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HYBRID HIGH-ORDER METHOD FOR THE EXTENDED
FISHER-KOLMOGOROV AND THE FISHER-KOLMOGOROV EQUATIONS

Raman Kumar1,2 and Neela Nataraj1,*

Abstract. This article analyzes hybrid high-order method for space discretization and backward Euler
and Crank-Nicolson schemes for time discretization of the nonlinear extended Fisher-Kolmogorov and
the Fisher-Kolmogorov equations. The critical parameter 𝛾 > 0 is incorporated in the stabilization term
of the HHO method. Error estimate of order O(ℎ𝑘+1 + Δ𝑡) (resp. O(ℎ𝑘+1 + (Δ𝑡)2) in the energy-norm
for the backward Euler (resp. Crank-Nicolson) scheme is obtained when polynomials of order 𝑘+2 (resp.
𝑘) with 𝑘 ≥ 0 are utilized to approximate the exact solution in the interior of the polygon and its traces
on the boundary of the polygon (resp. normal derivative on the mesh faces). The HHO discretization
for the Fisher-Kolmogorov equation, that is, when the parameter 𝛾 = 0, leads to a convergence rate of
O(ℎ𝑘+2) in the space variable. The results of the numerical experiments validate the theoretical results.
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1. Introduction

This article analyzes hybrid high-order (HHO) method for the numerical approximation of the extended
Fisher-Kolmogorov (EFK) and the Fisher-Kolmogorov (FK) equations. The EFK model seeks 𝑢(𝑥, 𝑡) such that

𝑢𝑡 + 𝛾∆2𝑢−∆𝑢 + 𝑓(𝑢) = 0 for all (𝑥, 𝑡) ∈ Ω× (0, 𝑇 ],
𝑢 = 𝛾𝜕n𝑢 = 0 for all (𝑥, 𝑡) ∈ 𝜕Ω× (0, 𝑇 ],
𝑢(𝑥, 0) = 𝑢0(𝑥) for all 𝑥 ∈ Ω.

(1.1)

Here Ω is an open, bounded, polygonal, Lipschitz domain in R2, with boundary 𝜕Ω, the critical parameter 𝛾
lies in [0, 1], 𝑓(𝑢) = 𝑢3−𝑢, 0 < 𝑇 < ∞, 𝑇 is the final time, n denotes the unit outward normal to 𝜕Ω, and 𝑢0(𝑥)
represents the initial state of the system. The choice 𝛾 = 0 in (1.1) leads to the FK equation [2]. The second
boundary condition is scaled by 𝛾 so that when 𝛾 = 0, (1.1) leads to the FK equation with Dirichlet boundary
condition.

The model problem (1.1) for 0 < 𝛾 ≤ 1, introduced as an extension of the FK equation for analyzing front
propagation between equilibrium states in bistable systems was proposed in [11, 16]. Some bistable systems
exhibit deviations from the smooth transition between equilibria, such as uneven or periodic wave-like transitions
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referred to as kinks. For 𝛾 ≤ 1/8, it has been noted that the solutions of the EFK equation closely resemble
those of the FK equation, see for example, [2, 10, 33, 34]. But if 𝛾 > 1/8, discernible differences emerge in the
solutions of these equations. The EFK equation has applications in phase transitions of binary systems [29],
domain wall propagation in liquid crystals [28], and traveling waves in reaction-diffusion systems [2].

Conforming and non-standard finite element methods (FEMs) have been studied in the literature for the EFK
equation. We refer to [12] for conforming FEM, [26] for the 𝐶0 interior penalty method, [13] for the Morley
finite element method, and [32] for the virtual element method. More recently, [14] discusses a mixed finite
element method and [15] presents a unified approach for nonstandard FEMs using lowest-order piecewise 𝑃2

polynomials for discretization in space variable and backward Euler scheme for time discretization. To the best
of our knowledge, the analysis in existing literature holds when the parameter 𝛾 > 1

8 and does not include the
case 𝛾 = 0 in (1.1) that leads to the second-order FK equation.

The benefits of HHO methods are well-known: they are dimension-independent in their construction, support
general meshes, include general polytopal mesh cells and non-matching interfaces, and are computationally
efficient. The HHO methods were introduced in the last decade and have found applications in linear elasticity
[18], diffusion [20], biharmonic problems [23,24], Stokes problem [21], Navier–Stokes equations [3,19], singularly
perturbed problems [22], and magnetostatics [8]. Furthermore, the method is explored for quasilinear and
nonlinear PDEs in [27,31], poroelasticity [4], hyperelastic materials [1], and Leray-Lions problems [17]. For time-
dependent problems, HHO methods have been developed for Sobolev equations [38], Cahn–Hillard equations
[7], and wave equation [5, 6].

The HHO methods utilize discrete unknowns in the cells and the faces. The cell unknowns are locally elim-
inated using the static condensation techniques. The two fundamental ingredients for the HHO methods are a
reconstruction operator that locally reconstructs a displacement field or its gradient from the local cell and face
unknowns and a stabilization operator that weakly enforces consistency between the local face unknowns and
the trace of the cell unknowns on each mesh face.

In [23], two HHO schemes are designed for the biharmonic clamped plate problems and optimal order error
estimates in the energy norm are derived. The HHO-A scheme employs unequal-order HHO elements to approx-
imate unknowns. The cell unknowns are approximated in P𝑘+2(𝐾), the traces of unknown on the faces in
P𝑘+1(𝐹 ), and normal derivative of the unknowns on the faces in P𝑘(𝐹 ), where 𝑘 ≥ 0, 𝐾 is the polytopal
element, 𝐹 denotes the faces of 𝐾, and P𝑟(𝐾) and P𝑟(𝐹 ) denote polynomials of degree less than or equal
to 𝑟 defined on 𝐾 and 𝐹 , respectively. The HHO-B scheme approximates the cell unknowns in P𝑘+2(𝐾), face
unknowns in P𝑘+2(𝐹 ), and the normal derivatives of the unknowns on the faces in P𝑘(𝐹 ). This article adopts
the HHO-B scheme [22] to handle semilinear problems with lower-order terms. The boundary conditions are
weakly imposed by means of a Nitsche-boundary penalty technique [22].

The novel contributions of this article can be outlined as follows:

– The time-dependent semilinear EFK and FK equations are analyzed using the HHO scheme for space
discretization and two-time discretization schemes. To the best of our knowledge, this is the first work
that provides a unified framework for EFK and FK equations that hold for the entire range of the critical
parameter, that is, 0 ≤ 𝛾 ≤ 1.

– The existence and uniqueness of the solution to the nonlinear discrete system obtained using HHO space
discretization and backward Euler (resp. Crank-Nicolson) time discretization scheme is established using the
Brouwer’s fixed point theorem.

– The HHO space discretization and backward Euler time discretization provide error estimates of order
O(ℎ𝑘+1 + ∆𝑡)(resp. O(ℎ𝑘+2 + ∆𝑡)) in the energy-norm for the EFK (resp. FK) equation.

– The HHO space discretization and Crank-Nicolson time discretization provide error estimates of order
O(ℎ𝑘+1 + (∆𝑡)2)(resp. O(ℎ𝑘+2 + (∆𝑡)2)) in the energy-norm for the EFK (resp. FK) equation.

– The numerical experiments validate the theoretical findings and are presented for different choices of 0 ≤
𝛾 ≤ 1. Optimal order convergence rates in 𝐿2(energy) and 𝐿∞(energy)-norms are obtained for the HHO in
space and backward Euler (Crank-Nicolson) in time for EFK and FK equations.
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– Though the theoretical results in this paper are designed for smooth data, the numerical experiments illus-
trate the adaptability of the schemes to handle non-smooth initial data.

Standard notation for Lebesgue and Sobolev spaces apply throughout the paper. For 𝑖 := (𝑖1, 𝑖2) with 𝑖1, 𝑖2 ≥ 0
and |𝑖| := 𝑖1 + 𝑖2, 𝑣 := 𝑣(𝑥1, 𝑥2), let 𝐷𝑖𝑣 := 𝜕|𝑖|𝑣

𝜕𝑥
𝑖1
1 𝜕𝑥

𝑖2
2

. For any 𝐾 ⊂ R2 and any integer 𝑟 ≥ 0, define the Sobolev

space 𝐻𝑟(𝐾) := {𝑣 ∈ 𝐿2(𝐾) : 𝐷𝑖𝑣 ∈ 𝐿2(𝐾) for 0 ≤ |𝑖| ≤ 𝑟}. For 𝑣 ∈ 𝐻𝑟(𝐾), the associated norm and semi-

norm are denoted by ‖𝑣‖𝐻𝑟(𝐾) =
(︀∑︀

|𝑖|≤𝑟 ‖𝐷𝑖𝑣‖2𝐿2(𝐾)

)︀ 1
2 and |𝑣|𝐻𝑟(𝐾) =

(︀∑︀
|𝑖|=𝑟 ‖𝐷𝑖𝑣‖2𝐿2(𝐾)

)︀ 1
2 , respectively. In

particular, 𝐷1𝑣 = 𝐷𝑣 and 𝐷2𝑣 denote the gradient and Hessian, respectively. The 𝐿2 inner product and norm
defined on Ω are denoted by (·, ·) and ‖ · ‖, respectively. For any partition Tℎ of Ω, 𝐻𝑟(Tℎ) = Π𝐾∈Tℎ

𝐻𝑟(𝐾)
and P𝑟(𝐾), is the space of polynomials of degree at most 𝑟 in each 𝐾. For 𝑟 = 0 and any cell 𝑋 := 𝐾 ∈ Tℎ or
any face 𝑋 := 𝐹 of 𝐾, denote the inner product (resp. norm) by (·, ·)𝑋 (resp. ‖ · ‖𝑋). Let 𝑌 denote a normed
space with norm ‖ ∙ ‖𝑌 and seminorm | ∙ |𝑌 , respectively, and 𝑔 : (0, 𝑇 ) → 𝑌 be a measurable function. For
1 ≤ 𝑟 ≤ ∞,

‖𝑔‖𝑟
𝐿𝑟(0,𝑇 ;𝑌 ) :=

∫︁ 𝑇

0

‖𝑔(𝑡)‖𝑟
𝑌 d𝑡, 1 ≤ 𝑟 < ∞ and ‖𝑔‖𝐿∞(0,𝑇 ;𝑌 ) := ess sup

0≤𝑡≤𝑇
‖𝑔(𝑡)‖𝑌 .

Let 𝐿𝑟(0, 𝑇 ; 𝑌 ) := {𝑔 : (0, 𝑇 ) → 𝑌 : ‖𝑔‖𝑟
𝐿𝑟(0,𝑇 ;𝑌 ) < ∞}. This paper frequently employs the Young’s inequality

given by

𝑎𝑏 ≤ 𝑎2

2𝜀
+

𝜀𝑏2

2
for 𝑎, 𝑏 ≥ 0 and 𝜀 > 0. (1.2)

The notation 𝛥𝑡 denotes the time step, whereas 𝛥𝑣 (resp. 𝛥2𝑣) denotes the Laplacian (resp. bi Laplacian) of 𝑣.
This slight abuse of notation should be clear from the context. The rest of the paper is organized as follows:
Section 2 discusses the preliminaries related to the hybrid-high order method. The main results of the article are
stated in Section 3. Some approximation properties that are crucial for the analysis are presented in Section 4.
Section 5 discusses the proof of the discrete energy estimate. The error analysis for the backward Euler and
Crank Nicolson schemes are discussed in Sections 6 and 7, respectively. The numerical results that validate the
theoretical estimates are presented in Section 8.

2. HHO preliminaries

This section discusses weak formulation and the discrete setting. The three important components in the HHO
setting, namely, the local and global reduction operators, the local reconstruction operator, and the stabilizer are
introduced.

Following [22], consider the Hilbert space 𝑉 := 𝛾𝐻2
0 (Ω) + 𝐻1

0 (Ω), which is a shortcut notation for 𝐻2
0 (Ω) if

𝛾 > 0 and 𝐻1
0 (Ω) if 𝛾 = 0. Recall that 𝑓(𝑢) = 𝑢3 − 𝑢. The weak formulation that corresponds to (1.1) seeks

𝑢(∙, 𝑡) ∈ 𝑉 such that

(𝑢𝑡, 𝑣) + 𝛾

∫︁
Ω

𝐷2𝑢 : 𝐷2𝑣 dx +
∫︁

Ω

𝐷𝑢 ·𝐷𝑣 dx + (𝑓(𝑢), 𝑣) = 0 for all 𝑣 ∈ 𝑉, 𝑢(𝑥, 0) = 𝑢0(𝑥). (2.1)

For 𝛾 > 0, the existence, uniqueness, and regularity results for (2.1) are established under the assumption that
𝑢0 ∈ 𝐻2

0 (Ω). We refer to Theorem 2.1 in [12], Theorem 2.1 in [13], Lemma 2.3 and proof of Theorem 5.3 in [15]
for details of proofs. The existence, uniqueness, and regularity results for 𝛾 = 0 can be derived following similar
arguments as in Theorems 2.1–2.2 in [12] under the regularity assumption that 𝑢0 ∈ 𝐻1

0 (Ω).
We consolidate the regularity results in the lemma below.

Lemma 2.1. (a) (𝛾 > 0) ([13], Thm. 2.1). Suppose 𝑢0 ∈ 𝐻2
0 (Ω). Then for any finite time 𝑇 > 0, there exists

a unique weak solution 𝑢 such that 𝛾1/2𝑢 ∈ 𝐿∞(0, 𝑇 ; 𝐻2
0 (Ω)), 𝑢 ∈ 𝐿∞(0, 𝑇 ; 𝐻1(Ω)) ∩ 𝐿∞(0, 𝑇 ; 𝐿𝑞(Ω)) (1 ≤

𝑞 < ∞), and 𝑢𝑡 ∈ 𝐿2(0, 𝑇 ; 𝐿2(Ω)).
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(b) (𝛾 = 0) [35]. Suppose 𝑢0 ∈ 𝐻1
0 (Ω). Then for any finite time 𝑇 > 0, there exists a unique weak solution 𝑢

that satisfies 𝑢 ∈ 𝐿∞(0, 𝑇 ; 𝐻1
0 (Ω)) and 𝑢𝑡 ∈ 𝐿2(0, 𝑇 ; 𝐿2(Ω)). Moreover, if 𝑢0 ∈ 𝐻1

0 (Ω) ∩𝐻2(Ω), then there
exists unique 𝑢 such that 𝑢 ∈ 𝐿∞(0, 𝑇 ; 𝐻1

0 (Ω)) ∩ 𝐿2(0, 𝑇 ; 𝐻2(Ω)) and 𝑢𝑡 ∈ 𝐿2(0, 𝑇 ; 𝐿2(Ω)).

Moreover, Lemma 2.1 and the Sobolev embedding in 2D yield 𝑢 ∈ 𝐿∞(0, 𝑇 ; 𝐿𝑞(Ω)), where 1 ≤ 𝑞 < ∞ for
𝛾 > 0 and 𝛾 = 0 .

2.1. Meshes

Following the notations from [18, 23], for every ℎ > 0, let {Tℎ}ℎ be a mesh family such that each mesh Tℎ

consists of a finite number of non-empty disjoint open polygonal cells 𝐾 with planar faces that covers Ω exactly.
We partition the boundary F𝐾 of any mesh cell 𝐾 ∈ Tℎ into interior and boundary faces: F i

𝐾 := F𝐾 ∩ Ω and
F b

𝐾 := F𝐾 ∩ 𝜕Ω. We partition the mesh as Tℎ := T i
ℎ ∪T b

ℎ . The presence of hanging nodes is possible in such
meshes, and the mesh-size is defined by ℎ := max𝐾∈Tℎ

𝐾, where ℎ𝐾 represents the diameter of cell 𝐾. A closed
subset 𝐹 of Ω is denoted as a mesh face if it is a subset of an affine hyperplane 𝐻𝐹 with positive 1-dimensional
Hausdorff measure and if either of the following two conditions holds: (I) There exist 𝐾1(𝐹 ) and 𝐾2(𝐹 ) in Tℎ

such that 𝐹 ⊂ 𝜕𝐾1(𝐹 )∩ 𝜕𝐾2(𝐹 )∩𝐻𝐹 . In this case, 𝐹 is termed an internal face. (II) There exists 𝐾(𝐹 ) ∈ Tℎ

such that 𝐹 ⊂ 𝜕𝐾(𝐹 )∩ 𝜕Ω∩𝐻𝐹 . Here, 𝐹 is referred to as a boundary face. The mesh faces are collected in the
set Fℎ, which is split as Fℎ = F i

ℎ ∪F b
ℎ , where F i

ℎ is the collection of the interior faces (shared by two distinct
mesh cells) and F b

ℎ the collection of boundary faces. The mesh sequence Tℎ is assumed to be shape-regular in
the conventional sense [18, 23]; for any 𝐾 ∈ Tℎ and 𝐹 ∈ F𝐾 , the diameter ℎ𝐹 is comparable to ℎ𝐾 , indicating
that 2𝜌2ℎ𝐾 ≤ ℎ𝐹 ≤ ℎ𝐾 , where 𝜌 is the mesh regularity parameter. In addition, there exists an integer 𝑀𝜕

depending on 𝜌 and dimension of the domain such that max𝐾∈Tℎ
card(F𝐾) ≤ 𝑀𝜕 . For all 𝐾 ∈ Tℎ, introduce

a parameter 𝜎𝐾 [22] defined below that depends on the mesh to measure the local dominant operator in the
EFK:

𝜎𝐾 := max
{︀

1, 𝛾ℎ−2
𝐾

}︀
. (2.2)

2.2. Discrete spaces

For all 𝐾 ∈ Tℎ, and 𝑘 ≥ 0, the local HHO space is defined aŝ︀𝑉𝐾 := P𝑘+2(𝐾)×P𝑘+2(F i
𝐾)×P𝑘(F i

𝐾)

with P𝑟(F i
𝐾) := ×𝐹∈ℱ i

𝐾
P𝑟(𝐹 ), where P𝑟(𝑋) (𝑋 = 𝐾, 𝐹 ) denotes the polynomial space of degree 𝑟 ≥ 0 defined

on 𝑋. Note that there are no discrete unknowns introduced on boundary faces of the domain. A generic element
in ̂︀𝑉𝐾 is denoted by (𝑣𝐾 , 𝑣F i

𝐾
, 𝜁F i

𝐾
), where 𝑣𝐾 ∈ P𝑘+2(𝐾), 𝑣F i

𝐾
∈ P𝑘+2(F i

𝐾), 𝜁F i
𝐾
∈ P𝑘(F i

𝐾), represent the
solution inside the mesh cell, its trace on the interior part of the cell boundary, and its normal derivative of the
interior part of the cell boundary along the direction of the outward unit normal n𝐾 , respectively.

Define the global HHO space with single-valued interface unknowns aŝ︀𝑉ℎ := P𝑘+2(Tℎ)×P𝑘+2(F i
ℎ)×P𝑘(F i

ℎ).

A generic element of ̂︀𝑉ℎ is denoted as ̂︀𝑣ℎ := (𝑣ℎ, 𝑣F i
ℎ
, 𝜁F i

ℎ
) with 𝑣ℎ = (𝑣𝐾)𝐾∈Tℎ

, 𝑣F i
ℎ

:= (𝑣𝐹 )𝐹∈F i
ℎ
, 𝜁F i

ℎ
:=

(𝜁𝐹 )𝐹∈F i
ℎ
, where 𝜁𝐹 is meant to approximate the normal derivative in the direction of the unit normal vector

n𝐹 orienting 𝐹 . The restriction of ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ to 𝐾 ∈ Tℎ is denoted by (𝑣𝐾 , 𝑣F i
𝐾

, 𝜁F i
𝐾

) ∈ ̂︀𝑉𝐾 . Here, 𝑣F i
𝐾
|𝐹 := 𝑣𝐹 ∈

P𝑘+2(𝐹 ) and 𝜁F i
𝐾
|𝐹 := (n𝐾 · n𝐹 )𝜁𝐹 ∈ P𝑘+2(𝐹 ); 𝑣𝐾 , 𝑣𝐹 , and 𝜁𝐹 are polynomials in the interior of element 𝐾,

normal derivative at the faces 𝐹 of 𝐾, respectively.

2.3. Local and global reduction operators

For any integer 𝑠 ≥ 0 and given 𝑋 = 𝐾 ∈ Tℎ or 𝐹 ∈ Fℎ, the 𝐿2-projection Π𝑠
𝑋 : 𝐿2(𝑋) → P𝑠(𝑋) is defined

as follows: For any 𝑣 ∈ 𝐿2(𝑋),

(Π𝑠
𝑋(𝑣), 𝑤)𝑋 = (𝑣, 𝑤)𝑋 for all 𝑤 ∈ P𝑠(𝑋). (2.3)
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Figure 1. (a) ̂︀𝑣𝐾 ∈ ̂︀𝑉𝐾 for 𝐾 ∈ Tℎ. (b) (resp. (c)). Commuting diagrams for Ri,1
𝐾 ∘ ̂︀𝐼𝑘

𝐾 = E i,1
𝐾

(resp. Ri,2
𝐾 ∘ ̂︀𝐼𝑘

𝐾 = E i,2
𝐾 ).

For given 𝐾 ∈ Tℎ, and for all 𝑣 ∈ 𝐻2(𝐾), the local reduction operator ̂︀𝐼𝑘
𝐾 : 𝐻2(𝐾) → ̂︀𝑉𝐾 is defined by

̂︀𝐼𝑘
𝐾(𝑣) := (Π𝑘+2

𝐾 (𝑣), Π𝑘+2
F i

𝐾

(𝑣), Π𝑘
F i

𝐾
(n𝐾 ·𝐷𝑣)).

For all 𝑣 ∈ 𝐻2(Ω), the global reduction operator ̂︀𝐼𝑘
ℎ : 𝐻2(Ω) → ̂︀𝑉ℎ is defined by

̂︀𝐼𝑘
ℎ(𝑣) := (Π𝑘+2

ℎ (𝑣), Π𝑘+2
F i

ℎ

(𝑣), Π𝑘
F i

ℎ
(𝜕n𝑣)),

where Π𝑘+2
ℎ (𝑣)|𝐾 = Π𝑘+2

𝐾 (𝑣), Π𝑘+2
F i

ℎ

(𝑣)|𝐹 = Π𝑘+2
𝐹 (𝑣), and Π𝑘

F i
ℎ
(𝜕n𝑣)|𝐹 = Π𝑘

𝐹 (n𝐹 ·𝐷𝑣),

2.4. Local reconstruction operators

The local reconstruction operators Ri,𝑗
𝐾 : ̂︀𝑉𝐾 → P𝑘+2(𝐾) (𝑗 = 1, 2) for the gradient and Hessian, respectively,

are such that Ri,𝑗
𝐾 (̂︀𝑣𝐾) ∈ P𝑘+2(𝐾) and are defined as follows: For given ̂︀𝑣𝐾 = (𝑣𝐾 , 𝑣F i

𝐾
, 𝜁F i

𝐾
) ∈ ̂︀𝑉𝐾 and for

any 𝐾 ∈ Tℎ,

(𝐷Ri,1
𝐾 (̂︀𝑣𝐾), 𝐷𝑤)𝐾 := (𝐷𝑣𝐾 , 𝐷𝑤)𝐾 +

∑︁
𝐹∈F i

𝐾

(𝑣𝐹 − 𝑣𝐾 , 𝜕n𝑤)𝐹

−
∑︁

𝐹∈Fb
𝐾

(𝑣𝐾 , 𝜕n𝑤)𝐹 for all 𝑤 ∈ P𝑘+2(𝐾), (2.4)

(Ri,1
𝐾 (̂︀𝑣𝐾), 1)𝐾 := (𝑣𝐾 , 1)𝐾 ,

and

(𝐷2Ri,2
𝐾 (̂︀𝑣𝐾), 𝐷2𝑤)𝐾 := (𝐷2𝑣𝐾 , 𝐷2𝑤)𝐾 +

∑︁
𝐹∈F i

𝐾

(𝑣𝐾 − 𝑣𝐹 , 𝜕n∆𝑤)𝐹 −
∑︁

𝐹∈F i
𝐾

(𝜕n𝑣𝐾 − 𝜁𝐹 , 𝜕nn𝑤)𝐹

−
∑︁

𝐹∈F i
𝐾

(𝜕t(𝑣𝐾 − 𝑣𝐹 ), 𝜕nt𝑤)𝐹 +
∑︁

𝐹∈Fb
𝐾

(𝑣𝐾 , 𝜕n∆𝑤)𝐹 −
∑︁

𝐹∈Fb
𝐾

(𝐷𝑣𝐾 , 𝐷2𝑤n𝐾)𝐹 for all 𝑤 ∈ P𝑘+2(𝐾), (2.5)

(Ri,2
𝐾 (̂︀𝑣𝐾), 𝜑)𝐾 := (𝑣𝐾 , 𝜑)𝐾 for all 𝜑 ∈ P1(𝐾).

In comparison with [22], we have two reconstruction operators: Ri,1
𝐾 (∙) for gradient operator and Ri,2

𝐾 (∙) for the
Hessian operator. This approach avoids the parameter 𝛾 in the reconstruction operators. The index i in Ri,1

𝐾 (∙)
indicates that the local reconstruction operator does not involve boundary terms.

Note that
∑︀

𝐹∈Fb
𝐾

(𝐷𝑣𝐾 , 𝐷2𝑤n𝐾)𝐹 :=
∑︀

𝐹∈Fb
𝐾

((𝜕n𝑣𝐾 , 𝜕nn𝑤)𝐹 + (𝜕t𝑣𝐾 , 𝜕nt𝑤)𝐹 ). The operators E i,𝑗
𝐾 for

𝑗 = 1, 2 are defined as E i,𝑗
𝐾 := Ri,𝑗

𝐾 ∘ ̂︀𝐼𝑘
𝐾 : 𝐻2(𝐾) → P𝑘+2(𝐾) operators (see Figs. 1b and 1c), respectively.
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These operators do not involve boundary terms when 𝐾 ∈ T b
ℎ and certain boundary contributions are excluded

from the definition of the reconstruction operators. To address this, define the lifting operators L 𝑗
𝐾 : 𝐻2(𝐾) →

P𝑘+2(𝐾) (𝑗 = 1, 2) for all 𝐾 ∈ Tℎ such that, for all 𝑣 ∈ 𝐻2(𝐾) and all ([22], Sect. 4.2)

𝑤 ∈ P𝑘+2(𝐾)⊥ := {𝑤 ∈ P𝑘+2(𝐾) : (𝑤, 𝜁) = 0 for all 𝑤 ∈ P𝑘+1(𝐾)},

(𝐷L 1
𝐾𝑣, 𝐷𝑤)𝐾 :=

∑︁
𝐹∈Fb

𝐾

(𝑣, 𝜕n𝑤)𝐹 , (2.6)

(𝐷L 2
𝐾𝑣, 𝐷𝑤)𝐾 := −

∑︁
𝐹∈Fb

𝐾

((𝑣, 𝜕n∆𝑤)𝐹 − (𝜕n𝑣, 𝜕nn𝑤)𝐹 − (𝜕t𝑣, 𝜕nt𝑤)𝐹 ), (2.7)

together with the condition (L 𝑗
𝐾(𝑣), 1)𝐾 = 0. Note that L 𝑗

𝐾(𝑣) = 0 for all 𝐾 ∈ T i
ℎ . Now, we define the operator

E 𝑗
𝐾 : 𝐻2(𝐾) → P𝑘+2(𝐾) such that E 𝑗

𝐾 := E i,𝑗
𝐾 +L 𝑗

𝐾(𝑣) for 𝑗 = 1, 2. It should be noted that E 𝑗
𝐾 no longer display

𝐻2-elliptic properties. However, they still maintain the approximation characteristics of 𝐻2-elliptic projections
(for further details, see [22,23]).

