ESAIM: M2AN 60 (2026) 12971326 ESAIM: Mathematical Modelling and Numerical Analysis
https://doi.org/10.1051 /m2an/2026034 WWW.esalm-m2an.org

A GRADIENT FLOW MODEL FOR THE GROSS-PITAEVSKII PROBLEM:
MATHEMATICAL AND NUMERICAL ANALYSIS

TIANYANG CHUM®, X1A0YING DAIb?, JING WUl? AND AlHUI ZHOUM?

Abstract. This paper concerns the mathematical and numerical analysis of the L? normalized gradient
flow model for the Gross—Pitaevskii eigenvalue problem, which has been widely used to design the
numerical schemes for the computation of the ground state of the Bose—FEinstein condensate. We first
provide the mathematical analysis for the model, including the well-posedness and the asymptotic
behavior of the solution. Then we propose a normalized implicit-explicit fully discrete numerical scheme
for the gradient flow model, and give some numerical analysis for the scheme, including the well-
posedness and optimal convergence of the approximation. Some numerical experiments are provided to
validate the theory.

Mathematics Subject Classification. 65N12, 65N25, 65N30.

Received October 31, 2025. Accepted April 7, 2026.

1. INTRODUCTION

Bose-Einstein condensate (BEC) is an exotic state of matter that occurs in a dilute gas of bosons cooled to
temperature extremely close to absolute zero. This phenomenon was first theoretically predicted by Einstein in
the 1920s [30], building upon the foundational work of Bose [14]. Experimental realization of BEC in ultracold
bosonic gases was achieved in 1995, as documented in pioneering studies by Anderson et al. [5] and Davis et al.
[27]. The theoretical framework for understanding BEC is largely based on the Gross—Pitaevskii (GP) theory,
independently developed by Gross [36] and Pitaevskii [49] in the 1960s. The GP theory has been widely validated
in predicting key properties of BECs and remains a cornerstone of the mathematical model for describing the
BEC. In the GP theory, the quantum state of the BEC is given by the solution of the following nonlinear
Schrodinger equation (also called the time-dependent GP equation):

iy = —AY+ Vo + BlyPy,  in R, >0, (1.1)

with a given initial value 9 (x,0) = to(x) satisfying [|1o||L2rs) = 1. The stationary (standing-wave) wave
solutions to (1.1) are of the form v (z,t) = o(x)e~ ™. In this sense, () satisfies the following GP eigenvalue
problem (also called the time-independent GP equation): find (¢, ) € H'(R3) x R with [¢| r2rs) = 1 such
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that in the weak sense
—Ap+ Vo + Blole = pep. (1.2)

The ground state of BEC is described as the normalized eigenfunction ¢ of (1.2) with minimum GP energy,
which is given by

E() = /]R3 (;Vv|2 + %V|’U|2 + i|v|4> dz. (1.3)

Meanwhile, note that (1.2) represents the Euler-Lagrange equation of the GP energy functional, therefore,
the ground state of a BEC can also be described as the minimizer of the following problem:

p € arg IgliIlE(’U), S:={ve H'(R?: lvllL2(rs) = 1}. (1.4)
ve
For more details about the background of the BEC and the mathematical theory of the GP theory, we refer
readers to the review paper [12].

Nowadays, the computation of the ground state of BEC is one of the fundamental objects in numerical
studies of BEC and there are mainly two approaches to obtain the ground state: solving the nonlinear eigenvalue
problem (1.2) and solving the minimization problem (1.4). The first approach, i.e., directly solving the nonlinear
eigenvalue problem (1.2), usually contains two steps. The first step is the spatial discretization such as the finite
difference method, the finite element method, the spectral method, etc. There are some existing works on the
error estimates for the spatial discretization, including the priori error analysis [18,21,41,55] and the a posteriori
analysis [21,29]. The second step is to solve the nonlinear algebraic problem of the form

A(v)v = Av v € RV, (1.5)

The most common iterative technique for solving (1.5) is the self-consistent field iteration (cf. [16,17,19,28,50]),
where a linearized eigenvalue problem is solved in each iteration. A systematic and comprehensive introduction
of this approach can be found in a recent review paper, Sections 3 and 4 in [40]. For the second approach, i.e.,
solving the problem (1.4), there are many existing works such as directly minimizing the energy functional in the
finite element space [9], the Riemannian optimization method [3,4,26], the preconditioned nonlinear conjugate
gradient method [6], the regularized Newton method [52], the J-method [2,43], the gradient-flow based methods,
etc.

In this paper, we study the so-called gradient flow based method, which is widely used to solve (1.2). The
main idea of the gradient flow approach is to introduce an artificial notion of time ¢ and a corresponding
time-dependent state ¢(t), then construct a continuous (projected) gradient flow model (an evolution equation
with respect to ¢(t)), for which lim;_, . ¢(¢) is the solution of (1.2). After that, we can get several methods by
discretizing the gradient flow model in time. Roughly speaking, there are mainly two types of the gradient flow
model: the L? projected gradient flow and the H' projected gradient flow. The L? projected gradient flow was
first introduced in [10], called continuous normalized gradient flow (CNGF), which was used as a mathematical
justification for the imaginary time evolution method [1, 20, 24]. Due to the simplicity and efficiency of the
gradient flow with discrete normalization (GFDN) and CNGF models [10], based on which lots of numerical
methods have been applied to compute the ground state [10-13,46, 51, 56]. Convergence of GFDN iteration
(cf. [38], Def. 4.1) in 1D for focusing nonlinearities (8 < 0) was considered in [32], and was considered in [38]
for higher dimensions with defocusing nonlinearities (3 > 0). Several H! gradient flows for the GP eigenvalue
problem have been proposed in [25,39,45]. With these H' Sobolev gradient flow models, combining a forward
Euler discretization, several semi-discrete methods have been proposed in [25,39,45] with numerical analysis
in [22, 38,39, 54]. Furthermore, combining with some spatial discretization, fully discrete methods have been
proposed in [23,37].

The L?-normalized gradient flow, as a continuous model provided to design the numerical schemes, its math-
ematical properties such as well-posedness and asymptotic behaviors are of importance to guarantee the rea-
sonability of the corresponding numerical schemes. Compared to the H'-normalized gradient flow, there are



A GRADIENT FLOW MODEL FOR THE GROSS-PITAEVSKII PROBLEM 1299

few works on the mathematical analysis for the L? gradient flow. With the absence of the potential function,
i.e., V = 0, for the case of 1D with 3 < 0, Faou and Jézéquel [32] proved the exponential convergence in L?
space under the assumption that the initial value is sufficiently close to the ground state. Antonelli et al. [7]
proved the well-posedness of the L? gradient flow with general nonlinearity, i.e., |¢|??, in higher dimensions.
Different from the H! case, the mathematical analysis of the L? gradient flow, especially the well-posedness of
the model, requires the theory of PDEs, while the H! case only depends on the “ODEs” knowledge.

One of the objectives of this paper is to give a mathematical analysis for the L? normalized gradient flow of
the GP eigenvalue problem. Following the recent work [7], we obtain the well-posedness of the L? normalized
gradient flow with L° potential. In addition to the well-posedness, similar to the H' case [39,45], under some
assumptions on the regularity of the solution, we also get several exponential convergences of the solution to
the L? normalized gradient flow as the time approaches infinity. Another objective of this paper is to consider
the numerics of the L? normalized gradient flow, including the numerical scheme and its convergence analysis.
We propose a normalized implicit-explicit fully discrete scheme for the gradient flow model. A similar temporal
semi-discrete scheme has been introduced in [46], combining the spatial Fourier-pseudospectral discretization.
Numerical experiments in [46] show that this scheme is very efficient since it only needs to solve a linear elliptic
equation with constant coefficients in each iteration. For the convergence analysis, different from [32,38], which
considered the convergence and convergence rate of the iterative solutions to the ground state with respect to
the iteration numbers, our analysis concentrates on the approximation of the gradient flow model with respect
to the mesh size (¢f. Thm. 4.12), and our numerical analysis can be naturally extended to similar methods such
as numerical schemes in [46]. One of the difficulties in the convergence analysis is to estimate the error of the
normalized step, which is overcome in a geometric view (c¢f. Lem. 4.9). We obtain also an optimal convergence
in L°°(0,T; L?(£2)) and a suboptimal convergence in L°(0,T; H'(Q)).

