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A DISCONTINUOUS GALERKIN METHOD FOR ONE-DIMENSIONAL
NONLOCAL WAVE PROBLEMS

Qianc Dul®, Kur REN'®, LU ZHANG?*>*® AND YIN ZHOU!

Abstract. This paper presents a fully discrete numerical scheme for one-dimensional nonlocal wave
equations and provides a rigorous theoretical analysis. To facilitate the spatial discretization, we
introduce an auxiliary variable analogous to the gradient field in local discontinuous Galerkin (DG)
methods for classical partial differential equations (PDEs) and reformulate the equation into a system
of equations. The proposed scheme then uses a DG method for spatial discretization and the Crank—
Nicolson method for time integration. We prove optimal L? error convergence for both the solution and
the auxiliary variable under a special class of radial kernels at the semi-discrete level. In addition, for
general kernels, we demonstrate the asymptotic compatibility of the scheme, ensuring that it recovers
the classical DG approximation of the local wave equation in the zero-horizon limit. Furthermore, we
prove that the fully discrete scheme preserves the energy of the nonlocal wave equation. A series of
numerical experiments is presented to validate the theoretical findings.
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1. INTRODUCTION

In recent decades, nonlocal models have received considerable attention for their ability to capture long-
range interactions, making them valuable tools in various scientific and engineering disciplines (see, e.g., [1, 2,
9, 16, 18, 23, 26, 27, 33, 38, 45, 49]). Unlike classical partial differential equations (PDEs), nonlocal models
incorporate integral operators that account for interactions over a finite spatial neighborhood, allowing them
to handle singularities and discontinuities more naturally. A notable application of nonlocal modeling arises
in peridynamics, originally introduced by Silling [39] as a reformulation of classical elastodynamics to model
fracture and material damage. In this work, our study is related to a special case of the time-dependent linear

Keywords and phrases. Discontinuous Galerkin method, nonlocal wave equation, error estimates, numerical stability, asymptotic
compatibility.

I Department of Applied Physics and Applied Mathematics, Columbia University, New York, NY, 10027, USA.

2 Department of Computational Applied Mathematics and Operations Research, Rice University, Houston, TX, 77005, USA.

3 Ken Kennedy Institute, Rice University, Houston, TX, 77005, USA.
*Corresponding author: 1z82@rice.edu

© The authors. Published by EDP Sciences, SMAI 2026

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/m2an/2026040
https://www.esaim-m2an.org
https://orcid.org/0000-0002-1067-8937
https://orcid.org/0000-0001-6463-4561
https://orcid.org/0000-0002-2940-6261
mailto:lz82@rice.edu
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0

1576 Q. DU ET AL.
peridynamic model of the following form:

U + Lu = f on .t >0,
u(x,0) =ug on QUQg, (1.1)
Vu=g on {dz, t >0,

where Q C R" denotes a bounded, open domain; V is a linear operator of constraints acting on a volume Q7
that is disjoint from €2; and the action of the linear operator £ on the function u(x) is defined as

Lu(x) := 2/9(u(y) —u(x))y(x,y)dy VxeQCR", (1.2)

where v(x,y) : Q x Q@ — R is a symmetric, non-negative kernel function satisfying v(x,y) = 7(y,x) > 0. The
operator L is classified as non-local because its evaluation at any point x depends on the values of u at all
other points y # x within the domain. The nonlocality allows £ to capture long-range interactions, making it
fundamentally different from classical differential operators, which rely only on local information at the point
x. Nonlocal operators of the form (1.2), including various generalizations of L, play a crucial role in many
scientific and engineering applications. They have been widely used across various domains, including in image
analysis for edge detection and denoizing ([8, 30]), in machine learning for graph-based learning and kernel
methods ([37, 44]), in phase transition models to describe nonlocal interactions in complex systems ([5, 28]), in
nonlocal heat conduction to capture anomalous diffusion phenomena ([7, 46]), and in wave propagation models
where long-range interactions and dispersion effects are essential ([39, 47]). These applications underscore the
importance of nonlocal formulations in extending classical models to account for long-range dependencies and
heterogeneities that are otherwise difficult to capture with purely local differential equations.

