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CONVERGENCE ANALYSIS OF A BALANCING DOMAIN DECOMPOSITION
METHOD FOR AN ELLIPTIC OPTIMAL CONTROL PROBLEM WITH HDG
DISCRETIZATIONS

SwiING Liu! AND JINJIN ZHANGZ*

Abstract. In this work, a balancing domain decomposition by constraints (BDDC) algorithm is
applied to the nonsymmetric positive definite linear system arising from the hybridizable discontinuous
Galerkin (HDG) discretization of an elliptic distributed optimal control problem. Convergence analysis
for the BDDC preconditioned generalized minimal residual (GMRES) solver demonstrates that, when
the subdomain size is small enough, the algorithm is robust with respect to the regularization parameter,
and the number of iterations is independent of the number of subdomains and depends only slightly on
the subdomain problem size. Numerical experiments are performed to confirm the theoretical results.
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1. INTRODUCTION

Elliptic distributed optimal control problems have been extensively studied using various discretization tech-
niques. Standard P; finite element methods are applied to an elliptic optimal control problem constrained by
a diffusion-reaction equation in [36] and to one constrained by a advection—diffusion—reaction equation in [8].
Discontinuous Galerkin (DG) methods have been explored in [28,29, 32, 35] for their applicability to optimal
control problems as well. Moreover, HDG methods are investigated in [11,12,26] and the error estimates in L?
norm are provided. Streamline upwind/Petrov-Galerkin (SUPG) methods have also been developed and ana-
lyzed for the elliptic optimal control problems constrained by a advection-dominated state equation in [14,24].
In particular, an error estimate in the energy norm for an HDG discretization has been established in [34],
where the dependence on the regularization parameter is explicitly tracked.

In terms of existing solvers for the discretized system, multigrid methods provide an effective approach
for solving elliptic optimal control problems. Typically, there are two main approaches (cf. [36]): the all-at-once
approach (cf. [8,37,38]), in which the multigrid method is applied directly to the coupled optimality system, and
the approach in [4,5,23], where multigrid methods are applied separately to the equations of the state variable,
the dual variable, and/or the control variable as components of the overall iterative scheme. For example, in
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[37], an additive Schwarz-type iterative method is formulated as a preconditioned Richardson method, which
enables the use of multigrid as a fully coupled all-at-once solver for the Karush—Kuhn—Tucker system, and in
[4], a domain-decomposed Schur complement partial differential equation (PDE) solver with a Krylov—Schur
preconditioner is proposed, which employs an approximate state/decision variable decomposition by replacing
the forward PDE Jacobians with their respective preconditioners.

BDDC algorithms are popular nonoverlapping domain decomposition techniques that were first introduced
n [15], they have been developed for solving symmetric positive definite problems with mixed and hybrid
formulations [40, 41], DG methods [27], and HDG discretizations [46]. A variant of the BDDC method has
been proposed for symmetric indefinite systems arising from finite element discretizations of the Helmholtz
equation in [30]. BDDC algorithm can also be extended to solve nonsymmetric positive definite problems.
In [47], BDDC algorithms are applied to the nonsymmetric positive definite discretized system resulting from
using HDG discretizations on the advection—diffusion equation. In [48], BDDC algorithms are developed for
the Oseen equations, where the globally coupled unknowns are reduced to the numerical trace of the velocity
on element boundaries and the mean pressure on each element. The resulting discretized nonsymmetric saddle
point system, derived from HDG discretizations, is solved within a benign subspace framework using GMRES.
In [34], we propose a BDDC preconditioner to solve an elliptic distributed optimal control problem discretized
by HDG methods. In this approach, the state and adjoint state variables on the subdomain interfaces are
coupled as the primary unknowns. The original problem is reduced to a global interface system. A BDDC
preconditioner is constructed by assembling the subdomain Schur complements and is used to solve the coupled
interface unknowns. Once the interface variables are computed, the remaining variables in the system can be
efficiently recovered.

In this article, we present a convergence analysis for the BDDC preconditioned GMRES method for the
optimal control problem proposed in [34]. The analysis establishes both upper and lower bounds with respect
to the regularization parameter 3, as stated in Theorem 5.6, particularly for small values of (. This work is
a continuation of [34]. We show that when the subdomain size H is sufficiently small, the convergence rate
becomes independent of §, and the number of iterations is independent of the number of subdomains. The
analysis proceeds in several steps. First, given the numerical trace A defined on the union of element boundaries,
we construct some extensions from the HDG discretized system of the optimal control problem. Using the results
in [47], we derive estimates for the norms of these extensions by relating the optimal control equations to a pair
of advection—diffusion equations. Second, due to the presence of the L2-inner product in the nonsymmetric part
of the bilinear form, we introduce a new norm in Theorem 5.6. Unlike Theorem 6.6 of [47], which only focuses
on the symmetric part of the bilinear form, our norm incorporates the L?-norm of the extension operators in
addition to the symmetric component. Consequently, it is not equivalent to the triple-bar norm used in the
advection—diffusion problem (cf. [47]), which behaves similarly to an H! semi-norm. Instead, we propose a full
norm rather than a semi-norm, which behaves similarly to an energy norm as defined in equation (3.3) of [34].
This difference makes it difficult to directly estimate the h-norm, an L? type norm defined in Section 4, of the
optimal control extension for certain key operators in the lower bound analysis. To address this issue, we estimate
the h-norm of the corresponding advection—diffusion extension of these operators, then apply norm equivalence
relations to obtain the desired lower bound. Third, we establish upper and lower bounds that explicitly track the
dependence on the regularization parameter 8. These bounds are derived by relating extensions of the optimal
control problem to extensions of the advection—diffusion problem and applying known estimates for the latter.

The rest of the paper is organized as follows. In Section 2, we introduce the HDG discretizations of the optimal
control problem and derive the corresponding matrix formulation. In Section 3, the subdomain local problem,
a reduced subdomain interface problem, and the BDDC preconditioner are given. In Section 4, we define some
extensions for the optimal control problem and introduce some useful bilinear forms and norms. In Section 5,
we give some estimates of these extensions and establish the upper and lower bounds for the BDDC algorithm
with the regularization parameter § explicitly tracked. In Section 6, we provide the proofs of the lemmas used
in Section 5. In Section 7, we provide some numerical experiments to confirm the theoretical results. We end
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with some concluding remarks in Section 8. An appendix in Section A summarizes key operators and frequently
used symbols.

2. PROBLEM SETTING AND HDG DISCRETIZATIONS
We consider the following elliptic optimal control problem. Let © C R? be a bounded convex polygonal
domain, the desire state yq € L?(Q2), and the regularization parameter 3 > 0. Find

_ - [1 p
(5. = axgmin | 31y~ iy + 5 e (2.)
(y,u)

where (y,u) belongs to Hg(2) x L?(Q2) and satisfies
a(y,v) = /Q uv dz Vv € H} (). (2.2)
Here the bilinear form a(-,-) is defined as
a(y,v) = /QVy -Vodx + /Q(C -Vy)vde, (2.3)
where the vector field ¢ € [W1°°(Q)]?, and let V - ¢ = 0 for simplicity (cf. [1,6,20]). Here y denotes the state
variable and u is the control variable.

By the classical theory in [31,39], the solution of (2.1) and (2.2) is characterized by the first-order optimality
system (cf. [8,25])

a(q,p) = (J = ya- )2y Va € Hy(), (2.4a)
D+ pu =0, (2.4Db)
a(y,z) = (U, 2)L2(q) Vz € Hy (), (2.4c)

where p denotes the adjoint state. By eliminating the control variable @ using the relation (2.4b), we arrive at
the following reduced saddle point problem:

a(q,p) — (1,912 = —(Wa- Q) r2y Vg € Hy(Q), (2.5a)

—(p, 2)L2() — Ba(y,2) =0 Vz € HY(Q). (2.5b)

In order to obtain a more balanced system, we use the change of variable p = — B_% pand y=p ig to arrive at
B2alg,p) + (7, 9)r2(0) = B (Ya» @) r2() ¥g € Hy(%), (2.6a)

—(P,2)r2() + B2a(g,2) =0 Vz € Hy(Q). (2.6b)

Remark 2.1. By considering the reduced system (2.5), we do not explicitly discretize the control variable w.
This common strategy can be found in [8,25]. The scaling argument we utilize here first appeared in [7, 8] and
was used to balance the parameter § so that a suitable energy norm is straightforward to define. This scaling
strategy is also utilized in [21,22, 33, 34].

As mentioned in [34], it is more useful to consider a general problem as follows. Let f and g be sufficiently
smooth, find (y,p) € HE(Q) x H () such that

Bza(q,p) + (¥, q)r20) = (9, )12y Vg € HE(Q), (2.7a)
—(p, Z)LZ(Q) +ﬁ%a(y,z) = (faZ)LQ(Q) Vz € H&(Q). (2.7b)
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Therefore, the problem (2.7) is the variational form of the following equations:

BE(~Ay+¢-Vy)-p=f in Q (2.8a)
y=0 on 0f, (2.8b)
Bi(~Ap—¢-Vp)+y=g in © (2.8¢)
p=0 on OIS (2.8d)

We can also write the system (2.8) as a first-order system for the description of the HDG discretization. Let
q = —Vy and p = —Vp. we can write (2.8) as

q+Vy=0 in €, (2.9a)
BE(V-q+¢-Vy)—p=f in Q (2.9b)
y=0 on 0, (2.9¢)

p+Vp=0 in Q, (2.94)
Bi(V-p—C-Vp)+y=g in Q (2.9¢)
p=0 on O0NQ. (2.9f)

2.1. HDG formulation and the matrix form

We define a shape-regular and quasi-uniform triangulation 7; of the domain 2, where h represents the
characteristic element size. Each element in 7, is denoted by K, and the set of all edges of the triangulation is
denoted by &j,. Define the inner products (-,-)7, = > gz, (- )x and ()7, = X ke, (¢ )or, where (-, )k
and (-,-)gx represent the L?-inner products for functions defined over the element K and its boundary 0K,
respectively. Define the finite element space as follows:

Vi, ={v e (L*()": v|g € (P*(K))",VK € Tp,},
Wy, = {w e L*(Q) : w|x € P*(K),VK € T, },

Xp = {pe L*(&) : ple € PF(e), Ve € &},

Ap ={p € Xy : pule =0,Ve € 0Q}.

For notational simplicity, we will drop the subscript A and denote the corresponding spaces by V, W and A.
The HDG method is to find (an, Pr, Yn, Ph, Yh,Pr) € VXV X W x W x A x A such that,

—B%(an. 1) 7, + B2 (yn, V - 11)7, — B2 (o1 1 n),. =0, (2.10a)

—B% (Pn,T2)7;, + B% (pn, V - 12)7, — B2 (ProT2 - M)y, = 0, (2.10b)

ﬁ%(V'Qhﬂ«Ul)Th —5%(yh7C'Vw1) +ﬂ (T1yn, w1)oT, (2.10c)
)

—(ph7w1)7h +ﬁ2<(C n—ﬁ)yh,un 8T, — (fvwl)Thv

B2 (V- Pn,W2) 7, + (yh,wg)Th + 8% (pn, ¢ - Vws) . (2.10d)

B (o, wa) g — B2 (T2 + € )P, wa) py = (9,02) 7,
—B% (a1, ) o, — ﬂ%myh,mafh B¢ n—7)f h,mm =0, (2.10e)
—B%(ph 1, )y — B (Tapn, p2)oz, + BE((C -+ 72)Bn, 2)gr, =0, (2.10f)

The matrix blocks in for all (ry,ro, wy, we, 1, u2) € VXV XW x W X A x A, where 71 are 7o are piecewise local

stabilization parameters, see [11,34] for more details. Define G = B} ,u= [g} JA= B\] and Z;, = [g’; } , where
1
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Fp, = (f,w1)7, and Gj, = (g, w2)7,, and q,p,y,p,y and p are the unknowns associated with qn, Pr,Yn, Ph, Un
and pp, respectively. The matrix form of system (2.10) can be written as

