A,Γ) = E𝑇
Aad(𝜆Aad,Γ)

[︂
𝛽

1
2 𝐴𝑎𝑑

1 −𝐿

𝐿 𝛽
1
2 𝐴𝑎𝑑

2

]︂
E𝒞(𝜆A,Γ)

=
(︁
𝑄𝐴1𝜆𝐴𝑎𝑑

1 ,Γ, 𝑈𝐴1𝜆𝐴𝑎𝑑
1 ,Γ, 𝜆𝐴𝑎𝑑

1 ,Γ

)︁[︀
𝛽

1
2 𝐴𝑎𝑑

1 −𝐿
]︀
E𝒞(𝜆A,Γ)

+
(︁
𝑄𝐴2𝜇𝐴𝑎𝑑

2 ,Γ, 𝑈𝐴2𝜇𝐴𝑎𝑑
2 ,Γ, 𝜇𝐴𝑎𝑑

2 ,Γ

)︁[︀
𝐿 𝛽

1
2 𝐴𝑎𝑑

2

]︀
E𝒞(𝜆A,Γ) := I + II.

We will estimate I and II can be estimated similarly. Since

I = 𝛽
1
2

(︁
𝑄𝐴1𝜆A,Γ, 𝑄𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ

)︁
𝒯ℎ

+ 𝛽
1
2

⟨(︂
𝜏1 −

1
2
𝜁 · n

)︂
(𝑈𝐴1𝜆A,Γ − 𝜆𝐴,Γ), 𝑈𝐴1𝜆𝐴𝑎𝑑

1 ,Γ − 𝜆𝐴𝑎𝑑
1 ,Γ

⟩
𝜕𝒯ℎ

− 𝛽
1
2

2

(︁
𝑈𝐴1𝜆A,Γ, 𝜁 · ∇𝑈𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ

)︁
𝒯ℎ

+
𝛽

1
2

2

(︁
𝑈𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ, 𝜁 · ∇𝑈𝐴1𝜆A,Γ

)︁
𝒯ℎ

+
𝛽

1
2

2

⟨
𝜁 · n𝜆𝐴,Γ, 𝑈𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ

⟩
𝜕𝒯ℎ

− 𝛽
1
2

2

⟨
𝜁 · n

(︁
𝜆𝐴𝑎𝑑

1 ,Γ

)︁
, 𝑈𝐴1𝜆A,Γ

⟩
𝜕𝒯ℎ

−
(︁
𝑈𝐴2𝜆A,Γ, 𝑈𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ

)︁
𝒯ℎ

= 𝛽
1
2

(︁
𝑄𝐴1𝜆A,Γ, 𝑄𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ

)︁
𝒯ℎ

+ 𝛽
1
2

⟨(︂
𝜏1 −

1
2
𝜁 · n

)︂
(𝑈𝐴1𝜆A,Γ − 𝜆𝐴,Γ), 𝑈𝐴1𝜆𝐴𝑎𝑑

1 ,Γ − 𝜆𝐴𝑎𝑑
1 ,Γ

⟩
𝜕𝒯ℎ

− 𝛽
1
2

(︁
𝑈𝐴1𝜆A,Γ, 𝜁 · ∇𝑈𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ

)︁
𝒯ℎ

+
𝛽

1
2

2

⟨
(𝜁 · n)

(︁
𝑈𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ − 𝜆𝐴𝑎𝑑
1 ,Γ

)︁
, 𝑈𝐴1𝜆𝐴,Γ

⟩
𝜕𝒯ℎ

+
𝛽

1
2

2

⟨
𝜁 · n𝜆𝐴,Γ, 𝑈𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ − 𝜆𝐴𝑎𝑑
1 ,Γ

⟩
𝜕𝒯ℎ

+
𝛽

1
2

2

⟨
(𝜁 · n)𝜆𝐴,Γ, 𝜆𝐴𝑎𝑑

1 ,Γ

⟩
𝜕𝒯ℎ

−
(︁
𝑈𝐴2𝜆A,Γ, 𝑈𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ

)︁
𝒯ℎ

,

where the second equality follows from the divergence theorem with ∇ · 𝜁 = 0 such that(︁
𝑈𝐴ad

1
𝜆𝐴ad

1 ,Γ, 𝜁 · ∇𝑈𝐴1𝜆A,Γ

)︁
𝒯ℎ

=
⟨

(𝜁 · n)𝑈𝐴𝑎𝑑
1

𝜆𝐴𝑎𝑑
1 ,Γ, 𝑈𝐴1𝜆A,Γ

⟩
𝜕𝒯ℎ

−
(︁
𝜁 · ∇𝑈𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ, 𝑈𝐴1𝜆A,Γ

)︁
𝒯ℎ

.

Then, we have

|I| ≤ 𝛽
1
4 ‖E𝒞(𝜆A,Γ)‖Aa

⃦⃦
EAad

(︀
𝜆Aad,Γ

)︀⃦⃦
Aad + 𝛽

1
2

⃦⃦⃦
∇𝑈𝐴𝑎𝑑

1
𝜆𝐴𝑎𝑑

1 ,Γ

⃦⃦⃦
𝒯ℎ

‖𝑈𝐴1𝜆𝐴1,Γ‖𝒯ℎ

+ 𝐶𝛽
1
2

⃦⃦⃦
|𝜁 · n|

1
2

(︁
𝜆𝐴𝑎𝑑

1 ,Γ − 𝑈𝐴1𝜆𝐴𝑎𝑑
1 ,Γ

)︁⃦⃦⃦
𝜕𝒯ℎ

(︁
‖𝑈𝐴1𝜆A,Γ‖𝜕𝒯ℎ

+ ‖(𝜁 · n)𝜆𝐴,Γ‖𝜕𝒯ℎ

)︁
+

⃒⃒⃒⃒
⃒𝛽

1
2

2

⟨
(𝜁 · n)𝜆𝐴,Γ, 𝜆𝐴𝑎𝑑

1 ,Γ

⟩
𝜕𝒯ℎ

⃒⃒⃒⃒
⃒+ ‖𝑈𝐴2𝜆A,Γ‖𝒯ℎ

‖𝑈𝐴1𝜆𝐴𝑎𝑑
1 ,Γ‖𝒯ℎ

≤ 𝐶𝛽
1
4 ‖E𝒞(𝜆A,Γ)‖Aa

⃦⃦
EAad

(︀
𝜆Aad,Γ

)︀⃦⃦
Aad + 𝐶𝛽

1
2
⃦⃦
EAad

(︀
𝜆Aad,Γ

)︀⃦⃦
Aad‖𝑈𝐴1𝜆A,Γ‖𝒯ℎ

+ 𝐶
⃦⃦
EAad

(︀
𝜆Aad,Γ

)︀⃦⃦
Aad𝛽

1
2

(︁
‖𝑈𝐴1𝜆A,Γ‖𝒯ℎ

+ ℎ
1
2 ‖𝜆A,Γ‖𝜕𝒯ℎ

)︁
+ 𝛽

1
4 𝐻‖E𝒞(𝜆A,Γ)‖Aa

⃦⃦
EAad

(︀
𝜆Aad,Γ

)︀⃦⃦
Aad + ‖𝑈𝐴2𝜆A,Γ‖𝒯ℎ

⃦⃦
𝜆Aad,Γ

⃦⃦
ℎ

≤ 𝐶
(︁
𝑐0𝛽

1
4

)︁
‖E𝒞(𝜆A,Γ)‖Aa

⃦⃦
EAad

(︀
𝜆Aad,Γ

)︀⃦⃦
Aad + 𝐶

(︁
𝑐0𝛽

− 1
4

)︁
‖E𝒞(𝜆A,Γ)‖Aa

⃦⃦
𝜆Aad,Γ

⃦⃦
ℎ
,
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where the second inequality follows from (4.22) with (4.21), (4.23) with a trace inequality, (4.19), and the fact
that ⃒⃒⃒⃒

⃒𝛽
1
2

2

⟨
(𝜁 · n)𝜆𝐴,Γ, 𝜆𝐴𝑎𝑑

1 ,Γ

⟩
𝜕𝒯ℎ

⃒⃒⃒⃒
⃒ ≤ 𝐶𝛽

1
4 𝐻‖E𝒞(𝜆A,Γ)‖Aa

⃦⃦
EAad

(︀
𝜆Aad,Γ

)︀⃦⃦
Aad , (6.16)

where the inequality can be obtained following a similar process as (6.1) with Assumption 5.2, equation (7.49)
from [47], (5.3) and (4.21). The last inequality follows from (5.6), Lemma 4.3 and (5.3).

