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HYBRID DISCONTINUOUS GALERKIN DISCRETIZATIONS FOR THE
DAMPED TIME-HARMONIC GALBRUN’S EQUATION

MARTIN HALLA!®, CHRISTOPH LEHRENFELD?® AND TIM VAN BEECK?*

Abstract. In this article, we study the damped time-harmonic Galbrun’s equation which models solar
and stellar oscillations. We introduce and analyze hybrid discontinuous Galerkin discretizations (HDG)
that are stable and optimally convergent for all polynomial degrees greater than or equal to one. The
proposed methods are robust with respect to the drastic changes in the magnitude of the coefficients
that naturally occur in stars. Our analysis is based on the concept of discrete approximation schemes
and weak T-compatibility, which exploits the weakly T-coercive structure of the equation. Compared
to the H'-conforming discretization of Halla et al. (2025), our method offers improved stability and
robustness. Furthermore, it significantly reduces the computational costs compared to the H(div)-
conforming DG discretization of Halla (2026), which has similar stability properties. These advantages
make the proposed HDG methods well-suited for astrophysical simulations.
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1. INTRODUCTION

Helioseismology studies the interior of the Sun through acoustic oscillations measured at the surface [31].
Reconstructing physical quantities in the interior, such as the density, the sound speed, or subsurface flows,
requires solving a passive imagining problem. To tackle this problem, approaches such as helioseismic holography
[50,52] rely on an accurate and computationally efficient solution of the forward problem. To model solar and
stellar oscillations, we consider the damped time-harmonic Galbrun’s equation: Find u : @ — C¢ such that

—p(w + 0y +i1Q%)*u — V(pcZ divu) + (divu)Vp — V(Vp - u) (1a)
a

+ (Hess(p) — pHess(¢))u + yp(—iw)u=£f in O,
v-u=0 on 00, (1b)

where O C R%, d = 2,3, is a bounded Lipschitz domain. We denote by p the density, by ¢, the sound speed,
by p the pressure, by ¢ the gravitational potential, and by f the source term. Furthermore, Q € R? is the
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angular velocity of the frame of reference, w is the frequency and b is the background velocity. The operator
Op = Zle b;0,, is the directional derivative in the direction of b, Hess(-) is the Hessian, and by v, we denote
the exterior unit normal vector on dO. The damping is modeled with the term —iypwu, where « is a scalar
damping coefficient. While (1) is sometimes reduced to a scalar equation in helioseismology [2,32], or convected
Helmholtz equations [4] are considered instead, the full vectorial equation is necessary to capture key physical
phenomena such as the emergence of f- and g-modes. Thus, it is highly relevant to study the full equations (1).

In this article, we focus on the boundary condition (1b). Accounting for wave propagation in the atmosphere,
however, requires radiating boundary conditions have to be considered, which have been investigated in [2,29,43]
for the scalar problem and in [3,53] for the vectorial problem.

Galbrun’s equation was first derived in [30] and is a linearization of the nonlinear Euler equations with the
Lagrangian perturbation of displacement as unknown. Without the additional rotational terms as in (1), it
is commonly applied in aeroacoustics [51]. For the well-posed analysis in the time domain, we refer to [35].
One approach in aeroacoustics is a stabilized formulation leveraging an additional transport equation for the
vorticity, as analyzed in [9] for the time-harmonic setting.

In asteroseismology, the strong damping of waves allows for a more direct analysis as achieved in [38], where
the well-posedness of problem (1) has been shown assuming that the Mach number |c; 'b||1~ of the background
flow b is bounded suitably. The main ingredient of the proof is a generalized Helmholtz decomposition and a
weak T-coercivity argument. Here, we call a problem weakly T-coercive if it is a compact perturbation of a
T-coercive problem. The T-coercivity technique [7,15,17] relies on the explicit construction of an operator that
realizes the inf-sup condition. This approach has been successfully applied to a variety of problems, including
Helmbholtz-like problems [19,28,36,42,61] and problems with sign-changing coefficients [7,8,10,41].

The key to develop stable discretizations of (weakly) T-coercive problems is to transfer the construction of the
T-operator to the discrete level in a stable manner. In particular, the stability of the discretization is obtained
when the constructions fulfill a T-compatibility condition [36,39].

The construction and analysis of reliable finite element schemes for (1) was initiated in [39], where suitable
H'-conforming discretizations were considered, primarily to circumvent the challenges associated with analyzing
non-conforming methods. Since the stability of the discrete divergence operator is essential for stable discretiza-
tions of (1) [1,39], H'-conforming discretizations of (1) face similar restrictions as those encountered for finite
element discretizations for the Stokes problem. As with the Scott-Vogelius [57] pair, the polynomial degree has
to be sufficiently large (e.g., K > 4 in 2d and k > 8 in 3d) and/or special meshes (e.g., barycentric refinements)
have to be used. In addition, the assumed bound on the Mach number lacked robustness with respect to changes
in magnitude of the physical parameters.

The challenges posed by non-conforming discretizations were then overcome in [37] for H (div)-conforming
and in [60] for fully discontinuous Galerkin (DG) finite elements. Notably, these schemes are stable for all
polynomial degrees k > 1, and the assumed bound on the Mach number remains robust even in the presence of
highly heterogeneous physical parameters. To achieve this, the directional derivative dy is stabilized through a
lifting operator [5,12], which ensures stability without the need to choose a suitable penalty parameter.

However, these developments were primarily motivated by theoretical considerations, and they lack computa-
tional efficiency, in particular because the lifting operator drastically increases the computational costs in a DG
setting (see Rem. 30). Thus, we propose hybrid discontinuous Galerkin (HDG) discretizations of (1) in the cur-
rent work. The key idea of hybridization [21,48] is to introduce additional facet unknowns, which increases the
total number of degrees of freedom but reduces the number of global couplings. Due to the resulting structure
of the linear system, static condensation can be applied to eliminate the volume unknowns, leading to a signif-
icant reduction in the computational costs. Furthermore, in the hybrid setting, relying on a lifting operator to
stabilize Oy, is feasible, since it is a local operator. Our analysis extends the work of [37,60] to the hybrid setting,
covering both the fully non-conforming and the H(div)-conforming case. We show stability and quasi-optimality
for all polynomial degrees k > 1 (where k is the polynomial degree of the volume unknown), and the required
boundedness assumption on the Mach number is robust with respect to the physical parameters. Moreover,
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the proposed methods significantly reduce the computational costs, making them well-suited for large-scale,
efficient, and accurate simulations of solar oscillations.

Structure of paper. In Section 2, we repeat the abstract framework which we use to analyze the proposed
discretizations of (1). In particular, we recall the concepts of weak T-coercivity, discrete approximation schemes,
and weak T-compatibility which provide sufficient criteria for the convergence of approximations. In Section 3,
we introduce the continuous weak formulation of (1). In Section 4, we introduce hybrid discontinuous Galerkin
methods for (1) and show that the discretizations are discrete approximation schemes which allows us to apply
the framework introduced in Section 2. Afterwards, we utilize the weak T-compatibility criteria to prove the
stability and convergence of the proposed discretization in Section 5 and conclude with numerical experiments
in Section 6.

2. ABSTRACT FRAMEWORK

This section recalls the abstract tools which we will use to analyze the proposed discretizations of (1). For
more details and proofs we refer to [37,39,60]. In Section 2.1, we discuss the concept of weak T-coercivity which
essentially asks for an operator to be a compact perturbation of a bijective operator, cf. Definition 1 for a precise
definition. Afterwards, we study the approximation of weakly T-coercive operators in Section 2.2. In particular,
we introduce the (much broader) framework of discrete approximation schemes and discuss sufficient conditions
for the convergence of discrete approximations of weakly T-coercive operators.

2.1. Weak T-coercivity

For two Hilbert spaces (X, (-,-)x) and (Y, (-, )y ), we denote by L(X,Y") the space of bounded linear operators
from X to Y. In particular, we set L(X) := L(X, X). Through the Riesz-isomorphism, there exists a one-to-one
relation between bounded sesquilinear forms a(+,-) on X x X and bounded linear operators A € L(X) wvia
(Au,u') x = a(u,u’) for all u,u’ € X. Thus, we discuss the following concepts for linear operators A € L(X),
but also associate them with the corresponding sesquilinear form. Recall that an operator A € L(X) is called
coercive if it holds that

[(Au, u) x|

in 5 > 0.
weXx\{0} lull%

This condition is equivalent, cf. Lemma C.58 of [27] to the existence of € € C, |¢| = 1, such that

in R€(€<AU, u>X) > 0. (2)
wex\(oy  lulk
The well-known Lax-Milgram lemma states that bounded coercive operators are bijective. More generally, a
bounded operator A € L(X) is bijective if and only if the adjoint operator A* € L(X) is injective and the
inf-sup condition holds:
|(Au, v) x|

nf D XS,
ue X\ {0} yex\ (o} llullx|lvllx

Equivalently, we can prove T-coercivity [19], which asks for the existence of a bijective operator T € L(X) such
that T*A (or AT) is coercive. We recall the following generalization of T-coercivity.

Definition 1 (Weak T-coercivity). We call an operator A € L(X) weakly T-coercive if there exists a bijective
operator T' € L(X) and a compact operator K € L(X) such that AT + K is coercive.

In other words, an operator is weakly T-coercive if it is a compact perturbation of a T-coercive operator.
Thus, weakly T-coercive operators are Fredholm with index zero and therefore bijective if and only if they are
injective.
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2.2. Discrete approximation schemes and weak T-compatibility

We want to study the approximation of weakly T-coercive operators in a general setting. To this end, we
discuss the notion of weak T-compatibility [36,39] which is build upon the framework of discrete approzimation
schemes [58,59]. For a more extensive review of these concepts, we refer to Chapter 2 of [60]. In the following, let
X be a Hilbert space and (X,,)nen be a sequence of finite dimensional Hilbert spaces, which are not necessarily
subspaces of X. Instead, we assume that there exists a sequence of bounded linear operators (pp)nen, Pn €
L(X,X,), such that lim, .o ||prullx, = |lullx for all v € X. Finally, let A € L(X) be a bounded linear
operator and (A, )nen, An € L(X,), be a sequence of bounded linear operators.

Definition 2. In the setting from above, we define the following concepts:

(i) A sequence (up)nen, Un € Xp, is said to converge to u € X, if lim, 0 ||[prtt — un| x, = 0.

(ii) A sequence (up)neN, Un € X, is called compact, if for every subsequence N’ C N there exists a subsubse-
quence N” C N and u € X such that (u,)pen converges to u.

(iii) A sequence of operators (A,)nen, An € L(X,), approzimates (also called asymptotic consistency) an
operator A € L(X), if limy, o0 [|Anpnt — prAu|x, =0 for all v € X.

(iv) A sequence of operators (Ay)nen, An € L(X,,), is called compact, if for every bounded sequence (up,)nen,
Un € Xn, |lunllx, < C, the sequence (A,un)nen is compact.

(v) A sequence of operators (Ap)nen, An € L(Xy,), is called stable, if there exist constants C' > 0, ng > 0, such
that A, is invertible and [|A;"|1(x,) < C for all n > ng.

(vi) A sequence of operators (Ap)nen, An € L(X,,), is said to be regular, if ||uy]|x, < C and the compactness
of (Antn)nen imply the compactness of (uy,)nen itself.

We call the triple (X,,,pn,An) a discrete approzimation scheme (DAS) of (X,A) if we have that
lim, oo ||lPnu|lx, = |lul|x for all w € X and A, approximates A.

A conforming Galerkin scheme (X,,, pn, A,), where X,, C X fulfills an approximation property, p, € L(X, X,,)
is the orthogonal projection onto X,,, and A4,, := p,A|x, , is always a DAS of (X, A). Our main goal is to show
that the sequence of approximations (uy,)nen, Un € X, converges to the continuous solution u € X, so we
are interested in the stability of the sequence (A, )nen. The following result shows that we can focus on the
regularity of the sequence (A,,),en instead.

Lemma 3 ([39], Lems. 1 & 2). Let A € L(X) be bijective and (X, pn, Ar) be a DAS of (X, A). If (An)nen
is regular, then (Ap)nen is stable. Further, if u € X solves Au = f and u,, € X,, are solutions to Apu, = fn
where limy, o0 [|[pnf — fullx, =0, then (uy)nen converges to u.

The following theorem gives sufficient conditions for the regularity of approximations of weakly T-
coercive operators and therefore the stability of the approximation. It is the key motivation for the analysis
presented in Section 5. We note that if A € L(X) is weakly T-coercive, then there exists a bijective operator
B € L(X) and a compact operator K € L(X) such that AT = B+ K.

Theorem 4 ([39], Thm. 3). Assume that there exists a constant C' > 0, sequences (An)nen, (Tn)nen, (Bn)neN,
(Kn)nen and B, T € L(X) such that for each n € N it holds that A,,T,, By, K, € L(Xy), |Th|l(x,)
1Ty N Lix)s 1 Ballox,y 1Bptllnix,y < C, B is bijective, (Kp)nen is compact and

lim [|T,pou — ppTulx, =0, lim ||Bppnu — ppBullx, =0, Vu € X,
AT, = B, + K,,.
Then the sequence (Ap)nen is reqular.

To summarize, Theorem 4 yields the stability of a discrete approximation scheme, provided that we can
transfer the weakly T-coercive structure of the continuous operator A € L(X) to the discrete level in a sta-
ble manner.
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3. PRELIMINARIES & CONTINUOUS FORMULATION

In this section, we discuss notations and assumptions on the coefficients in Section 3.1 and introduce the
continuous formulation of Galbrun’s equation in Section 3.2.

3.1. Preliminaries

For simplicity, we assume that @ C R? is a convex Lipschitz polyhedron and consider O to be the default
domain of all function spaces. Thus, we write for example L? := L?(0). Further, we denote by (-, -) the standard
L2-scalar product. For any space X of scalar valued functions, we denote its vectorial version X = [X]¢ using
the boldface notation. With abuse of notation, we also use the notation (-,-) for the vector valued L2-scalar
product. Furthermore, we define the space

H., = {veH":v.v=0o0n0d0}. (3)

Let w € R\ {0}, Q € RY, and c,,p € WL°(O,R), v € L>*(O,R) be measurable and bounded from above and
below. For any function, we denote by - and * its minimal and maximal value in the domain under consideration.
Thus, the boundedness assumptions on the coefficients translate to

cs <co(x) <C, p<plx)<p, y<y(x)<y forallxeO, (4)

for constants cg, C5, p, p,7,7 > 0. Finally, let the background flow b € Wi (0O, R?) be compactly supported
in ©. We assume that the background flow conserves mass in the sense that div(pb) = 0. In particular, the
former assumptions imply that div(pb) € L? and b-v = 0 on JO. Let the pressure and gravitational potential
p,¢ € W»*(O,R).