The organization of this paper is as follows. In Section 2, we introduce the basic knowledge of the GP
eigenvalue problem and its gradient flow. In Section 3, we give some mathematical analysis for the L? gradient
flow of the GP eigenvalue problem, including the well-posedness, the exponential convergence of the energy and
the exponential convergence of the solution to the ground state in L? norm, as the time approaches infinity. In
Section 4, we propose a numerical scheme for the L? gradient flow of the GP eigenvalue problem and carry out
the convergence analysis with respect to the mesh size. In Section 5, we provide two numerical experiments to
validate our theoretic results obtained in Section 4, and give a conclusion in Section 6.

Throughout this paper, the letter C' denotes a generic constant that could be different in different occurrences.

2. THE GRADIENT FLOW MODEL

2.1. The Gross—Pitaevskii problem

We consider the following GP eigenvalue problem:

—Ap + Vo + BlolPe = Mg, /W lp)Pde =1, (2.1)

where V is a real-valued time independent potential function, § is a real number whose symbol represents the
repulsive (positive)/attractive (negative) interaction. In this paper, we consider the repulsive interaction case,
i.e., B > 0, and without loss of generality, we assume V' > 0. The classical Ljusternik—Schnirelman theory [53]
shows that the problem (2.1) has infinitely many eigenvalues 0 < A; < Ay < A3 < -+ < 0o and the ground state
¢cs is the normalized eigenfunction corresponding to the smallest eigenvalue Ags := A [18]. Moreover, the
ground state ¢gs is positive and unique up to a sign [12,18]. In addition, if V' satisfies lim |y V(2) = +00,
then ¢gs decays exponentially fast as |z| — oo [12].
Note that (2.1) is the Euler-Lagrange equation of the GP energy functional:

E(v) = /]Rg (;|VU|2 + %V|v|2 + §v|4> dz v e HY(R?). (2.2)



1300 T. CHU ET AL.

Then the ground state of a BEC can be rephrased in terms of the solution of the following minimization
problem: Find ¢ € S,
E(p) = min E(v). 2.
(1) = min E(v) (2.3)
The mathematical analysis of the problem (2.3), such as the existence, uniqueness and other properties, can be
found in [12,18].

2.2. The L? gradient flow model

The exponential decay property of the ground state solution mentioned in Section 2.1 suggests that we can
consider the GP problem (2.1) on a bounded domain © C R?, together with a homogeneous Dirichlet boundary
condition. We adopt the gradient flow approach to calculate the ground state of GP eigenvalue problem, where
the ground state solution of GP eigenvalue problem as well as the global minimizer of the problem (2.3) can be
viewed as the stationary state of the gradient flow problem. The gradient flow model of the GP problem was
first considered in [10] as a mathematical justification for the classical imaginary time method, which has been
used in physics literature to calculate the ground state solution of BEC [1,20,24]. We recall that the Fréchet
derivative of the GP energy functional is given by

(E'(v),w) = / (Vv -Vw 4+ Vow + 5|v|2vw) dz Yv,w € H}(Q), (2.4)
Q

where the notation (-,-) denotes the dual pair between H~1(Q) and H{ ().

The imaginary time approach to solve (2.3) can be read as: for a time sequence 0 = tg < t; <ty < -+ <
bty < +o-,
oF
¢t:—5;¢) :A¢—V¢—ﬁ\¢|2¢, in Q, t,<t<tp41, n=>0, (2.5)
o(t,

Bty ) = —Alots) 26)

6t L2

In fact, (2.5) can be viewed as applying the steepest descent method to the energy functional F(¢) without
constraint and then retracting the solution onto the unit sphere. It is mentioned in [10] that (2.5) and (2.6) can
be viewed as a first-order splitting method for the following continuous normalized gradient flow (CNGF):

$r = D¢ =V — Blo*d + plg], in Q x (0, 00), (2.7)
¢ =0, on 90 x (0,00),
¢ = ¢o, t=0 with [l¢oll2) =1,
where
1 2 2 4
i) i= o [ (V9 + VIol? + 3lol") da. (2.10)
||¢||L2(Q) Q

Equations (2.7)-(2.10) is called the L? gradient flow model of the GP problem, and its mathematical analysis
will be presented in the next section.

Remark 2.1 (Projected gradient flow approach). The gradient flow model (2.7)—(2.10) can also be derived
from the projected gradient flow approach. In the context of projected Sobolev gradient flow, the critical points
of the energy E(-) can be identified by constructing appropriate gradient flows of the form

Z'(t) = =P, x(VxE(2(t))), (2.11)

where VxE is the Sobolev gradient of the energy functional and P, x is the projection operator. With the
choice of X = L%(Q), (2.11) coupled with some initial value ¢(0) € H}(Q) N H%(Q) is exactly (2.7)-(2.10)
Section 2.2.1 in, cf. [39].
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3. MATHEMATICAL ANALYSIS

In this section, we consider the following nonlinear, parabolic PDEs:

e = A — Vo — Blo|*d + pldlo, in Qx (0,00),
¢ =0, on 99 x (0,00), (3.1)
¢ = ¢o, t=0, lollz2c) =1,

where V' > 0 and 8 > 0 and p[¢] is defined in (2.10). For simplicity, we assume © C R? to be a bounded convex
domain with Lipschitz boundary. First, we recall the properties of (3.1) (see Thm. 2.5 of [10] and Prop. 2.2 in

[7])-
Proposition 3.1. Any global solution ¢ of (3.1) with the reqularity:
6 € C([0, 00); HY () 1 € ((0,00): LA(Q)) N C((0. 00): H*(€)
satisfies normalization conservation and energy diminishment, i.e.,
[oC, D2 = lIdoll2@) =1, =0,
CE@) = 0Dy <0, 120

Let {e*®};~0 denote the semigroup generated by the Laplacian operator on L?(£2). The function u = e*®uq

is the solution of the following equation

up = Au, in Q x (0, 00),
u =0, on 99 x (0,00),

We recall the properties of {e/®};~ [7,8,44] that will be used in a later theorem.

Proposition 3.2. For any time independent f € L?(Q2), we have
sup [l fll 2 () < £l ez (@)
>0
And for any ug € H(Q), we have
A ' A
el = ol =2 [ 1960l ds.
Proposition 3.3. For any f € L*((0,00); L3()), we have
t
‘/ (=98 f(s) ds

0
And for any f € L*((0,00); L*()), we have

t
HV/ e=92 f(s) ds
0

<Ol fllLr(o,00);22(02))-
L2 ((0,00);L2(R2))

< Ol fllz2((0,00):22(2)) -
L*°((0,00);L2(Q2))

We then carry out the mathematical analysis of (3.1), including the well-posedness and the asymptotic
behaviors.
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3.1. Well-posedness and global convergence

Following [7], we have

Theorem 3.4. Let V € L>®(Q) with V > 0 and 3 € R be nonnegative. If the initial value ¢o € HE(2) N H?(Q)
with ||¢ol|L2(q) = 1, then there exists a unique global strong solution ¢ satisfying (3.1) with reqularity

¢ € C([0,00); H*(2) N Hy(Q), ¢4 € C((0,00); L*(92)).
Moreover, if ¢o > 0, then ¢(t) converges to ¢as strongly in HE(Q) as t — oco.

Proof. The proof will be divided into two parts.