To prove (5.11), we first consider the associated elliptic problem. Given 𝜆 = (𝜆, 𝜇) ∈ ̃︀Λ, we define 𝐸𝐴𝑒(𝜆) =
(𝑄𝐴𝑒𝜆, 𝑈𝐴𝑒𝜆, 𝜆)𝑇 , 𝐸𝐴𝑒(𝜇) = (𝑄𝐴𝑒𝜇, 𝑈𝐴𝑒𝜇, 𝜇)𝑇 . Here, (𝑄𝐴𝑒𝜆, 𝑈𝐴𝑒𝜆) and (𝑄𝐴𝑒𝜇, 𝑈𝐴𝑒𝜇) satisfy

𝐴𝑒

[︂
𝑄𝐴𝑒𝜆

𝑈𝐴𝑒𝜆

]︂
=
[︂
0
0

]︂
, 𝐴𝑒

[︂
𝑄𝐴𝑒𝜇

𝑈𝐴𝑒𝜇

]︂
=
[︂
0
0

]︂
,

where 𝐴𝑒 is the matrix defined as equation (2.5) of [46] with 𝜏𝑘 = 𝜏1. We then define

EAe(𝜆) = (𝑄𝐴𝑒𝜆, 𝑈𝐴𝑒𝜆, 𝜆,𝑄𝐴𝑒𝜇, 𝑈𝐴𝑒𝜇, 𝜇)𝑇

and the corresponding norm

‖EAe(𝜆)‖2Ae = ‖𝐸𝐴𝑒(𝜆)‖2𝐴𝑒 + ‖𝐸𝐴𝑒(𝜇)‖2𝐴𝑒 .

Given 𝜆Γ = (𝜆Γ, 𝑠Γ)𝑇 ∈ ̃︀ΛΓ, let 𝜆𝐴𝑒,Γ be the harmonic extension of 𝜆Γ. For each subdomain Ω𝑖, let 𝜆
(𝑖)
𝐴𝑒,Γ denote

the restriction of 𝜆𝐴𝑒,Γ to Ω𝑖, which satisfies⃦⃦⃦
𝐸𝐴𝑒

(︁
𝜆

(𝑖)
𝐴𝑒,Γ

)︁⃦⃦⃦2

𝐴𝑒(𝑖)
= min

𝜇(𝑖)∈Λ(𝑖),𝜇(𝑖)=𝜇
(𝑖)
Γ on 𝜕Ω𝑖

⃦⃦⃦
𝐸𝐴𝑒

(︁
𝜇(𝑖)
)︁⃦⃦⃦2

𝐴𝑒(𝑖)
. (6.17)

Similarly, let 𝜇𝐴𝑒,Γ be the harmonic extension of 𝜇Γ and set 𝜆Ae,Γ = (𝜆𝐴𝑒,Γ, 𝜇𝐴𝑒,Γ)𝑇 . Following Lemma 5.1 of
[46] and (1) in Assumption 5.1, we have

𝑐|||𝜆Ae,Γ||| ≤ ‖EAe(𝜆Ae,Γ)‖Ae ≤ 𝐶|||𝜆Ae,Γ|||, (6.18)

where 𝑐 and 𝐶 are two constants such that 𝑐 ≤ 𝐶.
We have

|||𝜆Ae,Γ − 𝜆Aad,Γ|||2 ≤ 𝐶
⃦⃦
EAad

(︀
𝜆Ae,Γ − 𝜆Aad,Γ

)︀⃦⃦2

Aad

= E𝑇
Aad

(︀
𝜆Ae,Γ − 𝜆Aad,Γ

)︀
Aad

(︀
EAad

(︀
𝜆Ae,Γ − 𝜆Aad,Γ

)︀)︀
= E𝑇

Aad

(︀
𝜆Ae,Γ − 𝜆Aad,Γ

)︀
Aad(EAad(𝜆Ae,Γ))

≤ 𝐶|||𝜆Ae,Γ − 𝜆Aad,Γ||||||𝜆Ae,Γ|||,

where the first follows from (4.21), the second equality follows from the fact that the difference 𝜆Aad,Γ −𝜆Ae,Γ

vanishes on the subdomain boundary, and the last inequality follows from Lemma 7.9 of [47] with 𝜖 = 1
and (4.21). Therefore, we obtain

|||𝜆Ae,Γ − 𝜆Aad,Γ||| ≤ 𝐶|||𝜆Ae,Γ|||. (6.19)

Then, we have

𝛽
1
4
⃦⃦
EAad

(︀
𝜆Aad,Γ

)︀⃦⃦
Aad ≤ 𝐶𝛽

1
4 |||𝜆Aad,Γ||| ≤ 𝐶𝛽

1
4 |||𝜆Ae,Γ||| ≤ 𝐶𝛽

1
4 ‖EAe(𝜆Ae,Γ)‖Ae

≤ 𝐶𝛽
1
4 ‖EAe(𝜆A,Γ)‖Ae ≤ 𝐶𝛽

1
4 |||𝜆A,Γ||| ≤ 𝐶‖E𝒞(𝜆A,Γ)‖Aa

,

where the first inequality follows from (4.21), the second inequality follows from (6.19), the third inequality fol-
lows from (6.18), the third to last inequality follows from (6.17), the second to last inequality follows from (6.18),
and the last inequality follows from (5.3). �



CONVERGENCE ANALYSIS OF A BDDC METHOD 1007

Lemma 6.2. For any 𝜆Γ = (𝜆Γ, 𝜇Γ)𝑇 ∈ ̃︀ΛΓ, we have

‖𝜆A,Γ‖ℎ ≤ 𝐶
(︁
𝐻𝛽−

1
4

)︁
‖E𝒞(𝜆A,Γ)‖Aa

+
⃦⃦
𝜆Aad,Γ

⃦⃦
ℎ
.

Proof. We have

‖𝜆𝐴,Γ‖ℎ =
(︁
ℎ

1
2 𝛽−

1
4

)︁
𝛽

1
4 ‖𝜆𝐴,Γ‖𝜕𝒯ℎ

≤
(︁
ℎ

1
2 𝛽−

1
4

)︁(︂
𝛽

1
4

⃦⃦⃦
𝜆𝐴,Γ − 𝜆𝐴𝑎𝑑

1 ,Γ

⃦⃦⃦
𝜕𝒯ℎ

+ 𝛽
1
4

⃦⃦⃦
𝜆𝐴𝑎𝑑

1 ,Γ

⃦⃦⃦
𝜕𝒯ℎ

)︂
≤
(︁
ℎ

1
2 𝛽−

1
4

)︁(︂
𝛽

1
4 ℎ−

1
2

⃦⃦⃦
𝜆𝐴,Γ − 𝜆𝐴𝑎𝑑

1 ,Γ

⃦⃦⃦
ℎ

+ 𝛽
1
4

⃦⃦⃦
𝜆𝐴𝑎𝑑

1 ,Γ

⃦⃦⃦
𝜕𝒯ℎ

)︂
≤
(︁
ℎ

1
2 𝛽−

1
4

)︁(︁
𝛽

1
4 ℎ−

1
2 𝐶𝐻|||𝜆𝐴,Γ − 𝜆𝐴𝑎𝑑

1 ,Γ|||+ 𝛽
1
4 ℎ−

1
2

⃦⃦⃦
𝜆𝐴𝑎𝑑

1 ,Γ

⃦⃦⃦
ℎ

)︁
≤ 𝐶𝐻|||𝜆𝐴,Γ − 𝜆𝐴𝑎𝑑

1 ,Γ|||+
⃦⃦⃦
𝜆𝐴𝑎𝑑

1 ,Γ

⃦⃦⃦
ℎ

≤ 𝐶
(︁
𝐻𝛽−

1
4

)︁
‖E𝒞(𝜆A,Γ)‖Aa

+
⃦⃦⃦
𝜆𝐴𝑎𝑑

1 ,Γ

⃦⃦⃦
ℎ
,

where the third inequality follows from Lemma 4.2 due to the fact that 𝜆𝐴,Γ − 𝜆𝐴𝑎𝑑
1 ,Γ has 0 value on the

subdomain boundary, and the last inequality follows from a triangle inequality, (5.3), (4.21), and (5.11). A
similar argument yields

‖𝜇𝐴,Γ‖ℎ ≤ 𝐶
(︁
𝐻𝛽−

1
4

)︁
‖E𝒞(𝜆A,Γ)‖Aa

+
⃦⃦⃦
𝜇𝐴ad

2 ,Γ

⃦⃦⃦
ℎ
.

