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HYBRID HIGH-ORDER METHOD FOR THE EXTENDED
FISHER-KOLMOGOROV AND THE FISHER-KOLMOGOROV EQUATIONS

RAMAN KUMARY2 AND NEELA NATARAJV*

Abstract. This article analyzes hybrid high-order method for space discretization and backward Euler
and Crank-Nicolson schemes for time discretization of the nonlinear extended Fisher-Kolmogorov and
the Fisher-Kolmogorov equations. The critical parameter v > 0 is incorporated in the stabilization term
of the HHO method. Error estimate of order @(h*+! + At) (resp. @(h**! + (At)?) in the energy-norm
for the backward Euler (resp. Crank-Nicolson) scheme is obtained when polynomials of order k+2 (resp.
k) with k > 0 are utilized to approximate the exact solution in the interior of the polygon and its traces
on the boundary of the polygon (resp. normal derivative on the mesh faces). The HHO discretization
for the Fisher-Kolmogorov equation, that is, when the parameter v = 0, leads to a convergence rate of
O(h**2) in the space variable. The results of the numerical experiments validate the theoretical results.
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1. INTRODUCTION

This article analyzes hybrid high-order (HHO) method for the numerical approximation of the extended
Fisher-Kolmogorov (EFK) and the Fisher-Kolmogorov (FK) equations. The EFK model seeks u(z,t) such that

ug +yA% — Au+ f(u) =0 for all (x,t) € Q x (0,77,
U ="7y0qu=0 for all (z,t) € 99 x (0, T, (1.1)
u(x,0) = ug(x) for all z € Q.

Here ) is an open, bounded, polygonal, Lipschitz domain in R?, with boundary 052, the critical parameter
lies in [0, 1], f(u) = u® —u, 0 < T' < oo, T is the final time, n denotes the unit outward normal to 99, and wug(z)
represents the initial state of the system. The choice v = 0 in (1.1) leads to the FK equation [2]. The second
boundary condition is scaled by 7 so that when v = 0, (1.1) leads to the FK equation with Dirichlet boundary
condition.

The model problem (1.1) for 0 < v < 1, introduced as an extension of the FK equation for analyzing front
propagation between equilibrium states in bistable systems was proposed in [11, 16]. Some bistable systems
exhibit deviations from the smooth transition between equilibria, such as uneven or periodic wave-like transitions
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referred to as kinks. For v < 1/8, it has been noted that the solutions of the EFK equation closely resemble
those of the FK equation, see for example, [2,10,33,34]. But if v > 1/8, discernible differences emerge in the
solutions of these equations. The EFK equation has applications in phase transitions of binary systems [29],
domain wall propagation in liquid crystals [28], and traveling waves in reaction-diffusion systems [2].

Conforming and non-standard finite element methods (FEMs) have been studied in the literature for the EFK
equation. We refer to [12] for conforming FEM, [26] for the C° interior penalty method, [13] for the Morley
finite element method, and [32] for the virtual element method. More recently, [14] discusses a mixed finite
element method and [15] presents a unified approach for nonstandard FEMs using lowest-order piecewise Py
polynomials for discretization in space variable and backward FEuler scheme for time discretization. To the best
of our knowledge, the analysis in existing literature holds when the parameter v > % and does not include the
case v =0 in (1.1) that leads to the second-order FK equation.

The benefits of HHO methods are well-known: they are dimension-independent in their construction, support
general meshes, include general polytopal mesh cells and non-matching interfaces, and are computationally
efficient. The HHO methods were introduced in the last decade and have found applications in linear elasticity
[18], diffusion [20], biharmonic problems [23,24], Stokes problem [21], Navier—Stokes equations [3,19], singularly
perturbed problems [22], and magnetostatics [8]. Furthermore, the method is explored for quasilinear and
nonlinear PDEs in [27,31], poroelasticity [4], hyperelastic materials [1], and Leray-Lions problems [17]. For time-
dependent problems, HHO methods have been developed for Sobolev equations [38], Cahn—Hillard equations
[7], and wave equation [5,6].

The HHO methods utilize discrete unknowns in the cells and the faces. The cell unknowns are locally elim-
inated using the static condensation techniques. The two fundamental ingredients for the HHO methods are a
reconstruction operator that locally reconstructs a displacement field or its gradient from the local cell and face
unknowns and a stabilization operator that weakly enforces consistency between the local face unknowns and
the trace of the cell unknowns on each mesh face.

In [23], two HHO schemes are designed for the biharmonic clamped plate problems and optimal order error
estimates in the energy norm are derived. The HHO-A scheme employs unequal-order HHO elements to approx-
imate unknowns. The cell unknowns are approximated in &4 2(K), the traces of unknown on the faces in
Pr+1(F), and normal derivative of the unknowns on the faces in & (F), where k > 0, K is the polytopal
element, F' denotes the faces of K, and &,.(K) and &,.(F) denote polynomials of degree less than or equal
to r defined on K and F, respectively. The HHO-B scheme approximates the cell unknowns in & 2(K), face
unknowns in & ;2(F), and the normal derivatives of the unknowns on the faces in &, (F'). This article adopts
the HHO-B scheme [22] to handle semilinear problems with lower-order terms. The boundary conditions are
weakly imposed by means of a Nitsche-boundary penalty technique [22].

The novel contributions of this article can be outlined as follows:

— The time-dependent semilinear EFK and FK equations are analyzed using the HHO scheme for space
discretization and two-time discretization schemes. To the best of our knowledge, this is the first work
that provides a unified framework for EFK and FK equations that hold for the entire range of the critical
parameter, that is, 0 < vy < 1.

— The existence and uniqueness of the solution to the nonlinear discrete system obtained using HHO space
discretization and backward Euler (resp. Crank-Nicolson) time discretization scheme is established using the
Brouwer’s fixed point theorem.

— The HHO space discretization and backward Euler time discretization provide error estimates of order
O(R*1 + At)(resp. O(h**2 4+ At)) in the energy-norm for the EFK (resp. FK) equation.

— The HHO space discretization and Crank-Nicolson time discretization provide error estimates of order
O(R*1 + (At)?)(vesp. O(hFT2 + (At)?)) in the energy-norm for the EFK (resp. FK) equation.

— The numerical experiments validate the theoretical findings and are presented for different choices of 0 <
v < 1. Optimal order convergence rates in L?(energy) and L° (energy)-norms are obtained for the HHO in
space and backward Euler (Crank-Nicolson) in time for EFK and FK equations.
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— Though the theoretical results in this paper are designed for smooth data, the numerical experiments illus-
trate the adaptability of the schemes to handle non-smooth initial data.

Standard notation for Lebesgue and Sobolev spaces apply throughout the paper. For i := (i1, i2) with 4,42 > 0
9ty

‘ dxilozi?’

space H"(K) := {v € L*(K): D% € L*(K) for 0 < |i| < r}. For v € H"(K), the associated norm and semi-

2

For any K C R? and any integer r > 0, define the Sobolev

and |i| := iy +i2, v := v(x1, T2), let Div :=

1

and |v|gr (k) = (ZMZT ||Div||%2(K))§, respectively. In
particular, D'v = Dv and D?v denote the gradient and Hessian, respectively. The L? inner product and norm
defined on €2 are denoted by (-,-) and || - ||, respectively. For any partition .7}, of Q, H"(%},) = lgeg, H(K)
and Z,.(K), is the space of polynomials of degree at most r in each K. For r = 0 and any cell X := K € 9, or
any face X := F of K, denote the inner product (resp. norm) by (-,-)x (resp. || - ||x)- Let Y denote a normed
space with norm || e ||y and seminorm | e |y, respectively, and g : (0,7) — Y be a measurable function. For
1<r <oo,

norm are denoted by ||v|| g (k) = (Zlilir ||Div||%2(K))

T
1911z 0,7:v) ==/ gl dt, 1 <r<oo and |[gL(ory) = ess sup [g(t)]y-
0 0<t<T

Let L"(0,7;Y) :={g: (0,T) = Y : ||g||TLT(0 rv) < oo}. This paper frequently employs the Young’s inequality
given by

0,2 2

ab§—+5— for a,b>0 and ¢ > 0. (1.2)
2e 2
The notation At denotes the time step, whereas Av (resp. A%v) denotes the Laplacian (resp. bi Laplacian) of v.
This slight abuse of notation should be clear from the context. The rest of the paper is organized as follows:
Section 2 discusses the preliminaries related to the hybrid-high order method. The main results of the article are
stated in Section 3. Some approximation properties that are crucial for the analysis are presented in Section 4.
Section 5 discusses the proof of the discrete energy estimate. The error analysis for the backward Euler and
Crank Nicolson schemes are discussed in Sections 6 and 7, respectively. The numerical results that validate the
theoretical estimates are presented in Section 8.

2. HHO PRELIMINARIES

This section discusses weak formulation and the discrete setting. The three important components in the HHO
setting, namely, the local and global reduction operators, the local reconstruction operator, and the stabilizer are
introduced.

Following [22], consider the Hilbert space V := vyHZ() + H} (1), which is a shortcut notation for HZ (1) if
v >0 and Hg(Q) if v = 0. Recall that f(u) = u® — u. The weak formulation that corresponds to (1.1) seeks
u(e,t) € V such that

(ug,v) —I—'y/ D?*u: D*v dx+/ Du-Dvdx+ (f(u),v) =0 forall v € V, u(x,0) = ug(x). (2.1)
Q )

For v > 0, the existence, uniqueness, and regularity results for (2.1) are established under the assumption that
up € HZ(9). We refer to Theorem 2.1 in [12], Theorem 2.1 in [13], Lemma 2.3 and proof of Theorem 5.3 in [15]
for details of proofs. The existence, uniqueness, and regularity results for v = 0 can be derived following similar
arguments as in Theorems 2.1-2.2 in [12] under the regularity assumption that ug € Hg ().

We consolidate the regularity results in the lemma below.

Lemma 2.1. (a) (v > 0) ([13], Thm. 2.1). Suppose ug € HZ(Q). Then for any finite time T > 0, there exists
a unique weak solution u such that v*/?u € L>(0,T; H3()), u € L=(0,T; H*(Q)) N L>(0,T; LI(Q)) (1 <
q < 00), and uy € L*(0,T; L?(52)).
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(b) (v =0) [35]. Suppose ug € HE(Q). Then for any finite time T > 0, there exists a unique weak solution u
that satisfies u € L°°(0,T; H}(Q)) and u, € L?(0,T; L*(Q)). Moreover, if ug € Hi () N H(Q), then there
exists unique u such that u € L°(0,T; H}(Q)) N L2(0,T; H?(2)) and u; € L2(0,T; L*(Q)).

Moreover, Lemma 2.1 and the Sobolev embedding in 2D yield v € L>(0,T; L1(2)), where 1< ¢ < oo for
v>0and y=0.

2.1. Meshes

Following the notations from [18, 23], for every h > 0, let {7}, }, be a mesh family such that each mesh .7},
consists of a finite number of non-empty disjoint open polygonal cells K with planar faces that covers () exactly.
We partition the boundary Zx of any mesh cell K € .7}, into interior and boundary faces: Zk = Zx N Q and
FP = Fg N ON. We partition the mesh as 75, := 7,1 U ZP. The presence of hanging nodes is possible in such
meshes, and the mesh-size is defined by h := maxge 7, K, where h represents the diameter of cell K. A closed
subset F' of Q) is denoted as a mesh face if it is a subset of an affine hyperplane Hp with positive 1-dimensional
Hausdorff measure and if either of the following two conditions holds: (I) There exist K;(F) and Ko(F) in .,
such that F C 0K1(F)NOK,(F) N Hp. In this case, F is termed an internal face. (II) There exists K (F) € .7,
such that F' C K (F)NOQN H. Here, F is referred to as a boundary face. The mesh faces are collected in the
set Fp, which is split as .7, = Z} U.ZP, where Z] is the collection of the interior faces (shared by two distinct
mesh cells) and y,‘f the collection of boundary faces. The mesh sequence .7}, is assumed to be shape-regular in
the conventional sense [18,23]; for any K € .7, and F € Zk, the diameter hp is comparable to hg, indicating
that 2p?hx < hr < hg, where p is the mesh regularity parameter. In addition, there exists an integer M
depending on p and dimension of the domain such that maxgeg, card(Fg) < My. For all K € .7, introduce
a parameter ox [22] defined below that depends on the mesh to measure the local dominant operator in the
EFK:

ok = max{1,yh’}. (2.2)

2.2. Discrete spaces

For all K € 9}, and k > 0, the local HHO space is defined as
Vi i= Prya(K) X Pryo(Fic) x Po(FL)

with 2, (L) == x reri, Pr(F), where #.(X) (X = K, F) denotes the polynomial space of degree r > 0 defined
on X. Note that there are no discrete unknowns introduced on boundary faces of the domain. A generic element
in Vi is denoted by (vk, vz , (71 ), where vk € Ppia(K), vz € Do FL), Cri € P (Z1,), represent the
solution inside the mesh cell, its trace on the interior part of the cell boundary, and its normal derivative of the
interior part of the cell boundary along the direction of the outward unit normal ng, respectively.

Define the global HHO space with single-valued interface unknowns as

Vi = yk_,_g(%) X tgzjﬁ_g(y}ib) X @k(g\é)
A generic element of Vj, is denoted as 0, := (vn,vz1,Cz1) With v = (VK)ken: vz = (VF)pez), Cri =
() FeFi> where (r is meant to approximate the normal derivative in the direction of the unit normal vector
nr orienting F'. The restriction of vy, € Vh to K € 7}, is denoted by (UK,UL;/,;}(7 37K) € ‘A/K. Here, Vg |F = VR €

Pr1o(F) and (54}{|F = (ng -np)(r € Pri2(F); vk, vr, and (F are polynomials in the interior of element K,
normal derivative at the faces F' of K, respectively.

2.3. Local and global reduction operators

For any integer s > 0 and given X = K € 9}, or F € %, the L*-projection I : L?(X) — Z4(X) is defined
as follows: For any v € L?(X),

(IT% (v),w)x = (v,w)x for all w € P4(X). (2.3)
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FIGURE 1. (a) Ox € Vi for K € Z;,. (b) (resp. (c)). Commuting diagrams for 1z Ik = &nt
(resp. &y o Ik = &)
For given K € .7, and for all v € H?(K), the local reduction operator ﬁ;( :H?(K) — Vi is defined by
L (v) = (I (0), 152 (0), 11, (g - Do)
For all v € H%(R), the global reduction operator ﬁf : H2(Q) — V}, is defined by
T () o= (02(0), T2 (1) I (00,
where Hi”(v)\K = Hl;;r?(v), H;H(vﬂp = Hl;H(v), and Hf;zi (On)|F = 1% (nF - D),
h h

2.4. Local reconstruction operators

The local reconstruction operators %}g : 17K — P12(K) (j = 1,2) for the gradient and Hessian, respectively,

are such that %’}g (Uk) € Pri2(K) and are defined as follows: For given vk = (vk,vzi ,(zi ) € Vi and for
any K € 9,

(DAY (3k), Dw)k = (Dvg, Dw)k + Y (vF — vk, Ouw)F

FeZi
— Z (vK,Opw)p for all w € P io(K), (2.4)
FeZh
(%5 (0x): Vi = (vxe, D,
and
(D*%; (Uk ), D*w) g = (D*vi, D*w)k + Y (vx —vp, 0nAw)p — Y (Onvk — (p, Onnt) F

Fe7Fi Fe7Fi.

- Z (O¢(vK — vF), Onpw)F + Z (v, OnAw)p — Z (Dvg, D*wng)p for all w € Py 2(K), (2.5)

FeZi. FeZY FeZ}

(#3 (01), )¢ = (v, )xc for all ¢ € P1(K).