2.5. Stabilizer

For all ̂︀𝑣𝐾 = (𝑣𝐾 , 𝑣F i
𝐾

, 𝜁F i
𝐾

), ̂︀𝑤𝐾 = (𝑤𝐾 , 𝑤F i
𝐾

, 𝜒F i
𝐾

) with ̂︀𝑣𝐾 , ̂︀𝑤𝐾 ∈ ̂︀𝑉𝐾 , the local stabilization bilinear form

S𝐾 : ̂︀𝑉𝐾 × ̂︀𝑉𝐾 → R is defined as S𝐾(∙, ∙) := S i
𝐾(∙, ∙) + S b

𝐾(∙, ∙) such that

S i
𝐾(̂︀𝑣𝐾 , ̂︀𝑤𝐾) :=

∑︁
𝐹∈F i

𝐾

𝜎𝐾ℎ−1
𝐾 (𝑣𝐹 − 𝑣𝐾 , 𝑤𝐹 − 𝑤𝐾)𝐹

+
∑︁

𝐹∈F i
𝐾

𝜎𝐾ℎ𝐾(Π𝑘
𝐹 (𝜁𝐹 − 𝜕n𝑣𝐾), Π𝑘

𝐹 (𝜒𝐹 − 𝜕n𝑤𝐾))𝐹 . (2.8)

S b
𝐾(̂︀𝑣𝐾 , ̂︀𝑤𝐾) :=

∑︁
𝐹∈Fb

𝐾

𝜎𝐾ℎ−1
𝐾 (𝑣𝐾 , 𝑤𝐾)𝐹 +

∑︁
𝐹∈Fb

𝐾

𝛾ℎ−1
𝐾 (𝐷𝑣𝐾 , 𝐷𝑤𝐾)𝐹 . (2.9)

Note that the local stabilization form is composed of a contribution on F i
𝐾 and F b

𝐾 .

2.6. Bilinear form

For all ̂︀𝑣ℎ, ̂︀𝑤ℎ ∈ ̂︀𝑉ℎ, the bilinear form 𝑎ℎ : ̂︀𝑉ℎ × ̂︀𝑉ℎ → R is defined by 𝑎ℎ(̂︀𝑣ℎ, ̂︀𝑤ℎ) :=
∑︀

𝐾∈Tℎ
𝑎𝐾(̂︀𝑣𝐾 , ̂︀𝑤𝐾),

where

𝑎𝐾(̂︀𝑣𝐾 , ̂︀𝑤𝐾) := 𝛾(𝐷2Ri,2
𝐾 (̂︀𝑣𝐾), 𝐷2Ri,2

𝐾 ( ̂︀𝑤𝐾))𝐾 + (𝐷Ri,1
𝐾 (̂︀𝑣𝐾), 𝐷Ri,1

𝐾 ( ̂︀𝑤𝐾))𝐾 + S𝐾(̂︀𝑣𝐾 , ̂︀𝑤𝐾).

The bilinear form 𝑎ℎ(∙, ∙) is coercive and continuous on ̂︀𝑉ℎ (see Lem. 3.1).

2.7. Norms

For ̂︀𝑣𝐾 = (𝑣𝐾 , 𝑣F i
𝐾

, 𝜁F i
𝐾

) ∈ ̂︀𝑉𝐾 , define a seminorm on ̂︀𝑉𝐾 by |̂︀𝑣𝐾 |̂︀𝑉𝐾
by

|̂︀𝑣𝐾 |2̂︀𝑉𝐾
:= 𝛾‖𝐷2𝑣𝐾‖2𝐾 + ‖𝐷𝑣𝐾‖2𝐾 +

∑︁
𝐹∈F i

𝐾

𝜎𝐾ℎ−1
𝐾 ‖𝑣𝐹 − 𝑣𝐾‖2𝐹 +

∑︁
𝐹∈F i

𝐾

𝜎𝐾ℎ𝐾‖𝜁𝐹 − 𝜕n𝑣𝐾‖2𝐹

+
∑︁

𝐹∈Fb
𝐾

𝜎𝐾ℎ−1
𝐾 ‖𝑣𝐾‖2𝐹 +

∑︁
𝐹∈Fb

𝐾

𝛾ℎ−1
𝐾 ‖𝐷𝑣𝐾‖2𝐹 . (2.10)

With an abuse of notation, for all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ, let the seminorm on ̂︀𝑉ℎ be denoted by ‖̂︀𝑣ℎ‖̂︀𝑉ℎ
and be defined as

‖̂︀𝑣ℎ‖̂︀𝑉ℎ
:=
(︀∑︀

𝐾∈Tℎ
|̂︀𝑣𝐾 |2̂︀𝑉𝐾

)︀1/2. Note that the seminorm is a norm for 𝑣ℎ ∈ ̂︀𝑉ℎ.
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Next, for any 𝐾 ∈ Tℎ and a given function 𝑤 ∈ 𝐻2+𝑟(𝐾) with 𝑟 > 3
2 , introduce the following seminorm:

‖𝑤‖2#,𝐾 := 𝛾‖𝐷2𝑤‖2𝐾+‖𝐷𝑤‖2𝐾+
∑︁

𝐹∈F𝐾

𝛾
(︀
ℎ3

𝐾‖𝜕n∆𝑤‖2𝐹 +ℎ𝐾‖𝜕nn𝑤‖2𝐹 +ℎ𝐾‖𝜕nt𝑤‖2𝐹
)︀
+
∑︁

𝐹∈F𝐾

ℎ𝐾‖𝜕n𝑤‖2𝐹 . (2.11)

Moreover, define the seminorm in 𝐻𝑟(Tℎ) as |𝑣|𝐻𝑟(Tℎ) =
∑︀

𝐾∈Tℎ
|𝑣|𝐻𝑟(𝐾) for 𝑟 > 0.

2.8. Integration by parts formula

The integration by parts formulae ([23], Sect. 2.1) stated next are used extensively in the sequel. For any
𝐾 ∈ Tℎ and for sufficiently smooth functions 𝑣 and 𝑤, it holds

(a) (∆2𝑤, 𝑣)𝐾 = (𝐷2𝑤, 𝐷2𝑣)𝐾 +
∑︁

𝐹∈F i
𝐾

(︀
(𝑣, 𝜕n∆𝑤)𝐹 − (𝜕n𝑣, 𝜕nn𝑤)𝐹 − (𝜕t𝑣, 𝜕nt𝑤)𝐹

)︀
(2.12)

+
∑︁

𝐹∈Fb
𝐾

(𝑣, 𝜕n∆𝑤)𝐹 −
∑︁

𝐹∈Fb
𝐾

(𝐷𝑣,𝐷2𝑤n𝐾)𝐹 . (2.13)

(b) (∆𝑤, 𝑣)𝐾 = −(𝐷𝑤,𝐷𝑣)𝐾 +
∑︁

𝐾∈F i
ℎ

(𝑣, 𝜕n𝑤)𝐹 +
∑︁

𝐾∈Fb
ℎ

(𝑣, 𝜕n𝑤)𝐹 . (2.14)

3. Main results

This section first defines a projection operator and states its properties that will be useful for error analysis.
The proofs are provided in Section 5. Two time discretization schemes are discussed for (1.1): the main results
for the backward Euler scheme are stated in Lemma 3.3 and Theorem 3.4 and that for the Crank-Nicolson
scheme in Lemma 3.5 and Theorem 3.6. The proofs are provided in Section 6 and Section 7, respectively.

3.1. Projection operator

Let Y = {𝑤 ∈ 𝐻2(Ω) : 𝐵(𝑤) := 𝛾∆2𝑤 −∆𝑤 ∈ 𝐿2(Ω)}. Motivated by Ern and Steins [25], for a fixed time
𝑡 ∈ (0, 𝑇 ], define the projection operator ̂︀𝐸ℎ : Y → ̂︀𝑉ℎ as

𝑎ℎ( ̂︀𝐸ℎ(𝑤), ̂︀𝑣ℎ) = Lℎ(̂︀𝑣ℎ) for all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ, (3.1)

where the definition of the Lℎ(̂︀𝑣ℎ) (see (5.1)) is motivated by the consistency error analysis (see the proof of
Thm. 3.2). The well-posedness of the operator ̂︀𝐸ℎ follows from the next lemma.

Lemma 3.1 (Boundedness and coercivity). For all ̂︀𝑣𝐾 ∈ ̂︀𝑉𝐾 and 𝐾 ∈ Tℎ it holds that |̂︀𝑣𝐾 |2̂︀𝑉𝐾
. 𝑎𝐾(̂︀𝑣𝐾 , ̂︀𝑣𝐾) .

|̂︀𝑣𝐾 |2̂︀𝑉𝐾
. A summation over all 𝐾 ∈ Tℎ leads to 𝐶𝑎‖̂︀𝑣ℎ‖2̂︀𝑉ℎ

≤ 𝑎ℎ(̂︀𝑣ℎ, ̂︀𝑣ℎ) ≤ 𝐶𝐴‖̂︀𝑣ℎ‖2̂︀𝑉ℎ
for all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ. The

constants in . depend on the constants from Theorem 4.1(a), (b), and (d). Moreover, the norms ‖̂︀𝑣ℎ‖𝑎,ℎ :=(︀
𝑎ℎ(̂︀𝑣ℎ, ̂︀𝑣ℎ)

)︀1/2 and ‖̂︀𝑣ℎ‖̂︀𝑉ℎ
are equivalent in ̂︀𝑉ℎ.

The proof of the lemma follows from arguments in from Lemma 4.1 of [22].

Theorem 3.2 (Discrete energy estimate). For any 𝑤 ∈ 𝐻2+𝑟(Ω) with 𝑟 > 3
2 , it holds

‖̂︀𝐼𝑘
ℎ(𝑤)− ̂︀𝐸ℎ(𝑤)‖𝑎,ℎ .

∑︁
𝐾∈Tℎ

‖𝑤 −Π𝑘+2
𝐾 (𝑤)‖#,𝐾 ,

where ̂︀𝐼𝑘
ℎ(𝑤) := (Π𝑘+2

ℎ (𝑤), Π𝑘+2
F i

ℎ

(𝑤), Π𝑘
F i

ℎ
(𝜕n𝑤)) is the global reduction operator from Section 2.3 and ̂︀𝐸ℎ is the

projection operator from (3.1).

The proof of Theorem 3.2 is discussed in Section 5.



1184 R. KUMAR AND N. NATARAJ

3.2. Backward Euler scheme

Divide the interval [0, 𝑇 ] into 𝑚 sub-intervals of equal length ∆𝑡 = 𝑇
𝑚 with equidistant grid-points 𝑡𝑛 = 𝑛∆𝑡

for 0 ≤ 𝑛 ≤ 𝑚. Adopt the notation 𝑢𝑛 for 𝑢(𝑥, 𝑡𝑛) and let 𝜕𝑢𝑛
ℎ := 𝑢𝑛

ℎ−𝑢𝑛−1
ℎ

Δ𝑡 . For 1 ≤ 𝑛 ≤ 𝑚, the fully-discrete
backward Euler HHO scheme that corresponds to (1.1) seeks ̂︀𝑢𝑛

ℎ = (𝑢𝑛
ℎ, 𝑢𝑛

F i
ℎ
, 𝜎𝑛

F i
ℎ
) ∈ ̂︀𝑉ℎ such that

(𝜕𝑢𝑛
ℎ, 𝑣ℎ) + 𝑎ℎ(̂︀𝑢𝑛

ℎ, ̂︀𝑣ℎ) + (𝑓(𝑢𝑛
ℎ), 𝑣ℎ) = 0 for all ̂︀𝑣ℎ = (𝑣ℎ, 𝑣F i

ℎ
, 𝜁F i

ℎ
) ∈ ̂︀𝑉ℎ and ̂︀𝑢0

ℎ = ̂︀𝐼𝑘
ℎ(𝑢0). (3.2)

Define 𝐹 (𝑣) := 1
4 (1− 𝑣2)2 and note that 𝐹 ′(𝑣) = 𝑓(𝑣). The discrete Lyapunov functional [13] reads

𝐿(̂︀𝑢𝑛
ℎ) :=

1
2
𝑎ℎ(̂︀𝑢𝑛

ℎ, ̂︀𝑢𝑛
ℎ) + (𝐹 (𝑢𝑛

ℎ), 1) for 0 ≤ 𝑛 ≤ 𝑚. (3.3)

Lemma 3.3. (a) (Stability). Let ̂︀𝑢𝑛
ℎ (1 ≤ 𝑛 ≤ 𝑚) denote the solution of the discrete formulation (3.2), 𝑢0 ∈

𝐻2
0 (Ω), and let 0 < ∆𝑡 < 1

2 . Then there exists a (generic) positive constant 𝐶 that depends on 𝛾 and 𝑢0 with
dependency shown below such that

(i) 𝐿(̂︀𝑢𝑛
ℎ) ≤ 𝐿(̂︀𝑢0

ℎ) for all 𝑛 ≥ 1 and (ii) ‖̂︀𝑢𝑛
ℎ‖𝑎,ℎ ≤ 𝐶(|𝑢0|𝐻1(Tℎ), 𝛾

1
2 |𝑢0|𝐻2(Tℎ), |Ω|).

(iii) Moreover, ‖𝑢𝑛
ℎ‖𝐿𝑞(Ω) ≤ 𝐶(|𝑢0|𝐻1(Tℎ), 𝛾

1
2 |𝑢0|𝐻2(Tℎ), |Ω|), where 1 ≤ 𝑞<∞.

(b) (Existence and uniqueness). Given ̂︀𝑢0
ℎ, ̂︀𝑢1

ℎ, · · · , ̂︀𝑢𝑛−1
ℎ , there exists a unique solution ̂︀𝑢𝑛

ℎ to the fully-discrete
hybrid high-order scheme (3.2).

The notation 𝐶(|𝑢0|𝐻1(Tℎ), 𝛾
1
2 |𝑢0|𝐻2(Tℎ), |Ω|) above means that constant 𝐶 depends on |𝑢0|𝐻1(Tℎ),

𝛾
1
2 |𝑢0|𝐻2(Tℎ), and the area of Ω, |Ω|. This terminology of indicating the dependency of the constant on the

data is followed throughout the paper.

Theorem 3.4 (Discrete energy estimates). Let 𝑢 (resp. ̂︀𝑢𝑛
ℎ (1 ≤ 𝑛 ≤ 𝑚)) solve (1.1) (resp. (3.2)) for 0 ≤ 𝛾 ≤ 1

and let 𝑢 satisfy the global regularity 𝑢 ∈ 𝐿∞(0, 𝑇 ; 𝐻2+𝑟(Ω)) with 𝑟 > 3/2. Under the additional regularity
assumptions

– 𝑢, 𝑢𝑡 ∈ 𝐿∞(0, 𝑇 ; 𝐻𝑘+3(Tℎ)), 𝑢𝑡𝑡 ∈ 𝐿2(0, 𝑇 ; 𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,
– 𝑢, 𝑢𝑡 ∈ 𝐿∞(0, 𝑇 ; 𝐻3+𝛽(Tℎ)), 𝑢𝑡𝑡 ∈ 𝐿2(0, 𝑇 ; 𝐻3+𝛽(Tℎ)) with 𝛽 := min(𝑟 − 1, 1) ∈ (1/2, 1] for 𝑘 = 0, it holds

(a) max
1≤𝑛≤𝑚

‖𝑢𝑛 − 𝑢𝑛
ℎ‖+

⎛⎝∆𝑡

𝑚∑︁
𝑛=1

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾‖𝐷2(𝑢𝑛 −R2

𝐾(̂︀𝑢𝑛
𝐾))‖2𝐾 + ‖𝐷(𝑢𝑛 −R1

𝐾(̂︀𝑢𝑛
𝐾))‖2𝐾

)︀)︃1/2
⎞⎠

=

{︃
O
(︀
∆𝑡 +

∑︀
𝐾∈Tℎ

ℎ𝑘+2𝜎
1
2
𝐾

)︀
for 𝑘 ≥ 1,

O
(︀
∆𝑡 +

∑︀
𝐾∈Tℎ

ℎ2(1 + ℎ𝛽)𝜎
1
2
𝐾

)︀
for 𝑘 = 0,

for 0 < ∆𝑡 < 1/2,

(b) max
1≤𝑛≤𝑚

(︃ ∑︁
𝐾∈Tℎ

(︁
𝛾

1
2 ‖𝐷2(𝑢𝑛 −R2

𝐾(̂︀𝑢𝑛
𝐾))‖𝐾 + ‖𝐷(𝑢𝑛 −R1

𝐾(̂︀𝑢𝑛
𝐾))‖𝐾

)︁)︃

=

{︃
O
(︀
∆𝑡 +

∑︀
𝐾∈Tℎ

ℎ𝑘+2𝜎
1
2
𝐾

)︀
for 𝑘 ≥ 1,

O
(︀
∆𝑡 +

∑︀
𝐾∈Tℎ

ℎ2(1 + ℎ𝛽)𝜎
1
2
𝐾

)︀
for 𝑘 = 0,

for sufficiently small ∆𝑡.

3.3. Crank-Nicolson scheme

For 1 ≤ 𝑛 ≤ 𝑚, define 𝑢𝑛− 1
2 := 𝑢𝑛+𝑢𝑛−1

2 and ̂︀𝑢𝑛− 1
2

ℎ = ̂︀𝑢𝑛
ℎ+̂︀𝑢𝑛−1

ℎ

2 . Recall that 𝐹 (𝑣) := 1
4 (1 − 𝑣2)2. For̃︀𝑓(𝑧, 𝑤) := 1

4 (𝑧3+𝑧2𝑤+𝑧𝑤2+𝑤3)− 1
2 (𝑧+𝑤), elementary manipulations show ̃︀𝑓(𝑧, 𝑤) =

{︂
𝐹 (𝑧)−𝐹 (𝑤)

𝑧−𝑤 , for 𝑧 ̸= 𝑤,
𝐹 ′(𝑧), for 𝑧 = 𝑤.

That is, ̃︀𝑓(𝑧, 𝑤) → 𝑓(𝑤) as 𝑧 → 𝑤.
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For 1 ≤ 𝑛 ≤ 𝑚, the Crank-Nicolson HHO scheme that corresponds to (1.1) seeks ̂︀𝑢𝑛
ℎ = (𝑢𝑛

ℎ, 𝑢𝑛
F i

ℎ
, 𝜎𝑛

F i
ℎ
) ∈ ̂︀𝑉ℎ

such that

(𝜕𝑢𝑛
ℎ, 𝑣ℎ) + 𝑎ℎ(̂︀𝑢𝑛− 1

2
ℎ , ̂︀𝑣ℎ) + ( ̃︀𝑓(𝑢𝑛−1

ℎ , 𝑢𝑛
ℎ), 𝑣ℎ) = 0 for all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ and ̂︀𝑢0

ℎ = ̂︀𝐼𝑘
ℎ(𝑢0). (3.4)

Lemma 3.5. (a) (Stability). Let ̂︀𝑢𝑛
ℎ (1 ≤ 𝑛 ≤ 𝑚) denote solution of the discrete formulation (3.4). Then there

exists a positive constant 𝐶 that depends on 𝛾 and 𝑢0 such that

(i) 𝐿(̂︀𝑢𝑛
ℎ) ≤ 𝐿(̂︀𝑢0

ℎ) for all 𝑛 ≥ 1 and (ii) ‖̂︀𝑢𝑛
ℎ‖𝑎,ℎ ≤ 𝐶(|𝑢0|𝐻1(Tℎ), 𝛾

1
2 |𝑢0|𝐻2(Tℎ), |Ω|).

(iii) Moreover, ‖𝑢𝑛
ℎ‖𝐿𝑞(Ω) ≤ 𝐶(|𝑢0|𝐻1(Tℎ), 𝛾

1
2 |𝑢0|𝐻2(Tℎ), |Ω|) where 1 ≤ 𝑞<∞.

(b) (Existence and uniqueness). Given ̂︀𝑢0
ℎ, ̂︀𝑢1

ℎ, · · · , ̂︀𝑢𝑛−1
ℎ , there exists a unique solution ̂︀𝑢𝑛

ℎ to the fully-discrete
Crank-Nicolson hybrid high-order scheme (3.4).

Theorem 3.6. Let 𝑢 (resp. ̂︀𝑢𝑛
ℎ (1 ≤ 𝑛 ≤ 𝑚)) solve (1.1) (resp. (3.4)) for 0 ≤ 𝛾 ≤ 1 and let 𝑢 satisfy the

regularity assumption 𝑢 ∈ 𝐿∞(0, 𝑇 ; 𝐻2+𝑟(Ω)), 𝑟 > 3/2. Under the additional regularity assumptions

– 𝑢, 𝑢𝑡, 𝑢𝑡𝑡 ∈ 𝐿∞(0, 𝑇 ; 𝐻𝑘+3(Tℎ)), 𝑢𝑡𝑡𝑡 ∈ 𝐿2(0, 𝑇 ; 𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

– 𝑢, 𝑢𝑡, 𝑢𝑡𝑡 ∈ 𝐿∞(0, 𝑇 ; 𝐻3+𝛽(Tℎ)), 𝑢𝑡𝑡𝑡 ∈ 𝐿2(0, 𝑇 ; 𝐻3+𝛽(Tℎ)) with 𝛽 := min(𝑟 − 1, 1) ∈ ( 1
2 , 1] for 𝑘 = 0,

max
1≤𝑛≤𝑚

(︃ ∑︁
𝐾∈Tℎ

(︁
𝛾

1
2 ‖𝐷2(𝑢𝑛 −R2

𝐾(̂︀𝑢𝑛
𝐾))‖𝐾 + ‖𝐷(𝑢𝑛 −R1

𝐾(̂︀𝑢𝑛
𝐾))‖𝐾

)︁)︃

=

{︃
O
(︀
(∆𝑡)2 +

∑︀
𝐾∈Tℎ

ℎ𝑘+2𝜎
1
2
𝐾

)︀
for 𝑘 ≥ 1,

O
(︀
(∆𝑡)2 +

∑︀
𝐾∈Tℎ

ℎ2(1 + ℎ𝛽)𝜎
1
2
𝐾

)︀
for 𝑘 = 0,

for sufficiently small ∆𝑡.

Remark 3.7 (Regularity in Thms. 3.4 and 3.6). The global regularity 𝑢 ∈ 𝐻2+𝑟(Ω) with 𝑟 > 3/2 ensures
that for all 𝐾 ∈ Tℎ, 𝜕n∆𝑢, 𝜕nn𝑢, 𝜕nt𝑢, and 𝜕n𝑢 are single-valued and are 𝐿2(𝜕𝐾) functions across the mesh-
interfaces. This is intrinsic in the proof of bound for consistency error in Lemma 5.1. The consistency error
bound is further employed in the proofs of Theorems 3.2, 3.4, and 3.6. The additional regularity estimates in
Theorems 3.4 and 3.6 are used to derive the explicit error bounds.

Remark 3.8 (Alternate assumption). In Theorems 3.4–3.6 the regularity of the global solution of the problem
(1.1) is assumed to be 𝑢 ∈ 𝐻2+𝑟(Ω), 𝑟 > 3/2 to derive the optimal bounds for the HHO scheme in the space
direction. However similar estimates can be achieved for the HHO scheme with 𝑢 ∈ 𝐻2

0 (Ω) ∩𝐻4(Tℎ).

4. Approximation properties

In this section, we discuss some useful estimates: discrete inverse, trace and Sobolev inequalities, Poincare
inequality, and approximation properties that are critical for the proofs of the main results.

Theorem 4.1. Let Tℎ be a shape-regular mesh sequence, let 𝑘 ≥ 0 and recall that Ω ⊂ R2. For each 𝐾 ∈ Tℎ

and 𝐹 ∈ F𝐾 , the following estimates hold.

(a) (Discrete trace, discrete inverse, discrete inverse inequalities on faces). For all 𝑤ℎ ∈ P𝑘(𝐾),

‖𝑤ℎ‖𝐹 . ℎ
− 1

2
𝐾 ‖𝑤ℎ‖𝐾 , ‖𝐷𝑤ℎ‖𝐾 . ℎ−1

𝐾 ‖𝑤ℎ‖𝐾 , and ‖𝜕t𝑤ℎ‖𝐹 . ℎ−1
𝐾 ‖𝑤ℎ‖𝐹 for all 𝑤ℎ ∈ P𝑘(𝐾).

(b) (Poincaré inequality on cell). Let 𝐻2(𝐾)⊥ :=
{︀
𝑤 ∈ 𝐻2(𝐾) :

(︀
𝑤, 𝜁

)︀
𝐾

= 0 for all 𝜁 ∈ P1(𝐾)
}︀
. For all

𝑣 ∈ 𝐻2(𝐾)⊥, ℎ−2
𝐾 ‖𝑣‖𝐾 + ℎ−1

𝐾 ‖𝐷𝑣‖𝐾 . ‖𝐷2𝑣‖𝐾 .

(c) (Trace inequality). For all 𝑣 ∈ 𝐻𝑠(𝐾), 𝑠 ∈ ( 1
2 , 1], ‖𝑣‖𝐹 .

(︀
ℎ
− 1

2
𝐾 ‖𝑣‖𝐾 + ℎ

𝑠− 1
2

𝐾 |𝑣|𝐻𝑠(𝐾)

)︀
.
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(d) (An approximation property). For all 𝑣 ∈ 𝐻𝑟(𝐾), 𝑟 ∈ [0, 𝑠 + 1], 𝑚 ∈ {0, . . . , ⌊𝑟⌋}, and 𝑠 ≥ 0, |𝑣 −
Π𝑠

𝐾(𝑣)|𝐻𝑚(𝐾) . ℎ𝑟−𝑚
𝐾 |𝑣|𝐻𝑟(𝐾) for all 𝑣 ∈ 𝐻𝑟(𝐾).

(e) (Discrete Sobolev embedding). For 1 ≤ 𝑞 < ∞, it holds ‖𝑣ℎ‖𝐿𝑞(Ω) . ‖̂︀𝑣ℎ‖1,2,ℎ for all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ, where 𝑣ℎ =

(𝑣𝐾)𝐾∈Tℎ
, ‖̂︀𝑣ℎ‖1,2,ℎ =

(︀∑︀
𝐾∈Tℎ

‖̂︀𝑣𝐾‖21,2,𝐾

)︀ 1
2 with ‖̂︀𝑣𝐾‖1,2,𝐾 =

(︀
‖𝐷𝑣𝐾‖2𝐾 +

∑︀
𝐹∈F𝐾

ℎ−1
𝐾 ‖𝑣𝐹 − 𝑣𝐾‖2𝐹

)︀ 1
2 .

(f) (A boundedness result). For all ̂︀𝑣ℎ = (𝑣ℎ, 𝑣F i
ℎ
, 𝜁F i

ℎ
) ∈ ̂︀𝑉ℎ, it holds that

‖𝑣ℎ‖𝐿𝑞(Ω) ≤ 𝐶𝑏‖̂︀𝑣ℎ‖̂︀𝑉ℎ
, where 1 ≤ 𝑞 < ∞.

The constants in . in the above inequalities depend on the shape-regularity of the mesh, the polynomial
degree 𝑘, and 𝑠 in (c) and (d).

We refer to Lemma 2.2 and (2.8) (resp. Lem. 2.4) [23] for the proof of (a) (resp. (b)) and Lemma 2.2 of [9]
for the proof of (c). For the proof of (d), see Lemma 2.5 of [9]. The proof of (e) follows from Proposition 5.4 of
[17]. The proof of (f) follows form (e) and Lemma 3.1.