This completes the proof. �

6.4. Proof of Lemma 5.13

Proof. By (4.4) and (4.9), we have

⟨𝜆Γ, 𝑠Γ⟩̃︀ZΓ
=

(︃
−𝛽

1
2

2
(𝑈𝐴1𝜆A,Γ, 𝜁 · ∇𝑈𝐴1𝑠A,Γ)𝒯ℎ

+
𝛽

1
2

2
(𝑈𝐴1𝑠A,Γ, 𝜁 · ∇𝑈𝐴1𝜆A,Γ)𝒯ℎ

+
𝛽

1
2

2
⟨𝜁 · n𝜆𝐴,Γ, 𝑈𝐴1𝑠A,Γ⟩𝜕𝒯ℎ

− 𝛽
1
2

2
⟨𝜁 · n𝑠𝐴,Γ, 𝑈𝐴1𝜆A,Γ⟩𝜕𝒯ℎ

− (𝑈𝐴1𝑠A,Γ, 𝑈𝐴2𝜆A,Γ)𝒯ℎ

)︃

+

(︃
𝛽

1
2

2
(𝑈𝐴2𝜆A,Γ, 𝜁 · ∇𝑈𝐴2𝑠A,Γ)𝒯ℎ

− 𝛽
1
2

2
(𝑈𝐴2𝑠A,Γ, 𝜁 · ∇𝑈𝐴2𝜆A,Γ)𝒯ℎ

− 𝛽
1
2

2
⟨𝜁 · n𝜇𝐴,Γ, 𝑈𝐴2𝑠A,Γ⟩𝜕𝒯ℎ

+
𝛽

1
2

2
⟨𝜁 · n𝑡𝐴,Γ, 𝑈𝐴2𝜆A,Γ⟩𝜕𝒯ℎ

+ (𝑈𝐴2𝑠A,Γ, 𝑈𝐴1𝜆A,Γ)𝒯ℎ

)︃
= I + II.

We will consider the estimate of I and II can be estimated similarly. By the divergence theorem with ∇ · 𝜁 = 0,
we have

⟨(𝜁 · n)𝑈𝐴1𝜆A,Γ, 𝑈𝐴1𝑠A,Γ⟩𝜕𝒯ℎ
= (𝜁 · ∇𝑈𝐴1𝜆A,Γ, 𝑈𝐴1𝑠A,Γ)𝒯ℎ

+ (𝑈𝐴1𝜆A,Γ, 𝜁 · ∇𝑈𝐴1𝑠A,Γ)𝒯ℎ
,

then, we obtain that

I = −𝛽
1
2

2
⟨(𝜁 · n)(𝑈𝐴1𝜆A,Γ − 𝜆𝐴,Γ), 𝑈𝐴1𝑠A,Γ⟩𝜕𝒯ℎ

+ 𝛽
1
2 (𝑈𝐴1𝑠A,Γ, 𝜁 · ∇𝑈𝐴1𝜆A,Γ)𝒯ℎ

− 𝛽
1
2

2
⟨(𝜁 · n)𝑠𝐴,Γ, 𝑈𝐴1𝜆A,Γ − 𝜆𝐴,Γ⟩𝜕𝒯ℎ

− (𝑈𝐴1𝑠A,Γ, 𝑈𝐴2𝜆A,Γ)𝒯ℎ
− 𝛽

1
2

2
⟨(𝜁 · n)𝑠𝐴,Γ, 𝜆𝐴,Γ⟩𝜕𝒯ℎ

.

(6.20)
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Therefore, we have

|I| ≤ 𝐶ℎ
1
2

(︁
1 + 𝛽−

1
4

)︁
‖E𝒞(𝜆A,Γ)‖Ma

(︁
𝛽

1
4 ℎ−

1
2

)︁
‖𝑈𝐴1𝑠A,Γ‖𝒯ℎ

+ 𝐶
(︁

1 + 𝛽
1
4

)︁
‖E𝒞(𝜆A,Γ)‖Ma

‖𝑈𝐴1𝑠A,Γ‖𝒯ℎ

+ 𝐶ℎ
1
2

(︁
1 + 𝛽−

1
4

)︁
‖E𝒞(𝜆A,Γ)‖Ma

(︁
𝛽

1
4 ‖𝑠A,Γ‖𝜕𝒯ℎ

)︁
+ ‖E𝒞(𝜆A,Γ)‖Ma‖𝑈𝐴1𝑠A,Γ‖𝒯ℎ

+ 𝐶𝐻‖E𝒞(𝜆A,Γ)‖Aa
‖E𝒞(𝑠A,Γ)‖Aa

≤ 𝐶‖E𝒞(𝜆A,Γ)‖Ma

(︁(︁
1 + 𝛽

1
4

)︁
‖𝑠A,Γ‖ℎ +

(︁
1 + 𝛽

1
4

)︁
‖𝑈𝐴1𝑠A,Γ‖𝒯ℎ

+ 𝐻‖E𝒞(𝑠A,Γ)‖Aa

)︁
≤ 𝐶

(︁
1 + 𝛽

1
4

)︁
‖E𝒞(𝜆A,Γ)‖Ma

(︁
‖𝑠A,Γ‖ℎ + ‖𝑈𝐴1𝑠A,Γ‖𝒯ℎ

+ 𝐻𝛽−
1
4 ‖E𝒞(𝑠A,Γ)‖Aa

)︁
≤ 𝐶

(︁
1 + 𝛽

1
4

)︁
‖E𝒞(𝜆A,Γ)‖Ma

(︁
𝐶𝑐0‖𝑠A,Γ‖ℎ + 𝐻𝛽−

1
4 ‖E𝒞(𝑠A,Γ)‖Aa

)︁
≤ 𝐶

(︁
1 + 𝛽

1
4

)︁
𝑐0‖E𝒞(𝜆A,Γ)‖Ma

(︁
𝐶𝐻𝛽−

1
4 ‖E𝒞(𝑠A,Γ)‖Aa + ‖𝑠Aad,Γ‖ℎ

)︁
= 𝐶

(︁
1 + 𝛽

1
4

)︁
𝑐0‖𝜆Γ‖̃︁MΓ

(︁
𝐶
(︁
𝐻𝛽−

1
4

)︁
‖𝑠Γ‖̃︀SΓ

+ ‖𝑠Aad,Γ‖ℎ

)︁
,

(6.21)

where the first inequality follows from (5.9), a trace inequality, (5.8), (1) and (4) in Assumption 5.1,
and Lemma 6.1, the second to last inequality follows from (5.5), the last inequality follows from Lemma 6.2,
and the last equality follows from (4.14) and Lemma 4.1. The same estimate holds for 𝜆Γ, 𝑠Γ ∈ ̂︀ΛΓ analogously
with the fact that ⟨𝜁 · n𝜆, 𝑠⟩𝜕𝒯ℎ

= 0 and ⟨𝜁 · n𝜇, 𝑡⟩𝜕𝒯ℎ
= 0. �

6.5. A dual argument

Denote W = 𝑊 × 𝑊 , given any g = (𝑔, 𝑧𝑑)𝑇 ∈ W, let (𝑦*𝑔 , 𝑝*𝑧𝑑
) be the solutions of the dual problem of

system (2.8), then we have

q*𝑔 +∇𝑦*𝑔 = 0 in Ω, (6.22a)

𝛽
1
2
(︀
∇ · q*𝑔 − 𝜁 · ∇𝑦*𝑔

)︀
+ 𝑝*𝑧𝑑

= 𝑔 in Ω, (6.22b)
𝑦*𝑔 = 0 on 𝜕Ω, (6.22c)

p*𝑧𝑑
+∇𝑝*𝑧𝑑

= 0 in Ω, (6.22d)

𝛽
1
2
(︀
∇ · p*𝑧𝑑

+∇ ·
(︀
𝜁𝑝*𝑧𝑑

)︀)︀
− 𝑦*𝑔 = 𝑧𝑑 in Ω, (6.22e)
𝑝*𝑧𝑑

= 0 on 𝜕Ω. (6.22f)

The following regularity assumption holds for the dual problem ([8], Lem. 2.2):

𝛽
1
2 ‖𝑦*𝑔‖𝐻2(Ω) + 𝛽

1
2 ‖𝑝*𝑧𝑑

‖𝐻2(Ω) ≤ 𝐶
(︀
‖𝑔‖𝐿2(Ω) + ‖𝑧𝑑‖𝐿2(Ω)

)︀
. (6.23)

Given 𝑠 = (𝑠, 𝑡)𝑇 ∈ ̃︀Λ, denote g = U𝑠. Let 𝜙g = (𝜙𝑔, 𝜙𝑧𝑑
)𝑇 and ̃︀𝜙g = (̃︀𝜙𝑔, ̃︀𝜙𝑧𝑑

)𝑇 be the solutions of the
following equations,

ℬℎ(E𝒞(𝜆),E𝒞(𝜙g)) = (U𝜆,g)𝒯ℎ
, ∀𝜆 = (𝜆, 𝜇)𝑇 ∈ Λ, (6.24)̃︀ℬ(︁E𝒞

(︁̃︀𝜆)︁,E𝒞(̃︀𝜙g)
)︁

=
(︁
Ũ︀𝜆,g

)︁
𝒯ℎ

, ∀̃︀𝜆 =
(︁̃︀𝜆, ̃︀𝜇)︁𝑇

∈ ̃︀Λ, (6.25)

where ℬℎ is defined as (2.12) and ̃︀ℬ is defined as (4.5).
By adopting a similar proof strategy as in Lemma 7.17 from [47], and utilizing the regularity property (6.23),

Assumptions 5.1 and 5.2, we obtain the following result:

Lemma 6.3. Given 𝜆 = (𝜆, 𝜇)𝑇 ∈ ̃︀Λ, there exists a positive constant 𝐶 independent of 𝛽,𝐻 and ℎ, such that⃒⃒⃒ ̃︀ℬ(E𝒞(𝜆),E𝒞(𝜙g))− (U𝜆,g)𝐿2(Ω)

⃒⃒⃒
≤ 𝐶𝐻𝛽−

1
4 ‖E𝒞(𝜆)‖Aa‖g‖𝐿2(Ω).
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Using similar proofs as Lemma 7.19 from [47], together with Lemma 6.3 and Lemma 7.11 from [45], we obtain
the following two lemmas.