Throughout the manuscript, we use the notation A < B, if there exists a constant C' > 0 such that A < CB,
where the constant C' may be different at each occurrence. The constant C' may depend on the domain O and

the physical parameters, but not on the index n € N and functions involved in A and B. In particular, the
2
constant C is not allowed to depend on the ratio ziz%.

3.2. Continuous weak formulation

The analysis of the continuous weak formulation of (1) is presented in [38]. We include a brief discussion here
for referece throughout the article and refer to [38] for further details. We define

X:={uel?:divue L* dpucL® v -u=0ond0}. (5)
Deviating from [38], we consider the associated inner product on X to be weighted:
(u,u)x = (Zpdivu,diva’) + (u,u’) + (pdpu, dpu’).

Due to the smoothness assumptions ¢, p € WH>°(O,R) and the boundedness assumptions (4), the weighted
inner product is equivalent to the canonical inner product on X and the proof that X is a Hilbert space
follows with the same argumentation as in Lemma 2.1 of [38]. The smoothness assumption b € W and the
compactness of supp b C O ensure that the embedding C§° C X is dense ([39], Thm. 6). For u,u’ € X, we
define the following sesquilinear forms

a¥V(u,u) = (Zpdivu,diva’) ;2 4 (divu, Vp-u') 2 + (Vp-u,divu’) 1z, (6a)
a® (u,u’) == (p(w + idp + iQX)u, (w + i + 1 QX)) 2, (6b)
a”(u,u’) := ((Hess(p) — pHess(¢))u, u' )y — iw{ypu,u')yz. (6¢)

Then, we define the sesquilinear form a: X x X — C by

a(u,u’) == a¥(u,v’) — a% (u,u’) + a"(u,u’) (7)
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and denote by A € L(X) the associated operator. Assuming mass conservation div(pb) = 0, the variational
formulation of (1) is given by

find u € X such that a(u,u’) = (f,u’) for all u’ € X, (8)

cf. Section 2.3 of [38]. If the Mach number ||c; 'b||L~ is bounded suitably, it can be shown that the operator A is
weakly T-coercive and injective such that problem (8) is well-posed ([38], Thm. 3.11). Defining q := ¢;2p~!Vp
the sesquilinear form a(-,-) can be written as

a(u,u’) = (2p(div +q-)u, (div +q-)u’) — {p(w +i0p +iQx ), (w +idp +iQx)u’)
+ ((Hess(p) — pHess(¢) — c2pq ® q)u, v') — iw(ypu, u'). (9)
This representation will be useful for the discussion of the well-posedness of the continuous and the discrete
problem in Section 5. Similar to (6), we define
a9 (u,0') = (] p(div +q-)u, (div +q-)u’) (10a)
') = ((Hess(p) — pHess(¢) — cipa ® q)u, w') — iw(ypu, v, (10b)

u,u
a""%) (u,u

such that a(u,u’) = oWV +4)(u,u’) — a% (u,u’) + a("~9)(u,u’). In particular, considering a(u,u) for u €
X Nker{div+q} reveals that the sesquilinear form a(-,-) is not coercive.

4. HYBRID DISCONTINUOUS GALERKIN DISCRETIZATIONS

In this section, we introduce the considered discretizations of (1). After introducing the discrete spaces in
Section 4.1, we introduce the discrete weak formulation of Galbrun’s equation in Section 4.2. In preparation
for the analysis, we introduce projection operators in Section 4.3 and show in Section 4.4 that the proposed
discretization is indeed a DAS, allowing us to apply the framework from Section 2.

4.1. Discrete spaces

Let (7,,)nen be a sequence of shape regular, simplicial triangulations of the domain O. Let F,, be the collection
of all faces of the triangulation 7,,, and let 97, be the collection of all element boundaries 97 of elements 7 € 7,,.
Notice the subtle difference between F,, and 07,; for instance, summing over all element boundaries counts
each interior facet twice. For an element 7 € 7, or a face F € F,,, we denote by h, and hp their diameters,
respectively, and we set hg, = maxpecg, hp. For a unified presentation, we define a function b, = h,, 0 € S,
where S,, € {T,,,07,,, Fp}. Finally, let h,, := max,c7, h, be the maximal mesh size.

For a generic Hilbert space S, we denote by S(7,,) its broken version on 7,,. In particular, we denote by P*(7,)
and P¥(F,,) the spaces of piecewise polynomials up to degree k on 7,, and F,,. On broken spaces S(S,,), where
S, € {7,,,07,, F,}, we use the abbreviations:

(s )s(s,) = Z {5 )s(0)s ||S(s ) = Z - ||s
oES, o€ES,

In particular, we set (-, -)s, = (-, ) r2(s,). With abuse of notation, we will also use this notation for the respective
broken vector-valued scalar products, i.e. with L? replaced by L2. We introduce the discrete space

X, = X’Tn X X}‘n,

where X7, and Xz, are discrete polynomial spaces defined on 7,, and F,, respectively. The default choices are
Xz, = [PK(T,)]? and Xz, = [P*(F,)]4, k € N, yielding a fully non-conforming HDG discretization. However,
the forthcoming analysis also covers different choices, for example H (div)-conforming spaces, cf. Remark 6. The
purpose of the facet space is to enable static condensation, cf. Remark 5.
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(a) DG (B) HDG

FIGURE 1. We compare the coupling of unknowns for DG and HDG methods. For illustration
purposes, we depict the situation in the scalar setting with polynomial degree k = 3.

For functions u,, € X,,, we write u, = (u,,ur), where u, € Xz, is the volume and upr € Xz, is the facet
component of u,. On occasion, we make use of the projection operators onto the volume or facet components
defined by (-);: X,, — Xz,,(u;,ur) — u; and ()r: X,, - Xz ,(u;,up) — up. We define the following
HDG-jump operators element-wise on 7 € 7T,

[w.] =vr —up, [uu]y =v-[u.], [uu]o:=(b-v)[u.], (11)
where we interpret u, in a trace sense. Further, we define [u,]r = u,|r, —Ur|pn, F € Fp, 11,72 € Ty, mNT2 = F,
to be the usual DG-jump operator (distinguished by the absence of the underline) on Xz, . Here, we assume a
unique numbering of the aligned elements for each facet to fix the sign of the jump.

Remark 5 (Hybridization as the enabler of static condensation). A principal purpose of hybridization is to
restructure the coupling pattern of a DG formulation. In standard DG, interior (element) unknowns of neigh-
boring elements couple directly through face terms. By introducing facet (trace) unknowns, the HDG scheme
reroutes all inter-element communication through the mesh skeleton: interior unknowns couple only to unknowns
on the same element and its facets, while global couplings are carried solely by the facet unknowns. This change
in coupling structure enables the local elimination of interior element unknowns and leaves a global system
posed only in terms of skeleton unknowns. The difference in coupling patterns is illustrated in Figure 1.

With the product space X,, = X7, X Xz, and the splitting u,, = (u,, ur) introduced above, the HDG bilinear
form derived below yields a linear system of the block form

ATT ATF ur| br

[AFT AFF] [UF] N {bF:|.
By construction, A, is block-diagonal across elements (each block involves only the degrees of freedom on a
single element), so that a Schur-complement strategy eliminating the element unknowns is possible and efficient.
The dominant computational cost then lies in solving the reduced Schur-complement system for the skeleton
unknowns; once this global system is solved, the element unknowns are recovered by independent local back-
substitutions on each element.

This two-stage procedure is referred to as static condensation; see also [21,44] for further details on static

condensation with HDG. It is well suited for high-performance computing because the local element solves are

embarrassingly parallel and the reduced global system involves substantially fewer unknowns than the full DG
system.
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Remark 6 (Alternative choices for X7, and Xz, ). As discussed above, we may choose X7, as the Brezzi-
Douglas-Marini (BDM) space [11] defined as

Xz, = BDM}, = {u, € [P*(7,)]¢: [u, -v]r =0 VF € F,} C H(div,0),

where we recall that [-]p, F € F,,, denotes the usual DG-jump operator. To obtain an H (div)-conforming HDG
discretization [49], we set Xz, to be the space of tangential polynomials on the skeleton F,:

Xg, = Pk’tang(fn) ={up e [Pk<~7:n)]d : Poup = 0}.

n

For these choices, we redefine the HDG-jump operators as [u,] := P u, —up such that [u,], = 0. To optimize

the computational efficiency, we can use relaxed H(div)-conforming spaces as introduced in [46,47]. We define
BDM, = {u, € [P*(7,,)]? : I} [u, - v]p =0 VF € F,},

where TI% ! is the L2-projection onto [P*~1(F)]%. While functions in BDM, are not normal-continuous in the
highest order, this relaxation reduces the number of coupling degrees of freedoms improving the sparsity pattern
of the system matrices. Note that in the case of (relaxed) H(div)-conforming HDG discretizations the skeleton
unknowns in the static condensation procedure are the facet unknowns in Xz, as well as the facet degrees of
freedom in Xz, that are responsible for the normal-continuity.

4.2. Discrete weak formulation & stabilization mechanisms

Let [ € N. For all u,, € X,,, we define the weighted lifting operators of degree | as R'u,, € [P!(7,,)]¢ and
R'u,, € P/(T,) solving

(PR, ¥n) 7, = —(p[unlb, ¥n)L2(07,) for all ¥, € [P'(T,,)]", (12a)
<c§pRlumz/1n>7n = —(cip[[h}],,,d)nﬁz(aﬂ) for all ¥, € ]P’l(Tn). (12b)

Due to the Cauchy—Schwarz and the discrete trace inequality, we have that

IR < 10202 Lalo oo,

_ (13)
I(c20) 2 RMun 72 < CRI(20) 20 P [un] 122 o7, -

The lifting operators allow us to define the following discrete versions of the differential operators D} and div,,
on X,,. For u,, € X,, and 7 € 7,,, we define

(Diu,)|r = (pu,) + Ru, and (diviu,)|, = (divu,) + Ru,. (14)

These operators can be interpreted as distributional versions of their continuous counterpart on the broken
polynomial space X,,, cf. [13,14,22]. To stabilize d on the discrete level, we replace 0p by D} in the discrete
sesquilinear form. This treatment stems from a Bassi-Rebay lifting technique [5,12] and enables us to obtain a
stable method without an additional stabilization term. In particular, this technique allows us to avoid further
assumptions on the magnitude of the Mach number. We note that the same technique is commonly used in
hybrid high-order (HHO) methods [20,23,24] to define reconstructions of differential operators.

In contrast, the terms involving the divergence operator do not depend on the background flow b. Thus, we
use a classical symmetric interior penalty (SIP) technique for those terms and note that the discrete divergence
operator is mainly introduced to obtain a unified notation with D¢, for which the lifting technique is essential.
To be precise, we introduce the following discrete sesquilinear forms:

(a,,0)) = (2pdivl u,,diviu)z, + s, (u,,ul,) (15a)

div

an,

+{divyu,, Vp-ul)z, + (Vp- -, divp w7,



HDG DISCRETIZATIONS FOR GALBRUN’S EQUATION 1143

ad (u,,u)) = (p(w + iDY + iQx)u,, (w + iD}E +iQx)u), )7, (15Db)

T !/

al (. ) = {(Hess(p) — p Hess(6))ur, L)z, — iw(ypu,, )z, (15¢)

where the stabilization term s, (-, -) is defined for o > 0 as
sn(Wn, ) 1= —(c2pab ™ [un]y, [w,v)or, — (cZpR'u,, R')) 7, .

The unusual minus in front of the first term is required to show stability in Theorem 25. In particular, the
construction of the T}, in Section 5.1 flips the sign in front of the normal jump, which makes the terms stemming
from s, (-, ) positive. Altogether, we define the discrete version of (7) through

an (U, w,) = ™ (W, w)) — ag (wy, w),) + aj, (g, w,). (16)

We denote by A4, € L(X,,) the operator associated to the sesquilinear form a,(-,-). The use of the discrete

divergence operator div,, in combination with the stabilization term s, (-, -) indeed yields a SIP formulation for
liv :

aSv(-,-), since

(€2 divy . divy ), + 5, (1, )

= (Zpdivu,,divu,)7, — (2p[u,]w, divul)sr,

— (Zpdivu, [uy].)o7, +(c2pab™ [un]y, [uy].) o7, -

Altogether, we consider the discrete problem
find u,, € X,, such that a,(u,,u)) = (f,u),) for all u,, € X,,. (17)
For functions u,,u), € X,,, we define the following scalar product

<un7 u’/ﬂ>xn = <c§pdivﬁ Un, diVﬁ u;L>7;L + <uT> u;—)'fn (18)
+ <ngun’ Dgu;l>Tn + <C§pb_1[[ﬂ]]m [[uiil]]l/>a'fna

and denote by | - [|x, = v/(*,)x,, the induced norm. The terms involving the normal jump [:], are added to
control the terms of a,(-,-) arising from the SIP stabilization of the (div -, div )z, -term.

Remark 7 (Stabilization in the setting of Remark 6). If we choose an H (div)-conforming HDG discretization
as discussed in Remark 6, we have that Ru,, = 0 for all u,, € X, and therefore we have that div,, = div and
$n(+,+) = 0. For the choice of X7, = BDM,, and Xz, = P"'n8(F, ), we still obtain R'u,, = 0 if the lifting degree
satisfies [ < k — 1.

4.3. Projection operators

In preparation, we define the following bounded interpolation operators. For s > 1/2, let

: H® — [P*(7,,)]¢ N H(div) be an H(div)-conforming interpolation operator,

: L2 — P*(T,,) be the (scalar) L2-interpolation operator,

: H®* — X7, be an interpolation operator into Xz, , e.g. the standard L2-interpolation operator if Xz, =
[P¥(T,)]% or an H (div)-conforming interpolation operator if X7, = [P¥(7,)]? N H(div).

