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TRAVELING WAVE FOR A COUPLED INCOMPRESSIBLE DARCY’S FREE
BOUNDARY MODEL WITH UNDERCOOLING EFFECT AND SURFACE
TENSION

CLAIRE ALAMICHEL! AND NICOLAS MEUNIER?>*

Abstract. We present a two-dimensional free-boundary Hele-Shaw model to describe certain aspects
of eukaryotic cell motility on substrates. The key ingredients of this model are Darcy’s law for the over-
damping motion of the cytoplasm as a confined viscous droplet, with a particular boundary condition
for the Young—Laplace equation. This particular condition describes the active force induced by the
cytoskeleton, which can be generated in cells either by actin polymerization against the membrane or
by actomyosin contraction of cortical filaments, which adhere to the membrane. In addition, in this
model we take into account the friction exerted by the membrane on the substrate. First, we study
the linear stability of the steady state and prove that above a threshold, the disk is linearly unstable.
This analysis highlights the stabilizing effect of undercooling. Then, using a bifurcation argument, we
prove the existence of traveling waves that describe a persistent motion in cell migration and justify
the relevance of the model. We emphasize in particular that the friction exerted by the membrane on
the substrate has a stabilizing effect on cell dynamics.

Mathematics Subject Classification. 35R35, 35B32, 35C07, 92C17.

Received February 17, 2025. Accepted January 27, 2026.

1. INTRODUCTION

1.1. Biological context and modeling

Cell motility is a biological process involved in numerous biological phenomena such as immune response,
wound healing, embryonic development, and cancer propagation. Although different types of cell migration
exist, they are all governed by the same mechanisms and rely on a cell’s ability to polarize. This means that
the cell is able to break its internal symmetry and possesses a defined front and rear [16,36]. Once the cell is
polarized, cell migration can occur. This relies on cytoskeletal activity via the polymerization of actin filaments
at the front of the cell, and the contraction of acto-myosin fibers that push the cytoskeleton from rear to front
[1].

The cell is enclosed by the plasma membrane, which protects and separates the contents of the cell from the
external environment. It also enables communication with the external environment. The plasma membrane
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contributes to the mechanical properties of cell movement via membrane tension. Membrane tension induces an
opposite force to membrane extension. It results from the inextensible nature of the membrane, which creates
in-plane tension, and from the energy derived from adhesion between the cytoskeleton and the membrane. As
the cell is deformed, membrane tension changes rapidly, causing the cell surface tension to vary. Membrane
tension also regulates polarization between the front and rear of the cell [40].

In this paper, we propose and study a model describing this phenomenon, taking into account the action of
the membrane on cell motility. The proposed model is a free-boundary model given by:

u+VP=0 in Q(t), (1.1a)
div(u) =0 in Q(1), (1.1b)
V,=u-n on 9Q(t), (1.1c)
P =9k + Xefact(€) + XuSuna (Vi) on 9Q(t), (1.1d)
Orc = div(Ve — (1 — a)uc) in Q(t), (1.1e)
(Ve+aue) n=0 on 9Q(t), (1.1f)
c(0,x) = " (x) in Q' (1.1g)
Q(0) = Q. (1.1h)

This free-boundary model is in continuity with the model proposed by [25]. The cell is modeled by a droplet
of incompressible fluid confined between two parallel plates and containing polarity markers of concentration c.
u denotes the gap-averaged planar flow and P the pressure of the fluid. Thin-film lubrication and Hele-Shaw
approximations yield velocity u and pressure P satisfying Darcy’s law (1.1a). The kinematic condition (1.1c)
indicates that the normal velocity of the sharp interface is given by the normal velocity of the fluid.

Initially, the fluid is contained in Q™ C R? a simply connected bounded open. ¢ is a given smooth non-
negative function defined on ", which represents the concentration of a solute at time ¢t = 0. In (1.1), we
seek a family of open sets (t) of R? with boundary 9€2(t), whose curvature (positive for a circle) is , and a
concentration function c(t,x) defined on Q(t).

The cell membrane is modeled by the boundary 9Q(t). The action of the membrane on the cell is modeled
by the force —xu funa (V) where x,, > 0 and V,, is the normal velocity of the boundary. In a different context,
this type of expression is found in kinetic undercooling issues in the context of liquid undercooling [3, 15, 18].
We assume that f,,q satisfies:

fund S Cl(R)7 (123‘)
fund is an odd and increasing function, (1.2b)
frna(0) > 0. (1.2¢)

The case x, = 0 means neglecting the action of the cell membrane and considering that it behaves in the same
way as the rest of the cell. In this case, we find the model of [25] which is studied in [2].

In the same way as in [25], we assume that polarity markers are rear markers, meaning that the rear part of
the cell is defined by the area with the highest concentration of markers. These markers induce an active force
at the edge of the cell given by —Xfact(¢) with x. > 0 and fact satisfying:

Jact € CT(RT), (1.3a)
Sact is an increasing function, (1.3b)
fact (0) =0, (1.3c)
IEI}}OO fact(z) = Le < +00. (1.3d)

This force is used to model the action of the cytoskeleton on the cell.
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The boundary condition (1.1d) is obtained as the balance of the forces acting on the membrane and can be
seen as a perturbation of the Young-Laplace equation. v designates the effective surface tension and is given, x
designates the curvature.

To close the system, the internal solute transport problem is formulated in (1.1e) and (1.1f). In the bulk Q(¢),
fast adsorption on the top and bottom plates (or onto an adhered cortex) is assumed. With rapid on and off
rates, the quasi-2D transport dynamics are given by (1.1e) and (1.1f) where a € [0, 1] is the steady fraction of
adsorbed molecules not convected by the average flow and the effective diffusion coefficient is assumed to be 1.

In (1.1f), a zero solute flux on the moving boundary 992(t) is imposed. Simply put, the solute is effectively
convected at a slower velocity than that of the fluid. Hence, its concentration decreases (increases) towards an
advancing (retracting) front.

The solute can be any cytoplasmic protein controlling the active force-generation or adhesion machinery. In
this work, it is assumed that the concentration c either induces an inwards pulling force or inhibits an outwards
pushing force.

Formally, the boundary condition (1.1f) induces the conservation of molecular content over time, that is, for
all time ¢ it holds that:

M := c(t, z,y)dedy = / M (z,y) dz dy. (1.4)
Q(t) Qin

is constant over time.

From the incompressibility constraint (1.1b) it follows that the cell domain area |Q™

Let us briefly comment on the existing literature concerning (1.1). Moving interface problems have raised
many interesting and challenging mathematical issues. A well-known example is the Stefan problem, which
describes the dynamics of the boundary between ice and water. In the biophysical community, we find a large
number of free boundary models to describe tumor and tissue growth, cell motility, and other phenomena. We
refer to [39,41] for a review.

Most of them are formulated through a fluid approach with surface tension. Some tumor growth models (e.g.
[19-21]) resemble our model (1.1). However, there is an important difference: tumor growth naturally involves
expanding domain while we consider here incompressible solutions. In the context of the motility of eukaryotic
cells on substrates, various free boundary problems have been derived and studied, see [5-8,29, 30, 37]. The
existence of traveling wave solutions for these models is proved in [5,6,8,37].

