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AN INVERSE PROBLEM IN CELL DYNAMICS: RECOVERING AN INITIAL
DISTRIBUTION OF TELOMERE LENGTHS FROM MEASUREMENTS OF
SENESCENCE TIMES

JULES OLAYE*

Abstract. Telomeres are repetitive sequences situated at both ends of the chromosomes of eukaryotic
cells. At each cell division, they are eroded until they reach a critical length that triggers a state in
which the cell stops to divide: the senescent state. In this work, we are interested in the link between the
initial distribution of telomere lengths and the distribution of senescence times. We propose a method
to retrieve the initial distribution of telomere lengths, using only measurements of senescence times.
Our approach relies on approximating our models with transport equations, which provide natural
estimators for the initial telomere lengths distribution. We investigate this method from a theoretical
point of view by providing bounds on the errors of our estimators, pointwise and in all Lebesgue spaces.
We also illustrate it with estimations on simulations, and discuss its limitations related to the curse of
dimensionality.
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1. INTRODUCTION

Biological motivation. Linear chromosomes of eukaryotic cells have repeated sequences of nucleotides called
telomeres at each of their two ends. These regions are non-coding, and prevent fusion between chromosomes.
At each cell division, for each chromosome, one of its two telomeres is slightly shortened because the enzyme
responsible for the DNA replication is unable to copy the last nucleotides of the DNA. This phenomenon is
called the end-replication problem [39]. As telomeres progressively shorten, a cell may eventually reach a critical
threshold in which telomeres are not long enough to protect the coding regions of DNA from degradation. To
prevent this issue, when the shortest telomere of a cell attains a certain length, which is around 27 base pairs
for the yeast [33], the cell enters a state called senescence [1,8,24,40]. This state is characterised by the fact
that the cell stops dividing, thus avoiding the loss of coding DNA. Understanding this phenomenon may help
to understand how cancer cells can emerge. The main reason is that cancer cells have mutated to be able to
lengthen their telomeres, preventing them from senescence and allowing them to proliferate [34].

Presentation of the problem. Since the criterion for a cell to become senescent is given by the lengths
of its telomeres, initial lengths distribution and fate of cell lineages/population are deeply connected. In [33],
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this link was studied with the following approach: how do the initial telomere lengths influence the fate of
cell lineages/populations? Specifically, the authors investigated how the parameters of the initial distribution
affect the population half-life time. In the current paper, we aim at understanding this link with the opposite
approach. To do so, we propose to solve the following inverse problem: recovering the initial distribution of
telomere lengths when only the senescence times distribution of cell lineages is observed.

Informal description of the models. To address the issue presented above, we use two deterministic
telomere shortening models, whose dynamics are inspired from the stochastic models developed in recent
years [2,5,6,8,24,28,33]. These models represent the mean value of telomere lengths concentration in cell
lineages. They can be derived from stochastic telomere shortening models by proceeding as in the proof of The-
orem 2.2.7 in [27], in which a deterministic telomere shortening model is derived from a stochastic popula-
tion model by computing the mean value of telomere lengths concentration. The first model corresponds to a
toy model for mathematical investigations, representing the evolution of cell lineages with only one telomere,
see (2.1). In this model, cells are structured according to the length of their telomere 2z € R ;. The second model
is a more biologically relevant one, and represents cell lineages with several telomeres, see (2.5). Each chromo-
some in a cell has two telomeres, one at each end. Thus, denoting by k& € N* the number of chromosomes of the
species we study, cells are structured by the lengths of their telomeres x € ]Rf_k . In each model, the quantities
modelled by our equations are the telomere lengths density over time, and the senescence times distribution.
We assume that cells divide at a constant rate, and that at each division, the telomere (in the model on Ry) or
one telomere by chromosome (in the model on Ri’“ ) is shortened. We model senescence by a cemetery state, and
assume that cells enter this state when one of their telomeres has a length below a threshold. This threshold is
set to 0 for simplicity, as any other threshold value is equivalent to 0 by translation of the trait space. These
dynamics give us a system of two integro-differential equations, including the deterministic equation of a jump
process as a first equation, and the rate at which one of its coordinates reaches 0 as a second equation.

Difficulty. The main difficulty in solving this problem is that we work with integro-differential equations,
which are non-local equations. This non-locality implies that we lose information about the telomere lengths
distribution when only the senescence times are observed. Indeed, the models involve an integral over possible
telomere lengths at the entry into senescence, see the second lines of (2.1) and (2.5). Thus, the value of the
telomere length that triggers senescence is not observable in both models. This loss of information implies that
the inverse of the operator linking the initial telomere lengths distribution and the senescence times distribution,
if it exists, cannot be continuous, see Remark 2.2. The inverse problem is thus ill-posed in the sense of Hadamard
or Tikhonov, see Definitions 2.1.1 and 2.1.3 in [20]. This also implies that it is difficult to prove that the operator
mentioned above is invertible.

Estimation strategy. The estimation strategy we use consists in adapting the approach developed in [3,13] to
our setting. This approach allows us to retrieve a well-posed inverse problem, at the cost of an approximation.
First, we assume that the telomere shortening values are small and that the cell division rate is high. This is
biologically relevant because the average telomere shortening value is much smaller than the initial telomere
length, see Section 2.3. Then, we obtain approximations of our models by transport equations with an absorption
into a cemetery state at the boundary of R, or R%f. Finally, we use the method of characteristics to construct
estimators of the initial distribution on these approximated models.

Review of the literature. Inverse problems in cell biology have been widely studied over the last few years [3,7,
12,13,29]. Among all these works, our article is in line with the following works in protein depolymerisation [3,13].
Precisely, as in these articles, we have a trait that progressively degrades over time, and our aim is to retrieve the
initial distribution of the trait. In [13], the approximation used is a transport-diffusion equation (second-order
approximation) instead of a transport equation (first-order approximation). The present work is thus more in
line with [3] in which a first-order approximation is done, justified later in [13]. In our case, a second-order
approximation can also be done to construct an estimator for the model in R . This study has been conducted
by the author, and will be presented in an upcoming article.
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Integro-differential equations such as those described by our models, see (2.1) and (2.5), have been well-
studied in the literature [4,15,19,23], and are often referred to as Volterra or Lotka—Volterra equations. However,
the theoretical study of mathematical models representing telomere shortening is very recent, and still quite
unexplored. The main articles we can cite are [5,6] or [28]. In these works, the question of the existence of
a stationary profile was addressed. Previously, studies were conducted from a biomathematical or numerical
perspective [8,16,24,32,33,36,40]. In some of these works, model approximations have been studied and jus-
tified from a modelling perspective [32,36]. However, to the best of our knowledge, theoretical results on the
approximation of telomere shortening models have not yet been obtained.

Main contributions. Our first contribution is to provide qualitative bounds for the approximation errors of
our models and the errors of our estimators, pointwise and in all Lebesgue spaces. Specifically, we obtain bounds
on the approximation and estimation errors that decrease exponentially fast after a certain length and a certain
time. This completes the approximation result obtained in [13], in a discrete model similar to ours. In their
work, a result in L2-norm for the approximation error was obtained with a bound increasing linearly with the
time. Our main idea to obtain these new bounds is to rewrite the approximation errors of the telomere lengths
densities as the integral of several sub-errors, see (3.19). This integral representation allows us to highlight for
all 0 < s <t how the error generated at time s still influences the error at time ¢. Then, thanks to a maximum
principle, we show that this error dissipates exponentially fast.

Our second contribution concerns the extension of the estimation to a multidimensional setting, i.e., to the
case where cells have several telomeres. From a theoretical point of view, we show that the estimator is less
straightforward to obtain, as it requires a careful control over the rate at which cells remain outside the cemetery.
From a practical point of view, we highlight the difficulties related to the curse of dimensionality and extreme
value theory.

Organisation of the paper. First, in Section 2, we present the models and the estimators we use, and state
the main result of the article. Then, we prove the main result for the model with one telomere and the model
with several telomeres in Sections 3 and 4 respectively. Thereafter, we illustrate in Section 5 the quality of our
estimators on simulations and data. Finally, we discuss the limits and the prospects of our work in Section 6.
Auxiliary statements are presented in the Appendix A, as well as the proof of certain results given during the

paper.
2. PRESENTATION OF THE MODELS AND THE MAIN RESULT

This section is devoted to the presentation of the notations and the results of the paper. First, in Section 2.1,
we define the two models that we study. Then, in Section 2.2, we introduce our estimators, and give the
assumptions and the main result of this work. Finally, in Section 2.3, we explain our choice of studying a model
with only one telomere, and discuss our assumptions.

2.1. The models

Our goal is to have models representing the microfluidic experiments presented in [41], as our data are derived
from them, see Section 5.3. In these experiments, cell lineages are tracked over time in microcavities until their
last cell becomes senescent. Biologists then observe the senescence times of each lineage. We therefore need
models which describe the telomere lengths distribution over time in lineages, and the time at which their last
cell becomes senescent.

In both of our models, we assume that cell division times are distributed according to an exponential law
with parameter b > 0. We consider § > 0 the maximum shortening value, and g : [0,5] — R, a probability
density function representing the distribution of telomere shortening values at each division. We assume that g
has finite first and second moments, and introduce the following constants and functions

) . B min(z,g)
Vie{l,2}: m,; = / u'g(u)du, and VeeR,: G(z):= / g(s)ds.
0 0
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We also consider a non-negative function ng € L'(Ry) verifying ||no||z: @, ) = 1. This function represents the
initial telomere length distribution in the model with one telomere, and the initial length distribution for each
individual telomere in the model with several telomeres. The goal of this paper is, thus, to infer this initial
distribution knowing the distribution of senescence times.

Model with one telomere. In the first model, we assume that each cell has only one telomere. This is not
biologically realistic because a cell has always several telomeres, since each chromosome of a cell has two of
them. However, this model helps us to gain mathematical intuition, and it is discussed in Section 2.3 how this
model can be used in practice.

Cells are structured according to their telomere length that belongs to R;.. We consider the density of telomere
with length = > 0 at time ¢ > 0 when several lineages are tracked, denoted n(!) (¢, z). We also consider the rate at
which cell lineages enter senescence at time ¢ > 0, denoted n(al) (t). In fact, ng) can also be seen as the senescence
times distribution by Remark 2.1 below. In this model, at each cell division, the telomere of the dividing cell
is shortened by a random value distributed according to g. If after this shortening, its telomere length is still
greater than 0, then the cell remains in the dynamics. Otherwise, the cell goes to the cemetery, i.e. becomes
senescent. Thus, the probability that the length y > 0 of the telomere of the dividing cell becomes negative

after shortening is fm G(v)dv =1 — G(y). Recalling that ng is the initial telomere length distribution, we

in(y,9)
then consider the following system of integro-differential equations

oW (t,x) = bf nM(t, z +v)gv)dv —bnM(t,z), Vt>0,2>0,
)

né”() b L2 nD(t,y)(1 = Gly)) dy, >0, (2.1)
n(l)(oa r) = ng(x), Vax > 0.

This system corresponds to the above description, and is our first model for telomere shortening. When we

study this model, our aim is to estimate ng when ng) is observed.

Remark 2.1. By integrating both lines of (2.1), we have conservation of the number of individuals, i.e. that

forallt >0
“+oo [e%e]
/ (1)(15 x)dx—i—/ (1)( )ds:/ n(l)(O,x)dm: 1.
0 0 0

The above yields that (1) s)ds =1 by letting ¢ tend to infinity, and that n(l) <bforalt>0 by the
0

second line of (2.1). The fact that né ) is bounded by b comes from the fact that the senescence rate cannot be
higher than the division rate.

Remark 2.2. Let us denote the following sets, endowed respectively with the L'-norm, and the sum of the
L'-norm and the L°-norm,

F={feL'R)|f>0,Ifllo@) =1}
Fo={fo e '®)NLZR)| fo 20, lfolli,) = L [ follpw e,y < b}

We also consider Wy : F — Fp the operator such that for all f € L'(Ry), Uy(f) corresponds to the cemetery n( )
of (2.1) when ng = f. This operator is well-posed by Proposition A.1 and Remark 2.1. In view of Proposition A 5
with € = bg(y) dy, if (Uy) ™" exists, then it is not continuous (even if its domain is restricted on Wy(F)). As a
consequence, the inverse problem of estimating ng from n((;) is ill-posed in the sense of Hadamard and Tikhonov,
see Definitions 2.1.1 and 2.1.3 in [20]. This difficulty is what motivates us to obtain a model approximation.

Model with 2k telomeres. We now create a model which takes into account the fact that a cell has several
telomeres. We denote by k € N* the number of chromosomes of the species we study. Each chromosome
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has 2 ends, so each cell has 2k telomeres. Hence, we use the space Rik to represent telomere lengths in our
second model. For all i € [1,k], the ith and the (i + k)th coordinates of a vector in R?" represent telomeres
on the same chromosome (the chromosome i). At each cell division, for all ¢ € [1, k], we have the following
biological constraint:

— Either the telomere linked to the coordinate ¢ is shortened and the telomere linked to the coordinate i + k
is unchanged, with probability 1/2,

— Or the telomere linked to the coordinate i + k is shortened and the telomere linked to the coordinate 7 is
unchanged, with probability 1/2.

To take into account this, we introduce the following set
T = {1 € P([1,2k]) | #I =k, V(i,j) € I*: i # j => imod k # jmod k}, (2.2)

where P([1,2k]) is the power set of [1,2k], i.e. the set that contains all subsets of [1, 2k]. The set Z;, contains
all the possible combinations of telomeres that can be shortened at each division. In particular, the condition
in its definition represents the fact that only one end of the chromosome is shortened at each division. When a
cell divides, we draw one set I € 7 uniformly to know the indices where there is a shortening for the daughter
cell we follow.

Example 2.3. When k& = 2, we have
Iy = {{17 2}7 {17 4}7 {27 3}7 {37 4}}

If at a cell division, we draw {1,4} € Z (probability 1/4) as a set where indices are shortened, then there is a
shortening in the coordinates 1 and 4, and the coordinates 2 and 3 stay unchanged.

We also introduce the following measure for all I € Zj,

AP (v) = ng(vi)dvi] H do(dw;) | . (2.3)

el i€[1,2k]\1

This measure represents the shortening distribution at each division, knowing the fact that the shortened
telomeres are those in I. Dirac measures represent the fact that the coordinates in [1, 2k]\I are unchanged, and
the measures (§(v;) dv;),;c; that the coordinates in I are shortened.

Finally, we consider )

di(v) := o Z dp®D (v). (2.4)
IET,
This measure represents how telomeres are shortened at each division, taking into account all the possible
combinations of telomeres that can be shortened at a division. The term 2* comes from the fact that #(Z) = 2,
see Lemma A.G.

We denote by n(?%) (¢, ) the density of telomere with lengths = € Rf_k at time t > 0. We also denote by n(azk) (t)
the density of senescence times at time ¢ > 0. We assume that at each division, the telomeres of the dividing cell
are shortened by a random value distributed according to i, and that it becomes senescent if one of its telomere
has a length below 0. Then, the probability that a cell with length y € Rik becomes senescent after division
is i({v € R¥ |y — v ¢ R?*}). We also assume that the initial lengths distribution is n(?*)(0,z) = Hfil no(x;),
and refer to Remark 2.4 for more details about this choice. From the above description, we have that our second
model is the following system

AR (t, ) = vae]Rik nCR(t, 2+ v) di(v) — b.nP (8, ), vt >0,z € R,
ng (1) = b ey 0P y)A({v €RY |y — v ¢RI dy, W20, (25)

”(Qk)(oﬂf) = Hzil no(xi), Vx € R?f.
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. N . 2k) .
Again, our aim is to estimate ng when né ) is observed.

Remark 2.4. Our assumption that n(2%)(0,2) = H?ﬁl no(z;) for all x € R?* is the same as in [24,33,40], and
allows us to simplify computations. However, there are currently no theoretical or simulation-based results to
support that this assumption is biologically relevant. Further studies will be conducted in this regard.

Remark 2.5. By adapting the computations done in Remark 2.1, we also have conservation of the number

of individuals for this model, and that ”(a%) is bounded by b. In particular, the following equalities hold, for

all ¢t > 0,
Lo T ok
/ n®) (¢, 2) da +/ n(; )(s) ds=1, and n®R) (¢, ) da :/ néz )(s) ds. (2.6)
z€R3F 0 zeR3F t
Remark 2.6. For the same reasons as those presented in Remark 2.2, retrieving ngy from n(;k) is an ill-posed
inverse problem in the sense of Hadamard and Tikhonov, see Definitions 2.1.1 and 2.1.3 in [20].

2.2. Assumptions and main result

The main result of this work is the construction of estimators for the initial distribution of telomere lengths
in both models, with their respective error of estimation. We begin by presenting the main hypothesis of this
work and some notations.

Assumptions. Our main result assumptions are the following. They are verified for example when ng is the
density of an Erlang distribution. We study this case in detail in Section 5.

(H;): There exist N > 0 (large), § > 0, g : [0,0] — R4 a probability density function and b > 0 such that

5:%, Ve €1[0,6]: g(z) = Ng(Nz), and b=bN.

Hy): It holds ng € W%(R,), and there exist A > 0, Cy > 0 and C} > 0 such that for all z € R
+ A +
Ing(x)| < Crexp(=Az), and |ng(z)| < Chexp(—Az).
(Hs): There exists Dy > 1 such that for all x € Ry
no(z) < Dydexp(—Az).
: i Z A Jw 't - i ) w ) =
(Hy): There exist w > A, f, : Ry — R4 non-decreasing, and D, € (0, 1] such that for all z >0

D, fu(z) exp(—wz)
[ fu(y) exp(—wy) dy

The above assumptions are further discussed in Section 2.3. Let us only emphasise one crucial point: in (Hy),
N is assumed to be large. Then, when a result is stated, one needs to imagine that N — 400 to understand it.

no(z) >

Notations. First, we denote the equivalents of (17;) ;¢ o, and G for g:

min(z,d)

5
Vie{1,2}: m; :z/ u'g(u)du, and VreR,: G(z):= / g(s)ds.
0 0

Then, we introduce the equivalents of (ﬂu )) 1oz, and f for g

€1y

VIeT): duh(v):= ng(vl) dvi] H do(dv;)|, and dp(v):= 2% Z dpD (v). (2.7)

i€l i€[1,2k]\1 I€Ty
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Thereafter, for all d € N* and £ finite measure on R‘i, we consider £(§) the Laplace transform of ¢, defined for
all p € C such that Re(p) > 0 as:

d
L)) = / exp | —p> s | €(du). (2.8)
=1

d
u€RY

Finally, we define the following three constants:

=) s ()]
" :=;;[1—<a<g><;>>'“}

In view of the fact that L(g fo = 1 and the definition of the derivative, we have that
limy s qo0 AN = _ME@)'©) /\. By the formula of the derivative of the power of a function, we also have
that imy_ 400 Ay = A and limy_, oo wh = w. Then, as N is supposed large, Ay and M\ correspond to
approximations of A, and w/ to an approximation of w.