G 0
Aclu| = |2/, (2.11)
A 0

where
Ace Al AXg
Ac = AuG Auu Au)\
Axae Axa Ana

The matrix blocks in A, are defined as follows

A 0 A 0 A A Ayg 0
AGG:|: o :|7AuG: l: v :|7Auu:|: w yp:|aAu)\:|: i :|

0 App 0 App Apy App 0 Apﬁ
Ag 0 A 0
Ay = { i }7 and Axy = [ i ],
0 Aﬁp 0 AI}I‘,

where the entries of these submatrices are obtained from the inner products defined in (2.10), evaluated on the
polynomial basis functions associated with the spaces V, W, and A.
For any (q1, u1, A1, P1,01, f1), (Qz, U2, A2, P2, V2, o) € VX W x A x V x W x A, by the definition of A, we
can define the following bilinear form:
T
Br((a1, w1, A1, P1,v1, 1), (A2, u2, A2, P2, V2, 2)) = (A2, P2, U2, V2, A2, p2) Ac(Qr, P1, U1, V1, A, p1)

We can reorder the unknowns by regrouping the equations in (2.10) as follows:

B (a1, w1, A1, 1, v1, 1), (A2, U2, A2, Pas V2, p2)) = (A2, U2, A2, Pa, V2, ) Aa(Qr, w1, A1, pry o, pa) ', (2.12)

where
prayt L

A, =
L B2A

. (2.13)

Here A$? is defined as the matrix in equation (2.23) of [47] with viscosity € = 1, corresponding to the advection—
diffusion equation for the state variable y. The matrix A3 is obtained by replacing ¢ with —¢ and 7, with 7
in A¢¢, corresponding to the advection-diffusion equation for the dual variable p. We see that L satisfies

(a2, u2, A2) L(q1, ut, A1) " = (u1,u2) 7, (2.14)

for all (q1,u1, A1), (Q2,u2,A\2) € V. x W x A. Moreover, let

Lo — {ﬁ 2} (2.15)

then

(dz2, U2, A2, P2, V2, f12) La (a1, w1, A1, P1, v, 1) " = (u,u2) 7, + (v1,v2) 75,

for any (Q1aula)\17P17U1>N1)7(Q2aU2a)\27P27U2aM2) eEVXW x AXV XW xA.
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Definition 2.2. Let A = A x A. Given A € A, we solve (2.11) locally on each element K with Z; = 0 and
obtain the solution (QX, UX) defined as the extensions of A from the element boundary into the element interior
for the optimal control problem. Solving (2.11) over all elements in 7;, with Z;, = 0 yields the global solution
(QX, UM), which together with X satisfy

QX

A AT AT
ce  Aue Axel gyl = (9 (2.16)
AuG Auu Au)\ A 0

Denote QA = (Qa, A, Q4,A)T,UX = (U, A, Us, AT, we define
Ec(A) = QA Us A X Qan X U, A pr)" (2.17)
Given A = (\, )T and s = (s,t)T € A, it follows from (2.12)—(2.14) and (2.17) that
Bi(Ec(X), Ec(s)) = E¢(s) AEc(A)
praAgd  —L
Bi Ay
= (Qa,5,Un,5,9) (BEA17) (Qa, A Ua, AN
+ (QA287 UA287 t) (5%*’4;(1) (QAzAa UAZ Aa ,U/)T

= (Ua,8,Ua,N) 7, 4+ (Uay A Ua,8) g,
= bh()‘v 8) + Zh()‘a 8)7
where the last equality follows from equations (2.9) and (2.19)—(2.22) of [47], together with (¢ -n X, s)ap, =0

and (¢-npu,t)g7, = 0. Here by (X, s) and z, (A, s) denote, respectively, the symmetric and nonsymmetric bilinear
forms, defined by

= (QAI 87 UAIS’ S’ QA2S7 UA2S7 t) (QAlk’ UAlA’ A? QAZ A’ UA2A7 /L)T

bn(A, 8) = ﬂ%(QAl)\, QAls)Th + 65<<7'1 - %C . n) (Ua, A=), (Ua,s — s)> (2.18)

0Ty

+ﬂ%(QA2>‘7QA28)Th+ﬁ <T2+;C‘n>(UA2)\M),(UAZSt)> ,

0Th

N|=

[N
\Q /\

g

zh(>‘a S) = 7(UA187 C . vUA1 A)’Th (UA1>‘3 C . Vl]A1 S)Th (219)

2

D=

(¢-ms,Ua Ao, + %(C ‘n\Ua, 8)or, — (Ua,8,Ua AT,
O Uas, ¢ VUL 7+ L (UaA - VUAS),

B3 32
+ 7<C ‘nt,Ua,NoT, — 7((? 0, Ua,8)a7,0:) + (U, A, Ua,8) 7,

EXO

[\]

The full bilinear form is defined by
ap(A, s) =bp(A,s) +2z,(A, s).
By the definitions of ap, (2.12) and (2.17), we have
Br(Ec(A),Ec(s)) = an(A, s), VA, s € A. (2.20)

In order to establish the relations between the extensions of the optimal control problem and the extensions of
the advection—diffusion problem, we introduce another definition.
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Definition 2.3. Given A = (\, u)T € A, on each element K, we define

Qana(A) = (Qapeh. Qugont) . Unaa(N) = (Upga Usgens)

where (Q Ax A, U Azlld)\) denotes the extensions from the element boundary into the element interior for the
advection—diffusion problem, defined similar to equation (2.14) of [47], using the extension operators associated
with A¢¢. Here (Q Aga s U Agd 1) is defined analogously by applying the extension operators associated with A3?.
Similar as equation (2.14) of [47], we obtain that

QAgd)\ QAgdH 0
AP U peaX | = H and A3 | Uygap | = [0].
A %
We also define
T
Epea(A) = (QA‘fd/\a Upaa A, A, Q gga s UAng,M) : (2.21)
ad _ |43 0 . L
Let A2¢ = 0 Add| Given X, s € A, we define the following bilinear form
2

B2 (Epaa(A),Epaa(s)) = EXaa(s) AT Eqaa (). (2.22)

Recall in the system (2.11), we eliminate G and u in each element independently and obtain a system for A
as follows:

A\ =Db, (2.23)
where
-1
Acc ATG] [AEG}
A=Ay —|Axc Axu [ " )
A [ ] AuG Auu Au)\
and

N

b=~ [AAG A)\u] |:AuG Auu Zh .

Let A = B + Z, where
7A+AT A— AT

A (2.24)

B ;
2 2

denote the symmetric and nonsymmetric parts of A, respectively. For any A;s € A, we define the following
bilinear forms

(X, 8)B = sTBX =by(, s), (X, 8)z = sTZX =z, (N, 5). (2.25)
In addition, we define the matrix L by

(A, 8), = sTLA = (Ua, A\, Ua,8) 7, + (UayA,Ua,S) g, - (2.26)
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3. THE BDDC ALGORITHM

3.1. Domain decomposition and a reduced subdomain interface problem

We decompose the domain € into N nonoverlapping subdomains Q,;(i = 1,2,--- , N) and the diameter of
each subdomain is H;. Let H = max; H; and I' = (U#j(aﬁi N 9Q;)) \ 6 be the subdomain interface. The

spaces of finite element functions on §); are denoted by VO WO and A,
Given A = (D ,0NT () = (5() )T ¢ A we define the following bilinear forms on each subdomain
QZ‘Z

br (A0, 500) = 82 (Qa, AV, Qu,5) (3.1)

Th(Qz)

+ 32 < (Tl - %C - n) (UAlA(i) - Am)’ (UAIS@ - S(i)) >8Th<9i)

@00,

o)) ),

Zp ()\(i), s(i)) i (UAls(i), ¢ VUAlA(i)) 6
1

SIS

Un,AD ¢ - VU, s “)) (3.2)

2 T390 (02

B +@<C~nA(“,UAls“>>

_ e s U >\<Z‘>>
2 <C ne VA, T () 2 T ()

%(UAZS(Z ¢ VU, A@)T

n ()

1

2

LB
Th() 2

— ((]Als(i)7 UA2)\(%'))

+ [32 (V42D ¢ VU, s0)

Tn(24)

<¢ nt®, UA2>\“)>

_ @@.nﬂ(i) U 8<z‘>> i (UA AD U, S(z‘))
2 T 971 () T T ()

ap ()\(i), s(i)) =by, (x\(i), s(i)) +zp (A(i), s(i)). (3.3)
The local bilinear form B,(f) is defined by

B (Be(A). Be(s) ) = an(A?, ) - %<C ' “A(i)vs(i)>m @) %<C ' n“(i)’t(i)>af @)’
o G

which is obtained by (2.12) and restricting A, to the subdomain €;.
To make the subdomain local problem positive definite, we introduce the Robin boundary conditions and let

0 (e(3). ()
= B,(f) (Ec (A(i)),Ec (S(i)» %<C nA, s (l)>87h(91.) B %<C ‘ nM(i)’t(i)>aTh(Qi) (3.4)

e (e)aree(x0) m ()T H e (30)

L® ,32Aad
where L(®) is the restriction of the global matrix L in (2.14) to the subdomain €;, and Az(,i), A‘fd(i), Agd(i) denote
the subdomain matrices of A,, A%4, and A%? in (2.13), restricted to the subdomain §; with Robin boundary
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conditions, respectively. We then have
B (Ec (A@) \Ec (s@))) —a” (A@, s(i)>, VAD, 50 e AW, (3.5)

To reduce the global problem in (2.23) to a subdomain interface problem, we perform the following decom-
position

N
A= (EB Aﬁ“) P Ar, (3.6)
=1

) denotes the degrees of freedom

where Kr‘ denotes the degrees of freedom on the subdomain interface and A%i
in the interior of subdomain ;.

Given Ar € KF, the original global problem (2.23) can be decomposed as

A A A b
{ I IFH 1] _ { 1} (37)
Arr  Arr] [Ar br
Therefore, for each subdomain €;, the subdomain problem can be written as
)] ] o
Al ) b

The subdomain local Schur complement Sff ) can be defined as:
SEAY =g, (3.9)
where
i i DINOERING
Si = Al — AfAL) ALY,
) = b0~ AGAL b

)

Denote Rl(j ) as the restriction operator from Ar to the subdomain interface Al(j . By assembling the subdomain

local Schur complement Sl(j ), we obtain the global interface Schur problem: find A € _/AXF such that
§F)\F = 8r, (310)

where

N N
a )T Qi) (@ DEIRC
Sr=Y R SURY,  gr=> R{ g
i=1 i=1

3.2. The BDDC preconditioner

We define the partially assembled interface space 1~Xp as

N
Ar=AnPAa =An @(H A?), (3.11)
=1

where IAXH denotes the space of primal variables, which are typically continuous across subdomain interfaces.
The space Aa, given by the direct sum of the local spaces AX), consists of the remaining interface degrees of
freedom, which are typically discontinuous across subdomain interfaces.
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Let f{p denote the injection operator from the space Kp into ./NXF. We also define IN{DVF = Df{p, where D
is a diagonal scaling matrix. The diagonal entries of D are set to 1 for rows corresponding to primal interface
variables, and to 53 (z) for the others. Here, ¢ (z) is the inverse counting function defined for a subdomain

interface node z as: )
T

5i(x):m, fOrIeanmF7

where N, is the set of subdomain indices that contain = on their boundaries. The function card(N,) gives the
number of such subdomains. The scaling matrix provides a partition of unity such that

Ry Rr =R{Rpr =1L (3.12)

Various scaling strategies can be used in BDDC algorithms. Among them, deluxe scaling is particularly useful
for problems with discontinuous coefficients, as it enhances the robustness of the preconditioner in the presence
of parameter jumps in the model [16,50-52].

Let R be the direct sum of Rg), which is the restriction operator from ./NXF to AW, Let Sr be the direct

sum of the subdomain local Schur complement S%i ) defined in equation (3.9). The partially assembled interface
Schur complement is defined as

Sr = R.SrRr. (3.13)
With (3.13), we can define BDDC preconditioner as
PBDDC - RlT),rgl:lﬁD,F-
Multiplying the BDDC preconditioner to the global interface problem (3.10) both sides, we have
R{ rSr'Ro.rSrar = Rp 181 'Ro rer. (3.14)
Since S defined in (3.10) is nonsymmetric but positive definite, we employ the GMRES solver to solve (3.14).