To date, extensive research has been done on nonlocal equations involving operators of the form (1.2). On
the theoretical side, various studies have investigated well-posedness, regularity, and convergence properties. For
example, [29] studied a Dirichlet-type (volume-constrained) problem for scalar nonlocal equations, establishing a
nonlocal counterpart to classical regularity theorems for elliptic systems. Alali and Albin [4] developed a Fourier
multiplier framework for analyzing the periodic nonlocal Poisson equation and derived corresponding regularity
results. In the context of nonlocal wave equations, Beyer et al. [6] studied the problem in R", proving that
the governing operator is a bounded function of its classical counterpart and demonstrating strong resolvent
convergence to classical solutions. Dang et al. [15] further investigated the regularity properties of solutions on a
periodic torus in R™. On the numerical side, various discretization techniques and computational methods have
been developed for nonlocal wave equations. For instance, Guan and Gunzburger [32] proposed a fully discretized
scheme combining the Newmark method for time integration and piecewise linear finite element methods for
spatial discretization in a volume-constrained setting, and analyzed its stability and convergence properties.
Coclite et al. [14] investigated high-order spatial discretization techniques for peridynamic wave models in R,
using composite quadrature formulas and spectral methods. Alali and Albin [3] developed spectral techniques
for solving periodic nonlocal time-dependent problems in arbitrary dimensions, using Fourier multipliers of
nonlocal Laplace operators to improve accuracy and computational efficiency. Du et al. [18] further proposed
an absorbing boundary condition for nonlocal wave equations in unbounded domains using an integral equation
method. For interested readers, we refer to [17, 25] and the references therein for a more comprehensive overview
of theoretical developments and numerical methods of nonlocal equations involving operators of the form (1.2).

The aim of this work is to develop numerical schemes for a nonlocal wave equation belonging to the category of
(1.1), together with a rigorous stability and convergence analysis. A key feature of (1.1) is its energy conservation
property when the volume constraint V satisfies certain conditions, as detailed in Appendix B of [17]. Therefore,
it is crucial that the proposed numerical scheme preserves this property at the discrete level. Another important
aspect of many nonlocal models is their asymptotic behavior in the local limit. For example, as documented in
[17], as the support of the kernel function ~ shrinks to zero, the nonlocal operator £ approaches the classical
local diffusive operator. In turn, the time-dependent nonlocal volume-constrained wave problem (1.1) converges
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to a classical wave equation. This property is crucial for the design of robust numerical schemes. A numerical
scheme that correctly captures this limit behavior is called an asymptotically compatible (AC) scheme, a concept
introduced in [41]. An AC scheme ensures that numerical solutions of the nonlocal model converge to the
correct local solution as both the mesh size and the nonlocal interaction domain tend to zero. For further
details on AC schemes, the reader is referred to [22, 40]. Furthermore, it is known that the exact solution of the
nonlocal wave equation (1.1) can exhibit spatial discontinuities for certain kernel functions 7. This motivates us
to use discontinuous Galerkin (DG) methods for the spatial discretization. In contrast to standard continuous
Galerkin formulations, DG methods do not enforce inter-element continuity. This flexibility can be advantageous
for problems whose solutions have limited regularity, which may occur in nonlocal models depending on the
kernel and the data. In addition, the DG framework supports element-wise formulations that naturally preserve
conservation and facilitate the construction of structure-preserving schemes. In the present work, this allows us
to develop a high-order DG discretization that preserves a discrete energy and, in the vanishing-horizon limit,
recovers the corresponding local DG scheme with the appropriate interface coupling. These features make DG
methods a natural and robust choice for the class of nonlocal wave problems considered in this work.

