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ELLIPTIC INTERFACE PROBLEM APPROXIMATED BY CUTFEM: II.

A POSTERIORI ERROR ANALYSIS BASED ON EQUILIBRATED FLUXES

Daniela Capatina
∗
and Aimene Gouasmi

Abstract. This paper investigates an elliptic interface problem with discontinuous diffusion coef-
ficients discretized by finite elements on unfitted meshes, employing the cut finite element method
(CutFEM). The main contribution is the a posteriori error analysis based on equilibrated fluxes
belonging to the immersed Raviart–Thomas space. We establish sharp reliability and local efficiency of a
new error estimator, which includes both volume and interface terms, carefully tracking the dependence
of the efficiency constant on the diffusion coefficients and the mesh/interface configuration. Numerical
results highlight the robustness of the approach.
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1. Introduction

The study of a posteriori error estimation for finite element methods has been an active area of research for
several decades, as demonstrated by the extensive literature on the topic (see, e.g., [2, 12, 21] and many others).
This technique is particularly valuable in adaptive mesh refinement (AMR) procedures, commonly employed for
problems with singularities, discontinuities, or sharp derivatives. The a posteriori analysis quantifies the error
incurred and provides guidance on how to improve the accuracy of the solutions [21]. Several types of a posteriori
error estimators exist, such as those based on the residuals of the governing differential equations or those based
on equilibrated fluxes, which generally yield sharp reliability bounds. Various flux-based a posteriori estimators
for different finite element methods have been studied by many researchers, see, for example, [1–4, 7, 11, 14,
18, 19, 22, 23]. Using a partition of unity, the pioneering work of Ladevèze and Leguillon [18] introduced a local
strategy that reduces the construction of equilibrated fluxes to vertex-patch computations. For the P 1-continuous
finite element approximation of the Poisson equation, an equilibrated flux in the lowest-order Raviart–Thomas
space was explicitly built in [4, 11] and via local corrections in the broken Raviart–Thomas space. However, this
approach does not yield a robust equilibrated estimator with respect to coefficient jumps unless a constrained
minimization is introduced; see [7]. In [14], a unified partition-of-unity method was developed, requiring the
solution of local mixed problems on each vertex patch. As an exception to partition-of-unity-based approaches,
we refer to [3] for a Poisson problem.
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We consider here a finite element approximation of an elliptic interface problem on unfitted meshes, where
the interface Γ is taken into account by the CutFEM method [5, 6]. In [9], we have defined a locally conservative
flux belonging to an immersed Raviart–Thomas space (cf. [16]), following the approach developed in [8] for fitted
meshes. We have also introduced a global error estimator consisting of a standard term η—the weighted L2-
norm of the difference between the equilibrated and numerical fluxes—plus a new interface term ηΓ, accounting
for discontinuities of the discrete solution across the interface and of the equilibrated flux across the cut edges.
In this paper, we provide a detailed a posteriori error analysis based on this estimator, establishing its robust
reliability and local efficiency. To the best of our knowledge, these topics are largely unexplored in the context
of CutFEM for interface problems. An a posteriori error analysis based on conservative fluxes was carried
out in [10] for CutFEM solutions of a Poisson boundary problem on unfitted meshes, but the challenges and
techniques required for interface problems are more involved.

We first establish the robust reliability and bound the weighted H1 semi-norm of the error by the global
estimator η + ηΓ. The reliability constant of η is equal to 1, in agreement with well-known results for equilibrated
flux-based estimators, while the constant in front of ηΓ and the higher-order term is independent of the mesh
size, the diffusion coefficients and the mesh/interface geometry. The proof requires introducing a continuous
approximation of the CutFEM solution such that the corresponding interpolation error is bounded by the
interface estimator ηΓ.

Then, we focus on the proof of the local efficiency for each of the three local error indicators, aiming to
obtain the best possible constants with respect to the various parameters. The treatment of the cut cells is
challenging, since the difference between the equilibrated and the numerical fluxes is only piecewise Raviart–
Thomas. Therefore, we first investigate this space and construct specific basis functions, in relation to the
immersed Raviart–Thomas space [16]. Their estimates allow us to bound the flux-based indicators by the residual
ones; by adapting the Verfürth argument [21] to the cut cells, we are next able to establish the efficiency, with
constants that depend explicitly on the ratio of the diffusion coefficients and the mesh/interface geometry.

Finally, we carry out some numerical tests. The AMR is validated in [9]; therefore, we focus here on illustrating
the estimator’s behavior. We numerically observe that ηΓ has only a minor influence and can therefore be
neglected in the mesh refinement, and that the estimator is robust with respect to the various parameters.

The paper is organized as follows. In Section 2, we give the continuous and discrete formulations, while in
Section 3, the equilibrated flux and the a posteriori error estimator introduced in [9] are recalled. Section 4 is
devoted to the proof of the reliability bound. In the next two sections, we establish some results useful to prove
the efficiency: Section 5 is dedicated to the properties of a piecewise Raviart–Thomas space on the cut cells,
while in Section 6 the decomposition of the flux correction in the previous space is obtained. Then, we establish
the local efficiency in Section 7. Finally, several numerical experiments are presented in Section 8.

2. Continuous and discrete problems

The model problem is given by⎧⎨
⎩
−div(K∇ui) = f in Ωi (i = 1, 2),
u = 0 on ∂Ω,
[u] = 0, [K∇u · nΓ] = g on Γ.

(1)

where Ω is a two-dimensional polygonal domain and Γ a sufficiently smooth interface, separating Ω into two
disjoint subdomains Ω1 and Ω2. We denote by nΓ the unit normal vector to Γ oriented from Ω1 to Ω2; the jumps
across Γ are defined by [u] = u1 − u2, where u|Ωi = ui. We suppose f ∈ L2(Ω), g ∈ L2(Γ), and, for the sake of
simplicity, we assume K|Ωi = Ki = kiI with ki > 0 for i = 1, 2. We consider the following well-posed variational
formulation: Find u ∈ H1

0 (Ω) such that∫
Ω

K∇u · ∇v dx =

∫
Ω

fv dx+

∫
Γ

gv ds, ∀v ∈ H1
0 (Ω). (2)
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In view of the numerical approximation of (2) by the CutFEM method [6], we introduce some notation (see
also [9]). Let Th be a regular triangular mesh of Ω, whose elements are closed sets, Fh the set of edges, and hT

and hF the diameter of T ∈ Th and F ∈ Fh, respectively. The shape regularity of the triangles is implicitly used
in several places in the manuscript. For an interior edge F , nF is a fixed unit normal vector, oriented from T−

F

to T+
F (the two triangles that share F ). If F ⊂ ∂Ω, then nF is the outward normal vector to Ω, while if F ⊂ Γ,

then nF = nΓ. For i = 1, 2, we define

T i
h =
{
T ∈ Th; T ∩ Ωi �= ∅

}
, F i

h =
{
F ∈ Fh; F ∩ Ωi �= ∅

}
, Ωi

h =
⋃

T∈T i
h

T.

For T ∈ Th and F ∈ Fh, let us define the patches ΔT =
⋃

N∈NT
ωN and ΔF =

⋃
T, ∂T⊃F ΔT , where NT denotes

the set of vertices of T and ωN the set of triangles sharing the node N . As regards the cut elements, let

T Γ
h = {T ∈ Th;

◦
T ∩ Γ �= ∅}, FΓ

h = {F ∈ Fh;
◦
F ∩ Γ �= ∅},

T i = T ∩ Ωi ∀T ∈ T Γ
h , F i = F ∩ Ωi ∀F ∈ FΓ

h .

The triangles T of Th such that T ∩ Γ is a single vertex or a whole side of T are treated like non-cut elements.
To focus on the a posteriori error analysis based on the new flux, we neglect in this paper the interface

approximation error and we assume that Γ is a polygonal line, such that for each T ∈ T Γ
h , the intersection

ΓT := T ∩ Γ is a segment. We do not allow for interface corners inside an element; in such a situation, the
triangle should be split into two sub-triangles, so that ΓT becomes a segment in each one.

For a function v, sufficiently smooth on each Ωi but discontinuous across Γ, we denote by vi := v|Ωi and
define (cf. [13]) the two following means on Γ:

{v} = ω1v1 + ω2v2, {v}∗ = ω2v1 + ω1v2, with ω1 =
k2

k2 + k1
, ω2 =

k1
k1 + k2

.

It is also useful to introduce the harmonic mean kΓ = k1k2/(k1 + k2). Furthermore, we introduce the arithmetic
mean and the jump across an interior edge F as follows:

〈v〉 = 1

2
(v− + v+), [[v]] = v− − v+, [[∂nv]] = [[∇v]] · nF .

For boundary edges, we set 〈v〉 = [[v]] = v. We use the symbols � and ≈ to indicate the existence of generic
constants that are independent of the mesh size, the interface geometry, and the diffusion coefficients. Finally,
we recall the following trace inequality on a cut element T ∈ T Γ

h :

∀v ∈ H1(T ), ‖v‖2ΓT
�
(
h−1
T ‖v‖2T + hT ‖∇v‖2T

)
. (3)

The CutFEM approximation of (2) reads: Find uh = (uh,1, uh,2) ∈ C1
h × C2

h such that

ah(uh, vh) = lh(vh) ∀ vh ∈ C1
h × C2

h, (4)

where Ci
h =
{
v ∈ H1(Ωi

h); v|(∂Ωi\Γ) = 0, v|T ∈ P 1(T ), ∀T ∈ T i
h

}
for i = 1, 2 and

ah(uh, vh) =

2∑
i=1

⎛
⎝∑

T∈T i
h

∫
T i

ki∇uh,i · ∇vh,i dx+ γgji(uh,i, vh,i)

⎞
⎠+ aΓ(uh, vh),

ji(uh,i, vh,i) =
∑
F∈Fi

g

hF

∫
F

ki[[∂nuh,i]][[∂nvh,i]] ds (i = 1, 2),
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aΓ(uh, vh) =
∑

T∈T Γ
h

∫
ΓT

(
γkΓ
hT

[uh][vh]− {K∇uh · nΓ}[vh]− {K∇vh · nΓ}[uh]

)
ds,

lh(vh) =

2∑
i=1

∫
Ωi

fvh,i dx+
∑

T∈T Γ
h

∫
ΓT

g{vh}∗ ds.

Here above, γ > 0 and γg > 0 are stabilization parameters, independent of the mesh, the interface, and the
diffusion coefficients, while F i

g =
{
F ∈ F i

h; (T+
F ∪ T−

F ) ∩ Γ �= ∅
}
.