4. EXTENSIONS AND NORMS

4.1. Subdomain extensions

Given )\g) ()\(Fl), @ )) € A( 9 , by solvmg the subdomain problem (3.8) with b(l) = 0, we obtain the subdo-
main interior )\E D e Q; as )\Y) = fA(’) A%?)\(z) Let ()\(1) (z)) )\?), we denote >‘E4)1‘ ()\Y), )\(Z)) ,px)
(,u%i), ug))T and define /\X)’F = (AX)F, ,uA F) Similarly, given Ar € A or Ap, we obtain A as A; = —Aj ' ArrAr
and denote Aar = (A, A\r)T, par = (,ul,ur) , where (A, u1)” = Ar. Let

Aar = Aar,par)” (4.1)

denote the optimal control extension of Ar. We can also define the advection—diffusion extension of Ar as

T
AAad’F = ()\Aild,r’ ,U/Agd7]_—‘) , (4.2)

where A o4 p is the advection—diffusion extension of Ar defined similarly as equation (5.1) of [47] corresponding

to A% in (2.13), [tagap can be obtained similarly as Ajeap corresponding to A% in (2.13). Let )‘Xad =

()‘ngd,r’ Mi@d,r) where )\5421,, o '“542“1 o are the restrictions of )\Azlzd,l'\ and Hagd r in subdomain €2;, respectively.
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4.2. A partial assembled finite element space and norms

We define a partially sub-assembled space A as

N

A=AnD (H (A" B A@)) . (4.3)
i=1

The functions in the space A consist of a continuous primal component and a generally discontinuous dual

component. Moreover, we have A C A.

Let B,Z, A be the partially sub-assembled matrices corresponding to the bilinear forms in (3.1), (3.2)
and (3.3), respectively. Recall L defined in (2.26), let L be the partially sub-assembled matrix corresponding to L
and R be the injection vector from A to A. Then, we have B = f{Tﬁf{, Z = f{TZf{, A= f{TKf{, L= f{Tf,f{,
where B, Z, A are defined in (2.24) and (2.23). VA, s € A, we define the following bilinear forms

N N
(A s)g=s"BA=) by, (A@), s“)), As)z=s"Zx=Y 2, (w, 3@)),
i=1 i=1

N
A s)z=s"AX=> a, (A<i>7 3<z‘))7 (4.4)
i=1

(X, 8)f = 8"LA = (U, A\, Ua,8) 7 + (Ua, A, Ua,s)y -

Given the definition B® in (3.4) in each subdomain, for any X, s € 1~X, we can define the following bilinear
form

N
B(Be(N):Ee(s) = Y- B (Be(A):Be (s) ) = BE () AaBe(N) (4.5)
— EL(s) [ﬁzzl‘fd ﬂijgd} Ec(N),
B4 (Ec(N); Ec(s)) = EZ(s)A™Ec(N), (4.6)

where A,, A%, A%? are obtained by assembling the local matrices AY, A‘fd(i), Agd(“ in (3.4) on each subdomain
respectively. Here, the matrices A,, A$?, A39, A2 have been adjusted by the Robin boundary conditions.
Let

M=B+L M=B+L, (4.7)

by using the optimal control extension in (4.1), we can define the following bilinear forms
YAr,sr € Ar, (Ar, sr)B, = sarBAAr, (Ar, sr)z, = sh pZAAT, (4.8)

(Ar, 1)L = Sg}FL)\A,F, (Ar, sr)Mmp = Sg,FM)\A,N
VAr, sr € Kr, <Ap, SF>]§F = Sg}rﬁ)\A,D <)\F7 SF>ZF = Sg}FZ)\A,F, (4.9)

<>\F, 8F>I‘:F = Si,FEAA,F, <>\F7 SF>MF = 3£7FM)\A,F-
By (2.25), (2.26), (3.5), (4.4), (4.5), (4.7), (4.8) and (4.9), we obtain the following lemma.
Lemma 4.1. Given Ar, sr € Kr, we have the following relations
<>\1"7 SF>§1" = <)\A71", SA,I">K = <>\1’*, Sp>]§r + <>\1’*, SF>2F. (410)

When Ar = sr, (Ar,Ar)z. = 0,(Ar,Ar)g. = (Aar,Aar)z = EE(Aar)AsEc(Aar) = Aar,Aar)g =
(Ar; Ar)g,., and <>\F,)\F>ﬁr = (Ar; Ar)g,. + (Ar, Ar)g. = (Ar, Ar)g,. + (Ar, Ar)g - The same results also hold

for A,;s € _/AXp and their corresponding bilinear forms.
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4.3. Norms
Recall A, defined in (2.13) and L, defined in (2.15). Let

M, = A, + La.

For any A = (A, )T € A, we can define the following norms

IEc(N)[A, = EE(A)AaEc(X) (4.11)
1 2 1 1 2 ’
= ﬁz ”QAl)‘HTh + 52 T1 — 5(: -n (UAl)‘ - >‘)
Ty,
1 2
1 2 1 1 2
+02QaAllT, + 52|+ 5C-n| A=)l
Ty,
IOXZ, = 1Ua AT, + 1Ua, A7, = E¢(A)LaEc(X), (4.12)
[Ec(N) |31, = E¢(AMMaEc(A) = [Ec(A)[a, + U] (4.13)
By Lemma 4.1 and (4.13), we have
YAr € Ar, [IAel% = IBeAar) R, YAr € Ar, [Ar|Re, = [Ee(Aar)|Re,- (4.14)

Additionally, by (4.6), we define the norms associated with E gaa(X) defined in (2.21) as follows:

IE At (M) ina = Efaa(A)AE e (A) (4.15)
2 1 3 2
- HQMA ‘ +ln=2¢n (UMA - )\)
1 T 2 1
87—h
1 2

2 1 1 2

O e e

h 87_h

2
1AV, = [Uager

(4.16)

2 2
+ HU ad b .
Th A3 Th

Moreover, we introduce several useful norms as defined in [47], for any domain D and A = (A, )T € A(D),
suppose h is the diameter of D, then

Dl

Moo= D> IM3kgm (4.17)
0D
KGT},,(D)
A2 >IN =meV]3 <D| )1 here mg (\) L[ aas (4.18)
= —mK » W K\A) = : ’
vz o\ [oD] 0K Jox
h )
For the domain {2, we simplify the notation by omitting the subscript. Specifically, we use || - || and || - || to

denote || - ||n.o and || - ||o respectively. Note that in this paper, the norm of A = (A, ), [|Al|ln.p, [|Alln,p and
IA|lop, are defined as follows:

1 1 1
IXMa,p = (I 0 + lullz 0) % XD = (A + lsliB) s IXop = (IMZD + llel?n)*-
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4.4. Some norm estimates

Lemma 4.2 ([47], Lem. 7.8). If p € A® and p is edge average zero on 09, then

elln.0: < CH|p]

Lemma 4.3 ([47], Lem. 7.10). If € A, then
el < Cllull
From the definitions of || - || and ||| - |||, we see that

Lemma 4.4. If u € /~\, then
lleell < Ch7 el

For any A = (A, )T € A, by Lemma 7.2 of [47] with ¢ = 1, we have

| < CllMle.

K

Replacing ¢ with —¢, 71 with 75 and by similar proofs as Lemma 7.2 of [47], we obtain
HUAngHK < Cllpllnx-

Also, for X € 1~X, by Lemma 7.6 of [47] we have

lIMF < [Epaa(A)][ana < ClIA,

where ¢ and C are two constants such that ¢ < C.
By Lemmas 7.3, 7.4 of [47] with e = 1, we obtain the following lemma.

Lemma 4.5. For )\ defined on 0K, we have

HVUA%M

| < CIs || P Uage| < CllAIe,

|Uagar = |, < CnEilI|

Uggah — AHaK < Ch¥ ||| x-

5. THE CONVERGENCE RATE OF THE BDDC PRECONDITIONED SYSTEM

993

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

In this section, we examine the dependence of the GMRES convergence rate on the regularization parameter
0, the subdomain size H and the mesh size h. Throughout this section, we use C to denote any constants inde-
pendent of these parameters. Following A(1)-A(3) of [11] and Assumption 6.1 of [47], we make the assumption

below.

Assumption 5.1. For the stabilizers T and T2, we assume

—_

(
(2 T1:T2+C'l'l,'
(
(4

)
3) maxgcox irelg(ﬁ — %C n)=Cg, VK EeT;
) infyee(m — % -n) > C*maxgee [((z) -n|,VE € OK and VK € T,

We also make the following assumption as in Assumption 6.2 of [47].

) T is a piecewise positive constant on 0Ty, and there exists a constant Cy such that 71 < C;
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Assumption 5.2. For each two adjacent subdomains Q; and €, which share the edge E;;, for any A e AD),

we assume that
/ A ds, /
£ £

are contained in the coarse level primal subspace _/AXH, which are the same or different by a —1 factor due to the
normal direction.

¢ oA ds, / ¢ -nAPsds,
&

ij ij ij

Remark 5.3. The first two constraints are used in Lemma 6.1 to establish estimate (6.1). Similar to Lemma 6.4
of [47], for each subdomain ; (i = 1,...,N), assume u € H?(€;) and let I; denote the finite element interpo-
lation operator into the continuous linear finite element space WH Applying the Bramble-Hilbert lemma yields
the estimate

lu—Tnull g, < CH* |ulmz(0,), t=0,1,2. (5.1)

This estimate, combined with these three constraints, is used to derive Lemma 6.3, following arguments similar
to those in Lemma 7.17 of [47].

Assumption 5.4. Each subdomain €; is triangular or quadrilateral. These subdomains form a shape regular
coarse mesh of €.

Remark 5.5. We make this shape regularity assumption as in [30,45,47]. This assumption ensures the exis-
tence of an interpolation operator onto a conforming finite element space, thereby enabling the application of
continuous trace theory (cf. [3,17]). Furthermore, it guarantees that the constants C' appearing in inequalities
such as the trace inequality and the Bramble-Hilbert inequality (5.1) are uniformly bounded and independent of
the subdomain size H and the mesh size h. These properties are essential for establishing the condition number
bounds of the proposed method.

Let T = ﬁ%,pgf lf{D’r‘/S\F denote the BDDC preconditioned operator. The convergence behavior of the
GMRES method applied to (3.14) is analyzed using the framework established in Theorem 6.5 of [47], whose
proof is detailed in [18]. Based on this result, we derive the following theorem on the convergence rate of the
BDDC preconditioned GMRES iterations, which constitutes the main result of this paper.

Theorem 5.6. Given Ar € ./AXF, let C, and c; be the constants established in Lemmas 5.16 and 5.17, respectively.
Then, the following bounds hold:

ci{Ar, Ar)m
<T)\F, TAF>M

r S <AF7TAF>MF7
» < C2{Ar, Ar)my-
As a result, the residual r,, of the GMRES iteration at iteration m satisfies

m/2
bl _ (1 2)""

l[rollvr &

We outline the proof of Theorem 5.6 as follows. First, by comparing with the corresponding extensions for the
advection—diffusion problem, we establish norm equivalences between the extensions associated with the optimal
control problem and those for the advection—diffusion problem in Lemma 5.10. Then, we derive some estimates
for the average operator in Lemma 5.12. Next, we bound some bilinear forms in Lemmas 5.13 and 5.15, and
derive estimates for some key operators through the extensions of advection—diffusion problem in Lemma 5.14.
These estimates are used in the proof of Theorem 5.6 to obtain the upper bound C, and the lower bound ¢;.
Finally, Section 6 provides the technical details supporting the proofs in Section 5.
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5.1. Average operator estimates

The relationship among the norms ||| - ||| defined in (4.18), || - ||a, defined in (4.11), and || - ||p, defined (4.13)
is established in the following lemma.

Lemma 5.7. For any K € T;, and A = (A, ;1) € A we have
CliMlx < l1QaAllk,  Cllullx < [[QazMlk (5.2)

which implies that
CBAA < 1Ec(N) A, < [Ec(A)]IM.- (5.3)

Proof. Equation (5.2) can be proved similarly as Lemma 3.8 of [13]. (5.3) follows from assembling (5.2) over all
elements K € 7, with the definitions (4.11) and (4.13). O

Estimates for the L?-norm of UM is given in the lemma below, and the proof is given in Section 6.