(2.9)

Estimators and main result. To estimate ng from the observations of ng) or n(g%), we use the estimators

ﬁgl) and ﬁfﬁ’” respectively, defined for all x > 0 as
| L ()
~(1 DY ~(2k "o\ iy
g (@) = — E9)( >, Ach (z) == — - : (2.10)
bm1 bm1

kb L= 2%
' <f0201 ng%)(s) d5>

by

The estimator on the left comes from the approximation of the pair (n(l),ng)) by a transport equation with
drift —bm; and an absorbing state at x = 0, see Section 3. Thanks to this approximation, we have by using the
method of characteristics that n( )( t) is close to bming(bmqt) for all t > 0 (see (3.6)). Therefore, by first taking
t = 5, then dividing both terms by bmq, and finally using the following equality that comes from the change

of variable v’ = § and (H;):

s

s N ~
bmy = b/ ug(u)du = bNQ/ W' g(Nu')du' = by, (2.11)
0 0

1 (1)(

ng ~7;’;1) is close to ng(z) for all z > 0.

b

The estimator on the right of (2.10) also comes from an approximation of (n(%)mgk)), see Section 4.

This time, the approximated model is a transport equation with drift —mel in each coordinate, and with an

absorbing state at the boundary of Rik . Here are the steps to obtain the estimator. First, by (2.6), our model

approximation, and the method of characteristics, we have that erOO (%)( ) ds is close to [flinof’t no(s) ds] o
2

for all t > 0 (see Rem. 4.3) Then, by taking both terms to the power - and differentiating, we have that

2k
2k (;k)(t)[ . (%)( )ds] E is approxnnatlvely equal to b’;“ ( ) for all ¢ > 0. Finally, by taking
Fi
t= ﬁ, then multiplying by 72—, we have that kbm ngk)(bml) [f 2= ng )( ) ds] 2" ! is close to no(x) for all

x > 0. This last result justifies the expression of the estimator, because bm; and by are equals, see (2.11). We
detail more rigorously these steps in Sections 3 and 4. This leads to the following result, which provides upper
bounds on the errors between the estimators defined in (2.10) and ng.
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Theorem 2.7 (Main result). We recall the constants An, Ny and wly defined in (2.9). We also consider the
constant By = (A + 2kNy) — (w + (2k — 1)w)y). The following statements hold.

(a) Assume (Hy)—(Hs). Then, there exists ¢c; > 0 such that for all x > 0
36 (@) = no(@)| < S+ 1) exp(=Ava),

where ¢, depends only on g, C, C} and Dj.
(b) Assume (Hq1)—(Hy). Then, there exists di > 0 such that for all x > 0

d D 2k
\ﬁé”“) (x) — no<x>\ <+ (5 ) (K?x + k + 1) exp[— ],

where dy depends only on g, 6, A\, Cx, C4, Dx, and D,,.
Remark 2.8. From the above, we have that the pointwise errors tend to zero when N — +o0.

Let us comment on the dependence on z of the bounds in Theorem 2.7. First, assume that A + 2k\y >
w+ (2k — 1)w'y. Then, for each of the estimators, the bound contains a term corresponding to a linear growth in
x, and a term corresponding to an exponential decay in x. The linear growth is related to the accumulation of
errors during the model approximation. The exponential decay is related to the fact that the influence of past
errors dissipates over time at an exponential rate. In the case where A + 2kXy < w + (2k — 1)w/y, there is no
exponential decay for ﬁ(()%). This is because the term in the denominator of ﬁ(()%), which tends to 0 exponentially
fast, compensates for the dissipation and leads to an exponential growth of the error. The fact that there is a
condition for having an exponential decay is consistent with the fact that the hazard rate function associated
to a given density, which is similar to ﬁ(()%), may explode when z — 400, see Sections 7.VI and 7.IX in [21].
However, the condition A + 2k > w + (2k — 1)w)y is not optimal, as discussed in the penultimate paragraph
of Section 6. This opens new perspectives, notably to improve our bounds.

Let us now comment on the dependence on k of the bound obtained in Theorem 2.7 (b). We observe that two

terms contribute to the k-dependence of the error. The first one is the term (52 )21@. It implies that the error

bound grows exponentially when the number of chromosomes increase. In fact,wthis growth is mainly related
to the fact that our assumptions are not optimal, which leads to a non-optimal bound. This non-optimality is
due to the fact that comparing ng with the densities presented in (H3) and (Hy) results in a loss of information
about ng, and that this loss is multiplied when the dimension increases. We would like to manage this loss

of information in a future work in order to obtain a bound without the term (%)zk. The second term that

contributes to the k-dependence of the bound in Theorem 2.7 (b) is the term k?z + &+ 1. It is related to the fact
that the size of the space Ri"“‘ becomes larger when k increases, making the model more difficult to approximate.
In fact, the dependence on k of the error causes problems when one is interested in species for which 2k is large,
such as yeast cells (2k = 32) or human cells (2k = 92). This issue is further studied in Section 5.1.3.

We now need to ensure that the accumulation of the pointwise errors does not lead to an explosion of the
global error. To verify this, we obtain from Theorem 2.7 and the fact that f0+°° xPe P dg = F(zj—_ll) forall 3 >0

B
and p > 0 the following corollary. It provides bounds on the errors of our estimators in all Lebesgue spaces.

Corollary 2.9 (Estimation errors in Lebesgue spaces). We recall the constants Ay, Ny and w'y defined in (2.9).
We also consider the constant By := (A + 2kXy) — (w + (2k — 1)wly). The following statements hold.

(a) Assume (H ) (Hg). Then, ’07 allp > 0 we have
)

[l La <(p+1)
Lr(R+) (Anp)'t

where ¢1 is the same constant as in Theorem 2.7 (a).

't:\>—‘ =
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(b) Assume (Hy)—(Hy), and that 8% > 0. Then, for all p > 0, we have

[ o < (B2 M ERGERI LY
b eeo TNAD @ )

where dy is the same constant as in Theorem 2.7 (a).

From the above, we have that if A + 2kXy < w + (2k — 1)wy, then the accumulation of the pointwise errors

for ﬁégk) is too large to get a result in norm, due to the exponential growth of the pointwise errors (linear when
A+ 2kNy =w+ (2k — L)why).

2.3. Discussion about the single-telomere model and the assumptions

We conclude this section by explaining why we work with a model with one telomere, and discussing our
assumptions.

Relevance of using a model with one telomere. As said in the presentation of the first model, up to our
knowledge, there is no species with only one telomere. However, there are at least two good reasons to work
with such a model.

— It is possible with experimental methods to place ourselves in a setting very similar to the study of cells
with one telomere, see p. 112 in [42].

— It has been deduced numerically in Figure 5.a of [8], which studies a discrete probabilistic model with the
same dynamics as those presented in (2.5), that 60% of senescence times are signalled by the telomere that
was the shortest at the beginning of the dynamics, so that this telomere quite often signals senescence.
Therefore, even if the approximation is rough, we can assume that the shortest telomere at the beginning
always signals senescence to gain first insight. Under this approximation, it is sufficient to use a single-
telomere model.

Discussion about the assumptions. Let us present the consequences of our assumptions, how they are useful
in our proofs, and why we made them.

— (Hj): This is the key assumption of this paper, as it allows us to justify that we can approximate our models
by transport equations, see Sections 3.1 and 4.1. Since N is assumed to be large, this assumption means
that the shortening values are small compared to the scale where telomere lengths are initially distributed.
This assumption that the shortening values are small is supported by the following biological reality:

e The average telomere length of the budding yeast is of the order of 300 base pairs [31], and the average
shortening value is of the order of 7.5 base pairs [16]. The ratio between these is % = 4—10 = 2.5%, which
is small.

e The average telomere length of the human is of the order of 12.5 kilobase pairs [31], and the average
shortening value is of the order of 0.125 kilobase pairs [17]. The ratio between these is 0£%?55 = ﬁ = 1%,
which is small.

By the above explanation, we have that N = 40 when we study the budding yeast, and N = 100 when we
study the human.

The assumption on b means that we work on a time scale where division times occur very frequently. This
allows us to compensate the fact that the shortening values are small, and to avoid to have senescence times
that tend to infinity when N — +o00. This assumption also implies that the constraints

[

<b=bN and H"(;k)HL o, SD=DN (2.12)
(R4
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presented in Remarks 2.1 and 2.5 become by letting N go to infinity:

< 400 and Hn(%)H < 400,

a
H L>~(Ry) L>~(Ry)

which is no more restrictive. Hence, in the rest of the article, when it is required to approximate or esti-
mate ng, we do not try to satisfy (2.12).

— (H3): Due to a second-order Taylor expansion, the errors between the approximated models and the original
models are mainly given by the second derivative of ng, see Section 3.3. The inequality on the left-hand side
of (H2) allows us to have a control on it.

The inequality on the right-hand side, for its part, allows us to have a control on the variation of telomere
length density close to 0. Controlling this is important because cells susceptible to become senescent have
telomere lengths close to 0. For more information, we refer to Sections 3.4, 3.5 and 4.5.

— (Hs3): The approximation error for the model with several telomeres does not only depend on the derivatives

of ng, but also on ngq itself. This assumption allows us to control it.

— (Hy): This assumption allows us to obtain a lower bound for f;r (6%) (s)ds, for all ¢ > 0. It is important to

(3%)(5) ds appears in the expression of ﬁé%), see (2.10),

. +oo
have such lower bound because the inverse of ft n

and tends to 0 when ¢ — +o0o. Therefore, if the decay of the function t — ft+ ds is too fast, then

n(()%)( ) explodes when = — +o0.

3. THE SINGLE-TELOMERE MODEL

We begin by bounding the error done by ﬁ(()l), i.e., we prove Theorem 2.7 (a). This statement follows almost

directly from the model approximation. First, in Section 3.1, we successively rewrite (2.1) using the parame-
ters introduced in (H;), explain how an approximation can be obtained from this rewriting, and prove Theo-
rem 2.7 (a) assuming the approximation is true. Then, in Section 3.2, we present the auxiliary results necessary
to obtain this approximation. Thereafter, in Sections 3.3 and 3.4, we prove these auxiliary statements. Finally,
in Section 3.5, we prove the model approximation. Throughout this section, we assume that (H;) holds.

3.1. Model approximation and proof of Theorem 2.7 (a)

The approximation of (2.1) is obtained by letting the scaling parameter N, introduced in (H;), tend to
infinity. Thus, we need to rewrite (2.1) to make N appears. Let us start with the first line of (2.1). In this
equation, we replace b with bN, then g(v) with Ng(Nwv) for all v > 0, and finally § with ‘5 . Thereafter, we do

the change of variable v = Nv, and place n(l)(t x) inside the integral by using that fo v)dv = 1. We obtain
that for all £ > 0, z > 0,

)

oV (t, x) = bN2/ nW(t, 2 +v)g(Nv)dv — bN - nM (¢, z)

6 1
= bN/ {n(l) (t,ﬂc + U) — n(l)(t,x)}g(v’) dv’.
O N

Now, we rewrite the second line of (2.1). First observe that by the change of variable w’ = %, we have for all
v E [O, %}

(3.1)

Nv v v
G(Nv) = /0 g(w)dw = N /O g(Nw') du = /0 G dw’ = G(v), (3.2)

In view of the above equality, in the second line of (2.1), we successively replace b with bN, G(v) with G(Nwv)
for all v > 0, and finally § with %. Then, we do the change of variable v = Nv. It comes the following rewriting,



RECOVERING AN INITIAL TELOMERE LENGTHS DISTRIBUTION FROM SENESCENCE TIMES 1091

for all t > 0,
L 2 5 o
ni(t) = bN/ nM(t,v)(1 — G(Nv)) dv = b/ n® (t, N) (1-G))dv'. (3.3)
0 0

By combining (3.1) and (3.3), we now have below a new expression for (2.1) in which N appears

RS (t x) = be nW(t,z+ L) —nW(t,z)]gv)dv, Vt>0,z>0,
(1) bf nW(t, £)(1 - G(v))dv, vt >0, (3.4)
(1)(()’ ) :Tlo( )7 VCI?ZO
We aim to derive a system corresponding to the limit version of (3.4) as N — +oco. In fact, this system can

be intuitively obtained. To do so, one has to observe that by the definition of the derivative and the equality
f06(1 —G))dv = f06 vg(v) dv = my (integration by part), we have the following two results, for all ¢ > 0,

5 v 5
N/ [n(l) (t, x4+ —) —nW(t, x)}g(v) dv = / [v@n(l)(t, x)} g(v) dv = m19,nV(t, z),
0 N 0

N—+oco

/Oén(l)(t7;>(1_(;(v))dv ~  min(t,0).

N—+o00
Then, by plugging the above in (3.4), we can conjecture that the following approximates (3.4)

M (t, ) = bmy O,uD (¢, z), vVt >0,x >0,

uy (t) = bmyu(t,0), Wt > 0, (3.5)
uM(0,2) = no(x), vz > 0.

Remark 3.1. By using the method of characteristics to solve the first line of (3.5), and then plugging the
solution in the second line, we have for all t > 0, =z > 0,

uV(t,z) = ng(bmit +z), and ug)(t) = bmyng(bmat). (3.6)

In fact, our conjecture can be rigorously proven. Specifically, the following result, proved in Section 3.5,
provides bounds on the pointwise errors between (3.4) and (3.5).

Proposition 3.2 (Pointwise approximation errors, one telomere). We recall the constant Ay defined in (2.9).
The following statements hold.

(a) Assume (Hy)—(Hsz). Then, there exists ¢y > 0 such that for allt > 0, x > 0, we have
M M cobt
‘n (t,z) —u'M (¢, a:)’ < N exp(—bmiAnt) exp(—Az),

where ¢, depends only on g and C).
(b) Assume (Hy)—(Hz). Then, there exists ¢i > 0 such that for all ¢ > 0, we have

‘ (1) t)‘ < cib(bmit +1) .

N Xp(_bmlANt)u

where ¢} depends only on g, Cx and CY.
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Remark 3.3. As done in Corollary 2.9, the errors in all Lebesgue spaces between n(!) and u(!), and ng) and ug)
can be bounded thanks to the above inequalities. We do not state these bounds as they are not necessary to

prove our main theorem.

The main interest of Proposition 3.2 is that it allows us to get a bound on the error done by ﬁél). To obtain
it, first observe that by the right-hand side of (3.6), it holds ng(z) = = g) (ﬁ) for all z > 0. Then, in

bmy

view of the definition of n no given in (2.10) and equation (2.11), we have by applying Proposition 3.2 (b) the
following corollary, which directly implies Theorem 2.7 (a).

Corollary 3.4 (Pointwise estimation error, one telomere). We recall the constant A\ defined in (2.9). Assume
that (Hy)—(Hz) hold. Then, for all x > 0, we have

w2 \_of =\ atl)
nﬁ (bTﬂl) u6 (bTﬂl)’ - ﬂllA[ eXp( ADJ$L

where ¢} is the same constant as in Proposition 3.2 (b).

1

bﬂ%l

g (@) — o) =

From the above, if we manage to justify that Proposition 3.2 is true, then Theorem 2.7 (a) will be proved.
Explaining why this proposition holds is thus what we do in the next subsections. In particular, we now present
the main arguments and the auxiliary statements used to obtain it.

3.2. Plan of the proof of Proposition 3.2

The proof of the first statement of Proposition 3.2 consists in controlling the absolute value of (") :=

n® — 4. To do so, we first obtain an equation verified by @("). By taking the difference between the first
Yy y g

lines of (3.4) and (3.5), then decomposing n") with the equality n") = 7 + ™, and finally using that

bml—be5 L g(v) dv, we have for all t > 0, z > 0,
oV (t,z) = bN/ t x+ N) —n(l)(t,x)} (v) dv — bmy B uV (L, x)
= bN/O H(l) t,x + %) - ﬂ(l)(t,x)} g(v)dv (3.7)

5
e 2N M — Yo um
—I—bN/O [u (t,x—I—N) u (t, x) N(‘)wu (t,x)}g(v)dv.

Therefore, if we are able to bound a solution of the above equation, then Proposition 3.2 (a) will be proved.
The following lemma, proved in Section 3.3, allows us to do this. This lemma is stated for equations in a
multidimensional trait space instead of only R, as we use it later in Section 4.4 for the approximation of the
model with several telomeres.

Lemma 3.5 (Key lemma for approximating lengths densities). Let d € N*, ¢ a probability measure on R? with

finite first and second moments, and F : Ry x Ri — R. We also consider ug the solution of the following
integro-differential equation, for all (t,z) € Ry x R%,

+bN

d
veERY
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with initial condition ug(0,-) = 0. Assume that there exist o, 5> 0 and C > 0 such that

d
V(t,x) € Ry X ]Ri : sup (|6wxz,F(t,x)D < Cexp (—at — ﬂ2x1> , (3.9)

(¢,0)e[1,d]? i=1
bN(l — L) (ﬂ>> <a (3.10)

N
Then, denoting the constant oe = 321y yi<y [, cpe Vever&(dv), we have for all (t,x) € Ry x RY
SHEES +
d
btCoe¢ Ié]

’udt, x)‘ < SN SXP [—bN (1 — L&) (N))t} exp (—6 ; xi> . (3.11)

One can easily see that (3.7) is an equation of the form given in (3.8) with d = 1, u¢g = M ¢ =gand F = uW,
The proof of the first statement of Proposition 3.2 is thus to check the assumptions of Lemma 3.5, and then to
apply it. We do this in Section 3.5.

To prove Proposition 3.2 (b), we need this time to control }ﬂg) ’ = ‘ng) — ug) ’ Again, we do this by obtaining
the equation verified by ﬂg), and then applying a general lemma. By taking the difference between the second
lines of (3.4) and (3.5), then decomposing n!) with the equality n(Y) = @ + 4!, and finally using that
f06(1 —G(v))dv = f06 vg(v)dv = m; (integration by part), we have for all ¢ > 0

5
W (p) = (g 2 1)
uy'(t)=0b [ n'V (¢, (1-G(w))dv —bmyu'r(t,0)
’ /0 ( N) 1 (3.12)

=0 /70 )= otonae o [0 ) - o0] - G

We thus need to control an equation with the same form as (3.12), and the second statement of Proposition 3.2
will be proved. This control is done by using the following lemma, that is proved in Section 3.4.