3

T,
— b

Tn
We assume that the interpolation operators 7 and n, fulfill the commutation property divzrd = 7!, div and
that the following estimates hold: for all v.€e H"(7), r € [1,k + 1], m € [0,7], T € 7,,, we have that

|V - ﬁnV|H7”(T) S Caprh/:_m‘v|HT‘(7-), (193)

v = FnvllLzor) < Canhy 2 |VIar (), (19Db)
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where 7, € {rd,7,}. For standard constructions satisfying these assumptions, we refer to [26]. We extend the
interpolation operator 7, from the DG space X7, to the HDG space X,, through

Tyt H® — Xn7u7' = (ﬂ-nurytr f,,('rrnu‘r»a
where the trace operator tr|x, of a discontinuous function is defined through averaging. For u, € Xz, F € F,

and 71,72 € 7, such that my N, = F, we set

1
(tr|g, ur)|p = i(tr U;|, +trugls,).
We define a specific extension of the H(div)-conforming interpolation operator ¢ to X,, for future use. For any
vector-valued function u, let P,u := v(v -u) denote the normal projection and P} := id —P, be the tangential
projection. For s > 0, we set

7 HY 5 X N H(div) x Xz, ,u— (1t P, (rda) + P (r7 7)), (20)

where 77 is the L2-projection onto Xz, . The properties of the interpolation operator ﬁfl are studied in Lemma 8.

4.4. Interpretation as DAS

To apply the abstract framework discussed in Section 2, we have to show that the proposed discretization
can be interpreted as a DAS. As a first step, we have to define a suitable quasi projection p, € L(X,X,).
Since the trace of functions in X is not necessarily well-defined, the evaluation of the discrete operator D} and
therefore the evaluation of (-,-)x, is not well-defined for functions in X. Nevertheless, we want to define the
quasi projection p, in the spirit of an orthogonal projection. Thus, for u € X, we define p,u € X,, to be the
solution to

(pou,ul)x, =(pdivu,diviu,) 2 + (u,u) )12 + (pdpu, DEu,)1: YU, € X,. (21)

If the function u has enough regularity to allow for a well-defined trace, for instance if u € XN H?, the discrete
operators div,, and D}, can be applied to the pair u := (u, tru) and thus u may be plugged into (-, -)x, , cf. (18).
Then, (21) can be written as (p,u,ul,)x, = (u,u,)x, .

The Cauchy—Schwarz inequality yields that p, € L(X,X,,) with |[p,||r(x x,) < 1. Furthermore, for all u}, € X,,
the following Galerkin orthogonality property holds:

0= (cip(divu - divz Pat), din u;1>Tn +(u— (ppu)r, u’IIZ>Tn

n n - (22)
+ (p(8pu — Dypyu), Dy, )7, — (cZph ™ [pnuly, [u),]u)or,
As discussed above, the norm || - ||x, cannot be evaluated for functions in X. To circumvent this issue, we
introduce a distance function d,, : X x X,, — R{,
dy(u,uy,)? = [|(c2p) 2 (divu — divp w,) |72 + u — ur g (23)
+[1p"/*(3pu — DR, |7 + HIM]]]?)T,L,l/z,w
where we define the following jump norm on X,:
[unl3z, 120 = 1(c20)/*0 7 2 [unlull2 o) (24)
If the trace is well-defined, e.g. for u € X N H!, then we obtain d,(u,u,) = |[u — u,[|x, for u = (u,tru).
Furthermore, the distance function d,(-,-) fulfills the following triangle inequalities
dp(u, 1) < dp(B,up) +[[Aa—ullx, dn(u,u,) < dp(u,0,) + [0, — uylx,, (25)
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for all u,u € X and u,,u, € X,.

To show that the triple (X,,pn,A,) is a DAS of (X,A), we will show in Lemma 13 below that
lim, o ||pnullx, = [Jullx for all u € X and in Theorem 15 that A,, approximates A. As a preparation, we
proceed to analyze the projection operators defined in the previous section. We remark that most results follow
with the same argumentation as in the H(div)-conforming DG [37] and the fully discontinuous DG [60] case.

Lemma 8. Letu € H'*, 0 < s <k, and 7% be defined by (20). Then
[#iu], =0 and  [iu] = Py (miu— =) u). (26)
Furthermore, there exists a constant C > 0 such that
lu — w5 ullx, < O uflmire. (27)
where u = (u,tru).

Proof. The properties (26) hold by definition of 7#¢. Since [#%u], = 0, it follows that R'7%u = 0 and therefore by

definition of the discrete divergence operator div’, we have that div? 7%u = div(7%u),. The triangle inequality

yields that

%, < [lu— (@) llxcr,) + [0 *Ri(u — i)

Ju— #eul T,

For the first term, the commutation property divzr¢ = 7! div and the approximation properties of 7¢ and 7!,
imply that ||u —(jfllu)THX(Tn) ShE||allgi+s-
For the second term, we calculate with (13) and [u] = 0 that
lp"*R(u — Zw)|z, < o0 [Enulb e o)
S o 2972 (b - v) Py (mu — w0 e o,
S 1M 207 2 (b - v)(mhu — w2 o, (28)
+ 02072 (b - ) (w)u = w) L2 o,

S ollallees

where we use the definition of j‘fl in the second line, the boundedness of P.- in the third and the approximation
properties of ¢ and 77 in the last line. Altogether, we conclude that there exists a constant C' > 0 such that
|u— 7%ul|x, < C|lul|gi+- which proves (27). O
Lemma 9. For all u € HL,, it holds that d,,(u,p,u) < d,(u, 7, ).

Proof. Follows from an application of (22) and the Cauchy—Schwarz inequality. O

Lemma 10. For allu € HLy NH'™ 0 < s < k, there exists a constant C > 0 independent of h such that
o (0,7, ) < OB g+

Proof. Follows from the boundedness of the lifting operators, cf. (13) and the approximation properties of m,,,
cf. (19). O

Lemma 11. For each u € X it holds that lim,,_, d,,(u, p,u) = 0.

Proof. Due to the density of C§° in X ([39], Thm. 6), we can choose t € C§° such that |ju — 0|x < € for any
€ > 0. Then, we can estimate with (25) that

dn (0, pput) < dp (0, pp 1) + [0 = ullx + [[pn (0 —w)(x, < dn(@,ppa) + 26

Thus, the claim follows from the previous Lemma 9 and Lemma 10. O
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Lemma 12. For all u € H), it holds that

lim d,(u,z,,u) =0 and lim d,(u,z%u)=0. (29)

n—oo n—oo
Proof. By construction of jﬁi and the approximation properties of 7¢, we have for u € H'™* that
dp(w, Fpu) S [lu = miullxz,) + o *Ragulz, < 55 ullme.

Lemma 10 yields the same estimate for m,,. The proof of the claim then follows with similar density arguments
as in the proof of Lemma 11 with the additional technicality of constructing a smooth approximation that
respects the boundary condition v - = 0 on 9O. For technical details, we refer to the proof of Lemma 6 from
[37]. O

Lemma 13. For all u € X it holds that lim,, . ||prullx, = ||ulx.
Proof. With (21), we compute
HpnuH?gn = <pnu7pnu>xn
= (Zpdivu,div] p,u) 12 + (u, (p,u). )2 + (pOpu, Dip,u)y2
= llullx + {2 divw, div] pou — dive gz + {u, (pau)y — u)ys
+ (pdpu, DEpru — Gpu)ye.

Since lim,, o dy(u, ppu) = 0 by Lemma 11, the claim follows from the estimate

|(2pdivu,div? p,u — divu) 2 + (u, (p,u), — )2 + (pdpu, Dip,u — Opu)pe|
< Hu”an(u»PnU)'
(|

Recall that A,, € L(X,,) and A € L(X) are the linear operators associated with the sesquilinear forms a,,(-, )
defined by (16) and a(-, -) defined by (7). In preparation to show that A,, approximates A, we prove the following
compactness result.

Lemma 14. Let (u,)nen

u € X and a subsequence
2
N C N such that (u,), L u, ¢ pdlv u, K2 2pdivu and prun LN popu, n € N’
Proof. We modify standard arguments from the DG-case, see e.g. [13,14,22] and [37], to the HDG setting, see
also [45]. By assumption, the sequences (u,),, pD?u, and c2pdiv,, u,, are bounded in L? and L?, respectively.
2 2
Thus, there exist a subsequence N’ C N and elements u,g € L2, ¢ € L? such that (u,), LN u, 2pdivl u, =N q

and pDpu, LR g. It remains to show that g = pdpu and ¢ = c?pdivu. We only show the former, as the
latter follows with a similar argumentation for the scalar lifting operator R!, see also Lemma 6.7 from [60]. Let
¥ € C§° and ), be the lowest order standard H'-interpolant of ¥ on 7,,. Then, we compute with element-wise
partial integration

—((un)r, pOu) 7, = (POb(Wn)r, Y) 1, — (p(b-V)(Wn)r, P)oT, + (p(b-v)(un)F,¥)or,
= (PO (up)r, )7, — (p[Unlb, ¥)or, -

2 (p (W) W) 7, — (plunlos ¥ — o, + (R, )7, .

W 0 (Wn)r ¥ — )7 — (p[Unlr b — Yo, + (PDEU, )7,
_<(un)'ra Pab(’¢ - "bn))'fn + <prun7'¢n>Tn7
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where we recall that div(pb) = 0 by assumption. Since [|¥ — V¥, ||mr S hy|9lm2 and |Ju,|x, < 1, it follows
that lim,, oo (pDE Wy, ¥ )7, = lim, oo —((Up) 7, pOb¥n) 7, . Thus, we obtain

<ga ¢> = nlggo<ngunv ¢> = nlggo«ngun, P — ¢n>Tn + <ngun> ¢n>Tn)

30) .,
D lim —((un)r, p®)7, = — (0, pOY)T,
Consequently, it holds that g = pdpu and with similar arguments ¢ = ¢2p div u. (I

Theorem 15. The operator A, € L(X,) approximates the operator A € L(X), i.e. for each u € X, it holds
that
Jim [[(Anpn —paA)ullx, = 0.

, we can choose for any u € X a sequence (u,)neny C Xy,

Proof. As [lun|lx, = supy,ex, jur s, =1 [{0n, W)x,
such that ||u,|x, =1 and

1(Anpn = pnA)ullx, < [{((Anpn — pnA)u, un)x, [+ 1/n.

For any subsequence N’ C N, we can choose a subsubsequence N” C N’ as in Lemma 14 such that for a u’ € X
it holds that
li%l (pnAu,u,)x, (2 li%l ((div Au, e2pdiv], u,) 12 +(Au, u,) 12 + (0 Au, pDpuy, ) 1.2)
n€ 1 v ne 1 ©
= (div Au, 2pdivu’) 2 + (Au,u) 2 + (OpAu, pdpu’)p2 = (Au,u')x.

Furthermore, recalling (15) and (16), we have that

<Anpnua un>Xn = an (pnua un) = a’fdziv (pnll, un) - agb (pnll, un) + aqrm (pnua un)
As discussed before, the trace of functions in X is not well-defined, but the normal trace is. Thus, we can plug
u € X into the forms a¥(-,-), y € {div,r}, but not into a2 (-,-). For y € {div,r}, we recall the definitions from
(6) and calculate

lim af(puw,) = lim (af (0, w,) + @l (pu = w,u,)) = a*(u,w),

where the last equality follows from |a} (p,u—u,u,)| < dn(u, pyu), Lemmas 11 and 14. For the remaining term
al» (ppu,u,), we calculate

p(w +iDE + iQX)ppu, (w + DY + iQx)uy,) 7,

a”ralb (pnu,uyp) (

plw ~+i0p + 12X, (w + iDp + iQX)u,) 7,
(
(

=
=
plw+iQx)((ppu), —u), (w+iDp 4+ iQx)u,) 7,

+
+ (p(DEpnu — Opu), (w + iDY + iQXx)uy,) 7,

While the first term converges to a% (u,u’) due to Lemma 14, the second and third terms are again bounded
by d,(u,p,u) and thus converge to zero by Lemma 11. Altogether, we obtain that

lim <Anpnu7 un>Xn = adiv(u7 ul) - a‘ab (Ll7 ul) + ar(u’ ul) = <All, ll/>x,

nenN’
and therefore lim, ey ||(Anpn — PrnA)u||x, = 0, which completes the proof. O
Thus, we have shown in Lemma 13 that lim,,_.« ||prullx, = ||ul|x and in Theorem 15 that A,, approximates A.

Consequently, we conclude that the triple (X,,, pp, A, ) is a DAS of (X, A) which allows us to apply the results
from Theorem 4 to analyze the discrete problem (17).
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[}
"> | Def. of T,&T (via (31)&(33
= [ ) (via (31)&(33)) J\. T,, approximates T
- (Lemma 20) L
b (T))nen stable (Lemma 19) Section 5.4
; |
A stable
(An)nen regular Lemma 3 (Annes
— & (un)neN‘)u
(by Theorem 4)
T (Theorem 26)
- AT, = B, + K,
s [ Estimate Dy (Lemma 21) J\‘ 7(IB:,),,,EN 52;11)1(‘,72
3 (Bn)nen approximates B,
;% [ Estimate div,, (Lemma 22) J/' (Kn)nen compact,

(Theorem 25)

FIGURE 2. Roadmap for the analysis of the discrete problem (17).

5. CONVERGENCE ANALYSIS

The main goal of this section is to show that the sequence of approximations (A, ),en is stable and that
the sequence of discrete solutions (uy,),en converges to the solution of the continuous problem with optimal
order. To this end, we want to use Theorem 4 to show that the sequence (A, )nen is regular and apply Lemma 3
to obtain stability and convergence. In Section 5.1, we introduce T-operators T and 7T, on the continuous
and the discrete level. Afterwards, we show in Section 5.2 that T;, satisfies the assumptions from Theorem 4.
In Section 5.3 we show that the remaining requirements from Theorem 4 are satisfied and in Section 5.4 we
conclude the analysis of the discrete problem (17). The roadmap for the analysis is shown in Figure 2.

5.1. Construction of T and T,

Let us recall the construction of T’ on the continuous level as considered in [37]. In Section 3.1, we introduced
q = c;2p~'Vp, yielding the reformulation (9) of the sesquilinear form a(:,-); recall also the definition of
aldv+a)(. ) in (10). Intuitively, the strategy to show that sesquilinear form a(-,-) is weakly T-coercive is to
construct the operator T' to flip the sign in front of a®(-,-) for elements in ker{a(dv+a)(. .)}.