Lemma 6.4. Given g ∈ W, under the Assumption 5.2, we have

‖E𝒞(̃︀𝜙g − 𝜙g)‖Aa
≤ 𝐶𝐻𝛽−

1
4 ‖g‖𝐿2(Ω).

Lemma 6.5. For any 𝜆Γ ∈ ̂︀ΛΓ, recall that wΓ = ̃︀S−1
Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ, we have

̃︀ℬ(︁E𝒞

(︁
wA,Γ − ̃︀R(𝜆A,Γ)

)︁
,E𝒞(𝜉)

)︁
= 0,

for any 𝜉 ∈ ̃︀R(Λ).

Lemma 6.6. Given 𝜆Γ ∈ ̂︀ΛΓ, recall wΓ = ̃︀S−1
Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ. There exists a positive constant 𝐶 independent of
𝛽,𝐻 and ℎ, such that

‖U(wA,Γ − 𝜆A,Γ)‖𝒯ℎ
≤ 𝐶𝐻𝑐0

(︁
1 + 𝛽−

1
2

)︁
‖wΓ‖̃︁MΓ

. (6.26)

Proof. Given g ∈ W, we first consider the estimate of (U(wA,Γ − 𝜆A,Γ),g)𝒯ℎ
. Since

(U(wA,Γ − 𝜆A,Γ),g)𝒯ℎ
= ̃︀ℬ(E𝒞(wA,Γ),E𝒞(̃︀𝜙g))− ℬℎ(E𝒞(𝜆A,Γ),E𝒞(𝜙g))

= ̃︀ℬ(E𝒞(wA,Γ),E𝒞(̃︀𝜙g))− ̃︀ℬ(E𝒞(𝜆A,Γ),E𝒞(𝜙g)) = ̃︀ℬ(E𝒞(wA,Γ),E𝒞(̃︀𝜙g − 𝜙g)),

where the first inequality follows from (6.24) and (6.25), the last equality follows from Lemma 6.5 and the fact
that ̃︀R is the injection operator from Λ into ̃︀Λ with Λ ⊂ ̃︀Λ. Then, we obtain that

(U(wA,Γ − 𝜆A,Γ),g)𝒯ℎ
= ̃︀ℬ(E𝒞(wA,Γ),E𝒞(̃︀𝜙g − 𝜙g))

= (𝑄𝐴1𝜉g, 𝑈𝐴1𝜉g, ̃︀𝜙𝑔 − 𝜙𝑔)
[︀
𝛽

1
2 𝐴𝑎𝑑

1 −𝐿
]︀
E𝒞(wA,Γ)

+ (𝑄𝐴2𝜉g, 𝑈𝐴2𝜉g, ̃︀𝜙𝑧𝑑
− 𝜙𝑧𝑑

)
[︀
𝐿 𝐴𝑎𝑑

2

]︀
E𝒞(wA,Γ)

:= I + II.

Next we will estimate the term I, and term II can be obtained similarly. Denote 𝜉g = ̃︀𝜙g − 𝜙g and assume
wA,Γ = (𝑤𝐴,Γ, 𝑥𝐴,Γ)𝑇 , we have

|I| =
⃒⃒⃒⃒
𝛽

1
2 (𝑄𝐴1wA,Γ, 𝑄𝐴1𝜉g)𝒯ℎ

+ 𝛽
1
2

⟨(︂
𝜏1 −

1
2
𝜁 · n

)︂
(𝑈𝐴1wA,Γ − 𝑤𝐴,Γ), 𝑈𝐴1𝜉g − (̃︀𝜙𝑔 − 𝜙𝑔)

⟩
𝜕𝒯ℎ

− 𝛽
1
2

2
(𝑈𝐴1wA,Γ, 𝜁 · ∇𝑈𝐴1𝜉g)𝒯ℎ

+
𝛽

1
2

2
(𝑈𝐴1𝜉g, 𝜁 · ∇𝑈𝐴1wA,Γ)𝒯ℎ

+
𝛽

1
2

2
⟨𝜁 · n𝑤𝐴,Γ, 𝑈𝐴1𝜉g⟩𝜕𝒯ℎ

− 𝛽
1
2

2
⟨𝜁 · n(̃︀𝜙𝑔 − 𝜙𝑔), 𝑈𝐴1wA,Γ⟩𝜕𝒯ℎ

− (𝑈𝐴2wA,Γ, 𝑈𝐴1𝜉g)𝒯ℎ

⃒⃒⃒⃒
=
⃒⃒⃒⃒
𝛽

1
2 (𝑄𝐴1wA,Γ, 𝑄𝐴1𝜉g)𝒯ℎ

+ 𝛽
1
2

⟨(︂
𝜏1 −

1
2
𝜁 · n

)︂
(𝑈𝐴1wA,Γ − 𝑤𝐴,Γ), 𝑈𝐴1𝜉g − (̃︀𝜙𝑔 − 𝜙𝑔)

⟩
𝜕𝒯ℎ

− 𝛽
1
2

2
⟨(𝜁 · n)(𝑈𝐴1wA,Γ − 𝑤𝐴,Γ), 𝑈𝐴1𝜉g⟩𝜕𝒯ℎ

+ 𝛽
1
2 (𝑈𝐴1𝜉g, 𝜁 · ∇𝑈𝐴1wA,Γ)𝒯ℎ

− 𝛽
1
2

2
⟨(𝜁 · n)(̃︀𝜙𝑔 − 𝜙𝑔), 𝑈𝐴1wA,Γ − 𝑤𝐴,Γ⟩𝜕𝒯ℎ

− (𝑈𝐴1𝜉g, 𝑈𝐴2wA,Γ)𝒯ℎ
− 𝛽

1
2

2
⟨𝜁 · n𝑤𝐴,Γ, ̃︀𝜙𝑔 − 𝜙𝑔⟩𝜕𝒯ℎ

⃒⃒⃒⃒
≤ ‖E𝒞(wA,Γ)‖Aa

‖E𝒞(𝜉g)‖Aa
+ 𝐶

(︁
1 + 𝛽

1
4

)︁
ℎ

1
2 ‖E𝒞(wA,Γ)‖Ma

(︁
𝛽

1
4 ℎ−

1
2 ‖𝑈𝐴1𝜉g‖𝒯ℎ

)︁
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+ 𝐶
(︁

1 + 𝛽
1
4

)︁
‖E𝒞(wA,Γ)‖Ma

‖𝑈𝐴1𝜉g‖𝒯ℎ
+ 𝐶

(︁
1 + 𝛽

1
4

)︁
ℎ

1
2 ‖E𝒞(wA,Γ)‖Ma

(︁
𝛽

1
4 ‖̃︀𝜙𝑔 − 𝜙𝑔‖𝜕𝒯ℎ

)︁
+ ‖𝑈𝐴1𝜉g‖𝒯ℎ

‖𝑈𝐴2wA,Γ‖𝒯ℎ
+ 𝐶𝐻‖E𝒞(wA,Γ)‖Ma

‖E𝒞(𝜉g)‖Aa

≤ ‖E𝒞(wA,Γ)‖Aa
‖E𝒞(𝜉g)‖Aa

+ 𝐶‖E𝒞(wA,Γ)‖Ma

(︂(︁
1 + 𝛽

1
4

)︁2

‖𝑈𝐴1𝜉g‖𝒯ℎ
+
(︁

1 + 𝛽
1
4

)︁
𝛽

1
4 ‖̃︀𝜙𝑔 − 𝜙𝑔‖ℎ + 𝐻‖E𝒞(𝜉g)‖Aa

)︂
≤ ‖E𝒞(wA,Γ)‖Aa

‖E𝒞(𝜉g)‖Aa

+ 𝐶‖E𝒞(wA,Γ)‖Ma

(︂(︁
1 + 𝛽

1
4

)︁2

𝑐0𝛽
− 1

4 ‖E𝒞(𝜉g)‖Aa
+
(︁

1 + 𝛽
1
4

)︁
‖E𝒞(𝜉g)‖Aa

+ 𝐻‖E𝒞(𝜉g)‖Aa

)︂
≤ 𝐶𝑐0

(︁
𝛽

1
4 + 𝛽−

1
4

)︁
‖E𝒞(wA,Γ)‖Ma

‖E𝒞(𝜉g)‖Aa

≤ 𝐶𝑐0𝐻
(︁

1 + 𝛽−
1
2

)︁
‖E𝒞(wA,Γ)‖Ma

‖g‖𝒯ℎ
,

where the first equality follows from the divergence theorem with ∇ · 𝜁 = 0, namely