Part I (Global well-posedness). We first prove that there exist 7% > 0 and a unique local solution ¢ €
C([0,T*], H (). Let M >0, N > 0, T > 0 be some constants that are to be determined. Let

. N
A= {U € C([0,7]; Hy(2)) = u(0) = ¢o, ||U||LOC([O7T];H1(Q)) <M, tel[%fT] [ullz2(0) = 2}
be the set equipped with the distance
d(u,v) = |lu —v|| Vu,v € A.

e ([0.71:H' ()

Since V € L*(Q), by continuous embedding H!(2) — L*(Q) and Holder’s inequality, we conclude that there
exists a constant Cy (M, N) > 0 such that

C
aledllzto.m < g (Il o.zyiern e + il o zyiarnca ) < Crs we A (3.2)
Note that for all u,v € A

C
|pu] — plv]] < e /Q (\Vu + V| |Vu — V| + V() |u + v||u — v| + Blu* — v4|> dz

+ |l = ol |l
< Callu — vl g0,
here Cy = Co(M, N), which leads to
l[u] — plv]llLejo,r) < Cod(u,v),  u,v € A. (3.3)

For uw € A, define F(u)(t) as
t
Flu)(t) = o + / 8 (ufulu — Bluf?u — V) ds, (3.4)
0

obviously, F(u)(0) = ¢g. Combining Properties 3.2 and 3.3, embedding H'(Q)) — L%(2) and Holder’s inequality,
we obtain

[ F (W)l Lo (j0,17:2(22)) (3.5)
< C(||¢0| r2(Q) + | pe[u]u — ﬂ|u|2u - VUHLl([O,T];LQ(Q))>
< C(llgollz2(e) + Tllplulu — Blul*u — Vul| L (o, 12(0)))
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< C(Iéollz2) + TClatellzeto + Ve @)l g 1y 15cap) + TNl o 135
< ClollL2() + C3(M, N)T,
and
IVF (@)l Lo (po,77:220) < Clldollar ) + llplulu — Blul*u — Vul| 120,722 (52)))
< C(Iolli o) + T lululu = Blul*u = Vull e o.rrizc0)
< Clldollmr (@) + Ca(M, N)T*.
By using (3.2), (3.5) and (3.6), there exist constants C* > 0 and C5 = C5(M, N) > 0 such that

||}-(U)HL°C([0,T],H1(Q)) < C'*||§l50||Hl(Q) + C (T+T%>.

Meanwhile, we get

t
1) 22 2 e doll ey — H e = Blafu = vy ds
0

Le=([0,TT; L ()

t 2
> (¢o|%2(sz) —2/0 IVe*2 o120 ds) —CT

1

2
> (1901 0) ~ CTIVGolEaq0))” — OT,
which implies

inf [|F(u)]| 20y = |6oll 22y — Co(M, N)(T +T*).

te[0,T7]
For u,v € A
[ (u) = F ()l f0,7);12(2)
< Cllplulu — plvlo — B(lulPu — [v[*v) = V(u = )|l L1 (o.13:L2(0)
S 07(M7 N)Td(ua U)7
and

IVF(u) = VF ()l (0,13:L2(2))
< Ollpluu — plvlv — B(lul*u — [v[*v) = V(u = v)l 20, 13:L2(2))
< Cs(M, N)T=d(u,v).
Combining (3.10) and (3.11), we obtain
| F(u) = F ()| Lo o,17:11 () < Co(M, N)(T + T%)d(um).

First, we choose M = 2C*||¢o|| g1 (o) and N = ||¢ol|z2(q) in (3.7), (3.9) and (3.12), which leads to

M 1
IF @)L~ o), m1 00y < 5 + C (T + Té) Vu € A,

inf || F(u)|| 2 > N — Co(T +T%) Vu € A,
t€[0,T]

1303

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
(3.14)
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|F () — F )| oo oy )y < C4(T +T2)d(u,v)  Yu,v € A (3.15)

Then, we choose T* sufficiently small such that, for 0 <T < T*

M N 1
ci(T+mh) <5, or+Th<3, ad GEr+TH<
which leads to for all © € A
. N
| F (u)l oo (jo, 17,57 (2)) < M, tel[%’fT] I1F ()l L2y > 5 (3.16)
and for all u,v € A
1
[ F(u) = F ()|l o,7:m1 () < §d(u7v)~ (3.17)

Inequalities (3.16) and (3.17) show that F(-) is a contraction map on A (the continuity of F(-) with respect to
t can be easily seen from the definition of F(-).) with T' = T™*. By Banach Fixed-Point Theorem, there exists a
unique ¢ € A such that F(¢) = ¢. Proposition 2.2 in [7] tells that ¢ satisfies the additional regularity:

¢ € C([0,T*]; Hy () nCH([0,T7]; L*(Q)) N C ([0, T*]; H*(R)),

which proves the local well-posedness of (3.1).
Let ¢ be the local solution given above. Since # and V' are non-negative, we obtain from the energy diminishing
property that
Vo172 () < 2B(6(t)) < 2E(¢0), Vi€ [0,T], (3.18)

which shows that the H'-norm of ¢(t) is bounded with respect to t. Thus we can extend the local solution to
a global solution without losing uniqueness. The regularity of ¢(t) directly follows from ¢g € HJ(Q2) N H?(2)
and Propositions 2.2 and 3.4 in [7].

Part I (Convergence to the ground state). Following Proposition 4.1, Corollary 4.2, and Theorem 4.3 in [7], we
are able to prove the convergence to the ground state as ¢ — oo, under the condition of ¢g > 0. The proof will
be divided into three steps.

Step 1 (Sequential weak convergence): The energy decay property and Proposition 3.2 show that

¢ € L*([0,00); L*(2)), sup [uf]] < €, and [ @llz> po,c0pirr ) < C-
As a result, there exists a sequence {t, }nen satisfying t,, — oo as n — 00, ¢oo € Ha (), and pio, € R such that

Otn) = oo in Hy(),
@+(tn) — 0 in L2(Q),
Wo(tn)] = oo in R

Then under the weak topology of H !,

Gt(tn) = Ap(t) + Vo(tn) + Blo(tn) [P d(tn) — uld(tn)]d(tn)
— =A@ + Voo + 6|¢oo|2¢oo — HooPoo

as n — oo. This implies in H~! sense,

—Aoo + Voo + Bldoc|* Poo — foctoo = 0. (3.19)
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Note that ||¢(tn)||r2(0) = 1 for all n > 0, the weak convergence ¢(t,) = ¢oo in Hj and the compact embedding
H{ () — L*(©2) on bounded domain Q imply ||¢os|lr2(0) = 1. (3.19) shows that ¢o is a solution of the GP
eigenvalue problem.

Step 2 (Sequential strong convergence): Form (3.19), we conclude that pu[¢os] = oo and this leads to plo(t,)] —
1[poo] as m — oo, which is

| (90008 + VI + 8l61") do = [ (1Voul? +VIowl + Bloxl’) da

when n — oo. Note that weak convergence in H}(Q) implies strong convergence in L?(Q2) and L*(Q) (up to
subsequences, and we still use the same notation), we have

2 N 2 4 N 4
/Q Vgt da / Vipol?dz  and / 16(ta)[* da / ool da,

these convergences further imply

/|V¢(tn)\2 dxﬂ/ |V oo |? dz,
Q Q

which together with the weak convergence, we get ¢(t,) — ¢oo strongly in Hg () as n — oo.

Step 3 (Convergence to the ground state): If the initial value satisfies ¢y > 0, since V(z) > 0 and 8 > 0, by the
Maximum Principle, see Chapter 2, Section 4 in [33], we have ¢(¢,,) > 0. This implies ¢, > 0. By Lemma 5.3
in [39], we obtain ¢, = dgs. The strong convergence of {¢(t,)}nen and the energy decay property show that

E[¢(t)] \ E[¢as], as t — 00.

To prove ¢(t) — ¢as in HE () as t — oo, we only need to prove that for every sequence {fj }ren with £ — oo
as k — oo, there exists a subsequence {t,, }ren such that

d(tn,) — das when £ — oo. (3.20)

Boundedness of {¢(f)}ren implies there exist a subsequence {¢(fn,)}ren and boo € HL(Q) such that
@(tn,) = Poo weakly in Hg(€2) as k — oo, and hence ||¢ool|12(2) = 1. By the lower semi-continuity of E[], we
have

El¢oo] < likfgg‘}fEW(fnk)] = El¢as].

From the above, we immediately get ngo = ¢gs or (;309 = —¢gs- Again by the Maximum Principle, see Chapter 2,
Section 4 in [33], we have ¢(t,,) > 0, and hence ¢oo > 0, which is ¢ = Pgs. Similar to Step 2, we obtain
&(tn,) — ¢qs strongly in Hi () as k — oo, which completes the proof. O

Remark 3.5. Under the same assumption in Theorem 3.4, following the regularity theory of elliptic and
parabolic PDEs [31,34], we have that if V € H*(Q)NL>(Q) and the initial value further satisfies Agy € H}(Q),
then

¢ € C([0,00); H*(2) N Hy(Q), v € C([0, 00); Hy ().