Lemma 3.6 (Key lemma for approximating cemeteries). Assume that the assumptions of Lemma 3.5 hold.
We consider a set of functions (hi)ie[[l,d]] from Ry x R to R and C' > 0 such that for allt > 0, z € R%
and i € [1,d], it holds

|hi(t,z)| < CTi ep | —bN 1—L(€) 5 t—p Zd: ; (3.13)
i\l T)| = N Y N ' . “TJ : .
J=1,j#t
We denote the function ve : Ry — R, defined for allt > 0 as
ve(t) == bN ug(t,y)f({veRi|Ny—v§éRi}) dy
yeRi
d
+bZ/ hi(t,y) (1 — G(yi)) 11y <5y dy. (3.14)
i=1 Y YERY

Then, recalling the constant o¢ introduced in Lemma 3.5, we have for allt >0

btCocax  bC'mad 8
e ()| < ( 25N + 551N exp|—bN|1—L(§) N t. (3.15)
This is less evident to see it, but equation (3.12) and a change of variable imply that ﬂ(al) is of the form
presented in (3.14) with £ = g. More details about this are given in Section 3.5, as well as the proof of
Proposition 3.2 (b) from Lemma 3.6.
We now prove the auxiliary statements given in this section, and then obtain Proposition 3.2 from them.
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3.3. Proof of Lemma 3.5

We begin with preliminaries. To simplify notations, we denote Hy : Ry x R‘i — R, the function defined for
all (t,z) € Ry x RY as

d
v ;i
HN(t’x) = UERi F<t7x + N) N F(t,l’) - ; NamlF(ta SU) g(dU)
b 1 v (3.16)
N 13@2,4;31 /veRi [/0 (1-w) <6W‘Z’F(t’ T wﬁ)““”) dw] §(dv).

The last equality in the above comes from expanding F(t, T+ %) —F(t,z)— Z?zl X0y, F(t, z) using a Taylor
expansion with remainder in integral form. We also introduce the linear operator @ : Ll(Rd) — C(R+, Ll(Rd)),
defined such that for all fo € L'(R?), m = ®(fo) is the solution in C'(Ry,L'(R?%)) of the following integro-
differential equation

{atm(t,x) =N [,egg m(t.z + §)€(dv) —bDNm(t,z), ¥t 20,2 €RYE, (3.17

m(oax) :fO(x)v YV ERi
This operator is well-posed by Proposition A.1.

The proof of Lemma 3.5 is done in two steps. First, in Step 1, we prove that for all (¢,s,2) € Ry x Ry x R‘_f_
such that t > s, it holds

B(Hn(s,))(t — s,2)| < b;ff exp {—bN (1 — L(€) (fv) ) t} exp (—ﬁ é x> . (3.18)

Then, in Step 2, we prove that for all (£, z) € Ry x R%, we have

ue(t,x) = /0 O(Hn(s,-))(t —s,x)ds. (3.19)

In view of the fact that for all s > 0, Hy(s,-) is the source term in (3.8) at time s, equation (3.19) means that
we have rewritten ug as the sum of the evolutions of the source terms over time. This equation (3.18) imply
that the lemma is proved, as we only have to plug (3.18) in (3.19) and then integrate to obtain (3.11).

Step 1. Assume first that for all (s,2) € Ry x R% it holds

bCo
(Hx ()] < "% exp(—as) s (x), (3.20)
where fz(z) = exp( — 52?:1 z;). By Corollary A.2 and the definition of ®, we have for all
(h,p) € (L! (Ri))z verifying |h| < ¢ that |®(h)] < ®(p). To bound from above the left-hand side of (3.18),

we first apply this inequality for h = Hp(s,:) and ¢ = bggs exp(—as)fz. Then, we use that it holds

D(p) = bggs exp(—as)®(fsz), as @ is a linear operator. Finally, we apply equation (A.3) with w = 0 to
compute ®(f3). We obtain that for all (¢,s,z) € Ry x RY such that s < ¢

B(Hy (s, ))(t — s,2)| < b;fff exp(—as) exp {bN <1 — L(&) <z€)> (t — 5)} exp [5 Xi; x] .

Then, by using (3.10) to bound from above the first exponential, we get that (3.18) is true assuming
that (3.20) holds.
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It thus remains to prove (3.20), and Step 1 will be done. To do so, we first plug (3.9) in the second line
of (3.16). Then, we bound from above eXp( —as — Zgzlﬂ(xi + w”ﬁ’)) by exp(—as)fg(z), and use the

equality fol(l —w)dw = % It comes the following, which proves (3.20) and concludes the proof of the first
step, for all (s,z) € Ry x Ri,

|Hy (s, )| < % Z /UERd [/01(1 —w) exp(as - iﬂ(zi +w}u\§)>ww/ dw] &(dv)

1<0,0'<d

A

IA
=

o Z / veve&(dv) | exp(—as) fa(z) = bCo¢ exp(—as) fz(x).

2 1<0,e'<d” vERE 2N

Step 2. To obtain (3.19), we prove that the function ¢, defined for all (t,z) € Ry x RY as

Ue(t,x) = /0 O(Hy(s,))(t —s,x)ds (3.21)

is a solution of (3.8), the equation verified by ue. Then, by the uniqueness result stated in Proposition A.1
and the fact that ue and @ have the same initial conditions, we will have that ue = ¢, so that (3.19) is true.
To do the above, we first compute 0;i¢(t, z), by using that for all f € Wil (R+,L1(R+)) such that s —
f(s,s) € LY(R,), it holds E(fo f(t,s)ds) = fg d:f(t,s)ds + f(t,t). Thereafter, we simplify the terms
WP (Hn(s,-))(t —s,x) and P(Hn(t,-))(0,x) that appear after the previous computation, in view of the fact
that ®(Hn(s,-)) is a solution of (3.17) with initial condition fo = Hn(s,-). Finally, we switch the integrals,
and use (3.21) to replace the integrals in ds with the function @¢. We obtain that for all (¢,z) € Ry x R%

Dy (£, ) / 0B (Hx (5, ))(t — 5,2) ds + (Hx (£, ))(0, 2)

- bN/ UUEW @(HN(s,o))<t—s,x+ %)ﬁ(dv) —®(Hy(s,))(t — s,2)| ds + Hy(t,z)

+ Hy(t,x).

—bN Vvew e (t, v+ %>§(dv) — de(t,x)

The above equation is in fact the same as (3.8) in view of the definition of Hy, see (3.16). Then, we have
that u¢ = @, which concludes the proof of the second step, and thus of the lemma. (I

3.4. Proof of Lemma 3.6

To simplify notations, we denote for all y € R‘i the set Any := {v € R | Ny —v ¢ R? } We consider vg 1
and vg o the functions defined for all ¢ > 0 as

ve(t) =bN ug(t,y)€(Any) dy, and ves(t) = bZ/ y)(1 = G(yi)) 1y, <5y dy-
yeRY yeR$
By (3.14), we have that ve = vg1 + ve 2. Then, to prove this lemma, we bound v ; and vg 2, and conclude by
summing their bounds, in view of the triangle inequality.
Let ¢ > 0. We begin by bounding ve o(t). First, for all ¢ € [1,d], we apply (3.13) to bound the function h;.
Then, we compute the integrals with respect to (dyj)je[[l,dﬂ_,j#, by using that

d—1
H | (/yERJr exp(—ﬁyj)dy]) = (/SER+ exp(—/fs) d3> _ ﬂdlfl.

Jjel1.,d], j#i
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Finally, we use the equality fyie[o,zi] yi(1 — G(y;)) dy; = fyie[o,zﬂ (y;')zg(yi) dy; = 2 (integration by part) to com-
pute the integral that remains. It comes

lve o (1)] < bizd:l Nlﬁdl_l % exp [bN(l - L(f)(f}))t]

bC'mad I3
Now, we focus on bounding v¢ 1(t). To do so, we first apply (3.11) to bound from above the term u¢(¢,y) in

‘vg,l(t)|. Thereafter, we use the fact that for all y € R? it holds £(An,) = 1 — £((Any)¢) to develop the bound
in two different integrals. Finally, we compute the value of the first integral, which is

d
1
/yelRi exp(_ﬁi;yi) dy = 51

(3.22)

We get the following

e, (t)] < bgt% exp [—bN (1 - E(f)(ﬁ))t] /yelRi eXp< ﬁZ%) §(Any)d
- b2t2005 exp [—bN(l - /;(g)(f[))t] [Bld - /yeRd exp< ﬁzy,> E((Any)° dy]

To continue our computations, we need to find a better expression for the last term of (3.23). We notice that
by the definition of Any, it holds &((Any)¢) = fvEJRi 1{Vieﬂ1,d}]:yi2“ﬁi}§(dv)7 for all y > 0. Using this equality,

oo (%)
B

(3.23)

then Fubini’s theorem to switch the integrals, and finally the fact that fy €[ +oo) exp(—Py;) dy; =
€[5
for all ¢ € [1,d], we have

/ eXp[ 52%
yeRE

d
(A dy_/ / Levieqt,a: >y P =8 Qv | dy|&(dv
Ny ’UE]Ri [ yERi {V cltdlvi= N} ; ( )

-3e(3)

The above expression is what we need to continue the computations interrupted at (3.23). First, we plug the
above equation in (3.23), and put the terms Bid in factors. Then, we use (3.10) to bound the term 1 — £(§) (%)
that appears from the previous step by ;3. We obtain

2
=8 nfon(-a( )] 1-c0(3)
(3.24)
< b;gdaf\fa exp [_bN<1 —L(&) (]@))t} .
The lemma is thus proved by summing (3.22) and (3.24). O

3.5. Proof of Proposition 3.2

We prove this proposition statement by statement. We first deal with Proposition 3.2 (a). We need to verify
the assumptions of Lemma 3.5 for ug = 7 to obtain it. First, recall that (3.7), the equation verified by ah,
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corresponds to (3.8) with F = (") and ¢ = g. Then, notice that by the left-hand side of (3.6) and (Hs), we
have for all (¢,2) € Ry x Ry

Dz (t, :v)‘ = |ng(bmyt + x)| < Cy exp(—Abmit — A\x),

so that equation (3.9) holds with oo = Abmgy, f = X and C = C,. Finally, by the inequality 1 — e™* < z for all
z € R, one can easily obtain that

bN(1—L(g) A = bN o 1—e U g(u)du < Ab o ug(u) du = Abm;. (3.25)
N 0 ( ) 0

The above is exactly equation (3.10) with the same « and 5 as before. Then, we have that all the assumptions
of Lemma 3.5 are verified. We therefore apply this lemma to bound u¢ = ), in view of the fact that

1)
agz/ u?g(u) du = my-
0

We obtain that for all (¢,z) € Ry x Ry

‘ﬂ(l)(t,x)‘ < bt%m exp [—bN (1 ~ L(g) (JAV)H exp(—Az).

As it holds bN (1 — E(g)(%)) = bmy Ay by equation (2.9), the above inequality yields that Proposition 3.2 (a)
is true with ¢y = C\ %52,

Now, we deal with Proposition 3.2 (b). This time, we check the assumptions of Lemma 3.6 for the function
ve = Hg). We denote hy the function defined for all (¢,z) € Ry x Ry as

ha(t,z) = u® (t, %) —uM(t,0). (3.26)

In the first term of the last line of (3.12), we do the change of variable y = ¥, and replace 7! with ue (same
ug as before). In the second term, we plug equation (3.26). We obtain that for allt >0

s 5
ﬂg)(t) _ bN/ ue(t,y)(1 — G(Ny)) dy + b/ hy(t,v)(1 — G(v)) d,
0 0

so that (3.14) holds. It remains to prove (3.13). To do so, in view of (3.26), we first write h; as an integral
of 9,u™). Then, we use (3.6) to write u") in terms of ng. Finally, we apply (H2) and (3.25) to bound nj, and

integrate. We obtain that for all (¢,2) € Ry x Ry
! A
< % exp [bN (1 —L(g) <N)>t} .

/ ApuV (t,v)

13) with C’ = C4 . Since all the assumptions of Lemma 3.6 are verified, we apply this lemma
to bound v = ) (the constants C, o¢, o and 3 in (3.15) are the same as for the first statement). We then
use that bN (1 — ( )(%)) = bmiAy to simplify the term bN (1 — £(g)(4)) in the bound, see (2.9). We obtain
Proposition 3.2 (b). O

ny(bmat +v) dv

|h1tl’

This is exactly (3.
(

4. THE MODEL WITH SEVERAL TELOMERES

Having solved the single-telomere case, let us now turn to the case with 2k telomeres. The difference with the

previous section is that here, we have to control the term in the denominator of ﬁ(()%), see (2.10). In addition,
we need to prove an additional statement to Lemmas 3.5 and 3.6 to obtain the model approximation. First, in
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Section 4.1, we rewrite (2.5), and explain how a model approximation can be conjectured from this rewriting.
Then, in Section 4.2, we present the main arguments and the auxiliary statements required to approximate our
model and obtain Theorem 2.7 (b). Thereafter, in Section 4.3, we prove these auxiliary statements. Finally, we

prove the approximation of n(*¥) in Section 4.4, the approximation of ”a ) in Section 4. 5, and Theorem 2.7 (b)
in Section 4.6. In all this section, we assume that (H;) holds.

4.1. Rewriting of the integro-differential equation and model approximation

As for the single-telomere model, we obtain the model approximation by letting the scaling parameter N
introduced in (H;) tend to infinity. We split this subsection into two parts: first, we rewrite our model in order
to make N appears. Then, we intuit and state a model approximation based on this rewriting.

Rewriting of the model. Our first goal is to substitute the term [ ... n(?k) (¢, 2 4+ v)ji(dv) in the first line
+
of (2.5) for the term [ _pox n®*) (t,z + %) pu(dv). To do so, we first denote for all i € [1,2k] the ith vector of
¥
the canonical basis e; € R%f. Then, we use both equalities in (2.7) and integrate. We obtain that for all ¢ > 0,

€ R%,
(2k) Vi, ) do;
n t,x+ €; g(vi) du; | (4.1)
Z /(vi,iEI)E]R’i < Z N ) [H

1
n(2k) (t,x + v )u(dv) =

R2K N 2
veRY I1€T;, icl el

We therefore need to prove that [ _por n®*)(t,2 + v)fi(dv) is equal to the right-hand side of (4.1), and the
+

substitution will be possible. To do this, we first develop fi by using (2.4) and (2.3). Then, for all I € Z, i € I,
we replace §(v;) with Ng(Nv;) in view of (H7), and we integrate. Finally, we do the change of variable v, = Nv;
in each coordinate. It comes for all ¢ > 0, x € ]R%rk,

1
/ n(2k) (t,x + v)ji(dv) 7 Z / n(2k) <t, T+ Z Ui€i> [H Ng(Nw;) dvi‘|
vER2k Iez, J (vii€D)ERE

el i€l

= Z / n(2k) <t,x—|— > ;]\;7&) [Hg(v;)dug].

k
1€, v zGI GR

: 2k ~ _ 2k v : :
Therefore, it holds fueRi’c nCR(t x + v)ia(dv) = fvelRi’“ nCR) (t, 2 + £)pu(dv). We now rewrite the first line

of (2.5) by using this last equality. First, we plug it in (2.5). Then, we apply (H;) to replace b with bN. We
obtain the following rewriting, for all t > 0, x € Rik ,

atn(2k) (t,z) = bN |:n(2k) (t,x + 1) _ n(2k) (tﬂf)} dp(v). (4.2)
weR2k N

Now, we aim at rewriting the second line of (2.5). In Section 3.1, the rewriting of the second line of (2.1)
was obtained by proving an equality involving G and G, given in (3.2). Here, we need to obtain the equivalent
equality, involving i and p, which is the following, for all y € Ri’“,

fi({veR¥ |y —veR¥}) =pu({veR¥ Ny —veRF}. (4.3)

By first using (2.7) to develop pu, then integrating, and finally applying (3.2), we have

:U’({v € Rik ‘ Ny —vE Rik}) = 2k Z / 1{V1€[[1 2k]: Ny;>v;} [Hg Vi d’Uz‘| [H 60 de ‘|

I€Zy, el (44)
- kz(neww)— > ()
I€TZy, \iel I€Ty, \iel
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In addition, by doing the first two steps presented above, replacing g with §, we have that the left-hand side
of (4.3) is equal to the last term in (4.4). Hence, from this last result, we have that (4.3) is true. We now use
this last equation to rewrite the second line of (2.5). First, we take the complement of both sets in (4.3). Then,
we plug the equality obtained in the second line of (2.5). Finally, we replace b with bN, in view of (Hy). We
obtain that for all £ > 0

a9 (t) = bN / nC (¢ y)u({v € RYF | Ny — v ¢ RFF}) dy. (4.5)

yEJRi’“
We conclude by presenting the full rewriting of the model. By combining (4.2) and (4.5), we have the following
new version of (2.5)

om@R) (¢, 2) = bN fveRi’“ (R (t, 2+ £) —nR (¢, 2)] du(v), vt >0, x € R%F,
ngk)(t) =bN LJGR?& nC () u({v e R¥* Ny —v ¢ R¥*})dy, V¢t >0, (4.6)
n(0)(0, ) = [T7%, no(x:), vz € R,

The above is the system of integro-differential equations that we study in the rest of the section.

Model approximation. As for the single-telomere model, we start by giving the intuition allowing us to obtain
the approximant of (4.6). We begin by conjecturing the approximation of the first line of (4.6). In view of the
Taylor expansion, we have that for all (¢,z) € R} x R2

2k
bN {n(zk) (t,x + %) - n(%)(t,x)} dpu(v) = bZ/ . v; dp(v)8,,n ) (t, z).
1V veERY

veR2H N—-+oo
In addition, the explicit value of b [, _p.x v; dpu(v) can be computed for all i € [1,2k] thanks to the following
+
statement.

Lemma 4.1 (First moment of ). Assume that (Hy) holds. Then, for alli € [1,2k], we have

/ v dp(v) = L.
veER3F 2

Proof. Let i € [1,2k]. To obtain the above expression, we first develop p by using the right-hand side of (2.7).
Then, we integrate both measures, in view of the fact that for all I € T, it holds by the left-hand side of (2.7):
[oerer vin (dv) = my1(ery. We obtain

i

1 ml#({IEIk|i€I})
vidp(v) = o milgery = :
/veRi’“ 92k Iezzk {iel} 9k
The lemma is then proved by using Lemma A.6 to compute the ratio. (]
Therefore, by denoting the vector 1oy, := (1,...,1) € R?* our conjecture is that (4.6) can be approximated
by the function u(?*) ¢ C(R+, w21 (Ri”“)), solution of the following equation, for all (t,z) € Ry x Ri’“
b

Bpu®) (¢, z) = %V.(u(%)lgk)(ux). (4.7)

We now intuit how the second line of (4.6) can be approximated. In comparison with what is done in

Section 3.1, it is necessary to decompose ngk) into two terms. Notice that by the second equality in (4.4), the

fact that G(z) =1 for all > ¢, and Lemma A.6, we have

(H G(Ny,-)> =0. (4.8)

5 o 1
Vyé(N,—Foo) : u({veRik|Ny—v¢Rik}):1—2—k E
iel

I€eTy,
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Then, combining the above with the second line of (4.6) yields that our decomposition of n(;k)

for all t > 0,

is the following,

2k
n(a )(t) = bN/€R2k (2k) ({U c RQk | Ny —v ¢ ]RQ })1{#(i€[1,2k]] \yig%):l} dy
Yy

(2k) 2k _ (4.9)
+ bN Rz ({UER |Ny U%R })1{# {1€ﬂ172kﬂ|yi§%})22} dy

2k 2k
= niy) (8) + Gy (1).