In comparison with [22], we have two reconstruction operators: e%’i[’(l (o) for gradient operator and %’i]’f (o) for the

Hessian operator. This approach avoids the parameter 7 in the reconstruction operators. The index i in %’if’(l (o)

indicates that the local reconstruction operator does not involve boundary terms. .
Note that ZFG,?}} (Dvg, D*wng)r = ZFeﬂ(;}.@(((aan,annw)p + (OgvK, Ontw) ). The operators &7 for

j = 1,2 are defined as é‘}lg = %’}g o ﬁg : H*(K) — P12(K) operators (see Figs. 1b and 1c), respectively.
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These operators do not involve boundary terms when K € be and certain boundary contributions are excluded

from the definition of the reconstruction operators. To address this, define the lifting operators g}ﬂ( : H*(K) —
Prio(K) (j=1,2) for all K € ., such that, for all v € H*(K) and all ([22], Sect. 4.2)

w € Ppyo(K)* i={w € Pyio(K): (w,¢) =0 for all w € Py, 1(K)},

(DLjv, Dw) g = Z (v, Opw) (2.6)
FeZ}
(DLEv, Dw)k == > ((v,00A0)p — (On0, Oant) F — (O¢v, Ontw) F), (2.7)
FeFh

together with the condition (£} (v),1)x = 0. Note that .#J (v) = 0 for all K € .7}\. Now, we define the operator
&) HA(K) — Py4o(K) such that & := &7 +.L4 (v) for j = 1,2. It should be noted that &7 no longer display
H?-elliptic properties. However, they still maintain the approximation characteristics of H?-elliptic projections
(for further details, see [22,23]).

2.5. Stabilizer

For all Uk = (vk, vz, (71 ), Wk = (WK, Wz, Xz ) With Uk, Wk € Vi, the local stabilization bilinear form
S Vie x Vg — R is defined as .7k (o, 0) := 7L (o, 0) + .7 (e, ) such that

y}((ij\K,ﬁ}\K) = Z Uth(l(vF—vK,wF—wK)F
FeZi,
+ Y oxhi(T5(Cr — Oavk), T (X7 — Onwi)) p- (2.8)
FeFi
y}%(@Ka{U\K) = Z O‘Khi}l(UK7’LUK)F+ Z ’yh;{l(DUK,DU)K)F. (29)
FeFh FeFh

Note that the local stabilization form is composed of a contribution on .Z}- and .Zp.

2.6. Bilinear form

For all vy, w;, € ‘7h, the bilinear form ay, : ‘711 X ‘A/h — R is defined by ay,(vp, Wp) := ZK@% ax (U, Wk ),
where

ax (Ux, W) = Y(D* % (Oxc ), DR (0k) ) i + (DR (U ), DAy (@) i + (0o, Tk
The bilinear form ay, (e, 8) is coercive and continuous on Vj, (see Lem. 3.1).

2.7. Norms

For U = (vk,vzi_,Czi ) € Vi, define a seminorm on Vi by [Uk|p,. by

Ok l3 =D*vk |k + [|1Dvk i + > oxhgtllve —vklE+ Y oxhill(r — OavkE

FeZi, FeZi,
+ 3 oxhidlveld+ Y vt Dol (2.10)
FeZp FeZ}

With an abuse of notation, for all 7, € Vj, let the seminorm on Vj, be denoted by [0nllp, and be defined as

[Onllg, == (ZKG% |6K|%7K)1/2. Note that the seminorm is a norm for v, € Vj,.
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Next, for any K € .7, and a given function w € H?T"(K) with r > %, introduce the following seminorm:

w3 & = HND*wlF+[Dwli+ Y v(hklldadw|ithi|Ommwlf+hi|OuwlE)+ Y hrlldawlF. (2.11)
FeZk FeFk

Moreover, define the seminorm in H" (7)) as |[v|yr(7,) = D ke 7,

’U|HT(K) for r > 0.

2.8. Integration by parts formula

The integration by parts formulae ([23], Sect. 2.1) stated next are used extensively in the sequel. For any
K € 9, and for sufficiently smooth functions v and w, it holds

(a) (A%w,v)k = (D*w,D*v)k + Y ((v,008w)F — (a0, Onnw)r — (90, Ontw) F) (2.12)
Fe7Fi
+ Y (0,0nAw)p — Y (Dv,D’ung)r. (2.13)
FeZFP FeF}Y
(b) (Aw,v)x = —(Dw, Dv) g + Z (v, Opw)F + Z (v, Opw) F. (2.14)
KeZ} KeZFpP

3. MAIN RESULTS

This section first defines a projection operator and states its properties that will be useful for error analysis.
The proofs are provided in Section 5. Two time discretization schemes are discussed for (1.1): the main results
for the backward Euler scheme are stated in Lemma 3.3 and Theorem 3.4 and that for the Crank-Nicolson
scheme in Lemma 3.5 and Theorem 3.6. The proofs are provided in Section 6 and Section 7, respectively.

3.1. Projection operator
Let % = {w € H*(Q) : B(w) := yA?w — Aw € L*(Q)}. Motivated by Ern and Steins [25], for a fixed time
t € (0,7, define the projection operator Ej, : # — V}, as
an(Ep(w), ) = Z,(0y) for all B, € Vi, (3.1)

where the definition of the %, (v),) (see (5.1)) is motivated by the consistency error analysis (see the proof of
Thm. 3.2). The well-posedness of the operator E}, follows from the next lemma.
Lemma 3.1 (Boundedness and coercivity). For all vg € ‘7}{ and K € 9, it holds that |§K\% Sax(Uk, k) S
K
|5K|%7 . A summation over all K € 9, leads to C’a||ﬁh||%/ < ap(Vp,vp) < CA||ﬁhH%7 for all v, € V3. The
K h h
constants in S depend on the constants from Theorem 4.1(a), (b), and (d). Moreover, the norms ||Up||a,n :=

(ah(ﬁh,ﬁh))l/z and |[Vplg, are equivalent in V.
The proof of the lemma follows from arguments in from Lemma 4.1 of [22].

Theorem 3.2 (Discrete energy estimate). For any w € H?+" () with r > 3, it holds

Tk m k
1T (w) = Ep(@)lapn S D llw =T ()45,
KeJy

where ﬁ,j(w) = (Hi“(w),ﬂ(l;f(w),ﬂgi (Baw)) is the global reduction operator from Section 2.3 and E), is the
projection operator from (3.1).

The proof of Theorem 3.2 is discussed in Section 5.
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3.2. Backward Euler scheme

Divide the interval [0, T] into m sub-intervals of equal length At = % with equidistant grid-points t" = nAt
n—1
Up

for 0 < n < m. Adopt the notation u” for u(x,t") and let dup = U;LL_M . For 1 < n < m, the fully-discrete
backward Euler HHO scheme that corresponds to (1.1) seeks uj = (up,u',;,07%,) € Vj, such that
“ h “h

(Dup,vn) + an (@, Bn) + (F(u),on) = 0 for all By = (vn, v5;,Cz1) € Vi and @), = If (ug). (3.2)

Define F(v) := (1 —v?)? and note that F’(v) = f(v). The discrete Lyapunov functional [13] reads

1
L(ay) = gah(ﬂz,ﬂ;l‘) + (F(up),1) for 0 <n <m. (3.3)

Lemma 3.3. (a) (Stability). Let 4} (1 < n < m) denote the solution of the discrete formulation (3.2), ug €
HZ(2), and let 0 < At < % Then there exists a (generic) positive constant C that depends on vy and ug with
dependency shown below such that

() L(@y) < L@) for all n > 1 and (i) 7 ]lan < Clluolmi (7,72 ol 121).

(iii) Moreover, |lup|lLao) < C(|u0|H1(gh),7%|u0|Hz(yh), 1), where 1 < g<oo.
(b) (Existence and uniqueness). Given a3, Uy, - ,ﬂz_l, there exists a unique solution Wy to the fully-discrete
hybrid high-order scheme (3.2).

The notation C(|u0|H1(yh),7% |uo|g2(7,),|€2|) above means that constant C depends on |ug|g1(7,),
’Y%|UQ|H2(y’L), and the area of Q, |Q2|. This terminology of indicating the dependency of the constant on the
data is followed throughout the paper.

Theorem 3.4 (Discrete energy estimates). Let u (resp. Uy (1 <n < m)) solve (1.1) (resp. (3.2)) for0 <~y <1
and let u satisfy the global regularity w € L°°(0,T; H>*"(Q)) with r > 3/2. Under the additional regularity
assumptions

—u,up € L=(0,T; H*3(%,)), wy € L2(0,T; H*3(%,)) for k > 1,

— w,uy € L0, T; H3*P(F)), uw € L?(0,T; H3T8(F,)) with 3 := min(r — 1,1) € (1/2,1] for k = 0, it holds

n=1

m 1/2
(a) max [[u" —ug] + AtZ( Y (ID*W" = Zg (@i g + 1D (u” —%k(ﬂ%))ﬂi))

1<n<m
KeTy,

1
k+2 3 >
_ {ﬁ(AHZKGmh oi) for k > 1, for 0 < At < 1/2,

O(At+ Sy, B2(1+hP)0Z) for k=0,

1<n<m
Key,

(b) max ( > (VDA - R @) Ik + ||D(u"«%’}<(a%))||1<>>

1
k+2 .2 >
= (At + Yxen %) 1 for k 2 1, for sufficiently small At.
O(At+Y ez W21+ hP)oZ) for k=0,
3.3. Crank-Nicolson scheme
1 n n— n—= an an—l

For 1 < n < m, define u" 2 := “H¢ " and a, : ’ﬁfh Recall that F(v) := (1 — v?)%. For
~ ~ F(z)=F(w)
f(z,w) = 1 (23 +22w+zw?+w?)—  (2+w), elementary manipulations show f(z, w) = {F/<ZZS;LU ’ Ei z i z’

That is, f(z,w) — f(w) as z — w.
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~

For 1 < n < m, the Crank-Nicolson HHO scheme that corresponds to (1.1) seeks uj = (u}l’,u}i ,J}i) cV,
“ h h
such that

(@, o) + an (@2 5n) + (F = ul), o) = 0 for all 3, € Vy and @9 = I¥ (uq). (3.4)

Lemma 3.5. (a) (Stability). Let u}y (1 <n < m) denote solution of the discrete formulation (3.4). Then there
exists a positive constant C' that depends on v and ug such that

(i) L(ay) < L(uy) for all n > 1 and (ii) ||} ||a,n < O(|U0|H1(ﬂh),7%|U0|H2(9h)’ 12]).

(iii) Moreover, |lu|lLa(n) < C(|UO|H1(yh),7%|U0|H2(yh), |2]) where 1 < g<oo.

(b) (Existence and uniqueness). Given 49,4y, - - - ,ﬂz_l, there exists a unique solution uy to the fully-discrete

Crank-Nicolson hybrid high-order scheme (3.4).

Theorem 3.6. Let u (resp. U} (1 < n < m)) solve (1.1) (resp. (3.4)) for 0 < v < 1 and let u satisfy the
regularity assumption u € L>=(0,T; H*"(Q)), r > 3/2. Under the additional regularity assumptions

— U, U, Ut € LOO(O,T,HIC+3(<%L)), Ut € .[/2(0,1—‘7 Hk+3(%)) for k 2 ].,

— w,ug, ug € L0, T; H3P(F)), weee € L2(0,T; H34P(F,)) with B := min(r — 1,1) € (1,1] for k=0,

1
2

1<n<m
KeTy,

mex < > (D~ F @)l + 1D %(a@nm))
2 k422
= ﬁ((At) T 2rez,h UK) 1 fork 2 1, for sufficiently small At.
O((At)? + Y e, W21+ hP)oZ) for k=0,

Remark 3.7 (Regularity in Thms. 3.4 and 3.6). The global regularity u € H**"(Q) with r > 3/2 ensures
that for all K € Z,, OnAu, Opnt, Ontu, and dyu are single-valued and are L?(9K) functions across the mesh-
interfaces. This is intrinsic in the proof of bound for consistency error in Lemma 5.1. The consistency error
bound is further employed in the proofs of Theorems 3.2, 3.4, and 3.6. The additional regularity estimates in
Theorems 3.4 and 3.6 are used to derive the explicit error bounds.

Remark 3.8 (Alternate assumption). In Theorems 3.4-3.6 the regularity of the global solution of the problem
(1.1) is assumed to be u € H**"(Q2), r > 3/2 to derive the optimal bounds for the HHO scheme in the space
direction. However similar estimates can be achieved for the HHO scheme with u € H2(2) N H*(7,).

4. APPROXIMATION PROPERTIES

In this section, we discuss some useful estimates: discrete inverse, trace and Sobolev inequalities, Poincare
inequality, and approximation properties that are critical for the proofs of the main results.

Theorem 4.1. Let 9, be a shape-reqular mesh sequence, let k > 0 and recall that Q C R?. For each K € 7,
and F € Fg, the following estimates hold.

(a) (Discrete trace, discrete inverse, discrete inverse inequalities on faces). For all wy, € P (K),

1
lwnllr < hi? lwnlle, 1Dl S B llwnllx, and [dcwnllr < hi' lwnllp for all wy, € Py(K).
(b) (Poincaré inequality on cell). Let H*(K)* := {w € H*(K) : (w,{), = 0 forall{ € 2(K)}. For all
v H(K)*, ol + il Dol S D] 1 1
(c) (Trace inequality). For allv € H*(K), s € (5,1], |vllr S (hg? vl + A 2[v]ms(x)-
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(d) (An approximation property). For all v € H"(K), r € [0,s + 1], m € {0,...,|r]}, and s > 0, |v —
H;{( )|Hm(K) Nhr m|'U|H7'(K fOI' allvEHT(K) R
(e) (Discrete Sobolev embedding). For 1 < q < 0o, it holds ||vn||La(q) S [|Unll1,2,n for all U € Vi, where v, =

o N 1
() ke, IOnllien = (Xkes, 10k132.4)* with [0kl 2.6 = (|1Dvkllk + Y pes, hi lve —vkl})?
A boundedness result). For all vy, = (vp,v4i,(zi1) € V3, it holds that

711G

(f)
||UhHLq(Q) < Ob”i]\hH\?ha where 1 < ¢ < o0.

The constants in < in the above inequalities depend on the shape-regularity of the mesh, the polynomial
degree k, and s in (c) and (d).

We refer to Lemma 2.2 and (2.8) (resp. Lem. 2.4) [23] for the proof of (a) (resp. (b)) and Lemma 2.2 of [9]
for the proof of (c). For the proof of (d), see Lemma 2.5 of [9]. The proof of (e) follows from Proposition 5.4 of
[17]. The proof of (f) follows form (e) and Lemma 3.1.

An application of Theorem 4.1(a) leads to the following inequalities that are frequently used in the article.
For all vk € ‘A/K,

[0nBvrcll < B [DPosclxe, [Omnvrcll S B | Do,

10u(vic = vr)llp S by lvie = vlle, and [Onvic | r S b/ ? Do xc. (4.1)
Lemma 4.2 (Temporal approximation properties [38]). For all vy € L2(t"~1,¢"; H*(,)), it holds
a 1 n an 1
[vf = O™ || S (A)Z ||veel| 2(n—1 4 12())s 1D (v — 00| S (AL)2 Jveell L2 en—1 ;11 (7))
= 1
and [|A(vy — O™ S (A2 [[vre || 2 an 1 mi2( 7)) -
Lemma 4.3 (Bounds for projectors and stabilizer). Any v € H**"(K) with r > 3, where K € 9, satisfies
(a) V21D (v = ER ()l < llv = T ()| .5, (b) 72 [ D2 (I (0) = € (0) |k S llv = T ()]l .
() I1D(v = Ex ()l S o =T ()|
and (d) S (T (), Tie(0))* + SR (0 = T2 (), 0 = T2 (0) 7 5 flo = T (0) 10
The proof of (a)—-(d) follow from Lemma 4.3 of [22] with minor modifications and hence is skipped.

Lemma 4.4 (Error bound for L? projection). For K € 9}, the error bound for the L? projection reads

1
5k
o = T2 () < af{hK"'2|v|Hk+3(K), for k> 1 and v € H*3(K),
K ,

~

o}%(hx(hK|v|H3(K) + Ryt Blo| grass (i), for k=0 and v e H*P(K) with 8 € (3,1].
The proof utilizes Theorem 4.1 and (2.11) and is skipped.
Lemma 4.5 (Boundedness of local projection). For any v € H?(K), ]qf((v) € Vi satisfies |]q;<(v)|‘7K <

[v] i (k) +’7%|’U|H2(K). A summation over oll K € F, leads to ||j7,f(v)||‘7h NGIES +'y%\v|H2(.%).