DG methods are a class of finite element methods that use discontinuous piecewise polynomials for both
numerical solutions and test functions. Originally introduced by Reed and Hill in 1973 for neutron transport
problems ([35]), DG methods have since evolved into many variants, including local DG ([10]), interior penalty
DG ([31]), hybridizable DG ([13]), energy DG ([36]), and more. Their key advantages, such as arbitrary high-
order accuracy, element-wise conservation, geometric flexibility, and hp-adaptivity, have made them widely
applicable in numerous scientific and engineering applications, such as computational fluid dynamics, acoustics,
and magnetohydrodynamics (see [12, 34] and references therein). Although many DG methods have been
developed for local problems, their direct extension to nonlocal problems is not straightforward. This is because
nonlocal models lack spatial differential operators, which preclude the use of integration by parts, a fundamental
tool in DG formulations. In [43], the authors proposed a nonconforming DG method for nonlocal variational
problems; however, the method lacks asymptotic compatibility. For nonlocal diffusion problems, AC penalty
DG methods were introduced in [20, 21], where penalty terms involving jumps are constructed. Additionally,
a DG method that closely follows the structure of local DG schemes while ensuring asymptotic compatibility
was developed in [19].

Building on these advances, we propose a stable, high-order, and AC DG method for solving the one-
dimensional, time-dependent nonlocal wave equation (2.1), without introducing any penalty terms. To the best
of our knowledge, this is the first study of AC DG methods applied to solve nonlocal wave equations of the
form (1.1). As in [19], our approach begins with introducing an auxiliary variable to approximate the nonlocal
counterpart of the gradient field, analogous to the local DG method for classical PDEs. Then, a DG method is
employed for spatial discretization. We establish the stability and convergence of the semi-discrete DG scheme
for the nonlocal model. Moreover, we show that as the support of the kernel function vanishes, the scheme
recovers the corresponding local DG scheme of the classical PDE limit for a fixed mesh size. For the time
discretization in the numerical implementation, we use the Crank—Nicolson method, resulting in a fully discrete
scheme that is implicit in time, unconditionally stable, and preserves the energy associated with the problem
at the fully discrete level.

The rest of the paper is organized as follows. In Section 2, we introduce the governing equations and formulate
their DG discretization. We then analyze the stability of the proposed scheme, as stated in Theorem 2.4. Section 3
introduces projection operators and establishes optimal L? error estimates for the semi-discrete scheme when
the kernel v is radial and belongs to L{,.(R) (see Theorems 3.1 and 3.2). In addition, we further demonstrate the
asymptotic compatibility of the scheme, as presented in Theorem 3.6 for a general kernel . Section 4 extends
the analysis to the fully discrete DG method coupled with the Crank—Nicolson time discretization and proves
its energy-conserving properties in Theorem 4.1. Numerical experiments validating the theoretical results are
presented in Section 5. Finally, we conclude with a summary of our findings in Section 6.
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2. SEMI-DISCRETE DG FORMULATION AND ITS STABILITY

We consider the following one-dimensional, time-dependent, nonlocal wave equation:
u(z,t) + Lsu(z,t) =0, (z,t) € (a,b) x (0,7, (2.1)
subject to periodic boundary and initial conditions:

u(z,0) = uo(z), w(x,0)=ui(x), =€ (a,b).

Throughout this work, the periodic boundary condition is enforced by interpreting all functions and the nonlocal
operator Ls in the periodic sense on (a,b). Here, u; and uy are the first- and second-order time derivatives of
u(x, t), respectively. The nonlocal operator L; is defined as follows:

x+0

Lou(,t) = —2 / (u(y, 1) — ul, )7 (z,y) dy,

-8

where ¢ is the horizon of the nonlocal operator specifying the domain of spatial interaction, and v(z,y) is a
nonnegative, symmetric kernel function quantifying the influence of u(y,t) on u(x,t) within the horizon J.

In this paper, we focus on the case where the kernel function is radial, satisfying s?ys(s) € LL .(R). Specifically,
the kernel satisfies

5
vz, y) =v(r—y) and 0<Cs:= / s%75(s) ds < 0. (2.2)
-5

To establish a connection with the classical local wave equation, we impose the condition lims_,o Cs = 1. Under
this scaling, the nonlocal problem (2.1) asymptotically converges to the following local wave equation:

Ut (,1) — Ugy(x,t) =0, (x,t) € (a,b) x (0,77, (2.3)

where u,, is the second-order spatial derivative of u(x,t). This transition emphasizes the consistency of the
nonlocal model with the classical wave equation as § — 0, thus strengthening the validity of the nonlocal
formulation under appropriate scaling of the kernel function.