An application of Theorem 4.1(a) leads to the following inequalities that are frequently used in the article.
For all ̂︀𝑣𝐾 ∈ ̂︀𝑉𝐾 ,

‖𝜕n∆𝑣𝐾‖𝐹 . ℎ
−3/2
𝐾 ‖𝐷2𝑣𝐾‖𝐾 , ‖𝜕nn𝑣𝐾‖𝐹 . ℎ

−1/2
𝐾 ‖𝐷2𝑣𝐾‖𝐾 ,

‖𝜕t(𝑣𝐾 − 𝑣𝐹 )‖𝐹 . ℎ−1
𝐾 ‖𝑣𝐾 − 𝑣𝐹 ‖𝐹 , and ‖𝜕nt𝑣𝐾‖𝐹 . ℎ

−1/2
𝐾 ‖𝐷2𝑣𝐾‖𝐾 . (4.1)

Lemma 4.2 (Temporal approximation properties [38]). For all 𝑣𝑡𝑡 ∈ 𝐿2(𝑡𝑛−1, 𝑡𝑛; 𝐻2(Tℎ)), it holds

‖𝑣𝑛
𝑡 − 𝜕𝑣𝑛‖ . (∆𝑡)

1
2 ‖𝑣𝑡𝑡‖𝐿2(𝑡𝑛−1,𝑡𝑛;𝐿2(Ω)), ‖𝐷(𝑣𝑛

𝑡 − 𝜕𝑣𝑛)‖ . (∆𝑡)
1
2 ‖𝑣𝑡𝑡‖𝐿2(𝑡𝑛−1,𝑡𝑛;𝐻1(Tℎ)),

and ‖∆(𝑣𝑛
𝑡 − 𝜕𝑣𝑛)‖ . (∆𝑡)

1
2 ‖𝑣𝑡𝑡‖𝐿2(𝑡𝑛−1,𝑡𝑛;𝐻2(Tℎ)).

Lemma 4.3 (Bounds for projectors and stabilizer). Any 𝑣 ∈ 𝐻2+𝑟(𝐾) with 𝑟 > 3
2 , where 𝐾 ∈ Tℎ satisfies

(a) 𝛾
1
2 ‖𝐷2(𝑣 − E 2

𝐾(𝑣))‖𝐾 . ‖𝑣 −Π𝑘+2
𝐾 (𝑣)‖#,𝐾 , (b) 𝛾

1
2 ‖𝐷2(Π𝑘+2

𝐾 (𝑣)− E 2
𝐾(𝑣))‖𝐾 . ‖𝑣 −Π𝑘+2

𝐾 (𝑣)‖#,𝐾 ,

(c) ‖𝐷(𝑣 − E 1
𝐾(𝑣))‖𝐾 . ‖𝑣 −Π𝑘+2

𝐾 (𝑣)‖#,𝐾 ,

and (d) S i
𝐾(̂︀𝐼𝑘

𝐾(𝑣), ̂︀𝐼𝑘
𝐾(𝑣))

1
2 + S b

𝐾(𝑣 −Π𝑘+2
𝐾 (𝑣), 𝑣 −Π𝑘+2

𝐾 (𝑣))
1
2 . ‖𝑣 −Π𝑘+2

𝐾 (𝑣)‖#,𝐾 .

The proof of (a)–(d) follow from Lemma 4.3 of [22] with minor modifications and hence is skipped.

Lemma 4.4 (Error bound for 𝐿2 projection). For 𝐾 ∈ Tℎ, the error bound for the 𝐿2 projection reads

‖𝑣 −Π𝑘+2
𝐾 (𝑣)‖#,𝐾 .

⎧⎨⎩𝜎
1
2
𝐾ℎ𝑘+2

𝐾 |𝑣|𝐻𝑘+3(𝐾), for 𝑘 ≥ 1 and 𝑣 ∈ 𝐻𝑘+3(𝐾),

𝜎
1
2
𝐾ℎ𝐾(ℎ𝐾 |𝑣|𝐻3(𝐾) + ℎ1+𝛽

𝐾 |𝑣|𝐻3+𝛽(𝐾)), for 𝑘 = 0 and 𝑣 ∈ 𝐻3+𝛽(𝐾) with 𝛽 ∈ ( 1
2 , 1].

The proof utilizes Theorem 4.1 and (2.11) and is skipped.

Lemma 4.5 (Boundedness of local projection). For any 𝑣 ∈ 𝐻2(𝐾), ̂︀𝐼𝑘
𝐾(𝑣) ∈ ̂︀𝑉𝐾 satisfies |̂︀𝐼𝑘

𝐾(𝑣)|̂︀𝑉𝐾
.

|𝑣|𝐻1(𝐾) + 𝛾
1
2 |𝑣|𝐻2(𝐾). A summation over all 𝐾 ∈ Tℎ leads to ‖̂︀𝐼𝑘

ℎ(𝑣)‖̂︀𝑉ℎ
. |𝑣|𝐻1(Tℎ) + 𝛾

1
2 |𝑣|𝐻2(Tℎ).

5. Proof of Theorem 3.2

In this section, the proof of Theorem 3.2 is presented. The proof depends heavily on a bound for the consistency
error presented in Lemma 5.1.
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Recall that 𝐵(𝑤) := 𝛾∆2𝑤 − ∆𝑤 ∈ 𝐿2(Ω) for all 𝑤 ∈ 𝐻2(Ω) from Section 3.1. The definition of lifting
operators (2.6) and (2.7) and definition of the boundary stabilization (2.9) yield

Lℎ(̂︀𝑣ℎ) := (𝐵(𝑤), 𝑣ℎ)−
∑︁

𝐾∈Tℎ

(︀
𝛾(𝐷2L 2

𝐾(𝑤), 𝐷2Ri,2( ̂︀𝑤𝐾))𝐾 + (𝐷L 1
𝐾(𝑤), 𝐷Ri,1(̂︀𝑣𝐾))𝐾 + S b

𝐾(𝑤, ̂︀𝑣𝐾)
)︀
. (5.1)

For ̂︀𝐼𝑘
ℎ(𝑤) ∈ ̂︀𝑉ℎ, 𝛿ℎ(𝑤) ∈ (̂︀𝑉ℎ)′, and the duality pairing between (̂︀𝑉ℎ)′ and ̂︀𝑉ℎ denoted by ⟨·, ·⟩, define the

consistency error equation by

⟨𝛿ℎ(𝑤), ̂︀𝑣ℎ⟩ := (𝐵(𝑤), 𝑣ℎ)−
∑︁

𝐾∈Tℎ

(︀
𝛾(𝐷2E 2

𝐾(𝑤), 𝐷2Ri,2( ̂︀𝑤𝐾))𝐾 + (𝐷E 1
𝐾(𝑤), 𝐷Ri,1(̂︀𝑣𝐾))𝐾 + S i

𝐾(̂︀𝐼𝑘
𝐾(𝑤), ̂︀𝑣𝐾)

−S b
𝐾(Π𝑘+2

𝐾 (𝑤)− 𝑤, ̂︀𝑣𝐾)
)︀
for all ̂︀𝑣ℎ = (𝑣ℎ, 𝑣F i

ℎ
, 𝜁F i

ℎ
) ∈ ̂︀𝑉ℎ. (5.2)

Lemma 5.1 (Bound for consistency error). For any 𝑤 ∈ 𝐻2+𝑟(Ω) with 𝑟 > 3/2, it holds

‖𝛿ℎ(𝑤)‖* := sup
̂︀𝑣ℎ∈̂︀𝑉ℎ

|⟨𝛿ℎ(𝑤), ̂︀𝑣ℎ⟩|
‖̂︀𝑣ℎ‖̂︀𝑉ℎ

.

(︃ ∑︁
𝐾∈Tℎ

‖𝑤 −Π𝑘+2
𝐾 (𝑤)‖2#,𝐾

)︃ 1
2

.

Proof. Recall the definition of consistency error from (5.2). The first three terms on the right-hand side of
consistency error are simplified next. An integration by parts from (2.13) and (2.14) and the symmetry of
(∙, ∙)𝐹 lead to

(𝐵(𝑤), 𝑣𝐾)𝐾 = 𝛾(𝐷2𝑤, 𝐷2𝑣𝐾)𝐾 + (𝐷𝑤,𝐷𝑣𝐾)𝐾 +
∑︁

𝐹∈F i
𝐾

𝛾(𝜕n∆𝑤, 𝑣𝐾)𝐹 −
∑︁

𝐹∈F i
𝐾

𝛾(𝜕nn𝑤, 𝜕n𝑣𝐾)𝐹

−
∑︁

𝐹∈F i
𝐾

𝛾(𝜕nt𝑤, 𝜕t𝑣𝐾)𝐹 −
∑︁

𝐹∈F i
𝐾

(𝜕n𝑤, 𝑣𝐾)𝐹 +
∑︁

𝐹∈Fb
𝐾

𝛾(𝜕n∆𝑤, 𝑣𝐾)𝐹 −
∑︁

𝐹∈Fb
𝐾

𝛾(𝜕nn𝑤, 𝜕n𝑣𝐾)𝐹

−
∑︁

𝐹∈Fb
𝐾

𝛾(𝜕nt𝑤, 𝜕t𝑣𝐾)𝐹 −
∑︁

𝐹∈Fb
𝐾

(𝜕n𝑤, 𝑣𝐾)𝐹 . (5.3)

The symmetry of Ri,2
𝐾 , (2.5), and elementary algebra reveal

(𝐷2E 2
𝐾(𝑤), 𝐷2Ri,2

𝐾 (̂︀𝑣𝐾))𝐾 = (𝐷2𝑣𝐾 , 𝐷2𝑤)𝐾 − (𝐷2𝑣𝐾 , 𝐷2(𝑤 − E 2
𝐾(𝑤)))𝐾

+
∑︁

𝐹∈F i
𝐾

(︀
(𝑣𝐾 − 𝑣𝐹 , 𝜕n∆E 2

𝐾(𝑤))𝐹 − (𝜕n𝑣𝐾 − 𝜁𝐹 , 𝜕nnE 2
𝐾(𝑤))𝐹 − (𝜕t(𝑣𝐾 − 𝑣𝐹 ), 𝜕ntE

2
𝐾(𝑤))𝐹

)︀
+
∑︁

𝐹∈Fb
𝐾

(︀
(𝑣𝐾 , 𝜕n∆E 2

𝐾(𝑤))𝐹 − (𝐷𝑣𝐾 , 𝐷2E 2
𝐾(𝑤)n𝐾)𝐹

)︀
. (5.4)

The symmetry of Ri,1
𝐾 , (2.4), and elementary algebra show

(𝐷E 1
𝐾(𝑤), 𝐷Ri,1

𝐾 (̂︀𝑣𝐾))𝐾 = (𝐷𝑣𝐾 , 𝐷𝑤)𝐾 − (𝐷𝑣𝐾 , 𝐷(𝑤 − E 1
𝐾(𝑤)))𝐾

−
∑︁

𝐹∈F i
𝐾

(𝑣𝐾 − 𝑣𝐹 , 𝜕nE 1
𝐾(𝑤))𝐹 −

∑︁
𝐹∈Fb

𝐾

(𝑣𝐾 , 𝜕nE 1
𝐾(𝑤))𝐹 . (5.5)

A substitution of (5.3)–(5.5) in (5.2), Cauchy–Schwarz inequality, and a reorganisation of the terms show

|⟨𝛿(𝑤)
ℎ , ̂︀𝑣ℎ⟩| .

∑︁
𝐾∈Tℎ

(︃
𝛾‖𝐷2𝑣𝐾‖𝐾‖𝐷2(𝑤 − E 2

𝐾(𝑤))‖𝐾 + ‖𝐷𝑣𝐾‖𝐾‖𝐷(𝑤 − E 1
𝐾(𝑤))‖𝐾
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+
∑︁

𝐹∈F i
𝐾

𝛾‖𝑣𝐾 − 𝑣𝐹 ‖𝐹 ‖𝜕n∆(𝑤 − E 2
𝐾(𝑤))‖𝐹 +

∑︁
𝐹∈F i

𝐾

𝛾‖𝜕n𝑣𝐾 − 𝜁𝐹 ‖𝐹 ‖𝜕nn(𝑤 − E 2
𝐾(𝑤))‖𝐹

+
∑︁

𝐹∈F i
𝐾

𝛾‖𝜕t(𝑣𝐾 − 𝑣𝐹 )‖𝐹 ‖𝜕nt(𝑤 − E 2
𝐾(𝑤))‖𝐹 +

∑︁
𝐹∈F i

𝐾

‖𝑣𝐾 − 𝑣𝐹 ‖𝐹 ‖𝜕n(𝑤 − E 1
𝐾(𝑤))‖𝐹

+
∑︁

𝐹∈Fb
𝐾

(︀
‖𝑣𝐾‖𝐹 ‖𝜕n(𝑤 − E 1

𝐾(𝑤))‖𝐹 + ‖𝑣𝐾‖𝐹 ‖𝜕n∆(𝑤 − E 2
𝐾(𝑤))‖𝐹 + ‖𝐷𝑣𝐾‖𝐹 ‖𝐷2(𝑤 − E 2

𝐾(𝑤))‖𝐹

)︀
+ S i

𝐾(̂︀𝐼𝑘
𝐾(𝑤), ̂︀𝐼𝑘

𝐾(𝑤))
1
2 S i

𝐾(̂︀𝑣𝐾 , ̂︀𝑣𝐾)
1
2 + S b

𝐾(Π𝑘+2
𝐾 (𝑤)− 𝑤, Π𝑘+2

𝐾 (𝑤)− 𝑤)
1
2 S b

𝐾(̂︀𝑣𝐾 , ̂︀𝑣𝐾)
1
2

)︃
. (5.6)

Next the terms on the right-hand side of (5.6) are controlled. The definition of |̂︀𝑣𝐾 |̂︀𝑉𝐾
from (2.10) and

Lemma 4.3(a), (c) controls the first two terms of (5.6) inside the summation as

𝛾‖𝐷2𝑣𝐾‖𝐾‖𝐷2(𝑤 − E i,2
𝐾 (𝑤))‖𝐾 + ‖𝐷𝑣𝐾‖𝐾‖𝐷(𝑤 − E i,1

𝐾 (𝑤))‖𝐾 . |̂︀𝑣𝐾 |̂︀𝑉𝐾
‖𝑤 −Π𝑘+2

𝐾 (𝑤)‖#,𝐾 .

Recall (2.2) and (2.10) to bound the third term on the right-hand side of (5.6) as

𝛾‖𝑣𝐾 − 𝑣𝐹 ‖𝐹 ‖𝜕n∆(𝑤 − E 2
𝐾(𝑤))‖𝐹 ≤

(︀
𝛾

1
2 ℎ
− 3

2
𝐾 ‖𝑣𝐾 − 𝑣𝐹 ‖𝐹

)︀(︀
𝛾

1
2 ℎ

3
2
𝐾‖𝜕n∆(𝑤 − E 2

𝐾(𝑤))‖𝐹

)︀
. 𝛾

1
2 ℎ

3
2
𝐾 |̂︀𝑣𝐾 |̂︀𝑉𝐾

‖𝜕n∆(𝑤 − E 2
𝐾(𝑤))‖𝐹 .

An application of triangle inequality leads to

𝛾
1
2 ℎ

3
2
𝐾‖𝜕n∆(𝑤 − E 2

𝐾(𝑤))‖𝐹 ≤ 𝛾
1
2 ℎ

3
2
𝐾‖𝜕n∆(𝑤 −Π𝑘+2

𝐾 (𝑤))‖𝐹 + 𝛾
1
2 ℎ

3
2
𝐾‖𝜕n∆(Π𝑘+2

𝐾 (𝑤)− E 2
𝐾(𝑤))‖𝐹 .

The definition of ‖ ∙ ‖#,𝐾 from (2.11) controls the first term in the right-hand side of the above inequality by
‖𝑤 −Π𝑘+2

𝐾 (𝑤)‖#,𝐾 . An application of (4.1) and Lemma 4.3(b) yields

𝛾
1
2 ℎ

3
2
𝐾‖𝜕n∆(Π𝑘+2

𝐾 (𝑤)− E 2
𝐾(𝑤))‖𝐹 . 𝛾

1
2 ‖𝐷2(Π𝑘+2

𝐾 (𝑤)− E 2
𝐾(𝑤))‖𝐾 . ‖𝑤 −Π𝑘+2

𝐾 (𝑤)‖#,𝐾 .

A combination of the above results prove

𝛾‖𝑣𝐾 − 𝑣𝐹 ‖𝐹 ‖𝜕n∆(𝑤 − E 2
𝐾(𝑤))‖𝐹 . |̂︀𝑣𝐾 |̂︀𝑉𝐾

‖𝑤 −Π𝑘+2
𝐾 (𝑤)‖#,𝐾

with (2.10) in the last step. The fourth-fifth (resp. sixth) terms on the right-hand side of (5.6) are also estimated
analogously: first the powers of ℎ𝐾 , 𝛾, 𝜎𝐾 are adjusted such that the term that involves ̂︀𝑣𝐾 is absorbed in |̂︀𝑣𝐾 |̂︀𝑉𝐾

.
A triangle inequality is applied to the terms involving 𝑤 and are further controlled utilizing the definition of
‖ ∙ ‖#,𝐾 from (2.11) and Theorem 4.1(a) (resp. for the sixth term). We provide the final estimates below.

𝛾‖𝜕n𝑣𝐾 − 𝜁𝐹 ‖𝐹 ‖𝜕nn(𝑤 − E 2
𝐾(𝑤))‖𝐹 . |̂︀𝑣𝐾 |̂︀𝑉𝐾

‖𝑤 −Π𝑘+2
𝐾 (𝑤)‖#,𝐾 ,

𝛾‖𝜕t(𝑣𝐾 − 𝑣𝐹 )‖𝐹 ‖𝜕nt(𝑤 − E 2
𝐾(𝑤))‖𝐹 . |̂︀𝑣𝐾 |̂︀𝑉𝐾

‖𝑤 −Π𝑘+2
𝐾 (𝑤)‖#,𝐾 ,

and ‖𝜕n𝑣𝐾 − 𝑣𝐹 ‖𝐹 ‖𝜕n(𝑤 − E 1
𝐾(𝑤))‖𝐹 . |̂︀𝑣𝐾 |̂︀𝑉𝐾

‖𝑤 −Π𝑘+2
𝐾 (𝑤)‖#,𝐾 .

The seventh term on the right-hand side is also controlled by |̂︀𝑣𝐾 |̂︀𝑉𝐾
‖𝑤 − Π𝑘+2

𝐾 (𝑤)‖#,𝐾 by using the simi-
lar arguments as above. The last two-terms on the right-hand side of (5.6) is controlled by Cauchy–Schwarz
inequality followed by Lemmas 4.3(d) and 3.1 as

S i
𝐾(̂︀𝐼𝑘

𝐾(𝑤), ̂︀𝐼𝑘
𝐾(𝑤))

1
2 S i

𝐾(̂︀𝑣𝐾 , ̂︀𝑣𝐾)
1
2 + S b

𝐾(Π𝑘+2
𝐾 (𝑤)− 𝑤, Π𝑘+2

𝐾 (𝑤)− 𝑤)
1
2 S b

𝐾(̂︀𝑣𝐾 , ̂︀𝑣𝐾)
1
2

≤ (S i
𝐾(̂︀𝐼𝑘

𝐾(𝑤), ̂︀𝐼𝑘
𝐾(𝑤))

1
2 + S b

𝐾(Π𝑘+2
𝐾 (𝑤)− 𝑤, Π𝑘+2

𝐾 (𝑤)− 𝑤)
1
2 )𝑎𝐾(̂︀𝑣𝐾 , ̂︀𝑣𝐾)

1
2 . ‖𝑤 −Π𝑘+2

𝐾 (𝑤)‖#,𝐾 |̂︀𝑣𝐾 |̂︀𝑉𝐾
.

A combination of all the estimates in (5.6) and the definition of ‖ ∙ ‖* concludes the proof. �
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Proof of Theorem 3.2. To prove this, choose ̂︀𝑣ℎ = ̂︀𝐼𝑘
ℎ(𝑤)− ̂︀𝐸ℎ(𝑤) in (5.2) and then apply Lemma 3.1 to deduce

‖̂︀𝐼𝑘
ℎ(𝑤)− ̂︀𝐸ℎ(𝑤)‖2𝑎,ℎ . 𝑎ℎ(̂︀𝐼𝑘

ℎ(𝑤)− ̂︀𝐸ℎ(𝑤), ̂︀𝐼𝑘
ℎ(𝑤)− ̂︀𝐸ℎ(𝑤)) = −⟨𝛿(𝑤)

ℎ , ̂︀𝐼𝑘
ℎ(𝑤)− ̂︀𝐸ℎ(𝑤)⟩

. ‖𝛿ℎ(𝑤)‖*‖̂︀𝐼𝑘
ℎ(𝑤)− ̂︀𝐸ℎ(𝑤)‖̂︀𝑉ℎ

. ‖𝛿ℎ(𝑤)‖*‖̂︀𝐼𝑘
ℎ(𝑤)− ̂︀𝐸ℎ(𝑤)‖𝑎,ℎ.

The inequality above and Lemma 5.1 establish that ‖̂︀𝐼𝑘
ℎ(𝑤) − ̂︀𝐸ℎ(𝑤)‖𝑎,ℎ .

∑︀
𝐾∈Tℎ

‖𝑤 − Π𝑘+2
𝐾 (𝑤)‖#,𝐾 . This

concludes the proof. �

6. Backward Euler scheme

This section has three subsections: the proof of Lemma 3.3 is presented in Section 6.1, Theo-
rems 3.4(a) and 3.4(b) are proved in Sections 6.2 and 6.3, respectively.

Recall the fully-discrete backward Euler HHO scheme from Section 3.2: For 1 ≤ 𝑛 ≤ 𝑚 and for all ̂︀𝑣ℎ =
(𝑣ℎ, 𝑣F i

ℎ
, 𝜁F i

ℎ
) ∈ ̂︀𝑉ℎ, seek ̂︀𝑢𝑛

ℎ = (𝑢𝑛
ℎ, 𝑢𝑛

F i
ℎ
, 𝜎𝑛

F i
ℎ
) ∈ ̂︀𝑉ℎ such that

(𝜕𝑢𝑛
ℎ, 𝑣ℎ) + 𝑎ℎ(̂︀𝑢𝑛

ℎ, ̂︀𝑣ℎ) + (𝑓(𝑢𝑛
ℎ), 𝑣ℎ) = 0 and ̂︀𝑢0

ℎ = ̂︀𝐼𝑘
ℎ(𝑢0). (6.1)

6.1. Proof of Lemma 3.3

Proof of the Lemma 3.3(a) (i). It is enough to establish that 𝐿(̂︀𝑢𝑛
ℎ) is a decreasing sequence for all 0 ≤ 𝑛 ≤ 𝑚.

The choice ̂︀𝑣𝑛
ℎ = 𝜕̂︀𝑢𝑛

ℎ in (6.1) leads to ‖𝜕𝑢𝑛
ℎ‖2 + 𝑎ℎ(̂︀𝑢𝑛

ℎ, 𝜕̂︀𝑢𝑛
ℎ) + (𝑓(𝑢𝑛

ℎ), 𝜕𝑢𝑛
ℎ) = 0. Recall that 𝐹 (𝑣) := 1

4 (1− 𝑣2)2.
A Taylor series expansion shows

(𝐹 (𝑢𝑛
ℎ)− 𝐹 (𝑢𝑛−1

ℎ ), 1) = (𝑓(𝑢𝑛
ℎ), 𝑢𝑛

ℎ − 𝑢𝑛−1
ℎ )− 1

2
(𝐹 ′′(𝜚𝑛

ℎ)(𝑢𝑛
ℎ − 𝑢𝑛−1

ℎ )2, 1),

where ̂︀𝜚𝑛
ℎ is a point on the line connecting ̂︀𝑢𝑛

ℎ and ̂︀𝑢𝑛−1
ℎ . The above displayed identity and elementary algebra

lead to

‖𝜕𝑢𝑛
ℎ‖2 +

1
2
𝜕𝑎ℎ(̂︀𝑢𝑛

ℎ, ̂︀𝑢𝑛
ℎ) +

∆𝑡

2
𝑎ℎ(𝜕̂︀𝑢𝑛

ℎ, 𝜕̂︀𝑢𝑛
ℎ) + (𝜕𝐹 (𝑢𝑛

ℎ), 1) = −∆𝑡

2
(𝐹 ′′(𝜚𝑛)(𝜕𝑢𝑛

ℎ)2, 1). (6.2)

The observation 𝐹 ′′(∙) = 𝑓 ′(∙) ≥ −1 leads to − 1
2 (𝐹 ′′(𝜚𝑛)

(︀
𝜕𝑢𝑛

ℎ

)︀2
, 1) ≤ 1

2‖𝜕𝑢𝑛
ℎ‖2. Since Δ𝑡

2 𝑎ℎ(𝜕̂︀𝑢𝑛
ℎ, 𝜕̂︀𝑢𝑛

ℎ) is non-
negative from Lemma 3.1, it follows that (1−Δ𝑡

2 )‖𝜕𝑢𝑛
ℎ‖2+ 1

2𝜕𝑎ℎ(̂︀𝑢𝑛
ℎ, ̂︀𝑢𝑛

ℎ)+(𝜕𝐹 (𝑢𝑛
ℎ), 1) ≤ 0. Hence for 0 < ∆𝑡 ≤ 1

2 ,
from (3.3), we obtain

𝜕𝐿(̂︀𝑢𝑛
ℎ) ≤

(︂
∆𝑡

2
− 1
)︂
‖𝜕𝑢𝑛

ℎ‖2 ≤ 0.

�

Proof of the Lemma 3.3(a) (ii). The definition of 𝐿(∙) from (3.3) and (i) lead to 1
2𝑎ℎ(̂︀𝑢𝑛

ℎ, ̂︀𝑢𝑛
ℎ) + (𝐹 (𝑢𝑛

ℎ), 1) ≤
1
2𝑎ℎ(̂︀𝑢0

ℎ, ̂︀𝑢0
ℎ) + (𝐹 (𝑢0

ℎ), 1). Since 𝐹 (𝑢𝑛
ℎ) = 1

4 (1 − (𝑢𝑛
ℎ)2)2 ≥ 0 and (𝐹 (𝑢0

ℎ), 1) = 1
4 (‖𝑢0

ℎ‖4𝐿4(Ω) − 2‖𝑢0
ℎ‖2 + |Ω|),

an application of Theorem 4.1(f) establishes ‖̂︀𝑢𝑛
ℎ‖2𝑎,ℎ . ‖̂︀𝑢0

ℎ‖2𝑎,ℎ + |Ω|. Lemmas 3.1 and 4.5 with ̂︀𝑢0
ℎ = ̂︀𝐼𝑘

ℎ(𝑢0)
conclude the proof of (ii). �

Proof of the Lemma 3.3(a) (iii). Theorem 4.1(f) and (ii) establish ‖𝑢𝑛
ℎ‖𝐿𝑞(Ω) ≤ 𝐶(|𝑢0|𝐻1(Tℎ), 𝛾

1
2 |𝑢0|𝐻2(Tℎ),

|Ω|). �

Proof of Lemma 3.3(b) The proof follows from Theorem 5.2 of [13] and is presented for continuity of read-
ing. The existence proof utilizes the lemma stated below which is a consequence of the Brouwer’s fixed point
theorem.
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Lemma 6.1 ([30], pp. 219 and [36]). Let 𝐻 be a finite dimensional Hilbert space with inner-product (∙, ∙)𝐻

and the induced norm ‖ ∙ ‖𝐻 . Further, let N : 𝐻 → 𝐻 be a continuous mapping defined and be such that
(N (𝑣), 𝑣)𝐻 ≥ 0 for all 𝑣 ∈ 𝐻 with ‖𝑣‖𝐻 = 𝛽 > 0. Then there exists 𝑣* ∈ 𝐻 with ‖𝑣*‖𝐻 ≤ 𝛽 such that
N (𝑣*) = 0.