In the 1D setting, the Keller—Segel system with free boundaries as a model for contraction driven motility
was introduced and studied in [32-35].

In the context of sharp interface limit, some models for cell motility were studied in [13,14]. These models
differ from our approach in that no polarity markers are involved. However, they are similar to our model in
that they take into account an overcooling force at the edge of the cell (the sign is opposite to that of an
undercooling force). We note that traveling wave solutions for a moving boundary problem of Hele-Shaw type
have been studied in the case with kinetic undercooling regularization in [22]. This model, which models the
motion of a bubble in an exterior Hele-Shaw flow, differs from our model in its point of view and in the absence
of polarity markers and coupling with them.

1.2. Comparing with [5,6,8,37] and [2,24]

In the model presented here, area conservation is inherent due to the incompressibility of the flow. In contrast,
the model presented in [5,6,8,37] does not enforce divu = 0, and the pressure adheres to a specific constitutive
law. To address area conservation, a phenomenological ‘restoring force’ p. is introduced in the dynamic condition.
The dependence of p. on volume makes this problem explicitly non-local. If in [5,6,8,37] were to impose divu = 0,
this model would become equivalent to the passive Hele-Shaw drop, with no traveling waves.

Our ¢ density is analogous to the m in [5,6,8,37] but with two key distinctions:

— In our model, ¢ governs a normal boundary force in the dynamic condition, while the m in [5,6,8,37] induces a
negative pressure (isotropic contractility) in the bulk. This implies different interpretations of pressure: ours
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is the pressure of an incompressible cytoplasmic fluid that is pushed on the boundary, whereas in [5,6,8,37]
it describes the pressure of an active gel.

— The transport equation differs. In [5, 6,8, 37], m follows advection-diffusion transport with an advection
speed equal to u. This results in a no-flux boundary condition. In our case, assuming advection-diffusion-
absorption dynamics for ¢, we obtain a non-standard no-flux condition. In simpler terms, an advancing
boundary induces a decreasing gradient (depletion) of ¢, while a retracting boundary induces an increasing
gradient (accumulation) of ¢. For us, gradients in ¢ can only be induced through the boundary condition
because divu = 0.

Moreover, in this work, we seek to understand the impact of membrane friction on the substrate on cell
migration. Membrane friction is reflected in the additional term X, fund(Vs) that was not present in [2]. From a
mathematical point of view, this new term modifies the nature of the boundary conditions, as they become Robin
conditions. From a modeling point of view, this new term describes the forces that exerted of the membrane, a
physical phenomenon widely described in the literature, see [38] e.g., and which had been omitted until now in
[2,24].

Note also that a simpler model based on rigid geometry was used in [10,11] to describe communication between
cells and also certain trajectory aspects of cell migration in [17,27,28] and that a Cahn-Hilliard Model for Cell
Motility was studied in [13]. However, in these different models, the emphasis is placed on internal dynamics
rather than on the influence of cell shape, which is the distinctive feature of the work we are presenting here.

1.3. On traveling waves

A remarkable feature of cell motility is the appearance of sustained movement in a given direction without
an external cue, see [4,23,41]. This phenomenon, known as spontaneous polarization, see [9,17,31] e.g., is
mathematically described by the existence of traveling wave solutions and is the main subject of this article.

A traveling wave is characterized by a domain with a fixed shape  moving at a constant velocity V € R in
a fixed direction w € R%2. We then have:

Qt) = Q+tVw.
Without loss of generality, assume that V' > 0 and w = (1,0). In this case, the normal velocity at the boundary
of the cell satisfies V,, = Vn,.

Using the traveling wave ansatz:

c=c(z—Vt,y), P =P(z—Vt,y), Qt) = Q + (Vt,0),

we obtain that a solution of model (1.1), which is a traveling wave for this model, is defined as follows in
Definition 1.1.

Definition 1.1. A traveling wave solution of the model (1.1) is given by a domain € R2, V > 0 a scalar
velocity and two functions P and c satisfying:

—~AP=0 in Q, (1.5a)
P =75+ Xcfact (€) + Xufuna(Vnz)  on 0L, (1.5b)
—VP-n=Vn, on 09, (1.5¢)
div((V,0)c+Ve+ (1 —a)VPe) =0  in Q, (1.5d)
(Ve+a(V,0)c) - n=0 on 9. (1.5e)

Proposition 1.2. Let V > 0 be given. If ¢ and P are solutions of (1.5) associated with V then ¢ and P are of
the form:
P(x,y)=p1 — Vzx with p; € R,
M —aVzx

c(x7 y) = ‘/‘Q e_avl./ dx/ dy/e 9
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where (x,y) € Q and M > 0 is the total quantity of markers.
Furthermore, OS) is characterized by the curvature equation, given for all (x,y) € 0Q:

Me—an
f@ e—aVa' dqp! dy/

ve(z,y) =p1 — Va — chact( ) — XuSund(Vng). (1.6)

Remark 1.3. We say that a traveling wave (€, V) of (1.1) is non-trivial if the velocity is not zero. When it is
non-trivial, we call it a traveling wave, while when it is trivial, we call it a steady state.

By taking V' = 0 in Proposition 1.2, it follows that the model admits a unique steady state, which is radially
symmetrical.

Proposition 1.4. The model (1.1) admits an unique steady state given by:

M

0 _ 0
c'(x) = oy x €, (1.7a)
PO(X) = Rl + chact (CO(X)) X € QO, (17b)
0
u’(x) =0 x € QY (1.7¢)
Q° = B(0, Ry), (1.7d)
where Ry = ‘— This steady state is radially symmetric.

™

1.4. Main results

First, we study the steady state given by (1.7) by performing a linear stability analysis around this steady
state. The model depends on the parameters a, x¢, xu, M, Ry and the functions fa.; and funq. We have chosen
to consider x. as the bifurcation parameter, but we could also have considered M, Ry, a, fl.(c°) or fi 4(0).
So in the following, to perform a stability analysis and obtain a bifurcation result, we should vary the value of
the parameter y.. We set:

* RO + X“flllnd(o) .

© = TRoad fl(c%) (18

We then have the following stability result.

Theorem 1.5 (Stability of the steady state). If x. < x* then the steady state (1.7) is linearly stable. On the
opposite, if x. > X5, then the steady state (1.7) is linearly unstable.

In order to validate the model’s relevance to cell motility, we then investigate the existence of traveling waves.
This is the aim of this paper. To do so, we propose an implicit approach based on a bifurcation argument. This
approach allows us to clearly identify what happens to a cell with a fixed volume as y. increases. Using x. as
a bifurcation parameter allows us to compare our result with previous ones and to conclude on the impact of
membrane friction on the stability of the steady state.

Theorem 1.6 (Existence of traveling waves). Assume that fact satisfies assumptions (1.3). For all a € (0,1],
v >0, Ry >0, and x, > 0 there exists a one parameter family of traveling wave solutions (QXC, VXC> of (1.1),

parameterized by x. € (x5, +o0) such that ‘Qx‘ = 7TR2.
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Plan of the paper

This work is organized as follows. First, in Section 2 we prove the characterization of the traveling waves
given by Proposition 1.2 from which follows the characterization of the unique radially symmetric steady state
(Prop. 1.4). Then in Section 3, we study the linear stability of the system and we prove Theorem 1.5. Section 4
contains the proof of the existence of traveling waves by implicit construction (Thm. 1.6). Finally, we give some
conclusions.