2.1. Spatial semi-discrete DG formulation

In this section, we develop a spatial semi-discrete DG formulation for the problem (2.1). For the spatial
discretization, we adopt the formulation proposed in [19]. Let s € (0, ] and rewrite (2.1) as

5
1
Ugp — 2/ 5275(5)g (g(z,t;8) — gz — s,t;8)) ds =0,
0

) (2.4)
q(z,t;8) — B (u(xz + s,t) —u(z,t)) =0,
where we used the fact that
) 5
[ o a0y s dy = [ (alo+ sit) = 2um,t) + e - 5,0) 25(5) ds.
z—98 0

To proceed, we divide the interval I = (a,b) into non-overlapping subintervals I; = (xjf,, Tji1 ), where
a=x1 <wy < - <Typl= b. We assume that the partition is regular, i.e., there exists a positive constant

v such that” vmax; h; < min; hj, where h; denotes the length of the submterval I;. Let h := max; h;, and on



A DISCONTINUOUS GALERKIN METHOD FOR ONE-DIMENSIONAL NONLOCAL WAVE PROBLEMS 1579

each subinterval I; we approximate the pair (u,q) by its discrete counterparts (up,qn), each belonging to the
space of piecewise polynomials of degree k:

th = {vh(x)|vh(x) S Pk(lj),x el;, VI;CI}.
Following [19], we also define the operators H; and /C; on each subinterval I; as follows:

Hj(v,w;s) := /I é (v(z+s) —v(z)w(z)de, Kv,w;s):= /I 1 (v(z) —v(z — s)) w(x) dz. (2.5)

.S

J J

With these definitions, we can formulate the spatial semi-discrete DG scheme for the reformulated problem
(2.4) as follows: find (upn,qn) € V¥ x V¥ such that for any (v, wp) € V¥ x V¥,

5
/ (up)pop do — 2/ 5295 (5)K; (qn, vn; 8) ds = 0,
fs 0 (2.6)
/ ghwp, dx — H;(up, wp; ) = 0.
I;

We note that the auxiliary function g¢p(z,t;s) depends on the spatial variable x and the interaction
distance s. Notationally, g, € V;¥ means that, for each fixed s € (0,4], the function x ~ g, (z,t;s) belongs to
the finite element space V;*. Accordingly, the second equation in (2.6) holds for all s in (0,d]. In the numerical
implementation, the integrals with respect to s are evaluated using appropriate numerical quadrature rules. No
additional discretization in s is introduced.

Remark 2.1. In addition to the reformulation (2.4), an alternative approach is to introduce an auxiliary
variable with ¢(z,t;s) := L (u(x,t) — u(z — s,t)), which reformulates (2.1) into

5
1
gt — 2/ s*75(5) (al@ + 5,855) — g(w,8:5)) ds = 0.
0

The corresponding spatial semi-discrete DG scheme for this alternative formulation is: find (u,qs) € ViF x V¥
such that for any (vs,wy) € ViF x V¥,

§
/ (un)sron do — 2/ 5%95(s)H; (qn, vn; s) ds = 0,
fs 0 (2.7)
/ ghwp, dx — KCj(up, wp; s) = 0.

I

Remark 2.2. For any n € Vf, let = and ™ represent the left and right limits of n at T, respectively.
When h; is fixed and § — 07, the DG schemes (2.6) and (2.7) become:

/ (un)eevn do — qn(,6;07) (vn)e Ao — (dn) 41 (0 )43 + (@0);-3 (Vi) =0,
i (2.8)
/I qn(z, ;0N wy, dz — up (wp), dz + (ﬂh)j+%(w;)j+% — (ﬁh)j_%(w,f)J_% =0,
5
where the numerical fluxes (gn); 1, (4n);, 1 are given by
(@n)j+3 = an(], 1, 1:07) ()41 = anle,1,607)

and

[N
I
<
>
—
S
S
+
T~
~—
=
>
ST
+
[N
I
<
>
—
8
Tt
=
-
~—

(ah)j+
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for the DG schemes (2.6) and (2.7), respectively. These are local DG schemes for the classical wave equation
(2.3), using different alternating fluxes.