Settings. Choose 𝐻 := ̂︀𝑉ℎ equipped with norm |||̂︀𝑣𝑛
ℎ |||

2
̂︀𝑉ℎ

:= ∆𝑡𝑎ℎ(̂︀𝑣𝑛
ℎ , ̂︀𝑣𝑛

ℎ) + 1
4‖𝑣

𝑛
ℎ‖2 for all ̂︀𝑣𝑛

ℎ := (𝑣𝑛
ℎ , 𝑣𝑛

F i
ℎ
, 𝜁𝑛

F i
ℎ
)

with 𝑣𝑛
ℎ = (𝑣𝑛

𝐾)𝐾∈Tℎ
. Then, define ̃︁N : ̂︀𝑉ℎ → R by

̃︁N ( ̂︀𝑤ℎ) := (𝑣𝑛
ℎ , 𝑤ℎ) + ∆𝑡𝑎ℎ(̂︀𝑣𝑛

ℎ , ̂︀𝑤ℎ) + ∆𝑡(𝑓(𝑣𝑛
ℎ), 𝑤ℎ)− (𝑣𝑛−1

ℎ , 𝑤ℎ) for all ̂︀𝑤ℎ ∈ ̂︀𝑉ℎ, (6.3)

for given ̂︀𝑣𝑛−1
ℎ ∈ ̂︀𝑉ℎ (this is indeed the datum ̂︀𝑢𝑛−1

ℎ will be clear towards the end of the proof of the existence).
The Riesz representation theorem yields N (̂︀𝑣𝑛

ℎ) ∈ ̂︀𝑉ℎ such that (N (̂︀𝑣𝑛
ℎ), ̂︀𝑤ℎ)̂︀𝑉ℎ

:= ̃︁N ( ̂︀𝑤ℎ) for all ̂︀𝑤ℎ ∈ ̂︀𝑉ℎ.

Existence. Note that (𝑓(𝑣𝑛
ℎ), 𝑣𝑛

ℎ) = ((𝑣𝑛
ℎ)3 − 𝑣𝑛

ℎ , 𝑣𝑛
ℎ) = ‖𝑣𝑛

ℎ‖4𝐿4(Ω) − ‖𝑣𝑛
ℎ‖2 ≥ −‖𝑣𝑛

ℎ‖2. This, the definition of
‖ ∙ ‖̂︀𝑉ℎ

, Cauchy–Schwarz inequality, the Young’s inequality from (1.2), and elementary manipulations show

(N (̂︀𝑣𝑛
ℎ), ̂︀𝑣𝑛

ℎ)̂︀𝑉ℎ
≥ (1−∆𝑡)‖𝑣𝑛

ℎ‖2 + ∆𝑡𝑎ℎ(̂︀𝑣𝑛
ℎ , ̂︀𝑣𝑛

ℎ)− ‖𝑣𝑛−1
ℎ ‖‖𝑣𝑛

ℎ‖

≥
(︂

1
2
−∆𝑡

)︂
‖𝑣𝑛

ℎ‖2 + |||̂︀𝑣𝑛
ℎ |||

2
̂︀𝑉ℎ
− ‖𝑣𝑛−1

ℎ ‖2 ≥ |||̂︀𝑣𝑛
ℎ |||

2
̂︀𝑉ℎ
− ‖𝑣𝑛−1

ℎ ‖2

for 0 < ∆𝑡 < 1/2. Hence for ̂︀𝑣𝑛
ℎ ∈ ̂︀𝑉ℎ with |||̂︀𝑣𝑛

ℎ |||̂︀𝑉ℎ
= 𝛽 := (‖𝑣𝑛−1

ℎ ‖2 + 1)1/2, (N (̂︀𝑣𝑛
ℎ), ̂︀𝑣𝑛

ℎ)̂︀𝑉ℎ
≥ 0.

Thus the hypothesis of Lemma 6.1 holds true and hence there exists (̂︀𝑣𝑛
ℎ)* such that N (̂︀𝑣𝑛

ℎ)* = 0. In
particular, (̂︀𝑣𝑛

ℎ)* = ̂︀𝑢𝑛
ℎ satisfies Lemma 6.1 and ̂︀𝑣𝑛−1

ℎ = ̂︀𝑢𝑛−1
ℎ . This concludes the proof of the existence.

Uniqueness. If possible, let ̂︀𝑝𝑛
ℎ and ̂︀𝑞𝑛

ℎ denote two distinct discrete solutions of (6.1). Define ̂︀Υ𝑛
ℎ := ̂︀𝑝𝑛

ℎ − ̂︀𝑞𝑛
ℎ witĥ︀Υ𝑛

ℎ = (Υ𝑛
ℎ, Υ𝑛

F i
ℎ
, 𝜉𝑛

F i
ℎ
) ∈ ̂︀𝑉ℎ. This yields

(𝜕Υ𝑛
ℎ, 𝑣ℎ) + 𝑎ℎ(̂︀Υ𝑛

ℎ, ̂︀𝑣ℎ) + (𝑓(𝑝𝑛
ℎ)− 𝑓(𝑞𝑛

ℎ), 𝑣ℎ) = 0 for all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ and ̂︀Υ0
ℎ = ̂︀0ℎ. (6.4)

Choose ̂︀𝑣ℎ = ̂︀Υ𝑛
ℎ in (6.4). The first-term is then controlled as (𝜕Υ𝑛

ℎ, Υ𝑛
ℎ) ≥ 1

2𝜕‖Υ𝑛
ℎ‖2. The coercivity of 𝑎ℎ from

Lemma 3.1 shows that 𝑎ℎ(̂︀Υ𝑛
ℎ, ̂︀Υ𝑛

ℎ) ≥ 0. The mean value theorem reveals (𝑓(𝑝𝑛
ℎ)− 𝑓(𝑞𝑛

ℎ), Υ𝑛
ℎ) = (𝑓 ′(𝜚𝑛)Υ𝑛

ℎ, Υ𝑛
ℎ),

where 𝜚𝑛 is the point on the line joining 𝑝𝑛
ℎ and 𝑞𝑛

ℎ . Since 𝑓 ′(∙) ≥ −1, we obtain (𝑓(𝑝𝑛
ℎ)−𝑓(𝑞𝑛

ℎ), Υ𝑛
ℎ) ≥ −‖Υ𝑛

ℎ‖2.
All this in (6.4) leads to 1

2𝜕‖Υ𝑛
ℎ‖2 − ‖Υ𝑛

ℎ‖2 ≤ 0. The definition of 𝜕 and elementary algebra reveal (1 −
2∆𝑡)‖Υ𝑛

ℎ‖2 ≤ ‖Υ𝑛−1
ℎ ‖2. An inductive process shows Υ𝑛

ℎ = 0ℎ, i.e., 𝑝𝑛
ℎ = 𝑞𝑛

ℎ for all 0 ≤ 𝑛 ≤ 𝑚 with 0 < ∆𝑡 < 1
2

This, the choice ̂︀𝑣ℎ = ̂︀Υ𝑛
ℎ in (6.4), and Lemma 3.1 lead to ‖̂︀Υ𝑛

ℎ‖𝑎,ℎ = 0. Hence, ̂︀𝑝𝑛
ℎ = ̂︀𝑞𝑛

ℎ . This contradiction
establishes the uniqueness of the discrete solution.

6.2. Proof of Theorem 3.4 (a)

The proof of Theorem 3.4 is divided into eight steps below. The constants 𝐶1, 𝐶2, 𝐶3 in Steps 3–5 are
independent of 𝛾 but may depend on the constants from the discrete trace, discrete inverse, discrete Poincaré
inequalities from Theorem 4.1 and 𝜀 in the Young’s inequality.

Step 1: Settings. Recall the projection operator ̂︀𝐸ℎ from Section 3.1. Define

𝜒(𝑣𝑛) := 𝜕𝑣𝑛 − 𝑣𝑛
𝑡 (6.5)

and let ̂︀𝐸ℎ(𝑢0) := ̂︀𝐼𝑘
ℎ(𝑢0). Introduce the split

̂︀𝑒𝑛
ℎ := ̂︀𝜂𝑛

ℎ + ̂︀𝜃𝑛
ℎ , where ̂︀𝜂𝑛

ℎ = ̂︀𝐼𝑘
ℎ(𝑢𝑛)− ̂︀𝐸ℎ(𝑢𝑛), ̂︀𝜃𝑛

ℎ = ̂︀𝐸ℎ(𝑢𝑛)− ̂︀𝑢𝑛
ℎ. (6.6)
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Also ̂︀𝑒𝑛
ℎ := ̂︀𝐼𝑘

ℎ(𝑢𝑛) − ̂︀𝑢𝑛
ℎ = (𝑒𝑛

ℎ, 𝑒𝑛
F i

ℎ
, 𝜅𝑛

F i
ℎ
) with ̂︀𝑒𝑛

ℎ|𝐾 = ̂︀𝐼𝑘
𝐾(𝑢𝑛) − ̂︀𝑢𝑛

𝐾 := ̂︀𝑒𝑛
𝐾 = (𝑒𝑛

𝐾 , 𝑒𝑛
F i

𝐾
, 𝜅𝑛

F i
𝐾

). Recall that

E i,1
𝐾 := Ri,1

𝐾 ∘ ̂︀𝐼𝑘
𝐾 and E i,2

𝐾 := Ri,2
𝐾 ∘ ̂︀𝐼𝑘

𝐾 . Introduce a local split for the reconstruction errors as

𝑢𝑛 −Ri,1
𝐾 (̂︀𝑢𝑛

𝐾)−L 1
𝐾(𝑢𝑛) = 𝑢𝑛 − E 1

𝐾(𝑢𝑛) + Ri,1
𝐾 (̂︀𝑒𝑛

𝐾)

and 𝑢𝑛 −Ri,2
𝐾 (̂︀𝑢𝑛

𝐾)−L 2
𝐾(𝑢𝑛) = 𝑢𝑛 − E 2

𝐾(𝑢𝑛) + Ri,2
𝐾 (̂︀𝑒𝑛

𝐾). (6.7)

We set the notation as R𝑗
𝐾(̂︀𝑢𝐾) := Ri,𝑗

𝐾 (̂︀𝑢𝑛
𝐾) + L 𝑗

𝐾(𝑢𝑛) 𝑗 = 1, 2. Note that L 𝑗(𝑢) is non-zero only on the
boundary cells where it is fully computable from the boundary cells.

Step 2: Error equation. The combination of HHO formulation (6.1) and (1.1) lead to

(𝜕𝑢𝑛
ℎ, ̂︀𝑣ℎ) + 𝑎ℎ(̂︀𝑢𝑛

ℎ, ̂︀𝑣ℎ) + (𝑓(𝑢𝑛
ℎ), 𝑣ℎ) = (𝑢𝑛

𝑡 + 𝛾∆2𝑢𝑛 −∆𝑢𝑛 + 𝑓(𝑢𝑛), 𝑣ℎ) for all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ.

The definition of ̂︀𝑒𝑛
ℎ from Step 1 with ̂︀𝐼𝑘

ℎ(𝑢𝑛) := (Π𝑘+2
ℎ (𝑢𝑛), Π𝑘+2

F i
ℎ

(𝑢𝑛), Π𝑘
F i

ℎ
(𝜕n𝑢𝑛)) and elementary manip-

ulations reveal

(𝜕𝑒𝑛
ℎ, 𝑣ℎ) + 𝑎ℎ(̂︀𝑒𝑛

ℎ, ̂︀𝑣ℎ) = 𝑎ℎ(̂︀𝐼𝑘
ℎ(𝑢𝑛), ̂︀𝑣ℎ)− 𝛾(∆2𝑢𝑛, 𝑣ℎ) + (∆𝑢𝑛, ̂︀𝑣ℎ) + (𝜕Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛
𝑡 , 𝑣ℎ) + (𝑓(𝑢𝑛

ℎ)− 𝑓(𝑢𝑛), 𝑣ℎ)

= ⟨𝛿ℎ(𝑢𝑛), ̂︀𝑣ℎ⟩+ (𝜕Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛

𝑡 , ̂︀𝑣ℎ) + (𝑓(𝑢𝑛
ℎ)− 𝑓(𝑢𝑛), 𝑣ℎ),

where the definition of 𝛿ℎ(𝑢𝑛) from (5.2) used in the last step. The choice ̂︀𝑣ℎ = ̂︀𝑒𝑛
ℎ in above equation, the

definition of 𝜕, and elementary manipulations lead to

‖𝑒𝑛
ℎ‖2 + ∆𝑡𝑎ℎ(̂︀𝑒𝑛

ℎ, ̂︀𝑒𝑛
ℎ) = ∆𝑡

(︀
⟨𝛿ℎ(𝑢𝑛), ̂︀𝑒𝑛

ℎ⟩+ (𝜕Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛

𝑡 , 𝑒𝑛
ℎ)

+ (𝑓(𝑢𝑛
ℎ)− 𝑓(𝑢𝑛), 𝑒𝑛

ℎ)
)︀

+ (𝑒𝑛
ℎ, 𝑒𝑛−1

ℎ ) := ∆𝑡

3∑︁
𝑖=1

𝑄𝑖 + 𝑄4. (6.8)

Step 3: Control of 𝑄1. Lemma 5.1 with 𝑤 = 𝑢𝑛 (resp. ̂︀𝑣ℎ = ̂︀𝑒𝑛
ℎ) yields 𝑄1 .

∑︀
𝐾∈Tℎ

‖̂︀𝑒𝑛
𝐾‖̂︀𝑉𝐾

‖𝑢𝑛 −
Π𝑘+2

𝐾 (𝑢𝑛)‖#,𝐾 . An application of Lemma 3.1 and (1.2) with 𝜀 = 1/3 leads to

𝑄1 ≤
1
6
‖̂︀𝑒𝑛

ℎ‖2𝑎,ℎ + 𝐶1

∑︁
𝐾∈Tℎ

‖𝑢𝑛 −Π𝑘+2
𝐾 (𝑢𝑛)‖2#,𝐾 .

Step 4: Control of 𝑄2. Introduce an intermediate term to rewrite 𝑄2 as (𝜕Π𝑘+2
ℎ (𝑢𝑛)− 𝜕𝑢𝑛, 𝑒𝑛

ℎ) + (𝜒(𝑢𝑛), 𝑒𝑛
ℎ),

where 𝜒(𝑢𝑛) := 𝜕𝑢𝑛 − 𝑢𝑛
𝑡 . Elementary algebra using the definitions of 𝜕 and the projection Π𝑘+2

ℎ shows
that the first term in this expression vanishes. The second term can be controlled using Cauchy–Schwarz
inequality, Theorem 4.1(f), and (1.2) with 𝜀 = 1/3 and we obtain

𝑄2 = (𝜒(𝑢𝑛), 𝑒𝑛
ℎ) ≤ ‖𝜒(𝑢𝑛)‖‖𝑒𝑛

ℎ‖ ≤ 𝐶2‖𝜒(𝑢𝑛)‖2 +
1
6
‖̂︀𝑒𝑛

ℎ‖2𝑎,ℎ.

Step 5: Control of 𝑄3. Rewrite 𝑄3 as (𝑓(Π𝑘+2
ℎ (𝑢𝑛))− 𝑓(𝑢𝑛), 𝑒𝑛

ℎ)− (𝑓(Π𝑘+2
ℎ (𝑢𝑛))− 𝑓(𝑢𝑛

ℎ), 𝑒𝑛
ℎ). The mean value

theorem shows 𝑓(Π𝑘+2
ℎ (𝑢𝑛))− 𝑓(𝑢𝑛) = 𝑓 ′(𝑢𝑛

𝛼)(Π𝑘+2
ℎ (𝑢𝑛)−𝑢𝑛), where 𝑢𝑛

𝛼 = (1−𝛼)𝑢𝑛 +𝛼Π𝑘+2
ℎ (𝑢𝑛) for some

𝛼 ∈ (0, 1). The definition of 𝑓 ′ and Cauchy–Schwarz inequality yield

(𝑓(Π𝑘+2
ℎ (𝑢𝑛))− 𝑓(𝑢𝑛), 𝑒𝑛

ℎ) = ((3(𝑢𝑛
𝛼)2 − 1)(Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛), 𝑒𝑛
ℎ)

≤
(︀
3‖(𝑢𝑛

𝛼)2𝑒𝑛
ℎ)‖+ ‖𝑒𝑛

ℎ‖
)︀
‖Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛‖. (6.9)

A generalized Holder’s inequality shows ‖𝑢𝑛
𝛼‖2𝐿8(Ω) ≤ 𝐶1

3

(︀
‖𝑢𝑛‖2𝐿8(Ω) + ‖Π𝑘+2

ℎ (𝑢𝑛)‖2𝐿8(Ω)

)︀
and

‖(𝑢𝑛
𝛼)2𝑒𝑛

ℎ‖ ≤ ‖𝑢𝑛
𝛼‖2𝐿8(Ω)‖𝑒

𝑛
ℎ‖𝐿4(Ω) ≤ 𝐶1

3

(︀
‖𝑢𝑛‖2𝐿8(Ω) + ‖Π𝑘+2

ℎ (𝑢𝑛)‖2𝐿8(Ω)

)︀
‖𝑒𝑛

ℎ‖𝐿4(Ω). (6.10)
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The regularity of 𝑢𝑛 and a Sobolev embedding result show ‖𝑢𝑛‖𝐿8(Ω) ≤ 𝐶2
3 . Theorem 4.1(f) and Lemma 3.1

reveal
‖Π𝑘+2

ℎ (𝑢𝑛)‖𝐿8(Ω) . ‖̂︀𝐼𝑘
ℎ(𝑢𝑛)‖𝑎,ℎ . ‖̂︀𝐼𝑘

ℎ(𝑢𝑛)‖̂︀𝑉ℎ
. |𝑢𝑛|𝐻1(Ω) + |𝑢𝑛|𝐻2(Ω) ≤ 𝐶3

3

with Lemma 4.5, 𝛾 ≤ 1, and the regularity of 𝑢𝑛 utilized in the last step. Theorem 4.1(f) applied once again
shows

‖𝑒𝑛
ℎ‖𝐿4(Ω) ≤ 𝐶4

3‖̂︀𝑒𝑛
ℎ‖𝑎,ℎ and ‖𝑒𝑛

ℎ‖ ≤ 𝐶5
3‖̂︀𝑒𝑛

ℎ‖𝑎,ℎ. (6.11)

A combination of these bounds in (6.9) show

(𝑓(Π𝑘+2
ℎ (𝑢𝑛))− 𝑓(𝑢𝑛), 𝑒𝑛

ℎ) ≤ ̂︀𝐶3‖̂︀𝑒𝑛
ℎ‖𝑎,ℎ‖Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛‖ with ̂︀𝐶3 = 3𝐶1
3𝐶4

3 ((𝐶2
3 )2 + (𝐶3

3 )2) + 𝐶5
3 . (6.12)

Use (1.2) with 𝜀 = 1/3 in (6.12) to show

(𝑓(Π𝑘+2
ℎ (𝑢𝑛))− 𝑓(𝑢𝑛), 𝑒𝑛

ℎ) ≤ 𝐶3‖Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛‖2 +

1
6
‖̂︀𝑒𝑛

ℎ‖2𝑎,ℎ

with 𝐶3 = 3
2

(︀ ̂︀𝐶3

)︀2. The mean value theorem applied once more shows 𝑓(Π𝑘+2
ℎ (𝑢𝑛)) − 𝑓(𝑢𝑛

ℎ) = 𝑓 ′(𝜚𝑛)𝑒𝑛
ℎ,

where 𝜚𝑛 = (1− 𝛼)𝑢𝑛
ℎ + 𝛼Π𝑘+2

ℎ (𝑢𝑛) for some 𝛼 ∈ (0, 1). Utilize 𝑓 ′(∙) ≥ −1 and Cauchy–Schwarz inequality
to obtain

−(𝑓(Π𝑘+2
ℎ (𝑢𝑛))− 𝑓(𝑢𝑛

ℎ), 𝑒𝑛
ℎ) = −(𝑓 ′(𝜚𝑛)𝑒𝑛

ℎ, 𝑒𝑛
ℎ) ≤ ‖𝑒𝑛

ℎ‖2.

A combination of the last two displayed inequalities yield

𝑄3 ≤ 𝐶3‖Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛‖2 +

1
6
‖̂︀𝑒𝑛

ℎ‖2𝑎,ℎ + ‖𝑒𝑛
ℎ‖2.

Step 6: Control of 𝑄4. The Cauchy–Schwarz inequality and Young’s inequality reveal

𝑄4 = (𝑒𝑛
ℎ, 𝑒𝑛−1

ℎ ) ≤ ‖𝑒𝑛
ℎ‖‖𝑒𝑛−1

ℎ ‖ ≤ 1
2
‖𝑒𝑛

ℎ‖2 +
1
2
‖𝑒𝑛−1

ℎ ‖2.

Step 7: Abstract error bounds. Substitute the bounds of 𝑄𝑖 (𝑖 = 1, 2, 3, 4) from Steps 3–6 in (6.8) and use
elementary manipulations to show

1
2
‖𝑒𝑛

ℎ‖2 +
∆𝑡

2
‖̂︀𝑒𝑛

ℎ‖2𝑎,ℎ ≤ 𝐶4∆𝑡

(︃
‖𝜒(𝑢𝑛)‖2 + ‖𝑢𝑛 −Π𝑘+2

ℎ (𝑢𝑛)‖2 +
∑︁

𝐾∈Tℎ

‖𝑢𝑛 −Π𝑘+2
𝐾 (𝑢𝑛)‖2#,𝐾

)︃

+ ∆𝑡‖𝑒𝑛
ℎ‖2 +

1
2
‖𝑒𝑛−1

ℎ ‖2

with 𝐶4 = max{𝐶1, 𝐶2, 𝐶3}. Multiply the above inequality by 2, sum it from 𝑛 = 1 to 𝑙 (where 𝑙 can be
1, 2, · · · , 𝑚), introduce 𝐶5 = 2𝐶4, and utilize ̂︀𝑒0

ℎ = 0 to observe

(1− 2∆𝑡)‖𝑒𝑛
ℎ‖2 + ∆𝑡

𝑙∑︁
𝑛=1

‖̂︀𝑒𝑛
ℎ‖2𝑎,ℎ ≤ 𝐶5∆𝑡

𝑙∑︁
𝑛=1

(︃
‖𝜒(𝑢𝑛)‖2 + ‖𝑢𝑛 −Π𝑘+2

ℎ (𝑢𝑛)‖2 +
∑︁

𝐾∈Tℎ

‖𝑢𝑛 −Π𝑘+2
𝐾 (𝑢𝑛)‖2#,𝐾

)︃

+ 2∆𝑡

𝑙−1∑︁
𝑛=1

‖𝑒𝑛
ℎ‖2.

For 0 < ∆𝑡 < 1/2, an application of discrete Gronwall’s inequality ([37], Lem. 10.5) shows

‖𝑒𝑙
ℎ‖+

(︃
∆𝑡

𝑙∑︁
𝑛=1

‖̂︀𝑒𝑛
ℎ‖2𝑎,ℎ

)︃1/2

.

(︃
∆𝑡

𝑙∑︁
𝑛=1

(︃
‖𝜒(𝑢𝑛)‖2 + ‖𝑢𝑛 −Π𝑘+2

ℎ (𝑢𝑛)‖2 +
∑︁

𝐾∈Tℎ

‖𝑢𝑛 −Π𝑘+2
𝐾 (𝑢𝑛)‖2#,𝐾

)︃)︃1/2

.
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Taking maximum as 𝑙 varies from 1 to 𝑚, we obtain

max
1≤𝑙≤𝑚

‖𝑒𝑙
ℎ‖+

(︃
∆𝑡

𝑚∑︁
𝑙=1

‖̂︀𝑒𝑙
ℎ‖2𝑎,ℎ

)︃1/2

.

(︃
∆𝑡

𝑚∑︁
𝑙=1

(︃
‖𝜒(𝑢𝑙)‖2 + ‖𝑢𝑙 −Π𝑘+2

ℎ (𝑢𝑙)‖2 +
∑︁

𝐾∈Tℎ

‖𝑢𝑙 −Π𝑘+2
𝐾 (𝑢𝑙)‖2#,𝐾

)︃)︃1/2

. (6.13)

A triangle inequality applied to (6.6), and (6.13) lead to

max
1≤𝑛≤𝑚

‖𝑢𝑛 − 𝑢𝑛
ℎ‖ . max

1≤𝑛≤𝑚
‖𝑢𝑛 −Π𝑘+2

ℎ (𝑢𝑛)‖+ max
1≤𝑛≤𝑚

‖𝑒𝑛
ℎ‖ . max

1≤𝑛≤𝑚
‖𝑢𝑛 −Π𝑘+2

ℎ (𝑢𝑛)‖

+

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︃
‖𝜒(𝑢𝑛)‖2 + ‖𝑢𝑛 −Π𝑘+2

ℎ (𝑢𝑛)‖2 +
∑︁

𝐾∈Tℎ

‖𝑢𝑛 −Π𝑘+2
𝐾 (𝑢𝑛)‖2#,𝐾

)︃)︃1/2

. (6.14)

The definition of ‖ ∙ ‖𝑎,ℎ reveals(︃ ∑︁
𝐾∈Tℎ

(︁
𝛾‖𝐷2Ri,2

𝐾 (̂︀𝑒𝑛
𝐾)‖2𝐾 + ‖𝐷Ri,1

𝐾 (̂︀𝑒𝑛
𝐾)‖2𝐾

)︁)︃1/2

. ‖̂︀𝑒𝑛
ℎ‖𝑎,ℎ. (6.15)

Apply triangle inequality in (6.7), utilize (6.15), and (6.13) to obtain(︃
∆𝑡

𝑚∑︁
𝑛=1

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾‖𝐷2(𝑢𝑛 −R2

𝐾(̂︀𝑢𝑛
𝐾))‖2𝐾 + ‖𝐷(𝑢𝑛 −R1

𝐾(̂︀𝑢𝑛
𝐾))‖2𝐾

)︀)︃)︃1/2

.

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾‖𝐷2(𝑢𝑛 − E 2

𝐾(𝑢𝑛))‖2𝐾 + ‖𝐷(𝑢𝑛 − E 1
𝐾(𝑢𝑛))‖2𝐾

)︀)︃)︃1/2

+

(︃
∆𝑡

𝑚∑︁
𝑛=1

‖̂︀𝑒𝑛
ℎ‖2𝑎,ℎ

)︃1/2

.

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾‖𝐷2(𝑢𝑛 − E 2

𝐾(𝑢𝑛))‖2𝐾 + ‖𝐷(𝑢𝑛 − E 1
𝐾(𝑢𝑛))‖2𝐾

)︀)︃)︃1/2

+

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︃
‖𝜒(𝑢𝑛)‖2 + ‖𝑢𝑛 −Π𝑘+2

ℎ (𝑢𝑛)‖2 +
∑︁

𝐾∈Tℎ

‖𝑢𝑛 −Π𝑘+2
𝐾 (𝑢𝑛)‖2#,𝐾

)︃)︃1/2

.

A combination of (6.14) and above displayed result leads to an abstract bound for the error below.

max
1≤𝑛≤𝑚

‖𝑢𝑛 − 𝑢𝑛
ℎ‖+

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾‖𝐷2(𝑢𝑛 −R2

𝐾(̂︀𝑢𝑛
𝐾))‖2𝐾 + ‖𝐷(𝑢𝑛 −R1

𝐾(̂︀𝑢𝑛
𝐾))‖2𝐾

)︀)︃)︃1/2

. max
1≤𝑛≤𝑚

‖𝑢𝑛 −Π𝑘+2
ℎ (𝑢𝑛)‖+

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾‖𝐷2(𝑢𝑛 − E 2

𝐾(𝑢𝑛))‖2𝐾 + ‖𝐷(𝑢𝑛 − E 1
𝐾(𝑢𝑛))‖2𝐾

)︀)︃)︃1/2

+

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︃
‖𝜒(𝑢𝑛)‖2 + ‖𝑢𝑛 −Π𝑘+2

ℎ (𝑢𝑛)‖2 +
∑︁

𝐾∈Tℎ

‖𝑢𝑛 −Π𝑘+2
𝐾 (𝑢𝑛)‖2#,𝐾

)︃)︃1/2

. (6.16)

Step 8: Conclusion. In this step, the terms on the right-hand side of (6.16) are controlled under the additional
regularity assumptions on the exact solution.
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An application of Theorem 4.1(d) yields

max
1≤𝑛≤𝑚

‖𝑢𝑛 −Π𝑘+2
ℎ (𝑢𝑛)‖ .