Moreover, if V(z) € H%(Q) and Agg € H2(Q) N HL (), then

¢ € C'([0,00); H*(Q) N Hy(Q)),  du € C([0,00); L*(12)).
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3.2. Convergence rate

In this subsection, we will discuss the convergence rate of the solution of (3.1) to the ground state as t — oo.
For simplicity, we make the following assumption.

Assumption 3.6. The solution of (3.1) satisfies ¢ € C*([0,00); HL(Q))NC([0,00); H*(Q)), and ¢(t) converges
to s strongly in HE(Q) ast — .

Remark 3.7. By Remark 3.5, Assumption 3.6 is reasonable for some potential function V' and initial value ¢q
satisfying some regularity requirements.

Our discussion starts from the following lemma, and we employ a similar proof strategy to that used for
establishing the decay rate of the Sobolev gradient flow; see, e.g., Proof of Theorem 3.2 in [39].

Lemma 3.8. Denote g(t) = %||¢t(~,t)|\%2(9), then for any € € (0, A2 — Ags), there exists Te > 0 such that

g (t) < —2(Ma — Ags — €)g(t) t>1T, (3.21)
where Ao is the second eigenvalue of the following linear eigenvalue problem:
—Au + Vu+ Bloas*u = Iu.
Proof. Note that
e = B =V, - 3560, +  31e])o + o,
where ¢y is understood in H~! sense. We have that

9'(t) = (D1, Due) 1 () x 11 ()
=—(Vo1,Voi)r20) — (Vor, d1) L2(q)
— B(¢° b, ) 12 () —2B(d° i, D) 12()

<0

N (ciitﬂ[qs]) (¢, D)2 () +1[D(Dr; O1) L2 (@)

=0

=- / (IVul2 + Vol + BloPIoul?) do+ ule]lgl32(a)- (3.22)

Denote

a4 (1, v) ::/ (VU'W+Vuv+ﬂI¢I2uv) dz,  Cipei= liminfw.
@ t—=00 H(bt”m(g)

Assume that (t,)nen with ¢, — oo satisfies

a¢(tn) (¢t (tn)a ¢t (tn))

lim
01 (t) o

n—oo

inf-

Let
¢t (tn)

A,

we see that {2z, }nen is a bounded sequence in H}(Q) and

/ |3(ta) 222 da — / basl?22 do
Q Q

Zn :

< |¢(tn) + dasllzallo(tn) — dasllLa 221 L2y — 0.
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Hence,

lim

(19202 + Vizal? + Bloas||znf?) dw = Cius.
n—oo Q

=ta4qg (2n,2n)

Since {z, }nen is bounded in H*(f2), there exists a weak limit

Zp — 2 weakly in H*(Q).
This indicates [|2]|z2(q) = 1 and
(2, 9as) L2(@) — (20, 0(tn)) L2(0)|

<12 = znlle2 @ ll@cslizz ) + llznllz2@)llPas — é(tn)llL2() — 0,
which leads to

(2,6as)L2() = 0.
Lower semicontinuity of weakly converging sequence implies

. - . Apes (V,0)
Cipr= lim a Zn, Zn) > G 2,2) > i Zéesih 7/,
it = W ageq(2n, 2n) = Ggas (2, = vespantoastt 110220

With the Courant—Fischer theorem we get
Cint > A2,

where \g is the second eigenvalue of linear eigenvalue problem: Find (u,\) € H}(Q) x R such that

—Au+ Vu+ Bloas|?u = Iu.

With the fact pu[é(t)] — Ags as t — oo, there exists T, > 0 such that for ¢t > T,

ulo(t)] < Aas + <

2
‘ (3.23)
and (91, 60)

ap Pty Pt €

20069 5 N — = 3.24)

16 aen 2 (

Combining (3.23) and (3.24), we have that for ¢t > T,

50 < = [ (1Pl + VIl + BloP1onP) do + nlellnl e

o _ (0 ¢1)
= [|#ell720) (“W ||¢t||i2(fz)>

< —(A2 = Aas — )10l T2(0) = —2(A2 — Aas — €)g(1).
This completes the proof.

O
By Gronwall’s inequality, we arrive at

Corollary 3.9. Let € € (0, A2 — A\gs). If t > T, then

g(t) < Ceexp (—2(X2 — Ags — €)t). (3.25)
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With the inequality (3.25), we obtain the following exponential convergence.

Theorem 3.10. Let € € (0, 2 — Ags). If t > T, then

- exponential convergence of energy

E(¢(t)) — E(¢as) < Ceexp (—2(A\2 — Aas — €)t), (3.26)
— exponential convergence to ground state
[6(t) = dasllLz@) < Ceexp (= (A2 — Ags — €)t), (3.27)
- exponential convergence of eigenvalue
[ulp(t)] = Ags| < Ceexp (= (A2 — Ags — €)t). (3.28)

Proof. Note that
B(6(0)) ~ E(oes) = | 20(0) at,
t
then (3.26) follows from (3.25). Equation (3.27) can be similarly derived by (3.25) and

16(t) — dasll e < / el L2y dt < / V290 dt.
t t

With (3.26) and (3.27), we have

D

lo(0] - sl < 2(E((0) — E(éas)) + |3 [ (1601 - csl") d
S Ce exp ( - 2()\2 - /\GS — E)t)

+ Cll¢ — dasllrz)lld + dasllro@)llo® + ¢&sla @
< C.exp ( — (A2 — Ags — e)t).

This completes the proof of (3.28). O

In addition, we further obtain the strong convergence in H?(f2).

Theorem 3.11. ¢(t) strongly converges to das in H*(Q) as t — oo, and hence ||p(t)|m2() is uniformly
bounded.

Proof. We only need to prove the first claim. The Sobolev embedding H}(Q) — L%(§) implies that
167 = d&sllL2 (@) = (6 — das)(9® + doas + ¢és)ll L2 (@)
< ¢ — dasllLo@)lld® + ddas + dasll L2 @)
= C(Hfﬁ“%{é(g) + ||¢Gstqg(Q)) ¢ —dcsllmyey — —0

Corollary 3.9 implies ¢; — 0 in L?(£2), combining (3.28), we have
AP(t) = dr + Vo + 89> — pldlo — Voas + Bods — Aasdas = Agas  in L2(Q).
Applying the Miranda-Talenti estimate [35,47], we obtain
|1D?(¢ — das)lrz2) < |1A(G — das)| 2 (o)-
Namely, ¢(t) — ¢as in H2(Q) N Hg (). O
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4. NUMERICAL ANALYSIS

In this section, we introduce the numerical discretization scheme of the L? normalized gradient flow cor-
responding to the GP eigenvalue problem and its convergence analysis. Combining a backward-forward Euler
discretization in time and a linear finite element discretization in space, we propose a fully discrete scheme for
the model problem, and give local in time convergence results with respect to the temporal mesh 7 and spatial
mesh h.

4.1. Numerical scheme

We consider the numerical approximation of (3.1) in finite time 7" and a bounded convex polygon 2. Taking
an inner product with v € H}(2) in (3.1), we obtain the variational form of (3.1) as follows:

(66, 0)12(0) + (VO, V) r20) = —=(V,v) r2(0) — B(0°,0) 12(02) + 18] (9, v) 12(0) Vit > 0. (4.1)

We first consider the temporal semi-discretization. Let 0 = tp < t; < -+ < t§y = T denote a uniform
partition of the time interval [0, 7] with stepsize 7 = T/N. Let ¢™ be the approximation of ¢(t,). By applying
the backward-forward Euler discretization to (4.1) at t = t,41, we obtain

Tn+1 _4n ~
<M, U> + (V" T, V) 2
L2(Q)

u
~(Vo",v)r2i) = B(@")%, 0)12(0) + nle"] (0", v)12(0) Vv € Hy (). (4.2)

Here ¢"! is a temporary approximation of ¢(t,41). In general, ||¢" 1| r2() 7 1. To get a mass conservation

approximation, we normalize QNS”H and set

anJrl

én—&—l ‘ .

¢n+1 —
‘ L2(Q)

We then use the finite element method to perform the spatial discretization of (4.2). Let 7 be a shape
regular and quasi-uniform triangulation of  with mesh size h, and denote S, C Hg () the piecewise linear
finite element space corresponding to 7. The Ritz projection operator Rj : Hi(2) — S and the discrete
Laplacian operator Ay, : Sy — S}, are defined as follows:

(VRhu V’Uh)Lz(Q (VU V’Uh)Lz Q) Yu e H&(Q)7 Yy, € Sh,
(Ahuh,vh)L2(Q) = —(Vuh,Vvh)Lz(Q) Vuh, v € Sh.