In fact, né ") and ngg) have a different behaviour as N — 4-oc0. The behaviour of ng)g) is easy to conjecture. As

the domain of integration of the integral in its definition corresponds to the points with at least two coordinates
smaller than 2 «» we have that this integral vanishes at least at a rate % as N — 4-o0. Then, by multiplying it
by bN, we obtain that for all t > 0

noa(t) = bN x 0<N2) N (4.10)

To conjecture the behaviour of ng’f) as N — 400, we need to obtain a better expression for it. To do so, in its

definition given in the first line of (4.9), we first decompose the indicator, by using that for all y € Ri’“, we have

2k

1{#(Z€ﬂ1 2k] |yi< &) Z 1{y1< S viel12k\{i} ;>4

Then, we use the following equality to replace the term p({v € R3* | Ny — v ¢ R3"}) in the first line of (4.9).
This equality is obtained by applying the second equality in (4.4), the fact that G(z) = 1 when x > §,

and Lemma A.6. For all i € [1,2k] and y € R?* verifying y; < % and y; > % when j # i, it holds

p({veR¥ | Ny —v ¢ R¥}) = ka HGNyJ

1€, \jel
1
=l-5 Z (Ny)lgiery + lgigry) = 5 (1= G(Ny)).
I€Ty,

Finally, for each index i € [1,2k] of the sum, we do the change of variables y; = Ny;, and y; = y; for all
J € [1,2k]\{i}. We obtain that for all t > 0

2k
@k) ) _ OV (2k) 1 - G(Nuy)1
UTR (t) 2 Z/yGRQJr’“ n (tvy)( G( yz)) {yigi,Vjeﬂlﬂk]]\{i}:yj>%} dy

i=1

(4.11)
b o (2k) - Yi
— / 7 /
D) Z/ o t, Z yjes + NG (1= G gy <5, vjen 2m\giy vy > 53 4
i=1 /Y ERY J=1, j#i
Then, we are now able to conjecture the behaviour of nglf) as N — 4o00. Indeed, by letting N tend to infinity,
and by using that [ c0.6)(1 = G(s)) ds = my, we have for all t > 0

2% 2k

2% bm

591)@) ~ TZ/ nR) (¢, y)do (dy:) H dy;
N —+o0 i—1 y’ERﬁ_"' ‘]:1"]751
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Combining the above with (4.10) and (4.7) finally yields that the following system seems a good approximant
of (4.6)

Q) (t,2) = LY - (uPR) 1) (E, 2), vt >0,z € RY,
uf (1) = S [ w6 )do(dye) (T1E sy ), W20, (4.12)
w0, z) = [T, no(x:), Vo € R3%.

Remark 4.2. By using the method of characteristics to solve the first line of (4.12), we have for all (¢,z) €
R+ X Rik

2k
uR(t, ) = H ng <b7;1t + xz> . (4.13)
i=1

In addition, by plugging (4.13) in the second line of (4.12), and then doing the change of variables y' =
y+ l”gltlgk, we have for all ¢ > 0

by bt o | [T bmqt oo w
ugk)(t) = 71 n0< 21 ) I | [/bmltno (v5) dy;‘| = kbm1n0< 21 ) /bmlt no(s) ds] . (4.14)
i=1 =11/ "= =
J#i

Remark 4.3. The conservation of the number of individuals, presented in Remark 2.5, still holds for (4.12)
when (Hj)—-(Hs) are verified. To obtain it, first integrate (4.14), in view of the fact that for all
fe Wb R NWE2H(R,) N L2~ 1(R,) it holds (f2k)/ = 2kf'f*~1. Then, do the change of variable s’ =
s — Y1t Finally, apply (4.13). It comes for all t > 0

2
2k ok
+oo +oo +oo b
u$M (s)ds = no(s)ds| = no( ~Lt 4+ )ds'| = u(t, z) dz. (4.15)
¢ 0 bmqt 0 2 cR2E
2 zeR?Y

Remark 4.4. Even in the case where the assumption presented in (2.4) does not hold, the computations done
to obtain the first equality in (4.14) can be done, and yield that for all ¢ > 0

o b 2E bt 2%k 2%

2k 1 1 ’ /

uy (1) = —— / n| 0, ——e; + g yie; I | Ly sbmpey dy;
2T vy ey )er ! 2 e ) st tiz®553 7

We thus have by integrating, and then doing the change of variable vy’ = %ei + Zjil i Ysej. that for all
t>0
2k

TP (s) ds = 0,5")1 ey 1y d
l Uy (3) S ;/yueRik n( Y ) {yilszl} {V]EHI,Qk]]:y;-’Zyé’} Y.

The latter yields, in view of the fact that y} > y;’ for all j # i, that for all £ > 0

“+o0
(Zk:) d — 0 1 1 " d 1
/t uo (e)ds /y,/eRik PO YD i, o ) 2ty

(2k)

Hence, uy " is the distribution of the minimum initial telomere length, rescaled by il

T2
All we have intuited above can in fact be justified rigorously. Specifically, the proposition below provides that

the error between (n(%),ngk)) and (u(zk),ugk)) tends to 0 when N — +oo. Its proof is separated into two
parts, one part for each statement, done in Sections 4.4 and 4.5.
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Proposition 4.5 (Pointwise approximation errors, several telomeres). We recall the constant Ny defined
n (2.9). The following statements hold.

(a) Assume (H1)~(Hs). Then, there exists dy > 0 such that for allt > 0, x € R%*, we have

bt
‘n(2k) (t,z) — uP) (¢, x)‘ < dlo(AD/\)zkziN exp(—kbmi Nyt) exp( A Z a:z>

where dy depends only on g, A, Cx, C} and D,.
(b) Assume (Hy)—(Hs). Then, there exists dy > 0 such that for all ¢ > 0, we have

b, bm
‘ngk)(t) — U (t)‘ < Nl(DA)%(k?’ Ttk + k) exp(—kbmy Nyt), (4.16)

where di depends only on g, 6, A\, Cx, C} and Dj.
Remark 4.6. As for Proposition 3.2, a result providing bounds on the approximation errors in all Lebesgue
spaces can be obtained from the above, that we do not state.

We now present the main arguments and the auxiliary statements required to prove Proposition 4.5 and
Theorem 2.7 (b).

4.2. Plan of the proofs of Proposition 4.5 and Theorem 2.7 (b)

We begin by presenting the plan to prove Proposition 4.5 (a). To get this statement, we need to control the
absolute value of T(?*) := n(?%) — 4(2%) By proceeding as when we obtained (3.7), using this time Lemma 4.1
to write the term 221V, (u(?*)15;) (¢, 2) coming from (4.12) as an integral, we have that for all t > 0, z € R%*

(2k) " Faten v (2k)
O\ (t, ) = bN/0 [u (t,az + N) - (tmc)} wu(dv)

5
+bN/ u(®) t,a:—i—i —u®R) (¢ — 0, u®® (¢, 2) | p(dv).
[ 2 a0 -3 B

Then, u* is a solution of an equation of the form presented in (3.8), with d = 2k, ue = @ E=p
and F = u(®*). From this result, a natural plan to prove Proposition 4.5 is to proceed as in the proof of
Proposition 3.2 (a), and check the assumptions of Lemma 3.5 to obtain Proposition 4.5 (a). Here, we do not do
this directly because we must first obtain the value of the constant o¢, defined in Lemma 3.5, for £ = p. This
value is given in the following statement, proved in Section 4.3.1.

(4.17)

(2k)

Lemma 4.7 (Sum of second moments of (). Assume that (Hy) holds. Then, we have

o= Z / vevp p(dv) = (my)*k? + (mg - (m1)2)k‘.
1<, 0 <2k J vERTE
Now that we know the value of ,,, we prove Proposition 3.2 (a) in Section 4.4 by following the steps presented
above.
To prove Proposition 4.5 (b), we control |u To do this, a decomposition of
required, inspired by the one given in (4.9). Let us introduce for all ¢ > 0

(2k) ‘ |n((92k) o ug2k) | (2k)

ug’g) (t) =0 €R2¥ (Qk) ({U € R% | Ny —wv ¢ R%}) dy,
y
(2k) . / u(2k) e+7 L — G/ Mo Qo (4.18)
Z 'eR2k ; ;;ézy] J ( (yz)) {y;<6y 4y,

2k 2k 2k
u(a,z)(t) = “g,o)(t) (gl)( t).
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o) _ (2k)

Then, as it holds uy (%) +uyo , we have the following decomposition, for all t > 0,

w26 = (90 VO +uEV O 0 0) + a0, (4.19)

This decomposition allows us to control ’ﬂgk) , by bounding each of the terms that compose it. The term

n((92k) (2k) +u(2k) U(BQk)

The term ugg), on the other hand, can be bounded with the following lemma, proved in Section 4.3.2.

, on the one hand, can be bounded by using Lemma 3.6, already proved in Section 3.4.

Lemma 4.8 (Control of the probability of having several short telomeres). Assume that (Hy) and (H3) hold.
Then, there exists d > 0 such that for all t > 0 we have

bd
‘ugf? (t)‘ < (D2 exp(—kbmi M), (4.20)
where d depends only on 0, X and g.
As a result, we have a control over |u ’ by summing the bounds we have on the two terms presented above,

in view of (4.19) and the triangle inequality. We detail how we apply these lemmas and sum the bounds to
prove Proposition 4.5 (b) in Section 4.5.
The proof of Theorem 2. 7 (b), finally, is based on the following statement. Its proof is relatively short, and

con51sts in first taking ¢ = =% in the first equality in (4.15), then raising both sides of the equality to the power
2k’ and finally taking the derlvatlve
Lemma 4.9 (Link between ng and ug). Assume that (Hy)—(Hs) hold. Then, for all x > 0, we have
(2k) ( 2z
1 o ( m )
no(@) = Y — (4.21)
m 0o —3E
1 (fbh (2k) (s )ds) 2k
mi

From this lemma, if we replace ﬁ(()%) with its definition (see (2.10)), thereafter use (2.11) to replace by with
bmy, and finally write ng with the right-hand side of (4.21), then we obtain that for all z > 0

(2k) (2k)

ﬁ(Zk)(a:)—no(x)’: : & <bm1) - = (bml) ' (4.22)

0 1 1

I e as) T (1R ufe)as)

We thus need to control this difference, and Theorem 2.7 (b) will be proved. Proposition 4.5 allows us to control
the error between n(;k) and u(2 ) , or their integrals. However, there is still a difficulty related to the fact that
the denominator of the two terms tends to 0 when x — +o00. We handle this by proving the following two

lemmas, in Sections 4.3.3 and 4.3.4 respectively.

Lemma 4.10 (Power series expansion of the cemetery tail). Assume that (Hy) and (Hs) hold. Let us consider
the function ny € L' (Rik), defined for all x € Ri’“ as

2k
= H no(z;). (4.23)

Then, for all t > 0, we have

+oo
/ n(;k) (s)ds = e ONt
t

(bN?)* i g
L+ /(m,v)eRi"x(Ri’c)én()(x X_:N> da p(dvy) . ..u(dw)]. (4.24)
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Lemma 4.11 (Lower bound for cemetery tails). Assume that (Hy1)—(Hy) hold, and recall the constant w'y
defined in (2.9). Then, for allt > 0, we have

+o0 +oo
/ ngk)(s) ds > (D,,)** exp(—kbmiwyt) and / u(a%)(S) ds > (D,,)*" exp(—kbmiwt). (4.25)
t t

In fact, the statement that allows us to do this control is Lemma 4.11. Lemma 4.10 corresponds to an
intermediate step to obtain Lemma 4.11. Thus, the proof of Theorem 2.7 (b) consists in controlling the right-
hand side term of (4.22) by using Proposition 4.5 and Lemma 4.11. We do this in Section 4.6.

We now prove all the statements given in this section, and then obtain Proposition 4.5 and Theorem 2.7 (b)
from them.

4.3. Proof of the auxiliary statements

This section is devoted to the proof of the auxiliary statements presented in Section 4.2. These statements
are proved one by one, in the same order in which they were stated.

4.8.1. Proof of Lemma 4.7
We consider for all (£,¢') € [1,2k]? the integral I, ¢ := fyeR% yeye pu(dv). One can easily see that
+

o=y, L
1<0,0/ <2k

Thus, our aim is to compute the values of the integrals (IM’)(z )e[1,2k]20 and then conclude by summing their

values. To do this, we fix (¢,¢') € [1,2k]? and do a distinction between cases.
Assume first that £ = ¢/. In view of the left-hand side of (2.7), we have that for all I € 7},

oW P9 dy' =ma, i l=0 €
/ D (dy) = § <o .
yeRr2k 0, otherwise.
Then, by using the right-hand side of (2.7) and Lemma A.6, we obtain that
1 mo
Ie=gp Y, ma=-— (4.26)
IETy,, t=t'€l
Assume now that £ # ¢'. In this case, in view of the left-hand side of (2.7), we have that for all I € Zj,

2
/ / ’ _ 2 . /
/ yeyeuD (dy) = (fy'e[(m] y'g(y )dy) = (m1)~, if¢eland? el, (4.27)
y€R3F 0, otherwise.

In addition, by the definition of Zj, (see (2.2)), we have that when ¢ = ¢’ mod k
{TeZy| {0} CcI}=0.

Then, by combining these results, we obtain that when £ # ¢’ and £ = ¢’ mod k

1
Lp=o Y, (m)=0 (4.28)
I€T, Lel, Vel
We also obtain by combining (4.27) with Lemma A.7 that when ¢ # ¢’ mod k

! 2_ J0, if k=1,
IZ,Z! = ok Z (ml) = {(m )2 . (429)
2 IE€T,, Ll el -, iftk>2
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We now conclude. First, we combine (4.26), (4.28) and (4.29). Then, we use the fact that as the set
2k k 2k
{(6,0) € [1,2k]*| ¢ = ¢' mod k} = (U{(i»i)}> U(U{(i,iJr k)}) U( U {G.i- k)}>
i=1 i=1 i=k+1

has a cardinality of 4k, it holds #({(¢,¢') € [1,2k]?|¢ # ¢’ mod k}) = (2k)? — 4k. Finally, we use that as
k € N*, we have ((2k)? — 4k) 1>, = (2k)? — 4k. We obtain the following, which ends the proof

oy = Z Ipo+ Z Ioo + Z Iy

1<0=¢'<2k 1<b£0" <2k 1<0£0' <2k
s.t. £=¢' mod k s.t. £#£¢" mod k
ma ( )2 2
= 2h2 40+ ((2k)* — 4k) = (m1)%k? + (m2 — (m1) )k

O
4.3.2. Proof of Lemma 4.8

We first need to obtain a better expression for ug 2 = ug,0 — uo,1, where up o and up 1 are defined in (4.18).
To do so, we develop the function ug ¢ in its definition. One can notice that by the definition of ug ¢ and (4.8),
it holds for all t > 0

—bN @) (¢ R[Ny —v ¢ R )1y
ua,o(t) =b /yeR% vn({v e R[Ny — o ¢ REDN e an | yo< g )=1) W
FON [ uCP(u({o € BNy — v € BNy (epnang s )52 -
yeRQk
(2)

The function on the first line of the above has the same definition as ng;’, see (4.9), with u(?*) instead of n(2).

Then, following exactly the same steps as those to obtain (4.11), replacing nF) with v(?%) yields that for all
t>0

2k 2k
b Yl
. (2k) lo. 4+ Zig. _ / )
up,o(t) = 2 Z/y/E]R% v t, ‘ Z ijeg + N€1 (1 G(yi))l{yégé,Vje[[l,Qk]]\{i}:y;>%} d
i=1 + =137 (4.30)

(2k) 2k _ ok
o y€R32k ! (t,y),u({v RV INy —v ¢ RY })1{# ({ielr,2k] |yi<$})>2} dy.

Now, we use the above equation to develop ug 2. Specifically, we subtract ug 1 from both sides of (4.30), in view
of (4.18) and the following equality

1{y’<5 viell2\{i}: v >S5} 1{y;ga} 1{y/<5 Fjel12k\{i}:vi< &}
We obtain that for all ¢ >0

2k ,
__0 e / Yio V1- q , 4
woall Z/y e\ B, 2 it g [0 O s ez
(2k) 2k - 2k
+ bN yeRi’cu (t,y),u({ve]&_ [Ny —v ¢ RY })1{#({ieﬂl,2kﬂ‘yig%})ZQ} dy

=: —ua73(t) + U8,4(t)'

As —up 3 and up 4 have an opposite sign, the above implies that |ug 2(t)| < max(ug 3(t), us 4(t)) for all ¢t > 0.
We thus now obtain an upper bound for both ug 3 and w4 in order to prove (4.20).
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To bound up 3, we first bound 1{y,<(5 el1,20\ (i} i< & } by > ier1 20\ (4} 1{y,<6 yi<g): Then, we use (4.13)
to write «(?*) in terms of ng, and apply (H3) to bound ng. Fmally, we integrate in dgy’, and use the equality

foé(l — G(y})) dy, = mq, the inequality fo% exp(—Ayj) dyj < &, and the equality fo exp(—Ay,) dy, = & for
all ¢ € [1,2k]\{¢,7}. We obtain that for all t > 0

2k 2k
bm
wdﬂé}jzl/ﬂm (1t% )11w<my0 (1= GOy <5y 0
=1 5=1
7 f
ij 2k 2k # 3y
bm15 )\Qk(D)\) bmlé 9 2%k
< SN lelwexp(—kbml)\t):2k(2k—l) o (D)™ exp(—kbmi At).
=1 5=
J#i

To bound up 4, we first bound the term u({v ER?* | Ny—v¢ R%}) in up 4 by 1, as p1 is a probability mea-
sure. Then, we bound the term 1{#({i6[[1 ok] | i< })>2} by the sum Z (.5)€[1,2k]2, i) 1{% i<} Finally,

as done before, we successively use equation (4.13) to write u(®*) in terms of ng, apply (Hg) to bound from
above ng, and integrate by using the same inequalities/equalities. We obtain that for all ¢ > 0

2k 2k

hm|<wZZ/

u(2%)
1j=1 y€ER2F (t y)l{yiﬁ%,yjﬁ%}dy
i=1 j=

bs?
< 2k(2k — 1)W)\ (D)) exp(—kbmy At).
From (4.31), (4.32) and the fact that |ug 2| < max(ug, s, us 4), the lemma is proved. O

4.8.8. Proof of Lemma 4.10
We consider two functions F': Ry X Rﬁ_k — Rand F: R, x ]Rf_k — R, defined for all (¢,z) € Ry X Rﬁ_k as

F(t,z) := fg(x) +Z (bN)EtZ/ / 7 x+z pu(dvg) ... p(doy)
) : 0 /! UIER?& WeRik 0 N E 1)y (433)

>1
F(t,z) = e NPt 2).
We begin by proving that n(?*) = F. By deriving F, and then taking m = ¢ — 1, we have that for all (¢,z) €
R+ X Rik

m—+1

O F =bN / i x—i—z (1(dvggr) - .. pu(doy)
€R3k Vi +1€RZF

m>0 ! U1

=bN F(t,m + U—l),u(dvl).
v1 GRik N
Then, by combining the above with the fact that O F(t,x) = e "NO, F(t,x) — bNe*bNtE(t, x), we obtain that
F verifies the same integro-differential equation as n(2*) (see Eq. (4.6)), so that n(?¥) = F by Proposition A.1.