It is well known that for γ large enough, the discrete problem (4) is well-posed.
It is useful to introduce the following norms, for any vh ∈ C1

h × C2
h:

|vh|21,K,h =

2∑
i=1

‖k1/2i ∇vh,i‖2Ωi , ‖vh‖2h = |vh|21,K,h +

2∑
i=1

ji(vh,i, vh,i) +
∑

T∈T Γ
h

kΓ
hT

‖[vh]‖2ΓT
,

where ‖ · ‖ω is the L2-norm on ω ⊂ R
d (1 ≤ d ≤ 2). Let the local semi-norms on T ∈ Th and ΔT :

|vh|21,K,T =

2∑
i=1

‖k1/2i ∇vh,i‖2T i , ji,ΔT
(vh,i, vh,i) :=

∑
T ′∈ΔT

∑
F∈Fi

g∩FT ′

hF ki

∫
F

[[∂nvh,i]]
2 ds,

which can also be defined on any subset ω ⊂ Ω that is a union of cells. Here above, FT is the set of sides of T .
In [9], an equivalent hybrid mixed formulation of (4) was proposed and studied. We recall below the definition

of its Lagrange multiplier θh = (θh,1, θh,2), which was further used to reconstruct an equilibrated flux. For this
purpose, let the spaces be defined as follows:

Di
h = {v ∈ L2(T i

h ); v|T ∈ P 1(T ) ∀T ∈ T i
h} (i = 1, 2),

Mi
h =

{
μ ∈ L2(F i

h);μ|F ∈ P 1(F ) ∀F ∈ F i
h,
∑

F∈FN

s
F
NhFμ|F (N) = 0 ∀N ∈

◦
N i

h

}
,

where
◦
N i

h denotes the set of nodes interior to Ωi
h, FN the set of edges sharing the node N , and sFN = sign(nF , N)

is equal to 1(−1) if the orientation of nF with respect to the node N is in clockwise (counter-clockwise) rotation.
Let also the bilinear form

bh(μh, vh) =

2∑
i=1

∑
F∈Fi

h

kihF

2

∑
N∈NF

μh,i|F (N)[[vh,i]](N), ∀μh ∈ M1
h ×M2

h, vh ∈ D1
h ×D2

h,

where NF is the set of vertices of the edge F .
Then, we consider the following problem: Find θh = (θh,1, θh,2) ∈ M1

h ×M2
h s.t.

bh(θh, vh) = lh(vh)− ah(uh, vh) +

2∑
i=1

∑
F∈Fi

h

∫
F i

〈ki∇uh,i · nF 〉[[vh,i]] ds ∀ vh ∈ D1
h ×D2

h.

It was shown in [9] that it has a unique solution, which can be computed locally as sum of contributions θiN
defined on the patches ωi

N = ωN ∩ T i
h associated to the nodes N of T i

h : θh,i =
∑

N∈N i
h
θiN for 1 ≤ i ≤ 2. More
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precisely, θh,i belongs to Mi
h, lives on the sides of FN ∩ F i

h, and is the unique solution of a small linear system
associated to N (see [9] for details). In addition, we have the next bound (see Theorem 2.6 of [9]):

Lemma 2.1. For i = 1, 2 and any node N of T i
h , we have

( ∑
F∈FN∩Fi

h

hF k
2
i ‖θiN‖2F

)1/2
�
∑

T∈ωi
N

√
hT ki

(
‖[[∂nuh,i]]‖∂T\∂ωi

N
+ ‖[[∂nuh,i]]‖∂T∩Fi

g

)

+
∑

T∈T Γ
h ∩ωi

N

(
kΓ√
hT

‖[uh]‖ΓT
+
√

hT ‖g − [K∇uh · nΓ]‖ΓT

)
+
∑

T∈ωi
N

hT ‖f‖T i .

3. Definition of the flux and the a posteriori error estimators

For the sake of simplicity, we assume from now on g = 0, but the study can be extended to nonhomogeneous
transmission conditions. We recall that the lowest-order Raviart–Thomas space is defined asRT 0(R2) = {(ax1 +
b, ax2 + c); a, b, c ∈ R}, where x = (x1, x2) ∈ R

2. For ω ⊂ R
2, we set RT 0(ω) = {ψ|ω; ψ ∈ RT 0(R2)}.

In [9], an equilibrated conservative flux σh was defined in the immersed Raviart–Thomas space IRT 0(Th)
of [16]. We recall that on a cut cell T , the elements of this immersed space are piecewise RT 0-functions ψ
satisfying

[ψ · nΓ] = 0, [K−1ψ · tΓ](xΓ) = 0, div(ψ|T 1) = div(ψ|T 2),

where xΓ is an arbitrary point of ΓT . On any T ∈ Th, the local degrees of freedom are the same as for the
standard RT 0-space, that is,

NT,j(ψ) =
1

|Fj |

∫
Fj

ψ · nT ds (1 ≤ j ≤ 3), (5)

where (Fj)1≤j≤3 denote the edges of T and nT is the outward unit normal vector to T . The recovered flux
σh ∈ IRT 0(Th) of [9] is defined by imposing its degrees of freedom as follows:

σh · nF = 〈ki∇uh,i · nF 〉 − kiπ
0
F θh,i, ∀F ∈ F i

h\FΓ
h (i = 1, 2),∫

F

σh · nF ds =

2∑
i=1

(∫
F i

〈ki∇uh,i · nF 〉 ds−
∫
F

kiθh,i ds

)
, ∀F ∈ FΓ

h ,

where π0
F denotes the L2(F )-orthogonal projection on P 0(F ). The definition of the degrees of freedom of

the immersed Raviart–Thomas space IRT O yields that
∫
F
[[σh · nF ]] ds = 0 on any interior side F , that is,

πF
0 [[σh · nF ]] = 0. It was proved in Theorem 3.1 of [9] that div σh = −fh, with (fh)|T = π0

T f for any T ∈ Th and
π0
T the L2(T )-orthogonal projection on P 0(T ).
We next set τh = K−1/2(σh −K∇huh) and define the local error estimator:

ηT = ‖K−1/2(σh −K∇huh)‖T = ‖τh‖T , ∀T ∈ Th.

Since uh is discontinuous across Γ, we use the discrete gradient ∇h in a cut triangle T ∈ T Γ
h ; thus, ∇huh ∈ L2(T )

is defined by (∇huh)|T∩Ωi = (∇uh,i)|T∩Ωi for i = 1, 2.

In addition, on the cut cells T ∈ T Γ
h and cut edges F ∈ FΓ

h , we also consider

η̃T =

√
hT kΓ√

hmin
T |ΓT |

‖[uh]‖ΓT
, ηF =

√
hF√
kΓ

‖[[σh · nF ]]‖F ,
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where hmin
T = min{|F i|; F ∈ ∂T ∩ FΓ

h , i = 1, 2}.
The global error estimator is given by η + ηΓ, where

η =

(∑
T∈Th

η2T

)1/2

, ηΓ =

⎛
⎝ ∑

F∈FΓ
h

η2F +
∑

T∈T Γ
h

η̃2T

⎞
⎠

1/2

.

The data approximation terms on a triangle T ∈ Th and on Ω are, respectively, given by

ε(T ) =
hT√
δT

‖f − fh‖T , ε(Ω) =

(∑
T∈Th

ε(T )2

)1/2

, where δT =

{
ki if T ∈ T i

h\T Γ
h

kΓ if T ∈ T Γ
h

.

We similarly define ε(ω) on any subset ω ⊂ Ω that is a union of cells. In the following, we establish the reliability
and local efficiency of η + ηΓ.

4. Reliability

Thanks to the fact that σh strongly satisfies the transmission condition, we are able to establish the reliability
of the error estimator η + ηΓ. As expected, when using equilibrated fluxes in a posteriori error estimation, we
show that the constant in front of the main part η = ‖τh‖Ω of the global estimator is equal to 1.

The proof is done in three main steps.

4.1. Sharp upper bound of the error

We begin by establishing a sharp bound for the energy norm of the error. However, at this stage, the upper
bound is not yet the global estimator η + ηΓ.

Lemma 4.1. There exists a constant C > 0 independent of the discretization, the diffusion coefficients, and
the interface such that

|u− uh|1,K,h ≤ η + inf
v∈H1

0 (Ω)
|v − uh|1,K,h + C

⎛
⎝ ∑

F∈FΓ
h

η2F + ε(Ω)2

⎞
⎠

1/2

.

Proof. We consider ϕ ∈ H1
0 (Ω), the unique solution of the following weak problem:

∫
Ω

K∇ϕ · ∇v dx =

∫
Ω

K∇huh · ∇v dx ∀ v ∈ H1
0 (Ω). (6)

The triangle inequality gives

|u− uh|1,K,h ≤ |u− ϕ|1,K,h + |ϕ− uh|1,K,h. (7)

The auxiliary problem (6) immediately yields

|ϕ− uh|1,K,h = inf
v∈H1

0 (Ω)
|v − uh|1,K,h. (8)
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With σ = K∇u and τh = K−1/2(σh −K∇huh), we have

|u− ϕ|21,K,h =

∫
Ω

K1/2∇(u− ϕ) · (K−1/2σ −K−1/2σh + τh +K1/2(∇huh −∇ϕ)) dx

=

∫
Ω

∇(u− ϕ) · (σ − σh) dx+

∫
Ω

K1/2∇(u− ϕ) · τh dx+

∫
Ω

K∇(u− ϕ) · (∇huh −∇ϕ) dx.

The last term in the above equality vanishes thanks to (6). Recalling that η = ‖τh‖Ω, the Cauchy–Schwarz
inequality then yields

|u− ϕ|21,K,h ≤
∣∣∣∣
∫
Ω

∇(u− ϕ) · (σ − σh) dx

∣∣∣∣+ η|u− ϕ|1,K,h. (9)

Integrating by parts and using that (u− ϕ) ∈ H1
0 (Ω), σ ∈ H(div,Ω), [[σh · nF ]] = 0 on any non-cut interior edge

F and divσh = −fh, we further obtain

∫
Ω

∇(u− ϕ) · (σ − σh) dx =

∫
Ω

(f − fh)(u− ϕ) dx−
∑

F∈FΓ
h

∫
F

[[σh · nF ]](u− ϕ) ds. (10)

Using the Cauchy–Schwarz inequality, ‖u− ϕ− π0
T (u− ϕ)‖T � hT ‖∇(u− ϕ)‖T for any T ∈ Th and kΓ ≤ ki

for i = 1, 2, we obtain in a standard way

∣∣∣∣
∫
Ω

(f − fh)(u− ϕ) dx

∣∣∣∣ =
∣∣∣∣ ∑
T∈Th

∫
T

(f − fh)(u− ϕ− π0
T (u− ϕ)) dx

∣∣∣∣
�

2∑
i=1

∑
T∈T i

h\T Γ
h

hT√
ki
‖f − fh‖T ‖k1/2i ∇(u− ϕ)‖T

+
∑

T∈T Γ
h

hT√
kΓ

‖f − fh‖T ‖k1/2Γ ∇(u− ϕ)‖T

� |u− ϕ|1,K,h ε(Ω). (11)

Let F ∈ FΓ
h . By definition of the space IRT 0, we have π0

F [[σh · nF ]] = 0, hence

∣∣∣∣ ∑
F∈FΓ

h

∫
F

[[σh · nF ]](u− ϕ) ds

∣∣∣∣ ≤ ∑
F∈FΓ

h

√
hF√
kΓ

‖[[σh · nF ]]‖F
√
kΓ√
hF

‖u− ϕ− π0
F (u− ϕ)‖F .