5. PROOF OF THEOREM 3.2

In this section, the proof of Theorem 3.2 is presented. The proof depends heavily on a bound for the consistency
error presented in Lemma 5.1.
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Recall that B(w) := yA%2w — Aw € L?*(Q) for all w € H?(2) from Section 3.1. The definition of lifting
operators (2.6) and (2.7) and definition of the boundary stabilization (2.9) yield

Zh(0n) == (B(w),vn) = Y (VDL (w), >R (k) + (DL (w), DA (0x)) i + SR (w, ). (5.1)
KeTy

For ﬂf(w) € YA/h, on(w) € (\A/h)’, and the duality pairing between (‘A/h)' and Vj, denoted by (-,-), define the
consistency error equation by

(On (), Dn) = (B(w),vn) = Y (W(D*EF(w), DR (@) + (DE (w), DA (0 ) k¢ + ¢ (T (w), O
KeJy,

— SR (w) — w, B )for all By = (vn,v51,C51) € Vi (5.2)
Lemma 5.1 (Bound for consistency error). For any w € H?T"(Q) with r > 3/2, it holds
(8 (w), )| ’
[[0n (w) ]|« == SUp —— =7 S Z [|w — Hl;(+2(w)||3¢e,K .
onetn  Onllp, Ke,

Proof. Recall the definition of consistency error from (5.2). The first three terms on the right-hand side of
consistency error are simplified next. An integration by parts from (2.13) and (2.14) and the symmetry of
(o, ) lead to

(B(w), vk )k = ’y(DQw, D2vK)K + (Dw, Dvg) g + Z Y(OnAw, vi)p — Z ¥(OnnW, Onvk ) F

FeZFj FeZF},
= > V(Onew, dvK)r — Y (Gaw,vx)r+ Y V(OaAw,vk)p — > Y(Onnw, dnvk)F
FeZ i FeZF}, FeZp, FeZp
- Z V(Ontw, OgvK ) — Z (Onw, vK)F- (5.3)

FeZ} FeZ}
The symmetry of %}’{2, (2.5), and elementary algebra reveal

(D*E%(w), D* %32 (k) k = (D*vi, D*w) i — (D*vg, D*(w — EF(w)))k
+ Y ((vk = vp, 0nAER (W) — (Fnvi — Cr, OanE (W) F — (De(vic — Vi), OneER (W) F)

FeFi

+ ) ((vk, 0nAER () p — (Dvg, D*E (w)ng ) p). (5.4)
FeZh

The symmetry of %i[’(l, (2.4), and elementary algebra show

(D& (w), DA (U )) i = (Dvi, Dw) i — (Dvge, D(w — & (w)))
— Z (’UK —Up,anc%l{(w))F — Z (vK,ﬁnéa}{(w))p. (55)

FeFi, FeFg

A substitution of (5.3)—(5.5) in (5.2), Cauchy—Schwarz inequality, and a reorganisation of the terms show

@ o< Y <7|D%K|K|D2<w—&%<w>>|K+||DvKK||D<w—<f;<<w>>||K
KeTy,
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+ > llox —vrllp|OaA(w = EG(w))llr + D Oavk — CrlF|Onn(w — &5 (w))|lr

FeFl Fe7Fi.

+ 3 A0 (wr — vp)|Fllone(w — EEW)lF + Y vk — vpllFllon(w — (W) F
FeZl Fe7Fi,

+ 37 (loxllelldn(w — Ex()lF + vkl F A (w — EE ()| F + | Dvk || | D (w — 2 (w))| )
FeZ}

+ ST (w), T (w))2 Sk (Tr, ) * + SR T2 (w) — w, T (w) — w)éx‘z@mﬁﬂ%) ' (5.6)

Next the terms on the right-hand side of (5.6) are controlled. The definition of [Uk|p,  from (2.10) and
Lemma 4.3(a), (c) controls the first two terms of (5.6) inside the summation as

VI D?oxcllxc | D*(w — &5 (w)) | + [ Dvrc || | D(w — & ()| S [ o = T2 () xc

Recall (2.2) and (2.10) to bound the third term on the right-hand side of (5.6) as

1. -3 1.3
Mok = vrllp[OaA(w — 8% (w))llr < (v2he? vk —vrllF) (V2 hE)|0aA(w — &% (w))] )
1.3
S Y2 hi ok lp, 10aA(w — 8 (w))]| .
An application of triangle inequality leads to
3 3
VR0 (w — 2 ()]l < 7R 00l (w — T2 (w)) [ + 73 hE |0 AT (w) — 62 (w))| -

The definition of || e |4 x from (2.11) controls the first term in the right-hand side of the above inequality by
|w — 52 (w)|| 4. . An application of (4.1) and Lemma 4.3(b) yields

VARG 10a AT (w) — 62 (w))]lr S 7¥ | DA (w) — 62 ()1 < llw — T (w)] 4.1
A combination of the above results prove
Mok = vellFl|oad(w = EEW)|F S [Oklp, v — T ()4,

with (2.10) in the last step. The fourth-fifth (resp. sixth) terms on the right-hand side of (5.6) are also estimated
analogously: first the powers of hx, v, 0k are adjusted such that the term that involves Uk is absorbed in |ﬁK|‘7K.
A triangle inequality is applied to the terms involving w and are further controlled utilizing the definition of
|| ® |l x from (2.11) and Theorem 4.1(a) (resp. for the sixth term). We provide the final estimates below.
MNonvk = Crll el Onn(w = EF (W) S [0x]p, 1w = T (w) | 4,16,
N (i = vr) | F|1Ons(w — EF (W)l F < [Oklp, [l = T2 (w) [l 4,1¢,
and [[Onvre — vrl|p[|0n(w — Ex (w))l|F < [k, [lw = T (w) |l 4,5
The seventh term on the right-hand side is also controlled by [vk|g, [lw — %72 (w) || 4. by using the simi-
lar arguments as above. The last two-terms on the right-hand side of (5.6) is controlled by Cauchy—Schwarz
inequality followed by Lemmas 4.3(d) and 3.1 as
i (e (w), T () * S (0, B) = + SR (w) = w, 2 (w) — w) 2 7R (0, T ) #
< (ST (w), T (w))* + SRR (w) —w, T (w) —w)*)ax (O, 0x)* S llw — T2 ()14, x 0k g,

A combination of all the estimates in (5.6) and the definition of || e ||. concludes the proof. O
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Proof of Theorem 3.2. To prove this, choose vy, = jﬁ(w) - Eh(w) in (5.2) and then apply Lemma 3.1 to deduce

175 (w) = Bu(w)[2 5 S an(Tf (w) = Bu(w), T (w) = En(w)) = = (3", I () — En(w))
< 6n(w) 11 T (w) —

~

(@) llg, S 16 ()N TE (w) = En(w)a,n-

Ej,
The inequality above and Lemma 5.1 establish that ||Ef( ) — Ep(w Man S ke, lw— 152 (w)|| 4.5 This
concludes the proof. O

6. BACKWARD EULER SCHEME

This section has three subsections: the proof of Lemma 3.3 is presented in Section 6.1, Theo-
rems 3.4(a) and 3.4(b) are proved in Sections 6.2 and 6.3, respectively.

Recall the fully-discrete backward Euler HHO_scheme from Section 3.2: For 1 < n < m and for all v, =
(vh,vz1,Cr1) € Vi, seek a7 = (ull, u™ Fio 7;) € V}, such that

(Dujt, vn) + an (@, 0p) + (f(uf),vn) =0 and @) = IF (ug). (6.1)

6.1. Proof of Lemma 3.3

Proof of the Lemma 3.3(a) (i). It is enough to establish that L(uj;) is a decreasing sequence for all 0 < n < m.
The choice 0] = 0w} in (6.1) leads to ||0u}||? + ap (]}, 0u}) + (f (u}), Ouy) = 0. Recall that F(v) := 1(1—v?)2
A Taylor series expansion shows

(Fup) = Flup™1),1) = (f(uh), uh —up ™) = (F”(Qh)( —up )% 1),

where 0} is a point on the line connecting uj and ﬂZ‘l. The above displayed identity and elementary algebra
lead to

) 15 n ~n At a~n a-sn 3 n At a.n

[Dup | + §Bah(uhvuh) jah(auha dup) + (OF (up),1) = —?(F”(Qn)(auh)Q, 1). (6.2)

The observation F”'(e) = f'(e) > —1 leads to —*(F”(Qn)(gu;) 1) < L(|0up||?. Since Stay(duy,duy) is non-

negative from Lemma 3.1, it follows that (1—4t)||0u ||>+2dap (@}, @) +(OF (u}),1) < 0. Hence for 0 < At < 1,
from (3.3), we obtain

n At 5
OL(u}) < 7—1 |Ou}]|? < 0.
(]

Proof of the Lemma 3.3(a) (ii). The definition of L(e) from (3.3) and (i) lead to Jap(uy,uy) + (F(u}),1) <
san(@y, ay) + (F(up),1). Since F(u) = (1 - (UZ)2)2 > 0 and (F(uf),1) = 1([[ufl2s(q) — 2lluf 1 + |9

an application of Theorem 4.1(f) establishes [[up||2 , < 4|2, + Q] Lemmas 3.1 and 4.5 with @) = TF(ug)
conclude the proof of (ii). O
Proof of the Lemma 3.3(a) (iii). Theorem 4.1(f) and (ii) establish |[u}|lze) < C(‘UO‘Hl(;?h),’}/%|U,0|H2(47h)’
1€2]). O

Proof of Lemma 3.3(b) The proof follows from Theorem 5.2 of [13] and is presented for continuity of read-
ing. The existence proof utilizes the lemma stated below which is a consequence of the Brouwer’s fixed point
theorem.
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Lemma 6.1 ([30], pp. 219 and [36]). Let H be a finite dimensional Hilbert space with inner-product (e, e)y
and the induced norm || e ||g. Further, let 4 : H — H be a continuous mapping defined and be such that
(A (v),v)g > 0 forallv € H with |[v]|lg = B8 > 0. Then there exists v* € H with ||v*||g < 8 such that
A (v*) = 0.

Settings. Choose H := Vj, equipped with norm |||Ug|||%7h = Atay (0, 07) + 1lop||? for all o := (vﬁ,v};,(};)

with v]' = (v}t )kes,. Then, define NV, =R by

N (@h) = (v}, wn) + Atan (T}, Dn) + At(f(0]), wy) — (071, wy) for all @, € Vi, (6.3)

for given 0! € V, (this is indeed the datum ;! will be clear towards the end of the proof of the existence).

The Riesz representation theorem yields A4 (77) € Vj, such that (A (UR), Wn)yp, == N(ﬂ?h) for all @y, € V.
Ezistence. Note that (f(v),v?) = ((vP)3 — op,op) = ||UZ||}LJ4(Q) — |lvn||? > —|lv7||?. This, the definition of

| o H‘A/h, Cauchy—-Schwarz inequality, the Young’s inequality from (1.2), and elementary manipulations show
(A @7),00)g, = (1= At)|lvpl* + Atan @y, ) — lop~ [0z
1 12 _ 2 _
> (2 - At) ol + Mon e, = llon =1 > MoRll, — llon =11

for 0 < At < 1/2. Hence for 0} € V, with lonlly, = 8= (lop= 112 + 1)1/2, (A (W), o), = 0.
Thus the hypothesis of Lemma 6.1 holds true and hence there exists (v})* such that A4 (v7)* = 0. In

particular, (07')* = U} satisfies Lemma 6.1 and 5} ~! = @} ~'. This concludes the proof of the existence.

Uniqueness. If possible, let p and g} denote two distinct discrete solutions of (6.1). Define :I\'Z = pi — g7 with
Ty = (T3, Y%, €%, ) € Vi This yields

(AT, vn) + an(X7,00) + (F(I) — f(ql),vn) =0 for all 5, € V, and T = 0y. (6.4)

Choose @, = T} in (6.4). The first-term is then controlled as (9T, T) > L] T7([2. The coercivity of aj, from

Lemma 3.1 shows that ah(’fﬁ, 'Y’Z) > 0. The mean value theorem reveals (f(pp) — f(q7), T3) = (f'(0n) Y}, T}),
where g, is the point on the line joining p} and ¢}!. Since f’(e) > —1, we obtain (f(p}) — f(qr), T}) > —|| L.

All this in (6.4) leads to £9||T7||> — [|T7]|* < 0. The definition of O and elementary algebra reveal (1 —
2A8)[ X712 < [T 1% An inductive process shows T} = Oy, i.e., pi = g} for all 0 < n < m with 0 < At < 3
This, the choice T, = Y} in (6.4), and Lemma 3.1 lead to || Y7, = 0. Hence, p = gp. This contradiction
establishes the uniqueness of the discrete solution.

6.2. Proof of Theorem 3.4 (a)

The proof of Theorem 3.4 is divided into eight steps below. The constants C;, Co, C3 in Steps 3-5 are
independent of v but may depend on the constants from the discrete trace, discrete inverse, discrete Poincaré
inequalities from Theorem 4.1 and ¢ in the Young’s inequality.

Step 1: Settings. Recall the projection operator Eh from Section 3.1. Define
x(0") == o™ — v} (6.5)
and let Eh(uo) = f,’f(uo). Introduce the split

e =11 + 07, where i = IF(u™) — Ep(u”), 6} = E,(u™) — G5 (6.6)
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Also &y = IF(u™) —ap = (eft, €l 1T ) with €[k = I8 (um) —an = e = (e e ¢y o3 ). Recall that
&L = A o Tk and €57 == %2 o T%. Introduce a local split for the reconstruction errors as
"= Ry (W) — L") = = S (u") + Ay (@)
and u" — 2 (W) — LR (u") = u" — E(u") + By (@) (6.7)
We set the notation as %ﬁ((ﬁK) = %}g (@) + L% (u™) j = 1,2. Note that .27 (u) is non-zero only on the

boundary cells where it is fully computable from the boundary cells.
Step 2: Error equation. The combination of HHO formulation (6.1) and (1.1) lead to

(Bull, ) + an (@, 0n) + (f(u}), vn) = (U +yA2u™ — Au™ + f(u™),vp) for all T, € V.