{︃
ℎ𝑘+3|𝑢|𝐿∞(0,𝑇 ;𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

ℎ3(|𝑢|𝐿∞(0,𝑇 ;𝐻3(Tℎ)) + ℎ𝛽 |𝑢|𝐿∞(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0.
(6.17)

Use Lemma 4.3(a), (c) to get(︃
∆𝑡

𝑚∑︁
𝑛=1

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾‖𝐷2(𝑢𝑛 − E 2

𝐾(𝑢𝑛))‖2𝐾 + ‖𝐷(𝑢𝑛 − E 1
𝐾(𝑢𝑛))‖2𝐾

)︀)︃)︃1/2

.

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︃ ∑︁
𝐾∈Tℎ

‖𝑢𝑛 −Π𝑘+2
𝐾 (𝑢𝑛)‖2#,𝐾

)︃)︃1/2

.

Apply Lemma 4.4 and use the fact 𝑚∆𝑡 = 𝑇 on the right-hand side of the above inequality to obtain

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︃ ∑︁
𝐾∈Tℎ

‖𝑢𝑛 −Π𝑘+2
𝐾 (𝑢𝑛)‖2#,𝐾

)︃)︃1/2

.

⎧⎪⎨⎪⎩
(
∑︀

𝐾∈Tℎ
ℎ𝑘+2𝜎

1
2
𝐾)|𝑢|𝐿∞(0,𝑇 ;𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

(
∑︀

𝐾∈Tℎ
ℎ2𝜎

1
2
𝐾)(|𝑢|𝐿∞(0,𝑇 ;𝐻3(Tℎ))

+ℎ𝛽 |𝑢|𝐿∞(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0.

(6.18)

The definition of 𝜒(∙) from (6.5) and Lemma 4.2 lead to(︃
∆𝑡

𝑚∑︁
𝑛=1

‖𝜒(𝑢𝑛)‖2
)︃1/2

. ∆𝑡‖𝑢𝑡𝑡‖𝐿2(0,𝑇 ;𝐿2(Ω). (6.19)

Use Theorem 4.1(d) and use the fact 𝑚∆𝑡 = 𝑇 to establish(︃
∆𝑡

𝑚∑︁
𝑛=1

‖𝑢𝑛 −Π𝑘+2
ℎ (𝑢𝑛)‖2

)︃1/2

.

{︃
ℎ𝑘+3|𝑢|𝐿∞(0,𝑇 ;𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

ℎ3(|𝑢|𝐿∞(0,𝑇 ;𝐻3(Tℎ)) + ℎ𝛽 |𝑢|𝐿∞(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0.
(6.20)

A combination of (6.17)–(6.20) with (6.16) concludes the proof of Theorem 3.4(a).

6.3. Proof of Theorem 3.4 (b)

The proof is divided into five steps. The constants 𝐶6, 𝐶7, 𝐶8 in Steps 2–3 are independent of 𝛾 but may
depend on the constants from the discrete trace, discrete inverse, and discrete Poincaré inequalities from The-
orem 4.1 and 𝜀 in the Young’s inequality. Recall the settings from Section 6.2.

Step 1: Error inequality. For all ̂︀𝑣ℎ = (𝑣ℎ, 𝑣F i
ℎ
, 𝜁F i

ℎ
) ∈ ̂︀𝑉ℎ, (1.1) leads to

(𝑢𝑛
𝑡 , 𝑣ℎ) + (𝛾∆2𝑢𝑛 −∆𝑢𝑛, 𝑣ℎ) + (𝑓(𝑢𝑛), 𝑣ℎ) = 0.

The definitions of Π𝑘+2
ℎ in (2.3) and ̂︀𝐸ℎ in Section 3.1 applied to the first and second terms of the above

expression, respectively, shows

(Π𝑘+2
ℎ (𝑢𝑛

𝑡 ), 𝑣ℎ) + 𝑎ℎ( ̂︀𝐸ℎ(𝑢𝑛), ̂︀𝑣ℎ) + (𝑓(𝑢𝑛), 𝑣ℎ) = 0 for all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ. (6.21)

The backward Euler HHO scheme (6.1), (6.21), the definition of 𝜕, the abbreviation ̂︀𝜃𝑛
ℎ = ̂︀𝐸ℎ(𝑢𝑛) − ̂︀𝑢𝑛

ℎ :=
(𝜃𝑛

ℎ , 𝜃𝑛
F i

ℎ
, 𝜃𝑛

F i
ℎ
) from (6.6), and elementary algebra lead to

(𝜕𝜃𝑛
ℎ , ̂︀𝑣ℎ) + 𝑎ℎ(̂︀𝜃𝑛

ℎ , ̂︀𝑣ℎ) = (𝑓(𝑢𝑛
ℎ)− 𝑓(𝑢𝑛), ̂︀𝑣ℎ) + (𝜕𝐸ℎ(𝑢𝑛)−Π𝑘+2

ℎ (𝑢𝑛
𝑡 ), ̂︀𝑣ℎ) for all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ.
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Choose ̂︀𝑣𝑛
ℎ = ̂︀𝜃𝑛

ℎ−̂︀𝜃𝑛−1
ℎ in the above equation. The definition of 𝜕 yields (∆𝑡)−1‖𝜃𝑛

ℎ−𝜃𝑛−1
ℎ ‖2 ≤ (𝜕𝜃𝑛

ℎ , 𝜃𝑛
ℎ−𝜃𝑛−1

ℎ )
and Young’s inequality helps to deduce 1

2

(︀
‖̂︀𝜃𝑛

ℎ‖2𝑎,ℎ − ‖̂︀𝜃𝑛−1
ℎ ‖2𝑎,ℎ

)︀
≤ 𝑎ℎ(̂︀𝜃𝑛

ℎ , ̂︀𝜃𝑛
ℎ − ̂︀𝜃𝑛−1

ℎ ). All these show

1
∆𝑡
‖𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ‖2 +

1
2
(︀
‖̂︀𝜃𝑛

ℎ‖2𝑎,ℎ − ‖̂︀𝜃𝑛−1
ℎ ‖2𝑎,ℎ

)︀
≤ (𝑓(𝑢𝑛

ℎ)− 𝑓(𝑢𝑛), 𝜃𝑛
ℎ − 𝜃𝑛−1

ℎ )

+ (𝜕𝐸ℎ(𝑢𝑛)−Π𝑘+2
ℎ (𝑢𝑛

𝑡 ), 𝜃𝑛
ℎ − 𝜃𝑛−1

ℎ ) =: 𝑁1 + 𝑁2. (6.22)

Step 2: Control of 𝑁1. Let ̂︀𝐸ℎ = (𝐸ℎ, 𝐸F i
ℎ
, 𝐸F i

ℎ
). Introduce an intermediate term to obtain

𝑁1 := (𝑓(𝑢𝑛
ℎ)− 𝑓(𝑢𝑛), 𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ) = (𝑓(𝑢𝑛

ℎ)− 𝑓(𝐸ℎ(𝑢𝑛)), 𝜃𝑛
ℎ − 𝜃𝑛−1

ℎ )
+ (𝑓(𝐸ℎ(𝑢𝑛))− 𝑓(𝑢𝑛), 𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ). (6.23)

The first term on the right-hand side of (6.23) is controlled using arguments similar to (6.9) and (6.10) with
𝑢𝑛

𝛼 = (1− 𝛼)𝑢𝑛
ℎ + 𝛼𝐸ℎ(𝑢𝑛) leading to

(𝑓(𝑢𝑛
ℎ)− 𝑓(𝐸ℎ(𝑢𝑛)), 𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ) = −((3(𝑢𝑛

𝛼)2 − 1)𝜃𝑛
ℎ , 𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ )

≤ (3‖(𝑢𝑛
𝛼)2𝜃𝑛

ℎ‖) + ‖𝜃𝑛
ℎ‖
)︀
‖𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ‖ and (6.24)

‖(𝑢𝑛
𝛼)2𝜃𝑛

ℎ‖ ≤ ‖𝑢𝑛
𝛼‖2𝐿8(Ω)‖𝜃

𝑛
ℎ‖𝐿4(Ω) ≤ 𝐶1

6

(︀
‖𝑢𝑛

ℎ‖2𝐿8(Ω) + ‖𝐸ℎ(𝑢𝑛)‖2𝐿8(Ω)

)︀
‖𝜃𝑛

ℎ‖𝐿4(Ω). (6.25)

An application of Lemma 3.3(a) (iii) leads to ‖𝑢𝑛
ℎ‖𝐿8(Ω) ≤ 𝐶2

6 , since 𝛾 ≤ 1 and 𝑢0 is sufficiently smooth.
Theorem 4.1(f) and a triangle inequality show

‖𝐸ℎ(𝑢𝑛)‖𝐿8(Ω) . ‖ ̂︀𝐸ℎ(𝑢𝑛)‖𝑎,ℎ . ‖ ̂︀𝐸ℎ(𝑢𝑛)− ̂︀𝐼𝑘
ℎ(𝑢𝑛)‖𝑎,ℎ + ‖̂︀𝐼𝑘

ℎ(𝑢𝑛)‖𝑎,ℎ. (6.26)

Theorem 3.2, Lemma 4.4, and regularity of 𝑢𝑛 reveal ‖ ̂︀𝐸ℎ(𝑢𝑛) − ̂︀𝐼𝑘
ℎ(𝑢𝑛)‖𝑎,ℎ . 𝐶3,1

6 . Lemmas 3.1 and 4.5,
𝛾 ≤ 1, and regularity of solution yield ‖̂︀𝐼𝑘

ℎ(𝑢𝑛)‖𝐿8(Ω) ≤ 𝐶3,2
6 . These bounds in (6.26) leads to ‖𝐸ℎ(𝑢𝑛)‖𝐿8(Ω) ≤

𝐶3
6 , where 𝐶3

6 = max{𝐶3,1
6 , 𝐶3,2

6 }. Arguments analogous to (6.11) show ‖𝜃𝑛
ℎ‖𝐿4(Ω) ≤ 𝐶4

6‖̂︀𝜃𝑛
ℎ‖𝑎,ℎ and ‖𝜃𝑛

ℎ‖ ≤
𝐶5

6‖̂︀𝜃𝑛
ℎ‖𝑎,ℎ. Apply all these bounds in (6.24) to derive

(𝑓(𝑢𝑛
ℎ)− 𝑓(𝐸ℎ(𝑢𝑛)), 𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ) ≤ ̂︀𝐶6‖̂︀𝜃𝑛

ℎ‖𝑎,ℎ‖𝜃𝑛
ℎ − 𝜃𝑛−1

ℎ ‖ with ̂︀𝐶6 = 3𝐶1
6𝐶4

6 ((𝐶2
6 )2 + (𝐶3

6 )2) + 𝐶5
6 .

An application of (1.2) with 𝜀 = 1/4 leads to

(𝑓(𝑢𝑛
ℎ)− 𝑓(𝐸ℎ(𝑢𝑛)), 𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ) ≤ 𝐶6∆𝑡‖̂︀𝜃𝑛

ℎ‖2𝑎,ℎ +
1

8∆𝑡
‖𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ‖2 with 𝐶6 = 2(𝐶6)2. (6.27)

The regularity of the solution with a Sobolev embedding result and arguments analogous to (6.26) establish
‖𝑢𝑛‖ and ‖𝐸ℎ(𝑢𝑛)‖ are bounded. The definition of 𝑓 and generalized Holder’s inequality reveal

(𝑓(𝐸ℎ(𝑢𝑛))− 𝑓(𝑢𝑛), 𝜃𝑛
ℎ − 𝜃𝑛−1

ℎ ) = (((𝐸ℎ(𝑢𝑛))2 + (𝑢𝑛)2 + 𝐸ℎ(𝑢𝑛)𝑢𝑛 − 1)(𝐸ℎ(𝑢𝑛)− 𝑢𝑛), 𝜃𝑛
ℎ − 𝜃𝑛−1

ℎ )

≤
(︂

3
2
‖𝑢𝑛‖2 +

3
2
‖𝐸ℎ(𝑢𝑛)‖2 + 1

)︂
‖𝐸ℎ(𝑢𝑛)− 𝑢𝑛‖‖𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ‖.

A triangle inequality yields ‖𝐸ℎ(𝑢𝑛)−𝑢𝑛‖ ≤ ‖𝐸ℎ(𝑢𝑛)−Π𝑘+2
ℎ (𝑢𝑛)‖+‖Π𝑘+2

ℎ (𝑢𝑛)−𝑢𝑛‖. Note that ‖𝐸ℎ(𝑢𝑛)−
Π𝑘+2

ℎ (𝑢𝑛)‖ . ‖̂︀𝜂𝑛
ℎ‖𝑎,ℎ from (6.6) and Theorem 4.1(f). These bounds and (1.2) with 𝜀 = 1/4 in the above

displayed inequality lead to

(𝑓(𝐸ℎ(𝑢𝑛))− 𝑓(𝑢𝑛), 𝜃𝑛
ℎ − 𝜃𝑛−1

ℎ ) ≤ 𝐶7∆𝑡(‖̂︀𝜂𝑛
ℎ‖2𝑎,ℎ + ‖Π𝑘+2

ℎ (𝑢𝑛
ℎ)− 𝑢𝑛‖2) +

1
8∆𝑡

‖𝜃𝑛
ℎ − 𝜃𝑛−1

ℎ ‖2. (6.28)

A substitution of (6.27) and (6.28) in (6.23) yields

𝑁1 ≤ 𝐶6∆𝑡‖̂︀𝜃𝑛
ℎ‖2𝑎,ℎ + 𝐶7∆𝑡(‖̂︀𝜂𝑛

ℎ‖2𝑎,ℎ + ‖Π𝑘+2
ℎ (𝑢𝑛

ℎ)− 𝑢𝑛‖2) +
1

4∆𝑡
‖𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ‖2.
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Step 3: Control of 𝑁2. The triangle inequality and the Cauchy–Schwarz inequality show

𝑁2 = (𝜕𝐸ℎ(𝑢𝑛)−Π𝑘+2
ℎ (𝑢𝑛

𝑡 ), 𝜃𝑛
ℎ − 𝜃𝑛−1

ℎ ) ≤ (‖𝜕𝐸ℎ(𝑢𝑛)− 𝐸ℎ(𝑢𝑛
𝑡 )‖+ ‖𝐸ℎ(𝑢𝑛

𝑡 )−Π𝑘+2
ℎ (𝑢𝑛

𝑡 )‖)‖𝜃𝑛
ℎ − 𝜃𝑛−1

ℎ ‖.

Elementary manipulations, the definition of 𝜒(∙) from (6.5), with the notation for the first component of ̂︀𝜂𝑛
ℎ

defined by 𝜂𝑛
ℎ := Π𝑘+2

ℎ (𝑢𝑛)− 𝐸ℎ(𝑢𝑛) reveal

𝜕𝐸ℎ(𝑢𝑛)− 𝐸ℎ(𝑢𝑛
𝑡 ) = (𝜕𝑢𝑛 − 𝑢𝑛

𝑡 )− 𝜕𝜂𝑛
ℎ + (𝜂𝑛

ℎ)𝑡 + 𝜕(Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛)− (Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛)𝑡

= 𝜒(𝑢𝑛)− 𝜒(𝜂𝑛
ℎ) + 𝜒(Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛).

A combination of the last two displayed results and elementary algebra establish

𝑁2 ≤
(︀
‖𝜒(𝑢𝑛)‖+ ‖𝜒(𝜂𝑛

ℎ)‖+ ‖𝜒(Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛)‖+ ‖(𝜂𝑛

ℎ)𝑡‖2
)︀
‖𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ‖.

An application of Theorem 4.1(f) to bound the second term on the right-hand side of the above expression,
and Young’s inequality reveal

𝑁2 ≤ 𝐶8∆𝑡
(︀
‖𝜒(𝑢𝑛)‖2 + ‖𝜒(̂︀𝜂𝑛

ℎ)‖2𝑎,ℎ + ‖𝜒(Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛)‖2 + ‖(𝜂𝑛

ℎ)𝑡‖2
)︀

+
1

4∆𝑡
‖𝜃𝑛

ℎ − 𝜃𝑛−1
ℎ ‖2.

Step 4: Abstract bound. The bounds of 𝑁1 and 𝑁2 from Steps 2 to 3 in (6.22) and algebraic manipulations
show

1
2∆𝑡

‖𝜃𝑛
ℎ − 𝜃𝑛−1

ℎ ‖2 +
1
2

(‖̂︀𝜃𝑛
ℎ‖2𝑎,ℎ − ‖̂︀𝜃𝑛−1

ℎ ‖2𝑎,ℎ) ≤ 𝐶9∆𝑡
(︀
‖𝜒(𝑢𝑛)‖2 + ‖𝜒(̂︀𝜂𝑛

ℎ)‖2𝑎,ℎ + ‖(𝜂𝑛
ℎ)𝑡‖2 + ‖̂︀𝜂𝑛

ℎ‖2𝑎,ℎ

+ ‖Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛‖2 + ‖(𝜒(Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛)‖2 + ‖̂︀𝜃𝑛
ℎ‖2𝑎,ℎ

)︀
,

where 𝐶9 = max{𝐶6, 𝐶7, 𝐶8}. Multiply the above inequality by 2, sum it for 𝑛 = 1 to 𝑙 (where 𝑙 can be
1, 2, · · · , 𝑚), introduce 𝐶10 = 2𝐶9, and utilize ̂︀𝜃0

ℎ = 0 to observe

(1− 𝐶10∆𝑡)‖̂︀𝜃𝑙
ℎ‖2𝑎,ℎ ≤ 𝐶10∆𝑡

𝑙∑︁
𝑛=1

(︀
‖𝜒(𝑢𝑛)‖2 + ‖𝜒(̂︀𝜂𝑛

ℎ)‖2𝑎,ℎ + ‖(𝜂𝑛
ℎ)𝑡‖2 + ‖̂︀𝜂𝑛

ℎ‖2𝑎,ℎ

+ ‖Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛‖2 + ‖(𝜒(Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛)‖2
)︀

+ 𝐶10∆𝑡

𝑙−1∑︁
𝑛=1

‖̂︀𝜃𝑛
ℎ‖2𝑎,ℎ.

For 1− 𝐶10∆𝑡 > 0, an application of the discrete Gronwall’s inequality shows

‖̂︀𝜃𝑙
ℎ‖𝑎,ℎ .

(︃
∆𝑡

𝑙∑︁
𝑛=1

(︀
‖𝜒(𝑢𝑛)‖2 + ‖𝜒(̂︀𝜂𝑛

ℎ)‖2𝑎,ℎ + ‖(𝜂𝑛
ℎ)𝑡‖2

+ ‖̂︀𝜂𝑛
ℎ‖2𝑎,ℎ + ‖Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛‖2 + ‖𝜒(Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛)‖2

)︀)︃1/2

.

Taking maximum as 𝑙 varies from 1 to 𝑚, we obtain

max
1≤𝑙≤𝑚

‖̂︀𝜃𝑙
ℎ‖𝑎,ℎ .

(︃
∆𝑡

𝑚∑︁
𝑙=1

(︀
‖𝜒(𝑢𝑙)‖2 + ‖𝜒(̂︀𝜂𝑙

ℎ)‖2𝑎,ℎ + ‖(̂︀𝜂𝑙
ℎ)𝑡‖2

+ ‖̂︀𝜂𝑙
ℎ‖2𝑎,ℎ + ‖Π𝑘+2

ℎ (𝑢𝑙)− 𝑢𝑙‖2 + ‖𝜒(Π𝑘+2
ℎ (𝑢𝑙)− 𝑢𝑙)‖2

)︀)︃1/2

.
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Since ̂︀𝑒𝑛
ℎ := ̂︀𝐼𝑘

ℎ(𝑢𝑛)− ̂︀𝑢𝑛
ℎ from (6.6), the above displayed result reveals

max
1≤𝑛≤𝑚

‖̂︀𝐼𝑘
ℎ(𝑢𝑛)− ̂︀𝑢𝑛

ℎ‖𝑎,ℎ . max
1≤𝑛≤𝑚

(︀
‖̂︀𝜃𝑛

ℎ‖𝑎,ℎ + ‖̂︀𝜂𝑛
ℎ‖𝑎,ℎ

)︀
.

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︀
‖𝜒(𝑢𝑛)‖2 + ‖𝜒(̂︀𝜂𝑛

ℎ)‖2𝑎,ℎ + ‖(̂︀𝜂𝑛
ℎ)𝑡‖2

+ ‖̂︀𝜂𝑛
ℎ‖2𝑎,ℎ + ‖Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛‖2 + ‖𝜒(Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛)‖2

)︀)︃1/2

+ max
1≤𝑛≤𝑚

‖̂︀𝜂𝑛
ℎ‖𝑎,ℎ. (6.29)

A triangle inequality in (6.7), (6.15), and (6.29) reveal

max
1≤𝑛≤𝑚

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾1/2‖𝐷2(𝑢𝑛 −R2

𝐾(̂︀𝑢𝑛
𝐾))‖𝐾 + ‖𝐷(𝑢𝑛 −R1

𝐾(̂︀𝑢𝑛
𝐾))‖𝐾

)︀)︃
(6.30)

. max
1≤𝑛≤𝑚

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾1/2‖𝐷2(𝑢𝑛 − E 2

𝐾(𝑢𝑛))‖𝐾 + ‖𝐷(𝑢𝑛 − E 1
𝐾(𝑢𝑛))‖𝐾

)︀)︃
+ max

1≤𝑛≤𝑚
‖̂︀𝑒𝑛

ℎ‖𝑎,ℎ

. max
1≤𝑛≤𝑚

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾1/2‖𝐷2(𝑢𝑛 − E 2

𝐾(𝑢𝑛))‖𝐾 + ‖𝐷(𝑢𝑛 − E 1
𝐾(𝑢𝑛))‖𝐾

)︀)︃

+

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︀
‖𝜒(𝑢𝑛)‖2 + ‖𝜒(̂︀𝜂𝑛

ℎ)‖2𝑎,ℎ + ‖(̂︀𝜂𝑛
ℎ)𝑡‖2 + ‖̂︀𝜂𝑛

ℎ‖2𝑎,ℎ

+ ‖Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛‖2 + ‖𝜒(Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛)‖2
)︀)︃1/2

+ max
1≤𝑛≤𝑚

‖̂︀𝜂𝑛
ℎ‖𝑎,ℎ. (6.31)

Step 5: Conclusion. Several terms on the right-hand side of (6.31) are already estimated in Step 8 of Theo-
rem 3.4(a). Here we provide estimates for the remaining terms. Apply the definitions of 𝜒(∙) from (6.5) and̂︀𝜂𝑛

ℎ from (6.6), Lemma 4.2, Theorem 3.2, and Lemma 4.4 lead to

(︃
∆𝑡

𝑚∑︁
𝑛=1

‖𝜒(̂︀𝜂𝑛
ℎ)‖2𝑎,ℎ

)︃1/2

. ∆𝑡

{︃∫︀ 𝑇

0
‖(̂︀𝜂ℎ)𝑡𝑡‖𝑎,ℎ d𝑡 for 𝑘 ≥ 1∫︀ 𝑇

0
‖(̂︀𝜂ℎ)𝑡𝑡‖𝑎,ℎ d𝑡 for 𝑘 = 0

. ∆𝑡

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(
∑︀

𝐾∈Tℎ
ℎ𝑘+2𝜎

1
2
𝐾)|𝑢𝑡𝑡|𝐿2(0,𝑇 ;𝐻𝑘+3(Tℎ))

for 𝑘 ≥ 1,

(
∑︀

𝐾∈Tℎ
ℎ2𝜎

1
2
𝐾)(|𝑢𝑡𝑡|𝐿2(0,𝑇 ;𝐻3(Tℎ))

+ℎ𝛽 |𝑢𝑡𝑡|𝐿2(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0.

Apply Theorem 4.1(f) and proceed as above to bound the term ‖(̂︀𝜂𝑛
ℎ)𝑡)‖𝑎,ℎ with the fact 𝑚∆𝑡 = 𝑇 to derive

(︃
∆𝑡

𝑚∑︁
𝑛=1

‖(̂︀𝜂𝑛
ℎ)𝑡‖2

)︃1/2

.

(︃
∆𝑡

𝑚∑︁
𝑛=1

‖(̂︀𝜂𝑛
ℎ)𝑡‖2𝑎,ℎ

)︃1/2

.

⎧⎪⎨⎪⎩
(
∑︀

𝐾∈Tℎ
ℎ𝑘+2𝜎

1
2
𝐾)|𝑢𝑡|𝐿∞(0,𝑇 ;𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

(
∑︀

𝐾∈Tℎ
ℎ2𝜎

1
2
𝐾)(|𝑢𝑡|𝐿∞(0,𝑇 ;𝐻3(Tℎ))

+ℎ𝛽 |𝑢𝑡|𝐿∞(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0,(︃
∆𝑡

𝑚∑︁
𝑛=1

‖̂︀𝜂𝑛
ℎ‖2𝑎,ℎ

)︃1/2

.

{︃
(
∑︀

𝐾∈Tℎ
ℎ𝑘+2𝜎

1
2
𝐾)|𝑢|𝐿∞(0,𝑇 ;𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

(
∑︀

𝐾∈Tℎ
ℎ2𝜎

1
2
𝐾)(|𝑢|𝐿∞(0,𝑇 ;𝐻3(Tℎ)) + ℎ𝛽 |𝑢|𝐿∞(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0,

and

max
1≤𝑛≤𝑚

‖̂︀𝜂𝑛
ℎ‖𝑎,ℎ ≤

{︃
(
∑︀

𝐾∈Tℎ
ℎ𝑘+2𝜎

1
2
𝐾)|𝑢|𝐿∞(0,𝑇 ;𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

(
∑︀

𝐾∈Tℎ
ℎ2𝜎

1
2
𝐾)(|𝑢|𝐿∞(0,𝑇 ;𝐻3(Tℎ)) + ℎ𝛽 |𝑢|𝐿∞(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0.
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Use the definition of 𝜒(∙) from (6.5), Lemma 4.2, and Theorem 4.1(d) to obtain(︃
∆𝑡

𝑚∑︁
𝑛=1

‖𝜒(Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛)‖2

)︃1/2

.

{︃
ℎ𝑘+3|𝑢𝑡𝑡|𝐿2(0,𝑇 ;𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

ℎ3(|𝑢𝑡𝑡|𝐿2(0,𝑇 ;𝐻3(Tℎ)) + ℎ𝛽 |𝑢𝑡𝑡|𝐿2(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0.

A combination of all these in (6.31) concludes the proof of Theorem 3.4 (b).

7. Crank Nicolson scheme

This section has two subsections: the proof of Lemma 3.5 is presented in Section 7.1, Theorem 3.6 is proved
in Section 7.2.

For 1 ≤ 𝑛 ≤ 𝑚, recall the Crank-Nicolson HHO scheme from Section 3.3 that seeks ̂︀𝑢𝑛
ℎ = (𝑢𝑛

ℎ, 𝑢𝑛
F i

ℎ
, 𝜎𝑛

F i
ℎ
) ∈ ̂︀𝑉ℎ

such that

(𝜕𝑢𝑛
ℎ, 𝑣ℎ) + 𝑎ℎ(̂︀𝑢𝑛− 1

2
ℎ , ̂︀𝑣ℎ) + ( ̃︀𝑓(𝑢𝑛−1

ℎ , 𝑢𝑛
ℎ), 𝑣ℎ) = 0 for all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ with ̂︀𝑢0

ℎ = ̂︀𝐼𝑘
ℎ(𝑢0), (7.1)

where ̃︀𝑓(𝑢𝑛−1
ℎ , 𝑢𝑛

ℎ) = 1
4 ((𝑢𝑛−1

ℎ )3 + (𝑢𝑛−1
ℎ )2𝑢𝑛

ℎ + 𝑢𝑛−1
ℎ (𝑢𝑛

ℎ)2 + (𝑢𝑛
ℎ)3)− 1

2 (𝑢𝑛−1
ℎ + 𝑢𝑛

ℎ).