We have h
−1/2
F ‖u− ϕ− π0

F (u− ϕ)‖F � |u− ϕ|1,T+
F ∪T−

F
. The proof of this bound is standard: we first use the

minimal distance property of π0
F , which yields ‖u− ϕ− π0

F (u− ϕ)‖F ≤ ‖u− ϕ− π0
T (u− ϕ)‖F for any triangle

T such that F ⊂ ∂T , then the well-known trace inequality h
−1/2
F ‖v‖F � h−1

T ‖v‖T + |v|1,T for any v ∈ H1(T ),
the fact that |u− ϕ− π0

T (u− ϕ)|1,T = |u− ϕ|1,T and finally, the interpolation error estimate ‖u− ϕ− π0
T (u−

ϕ)‖T � hT |u− ϕ|1,T . Next, using the Cauchy–Schwarz inequality and kΓ ≤ ki for i = 1, 2, we obtain

∣∣∣∣∣∣
∑

F∈FΓ
h

∫
F

[[σh · nF ]](u− ϕ) ds

∣∣∣∣∣∣ � |u− ϕ|1,K,h

⎛
⎝ ∑

F∈FΓ
h

η2F

⎞
⎠

1/2

. (12)
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Gathering together (9)–(11) and (12), we obtain the following bound:

|u− ϕ|1,K,h ≤ η + C

⎛
⎝ ∑

F∈FΓ
h

η2F + ε(Ω)2

⎞
⎠

1/2

,

which together with (7) and (8) ends the proof. �

Note that

inf
v∈H1

0 (Ω)
|v − uh|1,K,h ≤ |Ihuh − uh|1,K,h (13)

for any interpolation Ihuh of uh belonging to H1
0 (Ω). Therefore, the next step consists of constructing Ihuh ∈

H1
0 (Ω) such that the interpolation error is bounded by ηΓ.

4.2. A continuous approximation of the CutFEM solution

We focus on the cut triangles since on T ∈ Th\T Γ
h , we simply take Ihuh = uh.

Let T ∈ T Γ
h . We denote the triangle T by �A1A2A3 and let M ∈ A1A2, N ∈ A1A3 be the intersection points

with Γ. The case where T is cut at one of its vertices into two sub-triangles can be treated in a similar manner
and leads to analogous results (see Remark 1). Therefore, in what follows, we only detail the case where one of
the cut parts is quadrilateral, which is more challenging.

For simplicity of notation, let T	 and T� denote the triangular and quadrilateral parts of T , respectively,
and assume that T	 = T 1, T� = T 2. Since the ratios |A2M |/|A3N | and |A3N |/|A2M | cannot blow up
simultaneously, we assume, without loss of generality, that |A2M |/|A3N | is bounded and then cut T� into two
triangles using A3M , cf. Figure 1(a) (otherwise, use A2N). We define the interpolation operator Ih as follows:
Ihuh is a linear function on each sub-triangle �A1MN =: T	, �MA2A3 =: T�

1 , and �MNA3 =: T�
2 , and

Ihuh(A1) = uh,1(A1), Ihuh(A2) = uh,2(A2), Ihuh(A3) = uh,2(A3), (14)

Ihuh(M) = {uh}∗(M), Ihuh(N) = {uh}∗(N). (15)

This choice guarantees that Ihuh ∈ H1(T ), since it is continuous at the intersection points M , N , and A3 of
the sub-triangles. Since [[Ihuh]]F = 0 for any edge F ∈ Fh, we have Ihuh ∈ H1

0 (Ω).
In view of estimating the interpolation error |Ihuh − uh|1,K,T , we first write it as

|Ihuh − uh|21,K,T = |Ihuh − uh,1|21,K,T� +

2∑
l=1

|Ihuh − uh,2|21,K,T�
l

, (16)

where for any T̃ ∈ {T	, T�
1 , T�

2 } and any v ∈ H1(T̃ ), we set |v|1,K,T̃ = ‖K1/2∇v‖T̃ . Let now T̃ ∈ {T	, T�
1 , T�

2 }
and assume T̃ ⊂ Ωi, with i ∈ {1, 2}. Then, we have, thanks to (14) and (15),

(Ihuh − uh)|T̃ = (−1)iωi[uh](M)ϕM + (−1)iωi[uh](N)ϕN ,

where ϕM , ϕN ∈ P 1(T̃ ) are the nodal basis functions associated to M and N . We express them below in terms
of the barycentric coordinates (λj)1≤j≤3 of T .

Lemma 4.2. We have

(ϕM )|T� =
|F3|

|A1M |λ2, (ϕN )|T� =
|F2|

|A1N |λ3, (17)
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Figure 1. Notation on a cut element.

(ϕM )|T�
1

=
|F3|

|A2M |λ1, (ϕN )|T�
1

= 0, (18)

(ϕM )|T�
2

=
|F3|

|A1M |λ2, (ϕN )|T�
2

=
|F2|

|A3N |λ1 −
|F2|

|A3N |
|A2M |
|A1M |λ2, (19)

where Fj denotes the edge opposite to the node Aj for 1 ≤ j ≤ 3.

Proof. On T	, we have ϕM (A1) = ϕM (N) = 0 and λ2|F2
= 0; therefore, ϕM = cλ2 with c ∈ R. From the relation

λ2(M) = |A1M |/|F3|, we obtain the desired expression of (ϕM )|T� . We similarly obtain the expression of
(ϕN )|T� ; therefore, (17) is established.

On T�
1 , we immediately obtain (ϕN )|T�

1
= 0. The expression of ϕM is obtained in a similar way to the

previous case, thus yielding (18). Finally, on T�
2 , we similarly obtain ϕM while ϕN is obtained by decomposing

it in the barycentric basis:

(ϕN )|T�
2

= aλ1 + bλ2 + cλ3, a, b, c ∈ R.

From ϕN (A3) = 0, we obtain c = 0. Moreover, we have ϕN (M) = aλ1(M) + bλ2(M) = 0 and ϕN (N) =
aλ1(N) = 1. Using next

λ1(M) =
|A2M |
|F3|

, λ1(N) =
|A3N |
|F2|

, λ2(M) =
|A1M |
|F3|

,

we compute a and b and obtain the relation (19). �

4.3. Estimate of the interpolation error

We can now bound the interpolation error |Ihuh − uh|1,K,T on any cut triangle T . We begin by establishing
an auxiliary estimate. For this purpose, let α := [uh](M) and β := [uh](N), as well as

Eα :=
|T	|

|A1M |2 +
|T�

1 |
|A2M |2 +

|T�
2 |

|A1M |2 , Eβ :=
|T	|

|A1N |2 +
|T�

2 |
|A3N |2

|F3|2
|A1M |2 . (20)

Lemma 4.3. We have

|Ihuh − uh|21,K,T � kΓ(α
2Eα + β2Eβ).
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Proof. We use (16) and bound the error on each sub-triangle T̃ of T .
First, let T̃ = T	. Using kΓ = kiωi and 0 < ωi < 1 for i = 1, 2, we obtain

|Ihuh − uh,1|21,K,T� ≤ kΓ|W	
h |21,T�

where W	
h belongs to P 1(T	) and satisfies W	

h (M) = −α, W	
h (N) = −β, and W	

h (A1) = 0. Hence, W	
h =

−αϕM − βϕN . From (17), combined with the relations,

|λj |21,T� =
|T	|
|T | |λj |21,T , |λj |1,T � 1 (1 ≤ j ≤ 3), |T | ≈ h2

T (21)

and |Fj | ≤ hT (1 ≤ j ≤ 3), we obtain the following bound:

|Ihuh − uh,1|21,K,T� � kΓ

(
α2 |T	|

|A1M |2 + β2 |T	|
|A1N |2

)
. (22)

Next, let T̃ = T�
1 . Similarly, one has |Ihuh − uh,2|21,K,T�

1

≤ kΓ|W 1
h |21,T�

1

, whereW 1
h ∈ P 1(T�

1 ) and now satisfies

W 1
h (M) = α, W 1

h (A2) = W 1
h (A3) = 0. Hence, W 1

h = αϕM and from (18) and (21) we obtain

|Ihuh − uh,2|21,K,T�
1

� kΓα
2 |T�

1 |
|A2M |2 . (23)

Finally, for T̃ = T�
2 , we similarly have

|Ihuh − uh,2|21,K,T�
2

≤ kΓ|W 2
h |21,T�

2

where W 2
h ∈ P 1(T�

2 ) with W 2
h (M) = α, W 1

h (N) = β and W 2
h (A3) = 0, which yields W 2

h = αϕM + βϕN .
From (19), we obtain

|W 2
h |21,T�

2
� α2 |F3|2

|A1M |2
|T�

2 |
|T | |λ2|21,T + β2 |F2|2

|A3N |2
|T�

2 |
|T |

(
|λ1|21,T +

|A2M |2
|A1M |2 |λ2|21,T

)
.

Using again (21), we obtain the following inequality:

|F2|2
|A3N |2

|T�
2 |

|T |

(
|λ1|21,T +

|A2M |2
|A1M |2 |λ2|21,T

)
� |T�

2 |
|A3N |2

(
1 +

|A2M |2
|A1M |2

)
� |T�

2 |
|A3N |2

|F3|2
|A1M |2 .

Hence, we finally deduce that

|Ihuh − uh,2|21,K,T�
2

� kΓ

(
α2 |T�

2 |
|A1M |2 + β2 |T�

2 |
|A3N |2

|F3|2
|A1M |2

)
. (24)

Gathering together the estimates (22)–(24) in (16) ends the proof. �

The next step consists of bounding the terms Eα and Eβ in the best possible way with respect to the geometry
of the cut cell T . A first estimate is given in the following lemma, based on equivalent expressions of these terms.

Lemma 4.4. We have

Eα =
|T |

|A1M ||A2M | , Eβ ≤ |T |
|A1N ||A3N | +

|T |
|F2||A1M |

|A2M |
|A3N | .
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Proof. We start by developing the expressions of Eα and Eβ introduced in (20). For this purpose, it is useful
to note that

|T	|
|T | =

|A1M ||A1N |
|F3||F2|

,
|T�

1 |
|T | =

|A2M |
|F3|

,
|T�

2 |
|T | = 1− |T�

1 |
|T | − |T	|

|T | .

Using |A1N |+ |A3N | = |F2| and |A1M |+ |A2M | = |F3|, we further obtain

|T�
2 |

|T | =
|A1M |
|F3|

(
1− |A1N |

|F2|

)
=

|A1M |
|F3|

|A3N |
|F2|

.

Substituting |T	|, |T�
1 |, and |T�

2 | from the previous relations in (20), we obtain after some straightforward
computation:

Eα = |T |
(

1

|A1M ||F3|
+

1

|A2M ||F3|

)
=

|T |
|A1M ||MA2|

,

Eβ =
|T |
|F2|

(
|A1M |

|A1N ||F3|
+

|F3|
|A1M ||A3N |

)
.