The remainder of this paper will focus on the reformulation (2.4) and its corresponding DG formulation
(2.6). The analysis of the alternative approach described in Remark 2.1 follows a similar methodology and will
be omitted for brevity.

2.2. Energy conservation

In this section, we establish the stability of the DG scheme (2.6). Before proceeding, we present a lemma
that plays a crucial role in both stability and error analysis.

Lemma 2.3 ([19]). Let the operators H; and KC; be defined as in (2.5), and denote by

K(w,v;s) := Z/Cj(w,v; s), H(v,w;s):= Z?-Lj(v,w; s). (2.9)

J

Then, the following identities hold for any v,w € V}{“, s> 0:

b
H(v,w;s) + K(w,v;8) =0, H(v,v;s) = —%/ E (v(z+s)— v(x))2 dzx,

and

b
K(w,w;s) = 7/ = (w(z + s) — w(z))? dz.

S
We are now ready to establish the stability of the scheme (2.6), as shown in the following theorem.

Theorem 2.4. Let the kernel v(z,y) satisfy the condition (2.2), and let (un,qn) € V;F x V¥ be the DG solution
computed by the scheme (2.6). Define the discrete energy Ey,(t) as

b 6 b
B0 = [ 5 (o) dot [ (s) [ ablatis) deds

Then, Ey(t) is conserved, namely,
Eh(t) = Eh(O), Vi > 0.

Proof. Taking the time derivative of the second equation in (2.6), then multiplying the resulting equation by
25275(s), and integrating over s in the interval (0,d), we get

s
/ 25275(5)/ (gn)ewp dz — 2H; ((un )i, wp; ) ds = 0. (2.10)
0 .

I

Next, by choosing (vy,wp) = ((un)t, gn) in (2.6) and (2.10), and summing the resulting two equations over all
subintervals, we have

d v,
CB(r) =2 /0 s(5) (K(gn, (un)e: ) + H ((un)e an: 8)) ds = 0,

where the last equality follows from Lemma 2.3, thus completing the proof. (]
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3. ERROR ESTIMATES

Before proceeding with the error analysis, we introduce some standard notation. Throughout the paper, C
denotes a generic positive constant that is independent of the mesh size h, although its value may vary from line
to line. For any integer s > 0 and 1 < p < oo, let W*P(I;) denote the standard Sobolev space on the subinterval
I;, equipped with norm || - ||s .z, and seminorm |- |5, ;. When p = 2, we write H*(I;) = W*?(I;) with norm
|- Il s (1;) and seminorm | - |gs(z,). For p =0, L*(I;) denotes the usual Lebesgue space with norm || - [|1s(z;).-
We further define the global norms and seminorms by ||v| 2Ls(a,b) =2 \|U||%3(Ij) and |v|§{3(a)b) =2 \vﬁis(m.

In this section, we derive L? error estimates for the proposed DG scheme under different assumptions on
the kernel function and the regularity of the exact solution. We first establish optimal convergence results for
a class of integrable kernels satisfying vs(s) € L .(R), with a fixed nonlocal horizon § > 0, assuming that the
exact solution and initial data are sufficiently smooth. We then derive suboptimal L? error estimates for more
general kernels satisfying the moment condition (2.2), which are independent of § and sufficient to guarantee
the asymptotic compatibility of the scheme in the local limit (see Definition 3.4). To facilitate the error analysis,
we begin by reviewing several projection operators and their approximation properties in Section 3.1, which
play a central role in the derivation of the error equations and subsequent estimates.

3.1. Projections

For any k > 0, we define the L2-projection P, onto V}f such that, for any v € H**!(a,b), the projection P,
satisfies

/(u—Phu)vdxzo Yv e P*(I;), j=1,...,N. (3.1)

L

In addition, we define the Gauss—Radau projection Phi onto th as follows: For any u € H**1(a,b), the projection
PhjE satisfies

/(u—Phiu)vdxzo Vo € P*L(I;), j=1,...,N,
I (3.2)

P}fu(x]t ) = u(x;i ) and P}:u(x;r%) = u(x’

ol
[ME

for k > 1. When k = 0, we only require the second line in (3.2) to define the Gauss—Radau projection Phi.