7.1. Proof of Lemma 3.5

Proof of Lemma 3.5(𝑎)(𝑖). It is enough to establish that 𝐿(̂︀𝑢𝑛
ℎ) is a decreasing sequence for all 0 ≤ 𝑛 ≤ 𝑚. The

choice ̂︀𝑣ℎ = ̂︀𝑢𝑛
ℎ − ̂︀𝑢𝑛−1

ℎ in (7.1) and 𝑎ℎ(̂︀𝑢𝑛− 1
2

ℎ , ̂︀𝑢𝑛
ℎ − ̂︀𝑢𝑛−1

ℎ ) = 1
2 (‖̂︀𝑢𝑛

ℎ‖2𝑎,ℎ −‖̂︀𝑢𝑛−1
ℎ ‖2𝑎,ℎ), ( ̃︀𝑓(𝑢𝑛−1

ℎ , 𝑢𝑛
ℎ), 𝑢𝑛

ℎ − 𝑢𝑛−1
ℎ ) =

(𝐹 (𝑢𝑛
ℎ)− 𝐹 (𝑢𝑛−1

ℎ ), 1) from the definitions of ‖ · ‖𝑎,ℎ and ̃︀𝑓 , respectively, lead to

(∆𝑡)−1‖̂︀𝑢𝑛
ℎ − ̂︀𝑢𝑛−1

ℎ ‖2 +
1
2

(‖̂︀𝑢𝑛
ℎ‖2𝑎,ℎ − ‖̂︀𝑢𝑛−1

ℎ ‖2𝑎,ℎ) + (𝐹 (𝑢𝑛
ℎ)− 𝐹 (𝑢𝑛−1

ℎ ), 1) = 0.

The definition of 𝐿(∙) from (3.3) and above result show 𝐿(̂︀𝑢𝑛
ℎ)−𝐿(̂︀𝑢𝑛−1

ℎ ) = 1
2 (‖̂︀𝑢𝑛

ℎ‖2𝑎,ℎ−‖̂︀𝑢𝑛−1
ℎ ‖2𝑎,ℎ) + (𝐹 (𝑢𝑛

ℎ)−
𝐹 (𝑢𝑛−1

ℎ ), 1) = −(∆𝑡)−1‖̂︀𝑢𝑛
ℎ − ̂︀𝑢𝑛−1

ℎ ‖2 ≤ 0. This establishes that 𝐿(̂︀𝑢𝑛
ℎ) ≤ 𝐿(̂︀𝑢𝑛−1

ℎ ) for all 0 ≤ 𝑛 ≤ 𝑚. �

Proof of Lemma 3.5(𝑎)(𝑖𝑖)–(𝑖𝑖𝑖), (𝑏). The proofs follow analogous to Lemmas 3.3(a)(ii)–(iii) and 3.3(b) and are
skipped. �

7.2. Proof of Theorem 3.6

The proof of the theorem utilizes the lemmas stated below.

Lemma 7.1. Let 𝑢𝑛 be the solution of (1.1) and ̂︀𝑢𝑛
ℎ with 1 ≤ 𝑛 ≤ 𝑚 be the solution of the Crank-Nicolson

HHO scheme (7.1). Then, for 𝑢𝑛− 1
2 := 𝑢𝑛+𝑢𝑛−1

2 , it holds

‖𝑓(𝑢(𝑡𝑛−
1
2 ))− ̃︀𝑓(𝑢𝑛−1

ℎ , 𝑢𝑛
ℎ)‖ . ‖𝑢(𝑡𝑛−

1
2 )− 𝑢𝑛− 1

2 ‖+ ‖𝑢𝑛 − 𝑢𝑛−1‖2 + ‖𝑢𝑛 − 𝑢𝑛
ℎ‖+ ‖𝑢𝑛−1 − 𝑢𝑛−1

ℎ ‖. (7.2)

Proof. A triangle inequality and elementary algebra show

‖𝑓(𝑢(𝑡𝑛−
1
2 ))− ̃︀𝑓(𝑢𝑛−1

ℎ , 𝑢𝑛
ℎ)‖ ≤ ‖𝑓(𝑢(𝑡𝑛−

1
2 ))− 𝑓(𝑢𝑛− 1

2 )‖+ ‖𝑓(𝑢𝑛− 1
2 )− ̃︀𝑓(𝑢𝑛−1, 𝑢𝑛)‖

+ ‖ ̃︀𝑓(𝑢𝑛−1, 𝑢𝑛)− ̃︀𝑓(𝑢𝑛−1, 𝑢𝑛
ℎ)‖+ ‖ ̃︀𝑓(𝑢𝑛−1, 𝑢𝑛

ℎ)− ̃︀𝑓(𝑢𝑛−1
ℎ , 𝑢𝑛

ℎ)‖ :=
4∑︁

𝑖=1

𝑇𝑖. (7.3)

The terms on the right-hand side of (7.3) are estimated in Steps 1–4 below.
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Step 1: Control of 𝑇1. The mean value theorem shows 𝑓(𝑢(𝑡𝑛−
1
2 ))− 𝑓(𝑢𝑛− 1

2 ) = 𝑓 ′(𝑢𝑛
𝛼)(𝑢(𝑡𝑛−

1
2 )− 𝑢𝑛− 1

2 ) with
𝑢𝑛

𝛼 = (1− 𝛼)𝑢(𝑡𝑛−
1
2 ) + 𝛼𝑢𝑛− 1

2 for some 𝛼 ∈ (0, 1). The regularity of 𝑢𝛼
𝑛 plus the definition of 𝑓 ′(∙) leads to

𝑇1 = ‖𝑓 ′(𝑢𝑛
𝛼)(𝑢(𝑡𝑛−

1
2 )− 𝑢𝑛− 1

2 )‖ ≤ ‖𝑓 ′(𝑢𝑛
𝛼)‖𝐿∞(Ω)‖𝑢(𝑡𝑛−

1
2 )− 𝑢𝑛− 1

2 ‖ . ‖𝑢(𝑡𝑛−
1
2 )− 𝑢𝑛− 1

2 ‖.

Step 2: Control of 𝑇2. The definitions of 𝑓(∙) and ̃︀𝑓(∙, ∙) and elementary algebra establish

𝑇2 = (1/8)‖(𝑢𝑛 − 𝑢𝑛−1)((𝑢𝑛)2 − (𝑢𝑛−1)2)‖ ≤ (1/8)‖𝑢𝑛 + 𝑢𝑛−1‖𝐿∞(Ω)‖𝑢𝑛 − 𝑢𝑛−1‖2 . ‖𝑢𝑛 − 𝑢𝑛−1‖2,

where the regularity of 𝑢𝑛 and 𝑢𝑛−1 are used in last step.
Step 3: Control of 𝑇3. The definition of ̃︀𝑓(∙, ∙) and elementary algebra reveal

| ̃︀𝑓(𝑧, 𝑤)− ̃︀𝑓(𝑧, 𝑣)| ≤ (1/2)|(𝑧2 + 𝑤2 + 𝑣2 − 1)(𝑤 − 𝑣)|. (7.4)

The choice 𝑧 := 𝑢𝑛−1, 𝑤 := 𝑢𝑛, and 𝑣 := 𝑢𝑛
ℎ in (7.4) reveal

𝑇3 ≤ (1/2)‖(𝑢𝑛−1)2 + (𝑢𝑛)2 + (𝑢𝑛
ℎ)2 − 1‖‖𝑢𝑛 − 𝑢𝑛

ℎ‖ . ‖𝑢𝑛 − 𝑢𝑛
ℎ‖

with regularity of 𝑢𝑛−1 and 𝑢𝑛, 𝛾 ≤ 1, and Theorem 4.1(f) in the last step.
Step 4: Control of 𝑇4. The symmetry of ̃︀𝑓(∙, ∙) leads to 𝑇4 = ‖ ̃︀𝑓(𝑢𝑛

ℎ, 𝑢𝑛−1)− ̃︀𝑓(𝑢𝑛
ℎ, 𝑢𝑛−1

ℎ )‖. The choice 𝑧 := 𝑢𝑛
ℎ,

𝑤 := 𝑢𝑛−1, and 𝑣 := 𝑢𝑛−1
ℎ in (7.4) and similar arguments in 𝑇3 show 𝑇4 . ‖𝑢𝑛−1 − 𝑢𝑛−1

ℎ ‖. A combination
of Steps 1–4 in (7.3) concludes the proof.

�

Lemma 7.2 ([12,39]). For given 𝑣𝑡𝑡, 𝑣𝑡𝑡𝑡 ∈ 𝐿2(𝑡𝑛−1, 𝑡𝑛; 𝐿2(Ω)) and 𝑣𝑡 ∈ 𝐿∞(𝑡𝑛−1, 𝑡𝑛; 𝐿2(Ω)), it holds

‖𝜕𝑣𝑛 − 𝑣𝑡(𝑡𝑛−
1
2 )‖ . (∆𝑡)

3
2 ‖𝑣𝑡𝑡𝑡‖𝐿2(𝑡𝑛−1,𝑡𝑛;𝐿2(Ω)), ‖𝑣(𝑡𝑛−

1
2 )− 𝑣𝑛− 1

2 ‖ . (∆𝑡)
3
2 ‖𝑣𝑡𝑡‖𝐿2(𝑡𝑛−1,𝑡𝑛;𝐿2(Ω)),

and ‖𝑣𝑛 − 𝑣𝑛−1‖ . ∆𝑡‖𝑣𝑡‖𝐿∞(𝑡𝑛−1,𝑡𝑛;𝐿2(Ω)).

Proof of Theorem 3.6. The proof is divided into seven steps below.

Step 1: Settings. Define ̃︀𝜒(𝑣𝑛) = 𝜕𝑣𝑛 − 𝑣𝑡(𝑡𝑛−
1
2 ) (7.5)

and ̃︀𝑢𝑛 = 𝑢𝑛− 1
2 − 𝑢(𝑡𝑛−

1
2 ). Recall the split from (6.6):

̂︀𝑒𝑛
ℎ := ̂︀𝜂𝑛

ℎ + ̂︀𝜃𝑛
ℎ , where ̂︀𝜂𝑛

ℎ = ̂︀𝐼𝑘
ℎ(𝑢𝑛)− ̂︀𝐸ℎ(𝑢𝑛) and ̂︀𝜃𝑛

ℎ = ̂︀𝐸ℎ(𝑢𝑛)− ̂︀𝑢𝑛
ℎ, and let ̂︀𝐸ℎ(𝑢0) = ̂︀𝐼𝑘

ℎ(𝑢0) = ̂︀𝑢0
ℎ.

Step 2: Error equation. For all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ, the definition of ̂︀𝐸ℎ from Section 3.1 shows

(𝛾∆2𝑢𝑛− 1
2 −∆𝑢𝑛− 1

2 , 𝑣ℎ) = 𝑎ℎ( ̂︀𝐸ℎ(𝑢𝑛− 1
2 ), ̂︀𝑣ℎ) and (𝛾∆2̃︀𝑢𝑛 −∆̃︀𝑢𝑛, 𝑣ℎ) = 𝑎ℎ( ̂︀𝐸ℎ(̃︀𝑢𝑛), ̂︀𝑣ℎ). (7.6)

The continuous formulation in (1.1), (7.6), and elementary algebra show

(𝑢𝑡(𝑡𝑛−
1
2 ), 𝑣ℎ) + 𝑎ℎ( ̂︀𝐸ℎ(𝑢𝑛− 1

2 ), ̂︀𝑣ℎ) + (𝑓(𝑢(𝑡𝑛−
1
2 )), 𝑣ℎ) = 𝑎ℎ( ̂︀𝐸ℎ(̃︀𝑢𝑛), ̂︀𝑣ℎ) for all ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ.

Recall 𝜃𝑛
ℎ = 𝐸ℎ(𝑢𝑛) − 𝑢𝑛

ℎ, ̂︀𝜃𝑛−1/2
ℎ = ̂︀𝐸ℎ(𝑢𝑛−1/2) − ̂︀𝑢𝑛−1/2

ℎ from Step 1. This, (7.1), the above displayed
equation, and elementary algebra lead to

(𝜕𝜃𝑛
ℎ , 𝑣ℎ) + 𝑎ℎ(̂︀𝜃𝑛− 1

2
ℎ , ̂︀𝑣ℎ) = ( ̃︀𝑓(𝑢𝑛−1

ℎ , 𝑢𝑛
ℎ)− 𝑓(𝑢(𝑡𝑛−

1
2 )), 𝑣ℎ) + (𝜕𝐸ℎ(𝑢𝑛)−Π𝑘+2

ℎ (𝑢𝑡(𝑡𝑛−
1
2 )), 𝑣ℎ)

+ 𝑎ℎ( ̂︀𝐸ℎ(̃︀𝑢𝑛), ̂︀𝑣ℎ), (7.7)
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where (Π𝑘+2
ℎ (𝑢𝑡(𝑡𝑛−

1
2 )), 𝑣ℎ) = (𝑢𝑡(𝑡𝑛−

1
2 ), 𝑣ℎ) is utilized in the last step. Choose ̂︀𝑣ℎ := 𝜕̂︀𝜃𝑛

ℎ in the above

equation and observe 𝑎ℎ(̂︀𝜃𝑛− 1
2

ℎ , 𝜕̂︀𝜃𝑛
ℎ) = 1

2𝜕‖̂︀𝜃𝑛
ℎ‖2𝑎,ℎ from elementary manipulations to arrive at

‖𝜕𝜃𝑛
ℎ‖2 +

1
2
𝜕‖̂︀𝜃𝑛

ℎ‖2𝑎,ℎ = ( ̃︀𝑓(𝑢𝑛−1
ℎ , 𝑢𝑛

ℎ)− 𝑓(𝑢𝑛− 1
2 ), 𝜕𝜃𝑛

ℎ) + (𝜕𝐸ℎ(𝑢𝑛)−Π𝑘+2
ℎ (𝑢𝑛− 1

2
𝑡 ), 𝜕𝜃𝑛

ℎ)

+ 𝑎ℎ( ̂︀𝐸ℎ(̃︀𝑢𝑛), 𝜕̂︀𝜃𝑛
ℎ) :=

3∑︁
𝑖=1

𝒯𝑖. (7.8)

Step 3: Control of 𝒯1. The Cauchy–Schwarz inequality and (1.2) with 𝜀 = 1/3 lead to

𝒯1 ≤ ‖ ̃︀𝑓(𝑢𝑛−1
ℎ , 𝑢𝑛

ℎ)− 𝑓(𝑢𝑛− 1
2 )‖‖𝜕𝜃𝑛

ℎ‖ ≤
3
2
‖ ̃︀𝑓(𝑢𝑛−1

ℎ , 𝑢𝑛
ℎ)− 𝑓(𝑢𝑛− 1

2 )‖2 +
1
6
‖𝜕𝜃𝑛

ℎ‖2

≤ 3
2
𝐶11

(︀
‖̃︀𝑢𝑛‖2 + ‖𝑢𝑛 − 𝑢𝑛−1‖4 + ‖𝑢𝑛 − 𝑢𝑛

ℎ‖2 + ‖𝑢𝑛−1 − 𝑢𝑛−1
ℎ ‖2

)︀
+

1
6
‖𝜕𝜃𝑛

ℎ‖2,

where Lemma 7.1 used in the last step and the coefficient absorbed in (7.2) is denoted by 𝐶11. For 𝑖 ∈
{𝑛, 𝑛 − 1}, the notations from Step 1 with the first component of ̂︀𝜂𝑖

ℎ denoted by 𝜂𝑖
ℎ = Π𝑘+2

ℎ (𝑢𝑖) − 𝐸ℎ(𝑢𝑖)
and elementary manipulations lead to

‖𝑢𝑖 − 𝑢𝑖
ℎ‖2 ≤ 3

(︀
‖𝑢𝑖 −Π𝑘+2

ℎ (𝑢𝑖)‖2 + ‖𝜂𝑖
ℎ‖2 + ‖𝜃𝑖

ℎ‖2
)︀
. ‖𝑢𝑖 −Π𝑘+2

ℎ (𝑢𝑖)‖2 + ‖̂︀𝜂𝑖
ℎ‖2𝑎,ℎ + ‖̂︀𝜃𝑖

ℎ‖2𝑎,ℎ,

where Theorem 4.1(f) is used in the last step. The last two displayed inequalities establish

𝒯1 ≤ 𝐶11

(︀
‖̃︀𝑢𝑛‖2 + ‖𝑢𝑛 − 𝑢𝑛−1‖4 +

𝑛∑︁
𝑖=𝑛−1

(︀
‖𝑢𝑖 −Π𝑘+2

ℎ (𝑢𝑖)‖2 + ‖̂︀𝜂𝑖
ℎ‖2𝑎,ℎ + ‖̂︀𝜃𝑖

ℎ‖2𝑎,ℎ

)︀)︀
+

1
6
‖𝜕𝜃𝑛

ℎ‖2,

where 𝐶11 depends on 𝐶11 and the constant from Theorem 4.1(f).
Step 4: Control of 𝒯2. The notations ̃︀𝜒(𝑣𝑛) = 𝜕𝑣𝑛 − 𝑣𝑡(𝑡𝑛−

1
2 ), 𝜂𝑛

ℎ = Π𝑘+2
ℎ (𝑢𝑛) − 𝐸ℎ(𝑢𝑛), and (𝜂ℎ(𝑡𝑛−

1
2 ))𝑡 =

Π𝑘+2
ℎ (𝑢𝑡(𝑡𝑛−

1
2 ))− 𝐸ℎ(𝑢𝑡(𝑡𝑛−

1
2 )), and elementary manipulations reveal

𝜕𝐸ℎ(𝑢𝑛)−Π𝑘+2
ℎ (𝑢𝑡(𝑡𝑛−

1
2 )) = ̃︀𝜒(𝑢𝑛)− ̃︀𝜒(𝜂𝑛

ℎ) + ̃︀𝜒(Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛)− (𝜂ℎ(𝑡𝑛−

1
2 ))𝑡.

Apply Cauchy–Schwarz inequality and (1.2) with 𝜀 = 1/3 to obtain

𝒯2 ≤
3
2
(︀
‖̃︀𝜒(𝑢𝑛)‖2 + ‖̃︀𝜒(𝜂𝑛

ℎ)‖2 + ‖̃︀𝜒(Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛)‖2 + ‖(𝜂ℎ(𝑡𝑛−

1
2 ))𝑡‖2

)︀
+

1
6
‖𝜕𝜃𝑛

ℎ‖2.

Theorem 4.1(f) shows‖̃︀𝜒(𝜂𝑛
ℎ)‖ . ‖̃︀𝜒(̂︀𝜂𝑛

ℎ)‖𝑎,ℎ and ‖(𝜂ℎ(𝑡𝑛−
1
2 ))𝑡‖ . ‖(̂︀𝜂ℎ(𝑡𝑛−

1
2 ))𝑡‖𝑎,ℎ. These bounds and above

displayed inequality establish

𝒯2 ≤ 𝐶12

(︀
‖̃︀𝜒(𝑢𝑛)‖2 + ‖̃︀𝜒(̂︀𝜂𝑛

ℎ)‖2𝑎,ℎ + ‖̃︀𝜒(Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛)‖2 + ‖(̂︀𝜂ℎ(𝑡𝑛−

1
2 ))𝑡‖2𝑎,ℎ

)︀
+

1
6
‖𝜕𝜃𝑛

ℎ‖2.

where 𝐶12 depends on the absorbed constant from Theorem 4.1(f).
Step 5: Control of 𝒯3. An application of (7.6), Cauchy–Schwarz inequality, and (1.2) with 𝜀 = 1/3 leads to

𝒯3 ≤
3
2
‖𝛾∆2̃︀𝑢𝑛 −∆̃︀𝑢𝑛‖2 +

1
6
‖𝜕𝜃𝑛

ℎ‖2.

Step 6: Abstract bound. The bounds of 𝒯1-𝒯3 from Steps 3-5 in (7.8) and algebraic manipulations show

1
2
‖𝜕𝜃𝑛

ℎ‖2 +
1
2
𝜕‖̂︀𝜃𝑛

ℎ‖2𝑎,ℎ ≤ 𝐶13

(︀
‖̃︀𝑢𝑛‖2 + ‖𝑢𝑛 − 𝑢𝑛−1‖4 + ‖𝑢𝑛−1 −Π𝑘+2

ℎ (𝑢𝑛−1)‖2 + ‖̂︀𝜂𝑛−1
ℎ ‖2𝑎,ℎ



HHO METHOD FOR THE EFK AND THE FK EQUATIONS 1201

+ ‖̂︀𝜃𝑛−1
ℎ ‖2𝑎,ℎ + ‖𝑢𝑛 −Π𝑘+2

ℎ (𝑢𝑛)‖2 + ‖̂︀𝜂𝑛
ℎ‖2𝑎,ℎ + ‖̂︀𝜃𝑛

ℎ‖2𝑎,ℎ + ‖̃︀𝜒(𝑢𝑛)‖2 + ‖̃︀𝜒(̂︀𝜂𝑛
ℎ)‖2𝑎,ℎ

+ ‖̃︀𝜒(Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛)‖2 + ‖(̂︀𝜂ℎ(𝑡𝑛−

1
2 ))𝑡‖2𝑎,ℎ + ‖𝛾∆2̃︀𝑢𝑛 −∆̃︀𝑢𝑛‖2

)︀
with 𝐶13 = max{3/2, 𝐶11, 𝐶12}.

Multiply the above inequality by 2, sum it for 𝑛 = 1 to 𝑙 (where 𝑙 can be 1, 2, · · · , 𝑚), introduce 𝐶14 = 4𝐶13,
and utilize ̂︀𝜃0

ℎ = 0 to observe

(1− 𝐶14∆𝑡)‖̂︀𝜃𝑙
ℎ‖2𝑎,ℎ ≤ 𝐶14∆𝑡

𝑙∑︁
𝑛=1

(︀
‖̃︀𝑢𝑛‖2 + ‖𝑢𝑛 − 𝑢𝑛−1‖4 + ‖𝑢𝑛−1 −Π𝑘+2

ℎ (𝑢𝑛−1)‖2 + ‖̂︀𝜂𝑛−1
ℎ ‖2𝑎,ℎ

+ ‖𝑢𝑛 −Π𝑘+2
ℎ (𝑢𝑛)‖2 + ‖̂︀𝜂𝑛

ℎ‖2𝑎,ℎ + ‖̃︀𝜒(𝑢𝑛)‖2 + ‖̃︀𝜒(̂︀𝜂𝑛
ℎ)‖2𝑎,ℎ + ‖̃︀𝜒(Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛)‖2

+ ‖(̂︀𝜂ℎ(𝑡𝑛−
1
2 ))𝑡‖2𝑎,ℎ + ‖𝛾∆2̃︀𝑢𝑛 −∆̃︀𝑢𝑛‖2

)︀
+ 𝐶14∆𝑡

𝑙−1∑︁
𝑛=1

‖̂︀𝜃𝑛
ℎ‖2𝑎,ℎ.

Manipulations analogous to Theorem 3.4(b) with 1− 𝐶14∆𝑡 > 0 in above inequality leads to

max
1≤𝑙≤𝑚

‖̂︀𝜃𝑙
ℎ‖𝑎,ℎ .

(︃
∆𝑡

𝑚∑︁
𝑙=1

(︀
‖̃︀𝑢𝑙‖2 + ‖𝑢𝑙 − 𝑢𝑙−1‖2 + ‖𝑢𝑙−1 −Π𝑘+2

ℎ (𝑢𝑙−1)‖2 + ‖̂︀𝜂𝑙−1
ℎ ‖𝑎,ℎ + ‖𝑢𝑙 −Π𝑘+2

ℎ (𝑢𝑙)‖2

+ ‖̂︀𝜂𝑙
ℎ‖𝑎,ℎ + ‖̃︀𝜒(𝑢𝑙)‖2 + ‖̃︀𝜒(̂︀𝜂𝑙

ℎ)‖2𝑎,ℎ + ‖̃︀𝜒(Π𝑘+2
ℎ (𝑢𝑙)− 𝑢𝑙)‖2 + ‖(̂︀𝜂ℎ(𝑡𝑙−

1
2 ))𝑡‖2𝑎,ℎ + ‖𝛾∆2̃︀𝑢𝑙 −∆̃︀𝑢𝑙‖2

)︀)︃1/2

.

The definition of ̂︀𝑒𝑛
ℎ from (6.6) and above displayed result reveal

max
1≤𝑛≤𝑚

‖̂︀𝐼𝑘
ℎ(𝑢𝑛)− ̂︀𝑢𝑛

ℎ‖𝑎,ℎ .

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︀
‖̃︀𝑢𝑛‖2 + ‖𝑢𝑛 − 𝑢𝑛−1‖4 + ‖𝑢𝑛−1 −Π𝑘+2

ℎ (𝑢𝑛−1)‖2 + ‖̂︀𝜂𝑛−1
ℎ ‖2𝑎,ℎ

+ ‖𝑢𝑛 −Π𝑘+2
ℎ (𝑢𝑛)‖2 + ‖̂︀𝜂𝑛

ℎ‖2𝑎,ℎ + ‖̃︀𝜒(𝑢𝑛)‖2 + ‖̃︀𝜒(̂︀𝜂𝑛
ℎ)‖2𝑎,ℎ + ‖̃︀𝜒(Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛)‖2

+ ‖(̂︀𝜂ℎ(𝑡𝑛−
1
2 ))𝑡‖2𝑎,ℎ + ‖𝛾∆2̃︀𝑢𝑛 −∆̃︀𝑢𝑛‖2

)︀)︃1/2

+ max
1≤𝑛≤𝑚

‖̂︀𝜂𝑛
ℎ‖𝑎,ℎ. (7.9)

Use triangle inequality in (6.7), (6.15), and (7.9) to establish

max
1≤𝑛≤𝑚

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾1/2‖𝐷2(𝑢𝑛 −R2

𝐾(̂︀𝑢𝑛
𝐾))‖𝐾 + ‖𝐷(𝑢𝑛 −R1

𝐾(̂︀𝑢𝑛
𝐾))‖𝐾

)︀)︃

. max
1≤𝑛≤𝑚

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾1/2‖𝐷2(𝑢𝑛 − E 2

𝐾(𝑢𝑛))‖𝐾 + ‖𝐷(𝑢𝑛 − E 1
𝐾(𝑢𝑛))‖𝐾

)︀)︃
+ max

1≤𝑛≤𝑚
‖̂︀𝑒𝑛

ℎ‖𝑎,ℎ

. max
1≤𝑛≤𝑚

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾1/2‖𝐷2(𝑢𝑛 − E 2

𝐾(𝑢𝑛))‖𝐾 + ‖𝐷(𝑢𝑛 − E 1
𝐾(𝑢𝑛))‖𝐾

)︀)︃
+

(︃
∆𝑡

𝑚∑︁
𝑛=1

(︀
‖̃︀𝑢𝑛‖2

+ ‖𝑢𝑛 − 𝑢𝑛−1‖4 + ‖𝑢𝑛−1 −Π𝑘+2
ℎ (𝑢𝑛−1)‖2 + ‖̂︀𝜂𝑛−1

ℎ ‖2𝑎,ℎ + ‖𝑢𝑛 −Π𝑘+2
ℎ (𝑢𝑛)‖2 + ‖̂︀𝜂𝑛

ℎ‖2𝑎,ℎ + ‖̃︀𝜒(𝑢𝑛)‖2

+ ‖̃︀𝜒(̂︀𝜂𝑛
ℎ)‖2𝑎,ℎ + ‖̃︀𝜒(Π𝑘+2

ℎ (𝑢𝑛)− 𝑢𝑛)‖2 + ‖(̂︀𝜂ℎ(𝑡𝑛−
1
2 ))𝑡‖2𝑎,ℎ + ‖𝛾∆2̃︀𝑢𝑛 −∆̃︀𝑢𝑛‖2

)︀)︃1/2

+ max
1≤𝑛≤𝑚

‖̂︀𝜂𝑛
ℎ‖𝑎,ℎ. (7.10)



1202 R. KUMAR AND N. NATARAJ

Step 7: Conclusion. Several terms on the right-hand side of (7.10) are already estimated in Step 8 and Step 5
of Theorem 3.4(a) and (b), respectively. Here we provide estimates for the remaining terms. An application
of Lemma 7.2 yields(︃

∆𝑡

𝑚∑︁
𝑛=1

‖̃︀𝑢𝑛‖2
)︃1/2

. (∆𝑡)2‖𝑢𝑡𝑡𝑡‖𝐿2(0,𝑇 ;𝐿2(Ω)),

(︃
∆𝑡

𝑚∑︁
𝑛=1

‖𝑢𝑛 − 𝑢𝑛−1‖4
)︃1/2

. (∆𝑡)2‖𝑢𝑡‖𝐿∞(0,𝑇 ;𝐿2(Ω)),(︃
∆𝑡

𝑚∑︁
𝑛=1

‖𝛾∆2̃︀𝑢𝑛 −∆̃︀𝑢𝑛‖2
)︃1/2

.