To this end, we want to decompose the space X into a subspace associated with the perturbed divergence oper-
ator (div+q-) and its orthogonal complement. In essence, the following construction is a generalized Helmholtz
decomposition, where we want to identify the kernel of (div+q-) instead of the kernel of div. In particular, if
the pressure p is constant, we have that q = 0 and we recover the classical Helmholtz decomposition. A similar
(though less involved) argument is applied in Section 15.1 from [54] to the Helmholtz equation.

Let X, := {u € X: (u,1) = 0} for any space X C L?, with the special case L3 := L2. For u € Hy(div) :=
{u € H(div) : u-v = 0on 90}, let v € H? solve

(div+Pr2q-+M)Vv = (div+Pz2q-+M)u in O, (31)
v-Vv=0on 00,
where PL% is the L2-projection onto L3 and M is a suitable finite rank operator constructed below. The operator
M is necessary to ensure the well-posedness of the problem, since (div+Pr2q-)V might not be bijective. It is,
however, a compact perturbation of a bijective operator and therefore Fredholm with index zero. For any
Fredholm operator with index zero, there exists a finite rank operator such that the sum of both operators is
bijective, cf. Theorem 5.3 of [33].
Since we exploit the specific structure of M later on, we discuss an explicit construction of M. We set

*,Neu*

H?New ={¢ € H.,v-V¢=00n 00}, N := ker{(div +PL3q-)V} C H?
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Let L := dimN and (é1)1<i<z C HZy,, be an orthonormal basis of A with respect to the inner product
(div V-,div V+), which is equivalent to the canonical H?2, -inner product since v - V¢ = 0 and (¢,1) =

*,Neu

0 for all ¢ € HiNeu. Let (¢¥1)1<i<r C Hf,Neu be an orthonormal basis of the LZ-orthogonal complement

((div +Pqu~)VH2’Neu)l. Then, we set

*

L
M= (div-,div V). (32)

=1

By construction, M can be applied to H(div)-functions and is compact. Thus, the operator (div +Pr2q-+M )
is a Fredholm operator with index zero, and hence it is bijective if and only if it is injective. However, the
construction of M ensures the injectivity of the operator and therefore the well-posedness of the problem (31).
Thus, for any u € X C Hy(div) there exists a unique v € H2 solving (31).

Thus, we can define a unique decomposition of v+w = u € X by setting v := Pyu:=Vvand w :=u—v. In
particular, this construction yields that (div +Pp2 q-)w = —Mw. The construction of Py : Hy(div) — H' u
Vo allows us to use the compactness of the embedding H' «— L2. If q = 0, then divV = A is bijective and
M = 0, so that we recover the standard Helmholtz decomposition into a gradient potential and a divergence-free
part.

Further, we define a bijective operator T' € L(X) through Tu := v — w. That a(-,-) is indeed weakly T-
coercive with respect to this construction will be shown in Theorem 25.

Now, we want to construct a similar decomposition of the discrete space X,,. To account for the discontinuity
of the discrete functions, we have to modify the right-hand side of (31). In particular, we replace the divergence
operator and the operator M with corresponding discrete counterparts. For u, € X,, let & € H? be the

solution to
(div +Pqu +M)Vi = (div,, +7T£1Pqu +M,)u, in O,

(33)
v-Vo=0on 0 O,
where we interpret ﬁflPL(z) q-u, = WLPqu- (u,), and define the operator M, similarly to (32) as
L
M, =3 hi(divy, -, div V). (34)

=1

Since we only changed the right-hand side of the problem, the well-posedness of the problem is not affected. Then,
we define the decomposition u,, = v,, + w,, where we choose v,, as the H(div)-conforming HDG interpolation
of Vo. To be precise, we recall the definition (20) of the projection operator ﬁi and its properties studied in
Lemma 8 and define

Vp = Py u, =71V = (7lV, P, (79V0) + PH(xl" VD)), w,i=u, —v,. (35)

For later use, let S, : X,, — H!, u,, — Vo be the solution operator of (33) composed with V. Then, we have
that Py, u, = jflSnun. Finally, we define the operator T,,: X,, — X, through

Tou, =v, —w,, ie,T,=2P, —idx,. (36)
Since (33) is well-posed, we have the stability estimate
|Snuy |l < ||(divy, +7T£1Pqu A M)u, e S Jus|lx,  for all u, € X,. (37)

Furthermore, since ran(S,) C H!, we can utilize the compact embedding H' < L2 to expose the weakly
T-coercive structure of A,, in Theorem 25 below.
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Remark 16 (Alternative decomposition of X,,). In the construction above, the normal jump is attributed to wy,
and the T),-operator flips its sign. Alternatively, we can isolate the normal jump through a suitably defined lifting
operator, cf. [1,60]. In this case, we would decompose u,, = v,, + Wy, + z,, with v,, as above and [u, ], = [2n]..
This construction is more natural, because since we associate w,, with the divergence free part of the Helmholtz
decomposition, we would expect the normal jump to be zero. When defining T},, we now have explicit control
over the sign of the normal jump. The previous construction corresponds to T,u,, = v, —w,, —z,, but we could
also define T,,u,, := v,, —w,, +2,. Note that for the latter construction, the stabilization term s+, -) would have
to be redefined to have a positive sign in front of the normal contribution and in the forthcoming analysis, the
stabilization parameter a would have to be chosen sufficiently large to ensure that s,(-,-) is positive definite.
To avoid further technicalities, we do not further consider this alternative decomposition.

5.2. Analysis of T,

We want to show that the sequence (T},)nen is bounded, stable, and approximates the operator T. By
definition of T,,, we have that T,, = 2Py, —idx, and therefore we mainly have to focus on the properties of Py;,.

Lemma 17. There exists a constant C > 0 such that ||T,||1(x,) < C for all n € N.

Proof. Tt suffices to show the statement for Py, . Since Py, = 725, and S,u,, € H', we obtain with Lemma 8
and (37) that

K- (38)
Thus, there exists a constant C' > 0 such that || Py, [|1x,) < C for all n € N. O

Xn = ijlzsnuﬂ %, S 1Snunllm S [lunl

[Py, un|

For q = 0, the projection Py;, is idempotent, that is P‘Q/n = Py, . In the case where q # 0, we can still show
that Py, is asymptotically idempotent.

Lemma 18. Let O, := Py, Py, — Py,. Then lim,_. ||On|/x,) = 0.
Proof. Let u, € X, and w, = (idx, —Py,)u,. Since Py, = #%S,, Lemma 8 implies that ||(Py, Py, —

Py ug|lx, < |1SnWa |- By construction of Py, , we have that [Py, u,], = 0 and div,, Py, u,, = div(Py, u,), =
div 7S, u,, and therefore S,,(Py, u,) € HL, solves

(div +Pp2q -+ M) S, (Py,un) 2 (div 47, Praq -+M)md(S,u,).

Thus, we calculate that

) (div4+Ppaq - +M)S,u, — (div 4, Praq +M)rl(Spu,)

= div(idx —wz)Snun—l—(Pqu . —WLPqu . wZ)Snun—i—M(idX —Wﬁ)Snun
= div(idx —ﬂi)Snun + (idLg —7r£L> Pqu - Spu, (39)
+m,Pr2q - (idx =) Spuy, + M (idx —75 ) Spuy,
= (idpz —m,)(div +Praq-)Spuy, + ), Praq - (idx —m) S,
+ M(idx fwg)Snun = fonun,
where we use the commutation property divr? = 7l div in the last step. Consequently, S, w,, solves (33) with

right-hand side fO:nun and the stability estimate (37) implies that |[S,w |l < [|Onu,|lx, . We note that the
minus in front of O, is purely for notational convenience in later calculations.
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It remains to show that lim,,_, ||On||L(Xmch)) = 0. Due to (33), we have that

(diV +PL3q')Snun = (divz +7T£LPqu '+Mn>un - MSyuy,, (40)
7t (div +Pr2q-)Spu, = (divy, +7r£LPqu +M,)u, — 7. MS,u, + (7}, — idpz) My Spuy,.

l

Because m,,

converges to id L2 pointwise and the operators M .S,, and M, S,, are compact, it follows that

| (idLz —ml,)(div +Pr2q)SullL(x,,12)
N ||(idLg —W;)MSnHL(X,L,Lg) + ||(7T'fz - idLg)MnSn”L(Xn,Lg) "=*0.
Furthermore, by construction of the operator M, the commutation property div 7 = 7!, div, and (40) we have
that
[| M (idx _Wg)SnHLQ(X”,LS) S diV(idX _WZ)SHHLQ(X”,Lg)
S [l(d gz —m,)(div +Pr2q)Snllpx,.2) + [I(idzz —WL)Pqu “Snllrex,,z2);

l

where the second term converges to zero as well, since 7,

Finally, we estimate with (19)

converges to id 12 pointwise and Pr2q- S, is compact.

n—oo

I Praq - (idx —=m) SnllLix, 22y S I(idx =78) SnllLx, 12y S Bl Snllex, 1y "= 0.
Altogether, we obtain that lim,,_, ||O,L||L(XmL3) = 0 and thus

n—oo

37) .
1(Pv,, Pv,, = Py, )unllx, < [1Snwallar S [Ontnllx, S 10nllLx, c2)lluanllx, "= 0.

The calculations in (39) yield

(33) (

(din—i—wflPLSq)wn div+Prz2q - —i—M)San—ann(?’zg)—ann—Onun (41)

In particular, if ¢ = 0, then M, = 0 and O,, = 0, so div), w,, = 0 and we recover the standard Helmholtz
decomposition on the discrete level. From (41), we observe that even in the case where q # 0 the discrete
perturbed divergence of w,, consists of the compact operator M,, and O,, which can be absorbed in the compact
part of the weakly T-coercive structure.

Lemma 19. There ezists an index ng > 0 and C' > 0 such that | T, || Lx,) < C for all n > ny.

Proof. We have that T,, T, = 4Py, Py, — 4Py, + idx = idx +40,, with O,, as defined in Lemma 18. Since
limy, o0 [|OnllL(x,) = 0, there exists ng > 0 such that [|40,, | x,) < 1 for all n > ng and thus there exists C' > 0
such that ||(idx +40,) | 1(x,) < C for all n > ng. Writing

(idx +40,)7'T, = (T, T,) 'T,, = T, *,
we conclude that |7, | 1x,) < Cl|TnllLx,) for all n > ng, which proves the claim. O
The next lemma shows that T;, indeed approximates the operator T

Lemma 20. For each u € X, it holds that lim, o ||(Tnpn — pnT)ullx, = 0.
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Proof. As before, we only have to show the statement for Py, . First, we estimate
||(PVnpn _pnPV)uHXn < dn(PVU,pnPVU) + dn(PVua PVnpnu)7

and note that the first term converges to zero by Lemma 11. By definition, we have that Py, p,u = jZSnpnu
and estimate for the second term

(25)
dn(Pyu, Py, ppu) < dp(Pyu, 78 Pyu) + |0 (Pya — Sppau)|x, . (42)

Since Pyu € HL, the first term converges to zero by Lemma 12. For the second term, we estimate

|75 (Pvu = Suppu)llx, S [Py — Spppulu:
< | divu—divy paullz, +|1Przq - u—m, Praq - (paw)-||7, + | Mu — M,pyull, -
) (11) (I11)

~

By definition of d (-, -), we have that (I) < d,(u,p,u). We further estimate

(1) S [(Prza - —m, Prza)ullze + |7, Prza - (u — (pau)s)| 7,
S I(Prza- —szPLgQ')UHL? + dn(u, ppur).

By construction of M and M, it holds that (III) < || divu — divy, ppu|lz, < dn(u,pru).
Altogether, we obtain

124 (Pyu— Supow) i, S [(Pra = Sopaw)lx,
S du(u, pav) + | (Praa -~ Praa)ull 2 "= 0, (43)

where the first term converges to zero by Lemma 12 and the second term converges to zero due to the pointwise
convergence of 7!, to id L2, which proves the claim. O

5.3. Weak T-compatibility

In the previous section, we have defined and analyzed the operators T' and T,,. To prepare for the application
of Theorem 4 in Section 5.4, we have to construct a characterization A, T, = B, + K, that satisfies the
conditions from Theorem 4. Before we do so in Theorem 25, we introduce the following notation and prove
some auxiliary results.

For u € HL,, we define the weighted H'-seminorm through

v0>
e, = 1(e20) 2]y (44)
cip

We show that the construction of Py, u, := ﬁ‘fLVf), where 0 € Hf,Neu solves (33), allows us to bound the norm

of the differential operators D} and div,, suitably. These estimates are crucial to show that the conditions from
Theorem 4 are satisfied.

Lemma 21. There erists constant C(30) > 0 and ng € N such that for all u,, € X,, and n > ng, it holds that
oDy (Py, w17, < Clao)lles blE [Snun i - (45)

d

n’

In particular, C(z0) = Cap,x(1 + O(h2)), where Cgsr > 0 depends on Cqs, the projection w2, and the constant

from (28).
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Proof. For u, € X,,, we set v,, := Py, u,, and denote by o the solution to (33) such that S,u, = V0. For an
element 7 € 7,, and € W1 we use the notation 7, = 1|, and estimate

o2 DivallLz(ry < o206 (Vo)< llLz (ry + llp" *Rivalle - (46)
By definition, (v,,), = 7¢V%, and thus we can estimate the first term by
||Pl/23b(7fﬁv’5)||i2(7) < HCQIbH%wQQWWfLVﬂ%{l(ﬂ < \Wg@(Hl(T))||C;1b||%w€2ﬁ|V5|%{l(T)
< |7Tg|%(H1(T))||C;1b\\%w§2ﬁ(é&)_l|V77|%1i2p(7)

— 1 D
< |7T';dL|%(H1(T))||CS le%w (1 + h%CQP(CfSIﬂm)Q) |VU‘%Ii2p(T)

5,

=Ck(r)

where we use the Lipschitz continuity of ¢;p'/2 € W with constant CCL'p1 /» in the last step. Since h,, — 0 for

n — oo, there exists ng € N such that CZ(7) < 2 for all n > ng and all 7 € 7,,. For the second term in (46), we
use (13) and same argumentation as in the proof of Lemma 8 to obtain

0" 2Ry < 3771 albliZaor) < 15 BliE Caim 271~ valliEocor)
28)
S e blE < CROE D) Vi, (o)

Inserting both estimates into (46) and summing over all elements T € 7, yields

P *Dyvall7, < Cra)lles ' blR Vol

where C(a0y = Cag, (1 + O(h2)) with Cgt» > 0 depending on Cys, the projection ,, and the constant from
(28). To ensure that C(50, we estimate |7rg|2L(H1(T)) < SUP,~p, SUD €T, \W,‘f@(Hl(T)) and use similar arguments
for the estimates coming from (28). Since v,, = Py, u,, and S,u,, = V0, the proof is finished. O

Let us stress that the constant C50y > 0 only depends locally on the coefficients and their Lipschitz constant,
and is independent of the ratio (cs%p)/(¢52p). In particular, the quadratic factor h2 mitigates the effects of large
Lipschitz constants and asymptotically, the constant tends to Cay.» with order h2.