Then, from [11], we have the following approximation properties hold: For sufficiently small h there exists
a positive constant C, dependent on k but independent of the spatial mesh size h, such that for any
u € H* 1 (a,b) N WL (q, b),

[ — Prullr2(ap) + [t — Put]| Lo ap) < CR*HY, (3.3)
and

I = PEulls(any + llu = Pl ey < CHF. (3.4
Furthermore, for v € V}¥, we have the following inverse inequalities ([11]):

HUIHL2((L,b) S Ch_IHUHL?(a,b) and HU”L“’(a,b) S Ch_§||U||L2(a,b)~ (35)
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3.2. Optimal error estimate for v;(s) € L, (R) and fixed horizon §

loc

We first establish error estimates for the proposed DG scheme (2.6) with a fixed horizon § > 0. To this end,
let us denote the errors by

€y =€y + 0y = (up —u) + (u— Pyu),
g =eq+0q:=(qn —q) + (¢ — Png),

where the L2-projection, P, is defined in (3.1). Since both the continuous solution (u,¢) and the DG solution
(un, qn) satisfy the DG scheme (2.6), the following error equations hold for any (v, ws) € ViF x V}F:

B
/ (ew)trvp dz — 2/ 5275(5)le (eq,vn;8) ds =0,
L 0 (3.6)
/ eqwp dz — H; (ey,wr;s) =0,
I

J

where the operators 7, and K; are defined in (2.5). To proceed, we first derive error estimates for (u¢,q), as
shown in the following theorem, and then establish error estimates for u.

Theorem 3.1. Let the horizon 6 > 0 be fized. Assume that the kernel v5(s) satisfies the condition (2.2) and,
moreover, vs(s) € L1, (R). Suppose further that (un,qn) € Vi¥ x V¥ is the DG solution of the problem (2.4). If

loc
the exact solution (u,q) of the problem (2.4) is sufficiently smooth, then the following optimal error estimate

holds:
1 6
§||(eu)t||%2(a,b) +/ s275(8)[leq (2,5 8) |72 (q,p) ds < C(8)h***2 vt e 0,7, (3.7)
0

where C(6) > 0 is a constant independent of the mesh size h, but dependent of the kernel vs(s), the horizon 6,
and the norms [Ju (@, t)|| gr+1(ap) and [q(x,t; )| e+ (ap) -

Proof. Taking the first-order time derivative of the second equation in (3.6), multiplying the resulting equation
by 252v;(s), and integrating over (0, §) with respect to s, then summing the resulting equations over all subcells
I, we obtain

b 5 b
/a (€w)ttvn dx—|—2/0 s fyg(s)/a (éq)rwp, dr ds
s
= 2/0 5295(8) (K (Eq — 0g,vn; 8) + H ((Eu)t — (0u)e, whs s)) ds, (3.8)

where we used the fact that é, = e, + ., &, = e, + d,, along with the L?-projection property (3.1). Substituting
vp by (€,): and wy, by &, in (3.8), and applying Lemma 2.3, we get

d (1 o
7 | gl Ellzz +/ 525 (8)l1eq (.8 8172 (0,0 ds
dt (2 L2ab) T J) a L2(ab)

)
=2 [ 50 (€ (G (2 o) + (61 2055)) s, (3.9)
0
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To estimate the terms involving K and H in (3.9), we use the definitions of IC; and #; in (2.5), apply Young’s
inequality, and utilize the projection property (3.3) to obtain

B B
— 2/0 s2y5(s)K (0, (Eu)s;s) ds = —2/0 K (3\/75(5)5(1,s\/”yg(s)(éu)t;s) ds
s
< /0 (276(3)||5q($7t33) — 8q( = 5,;8) | T2 (a) + ;32%(3)|(éu)t||2m(a,b)> ds