(𝑈𝐴1wA,Γ, 𝜁 · ∇𝑈𝐴1𝜉g)𝒯ℎ
= ⟨(𝜁 · n)𝑈𝐴1wA,Γ, 𝑈𝐴1𝜉g⟩𝜕𝒯ℎ

− (𝜁 · ∇𝑈𝐴1wA,Γ, 𝑈𝐴1𝜉g)𝒯ℎ
,

the first inequality follows from (5.9), a trace inequality, (5.8) and Lemma 6.1, the second inequality follows
from (4.13) and the fact that ‖E𝒞(wA,Γ)‖Aa ≤ ‖E𝒞(wA,Γ)‖Ma , the third to last inequality follows from (5.6),
Lemma 4.3 and (5.3), the last inequality follows from Lemma 6.4. Therefore, we have

‖U(wA,Γ − 𝜆A,Γ)‖𝒯ℎ
= sup

𝑠∈̃︀Λ

(U(wA,Γ − 𝜆A,Γ),U𝑠)𝐿2(Ω)

‖U𝑠‖𝐿2(Ω)
= sup

𝑠∈̃︀Λ,g=U𝑠

(U(wA,Γ − 𝜆A,Γ),g)𝐿2(Ω)

‖g‖𝐿2(Ω)

≤ 𝐶𝑐0𝐻
(︁

1 + 𝛽−
1
2

)︁
‖E𝒞(wA,Γ)‖Ma

= 𝐶𝑐0𝐻
(︁

1 + 𝛽−
1
2

)︁
‖wΓ‖̃︁MΓ

,

where the last equality follows from (4.14). �

6.6. Estimates of ‖ℋAad(wΓ − 𝜆Γ)‖ℎ and ‖ℋAad(T𝜆Γ − 𝜆Γ)‖ℎ
Given any 𝜆 ∈ ̃︀Λ, let 𝜆𝐾 denote the restriction of 𝜆 on 𝜕𝐾, where 𝐾 is an element in the triangulation 𝒯ℎ.

Let 𝐸𝑖 represent the edge of 𝐾 that lies opposite to the 𝑖-th vertex of 𝐾. Following equations (7.33)–(7.35) from
[47], we define the local lifting operator 𝑆𝐾

𝑖 𝜆𝐾 in the polynomial space 𝑃𝑘+1(𝐾)× 𝑃𝑘+1(𝐾) such that:⟨︀
𝑆𝐾

𝑖 𝜆𝐾 , 𝜂
⟩︀

𝐸𝑖
=
⟨︀
𝜆𝐾 , 𝜂

⟩︀
𝐸𝑖

, ∀𝜂 ∈ 𝑃𝑘+1(𝐸𝑖)× 𝑃𝑘+1(𝐸𝑖), (6.27)(︀
𝑆𝐾

𝑖 𝜆𝐾 ,v
)︀
𝐾

=
(︀
UAad

(︀
𝜆𝐾
)︀
,v
)︀
𝐾

, ∀v ∈ 𝑃𝑘(𝐾)× 𝑃𝑘(𝐾), (6.28)

for 𝑖 = 1, . . . , 𝑛+1, where 𝑛+1 denotes the total number of edges of 𝐾. We then define the global inner product
and corresponding norm over the mesh 𝒯ℎ by:

(𝜆, 𝑠)𝑆 =
∑︁

𝐾∈𝒯ℎ

1
𝑛 + 1

𝑛+1∑︁
𝑖=1

(︀
𝑆𝐾

𝑖 𝜆, 𝑆𝐾
𝑖 𝑠
)︀
𝐾

, and ‖𝜆‖2𝑆 = (𝜆, 𝜆)𝑆 . (6.29)

Denote 𝑄𝑘 as the 𝐿2 projection from 𝑃𝑘+1(𝐾) × 𝑃𝑘+1(𝐾) into 𝑃𝑘(𝐾) × 𝑃𝑘(𝐾), following similar process
as Lemma 5.7 from [13], we have:

Lemma 6.7.

UAad

(︀
𝜆𝐾
)︀

= 𝑄𝑘

(︀
𝑆𝐾

𝑖 𝜆𝐾
)︀
𝐾

, (6.30)
𝑐‖𝜆‖ℎ ≤ ‖𝜆‖𝑆 , (6.31)⃒⃒

𝑆𝐾
𝑖 𝜆
⃒⃒
𝐻1(𝐾)

≤ 𝐶|||𝜆|||𝐾 . (6.32)



CONVERGENCE ANALYSIS OF A BDDC METHOD 1011

Recall the definitions of bilinear forms ℬad
ℎ and ̃︀ℬad in (2.22) and (4.6). Given s ∈ ̃︀Λ, let 𝜙s and ̃︀𝜙s be the

solutions of the following equations,

ℬad
ℎ (EAad(𝜆),EAad(𝜙s)) = (UAad𝜆,g)Ω ∀𝜆 = (𝜆, 𝜇)𝑇 ∈ Λ, (6.33)̃︀ℬad
(︁
EAad(̃︀𝜆),EAad(̃︀𝜙s)

)︁
=
(︁
UAad

̃︀𝜆,g
)︁

Ω
∀𝜆 =

(︁̃︀𝜆, ̃︀𝜇)︁𝑇

∈ ̃︀Λ, (6.34)

where g is defined as

g =
1

𝑛 + 1

𝑛+1∑︁
𝑖=1

𝑄𝑘

(︀
𝑆𝐾

𝑖 𝑠
)︀
. (6.35)

Now, we are ready to provide the proof of Lemma 5.14.

6.7. Proof of Lemma 5.14

Proof. Given 𝑠 = (𝑠, 𝑡)𝑇 ∈ ̃︀Λ, and defining g as in (6.35), by (6.29) we observe that

(ℋAad(wΓ − 𝜆Γ), 𝑠)𝑆 =
∑︁

𝐾∈𝒯ℎ

1
𝑛 + 1

𝑛+1∑︁
𝑖=1

(︀
𝑆𝐾

𝑖 ℋAad(wΓ − 𝜆Γ), 𝑆𝐾
𝑖 𝑠
)︀
𝐾

,

= (UAad(ℋAad(wΓ − 𝜆Γ)),g)𝒯ℎ
+

∑︁
𝐾∈𝒯ℎ(Ω)

1
𝑛 + 1

𝑛+1∑︁
𝑖=1

(︀
(I−𝑄𝑘)𝑆𝐾

𝑖 (ℋAad(wΓ − 𝜆Γ)), (I−𝑄𝑘)𝑆𝐾
𝑖 𝑠
)︀
𝐾

.

Therefore, we have

|(ℋAad(wΓ − 𝜆Γ), 𝑠)𝑆 | ≤
⃒⃒
(UAad(ℋAad(wΓ − 𝜆Γ)),g)𝒯ℎ

⃒⃒
+

⃒⃒⃒⃒
⃒⃒ ∑︁
𝐾∈𝒯ℎ(Ω)

1
𝑛 + 1

𝑛+1∑︁
𝑖=1

(︀
(1−𝑄𝑘)𝑆𝐾

𝑖 (ℋAad(wΓ − 𝜆Γ)), (1−𝑄𝑘)𝑆𝐾
𝑖 𝑠
)︀
𝐾

⃒⃒⃒⃒
⃒⃒. (6.36)

Denote ℋA(𝜆Γ) = 𝜆A,Γ. Following the similar argument as in equation (7.58) from [47], we obtain⃒⃒⃒⃒
⃒⃒ ∑︁
𝐾∈𝒯ℎ(Ω)