In the expression of Eβ , we next use |A1M | ≤ |F3| and substitute |F3| = |A1M |+ |A2M | to obtain

Eβ ≤ |T |
|F2|

(
1

|A1N | +
1

|A3N | +
|A2M |

|A1M ||A3N |

)
=

|T |
|A1N ||A3N | +

|T |
|F2||A1M |

|A2M |
|A3N | .

This ends the lemma’s proof. �

Next, we bound Eα and Eβ by a simpler expression.

Lemma 4.5. We have

Eα ≤ hT

hmin
T

, Eβ � hT

hmin
T

.

Proof. Since |A1M |+ |A2M | = |F3|, we have

|A1M ||A2M | ≥ min{|A1M |, |A2M |} |F3|
2

.

Therefore, from Lemma 4.4 we immediately deduce the bound for Eα:

Eα ≤ 2|T |
hmin
T |F3|

≤ hT

hmin
T

,

recalling that hmin
T = min{|A1M |, |A2M |, |A1N |, |A3N |}. Using now |A1N |+ |A3N | = |F2|, we similarly obtain

Eβ ≤ hT

hmin
T

+
|T |

|F2|hmin
T

|A2M |
|A3N | ≤ hT

hmin
T

+
2hT

hmin
T

|A2M |
|A3N | .

Our initial choice of cutting T� into two sub-triangles ensures that |A2M |/|A3N | is bounded (otherwise, it
suffices to change the roles between M and N). Therefore, we also obtain Eβ � hT /h

min
T , which concludes the

proof. �

Remark 1. Lemma 4.5 remains unchanged in the case where T is cut by Γ at one of its vertices—let us say
A3 = N—into two sub-triangles. One can then choose either of the sub-triangles as TΔ, let us say TΔ = A1A3M .
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Then, we have ϕN = λ3, (ϕM )|TΔ = |F3|
|A1M |λ2, and (ϕM )|T� = |F3|

|A2M |λ1. The proofs of Lemmas 4.3–4.5 follow

the same idea as in the quadrilateral case, although they are simpler. We thus obtain

Eα = 1, Eβ =
|T	|

|A1M |2 +
|T�|

|A2M |2 ≤ hT

2

(
1

|A1M | +
1

|A2M |

)
=

hT |F3|
2|A1M ||A2M | ≤

hT

hmin
T

.

We can now establish the interpolation error estimate in a cut cell.

Lemma 4.6. Let T ∈ T Γ
h . Then, one has |Ihuh − uh|1,K,T � η̃T .

Proof. Lemmas 4.3 and 4.5 yield

|Ihuh − uh|21,K,T � hT kΓ
hmin
T

(α2 + β2) � hT kΓ
hmin
T |ΓT |

‖[uh]‖2ΓT
= η̃2T ,

which is the desired result. �

By summing the estimate of Lemma 4.6 over the cut cells, we immediately obtain from (13) the next bound.

Lemma 4.7. We have inf
v∈H1

0 (Ω)
|v − uh|1,K,h � ηΓ.

Finally, thanks to Lemmas 4.1 and 4.7, we deduce the reliability bound.

Theorem 4.8 (Reliability). There exists a constant C > 0 independent of the mesh, the coefficients, and the
interface such that

|u− uh|1,K,h ≤ η + C (ηΓ + ε(Ω)) . (25)

This theorem shows that the weighted H1 semi-norm of the error is bounded by the global estimator η + ηΓ
plus the higher-order term ε(Ω), with a reliability constant that is independent of the mesh size, the diffusion
coefficients, and the mesh/interface configuration. In addition, the constant in front of the main estimator η is
equal to 1, as expected.

Remark 2. The price to pay to obtain a reliability constant independent of the mesh/interface geometry was
to weight the estimator η̃T on a cut triangle by

√
hT /
√

hmin
T , which arises from our definition of Ih. Although

this factor may become unbounded, it does not seem to influence the estimator’s behavior in the numerical
tests. If one is able to construct a continuous interpolation Ihuh of uh, for which the interpolation error is fully
robust with respect to the mesh/interface configuration, then the factor

√
hT /
√

hmin
T would disappear.

5. Properties of a piecewise Raviart–Thomas space on the cut cells

To establish the local efficiency of ηT = ‖K−1/2(σh −K∇huh)‖T on a cut triangle T ∈ T Γ
h , we first need

some properties of the finite element space to which σh −K∇huh belongs. Note that although σh belongs to the
immersed Raviart–Thomas space IRT 0(T ), σh −K∇huh is only piecewise RT 0 on a cut triangle T , that is, its
restriction to each part T i = T ∩ Ωi belongs to RT 0; this is due to the discontinuity of the diffusion coefficients
K and of the approximate solution uh.

In this section, we provide some properties of this space in relation to the immersed one. In particular, we
construct and bound specific shape functions, which will be used in Section 7 to decompose σh −K∇huh.
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5.1. Auxiliary results

We recall (cf. [20]) the shape functions of the standard Raviart–Thomas space RT 0(T ) on a triangle T of
nodes (Aj)1≤j≤3. The basis function ΛT,j , associated to the edge Fj opposite to Aj , satisfies

ΛT,j(x) =
|Fj |
2|T |

−→
Ajx, |ΛT,j(x)| � 1, ‖ΛT,j‖T � hT (1 ≤ j ≤ 3). (26)

The local Raviart–Thomas interpolation operator is denoted by IT .
On a cut triangle T ∈ T Γ

h , we agree to denote by n	
Γ the unit normal vector to Γ pointing from T	 to T� and

by t	Γ the unit tangent vector oriented by a 90◦ clockwise rotation of n	
Γ . We consider the following functions

ω and ρ on T :

ω =

{
t	Γ in T	

0 in T� , ρ =

{
n	
Γ in T	

0 in T�.
(27)

The function ω was already introduced in [16], where it was used to prove the unisolvency of IRT 0(T ). It
was also shown to satisfy the following bound:

0 ≤ (ITω · t	Γ )(x) ≤ 1, ∀x ∈ T. (28)

Remark 3. The bound (28) was established in [16] under the assumption that the cut triangle T is acute. In
fact, this assumption is not necessary, as explained below. From Lemma 4.2 of [16] we have, with the notation
of Figure 1(b),

∀x ∈ T, (ITω · t	Γ )(x) =
1

2|T | (
−→

A3A2 · t	Γ )(
−→
A1M · n	

Γ ).

Using next
−→
A1M · n	

Γ = |A1M | sin(Â1MN) = |A1H
′| (with A1H

′ the height of �A1MN),
−→

A3A2 · t	Γ =

|A3A2| cos γ (with γ the non-oriented angle between
−→
NM and

−→
A3A2), and 2|T | = |A3A2||A1H| (with A1H the

height of �A1A2A3), we obtain

∀x ∈ T, (ITω · t	Γ )(x) =
|A1H

′|
|A1H| cos γ.

Furthermore, we have |A1H
′| ≤ |A1P | ≤ |A1H| and 0 ≤ γ ≤ π

2 , which yields (28).

We can easily prove a similar estimate for the new function ρ, which is

|(IT ρ · t	Γ )(x)| � 1 ∀x ∈ T. (29)

Indeed, thanks to |ΛT,j(x)| � 1 and |ρ(x)| ≤ 1 for all x ∈ T , we obtain

|(IT ρ)(x) · t	Γ | ≤
3∑

j=1

|NT,j(ρ)||ΛT,j(x)| �
3∑

j=1

1

|Fj |

∫
Fj

|ρ · nT |ds � 1.

Next, we consider the following functions on the cut triangle T :

φt = ω − ITω, φn = ρ− IT ρ, (30)

which are clearly piecewise RT 0 and satisfy NT,j(φt) = NT,j(φn) = 0 for 1 ≤ j ≤ 3. They also satisfy the
following properties.
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Lemma 5.1. Let F	
j = Fj ∩ ∂T	 for j = 2, 3. We have

‖φt‖T �
3∑

j=2

|F	
j |, ‖φn‖T �

3∑
j=2

|F	
j |.

Proof. From the definitions (27) of ω and ρ, we immediately obtain

‖ρ‖2T = ‖ω‖2T = |T	| ≤ 1

2
|F	

2 ||F	
3 | ≤ 1

4

(
3∑

j=2

|F	
j |
)2

. (31)

By definition of the Raviart–Thomas interpolation operator IT , we obtain, thanks to (26),

‖IT ρ‖T � hT

3∑
j=1

|NT,j(ρ)|, ‖ITω‖T � hT

3∑
j=1

|NT,j(ω)|,

where NT,1(ρ) = NT,1(ω) = 0, and for 2 ≤ j ≤ 3, we have

|NT,j(ρ)| ≤
1

|Fj |

∫
Fj

|ρ · nT |ds =
1

|Fj |

∫
F�

j

|n	
Γ · nT |ds ≤

|F�
j |

|Fj |
,

|NT,j(ω)| ≤
1

|Fj |

∫
Fj

|ω · nT |ds =
1

|Fj |

∫
F�

j

|t	Γ · nT |ds ≤
|F�

j |
|Fj |

.

Hence, we end up with ‖ITω‖T �
∑3

j=2 |F
	
j | and ‖IT ρ‖T �

∑3
j=2 |F

	
j |, which, together with (30) and (31),

yield the result. �

It is useful to recall that div(φt) and div(φn) are constant on each T i (1 ≤ i ≤ 2) and that [φt · nΓ] and
[φn · nΓ] are constant on ΓT , thanks to the properties of the Raviart–Thomas space RT 0; we also recall that
xΓ is the arbitrary point of ΓT considered in the definition of IRT 0(T ), cf. Section 3.

Lemma 5.2. Let T ∈ T Γ
h . We have

div(φt|T 1) = div(φt|T 2), [φt · nΓ] = 0, [φt · tΓ](xΓ) = 1,

div(φn|T 1) = div(φn|T 2), [φn · nΓ] = 1, [φn · tΓ](xΓ) = 0.

Proof. The relations concerning φt were already established in [16]. The proof for φn is similar. Since div(IT ρ)
is constant on T and ρ is piecewise constant, we obtain the first equality. Then, using that IT ρ is continuous
across ΓT and that nΔ

Γ · tΓ = 0, we obtain the last equality on ΓT , and in particular at the point xΓ. Considering
then the cases TΔ = T 1 and TΔ = T 2, we also obtain the second relation: [φn · nΓ] = [ρ · nΓ] = (nΔ

Γ · nΓ)
2 = 1

on ΓT . �

Thus, φt and φn belong to the following subspace of RT 0(T 1)×RT 0(T 2):

E(T ) :=
{
τ = (τ1, τ2) ∈ RT 0(T 1)×RT 0(T 2); divτ1 = divτ2

}
.

To conclude this subsection, let us introduce the linear operator RT : E(T ) −→ R
5,

RT (τ1, τ2) =

⎛
⎝(∫

Fj

τ · nT ds

)
1≤j≤3

, [τ · nΓ], [K
−1τ · tΓ](xΓ)

⎞
⎠ .
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Lemma 5.3. The operator RT is bijective.