6
1,
<042 [ ds+ 51ED (3.10)

and

1 é
_2/0 5295 (8)H (6 )1, €45 8) ds = —2/0 H (s\/'yg(s)(éu)t7s\/'yg(s)éq;s) ds
s
< [ (oGl + 580 = (B ) gy + 506 et ) s

) 4
<ont? o ast [ ol tio) [ ds. (3.11)

Substituting (3.10) and (3.11) into (3.9), we arrive at
d (1,0 BT 2
a §||(€u)t||L2(a,b)+ ; 5°75(5)1€q(, 5 8)[1 720,y A8

1. o ~
< C(0)h* 2 + 5H(eu)tlliz<a,b> +/0 s%75(s)|16q (2, 15 5) |72 (0 ) ds- (3.12)

Finally, applying the triangle inequality, the projection property (3.3), and Grénwall’s inequality yields the
desired result (3.7). O

Using the result derived in Theorem 3.1, we now establish the error estimate for u.

Theorem 3.2. Let the horizon § > 0 be fized. Assume that the kernel vs(s) satisfies the condition (2.2) and
moreover v5(s) € Lt (R). Suppose further that (un,qn) € V¥ x ViF is the DG solution of the problem (2.4). If
the exact solution (u,q) of the problem (2.4) is sufficiently smooth, then the following optimal error estimate
holds:

||eu(x,t)H%2(a7b) < C(6)h*F 2 vt e (0,7, (3.13)

where C(0) > 0 is a constant independent of the mesh size h, but dependent of v5(s), the horizon &, and the
norms |[ug(z,t)[| Loo (o, 7715+ (a,b)) s 1(@5 ) | Los (0,705 1%+ (a,6)) @nd [|q(2, 85 8) || Loo ([0, 17025+ (a,0)) -

Proof. For any t < T, we define the time-integrated errors as follows

L., (z,t) ::/ ey(z,r)dr, Igu(l',t):/ éu(z,r)dr, Is, (z,t) ::/ Oy (z,7) dr,
t t t
and

T.,(z,t;5) ::/ eq(x,7;8)dr, Iéq(x,t;s):/ €q(x,rys)dr, Is, (x,t) ::/ dg(z,r;s)dr.
¢ ¢ ¢
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Then, taking the integral over (¢,7) with respect to the time variable for the second equation in (3.6),
choosing wy, = é;, multiplying the resulting equation by 2s%vs(s), and integrating over (0,4) in s using the
relation e, = €, — g4, wWe get

§ 5
/ 23275(5) / (ng (z,t;8) = ZLs, (,t; s)) éq(z,t;s)deds — 2/ 3275(5)7-[j (Zz, —I5,,€4;5)ds = 0. (3.14)
0 ; 0

Similarly, choosing v, = Zs, (x,t) in the first equation of (3.6), and using the relation e, = é, — d,, leads to

)
/(éufau)ttféu dx72/ 5%95(8)KC;j (E4 — 64, Lz, 58) ds = 0. (3.15)

I; 0

Adding (3.14) and (3.15) together and summing the resulting equation over all subcells I; and using Lemma 2.3,
we obtain

d (1 °
— | 5leulliza —/ 95 (5) 1 Zz, (2,1 8) |22 (0,0 ds
a <2 2~ f 12(a.b)
b d )
[T dr 2 [ () (K (6, Tes) 4 H (T, i) s, (3.16)
a 0

where we used the definition of the L2-projection in (3.1). Integrating (3.16) over (0,7) with respect to ¢, we
then arrive at

6
*||€u($ TZ2 (@) Heu(x 0)][72(a.0) +/ 5°95(5)||Zz, (2,05 8) |22 (a ) ds
:/ (€u(,0)),Zs, (,0) dx+2/ / $%75(8) (=K (04, Lz, 5 8) + H (Zs,, 45 5) dsdt. (3.17)

Let (up(x,0),qn(x,0;s)) = (Phu(x,0), Prg(z,0;s)) and invoke the bound on ||(eu)t\|%2(a p) from Theorem 3.1,
and use Young’s inequality, we derive from (3.17) that