1
𝑛 + 1

𝑛+1∑︁
𝑖=1

(︀
(I−𝑄𝑘)𝑆𝐾

𝑖 (ℋAad(wΓ − 𝜆Γ)), (I−𝑄𝑘)𝑆𝐾
𝑖 𝑠
)︀
𝐾

⃒⃒⃒⃒
⃒⃒

≤ ℎ|||ℋAad(wΓ − 𝜆Γ)|||‖𝑠‖𝑆 ≤ 𝐶ℎ‖EAad(ℋAad(wΓ − 𝜆Γ))‖Aad‖𝑠‖𝑆

≤ 𝐶ℎ𝛽−
1
4 ‖E𝒞(ℋA(wΓ − 𝜆Γ))‖Aa

‖𝑠‖𝑆 ≤ 𝐶ℎ𝛽−
1
4

(︁
‖wΓ‖̃︀SΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
‖𝑠‖𝑆 ,

(6.37)

where the first inequality follows from a Friedrichs inequality and (6.32) with the fact that⃦⃦
(I−𝑄𝑘)𝑆𝐾

𝑖 (ℋAad(wΓ − 𝜆Γ))
⃦⃦

𝐿2(𝐾)
≤ 𝐶ℎ

⃒⃒
𝑆𝐾

𝑖 ℋAad(wΓ − 𝜆Γ)
⃒⃒
𝐻1(𝐾)

≤ 𝐶ℎ|||ℋAad(wΓ − 𝜆Γ)|||𝐾 ,

and ‖(I − 𝑄𝑘)𝑆𝐾
𝑖 𝑠‖𝐾 ≤ 𝐶‖𝑆𝐾

𝑖 𝑠‖𝐾 , the second inequality follows from (4.21), the second to last inequality
follows from (5.11), and the last inequality follows from Lemma 4.1.

Next, we consider the estimate of
⃒⃒(︀

UAad

(︀
ℋAad(wΓ − ̃︀RΓ𝜆Γ)

)︀
,g
)︀
𝒯ℎ

⃒⃒
. We have⃒⃒

(UAad(ℋAad(wΓ − 𝜆Γ)),g)𝒯ℎ

⃒⃒
=
⃒⃒(︀

UAad

(︀
ℋAad(wΓ − 𝜆Γ)

)︀
−UAad

(︀
ℋA

(︀
wΓ − 𝜆Γ)

)︀
,g
)︀
𝒯ℎ

+
(︀
UAad(ℋA(wΓ − 𝜆Γ))−U

(︀
ℋA(wΓ − 𝜆Γ)

)︀
,g
)︀
𝒯ℎ

+
(︀
U
(︀
ℋA(wΓ − 𝜆Γ)

)︀
,g
)︀
𝒯ℎ

⃒⃒
≤ ‖ℋAad(wΓ − 𝜆Γ)−ℋA(wΓ − 𝜆Γ)‖ℎ‖g‖𝒯ℎ

+ ‖U(ℋA(wΓ − 𝜆Γ))‖𝒯ℎ
‖g‖𝒯ℎ

+
⃒⃒(︀

UAad

(︀
ℋA(wΓ − 𝜆Γ)

)︀
−U

(︀
ℋA(wΓ − 𝜆Γ)

)︀
,g
)︀
𝒯ℎ

⃒⃒
,

(6.38)
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where the inequality follows from (4.19) and (4.20).
We firstly estimate the term ‖ℋAad(wΓ−𝜆Γ)−ℋA(wΓ−𝜆Γ)‖ℎ. Since ℋAad(wΓ−𝜆Γ)−ℋA(wΓ−𝜆Γ) has

0 values on the subdomain boundary, we obtain that⃦⃦
ℋAad(wΓ − 𝜆Γ)−ℋA(wΓ − 𝜆Γ)

⃦⃦
ℎ

=

(︃
𝑁∑︁

𝑖=1

‖ℋAad(wΓ − 𝜆Γ)−ℋA(wΓ − 𝜆Γ)‖2ℎ,Ω𝑖

)︃ 1
2

≤

(︃
𝑁∑︁

𝑖=1

𝐻2|||ℋAad(wΓ − 𝜆Γ)−ℋA(wΓ − 𝜆Γ)|||2Ω𝑖

)︃ 1
2

≤ 𝐶𝐻|||ℋAad(wΓ − 𝜆Γ)−ℋA(wΓ − 𝜆Γ)|||

≤ 𝐶𝐻‖EAad(ℋAad(wΓ − 𝜆Γ))‖Aad + 𝐶𝐻𝛽−
1
4 ‖E𝒞(ℋA(wΓ − 𝜆Γ))‖Aa

≤ 𝐶𝐻𝛽−
1
4 ‖E𝒞(ℋA(wΓ − 𝜆Γ))‖Aa

≤ 𝐶𝐻𝛽−
1
4

(︁
‖wΓ‖̃︀SΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
,

(6.39)

where the first inequality follows from Lemma 4.2, the second inequality follows from (4.21) and (5.3), the
second to last inequality follows from (5.11), and the last inequality follows from Lemma 4.1.

Then, for the term
⃒⃒(︀

UAad

(︀
ℋA(wΓ − 𝜆Γ)

)︀
−U

(︀
ℋA(wΓ − 𝜆Γ)

)︀
,g
)︀
𝒯ℎ

⃒⃒
, by (5.7), we have⃒⃒(︀

UAad(ℋA(wΓ − 𝜆Γ))−U
(︀
ℋA(wΓ − 𝜆Γ)),g

)︀
𝒯ℎ

⃒⃒
≤
⃦⃦
UAad

(︀
ℋA(wΓ − 𝜆Γ))−U

(︀
ℋA(wΓ − 𝜆Γ

)︀)︀⃦⃦
𝒯ℎ
‖g‖𝒯ℎ

≤ 𝐶ℎ𝛽−
1
2 ‖U(ℋA(wΓ − 𝜆Γ))‖𝒯ℎ

‖g‖𝒯ℎ
.

(6.40)

Combining (6.38), (6.39), (6.40), Lemma 6.6, with the fact that ‖g‖𝒯ℎ
≤ ‖𝑠‖𝑆 which is proved in Lemma 7.20

from [47], we have⃒⃒
(UAad(ℋAad(wΓ − 𝜆Γ)),g)𝒯ℎ

⃒⃒
≤ 𝐶𝐻𝛽−

1
4

(︁
‖wΓ‖̃︀SΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
‖g‖𝒯ℎ

+ ‖U(ℋA(wΓ − 𝜆Γ))‖𝒯ℎ
‖g‖𝒯ℎ

+
(︁
ℎ𝛽−

1
2

)︁
‖U(ℋA(wΓ − 𝜆Γ))‖𝒯ℎ

‖g‖𝒯ℎ

≤ 𝐶𝐻𝛽−
1
4

(︁
‖wΓ‖̃︀SΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
‖g‖𝒯ℎ

+ 𝐶
(︁

1 + ℎ𝛽−
1
2

)︁
‖U(ℋA(wΓ − 𝜆Γ))‖𝒯ℎ

‖g‖𝒯ℎ

≤ 𝐶𝐻𝛽−
1
4

(︁
‖wΓ‖̃︀SΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
‖g‖𝒯ℎ

+ 𝐶
(︁
𝐻
(︁

1 + 𝛽−
1
2

)︁
𝑐2
0‖wΓ‖̃︁MΓ

)︁
‖g‖𝒯ℎ

≤ 𝐶
(︁(︁

𝐻𝛽−
1
2 + 𝐻

)︁
𝑐2
0 + 𝐻𝛽−

1
4

)︁(︁
‖w‖̃︁MΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
‖𝑠‖𝑆 .

(6.41)

Thus, by (6.31), (6.36), (6.37) and (6.41), we obtain that

‖ℋAad(wΓ − 𝜆Γ)‖ℎ ≤ ‖ℋAad(wΓ − 𝜆Γ)‖𝑆 = sup
𝑠∈̃︀Λ

(ℋAad(wΓ − 𝜆Γ), 𝑠)𝑆

‖𝑠‖𝑆

≤ 𝐶
(︁(︁

𝐻𝛽−
1
2 + 𝐻

)︁
𝑐2
0 + 𝐻𝛽−

1
4

)︁(︁
‖w‖̃︁MΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
.

(6.42)

Moreover, let ̂︀R(𝑖)
Γ ,R

(𝑖)

Γ be the restriction operators from ̂︀ΛΓ and ̃︀ΛΓ to Λ(𝑖)
Γ respectively. By the similar argument

as in the proof of Lemma 6.10 from [47], we have

‖ℋAad(T𝜆Γ − 𝜆Γ)‖ℎ
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≤ 𝐶

(︃
𝑁∑︁

𝑖=1

⃦⃦⃦
ℋAad

(︁̂︀R(𝑖)
Γ
̃︀R𝑇

D,ΓwΓ −R
(𝑖)

Γ wΓ

)︁⃦⃦⃦2

ℎ,Ω𝑖

)︃ 1
2

+ 𝐶

(︃
𝑁∑︁

𝑖=1

⃦⃦⃦
ℋAad

(︁
R

(𝑖)

Γ wΓ − ̂︀R(𝑖)
Γ 𝜆Γ

)︁⃦⃦⃦2

ℎ,Ω𝑖

)︃ 1
2

:= I + II.