{︃
(∆𝑡)2|𝑢𝑡𝑡𝑡|𝐿2(0,𝑇 ;𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

(∆𝑡)2(|𝑢𝑡𝑡𝑡|𝐿2(0,𝑇 ;𝐻3(Tℎ)) + |𝑢𝑡𝑡𝑡|𝐿2(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0,

and
(︀
∆𝑡
∑︀𝑚

𝑛=1 ‖̃︀𝜒(𝑢𝑛)‖2)1/2 . (∆𝑡)2‖𝑢𝑡𝑡‖𝐿2(0,𝑇 ;𝐿2(Ω)), where 𝛾 ≤ 1 is used in the second last result and
definition of ̃︀𝜒(∙) from (7.5) is used in the last result. Recall the definitions of ̃︀𝜒(∙) and ̂︀𝜂𝑛

ℎ from Step 1. This
and Lemma 7.2 show(︃

∆𝑡

𝑚∑︁
𝑛=1

‖̃︀𝜒(̂︀𝜂𝑛
ℎ)‖2𝑎,ℎ

)︃1/2

. (∆𝑡)2

⎧⎨⎩
∫︀ 𝑇

0
‖(̂︀𝜂ℎ)𝑡𝑡𝑡‖𝑎,ℎ d𝑡 for 𝑘 ≥ 1∫︀ 𝑇

0
‖(̂︀𝜂ℎ)𝑡𝑡𝑡‖𝑎,ℎ d𝑡 for 𝑘 = 0

. (∆𝑡)
1
2

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(
∑︀

𝐾∈Tℎ
ℎ𝑘+2𝜎

1
2
𝐾)|𝑢𝑡𝑡𝑡|𝐿2(0,𝑇 ;𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

(
∑︀

𝐾∈Tℎ
ℎ2𝜎

1
2
𝐾)(|𝑢𝑡𝑡𝑡|𝐿2(0,𝑇 ;𝐻3(Tℎ))

+ ℎ𝛽 |𝑢𝑡𝑡𝑡|𝐿2(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0,

where Theorem 3.2 and Lemma 4.4 are used in the last step. Use the definition of ̃︀𝜒(∙) from 7.5, Lemma 7.2,
and Theorem 4.1(d) to obtain(︃

∆𝑡

𝑚∑︁
𝑛=1

‖̃︀𝜒(Π𝑘+2
ℎ (𝑢𝑛)− 𝑢𝑛)‖2

)︃1/2

.

{︃
ℎ𝑘+3|𝑢𝑡𝑡𝑡|𝐿2(0,𝑇 ;𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

ℎ3(|𝑢𝑡𝑡𝑡|𝐿2(0,𝑇 ;𝐻3(Tℎ)) + ℎ𝛽 |𝑢𝑡𝑡𝑡|𝐿2(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0.

The definition of ̂︀𝜂𝑛
ℎ from (6.6), Theorem 3.2, and Lemma 4.4 lead to(︃

∆𝑡

𝑚∑︁
𝑛=1

‖(̂︀𝜂ℎ(𝑡𝑛−
1
2 ))𝑡‖2

)︃1/2

.

(︃
∆𝑡

𝑚∑︁
𝑛=1

‖(̂︀𝜂ℎ(𝑡𝑛−
1
2 ))𝑡‖𝑎,ℎ

)︃1/2

.

⎧⎪⎨⎪⎩
(
∑︀

𝐾∈Tℎ
ℎ𝑘+2𝜎

1
2
𝐾)|𝑢𝑡|𝐿∞(0,𝑇 ;𝐻𝑘+3(Tℎ)) for 𝑘 ≥ 1,

(
∑︀

𝐾∈Tℎ
ℎ2𝜎

1
2
𝐾)(|𝑢𝑡|𝐿∞(0,𝑇 ;𝐻3(Tℎ))

+ℎ𝛽 |𝑢𝑡|𝐿∞(0,𝑇 ;𝐻3+𝛽(Tℎ))) for 𝑘 = 0,

where 𝑚∆𝑡 = 𝑇 is used in the last step. A combination of all these bounds in (7.10) concludes the proof of
Theorem 3.6.

�

Remark 7.3 (Sufficiently small ∆𝑡 in Crank-Nocolson scheme). The nonlinear contributions are accounted in
T1. This is substituted in Step 6 of Theorem 3.6 and leads to the assumption that ∆𝑡 is sufficiently small
in the Crank–Nicolson scheme. Moreover, in Theorem 3.4(b) (resp. Thm. 3.6), the condition ∆𝑡 < 1

𝐶10
(resp.

∆𝑡 < 1
𝐶14

) is required. This provides a precise quantification of the notion of sufficiently small ∆𝑡 in time
discretization.
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Figure 2. (a) Cartesian mesh. (b) Polygonal mesh. (c) Initial condition 𝑢0(𝑥) for Example 8.2.

8. Numerical implementation

This section discusses results of numerical experiments that validate the theoretical estimates derived in
Theorems 3.4 and 3.6. The convergence rates and robustness of the HHO and backward Euler (resp. Crank-
Nicolson) scheme for the spatial and time variables, respectively, with respect to 𝛾 are demonstrated.

Two ℎ-refined mesh families (Cartesian and polygonal Voronoi-like) meshes have been used for the HHO
method in the spatial direction, see Figures 2a and 2b. The HHO scheme in space direction is implemented for
the polynomial degrees 𝑘 ∈ {0, 1, 2, 3} and with {16, 64, 256, 1024, 4096} elements.

To observe the convergence rates in the spatial direction, the time discretization parameter is chosen as
∆𝑡 = ℎ𝑘+2

∑︀
𝐾∈Tℎ

𝜎
1/2
𝐾 (resp. (∆𝑡)2 = ℎ𝑘+2

∑︀
𝐾∈Tℎ

𝜎
1/2
𝐾 ) for backward Euler (resp. Crank-Nicolson) scheme.

With this choice, the restriction that the time discretization parameter needs to be sufficiently small, seems
to be taken care of in the implementations. The decay in the error for backward Euler (resp. Crank-Nicolson)
schemes in the time direction for a fixed mesh size is presented in Table A.23.

The errors in 𝐿2(𝐻2) and 𝐿∞(𝐻2)-norms are denoted in the tables as

‖Eℎ‖𝐿2(𝐻2) :=

(︃
∆𝑡

𝑚∑︁
𝑛=1

∑︁
𝐾∈Tℎ

(︀
𝛾‖𝐷2(𝑢𝑛 −R2

𝐾(̂︀𝑢𝑛
𝐾))‖2𝐾 + ‖𝐷(𝑢𝑛 −R1

𝐾(̂︀𝑢𝑛
𝐾))‖2𝐾

)︀)︃1/2

and

‖Eℎ‖𝐿∞(𝐻2) := max
1≤𝑛≤𝑚

(︃ ∑︁
𝐾∈Tℎ

(︀
𝛾

1
2 ‖𝐷2(𝑢𝑛 −R2

𝐾(𝑢𝑛
𝐾))‖𝐾 + ‖𝐷(𝑢𝑛 −R1

𝐾(𝑢𝑛
𝐾))‖𝐾

)︀)︃
.

8.1. Example 1 – Manufactured solution

Choose Ω× (0, 𝑇 ] = (0, 1)2× (0, 0.1] and a manufactured solution as 𝑢ex(𝑥, 𝑦, 𝑡) = 𝑒−𝑡𝑥2𝑦2 (𝑥 − 1)2(𝑦 − 1)2.
This leads to a nonhomogeneous right-hand side in (1.1). Consider the case of EFK equation, that is, 𝛾 ∈ (0, 1].
The source function and initial data that corresponds to the exact solutions 𝑢ex are obtained as 𝑔(𝑥, 𝑡) =
(𝑢ex)𝑡 + 𝛾∆2𝑢ex −∆𝑢ex + 𝑓(𝑢ex) with 𝑢0(𝑥) = 𝑢ex(𝑥, 0). The initial-boundary value problem (1.1) is linearized
with the Newton scheme: for details of the algorithm we refer to [15]. The deviation in this article is that the
space discretization is performed using HHO method whereas the time discretization is using both backward
Euler and Crank Nicolson schemes. Table 1 summarizes the details of tables where the results from this numerical
experiment are presented.

The tables that demonstrate the experimental order of convergence (EOC) and discrete errors in various
norms are presented in Appendix A. The convergence rates for the Cartesian and polygonal meshes compare
well and they agree with the theoretical estimates derived in Theorems 3.4 and 3.6. In Tables A.1 and A.2 (resp.
Tabs. A.3 and A.4), the errors in 𝐿2(𝐻2) (resp. 𝐿∞(𝐻2))-norm for the backward Euler scheme (3.2) are shown
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Table 1. Summary for Example 8.1.

Example 8.1 Backward Euler Crank-Nicolson

Cartesian Polygonal Cartesian Polygonal

‖Eℎ‖𝐿2(𝐻2) Table A.1 Table A.2 – –
‖Eℎ‖𝐿∞(𝐻2) Table A.3 Table A.4 Table A.5 Table A.6

Table 2. Summary for Example 8.2 with Cartesian meshes.

Example 8.2 Backward Euler Crank-Nicolson

‖𝐸Re
ℎ ‖𝐿2(𝐻2) :=

‖Eℎ‖𝐿2(𝐻2)
‖̂︀𝑢ℎ‖𝐿2(𝐻2)

Table A.7 –

‖𝐸Re
ℎ ‖𝐿∞(𝐻2) :=

‖Eℎ‖𝐿∞(𝐻2)
‖̂︀𝑢ℎ‖𝐿∞(𝐻2)

Table A.8 Tables A.9 and A.10

for Cartesian and polygonal meshes, respectively. For the Crank Nicolson scheme (3.4), the numerical results for
errors in 𝐿∞(𝐻2)-norm are presented in Table A.5 (resp. Tab. A.6) for Cartesian (resp. polygonal) meshes. The
convergence rates and errors for the schemes (3.2) and (3.4) are tabulated for 𝛾 ∈ {1, 0.125, 10−2, 10−4, 10−6}
and 𝑘 ∈ {0, 1, 2, 3}. The rates O(ℎ𝑘+1) are observed initially; however as 𝛾 transitions to smaller values (see
for example, 𝛾 = 10−6) the convergence rate improves to that for the second-order problem, that is, O(ℎ𝑘+2).
This concludes that between two extreme values of 𝛾 (0 < 𝛾 ≤ 1), a transition in convergence rate from 𝑘 + 1
to 𝑘 + 2 is observed.

In Table A.23, the decay of the errors in 𝐿∞(𝐻2)-norm for the time direction with 1024 polygonal elements
is displayed for 𝛾 = 1 and 𝑘 ∈ {0, 2} for the backward Euler and Crank-Nicolson time discretizations. As ∆𝑡
decreases, as expected, a faster error decay is observed for the Crank-Nicolson scheme in comparison to the
backward Euler scheme.

8.2. Example 2 – Discontinuous initial data

In this example, we choose the initial data in (1.1) to be discontinuous, 𝛾 ∈ (0, 1], and the domain to

be Ω × (0, 𝑇 ] := (0, 1)2 × (0, 0.1]. Let 𝑢0 : Ω → R be defined by 𝑢0(𝑥) :=

{︃
1 if (𝑥, 𝑦) ∈ [ 14 , 3

4 ]2,
0 if (𝑥, 𝑦) ∈ Ω ∖ [ 14 , 3

4 ]2.
The computational mesh Tℎ is aligned with the discontinuity interface at the square [1/4, 3/4]2, so each cell
𝐾 ∈ Tℎ lies entirely within one region where 𝑢0 is constant. The cell unknowns are initialized via the 𝐿2

projection 𝑢0
𝐾 = Π𝑘+2

𝐾 (𝑢0)|𝐾 (Sect. 2.3), which yields either 𝑢0
𝐾=1 or 𝑢0

𝐾=0 depending on whether 𝐾 is
in the interior or exterior of the square. The face unknowns on the discontinuity interface are initialized as
𝑢0

𝐹 = 1
2

(︁
1
|𝐹 |
∫︀

𝐹
𝑢0

𝐾+ d𝑠 + 1
|𝐹 |
∫︀

𝐹
𝑢0

𝐾− d𝑠
)︁

(for the Newton algorithm). Though the theoretical results assume
more regularity for the initial data, the observations in the numerical experiments demonstrate that the scheme is
robust even for discontinuous initial data. Since the exact solution is not available, the errors Eℎ are calculated by
choosing the exact solution as the computed solution in the finest mesh with 4096 elements. Table 2 summarizes
the details of tables where the numerical outcomes from this example are demonstrated.

In Table A.7 (resp. Tab. A.8), the relative errors in 𝐿2(𝐻2) (resp. 𝐿∞(𝐻2))-norm for the backward Euler
scheme (3.2) are shown for Cartesian meshes. For the Crank-Nicolson scheme (3.4), the numerical rates in
𝐿∞(𝐻2)-norm are presented in Table A.9. The numerical rates and relative errors for both schemes (3.2) and
(3.4) are tabulated for 𝛾 ∈ {1, 0.125, 10−2, 10−4} and 𝑘 ∈ {0, 1, 2, 3}. The rates of O(ℎ𝑘+2) are obtained initially;
however as 𝛾 approaches smaller values (see for example 𝛾 = 10−6) the numerical convergence rate improves
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Table 3. Summary for Example 8.3.

Example 8.3 Backward Euler Crank-Nicolson

Case I Cartesian Polygonal Cartesian Polygonal

‖Eℎ‖𝐿2(𝐻2) Table A.11 Table A.12 – –
‖Eℎ‖𝐿∞(𝐻2) Table A.13 Table A.14 Table A.15 Table A.16

Case II Cartesian Polygonal Cartesian Polygonal

‖Eℎ‖𝐿2(𝐻2) Table A.17 Table A.18 – –
‖Eℎ‖𝐿∞(𝐻2) Table A.19 Table A.20 Table A.21 Table A.22

to that for the second-order problem, that is, O(ℎ𝑘+2). Moreover, for 𝛾 = 0, an optimal convergence rate of
O(ℎ𝑘+2) is observed for 𝑘 ∈ {0, 1, 2, 3}.

8.3. Example 3 – Fisher-Kolmogorov equation

This example considers the FK equation with 𝛾 = 0 in Example 8.1 and discusses the two types of numerical
simulations. In Case I, we consider the same discrete setting as in the EFK model and approximate 𝑢 in
the interior of element 𝐾 ∈ Tℎ, the trace and normal derivative of 𝑢 on the faces 𝐹 of 𝐾. In Case II, 𝑢 is
approximated in the interior of the element 𝐾 ∈ Tℎ and the trace of 𝑢 is approximated on the faces 𝐹 of 𝐾 as
in second-order problems [20]. The modifications in the settings are listed below and a summary of details of
tables for this numerical experiment are presented in Table 3.

– The modified global HHO space reads ̂︀𝑉ℎ := P𝑘+2(Tℎ)×P𝑘+2(F i
ℎ).

A generic element of ̂︀𝑉ℎ is denoted as ̂︀𝑣ℎ := (𝑣ℎ, 𝑣F i
ℎ
) with 𝑣ℎ = (𝑣𝐾)𝐾∈Tℎ

and 𝑣F i
ℎ

:= (𝑣𝐹 )𝐹∈F i
ℎ
. The

restriction of ̂︀𝑣ℎ ∈ ̂︀𝑉ℎ to 𝐾 ∈ Tℎ is denoted by (𝑣𝐾 , 𝑣F i
𝐾

) ∈ ̂︀𝑉𝐾 . Note that 𝑣F i
𝐾
|𝐹 := 𝑣𝐹 ∈ P𝑘+2(𝐹 ).

– The reduction operator ̂︀𝐼𝑘
ℎ(∙) is defined as ̂︀𝐼𝑘

ℎ(𝑣) := (Π𝑘+2
ℎ (𝑣), Π𝑘+2

F i
ℎ

(𝑣)) for all 𝑣 ∈ 𝐻1(Ω).

– For all ̂︀𝑣𝐾 = (𝑣𝐾 , 𝑣F i
𝐾

), ̂︀𝑤𝐾 = (𝑤𝐾 , 𝑤F i
𝐾

) ∈ ̂︀𝑉𝐾 , the local stabilization bilinear form S𝐾 : ̂︀𝑉𝐾 × ̂︀𝑉𝐾 → R
is defined as S𝐾(̂︀𝑣𝐾 , ̂︀𝑤𝐾) :=

∑︀
𝐹∈F𝐾

ℎ−1
𝐾 (𝑣𝐹 − 𝑣𝐾 , 𝑤𝐹 − 𝑤𝐾)𝐹 .

For Case I (resp. Case II), the numerical results are presented in Tables A.11–A.16 (resp. Tabs. A.17–
A.22). For the Case I, Tables A.11 and A.12 (resp. Tabs. A.13 and A.14) represent the errors in 𝐿2(𝐻2)
(resp. 𝐿∞(𝐻2))-norm for the backward Euler scheme (3.2) with Cartesian and polygonal meshes, respec-
tively. For the Crank Nicolson scheme (3.4), the numerical results for errors in 𝐿∞(𝐻2)-norm are shown in
Table A.15 (resp. Tab. A.16) for Cartesian (resp. polygonal) meshes. For the Case II, Tables A.17 and A.18
(resp. Tabs. A.19 and A.20) demonstrate the errors in 𝐿2(𝐻2) (resp. 𝐿∞(𝐻2))-norm for scheme (3.2) with Carte-
sian and polygonal meshes, respectively. For scheme (3.4), the numerical results for errors in 𝐿∞(𝐻2)-norm are
presented in Table A.21 (resp. Tab. A.22) for Cartesian (resp. polygonal) meshes. Both schemes (3.2)–(3.4)
achieve optimal error bounds of O(ℎ𝑘+2) in the Cases I and II, respectively.

For the Case I, Table A.23 illustrates the decay of errors in 𝐿∞(𝐻2)-norm for the time direction with 1024
polygonal elements, where 𝛾 = 0 and 𝑘 ∈ {0, 2}. Using backward Euler and Crank-Nicolson schemes for time
discretization, the results demonstrate a faster error decay for the Crank-Nicolson scheme than the backward
Euler scheme as ∆𝑡 decreases.

Remark 8.1. In Example 8.3, for the FK model (𝛾 = 0 in EFK model (1.1)), optimal error bounds for
both schemes (3.2)–(3.4) have been observed using modified HHO space discretization for Case II, where 𝑢 is
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approximated only in the interior of the element 𝐾 ∈ Tℎ and the trace of 𝑢 is approximated on the faces 𝐹
of 𝐾 as in second-order problems [20]. Case II has the advantage that the exact solution is expected to have
only the regularity 𝑢 ∈ 𝐻1+𝑟(Ω) 𝑟 > 1/2. A unified framework for EFK (resp. FK) models with the regularity
𝑢 ∈ 𝐻2+𝑟(Ω) 𝑟 > 3/2 (resp. 𝑢 ∈ 𝐻1+𝑟(Ω) 𝑟 > 1/2), is an interesting future work.
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Appendix A. Example 8.1

Table A.1. Convergence and discrete 𝐿2(𝐻2) errors for backward Euler scheme with Cartesian meshes.

𝑘 = 0 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

# of cells ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC

16 9.75e−02 – 3.72e−01 – 1.08e−01 – 7.50e−02 – 1.78e−01 –
64 5.10e−02 0.93 1.95e−01 0.93 5.50e−02 0.97 3.94e−02 0.93 9.00e−02 1.73
256 2.59e−02 0.98 9.90e−02 0.97 2.76e−02 0.99 1.99e−02 0.97 4.49e−02 1.91
1024 1.30e−02 0.99 4.94e−02 0.99 1.38e−02 0.99 1.00e−02 1.00 2.24e−02 1.96
4096 6.48e−03 1.00 2.46e−02 1.00 6.91e−03 1.00 5.02e−03 1.00 1.12e−02 1.97

𝑘 = 1 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 6.00e−02 – 6.36e−03 – 1.26e−02 – 1.53e−02 – 7.35e−05 –
64 1.54e−02 1.95 6.18e−03 1.94 2.70e−04 1.93 8.51e−04 2.41 9.31e−06 2.98
256 3.87e−03 1.99 1.56e−03 1.98 1.57e−05 2.39 5.06e−05 2.55 1.17e−06 2.99
1024 9.72e−04 2.00 3.92e−04 2.00 8.57e−07 2.41 3.10e−06 2.22 1.46e−07 2.99
4096 2.43e−04 2.00 9.80e−05 2.00 4.96e−08 2.22 1.91e−07 2.06 1.82e−08 2.99

𝑘 = 2 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 1.60e−02 – 1.89e−03 – 1.28e−03 – 8.99e−02 – 5.03e−05 –
64 2.04e−03 2.97 2.34e−04 3.01 1.55e−04 3.04 9.09e−03 3.30 3.93e−05 3.56
256 2.56e−04 2.99 2.87e−05 3.02 1.90e−05 3.02 8.77e−04 3.37 2.46e−06 3.99
1024 3.13e−05 3.03 3.38e−06 3.08 2.34e−06 3.02 8.93e−05 3.09 1.54e−07 3.99
4096 3.83e−06 3.03 4.07e−07 3.05 2.89e−07 3.01 9.99e−06 3.16 9.62e−09 4.00

𝑘 = 3 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 9.17e−01 – 7.63e−04 – 9.49e−04 – 8.38e−04 – 4.30e−05 –
64 5.40e−02 4.08 4.56e−05 4.06 5.93e−05 4.00 5.26e−05 3.99 1.33e−06 5.01
256 3.27e−03 4.04 2.87e−06 3.99 3.70e−06 4.00 3.31e−06 3.99 4.08e−08 5.02
1024 1.97e−04 4.05 1.80e−07 3.99 2.30e−07 4.01 2.05e−07 4.01 1.27e−09 5.00
4096 1.18e−05 4.06 9.98e−09 4.10 1.39e−08 4.04 1.28e−08 4.00 3.97e−11 5.00

Table A.2. Convergence and discrete 𝐿2(𝐻2) errors for backward Euler scheme with polygonal meshes.

𝑘 = 0 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

# of cells ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC

16 5.88e+00 – 1.41e-01 – 8.16e-02 – 1.79e-02 – 5.31e-02 –
64 2.96e-01 0.99 7.10e-02 0.99 4.10e-02 0.98 9.10e-03 0.98 1.41e-02 1.90
256 1.48e-01 0.99 3.54e-02 1.00 2.05e-02 0.99 4.56e-03 0.99 3.61e-03 1.96
1024 7.41e-02 0.99 1.77e-02 1.00 1.03e-02 0.99 2.28e-03 1.00 9.11e-04 1.99
4096 3.69e-02 1.00 8.83e-03 1.00 5.15e-03 1.00 1.14e-03 1.00 2.28e-04 2.00

𝑘 = 1 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 1.46e−02 – 4.68e−03 – 4.28e−03 – 1.75e−02 – 1.06e−03 –
64 3.66e−03 1.98 1.22e−03 1.93 1.08e−03 1.99 4.37e−03 2.00 1.37e−04 2.94
256 9.18e−04 1.99 3.08e−04 1.98 2.51e−04 2.10 1.02e−03 2.09 1.72e−05 2.98
1024 2.30e−04 1.99 7.74e−05 1.99 5.94e−05 2.32 2.45e−04 2.06 2.17e−06 2.99
4096 5.76e−05 1.99 1.94e−05 2.00 1.20e−05 2.31 5.69e−05 2.10 2.72e−07 3.00

𝑘 = 2 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 3.87e−03 – 6.20e−03 – 2.04e−04 – 2.63e−04 – 8.29e−05 –
64 4.98e−04 2.96 7.88e−04 2.97 2.63e−05 2.96 3.33e−05 2.98 5.42e−06 3.93
256 6.30e−05 2.99 9.88e−05 2.99 3.30e−06 2.99 4.24e−06 2.97 3.42e−07 3.98
1024 7.92e−06 2.99 1.23e−05 3.00 4.14e−07 3.00 4.91e−07 3.10 2.15e−08 4.00
4096 9.93e−07 3.00 1.54e−06 3.00 5.17e−08 3.00 5.82e−08 3.07 1.35e−09 4.00

𝑘 = 3 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 5.33e−04 – 1.49e−04 – 2.85e−05 – 1.88e−05 – 1.36e−04 –
64 3.42e−05 3.96 9.98e−06 3.90 1.83e−06 3.95 1.19e−06 3.99 5.13e−06 4.73
256 2.16e−06 3.99 6.34e−07 3.97 1.16e−07 3.98 7.42e−08 3.99 1.69e−07 4.92
1024 1.35e−07 3.99 3.98e−08 3.99 7.27e−09 3.99 4.64e−09 3.99 5.39e−09 4.98
4096 8.43e−09 4.00 2.49e−09 4.00 4.55e−10 3.99 2.90e−10 4.00 1.68e−10 4.99
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Table A.3. Convergence and discrete 𝐿∞(𝐻2) errors for backward Euler scheme with Cartesian meshes.

𝑘 = 0 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

# of cells ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 1.30e−01 – 5.56e−02 – 5.17e−02 – 1.19e−01 – 1.32e−02 –
64 6.09e−02 1.09 2.96e−02 0.99 2.67e−02 0.94 6.05e−02 0.98 3.36e−03 1.97
256 2.84e−02 1.10 1.52e−02 0.96 1.36e−02 0.98 3.03e−02 0.99 8.49e−04 1.99
1024 1.39e−02 1.03 7.63e−03 0.98 6.80e−03 1.00 1.51e−02 1.00 2.13e−04 2.00
4096 6.63e−03 1.06 3.82e−03 1.00 3.41e−03 1.00 7.60e−03 1.00 5.32e−05 2.00

𝑘 = 1 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 1.97e−02 – 4.64e−03 – 4.38e−03 – 1.10e−02 – 1.57e−03 –
64 5.34e−03 1.88 1.17e−03 1.99 1.02e−03 2.09 2.59e−03 2.08 1.99e−04 2.98
256 1.37e−03 1.97 2.90e−04 2.00 2.39e−04 2.08 6.22e−04 2.05 2.49e−05 3.00
1024 3.42e−04 1.99 7.30e−05 2.00 5.87e−05 2.02 1.29e−04 2.26 3.11e−06 3.00
4096 8.58e−05 2.00 1.82e−05 2.00 1.20e−05 2.24 2.67e−05 2.27 3.89e−07 3.00

𝑘 = 2 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 3.81e−03 – 3.44e−04 – 1.99e−04 – 2.55e−04 – 1.30e−04 –
64 4.89e−04 2.96 4.52e−05 2.93 2.54e−05 2.96 3.21e−05 2.99 8.41e−06 3.95
256 6.15e−05 2.99 5.72e−06 2.98 3.19e−06 2.99 4.02e−06 3.00 5.31e−07 3.99
1024 7.71e−06 3.00 7.18e−07 3.00 4.00e−07 3.00 5.03e−07 3.00 3.32e−08 4.00
4096 9.66e−07 3.00 8.98e−08 3.00 5.02e−08 3.00 6.28e−08 3.00 2.07e−09 4.00

𝑘 = 3 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 3.84e−03 – 3.10e−04 – 2.96e−04 – 1.17e−05 – 3.68e−03 –
64 2.48e−04 3.95 2.46e−05 3.66 3.29e−05 3.90 7.49e−06 3.96 1.35e−04 4.77
256 1.56e−05 3.99 1.62e−06 3.93 2.14e−06 3.98 4.71e−08 3.99 4.41e−06 4.94
1024 9.75e−07 4.00 1.02e−07 3.98 1.28e−07 4.00 2.93e−09 4.00 1.40e−07 4.98
4096 6.09e−08 4.00 6.42e−09 4.00 4.88e−09 4.00 1.83e−10 4.00 4.37e−09 5.00

Table A.4. Convergence and discrete 𝐿∞(𝐻2) errors for backward Euler scheme with polygonal meshes.