Now, we prove equation (4.24). By applying the equality on the right-hand side of (2.6), and then combining
the fact that n(?*) = F with the second line of (4.33), we have that for all t > 0

+oo
/ ng%)(s) ds = e "Nt / F(t,z)dx.
t xz€R3F
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Therefore, by plugging the first line of (4.33) in the above equation, and then using that fweR% np(z)dz =1 to
T

compute the term that is not in the sum, we obtain that equation (4.24) is true, which ends the proof. O

4.3.4. Proof of Lemma 4.11
To prove this lemma, we proceed in two steps. In Step 1, we prove the left-hand side of (4.25), and in Step 2,
we prove the right-hand side of (4.25).

Step 1. To simplify notations, we use in this step the function 7i¢, defined in (4.23). Our aim here is to bound
from below the right-hand side term of (4.24). To do so, we begin by bounding the coefficients in the sum.
By applying (Hy4), and then using that f, is non-decreasing, we have that for all £ € N*, = € Rik and

(v1,...,v0) € (Rik)g

)l)

o H?il (fw (a:i + Zf-:l %) exp {—w (331' + Zﬁ:l (v
(o™ fulw)exp(-wy) dy)

J4
ZNJ > (D)

> (D)% H?il(fw(mi)GXp[—wwz Cexp _WZZ (v))s
<f0+00 Ju(y) exp(— wy)dy) i=1 j=1

Then, by integrating both sides in dz and (u(dvi))ie[[u]], and simplifying the last term with a Laplace
transform, we obtain that for all £ € N*

¢
v
no | © + L pu(dvg) ... p(dvy) dz
/a:eR’j‘rk /111 €R3F /veelRi_’“ Z N
2k
H / . exp< wz

(4.34)

We now plug (4.34) in the right-hand side of (4.24). Then, we use that 1 > (D,)?* (as D, < 1) to bound
from below the term that is not in the sum. We obtain that for all £ > 0

+oo
/ n((;k)(s) ds > e "NY(D,,)?* 7
t >1 : (435)

_ 2k YN
= (D,) eXp[bN(E(u)(N> 1)25}.
In addition, by first using the right-hand side of (2.7) to develop £(u), then the left-hand side of (2.7) to

obtain that £(p!)) = (E(g))k for all I € Z, and finally the first equality in Lemma A.6 to simplify the sum
and the fraction, we have that for all p € C such that Re(p) > 0

p=g 2 (1)) = g T (E0n) = Cop)" (4.56)

By plugging the above with p = % in (4.35), in view of (2.9), we obtain that the left-hand side of (4.25)
is proved.
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bmlt

Step 2. First, notice that by applying (Hy), then doing the change of variable s’ = s — 2%1%, and finally using

that f, is non-decreasing, we have for all ¢t > 0

no(s)ds >

by f0+oo fu(z) exp(—wz) dz
+o0 bm bmiw
_ D, [y fo (i: YE) exp(—ws’ — ML) ds’ > D, exp<—bm1wt)-
fo fo(2) exp(—wz) dz 2

Then, by combining the above equation with the first equality in (4.15), we obtain that the right-hand side
of (4.25) is true, which ends the proof. O

/+oo D, f:rlolot fu(s) exp(—ws)ds

4.4. Proof of Proposition 4.5 (a)

To recall, in view of (4.17), our aim is to check the assumptions of Lemma 3.5 for us = a®h e =y
and F = u®% and then to apply it to obtain the statement. First, notice that by (4.13), we have for all
(0,0 € [1,2k]%, (t,7) € Ry x R2F

P 28) (4, ) nf)(bn;lt*‘xf)%(bg“t + ) H?;Aig{z,e'} no(b’glt—&—xi), if £ # 1,
xox, W , L) = l
- (2 ) T2 (Bt 4 ), ire=r.

Then, by applying (H») and (Hs) to the above, we obtain that for all (¢,¢') € [1,2k]? and (t,z) € Ry x R?*

(CL)2(ADy) 2 exp(—kbmlkt Y 1:) i 040,

a{L’/I /u(2k)(t7x) S
e ‘ Cr(ADy)2F ! exp(—kbmlAt Y 1:) if0=1¢.

This implies that (3.9) holds with C' = max((C4)?, CxAD»)(AD\)%*~2, o = kbmy A, and § = A. In addition, in
view of the inequality 1 — e™® < z for all x € R and Lemma 4.1, we have that

bN {1 — L(u) (;})} =bN . (1 — e WX “),u(du)
ue i’”
2k
<bAY / wip(du) = kbmy A, (4.37)
i=1 Y ueRZ

so that (3.10) holds with the same a and 3 as before. From these two results, all the assumptions of Lemma 3.5
are verified. We thus apply this lemma, and it comes for all (¢,2) € Ry x ]Rik

ak—2 btoy,
2N

n(i-aun(3)) 28] 30

Now, by Lemma 4.7, we have that there exists df, > 0, independent of b and k, such that

‘a(%) (t, x)’ < max((c;)Q, CA/\D,\) (AD)

X exp

max((cg)z, C)\)\DA)UN < di(AD»)?k2. (4.39)

Moreover, in view of (4.36) and (2.9), we have that

bN [1 — L(p) Gf)] =bN [1 - (L(g) (g))k] = kbmiNy. (4.40)

Then, by plugging (4.39) and (4.40) in (4.38), we obtain that Proposition 4.5 (a) is true. O
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4.5. Proof of Proposition 4.5 (b)

In view of (4.19), we consider the function v, := ”59%) ugg) +uy

of functions (h;);ef1 2] from Ry x R?f to R verifying (3.13) with C’ = %C’A(ADA)%_l, £ =p and B = A, such
that for all t > 0

(%) “(a%)- Assume that there exists a set

2k
i—1 JVERS

By developing ngk) and u(;g) with respectively (4.6) and (4.18), we have that for all ¢t > 0

ng%)(t) — uglg) (t) = bN [n(%)(t, y) —u®R (¢, y)},u({w € Rik | Ny —w ¢ Ri’“}) dy. (4.42)

2k
yER+

Then, by plugging (4.41) and (4.42) in the definition of v, we have that v,, verifies (3.14) with ue = n(2F) —y(20)
and £ = p. As ug verifies the assumptions of Lemma 3.5 by the proof of Proposition 4.5 (a), see Section 4.4,
this means that all the assumptions of Lemma 3.6 are verified for v¢ = v,,. Then, by applying this lemma, and
using (4.39) and (4.40) to simplify the bound (as done in Section 4.4), we obtain that for all ¢ > 0

k:3bm1t + C;\mgk‘
2 2

(D)1 (d{))\DA ) exp(—kbmy Nyt).

=2 =

o (B)] <

Recalling equation (4.19), combining the above with (4.20) through a triangle inequality, and then using that
—kbmi A < —kbmi Ny (as a consequence of (4.37) and (4.40)), yield that (4.16) is true. Then, Proposition 4.5 (b)
is proved, assuming that the set of functions (h;);e[1,2x] presented at the beginning of the proof exists.

It thus remains to prove that such a sequence exists. To do so, we consider for all i € [1,2k], (t,y) € Ry x R2¥,

hi(t,y) == = u(% Z yje; + u(?F) Z yie; | |- (4.43)

Jj=1,j#i J=1, j#i

By taking the difference between the second lines of equations (4.18) and (4.12), and using that m; =
fyie[o 6](1 — G(y;))dy; for each index i € [1,2k] of the sum in the second line of (4.12), we have that (4.41)

holds with the set of functions defined in (4.43). In addition, by using (4.13), then writing ny as an integral of
ng, and finally applying (H») and (Hj), we have that for all i € [1,2k], (t,y) € Ry x R

b 1 bmy Yi bmy 2k bmq
i(tvy)—§ no| 5ty ) Tl 5t H no\ 5ty

J=1, j#i
Y5 2k
1 N bmq bmy
J=1, j#i
1 y 2k
2k—1 Y7
< SCAOD)T T T exp —kbml)\t—)\j_lzj#yj

This implies, by using (4.37) to bound the coefficient —kbmj A in the exponential, that (hi)ie[[l,%]] verifies (3.13)

with C' = %C’;\ ()\DA)%*l, & = p and § = A. Then, from these points, we have that the set of functions we need
exists, which concludes the proof of Proposition 4.5 (b). O
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4.6. Proof of Theorem 2.7 (b)
Let > 0. To simplify notations, we denote
5 ok = oo ok
No(x) ::/ n(a ')(s) ds, and Up(z) ::/ ug )(s) ds.

2x
bmq bmy

In view of (4.22) and the triangle inequality, the following holds

(@) ( 20\ _, (@K)( 2 (20) ( 20
Ag () n<>]<‘”a (75) ~ 5 (b;1)|+u6 ()| 1 1
ez | _ L
° = T by No(2) % Komi | No(z) %  Doa) % (4.44)

= A1(z) + Aq(x).

Thus, our aim is to obtain an upper bound for both A;(z) and Ay (x). Theorem 2.7 (b) then comes by summing
these bounds.

By applying Proposition 4.5 (b) to bound the numerator, and Lemma 4.11 to bound the denominator, we
have the following

b (D) (k32 + k2 + k) exp(—2k Ny )

Al(x) S N 1
2k 1= ok
Kby (D))" exp(~ 2kt o) (4.45)
_ dy Dy, ( Dy " (K*z + k+ 1) exp(—2kNyz + (2k — wi)
Ny \ Dy, N e
We thus now focus on finding an upper bound for As(z), which requires more computations. For this purpose, we
begin by obtaining an intermediate inequality. In the equation below, first apply the equality |% — é| = ‘Cc_ddl for
c= ﬁo(x)l—ﬁ and d = Uo(x)l_%k‘ to develop As(x). Then, use that it holds kb}m ué%)(bifl) = no(x)ﬁo(x)l_%k

by Lemma 4.9 to simplify the term ﬁo(x)l_ﬁ in the denominator. Finally, apply (Hs) to bound from above
the term ng(x) coming from the previous computation, and use Lemma 4.11 to bound the term Ny(z)!~2F in
the denominator. It comes the following inequality

> 1 =5 1

No(z)' 2% — Up(x)' 2 ‘NO(Z)PTI’C — Up(x)'~ "
= 1 S /\D)\ eXp(—)\JC)
No(ir)l_ﬁ

T (4.46)
(D)™ expl—(2k — Lwhyal

To continue our computations, we need to bound the numerator of (4.46). To do so, we first develop it by
% for ¢ = No(z), d = Up(x) and £ = 1 — . This inequality comes
from the Taylor’s inequality applied to the function y ~ ¥, and is true when ¢ € (0, 1). Thereafter, we apply
Lemma 4.11 to bound the term W coming from the previous step, in view of the fact that wfy < w

using the inequality |c* — df| < ¢

by (4.37) and (4.40), that also holds when Ay and N are replaced with w and w/; respectively. Finally, to
bound the term |¢ — d| coming from the first step, we use the following equality, which comes from (2.6)—(4.15),
Proposition 4.5 (a), and the fact that fyeRi’“ exp ( - Zfil yz) dy = ﬁ,

~ ~ 2x kEx
_ — (2k) _ ,,(2k) e < J 2k b L _ /
‘No(x) Uo(x)’ ’ /yeJRik (n U ) (bml’y) dy‘ < dy(Dy) Nom: exp(—2kNyx).

‘We obtain

= 1

| o)~ — Do ()%

<

d (DA)2F 22 oxpl -2k Ny 2
(1_ 1) 0(DA)™ §mrs expl N } (4.47)

2k D, exp(—wx)
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Then, by plugging (4.47) in (4.46) and bounding the term 1 — i by 1, we get the following upper bound for
As(7)

dj (D)™ 22 exp(—2k Ny x)
(D) exp[—(2k — 1wz — wx]

As(z) < ADy exp(—Ax)

N (4.48)
dgADy ( DA\, , ,
_ D A+ 2 2% — 1 .
N, (Dw k*xexp[—(A + 2k y)z + (w + (2k — 1wy )]
We now conclude. As it holds w > A, we have that
—2kNy + (2k — Dwyy < —(A+2kXNy) + (w+ (2k — Dwly). (4.49)

Therefore, by plugging (4.45) and (4.48) in (4.44), and then using (4.49) to bound the term coming from (4.45),
we obtain Theorem 2.7 (b). O

5. ESTIMATION ON SIMULATIONS AND EXPERIMENTAL DATA

Now that we have studied the quality of our estimators from a theoretical point of view, we verify if they work
in practice. First, in Section 5.1, we present estimation results in the case where we observe né,l) é%) without
noise. Then, in Section 5.2, we study how our inference method can be adapted in a more realistic framework
where we observe noisy values of nél) and ngk), focusing in particular on the noise related to sampling. Finally,
in Section 5.3, we test our inference method on experimental data.

and n

5.1. Estimation results on noise-free data

We study here the case where we observe the exact values of ﬁ(()l) and ﬁgzk). We first present in Section 5.1.1
two examples in which the estimation is satisfactory in the single-telomere model. Then, in Section 5.1.2, we
present the issues that arise in this model when ngy has a small variability. Finally, in Section 5.1.3, we present
estimation results for the model in R%*.

5.1.1. Estimation results in the single-telomere model: large variability

Let us start by presenting the framework we use here. We introduce for all (¢, 3) € N* x R% the following
functions, for all z > 0,

hz’g(x) =

ﬁé
),y“lexp(—ﬁy) dy. (5.1)

o exp(—fx), and Hyp(z) = /ow (£=1)!

(¢—1)!
These functions correspond respectively to the probability density and the cumulative density function of an
Erlang distribution with parameter (¢,3). In the estimations presented here, we choose ny belonging to the
set {heg|(¢,8) € N* x R% }. The first reason is that in this case, either ﬁél) or n) can be computed thanks
to an explicit formula, see Propositions A.8 and A.9. The second reason is that our main result assumptions
are verified for these functions. Finally, the last reason is that when ¢ > 2, these distributions are biologically
relevant since they correspond to unimodal distributions, see [40].

We assume that (H) is verified for b = 1, g = 1j0,1}, and N not yet fixed. Our aim is to check numerically

that the curve of ﬁél) is close to the one of ny. To do so, we plot in Figures 1la and 1b the curve of ﬁél) as a

function of telomere lengths when ng € {hi 4, ho1}, and for N € {1,5,40}. In each of these figures, the curve of
ng is also plotted in black for comparison. We observe that when N is large, the estimation performs very well.
Indeed, in Figures 1la and 1b, the blue curves, which correspond to the estimations with N = 40 are almost
superposed with the dotted curves. The estimation results are thus very satisfactory.

Remark 5.1. We have chosen N = 40 for the maximum scaling parameter because this is the most realistic
value for budding yeast, see the discussion about (H7) in Section 2.3.
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—— Estimated distribution, N= 1

—— Estimated distribution, N= 5

—— Estimated distribution, N = 40
++ Theoretical distribution

4071 ¢ —— Estimated distribution, N= 1
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25

20

Density

15

1.0

0.5

0.0

0 1 2 3 4 5 0 1 2 3 4 5 6
Telomere length Telomere length

(a) Estimation results when ng = hy 4 and (b) Estimation results when ng = ha 1.5 and
N € {1,5,40}. N € {1,5,40}.

FIGURE 1. Estimation results in the single-telomere model for different values of NV, when b = 1,
g =1jp,;y and ng € {h14,h215}.

5.1.2. Estimation results in the single-telomere model: small variability

As mentioned in the previous section, it is required to have an initial distribution with a sufficiently large
coefficient of variation to ensure a good estimation. We present here the problems that occur when this is not
the case and the reasons behind it. We assume that (H) is verified with b = 1, g = 1j9,1), and N = 40. We
proceed to estimations of initial distributions with the same mean, but different coeflicients of variation (cv).
To do so, in view of equation (5.1) and Proposition A.10, we first introduce for all cv > 0 the function H., =
hi/cv2,1/c02, Which is the density of an Erlang distribution with mean m = 1 and coefficient of variation cv.

Then, we plot in Figure 2 the curve of n ”0 (blue curves), that we compare with the curve of ng (dotted curves),
for ng € {H1/2,H1/3, H15,H1/7}. We observe that the smaller the coefficient of variation is, the worse the
estimation becomes. In particular, the spread of the initial laws is not well-captured, although the position of
the mode is correctly estimated.

A qualitative reason for this observation is that when the initial distribution has a small coefficient of variation,
the randomness of shortening values and cell division times plays a greater role than the variability of the initial
distribution. This leads to a poor estimation, as the information on ng obtained from senescence times is blurred
by the information on g and b. A quantitative reason is that the second derivative of the initial distribution is
large when its coefficient of variation is small. Thus, as the error between n( ) and ng is mainly given by the second
derivative of ng (see Sects. 3.3 and 3.5), the estimation is not reliable. To 1llustrate this, by using the formula in
the left-hand side of (5.1), we compute the L?-norm of the second derivatives of His2, Hi3, Hiys, and Hy .
We obtain that ||H1/2||L2(R+) ~ 5. 657 ||H1/3||L2(]R+) ~ 9. 445 ||H1/5||L2(]R+) ~ 28.17 and ||H1/7||L2 (Ry) =~ 62. 4].
so that the values of the second derivative of ng increase when the coefficient of variation decreases.