The definition of € from Step 1 with I} (u") := (TI¥+2(u™), %52 (un), 1%, (9qu™)) and elementary manip-
h “ h
ulations reveal
(Deit, vn) + an (@, ) = an(IF (), ) — YA, vp) + (Au”, Bn) + (T (™) = uf' vn) + (f(u) — f(u™), vp)
= (6 (u™),On) + (T2 (™) = uff, 0n) + (f(uft) = F(u™), 0n),

where the definition of d5(u") from (5.2) used in the last step. The choice v, = €} in above equation, the
definition of 9, and elementary manipulations lead to

eI + Atan (@, &5) = At((6n(u™), &) + (O 2 (") — uf', ef)

+ (flup) = f(u"),ep) + (e ey ™) AtZQmLQz; (6.8)
i=1
Step 3: Control of Q1. Lemma 5.1 with w = u" (resp. v, = e}) yields Q1 T Y ges, l€klp, 0" —

15 2(u™)|| 4.k - An application of Lemma 3.1 and (1.2) with ¢ = 1/3 leads to

[y

k
@1 < g\lehllah+01 Z [ u" = T2 (W) 1% -
KeTy

Step 4: Control of Q5. Introduce an intermediate term to rewrite Q2 as (8Hk+2( n) — Qum, ep) + (X(u ), €eR),
where y(u”) := Ou™ — u}. Elementary algebra using the definitions of 9 and the pI‘OJGCthH H 2 shows
that the first term in thls expression vanishes. The second term can be controlled using Cauchy Schwarz
inequality, Theorem 4.1(f), and (1.2) with e = 1/3 and we obtain

1/%2
66 a,h'

Q2 = (x(u"),ep) < lIx(™)|llleq ]l < Callx(™)|* +
Step 5: Control of Q3. Rewrite Q3 as (f(ITFT2(u")) — f(u™), e}) — (f(H;j"'Q(u")) f(u}),e}). The mean value
theorem shows f(IT;*2(u™)) — f(u™) = f/(u2)(TF T2 (u™) — u™), where u? = (1 —a)u +aHk+2( ™) for some

€ (0,1). The definition of f’ and Cauchy—Schwarz inequality yield

(FAT2 (™) = fu™),eh) = ((3(un)? = DAL (u") — u™),ef)
< (301 (ua)®emll + llen I 2 (") — u™. (6.9)

A generalized Holder’s inequality shows ||ug||2Ls(Q) < ~§(|\U"H%8(Q) + ||H’,§+2(u")||%8(9)) and

I(ue)®eRll < lualiZs o) llenllzae) < O (lu™1Zs @) + 1T (W) 1 Zs o)) lehllzaco- (6.10)
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The regularity of u™ and a Sobolev embedding result show |[u" || 1sq) < C2. Theorem 4.1(f) and Lemma 3.1
reveal

n Tk( mn Tk( mn n n e
T2 (™) sy S MKW lan S WK @) g, S 10" @) + [0 [220) < C3

with Lemma 4.5, v < 1, and the regularity of u™ utilized in the last step. Theorem 4.1(f) applied once again
shows R R
lehllzag) < Cslléqllan and [leg || < C3l[E; lla,n- (6.11)

A combination of these bounds in (6.9) show
(FATF2 () = F(u), ef) < CllEllan 10 (u") —u” | with Cs = 3C3C5((C5)° + (CF)*) + €3 (6.12)
Use (1.2) with e =1/3 in (6.12) to show

1
(P2 (™) = f(u™), ei) < Col[ 2 (™) — |2 + e 3

with C5 = 3( 3) The mean value theorem applied once more shows f(ITFT2(u")) — f(u}) = f'(on)el,
(1-

where o, = a)uf + oIl 2 (u") for some a € (0,1). Utilize f/(e) > —1 and Cauchy-Schwarz inequality

to obtain
—(FAI2 (™) = f(up),ep) = =(f (on)er, er) < lleq]l®.

A combination of the last two displayed inequalities yield
1
Qs < G2 (u™) — u™|® + gllg’ﬁllih +[ler .
Step 6: Control of Q4. The Cauchy—Schwarz inequality and Young’s inequality reveal

1 Lo
Qa = (e, ") < llenlllen™ 11 < Sllerll” + llen ™I

Step T: Abstract error bounds. Substitute the bounds of @Q; (i = 1,2,3,4) from Steps 3-6 in (6.8) and use
elementary manipulations to show

*H enll® + *||€ZLH 2 < C4At<||><(un)||2 + =T )P+ D [l — TR )||§¢,K>
KeTy

n 1 -
+ Atle|* + 7 llen HPP
with Cy = max{C, Ca, Cs}. Multiply the above inequality by 2, sum it from n = 1 to I (where [ can be
1,2,---,m), introduce C5 = 2Cy, and utilize ég = 0 to observe

l

l
(1—2At)||62|2+AtZ|I€Z|3,h§05ﬁtz<llx(u”)2+|U"—H';§+2 WP+ Dl = R (u )Hiﬁ,K)

n=1 n=1 KeJy,

-1
+2A8 > [lep >

n=1

For 0 < At < 1/2, an application of discrete Gronwall’s inequality ([37], Lem. 10.5) shows

. 1/2 1/2
nem(mzna;uz,h) (Atz<llx e - TR+ S - T >||;K)) |
n=1

KeTy,
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Taking maximum as [ varies from 1 to m, we obtain

m 1/2
(12
max [leh |+ (At; eh||a7h>
1/2
(AtZ(HX P+t = T2 2+ Sl — T >||i,K>> . (613)

KeTn
A triangle inequality applied to (6.6), and (6.13) lead to

max |lu" —u}| < max [|lu™ —Hﬁ+2(u”)||+ max HeZHSlglnaX ||Un—HE+2(un)||

1<n<m 1<n 1<n<m

m 1/2

+ (Atz<llx(un)|lz+llunﬂﬁ+2 WP+ > ™ = 2 ()13, )) : (6.14)
n=1 KeJy,

The definition of || e |4, reveals
1/2
( S (MD*#2 @ + 1D @ >||K)> < ek o (6.15)
KeTy,

Apply triangle inequality in (6.7), utilize (6.15), and (6.13) to obtain

m 1/2
<Atz< > (D = Z @)l + |1 D(w” %K(An))”K)>>

n=1 \Ke7}

m 1/2 m 1/2
< (At Z( Y (D" = &R (W) + 1 D(u” ~ g}((u"))@{))) + <At > |I€Z|3,h>
n=1 n=1

KeTy,
>1/2

1/2
(Atz<llx WP+ flu” = T2 )P+ > o =T (u )||2#,K>> -

KeTy,

S (At Z( Y (D" = ) + D" = & (u™)%)

KeTy,

N———

A combination of (6.14) and above displayed result leads to an abstract bound for the error below.

m 1/2
max IIU’l—thr(AtZ( > (D" = Zi (@) |5 + |1 D(u™ — i (@ ))II%)))

1<n<m
KeTy,

m 1/2
< max [ju” = I (u")|| + (Atz< > (7||D2(u”—<532<(u”))3(+||D(u"—f5}1<(u"))|%()>>

1<n<m
- KeJh
1/2
<Atz<||x P+ [ = T2 )P+ Y (u® = T (u )”;&,K)) : (6.16)
KeTy,

Step 8: Conclusion. In this step, the terms on the right-hand side of (6.16) are controlled under the additional
regularity assumptions on the exact solution.
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An application of Theorem 4.1(d) yields

max ||u”

HZ+2(u”)|| < {h§+3|uLoo(07T;Hk+3(yh)) for k > 1,
1<n<m ~1h (

|ul Lo (0,13 (7)) + PPl Lo 0,548 (7, ))) - for k= 0.

Use Lemma 4.3(a), (c) to get

m 1/2
( Z( > (D" = SR @)% + | D" — é‘}%(u"))llﬁ)))

KeTy,
1/2
< (a3 e -mee)
n=1 \Kec.7,

Apply Lemma 4.4 and use the fact mAt =T on the right-hand side of the above inequality to obtain

(Zke% h? UK)(|U|L°°(O,T;H5(<%L))

1/2 ke, W20 )|U|L°° (o.1:H*3 (7)) for k=1,
— I ()1 ;
+hul Lo (0,73 185+5 (7)) for k=0.

5 (s -

KeTy,

The definition of x(e) from (6.5) and Lemma 4.2 lead to

m 1/2
(At Z [l (u ||2> S Atllugel|L20,7522(0)-

Use Theorem 4.1(d) and use the fact mAt =T to establish
1/2 fia
At Z [|w" Hk+2 ok < h3 || oo (0,7 E+3 (7)) ; for k > 1,
R (lul Lo 0,1;m3(7,,)) + B° |ulLee (0,7,13+5 (2,)))  for k = 0.
A combination of (6.17)—(6.20) with (6.16) concludes the proof of Theorem 3.4(a).
6.3. Proof of Theorem 3.4 (b)

(6.17)

(6.18)

(6.19)

(6.20)

The proof is divided into five steps. The constants Cg, C7, Cg in Steps 2-3 are independent of « but may
depend on the constants from the discrete trace, discrete inverse, and discrete Poincaré inequalities from The-

orem 4.1 and ¢ in the Young’s inequality. Recall the settings from Section 6.2.

Step 1: Error inequality. For all v = (vn,v5i,(51) € Vi, (1.1) leads to

(up o) + (VA" — Au™, o) + (f(u"), 0p) = 0.

The definitions of HZ“ in (2.3) and E;L in Section 3.1 applied to the first and second terms of the above

expression, respectively, shows

(T 42 (), vp) + an (En(u™),0) + (f(u™),05) = 0 for all T, € V.

(6.21)

The backward Euler HHO scheme (6.1), (6.21), the definition of 0, the abbreviation é\g = Ej(u) — up =

0y, ’;, ,0’;,) from (6.6), and elementary algebra lead to

(D03, Tn) + an (0, 0n) = (f(ul}) — f(u™),Tn) + (DB, (u™) — TET2(u)), Tp) for all T, € Vi,
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Choose vy, = 9” 9" ! in the above equation. The definition of 9 yields (At) ! ||9” 07112 < (007, 0n—071)
or,on

and Young’s inequality helps to deduce 3 (||9"|| ||t9" 2 ) < an(0y, 9" 1) All these show

EIIGZ — 07+ g(HﬂﬁHi,h =R 50) < (F(up) = Fu™), 05 = 057)
+ (0B (u™) — T2 (ul), 0 — 0771) =: Ny + Na. (6.22)
Step 2: Control of N;. Let Ej, = (En, Eﬁ}iL, Eg ). Introduce an intermediate term to obtain
Niw= (fuh) = "), 0 — 0,71) = (F(up) — f(En(u™)), 0 — 0,7)
+ (f(En(u™) = F(u"), 05 — 057). (6.23)
The first term on the right-hand side of (6.23) is controlled using arguments similar to (6.9) and (6.10) with
= (1 — a)u) + aEp(u") leading to
(f (i) = F(ER (™), 0 = 057" = —((3(up)* = DO}, 0 — 057")
< GlI(e)*05 1) + 1631165 — 05~ and (6.24)
1) 03 1| < [l 2 o 107 ooy < Cg (il Zs ) + I1En (™) s o)) 167 |4 (- (6.25)

An application of Lemma 3.3(a) (iii) leads to |Juj||zsq) < C2, since v < 1 and ug is sufficiently smooth.
Theorem 4.1(f) and a triangle inequality show

1Ew (u™) |25y S [1En (u™) En(u™) = IF(u™) lap + |1 TF (™)l ap- (6.26)

Theorem 3.2, Lemma 4.4, and regularity of u™ reveal ||E),(u") — ﬂj(u”)”ah < 3. Lemmas 3.1 and 4.5,
7 < 1, and regularity of solution yield ||ﬂf(u") s (o) < C2. These bounds in (6.26) leads to | En(u™)| sy <
C3, where C2 = max{Cy'', C3*}. Arguments analogous to (6.11) show 107 |La () < C~'§||§2||ah and |07 <
C’g”gﬁﬂah Apply all these bounds in (6.24) to derive

(f (up) = F(Bn(u™), 05 = 057") < CollOhllanl07 — 01| with Cs = 3CC((C3)* + (C8)*) + C¢.
An application of (1.2) with € = 1/4 leads to

(f (up) = F(Bn(u™), 0 = 057") < CoAtOR 12 + 108 — 07 |* with Cs = 2(Co)”. (6.27)

8At H

The regularity of the solution with a Sobolev embedding result and arguments analogous to (6.26) establish
[lu™|| and || En(u™)|| are bounded. The definition of f and generalized Holder’s inequality reveal

FUBR(") = P, 08— 03) = (B )2 + () = 1)) — ), 05— )
< (S0 + S0P + 1)) - e - 831,

A triangle inequality yields || Ej, (u") —u®|| < || En(u™) —IFT2(u™)|| + T2 (u™) — ™. Note that || By, (u™) —
2 (w)|| < |17 |la,n from (6.6) and Theorem 4.1(f). These bounds and (1.2) with e = 1/4 in the above
displayed inequality lead to

(f(Bn(u")) = f(u™), 0 — 0571) < CrAt([T 12 5 + 11072 (uft) —u”|*) + 8At||9h P (6.28)
A substitution of (6.27) and (6.28) in (6.23) yields

Ny < CoAUTRIR  + CoAtTR I, + IS () — w2) + i 105 — 07

4At |
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Step 3: Control of Ny. The triangle inequality and the Cauchy—Schwarz inequality show
= (OB (") ~ T2, 0 — 637" < (0B (") — En(uf)| + 1B () — T2 ) ) 65, — 65

Elementary manipulations, the definition of x(e) from (6.5), with the notation for the first component of 7}’
defined by 7 == I} "2 (u") — Ej,(u™) reveal

BEL(u") — B(ul) = (@u" — ) — Dot + (e + DOTE2 (™) — u™) — (IE2(u™) — u™),
= x(u") = x(n) + x (A2 (") — u™).

A combination of the last two displayed results and elementary algebra establish

< () IO+ A2 ™) = w1 )el*) 167 = 657 -

An application of Theorem 4.1(f) to bound the second term on the right-hand side of the above expression,
and Young’s inequality reveal

Na < CsAt(|Ix (™)1 + X @2 5 + AT () = a1 + [ oi)el?) + 4At||0h 6P

Step 4: Abstract bound. The bounds of N; and N» from Steps 2 to 3 in (6.22) and algebraic manipulations
show

- 1 An nn— n n
2AtH0h 0,17 + ORI — 195 1E8) < Colt(Ihe(w™I* + @G + 1Rl + IR 11Z.
2 ) = a2 (O (") — w1

i,h)v

where Cy = max{Cgs, C7,Cs}. Multiply the above inequality by 2, sum it for n = 1 to I (where [ can be
1,2,--- ,m), introduce Cqp = 2Cy, and utilize 92 = 0 to observe

l
(1= CroAD) 0,12 5 < Crot Y~ (Ibe(w™)I* + @Iz + 1)l + 177117

n=1
-1
+ T2 () = a7+ O () = u™)|1P) + Crolt Y (167115

n=1

For 1 — C19At > 0, an application of the discrete Gronwall’s inequality shows

I
167 Lo S (Atz ™)1+ Ix@OE 5+ 1l

n=1
1/2
k k
ARG+ T2 ™) — a1+ (L2 () — U")|2)> :
Taking maximum as [ varies from 1 to m, we obtain

max |0 lo,n < (Atz D)1 + I IE 5 + 1 )el®

1<I<m

1/2
17517 5+ T2 (') = o2 + e (T2 () = ul)2)> :
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Since e} = ﬁ,f(u”) — uy from (6.6), the above displayed result reveals

o (T = Tl S s (1 o+ 177 o) < (Atz )2+ I + IGHI?
1/2
31 A T2 (™) = |2 e (02 (™) — u")||2)> + max [ ]lan- (6.29)
A triangle inequality in (6.7), (6.15), and (6.29) reveal
1g}1a<xm< S (MDA — @) + | Dl - %k(awnK)) (6.30)
- - KeTy

S max (KZ; (V'2ID?(u™ = &R (™) x + | D(u" — cg‘}?(un))lx)) + max € la.n
€7n

S 12&3,”( > (MDA = ER (M)l + D" — g’,g(u”))m))

KeTy,

(Atz X @)+ e @IE 5+ 1) + a1,

1/2
T2 () — 2+ (T2 ) - u“>||2)> + max [ o (6:31)

Step 5: Conclusion. Several terms on the right-hand side of (6.31) are already estimated in Step 8 of Theo-
rem 3.4(a). Here we provide estimates for the remaining terms. Apply the definitions of x(e) from (6.5) and
np from (6.6), Lemma 4.2, Theorem 3.2, and Lemma 4.4 lead to

1/2 (ZKeﬁh hk+20;2<)|Utt|L2(o,T;Hk+3(,7h))
- . > for k> 1
(AtZHx(ﬁmz,h) <At{f0 G ellap dtfor k=1 or k=1,

~ 1
fo | (n) et || a,n. At for k =0 Ckea, PPoi ) (w2003 70))

+h6|utt|L2(0,T;H3+ﬁ(yh))) for k=0.

Apply Theorem 4.1(f) and proceed as above to bound the term ||(7}))¢)||a,, With the fact mA¢ = T to derive

m , 1/2 m , 1/2 (ZKEYh hk+210—[§()|ut|L°°(O,T;H’“+3(,7h)) for k>1,
Aty @)l S{ad @) < 252
n=1 n=1

ke, Woi) (el Lo o103 (7))
+h5|ut|Lm(0,T;H3+g(yh))) for k=0,

m 1/2 1
(At Z Hﬁ}?”g h> < {(ZKG?}L hk+210K)|U|L°°(O,T;H’“+3(,7h)) for k> 1,
o ’ (C ez, o) (ulre(o.r;m3(7,)) + WPlul Lo 0 11345 (7)) for k=0,

and

1
max |7 |la,n < (ZKG% hk+2012<)|U|LW(07T;Hk+3(ﬂh)) for k>1,
1<nsm 1V hllah = 3

ke, Mo )(|ulpo,rm3 (7)) + hP[ul o, m3+5(7,))) for k=0.
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Use the definition of x(e) from (6.5), Lemma 4.2, and Theorem 4.1(d) to obtain

1/2
- hk+3|u | 2 CHk+3( g fork>1
At TR 2 (™) — o™)I|2 < LIL2(0,T; HF+3(Th)) =7
( ; P, ™ () )l W3 (lwse| 220,313 (7)) + WP Tuse| p20,7, 540 (7)) for k = 0.