In the following lemma, we show that the decomposition (33) allows us to bound the norm of the discrete
divergence operator from below.

Lemma 22. For any § € (0,1), there exist Cs > 0, so that
||Cspl/2diVZPVnun”%'n > ((15)2|Snun|%{12 Oénsnun”i?) +<Onunaun>xn,v (47)

for all u,, € X,, and lim,,_, HOV,LHL(X”) = 0.

Proof. For u,, € X,,, let © € H?

*,Neu

be the solution to (33) such that S,u, = V. Due to the properties of
7 discussed in Lemma 8, we obtain for Py, = 7%S, that divl Py, u, = div(Py,u,), = divr?V4. Using the
commutation property 7', div = div?, we calculate

. dwe~ _ 1 3 ~
divm, Vv = 7, div Vo

(33) r (_(pqu -+M)V + (divy, +7rfLPqu '+Mn)un)
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= —(Pp2q - +M)Vi + (divy 47, Pr2q -+ M, )u,
+ (id —7},) (Praq - + M)V + (m), — id) My,
S div Vi + (id -7 ) (Praq - +M)Spu, + (x — id) My,
=: div Vi + Opu,,.
Thus, we have that
[esp™? divy, Py, un||%. = (c2pdiv Ve, div nd Vo) 18)
= (Zpdiv Vo, div V3) + (Opu,, u,)x,
where we define the operator O,, through
(Opu,,u)x, = (PpdivriVo, O,ul,) + (2pOnu,, div(riVi)')
+ (cipOAnum OAnu;A).

With similar arguments as in Lemma 18, we can show lim,,_, o HOAnHL(Xng) = 0 and thus lim, .« [|Oy | £x,) =
0.

In the following, we use similar techniques as in the proof of Theorem 3.5 from [38] to show that the first term
can be estimated suitably by a weighted H!-seminorm. By assumption, O is a convex Lipschitz polyhedron and
thus, we can apply Theorem 3.1.1.2 of [34] to estimate for any v € H.,

d d
[ div(v)|[72 =) (0a, Vi, 0z, V)12 — / B(Pyv,Pyv)ds > (9a, Vi, 0a,;)12- (49)
4,5=1 90 i,j=1
where B(7,7') := —0,v - T/ is the second fundamental quadratic form of O applied to tangential vector fields

7,7’ and O, is the tangential derivative. The last estimate follows since the form B is non-positive for convex
domains ([34], Sect. 3.1.1).

For any nn € W1°°(0), the product rule gives that ndivv = div(nv) — v - Vi and thus we estimate with the
weighted Young’s inequality for any § € (0, 1) that

. . 1
Indivelts = (= avmls + (1= 5 ) Iv: Valk. (50)

Since nv € HL), we can apply (49) to the first term to obtain

d
Fdiv(pv)l|Ze = Y (De, (14), O, (9v5)) e

4,j=1

d
> Y ((00x,vi, 00, Vi L2 + (Via, 1, V0a,m)L2 + (ViDz, 0,002,V 5)12
i,j=1
+ (102, Vi, ViOz,m)12).
Applying this estimate to v = Vo, we notice that d,,v; = 0,,v; and consequently

d
Idiv(pv)lIZe = [InVVIEe + Y (vide;n, vi0um)re + (Vida;1, 100,712

=1
+ (00, Vi, ViOu,M)12)
> [[nVvliz: = C(Ilv - Vnlie + [nVviL2|lv - VillL)

1
> (1= )i~ (04 35 ) Iv- Tl
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where we use the Cauchy—Schwarz and the weighted Young’s inequality in the last two lines. Inserting this into
the estimate (50) yields

. 5 )
Indivel = (1= 82 vIRs + (6 -1 - 2+ 2) v Tl

=:—C5s

where we note that Cs > 0 for all § € (0,1). Since n € W1 is Lipschitz continuous, V7 is bounded such that
[v - V1|2, < Ogyllv||Le. Inserting v = V& = S,u, and 7 = c,p'/? we obtain together with (48) that

||csp1/2divz PVnun||%—" > (1—5)2|Snun|§{12—C’5||Snun||%2 + (Ovnun,unbgn, (51)
e2p

where Cy := C'ngn. Thus, the claim is proven. O

To prove our main result, we have to assume that the Mach number |c;'b||L= of the background flow is
bounded suitably. Following the presentation in [37-39,60], we define the matrix m := —p~! Hess(p) + Hess(¢)
and denote by A_(m) € L* its smallest eigenvalue®. Then, we set for w # 0

Cp = max{07 sup A (m(z))

weo }7 0 == arctan(Cp /|w]) € [0,7/2). (52)

&

Note that 6 depends on the physical parameters and for large frequencies w or damping parameters 7, it is close
to zero. On the technical site, its definition allows us to estimate

(pmuy u,) > —|wl tan(0)[[(v0)/2ur |2 Vu, € Xg,, (53)
which we will use in the proof of Theorem 25. In preparation of Theorem 25, we make the following assumption.

Assumption 23. The background flow b € W satisfies

1

c;'bli. <
e Pl < G @+ ca/iop)

= (Clao) (1 + tan*(6))) ™", (54)

where C(a9) = 1+ O(h2) > 0 is the constant appearing in Lemma 21.

Remark 24. The strict inequality in Assumption 23 implies that the inequality holds even for a slightly smaller
r.hus., i.e. there is §p € (0,1) so that

(1—d0)? o (1—0)?
Cra0y(14(1+00)% tan?() /|w[?) " Capyllcs b1«

lles ' bllfe < >1+ (14 d)*tan*(0)

where we made use of the definition of . Similarly, we can bound tan?(#) from below by £~! tan?(f + 7) with
k> 1 close to 1 for 7 > 0 sufficiently small. To be precise, there is 79 € (0,7/2 —6) and ¢ € (0,1/2) so that for
all 7 € (0,79) and € € (0, €¢y) we have that

(1—60)?

g 1>+ 50)% tan?(0) > tan?(0 + 7)(1 — €)1 (1 — 2¢) L. (55)
Ci20)lles bl

Multiplying with (1 — €) and rearranging the terms, we obtain that for € € (0,¢9), § € (0,dp), and 7 € (0, 79),
we have that
Cores:=(1—€)(1= 6)*~Clan)lc; 'b||E (1+tan®(0 + 7)(1— 2¢) " €) >0. (56)

3Note that m is symmetric.
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This constant appears in the proof of Theorem 25 below and its positivity is essential to obtain stability. In [39],
where an H'-conforming discretization of (8) was analyzed, the following smallness assumption was assumed:

les blE~ < ﬂh;(l +tan?(0)) " (57)

ci2p

2
S
Here ), is the discrete stability constant of the divergence operator. This assumption is much more restrictive
than (54) because it depends on the ratio &28/525, whereas the constant C(9) > 0 is independent of this
ratio. In particular, the constant C(s0) tends to Cy; » asymptotically, and thus Assumption 23 is close to the
boundedness assumption from the continuous analysis, cf. Theorem 3.11 from [38].

To avoid the dependence on the ratio, we used the weighted H!-seminorm | - |, in Lemmas 21 and 22,

ctp

and the constants C(0) can be interpreted as the continuity of the operator Dy with respect to | - |H12 . We
2p

compare both assumptions numerically in Section 6.4.

Theorem 25. Assume that Assumption 23 is satisfied. Then, there exist sequences (Bp)nen, (Kn)nen, Bn €
L(X,), K, € L(X,), n € N such that A, T,, = B, + K,, with (By,)nen being uniformly bounded. (By)nen is
stable, (K )nen is compact and there exists a bijective operator B € L(X,,) such that B,, approximates B.

Proof. We split the proof of the statement into four steps. In the first step, we define the sequences (B, )nen
and (K, )nen and argue that indeed A, T,, = B,, + K,,. Afterwards, we show in the second and third step that
the sequence (B, )nen is stable. In the last step, we show that there exists a bijective operator B € L(X) and
a compact operator K € L(X) such that AT = B + K and B,, approximates B. In the following, we denote
vy, = Py, u,, w, :=u, — v, for an element u, € X,, and v/, w/, defined analogously for an element u}, € X,,.

Step 1: Definition of B,, and K,,. We want to define B,,, K,, € L(X,,) such that A, T, = B,, + K,,, where

B),)nen is uniformly coercive and (K, )nen is compact. In particular, we define B,, = B,Sl) —&—B,(,Z), where B,Sl)
(

is constructed to yield the essential control of the || - ||x, -norm and B contains the remaining terms, which
we will estimate in Step 8. We add compact terms K,(Abl) and K,(f) to both operators which are subtracted
again through K, = fK,(Ll) — K}lg).

We will consider a splitting a,(-,:) = a%l)(-, )+ ag)(-, -) so that terms that directly help for (T,,-)coercivity
will be collected in a(l)(-7 -) and the remainder will be collected in a(2)(~, -). By construction, T}, swaps the
sign in front of w,, such that (A, T up,u)) = an (v, — Wy, V), + W,).

We recall q = c;2p~1Vp, the associated rewriting of the sesquilinear form (9), and note that we can use a
corresponding split on the discrete level: a,(-,-) = al +q')(~7 Y4 sn(s) —ade () + a%“q')(~, ).

We have that divy, v,, = div v, and thus

agzdiv +q')(Tnum w),) = (¢2p(divy, +q-)uy, (divy +q-)uy) = ZJ:I,ILIII,IV(58J)
= (c2p(div +q-)vr, (div +q-)v]) + (c2p(div +q-)v7, (divy, +a)w),) (58)
= (e2p(divy, +a)wn, (div +a)vy) — (c2p(divy +a) W, (divy +q-)wy,).

The div-parts of the first term in (58;) will directly be used in a(l)(-, -) to control the divergence, below. To

41 ~
rewrite (58y), we want to use that (div,, +7T£LPL3 q)wy, (&) —M,w, —Opu, for both arguments, so we shift

in the terms involving the projection W;PL'(Z). Then, we obtain* that
(58w) = — (3 p(Mywn+0,uy), Myw),+0pw),) — (c3pdivy, wy, (id*szPLg)CI'W@
—(p(id =7}, Pr2)q - Wy, divy w,)+(cpm, Praq - Wi, m, Praq - w),) (59)
—(Zpa®q- Wy, w))
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We apply the same argumentation to the mixed terms (58;;) and (58,;), and note that the terms (c2pq® q -

z:,2.), 2, € {v,,w.}, z_ € {v_,w]}, cancel out with the g-terms in ol " (Tyu,,u 7). Thus, these terms

do not appear in the following, and we are left with a/, (-, -) instead of arm e )( ,)-

For al )(' -), we will only use the fourth term of (59) and shift the remaining terms into al? )( -). Hence, we
define

oD (u,, u)) (60[as)
= (Zpdivv,,divv.) + (pr!, Pp2q- W, Przq-wi) — sp(Wn, wy,) (60ala)

— (piDEv,,, iDEVL) + (p(w+iDp+iQX )W, (w+iDE+iQ x )w),) (600]a'M)

+ (p(w+iDp+iQX )Wy, iDEVL) — (piDEv,, (w + iDE + iQx)w),) (60cla'l)
+{p(m + iwy)wr, W), (60d]as.”)

The div-terms of (58;) and the fourth term in (59) from aldivta )(Tnun, ') together with s, (T}, u,,u),)
form line (60a\a$ll)), where we note that s, (Tp,u,,ul,) = —s,(wy, w),) since [Py, u,], = 0 for all u,, € X,

by construction of Py, . The terms in the lines (60b| o ) and (600|a511)) arise naturally from a selection
of terms from a?% (T,u,,u},). By definition of m = fp ~!Hess(p) + Hess(¢), we can write a,(u,,ul,) =

—(p(m + iwy)u,,u,), which is where the line (60d|a ) originates from.
Below, in Step 2, we want to estimate these terms from below by applying Lemmas 21 and 22. To this
end, we add suitable compact terms to Bgl) which we simultaneously subtract from K,. For C; > 0 to be

specified later on, we set

<K7(11)un7 >X _<V'rv >+C1<Snunasnu;1>+<Csznwn7MnW;z>+<C§ponunvénu;l>‘ (60|K7(11))

’ (1)

Then, we define (B mun,un);gn = ap’(u,,ul) + <K(1)un, 'Vx, . To account for the remaining terms in

an(Thun,ul,), we define

a?(u,, ) = an,(Thu,,u,) —alM (u,,u)). (60|a£12))
To treat the terms in a7(12)(un, u),) we add suitable compact terms which together with ag)(un, u,) can be
bounded from below. To this end, we define, for Cy > 0 to be specified later on,

(K w0, )x, = Co((Vr, i) + (Suttg, Sowy,) + (2p0nuy, Opur,) (61a|K\?)
+ (2 pMyy W, M w,) 4 (mean(q - w, ), mean(q - w’.))) (610 K?)
where mean denotes the mean value operator & [, -dx, and set (B,(lQ)un,u:L>Xn = a%z)(un,u;l) +

(K,(LQ)un, u),)x,, which we analyze in Step 3.

With K,, = —K,(LD — K,(lz) and B,, = B,(Ll) + B,(f), we then obtain that A,T, = B, + K,. The explicit
expressions for the operators B,gl) and especially the lenghty one for B,(L2) are written out in Appendix A.
We note that the uniform boundedness of B,,, n € N, follows straightforwardly. Furthermore, it can be
shown that the sequence (K, )nen is indeed compact with the same argumentation as in Lemma 17 of
[37]. In particular, we note that lim, ||On||L(X7“Lz) = 0, that the operators M,, and mean(-) give rise to
compact terms, and that the construction of S,, allows us to use the compact embedding H! «— LZ2.