Proof. Since dim E(T ) = 5, it is sufficient to prove that RT is injective. Let τ = (τ1, τ2) ∈ E(T ) such that
RT (τ1, τ2) = 0, that is,

τ|T i ∈ RT 0(T i), div(τ)|T 1 = div(τ)|T 2 , [τ · nΓ] = 0, [K−1τ · tΓ](xΓ) = 0,

and NT,j(τ) = 0 for 1 ≤ j ≤ 3. However, this implies that τ ∈ IRT 0(T ) and the unisolvency of this space
immediately yields that τ = 0, whence the result. �

5.2. Construction of specific shape functions

Since RT is bijective, there exist unique functions Λn and Λt in E(T ) such that

RT (Λn) = (0, 0, 0, 1, 0), RT (Λt) = (0, 0, 0, 0, 1). (32)

In other words, Λn and Λt belong to E(T ) and satisfy NT,j(Λt) = NT,j(Λn) = 0 for 1 ≤ j ≤ 3, as well as

⎧⎪⎪⎨
⎪⎪⎩
Λn|T i ∈ RT 0(T i), i = 1, 2
div(Λn|T 1) = div(Λn|T 2)
[Λn · nΓ] = 1
[K−1Λn · tΓ](xΓ) = 0

,

⎧⎪⎪⎨
⎪⎪⎩
Λt|T i ∈ RT 0(T i), i = 1, 2
div(Λt|T 1) = div(Λt|T 2)
[Λt · nΓ] = 0
[K−1Λt · tΓ](xΓ) = 1

. (33)

In the sequel, we express Λn and Λt in terms of the functions φn and φt previously introduced in (30). The
only difference between φn, φt and Λn, Λt is the presence of the diffusion coefficient K in the jump of the
tangential trace.

Lemma 5.4. Let k	 := k|T� and k� := k|T� . We have

Λn = αnφt + φn, Λt = βtφt, (34)

where

αn =

(
1− k�

k�

)
(IT ρ · t	Γ )(xΓ)

A
, βt =

k	
A

, A = 1−
(
1− k	

k�

)
(ITω · tΔΓ )(xΓ). (35)

Proof. Since we already have the existence and uniqueness of Λn and Λt, we can start from (34) and show
that we can uniquely determine the constants αn and βt such that Λn and Λt thus defined satisfy the desired
properties (33). Thanks to the properties of φn and φt stated in Lemma 5.2, we clearly have Λn, Λt ∈ E(T ),
and

NT,j(Λn) = NT,j(Λt) = 0 (1 ≤ j ≤ 3), [Λn · nΓ] = 1, [Λt · nΓ] = 0.

Next, we look for αn and βt such that [K−1Λn · tΓ](xΓ) = 0 and [K−1Λt · tΓ](xΓ) = 1. We first impose

0 = [K−1Λn · tΓ](xΓ) = αn[K
−1φt · tΓ](xΓ) + [K−1φn · tΓ](xΓ). (36)

A simple computation yields

[K−1φt · tΓ](xΓ) = (K−1ω · tΓ)|T 1(xΓ)− (K−1ω · tΓ)|T 2(xΓ)− [K−1](ITω · tΓ)(xΓ),

[K−1φn · tΓ](xΓ) = −[K−1](IT ρ · tΓ)(xΓ).
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Next, we distinguish between two cases, depending on which subdomain contains T	. We define the jump with
respect to n	

Γ by [w]	 = nΓ · n	
Γ [w]. If T	 = T 1, then tΓ = t	Γ , [K−1] = [K−1]	 = k−1

	 − k−1
� , and the previous

relations become

[K−1φt · tΓ] = k−1
	 − [K−1]	ITω · t	Γ , [K−1φn · tΓ] = −[K−1]	IT ρ · t	Γ . (37)

If T	 = T 2, then tΓ = −t	Γ , [K−1] = −[K−1]	, and we obtain the same formulae (37). From (36) and (37), we
obtain

αn

(
1− (1− k	

k�
)(ITω · tΔΓ )(xΓ)

)
= (1− k	

k�
)(IT ρ · tΔΓ )(xΓ),

which yields the desired formula (35) for αn, provided the denominator A does not vanish.
We next show that A indeed has a strictly positive lower bound, thanks to (28). If k	 ≥ k�, then using

1− k�
k�

≤ 0 and (ITω · t	Γ )(xΓ) ≥ 0, we obtain A ≥ 1. If k	 < k�, then we use 1− k�
k�

> 0 and (ITω · t	Γ )(xΓ) ≤
1 to obtain A ≥ 1−

(
1− k�

k�

)
=

k�
k�

.

Finally, let us focus on the coefficient βt. Similarly to (36), we now impose that

1 = [K−1Λt · tΓ](xΓ) = βt[K
−1φt · tΓ](xΓ),

which, thanks to the first equality of (37), translates into βtA = k	, and thus yields the announced result. �

5.3. Bounds of the specific shape functions

It is useful to bound the L2-norm of Λn and Λt to subsequently bound the a posteriori error estimator ηT .

Lemma 5.5. We have

‖Λn‖T � kmax

kmin

3∑
j=2

|F	
j |, ‖Λt‖T � kmax

3∑
j=2

|F	
j |.

Proof. From Lemma 5.4, we have, on the one hand,

‖Λn‖T ≤ |αn|‖φt‖T + ‖φn‖T , ‖Λt‖T ≤ |βt|‖φt‖T . (38)

On the other hand, we have also shown in the proof of Lemma 5.4 that A ≥ min
{
1,

k�
k�

}
, which allows us to

bound αn and βt in the sequel from their expressions given in (35). If kmax = k	, then using (29) and A ≥ 1,
we obtain

|αn| �
∣∣∣∣1− kmax

kmin

∣∣∣∣ � kmax

kmin
, 0 < βt ≤ kmax, (39)

whereas if kmax = k�, we obtain, using again (29) and A ≥ k�
k�

, the same bound as above. In conclusion, αn

and βt satisfy (39).
Thanks to Lemma 5.1 and (38), we can write

‖Λn‖T � (|αn|+ 1)

3∑
j=2

|F	
j |, ‖Λt‖T � |βt|

3∑
j=2

|F	
j |

which combined with (39) ends the proof. �
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Remark 4. In the case where the triangle T ∈ T Γ
h is cut by one of its vertices into two sub-triangles, one may

choose either of the two sub-triangles as TΔ. The only changes in Section 5 occur in the sum
∑3

j=2 |FΔ
j |, which

is now replaced by the portion of the cut edge contained in ∂TΔ, denoted |FΔ|.

6. Decomposition of the flux correction in the cut cells

In this section, we write σh −K∇huh on a cut cell T in terms of the shape functions Λn and Λt, in view of
its further estimation in the next section.

First, we introduce ϕ0 ∈ RT 0(T ) uniquely defined by the conditions:

NT,j(ϕ0) = NT,j(σh −K∇huh) =
1

|Fj |

∫
Fj

(σh −K∇huh) · nT ds, 1 ≤ j ≤ 3. (40)

Furthermore, since σh ∈ IRT 0(T ) and divϕ0 ∈ P 0(T ), one has

div(σh − k1∇uh,1 − ϕ0)|T 1 = div(σh − k2∇uh,2 − ϕ0)|T 2 .

Thus, (σh −K∇huh − ϕ0) ∈ E(T ). Moreover, by definition of ϕ0, one also has∫
Fj

(σh −K∇huh − ϕ0) · nT ds = 0, 1 ≤ j ≤ 3.

It follows that there exist Cn, Ct ∈ R such that RT (σh −K∇huh − ϕ0) = (0, 0, 0, Cn, Ct). Since RT is bijective
according to Lemma 5.3, the previous relation combined with (32) yields the following decomposition on T :

σh −K∇huh = ϕ0 + CnΛn + CtΛt. (41)

By writing

[(σh −K∇huh) · nΓ] = [ϕ0 · nΓ] + Cn[Λn · nΓ] + Ct[Λt · nΓ],

[K−1(σh −K∇huh) · tΓ] = [K−1]ϕ0 · tΓ + Cn[K
−1Λn · tΓ] + Ct[K

−1Λt · tΓ]

and using the properties of ϕ0, Λn, Λt, and σh, we can compute these constants as follows:

Cn = −[K∇huh · nΓ], Ct = −[K−1]ϕ0 · tΓ(xΓ)− [∇uh · tΓ](xΓ). (42)

In the sequel, we are interested in bounding ‖ϕ0‖T , |Cn|, and |Ct|. Clearly, from (26) we have

‖ϕ0‖T ≤
3∑

j=1

|NT,j(ϕ0)|‖ΛT,j‖T � hT

3∑
j=1

|NT,j(ϕ0)|. (43)

Thanks to the definition of the flux σh, we obtain, for any edge Fj ⊂ ∂T ,

(nT · nFj
)NT,j(ϕ0) =

1

|Fj |

(
−
nT · nFj

2

∫
Fj

ki[[∂nuh,i]] ds−
∫
Fj

kiθh,i ds

)
if Fj ∈ F i

h\FΓ
h , (44)

(nT · nFj
)NT,j(ϕ0) =

1

|Fj |

2∑
i=1

(
−
nT · nFj

2

∫
F i

j

ki[[∂nuh,i]] ds−
∫
Fj

kiθh,i ds

)
if Fj ∈ FΓ

h . (45)
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Lemma 6.1. The following bound holds true:

hT

3∑
j=1

|NT,j(ϕ0)| �
∑

T ′∈ΔT

(
hT ′‖f‖T ′ + h

1/2
T ′

2∑
i=1

‖ki[[∂nuh,i]]‖∂T ′\∂ΔT

)
+

2∑
i=1

k
1/2
i ji,ΔT

(uh,i, uh,i)
1/2

+
∑

T ′∈T Γ
h ∩ΔT

(
kmin

h
1/2
T ′

‖[uh]‖ΓT ′ + h
1/2
T ′ ‖[K∇uh · nΓ]‖ΓT ′

)
.

Proof. Let Fj be a cut edge of T . Thanks to (45), the Cauchy–Schwarz inequality, and |F i
j | ≤ |Fj |, we have

|NT,j(ϕ0)| ≤
2∑

i=1

(
1

2|Fj |1/2
‖ki[[∂nuh,i]]‖Fj

+
ki

|Fj |1/2
‖θh,i‖Fj

)
.

On a non-cut edge Fj ∈ F i
h, we obtain from (44) a similar bound as follows:

|NT,j(ϕ0)| ≤
1

2|Fj |1/2
‖ki[[∂nuh,i]]‖Fj

+
ki

|Fj |1/2
‖θh,i‖Fj

.

The previous estimates lead to

hT

3∑
j=1

|NT,j(ϕ0)| �
2∑

i=1

(h
1/2
T ‖ki[[∂nuh,i]]‖∂T + kih

1/2
T ‖θh,i‖∂T ).