A combination of all these in (6.31) concludes the proof of Theorem 3.4 (b).

7. CRANK NICOLSON SCHEME

This section has two subsections: the proof of Lemma 3.5 is presented in Section 7.1, Theorem 3.6 is proved
in Section 7.2.

For 1 < n < m, recall the Crank-Nicolson HHO scheme from Section 3.3 that seeks u} = (u}}, ' Wy ah, )€ Vi
such that
a n—1 iry — ~ > . ~
(Oust, vp) + an(@, 2,0n) + (flu) ' ul),vn) =0 for all B, € V), with @) = IF (ug), (7.1)

where f(uz_l,uZ) = L((up ™%+ (up)%up 4w ()2 + (u)?) — S(up Tt ).
7.1. Proof of Lemma 3.5

Proof of Lemma 3.5(a)(4). It is enough to estabhsh that L(u}) is a decreasing sequence for all 0 < n < m. The
choice v, = up — 4y "' in (7.1) and ap (G, 2,up —a; ") = L(|ap on— I~ H2 w)s (f ( O I T T
(F(u}) — F(u}™"),1) from the definitions of || - ||,,, and f, respectively, lead to

Cyen ~ne 1~
(A~ Hag — a1 + S UaRIE, —

o)+ (F(uh) = Fup™),1) = 0.

The definition of L(s) from (3.3) and above result show L(u}) — L(uy ') = 1 (||ap||? o Jap—! an) T (F(uy) —
F(up=),1) = —(At)~Y[ap — 4~ "|? < 0. This establishes that L(uy) < L(a) ") for all 0 < n < m. O

Proof of Lemma 3.5(a)(ii)—(4it), (b). The proofs follow analogous to Lemmas 3.3(a)(ii)—(iii) and 3.3(b) and are
skipped. O

7.2. Proof of Theorem 3.6

The proof of the theorem utilizes the lemmas stated below.

Lemma 7.1. Let u™ be the solution of (1.1) and u) with 1 < n < m be the solution of the Crank-Nicolson
HHO scheme (7.1). Then, for U = %, it holds

L= 2)) = Flup ™ up)ll S e 2) — a2 ]| + u™ — a2+ o = up ]| + " —up 7t (7.2)
Proof. A triangle inequality and elementary algebra show
£ (u(e™= %)) = Flup ™ u)ll < [ F (™ 2) = F )+ £ @) = Fr = um)|
IF@ ) = Far )+ ) - g )l = YT (7.3

The terms on the right-hand side of (7.3) are estimated in Steps 1-4 below.



HHO METHOD FOR THE EFK AND THE FK EQUATIONS 1199

Step 1: Control of T}. The mean value theorem shows f(u(t""2)) — f(u™"2) = f'(u?)(u(t""2) — u""2) with

e
up =

"= (1—a)u(t" 2) + au""2 for some o € (0,1). The regularity of u® plus the definition of f’(e) leads to
To = || £/ () (u(t"™2) = w3 < |f ) lpoe o (" 3) = w2 S flu(e" =) — w2
Step 2: Control of T». The definitions of f(e) and f(o, o) and elementary algebra establish
= (1/8)lI(u" = u""H)((")? = (")) < (1/8)llu" +u" " poo (0" = w"THP S u” = w2,

where the regularity of u™ and u"™~! are used in last step.
Step 3: Control of T3. The definition of f(e,e) and elementary algebra reveal

F(z,w) = flz,0)] < (1/2)|(z* + w* +0* = 1)(w - v)]. (7.4)

The choice z := w1, w :=u", and v := u} in (7.4) reveal

3 < (/21" + (") + (uh)? = Ulu” = up]l S llu” — i
with regularity of u"~1 and u", v < 1, and Theorem 4.1(f) in the last step.
Step 4: Control of Ty. The symmetry of f(e,e) leads to Ty = ||f(uh, u™ 1) — f(u, u}")||. The choice 2 := u},

w ="', and v := u " in (7.4) and similar arguments in T3 show Ty < [[u~' —u"*||. A combination
of Steps 1-4 in (7.3) concludes the proof.

([
Lemma 7.2 ([12,39]). For given vy, vy € L2(t" 1, ¢ L%(Q)) and vy € L™~ 1,¢"; L2(Q)), it holds
n—— n— n—2x 2
100" vt S (A8 oraell e amsrzys I0E ) = 03] S (A0 [oullaen s iz
and HU - 1|| ,S AtH’Ut||Loo(tn717tn;L2(Q)).
Proof of Theorem 3.6. The proof is divided into seven steps below.
Step 1: Settings. Define B )
R(o™) = Bum — () (7.5)
and 4" = vz — u(t""2). Recall the split from (6.6):
el =7 4 07, where 7 = IF(u") — Ep(u™) and 67 = Ej,(u™) — @7, and let Ej,(ug) = IF (ug) = @Y.
Step 2: Error equation. For all v, € 17h, the definition of Eh from Section 3.1 shows
(VA2 5 — Au" %, vp) = ap(En(u""%),5,) and (yA20" — A", vy) = an (B, (@), 0p).- (7.6)

The continuous formulation in (1.1), (7.6), and elementary algebra show
(ue(t"72), ) + an(Bn(u2),5) + (F(w(t™ 2)),v) = an(En(@"),5y) for all 5, € V.

Recall 07 = Ep(u™) — ul, 9\271/2 = Eh(u”_1/2) - 17271/2 from Step 1. This, (7.1), the above displayed
equation, and elementary algebra lead to

1

(905, vn) + an(@) 2, 0n) = (Flup ™" up) — Fu(t™™%)),0n) + (OEn(u") — TE2 (ue (8" 7)), vp)
+ ah(Eh(H”),ﬁh), (7.7)
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where (Hﬁ”(ut(t"*%))w ) = (u(t""2),vp) is utilized in the last step. Choose 0j, := 55{; in the above
equation and observe ah(a}'f ,552) =1 0 ,

apn |2 15 n2 Y
1065117 + S0ll0R e = (F(

vl |

0|607||? ,, from elementary manipulations to arrive at
_ _ 1 -
WUl = f(u"TE), 007) + (OB (u") — TR ), 067)

+ an(En (@), 96

M«

T;.
i=1
Step 3: Control of 7;. The Cauchy—Schwarz inequality and (1.2) with ¢ = 1/3 lead to

and elementary manipulations lead to

where Lemma 7.1 used in the last step and the coefficient absorbed in (7.2) is denoted by Cy;. For i €
{n,n — 1}, the notations from Step 1 with the first component of 7} denoted by nj, = II} "2 (u?) — Ej(u’)

. . . k . . . . k . . —~
lu* =i | < 3(Jlu’ = T2 ()12 + b l* + 1651%) < lu’ =72 ()1 + 173115 0 + 1650745
where Theorem 4.1(f) is used in the last step. The last two displayed inequalities establish

n

T < Cu (1@ + [l ="+ Y0 (Il = T2 )12 + 1702 5 + 1195

1=n—1
where C7; depends on C1; and the constant from Theorem 4.1(f).

1 _
20)) + 16312,

Step 4: Control of 75. The notations Y(v™) = dv™ — v, (1"~ 2), np = 12 (u™) — Ep(u™), and (mu(t"=2)), =
Iy +2 (us(t"~2)) — Ej(us(t"~2)), and elementary manipulations reveal

OB (u") =TIy 2 (uy (" #)) = X(u") = X(nf) + XA (") = ") = (mn ("))
Apply Cauchy—Schwarz inequality and (1.2) with e = 1/3 to obtain

Theorem 4.1(f) shows|[x(ny)[| < X (7;)

3, ~ - - 1 1, =
T < S (IR + IXDIP + IXATE2 ") — w2 + ([ 0n (" 72)e?) + 5 llo6R 1.
displayed inequality establish

lan and [|(n (872 )]l < 1 ("7 2))i]la.n- These bounds and above

(M v v n n ~ (n—31 L5 n
T < Coa(IX(u") P + IRGIR)G + 1RO ™) = w1+ 16 2))ellz ) + 5100717
where C12 depends on the absorbed constant from Theorem 4.1(f).

Step 5: Control of 75. An application of (7.6), Cauchy—Schwarz inequality, and (1.2) with ¢ = 1/3 leads to
3 2~n ~n||2 L5 n| 2
T, < DA% - AP + 2|05

Step 6: Abstract bound. The bounds of 7;-73 from Steps 3-5 in (7.8) and algebraic manipulations show

L5 n 1z n ~n n n— n— n— -
SOOI + SOIORIIG A < Cra (I [1* + [lu™ — u"H[* + [lu" " — I (T S i P
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ORI A + e = T2 )P+ 712+ 10712 5+ IX @)+ IXGDE
+ IRATE 2 () =) )+ (@ 2))el2 p + VA%T" = AT"(*) with Cig = max{3/2, C11, Cia}.

Multiply the above inequality by 2, sum it for n = 1 to [ (where [ can be 1,2, -+ ,m), introduce C14 = 4C13,

and utilize 92 = 0 to observe

l
(1= Cral)||0} 12 1, < Cradt Y (a2 + [lum — w1+ [Jum = = T2 =) |12 + 1 12,
n=1
+ ™ = T2 )P+ TR 112+ X )P+ XA, + X2 ™) = ™)
-1
~ rn—L 2 2~n ~n||2 2
@R 2))ellan + VA% — AT %) + Cradt Y (167112 5-

n=1

Manipulations analogous to Theorem 3.4(b) with 1 — C14At > 0 in above inequality leads to

m
2 1l < (AtZ (I 4 Jfaf = ' =2+ = = T2 () 2 7 an + ' = T4 )2
- =1

1/2
~ ~ ~ ~ _1 ~ ~
T llan + IX@ I+ IXIE A + I @) = )P+ @ 2)ellEn + A% - Auu)) ~

The definition of €} from (6.6) and above displayed result reveal

m
max |7 (u") = llan < (At D (e T T o (Vi e (7 [ S [ %

1<n<
n=1

+ " = T2 )P+ 112 5+ IR )P+ IR@)IE A+ IR (") = ™)

1<n<m

1/2
oy n—l ~n ~n
@7 2))ll7  + IyA* " — A ||2)> + max |75 a,n (7.9)

Use triangle inequality in (6.7), (6.15), and (7.9) to establish

max < Y (PIDP (" — B (@i) |k + | D(u” —%’k(@}?))lx)>

1<n<m
Key,

< max. (KZ; (D" = ER ) + D" - co%%(u"))nK)) + max [17lon
S8

~ 1<n<m
KeTy

= = TR = TR 2 R + R

S  max < > (MDAt = SR () + 1D (u" ~ 5&(U"))IIK)> + (Atz (a1
n=1

1/2
= =~ n n ol nfl ~n ~n
HIX@NE L+ IR @) = )P+ ([ @ 2))lls 5 + A% — Au ||2)>

~-~n
+ max (177 o (7.10)
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Step 7: Conclusion. Several terms on the right-hand side of (7.10) are already estimated in Step 8 and Step 5

of Theorem 3.4(a) and (b), respectively. Here we provide estimates for the remaining terms. An application
of Lemma 7.2 yields

m 1/2 m
(Af Z ||ﬁ"||2> S, (At)znutttHL2(O,T;L2(Q))7 <At Z ||u” — unfl ”4)
n=1 n=1

< (A el oo 0,7:22(02))

m 1/2
At Z ||")/A2”l:l:n _ Aﬂn||2 S (At)i|uttt|L2(0,T;H’C+3(9h)) for k > 1,
(A (luee| 2 0,7:m3 (7)) + [weet| 220,73 H3+8 (7)) for k=0,

1/2

n=1

and (At (IXW)))Y2 < (AW ||lueel| L2 (0.7 12(0)), Where v < 1 is used in the second last result and

~

definition of x(e) from (7.5) is used in the last result. Recall the definitions of X (e) and 7}’ from Step 1. This
and Lemma 7.2 show

foT | )eetlla,n dt for k> 1
foT H(ﬁh)ttt| apdt fork=0

1
(X kes, W20 2) s 20,043 (7)) for k> 1,

m 1/2
<At > ”%(ﬁ;’;)“g,h> S (At)?
n=1

1 1
S (A2 (E ke, h2o i) (usl 20,557,

+ hﬁ|uttt|L2(0?T;H3+5(fyh))) for k = 0,

where Theorem 3.2 and Lemma 4.4 are used in the last step. Use the definition of Y(e) from 7.5, Lemma 7.2,
and Theorem 4.1(d) to obtain

m 1/2
(Atz X (T2 (u™) — u")||2> <
n=1

{hk+3|uttt|L2(07T;Hk+3(yh)) for k > ].,

h3(|uttt|L2(0,T;H3(9h)) + h'g‘Uttt‘L2(o’T;H3+5(yh))) for k= 0.

The definition of 7} from (6.6), Theorem 3.2, and Lemma 4.4 lead to

m 1/2 m 1/2
(Atz ||(7/7\h(tn_;))t”2> < (Atz (ﬁh(tn_é))tna,h)

1
(ZKefjh hk+21‘712{)|Ut\Lw(o,T;Hk+3(,7h)) for k> 1,

(Xkea, h2‘7z§<)(|Ut|L°°(0,T;H3(yh,))
+hP || Lo 0,113+ (7, ) for k=0,

A

where mAt = T is used in the last step. A combination of all these bounds in (7.10) concludes the proof of
Theorem 3.6.

O

Remark 7.3 (Sufficiently small At in Crank-Nocolson scheme). The nonlinear contributions are accounted in
Z;. This is substituted in Step 6 of Theorem 3.6 and leads to the assumption that At is sufficiently small

in the Crank—Nicolson scheme. Moreover, in Theorem 3.4(b) (resp. Thm. 3.6), the condition At < C%o (resp.
At < 0%4) is required. This provides a precise quantification of the notion of sufficiently small At in time

discretization.
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FIGURE 2. (a) Cartesian mesh. (b) Polygonal mesh. (c¢) Initial condition ug(x) for Example 8.2.

8. NUMERICAL IMPLEMENTATION

This section discusses results of numerical experiments that validate the theoretical estimates derived in
Theorems 3.4 and 3.6. The convergence rates and robustness of the HHO and backward Euler (resp. Crank-
Nicolson) scheme for the spatial and time variables, respectively, with respect to v are demonstrated.

Two h-refined mesh families (Cartesian and polygonal Voronoi-like) meshes have been used for the HHO
method in the spatial direction, see Figures 2a and 2b. The HHO scheme in space direction is implemented for
the polynomial degrees k € {0,1,2,3} and with {16, 64,256,1024, 4096} elements.

To observe the convergence rates in the spatial direction, the time discretization parameter is chosen as
At = hF+2 Y Kke7, U}(/z (resp. (At)% = pF+2 Y Kke7, 0%2) for backward Euler (resp. Crank-Nicolson) scheme.
With this choice, the restriction that the time discretization parameter needs to be sufficiently small, seems
to be taken care of in the implementations. The decay in the error for backward Euler (resp. Crank-Nicolson)
schemes in the time direction for a fixed mesh size is presented in Table A.23.