Combining the finite element discretization in space, we apply the following full-discrete scheme to (3.1).
For 0 <n < N—1 and given ¢} € S, we first obtain ng"+1 by solving the following equation: Find gz5”+1 € Sy,

such that,
ottt — o n
<hh, Up + (Vo Vo) 2 (a)
L2(Q)

-
= (—V¢Z=Uh)L2(Q) - 5(|¢Z|2¢ﬁyvh)Lz(Q) +M[¢Z](¢Z»Uh)L2(Q) Vun € Sh. (4.3)
Then, we get (/)hH by normalizing q/)"“, i.e.,
. qgn+1
i= | ~n+T‘ (4.4)
bl
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The initial value (;52 is given by
qbz _ Ry¢o .
[ RndollL2(a)

Remark 4.1 (Well-posedness of the initial value). Equation (A.2) implies that

o — Rndollr2) < Ch?||¢oll r2()-

Then for a sufficiently small A > 0, we have || Rp¢ol[z2(q) > 0 provided by |[¢o||z2(n) = 1, which indicates the
well-posedness of the initial value ¢?L.

The subsequent theorem shows the well-posedness of the numerical scheme (4.3)—(4.5).
Theorem 4.2. The numerical scheme (4.3)—(4.5) is well-posed for any 7 > 0 and sufficiently small h > 0.
Proof. The numerical scheme (4.3)(4.5) contains two steps, the first step is to get ¢! by solving the following
equation

(VO Von) 2 + (7 vn) 20y = (F"vn)r2) Vv € Sh,
here f € L?(2) only depends on ¢7. By noticing that
T(Vun, Vun) 2 Q) + (Un, un) 12(0) > min{r, 1}H“h|@11(9) Yuy, € S,
then the well-posedness of ézﬂ can be obtained by the Lax—Milgram lemma [15]. The second step is to get

qi)ﬁ“ by normalizing (;32“, to show the well-posedness of the second step, we only need to prove that for any
0<n<N-1

n+1 0
‘ n ’ L2(Q) 7
If not, suppose
51y
h 2
L2()
for some 0 < n < N — 1, then equation
(-Zwn) = (Ve - AORPO+ oI 00) e (46)
T L2(Q)
holds for any vy, € Sj. Choose vy, = ¢} in (4.6), we can get
1
—— = / |Vor|? du,
NSRS
| e —
<0 >0
which is a contradiction. O

4.2. Convergence

In this subsection, we will show the convergence of the numerical scheme (4.3)—(4.5). It is well known that
error estimates with respect to the mesh size depend on the regularity of the solution. In our analysis, we require
the following assumption.

Assumption 4.3. The potential function V € L?(Q), and the solution of (3.1) satisfies
¢ € C([0,00); HX(Q) N Hy(Q),  du € C((0,00); L*(92)). (4.7)

Remark 4.4. Although the mathematical analysis of the L? normalized gradient flow is considered under
V € L*>(€), our numerical analysis will show that the convergence also works under a weaker potential function
V € L*(Q) which includes the Coulomb potential.
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4.2.1. Technical lemmas

In this part, we will list several technical lemmas which will be used in the convergence analysis, whose proofs
are provided in Appendix B. In order to simplify the notation, for 0 # v € L2(2), denote

~ v
V= —-:-
||U||L2(Q)

Lemma 4.5. For ||ul|g1q) < M, |[v]|m1@) <M, ||lullr2) = |v]lz2(Q) = 1, there holds
plu] = plo]] < Cullu = vl @),
where Cyy depends cubically on M.

Lemma 4.6. If u € Hy(Q) N H*(Q) with ||ul|p2q) = 1, then
ulu] = plRyul| < CR2,

where the constant C' only depends on ||ul| g2 (q).

Lemma 4.7 (discrete Gronwall’s inequality [42]). Let 7, B and ay, by, ck, 7 be nonnegative numbers such that

n n n
an +TZ'7kbk < TZ’Vkak+7'ch + B.
k=0 k=0 k=0

Suppose that Ty, < 1 for all k, and set o, = (1 — 7y)~ 1. Then

a, + Tzn:'ykbk < exp <TZ’ykak> (Tch + B) .
k=0

k=0 k=0
4.2.2. Consistency
Note that the exact solution satisfies: for any v, € Sy,
(@e(tnt1)vn)r2Q) + (Vo(tnt1), Vun) 2o
= —(Vo(tnt1),vn)r2(0) — (Bo(tns1)® vn)r2(0) + 1[d(tn+1)](@(Ent1)s ) L2,

which implies

Rid(tur1) — Rud(tn Dty
( n( ,+1)T né( ),vh> + (VR d(tn+1), Vor)r2(a)
L2()

= —(VEno(tn),vn)12() — (B(RRd(tn))®, 0n) 1200y + 1l Bnd(tn)] (Rrd(tn), vn) 12(@) + E(vn).

Here, £(vy) denotes the truncation error, given by

(‘:(’Uh) _ <Rh¢(tn+1) - Rh¢(tn) , Uh) _ (¢t(tn+1)a 'Uh)L2(Q)
L2(Q)

T

+ VRyp(tns+1) — Vo(tnt1), Vop) 2
HRh(b(thrl)”LQ(Q)( h¢( +1) ¢( +1) h)L ()

=0
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1
- <||Rh¢<tn+1>|m<m
+ (VRm)Wh)m(Q) — (Vo(tns1),vn) 2o
+ (B(Rrd(tn))®, vn) 120 — (B(tns1)®, v0) 120y

1Bt 1))((tns1), 1) 12 () — BRG] (Rnd(tn), v) 1200
=: &1(vn) + Ea(vn) + E3(vn) + Ea(vn) + E5(vn).

— 1) (v¢(tn+1)> vvh)L2(Q)

The rest of this part is to prove the following estimate of the truncation error £(-).

Lemma 4.8. The truncation error of the numerical scheme (4.3)~(4.5) is given by
E(on)| < C(T+ h*)[Vonllee@) Yo € Sh.

Proof. We will estimate for &;(vp,), j = 1,2,3,4,5, respectively, where

—

(Rh¢( nt1) — Ruod(ty )7%) — (¢t(tn+1),vh)L2(Q)’
L2(Q)

1) (Vo(tni1), Vou)r2 ()

<|Rh¢ (tn+1)llL2 (@)
(VRh¢( n)s V) r2@) — (Vo(tnt1), vn)r2(9),

E4(vn) = (B(Rno(t))? s on)L2(2) — (BO(tnt1)® vn)2(),
Es(vn) = Bty ))(O(tn11), v)12(0) — HLRRO(E)] (Frd(tn), vn) 120y

”h

First, we have

|51(Uh)| < Rhg(-tn\-i-l) — Rh/g#El) _ Rh¢(tn+1) — Rh¢(tn) ||vh||L2(Q)
T T @)
Rh¢(tn+1) - Rh,¢(tn) . ¢(tn+1) - ¢(tn) )
+ - - lonllL2(@)
12(@)

- ?bt (thrl)

||Uh||L2(Q)

+ H ¢(tn+1) — (b(tn)
T L2(Q)
¢(tn+1) - ¢(t7l)
T

< Lllonllz2 @) + Ch?||onl| L2 o) + Ch?