For the estimate of I, since ̃︀R𝑇
D,ΓwΓ and wΓ have the same edge average on the subdomain boundary 𝜕Ω𝑖, then

I ≤ 𝐶

(︃
𝑁∑︁

𝑖=1

𝐻2|||ℋAad

(︁̂︀R(𝑖)
Γ
̃︀R𝑇

D,ΓwΓ −R
(𝑖)

Γ wΓ

)︁
|||2𝒯ℎ(Ω𝑖)

)︃ 1
2

≤ 𝐶𝐻𝛽−
1
4

(︃
𝑁∑︁

𝑖=1

⃦⃦⃦ ̂︀R(𝑖)
Γ
̃︀R𝑇

D,ΓwΓ −R
(𝑖)

Γ wΓ

⃦⃦⃦2

̃︀SΓ

)︃ 1
2

≤ 𝐶𝐻𝛽−
1
4 𝐶𝐸𝐷‖wΓ‖̃︀SΓ

,

where the first inequality follows from Lemma 4.2, the second inequality follows from (5.3) and Lemma 4.1, and
the last inequality follows from (5.15). For the estimate of II, by (6.42) we have

II ≤ ‖ℋAad(wΓ − 𝜆Γ)‖ℎ ≤ 𝐶
(︁(︁

𝐻𝛽−
1
2 + 𝐻

)︁
𝑐2
0 + 𝐻𝛽−

1
4

)︁(︁
‖w‖̃︁MΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
.

Therefore, we obtain that

‖ℋAad(T𝜆Γ − 𝜆Γ)‖ℎ ≤ 𝐶
(︁(︁

𝐻𝛽−
1
2 + 𝐻

)︁
𝑐2
0 + 𝐻𝛽−

1
4 𝐶𝐸𝐷

)︁(︁
‖w‖̃︁MΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
.

�

6.8. Proof of Lemma 5.15

Proof. We first give the proof of (5.21), let

zΓ = ̃︀L−1
Γ
̃︀RD,ΓLΓ𝜆Γ = ̃︀L−1

Γ
̃︀RD,Γ

̃︀R𝑇
Γ
̃︀LΓ
̃︀RΓ𝜆Γ = ̃︀L−1

Γ E𝑇
D
̃︀LΓ
̃︀RΓ𝜆Γ,

then

⟨wΓ, zΓ⟩̃︀LΓ
−
⟨
wΓ, ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

= 𝜆𝑇
Γ
̃︀R𝑇

Γ
̃︀L𝑇

ΓEDwΓ −
⟨
wΓ, ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

=
⟨
EDwΓ, ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

−
⟨
wΓ, ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

=
⟨
EDwΓ −wΓ, ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

.

We have⟨
EDwΓ −wΓ, ̃︀RΓ𝜆Γ

⟩
̃︀LΓ

≤
⃦⃦⃦ ̃︀RΓ𝜆Γ

⃦⃦⃦
̃︀LΓ

‖EDwΓ −wΓ‖̃︀LΓ
= ‖𝜆Γ‖LΓ‖EDwΓ −wΓ‖̃︀LΓ

= ‖𝜆Γ‖LΓ‖U(ℋA(EDwΓ −wΓ))‖𝒯ℎ

≤ ‖𝜆Γ‖LΓ(𝑐0‖ℋA(EDwΓ −wΓ)‖ℎ) ≤ 𝐶‖𝜆Γ‖LΓ
(𝑐0𝐻|||ℋA,Γ(EDwΓ −wΓ)|||)

≤ 𝐶‖𝜆Γ‖LΓ

(︁
𝑐0𝐻𝛽−

1
4 ‖EDwΓ −wΓ‖̃︀SΓ

)︁
≤ 𝐶𝑐0𝐻𝛽−

1
4 𝐶𝐸𝐷‖𝜆Γ‖LΓ‖wΓ‖̃︀SΓ

= 𝐶𝑐1‖𝜆Γ‖LΓ‖wΓ‖̃︀SΓ
≤ 𝐶𝑐1‖𝜆Γ‖MΓ‖wΓ‖̃︁MΓ

,

where 𝑐1 := 𝐻𝛽−
1
4 𝐶𝐸𝐷, the second inequality follows from (5.5) in Lemma 5.8, the third inequality follows

from Lemma 4.3, the fourth inequality follows from (5.3), the second to last inequality follows from (5.13), and
the last inequality follows from Lemma 4.1.
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Next, we give the proof of (5.22). We have

⟨𝜆Γ,T𝜆Γ − 𝜆Γ⟩ZΓ

≤ 𝐶𝛾1‖𝜆Γ‖MΓ

(︁
𝐶
(︁
𝐻𝛽−

1
4

)︁
‖T𝜆Γ − 𝜆Γ‖̂︀SΓ

+ ‖ℋAad(T𝜆Γ − 𝜆Γ)‖ℎ

)︁
≤ 𝐶𝐻𝛽−

1
4 𝛾1‖𝜆Γ‖MΓ‖T𝜆Γ − 𝜆Γ‖̂︀SΓ

+ 𝐶𝛾1‖𝜆Γ‖MΓ‖ℋAad(T𝜆Γ − 𝜆Γ)‖ℎ

≤ 𝐶𝐻𝛽−
1
4 𝛾1‖𝜆Γ‖MΓ

(︁
𝐶𝐸𝐷‖wΓ‖̃︀SΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁
+ 𝐶𝛾1‖𝜆Γ‖MΓ

(︁
𝛼2

(︁
‖wΓ‖̃︁MΓ

+ ‖𝜆Γ‖̂︀SΓ

)︁)︁
≤ 𝐶𝑐2‖𝜆‖MΓ

(︁
‖wΓ‖̃︁MΓ

+ ‖𝜆Γ‖MΓ

)︁
where 𝑐2 := 𝛾1𝛼2, the first inequality follows from Lemma 5.13, the second to last inequality follows from (5.20),
a triangle inequality with (5.13) and the fact that

‖T𝜆Γ‖̂︀SΓ
= ⟨T𝜆Γ,T𝜆Γ⟩

1
2
̂︀SΓ

=
⟨̃︀R𝑇

D,Γ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ, ̃︀R𝑇
D,Γ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ

⟩ 1
2

̂︀SΓ

= ⟨EDwΓ,EDwΓ⟩
1
2
̃︀SΓ

= ‖EDwΓ‖̃︀SΓ
≤ 𝐶𝐶𝐸𝐷‖wΓ‖̃︀SΓ

,

and the last inequality follows from the definition of 𝛼2 and Lemma 4.1.
Then, (5.23) can be obtained by Lemma 6.6 with the fact that⃦⃦⃦

wΓ − ̃︀RΓ𝜆Γ

⃦⃦⃦
̃︀LΓ

=
⃦⃦⃦
U
(︁
wA,Γ − ̃︀R𝜆A,Γ

)︁⃦⃦⃦
𝒯ℎ

≤ 𝐶𝑐3‖wΓ‖̃︁MΓ
,

where 𝑐3 := 𝑐0𝐻(1 + 𝛽−
1
2 ).

Finally, we give the proof of (5.24), since⃒⃒⃒⃒⟨
wΓ, ̃︀RΓ𝜆Γ −wΓ

⟩
̃︀ZΓ

⃒⃒⃒⃒
≤ 𝐶𝛾1‖wΓ‖̃︁MΓ

(︂
𝐶
(︁
𝐻𝛽−

1
4

)︁⃦⃦⃦ ̃︀RΓ𝜆Γ −wΓ

⃦⃦⃦
̃︀SΓ

+
⃦⃦⃦
ℋAad

(︁
wΓ − ̃︀RΓ𝜆Γ

)︁⃦⃦⃦
ℎ

)︂
≤ 𝐶𝐻𝛽−

1
4 𝛾1‖wΓ‖̃︁MΓ

(︁
‖𝜆Γ‖̂︀SΓ

+ ‖wΓ‖̃︀SΓ

)︁
+ 𝐶𝛾1𝛼1‖w‖̃︁MΓ

(︁
‖wΓ‖̃︁MΓ

+ ‖𝜆‖̂︀SΓ

)︁
≤ 𝐶𝑐4‖w‖̃︁MΓ

(︁
‖w‖̃︁MΓ

+ ‖𝜆Γ‖MΓ

)︁
,

where 𝑐4 := 𝛾1𝛼1, the first inequality follows from Lemma 5.13, the second inequality follows from (5.19), and
the last inequality follows from Lemma 4.1. �

7. Numerical experiments

We decompose the domain Ω = [0, 1] × [0, 1] into nonoverlapping subdomains and each subdomain into
triangles. Using the discretization system (2.10) with HDG polynomial degrees 𝑘 = 1, 2, we consider two velocity
fields 𝜁 = (1, 0) and 𝜁 = (𝑥2,−𝑥1). For each case, the regularization parameter 𝛽 is set to 1, 10−4, 10−6, 10−8.
The right-hand side functions 𝑓 and 𝑔 are computed based on the exact solution (𝑦, 𝑝) as

𝑦 = sin3(𝜋𝑥1) sin2(𝜋𝑥2) cos(𝜋𝑥2), 𝑝 = − sin2(𝜋𝑥1) sin2(𝜋𝑥2) cos(𝜋𝑥1).