2. CHARACTERIZATION OF TRAVELING WAVES

In this section, we prove the Proposition 1.2 in order to characterize the traveling waves of the model. The
proof is based on the Definition 1.1, which defines traveling waves of the model. The Proposition 1.4 follows
from the result by taking V = 0.

Proof of Proposition 1.2. We set & = —V P — u¢y, where ucy, is the velocity of the cell center of mass. From
the total force balance on the cell, we have that for all ¢ > 0:
1
ucm(t) = - Qin (chact(c) + Xufund(vn))n do.
2 Jaa)
The traveling wave assumption implies that ue, = (V,0). Thus, setting ¢ = —P — Vi we have:

u=Vo.
Moreover, from (1.5a), we deduce that ¢ satisfies —A¢ = 0 in Q and from (1.5¢) we deduce that ¢ also satisfies
V¢ -n =0 on 9. On the one hand, we have that:

/Q|V¢>I2dx=—/QaﬁAqbder/mqbw-nda:o.

On the other hand, we have that:
/ IVo|® dx = / la|? dx.
Q Q

Thus we have that @t = 0 on Q. It follows that for all (z,y) € Q:
P(.’L',y) =D1— V(E,

with p; € R.
By substituting VP = —(V,0) in (1.5d) and (1.5e), the concentration of markers satisfies the following
problem:

div(Ve+a(V,0)c) =0 in Q, (2.1a)
(Ve+a(V,0)c) - n=10 on 9. (2.1b)
The non-negative solutions of (2.1) are given by:

co(z,y) = cre” V", (2.2)

with ¢; > 0 and (z,y) € Q. Indeed, we can see that functions of the form (2.2) are solutions of (2.1). If we
assume that c(z,y) = c1(x,y)e"V? is a solution of (2.1), then we have that:

0= /ch (z,y) div(Ve(z,y) + a(V,0)c(x,y)) de dy

=A§km%m-awmwy+aumd%yDMAy

=/WMWWWme
Q
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from which we deduce that |Vei| =0 on Q. Finally, remember that the total number of markers M is constant,
so ¢; must be such that fﬁ cre”®V*dxdy = M. This leads to

M
¢ = .
! Jocre—aVe' dat dy’
To find the curvature equation (1.6), we inject the expressions found for P and c¢ into equation (1.5b). O

3. STUDY OF THE STEADY STATE

In this section, we prove Theorem 1.5 about the stability of steady state. Inspired by [2], we first linearize the
problem (1.1) around the steady state (1.7) (see Lem. 3.1). We derive an eigenvalue problem from this linearized
problem and study its spectrum. To this end, we prove that, using Fourier analysis, we can decompose the study
of the spectrum into the study of the spectrum of simpler problems (see Lem. 3.2). Next, we demonstrate that
when x. < x& then the eigenvalues are all negative real parts (see Lem. 3.4 and Rem. 3.6). Finally, from the
decomposition of the spectrum study, we derive an explicit condition on the eigenvalues (see Lem. 3.8). Thus,
when x. > X%, we can exhibit a positive real part eigenvalue. This proves the Theorem 1.5.

Lemma 3.1. The linearized problem associated to (1.1) around the steady state (1.7) is given by:

—~AP=0 in Q°, (3.1a)
op=—0,P on 90°, (3.1b)
P == (0o + 1) + X fica () = X0, PLina(0) - on 092, (3.1c)
0i¢ = NG in Q°, (3.1d)
(v& —aVP CO) ‘n=0 on 9Q°. (3.1¢)

Proof. We perform a formal expansion of the solution (¢, u) near the steady state (00, uo). Let € > 0 small. For
all t > 0 we set:

Q) ={(z,y) = (rcos,rsinf) s.t. 0 <r < Ry +¢p(t,0) and 0 € (—m, 7]}, (3.2)

and for all x € Q(¢):
c(t,x) = & +£é(t,x) + O(e?),

P(t,x) = P’ + eP(t,x) + O(e?),
Using the fact that PO satisfies (1.7b) and P satisfies (1.1a) and (1.1b), we deduce that:
—AP =0, in Q°.

The equation (3.2) induces that the boundary of the domain Q can be parameterized and thus we obtain
that for all 6 € (—n, 7] we have:

~ (cosf 0pp(t,0) (—sind 9
n(t,0) = <sin9> TR, \ cost +O(e%)-

VP -n=VP’ n-edP+0(?)

Thus, on 98(t), we have:

and also:

V, = e0ip(t,0) + (9(62).
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Using (1.1c), we can therefore deduce that, for all § € (—m, 7] and ¢ > 0, we have:
6tﬁ(t7 9) = _67P(t7 ROa 0)

The linearisation of the curvature is given for all § € (—m, 7] and ¢ > 0 by:

1
K(1,0) = 5 Ri%(ageﬁ(t, 0) + p(t,0)) + O(c2).
Since
fact(c) = fact (CO) + Eéfz/mt (CO) + 0(52)
and

fund(Vn) - Eatp(tv e)flllnd(o) + 0(62)’
we have that (1.1d) leads to that on 9Q° we have:

5 v S~ ~
P = =57 (959p + 5) + XeClict (¢°) + XuOep Flna(0).
0
Moreover, using the fact that c? satisfies (1.7a) and c satisfies (1.1e) and (1.1f), we deduce that in Q°:
0:¢ = Ac.
The boundary condition (1.1f) leads to:

(ve —4VP cO) ‘n=0  on a0

The eigenvalue problem associated with the linearized problem (3.1) is given by:

—AP=0 in Q°,
\p=—0,P on 99Q°,
Pm G )+ L) B PLlna(0) om0
Ae = Aé in QY
(V&—avpco) n=20 on 990,

where A € C, since the problem (3.3) is not self-adjoint.
As the problem (3.3) is radially symmetric, the spectral analysis can be performed using Fourier an
We establish the following lemma on the properties of the complex Fourier coefficients of eigenfunctions.

Lemma 3.2. Let A\ € C. The eigenfunctions, satisfying (3.3) associated with the eigenvalue A are of the

p(0) = Z Pem cos(mB) + Z Psm sin(mb),

meN meN
c(r,0) = Z Cem (1) cos(mB) + Z Csm (1) sin(md),
meN meN

P(r,0) = Y Pe(r) cos(mf) + > Pan(r) sin(mf),

meN meN

alysis.

form:
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with for allm € N and r € [0, Ry (pcm,ccm(r), Pcm(r)) € C? and (psm, csm (1), Pam (7)) € C3.
Moreover for all m € N, (pem, Cems Pem) (T€8p. (Psms Csm, Psm) ) satisfies:

1 m?
2
- <87.7. + ;&« - 7"2>Pcm =0 re (0, ]’%0)7 (34&)
Apcm = _arpcm(RO)a (34b)
P (Ro) = % (m2 - 1)Pcm + XCCCm<R0)feltct (CO) - Xuarpcm(RO)fu/md(O)’ (3.4c)
0

9 1 m?
)\Ccm - (aTT + ;ar - TT Cem re (O, RO)7 (34d)
8rccm(RO) - aarpcm(RO) & =0. (346)

Proof. The result follows from the linearity of (3.3), the independence of the cosine and sine modes, and the
fact that for all m € N:

2 2
899p0m = =M Pcm-

O

Remark 3.3. We deduce from Lemma 3.2 and the independence of the cosine and sine perturbations that
studying the eigenvalues of (3.3) is equivalent to the study, for all m € N, of those of (3.4). Indeed, for m € N,
if A, € C is an eigenvalue of (3.4) associated with the eigenfunctions (px,, ,cx,,, Pa,,) then A, is an eigenvalue
of (3.3) associated with the eigenfunctions:

p(0) = px,, cos(mb),
e(r,0) = ey, (1) cos(mb),
P(r,0) = Py, (r) cos(md).

b

In the sequel, for all m € N, we denote by A, the eigenvalue associated to the mode m.