Next, the relation (θh,i)|F = (θiN )|F + (θiM )|F on any edge F of vertices N,M , together with the bound of the
local multiplier θiN given in Lemma 2.1, yields

2∑
i=1

kih
1/2
T ‖θh,i‖∂T �

∑
T ′∈ΔT

(
hT ′‖f‖T ′ +

√
hT ′

2∑
i=1

‖ki[[∂nuh,i]]‖∂T ′\∂ΔT

)
+

2∑
i=1

k
1/2
i ji,ΔT

(uh,i, uh,i)
1/2

+
∑

T ′∈T Γ
h ∩ΔT

(
kΓ√
hT ′

‖[uh]‖ΓT ′ +
√

hT ′‖[K∇uh · nΓ]‖ΓT ′

)
.

Combining the two previous estimates, we obtain the announced result. �

Lemma 6.2. We have

|Cn| =
1

|ΓT |1/2
‖[K∇uh · nΓ]‖ΓT

, |Ct| � |[K−1]|
3∑

j=1

|NT,j(ϕ0)|+
1

|ΓT |3/2
‖[uh]‖ΓT

.

Proof. The first equality is obvious; it follows from (42) using that [K∇uh · nΓ] is constant on ΓT . From the
definition (42) of Ct, we obtain

|Ct| ≤ |[K−1]||ϕ0(xΓ) · tΓ|+ |[∇uh · tΓ](xΓ)|. (46)

On the one hand, we have, thanks to (26),

|ϕ0(xΓ) · tΓ| ≤
3∑

j=1

|NT,j(ϕ0)||ΛT,j(xΓ) · tΓ| �
3∑

i=1

|NT,j(ϕ0)|. (47)
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On the other hand, by means of an inverse inequality, we obtain

|[∇uh · tΓ](xΓ)|2 =
1

|ΓT |

∫
ΓT

[∇uh · tΓ]2 ds � 1

|ΓT |3
∫
ΓT

[uh]
2 ds. (48)

We obtain the announced estimate for Ct by using (47) and (48) in (46). �

7. Efficiency

In this section, we prove the local efficiency of each indicator ηT , η̃T , and ηF , with respect to the following
norm of the error:

‖vh‖2h,ΔT
=

2∑
i=1

(
ki‖∇vh,i‖2ΔT∩Ωi + ji,ΔT

(vh,i, vh,i)
)
+

∑
T∈T Γ

h ∩ΔT

∫
ΓT

kΓ
hT

[vh]
2 ds.

The main difficulty lies in the treatment of the cut elements, in particular with regard to the dependence of the
constants on the coefficients and on the mesh/interface geometry.

We begin with ηT and we bound it by the local error, with a constant CT independent of the mesh, but
dependent on the coefficients and the interface geometry and given explicitly. The proof for a cut triangle T
uses the results of Sections 5 and 6 and is quite technical; therefore, we present it in several steps.

7.1. Bound of ηT by the residuals

The first step consists of bounding the local estimator ηT by a residual-type estimator, for any T ∈ Th.

Lemma 7.1. If T ∈ T i
h\T Γ

h (i = 1, 2), we have

ηT �
∑

T ′∈ΔT

(
hT ′

k
1/2
i

‖f‖T ′ + h
1/2
T ′ k

1/2
i (‖[[∂nuh,i]]‖∂T ′\∂ΔT

+ ‖[[∂nuh,i]]‖∂T ′∩Fi
g
)

)
, (49)

whereas if T ∈ T Γ
h , then

ηT � kmax

kmin

∑
T ′∈ΔT

(
hT ′

k
1/2
min

‖f‖T ′ +
h
1/2
T ′

k
1/2
min

2∑
i=1

‖ki[[∂nuh,i]]‖∂T ′\∂ΔT

)
+

k
3/2
max

k
3/2
min

2∑
i=1

ji,ΔT
(uh,i, uh,i)

1/2

+
kmax

kmin

∑
T ′∈T Γ

h ∩ΔT

(
k
1/2
min

|ΓT ′ |1/2 ‖[uh]‖ΓT ′ +
h
1/2
T ′

k
1/2
min

‖[K∇uh · n]‖ΓT ′

)
. (50)

Proof. The proof for a non-cut triangle is similar to the one given in Lemma 6.2 of [8], since σh − ki∇uh,i ∈
RT 0(T ). In our setting, the Dirichlet condition on ∂Ω is imposed strongly, the diffusion coefficient is constant
on each Ωi, and we use linear finite elements, which simplifies the estimate of ηT given in [8]. In comparison to
[8], we have an additional term on F i

g in the right-hand side of (49). This term arises from the bound of θh,i
given in Lemma 2.1 and accounts for the ghost penalization, which was not present in [8].

So in the sequel, we only treat the case T ∈ T Γ
h . We have, thanks to (41) and to the triangle inequality,

‖σh −K∇huh‖T ≤ ‖ϕ0‖T + |Cn|‖Λn‖T + |Ct|‖Λt‖T .
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From (43) and Lemmas 5.5 and 6.2, we obtain the following bound:

‖σh −K∇huh‖T � hT

3∑
j=1

|NT,j(ϕ0)|+
kmax

kmin

(
3∑

j=2

|F	
j |
)
|ΓT |−1/2‖[K∇uh · nΓ]‖ΓT

+ kmax

(
3∑

j=2

|F	
j |
)(

|[K−1]|
3∑

j=1

|NT,j(ϕ0)|+ |ΓT |−3/2‖[uh]‖ΓT

)
.

Using kmax|[K−1]| = kmax

kmin
− 1 and |F	

j | ≤ hT , we next obtain

‖σh −K∇huh‖T � kmax

kmin

(
hT

3∑
j=1

|NT,j(ϕ0)|+
(

3∑
j=2

|F	
j |
)
|ΓT |−1/2‖[K∇uh · nΓ]‖ΓT

+ kmin

(
3∑

j=2

|F	
j |
)
|ΓT |−3/2‖[uh]‖ΓT

)
.

Note that
∑3

j=2 |F
	
j | � |ΓT |, even in the worst cut case where |ΓT | is small, since then

∑3
j=2 |F

	
j | is of the

same size as |ΓT |. Using in addition |F	
j | ≤ hT and |ΓT | ≤ hT , we further obtain

ηT ≤ 1

k
1/2
min

‖σh −K∇huh‖T � kmax

kmin

(
hT

k
1/2
min

3∑
j=1

|NT,j(ϕ0)|+
h
1/2
T

k
1/2
min

‖[K∇uh · nΓ]‖ΓT
+

k
1/2
min

|ΓT |1/2
‖[uh]‖ΓT

)
.

We next apply Lemma 6.1; by using h
−1/2
T ≤ |ΓT |−1/2 in front of [uh], we obtain (50) which ends the proof. �

Remark 5. The proof of Lemma 7.1 remains valid if T ∈ T Γ
h is cut by one of its vertices into two sub-triangles.

In this case,
∑3

j=2 |FΔ
j | is replaced by |FΔ|, where FΔ is the portion of the cut edge contained in ∂TΔ (cf.

Remark 4) and we still have |FΔ| � |ΓT |.

7.2. Bound of the residuals by the local error

The second step consists of bounding the residual terms on the right-hand side of (49) and (50) by the error
for any T ∈ Th. First, let us note that, thanks to the triangle inequality

‖f‖T ≤ ‖fh‖T + ‖f − fh‖T ,

it is sufficient to bound ‖fh‖T instead of ‖f‖T , the last term being contained in ε(T ). The definitions of fh and
ε(T ) can be found in Section 3.

We begin by treating the jump of the normal trace across an edge F of T ′ ∈ ΔT .

Lemma 7.2. For T ∈ T i
h\T Γ

h (1 ≤ i ≤ 2), one has

ηT � |u− uh,i|1,K,ΔT
+ ji,ΔT

(uh,i, uh,i)
1/2 + ε(ΔT ) +

∑
T ′∈ΔT

hT ′

k
1/2
i

‖fh‖T ′ , (51)

whereas for T ∈ T Γ
h , one has

ηT � k
3/2
max

k
3/2
min

(|u− uh|1,K,ΔT
+

2∑
i=1

ji,ΔT
(uh,i, uh,i)

1/2) +
kmax

k
3/2
min

∑
T ′∈ΔT

hT ′‖fh‖T ′
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+
kmax

kmin

∑
T ′∈T Γ

h ∩ΔT

(
k
1/2
min

|ΓT ′ |1/2 ‖[uh]‖ΓT ′ +
h
1/2
T ′

k
1/2
min

‖[K∇uh · n]‖ΓT ′

)
+

k
3/2
max

k
3/2
min

ε(ΔT ). (52)

Proof. Assume first T ∈ T i
h\T Γ

h . Let T ′ ∈ ΔT and F ⊂ ∂T ′. Thanks to the shape regularity of the triangle T ′,

we have hT ′ � hF . If F ∈ F i
g, then the term h

1/2
T ′ k

1/2
i ‖[[∂nuh,i]]‖F is easily bounded by the ghost-penalty term

ji(uh,i, uh,i)
1/2 restricted to F . Otherwise, we have T+

F ∪ T−
F ⊂ Ωi and the well-known Verfürth argument (see,

for instance, Proposition 4.2. of [21]) yields

h
1/2
T ′ k

1/2
i ‖[[∂nuh,i]]‖F � |u− uh,i|1,K,T+

F ∪T−
F
+ ε(T+

F ∪ T−
F ).

By abuse of notation, we denote in the same way the set of triangles ΔT and the domain they cover. For
F ⊂ ∂T ′\∂ΔT , we also have T+

F ∪ T−
F ⊂ ΔT ; therefore, (51) follows from (49).

Assume now T ∈ T Γ
h and let again T ′ ∈ ΔT . For F ⊂ ∂T ′\∂ΔT , we bound, for i = 1, 2, the term

h
1/2
T ′ k

1/2
i ‖[[∂nuh,i]]‖F as previously, by means of Verfürth’ argument. Using furthermore that ‖ki[[∂nuh,i]]‖F ≤

k
1/2
maxk

1/2
i ‖[[∂nuh,i]]‖F , we finally obtain (52) from (50). �

Next, we focus on the term containing the data fh.

Lemma 7.3. If T ∈ T i
h\T Γ

h , then

hT ‖fh‖T � ‖ki∇(u− uh,i)‖T + hT ‖f − fh‖T ,

whereas if T ∈ T Γ
h , one has

hT ‖fh‖T �
2∑

i=1

‖ki∇(u− uh,i)‖T i + h
1/2
T ‖[K∇uh · nΓ]‖ΓT

+ hT ‖f − fh‖T .

Proof. We only treat below the case of a cut triangle, the other one being standard. Following Verfürth’s
argument (cf. [21]), we let bT = 27λ1λ2λ3 be the cubic bubble function on T and consider wT = fhbT , which
satisfies

‖fh‖2T �
∫
T

fhwT dx, ‖∇wT ‖T � h−1
T ‖wT ‖T � h−1

T ‖fh‖T . (53)

We start with

‖fh‖2T �
∫
T

fwT dx+

∫
T

(fh − f)wT dx �
∫
T

fwT dx+ ‖f − fh‖T ‖fh‖T .