5.1.8. Estimation results in the model with several telomeres

We now study how the inference method works on the model with several telomeres. To do so, we proceed in
the same way as in Section 5.1. First, we assume that (H) is verified with b =1, g = 1j9 1}, and NV = 40. Then,

we plot in Figures 3a and 3b the curve of the estimator n((]%) for different values of k, by using the formula
given in Proposition A.8. In each case, this curve is compared with the one of ng, plotted in dotted lines. The
estimations presented in Figure 3a correspond to estimation when k € {1, 3,5}, so to estimations in which k is
small. Conversely, the estimations presented in Figure 3b correspond to estimations when k € {15, 30, 50}, so to
estimations in which k is large. This case is important to consider because biologists mostly study species with
a large number of telomeres: budding yeast cells have 32 telomeres (k = 16), and human cells have 92 telomeres
(k = 46). We observe in Figure 3a that the estimated initial distributions almost overlap with the theoretical
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—— Estimated distribution
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(a) Estimation result when ng = H; /2

2.00 o —— Estimated distribution
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(c) Estimation result when ng = Hy 5.

FIGURE 2. Estimation results in the single-telomere model when b =1, g = 1} 1, N = 40, and

no € {H12, H13, H1s, Hij7}
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(a) Estimation results when k € {1,3,5}.

FIGURE 3. Estimation results in the model with several telomeres when b = 1, g = 1jg,1,
N =40, ng = h14, and k € {1, 3,5,15,30,50}.
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(b) Estimation result when ng = H, 3.
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(d) Estimation result when ng = H /7.
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(b) Estimation results when k € {15, 30,50}.
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initial distribution. We also observe in Figure 3b that the estimated curves are far from the curve of ng (dotted
curve). We thus have that the estimation is satisfactory when k is small, but poor when k is large.

A quantitative reason for these observations is that the model approximation used to construct our estimator
is no longer valid when k is large. Indeed, the bounds obtained in Proposition 4.5 and Theorem 2.7 increase
with the value of k. It follows that using ﬁ(()%) to estimate ng does not really make sense, because we now
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have no control over its estimation error. A qualitative reason is that the senescence times distribution becomes
more and more determined by the distribution of cell division times when k — +o0. The estimation is thus less
accurate as the information on ng is blurred by the influence of the division times distribution. The increasing
influence of the division times distribution is related to the fact that the probability of having at least one short
telomere initially grows with k. As a result, the initial minimum length tends to concentrate near zero, and
fewer shortenings are required before having a telomere with length below 0. This yields that the randomness
of the initial distribution and the shortening values lose their impact on the senescence times distribution, and
that only the randomness of the division times remains to influence the latter.

5.2. Estimation with random variables

(@) (2k)
19}

In practice, we never have the full density n;’ or ng . Instead, we observe senescence times (75), <i<m>

where m € N* that are noisy measurements of random variables distributed according to n(al) or n(;k). In this

subsection, we investigate whether our inference method can be adapted to this setting, by considering only the
noise related to sampling, and not to measurement error. We first focus in Section 5.2.1 on the case where we
observe senescence times distributed according to ng). We then do the same in the case where senescence times
are distributed according to né,%) in two different parts, as it requires more work. More precisely, we present
the estimator we use in Section 5.2.2, and check its quality on simulations in Section 5.2.3. We show in this last
case that issues related to the curse of the dimensionality arise. From now on, we assume that (H;) is verified
with b =1, g = 1[g,1}, and N = 40.

5.2.1. Estimator and estimation with random vartables distributed according to n(al)

Let us consider ny € N*, and (71,) a sequence of random variables independent and identically

1<i<ng
distributed according to ng). Our first objective in this section is to construct an estimator of ny based on these

random variables. In fact, this can be easily done. What we only have to do is to first construct an estimator of

ng), and then to adapt the expression of ﬁél) given in (2.10) to this estimator. Let us detail these two steps.

(1)
)

To obtain an estimator of ng’ with the times (77;), <i<n,» We do a log-transform kernel density

M

1 _z

estimation [9,26]. Denoting for all z > 0 the Gaussian kernel p(z) = e~ 'z, and o > 0 a smoothing param-

g 5]

eter, the log-transform kernel density estimator is defined for all ¢ > 0

B 11 /1 t
ng’a)(t) = e Z tap(a 10g<T1 z)) (5.2)

=1

This is a classical method to estimate a density on R;. The main idea behind this estimator is to smooth the
Dirac measures in the empirical estimator of the density, defined as n% >y 0, ;- This smoothing is due to

that for all f € C2°(R%) and X € R, by the change of variable ¢’ = log(+) and the fact that Lp(2) ~ o

(as it is a classical mollifier), we have

Jim lp(llog(;(>>f(t) dt = lim 1p(tl>f(X exp(t)) dt’ = 5x (f). (5.3)

a—0 teRr? ta « a—0 Jycp @ «

Thus, by the above and the fact that p € C*°(R), the terms that are summed in (5.2) are smoothed approxi-
mations of the measures (d7, ;)ic[1,n.]- In particular, when « is small, ﬁg’a) is close to the empirical estimator
ng but the smoothing is weak. When « is large, it is the opposite. We do not use a classical kernel density
estimation [38] because this method works for densities with support on R, and is much less satisfactory on R,
see Section 1 in [26].
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Adapting now the definition of 7y, see (2.10), by replacing n(al) with ﬁg’a), we obtain the following estimator

for ngy that depends on the smoothing parameter o > 0, for all z > 0,

Ns
_(1,a) L 1 (1704)< X )_ 1 1 1 X
n T) = =—"n = = — —p| —log| =——— . 5.4
o (@) by o by N ZZ::JSOZP a8 b Th ; 54

1

This estimator is what we use to estimate ng from the variables (71),.,., - A theoretical result concerning
its quality, whose proof is sketched in Appendix B, is provided below. It states that the error of this estimator
tends to 0 with probability 1 when both ny — +00 and N — +oc0.

Proposition 5.2 (Confidence intervals, single-telomere model). Assume that (Hy)—-(Hsy) hold. We denote the
constant

/
Ca = Hldz- (agn) + Id-a) : (5.5)
Lo (Ry)
2y 1
We also fir p € (0,1], and the smoothing parameter oy := ( 1 ); (102g75p))4. Then, there exists a sequence
Cai)? e

(L1,n)n€N of positive real numbers independent of p such that limsup,, . L1, < +00, and such that with
probability at least 1 — p it holds

> og(2)\"
de{ﬁ(()l,ap) _ no] HLOO(R+) < 2\/;(%71) an i 4]1\,7N.

Remark 5.3. We observe that we need to weight the L°°-norm by the identity function to obtain a qualitative
bound on the error. This weighting implies that the guarantees we have on the estimation of ng(x), where 2 > 0,
decrease when z is small. This is due to the fact the logarithm explodes near 0, which generates instability.

Nl=

We now proceed to estimations on simulations. We first choose ns € {30,300, 3000}, and simulate a sequence

of random variables (11 ;), ., <n, distributed according to ng), when ng € {h1 4, ho,1.5}. These random variables

are obtained by simulating a probabilistic telomere shortening model, see [5,28]. Then, in Figure 4, we compare

a)

the curve of ﬁél’ with the curve of ng, for @« = ag.1 defined in Proposition 5.2. We observe that when n; = 3000,

the curve of ﬁgl’ao'l) follows perfectly the one of ng, so the estimation is very satisfactory. We also observe that

when ng = 300, the quality of the estimation decreases, but remains correct. When ng = 30, the curve of ﬁgl’ao'l)

does not follow the one of ng, so the estimation is not completely satisfactory. However, this is expected because
we have a very small number of data points in this case. We therefore have from these observations that the
estimation stays reliable when we use ﬁ(()l’ao'l) to estimate instead of ﬁél), provided that ng is not too small.
Remark 5.4. Choosing for smoothing parameter ag ; allows us to have an estimation with a confidence level of
0.9 by Proposition 5.2. However, in practice, choosing for smoothing parameter one of the constants in (ozp)p €(0,1]
is impossible in most cases, as it requires to have a priori information on the initial distribution (in particular,
on Cf 1). Developing a method for choosing a good smoothing parameter without a priori information on ny is
quite challenging. We thus postpone this study to another work.

5.2.2. Estimator with random variables distributed according to ngk)

We now focus on the case in which we observe a sequence of random variables (Tsy ;) identically

distributed according to n(;k) , where ng € N*. In particular, in this section, we construct the estimator of ng

we use in this context. We assume that Toy; < Thy 41 for all ¢ € [1,n, — 1], and that the random variables

1<i<ng
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—— Estimated distribution, ns = 30

—— Estimated distribution, ns = 300

—— Estimated distribution, n; = 3000
-- Theoretical distribution

—— Estimated distribution, ns = 30

—— Estimated distribution, ns = 300
—— Estimated distribution, n; = 3000 0.5
4 ===+ Theoretical distribution

0 1 2 3 4 5 0 1 2 3 4 5 6
Telomere length Telomere length

(a) Comparison between the curves of n(l 0.1) (b) Comparison between the curves of n(l @0.1)

and ng = hq 4, for n, € {30,300, 3000}. and ng = he 1 5, for n, € {30,300, 3000}.

FIGURE 4. Estimation results for the estimator ﬁ(()l’ag'l) defined in (5.4), when b =1, g = 19 1],
N =40, ng € {h1,4,h215}, and for different values of n.

(Tok,i) < j<p,. are independent up to a permutation. We consider the survival function associated to ngy, defined

for all ¢ > 0 as Ny(t) := (%)( ) ds, and its empirical estimator

t
Vi >0: 8 Z Ly >ty = 1= — Z YTy i<y- (5.6)

The strategy we follow here for constructing our estimator of ng is slightly different from the one followed in the

1
A(%) is the weak derivative of the function x — — [Na(b )],
M1

previous section. It is based on the fact that n
see (2.10). From this last property and the fact that Ny can be estimated by Z\Afa, a natural estimator for ng
would be to use the weak derivative of M(z) := —[ﬁa(%)] = The problem is that the latter cannot be
represented by a function, as we can see in the following statement.

Proposition 5.5 (Derivative of M). We denote Tor o =0 and Top pn,+1 = +00. Then, it holds

M 2(17%) iy, .~ i, |

=0

Proof. As the times (TQkai)O<i<ns+1 are ordered in increasing order, we have for all ¢ > 0

Ns MNs

Z 1{T2k i<t} = Z Z 1{T21€ §St<Top,jt+1}
=1 j=1
Ng Ns
- ZZ 1{T2k’jgt<T2k1j+l} = Z] ’ 1{T2k,j§t<T2k,j+1}' (57)
j=11i=1 §=0

Therefore, by first replacing M with its definition, and then combining (5.7) with (5.6), in view of the fact that
the intervals in the indicators in (5.7) are disjoint, we obtain the following equality, which ends the proof, for
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all feC(RY),
—/ M(z)f'(z) dz 3 (1— j)2 / 1
vER? — Ng sERY {Tzk,jSl;%’l<T2k,j+1

& N[ by by
1 L 2 4 o ,
4=0< ns> [f( 5 2/w+1> f( 5 2k,]>

To solve the issue presented above, we use a smoothed version of M’ to estimate mg. This version is
obtained by using that in view of (5.3), we can approximate ;. for all j € [0,n, + 1] by the mea-

‘1
7 Tok,j

)) dz, where a > 0 is a smoothing parameter. This gives us the following estimator,

k“’_‘

}f'(gc) dz

O

1 (1 2z
sure ap(a log (Bmszw

depending on the parameter «, for all x > 0,

ng LN 5
_(2k,a) . J\* 1 1 2x 1 2x
7 (x) := (1 - ) —|p| = log| =——— —p| —log| =—— . (5.8)
0 JZ::O N azx [ « b1 Tok,j 11 o by Tk j

The following proposition provides us a bound on the error of this estimator. It is proved in Appendix B, and
further discussed in Section 5.2.3.

Proposition 5.6 (Confidence intervals, model with several telomeres). Assume that (Hy)—(Hy4) hold. We denote
the constant

/
Cr an = Hldz.(ﬁé%)) + IdAgY : (5.9)
L (Ry)
2\ 5
We also fix p € (0,1], and the smoothing parameter &, = ﬁ (10;(/))) . Then, there exists a sequence
Ch2k)? °

(L2k»")n€N of positive real numbers independent of p, such that limsup,, o Logn < +00, and such that with
probability at least 1 — p it holds

1
10 2 8k
& 2 108 L
Hfd[ﬁé% ») —no} H < 2\/;(6%’%)% (p> o Lok, (5.10)

L=(Ry) 2n N

At first sight, other estimators than the one given in (5.8) seem more natural to use. In view of the definition

of ﬁ(()%), see (2.10), we can for example mention estimators corresponding to the ratio between an estimator
of the numerator of ﬁ(()%) and an estimator of the denominator of ﬁézk). We prefer here to use the estimator
presented in (5.8) for two reasons. The first one is that it is easier to obtain qualitative results about the quality
of the estimators (ﬁ(g%’a))aw, see Proposition 5.6. The second one is that this prevents us from having an

estimator with a denominator tending to 0 when x — 400, which can generate instability.

5.2.3. Estimation with random variables distributed according to ngk)

We consider two examples: first, the case where the model with several telomeres, defined in (2.5), has for
parameters (ng, k) = (h1.4,5). Second, the case where this model has for parameters (ng, k) = (he,1.5,16). For

each of these examples, we fix ngy = 3000 and simulate a sequence of random variables (Tg;m-)1 <i<n. distributed
according to ngzk) by using a probabilistic telomere shortening model [5,28]. Then, we compute an estimation

of ng from these times by using ﬁé%’a) for @« = 0.275. The smoothing parameter has been chosen manually,
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—— Estimated distribution

4.0 B —— Estimated distribution
H =+ Theoretical distribution

++ Theoretical distribution 2.0

0.5

0.0

00 05 10 15 20 25 30 35 40 0 1 2 3 4 5 6
Telomere length Telomere length

~(2k,a) ~(2k,)

(a) Comparison between the curves of 7y (b) Comparison between the curves of 7
and ng = hy 4, for kK =5. and ng = hy 4, for k = 16.

FIGURE 5. Estimation results for the estimator m *(2 ) Jefined in (5.8), when b= 1, g = 1j0 1),
N = 40, ng = 3000, a = 0.275 and (no, ) c {(h1,4, ) (h211v57 16)}

and does not need to be optimal. We do not choose one of the smoothing parameters (dp)pe(o,l] introduced
in Proposition 5.6 for the reason given in Remark 5.7. We plot in Figure 5 the estimated initial distributions
(green curves), and compare them with their theoretical values (dotted curves). What we observe is surprising.
The left tails of the initial distributions are first correctly estimated. However, at a certain telomere length, a
peak appears on each estimated curve and the estimated density is 0 immediately afterwards. We thus have a
very poor estimation.

To understand this, we investigate the n, simulations of the probabilistic model used to generate our sequence
of senescence times (To,), -, <n, - For each of these simulations, we successively collect the initial length of the
telomere signalling senescence, plot in Figure 6 the histogram of these lengths (green bars), and superpose the
curve of ng on this histogram (black curve). In Figure 6a, which corresponds to the case where (ng, k) = (h1,4,5),
we observe that even if ng has a large density after the length 0.35, no telomere with an initial length greater
than 0.35 has signalled senescence. In Figure 6b, which corresponds to the case where (ng, k) = (h1,4,5), we have
a similar observation. No telomere with an initial length greater than 0.65 has signalled senescence, whereas
the density of ng is still large at this length. The random variables (T ;);.; <n. therefore do not contain a
significant part of the information about mng in these two cases. This lack of “information explains the poor
estimation in Figure 5. It also explains why we observe peaks: a smoothed Dirac measure appears in each
estimation due to the abrupt loss of information.

The only way to manage this issue is to do the estimation with a larger number of data points. The reason
is that it allows us to have better coverage of the telomere length that signals senescence at time ¢t = 0. The
problem is that the number of data points required to obtain a sufficiently large coverage of ng is far too
high. The latter is illustrated by the bound on the errors of the estimators (né k’%))pe(o 1) we have obtained in
Proposition 5.6. Indeed, this bound is of order - —L - as ny, — 4o00. Hence, the number of data points required

to have a qualitative bound increases exponentially fast with the dimension.

Remark 5.7. The fact that we have a bound of order o )M as ny — +oo explains why we do not use one

of the smoothing parameter (ozp)pe ©0.1] in the estimations presented in Figure 5. As the bounds provided in
Proposition 5.6 are not qualitative when ns = 3000 and k € {5, 16}, there is not benefit in choosing one of these
smoothing parameters.

This problem of lack of data is in fact very common when working in high dimension, and is often referred
to as curse of the dimensionality. In this context, we can go further, and link this problem to extreme value
theory [22], which studies the distribution of the maximum and minimum of i.i.d. random variables. This link
is shown in the following statement.
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El Histogram stopping lengths
—— Weibull distribution
-+ Initial length distribution

B Histogram stopping lengths
—— Weibull distribution
=+ |Initial length distribution

Density
Density

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.0 0.2 0.4 0.6 0.8 1.0 12 1.4
Telomere length Telomere length

(a) Histogram when (ng,k) = (h14,5), and (b) Histogram when (ng, k) = (ho,1.5,16), and
comparison with a Weibull distribution with comparison with a Weibull distribution with
parameters (17 (H1,4)71 (%0)) parameters (2, (H271,5)71 (3—12))

FI1GURE 6. Histograms of the initial lengths of telomeres signalling senescence in the simulations
done to generate (Togi);; <n,» Where ng = 3000, at the symlog scale [37]. Comparison with
the curve of ng (black curves) and with the density of a Weibull distribution (red curves). The
symlog scale uses a logarithmic scale for large values and a linear scale for small ones. It allows
us to make appear very small bars, while preserving the shape of the histogram close to that of
the linear scale.

Proposition 5.8 (Minimum initial length when k& — +o0). Let (¢, 8) € N* xR} and (Xi);<;<q), a sequence of
i.1.d. random variables with distribution given by hyg. Then, we have for all x > 0

in(Xy,..., X
- min( Lo = 2k) <x| =1-exp(~2f), (5.11)
k—+o0 (Hep)™ (37)

where (Hy3)~" is the reciprocal of the function Hy g defined in (5.1).

Remark 5.9. The right-hand side of (5.11) corresponds to the cumulative distribution function of a Weibull
distribution with parameters (¢,1). Hence, equation (5.11) means that min(Xj, ..., Xo;) can be approximated
by a Weibull distribution with parameters (¢, (Hyg)~*(5)) when k — +oc.