The errors in L?(H?) and L°(H?)-norms are denoted in the tables as

m 1/2
1€nllL2 (a2 = <Atz > (ID*(u" = Z5 (@) 5 + |1 D(u” —%k(ﬂ%))lli)> and

n=1Ke7,

€0l ) = max (é (D" — (i) e + | D" %}Auzzm«)).
IS

8.1. Example 1 — Manufactured solution

Choose Q2 x (0,T] = (0,1)* x (0,0.1] and a manufactured solution as uey(z, y,t) = e 'z2y? (x — 1)2(y — 1)2.
This leads to a nonhomogeneous right-hand side in (1.1). Consider the case of EFK equation, that is, v € (0, 1].
The source function and initial data that corresponds to the exact solutions wuey are obtained as g(z,t) =
(Uox )t + VA% Uex — Atiox + f(Uex) With ug(7) = uex(x,0). The initial-boundary value problem (1.1) is linearized
with the Newton scheme: for details of the algorithm we refer to [15]. The deviation in this article is that the
space discretization is performed using HHO method whereas the time discretization is using both backward
Euler and Crank Nicolson schemes. Table 1 summarizes the details of tables where the results from this numerical
experiment are presented.

The tables that demonstrate the experimental order of convergence (EOC) and discrete errors in various
norms are presented in Appendix A. The convergence rates for the Cartesian and polygonal meshes compare
well and they agree with the theoretical estimates derived in Theorems 3.4 and 3.6. In Tables A.1 and A.2 (resp.
Tabs. A.3 and A.4), the errors in L*(H?) (resp. L°°(H?))-norm for the backward Euler scheme (3.2) are shown
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TABLE 1. Summary for Example 8.1.

Example 8.1 Backward Euler Crank-Nicolson

Cartesian  Polygonal Cartesian  Polygonal

|€r L2 2y Table A.1 Table A2 - -
|€nllpoo(m2y Table A3 Table A4 Table A5 Table A.6

TABLE 2. Summary for Example 8.2 with Cartesian meshes.

Example 8.2 Backward Euler  Crank-Nicolson
Re Nl 2 g2 -
1ER Nl L2 w2y == W Table A.7
ER || oo (m2) = oo 22 Table A.8 Tables A.9 and A.10

= Tanllpos 2

for Cartesian and polygonal meshes, respectively. For the Crank Nicolson scheme (3.4), the numerical results for
errors in L°(H?)-norm are presented in Table A.5 (resp. Tab. A.6) for Cartesian (resp. polygonal) meshes. The
convergence rates and errors for the schemes (3.2) and (3.4) are tabulated for v € {1,0.125,1072,1074,1076}
and k € {0,1,2,3}. The rates 0(h¥*1) are observed initially; however as 7 transitions to smaller values (see
for example, 7 = 107%) the convergence rate improves to that for the second-order problem, that is, &'(h¥12).
This concludes that between two extreme values of v (0 < v < 1), a transition in convergence rate from k + 1
to k + 2 is observed.

In Table A.23, the decay of the errors in L°°(H?)-norm for the time direction with 1024 polygonal elements
is displayed for v = 1 and k € {0,2} for the backward Euler and Crank-Nicolson time discretizations. As At
decreases, as expected, a faster error decay is observed for the Crank-Nicolson scheme in comparison to the
backward Euler scheme.

8.2. Example 2 — Discontinuous initial data

In this example, we choose the initial data in (1.1) to be discontinuous, v € (0,1], and the domain to
1 if (z,y) € [3,31%

- 1 372
0 if (xay)GQ\[ZaZ] :
The computational mesh .7, is aligned with the discontinuity interface at the square [1/4,3/4]2, so each cell
K € 9, lies entirely within one region where ug is constant. The cell unknowns are initialized via the L2
projection uf, = TI%2(ug)|r (Sect. 2.3), which yields either u%=1 or ul=0 depending on whether K is

in the interior or exterior of the square. The face unknowns on the discontinuity interface are initialized as

u} = %(ﬁ Jpu%s ds+ \Tl«“| S ufe ds) (for the Newton algorithm). Though the theoretical results assume

be Q x (0,7] := (0,1)%> x (0,0.1]. Let ug : © — R be defined by ug(x) :=

more reqularity for the initial data, the observations in the numerical experiments demonstrate that the scheme is
robust even for discontinuous initial data. Since the exact solution is not available, the errors &, are calculated by
choosing the exact solution as the computed solution in the finest mesh with 4096 elements. Table 2 summarizes
the details of tables where the numerical outcomes from this example are demonstrated.

In Table A.7 (resp. Tab. A.8), the relative errors in L?(H?) (resp. L*°(H?))-norm for the backward Euler
scheme (3.2) are shown for Cartesian meshes. For the Crank-Nicolson scheme (3.4), the numerical rates in
L% (H?)-norm are presented in Table A.9. The numerical rates and relative errors for both schemes (3.2) and
(3.4) are tabulated for v € {1,0.125,1072,10~%} and k € {0, 1,2,3}. The rates of &(h**2) are obtained initially;
however as v approaches smaller values (see for example v = 107%) the numerical convergence rate improves
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TABLE 3. Summary for Example 8.3.

Example 8.3 Backward Euler Crank-Nicolson

Case I Cartesian Polygonal Cartesian Polygonal

I€r L2 2y Table A.11 Table A.12 - -
|€nllpoo(m2y Table A.13 Table A.14 Table A.15 Table A.16

Case 11 Cartesian Polygonal Cartesian Polygonal

||€h||L2(H2) Table A.17 Table A.18 - -
|€nllroo 2y  Table A.19 Table A.20 Table A.21 Table A.22

to that for the second-order problem, that is, & (h¥2). Moreover, for v = 0, an optimal convergence rate of
O(h**2) is observed for k € {0,1,2,3}.

8.3. Example 3 — Fisher-Kolmogorov equation

This example considers the FK equation with v = 0 in Example 8.1 and discusses the two types of numerical
simulations. In Case I, we consider the same discrete setting as in the EFK model and approximate u in
the interior of element K € .7, the trace and normal derivative of v on the faces F' of K. In Case II, u is
approximated in the interior of the element K € .7}, and the trace of u is approximated on the faces F of K as
in second-order problems [20]. The modifications in the settings are listed below and a summary of details of
tables for this numerical experiment are presented in Table 3.

— The modified global HHO space reads
Vi i= Pi12(Th) X Prya(Fh).

A generic element of Vj, is denoted as 0, := (vh,vy;) with vy = (vk)kez, and vz = (UF)FEJ»,;L. The
restriction of ¥, € Vj to K € .9}, is denoted by (v, vz ) € Vi . Note that Vg |F = vF € Pria(F).
— The reduction operator jﬁ(-) is defined as ﬁ}f(v) = (12 (v), H’;+2(U)) for all v € H(Q).
“ h

— For all v = (UK,’U(g;}{), W = (wK,wd@;{) € \7}{, the local stabilization bilinear form .k : 17}( X I7K — R
is defined as Sk (Ui, Wk) := ZFG?K h;(l('l)p — VR, Wp — WK )F.

For Case I (resp. Case II), the numerical results are presented in Tables A.11-A.16 (resp. Tabs. A.17—
A.22). For the Case I, Tables A.11 and A.12 (resp. Tabs. A.13 and A.14) represent the errors in L?(H?)
(resp. L*°(H?))-norm for the backward Euler scheme (3.2) with Cartesian and polygonal meshes, respec-
tively. For the Crank Nicolson scheme (3.4), the numerical results for errors in L°(H?)-norm are shown in
Table A.15 (resp. Tab. A.16) for Cartesian (resp. polygonal) meshes. For the Case II, Tables A.17 and A.18
(resp. Tabs. A.19 and A.20) demonstrate the errors in L?(H?) (resp. L*(H?))-norm for scheme (3.2) with Carte-
sian and polygonal meshes, respectively. For scheme (3.4), the numerical results for errors in L>°(H?)-norm are
presented in Table A.21 (resp. Tab. A.22) for Cartesian (resp. polygonal) meshes. Both schemes (3.2)—(3.4)
achieve optimal error bounds of & (h**2) in the Cases I and II, respectively.

For the Case I, Table A.23 illustrates the decay of errors in L>(H?)-norm for the time direction with 1024
polygonal elements, where v = 0 and k € {0,2}. Using backward Euler and Crank-Nicolson schemes for time
discretization, the results demonstrate a faster error decay for the Crank-Nicolson scheme than the backward
Euler scheme as At decreases.

Remark 8.1. In Example 8.3, for the FK model (v = 0 in EFK model (1.1)), optimal error bounds for
both schemes (3.2)—(3.4) have been observed using modified HHO space discretization for Case II, where u is
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approximated only in the interior of the element K € .9}, and the trace of u is approximated on the faces F’
of K as in second-order problems [20]. Case II has the advantage that the exact solution is expected to have
only the regularity u € H**"(Q) r > 1/2. A unified framework for EFK (resp. FK) models with the regularity
u € H*(Q) r > 3/2 (vesp. u € H"(Q) r > 1/2), is an interesting future work.
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TaBLE A.1. Convergence and discrete L?(H?) errors for backward Euler scheme with Cartesian meshes.

R. KUMAR AND N. NATARAJ

AppenDIX A. EXAMPLE 8.1

k=0 y=1 v =0.125 ~=10"? y=10"* v =10"°

# of cells HGhHL?(H?) EOC ”@hHLQ(HQ) EOC HGhHL?(H?) EOC H@hllLZ(fﬂ) EOC “ehHLQ(H?) EOC
16 9.75e—02 - 3.72e—01 - 1.08e—01 - 7.50e—02 - 1.78e—01 -
64 5.10e—02 0.93 1.95e—01 0.93  5.50e—02 0.97  3.94e—02 0.93  9.00e—02 1.73
256 2.59e—02 0.98  9.90e—02 0.97  2.76e—02 0.99  1.99e—02 0.97  4.49e—02 1.91
1024 1.30e—02 0.99  4.94e—02 0.99  1.38e—02 0.99  1.00e—02 1.00  2.24e—02 1.96
4096 6.48¢—03 1.00  2.46e—02 1.00  6.91e—03 1.00  5.02e—03 1.00  1.12e—02 1.97
k= y=1 v =0.125 ~y=10"2 y=10"* ~v=10"°

16 6.00e—02 - 6.36e—03 - 1.26e—02 - 1.53e—02 - 7.35e—05 -
64 1.54e—02 1.95  6.18¢—03 1.94  2.70e—04 1.93  8.5le—04 241  9.31e—06 2.98
256 3.87e—03 1.99 1.56e—03 1.98  1.57e—05 2.39  5.06e—05 2.55  1.17e—06 2.99
1024 9.72e—04 2.00  3.92e—04 2.00 8.57e—07 241  3.10e—06 222 1.46e—07 2.99
4096 2.43e—04 2.00  9.80e—05 2.00  4.96e—08 222 1.91e—07 2.06  1.82e—08 2.99
k=2 y=1 v =0.125 y=10"? y=10""* y=10"°

16 1.60e—02 - 1.89e—03 - 1.28¢—03 - 8.99e—02 - 5.03e—05 -
64 2.04e—03 2.97  2.34e—04 3.01  1.55e—04 3.04  9.09e—03 3.30  3.93e—05 3.56
256 2.56e—04 2.99  2.87¢—05 3.02  1.90e—05 3.02  8.77e—04 3.37  2.46e—06 3.99
1024 3.13e—05 3.03  3.38¢e—06 3.08  2.34e—06 3.02  8.93e—05 3.09  1.54e—07 3.99
4096 3.83e—06 3.03  4.07e—07 3.05  2.89e—07 3.01  9.99e—06 3.16  9.62e—09 4.00
k= y=1 v =0.125 ~=10"? y=10"* v =10"%

16 9.17e—01 - 7.63e—04 - 9.49e—04 - 8.38e—04 - 4.30e—05 -
64 5.40e—02 4.08  4.56e—05 4.06  5.93e—05 4.00  5.26e—05 3.99  1.33e—06 5.01
256 3.27e—03 4.04  2.87e—06 3.99  3.70e—06 4.00  3.31e—06 3.99  4.08e—08 5.02
1024 1.97e—04 4.05 1.80e—07 3.99  2.30e—07 4.01  2.05e—07 4.01  1.27e—09 5.00
4096 1.18¢—05 4.06  9.98¢—09 410  1.39e—08 4.04  1.28¢e—08 4.00  3.97e—11 5.00

TABLE A.2. Convergence and discrete L?(H?) errors for backward Euler scheme with polygonal meshes.

k=0 y=1 v =0.125 =102 y=10"* ~=10"°

# of cells H@hle(Hz) EOC ”Gh”lﬂ(l-l?) EOC H@hle(Hz) EOC H@h”[‘z(,.ﬂ} EOC ”@hHL?(H?) EOC
16 5.88e+00 - 1.41e-01 - 8.16e-02 - 1.79e-02 - 5.31e-02 -
64 2.96e-01 0.99 7.10e-02 0.99  4.10e-02 0.98  9.10e-03 0.98  1.41e-02 1.90
256 1.48e-01 0.99  3.54e-02 1.00  2.05e-02 0.99  4.56e-03 0.99  3.61e-03 1.96
1024 7.41e-02 0.99 1.77e-02 1.00  1.03e-02 0.99  2.28¢-03 1.00  9.11e-04 1.99
4096 3.69e-02 1.00  8.83e-03 1.00  5.15e-03 1.00  1.14e-03 1.00  2.28e-04 2.00
k= =1 v =0.125 ~=10"2 y=10"1% y=10"5

16 1.46e—02 - 4.68e—03 - 4.28e—03 - 1.75e—02 - 1.06e—03 -
64 3.66e—03 1.98 1.22e—03 1.93  1.08¢—03 1.99  4.37e—03 2.00  1.37e—04 2.94
256 9.18e—04 1.99  3.08e—04 1.98  2.5le—04 210 1.02e—03 209  1.72e—05 2.98
1024 2.30e—04 1.99 7.74e—05 1.99  5.94e—05 232 2.45e—04 2.06 2.17e—06 2.99
4096 5.76e—05 1.99 1.94e—05 2.00  1.20e—05 231  5.69e—05 2.10  2.72e—07 3.00
k= y=1 v =0.125 ~=10"? y=10""* v =10"%

16 3.87¢—03 6.20e—03 2.04e—04 2.63e—04 8.29¢—05

64 4.98e—04 2.96 7.88e—04 2,97  2.63e—05 2.96  3.33e—05 2.98  5.42e—06 3.93
256 6.30e—05 299  9.88e—05 2,99  3.30e—06 299  4.24e—06 2,97  3.42e—07 3.98
1024 7.92e—06 2.99 1.23e—05 3.00  4.14e—07 3.00 4.91e—07 3.10  2.15e—08 4.00
4096 9.93e—07 3.00 1.54e—06 3.00 5.17e—08 3.00 5.82¢—08 3.07  1.35e—09 4.00
k= y=1 v =0.125 y=10"? y=10"" y=10"°

16 5.33e—04 - 1.49e—04 - 2.85¢—05 - 1.88e—05 - 1.36e—04 -
64 3.42e—05 3.96  9.98¢—06 3.90 1.83e—06 3.95  1.19e—06 3.99  5.13e—06 4.73
256 2.16e—06 3.99  6.34e—07 3.97  1.16e—07 3.98  7.42e—08 3.99  1.69e—07 4.92
1024 1.35e—07 3.99  3.98¢—08 3.99  7.27e—09 3.99  4.64e—09 3.99  5.39e—09 4.98
4096 8.43e—09 4.00  2.49e—09 400  4.55e—10 3.99  2.90e—10 4.00  1.68e—10 4.99
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TABLE A.3. Convergence and discrete L°>°(H?) errors for backward Euler scheme with Cartesian meshes.

k=0 y=1 v =0.125 v =102 y=10""* vy =105

# of cells ||€)1HLDC(H2) EOC ||€hHLoc(H2> EOC H@h,”Lx(HQ) EOC H@;LHLOQ(Hz) EOC ||€)1HLM(H2> EOC
16 1.30e—01 5.56e—02 5.17e—02 1.19e—01 1.32e—02

64 6.09e—02 1.09  2.96e—02 0.99  2.67e—02 0.94  6.05e—02 0.98  3.36e—03 1.97
256 2.84e—02 110 1.52e—02 0.96  1.36e—02 0.98  3.03e—02 0.99  8.49e—04 1.99
1024 1.39e—02 1.03  7.63e—03 0.98  6.80e—03 1.00  1.5le—02 1.00  2.13e—04 2.00
4096 6.63e—03 1.06  3.82¢—03 1.00  3.41e—03 1.00  7.60e—03 1.00  5.32¢—05 2.00
k=1 v=1 v =0.125 =102 ~y=10"* y=10"°