Since ki∇uh,i is piecewise constant on Ωi
h for i = 1, 2, it follows that div(ki∇uh,i)|T i = 0. Using also wT |∂T = 0,

we obtain, by integrating by parts on each T i = T ∩ Ωi,

∫
T

fwT dx = −
2∑

i=1

∫
T i

div(ki∇(u− uh,i))wT dx

=

2∑
i=1

∫
T i

ki∇(u− uh,i) · ∇wT dx−
∫
ΓT

[K∇(u− uh) · nΓ]wT ds

� ‖∇wT ‖T

(
2∑

i=1

‖ki∇(u− uh,i)‖T i

)
+ ‖wT ‖ΓT

‖[K∇(u− uh) · nΓ]‖ΓT
.
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From the trace inequality (3) and the properties (53) of wT , it follows that

‖wT ‖ΓT
� 1

h
1/2
T

‖wT ‖T + h
1/2
T ‖∇wT ‖T � h

−1/2
T ‖fh‖T ,

which finally implies, thanks to [K∇u · nΓ] = 0, that

‖fh‖T � h−1
T

2∑
i=1

‖ki∇(u− uh,i)‖T i + h
−1/2
T ‖[K∇uh · nΓ]‖ΓT

+ ‖f − fh‖T .

Multiplying the previous inequality by hT yields the announced result. �

Finally, we are interested in bounding the term ‖[K∇uh · nΓ]‖ΓT
. For theoretical reasons only, to obtain the

best constant, we make the following assumption.

Assumption 1. For any T ∈ T Γ
h , there exist closed, regular-shaped triangles T̃ 1 ⊂ Ω1, T̃ 2 ⊂ Ω2 such that they

have ΓT as a common side: T̃ 1 ∩ T̃ 2 = ΓT .

Since |ΓT | ≤ hT , we can moreover suppose, without loss of generality, that T̃ i are included in the neighborhood
of T consisting of the triangles sharing an edge with T .

Remark 6. The particular situation where Assumption 1 might not hold is discussed in [15], p. 156. It leads

to a similar estimate, with an efficiency constant multiplied by k
1/2
max/k

1/2
min. However, we have not noticed any

influence of Assumption 1 in the numerical experiments, see [9].

Lemma 7.4. Under Assumption 1, we have for any T ∈ T Γ
h :

h
1/2
T ‖[K∇uh · nΓ]‖ΓT

�
2∑

i=1

(
h
1/2
T k

1/2
i

|ΓT |1/2
‖k1/2i ∇(uh,i − u)‖T̃ i + hT ‖f − fh‖T̃ i

)
+

2∑
i=1

k
1/2
i ji,ΔT

(uh,i, uh,i)
1/2.

Proof. We use a similar argument to [17] for the immersed finite element method, that is, we consider the
bubble function bΓ on ΓT , which takes the value 1 at the midpoint of ΓT and satisfies (bΓ)|∂(T̃ 1∪T̃ 2) = 0 and

(bΓ)|T̃ i ∈ P 2(T̃ i) for i = 1, 2. It is useful to note that for any regular-shaped triangle T ∗ ∈ {T̃ 1, T̃ 2}, we have

‖∇bΓ‖T∗ � 1

|ΓT |
‖bΓ‖T∗ � 1.

Let then ψΓ = [K∇uh · nΓ]bΓ, which satisfies, for T ∗ ∈ {T̃ 1, T̃ 2},

‖∇ψΓ‖T∗ � 1

|ΓT |
‖ψΓ‖T∗ � 1

|ΓT |1/2
‖[K∇uh · nΓ]‖ΓT

, (54)

‖[K∇uh · nΓ]‖2ΓT
�
∣∣∣∣
∫
ΓT

[K∇uh · nΓ]ψΓ ds

∣∣∣∣. (55)

Using the continuity of K∇u · nΓ across Γ and integrating by parts on each T̃ i, we obtain, since
(ψΓ)|(∂T̃ i\ΓT ) = 0,

∫
ΓT

[K∇uh · nΓ]ψΓ ds =

2∑
i=1

⎛
⎝∫

T̃ i

ki∇(uh,i − u) · ∇ψΓ dx+

∫
T̃ i

fψΓ dx−
∑

F∗∈F(T̃ i)

∫
F∗

ki[[∂n(uh,i − u)]]ψΓ ds

⎞
⎠,
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where the set F(T̃ i) contains the possible intersections of the sides of F i
h with T̃ i. Using next the Cauchy–Schwarz

inequality, we obtain

∣∣∣∣
∫
ΓT

[K∇uh · nΓ]ψΓ ds

∣∣∣∣ ≤
2∑

i=1

(‖ki∇(uh,i − u)‖T̃ i‖∇ψΓ‖T̃ i + ‖f‖T̃ i‖ψΓ‖T̃ i)

+

2∑
i=1

∑
F∗∈F(T̃ i)

‖ki[[∂nuh,i]]‖F∗‖ψΓ‖F∗ . (56)

Let F ∗ ∈ F(T̃ i). We next apply the trace inequality (3) to the discrete function ψΓ on the triangle T̃ i

cut by F ∗; using also an inverse inequality and the fact that T̃ i is a regular triangle of size |ΓT |, we obtain
‖ψΓ‖F∗ � |ΓT |−1/2‖ψΓ‖T̃ i . Together with the properties (54) and (55) of ψΓ, inequality (56) yields

‖[K∇uh · nΓ]‖ΓT
�

2∑
i=1

⎛
⎝ k

1/2
i

|ΓT |1/2
‖k1/2i ∇(uh,i − u)‖T̃ i + |ΓT |1/2‖f‖T̃ i +

∑
F∗∈F(T̃ i)

‖ki[[∂nuh,i]]‖F∗

⎞
⎠ . (57)

Thanks to Verfürth’s argument with the cubic bubble function on the triangle T̃ i (of size |ΓT |), we have, as
in Lemma 7.3, the following estimate:

‖fh‖T̃ i � 1

|ΓT |
‖ki∇(uh,i − u)‖T̃ i +

1

|ΓT |1/2
∑

F∗∈F(T̃ i)

‖ki[[∂nuh,i]]‖F∗ + ‖f − fh‖T̃ i , i = 1, 2.

Using also the triangle inequality and |ΓT | ≤ hT , we finally obtain, for i = 1, 2,

|ΓT |1/2‖f‖T̃ i � k
1/2
i

|ΓT |1/2
‖k1/2i ∇(uh,i − u)‖T̃ i +

∑
F∗∈F(T̃ i)

‖ki[[∂nuh,i]]‖F∗ + h
1/2
T ‖f − fh‖T̃ i . (58)

In addition, we note that for i = 1, 2, any F ∗ ∈ Fh(T̃
i) is included in a side of F i

g ∩ FT ′ for a triangle T ′ ∈ ΔT .
Together with hT � hF , this gives

∑
F∗∈F(T̃ i)

‖ki[[∂nuh,i]]‖F∗ �
∑

T ′∈ΔT

∑
F∈Fi

g∩FT ′

‖ki[[∂nuh,i]]‖F � k
1/2
i

h
1/2
T

ji,ΔT
(uh,i, uh,i)

1/2. (59)

We conclude using (58) and (59) in (57) and multiplying by h
1/2
T . �

7.3. Final bound of ηT

We now give the main result of this section, which ascertains the local efficiency of the error estimator ηT .

Theorem 7.5. Under Assumption 1, for any T ∈ Th there exists a positive constant CT such that

∀T ∈ Th, ηT � CT (‖u− uh‖h,ΔT
+ ε(ΔT )) ,

with CT = 1 if T ∈ Th\T Γ
h and CT = maxT ′∈ΔT∩T Γ

h

h
1/2

T ′
|ΓT ′ |1/2

k3/2
max

k
3/2
min

if T ∈ T Γ
h .

Proof. It is sufficient to gather the results that we have proved so far in order to bound ηT . The estimate for a
non-cut triangle is obvious; it follows from (51) combined with the first estimate of Lemma 7.3. Therefore, we
assume next that T ∈ T Γ

h .
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Thanks to Lemma 7.4, we can improve the second estimate of Lemma 7.3:

hT

k
1/2
min

‖fh‖T � hT

k
1/2
min

(‖f − fh‖T + ‖f − fh‖T̃ 1∪T̃ 2)

+
k
1/2
max

k
1/2
min

2∑
i=1

(
|u− uh,i|1,K,T i +

h
1/2
T

|ΓT |1/2
|u− uh,i|1,K,T̃ i + ji,ΔT

(uh,i, uh,i)
1/2

)
.

We use this estimate on any cut triangle T ′ ∈ T Γ
h ∩ΔT , as well as Lemma 7.4 in inequality (52). With hT ′ ≥

|ΓT ′ |, we finally obtain

ηT � k
3/2
max

k
3/2
min

(
max

T ′∈ΔT∩T Γ
h

h
1/2
T ′

|ΓT ′ |1/2 |u− uh|1,K,ΔT
+

2∑
i=1

ji,ΔT
(uh,i, uh,i)

1/2 + ε(ΔT )

)

+
kmax

kmin

∑
T ′∈T Γ

h ∩ΔT

h
1/2
T ′

|ΓT ′ |1/2
k
1/2
Γ

h
1/2
T ′

‖[uh]‖ΓT ′ � CT ‖u− uh‖h,ΔT
+

k
3/2
max

k
3/2
min

ε(ΔT )

which concludes the proof. �

7.4. Bounds of η̃T and ηF

The bound of η̃T on any cut triangle T ∈ T Γ
h is immediate, since η̃T already appears in the error ‖ · ‖h,T ,

with a different scaling.

Theorem 7.6. Let T ∈ T Γ
h . There exists a positive constant C̃T such that

η̃T ≤ C̃T ‖u− uh‖h,T , with C̃T =
hT√

hmin
T |ΓT |

.

Proof. By definition, we have

η̃T =

√
hT kΓ√

hmin
T |ΓT |

‖[uh]‖ΓT
=

hT√
hmin
T |ΓT |

k
1/2
Γ

h
1/2
T

‖[uh]‖ΓT
≤ C̃T ‖u− uh‖h,T ,

which is the desired estimate. �

It remains to bound the indicator ηF on a cut edge.

Theorem 7.7. Let F ∈ FΓ
h . There exists a positive constant CF such that

ηF � CF (‖u− uh‖h,ΔF
+ ε(ΔF )) with CF = max

T∈ΔF∩T Γ
h

hT

|ΓT |
k
3/2
max

k
3/2
min

.