Lemma 5.8. For any A = (\, )T € A , we have the following estimates:

[UA[[x < CeolAlln,x, (5.4)
[UA[7, < CeolAlln, (5.5)

where ¢y = hﬁfé + 1. Therefore,
U7, < CeoB™ 7 ||Ec(A)]|an. (5.6)

The following lemma provides the gradient estimates and other auxiliary bounds for the extensions of the
optimal control problem, and the proof is given in Section 6.

Lemma 5.9. For A = (\, )T € A, we have

_1
[oaiA = Uagar| |+ [Uash = Usgen| | < ChB=5[0AY,. (5.7)
BHIVUL Al < C(14 81 ) [EcW g, BHIVULAL < C(14 81 [Ec(N)la, (5.8)
Moreover, we obtain that
1 1 3 1 1 2
B T1—§C'l’l (Ua, A=) + p1 T2+§C'l’l (Ua,A— 1)
aTh aTh
<} (14 574) IBe(N) Iy, (5.9)

Lemma 5.10 establishes the relation between E¢(Aa r), as defined in (2.17) and (4.1), and Epaa(Agaa 1), as
defined in (2.21) and (4.2). The proof of Lemma 5.10 can be found in Section 6.

Lemma 5.10. Given Ar = (Ar,ur)? € Kp, we have
IEc(Aar)la, < OBt eo|Eana(Aasar)llase +C (o8 ) IAnsarli (5.10)

and
BH||E paa (Apnap)l|aea < C|Ec(Aar)|a.- (5.11)
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We define two Schur complements, §<11 and 52 T, for Agd and Ag? in (4.5). §f% is defined similarly to
equation (4.1) of [47] with e =1 and 7 = 7. S’S’F is defined analogously with 7 = 75 and ¢ replaced by —¢ in
Qad Qad giu{" 0
STt Let Sp° = o

. Then, we have
0S54

[Arllgaa = [[Easa(Apaar)|[ana- (5.12)

Let EpAr be the average operator defined as EpAr = ﬁrﬁ%IAF. An estimate for the average operator of the
advection—diffusion problem is provided in Lemma 6.9 from [47] with ¢ = 1. This leads to the following lemma:

Lemma 5.11. For Ar € Kp, we have

H
HEDAFH§1§d < O(l + lOg h) ||AFH§%d

We are now ready to provide the estimates for the average operator.

Lemma 5.12. Given Ar € KF, there ezists a positive constant C, independent of B, H,h, such that for all
Ar € Ar, we have

|EpAr|lg. < CCrpllArllg,. (5.13)
|EpAr|igz,. < Cep,amllArlg, . (5.14)

where Cgp = ¢o(1 + Hﬁ_%)(l + log %), Cep,m =C(1+ coHﬁ_i)CED, and ¢y is defined in Lemma 5.8.
Proof. Let vr = EpAr — Ar, then we have HED/\FH'Qg < C||VFH‘2§ + C’||/\p||% . Since
r T r

1 _1
Ivells, = [Ee(var)la, < CcoBt [Bass (vanr)llass +C(coB ™) [vanrln
< CaoB [Epea(vasa)lasa + C(cof ™) H|vasa rll

< C’(Coﬂ“ Bt

||EAad Vpaad F) ||Aad

= 0(0054 + COﬁ (5 15)

)
i )||VF|\Sad < 0(0054 T H) (1 +10gZI>||)\F||’s‘lgd
-1 )<1+1og>||EAad<AAad o)l ana

< C’(co + coﬂ*%H) (1 + log 1:) [Ec(Aa,r)lA.

= (et eorta1) (14108 5 ) IArls, = CCrplinrls,.

where Cgp = co(1+ B~:H ). We use Lemma 4.1 for the first equality, (5.10) for the first inequality. The second
inequality follows from Lemma 4.2 with the fact that

1 1
2 2\ °?
||vAadr||h—<ZH AadFHm) <0<ZH2H Vi [, ) < CH||V pnar- (5.16)

The third inequality follows from (4.21), the second and third equalities follow from (5.12), the second to last
inequality follows from Lemma 5.11, and the last inequality follows from (5.11). The second to last equality
follows from Lemma 4.1.
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Moreover, we have

1
[Uvarlz < Ceollvarln < CaoH||lvarll < CeHB % |vr|,

1 (5.17)
< CCOHﬂizCED”)‘anr’

where (5.5) is used for the first inequality. The second inequality can be obtained similarly as (5.16), the second
to last inequality follows from (5.3), and the last inequality follows from (5.15).
Therefore, by Lemma 4.1, (5.15) and (5.17), we obtain that

Ivellsg, < C(1+coHB~4) CuplArlg,.

and

|IEpArlig, < Clivelis, + ClArllg,. < 0(1 n coHﬁ*%)CEDH)\pHMF.

5.2. Upper bound estimate for C,, and lower bound estimate for ¢

We make use of the dual argument together with the norm equivalence between the extensions of the
advection—diffusion problem and the extensions of the optimal problem stated in Lemma 5.10, to derive the
following estimates for the nonsymmetric bilinear form. The proof of Lemma 5.13 is detailed in Section 6.

Lemma 5.13. Given Ar, st € Kp, we have
1
(Ar,sr)z, < CulAcl (C(HB™H) Isrlls, + s rln). (5.18)
where y1 = (1 + Bi)co and cq is defined in Lemma 5.8. The same estimate holds for Ar, sp € Kp analogously.

Given Ar € Kp, define wr = gflﬁp,pgp)\p. Different from the extension UpaaA studied in [47], the
extension operator U of the optimal control problem does not preserve constants, that is, even if A is constant
on the mesh element, UA is not a constant, as seen from (6.4). This leads to the difficulty of estimating the
h-norm ||wa r — Aa,rl|ls directly using the approach in Lemma 7.20 of [47]. To overcome this difficulty, we will
use a dual argument and estimate the h-norm ||Waada p — Agaa |5 as in the following lemma, and its proof is
presented in Section 6.

Lemma 5.14. Given Ar € KF, let Hpaa(A) = Apaa p, we have

[Hasa(wr = Ar)lln < Can (Iwrllgg, + [Arlls, ). (5.19)

[Hasa(TAR = Ar) | < Caa ([wrllgg, + IArls, ). (5.20)

where o = H((l +ﬁ7%)cg +ﬁ*%),a2 = H((l +57%)cg +ﬁ*iC’ED), co 18 defined in Lemma 5.8 and Cgp is
defined in Lemma 5.12.

Lemma 5.15. For any Ar € Kp, when H is sufficiently small, let zp = i;lﬁDprp)\p, we have the following
estimates

‘<WF,ZF ~Rrr)_ | < CerlAr|y, [wrlg, (5.21)

r

A, TAR = Ar)g, | < Ceal| Al (IWeligg, + A, ) (5.22)
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HWF - ﬁFAFHE < Casllwrlg,., (5.23)
r
\<wF,ﬁm —wr)_ ' < Cesl|wligg, (Iwllsg, + IAr /) (5.24)
r

where ¢1 = CQHﬁ_%CED7CQ = Yiag,c3 = coH(l + ﬁ_%),cz; = via1. a1, a9 are defined in Lemma 5.14. v1 is
defined in Lemma 5.13.

The proof of Lemma 5.15 is provided in Section 6. Recall that T = ﬁ%;rgflﬁ])’r‘gr‘, we proceed to derive
the upper bound C), and lower bound ¢;.

Lemma 5.16. Given Ar € _/AXF, when H is sufficient small, we have
(TAr, TAr) . < Co(Ar, Ar)m;,
where C, = CCp ap- Crp, is defined in Lemma 5.12.

Proof. By (4.9) and (5.23), we have

~ 2 _ 2
Iwellzg, = lIwel, + el < welZ, + [we - Rexe| -+ [Reac]|
< wrlg, +ClwrlZ + A,
when H is sufficiently small, we can make c3 small enough and obtain that
Iwrlizg, < C(Iwrlla, + 1Al ). (5:25)

Also, by Lemma 4.1, (5.22) and (5.25), we have

Iwelg, = Iwel, = wiSewl = wiSeS: Ro.rSeAr = (A, Rb pwr)_
r

= (Ar, TAr)g. = (Ar, TAr)B; + (Ar, TAr — Ar)z,

(5.26)
< IAclee ITAC B, + Ceal| Al (Iwrllgg, + A ne )
< IAr e ITAC vt + Cea| Mg [wrllg, + Ceal[ ARy,
By Young’s inequality, we obtain that
Iwrli3, < COC e TAC e + (O3 + Cea) A s, ). (5.27)

Since

(TAr, TAR)pp, = <ﬁgI§;1ﬁD,p§p>\p,ﬁg7F§;1ﬁD,p§p>\p>

T

= (Epwr,Epwr)y; = ||EDWF||21\7[F»
we see that
ITAC Ry, = [Epwrlf; < CChparllwrllzz. < OCH Iwrllg, + [Ar]3
rliMp DWrli§,. = ep,MIWTIIg,. = CClED M rlig, NIV AR

< CChp mlArlMe ITAr vy + CCRp ar(c3 + 2 + 1) || Ar] Ry
where (5.14) is used for the first inequality, (5.25) for the second inequality, and (5.27) for the last inequality.
Consequently, when H is sufficiently small, ¢o can be small enough, therefore applying Young’s inequality yields

2
”T)‘F”%\/Ip < C((C%JD,M) + C?E‘D,M(Cg +c2 + 1)) H>\I‘||12\/1F
2
< C(Chp.ar) IArliay = CRlIAC Ry

where C), := CC]%;D’M. O

(5.28)
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Lemma 5.17. For any Ar € Kp, when H is sufficiently small, we have
a(Ar, Ar)mr < (Ar, TAr)my,

where ¢ = C(l — Cc2Cep,m — C@C%D’M). co and c3 are defined in Lemma 5.15. Cgp v is defined in
Lemma 5.16.

Proof. We have

(Ar, Ar)py. = (Ar, Ar)g + (Ar Ar)p. = (Ar, Ar)g, + (Ar, Ar)y,

Mr r r Lr

wr, ﬁr)\r>ﬁr - <WF - ﬁFAF,ﬁFAF>iF + <Wr7 RrAr — WF>ZF
LWl + 2 IAr Ry, — (wr ~ Rede Reae)_ + (we, Rede —wr)

( )
= <Wp,ﬁp>\p>~ — <Wp,ﬁp)\r>i + <Wp,ﬁp)\p>z + <ﬁr>\p,f{p)\p>~
(
1
2 2 Lr Zr

IN

where the first and the second equalities follow from Lemma 4.1. The third equality follows from (3.12) with
the fact that B o o
(wr, RFAF>§ — AIRESrwr = ALRESS: 'R rSrar = (Ar, Ar)g,
r

The last inequality follows from

(Iwelzg, + 1Ac s, ).

- - 1
<WF’RF>‘F>Mr = ”WFHMFHRF)‘FHMF =3

Therefore, we obtain that

<>\1’*, >\F>Mp < ||W1'*||21\7IF + C‘ <W1’* — EFAF, ﬁr)\r>i + O‘<Wp, Rr)\p — WF>2 (5.29)
r r
In order to estimate |[Ar[/my, we need to estimate ||[wrl|gz . Define zp = i;lf{Dprp)\p, we have
(wr,wr)g;,. = (Wr, wr)g, + (wr,wr)g, = (Ar, TAr)g + (wr, wr)g;
= (Ar, TAr)mr — (Ar, TAr)L: + (Ar, TAr)z, + (Wr, wr)g
Ar, TAr)z. — (Wr,2r — Wr)g, (5.30)

+(
= (Ar, TAr)mp + (Ar, TAr — Ar)z, — (Wr,zr — wr)g,
= (Ar, TAr)mr + (A, TAr — Ap)z, — <WF,ZF - ﬁF>‘F>i + <WF>WF - ﬁF)\F>i )

r r

where the first equality follows from Lemma 4.1, the second equality follows from ||Wp||]2§ = (Ar, TAr)g, which
T

is proved in (5.26), and the third equality follows from the symmetry of the inner product (-, )1, with the fact
that

<)\F; T)‘F>Lp = )\%Lpf{%)Fgglf{Dypgp)\p = A?Lpﬁ%’lﬂiflipgflﬁ]lp/s\p)\p = <WF’ZF>EF'

Also, when H is sufficiently small, by (5.25), (5.27), (5.28), we obtain

Iwrllzz, < CCep,m|AllMrs (5.31)
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where Cgp s is defined in Lemma 5.16. Then, we have

(wr, wr)g. < (Ar, TAr)p, + (Ar, TAr — Ar)z, + ‘<WF,ZF — ﬁr>¢>~

Lr

T

+ ‘<WF,WF — ﬁ,[‘)\l">1_,:

(5.32)
< (Ar, TAr)m; + Cea||Ar[mr (Iwrllgz, + [Arlive) + Cerl[Ar]me [[wrllg,.