Lemma 3.4. If m>1 and 0 < x. < then all the eigenvalues of (3.4) have non-positive real parts.

1
act fle(c)”

Remark 3.5. The result also holds true for the case m = 0. This case is dealt with in more detail in the proof
of Proposition 3.9.

Proof. Let m > 1. Let A, € C be an eigenvalue of (3.4) associated with p,, ¢, and P,,. For all r € (0, Ry) and
0 € (—m, 7], we set:
p(0) = pp, cos(mb),
e(r,0) = e (r) cos(mb),
P(r,0) = Py, (r) cos(m#).

We also set Q = ¢ — ac®P. Thus, @ follows the following problem:

—AQ = Ac in Q° (3.5a)

(1= axec® flee ()P = % (m* = 1)p+ xefict () Q + AmXufina(0)p  on 9Q°, (3.5b)
0

VQ -n=0 on 9Q°. (3.5¢)
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Thus using (3.4) and (3.5) we compute:
)\m/ |C|2dX:/ EAch:/ (Q—!—acOP)Ade
Qo Qo Qo
:f/ |VQ\2dxfacO/ VP .VQdx
Qo Qo

:7/ |VQ\2dxfacO/ QVP -ndo.
Qo 0o

Since ) )
VP -ndo= ———— 1 —ac®xefli(®))PVP -ndo
900 “ Xefaer () _/am( Xl t( ))
- lz (m® — 1) + AmXuflna(0) / pVP -ndo
RO oNo
) i
=——— 11 —ayof . (& / vPPdx
chéct(co) -< X fact( )) Qol |
Pt =1) [ ot vuflaa@) [ [P enP o]
R 890 290

We deduce that for all A, € C eigenvalue of (3.4) we have:

Am Y 2
/\m/ cffdx+ —22 L (m? -1 / p|” do
QO| | Xefact (€) R(Q)( ) 8&20‘ |

1 — ac®xe fle (<) 2 Xu St (0) )
=— VI dx — aé ac VP dx—%/ VP -n|“do.
IR T @) Joo V@) o VE

The result follows from this equality. O

Remark 3.6. It seems that the result holds for all x. > 0 as long as x. < xji. We do not prove this here.
However, the study of traveling waves in Section 4 suggests that the result may indeed extend to all y. such
that x. < x;.

Lemma 3.7. Let m € N. The eigenfunctions of (3.4) associated with the eigenvalue A, € C are given by:

p Px
C(’/‘) = ém)\]m(_r)\?n) R
P(T) pm)\rm

where 0 < r < Ry and, ([)mk, émA,PmA> € C? solution of:

AmPmxr = —ngL_IPmA, (3.6a)
m ,y N i A~

RI Py = <Rg( 1)+ Amxuf;nd(()))pm ¥ xefle, (CO)Im(fRO)\ﬁ@)CmA, (3.6b)
1 1

AL (—RM%)&,M = Amac® P (3.6¢)

I, denotes the modified Bessel function of the first kind of order m.

We recall that for m € N, the modified Bessel function of the first kind of order m is defined for all z € C by

+oo 1 z 2k+m
PO L rra)
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Proof. From Lemma 3.2, we deduce that for all 0 < r < R that:
p=pmr €C
and since P satisfies (3.4a), the Laplace equation:

P(r) = Bprr™,

with P, € C. Moreover, as c¢ satisfies (3.4d) and thus, by the definition of Bessel functions, we have:

c(r) = émxIm (—7“)\51),

where 0 < r < Ry, émx € C and I,,, is the modified Bessel function of the first kind of order m.
As p and P satisfy (3.4Db), it follows that:

)\mpAm)\ = _umARgnil'

Likewise, since p, ¢ and P satisfy (3.4c), we have that:

Pm)\RgL = % (m2 - 1),5m)\ + cha/mt (Co)ém/\lm (_RO)\él) - mXquImd(O)Rglilpm)w
0

Combining this with the previous equality, we obtain that:

A l A
RI'Pyoy = <};(m2 1) + AmXuf{md(o)>pm + Xef Lot (co)lm(—ROA,a)cm.
0

Finally as p, ¢ and P satisfy (3.4e) and (3.4b), we have:

LT (—Ro)w%n)ém)\ £ A p = 0.

Lemma 3.8. Let m € N. Let A\, € C be an eigenvalue of (3.4), then A, is such that
H,,(Apn) =0,
with if m > 1, Hy, defined for all z € C by:

aXcCO /

i, (~Rozt) 22 [(1 T ;’quf;ndm)) + ggmm® =1)
fr(108) ().

and if m = 0, Hy defined for all z € C by:

H,,(z) =2zm

Proof. Using the recurrence relations on Bessel functions: 21, = L,,11 + Ip—1 if m > 1 and I = I, the result
follows from Lemma 3.7. (]
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Proposition 3.9. If 0 < X—i < 1, then (3.3) admits A = 0 as an eigenvalue of multiplicity three and all its
X

other eigenvalues have a negiztive real part.
If X—: > 1, then (3.3) admits a positive eigenvalue.
X

C

Proof. When m = 0, for all z € C, we have:
Ho(z) = Z%II <—R02%)

z = 0 is a solution of Hy(z) = 0. This eigenvalue is associated with the eigenfunctions defined for all r € [0, Ry)
by:

o : Ao 0
coo(r) | = v and 00(r) | = 11 .
Foo(r) _Rig Fgo(r) Xefact (c )

The function I is linked to J; the Bessel function of the first kind of order 1. We recall that for all z € C

0 -1 k 2k+m
and m € N, we have I,,(z) = i~™J,(iz) with J,(2) = > (=1) (Z) .Thus the other roots of Hy are

2
2

given by Agr = f% where z1; € R is the k*" root of J;. We have that the eigenvalue \gr < 0 is associated
0

with the eigenfunction defined for all r € [0, Ry) by:

Pok
Cor(r) | = Jo %:r)
Por(r) Xefher (2) Jo(z1k)

When m = 1, for all z € C we have:

3
2 1 1 1 c 0 f 1
Hi(2) = 2o (14 —xuflna(0) [IO<—ROZE) +12(—Roz§)} +ZMI1(—R025>.
RO RO
Thus z = 0 is a solution of Hy(z) = 0. This eigenvalue is associated with the eigenfunction defined for all
r € [0, Ry) by:
P10 1
ro(r) | = (0
Pio(r) 0
If m > 2 then z = 0 is solution of H,,(z) = 0. Nevertheless, since v > 0, from (3.6) and I,,,(0) = 0, we deduce
that A = 0 is associate to the zero eigenfunction defined for all r € [0, Ry) by:
ﬁmO 0
(émo (T) =10
Pro(r) 0

and A = 0 is not an eigenvalue of (3.4) when m > 2. We can therefore conclude the first point using Remark 3.6.
In order to exhibit a positive eigenvalue, we expand H; around 0. For all z close to 0, we have:

3 7 2 /
2 u 0 R 3Xu 0
Hy(2) = Z<1+ Xufuna (0) _GCOch;Ct(CO) + é)z (3+ X fRu(r)ld( ) —GCOch;ct(CO)>>
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’ 2 /
The function z — 1+ %“0‘*(0) — acXe froq () + T2 (3 + %gd(o) —ac®Xefiet (CO)) admits z; as root, with
z1 defined by:

u l/ln( 0
S(GCOchgct(co) _1_xX fRol( ))
RE(3(1+ 25 ) — 0 fin(e)

RO + Xuflllnd (0)
Roac® fi.(c°)

zZ1 =

z1 € R changes sign and becomes positive when x. exceeds = x5. Furthermore, z; approaches

a true root A1 of Hy. Indeed, when ac®x. [l (c°) is close to 1 + %ﬁdm), performing a Taylor expansion of
8
order 1 of the function x — x © around 0, we have:
(-5

; Oxefrer (< Xufina(0)
M= RO + Xu (O)RO (ac XCfact (C ) — (1 -+ 1%0))

und
+ 0(

i)~ (1 280
Ry

associated with the eigenfunction defined for all r € [0, Ry) b

1
~Xefieli (~FoA] )
. RO + Xuflllnd (O)
P1ixg )
() | = M (—rAd
~ 141 r
Pl)\1 (T) ( ! )
1
xeFie1 (~RoA )M
r
RO + Xufund( )
Thus when x. > x7, (3.3) admits A\; as positive eigenvalue. O

4. EXISTENCE OF TRAVELING WAVES

In this section, we prove Theorem 1.6 using a bifurcation argument. The arguments of the proof are inspired
by those used in [2] in the case where x,, = 0. In order to prove the theorem, we define a functional F to which
we can apply the Crandall-Rabinowitz bifurcation theorem [12] at the point x. = x&.

Since the disk of radius Ry with V' = 0 is a solution of (1.5), we seek other solutions of (1.5) such that the
domain () is a perturbation of the disk. We therefore look for ) such that:

Q= {(rcos(),rsin(d)) s.t. 0 <r < Ry + p(f) and 6 € (—m, 7]}

with p: R — (—Rg, +00) a 2m-periodic function satisfying:

/W (Ro + p(0))* — R2d0 = 0.

—T
This latter condition ensures that ‘Q‘ = 7mR2. The boundary of domain Q is parameterized by:

{(Ro + p(0)) cos b, (Rg + p(#))sinf} for § € (—7, 7).
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For all § € (—, 7], the outward normal vector to €2 is given by:

n(6) = 21(9) _ 1 ; (Ro + p(0)) ciOHSHj— p/’(@)sin@
( 2(9)> ((Ro n p(e))g n p/(9)2) 2 <(R0 + p(a)) sin ¢ P (0) COSG)

and the mean curvature by:

(Ro +p(9))* +20'(0)” — (Ro + p(6))p"(6)

K(0) = 3 (4.1)
((Ro+p(0)) + p(6)%)
The condition on the boundary domain (1.6) can be expressed as:
(0) + V (Ro -+ p(0)) €080 + Xefucr (e1(V, p)e™ VO Ly foa (V@) =pr, (42)

M
ST Jyetr ) emavecosor dr -

As we are looking for traveling waves in the z-direction, we restrict ourselves to domains (2 symmetrical
about the z-axis. We then introduce the functional spaces:

X = {p € Cper( 7T) : p(@) = p(_9)>v'9 € (_77’ 7‘-)}’
Y = {P € Cpcr( ,/T) : p(e) = p(_g)ava € (_77—77()}'

where 0 € (—7, 7] and ¢1(V, p) =

Therefore, the existence of a boundary 92 solving (1.6) is equivalent to the existence of a function p € X solving
(4.2).

The existence of a branch of traveling waves, and therefore the proof of the Theorem 1.6, follows from the
following result, which characterizes the nature of the bifurcation: pitchfork.

Theorem 4.1. Assume that fact satisfies assumptions (1.3). For all a € (0,1], v > 0, Ry > 0, and x, > 0,
there exists an interval I = (—e,e) and four functions p : I x (—m,7] = X, xc : I = R, V : I - R, and
p1: I — R such that for all s € I:

(1) the function 8 — p(s,0) is a solution of (4.2) with x. = x.(s), V =V(s), and py = p1(s),
(2) xe(s) = x5 +ns? +o(s?), withn € R, n # 0,
(3) V(s) =s+o(s),
(4) pi(s) = o(s).
The proof of the theorem relies on the definition of a functional F related to the problem. We will prove that
this functional satisfies the properties required to apply the Crandall-Rabinowitz theorem [12], the theorem is

recalled in Appendix A, Theorem A.1, and derive the conditions giving the expressions for x., V, and py.
Let F:RXx X xRxR —Y xR x R the functional defined for all (x.,p,V,p1) € R x X X R x R by:

F(Xerp, Vip1) = (7%(9) + Xe fact (Cl(V7 p)e_”V(R”p("”COSO)

+ Xufana (V1 (8)) + V(Ro + p(6)) cosf — py — Rlo :
/Tr (Ro + p(0))* — R2d0; ' p(6) cost9>. (4.3)

Lemma 4.2. The functional F defined by (4.3) satisfies the following properties:
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(1) F(xe,0,0,0) =0 for all x. € R.

(2) Ker 0, v,p)F(x5,0,0,0) is a one dimensional subspace of X x R x R spanned by (0,1,0).
(3) Range 9, v,p,)F(X5,0,0,0) is a closed subspace of Y x R x R of codimension 1.

(4) aXc 6(;7,\/,171)‘7:()(:7 0,0, O)[07 1, O] ¢ Range 8(p,V,p1)‘7:(XZ7 0,0, O)

Proof. Item (1). When p = 0, using the expression of the mean curvature (4.1), we have for all § € (—m, 7],
k(0) = R%). Thus for all x. € R, we have F(x.,0,0,0) = 0.
Item (2). Let x. € R. Let £, be the linear operator defined by:

Ly, XxRxR—=Y xRxR
(P,V,pl) = ‘7:P(X0705070)[p] +‘7:V(X630a0a0)[v] +‘7:P1<XC705070)[p ]

For all (p,V,p1) € X x R x R we have:

7 0 ¢/ 0 s
Ly.(p,V,p1) = (»yp—];p _ Xe€ J;;Ct (<) / p(0)d0 — ac®x.fl . (cO)ROV cos 6
0 0 —T

+ RoV cos 0 — p1 + Xufina(0)V cos@;

2R, / p(0)do; p(0) cos b d9)

—T —T

and thus in particular for x. = x} we have:

+ i R + u/ O T s s
Lucl. Vo) = (g~ a7 0y a0 - 2mo [ pi0)a: [ i) costa).
0 0 - —T -7

The elements (p, V, p1) of Kerd(, v, F(x5,0,0,0) are therefore such that

with the conditions

/ p(0) cosdf =0,

p even function.
As p even, necessarily the condition [*_p(6)sin6df = 0 holds. The solutions to the differential equation (4.4)
are given, for all § € (—m, 7], by
2
p(0) = Acos@ + Bsinf — &pl
~y

where A, B € R.
We have:

and thus necessarily p; = 0. This leads to:

p(0) cos6dl = Am,

/
/ p(0)sinfdf = Br

s

35
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which implies A =0 and B = 0. We then have p = 0 and
Ker 9(,,v,p,)F(x%,0,0,0) = Span{(0,1,0)}.