𝑘 = 0 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

# of cells ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 1.41e−01 – 8.02e−02 – 3.20e−02 – 4.95e−03 – 2.07e−02 –
64 7.38e−02 0.93 4.16e−02 0.94 1.62e−02 0.98 1.25e−03 1.00 5.33e−03 1.96
256 3.75e−02 0.98 2.10e−02 0.98 8.15e−03 0.99 3.12e−04 1.00 1.34e−03 1.99
1024 1.89e−02 0.99 1.06e−02 0.99 4.07e−03 0.99 7.81e−05 1.00 3.36e−04 2.00
4096 9.42e−03 1.00 5.30e−03 1.00 2.03e−03 1.00 1.95e−05 1.00 8.41e−05 2.00

𝑘 = 1 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 4.59e−02 – 1.84e−02 – 3.61e−02 – 2.65e−02 – 2.05e−02 –
64 1.17e−02 1.97 4.96e−03 1.89 9.16e−03 1.98 6.96e−04 1.00 2.73e−03 2.92
256 2.96e−03 1.99 1.27e−03 1.97 2.29e−03 1.99 1.75e−04 1.02 3.51e−04 2.96
1024 7.41e−04 2.00 3.18e−04 1.99 5.74e−05 1.99 4.40e−05 1.04 4.42e−06 2.99
4096 1.85e−04 2.00 7.98e−05 2.00 1.42e−05 2.00 1.10e−05 1.00 5.54e−07 3.00

𝑘 = 2 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 7.71e−03 – 6.62e−04 – 1.79e−03 – 2.22e−04 – 3.50e−04 –
64 9.99e−04 2.94 8.42e−05 2.98 2.36e−04 2.92 2.90e−05 2.94 2.72e−05 3.69
256 1.26e−04 2.99 1.06e−05 2.99 3.05e−05 2.96 3.67e−06 2.99 1.78e−06 3.94
1024 1.58e−05 3.00 1.32e−06 3.00 3.84e−06 2.99 4.59e−07 3.00 1.12e−07 3.99
4096 1.98e−06 3.00 1.65e−07 3.00 4.81e−07 3.00 5.75e−08 3.00 7.03e−09 4.00

𝑘 = 3 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 7.53e−04 – 4.78e−05 – 2.38e−04 – 1.82e−04 – 4.47e−04 –
64 5.82e−05 3.69 3.04e−06 3.97 1.48e−06 3.99 1.18e−06 3.95 1.73e−06 4.68
256 3.81e−06 3.94 1.91e−07 3.99 9.36e−08 3.99 7.46e−08 3.99 5.74e−08 4.94
1024 2.41e−07 3.99 1.19e−08 4.00 5.84e−09 4.00 4.29e−09 4.00 1.79e−09 4.99
4096 1.51e−08 4.00 7.46e−10 4.00 3.64e−10 4.00 2.92e−10 4.00 5.63e−11 5.00
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Table A.5. Convergence and discrete 𝐿∞(𝐻2) errors for Crank-Nicolson scheme with Cartesian meshes.

𝑘 = 0 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

# of cells ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 2.99e−01 – 6.54e−02 0.91 4.03e−02 0.94 1.97e−02 – 2.00e−02 –
64 1.52e−01 0.97 3.34e−02 0.96 2.04e−02 0.98 1.00e−02 0.97 5.46e−03 1.88
256 7.68e−02 0.99 1.692e−02 0.98 1.02e−02 0.99 5.05e−03 0.99 1.39e−03 1.97
1024 3.84e−02 1.00 8.480e−03 1.00 5.14e−03 1.00 2.53e−03 1.00 3.51e−04 1.99
4096 1.92e−02 1.00 4.24e−03 1.00 2.56e−03 1.00 1.26e−03 1.00 8.79e−05 2.00

𝑘 = 1 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 1.77e−02 – 8.48e−03 – 2.03e−03 – 5.16e−03 – 5.99e−04 –
64 4.44e−03 1.99 2.22e−03 1.93 5.20e−04 1.97 1.28e−03 2.01 7.92e−05 2.92
256 1.12e−03 1.99 5.64e−04 1.98 1.30e−04 1.99 1.25e−04 2.01 1.00e−05 2.98
1024 2.80e−04 1.99 1.41e−04 1.99 3.26e−05 2.00 3.06e−05 2.03 1.26e−06 2.99
4096 6.99e−05 2.00 3.53e−05 2.00 8.17e−06 2.00 6.37e−06 2.26 1.57e−07 3.00

𝑘 = 2 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 2.19e−03 – 7.26e−04 – 7.02e−04 – 3.13e−04 – 6.03e−04 –
64 2.78e−04 2.98 9.48e−05 2.93 8.58e−05 3.03 3.90e−05 3.00 4.38e−05 3.78
256 3.48e−05 2.99 1.20e−05 2.99 1.04e−05 3.04 4.73e−06 3.04 2.88e−06 3.92
1024 4.35e−06 2.99 1.50e−06 3.00 1.10e−06 3.23 5.59e−07 3.08 1.75e−07 4.04
4096 5.43e−07 3.00 1.88e−07 3.00 1.17e−07 3.22 6.55e−08 3.09 1.09e−08 4.00

𝑘 = 3 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 1.27e−03 – 1.06e−04 – 6.10e−05 – 1.06e−04 – 1.28e−04 –
64 9.27e−05 3.77 6.70e−06 3.98 3.85e−06 3.98 6.50e−06 4.02 5.11e−06 4.64
256 6.13e−06 3.92 4.20e−07 4.00 2.41e−07 3.99 3.56e−07 4.18 1.66e−07 4.94
1024 3.87e−07 3.98 2.62e−08 4.00 1.51e−08 4.00 2.10e−08 4.08 5.25e−09 4.99
4096 2.44e−08 4.00 1.64e−09 4.00 9.44e−10 4.00 1.26e−09 4.06 1.64e−10 5.00

Table A.6. Convergence and discrete 𝐿∞(𝐻2) errors for Crank-Nicolson scheme with polygonal meshes.

𝑘 = 0 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

# of cells ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 2.07e−01 – 1.55e−01 – 7.87e−02 – 7.56e−02 – 1.30e−02 –
64 1.05e−01 0.97 7.98e−02 0.96 4.02e−02 0.96 3.98e−02 0.93 3.33e−03 1.96
256 5.28e−02 0.99 4.02e−02 0.98 2.01e−02 0.99 2.02e−02 0.98 8.41e−04 1.99
1024 2.66e−02 1.00 2.00e−02 0.99 1.01e−02 1.00 1.01e−02 0.99 2.10e−04 2.00
4096 1.33e−02 1.00 1.01e−02 1.00 5.04e−03 1.00 5.07e−03 1.00 5.28e−05 2.00

𝑘 = 1 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 8.31e−02 – 2.80e−02 – 5.38e−03 – 4.99e−03 – 1.18e−02
64 2.15e−02 1.95 7.52e−03 1.89 1.36e−03 1.99 1.25e−03 1.99 1.50e−03 2.96
256 5.40e−03 1.98 1.92e−03 1.97 3.40e−04 1.99 3.12e−04 2.00 1.86e−04 3.00
1024 1.36e−03 1.99 4.82e−04 1.99 8.50e−05 2.00 7.79e−05 2.00 2.34e−05 3.00
4096 3.39e−04 2.00 1.21e−04 2.00 2.12e−05 2.00 1.94e−05 2.00 2.93e−06 3.00

𝑘 = 2 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 8.31e−02 – 2.80e−02 – 5.38e−03 – 5.00e−03 – 1.18e−02 –
64 2.15e−02 1.95 7.52e−03 1.89 1.36e−03 1.99 1.25e−03 1.99 1.50e−03 2.96
256 5.40e−03 1.98 1.92e−03 1.97 3.10e−04 1.99 3.12e−04 2.00 1.87e−04 3.00
1024 1.36e−03 1.99 4.82e−04 1.99 8.50e−05 2.00 7.78e−05 2.00 2.34e−05 3.00
4096 3.39e−04 2.00 1.21e−04 2.00 2.13e−05 2.00 1.94e−05 2.00 2.93e−06 3.00

𝑘 = 3 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 2.74e−03 – 1.10e−03 – 3.82e−05 – 3.91e−05 – 5.50e−05 –
64 2.11e−04 3.70 7.00e−05 3.97 2.42e−06 3.98 2.47e−06 3.98 1.86e−06 4.88
256 1.69e−05 3.65 4.38e−06 3.99 1.51e−07 4.00 1.55e−07 4.00 6.35e−08 4.97
1024 1.13e−06 3.90 2.74e−07 3.99 9.44e−09 4.00 9.67e−09 4.00 1.85e−09 4.99
4096 7.17e−08 3.99 1.72e−08 4.00 5.90e−10 4.00 7.76e−11 4.00 5.82e−11 5.00
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Example 8.2

Table A.7. Convergence and discrete 𝐿2(𝐻2) relative errors for backward Euler scheme with discon-
tinuous 𝑢0(𝑥).

𝑘 = 0 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

# of cells ‖𝐸Re
ℎ ‖𝐿2(𝐻2) EOC ‖𝐸Re

ℎ ‖𝐿2(𝐻2) EOC ‖𝐸Re
ℎ ‖𝐿2(𝐻2) EOC ‖𝐸Re

ℎ ‖𝐿2(𝐻2) EOC ‖𝐸Re
ℎ ‖𝐿2(𝐻2) EOC

16 1.44e−01 – 5.04e−02 – 2.34e−02 – 1.38e−02 – 6.09e−03 –
64 7.56e−02 0.92 2.62e−02 0.94 1.20e−02 0.96 7.32e−03 0.92 1.57e−03 1.94
256 3.84e−02 0.97 1.33e−02 0.97 6.02e−03 0.99 3.72e−03 0.97 3.97e−04 1.98
1024 1.94e−02 0.99 6.70e−03 0.99 3.01e−03 1.00 1.87e−03 0.99 9.97e−05 2.00

𝑘 = 1 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 8.52e−03 – 4.18e−03 – 1.84e−03 – 2.72e−03 – 6.55e−04 –
64 2.16e−03 1.97 1.08e−03 1.96 4.74e−04 1.95 7.00e−04 1.96 8.36e−05 2.96
256 5.40e−04 1.99 2.70e−04 1.99 1.20e−04 1.99 2.70e−04 1.99 1.05e−05 2.99
1024 1.36e−04 2.00 6.80e−05 2.00 3.00e−05 2.00 6.80e−05 2.00 1.31e−06 3.00

𝑘 = 2 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 9.36e−04 – 4.48e−04 – 1.60e−04 – 1.33e−04 – 2.66e−05 –
64 1.19e−04 2.97 5.68e−05 2.97 2.03e−05 2.98 1.68e−05 2.98 1.71e−06 3.96
256 1.50e−05 2.99 7.12e−06 2.99 2.53e−06 2.99 2.11e−06 2.99 1.07e−07 3.99
1024 1.88e−06 3.00 8.88e−07 3.00 3.18e−07 3.00 2.64e−07 3.00 6.72e−09 4.00

𝑘 = 3 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 1.31e−04 – 6.42e−05 – 1.72e−05 – 3.08e−05 – 4.17e−06 –
64 8.43e−06 3.96 4.26e−06 3.91 1.10e−06 3.96 1.95e−06 3.97 1.34e−07 4.96
256 5.31e−07 3.99 2.70e−07 3.98 6.92e−08 3.99 1.23e−07 3.99 4.21e−09 4.99
1024 3.30e−08 4.00 1.70e−08 4.00 4.33e−09 4.00 7.71e−09 4.00 1.32e−10 5.00

Table A.8. Convergence and discrete 𝐿∞(𝐻2) relative errors for backward Euler scheme with discon-
tinuous 𝑢0(𝑥).

𝑘 = 0 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

# of cells ‖𝐸Re
ℎ ‖𝐿∞(𝐻2) EOC ‖𝐸Re

ℎ ‖𝐿2(𝐻2) EOC ‖𝐸Re
ℎ ‖𝐿∞(𝐻2) EOC ‖𝐸Re

ℎ ‖𝐿∞(𝐻2) EOC ‖𝐸Re
ℎ ‖𝐿∞(𝐻2) EOC

16 9.87e−02 – 9.46e−02 – 3.05e−02 – 1.77e−02 – 7.32e−03 –
64 6.03e−02 0.71 4.94e−02 0.93 1.58e−02 0.94 6.15e−03 1.52 2.45e−03 1.57
256 3.18e−02 0.91 2.51e−02 0.98 8.09e−03 0.97 2.56e−03 1.20 6.76e−04 1.85
1024 1.63e−02 0.97 1.26e−02 0.99 4.07e−03 0.99 1.21e−03 1.08 1.74e−04 1.95

𝑘 = 1 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 7.62e−02 – 2.92e−02 – 1.32e−02 – 7.81e−03 – 1.86e−03 –
64 3.96e−02 0.94 7.66e−03 1.93 3.54e−03 1.90 2.09e−03 1.90 2.34e−04 2.99
256 2.02e−02 0.97 1.94e−03 1.98 9.07e−04 1.97 5.31e−04 1.97 2.94e−05 2.99
1024 1.02e−02 0.90 4.86e−04 1.99 2.28e−04 1.99 1.34e−04 1.99 3.67e−06 2.99

𝑘 = 2 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 7.50e−03 – 5.66e−03 – 1.75e−03 – 7.38e−04 – 1.16e−04 –
64 9.81e−04 2.93 7.22e−04 2.97 2.23e−04 2.97 9.78e−05 2.93 7.70e−06 3.90
256 1.24e−04 2.99 9.09e−05 2.99 2.82e−05 2.99 1.24e−05 2.98 4.89e−07 3.97
1024 1.55e−05 3.00 1.14e−05 2.99 3.53e−06 3.00 1.55e−06 3.00 3.05e−08 4.00

𝑘 = 3 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 5.82e−04 – 8.22e−04 – 1.78e−05 – 9.95e−06 – 2.59e−06 –
64 3.66e−05 3.98 5.24e−05 3.97 1.13e−06 3.97 3.91e−07 4.66 8.32e−08 4.96
256 2.31e−06 3.99 3.30e−06 3.99 7.10e−08 3.99 1.85e−08 4.39 2.60e−09 4.99
1024 1.44e−07 4.00 2.06e−07 4.00 4.44e−09 4.00 1.04e−09 4.15 8.18e−11 5.00
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Table A.9. Convergence and discrete 𝐿∞(𝐻2) relative errors for Crank-Nicolson scheme with discon-
tinuous 𝑢0(𝑥).

𝑘 = 0 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

# of cells ‖𝐸Re
ℎ ‖𝐿∞(𝐻2) EOC ‖𝐸Re

ℎ ‖𝐿∞(𝐻2) EOC ‖𝐸Re
ℎ ‖𝐿∞(𝐻2) EOC ‖𝐸Re

ℎ ‖𝐿∞(𝐻2) EOC ‖𝐸Re
ℎ ‖𝐿∞(𝐻2) EOC

16 7.77e−02 – 4.90e−02 – 4.38e−02 – 2.74e−02 – 5.12e−03 –
64 4.08e−02 0.92 2.52e−02 0.92 2.29e−02 0.93 1.54e−02 0.93 1.36e−03 1.91
256 2.10e−02 0.96 1.18e−02 1.09 1.17e−02 0.98 8.02e−03 0.95 3.47e−04 1.97
1024 1.06e−02 1.00 5.62e−03 1.07 5.87e−03 0.99 4.06e−03 0.99 8.76e−05 1.99

𝑘 = 1 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 6.99e−03 – 4.58e−02 – 1.63e−02 – 4.15e−03 – 2.04e−04 –
64 1.94e−03 1.85 1.21e−02 1.92 4.22e−03 1.95 1.07e−03 1.96 2.62e−05 2.96
256 5.07e−04 1.93 3.06e−03 1.98 1.07e−03 1.98 2.68e−04 1.99 3.30e−06 2.98
1024 1.21e−04 1.97 7.70e−04 1.99 2.68e−04 1.99 6.73e−05 1.99 4.16e−07 2.99

𝑘 = 2 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 6.84e-03 – 2.14e-03 – 6.40e-04 – 2.15e-04 – 1.68e-05 –
64 8.94e-04 2.94 2.74e-04 2.97 8.34e-05 2.94 2.73e-05 2.97 1.10e-06 3.94
256 1.13e-04 2.98 3.44e-05 2.99 1.06e-05 2.98 3.43e-06 2.99 6.96e-08 3.97
1024 1.43e-05 2.99 4.32e-06 3.00 1.32e-06 2.99 4.30e-07 3.00 4.38e-09 3.99

𝑘 = 3 𝛾 = 1 𝛾 = 0.125 𝛾 = 10−2 𝛾 = 10−4 𝛾 = 10−6

16 4.53e−04 – 4.64e−05 – 7.69e−05 – 5.15e−05 – 4.84e−05 –
64 2.95e−05 3.95 2.98e−06 3.95 4.89e−06 3.98 3.63e−06 3.92 1.63e−06 4.90
256 1.86e−06 3.99 1.89e−07 3.99 3.06e−07 3.99 2.31e−07 3.96 5.15e−08 4.97
1024 1.16e−07 4.00 1.19e−08 4.00 1.91e−08 3.99 1.45e−08 3.99 1.61e−09 4.99

Table A.10. Convergence and discrete 𝐿∞(𝐻2) relative errors for Crank-Nicolson scheme with dis-
continuous 𝑢0(𝑥) for 𝛾 = 0.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 1.51e−02 – 2.51e−03 – 1.53e−04 – 5.91e−06 –
64 3.89e−03 1.96 3.23e−04 2.96 9.78e−06 3.97 1.88e−07 4.97
256 9.84e−04 1.99 4.08e−05 2.99 6.15e−07 3.99 5.91e−09 4.99
1024 2.47e−04 1.99 5.11e−06 3.00 3.84e−08 4.00 1.84e−10 5.00

Example 8.3

Table A.11. Convergence and discrete 𝐿2(𝐻2) errors for backward Euler scheme with Cartesian
meshes: Case I.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC

16 7.26e−01 – 1.01e−01 – 8.98e−03 – 1.18e−03 –
64 1.79e−01 2.01 1.35e−02 2.90 6.18e−04 3.86 4.12e−05 4.83
256 4.47e−02 2.00 1.71e−03 2.98 3.95e−05 3.96 1.33e−06 4.95
1024 1.12e−02 2.00 2.14e−04 2.99 2.47e−06 3.99 4.17e−08 4.98
4096 2.81e−03 2.00 2.68e−05 3.00 1.55e−07 4.00 1.00e−09 5.00
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Table A.12. Convergence and discrete 𝐿2(𝐻2) errors for backward Euler scheme with polygonal
meshes: Case I.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC

16 1.94e−01 – 2.80e−02 – 3.25e−03 – 5.21e−04 –
64 4.89e−02 1.98 3.92e−03 2.83 2.36e−04 3.78 1.94e−05 4.74
256 1.23e−02 1.99 5.04e−04 2.95 1.54e−05 3.94 6.38e−07 4.92
1024 3.09e−03 1.99 6.36e−05 2.98 9.72e−07 3.98 2.01e−08 4.98
4096 7.75e−04 2.00 7.96e−06 3.00 6.08e−08 4.00 6.34e−10 5.00

Table A.13. Convergence and discrete 𝐿∞(𝐻2) errors for backward Euler scheme with Cartesian
meshes: Case I.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 6.69e−02 – 5.68e−03 – 1.64e−04 – 1.07e−05 –
64 1.80e−02 1.89 7.33e−04 2.95 1.06e−05 3.96 3.37e−07 4.98
256 4.62e−03 1.96 9.27e−05 2.99 6.69e−07 3.99 1.06e−08 4.99
1024 1.17e−03 1.99 1.16e−05 2.99 4.18e−08 3.99 3.30e−10 4.99
4096 2.93e−04 2.00 1.45e−06 3.00 2.62e−09 4.00 1.06e−11 5.00

Table A.14. Convergence and discrete 𝐿∞(𝐻2) errors for backward Euler scheme with polygonal
meshes: Case I.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 1.53e−02 – 1.24e−03 – 8.84e−05 – 1.77e−05 –
64 3.99e−03 1.93 1.61e−04 2.94 6.41e−06 3.78 5.85e−07 4.91
256 1.02e−03 1.96 2.02e−05 2.98 4.13e−07 3.95 1.85e−08 4.98
1024 2.58e−04 1.98 2.40e−06 2.99 2.59e−08 3.99 5.81e−10 4.99
4096 6.45e−05 2.00 3.16e−07 3.00 1.62e−09 4.00 1.82e−11 4.99

Table A.15. Convergence and discrete 𝐿∞(𝐻2) errors for Crank-Nicolson scheme with Cartesian
meshes: Case I.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 1.07e−01 – 1.98e−02 – 1.58e−03 – 3.56e−04 –
64 2.64e−02 2.01 2.54e−03 2.95 1.16e−04 3.77 1.28e−05 4.80
256 6.55e−03 2.00 3.22e−04 2.98 7.52e−06 3.94 4.09e−07 4.95
1024 1.64e−03 2.00 4.03e−05 2.99 4.74e−07 3.98 1.29e−08 4.99
4096 4.07e−04 2.00 5.03e−06 3.00 2.97e−08 4.00 4.05e−10 5.00
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Table A.16. Convergence and discrete 𝐿∞(𝐻2) errors for Crank-Nicolson scheme with polygonal
meshes: Case I.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 1.68e−02 – 3.40e−03 – 5.20e−04 – 7.33e−05 –
64 4.29e−03 1.96 4.88e−04 2.80 3.54e−05 3.87 2.38e−06 4.94
256 1.09e−03 1.98 6.27e−05 2.95 2.26e−06 3.97 7.50e−08 4.98
1024 2.73e−04 1.99 7.88e−06 2.99 1.42e−07 3.99 2.34e−09 4.99
4096 6.84e−05 2.00 9.86e−07 3.00 8.86e−09 4.00 7.28e−11 5.00

Table A.17. Convergence and discrete 𝐿2(𝐻2) errors for backward Euler scheme with Cartesian
meshes: Case II.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC

16 2.64e−01 – 1.15e−03 – 4.49e−06 – 2.46e−05 –
64 2.30e−01 1.98 1.42e−04 3.00 2.84e−07 3.98 8.40e−07 4.97
256 5.74e−02 2.00 1.77e−05 3.00 1.79e−08 3.99 2.68e−08 4.97
1024 1.42e−02 1.99 2.20e−06 3.00 1.12e−09 3.99 8.44e−10 4.99
4096 3.45e−03 2.03 2.76e−07 2.99 7.01e−11 4.00 2.64e−11 5.00

Table A.18. Convergence and discrete 𝐿2(𝐻2) errors for backward Euler scheme with polygonal
meshes: Case II.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC ‖Eℎ‖𝐿2(𝐻2) EOC

16 1.54e−03 – 1.09e−04 – 4.98e−06 – 2.61e−04 –
64 1.44e−02 2.07 1.28e−04 3.13 3.62e−06 4.19 3.08e−04 5.17
256 3.81e−03 2.00 1.68e−05 3.03 2.26e−07 4.10 4.07e−05 5.08
1024 9.81e−04 2.02 2.02e−06 3.05 1.34e−08 4.06 4.52e−06 5.07
4096 2.52e−04 2.03 2.46e−07 3.04 8.15e−10 4.05 5.51e−07 5.06

Table A.19. Convergence and discrete 𝐿∞(𝐻2) errors for backward Euler scheme with Cartesian
meshes: Case II.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 2.96e−02 – 1.04e−02 – 1.10e−04 – 2.18e−04 –
64 7.44e−03 1.99 1.30e−03 3.00 7.08e−06 3.96 7.76e−06 4.81
256 1.87e−03 2.00 1.58e−04 3.03 4.44e−07 3.99 2.51e−07 4.95
1024 4.65e−04 2.00 1.95e−05 3.02 2.78e−08 4.00 7.92e−09 4.99
4096 1.17e−04 2.00 2.42e−06 3.00 1.74e−09 4.00 2.47e−10 5.00
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Table A.20. Convergence and discrete 𝐿∞(𝐻2) errors for backward Euler scheme with polygonal
meshes: Case II.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 8.43e−03 – 6.44e−04 – 2.47e−04 – 5.32e−05 –
64 2.15e−03 1.96 8.14e−05 2.99 1.66e−05 3.69 1.64e−06 5.01
256 5.40e−04 1.99 1.02e−05 2.96 1.07e−06 3.95 5.15e−08 4.99
1024 1.35e−04 2.00 1.28e−06 3.00 6.77e−08 3.99 1.61e−09 5.00
4096 3.39e−05 2.00 1.60e−07 3.00 4.24e−09 4.00 5.03e−11 5.00

Table A.21. Convergence and discrete 𝐿∞(𝐻2) errors for Crank-Nicolson scheme with Cartesian
meshes: Case II.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 1.77e−02 – 8.56e−04 – 5.17e−04 – 1.18e−04 –
64 4.44e−03 1.99 1.13e−04 2.92 3.76e−05 3.78 4.75e−06 4.64
256 1.12e−03 1.99 1.43e−05 2.98 2.47e−06 3.92 1.55e−07 4.94
1024 2.80e−04 1.99 1.80e−06 2.99 5.46e−08 3.02 4.88e−09 4.99
4096 6.99e−05 2.00 2.24e−07 3.00 9.85e−09 4.00 1.52e−10 5.00

Table A.22. Convergence and discrete 𝐿∞(𝐻2) errors for Crank-Nicolson scheme with polygonal
meshes: Case II.

# of cells 𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3

‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC ‖Eℎ‖𝐿∞(𝐻2) EOC

16 1.13e−02 – 1.58e−03 – 9.22e−05 3.95 7.81e−05 –
64 2.93e−03 1.96 2.01e−04 2.96 5.73e−06 4.00 2.51e−06 4.95
256 7.41e−04 1.99 2.56e−05 2.99 3.59e−07 4.00 7.93e−08 4.98
1024 1.86e−04 2.00 3.21e−06 3.00 2.24e−08 4.00 2.49e−09 5.00
4096 4.62e−05 2.00 4.02e−07 3.00 1.40e−09 4.00 7.74e−11 5.00

Decay of errors

Table A.23. (Examples 8.1 (for 𝛾 = 1) and 8.3 (for 𝛾 = 0)). Decay of errors in 𝐿∞(𝐻2)-norm in time
direction for fixed 1024 mesh elements.

Time-level 𝛾 = 1, 𝑘 = 0 𝛾 = 1, 𝑘 = 2 𝛾 = 0, 𝑘 = 0 𝛾 = 0, 𝑘 = 2

CN-Scheme BE-Scheme CN-Scheme BE-Scheme CN-Scheme BE-Scheme CN-Scheme BE-Scheme

Level 1 1.15e−04 3.88e−03 6.28e−03 2.12e−01 8.49e−04 2.86e−02 3.12e−04 1.05e−02
Level 2 2.88e−05 1.85e−03 1.57e−03 1.01e−01 2.13e−04 1.36e−02 7.82e−05 5.02e−03
Level 3 7.17e−06 9.00e−04 3.92e−04 4.91e−02 5.30e−05 6.65e−03 1.95e−05 2.45e−03
Level 4 1.77e−06 4.44e−04 9.67e−05 2.42e−02 1.31e−05 3.28e−03 4.82e−06 1.21e−03
Level 5 4.21e−07 2.20e−04 2.30e−05 1.20e−02 3.11e−06 1.63e−03 1.14e−06 5.99e−04
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