“We use that (a + b,a’ +b') = (a+ c,a’ + ) + (a, b — )+ (b—c,a’) + (b,b) — (¢, ¢/) with a = div] wn, b = q - wp, and
c= WLPqu ~wp; a’, b, ¢ analogously with w/,.
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Step 2: Uniform coercivity of B,(Ll). First of all, we show that there exists an index ng > 0 such that B,Sl)
is uniformly coercive for all n > nyg.

Let u, € X,, be arbitrary and dg,e9 € (0,1), 70 € (0,7/2 — 6) be such that the constant Cy ;s defined
by (56) is positive for all 6 € (0,dp), € € (0,€69) and 7 € (0,79). We recall that this is possible due to
Assumption 23, as detailed in Remark 24. We further recall that by definition of 8, the estimate (53) holds.
Targeting at coercivity of BSY in the sense of (2), we set & = e 0FT)senw |¢] = 1 o that Re(£(a +
ib))/ cos(0 + 1) = a + sgn(w) tan(f + 7)b for a,b € R. Using (60\@%1)) and (60|K£L1)), we note that (600|a511))

becomes purely imaginary for (v, w’) = (v,, w,) and obtain

Re <§<B,(L1)un, un>xn> / cos(6 + 1)
= ||Cspl/2 divv,|7: — le/QngnHi? +[vellee + CillSnunllze + ||Csp1/2Man||2L2
+llesp2Onunlia + llesp™ > m, Praq - we |72 + 10"/ (w + iD} + i2x)wy |2
+ 2tan(0 + 7)sgn(w) Im({p(w + iDg + i QX )W, iIDEV,)) — $p(Wp, Wy)

1/2

+ (pmwr, wr g + [ tan(6 + 1) (79) /2w Lz > ...

Regrouping and applying a weighted Young’s inequality (2ab < (1 —2¢)~'a? + (1 — 2¢)b?) on the mixed term
(involving w,, and v,,) and using (53) yields

2 lespt 2 divve|[Ze = 0" 2DV e (14 tan® (04 7) (1-2¢) ") +[|v- || (D
=Cp.r.c
+ Cl”‘gnun”%ﬁ (11)
+ ”Cspl/QMan”%? + Hcspl/2onun||2L2 + Hcsp1/2ﬂ—’fLPqu w72 (I1I)
+2€]|p"/?(w + iDY, + 10X )W, |2, } )
+wl(tan(0 + ) — tan(0))[|(vp)*wr L2 — sn(Wn, W)

(I) and (IT) allow us to control v,, while (IIT) and (IV) are responsible for w,,. We start with estimating
(I) from below. Splitting off an e-scaled X,,-norm of v,, (note that [v,]] o7, ,1/2,» = 0), and using Lemmas 21

and 22 and (56) for the remainder, we obtain -0

—_——
(D) = elvnllz, + (1 = &)llcap’? div v, ||7:=(1 + Co.r.c — €)' *Divallia+ (1 — )| v- I3
§2§n —+ 09,7,6,5|Snun‘%—112 +(1 - 6)(<Onuna un> - CéHSnunHi?)-
cip

> €[|val

>0

We then have
(D +(I1) Zellvallz, + (CL—(1=€)Cs)Snunllz — (1 = &)l OnllLex,) lunlk,
Furthermore, recalling (41), i.e. (div,, —|—7T£LPL(2]q-)wn = —M,w, — O,u,, we see

(IL) = flesp' 2 Muwylf2 + llesp' 2 Onunl 22 + llesp! *m, Praa - we | 2.

1 .
> 1||cspl/2 divy, wp| %—

For the first term in (IV) we obtain from a weighted Young’s inequality (as in [38])

2¢[|p!/?(w + DY + i)Wy llf2 = ellpt*Dywalg — Cellp w2
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for C' € R only depending on w and §2. For sufficiently small ¢ we can dominate the latter part by the second
line of (IV). Exploiting —s,, (W, w,) > O‘I]Iﬂ]]]%% 2,0 and choosing e small enough (compared to «, i and
especially 7), we get control of the X,,-norm of v,:

(IID) + (IV) > €llwa|% .

Combining all estimates and [Ju,[% <

%, we obtain

s Wa)z, )/ cos(0+ ) = (1) + (ID) + (IIT) + (IV)

lun %, +(C1 = (1= Co)l[Snunllfs — (1 = ) Onllx, lunlf, -

Re(¢(B{!
23

Since limy—o0 [|Onllz(x,) = 0, we can choose ny > ng large enough such that (1 — €)[|Oy||rx,) < €/4 and
thus with C; > (1 — €)Cjs

€
Re(¢(B{wn, )z, )/ cos(0+7) = 7lwall,

for n > ny. Thus, BYY is uniformly coercive (in the sense of (2)) for all n > ny.

Step 3: Uniform coercivity of B,. We have shown that B,(Ll) is uniformly coercive in Step 2, so it remains
to show that B,, (after addition of B,SZ)) is uniformly coercive as well. To this end, we want to derive a bound
for B,(LZ) of the form

Re(&(BY un,un)x,, ) /cos(8 + 1) = —(e/8+C1n) +(C2— G)|unl? (62)

K@
for (C1,n)nen and (i p, (2 € Ry with the semi-norm

u,f? IVelZe + ISnunlfe + llesp™ 2 Onunl| 2 + lesp!/ 2 Myuw,l|7: + [[mean(q - wr )|

K2 =
= Oy 'K P (u,, uy,).

We will show that 1, — 0 for n — oo so that —(e/8 + (1,n)[[un[%  can be dominated by the BY-
contribution for sufficiently large n. The bound (62) allows us to choose C5 sufficiently large to compensate
for the —Cg|un|§((2) term and obtain the uniform coercivity of B,,.

To prove (62), it suffices to show the boundedness of a'? in the following form

[, wa)e, | < unllwnllF, + 72w, [ e (63)

for (M n)neny — 0 for n — oo and 72 bounded. Then, a weighted Young’s inequality of the form nqab <

1 2 14005(9+7—)17 2 -
54008(9—4—7‘) + b ylelds

( 6/8+<17n

2) < L — 4
‘<Cln u7L7un>Xn| —= COS(G—FT)HunHXn + cos(0+7') (6 )

with (15 = n1,5 cos(0 + 7) and (2 = 2/ecos?(0 + 7)n3 which implies (62). It hence remains to show (63).

an)( ,+) effectively contains all the terms of a,(-,-) that are not considered in aﬁﬂ)(~7 -). Most terms are of
the form that they pair a term that can be bounded by | - | K® with another term that can be bounded by
|- |x,. Those terms are thence directly suitable for (64) and in the following, we only discuss the terms that

do not match this pattern; for completeness we state the full expression agf )(-, -) in Appendix A.
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The terms of (64) that do not match the pattern described above stem from contribu-
tions of divy, w, +q-w,. We then shift in WLPLg (q-wy), cf. (59), and make use of (41)
to bound div) w, + WflPL[z) q-w, by |u] K- The remaining terms are then of the form
(c2p(id —TrflPLg)(q -w,),div] z,) for z, € {v],w/}. To exploit the approximation properties of 7, here, we
first shift in another mean(q - wy,) term (which is itself bounded by constant times |[u, || ,.2) and only have

to deal with the following expression where we abbreviate II* = id —mean — ﬂ'ﬁlPLg :

[(c2pIl*(q - w,),divy z,)| = [{q - W, IT*(c2pdivy z,,))|

< [lallze [[wr lle T (c2p divy 2a )l 2 S llwnlx, [T (o divy, 2n)]| 2.

We estimate the last term using a discrete commutator technique [6] to obtain

T (2pdivy z,) |72 = Y T (2pdivy 2,) |72y = Y ITF((2p — ) divy 2) 12

€T, €T,
< l2p = eoll il divy znlliz(y < (CE)*BAIZa%, S bllual, -
TeT,

Here, we used that IT*r = 0 for any piecewise polynomial r of degree k — 1 and hence IT*¢, div}, z,, = 0 for
any piecewise constant c;.

This reveals that all terms in a'?) are suitable for (63) and hence (62) holds. Together with Step 2, Co and
n sufficiently large we hence obtain

Re(é(Bnun, up)x,) > 3€/16 cos(6 + 7)||u,[|% - (65)

Step 4: Asymptotic consistency of B,. In the last step, we want to show that there exists a bijective
operator B € L(X) such that B,, approximates B.
For u,u’ € X, we define

(Ku,u')x == — (1 + Co){v,Vv') — (C1 + C2){v,V') (K-a)
— (14 Cy)(2pMw, Mw') — Co{mean(q - w), mean(q - w')) (K-b)

and set B := AT — K. Since M is of finite rank and v = Pyu € H!, the compactness of the operator K
follows from the compact embedding H' — L2. Rewriting the operator B with similar arguments as in Step
1, cf. (A.4), we can show that B is coercive using the same arguments as in Step 2 and Step 3. Thus, B is
bijective. It remains to show that B,, approximates B, that is lim, o ||(Bnpn — pnB)ullx, = 0.

To this end, we note that it suffices to show that K,, approximates K, since we can use that B, = A, T, — K.,
B = AT — K and estimate

||(Bnpn - pnB)uHXn S ||(Knpn _an)u”Xn + ||(A7LTnpn _pnAT)u”Xn
< (Enpn — pnEK)ullx,, + [(Anpn — pnA)Tullx, + [ AnllL,)

(Tnpn - pnT)uHX

By Theorem 15 and Lemma 20, A,, approximates A and T, approximates T' so the last two terms converge
to zero. Thus, it indeed suffices to show that K,, approximates K to conclude that B, approximates B.

Similar to the proof of Theorem 15, we choose u), € X,,, n € N, ||ul,||x, = 1, such that ||(Kp,p, —pn K)u|lx, <
[{((Kpnpn—pnK)u,ul)x, |4+1/n. For an arbitrary subsequence N’ C N, we can choose u’ € X and a subsequence

2 2 2
N C N such that v/, = o', 2pdivi v/, & 2pdivu’ and pDPu/, % pdyu’ due to Lemma 14.
We compute that

e,

(pnKu,u))x, div Ku, Zpdiviul) + (Ku,ul,) + (0, Ku, pDyul,)
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neN”’

' (Zpdiv Ku,u) + (Ku,u) + (pdp Ku, dpu’) = (Ku,u')y.

Thus, we have to show that lim, ey (Kpppu,ul,)x, = —(Ku,u’)x. We recall that K, := ~KY — kP and
therefore

<Knpnu7 u;z>Xn

= - (]- + CQ)<(PVnpnu)Ta Vf,—) - (Cl + CZ)<Snpnua Snu;1> (Kn‘a)
-1+ Cg)<c§p0~npnu, Onu;z> — (1+ Co)(c2pM,(idx, —Py, )ppu, wy,) (Kn-b)
— (1+ Cy){mean(q - (idx, — Py, )(pru), ), mean(q - wh)). (K -c)

In the following, we show that (K,-a) converges to (K-a) and (K,-b) + (K,-c) converges to (K-b).
Step 4a: Convergence of (K,-a). To show that (K,-a) converges to (K-a), we exploit the convergence of

pnu. Using the approximation properties of 7¢ and the same argumentation as in Lemma 20, cf. especially
(43), we have

(v, V1) = (P, pnw) 7, Vi) = [((Pv — 74 Snpn)u, V)|
S Py = my Py)u, v  + (i (Py — Sppp)u, v7)|
< hull Pyl + d(u, pou) + || (idgz —7L) Praq - ullzz " 0,
and [(v,Spuy) — (Supnu, Spuy)| = [((Py — Sapa)u, Shuy,)|
Py = Supn)ullLe < dn(w,pau) + [[(idgz —78) Praq-uf 2 "S5 0,

where we used Lemma 11 and the pointwise convergence of 7/, to id L2 Hence,

Tim (Ko-a) = lim (—(1+ C3){v, v}) = (C1 + Ca)(v, Sy, ).

It remains to show that the right-hand side converges to (K-a), i.e. (v,S,ul,) nel” (v,v'). Let S :=

V((div+Pr2q- +M)V)~! such that

(v, Spul) — (v,v') = (v, S,u, — Pyu’)
= (v, S((div} +7h, Przq -+My)u;, — (div+Pr2q -+M)u'))
= (S*v,div, ul, — divu’) + (S*V,W;Pqu. (u,)r = Przq-u') + (S™v, Myu;, — Mu').
2
By choice of the subsequence N’ C N and Lemma 14, we have that c2pdiviw, 2 2pdivu’ (and hence

2
divy, ul, 5 diva! ) and therefore M, u], — Mu’ by construction of M, and M. Therefore, the first and the
last term converge to zero as S*v € L?. Furthermore, we have that

(5v, 7 Pz (wl)r — Pryq - )
= (S*v, (7}, — id)Przq - u) + (S™v, W;PL§q~ (u),)r —u)).

The first term converges to zero due to the pointwise convergence of 7!, to id. For the second term, we

2 2
first notice that m!, is uniformly bounded and by Lemma 14 (u/,), LW, Therefore Przq-u;, LN Przq-u’
because the compact operator PL3q~ maps weakly convergent sequences onto weakly convergent sequences.

We conclude (v, S,ul,) nely” (v,v’) and hence lim, ¢y (K,-a) = (K-a).
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Step 4b: Convergence of (K,-b) & (K,-c) to (K-b). For (Ky-b), we first note that
lim, oo |Onll(x,,22) = O due to the arguments in Lemma 18 so that we only have to consider the
second term. With similar arguments as in the proof of Lemma 20 we have (recall that w = (id —Py)u)

[(Mw, an:z> — (M, (id = Py,) (pnu1), an’/n>|
,S || diV(u - PVu) - din(pnu - P)Vnpnu)HL2 ,S dn(uvpnu) + dn(PVu, PVnpnu)v

where the first term converges to zero due to Lemma 11 and the second term converges to zero with the
same argumentation as in the proof of Lemma 20, cf. (42). Applying Lemma 14 yields lim,en (Kp,-b) =
hmneN//(l + CQ)<MW, MnW;L> = (1 + CQ)<MW, MW/>

Finally, we consider (K,-c) and calculate that

[(mean(q - w), mean(q - w})) — (mean(q - ((id — Py, )(pau)), ), mean(q - w}))|
5 Hu - PVu - (pnu - PVnpnu)THL2

11

5 HpnPVu - (PVnPnU)THL? + dn(uapnu) + dn(PVuvpnPVnu) ”@J 0,

where we again apply Lemmas 11 and 20.