+ CC;),HWFHgMF

< (Ar, TAr)my + Ce2Crp ml|ArlRa. + CesChp arlAr iy

where the first inequality follows from (5.30), the second inequality follows from (5.22), (5.21) and (5.23), the
last inequality follows from (5.31), and ¢; < cg. Therefore,

(A, Ar)my < [lwrlgg + CHWF - ﬁl“)\FHEFH)\FHLF + C‘<Wr7f{1“/\r - WF>2

r
< lwrlZ;, + Ceslwrllgg, I Arline + Ceallwilsg, (Iwlgg, + IAcle )

< (C+ Ceg)lwrlZy, + C(c + D Aclis,

< (€+ Cen) ((Ar. PAr)aae + CeaCop il e + CerCrlAe R, ) + € + DAy
S (C + OC4)<>\I‘,T}\I‘>MF + (C+ OC4)(CQOED7JW + C3C%D,M)||)‘F”§/Ir7

where the first inequality follows from (5.29), the second inequality follows from (5.23) and (5.24), the third
inequality follows from Young’s inequality, the second to last inequality follows from (5.32), and the last inequal-
ity follows from the fact that c3 < Cgp,a, ca < c2, and Cgp ar > 1.

Therefore, when H is sufficiently small, we have ¢, c3, ¢4 small enough such that

(Ar, Ar)mr < CAr, TAr)m; + C(c2Crp v + CBC%DJW)H)\FH%/[F,
and
ci(Ar, Ar)mr < (Ar, TAr)my,
where ¢; := C(1 — CcoCrp i — CesChp p)- H

Remark 5.18. Based on the estimates in Lemmas 5.16 and 5.17, we obtain the following: when 8 = O(1), the
bounds C,, ¢; can be simplified as

2 2
CuC<1+logI;> , CZC(IC’H<1+IogI}j> >,

and these estimates are consistent with the results in [47] for the advection—diffusion problem. When S is not
too small compared to h, namely 3 = O(h?~?) for any fixed ¢ € (0,2), the bounds C,, ¢; can be simplified as

H\? H\?
Cu:C(1+10gh> , cl:C(l—CHh_Hg(l—Hogh) >

In this case, our results are comparable to those established in Theorem 4.2 of [36], which are based on standard
finite element discretizations combined with multigrid methods. The O(h?7%) threshold can be reflected in
Lemma 5.14, which utilizes specific properties of the HDG discretizations and plays a crucial role in establishing
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the lower bound. In both cases, the convergence rates are independent of 5. By selecting appropriate values of H
and h, ¢; can be ensured to be positive. The convergence rate of the proposed BDDC algorithms is independent
of the number of subdomains and depends slightly on subdomain problem size H/h. When [ is very small, H
is required to be tiny to maintain the positivity of ¢;, which might not be practical. Nevertheless, numerical
experiments still exhibit good convergence behavior in such case.

6. PROOFS OF LEMMAS

In this section, we provide the proofs of Lemmas 5.8, 5.9, 5.10, 5.13, 5.14 and 5.15, along with the supporting
lemmas required for these proofs.

Lemma 6.1. Given A = (\, )T, s = (s,t)T € 1~X, under Assumption 5.2, we have the following estimates
(¢ 0\, 8)or, | < CHB™2[Ee(N)[|a,l|Be(s)]la., (¢ nt, oz, | < CHB™2|[Ec(N)]|a,lEc(s)]a,-

Proof. Suppose that §2; and §2; are two adjacent subdomains sharing the interface edge &;;. Let A0 =
A T and s = (s@,t)T denote the restrictions of A and s to subdomain €;, respectively. Define
e, = ﬁ Je. A9 ds and Se, = |51'-| Je 5() ds, we obtain the following result

¥ 1] 17 %)

|<C-n)"3>an’ = iv: <C.n)\(i),5(z’)>f‘ _ ﬁ: Z <C_n)\(i)7s(i)>}-

i=1 FCON,;NO0,

(603, (40 50)), o

<C i Z H)‘(i) - ng

i=1 FCON;NON;
< CHB™%|Ec(N)||a. | Ec(s)]|Au

|
KMZ

|5(i)||\7h(szi)

N
(1) _ = (4)
A =5 < O HIN 0

where the last equality follows from the first two constraints in Assumption 5.2. Specifically, by the first con-
straint we have ZZJ\LI > rconinon, (€ DA, Se,; )7 =0, and the first and the second constraints together yield

Zij\; Y Fconnon, (€ nhg,,s)F = Zivzl > Fconinon, (€ nA() 3¢, )7 = 0. The second inequality follows
from equation (7.49) of [47], and the last inequality follows from (5.3). A similar argument holds for (i, t)T € A.
Therefore, we obtain the desired result. O

6.1. Proof of Lemma 5.8
Proof. We will use a similar method as the proof in Lemma 7.2 from [47]. By equation (2.16), equation (2.16)
of [47] with e = 1, we have

(QA1A7I.)K - (UAl)‘aV : r)K + <A,I‘ : n>aK = 07

BE(V - QA w) g + ﬂé<(T1 B %C ' n> e )\)’w>8K (6.2)
P 33 ik

— 7(C-Vw,UA1)\)K+ 7(C-VUA1)\,1U)K+ 7<C'n)\,w>aK — (Ua, A\ w) =0,

Nl=



1002 S. LIU AND J. ZHANG

and
(Quha), ~ (), = -t =0,

33 (v : QA(lld)\)w)K + g%<(ﬁ - %C : n) (UA%d)\ — )\),w>aK (6.3)
_ %(c - Vw,UA%d/\)K + %

Subtracting (6.3) from (6.2), we obtain that

(C - VUA;.,d)\,w)K + %(C ‘A, W)y = 0.

F5(Qu A= Qugarr) =5 (Ua A= Upgud Vox) =0

gk (v. (QAI)\— QAi.dA),w)K +g%<(ﬁ _ %g : n) (UAIA— UA%dA),w>

1 1 oK (6.4)
. %(c Vw, Ua, A — UA%d/\)K v %(c : V(UAI)\ . UA%d,)\>,w)K
- (UAZ)\,U})K =0.

Let r = Qa, A — QA(lzd/\, w=Ug,\— UArlldA, then

1 2

gt £+ﬂ%n—%tn§@%*—“w@ = (UAAUAA = Uig)) (6.5)

QAI A— C?A‘l"dA

Similarly, by (2.16), and equation (2.16) of [47] with ¢ = 1, 71 replaced by 7 and ¢ replaced by —¢, we obtain
that

1 2

N 2 ) 1 2
3 | #0456 ) (Uaih = Usgan)

QA — QAgd,U/

- (UAI)\7 U\ — UAW)K. (6.6)
0K

By adding (6.5) and (6.6), we have
2

. 2 i 1 3
It QAIA—QA({MHK—%& n-5¢n (UAI)\—UA?M)

0K
2
2 1
QA= Qagant| -+
oK

- (UAZ/\, —UA%dA)K + (UAIA, U g “)K - (UAZ)\ — Ungant —UA%dA)K + (UAl,\ — Upoa\, Upga u)

1
1 2
it m+ 56 n (UAQ)\—UAgdu)

o
Therefore, we obtain that

1 2

3% ’ (UA1>\ - UA?dA)

1
T1*§C'n

2 1
+ 72
et

QA1 A— QA‘fd)‘

OK

1 2

1 1 2
+ 6% |72+ 3¢ m| (UaA = Usgant)

+ 52 ‘i (6.7)

Q.42A - QAgd/’I’

0K
< HUAQ)\— Ugap

‘KHUALILM

‘K +{|oa A = Uagar

LI

U yoa ‘
[ [Vagon]

< (HUA2A_UAS”1:LL hK

’K + HUAI)\— UAzln,d/\
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where the last inequality follows from (4.19) and (4.20).
Next, to estimate |[UA| x, we invoke the result from Lemma 3.3 of [13], which states that

HUAIA— U ga\

]K thBt(UAl)\—UA%M) +h? min ‘UAlA—UA(fd)\

|12 i

b

&
HUA2A— Uggan

1 .
R S IRy e

‘5'

1003

(6.8)

(6.9)

Then, by (6.7), together with the identities B'(Ua, A — Uggapt) = Qa, A — Q gga A, B (Ua, A = Uygapt) = Qa, A —

QAgd A, and (3) in Assumption 5.1, it is straightforward to see that

HUAlAfUA%dA

’K * HUAQ)\ B UAgduHK

, 1. |2
SC’hHQAI)\—QAm/\’ + Cdln - Lem (U4 = Ungad)
1 K Ck 2 1
OK
c . 1. |2
+ChHQA2)\—QAaW\’ +—h¥ ||+ S¢ | (Ua A= Usgad)
2 K Ck 2 2 ok

<cutt(foan v o] o

which implies that
HUAlA — Upoah

’K + HUAQA — UA;"’/‘

| < Cns A,
K
and
[UA[x < C(|Ua, Al + 1Ua, A k)
< c(w*%n)\nh,;{ + [ Usga

ot Vs,

< C(hB™4 1) Al = CeollAllx

where ¢o := h3~2 + 1. The last inequality follows from (4.19) and (4.20). Therefore, we see that

7= [ > IUAI% < Ceol| Al < Ceol|All < CeoB % [Ec(A)| A
KeTy,

where the second inequality follows from Lemma 4.3, the last inequality follows from (5.3).

[UA]

6.2. Proof of Lemma 5.9
Proof. By (6.5) and (6.6) we have

1 2

b RN S N (Y

QA1 A— QA‘fd)‘

OK

1 2

_|_ﬁ% Q(UAzk—UAgd/O

2 1 1
QA= Qagont| _+ 6|2+ 3¢ n

oK

< |[TacA = Ungons| 104 A + |[Ua, A = Ugad| 10, A1

»
< (HUAQA — Upgant

|+
K

‘UAIA — Ugah ]K) UM .

(6.10)

(6.11)
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By (6.8), (6.9) and (6.11), we have

HUAl)\—UAiLd)\

P e

C 1 1 1
< Chl|Qu A= Qugad||_+ 5Khé i = 5¢ - 0]* (UaA = Usgad) [ e
C 1 1 1
+ O||QaA = Quga||+ éKhé 172+ 56 0] (VA = Unga )l

< Ch%ﬁ—W(HUAZA — Usgan]| + | Uaid = Usga| ) IUA Ik,

which implies that

HUAIA— U g\

[NIE

+ 7
0K

i

B

1
1 2
m+5¢m (UAZ)\ - UAW)

- %c ‘n (UAI)\ - UA%d)\)

oK

Therefore, we obtain

|4 A= Uagar < Chp~*||UA|7,

T + HUAQ}\ — Uagen ‘Th

+ 1
0Ty,

ISE

B1||m ¢'n

3
(UA2>\ - UAW)

B 1
(UAIA - UA%dA) e+ 5¢n

1
2

o7y,
< hEBTH[UN|, -

Moreover, we obtain that
BE||VUA |7, < B3| VUA N — VU ygaM||7;, + % VU gaa |
< ﬂ%h_l NUA, A — UA;ui)\”Th + ﬂ% Al 2
< géh*1<hﬂ*%) [UX||z, + 8% |Ec(N)]|a,

< C(1+ 1) [Ee(N) .,

Th

|+ |UaA = Ungon| < OB~ HUNk,
K 2 K

< Chz 1| UN|x.