16 1.97e—02 - 4.64e—03 - 4.38¢—03 - 1.10e—02 - 1.57e—03 -
64 5.34e—03 1.88  1.17e—03 1.99  1.02e—03 2.09  2.59e—03 2.08  1.99e—04 2.98
256 1.37e—03 1.97  2.90e—04 2.00  2.39e—04 2.08  6.22e—04 2.05  2.49e—05 3.00
1024 3.42e—04 1.99  7.30e—05 2.00  5.87e—05 2.02  1.29e—04 226 3.11e—06 3.00
4096 8.58¢—05 2.00  1.82e—05 2.00  1.20e—05 224 2.67e—05 227  3.89e—07 3.00
k=2 y=1 ~v=0.125 y=10"? y=10"* y=10"5

16 3.81e—03 - 3.44e—04 - 1.99e—04 - 2.55e—04 - 1.30e—04 -
64 4.89e—04 2.96  4.52e—05 2.93  2.54e—05 2,96  3.21e—05 2.99  8.4le—06 3.95
256 6.15e—05 2.99  5.72e—06 2.98  3.19e—06 2.99  4.02e—06 3.00  5.31e—07 3.99
1024 7.71e—06 3.00  7.18e—07 3.00  4.00e—07 3.00  5.03e—07 3.00  3.32¢e—08 4.00
4096 9.66e—07 3.00  8.98e—08 3.00  5.02e—08 3.00  6.28e—08 3.00  2.07e—09 4.00
k= y=1 7=0125 y=10"° y=10"" y=10"°

16 3.84e—03 3.10e—04 2.96e—04 1.17e—05 3.68e—03

64 2.48e—04 3.95  2.46e—05 3.66  3.29e—05 3.90  7.49e—06 3.96  1.35e—04 4.77
256 1.56e—05 3.99  1.62e—06 3.93  2.14e—06 3.98  4.71e—08 3.99  4.41e—06 4.94
1024 9.75e—07 4.00  1.02e—07 3.98  1.28e—07 4.00  2.93e—09 4.00  1.40e—07 4.98
4096 6.09e—08 400  6.42e—09 4.00  4.88e—09 4.00  1.83e—10 4.00  4.37e—09 5.00

TABLE A.4. Convergence and discrete L>(H?) errors for backward Euler scheme with polygonal meshes.

k=0 y=1 v =0.125 y=10"? y=10"* y=10"5
#of cells  [[€ullpe(mzy BOC  [[€illzm@mz EOC [[€nllz=(mz  BOC [[€ullp=(mzy BOC |[[€ullp~mz, EOC
16 1.41e—01 - 8.02e—02 - 3.20e—02 - 4.95¢—03 - 2.07e—02 -
64 7.38e—02 0.93  4.16e—02 0.94  1.62e—02 0.98  1.25e—03 1.00  5.33e—03 1.96
256 3.75e—02 0.98  2.10e—02 0.98  8.15e—03 0.99  3.12e—04 1.00  1.34e—03 1.99
1024 1.89e—02 0.99  1.06e—02 0.99  4.07e—03 0.99 7.81e—05 1.00  3.36e—04 2.00
4096 9.42e—03 1.00  5.30e—03 1.00  2.03e—03 1.00  1.95e—05 1.00  8.41e—05 2.00
k= y=1 v =0.125 ~=10"? y=10""* vy =105

16 4.59e—02 - 1.84e—02 - 3.61e—02 - 2.65¢—02 - 2.05¢—02 -
64 1.17e—02 1.97  4.96e—03 1.89  9.16e—03 1.98  6.96e—04 1.00  2.73¢—03 2.92
256 2.96e—03 1.99  1.27e—03 1.97  2.29e—03 1.99  1.75e—04 1.02  3.51e—04 2.96
1024 7.41e—04 2.00  3.18e—04 1.99  5.74e—05 1.99  4.40e—05 1.04  4.42e—06 2.99
4096 1.85¢—04 2.00  7.98¢—-05 2.00 1.42¢—05 2.00  1.10e—05 1.00  5.54e—07 3.00
k= =1 ~=0.125 ~=10"2 ~v=10"* v =10"°

16 7.71e—03 - 6.62e—04 - 1.79e—03 - 2.22e—04 - 3.50e—04 -
64 9.99e—04 294 84205 298  2.36e—04 292 2.90e—05 294 2.72e—05 3.69
256 1.26e—04 2.99  1.06e—05 2.99  3.05e—05 2.96  3.67e—06 2.99  1.78e—06 3.94
1024 1.58¢—05 3.00  1.32e—06 3.00  3.84e—06 2,99  4.59e—07 3.00  1.12e—07 3.99
4096 1.98e—06 3.00  1.65e—07 3.00  4.81e—07 3.00  5.75e—08 3.00  7.03e—09 4.00
k=3 y=1 v =0.125 y=10"? y=10""* y=10"5

16 7.53e—04 - 4.78¢—05 - 2.38e—04 - 1.82e—04 - 4.47e—04 -
64 5.82e—05 3.69  3.04e—06 3.97  1.48e—06 3.99  1.18e—06 3.95  1.73e—06 4.68
256 3.81e—06 3.94  1.91e—07 3.99  9.36e—08 3.99  7.46e—08 3.99  5.74e—08 4.94
1024 2.41e—07 3.99  1.19e—08 4.00  5.84e—09 4.00  4.29¢—09 4.00  1.79e—09 4.99

4096 1.51e—08 4.00 7.46e—10 4.00  3.64e—10 4.00  2.92e—10 4.00  5.63e—11 5.00
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TABLE A.5. Convergence and discrete L>(H?) errors for Crank-Nicolson scheme with Cartesian meshes.

k=0 y=1 v =0.125 v =102 y=10""* vy =105

# of cells ||€)1HLDC(H2) EOC ||€hHLoc(H2> EOC H@h,”Lx(HQ) EOC H@;LHLOQ(Hz) EOC ||€)1HLM(H2> EOC
16 2.99e—01 6.54e—02 0.91  4.03e—02 0.94  1.97e—02 2.00e—02

64 1.52e—01 0.97  3.34e—02 0.96  2.04e—02 0.98  1.00e—02 0.97  5.46e—03 1.88
256 7.68e—02 0.99  1.692e—02 0.98  1.02e—02 0.99  5.05e—03 0.99  1.39e—03 1.97
1024 3.84e—02 1.00  8.480e—03 1.00  5.14e—03 1.00  2.53e—03 1.00  3.5le—04 1.99
4096 1.92e—02 1.00  4.24e—03 1.00  2.56e—03 1.00  1.26e—03 1.00  8.79e—05 2.00
k=1 v=1 v =0.125 =102 ~y=10"* y=10"°

16 1.77e—02 - 8.48e—03 - 2.03e—03 - 5.16e—03 - 5.99e—04 -
64 4.44e—03 1.99  2.22e—03 1.93  5.20e—04 1.97  1.28¢—03 201  7.92e—05 2.92
256 1.12e—03 1.99  5.64e—04 1.98  1.30e—04 1.99  1.25e—04 2.01  1.00e—05 2.98
1024 2.80e—04 1.99  1.4le—04 1.99  3.26e—05 2.00  3.06e—05 2.03  1.26e—06 2.99
4096 6.99e—05 2.00  3.53e—05 2.00 8.17e—06 2.00  6.37e—06 226 1.57e—07 3.00
k=2 y=1 ~=0.125 ~=10"2 ~y=10"* v =105

16 2.19e—03 - 7.26e—04 - 7.02e—04 - 3.13e—04 - 6.03e—04 -
64 2.78¢—04 298  9.48e—05 293  8.58¢—05 3.03  3.90e—05 3.00  4.38e—05 3.78
256 3.48¢—05 2.99  1.20e—05 2.99  1.04e—05 3.04  4.73e—06 3.04  2.88¢—06 3.92
1024 4.35e—06 2,99  1.50e—06 3.00  1.10e—06 3.23  5.59e—07 3.08  1.75e—07 4.04
4096 5.43e—07 3.00  1.88e—07 3.00 1.17e—07 322  6.55e—08 3.09  1.09e—08 4.00
k= y=1 v =0.125 ~=10"? y=10"1* vy =105

16 1.27¢—03 1.06e—04 6.10e—05 1.06e—04 1.28¢—04

64 9.27e—05 3.77  6.70e—06 3.98  3.85e—06 3.98  6.50e—06 4.02  5.11e—06 4.64
256 6.13e—06 3.92  4.20e—07 4.00  2.41e—07 3.99  3.56e—07 418  1.66e—07 4.94
1024 3.87e—07 3.98  2.62e—08 4.00  1.51e—08 4.00  2.10e—08 4.08  5.25e—09 4.99
4096 2.44e—08 4.00  1.64e—09 4.00  9.44e—10 4.00  1.26e—09 4.06  1.64e—10 5.00

TABLE A.6. Convergence and discrete L (H?) errors for Crank-Nicolson scheme with polygonal meshes.

k=0 y=1 v =0.125 y=10"? y=10"* y=10"5
#of cells  [[€ullpe(mzy BOC  [[€illzm@mz EOC [[€nllz=(mz  BOC [[€ullp=(mzy BOC |[[€ullp~mz, EOC
16 2.07e—01 - 1.55e—01 - 7.87e—02 - 7.56e—02 - 1.30e—02 -
64 1.05e—01 0.97  7.98e—02 0.96  4.02e—02 0.96  3.98e—02 0.93  3.33e—03 1.96
256 5.28¢—02 0.99  4.02e—02 0.98  2.01e—02 0.99  2.02e—02 0.98  8.4le—04 1.99
1024 2.66e—02 1.00  2.00e—02 0.99  1.01e—02 1.00  1.0le—02 0.99  2.10e—04 2.00
4096 1.33e—02 1.00  1.01e—02 1.00  5.04e—03 1.00  5.07e—03 1.00  5.28¢—05 2.00
k= y=1 v =0.125 ~=10"? y=10""* vy =105

16 8.31e—02 - 2.80e—02 - 5.38¢—03 - 4.99e—03 - 1.18e—02

64 2.15e—02 1.95  7.52e—03 1.89  1.36e—03 1.99  1.25e—03 1.99  1.50e—03 2.96
256 5.40e—03 1.98  1.92e—03 1.97  3.40e—04 1.99  3.12e—04 2.00  1.86e—04 3.00
1024 1.36e—03 1.99  4.82e—04 1.99  8.50e—05 200  7.79e—05 2.00  2.34e—05 3.00
4096 3.39e—04 2.00  1.21e—04 2.00  2.12e—05 2.00  1.94e—05 2.00  2.93e—06 3.00
k= =1 ~=0.125 ~=10"2 ~v=10"* v =10"°

16 8.31e—02 - 2.80e—02 - 5.38e—03 - 5.00e—03 - 1.18e—02 -
64 2.15e—02 1.95  7.52e—03 1.89  1.36e—03 1.99  1.25e—03 1.99  1.50e—03 2.96
256 5.40e—03 1.98  1.92e—03 1.97  3.10e—04 1.99  3.12e—04 2.00 1.87e—04 3.00
1024 1.36e—03 1.99 4.82e—04 1.99  8.50e—05 2.00  7.78e—05 2.00  2.34e—05 3.00
4096 3.39e—04 2.00  1.21e—04 2.00 2.13e—05 2.00  1.94e—05 2.00  2.93e—06 3.00
k=3 =1 v =0.125 v =102 ~y=10"" vy =105

16 2.74e—03 - 1.10e—03 - 3.82e—05 - 3.91e—05 - 5.50e—05 -
64 2.11e—04 3.70  7.00e—05 3.97  2.42e—06 3.98  2.47e—06 3.98  1.86e—06 4.88
256 1.69e—05 3.65  4.38¢—06 3.99  1.51e—07 4.00  1.55e—07 4.00  6.35e—08 4.97
1024 1.13e—06 3.90  2.74e—07 3.99  9.44e—09 4.00  9.67e—09 4.00  1.85e—09 4.99

4096 7.17e—08 3.99 1.72e—08 4.00  5.90e—10 4.00  7.76e—11 4.00  5.82e—11 5.00
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TABLE A.7. Convergence and discrete L?(H?) relative errors for backward Euler scheme with discon-
tinuous uo(x).

k=0 =1 v =0.125 y=10"? y=10"* y=10"5

# of cells HE?“”LQ(HQ) EOC HE}?&”LQ(HQ) EOC ||E]FfeHL2(H2) EOC HE;?GHL‘Z(H‘Z) EOC HEEE!”LQ(HQ) EOC
16 1.44e—01 - 5.04e—02 - 2.34e—02 - 1.38e—02 - 6.09¢—03 -
64 7.56e—02 0.92  2.62e—02 0.94  1.20e—02 0.96  7.32e—03 0.92  1.57e—03 1.94
256 3.84e—02 0.97  1.33e—02 0.97  6.02e—03 0.99  3.72e—03 0.97  3.97e—04 1.98
1024 1.94e—02 0.99  6.70e—03 0.99  3.0le—03 1.00  1.87e—03 0.99  9.97e—05 2.00
k=1 y=1 ~=0.125 ~=10"2 y=10"% v =105

16 8.52e—03 - 4.18¢—03 - 1.84e—03 B 2.72e—03 - 6.55e—04 -
64 2.16e—03 1.97  1.08e—03 1.96  4.74e—04 1.95  7.00e—04 1.96  8.36e—05 2.96
256 5.40e—04 1.99  2.70e—04 1.99  1.20e—04 1.99  2.70e—04 1.99  1.05e—05 2.99
1024 1.36e—04 2.00  6.80e—05 2.00  3.00e—05 2.00  6.80e—05 2.00 1.31e—06 3.00
k=2 y=1 v =0.125 ~y=10"2 ~y=10"* vy =10"°

16 9.36e—04 - 4.48e—04 - 1.60e—04 - 1.33e—04 - 2.66e—05 -
64 1.19e—04 297  5.68e—05 2.97  2.03e—05 2.98  1.68e—05 298  1.71e—06 3.96
256 1.50e—05 2,99  7.12e—06 2,99  2.53e—06 299  2.11e—06 2,99  1.07e—07 3.99
1024 1.88¢—06 3.00  8.88¢—07 3.00  3.18¢—07 3.00  2.64e—07 3.00  6.72e—09 4.00
k= y=1 v =0.125 y=10"? y=10"" y=10"°

16 1.31e—04 - 6.42e—05 - 1.72e—05 - 3.08e—05 - 4.17e—06 -
64 8.43¢—06 3.96  4.26e—06 3.91  1.10e—06 3.96  1.95e—06 3.97  1.34e—07 4.96
256 5.31e—07 3.99  2.70e—07 3.98  6.92e—08 3.99  1.23e—07 3.99  4.21e—09 4.99
1024 3.30e—08 4.00  1.70e—08 4.00  4.33e—09 4.00  7.71e—09 4.00  1.32e—10 5.00

TABLE A.8. Convergence and discrete L™ (H?)

tinuous uo(x).

relative errors for backward Euler scheme with discon-

E=0 y=1 ~=0.125 v =10"2 y=10"* v =10"°
#ofcells  [Eflpenzy EOC  [[Eil2(mzy BOC  [[ERlliemzy BOC [[ERlL=~@mz BOC [[EF[e@m2 BEOC
16 9.87e—02 B 9.46e—02 B 3.05e—02 B 1.77e—02 - 7.32e—03 -
64 6.03e—02 0.71  4.94e—02 0.93  1.58e—02 0.94  6.15e—03 1.52  2.45¢—03 1.57
256 3.18e—02 091  2.51e—02 0.98  8.09e—03 0.97  2.56e—03 1.20  6.76e—04 1.85
1024 1.63e—02 0.97  1.26e—02 0.99  4.07e—03 0.99  1.21e—03 1.08  1.74e—04 1.95
k=1 y=1 v =0.125 y=10"" y=10"" y=10"°