Altogether, we obtain that lim,en- (Ky-a) = (K-a) and limpen ((Kp-b) + (K,-¢)) = (K-b) and thus K,
approximates K. Due to the argumentation above, we conclude that B, approximates B which finishes the
proof.

To summarize, in Step 1 we have defined the decomposition A, T,, = B,, + K,,, where the sequence (K, )nen
is compact. In Step 2 and Step 3, we have shown that the sequence (B,,)nen is uniformly coercive and there-
fore stable. Finally, in Step 4, we have shown that there exists a bijective operator B € L(X) such that B,
approximates B. O

5.4. Convergence estimates

To conclude the analysis of the discrete problem, we show that the sequence of discrete solutions (uy,),en con-
verges to the solution of the continuous problem. Further, if we assume additional regularity for the continuous
solution, we obtain convergence with optimal order.

Theorem 26. Assume that Assumption 23 holds. For f € L2, let u € X be the solution to (8). Then, there
exists an index mg > 0 such that for all n > ng the problem (17) has a unique solution u, € X, and
lim;, o0 dp(u,u,) = 0.

Proof. In Theorem 15, Lemma 20, and Theorem 25, we have shown that the operators A, (A, )nen, T, and
(T)nen fulfill the necessary conditions for the application of Theorem 4 to conclude that the sequence (A4, )nen
is regular. To be able to apply Lemma 3, which yields stability and convergence, we still have to show that
the continuous right-hand side converges to the discrete right-hand side in the sense of discrete approximation
schemes. Let g € X be such that (g, u)x = (f,u)12 for allu € X and g,, € X,, be such that (g,,u,)x, = (f,u,)r2
for all u,, € X,,. Take u), € X,,, ||[u},|lx,, = 1 such that ||p,g—gnllx, < |(Png—gn,ul,)|+1/n and for an arbitrary
subsequence N’ C N choose N” C N’ according to Lemma 14. Then, we have that with (21)

(Png — Gn, u’/n.>Xn = (png, u/n>Xn —(f, u/n>L2
= <C§pd1Vg7d1VZ u’/ﬂ> - <g7u;z> + <pabg7 gu’n> - <f7 uer>L2 ”@J <ga u/>X - <f7 u/>L2 = 0.
Thus, we can apply Lemma 3 to conclude that the sequence (A, )nen is stable, i.e. there exists an index ng
such that A ! exists and is bounded for all n > ng and problem (17) has a unique solution for all n > ng.
Furthermore, it holds that lim,,_« [|[ppu — uy||x, = 0. We estimate with Lemma 9

dn(ua un) < dn(uvpnu) + ||pnu - un”X < dn(ll, Enu) + ||pnu - unHXna (68)

n —

and apply Lemma 12 to conclude that lim, ., d,(u, p,u) = 0. O
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Theorem 27. Let the assumptions from Theorem 26 be satisfied. If additionally u € XN H?**, s > 0, p €
Wits>® and b € Wt then there exists a constant C > 0 independent of n such that

dp (0, u,) < ChRRSR |yl oy,

Proof. To show the convergence rate, we continue to estimate (68). For the first term, Lemma 10 yields that
dp(u,m,u) < pintiT=k} por the second term, we note that

Ipett = allx, < (sup 1A e, >) [ An (Pt = ),

n>ng

and compute with similar arguments as in Theorem 15 that
[ An(pru —us)x, = sup |an (pnua — up, w0,
u/, eXy, f|ul, |Ix,, =1

< Cdy(u, ppu) + sup |(c2pdivu, divy u/,)
uj, €Xp [luf, llx, =1

—{p(w + 0 + i1Q2x)u, (w + D} 4+ iQx)ul,)

+ (divu, Vp - ) + (Vp- u,div w,) + ((Hess(p) — p Hess(6))u, u,)

—iw(ypu,uy,) — (£, u))].
For the first term, we again use the estimates from Lemmas 9 and 10. For the remainder, we want to integrate by
parts and use the fact that u solves (1). This requires that u € H? is regular enough, because a right hand-side
f € L? only grants —V(c2pdivu) + pdpdpu € L? which however does not imply that —V(c2pdivu) € L? or
pOLOpu € L2. Let 1, € [PY(T,,)]? be a suitable H'-projection of (w + iy + iQ2x)u, for example as in [25]. Then,
we have that

((w+i0p +i2x)u, pDpuy) = (P, pDpuy,) + ((w + i0p + iQx)u — by, pDpuy,),
and similar to (30) we calculate with the definition (12a) and div(pb) = 0 that
<¢nangu;> = <¢n7pabu/ >T + <¢na plil , >

—(pOotpn, )T, + (o, p[W,Jb)or, + (W, PR T,
—{pOp(w + i0p + 1Q2x)u,ul) 7, + (pdb((w + 10 + iQ2x)u — ), ul )7, .

With similar techniques, cf. Theorem 6.26 of [60], we obtain for 9, ¥, € P!(7,,) being suitable H'-projections
of ¢2pdivu and Vp - u that
(pdivu,divi u)) = — (V(cpdivu),u,) + (V(c2pdivu — ,),u),)
T (2pdiv — g, diviw,),
— (V(Vpu),w) +(V(Vp-u— i), w,)
+(Vp-u— by, divi ul,).

(Vp-u,divy, u,) =

Altogether, we obtain that

sup l(2pdivu,diviul) — (p(w + i0p +iQ2x)u, (w4 D} +iQ2x)ul,)
u), €Xp [lul, [Ix,, =1

+(divu, Vp-u,) + (Vp - u, divj u),) + ((Hess(p) — pHess(¢))u, u,,)
—iw(ypu,uy) — (£, )]
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S llp(w + 0 +iQx)u — P flen + | c2pdiva — |

+ ||Vp U= JJnHHl
< hmin{l,s}.

Combining all estimates, we obtain the desired result. (I

Remark 28 (The case [ = k — 1). While the convergence estimate in Theorem 27 suggest the choice [ = k for
the degree of the lifting operator R, the numerical experiments in Section 6.3 suggest that the choice | = k — 1
(together with a reduced facet space Xz, = PF=1(F,) and Xz, = BDMF(7,,)) might be sufficient to obtain
optimal convergence rates. Thus, in certain cases, it might be possible to improve the results presented in

Theorem 27 to obtain the estimate d, (u,u,) < AR

6. NUMERICAL EXPERIMENTS

In this section, we study the discretization of Galbrun’s equation with HDG methods numerically. After some
preliminary discussions in Section 6.1 and implementational aspects in Section 6.2, we study the convergence of
different HDG methods towards an exact solution in Section 6.3. The main goal is to verify the convergence rates
obtained in Theorem 27 numerically. In Section 6.4, we investigate the influence of the Mach number on the
discretization error. Afterwards, we compare the proposed discretization of the convection term through lifting
operators with a naive SIP discretization in Section 6.5. To conclude, we consider numerical examples with
physically relevant coefficients from the Sun in Section 6.6. For the implementation we use the finite element
software NGSolve [55,56]. Replication data is available in [40].

6.1. Preliminaries

In the numerical examples presented below, we want to compare different HDG discretizations. The most
natural choices are a fully nonconforming HDG method or an H (div)-conforming HDG method, cf. Remark 6.
However, choosing polynomials of order k for the facet unknowns might not be optimal in terms of computational
efficiency. For different problems, optimal convergence rates have been obtained with facet unknowns of only
order k — 1, i.e. one order reduced compared to the volume unknowns. This can be achieved by involving only
the L2-projection on polynomials of degree k — 1 for the hybrid DG jump operator on the facets. For a SIP
discretization this has been achieved through the projected jumps modification in [49].

For our proposed discretizations, reducing the lifting order to [ = k& — 1 implicitly includes a projection of
the facet jumps onto the desired space as well and we can therefore also reduce the order of the facet unknowns
to k — 1 without further modifications. In the following, we call the simultaneous reduction of the facet and
lifting degree to k — 1 a reduced method, e.g. a reduced fully non-conforming HDG and a reduced H(div)-
conforming HDG method. To obtain this improved efficiency also for the normal component, we also consider
an optimized’ HDG method. Here the finite element space, which we denote by BDM,, as discussed in Remark 6,
has so-called relazed H(div)-conformity. In this case, we set s,,(+,-) = 0 to avoid an additional penalty on the
highest order normal jump.

An overview of the different discretizations together with their associated costs is given in Table 1. The
analysis from Section 5.4 yields optimal converges rates for the fully-nonconforming and the H(div)-conforming
HDG method, but not for the reduced methods where we choose the lifting degree | = k — 1.

For the experiments carried out below, we consider background flows of the following form

by, == nce (;’) , (69)

Swith respect to the computational complexity; we stress that these methods do not yield optimal convergence rates with
Theorem 27.
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TABLE 1. We compare different HDG methods in terms of the associated computational costs
measured through the number of degrees of freedom (ndofs), the number of coupling degrees
of freedom (ncdofs), and the number of non-zero entries in the system matrices (nze) for poly-
nomial degree k = 1 and a mesh with 6 elements. The red. full and the optimzed method have
significantly fewer nzes than the full HDG method. This reduction becomes less pronounced
for higher polynomial degree.

HDG method Discrete spaces Associated costs
X7, Xz, lifting ndofs ncdofs nze
full [P*(T,)]7 [P*(Fn)]” P*(7.)]" 124 20 784
red. full [P*(T.,)]¢ [PE=1(F)¢ [PE=Y(T)¢ 74 10 196
H(div) BDM*(7,)  [PP'am8(F,)]? [P*(T)]* 88 20 784
red. H(div) BDM*(7,)  [PEbtens(F Y [PRTN(TL)Y 51 15 441
optimized BDM, (7,) [PFbteme(F)?  [PPY(T,)]* 56 10 196

where 7 € W1 is chosen in the specific experiment and the parameter ¢, € R controls the Mach number of
the flow. For all experiments, we restrict ourselves to the case where the gravitational potential ¢ is constant.

6.2. Computational aspects
In the next two remarks, we briefly address computational aspects of the implementation of the lifting.

Remark 29 (Implementation of the lifting operator). In practice, we implement the lifting operator R' through
a mixed formulation adding an auxiliary equation and variable. For all u,,u), € X,,, we need to form

(pDpuy,, DR, 7, = (p0pn, Opu),)7, + (PR, o) 7, + (pOpun, Ru),) 7,

[ Lo/ (70)
+ (pRu,,Ru;) 7, .
For the mixed terms, we obtain by definition (12a) that
(PR, 0pu),) 7, + (pObun, Ru)) 7, = —(p[un]b, dpW},)o, — (00bn, [ul]b)or, - (71)

For the remaining term, we introduce an auxiliary variable » = Rlu,, € [P!(7,,)]? with the defining that » fulfills
(pr,s)7, = —(p[un]b, 8)or, for all s € [P(7;,)]%. Then, we have

(PR, Ra),)7, = (pr,Ra),)7, = ()R, r)7, = —(por, [0, ]b)or,, (72)

Thus, we can implement the term (70) through a mixed formulation with the auxiliary variable = (and cor-
responding test function s). As discussed in Section 4.1 the scalar lifting operator R! is only introduced for
notational convenience in the analysis and by definition of the stabilization term s,,, we are considering a SIP
method for the diffusion term. Thus, we do not have to implement the scalar lifting operator R' explicitly.

Remark 30 (Computational costs associated with the lifting operator). In a DG setting, the implementation
of lifting operators is usually associated with higher computational costs in the resulting linear systems because
the lifting operator introduces new, less local couplings compared to classical SIP operators. In contrast, the
support of the HDG-lifting operator is local since the volume unknowns only couple through the facet unknowns
indirectly. Note that especially » and s in Remark 29 only occur locally on each element and can be eliminated
locally. Thus, in an HDG setting, the implementation of the lifting operators leads to similar computational
costs than the implementation of a corresponding SIP variant. To visualize the associated computational costs,
we consider the sparsity pattern of the respective system matrices in Figure 3.
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H(div)-DG+Lift H(div)-DG+SIP H(div)-HDG+Lift H(div)-HDG+SIP

nzes: 235,036 nzes: 133,652 nzes: 30,096 nzes: 30,096

FIGURE 3. We compare the sparsity pattern of the stiffness matrix obtained with the following
four methods: H(div)-conforming DG with lifting stabilization (left), H(div)-conforming DG
with SIP (middle-left), H(div)-conforming HDG with lifting stabilization (middle-right), and
H(div)-conforming HDG with SIP (right). For the HDG methods, we use static condensation
and for the DG method with the lifting operator, we apply the Schur complement to eliminate
the unknowns associated with the lifting operator. In the HDG setting, both methods lead to
the same number of non-zero entries (nzes) (even though the couplings differ slightly), whereas
in the DG setting, the lifting operator almost doubles the number of non-zero entries. For the
computations, we chose a mesh with 27 elements and the polynomial degree k = 5.

6.3. Convergence studies

We consider the unit disk O = {z € R? : ||z|| < 1} and choose the parameters

p=+/10/mexp(—=10(2* +3?)), 2 =1.44+0.25p, w =0.78 x 2, (73a)
v=0.1, Q= (0,0), p = 1.44p + 0.08p%. (73b)

While these parameters are artificially chosen, the density and the sound speed are modeled to behave similarly
(though less extreme) than the respective parameters in the Sun. We consider the background flow b, given
by (69) and note that div(pb.,) =0, b, - v = 0 and ||c;'b,,|L= = cb. The source term f is calculated such
that the exact solution is given by

—lsin z? %) sin((2? 2 — +(1+10)g
o = sina® + ) sin(a +) - ) (H( 1), ()

where g = \/a/mexp(—a(z? 4+ 3?)), a = log(10°), is a Gaussian.

In Figure 4, we compare the discretization error in the ||-[|x(z,)-norm of the methods from Table 1. As expected
by Theorem 27, the fully non-conforming and H(div)-conforming HDG methods converge with optimal order.
Additionally, the reduced methods converge with optimal order as well, even though these cases are not covered
by Theorem 27. The absolute error of the optimized HDG method is larger than the error of the other methods
and the order of convergences seems to be reduced, however the degrees of freedom are reduced significantly®.
For the fully non-conforming methods, we observe that the stabilization parameter o = 100 seems to be more
robust than o = 10, where we observe a longer preasymptotic phase. Overall, the numerical results confirm the
theoretical results from Theorem 27, and suggest that the dependence of the convergence order on the lifting
degree [ might be improved in certain cases, cf. Remark 28.