(6.12)

(6.13)

(6.14)

where the second inequality follows from an inverse inequality and (4.22), the second to last inequality follows
from (6.12) and (5.3), and the last inequality follows from the definition of || - [|Mm, in (4.13). Moreover, we have

1

1 2 1 ’
Bi m =53¢0 UaA=N) + B4 7+ 3¢ 0| (Uad—p)

9T;, 0Ty
1 1
1 1 2 1 1 ’

Sﬁ4 T1_§C'n (UAlA—UArlzd)\) +ﬁ4 7'1—§C'n (UA‘fdA_A)
T, T
1 1 % 1 1 %
+01| |2+ 5¢ n (UAQA—UASMQ A2+ 5¢ (UA;W_“)
T 0Ty,

< hEF7 Oz, + BERE AN < 23 (87 4 1) [Ee(N) g,

where the second to last inequality follows from (6.13) and (4.23), and the last inequality follows from (4.13)

and (5.3).

O



CONVERGENCE ANALYSIS OF A BDDC METHOD 1005

6.3. Proof of Lemma 5.10
Proof. To prove (5.10), notice that Ec(Aa,r) — Epaa(Apsa ) has 0 value on Ar, therefore
T
(Ec(Aar) — Epaa(Apaar)) AaEc(Aar) =0. (6.15)
This implies

prAf —L

L ﬁiAgd} Ec(Aar)

[Be(un ), = Bes (hnes 1) Ane(An 1) = Eus (hpen ) |
= (QA1 )\A?dl‘, Ua, )\Atlld’lﬂ, )\A(lzd’r) [ﬂ%Atlld —L] Ec(Aar)
+ (QAzﬂAgd,n Uastagar, HAgd,F> [L B%A%d] Ec(Aar) :=1+1L

We will estimate I and II can be estimated similarly. Since

1 1
1= g3 (QA1>\A,F» QAgd)\Agd,r)T + B2 < (Tl — 3¢ n) (Ua,Aar —Aar), U Apeap — >‘A‘fd,F>
h

oT;,
Bz Bz
—5 (UA1 Aar G- VUA‘fd/\Ai'd,F)Th Tt (UA‘fdAA‘fd,Fa ¢ VUa, AA,F)Th
B3 3
+ 7<C ‘nAar, UAcfd)\Af;d,F>aTh - 7<C . n<>\Agd,F>7UA1)\A,F>aTh - (UAZ)\A,D UA;td)\Agd,F)Th

1
=32 (QAJ\A,D QA;LMA;M,F)T + % < (Tl - 56 n) (Ua,Aa,r —Aar), Ua, Ao — )‘A‘fd,F>
h

0Th
1 B
— 82 (Uadar € VUagadagar) 4+ 5 ((€m) (Ungadage r = Aagor ). UsiAar)
h h
B2 B2
+ 7<C “nAAT, UAtlld)\ATdI - )\ATd’F>8’Th + 7<(C ‘n)AAT, )\Atlld_rr>8Th - (UAQAA,IU UAtlzd)\Atlld,F>Th,

where the second equality follows from the divergence theorem with V - { = 0 such that

(UA?dAATdI, ¢ VUAIAA,F)T - <(c U gaa g s UAIAA,F>6T;L - (g : VUA%d)\A%dI,UAI)\A,p)T

h h

Then, we have

1] < 85| Bc(Aar)l 5, [|Eacs (Assa )| gea + 52

1
|C ) n\ 2 ()\A‘;d,r - UAlAA‘fdJ‘) (HUAl)‘A,I‘”aTh + ||(C : n))\A,I‘”aTh)

VUA{lld)\A(lld’FHT} ||UA1AA1,FHT,L
1
+Cp

33
2 {(cmrar ),

Ha:rh,

+ + |Uaz Aa vl 7, 1Uas A gaa ol 73,

< OB |Ee(Aar) o, [ Bas (Aasar) || goa + CB7[|Basa (Aasar) || goalUa, Aarll7,
+ O Bana (Ao )| g (10a, An 1y + B2 [Anr o,
+ ﬁiHHEc(AAI)HAaHEAad (Aasar) || paa + 102 AA Pl 7, [Aasar|,

< C(coft ) IBe(Aar) | a, [Eass (Aasa r) | gna + C (0B ) [Behar)llz, [Aasa v

h’
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where the second inequality follows from (4.22) with (4.21), (4.23) with a trace inequality, (4.19), and the fact
that
Bz

5 < C’ﬂiH\|Ec()\A7p)||Aa||EAad (Aaaa )| guas (6.16)

(¢ mAar, AAT”T>aTh

where the inequality can be obtained following a similar process as (6.1) with Assumption 5.2, equation (7.49)
from [47], (5.3) and (4.21). The last inequality follows from (5.6), Lemma 4.3 and (5.3).
To prove (5.11), we first consider the associated elliptic problem. Given A = (A, ) € A, we define F4e(\) =

(QAEA, UA“A’ )‘)T’ EA"‘ (M) = (QA"’/”H UA“/f(‘a :U/)T Here, (QAcA, UAF)\) and (QA"‘/’[H UA"/’[') Sa‘tiSfy

e 0 e 0
K QacA] _ T Qacp] _ 7
Usr| |0 Upep| |0
where A° is the matrix defined as equation (2.5) of [46] with 7, = 7. We then define
Eac(A) = (Qae A\, Uac A, N, Qacpt, Unep, i)
and the corresponding norm
IEae(V)]5e = 1Bac N5 + [ Bac ()]
Given Ar = (Ar,sr)? € Ar, let Aae r be the harmonic extension of Ar. For each subdomain €2;, let )‘Ej)e,r denote
the restriction of A4e r to £2;, which satisfies

(4) 2 : (i)
Ege| Ay 1 = min FEaelp
’ Ae(i) () g A () —,, ()
Y eA i =pp’ on 09Q;

Similarly, let pge r be the harmonic extension of pur and set Ager = (Aaer, ,U/AG’F)T. Following Lemma 5.1 of
[46] and (1) in Assumption 5.1, we have

2

s (6.17)

cl[Aaerll < [[Eac(Aaer)lse < CliAacrll, (6.18)

where ¢ and C are two constants such that ¢ < C.
We have
2
|||AA97F — AAadJ—\H|2 < CHEAad (AAG,F — AAad,l") ||Aad

= E}ua(Aaer — Apaa ) A (Epaa (Aaer — Apaar))
= Ejaa (Aaer — Apaa 1) A (Epad (Ape r))
< COlldae,r = Apaar|lllAae ol

where the first follows from (4.21), the second equality follows from the fact that the difference Apaa p — Aaer

vanishes on the subdomain boundary, and the last inequality follows from Lemma 7.9 of [47] with ¢ = 1
and (4.21). Therefore, we obtain

I Aaer — Apaa rf| < CllAaer|l- (6.19)
Then, we have
37| Epaa (Apaa 1) || yaa < CBTI[Apaarl| < OB [[Aacrll < CHTEac(Xace,r)|lxe
< CBF|EacAar)llae < CHTIAALI < ClEcAAr)ll4..

where the first inequality follows from (4.21), the second inequality follows from (6.19), the third inequality fol-
lows from (6.18), the third to last inequality follows from (6.17), the second to last inequality follows from (6.18),
and the last inequality follows from (5.3). O
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Lemma 6.2. For any Ar = (Ar, ur)? € 1~Xp, we have
1
[Aarln < C(Hﬁ 4) IEcAar)lla, + [[Aaea ],

Proof. We have

Aarl, = (h%ﬂ i)ﬁ Marlsr < (h%ﬁ_i) (53; Aar —AA({J,FHB - + 61
(

_1 1. _ 1
ﬂ 4)(54/1 2 )\Allld,FHBTh>
(n#5=%) (BHhCHIAAL = Aagapll + B [Aager )
< CH|IAar = Aage pll + [Aager

< C(Hﬁ‘i) [Ec(Aa,r)lla, + H/\A%d,F‘ B

Ange FH@:&)

[N

h

IN

1
O

IA

where the third inequality follows from Lemma 4.2 due to the fact that Aar — Ajeap has O value on the
subdomain boundary, and the last inequality follows from a triangle inequality, (5.3), (4.21), and (5.11). A
similar argument yields

Il < C(HE™F) IBear)lla, + magr],

This completes the proof. (Il

h

6.4. Proof of Lemma 5.13
Proof. By (4.4) and (4.9), we have

(Ar, sr)z < % (Ua, A0, € VUa, sAT) 7, + %(UAlsADC VU, Aar) g,
Mk

|

2
(€ mAar,Ua,sar)yr, — b ((j ‘nsar, Ua, Aarr)yr, — (Ua, sar, UA2>\A,F)Th>

1

2
(UAQ\AF,C VUa,8AT)T, — b (UAQSA,F7C'VUA2AA,F>T;L

[N

&

/\

1

<C'HHA,FvUA23A7F>aTh + — pe <C nty F,UAQAA r>37— —|—(UA28A I",UAl)\A 1'*) ) =1+1I

=)
N‘ [N

We will consider the estimate of I and II can be estimated similarly. By the divergence theorem with V- ¢ =0,
we have

(€ n)Us, Aar,Ua,sar)yr, = (€ VUA,AA T, Ua sar)y + (Ua, A, € VUa, SAT) s

then, we obtain that

I=—=-((C n)UaAar = Aar),Unisar)or, + B%(Ua,sar.¢ VUL AAT) 7,
, ) (6.20)
G2 2

- 7<(C ‘n)sar,Ua,Aar —Aar)yr, — (Uasar,Ua,Aar)y, — (€ n)sar, Aar)yr, -
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Therefore, we have
1< b (14574 IBe(Aar) g, (8402 ) 1Ua sarllg, +C(1+ 54 [Eear) Iy, 1Ua,sar 7,

+ Okt (14 578 ) [EeOar) I, (8 lsar
+ CH|Ec(Aa,r)la, [[Ec(sar)la,

< ClEean)lin, ((1+ 8% )lsarln + (1+84)[Ua,sarlz + HlEc(sar)la, )

< O(1+8%) [Eear)lna, (Isarln +1Ua sarlz +HE ™ [Ee(sar)a.,)

< C(1+ %) IBeOar) . (Ceollsarln + HO ¥ [Ec(sar)la,)

< (14 6% ) colEeAa ), (CHS™H [Be(sar)lla, + sas.rln)

= C(1+ 8ol Arligg, (€ (HO7H)lsrllg, + llsanarlln),

where the first inequality follows from (5.9), a trace inequality, (5.8), (1) and (4) in Assumption 5.1,
and Lemma 6.1, the second to last inequality follows from (5.5), the last inequality follows from Lemma 6.2,
and the last equality follows from (4.14) and Lemma 4.1. The same estimate holds for Ar, sy € Ar analogously
with the fact that (¢ -nA,s),r =0 and (¢ nu,t)y7 =0. O

lom, ) + BeOar) v, U, 517,

(6.21)

6.5. A dual argument

Denote W = W x W, given any g = (g,24)7 € W, let (y;,p%,) be the solutions of the dual problem of
system (2.8), then we have

q+Vy, =0 in Q, (6.22a)

BE(Veq—C Vyl) +pl, =g i Q (6.22b)

Yy, =0 on 09, (6.22¢)

p:, +Vp;, =0 in Q, (6.22d)

BE(V-pi, +V-(CpL)) ~yi=2a in Q (6.22¢)
p,, =0 on IN. (6.22f)

The following regularity assumption holds for the dual problem ([8], Lem. 2.2):
1 * 1 *
B2 lyallaz ) + B2 lIpk, I m2) < Clgllez) + zallL2 ) (6.23)

Given s = (s,t)T € A, denote g = Us. Let pg = (9g:¢:,)" and @g = (P, P2,)" be the solutions of the
following equations,

Br(Ec(A), Ec(pg)) = (UX, g)7,, VA

E(Ec (X),Ec(@g)) - (UX,g)T}, VA = (X, ﬁ)T €A, (6.25)

h

I
>
=
e
m
g

(6.24)

where By, is defined as (2.12) and B is defined as (4.5).
By adopting a similar proof strategy as in Lemma 7.17 from [47], and utilizing the regularity property (6.23),
Assumptions 5.1 and 5.2, we obtain the following result:

Lemma 6.3. Given A = (\, )T € 1~X, there exists a positive constant C independent of B, H and h, such that

B(Ec(N), Ec(¢g)) — (UA,8) 12(y| < CHB™ 7 |Ec(N)|aullg] £2(0)-
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Using similar proofs as Lemma 7.19 from [47], together with Lemma 6.3 and Lemma 7.11 from [45], we obtain
the following two lemmas.