Proof. First, notice that as X has for cumulative distribution function Hy g, by the L’Hospital’s rule and (5.1),
we have for all s >0

. ]P[—Xl > —hs] . He 5(hs) . s X h@ g(hs) Y
1 — s — 1 _ L = . 12
ioor PCXy > —h]  noor Heg(h)  ho0tr  heg(h) (5.12)

Therefore, by using (5.12) to verify the assumptions of the Fisher—Tippett—Gnedenko’s theorem in Corol-
lary 1.6.3, Type III of [22], we obtain that for all z > 0

—X1,...,—X
lim P max( 1’_1 - 2%) < —z| =exp(—2").
k—o0 (Hep)™ (35)
We thus have that the proposition is proved, by using the above and the fact that for all ¥y > 0 it holds
Plmin(Xy, ..., Xok) <y] =1 — Pmax(—Xy,...,—Xor) < —yl. O

From this result, we have that if ng is the density of an Erlang distribution and k is large, then the distribution
of the shortest telomere at t = 0 depends only on the left tail of ng. In addition, we recall that in the approximated
model, the distribution of senescence times is a scaled version of the distribution of the shortest telomere at
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t =0 (see Rem. 4.4). Then, we only have a good estimation of the left tail in Figure 5 because the cemetery only
provides information about it in the original model, when k& — 4oc0. This explanation is all the more valid since
each of the histograms presented in Figure 6 has a shape similar to that of the density of a Weibull distribution
with the parameters given in Remark 5.9.

From these observations, we conclude that even if our inference method is theoretically adaptable when we
observe random variables instead of n(;k), it is in fact not usable in practice. In most cases, due to the lack of
data, only information about the left tail can be inferred, and not about the whole curve. This suggests that
the senescence times distribution is in fact mainly influenced by the left tail of ng, and much less by the overall

distribution.

5.3. Estimation on experimental data

To conclude this study, we test our inference method on experimental data. The dataset we use here comes
from [24]. It contains the senescence times of 187 different lineages, and the cell cycle duration of 1430 cells,
both measured in hours. The histograms corresponding to these data are presented in Figures 7a and 7b. Our
aim is to use the senescence times to obtain an estimation of ng. Then, we will compare this estimation with a
previous estimation of the initial length distribution, obtained in [40] on the basis of an elongation-shortening
model, see also [5,28].

The budding yeast is a species with 16 chromosomes. We can estimate its division rate as 1/1.386 = 0.7216 h™!
(hereafter denoted as h™') by computing the inverse of the average division times presented in Figure 7b. In
addition, the shortening distribution of this species can be modelled by a uniform distribution from 5 to 10 base

0.0200 0.35 --- Average division time = 1.386 hours

0.20
0.15
0.10
0.05 | |
n | | I Il m

20 40 60 80 100 120 140 0.0 0.5 1.0 15 2.0 2.5 3.0
Senescence time (hour) Division time (hour)

0.0175

0.0150

0.0125

sity
Density

 0.0100
a
0.0075
0.0050

0.0025

0.0000

(a) Histogram of senescence times coming from (b) Histogram of division times coming from
experiments. experiments.

0.010 — Estimated distribution
— Distribution from Xu et al

0.008

0.006

Density

0.004

0.002

0.000

0 200 400 600 800 1000
Telomere length (base pairs)

(c) Estimation results on experimental data us-
ing ﬁ(()32,a) with o = 0.1. Comparison with the

distribution obtained in Xu et al. [40].

FIGURE 7. Inference on experimental data: dataset and estimation results.
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pairs (bp), see [35], and the threshold for senescence has been recently be estimated as Ly, = 27 bp in [33].

We thus proceed to the estimation by using the estimator ﬁé%’a) with the parameters k = 16, b = 0.7216 h™*,
my =7.5bp, N = 40 (see Rem. 5.1 and Sect. 2.3), and the smoothing parameter o = 0.1. We apply this
estimator to the senescence times presented in the previous paragraph, and plot in Figure 7c the density we
have inferred shifted by Ly, (green curve). We also plot the estimation of the initial distribution coming
from [40] on the same figure (black curve). As for the estimations presented in Section 5.2.3, we observe in
Figure 7c that we first have an estimation of the left tail, then a peak, and finally an estimate of 0 everywhere.
Let us comment on the estimated left tail, that is the only reliable estimation, see Section 5.2.3.

We observe in Figure 7c that our estimated tail does not grow as quickly as the tail of the distribution obtained
in [40]. What is the most surprising is that even at lengths close to the mode of the black curve (around 200 — 240
base pairs), the tail of the estimated distribution has not grown yet. We thus have an estimation that differs
from the one of [40]. The reason for this difference is surely linked to the fact that the model described by (2.5)
is too simple. For example, using an exponential distribution for division times is not realistic, as illustrated
by the shape of the histogram in Figure 7b. In addition, we do not know yet if the assumption discussed in
Remark 2.4 is problematic or not. Solving this inverse problem in more complex models will allow us to identify
which model assumptions are too restrictive. This work therefore opens up new modelling perspectives.

6. DISCUSSION

Our work began with a theoretical study, during which we study the connection between the senescence times
distribution and the initial length density. We showed that there is a strong link between the two, provided
that the ratio between the average telomere length and the average shortening value, denoted N, is large.
We then have done a numerical study to understand how our method works in practice. Even if this study is
encouraging in many cases, it has revealed several limitations. The first limitation is the poor estimation of
initial distributions with a small coefficient of variation, see Section 5.1.2. In this case, the information on the
initial distribution is blurred by the other sources of randomness (shortening values, cell cycle duration). The
second limitation is the poor estimation of initial distributions in high dimension. In this case, the number of
data points required for a good estimation is considerable, see Section 5.2.3. In addition, the error between (2.5)
and (4.12) is large, see Section 5.1.3.

This work opens up new perspectives for telomere shortening models, including applications beyond those
presented in this study. We have provided a rigorous justification that these models can be approximated by
transport equations, and have used these approximations to solve our inverse problem. However, this justification
has limitations, since for the species that motivate our study, N is not very large (for example, N = 40 for the
yeast). The first perspective is thus to improve our approximations by adding a diffusion term to our transport
equations, see [13,32,36]. Indeed, if we manage to show that telomere shortening models can be approximated
by a transport-diffusion equations with an error of order ﬁ instead of %, then it will be possible to construct
estimators with estimation errors of order ﬁ and improve the results presented in Section 5.1.2. In addition, on
this more complex approximation, we strongly believe that thanks to the diffusion, the distribution of senescence
times distribution is not only influenced by the distribution of the initial shortest telomere, see Remark 4.4,
but also by the second shortest, third shortest etc. Hence, by obtaining information on the distribution of
the shortest and second shortest initial telomeres thanks to this approximation, and then studying if these two
distributions are close or not, it might be possible to obtain information on the correlations of the initial telomere
lengths when the assumption presented in Remark 2.4 does not hold. Obtaining such a model approximation
corresponds to a work in progress.

The second perspective is to find a model approximation when & — +o0o0. As mentioned above, problems
arise when k is large, that may be related to extreme value theory or to the fact that the approximation error
depends on k (see Thm. 2.7). It is therefore necessary to understand how the dynamics evolve when & is large.
The main approach to achieve this is to use extreme value theory to our advantage, by constructing a typical
particle representing the telomere with the smallest length among the 2k present in a cell. In view of the
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Fisher-Tippett—-Gnedenko’s Theorem 1.6.2 in [22], it will thus be possible to obtain a parametric law for the
evolution of the shortest telomere over time, and thus to simplify the study of the phenomenon.

The third perspective, more directly linked to the inverse problem, is to improve our bounds on the approx-
imation and estimation errors for the model with several telomeres. As explained in Section 2.2, the condition
to have an exponential decay of the error in Theorem 2.7 (b) is that A+ 2kXy > w + (2k — 1)w'y. However, this
condition is not optimal. The reason we think this is that from (A.22), a maximum principle in view of (H3),
and (4.36), one has that for all ¢ > 0

ngzk)(t) < (D) kbmy Ny exp|—kbmi Ny ).

Using the latter and Lemma 4.11 to bound né%), in view of the right-hand side of (2.10) and (2.11), yields that
forallz >0

Ny exp[—2kXya] (D)

(2k) 2k
A9 (z) < (Dy) = -
0 (D, exp[—2kwhya])' "% (Do)

v exp[—2kNyz + (2k — 1wiyz],

for which the right-hand side vanishes exponentially when 2k\y > (2k — 1)w/y. In addition, the function ng

vanishes exponentially when  — +o00 in view of (H3). We thus have that the condition under which |n82k)(a:) —
no(x)| vanishes exponentially is when 2kXy; > (2k — 1)w/y, which is less restrictive than the condition A+2kXy >
w+ (2k — 1)w)y since w > X. We thus would like to know if this is possible to obtain a better coefficient in
the exponential in the bound of Theorem 2.7 (b), with a coefficient before the exponential at least of the same
order. This can maybe be done by better controlling the term Ay (z) introduced in Section 4.6, where z € R,.. In
addition, the constants (Dy)?* and (82)2k in respectively Proposition 4.5 and Theorem 2.7 (b) are not optimal.
There are related to the loss of information on ng that occurs when we apply (Hs) or (H4) to bound ng,
and this loss increases exponentially with the dimension. We would like to obtain bounds on the estimation
and approximation errors in which these two constants do not appear. This will allow us to prove that the
approximation and estimation errors grow at most polynomially when the number of chromosomes increases.

The other perspectives are not related to model approximations, and correspond to questions that remain
open. First, we would like to prove that the operator Uy defined in Remark 2.2, and its equivalent on (2.5), are
invertible. Second, we would like to adapt our method for age-dependent models, see [28]. These two perspectives
are the subject of future work.
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APPENDIX A. AUXILIARY STATEMENTS

We present here auxiliary statements which are quite standard to obtain, and used frequently during all the paper.
First, we provide in Appendix A.l results related to the integro-differential equations we use in this work. Then, in
Appendix A.2, we present statements dealing with the cardinalities of subsets of Zj. Finally, in Appendix A.3, we give

results about Erlang distributions that we use in our numerical study, see Section 5.

A.1. Auxiliary statements related to our integro-differential equations

We begin by presenting the statement that justifies the well-posedness of the integro-differential equations used in
this work, as well as their uniqueness. The proof of this statement is based on a fixed-point argument, and is inspired by
the ideas presented in Section 3.3 of [30]. We do not detail this proof, as it is relatively classical. We however mention,

for the interested readers, that the detailed proof of this result is presented in p. 194 of [27].
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Proposition A.1 (Well-posedness of the equations). Let d € N¥, £ a finite measure on ]Rff_, F e C(R+, ! (]Rff_)), and
wo € Lt (Ri). Then, there exists a unique solution in C(R+; Lt (Ri)) to the following integro-differential equation

{&w(t,w) = fveRi [w(t, z +v) —w(t,z)]E(dv) + F(t, z), Y(t,z) € Ry x R, (A1)

w(0,z) = wo(z), Vr € R%.
In addition, if F' and wo are non-negative, then w is non-negative.

We now present the second statement of this section, which corresponds to a maximum principle for solutions of (A.1)
when the source term F is identically equal to 0. Again, we do not detail its proof, and refer to p. 195 in [27] for the full
proof of this result.

Corollary A.2 (Maximum principle). We work under the setting of Theorem 2.7, with F = 0 and wo non-negative. We
consider vo € L' (Ri) verifying |vo| < wo, and (v,w) € (C(R+; ! (Ri)))z two solutions of (A.1) with respective initial
conditions vo and wo. Then, for all (t,z) € Ry x RL, we have

lv(t, z)| < w(t,x).

The third statement we present is an intermediate statement to compute an explicit solution to (A.1) when F' = 0. It
can be proved by simply computing the derivative in time of the function given in (A.2).

Lemma A.3 (Complex explicit solutions to (A.1)). Let d € N*, £ a finite measure on RY, and two constants C > 0 and
p € C. Then, the function Cqcp: Ry x RE — C defined for all (t,x) € Ry x R as

Caop(t,z) = Cexp [ (5(1) —-L(¢) (p))t - PZ «’Ey} (A.2)

verifies the first line of (A.1) with F = 0.

Now, the fourth statement we give is a consequence of Lemma A.3. It provides the explicit solution to (A.1) when wo is
a product of an exponential and a cosine or sine function. It can be proved by simply computing %(Cd’cyg+l’w + Cd,0.8—iw)
and - (Ca,0,p4iw — Ca,c,8—iw) for all d € N*, C > 0 and (3,w) € R’ x R by using (A.2), and then using the uniqueness
result stated in Proposition A.1.
Proposition A.4 (Real explicit solutions to (A.1)). We work under the setting of Theorem 2.7 with F = 0. We consider
C >0 and (B,w) € R} x R, and denote £(1) := fveRi 1£(dv). The following statements hold.

(1) Assume that wo(x) = C* cos(w ijl z;) exp(—p Z‘;:l x;) for all x € RE. Then, for all (t,z) € Ry x RL, we have

w(t,z) = C% cos

d
Im (E(é) 8+ iw))t - wZ:cJ}
j=1
d
X exp {— (5(1) - Re(ﬁ(é)(ﬁ + iw)))t -5y a;j] .
j=1
(2) Assume that wo(x) = C%sin(w Z‘;:l x;) exp(—p Z?:l x;) for all x € R%. Then, for all (t,x) € Ry x RE, we have

w(t,z) = C%sin

Im (6(5) B+ iw))t - wixj]

, (A.4)
X exp {— (E0) = Re(£E) B +iw)))t -8 a;j] .
j=1
Finally, the last statement that we present is useful to show that the cemeteries in (2.1) and (2.5) can be very close,

even for two different initial conditions. This statement is essential to justify rigorously that the inverse problem we
study in this work is ill-posed.
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Proposition A.5 (Close cemeteries for different initial conditions). We work under the setting of Theorem 2.7 with
ERIN{0}) > 0, F =0, and wo(zx) = exp(— ijl z;) for all x € RL. We denote £(1) := =/, erd 1€(dv), the following

function:

VE>0: wolt) = /eRd wlt, y)g({v eR: |y —wv¢ Ri}) dy, (A.5)

and the following sequences of functions, for all n € N:

) =  hin(n T ) x-S 1) ’
R ey G O P o o> e TR

w™ ¢ C(R+, L1 (]R_,_)) corresponding to the solution of (A.1) with initial condition w(()n),
- w(gn)(t) = fyeRi w(”)(t, y)f({v € R |y —v ¢ RY }) dy for all t > 0.

Then, it holds:

i s =y 8 =] =0 A6

n_l)l;[_loo[ wy" — wa L (ay) + ||wy" —wa L (5y) (A.6)
and 5
; (n) _ _ “.

nEToonO wo‘ L1 (rd) T (A7)

Proof. We begin by proving (A.6). For all a > 0, f: Ry — R verifying sup,, (e™|f(t)]) < +oo, one has that

/Ooo\ ()| dt + sup(|f(t) { -t dt] {sup(e“t|f(t)|)] + sup (™| f(t)])

t>0 t>0 t>0

(7+ >sup o

a t>0

—_

Therefore, in view of the above and the fact that £(§~) 1) < ﬁ(é) (0) = £(1) (because we have .f;“(R \{0}) >0, see (2.8)),

we are going to prove the following in order to get (A.6

lim {sup [exp[(éa) - z(é) (1))4 ‘wgm(t) - wa(t)]H —0. (A.8)

n—-+oo t>0

To do this, we first fix n € N, and denote the following to simplify notations:

O /yERd (1 +sin (nZy;)) exp <— ;%) a, (A.9)

Yy eRL: A, ::{UGR+|y—v¢R+}.

By using the linearity of (A.1), and then (A.4), one has that for all (¢,y) € Ry x R

Im (ﬁ(f)(l + m))t - niyj]

= (A.10)

X exp {— (5(1) - Re(z:(é) 1+ m)))t - éyj] ) .

In addition, from (2.8) and the inequality cos(z) < 1 for all € R, one has that

Re(e(€) 1) = [ e 03] e S can < (@)

yeRY j=1

n

n 1 .
w! )(t,y) =& <w(t, y) + sin
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which implies that
exp [(5(1) - .c(g) (1)) t] < exp [(5(1) ~Re (c(é) 1+ m))) t] . (A.11)

Therefore, by first subtracting both sides of (A.10) by w(t,y), then integrating with respect to the measure exp[(£(1) —
L(&)(1))t]€(Ay) dy in view of (A.5), and finally applying the triangle inequality and (A.11) to simplify the second
exponential in time, we have for all £ > 0

exp (&) — £(€) ()] jw () — wo()] < ]Ci 1

1 /?;eRd sin |:Im (E(é)(l—l—in))t—niyj] (A.12)

_l’_ -
d
o3
j=1

exp [ (£) — £(&) ()] wa(®)

Cn

E(Ay) dy|.

Now, thanks to Theorem 2.6 in [10] and the following equalities (the third equality comes from the fact that z € R —
cos(z) is 2m-periodic), for all (u1,...,us—1) € RT

d d—1
/ cos Z uj | duqg = / cos Z uj + uq | dug
ug€(0,2m) =1 ugq€(0,2m)

j=1

Cos(ufi) dul = / cos(ug) dug = 0,

d—1 d—1
/u’ (X4 o iz] ujt2r) u’,€(0,2)

d

one can obtain that

d d
li cos il e — i
lim [nZyj] Xp{ ;yj

- 1 d
E(Ay)dy = [(27r)d ~/u€(0,27r)d cos LZI uj] du]

yERY _—
" = ) (A.13)
x [/ exp {—Zyj £(Ay)dy| =0.
yeRY =1
By proceeding as above, we also have that
d d B
lim sin {n Z yj:| exp | — Z y; | £(Ay)dy = 0. (A.14)
nhee Jyerd =1 =1

Therefore, by first applying the equality sin(c—d) = sin(c) cos(d)+-cos(c) sin(d) for the real numbers ¢ = Im (£(£) (1 + in))t
and d = nZ?:l Yj, then using the triangle inequality and the facts that sup s ,(|sin(s)|) = 1 and sup,s (| cos(s)|) = 1,
and finally applying (A.13) and (A.14) (the limit is equal to the limit superior in these equations), we obtain that

ljlgilif [igg[ /ye]Ri sin [Im (ﬁ(é)(l + m))t — njilyj] exp [jilyj £(A,)dy H
< lrllrgilg [igg“sinﬂm (E(é)(l + m))t]H /yERi cos [njilyj] exp [jilyj £(A,)dy :| (A.15)

E(Ay) dy

n—-+oo | t>0

}:0.

+ lim sup [sup Hcos[lm (E(éz) 1+ m))ﬂ H

d d
/ sin nZy]- exp nyj
yGRi j=1 j=1
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Moreover, in view of the first line of (A.9) and Theorem 2.6 in [10] (we proceed as in (A.13)), and then of (A.5) and (A.3)
for 3 =1 and w = 0 (recall that wo(z) = exp(— Z?:l z;) for all z € R%), one has that

yeR

d d
lim C,=1+ 1 i ; - i |dy=1
Jim Co=1 lim ism<”§§%>@®< §§%> v=t

(A.16)
sup[exp[(é(l) — E(é) (1))15] wa(t)} < 4o0.

t>0

Therefore, by taking the supremum in ¢ > 0 and the limit when n — 400 in (A.12) in view of (A.15) and (A.16), we
obtain that (A.8) is true, which yields (A.6).