The stabilization parameters are chosen as 𝜏1 = max(sup𝑥∈ℰ(𝜁 · n), 0) + 1, 𝜏2 = 𝜏1 − 𝜁 · n,∀ℰ ⊂ 𝜕𝐾,∀𝐾 ∈ 𝒯ℎ.
These choices satisfy Assumption 5.1. We also employ the edge average constraints, the edge flux weighted
average constraints, and the edge flux weighted first moment constraints from Assumption 5.2. We use the
GMRES method without restart, and the iteration is stopped when the residual is reduced by 10−11.
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Table 1. Iteration counts for varying number of subdomains with fixed subdomain problem
size 𝐻/ℎ = 6.

# of Sub. 42 82 162 322 42 82 162 322

𝛽 (Test I) 𝑘 = 1 𝑘 = 2

1 15 16 15 14 17 18 17 17
10−4 17 17 15 14 19 18 17 18
10−6 13 15 14 13 15 17 16 16
10−8 8 10 12 12 9 12 14 14

𝛽 (Test II) 𝑘 = 1 𝑘 = 2

1 6 6 6 5 8 8 9 9
10−4 6 6 6 5 9 8 9 9
10−6 7 6 5 5 8 8 7 7
10−8 6 6 6 5 5 7 7 7

For the numerical experiments, we adopt the BDDC preconditioned algorithm described in [34], modified
to impose the three constraints specified in Assumption 5.2 on the subdomain interface. In this algorithm, we
eliminate the interior unknowns of the subdomain local matrices to assemble a global interface Schur complement
system. The resulting system is then solved using GMRES with the BDDC preconditioner. Finally, the interface
solution is mapped back to recover the local variables on each subdomain.

The proposed algorithm naturally leverages parallel architectures, since the local subdomain solvers can be
carried out concurrently on separate processors. Constructing the coarse problem introduces inter-subdomain
communication, and enforcing the additional constraints requires extra communication between adjacent sub-
domains. However, this overhead is offset by the reduction in GMRES iterations, which requires global syn-
chronization. We therefore anticipate that the algorithm will exhibit weak scalability for a reasonably large
number of subdomains. For extremely large numbers of subdomains, where the coarse problem may become a
bottleneck, three-level or multilevel BDDC algorithms can be employed to maintain scalability [42–44,52].

We report our numerical results in Tables 1 and 2. In Table 1, we fix the subdomain problem size and vary
the number of subdomains. When 𝑘 = 1, the basis functions are linear polynomials. With a fixed value of 𝛽,
we observe that the number of iterations is independent of the number of subdomains. Moreover, the iteration
count is robust with respect to changes in 𝛽. When 𝑘 = 2, the basis functions are quadratic polynomials. In this
case, the number of iterations is higher compared to the 𝑘 = 1 case. Nevertheless, the iteration count continues
to be independent of the number of subdomains and exhibits good scalability, even for small values of 𝛽.

In Table 2, we fix the number of subdomains and vary the subdomain problem size. We observe that the
iteration count increases slightly as 𝐻/ℎ increases. This behavior is consistent with those results in symmetric
positive definite problems [41,46,49]. More numerical results can be found in [34].

8. Concluding remarks

In this work, we perform a thorough analysis of the BDDC preconditioner applied to the HDG discretization
of an elliptic optimal control problem constrained by a advection–diffusion equation. We prove that the BDDC
preconditioner is robust with respect to 𝛽, provided 𝐻 is sufficiently small. The analysis in this work can
be easily extended to the case where the state equation is more general, for example, a non-divergence-free
advection field. The results in this work could potentially be extended to the case of a advection-dominated
state equation (cf. [33,47]), or to problems with control or state constraints (cf. [6,9,10,19]), where the BDDC
preconditioner can be applied to the subsystem that must be solved during the outer iterative method.
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Table 2. Iteration counts for changing subdomain problem size with 6× 6 subdomains.

𝐻/ℎ 4 8 16 20 4 8 16 20

𝛽 (Test I) 𝑘 = 1 𝑘 = 2

1 15 16 18 19 17 19 20 21
10−4 16 18 19 20 18 20 21 22
10−6 13 16 17 18 16 18 19 19
10−8 8 10 12 12 9 11 13 13

𝛽(Test II) 𝑘 = 1 𝑘 = 2

1 5 7 8 8 8 8 8 7
10−4 5 7 8 8 9 8 9 10
10−6 5 7 8 8 8 8 7 7
10−8 5 7 8 8 5 7 6 6

Extending the analysis to three dimensions is conceptually straightforward but entails several technical modi-
fications. First, the coarse problem becomes more complex, requiring the inclusion of face constraints in Assump-
tion 5.2, analogous to Assumption 4.7 of [45]. Second, Assumption 5.4 needs to be adapted for three dimensions
to define each subdomain as a tetrahedron or a hexahedron, consistent with Assumption 4.8 of [45]. Finally,
following Lemma 5.1 of [45], we need to introduce the interpolation operator Iℎ and finite element face cut-off
function 𝜈ℱ𝑙 , which evaluates to 1 on the interface face ℱ 𝑙 and vanishes at all other interface nodes. This mod-
ification leads to an adjusted estimate in Lemma 6.3 and, consequently, a different constant 𝑐𝑙 in Lemma 5.17.

Regarding polygonal and polyhedral meshes, recent advancements in non-conforming polytopal hybrid dis-
cretizations provide the necessary theoretical components. In particular, Badia et al. [3] develops a discrete
trace theory for non-conforming hybrid methods on polytopal meshes. Building on this, Badia et al. [2] estab-
lishes polylogarithmic condition number bounds for the BDDC method in this setting. Additionally, Du and
Sayas [17] constructs local HDG+ projections, extending projection-based error analysis to polytopal meshes.
These developments suggest that extending our BDDC framework to polytopal meshes is a feasible direction
for future research. A fully rigorous extension, however, would require adapting multiple technical components.
This includes incorporating the mesh regularity assumptions from [2, 3, 17], integrating discrete trace theory
with projection theory on polytopal meshes, and modifying the coarse constraints to accommodate our optimal
control setting. Given that these steps are technically involved, we leave a detailed treatment for future work.
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Appendix A.

Table A.1 summarizes the key operators and frequently used symbols throughout the paper.

Table A.1. Main symbols and descriptions.

Symbol Description

𝛽 > 0 The regularization parameter of the optimal control problem.

𝜁 A given divergence-free advection field, ∇· 𝜁 = 0.

Λ A finite element space for 𝜆 defined in (3.6).
̃︀Λ A finite element space for 𝜆 defined in (4.3).
̂︀ΛΓ The degrees of freedom on the subdomain interface of Λ.
̃︀ΛΓ The partially assembled interface space defined in (3.11).

Aa A block matrix defined in (2.13).

𝐴ad
1 , 𝐴ad

2 Advection–diffusion matrices for 𝑦 and 𝑝.

𝐿,L𝑎 Matrices defined in (2.14) and (2.15).

UA(𝜆),E𝒞(𝜆) Extensions of 𝜆 for the optimal control problem in Definition 2.2.

UAad(𝜆),EAad(𝜆) Extensions of 𝜆 for the advection–diffusion problem in Definition 2.3.

𝜆A,Γ = ℋA(𝜆Γ) Extension of 𝜆Γ for the optimal control problem defined in (4.1).

𝜆Aad,Γ = ℋAad(𝜆Γ) Extension of 𝜆Γ for the advection–diffusion problem defined in (4.2).
̃︀RΓ The injection operator from the space ̂︀ΛΓ into ̃︀ΛΓ.
̃︀RD,Γ

̃︀RD,Γ = D̃︀RΓ, where D is a diagonal scaling matrix.
̂︀SΓ The global Schur complement on the interface defined in (3.10).
̃︀SΓ The partially assembled interface Schur complement defined in (3.13).

ED The average operator on the subdomain interface and ED = ̃︀RΓ
̃︀R𝑇

D,Γ.

T The BDDC preconditioned operator and T = ̃︀R𝑇
D,Γ
̃︀S−1

Γ
̃︀RD,Γ

̂︀SΓ.

wΓ wΓ = ̃︀S−1
Γ
̃︀RD,Γ

̂︀SΓ𝜆Γ.
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