Lemma 6.4. Given g € W, under the Assumption 5.2, we have
~ _1
1Ec(%g — ve)lla, < CHB #lgllL2o)-

Lemma 6.5. For any Ar € Xr‘, recall that wr = §;1f{D,F§p)\p, we have
g(Ec (WA.,F - ﬁ(AA,F)),Ec(ﬁ)) =0,

for any & € ﬁ(A)

Lemma 6.6. Given Ar € ./AXF, recall wp = §;1I~{D7p§p)\p. There exists a positive constant C' independent of
6, H and h, such that

IUwWar = Aar)lls, < CHeo(1+ 874 ) [wrlsg, (6.26)
Proof. Given g € W, we first consider the estimate of (U(wa,r — Aa.r),8)7, - Since
(U(wa,r —Aar).8)r, = B(Ec(war),.Ec(Pg)) — Br(Ec(Aar), Ec(vg))

= B(Ec(war),Ec(Pg)) — B(Ec(Aar), Ec(¢g)) = B(Ec(wa.r), Ec($g — ¢g)),

where the first inequality follows from (6.24) and (6.25), the last equality follows from Lemma 6.5 and the fact
that R is the injection operator from A into A with A C A. Then, we obtain that
(U(war —Xar).8)7, = B(Ec(War),Ee(@g — ¢s))
= (Qa.be. Un &g, By — 99) [32 A1 ~L]Ec(war)
+ (QAz Eg: UA2 gga (;52(1 - szcz) [L A%d] Ec (WA,F)
=141II.

Next we will estimate the term I, and term II can be obtained similarly. Denote £ = @g — g and assume
war = (war,zar)’, we have

11 = ’ﬁé(thwA,Fanh&g)Th + ﬁ%<(7'1 - %C : n)(UAlwA,F —war),Ua g — ($g — @g)>

o,
—@(U ¢ VU, &) +@(U €. - VU )
2 AlwA,F7 A1 g /]"}L 2 A1 g AIWA,F 'Th
B2 B3
+ ?@ nwar,Ua,&g)yr, — 5 (€ 0@y — ). Ua,War) gy, — (Uaawar,Ua,&g) g,
= ’ﬁ (Qa,war, Qaée)r, <(T1 - *C )(UAlwAI —war),Ua g — (69 — @g)>
oz,
T ) U war — war). Unbe)yr, + B} (Us€e.C - VU WD),

32 _ Ik

— 5 (€ n)(Pg — ¢g). Ua,war —war)yr, — (Ua &g Ua,Wwar)y — (¢ nwar, @y — ¢g)sr,

2
)

< [Ee(wa.r)lla, [Ee(€s)la, +C(1+ 6% )ht [Be(war)ly, (85h U &l
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+C(1+4 84 IIBe(wa.r)ln, Ua el +C(1+ 8% )b [Ee(war)l, (8112, = @llyr, )
+ 11U Eellg, 1UAwarll 7, + CHIEc(wa.r)ly, IEe(ée)l s,
< [Ee(war)lla, [Ec()l s,
1\ 2 1\ o1, ~
+ C1Betwarly, ((1+5) 10nsly, + (1454)5%12, - oyl + HIEc(E,
< [Ee(war)la,lEc(€e)la,

1 2 1 1
+ CHEC(WA,F)||M,a ((1 + ﬁz) cof* ||EC(€E)HAa + (1 + gz) ||E(2(£g)||AB + H|EC(§g)HAa>

1 _1
< Cao (B4 + 871 IEc(wa,r) I, 1€l A,
< CooH (14 87 ) [Ec(war)llyy, lgl7
where the first equality follows from the divergence theorem with V - ¢ = 0, namely

(Ua,wa,r, ¢ VUa &)y = (- n)Ua,Wwar,Uag)yr, — (¢ VUas, WA, Ua ég)r

the first inequality follows from (5.9), a trace inequality, (5.8) and Lemma 6.1, the second inequality follows
from (4.13) and the fact that |[Ec(wa rr)lla, < [|[Ec(Wa r)|lm,, the third to last inequality follows from (5.6),
Lemma 4.3 and (5.3), the last inequality follows from Lemma 6.4. Therefore, we have

(U(WA,F - AA,F>7 US)L2(Q) . (U(WA,F - AA,I‘>7 g)LQ(Q)

[U(wa,r —Aar)llz, =sup sup
ek [Us]|L2(q) seh.g_Us lgllz2 (o)

< CooH (14 57% ) [Be(war)llng, = Ceo (14 57%) [wrllgs,

where the last equality follows from (4.14). O
6.6. Estimates of ||Ha=a(wr — Ar)||n and |[|Haa (TAr — Ar)||n

Given any A\ € K, let AX denote the restriction of A on JK, where K is an element in the triangulation 7.
Let E; represent the edge of K that lies opposite to the i-th vertex of K. Following equations (7.33)—(7.35) from
[47], we define the local lifting operator SEAX in the polynomial space Pyy1(K) x Pjyy1(K) such that:

<Sf(>\K,77>Ei = <>\K,77>Ei, Vn € Prp1(E;) X Pyyp1(E;), (6.27)

(SEAE V) o = (Uaaa (M), v) .. Vv € Pu(K) x Py(K), (6.28)

fori=1,...,n+1, where n+1 denotes the total number of edges of K. We then define the global inner product
and corresponding norm over the mesh 7 by:

n+1

1 K K 2
(A, 8)s = K; m;(si X SEs) ., and |IAF = (A N)s. (6.29)

Denote @ as the L? projection from Pjy1(K) x Pyi1(K) into Pi(K) x P (K), following similar process
as Lemma 5.7 from [13], we have:

Lemma 6.7.

U paa (A7) = Qi (SFAT) (6.30)
c[Mln < [ Alls, (6.31)
[SE A 112 1y < ClIA (6.32)
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Recall the definitions of bilinear forms B24 and B2 in (2.22) and (4.6). Given s € A, let s and @ be the
solutions of the following equations,

B2 (Epada(N), Epaa(ps)) = (Upaa, g), YA =\ )T €A, (6.33)
B (EAad(X) EAad((,zs)) - (UAadX g) VA = (X ﬁ)T cA (6.34)
) ) Q b) 9
where g is defined as
1 n+1
g = n+1ZQk(SZKs). (6.35)
=1

Now, we are ready to provide the proof of Lemma 5.14.

6.7. Proof of Lemma 5.14
Proof. Given s = (s,t)T € A, and defining g as in (6.35), by (6.29) we observe that

n+1

(Hasa(wr — Ar),8)g = > 72 (SEHana(wr — Ar),SKs)
KeT,
n+1
= (Upaa(Haaa(Wr — Ar)), 8) 7, + Z — Z I— Qr)SF (Hasa(wr — Ar)), (I — Qr)Sfs)
KETh(Q)

Therefore, we have
|(Hasa(Wr = Ar), 8)g| < [(Ugada(Haaa (Wr — Ar)), 8)7,
nt! (6.36)
+ Z 72 (1-Qk)S, HAad(WF—)\F)),(l—Qk)SiKS)K .

KeT,(Q)

Denote Ha (Ar) = Aa r. Following the similar argument as in equation (7.58) from [47], we obtain

n+1

Z 72 I-Qk)S HAad(WF*AF))a(Ika)SiKS)K

KeT,(2)
< h[Haza(wr = Ap)|[[[slls < Ch|Epaa(Haaa(Wr — Ar))| paalls]s

< ChB™7||Ec(Ha(wr — Ar))l|a, lIslls < CRB™% (erﬂgr + ||)\FH§F) IIslls,

(6.37)

where the first inequality follows from a Friedrichs inequality and (6.32) with the fact that
(1= Qr)SK (Hasa(wr — Ar) Hmm < Ch|SfH paa(wr — Ap)yHl(K) < Ohl|Hpsa (Wr — Ar) |l %,

and ||(I — Qx)SEs||x < C|SEs| k, the second inequality follows from (4.21), the second to last inequality
follows from (5.11), and the last inequality follows from Lemma 4.1.
Next, we consider the estimate of |(UAad (HAad (wp — Rp)\p ) ) | We have

|(Upaa(Hasa(Wr = Ar)), 8) 7, |
— (U paa (Hpwa (Wr = Ar)) — Unea (Ha (Wr — Ar)).8)
+ (Upaa(Ha(wr — Ar)) — U(Ha(wr — Ar) ),g)Th (U(HA wr — Ar)), g)Th’ (6.38)
< [Hasa(wr — Ar) — Ha(wr — Ar)[nllgllz, + [U(Ha(wr — Ar)) 7, [|8|
(Unea (Ha(wr — Ar) — UHa(wr —~ An) )|

Th Tn
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where the inequality follows from (4.19) and (4.20).
We firstly estimate the term |H pgaa (Wr — Ar) — HA(Wr — Ap)||n. Since H pada (Wr — Ar) — Ha(wr — Ar) has
0 values on the subdomain boundary, we obtain that

HHAad (WF — >\F) — HA(WF - AF)Hh

N 2
= (Z [Haaa(wWr — Ar) — Ha(wr — AF)H%@)

=1

N 3
S (Z H2H|HAad (WF - AF) - HA(WF - AF)”?)Z> (6 39)
i=1 ’

< CH||Hpsa(Wr — Ar) — Ha(wr — Ap) ||

< CH||E pea (Hpsa (Wr — Ar))|[asa + CHB™T[|Ec(Ha (wr — Ar))||a.

< CHB #[|Ec(Ha(wr — Ar))| aa

< cHp (wellg, + A, )

where the first inequality follows from Lemma 4.2, the second inequality follows from (4.21) and (5.3), the
second to last inequality follows from (5.11), and the last inequality follows from Lemma 4.1.
Then, for the term ’(UAad (HA(WF — )\p)) — U(HA(WF — )\p)),g)T’ |, by (5.7), we have

|(Unea(Ha(wr = Ar)) = U(Ha(wr = Ar)), 8) |
< [[Unea (Ha(wr = Ar)) = U(Ha(wr = Ar)) || gl (6.40)
< ChB~2|[U(Ha(wr = Ar))|

Combining (6.38), (6.39), (6.40), Lemma 6.6, with the fact that ||g|
from [47], we have

|(U psa(Hapsa(wr — Ar)), 8) 7 |
< CHB (Iwrllg, + IArls, ) gz, + U(Ha(wr = Ac)liz, g,
+ (h673) U (A (wr = Ar)) I, gl
(Iwrlls, + IAcls, ) lglz, +C (1+h6~# ) IUHA(wr = Ar))|7 gz,
< cHp (IIwells, + IAcls, ) lglz +C(H(1+ 873 dlwrlig, ) el
<c((Hpt+ )+ 1574) (Iwlsg, + IAclls, ) lslls:

Thus, by (6.31), (6.36), (6.37) and (6.41), we obtain that

gHTh'

Th

7, < |Is|]ls which is proved in Lemma 7.20

< cHg (6.41)

a - A
[Fana (3 = Ar)l < [[Hea(wr — Ar)ls = sup U A=V Ar): )
seA ”S”S (642)

o((mp 4 + 1)+ 15 4) (1wl +Aells, )-
Moreover, let f{l(f ) , ﬁl(j ) be the restriction operators from _/AXF and Kp to A{f ) respectively. By the similar argument
as in the proof of Lemma 6.10 from [47], we have

[Hasa(TAr — Ar)|[a
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1
9 2
h,Q;

For the estimate of I, since f{%rwr and wr have the same edge average on the subdomain boundary 0S2;, then

1
2 N ) o
) (Sl )

N .
< C(ZHHAM (RORS e — R we )
i=1

=14+1L

)

N 2

Ol N

1< C<§ 12 H s (RVRE pwr — Ry 'wr ) ||%,,(Qi>>
i=1

N .
< CHp <ZHﬁ¥)ﬁ5pr R wr|
=1

2\ )
§> < CHpB #Cgpllwrls,.,

r

where the first inequality follows from Lemma 4.2, the second inequality follows from (5.3) and Lemma 4.1, and
the last inequality follows from (5.15). For the estimate of II, by (6.42) we have

1< [Haea(wr = Ar)ll, < C((HE7% + H) e+ HB) (Iwllgg, + IAcls, ).
Therefore, we obtain that

[Fass (DA = Ar)l, < O((HB™2 + H )b + HE 5 Cpp ) (Iwllg, + [ Arls, )-

6.8. Proof of Lemma 5.15
Proof. We first give the proof of (5.21), let

Zr = i;lﬁD,er)\p = i;lﬁ[)’pﬁ%wipﬁpkp = i;lEgipﬁr)\r,
then

<W1’\,Z[‘>EF — <W1", ﬁ,r‘)\r‘>i = )\%f{?i?EDWF — <W1", ﬁ,r‘)\r>~ = <EDW1~,]:T{1~)\1~>~ — <wr, ]:Tir)\r>~

r r r Lr

= <EDWF - Wr,ﬁrkr>~ .