16 7.62e—02 B 2.92e—02 B 1.32e—02 B 7.81e—03 - 1.86e—03 -
64 3.96e—02 0.94  7.66e—03 1.93  3.54e—03 1.90  2.09¢—03 1.90  2.34e—04 2.99
256 2.02e—02 0.97  1.94e—03 1.98  9.07e—04 1.97  5.3le—04 1.97  2.94e—05 2.99
1024 1.02e—02 0.90  4.86e—04 1.99  2.28¢—04 1.99  1.34e—04 1.99  3.67e—06 2.99
k= y=1 ~=0.125 v =10"2 y=10"* y=10"°

16 7.50e—03 - 5.66e—03 - 1.75e—03 - 7.38e—04 - 1.16e—04 -
64 9.81e—04 293  7.22¢—04 297 2.23¢—04 297  9.78¢—05 2.93  7.70e—06 3.90
256 1.24e—04 2.99  9.09e—05 299  2.82e—05 2,99  1.24e—05 2.98  4.89e—07 3.97
1024 1.55e—05 3.00  1.14e—05 2.99  3.53¢—06 3.00  1.55e—06 3.00  3.05e—08 4.00
k= y=1 ~=0.125 y=10"2 y=10"* y=10"5

16 5.82e—04 - 8.22e—04 - 1.78e—05 - 9.95e—06 - 2.59e—06 -
64 3.66e—05 3.98  5.24e—05 3.97  1.13e—06 3.97  3.91e—07 4.66  8.32e—08 4.96
256 2.31e—06 3.99  3.30e—06 3.99  7.10e—08 3.99  1.85¢—08 4.39  2.60e—09 4.99
1024 1.44e—07 4.00  2.06e—07 4.00  4.44e—09 4.00  1.04e—09 415  8.18e—11 5.00
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TABLE A.9. Convergence and discrete L>°(H?) relative errors for Crank-Nicolson scheme with discon-
tinuous uo(x).

k=0 y=1 ~=0.125 =102 ~y=10"* ~y=10"°

# of cells  [[Ef[ponzy EOC  [[Eflpem2 EOC [Eilp~m2 EOC [E;p~m2 EOC [ENp~m?2 EOC
16 7.77e—02 - 4.90e—02 - 4.38e—02 - 2.74e—02 - 5.12e—03 -
64 4.08¢—02 0.92  2.52e—02 0.92  2.29e—02 0.93  1.54e—02 0.93  1.36e—03 1.91
256 2.10e—02 0.96  1.18e—02 .09  1.17e—02 0.98  8.02e—03 0.95  3.47e—04 1.97
1024 1.06e—02 1.00  5.62e—03 1.07  5.87e—03 0.99  4.06e—03 0.99  8.76e—05 1.99
k=1 y=1 ~=0.125 =102 ~y=10"* ~y=10"°

16 6.99e—03 - 4.58e—02 - 1.63e—02 - 4.15e—03 - 2.04e—04 -
64 1.94e—03 1.85  1.21e—02 1.92  4.22¢—03 1.95  1.07e—03 1.96  2.62e—05 2.96
256 5.07e—04 1.93  3.06e—03 1.98  1.07e—03 1.98  2.68e—04 1.99  3.30e—06 2.98
1024 1.21e—04 1.97  7.70e—04 1.99  2.68e—04 1.99  6.73¢—05 1.99  4.16e—07 2.99
k= y=1 ~=0.125 v =102 v=10"* ~=10"°

16 6.84e-03 - 2.14e-03 - 6.40e-04 - 2.15e-04 - 1.68e-05 -
64 8.94e-04 2,94  2.74e-04 2.97  8.34e-05 2.94  2.73e-05 2.97  1.10e-06 3.94
256 1.13e-04 2,98  3.44e-05 2.99  1.06e-05 2.98  3.43e-06 2.99  6.96e-08 3.97
1024 1.43e-05 2,99  4.32e-06 3.00  1.32e-06 2.99  4.30e-07 3.00  4.38e-09 3.99
k= y=1 v =0.125 v =10"2 y=10"* v =10"5

16 4.53e—04 4.64¢—05 7.69e—05 5.15e—05 4.84¢—05

64 2.95e—05 3.95  2.98e—06 3.95  4.89e—06 3.98  3.63e—06 3.92  1.63e—06 4.90
256 1.86e—06 3.99  1.89e—07 3.99  3.06e—07 3.99  2.31e—07 3.96  5.15e—08 4.97
1024 1.16e—07 4.00  1.19e—08 4.00  1.91e—08 3.99  1.45e—08 3.99  1.61e—09 4.99

TABLE A.10. Convergence
continuous uo(z) for v = 0.

and discrete L™ (H?) relative errors for Crank-Nicolson scheme with dis-

# of cells k=0 k=1 k=2 k=3
€nllpoo 2y EOC  |€nllpoomzy EOC |€hllpoomzy EOC  |[€h|lpoo(m2y EOC
16 1.51e—02 - 2.51e—03 - 1.53e—04 - 5.91e—06 -
64 3.89¢—03 1.96  3.23e—04 2.96  9.78¢—06 3.97  1.88¢—07 4.97
256 9.84e—04 1.99  4.08¢—05 299  6.15e—07 3.99  5.91e—09 4.99
1024 2.47e—04 1.99 5.11e—06 3.00 3.84e—08 4.00 1.84e—10 5.00
Example 8.3

TABLE A.11. Convergence and discrete L?(H?)

meshes: Case 1.

errors for backward Euler scheme with Cartesian

# of cells k=0 k=1 k=2 k=3

16 7.26e—01 - 1.01e—01 - 8.98e—03 - 1.18e—03 -
64 1.79e—01 2.01 1.35e—02 2.90 6.18e—04 3.86 4.12e—05 4.83
256 4.47e—02 2.00 1.71e—03 2.98  3.95e—05 3.96 1.33e—06 4.95
1024 1.12e—-02 2.00 2.14e—04 2.99 2.47e—06 3.99 4.17e—08 4.98
4096 2.81e—03 2.00  2.68e—05 3.00 1.55e—07 4.00 1.00e—09 5.00
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TABLE A.12. Convergence and discrete L2(H2) errors for backward Euler scheme with polygonal
meshes: Case I.

# of cells k=0 k=1 k=2 k=3
HQEhHL2(H2) EOC ||QEhHL2(H2) EOC ||Q3hHL2(H2) EOC ||Q3hHL2(H2) EOC

16 1.94e—01 - 2.80e—02 - 3.25e—03 - 5.21e—04 -

64 4.89e—02 1.98  3.92e—-03 2.83  2.36e—04 3.78  1.94e—-05 4.74

256 1.23e—02 1.99  5.04e—04 2.95 1.54e—05 3.94  6.38e—07 4.92

1024 3.09e—03 1.99  6.36e—05 298  9.72e-07 3.98  2.01e—08 4.98

4096 7.75e—04 2.00  7.96e—06 3.00  6.08e—08 4.00  6.34e—10 5.00

TABLE A.13. Convergence and discrete L°°(H?) errors for backward Euler scheme with Cartesian
meshes: Case I.

# of cells k=0 k=1 k=2 k=3
I€nllroozy EOC  ||€hllpoomzy EOC  |€hllpoemzy EOC  ||€pllpoc(nzy  EOC

16 6.69e—02 - 5.68e—03 - 1.64e—04 - 1.07e—05 -

64 1.80e—02 1.89  7.33e—04 2.95 1.06e—05 3.96  3.37e—07 4.98

256 4.62e—03 1.96  9.27e—05 2.99  6.69e—07 3.99 1.06e—08 4.99

1024 1.17e—03 1.99 1.16e—05 2.99  4.18e—08 3.99  3.30e—10 4.99

4096 2.93e—04 2.00 1.45e—06 3.00  2.62e—09 4.00 1.06e—11 5.00

TaBLE A.14. Convergence and discrete L°°(H?) errors for backward Euler scheme with polygonal
meshes: Case I.

# of cells k=0 k=1 k=2 k=3
I€nllLoomzy EOC  ||€hllpocmzy EOC  |€hllpoemzy EOC  ||€hllpoc(nzy  EOC

16 1.53e—02 - 1.24e—03 - 8.84e—05 - 1.77e—05 -

64 3.99¢—03 1.93 1.61e—04 2.94  6.41e—06 3.78  5.85e—07 4.91

256 1.02e—03 1.96 2.02e—05 2.98 4.13e—07 3.95 1.85e—08 4.98

1024 2.58e—04 1.98 2.40e—06 2.99 2.59e—08 3.99 5.81e—10 4.99

4096 6.45e—05 2.00  3.16e—07 3.00 1.62e—09 4.00 1.82e—11 4.99

TaBLE A.15. Convergence and discrete L>(H?) errors for Crank-Nicolson scheme with Cartesian
meshes: Case I.

# of cells k=20 k=1 k=2 k=3

16 1.07e—01 - 1.98e—02 - 1.58e—03 - 3.56e—04 -
64 2.64e—02 2.01 2.54e—03 2.95 1.16e—04 3.77 1.28e—05 4.80
256 6.55e—03 2.00  3.22e—04 2.98  7.52e—06 3.94  4.09e—07 4.95
1024 1.64e—03 2.00 4.03e—05 2.99 4.74e—07 3.98 1.29e—08 4.99

4096 4.07e—04 2.00  5.03e—06 3.00  2.97e—08 4.00  4.05e—10 5.00
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TABLE A.16. Convergence and discrete L°°(H?) errors for Crank-Nicolson scheme with polygonal
meshes: Case I.

# of cells k=0 k=1 k=2 k=3
€nllpoo 2y EOC  |€nllpoomzy EOC  |€h|lpoomzy EOC |€h|lpoc(m2y EOC

16 1.68e—02 - 3.40e—03 - 5.20e—04 - 7.33e—05 -

64 4.29e—03 1.96  4.88¢—04 2.80  3.54e—05 3.87  2.38e—06 4.94

256 1.09e—03 1.98  6.27e—05 2.95  2.26e—06 3.97  7.50e—08 4.98

1024 2.73e—04 1.99  7.88e—06 2.99  1.42e-07 3.99  2.34e—09 4.99

4096 6.84e—05 2.00 9.86e—07 3.00 8.86e—09 4.00 7.28¢e—11 5.00

TABLE A.17. Convergence and discrete L?(H?) errors for backward Euler scheme with Cartesian
meshes: Case II.

# of cells k=0 k=1 k=2 k=3
I€nllrzzy EOC  |[|€ullp2m2y  EOC  ||€nllp2yzy EOC  |[|€|lp2m2y EOC

16 2.64e—01 - 1.15e—03 - 4.49e—06 - 2.46e—05 -

64 2.30e—01 1.98 1.42e—04 3.00 2.84e—07 3.98 8.40e—07 4.97

256 5.74e—02 2.00 1.77e—05 3.00 1.79e—08 3.99 2.68e—08 4.97

1024 1.42e—02 1.99 2.20e—06 3.00 1.12e—09 3.99 8.44e—10 4.99

4096 3.45e—03 2.03  2.76e—07 2.99  7.0le—11 4.00 2.64e—11 5.00

TABLE A.18. Convergence and discrete L?*(H?) errors for backward Euler scheme with polygonal
meshes: Case II.

# of cells k=0 k=1 k=2 k=3
HGhHLZ(HQ) EOC ||€hHL2(H2) EOC ||€hHL2(H2) EOC ||€hHL2(H2) EOC

16 1.54e—03 - 1.09e—04 - 4.98e—06 - 2.61e—04 -

64 1.44e—-02 2.07 1.28e—04 3.13 3.62e—06 4.19 3.08e—04 5.17

256 3.81e—03 2.00 1.68e—05 3.03  2.26e—07 410  4.07e—05 5.08

1024 9.81e—04 2.02 2.02e—06 3.05 1.34e—08 4.06 4.52e—06 5.07

4096 2.52e—04 2.03  2.46e—07 3.04  8.15e—10 4.05  5.51e—07 5.06

TABLE A.19. Convergence and discrete L>°(H?) errors for backward Euler scheme with Cartesian
meshes: Case II.

# of cells k=0 k=1 k=2 k=3

16 2.96e—02 - 1.04e—02 - 1.10e—04 - 2.18e—04 -
64 7.44e—03 1.99 1.30e—03 3.00  7.08e—06 3.96  7.76e—06 4.81
256 1.87e—03 2.00  1.58e—04 3.03  4.44e-07 3.99  2.51e-07 4.95
1024 4.65e—04 2.00  1.95e—05 3.02  2.78e—08 4.00  7.92e—-09 4.99

4096 1.17e—04 2.00  2.42e—06 3.00 1.74e—09 4.00 2.47e—10 5.00
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TABLE A.20. Convergence and discrete L°°(H?) errors for backward Euler scheme with polygonal
meshes: Case II.

# of cells k=0 k=1 k=2 k=3

16 8.43e—03 - 6.44e—04 - 2.47e—04 - 5.32e—05 -
64 2.15e—03 1.96  8.14e—05 2.99  1.66e—05 3.69  1.64e—06 5.01
256 5.40e—04 1.99  1.02e-05 2.96  1.07e—06 3.95  5.15e—08 4.99
1024 1.35e—04 2.00  1.28e—06 3.00 6.77e—08 3.99  1.61e—09 5.00
4096 3.39e—05 2.00 1.60e—07 3.00 4.24e—09 4.00  5.03e—11 5.00

TaBLE A.21. Convergence and discrete L™ (H?) errors for Crank-Nicolson scheme with Cartesian
meshes: Case II.

# of cells k=0 k=1 k=2 k=3
I€nllpoeci2y  EOC  [|€nllpoeszy  EOC  ||€nllpocsrzy EOC || @nllpee sy EOC

16 17702 - 8.56e—04 - 517e-04 1.18e—04 -

64 444e—03  1.99 1.13e—04 292  3.76e—05  3.78 4.75e—06  4.64

256 1.12e-03  1.99 143e—05 298 247e-06  3.92 1.55e-07  4.94

1024 2.80e—04 199 1.80e-06  2.99 5.46e—08  3.02 4.88-09  4.99

4096 6.99e—05 200 2.24e—07  3.00 9.85e—09  4.00 152—10 5.0

TaBLE A.22. Convergence and discrete L°°(H?) errors for Crank-Nicolson scheme with polygonal
meshes: Case II.

# of cells k=20 k=1 k=2 k=3

16 1.13e—02 - 1.58e—03 - 9.22e—05 3.95 7.81e—05 -
64 2.93e—03 1.96  2.0le—04 2.96  5.73e—06 4.00  2.51e—06 4.95
256 7.41e—04 1.99  2.56e—05 2.99  3.59e—-07 4.00  7.93e—08 4.98
1024 1.86e—04 2.00 3.21e—06 3.00 2.24e—08 4.00 2.49e—09 5.00
4096 4.62e—05 2.00  4.02e—-07 3.00 1.40e—09 4.00 T7.74e—11 5.00

Decay of errors

TABLE A.23. (Examples 8.1 (for v = 1) and 8.3 (for v = 0)). Decay of errors in L>°(H?)-norm in time
direction for fixed 1024 mesh elements.

Time-level y=1k=0 y=1Lk=2 vy=0,k=0 y=0,k=2
CN-Scheme BE-Scheme CN-Scheme BE-Scheme CN-Scheme BE-Scheme CN-Scheme BE-Scheme
Level 1 1.15e—04 3.88¢—03 6.28¢—03 2.12e—01 8.49e—04 2.86e—02 3.12e—04 1.05e—02
Level 2 2.88e—05 1.85e—03 1.57e—03 1.01e—01 2.13e—04 1.36e—02 7.82e—05 5.02e—03
Level 3 7.17e—06 9.00e—04 3.92e—04 4.91e—02 5.30e—05 6.65e—03 1.95e—05 2.45e—03
Level 4 1.77e—06 4.44e—04 9.67e—05 2.42e—02 1.31e—05 3.28¢—03 4.82e—06 1.21e—03
Level 5 4.21e—07 2.20e—04 2.30e—05 1.20e—02 3.11e—06 1.63e—03 1.14e—06 5.99e—04
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