Item (8). To prove this property, we demonstrate that:

U

Range 9, v,p,)F (X5, 0,0,0) = {(h, C1,C2) €Y xR xR s.t. h(0) cos6do = O}.

—T

Let (h,C1,Cs) € Range 9, v,p,)F (X5, 0,0,0). Thus there exists p € X and p; € R such that:

p+p"  Ro+ Xuflna(0) [
g T aO " 9)d0 - p1 = h. (4.5)
0 0 -

By multiplying it by cos @ and integrating it over [—m, 7] we obtain that necessarily h is such that:

/ h(f) cos6df = 0.

—T

Reciprocally, let h € Co%(—n,7) and p; € R. The (4.5) admits a solution in C2%(—m,7) if and only if

per per

S _h(#)cosfdf = [7_h()sinfdf = 0. The general solutions are of the form:
o(0) = (6) + 1 cos() + ko sin(),

where p is an even particular solution.

Let (h,C1,Cs) € Ranged,vp,)F(x5,0,0,0). As h € Y and is even, necessarily we have that
ST h(0)sinfd = 0. Assume that " h(f)cos@df = 0. There exists p € X solution of (4.5). Taking the
even part of the general solutions, we obtain that:

p(0) = 57(6) +2(~0)] + Ky cos(6).

We choose k1 such that [ p(f) cos6df = Cs.
Integrating (4.5) with respect to 6 yields to:

(7 _ 2n(R +Xuffmd(0))> /7r p(6)d6 — 2mp; = /7r h(6) do.

2 2
Rg aRg -7 -7

We thus choose py such that [*_p(6)df = Cy.
Item (4). For all (xc,p,V,p1) € R x X x R x R we have:

Cofaluct (CO) " 0 g 0
aXC‘CXc(p7‘/7p1): - R / p(0)do — ac act(c )ROVC059§0;0;0 .
0 -

In particular, we have for x. = x* and (p,V,p1) = (0, 1,0):
Ox. L= (0,1,0) = (—ac® fl.; (°) Ry cos650;0;0).
By contradiction, assume that

Ox.9p,v.p) F(X5,0,0,0)[0,1,0] € Range J(,,, v,p,) F (X5, 0,0,0).
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Then there exists (p, V,p1) € X x R x R such that:

7 / 4
WY Ro+><ufund(0)/ p(0) 6 + p1 = ac® fl, (°) Ry cos 6

R2 aR3 o &
/ p(9)d9:/ p(0) cos@d@z/ p(0)sinfdf = 0.

By multiplying by cos(f) and integrating the first line over [—m, 7], we obtain:

7/ p(0) costH—&—v/ 0" (0) cos 0 db

—T —T

/ ™ 4 T
N (fmﬁmi(o)/ p(a)d9+p1>/ cosﬁd&:acoféct(co)Rg/ cos” 6 do.

a -7 -7 -7

Since p € X, p is 2m-periodic and thus ffﬂ p"(0)cosdl = ffﬂ p(0) cos @ df. Then we have:

ac® fl () Rim = 0,

which is a contradiction as a > 0, f7_, (CO) >0,c”>0and Ry > 0. g

Proof of Theorem 4.1. We apply the Crandall-Rabinowitz bifurcation theorem [12] to the functional F around
the bifurcation point (x},0,0,0). Then for any complement Z = Z; X Zs x Z3 of Ker F(x%,0,0,0) in X xR xR,
there exists a neighborhood N of (x%,0,0,0) in R x X x R x R, an interval I = (—¢,¢) for some £ > 0 and four
continuous functions ¢ : I — R, ¥y : I — Z1, ¥y : I — Z3 and 93 : [ — Z3 such that for all s € I:

f(@(s)v¢1(s)’¢2(s)v"/}3(8)) = (07070)

and
©(0) =xe, ¥1(0) =0, ¢2(0) =0, 3(0)=0.

We can note that for all s € (—¢,¢), ¥1(s) denotes a function.
In particular, the Crandall-Rabinowitz bifurcation theorem implies that:

F7H0,0,0) N N = {(¢(s),5(0,1,0) + s(1(s), ¥2(s), ¥3(s))) : 8 € I} U {(xc,0,0,0) = (xc,0,0,0) € N}

and thus the solutions (x., p, V,p1) of the equation F(x., p,V,p1) = (0,0,0) are of the form:

Xe(s) = o(s), (4.6)
p(s,0) = s1(s)(0), (4.7)
V(s) = s+ swa(s), (4.8)
pi(s) = s3(s), (4.9)

where s € I and 6 € (—m,7]. In addition, they satisfy for all € (-7, 7]:

xe(0) = xz,
p(0,0) =0 and 09sp(0,0) =0,
V(0)=0 and V'(0)=1,
)

p1(0)=0 and p}(0)=0.

Thus we have for all s € I:
V(s)=s4o(s) and pi(s) =o(s).
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The proof of item (4.1) on the expression of x. follows from Lemmas 4.3 and 4.4. The proofs of these lemmas
use the fact that the functions 6 — p(0,0) and 6 — 0sp(0,0) and their derivatives with respect to € vanish.
Moreover as (X, p, V,p1) is solution of the equation F(x., p, V,p1) = (0,0,0), we have for all s € I:

/ p(s,0)cos8df =0 and (Ro + p(s,0))* — R2d6 = 0.
Thus we deduce that for all n € N we have:

T

97 p(0,0)cosfdfd =0, and 92p(0,6)do = 0.

a
Lemma 4.3. Assume
9y p(0,0) = 030sp(0,0) =0, V¥neN,Vl e (—m, 7]
Then, we have x.,(0) = 0.
Proof. For all s € I and 0 € (—m, 7], we set
2(5.0) = e (V (s), pls, 0) )=V ) Fobos0)cons.
We thus have:
2(079) — Cl(V( ) (0 0)) —aV (0)(Ro+p(0,0)) cos 6 CO.
We differentiate with respect to s the first component of F and we have for all s € I and 0 € (—, 7]:
0 =70sk(s,0) + Xc(8) fact (2(5,8)) + Xe(8) fact (2(5,0)) Os2(s, 0)
+ Xufuna(V(s)na (s, 0)) (V' (s)ni (s, 0) + V(5)9sma (s, 0))
+ V'(8)(Ro + p(s,0)) cos 0 + V(s)dsp(s,0) cos 0 — p(s). (4.10)

Evaluating it at s = 0, it leads to:

0 = v95(0,0) + X.(0) fact (CO) + X[ (co)asz(O, 0) + Xuflina(0)n1(0,0) + Rg cos 6.