Lr

We have

<EDWF —wr, ﬁF>‘F>E

r
< HﬁpApHiFnEDwF ~wrlg, = IArllLe [Epwr — wrliz, = IAr]lL: [U(Ha(Epwr —wr)|z,
< [[Arller (ol Ha(Epwr — wr)l[,) < CllAr|y, (coH|[Har(Epwr —wr)l[)
< CllAr|L, (CoHﬁ_iHEDWF - Wngr) < CeoHB™ 4 CrplAr|L. [wrls,
= Carl[Ar|uelwrllg. < CallArlme lwr g,
where ¢y := H ﬁ_%CED, the second inequality follows from (5.5) in Lemma 5.8, the third inequality follows

from Lemma 4.3, the fourth inequality follows from (5.3), the second to last inequality follows from (5.13), and
the last inequality follows from Lemma 4.1.
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Next, we give the proof of (5.22). We have
(Ar, TAr — Ar) .
< el (C(HA)ITAR ~ Acls, + [Hasa(TAr — Ar)]],)
< CHB™ 51| Ar||nar [ TAr — Arllg. + CnllArlme [[Haaa (TAr — Ar) |,
< CHE | Ar ) (Conlwells, + IArlls, ) + CnllAc s (a2 (Iwrligg, + IAcls, ) )

< Ceal Allwae (Iwr gz, + IAc )

where ¢z 1= 10, the first inequality follows from Lemma 5.13, the second to last inequality follows from (5.20),
a triangle inequality with (5.13) and the fact that

[N

ITARlg, = (TAr, TARE = (RB rSr'Ro,rSrar, RS rSr'Ro, rSrar )

W) o=

r

1
= (Epwr,Epwr)g = [Epwr(g, < CCrpllwrlg,,

and the last inequality follows from the definition of as and Lemma 4.1.
Then, (5.23) can be obtained by Lemma 6.6 with the fact that

e Reon]

= [U(var = Raa)

- < Cesllwrllgz,.»

where ¢3 1= coH(1 + 572).
Finally, we give the proof of (5.24), since

Zr

‘<Wr,ﬁr>\r *Wr>~

< C'ry1||w1~||l\~/IF <C’<H6411) Hf{r)\r — WF‘

_ + HHAad (WF — ﬁr‘)\p) H >
Sr h
_1
< CHB i wrllgg, (IAclls, + Iwrlls, ) + Cnaslwligg, (Iwrligg, + IAls,)
< Cealwilsg, (Iwlgz, + IAclse ),

where ¢4 := y10, the first inequality follows from Lemma 5.13, the second inequality follows from (5.19), and
the last inequality follows from Lemma 4.1. O

7. NUMERICAL EXPERIMENTS

We decompose the domain © = [0,1] x [0, 1] into nonoverlapping subdomains and each subdomain into
triangles. Using the discretization system (2.10) with HDG polynomial degrees k = 1,2, we consider two velocity
fields ¢ = (1,0) and ¢ = (w9, —x1). For each case, the regularization parameter 3 is set to 1,107%,1076,1078.
The right-hand side functions f and g are computed based on the exact solution (y,p) as

y = sin®(7x1) sin® (m2y) cos(mzy), p = —sin?(wx1) sin®(7xy) cos(mzy).

The stabilization parameters are chosen as 71 = max(sup,ce(¢-1n),0) + 1,70 =7 — - n,VE C OK,VK € Ty,
These choices satisfy Assumption 5.1. We also employ the edge average constraints, the edge flux weighted
average constraints, and the edge flux weighted first moment constraints from Assumption 5.2. We use the
GMRES method without restart, and the iteration is stopped when the residual is reduced by 107!,
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TABLE 1. Iteration counts for varying number of subdomains with fixed subdomain problem
size H/h = 6.

# of Sub. 42 8% 16 322 4% 8% 162 322

B (Test 1) k=1 k=2

1 15 16 15 14 17 18 17 17
1074 17 17 15 14 19 18 17 18
1076 13 15 14 13 15 17 16 16
1078 8 10 12 12 9 12 14 14
B (Test 1I) k=1 k=2

1 6 6 6 5 8 8 9 9
1074 6 6 6 5 9 8 9 9
1076 7T 6 5 5 8 8 7 7
1078 6 6 6 5 5 7 7 7

For the numerical experiments, we adopt the BDDC preconditioned algorithm described in [34], modified
to impose the three constraints specified in Assumption 5.2 on the subdomain interface. In this algorithm, we
eliminate the interior unknowns of the subdomain local matrices to assemble a global interface Schur complement
system. The resulting system is then solved using GMRES with the BDDC preconditioner. Finally, the interface
solution is mapped back to recover the local variables on each subdomain.

The proposed algorithm naturally leverages parallel architectures, since the local subdomain solvers can be
carried out concurrently on separate processors. Constructing the coarse problem introduces inter-subdomain
communication, and enforcing the additional constraints requires extra communication between adjacent sub-
domains. However, this overhead is offset by the reduction in GMRES iterations, which requires global syn-
chronization. We therefore anticipate that the algorithm will exhibit weak scalability for a reasonably large
number of subdomains. For extremely large numbers of subdomains, where the coarse problem may become a
bottleneck, three-level or multilevel BDDC algorithms can be employed to maintain scalability [42-44,52].

We report our numerical results in Tables 1 and 2. In Table 1, we fix the subdomain problem size and vary
the number of subdomains. When k& = 1, the basis functions are linear polynomials. With a fixed value of 3,
we observe that the number of iterations is independent of the number of subdomains. Moreover, the iteration
count is robust with respect to changes in 3. When k = 2, the basis functions are quadratic polynomials. In this
case, the number of iterations is higher compared to the k = 1 case. Nevertheless, the iteration count continues
to be independent of the number of subdomains and exhibits good scalability, even for small values of 5.

In Table 2, we fix the number of subdomains and vary the subdomain problem size. We observe that the
iteration count increases slightly as H/h increases. This behavior is consistent with those results in symmetric
positive definite problems [41,46,49]. More numerical results can be found in [34].

8. CONCLUDING REMARKS

In this work, we perform a thorough analysis of the BDDC preconditioner applied to the HDG discretization
of an elliptic optimal control problem constrained by a advection—diffusion equation. We prove that the BDDC
preconditioner is robust with respect to 3, provided H is sufficiently small. The analysis in this work can
be easily extended to the case where the state equation is more general, for example, a non-divergence-free
advection field. The results in this work could potentially be extended to the case of a advection-dominated
state equation (cf. [33,47]), or to problems with control or state constraints (cf. [6,9,10,19]), where the BDDC
preconditioner can be applied to the subsystem that must be solved during the outer iterative method.
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TABLE 2. Iteration counts for changing subdomain problem size with 6 x 6 subdomains.

H/h 4 8 16 20 4 8 16 20
B (Test 1) k=1 k=2

1 15 16 18 19 17 19 20 21
1074 16 18 19 20 18 20 21 22
1076 13 16 17 18 16 18 19 19
1078 8 10 12 12 9 11 13 13
B(Test II) k=1 k=2

1 5 7 8 8 8 8 8 7T
1074 5 7 8 8 9 8 9 10
107° 5 7 & 8 8 8 7 7
108 5 7 8 8 5 7 6 6

Extending the analysis to three dimensions is conceptually straightforward but entails several technical modi-
fications. First, the coarse problem becomes more complex, requiring the inclusion of face constraints in Assump-
tion 5.2, analogous to Assumption 4.7 of [45]. Second, Assumption 5.4 needs to be adapted for three dimensions
to define each subdomain as a tetrahedron or a hexahedron, consistent with Assumption 4.8 of [45]. Finally,
following Lemma 5.1 of [45], we need to introduce the interpolation operator I;, and finite element face cut-off
function vz, which evaluates to 1 on the interface face F' and vanishes at all other interface nodes. This mod-
ification leads to an adjusted estimate in Lemma 6.3 and, consequently, a different constant ¢; in Lemma 5.17.

Regarding polygonal and polyhedral meshes, recent advancements in non-conforming polytopal hybrid dis-
cretizations provide the necessary theoretical components. In particular, Badia et al. [3] develops a discrete
trace theory for non-conforming hybrid methods on polytopal meshes. Building on this, Badia et al. [2] estab-
lishes polylogarithmic condition number bounds for the BDDC method in this setting. Additionally, Du and
Sayas [17] constructs local HDG+ projections, extending projection-based error analysis to polytopal meshes.
These developments suggest that extending our BDDC framework to polytopal meshes is a feasible direction
for future research. A fully rigorous extension, however, would require adapting multiple technical components.
This includes incorporating the mesh regularity assumptions from [2,3,17], integrating discrete trace theory
with projection theory on polytopal meshes, and modifying the coarse constraints to accommodate our optimal
control setting. Given that these steps are technically involved, we leave a detailed treatment for future work.
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APPENDIX A.

Table A.1 summarizes the key operators and frequently used symbols throughout the paper.

TABLE A.1. Main symbols and descriptions.

Symbol Description

68>0 The regularization parameter of the optimal control problem.

¢ A given divergence-free advection field, V- { = 0.

A A finite element space for A defined in (3.6).

A A finite element space for A defined in (4.3).

Ar The degrees of freedom on the subdomain interface of A.

Ar The partially assembled interface space defined in (3.11).

A, A block matrix defined in (2.13).

A Asd Advection—diffusion matrices for y and p.

L,L, Matrices defined in (2.14) and (2.15).

Ua(A),Ec(A) Extensions of A for the optimal control problem in Definition 2.2.
Upaa(A),Epaa(A) Extensions of A for the advection—diffusion problem in Definition 2.3.
Aa,r = Ha(Ar) Extension of Ar for the optimal control problem defined in (4.1).
Apad r = Hpaa(Ar) Extension of Ar for the advection—diffusion problem defined in (4.2).
Rr The injection operator from the space Ar into Ar.

ﬁnp Rp = DRr, where D is a diagonal scaling matrix.

Sr The global Schur complement on the interface defined in (3.10).

Sr The partially assembled interface Schur complement defined in (3.13).
Ep The average operator on the subdomain interface and Ep = ﬁrﬁg,p.
T The BDDC preconditioned operator and T = ﬁapgflﬁp,pgp.

~_1= ~
wWr Wr = SF RDVFSFAF.



mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Introduction
	Problem setting and HDG discretizations
	HDG formulation and the matrix form

	The BDDC algorithm
	Domain decomposition and a reduced subdomain interface problem
	The BDDC preconditioner

	Extensions and norms
	Subdomain extensions
	A partial assembled finite element space and norms
	Norms
	Some norm estimates

	The Convergence rate of the BDDC preconditioned system
	Average operator estimates
	Upper bound estimate for Cu and lower bound estimate for cl

	Proofs of lemmas
	Proof of Lemma 5.8
	Proof of Lemma 5.9
	Proof of Lemma 5.10
	Proof of Lemma 5.13
	A dual argument
	Estimates of "026B30D HAad(w-)"026B30D h and "026B30D HAad( T - )"026B30D h
	Proof of Lemma 5.14
	Proof of Lemma 5.15

	Numerical experiments
	Concluding remarks
	Funding
	References
	