H2(Q)
< IIHUhHL?(Q) + ChZHUhHL?(Q) + CTHUh||L2(Q)7

where

(A(tns1) /| RRO(tng1) | L2 ) — P(tns1)) — (0(tn) /| Rrd(tn) || L2() — O(tn))

T

-]

L2(Q)-
It is seen that

I; < max
tn <t<tp41

21 (6(1) /I RG] 2 — 611)|

L2(Q)

lvrllr2@) + CTllvnllLe ()

(4.10)
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Since
(o) /IIRré ()| 220y — ¢(1))
1 1 !
=90 1/||R 200y — 1 —
/| Btz ”¢<||Rh¢<t>||Lz<Q> 60T )
B 1)+¢<(Rh¢(t),Rh¢t( Nezy  (9(1), e(t)) 2 (o) >’

= ¢e(t)(1/ | Rrd(t)l| L2 (0)

IRR(®)]7 20 1e(B)172 (0

we are able to estimate as follows

¢ (t)(1/|1Rr(t) || 2202y — Dl p2(0) < Cllo(t) — Rud(t)|r2(0) < Ch,
and

(Rnop(t), Rnoe(t)) 2y (9(t), d¢(t)) 120

[Rr ()72 161720
< (Bro(t), Rno(t)) 12 ((1), d4(t)) 120
- ||Rh¢( M3z [1Rhd®)1I72 0
()2 (1), e(t))r2(0)
||Rh¢ HLZ(Q ||¢( )||L2(Q

< C|(Rno(t), Rude(t)) 12(0) — (8(1), 64(1)) L2(0n)| + Ch?
< C|(Rud(t), Rnobe(t) — ¢e(t)) r2(0y| + C|(Rhd(t) — 6(t), d1) 120y | + Ch?
< CR?| el 2y + Ch2||8| 2 () + Ch,
we get I; < Ch?, which implies
()] < C(T + h?)[[on| L2 - (4.11)

Second, it is easy to show that

1

‘(thqﬁ( tnt1) L2
1

‘HRW (tn+1)llL2 (@)

Third, by Sololev embedding inequality, there holds

Ea(un)] = - 1) (V(tnsr), Vor) oo

‘||V¢ tnt1) 2@ | Vunll 2y < CR? ||vnllm()- (4.12)

E(0n)| = |(VERo(ta), vi)12(@) = (VOltass) o) o)
< ‘(VR%) - VRhmO, Uh)Lz(Q)‘ + ‘(VRhml) = Vé(tni1),vn)r2(0)
Rhg(—tn\—i-l) - Rm) L@

< |Vllz2 o lvnll zs )

+ IV Iz2 ) [Brd(tns1) — d(tnt1)l L3 @) llvnllns @
< Ctllonll o) + CR?|lonllm (o)- (4.13)

Fourth,

|Ea(vn)| = (ﬁ(R%))Savh)H(Q) — (Bo(tns1)’,vn) 20



1314 T. CHU ET AL.

< (B(Rr(t2))? = B(RA(tnt 1)), vn) 120

+ [(B(Rh(tns1))® = Bd(tnt1)®, vn) 2@y
< Crllonllz2 ) + Ch?|lonll mr(o)- (4.14)

Finally, by Lemmas 4.5 and 4.6, we can estimate as follows

€5 (on)| = |uld(tns)) (D (tasr) vn) 2(2) — HRRO(E)(Bd(En). v1) 12(c)
< |pl¢(tnta)] = plo(En)lll(@(Enr1), vr) 20|
¢

(

+ 1o t)1(D(tn+1) — d(tn), va)r2(0)|
+ [p[d(tn)] — [Rhéb( WDI(@(En), vn) L2l
B )| (B(t) — Rn(tn). vn) o)

< Cllp(tns1) — o)l 52 () llvnllL2) + CTllvnllL2(0)

+ Ch?||lvp|L2() + CR?|lvnl L2 (e

< C1|vnllrz) + Ch? ||vnllr2(q)- (4.15)

Combining estimates of £,-&5, we arrive at the given conclusion. O

4.2.3. Error equation

We define the following two types of error functions:

o —

e = Rud(tn) — op
for 0 <n < N, and
& = Buo(ta) — o
for 1 <n < N, with é% = 0. Then the error equation can be written as: For 0 <n < N —1

~n+1 en
(hh, vh> + (Véz+17 V’Uh)Lz(Q)
T L2(Q)

—(Ver,on) 12 () — (B(Rad(tn))® — BIS®, vn) 120
+ R (Rud(tn)s vn) r2(0) — HISRI(OF, vn) 12(62) + E(on) (4.16)

holds for any vy, € Sp,.
To carry out the error estimate, we do several preparations.

Lemma 4.9. For 0 < n < N, there hold

lenllzz@) < Cllegllcz (o), (4.17)
lerllzz) < lerllz2 ) + Clle 1720 (4.18)
Proof. Left in Appendix B. O

Lemma 4.10. There exist 19 and hg sufficiently small such that for 7 < 179 and h < hg, with an additional
“inverse” CFL condition T > kh* where k is a constant sufficiently large, such that

[erllL2 ) < VT, (4.19)
lenllzie) <1, (4.20)
el <1, (4.21)

for0<n < N.
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We will prove Lemma 4.10 by mathematical induction, for n = 0, since &, = 0, (4.19)—(4.21) naturally hold.
Assume (4.19)—(4.21) hold for 0 < k < n, in the next subsection, we will show that (4.19)—(4.21) also hold for
k = n + 1. Before that, we have the following results under assumptions of the mathematical induction.

Lemma 4.11. For 0 < k < n, the following estimates hold for ek :
ekl i) < Clléilla @) + Ch® (4.22)
and
el @) < C- (4.23)

Proof. By directly calculating and assumption (4.20)

lexll e @) < NExllean ) + 68 — Sllm @) = lékllm @) + 1{[195 [l 21 ()

L2
< |lExll ) + Cllo(tr) — é5ll2 (o)

< |&§ |20y + Cllo(te) — Rud(ti) |20y + ClIRrod(tr) — oFll L2
< Ol | + Ch2.

This completes the proof of (4.22). The proof of (4.23) follows from a similar argument with
assumption (4.21). 0

4.2.4. Proof of Lemma 4.10

+

Taking vy, = €} ! in the error equation (4.16) yields,

~n+1 ~n+1
&5 1172 1€x

@ ||GZ||2L2(Q) 62”%2(9)
2T 2T
=—(Ver, e N r2) — (B(Rad(tn))? — B(o1)?, 61 ) 12(0)
+ URrO(tn)|(Rro(tn), €5 ) 2y — plon] (B, E7 ) 2y + E(EFT).

n+1

+ (Véz+17 Vvh)Lz(Q)

Discarding the nonnegative term [|é) ™" — e}![|2, ©) /(27) and applying the Holder’s inequality yield

||~n+1||L2(Q) - ||€Z||%2(Q)
2T
< Vliz@llerllLaller ™ o)
+ Cll(Rad(tn))® + Rud(tn)op + (03)2 [ 2o len 2@ lEr s
+ |p[Rad(tn)]|l(ehs e ) L2 (| + |nloh] — #[Rh¢(tn)]||( e e + 1E@ERT)]
=& +E +E+E4+ |€( n+1)|.

+ Vet |72 g

Applying Young’s inequality, we may estimate as follows,

nil/2 nil/2 ~n1/2 1/2
& < Clle ooy llerll ooy llen 1oy < Cllepl o llerli ey len ™l @)
~ 1/2 1/2 mn
< Cllepltay (lenl g + el @

< Cellenllzzqay + ellénl ) + ellen ™ i) + Ceh?,
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here € is a small constant that to be determined later. It is easy to see that
&2 < Celleillia@) + elleh ™ i@,
and
& < Clépl7z) + C”énHHL?(Q)'
As for &4, we have

& < Cllepllm@ller iz < CUIERa @) + P)Er 2@
< ellénllFn oy + Ceh* + Cellen™ 1720

Combining estimates of £&—&4, using Lemma 4.8, equations (4.18) and (4.19), we obtain

1 ey = ey ot
o7 +VeR ™ 120
< Cr? + ") + Ol 20y + 16 122 () + e(llEm oy + 16 1 0))- (4.24)

Summing equation (4.24) from 0 to n + 1, we obtain

n+1 n+1 n+1
& T2y + 7 D IVERIT2i) < Ce(r® + 1Y) + Cem Y |1Ebll72a) + Cer Y IV 2(q)- (4.25)
=1 k=1 k=1

Choosing e sufficiently small such that Ce < % and applying the discrete Gronwall inequality to (4.25), we arrive

at
n+1

k(|2 k(|2 242
opax | lerllz2q) + T};} [Vérllz2(q) < C(r +h7)"
Then under an “inverse” CFL condition 7 > xh?* for sufficiently large x with 7 and h sufficiently small:

18y ez (@) < C(7 + h?) < O + C(h?/V/T)VT < (CVT + C/r)VT < VT,

~n h _
IVer e ) < C(\ﬁ+ ﬁ) <CWT+r <L

This completes the proof of (4.19) and (4.20) for k = n + 1. If we are able to prove
[ALE T |12y < C, (*)
we then obtain from (A.5) that

n ~T 1/4 ~n 3/4
lept ooy < NEp gy I Anen g, < Clr +h)Y4,

which proves (4.21) for k = n + 1, and the proof of mathematical induction is complete.
To prove (x), we divide into two cases:

T<h® and T>h%
If 7 < h?, by the inverse inequality, we can get

JAGH 2@y < Ch 2| |2y < Ch=2(r + W) < C.
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If 7 > h?%, we rewrite the error equation (4.16) as

. entl _en —
(ARET vp) p2) = (hhﬂ)h) + (Vep,vn)r2) + (B(Rao(tn))® — BOR)?, vn) r2(0)
L2(Q2)

—_—

— R (tn)|[(Rho(tn), vn) L2 (o) + 1lon](Sh, vr) L2 () — E(vn)
=:G1+ G2+ Gs+ Gy + Gs + Gs.