Now, it remains to prove (A.7). Let n € N. In view of the definitions of wé"), wo, and Cl,, one has that

. d
] sin(n 20, v ) a
= — — 1)+ ———F|exp| — y; | dy.
L1 (rd) /yERi (Cn > Ch ; J

+

e

_w0’

This yields, in view of the reverse triangle inequality, and the following classical results:

d d
Yy € Ri ¢ |1 +sin (nZyJ) <2 and / exp <— Zy]) dy =1, (A.17)
=1 very =1
that
d d
(n) _ ‘ ,/ - v ~N "y )4
w, wo sin[n ) y; ||exp y y

d d
1 1
§/ (—71) <1+sin<n2yj)> eXp(ZyJ) dy§2‘—71’.
yGRi Cﬂ =1 = Cn
Combining the latter with the first line of (A.16), and then using Theorem 2.6 in [10] in view of the fact that z € R? —
\sin(z;l:l x;)| is (0, 7)%periodic (see [10], Def. 2.1), yields that

d d
sin(nZyJ) exp(—Zy]) dy
yERE j=1 i=1

d d
S /
== sin uj || du exp| — y; | dy]|.
[“d we(0, 7 (; J) HyERi ( ; J)

In addition, in view of the fact that f(o ) |sin(z + o)|dz = [ |sin(z)|dz for all o € R because the function z € R —
| sin(z)| is w-periodic, and then the inequality sin(z) > 0 for « € (0, 7), we have that
du= = / [sin(uq)| dug | dut ... dug—1
™ (ul,m,ud_l)e(o,w)d_l ug€(0,7)

1 d
— sin Uj
md /uE(O,W)d (; J)
2
/ sin(uq) duq | duy ... dug—1 = =-
ug€(0,m) m

Then, by plugging the above and the right-hand side of (A.17) in (A.18), we obtain (A.7). O

= lim
L1 (Ri) n—-—4oo

lim Hw(n) — wo‘
0
n—-+oo

(A.18)

1

md (u1 ,,,,, ud,l)G(O,Tr)dfl

A.2. Auxiliary statements related to Zy

We now provide statements related to the cardinality of subsets of Zj. The first statement we present is the following,
and corresponds to Lemma 4.9 in [28]. It provides information about the number of sets in Z, and about the number of
sets that contain/not contain a chosen index.
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Lemma A.6 (Cardinality of subsets of Z, less than 1 index fixed). It holds

#(Zk) :2]“’ and Vie |I1,2k]]3 #({Iegi‘zel}) — #({Iegih%I}) — %

The second lemma we present is not given in [28]. It provides the number of sets in Zj that contain a chosen pair. We
briefly sketch its proof but do not detail it, as it mainly consists in adapting the proof of Lemma 4.9 in [28].

Lemma A.7 (Cardinality of subsets of Zy, 2 indexes fixed). For all (¢,¢') € [1,2k]? such that £ # ¢ mod k, we have

. 0, k=1,
#{leultel GI}){2k2, FE> 2, (A.19)
Proof. When k = 1, we have by (2.2) that Z1 = {{1},{2}}, so that (A.19) is true for all (¢,¢') € [1,2]* such that
£ #¢'. When k = 2, the expression of T, is given in Example 2.3, and we see that whatever the values of (£,£') € [1, 4]]2
verifying £ # ¢ mod 2, (A.19) holds. We thus now focus in the case where k > 3. We consider (¢, ¢') € [1,2k]? such that
£ # ¢ mod k. Following Section 4.4.3 in [28], one can prove that f : {0,1}*72 — {I € T |£ € I, £’ € I}, defined for all
z€{0,1}*7% as

f(@) ={ka; +j|j€[1,k], j#¢modk, j#¢ mod k}U{¢,(}

is bijective. Hence, as # ({0, 1}*7?) = 272, we obtain that (A.19) is true when k > 3, which concludes the proof of the
lemma. (]

A.3. Auxiliary statements related to Erlang distributions

Throughout this section, we denote for all 8 > 0 the following constants:

BN = % {1 - L(g) (%)]7 BN2k = kJT\rle [1 = L(u) (%)] (A.20)

These constants are similar to the ones introduced in (2.9) (Bn,2x is similar to Ay and wy by (4.36)), and correspond to
approximations of § when N is large.

The first statement we present is useful in the specific case where ng is an exponential distribution, i.e. an Erlang
distribution with parameter £ = 1. It gives the explicit formula of the estimator ﬁé‘”, for all d € {1,2k}.

Proposition A.8 (Explicit estimators for exponential initial distributions). Assume that there exists 8 > 0 such that
no = hi1,g, defined in (5.1). Then, for all d € {1,2k} and x > 0, we have

ﬁ(()d>(x) = Bn,q exp|—PBn,ax]. (A.21)

follows the same steps as when d = 2k, but is easier. Hence, we only

Proof. The proof of this proposition when 1
5), (A.3) with w = 0 and (A.20), we have that

d
give the proof when d = 2k. Notice that by (2

2k

n(Qk)(t, LE) — ﬁQk exp[—kbmlﬂN,gkt - p Z xz]

=1

for all t>0, z € Rf_k. Our aim is to use this expression of n*® to obtain (A.21). To do so, we first rewrite
p({v € R%*| Ny — v ¢ R%*}) in the second line of (4.6) with an integral. Then, we switch the integrals and use the

equality 1{Ny_,ve]R3_k} =1 = Livicp1,24]: y; > %y - Finally, we apply the expression of n®*) and equation (A.20). We obtain
forallt >0

(k) _ (2k)
ng " (t) = bN s n'=" (¢, y) |:/U 1{Ny_U€R3_k}/,L(d’U):| dy

2k
eRY

=bN GO ) (1= 1,0, viq ) dy | p(d (A.22)
vERik |:/y€]1§3_kn (72/)( {Vze[[lﬂk]]:yizﬁ}) Y ,LL( U)

=bN |:1 — L(/A) (%)} exp[—k’bmlﬁ]\;,gkt] = kbmlﬁ]\jygk eXp[—kbmlﬂN,th]A

Therefore, by plugging the above in (2.10), and then using (2.11) to replace bm; with b, we obtain (A.21) d
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The second proposition we present is devoted to the more general case in which ng is an Erlang distribution, but not
necessarily an exponential distribution. In this case, nM is explicit. One can then compute n(a1> by using (2.1), and then
ﬁén thanks to (2.10).

Proposition A.9 (Explicit solutions for Erlang initial distributions). Assume that there exist £ € N* and 8 > 0 such

that no = he,g, defined in (5.1). We consider for all (t,x) € Ry x Ry the function .+ € L'(RY), defined for all o> 0
as e (o) == —bN[1 — L(g)(&)]t — az. Then, for all (t,x) € Ry x Ry, we have

d£71
7 dat-t

Ya,t(B) | exp(¥a,t(8)), (A.23)

¢
(¢ 7) = (fl)f‘l(ﬁ—l)!&_l [(f;wz,t(ﬁ),-

where Be_1 s a complete Bell polynomial of order £ — 1, see equation 3.c, p. 184 in [11].

Proof. We denote f € L' (R} x R}) the function defined for all (a,t,z) € R} x R} as f(a,t,z) := exp[ts:(c)]. One
can easily see that by integrating f and computing its derivative, we have for all (o, ¢,z) € R% x RY

5
Ocf (ot ) = bN/0 [fla,t,z+u) — f(a,t,z)]g(u) du. (A.24)

We also know by the Faa di Bruno’s formula Theorem C, p. 139 in [11] and the definition of a complete Bell polyno-
mial equation 3.c, p. 134 in [11], that it holds for all (o, ¢,z) € R% x RA

£—1

daﬁ—l

dl—l

Flot2) = Beoy | 2t (@), ot (0) | exp(thna(@). (4.25)

Then, by using equations (A.25) and (A.24), we have that the function o1 € L' (R3) defined for all (t,2) € Ry x Ry as
o1t ) == (=1)1 @‘j—i)!% (8,t,z) is equal to the right-hand side of (A.23), and verifies the same equation as n‘),

see the first line of (3.4). In addition, we have that ¢1(0,z) = (Zfill)!xefle*ﬂz = heg(x) for all x > 0, in view of the fact

that by equation (A.25), equation 3.n, p. 136 in [11], and equation 3.c, p. 134 in [11], it holds

dé—l

mf(ﬁ,O,x) = By_1][-1,0,...,0 exp(—fz) = (—z)" " exp(—Sx).

As the first line of (3.4) has a unique solution in C(R, L (Ri)) with initial condition h¢,g by Proposition A.1, we obtain
that ¢1 = n, so that equation (A.23) is true. O

The final proposition we present provides the value of the mean, the variance, and the coefficient of variation of an
Erlang distribution. This result is quite standard, so we do not prove it. We however refer to p. 138 in [18] for a proof
of the expression of the mean and the variance.

Proposition A.10 (Moments of Erlang distributions). Let us fiz £ € N* and 3 > 0. We consider
+o0 +oo
m= / zhes(z)dz and o = / 22he p(z) dz — m?,
0 0

which correspond respectively to the mean and the variance of a random variable distributed according to heg. We also

consider cv = % the coefficient of variation of this distribution. Then, we have
m = f o’ = i and cv= 2z
B’ B2’ Vi

APPENDIX B. PROOF OF PROPOSITIONS 5.2 AND 5.6

This section is devoted to the proof of Propositions 5.2 and 5.6. First, in Appendix B.1, we introduce the notations and
auxiliary results we need to obtain these propositions. Then, in Appendix B.2, we prove one of these auxiliary results.
Finally, in Appendix B.3, we detail the proof of Proposition 5.6 from this statement. The proof of Proposition 5.2 follows
exactly the same steps as those given in Appendix B.3, and is even slightly easier. Hence, we do not detail it.
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B.1. Notations and auxiliary statements

We begin by introducing the notations we use in this section. We first consider the following set
XPR)={feD'[R)|Tpe L=[R)s.t. f=¢'}.

This set contains distributions that are not necessarily representable by a function. For example, as for all x € R and
zo € R it holds L (14<4y) = 620 ({z}), and as the shifted Heaviside functions are in L>(R), we have &, € X*(R). We
then introduce the functional K : X*°(R) — R4, defined for all f € X*°(R) as

K= gt (elem)- (B.1)

This functional allows us to control the distance between two distributions in X'*°(R) by using two functions. For example,
we can control the distance between two Dirac measures by two shifted Heaviside functions. We finally define the following

functions, for all d € {1,2k}, y € R,

i (y) = exp(y)as” (exp(y)), (B.2)

and the following measures

Ns

1
—(1
”l(o;(dx) T . Z 510g(5m1T1,1.) (dz),

i=1

Nng . ﬁ
ﬁl(gg)(dx) - Z<1 B Tlis) |:6l g( L Tk, L+1> (dx) B 6log(5m%T2k,i) (dl‘) ’

=0

(B.3)

where (Tlvi)1<i<n5 and (Tkai)O<i<n5+l are the sequences of random variables introduced in Sections 5.2.1 and 5.2.2.
Since Dirac measures belong to X*°(R), we have that Y e X°(R) for all d € {1,2k}. The function ”10 , defined

log

n (B.2), is the distribution of the random variable log (Z(d>>, where Z(49 is distributed according to ﬁ(()d). The measure

ﬁf;;, in the first line of (B.3), is the empirical estimator of nl(ié The measure ﬁl(fg), in the next line, is an estimator
of nl(f: ). The latter has been constructed by computing the weak derivative of the empirical cumulative distribution
function associated to nl(j;), as done in the proof of Proposition 5.5.

We now present the two auxiliary statements that we need to prove Propositions 5.2 and 5.6. The first statement
we provide is the following. It corresponds to an intermediate statement to obtain the second one. We briefly sketch its
proof below but do not detail it, as the inequalities used in the proof are relatively classical, see [3,7,12].

Lemma B.1 (Bounds on the logarithm of the data). Let us consider d € {1,2k}, and o > 0. Assume that (H1)—(Ha)
hold, and that By = (A + 2kXy) — (w + (2k — 1)wi) > 0 when d = 2k. We denote for all & € R: pa(x) = Lp(£). Then,

it holds
=d) () -1 (24 (= (d> <d)
’ Pa * nlog nlog ‘Loo ®) S o \/g’C (nlog log \/7H log Lo (R) . (B4)
Proof. First, notice that by the triangle inequality, it holds
=(d) (d) (d) (d) (d) (d)
’ Pa * Ngg — Mg oo (R) ’ Pa * (nlog log) HLOO(R) + ‘ Pa ¥ Noe — Mg L“(R). (B5)

Then, notice that by adapting the proof of Lemmas A.1.(1) and A.1.(4) in [7], we can obtain similar inequalities as
in Lemmas 3.(iii) and 3.(i) of [3], for all ¢ € L*°(R) such that ﬁl(;ié - nl(j; =  and f € WH(R),

po e (782~ ) e = 0 ey < 10 s ey
llpa * f — fHLoo(R) < O‘HId'pHLl(R)Hfl”Loo(R)'

In view of (B.1), by taking the infimum in the first line of (B.6), we have that

(d) (d) ot (d) (d)
oot () = I = i)
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Therefore, by first plugging the above and the second line of (B.6) in (B.5), and then using that

2
16y = My = /2

as p is the density of a standard Gaussian distribution, we obtain (B.4). d

The second statement we give is the following. It provides for all d € {1,2k} a bound on the supremum error between

ﬁ(()d,a) —(d)

and ng, when the error between Mg

and nlog is known. It is proved in Section B.2.

Lemma B.2 (Error bounds for simulated data). We recall the constants Cn1 and Cg o defined in (5.5) and (5.9)
respectively. Assume that the assumptions of Lemma B.1 hold, and there exists € > 0 such that K(ngfg) — nl(gg) <e. Then,
there exists a sequence (Lan)nen of positive real numbers such that lim SUp,, 4o L4y < +o00 and

o -l <2y B 2 -
Lo (Ry) i T N

1

Remark B.3. The minimum of the function a € R} — a~ %6 + a\/gcﬁ,d can be computed by analysing the sign

of its derivative, and is in o = (5= - )% Then, in view of (B.7), the smoothing parameter providing the best bound on

the error is ™.
We now conclude this section by proving Lemma B.2 and Proposition 5.6.

B.2. Proof of Lemma B.2

(d,)

First, decomposing ||Id[ - no] HLOC(RJr) into two terms thanks to the triangle inequality, and then using The-

orem 2.7 to bound the second term, yields that there exists a sequence (La,n),y of positive real numbers such that
limsup,, ;o La,n < 400 and

Jrafris*? =]

We thus only have to bound the term HId (dex) ﬁ<d) HLW (B, and (B.7) will be true. To do so, notice that by the

< s -], .+ o

Lee(Ry) — Lo=(Ry) N

change of variable y = log(z), the definition of ﬁél ) and n(% @)

n (B.2) and (B.3), we have (recall that po = 2p(2))

s -], = -]

L°° JR+) zER

given in (5.4)—(5.8), and the ones of nlog and 7 nlog given

~(d)

75 (exp(w) — 75" (exp(v)|

= sup [exp(y)
yeR

d d
Pa * nfog nl(o;

‘LOC(JR)’

Therefore, by first using Lemma B.1, and then the fact that K(nl(;i; - nl(;i;) < e, we obtain

Hld[ (da) Aw]” <a /2 6er/ H fg;
Lo (Ry)

We thus only have to plug the above in equation (B.8), and then using the following equality which comes from (B.2),
the change of variable z = log(y), and (5.5)—(5.9), to conclude the proof of the lemma

(i)

Lo ()

= sup exp(Qy)( (d)) (exp(y)) + exp(y)7, (d)(exp(y))‘

L>*(®)  yeR
= sup |z® (ﬁ(()d)) (z) + 2nl (x ‘ = Ch.q.

zER
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B.3. Proof of Proposition 5.6

Our objective here is to apply Lemma B.2. To do so, we begin by computing the probability that IC(nl(f? —nff?) < ep,

og (2)\ 2
where €, = (1 g(p))“. We denote for all y € R

2ng

L

1 & 3k oo o)

R = [1—-— 1 - — d B.9
) [ (o Tm)gy}] JAR-IOEN (B9)

and for all £ > 0: Np(t) = [~ n 2F)(s) ds. In view of (B.2), the change of variable s’ = exp(s), and the fact that 7 ah |

the derivative of = — —(Na) 21k (ﬁ) (see (2.10)), we have for all y € R
T o T ok, g 2¢Y \ 2
/ Niog (S )ds:/ ng (s)ds :Na<~~ > . (B.10)
Yy exp(y) bmq

Our aim is to use the above equality to bound the probability that sup,cz|R(y)| > €,. To do so, we first use that
\aﬁ — ci| <la-— c\ﬁ for all a, ¢ > 0 to bound from above |R|. This inequality is a consequence of the reverse triangle

inequality that holds for the quasi-distance D(a,c) := |a — c\ﬁ, where (a,c) € R%. Then, we apply (B.10) to simplify
the expression in the measure. Finally, we use the Dvoretzky-Kiefer-Wolfowitz-Massart inequality [14,25], in view of

the fact that x — 1 — Np( 52;2 ) is the cumulative distribution function of the random variables (log(“2Toy.;))1<i<n, (as
1 — Np is the one of (T2k,i),<;<,, ). We obtain

1 ng 4o (2k) 2k le
P|sup|R >ep| <Psup|l — — 1 B —/ n? sds} > €
[y€§| (y)| p:| yg]g Ns ; {log(leTzk,i>Sy} [ " log ( ) P
2V 1 & ok (B.11)
=P(sup||1l — N - — 1 > (e
|:y€§ [ 8<bm1):| Ns ; {103(7T2k 7,)<y} ( p) :|
< 26_2n5(5”)4k.
In addition, in view of (B.9), (B.3), and the reasoning that allowed us to obtain Proposition 5.5, we have that R’ = nl(fg)

7ijo. This yields, in view of the fact that R € L*(R) and the infimum in (B.1), that it holds K(n{>s) —7iioe’) < ||Rl| o (-
Then, by combining this inequality with (B.11), we obtain that

plc(n) — 7)) <)) > P {Sgglmyn < } > 12ty
Yy

We thus only have to combine the above with Lemma B.2 for ¢ = ¢, and a = a; to conclude that (5.10) is true with
probability at least 1 — p (we notice that «, is of the form given in Rem. B.3, so is optimal). (Il
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