Proof. By the definition of ηF and the inequality ‖a+ b‖2 ≤ 2(‖a‖2 + ‖b‖2), we have

η2F =
hF

kΓ

2∑
i=1

∫
F i

[[(σh − ki∇uh,i) · nF + ki∇uh,i · nF ]]
2 ds

≤ 2hF

kΓ

2∑
i=1

(∫
F i

[[σh · nF − ki∇uh,i · nF ]]
2 ds+

∫
F i

k2i [[∂nuh,i]]
2 ds

)
.
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Using for the last integral that F i ⊂ F , we obtain

η2F ≤ 2hF

kΓ
‖[[(σh −K∇huh) · nF ]]‖2F +

2∑
i=1

2ki
kΓ

ji,ΔF
(uh,i, uh,i). (60)

Since ki/kΓ � kmax/kmin ≤ CF ≤ C2
F , we only have to bound the first term on the right-hand side of (60) to

establish the theorem.
Let {F} = ∂T+

F ∩ ∂T−
F . By the triangle inequality, it is sufficient to bound ‖(σh −K∇huh)|T · nF ‖F for any

T ∈ {T+
F , T−

F }. Using the decomposition (41) of σh −K∇huh on T , we obtain

‖(σh −K∇huh)|T · nF ‖F ≤ ‖ϕ0 · nF ‖F + |Cn|‖Λn · nF ‖F + |Ct|‖Λt · nF ‖F . (61)

For ϕ0 ∈ RT 0(T ), it is known that

√
hF ‖ϕ0 · nF ‖F � ‖ϕ0‖T ≤ hT

3∑
j=1

|NT,j(ϕ0)|, (62)

whereas from the definition (34) of Λn and Λt, together with the property (ITw) · nF = π0
F (w · nF ), we obtain

‖Λn · nF ‖F ≤ 2|αn|‖ω · nF ‖F + 2‖ρ · nF ‖F , ‖Λt · nF ‖F ≤ 2|βt|‖ρ · nF ‖F .

Thanks to the definition (27) of ω and ρ, it follows, with FΔ = F ∩ ∂TΔ, that:

‖ρ · nF ‖2F =

∫
F�

| n	
Γ · nF |2 ds ≤ |F	|, ‖ω · nF ‖2F =

∫
F�

| t	Γ · nF |2 ds ≤ |F	|.

Using the bound (39) for the coefficients αn and βt and Lemma 6.2, we end up with

|Cn|‖Λn · nF ‖F � kmax

kmin

|F	|1/2
|ΓT |1/2

‖[K∇uh · nΓ]‖ΓT
,

|Ct|‖Λt · nF ‖F � |F	|1/2kmax

(
|[K−1]|

3∑
j=1

|NT,j(ϕ0)|+
1

|ΓT |3/2
‖[uh]‖ΓT

)

� h
1/2
F

kmax

kmin

3∑
j=1

|NT,j(ϕ0)|+ kmax
|F	|1/2
|ΓT |3/2

‖[uh]‖ΓT
.

Using the previous bounds and (62) in (61), as well as |F	| � |ΓT |, we obtain

√
hF√
kΓ

‖(σh −K∇huh)|T · nF ‖F � kmax

kmin

(
hT√
kΓ

3∑
j=1

|NT,j(ϕ0)|+
√
hF√
kΓ

‖[K∇uh · nΓ]‖ΓT
+

√
hF kΓ
|ΓT |

‖[uh]‖ΓT

)
.

Thanks to Lemmas 6.1, 7.3 and 7.4, we finally deduce that

√
hF√
kΓ

‖(σh −K∇huh)|T · nF ‖F � max
T ′∈ΔT∩T Γ

h

hT ′

|ΓT ′ |
k
3/2
max

k
3/2
min

(‖u− uh‖h,ΔF
+ ε(ΔF )) .

We conclude by summing upon T ∈ {T+
F , T−

F } and by using (60). �
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Figure 2. Example 8.1. Final adapted meshes for μ = 10.

8. Numerical simulations

To illustrate the theoretical results, we present several numerical experiments. In [9], we validated both the
flux implementation and the AMR strategy based on the error indicator ηT , which is easier to implement and
computationally cheaper than η̄T := ηT + η̃T +

∑
F∈FΓ

h∩∂T ηF . In the following, we investigate the numerical

behavior of η, ηΓ, and the error under two AMR procedures, using either ηT or η̄T as local error indicators, to
justify the use of ηT in [9]. Moreover, we numerically show optimal convergence and robustness with respect to
the diffusion contrast and to the mesh/interface configuration, even in situations where the theoretical constants
may blow up. We consider three test cases.

Example 8.1 (Ellipse problem). Let Ω = [−1, 1]2 and let Γ be the ellipse centered at the origin, of equation

ρ = 1 where ρ =
√

x2

a2 + y2

b2 , with 2a the width and 2b the height of the ellipse. The exact solution of (2) with

g = 0 is given by

u(ρ) =
1

k1

√
ρ if ρ ≤ 1, u(ρ) =

1

k2

√
ρ+

1

k1
− 1

k2
if ρ > 1.

Here, we take a = π
6.18 , b = 1.5a, k1 = 1 and let k2 = μk1. For μ �= 1, the solution is merely in H

3
2−ε(Ω) for any

ε > 0 and becomes singular at the origin.

We are interested in testing the influence of the additional indicator ηΓ in the AMR procedure. We recall
that η2Γ is the sum of two contributions:

∑
F∈FΓ

h
η2F , which we denote in the sequel by η̂ and which is due to

the definition of the immersed Raviart–Thomas space on the cut edges, and
∑

T∈T Γ
h
η̃2T , which is inherent to

the CutFEM formulation and which is due to the discontinuity of uh across Γ.
The stopping AMR criterion is that the total number of degrees of freedom N is less than 25,000. We first

take μ = 10 and perform two AMR procedures, one based on the main error indicator ηT for any T ∈ Th, and
the other on the indicator η̄T = ηT + η̃T +

∑
F∈FΓ

h∩∂T ηF . Figure 2 shows the final meshes obtained with these

refinement procedures. One can observe that they are very similar and that the refinement mainly focuses near
the singularity, as expected.

We also compare the estimators η, η + η̂, and η + ηΓ. Their decay rate over the last 10 refinement iterations
is shown in Figure 3, while in Table 1 we report the values of η, η + ηΓ and the effectivity index for the final
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Figure 3. Example 8.1. Convergence rate of the error, η, η + η̂ and η + ηΓ for μ = 10.

Table 1. Example 8.1. Estimators and effectivity index: last iterations for μ = 10.

(a) AMR using only ηT (b) AMR using η̄T

N η + ηΓ η η/err N η + ηΓ η (η + ηΓ)/err

3,830 7.9× 10−2 7.5× 10−2 1.48 3,486 7.6× 10−2 7.5× 10−2 1.20
5,995 6.1× 10−2 5.9× 10−2 1.4 5,379 6.2× 10−2 6.1× 10−2 1.38
9,511 4.8× 10−2 4.6× 10−2 1.45 8,506 4.9× 10−2 4.9× 10−2 1.34

15,142 3.8× 10−2 3.7× 10−2 1.49 13,410 4.0× 10−2 4.0× 10−2 1.50
23,725 3× 10−2 2.9× 10−2 1.49 20,619 3.1× 10−2 3.1× 10−2 1.37

Figure 4. Example 8.1. AMR using ηT : estimator and error convergence (left) and final mesh
(right) for μ = 106.

iterations. One can see that the two AMR procedures yield similar results and moreover, that the additional
estimator ηΓ is quite small. We conclude that ηΓ can be neglected in the AMR, which substantially simplifies
the latter. The effectivity index, that is, the ratio between the employed global indicator and the H1 semi-norm
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Figure 5. Example 8.2. Initial and final meshes.

of the error err = ‖K1/2∇h(u− uh)‖Ω, is slightly smaller when using the indicator η̃T in the AMR. This is in
agreement with the theoretical results, since the reliability was established for η + ηΓ.

Finally, we consider a large jump in the diffusion coefficients, namely, μ = 106. Figure 4 shows the convergence
rate for both the error and the estimator η, as well as the final mesh obtained using only the indicator ηT for
adaptive refinement. Although the ratio kmax/kmin is large, and hence the (theoretical) efficiency constant CT

is large (independently of the mesh/interface cut), this does not seem to influence the estimator behavior, since
we retrieve the optimal convergence rate O(N−1/2).

Example 8.2 (Sinusoidal interface problem). We next consider an interface problem in the square domain Ω =
[−1, 1]2, with several interfaces described by the periodic level set function φ(x, y) = sin(2πx) cos(2πy)− 0.2.
Thus, Γ = {(x, y) ∈ Ω; φ(x, y) = 0}. The diffusion coefficient is as follows:

k(x, y) = 1 if φ(x, y) < 0, k(x, y) = 100 if φ(x, y) ≥ 0.

The exact solution is given by u(x, y) =
1

k(x, y)
φ(x, y) for (x, y) ∈ Ω.

In this example, we use only ηT as error indicator in AMR. The stopping criterion is that N ≤ 30,000. In
Figure 5(a) we show the initial mesh with the periodic interface, as well as two zooms near the interface, while
in Figure 5(b), the final mesh is given. As can be seen in the zooms, there are multiple bad cuts that yield
large ratios hT /

√
hmin
T |ΓT |, and consequently, large theoretical efficiency constants CT on the affected triangles.

In addition, the multiplicative factor (kmax/kmin)
3/2 in the efficiency constants CT and CF is equal to 103.

This explains the peak observed at iterations 2 and 3 in Figure 6 for the estimators η, and particularly ηΓ,
which also contains the multiplicative factor

√
hT /
√

hmin
T . Nevertheless, the estimator is able to cope with these

situations and its overall performance is not affected. As seen in Figure 6, we recover the optimal convergence
rate O(N−1/2) for both the error and the estimator η.

Example 8.3 (Non-smooth interface problem). Finally, we consider a non-smooth interface Γ, which presents
a corner. Let Ω = [−1, 1]2 and Γ = {(x, 0); x ∈ [0, 1]} ∪ {(0, y); y ∈ [−1, 0]}. The interface can be described by
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Figure 6. Example 8.2. Convergence rate for the error and the estimators η and ηΓ.

Figure 7. Example 8.3. Initial and final meshes.

the following level-set function: φ(x, y) = y if y > −x, φ(x, y) = −x otherwise. The exact solution is given by

u(x, y) =

⎧⎪⎪⎨
⎪⎪⎩

25

k1
xy(x2 + y2)3/4 if φ(x, y) < 0,

25

k2
xy(x2 + y2)3/4 if φ(x, y) ≥ 0,

and satisfies homogeneous transmission conditions and a nonhomogeneous Dirichlet boundary condition.

We set k1 = 1 and k2 = 10. Note that the solution has a singularity at the origin, which coincides with
the corner of the interface. The adaptive refinement is performed using the indicator ηT , with the stopping
criterion N ≤ 30,000. Figures 7(a) and 7(b) show the initial and final meshes. One can see that the refinement
occurs mainly near the origin, as expected. In Figure 8, we observe a behavior similar to that in Figure 6: the
estimators η, and particularly ηΓ, exhibit a peak at refinement iteration 2, due to some bad cuts by the interface.
Nevertheless, the optimal convergence rate O(N−1/2) is recovered.
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Figure 8. Example 8.3. Convergence rate for the error and the estimators η and η + ηΓ.
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