We estimate G; as follows

~n+1 n
A

1G1] <

] Q)thHLZ(Q) <7 lEr e ) + lerllizz@) lvnllzz @)
< Cr7 (7 + h3)|Jonll2) < CllvnllLzo)-
Obviously,
1G2| < C|VIz2llen |l @) lvnllL2 @) < Cllonllz2 o)

and
1Gi < Cllvnlr2(0), j=3,...,5.

With slightly modified estimates of the truncation error (i.e., in the proof of Lem. 4.8, we apply the inverse
inequality [|va|| g1 () < Ch™|opl|2(0) to estimates of [E2(vy)|, |E3(vn)| and [E4(vy)], and further use Lemma A.2
for the estimate of |E3(vs)| which yields [E3(va)| < Cllvp||z2(q)), we have

IGs| < CllvnllL2(qy)-
Estimates of G;—Gg imply
1ARE L2y < C.

The proof is completed by combining estimates of two cases.

4.2.5. Error estimate

From the proof of Lemma 4.10, we have the following convergence results.

Theorem 4.12. Under the same assumptions in Lemma 4.10, there holds
max ||¢(t,) = ¢ [l L2() < O(1 + h?).

Proof. We obtain from Lemma 4.9 that
lerllzz) < Cllnllrz) < C(r + h?),

which leads to

—

lo(tn) — dhllzz() < l¢(tn) — Rud(tn)llzz(o) + llek 22 (o)
< COh?* +C(T+h%) < C(1+ h?),

and completes the proof. O
Theorem 4.13 (discrete H? stability). Under the same assumptions in Lemma 4.10, there holds

Aoy <C.
Oénn%v” nonllL2 ) <
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Proof. Note that R
n Dhy
¢h = n h ’
9%l L2

we obtain from (x) that
IALGR 20y < CllARGRN L2y < ClARRLG(tn) ]| L2(0) + CllARER | L2(0) < C,
which completes the proof. O

Corollary 4.14. Under the same assumptions in Lemma 4.10, there holds
max [6(tn) — 8}l < C(VT + ).
Proof. With inequality (A.4), we obtain

1 1
HveZHLZ(Q) < Heznzz(g)HAhGZHiz(Q) < C(\ﬁ"‘ h),

which leads to

—

o(tn) = Onllar @) < 0(tn) = Rug(tn)llar) + ClIVerllL2 ) < C(VT + h).

This completes the proof. O

5. NUMERICAL EXPERIMENTS

In this section, we will provide two numerical experiments to verify our convergence results of numerical
scheme (4.3)—(4.5) corresponding to the gradient flow model, i.e., Theorem 4.12 and Corollary 4.14. All com-
putations are performed on 2 = (0,1)3 up to time T = 1. The numerical error is quantified in the following
norms:

er2 = |68 = bret(tn)l2)  emr = 168 — bres(tn) (),

where ty = T is the final time and ¢ denotes a reference solution computed by using the same numerical
scheme as for ¢}]:’ with a finer time step or spatial mesh size. The corresponding code is designed based on the
toolbox PHG (Parallel Hierarchical Grid) [48] and the computations are carried out on LSSC-IV cluster in the
State Key Laboratory of Mathematical Sciences of the Chinese Academy of Sciences.

5.1. Example I. Harmonic potential

We consider the system (3.1) with 8 = 10, the initial function ¢ and potential function V are as follows:

do=co(l—aly(—y)a(l—2), V=@ +yt+ ) (1)
where ¢ > 0 is a constant such that |[¢o||z2(q) = 1.

Tables 1 and 2 show the temporal discretization errors er2 and eg: and the temporal convergence orders,
respectively. In each case, the reference solution ¢ef is computed using the scheme (4.3)—(4.5) with the same
spatial mesh as that used in computing qbflv and a smaller time step 7 = 5555-

Tables 3 and 4 show the spatial discretization errors and convergence orders of er2 and e, respectively. In
each case, the reference solution ¢ref is computed using the scheme (4.3)—(4.5) with the same temporal mesh as
that used in computing (;Sflv and a smaller spatial mesh A = 0.027063.

From Tables 1-4, we can see that the scheme exhibits first-order temporal convergence under the L? and H*
norms, first-order spatial convergence under the H' norm, and second-order spatial convergence under the L?
norm.
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TABLE 1. L? temporal discretization errors of scheme (4.3)—(4.5) with reference time step 7 =

T

€r2

Order

1/90

0.216506  1/180

1/360

1/90

0.108253 1/180

1/360

2.0951E-02 -
1.0940E-02  0.9374
5.1690E-03  1.0817

2.0952E-02
1.0972E-02  0.9333
5.1920E-03  1.0795

TABLE 2. H! temporal discretization errors of scheme (4.3)—(4.5) with reference time step 7 =

T

ext

Order

1/90

0.216506 1/180

1/360

1/90

0.108253 1/180

1/360

2.4147E-01 -
1.2583E-01  0.9404
5.9384E-02  1.0833

2.3044E-01 -
1.2037E-01  0.9369
5.6883E-02 1.0814

1.
2000

1.
2000

TABLE 3. L? spatial discretization errors of scheme (4.3)—(4.5) with reference spatial mesh size

h = 0.027063.

T h erz2 Order
0.433013  1.4300E-01

o5 0.216506  3.7730E-02  1.9222
0.108253  9.1250E-03  2.0478
0.433013  1.4298E-01

5055 0.216506  3.7687E-02  1.9237
0.108253 9.1241E-03  2.0463

TABLE 4. H! spatial discretization errors of scheme (4.3)—(4.5) with reference spatial mesh size
h = 0.027063 and corresponding orders.

T h exyt Order
0.433013 2.9615 —

1o 0.216506  1.4438  1.0365
0.108253 0.6971 1.0504
0.433013 2.9599 —

205 0.216506  1.4419  1.0376
0.108253  0.6962 1.0504

1319
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TABLE 5. L? temporal discretization errors of scheme (4.3)—(4.5) with reference time step 7 = 5555+

h T er? Order

1/70 5.9623E-02 -
0.216506 1/140 3.0171E-02 0.9827
1/280 1.4200E-02 1.0873

1/70 6.2760E-02 -
0.108253 1/140 3.2162E-02 0.9645
1/280 1.5221E-03 1.0793

TABLE 6. H! temporal discretization errors of scheme (4.3)—(4.5) with reference time step 7 = ﬁ-

h T et Order

1/70 6.9833E-01 -
0.216506 1/140 3.5162E-01  0.9899
1/280 1.6507E-01  1.0909

1/70 6.9649E-01 —
0.108253 1/140 3.5514E-01 0.9717
1/280 1.6765E-01  1.0829

5.2. Example II. Lattice potential
We consider the system (3.1) with 8 = 10, the initial function ¢ and potential function V' are as follows:
¢o = cx(l —z)y(l —y)z(1 —2),

(2% + 9% + 22)
2

V= + 20 + 20sin(27x) sin(27y) sin(272),
where ¢ > 0 is a constant such that |[¢o| r2(0) = 1.

We present the temporal discretization errors and spatial discretization errors of the scheme (4.3)—(4.5) in
Tables 5-8.