As Ogp(s,0) = s0pp1(s,0), we have Jgp(0,6) = 0. We then have:
1
n1(0,0) = R—(Ro cos 0 + 9pp(0,0) sin @) = cosf.
0

Moreover, as for all s € I and 6 € (—m, 7] we have:
0s2(5,0) = (Brer(V(s), p(s,0))V' () + Bac1 (V(s), p(s,0))sp(s, 0) e~V () Fotrle.) cost
—a(V'(5)(Ro + p(s,0)) + V(5)dsp(s, 0)) cos Bey (V (s), p(s, §) e @V () Fote(s.0) cosd

As 01¢1(0,0) = 0, it follows that:
052(0,0) = —aRg cos Oc°.

Finally, using the definition of x* (cf (1.8)), we have for all € (—m, 7]:
0= 795#(0,0) + X¢(0) fact (¢°) + (Xufina(0) + Ro — xcaRoc® foey (¢”)) cos 0
= 705k(0,0) + X~.(0) fact (CO).
As for all 0 € (—m, 7] we have 9;x(0,6) = 0, it follows that necessarily x%.(0) = 0. O
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Lemma 4.4. Assume
oy p(0,0) = 05 0sp(0,0) = 0502p(0,0) =0, VYn € N,V0 € (—x,7].

Then, we have
n

ey — (Ro + Xufina(0))aRo [, " Xufuna(0) .
o) = - I (1) + g ) + e

Proof. Differentiating twice with respect to s (4.10) and using the fact that for all § € (—=, 7] we have 952(0,0) =
—ac® Ry cos § and the result of the previous lemma, it follows that, for all § € (—m, ]:

0 = 7925k (0,0) + X2 (0) fact (°) — 3ac" Rox (0) facy (°) cos 6
— 3xtac’ Ry cos 002%,2(0,0) fu, (V)
— XL () (ac” R €08 0)” + 3 Fhey (€7) 92,20, 0) + X flrha(0) cos® 0
+ 3Xuflha(0) cos? V" (0) + Xu fima(0) (V' (0) cos 0 + 392n1(0,6))
+ V" (0) Ry cos 6 + 302.p(0, ) cos 6 — p//’(0).

We multiply the previous equality by cosf and integrate in 6 over (—m,7), we thus have:

0= 8»5/@ (0,6) cos 0 df — 3mac® Rox” (0)fl.. (CO)
—3xrac’Ro fI!. / 2(0, ) cos? 6 df
3
- 1X2fé’c’t (") (ac®Ro)” +x: frea (¢ / %.2(0,6) cos 0 do

+ Xuf’" (0)7 + XuSina (Q)V"(0)7 + V™(0) Ry
From [2] (Appendix C), we have for all § € (—m,7]:
a’M
2 )

/ 2(0,0) cos0df = &

/ 2(0,0) cos 0 df = R V’”( )— o 85358;) 0,6) cos 6 d6,

0 —7
and
/ - <k(0,0) cos0df = 0.

It follows that:
3
0 = —3mac’Rox, (0) free (°) — 2Xca 3" Ro fi ()M

= LM () V(0) = B £ (<) (ac Ro)?

Ry 4
+ Xufind (0)7 + Xu fina (0)V(0)m + V™(0) Ror,
* 3M2
= —37TCLCOROf;ct (CO)X/CI(O) - 3ch¢< L;:;t (CO) e ( )) + 377Xufm (0 )
27TRO 4

It leads to: ) " 0)
v a2M M 0

"0 = Xca o0 m (.0 XuJund .

X0 = g @ e ¥ g () )+ Gy ()

We conclude using the expressions of x* and of c°. O
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5. CONCLUSION AND PERSPECTIVES

We have proved that, despite simplifying the principles governing cell motility, the model remains relevant for
its representation. It captures the phenomena of cell migration and polarization depending on the parameters.
We observe that the cell membrane has an impact on the shape of the traveling wave domain through its action
on the curvature (see Eq. (1.6)).

Furthermore, our study highlights the stabilizing effect of membrane undercooling on the cell. We can compare
the steady state stability threshold obtained without taking into account the undercooling effect, x,, = 0 see [2],
with the one obtained when this effect is taken into account. Indeed, the threshold under which the stationary
state is stable is greater than in the case where the membrane effect is neglected.

In future work extending [26], we plan to investigate different approaches to discretize the model with implicit
temporal discretization of curvature and the undercooling effect. Finite element methods are used for the spatial
discretizations. The term added by the undercooling effect requires precautions to be taken regarding the
functional spaces chosen to discretize the model. The velocity trace on the domain boundary must always be
well defined.

FunbpING
This work is supported by a public grant overseen by the French National research Agency (ANR) as part of the
“Investissements d’Avenir” program, through the “ADI 2020” project funded by the IDEX Paris-Saclay, ANR-11-IDEX-
0003-02. This work is supported by the Italian Ministry of Education, Universities and Research through the MIUR
grant “Dipartimenti di Eccellenza 2018-2022” (Project no. E11G18000350001).

REFERENCES

[1] M. Abercrombie, The Croonian lecture, 1978 - the crawling movement of metazoan cells. Proc. R. Soc. Lond. B
Biol. Sci. 207 (1980) 129-147.

[2] T. Alazard, M. Magliocca and N. Meunier, Traveling wave solution for a coupled incompressible Darcy’s free bound-
ary problem with surface tension. arXiv:2205.04365 [math] (2022).

[3] J.M. Back, S.W. McCue, M.H.-N. Hsieh and T.J. Moroney, The effect of surface tension and kinetic undercooling
on a radially-symmetric melting problem. Appl. Math. Comput. 229 (2014) 41-52.

[4] E. Barnhart, K.-C. Lee, G.M. Allen, J.A. Theriot and A. Mogilner, Balance between cell-substrate adhesion and
myosin contraction determines the frequency of motility initiation in fish keratocytes. Proc. Natl. Acad. Sci. 112
(2015) 5045-5050.

[5] L. Berlyand and V. Rybalko, Stability of steady states and bifurcation to traveling waves in a free boundary model
of cell motility (2019).

[6] L. Berlyand, M. Potomkin and V. Rybalko, Phase-field model of cell motility: traveling waves and sharp interface
limit. C. R. Math. 354 (2016) 986-992.

[7] L. Berlyand, M. Potomkin and V. Rybalko, Sharp interface limit in a phase field model of cell motility. Netw.
Heterog. Media 12 (2017) 551-590.

[8] L. Berlyand, J. Fuhrmann and V. Rybalko, Bifurcation of traveling waves in a Keller—Segel type free boundary
model of cell motility. Commaun. Math. Sci. 16 (2018) 735-762.

[9] V. Calvez, R. Hawkins, N. Meunier and R. Voituriez, Analysis of a non local model for spontaneous cell polarisation.
SIAM J. Appl. Math. 72 (2012) 594-622.

[10] V. Calvez, T. Lepoutre, N. Meunier and N. Muller, Non-linear analysis of a model for yeast cell communication.
ESAIM: M2AN 54 (2020) 619-648.

[11] V. Calvez, T. Lepoutre, N. Meunier and N. Muller, A nonlinear system to model communication between yeast cells
during their mating process. Nonlinearity 37 (2024) 045013.