6For k = 4 on the finest mesh level, we have the following number of non-zero matrix entries for the system matrix: ~ 5 - 106
(full HDG & H(div)-conforming HDG), ~ 4 - 10® (red. H(div)-conforming HDG), ~ 3 - 10% (optimized HDG).
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10°
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FIGURE 4. Convergence of the methods listed in Table 1 against (74) for polynomial degrees
k = 3 and k = 4 with Mach number ||c; 'b,, ||{.. = 0.25. For the fully non-conforming methods,
we consider the choices a € {10k?,100k?} (dashed, solid). The error is measured in the X(7,,)-
norm. In the embedded bar charts we show the number of coupled degrees of freedom for each

method at the last refinement level L = 4.

6.4. Mach number robustness

As formalized in Assumption 23, the stability of the method depends on the Mach number of the background
flow. Here, we want to study the influence of the Mach number on the error of the discretization. In particular, we
want to compare the methods considered in this manuscript with the H'-conforming discretization introduced
in [39], and therefore the assumptions on the Mach number from (54) and (57).

We consider the parameters given by (73), but choose the right-hand side independent of the background
flow:

f(z,y) = %\/55/77 exp(—55((x — 0.35)% + (y — 0.35)%)) (é) (75)

To measure the discretization error, we calculate a reference solution on a fine mesh (h ~ 0.5%) with high
polynomial degree (k = 7) with the H(div)-conforming HDG method, cf. Table 1. Then, we solve the problem
on a coarser mesh (h ~ 0.5%) with polynomial degree k = 5 using the H(div)-conforming HDG and the H!-
conforming discretization. With the considered parameters, we have that § = 07 such that (54) essentially only
depends on the stability constant C(30). To compare the resulting discretization error with the approximation
quality of the discrete space, we calculate the best-approximation of the reference solution with respect to the
X(7,,)-inner product, i.e. we compute II*"u,.¢ € X,, such that (IT*u,f, Va)x(T,) = (W, Va)x(7,,) for all v, € X,.

The results for three different background flows b,, n € {1,cs,cs/p}, modeled by (69) are displayed in
Figure 5. For the flows by and b._, we observe that the discretization error of the H(div)-conforming HDG
method is close to the best-approximation error until ||c;'b|lL=~ = 1.0. In contrast, the discretization error of
the H'-conforming method starts to deviate from the best-approximation error as soon as the Mach number
approaches 0.3. Curiously, both errors seem to increase for lower Mach numbers, but decreasing the mach
number further does not lead to a blowup of the error®. Since both methods behave similarly, this might be an
artifact of the specific example, in particular, since we do not observe this behavior for the background flow

"One of the eigenvalues of m is negative on O such that Cy, = 0. The replication data provides a script that calculates the
eigenvalues of the matrix symbolically.
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FIGURE 5. X(7,,)-error of the H'-conforming discretization, the H (div)-conforming HDG dis-
cretization and the respective best-approximation error for the flows b, n € {1, ¢s, ¢5/p} mod-
eled after (69). We use the coefficient ¢}, to vary the Mach number in between 0.05 and 1.25.

b, /,. Altogether, the H(div)-conforming method seems to be more robust with respect to the increasing Mach
number than the H'-conforming method in those examples.

For the background flow b,_,,, the methods produce much more similar results and in particular, the error
does not increase drastically once the Mach number exceeds 1.0.

6.5. Comparison with SIP

The lifting operator R' allows us to stabilize the directional derivative 0y without balancing a stabilization
parameter against the Mach number of the background flow b. In this section, we compare the proposed method
with a SIP version to assess its practical relevance. To avoid balancing two stabilization parameters against each
other, we only consider the H(div)-conforming HDG method. For the SIP version, we simply replace the term

—({p(w + 1D} + iQx)u,, (w + iDE +iQx)u),) 7,
by

—{p(w + 10 + i12x)ur, (W + i0p +iQXx)ul) 7, —i{p(w + i + iQ2x)u,, [[l;]]b>877t
— i{[unlb, p(w + i0p + iQx)u]) a7, + (PAD ™ [un]b, [W)]b)o7, .

where A > 0 is a stabilization parameter that has to be chosen sufficiently large to ensure stability. We choose the
same examples as considered in Section 6.3, where the parameters are given by (73) and the reference solution
by (74). In Figure 6, we compare the discretization error of the lifting stabilized method with the SIP method
for stabilization parameters A € {1k?,10k?, 100k} and polynomial degree k = 5. We choose the background
flow b.. and consider the Mach numbers ||c; 'b||L~ € {0.01,0.45}.

The lifting stabilized discretization seems to be more stable and the error is (significantly) smaller. In par-
ticular, the choice of a suitable SIP stabilization parameter A seems to depend on the Mach number. It’s also
worth mentioning that the condition number of the system matrix grows with the stabilization parameter A in
the SIP version, which is not the case for the lifting stabilized version. Altogether, we conclude that the lifting
stabilized version is more robust and reliable than the SIP version, in particular because the computational
costs are not significantly higher, cf. Remark 30.

8We consider only the background flow by : For the H!-conforming method, the error is around 1.9-10~4 for ||c 'b||pee = 1-10~8
and 5.1- 1074 for ||c; 'b||pe = 0.05, whereas for the H(div)-conforming method, the errors are 8.5 -10~% and 2.5 - 1073,
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FIGURE 6. Discretization error measured in the | - ||x(7,)-norm for the lifting stabilized H (div)-
conforming method and the H(div)-conforming SIP variant with A € {1k? 10k?, 100k*} for
polynomial degree ¥ = 5 and Mach numbers ||c;'b, |~ € {0.01,0.45}. The choice of a
suitable penalty parameters A seems to depend on the Mach number and the error of the lifting
stabilized method is smaller.

6.6. Sun parameters

Finally, let us consider a numerical example using the density, sound speed and pressure provided by the
modelS [18] for the Sun. Due to the extreme variation of these coefficients towards the boundary of the domain,
we use special meshes that are finer towards the boundary but more coarse in the interior, see Figure 7. In
addition to the parameters given by the modelS, we follow [16] and set

w=0.003 21 Ry, ~v=w/100, Q=(0,0),

where R, ~ 1.0007126 is the radius of the sun. We choose the right-hand side

_107( 9
e (2)

+10°
3 —
w0 )
— e
= g
g 5
= 107 E E:
g E “410° =
& f Z
A r =
3 g
g <
wn
10* H Cs 11073
L "
K E— ! ! !

RS

1
0 025 05 075 1

solar radius

FIGURE 7. The density and sound speed provided by the modelS (right) and an example mesh
adapted to these coefficients (left).
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lles'b1 /g, 3o ~ 0.05 lles 'b1 g, 130 & 0.50

—1 —
lles 'b1/r, 1300 ~ 1.00 ez 'b1/r 1700 & 1.50

FIGURE 8. Real part of the z-component of the solution computed with the optimized HDG
method for polynomial degree k = 7 for the flow by /r,. We consider the Mach numbers

s 'b1/r, |~ € {0.05,0.5,1.0,1.5}.

where g(z,y) = /(log(109)/0.12) /7 exp((— log(10°)/0.1%)((z — 0.5)* + (y — 0.5)?)) is a Gaussian. We consider
the case of a uniform and a non-uniform background flow. Specifically, we consider the flows by r, and b,/ g,
which are of the form (69) such that we can use the parameter ¢, to control the Mach number. We note that
in both cases, we have that div(pb) = 0.

To improve the computational efficiency, we use the optimized HDG method as described in Table 1. In
Figures 8 and 9, we display the real part of the x-components of the computed solutions for the two backgrounds
flows. For the background flow by /g, , the computed solution seems to be stable, even when the Mach number
exceed 1.0. In contrast, we observe instabilities in the solutions computed for the second background flow b, /g,
once the Mach number grows large, which is however still in agreement with the results from Theorem 25.
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FIGURE 9. Real part of the z-component of the solution computed with the optimized HDG
method for polynomial degree k = 7 for the flow b, ;g . We consider the Mach numbers
s tbe, /R, I3~ € {0.05,0.5,1.0,1.5}.
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This section contains the operators defined in the proof of Theorem 25. In Step 1, we defined the operator

M. HALLA ET AL.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to
publish this journal in open access in the current year, free of charge for authors and
readers.

Check with your library that it subscribes to the journal, or consider making a personal donation to
the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.

APPENDIX A. SUPPLEMENTARY MATERIAL TO THEOREM 25

B,(LU as the sum of a%l) and K}(ll), i.e.

<B7(L1)un7 u’/ﬂ>xn
= (Zpdivv,,divv]) + (c?pﬂLPqu : WT,WLPqu W) = sp(Wy, Wh) (A.la
(piDE vy, iDEv)) + (p(w+iDp+iQ X )Wy, (w+iDE+iQx )wr,) (A.1b
+ {p(w+iDE+-iQX )W, iDpvL) — (piDpv,,, (w + iDE + iQX)w),) (A.lc
+ (v, VL) + CL{Spuy,, Spul) 4+ (P pMywy,, Muw') + (2 pO,u,, O,ul,) (A.1d
+ (p(m + iwy)w,, w’). (A.le

and the operator B,(LQ) as the sum of aS? ) and Kﬁf). With ag) as follows

aﬁf) (up,ul) =

an(Tpup, ) — all) (u,, u)

=aP (v, v+ aP (v, W)+ a® (wp, V) + a® (w,, w! )with

2

agz )(VN’V;L) =

P (Vo W),) =

+
a(2) (Wn, v ) (p
_l’_
(2) (an )
we obtain

—{p
—{p
—(

—{
{
(
G
—{
—(

AEpq - v, divvl) + (Zpdivv,,q-v)) 4+ (pq-v.,q- V)

(w4 1QX) vy, (w4 iQX)V]) — (p(m + iwy) vy, Vi)
(w+iQx) vy, iDEVL) — (piDEv,, (w +iQx)vE)
p(w +iQx) v, (W +iDE +iQx)wy,) — (p(m + iwy)ve, wy) + (cpa - Vo, q - W)
p(div 4! wPrza)ve, Mywy, + 0,u,) + (2p(id —WfZPLg)(q-VT),diVZ wh)
pdivvy, (id =7y, Prz)a - wy,) — (Gpm Pra(a - ve), m, Prz(q - wh))
w + DR 4 iQX )Wy, (w + iQX)VL) + (p(m + iwy)w,, Vi) — (2pq - wr,q - V)
csp(Mywy, + Onun)a (div +7TnPqu')Vfr> - <C§PdiV3 Wy, (id _WLPL(%)(CI V7))
ip(id —m, Ppz)(a- w.),divvy) + (G pmy, Prz(a - wo), 7, Prz(q - v4))
2p(id —W%PLg)(q cwp), divi wh) — (2pdivl w,,, (id —~! PL2)(q -wl))
—(Ep(Myuwy + Oy, Myw), + Onu,)

<Br(bg)unv u;l>Xn
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= 02(<V'r» V) 4+ (Spltn, Spuy,) + <C§p0~num Onu;)

The terms added with Kfll) and K,(f) are subtracted through the operator K,,, which is given by

(K, wy)x,,
—(1+ Co){vr,v7) = (C1 + C2)(Spun, Spuy,)
— (1 + Co){(EpMpw,,, M, w/,) — Cy(mean(q - w, ), mean(q - w’.))
— (14 C){(2pOpu,, Opul).

In Step 4, we defined the compact operator K in (K-a)—(K-b) and set B := AT — K, i.e.

(Bu,u’)x
= (Zpdivv,divv') — (pidpv,idpV') + (ZpPra(q-w), Pra(q-w'))
—{pidpV, (W + 10y + iQx)W') + (p(w + i0p + QX )W, i0p V')
+ (p(w +i0p + QX )W, (w + i + QX )W) + (p(iwy + m)w, w')
+ (v, V') + C1 (v, V') + (EpMw, Mw')
+ 02(<V,V,> + (v, V') + (2pMw, Mw') + (mean(q - w), mean(q - w’)>)
+(2pq-v,divv') + (Zpdivv,q- V') — (p(w + iQx)v, (w + iQx)V')
— (p(w +iQ2x)v,i0pV') — (pidpV, (w + QX )V') —iw(ypv,v') — (pmv, V')
— {pmv, w') —iw(ypv,w') = (2pPpa(a-v), Pra(a-w'))
— (p(w +iQx)V, (W + 10y +iQx)W') — (2 p(div +Pp2q)v, Mw')
+ (c2pmean(q - v), divw’)
+ (pmw, v') + iwolypw, ') + (&pPra(a-w), Pra(a- v')
+ (plw +i0p + i)W, (W +iQx)V') + (EpMw, (div +Pz2q-)v')
— {c2pdivw, mean(q - v'))
—{

cZpmean(q - w), divw’) — (c2pdivw, mean(q - w')) — (c2pMw, Mw').

+ (c SPM Wy, Mywy,) + (mean(q - w, ), mean(q - w')))

< CsPq - VT’dIVV > <C§PdiVVnCI'VIT>+ <C§pQ'VT,q'V;>

— (p(w +iQx)vy, (w +iQx)Vv7) — (p(m + iw)vr, v7)

— (p(w +iQx)v,,iDyvy) — (piDy vy, (w +iQx)v7)

— (p(w +iQx)v,, (w +iD} +iQx)wy,) — (p(m + iwy)ve, wy) + (cpa - Vo, q - W)

— (Ep(div +m,, Praq) Ve, Mpw), + Onuy) + (¢p(id =, Pr2)(q - vo), divy, w),)
+(2pdivv,, (id —m, Prz)a - wy,) — (cpm, Pra(a - vo), m, Pra(q - wh))
+ (p(w + D} + iQ2X)Wy,, (W +iQx)V]) + (p(m + iwy)w., Vi) = (pa - Wr,q-V])
+(Ep(Mn W, + Opuy), (div +7,, Praq)vy) = (2p divy wy, (id =75, Pr2)(q - V7))

—(2p(id =7, Pra)(a - wr),divv}) + (cpmy, Pra(a - wo), m, Pra(q - V7))

— (2p(id =7, Pra)(a - wo), divy wy,) — (2pdivy, wy, (id =7, Pr2)(q - w}))

—(EZp(M,w,, + Opuy,), M,w!, + O,1l,).
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