The temporal convergence orders of e;2 and ep: are shown in Tables 5 and 6. The reference solution @yet
is computed by the scheme (4.3)—(4.5) with the same spatial mesh as in the computation of ¢ and a smaller
time step 7 = ﬁ. Tables 7 and 8 show spatial convergence orders of er2 and ep: while the reference solution
bret is derived with the same temporal mesh in computing ¢ and a smaller spatial mesh h = 0.017469.

Similar to Example I, Tables 5-8 show that the convergence order of ey» is O(7 + h?), which validates the
conclusion in Theorem 4.12. The convergence order of eg1 is O(7 + h), showing that the result in Corollary 4.14
is sub-optimal.

6. CONCLUSION

In this paper, we have carried out the mathematical analysis of the L? normalized gradient flow model for the
GP eigenvalue problem and given a normalized implicit-explicit full-discrete scheme. We prove the well-posedness
of the scheme and establish the optimal-order L (0, T; L?(2)) convergence of the approximations. Under a mild
inverse CFL condition, we have proven the convergence rate is of order O(7 + h?) in L°°(0,T; L?(Q2))-norm.
With this convergence result, combining the H?2-stability, we have proved that the numerical scheme has a
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TABLE 7. L? spatial discretization errors of scheme (4.3)—(4.5) with reference spatial mesh size

h = 0.017469.

T h erz2 Order
0.279508 6.0835E-02 —

ﬁ 0.139754  1.4965E-02  2.0233
0.069877 3.6470E-03  2.0368
0.279508 5.9719E-02 —

s 0139754  1.4734E-02  2.0190
0.069877 3.6120E-03 2.0283

TABLE 8. H! spatial discretization errors of scheme (4.3)—(4.5) with reference spatial mesh size

h = 0.017469.

T h el Order
0.279508  1.6535 -

%5 0.139754 7.9726E-01 1.0524
0.069877  3.8740E-01  1.0412
0.279508  1.6381 -

o5 0.139754  7.9058E-01  1.0510
0.069877 3.8341E-01  1.0440

sub-optimal convergence of the form O(y/7 + h) in L>(0,T; H'(2))-norm. Numerical experiments validate our
theories and show that the theoretical convergence order in L>(0,7; H(2))-norm is not sharp. The analysis
of the optimal-order convergence in L% (0,7T; H'(Q))-norm will be left as future work.
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APPENDIX A. PROPERTIES OF DISCRETE OPERATORS

Lemma A.1 ([15]). Let Q be a bounded convex polygon. For the Ritz projection operator Ry and u € H*(Q) N Hg(Q),
there hold:

IV (u — Raw)||12(q) < ChlID?ul|L2(q), (A1)
lu — Ryul| 20y < CB?||D?ull L2 (0. (A.2)

Lemma A.2. Let Q be a bounded convex polygon. If u € H*() N H(Q), then
[BrullLoe @) < Cllullmrz(o)- (A3)
Proof. Denote Inu € Sj, the interpolation of u, we have

[ Rnulpoe () < [[Tnul|Loe () + [[Tnu — Ruul| oo o)
<ullpoe oy + Cch3 [Tpu — Rpul|p2(q) (inverse inequality)
_s _3
< Cllullg2 @) + Ch™ 2 |[Ihu — u|| 2y + Ch™ 2 ||lu — Rpul|p2q)
< CHUHHQ(Q)v

where we have used the Sobolev embedding inequality and the approximation property of the interpolation operator [15]
in the last line. (]

Lemma A.3. The discrete Laplacian operator satisfies
1 1
IVunllpzio) < llunll o) 1Anunllfoq)  Vun € S, (A.4)

and
1 3
lunllLoe @) < Cllunll o) 1Anunllf2 ) Vun € Sh. (A.5)

Proof. By the definition of A, and Hoélder’s inequality, we obtain
Hvuh||2L2(Q) = *(Ahuhvuh)w(n) < ”uhHLQ(Q)HAhuh||L2(Q)»

which completes the proof of (A.4).
To prove (A.5), let w € H*(Q) N Hg () such that

Au = Apup.

Then we have ||ul| 2(q) < Cl|Apunl|L2(q)- Next we show that ||ul|p 20y < CllunllL2(g)-
Note that

lullzzoy < llunllzze) + lu — unllL2 (@)
< Nunllzz + B2 lullmagy  (here (A.2) is used)
< lunllL2) + Ch2||AhuhHL2(n)
< Cllunllr2(a), (A.6)

where the inverse inequality is applied to obtain the last line. Similarly, we can prove that
[ Thull L2y < CllunllL2(q)- (A7)
Then by the triangle inequality, we get

lunllzoo (@) < llullLee (o) + llu — unllLoe (o)

< Jullzee @) + llu = InullLoe (@) + [ nw — un || Lo (o)
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< Cllullzeo (@) + [[Hru — un|l L= (o)
1 3 _3
< C”“”fp(g)“””éz(g) +h72 [ Ipu — uhHLQ(Q)v

which together with Sobolev interpolation inequality, inverse inequality, equations (A.6) and (A.7) yields

1 3 3 1 3
HuhHL"O(Q) < CHuh”éQ(Q)HAhu”zQ(Q) +h 2 thu - uth2(Q)”Ihu - uh”zQ(Q)
1 3
< Cllunll ooy I18nullF2
_3 1 3
+h" 2 [ Ihu — uthz(Q) (IMnu = ull 20y + [lu — unllz2(0)) *
: TR T S :
< Cllunll o 13m0l F2 0y + B Hlunl o gy (21 B0t 2)

1 3
< CHuh||L4,2(Q)||Ahu||£2(g)‘

This completes the proof of (A.5). O

APPENDIX B. DETAILED PROOFS
B.1. Proof of Lemma 4.5

Proof. A direct calculation shows that

ul] = o] = [ ((9ul® = [90) + V= v%) + B(u* — o*))da

S~ 5~

((Vu + Vo) (Vu—Vo)+V(u+v)(u—wv)
+ B(u® 4+ v*) (u+ v)(u — v))dw.
We then obtain from Hélder’s inequality that

lfu] — p]] < Mlu— UHHl(Q) + ||VHL2(Q)||U + U||L4(Q> flu — U||L4(Q)
+ Bllu® 4+ 02| 13 lu + vl Lo oy lu — vl L2 (0

< COwumllu— UHH1(§2)7
where the Sobolev embedding H*(Q) — L5(2) has been used. O

B.2. Proof of Lemma 4.6
Proof. Denote
1&:/(WRwF+VWWF+m&Mﬂdm
Q

Then we obtain

o = 1 < | [ (90 = [FRwa?) o

+IVIILzllu + Rrull Lo @) llu — Raullp2 o)

+ Blv® + (Rhu)2\|L3(Q)HU + Rpul| ooy llu — Ruull 2o
=11 + I + Is.

Properties of the Ritz projection show that

I, < C1K2, Is < Coh?,
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here constants C1 and C2 depend on |u|| g2 (). For I1, we get

L = /(Vu + VRpu) - (Vu — VRyu) dz| = / Vu- (Vu— VRyu) dz
Q Q
= / Au(u — Rpu) dz| < C3h?,
Q
with C3 depends on |lul| g2(q)-
The last is the estimate of ‘A — ,u[ﬁh\u}‘,
’A — M[Eh\u}‘ <h- 1 / (|VRhu|2 + V\Rhu\Q) dz
HRhuHL? Q Q
()
+ 1 L B|Ryu|* dx
— T h
”RhuHiZ(Q) Q
< Cih?,
here Cy depends on ||u||f2(q). Combining the above estimates, we complete the proof. d

B.3. Proof of Lemma 4.9
Proof. Denote

—

o = arccos ((Rhcb(tn)7 ¢Z)L2(Q)) € [0, 7]
be the angle between vectors Rm) and ¢y, then for a € (7/6, 7], we have ||€} || 2 (o) > 1/2, with the fact ||} || L2(q) < 2,
we can complete the proof of (4.17) and (4.18) for the case a € (7/6, 7].
For the case a € [0,7/6], we have ||€} || 2(q) > sina, and
llerllz2q) = 2sin(a/2) < o < Csina < Cl|éy || 2 )

Meanwhile,

\|6Z||L2(Q) - HéZ”LZ(Q) < HeZHLQ(Q) - HGZHLQ(Q) cos(a/2)

= He’ﬁHLz(n)?sinQ(aM) < CHéZHi?(Q)v

which completes the proof. 0
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