[12] M.G. Crandall and P.H. Rabinowitz, Bifurcation from simple eigenvalues. J. Funct. Anal. 8 (1971) 321-340.

[13] A. Cucchi, A. Mellet and N. Meunier, A Cahn-Hilliard model for cell motility. SIAM J. Math. Anal. 52 (2020)
3843-3880.

[14] A. Cucchi, A. Mellet and N. Meunier, Self polarization and traveling wave in a model for cell crawling migration.
Discrete Contin. Dyn. Syst. 42 (2022) 2381-2407.


https://arxiv.org/abs/2205.04365

[15]
[16]
[17]
18]
[19]
[20]
[21]
[22]

[23]

TRAVELING WAVE FOR A COUPLED INCOMPRESSIBLE DARCY’S FREE BOUNDARY MODEL 1523

M.C. Dallaston and S.W. McCue, Bubble extinction in hele-shaw flow with surface tension and kinetic undercooling
regularization. Nonlinearity 26 (2013) 1639.

G. Danuser, J. Allard and A. Mogilner, Mathematical modeling of Eukaryotic cell migration: insights beyond exper-
iments. Annu. Rev. Cell Dev. Biol. 29 (2013) 501-528.

C. Etchegaray, N. Meunier and R. Voituriez, Analysis of a nonlocal and nonlinear Fokker—Planck model for cell
crawling migration. SIAM J. Appl. Math. 77 (2017) 2040-2065.

J.D. Evans and J.R. King, Asymptotic results for the stefan problem with kinetic undercooling. Q. J. Mech. Appl.
Math. 53 (2000) 449-473.

A. Friedman, A hierarchy of cancer models and their mathematical challenges. Discrete Contin. Dyn. Syst. B 4
(2004) 147-1509.

A. Friedman and B. Hu, Asymptotic stability for a free boundary problem arising in a tumor model. J. Differ. Equ.
227 (2006) 598-639.

A. Friedman and F. Reitich, Symmetry-breaking bifurcation of analytic solutions to free boundary problems: an
application to a model of tumor growth. Trans. Amer. Math. Soc. 353 (2001) 1587-1634.

M. Giinther and G. Prokert, On travelling-wave solutions for a moving boundary problem of hele-shaw type. IMA
J. Appl. Math. 74 (2008) 107-127.

K. Keren, Z. Pincus, G.M. Allen, E.L. Barnhart, G. Marriott, A. Mogilner and J.A. Theriot, Mechanism of shape
determination in motile cells. Nature 453 (2008) 475-480.

1. Lavi, Physical modeling of cell motility and morphodynamics. Ph.D. thesis, Sorbonne Université (2019).

I. Lavi, N. Meunier, R. Voituriez and J. Casademunt, Motility and morphodynamics of confined cells. Phys. Rev. E
101 (2020) 022404.

I. Lavi, N. Meunier and O. Pantz, Implicit like time discretization for the one-phase hele-shaw problem with surface
tension. ESAIM: M2AN 59 (2025) 419-448.

T. Lepoutre and N. Meunier, Analysis of a model of cell crawling migration. Commun. Math. Sci. 20 (2022) 1589—
1611.

N. Meunier and P. Souplet, Convergence, concentration and critical mass phenomena in a model of cell motion with
boundary signal production (2025).

M.S. Mizuhara and P. Zhang, Uniqueness and traveling waves in a cell motility model. Discrete Contin. Dyn. Syst.
Ser. B 24 (2019) 2811-2835.

M.S. Mizuhara, L. Berlyand, V. Rybalko and L. Zhang, On an evolution equation in a cell motility model. Phys. D
(Nonlinear Phenomena) 318—319 (2016) 12-25.

N. Muller, M. Piel, V. Calvez, R. Voituriez, J. Gongalves-Sa, C.-L. Guo, X. Jiang, A. Murray and N. Meunier, A
predictive model for yeast cell polarization in pheromone gradients. PLOS Comput. Biol. 12 (2016) 1-21.

T. Putelat, P. Recho and L. Truskinovsky, Mechanical stress as a regulator of cell motility. Phys. Rev. E 97 (2018)
012410.

P. Recho and L. Truskinovsky, Asymmetry between pushing and pulling for crawling cells. Phys. Rev. E 87 (2013)
022720.

P. Recho, T. Putelat and L. Truskinovsky, Contraction-driven cell motility. Phys. Rev. Lett. 111 (2013) 108102.

P. Recho, T. Putelat and L. Truskinovsky, Mechanics of motility initiation and motility arrest in crawling cells. J.
Mech. Phys. Solids 84 (2015) 469-505.

G. Reig, E. Pulgar and M.L. Concha, Cell migration: from tissue culture to embryos. Development 141 (2014)
1999-2013.

V. Rybalko and L. Berlyand, Emergence of traveling waves and their stability in a free boundary model of cell
motility. Trans. Amer. Math. Soc. 376 (2022) 1799-1844.

G. Salbreux and F. Jiilicher, Mechanics of active surfaces. Phys. Rev. E 96 (2017).

D. Shao, H. Levine and W.-J. Rappel, Coupling actin flow, adhesion, and morphology in a computational cell
motility model. Proc. Natl. Acad. Sci. 109 (2012) 6851-6856.

H.-R. Thiam, Cell migration under confinement: how can a cell squeeze through narrow gaps? Ph.D. thesis, Université
Paris Descartes (2014).

F. Ziebert and 1.S. Aranson, Computational approaches to substrate-based cell motility. NPJ Comput. Mater. 2
(2016) 16019.



1524 C. ALAMICHEL AND N. MEUNIER

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to
publish this journal in open access in the current year, free of charge for authors and
readers.

Check with your library that it subscribes to the journal, or consider making a personal donation to
the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.

APPENDIX A. A THEOREM OF CRANDALL-RABINOWITZ

We recall here the classical Bifurcation Theorem of Crandall-Rabinowitz [12] that we used to prove Theorem 4.1.
Given U, V two real Banach spaces and a continuous map F : R x U — V|, the goal is to analyze the structure of the

solution set
Fhul=0, (Mu)eRxU.

Theorem A.1 (Local bifurcation [12]). Let U,V be Banach spaces, W a neighborhood of (Xo,0) in R x U, and F :
W — V. Suppose that the following properties are satisfied

(1) F(A,0) =0 for all X in a neighborhood of Ao;

(2) the Fréchet partial derivatives Oy F,Ox F, 0y F exist and are continuous;

(3) Kerdy F(Xo,0) is a one dimensional subspace of U spanned by a nonzero vector ug € U;
(4) Range 0y F(Xo,0) is a closed subspace of V of codimension 1;

(5) Oauw F(Xo,0)[uo] ¢ Range d, F (Ao, 0).

Then, for any complement Z of Ker 0y, F(Xo,0) in U, there exist a neighborhood N of (Ao,0) in R x U, an interval
I = (—¢,¢e) for some e > 0 and two continuous functions

3
4
5

p:(—e,e) —R, Y:(—ee)— Z,
such that ¢(0) = Ao, ¥(0) =0 and
FHOINU = {(#(s), suo + s9(s)) : |s| < e} U{(X,0): (A,0) € N}.

Furthermore, if Oy F is continuous then the functions p and ¥ are once continuously differentiable.
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