1 ~ 9
Sleu(@ Tl72(a) +/ 5°75(5) 1 Z, (2, 05 8) |72 (o ) ds
0

1 T i
< COWH + T @ O +2 [ [ 230 (= K0 Tesis) + H T i) dst. G.13)

Now, following similar steps as in the derivation of (3.10) and (3.11), and using the properties of the L?-projection
n (3.3), the property of the kernel in (2.2), and Young’s inequality, we generate

/ / 5%75(8) (=K (84, Zz,; 8) + H (Zs,, 643 8)) dsdt
0
_2/ / \/76 5qa3\/’y5 euv ) ( \/’Y&izéu, \/7611, )dsdt

X |1 Ze, 1720,y + C(6)R*F2. (3.19)

- 8T2 te[o T]
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Next, we proceed to bound ||Zz, ||L2(a p) With ||.eu||L2 (a,p)- Lo this end, for any ¢ < 7 < T, using Cauchy—Schwarz
inequality, we have

b T
e e = [ ([ eutenyar)

Plugging (3.19) and (3.20) into (3.18) then yields

2 T
de < (r—t Eull?2 o dr < T2 Eull?2; 1. 3.20
22 (=) [ Wl dr < T2 max ol (320

max, [Eull2 (05 < C()R*FF2. (3.21)

Last, using the triangle inequality, the projection property (3.3), and the fact that €, = e, + d,, we arrive at
the desired result (3.13).
O

Remark 3.3. We note that the dependence of the convergence constant C'(4) on both the horizon § and the

kernel v5(s) in Theorems 3.1 and 3.2 follows from the calculation of f06 vs(s) ds, which is obtained using Holder’s
inequality when estimating the K term in (3.10) and (3.19), and the H term in (3.11) and (3.19).

In the following, we further demonstrate that the proposed DG scheme (2.6) is AC (see Definition 3.4) by
establishing a suboptimal error estimate whose convergence constant is independent of the horizon 4, the kernel
function 75(s), and the spatial mesh size h.

3.3. Asymptotic compatibility with general kernel

We first define the concept of asymptotic compatibility for the DG scheme (2.6) in the context of the nonlocal
wave problem (2.1), consistent with the definition given in [42].

Definition 3.4. Let u(x,t;d) be the solution to the nonlocal wave equation (2.1), ujoc(,t) be the solution to
the local problem (2.3), and up(z, ;) be the DG approximation to the nonlocal wave problem (2.1). The DG
scheme (2.6) is then said to be AC if

5}%&0 lun (2, t;0) — wioe(x,t)||L2(apy =0 VE> 0.

Remark 3.5. We emphasize that the asymptotic compatibility of the DG scheme established in this section
does not require an explicit quantitative coupling between the nonlocal horizon ¢ and the spatial mesh size h. In
particular, the convergence result (3.23) holds in the limit §, h — 0 without assuming any fixed relation between
these two parameters. Moreover, when combined with the Crank—Nicolson time discretization in Section 4.1,
the fully discrete scheme is unconditionally stable and energy conserving, and no CFL-type restriction linking
the time step At with either h or § is required for stability or energy preservation. In the numerical experiments,
the time step is chosen sufficiently small so that the temporal discretization error does not dominate the spatial
erTor.

Note that on the continuum level, the nonlocal wave problem (2.1) asymptotically converges to the local
wave equation (2.3) as § — 0, i.e.,

lim |lu(z,t;6) — woc(x, )| 22(ap) =0 VYt > 0.
6—0

We emphasize that this convergence result is a known analytical result and has been established in the literature
(see, e.g., [17] and the discussion in the introduction). In this work, we focus on the numerical approximation and
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asymptotic compatibility of the proposed DG scheme, rather than re-proving this continuous nonlocal-to-local
convergence result. With Definition 3.4 and the triangle inequality, we can deduce that

lim ||lu(z,t;6) —un(z,t;0)||L2(0p) =0 VE>0 (3.22)
§,h—0

is sufficient to guarantee the asymptotic compatibility of the DG scheme (2.6). Following a similar procedure
in [19], we can derive the following error estimate to ensure the asymptotic compatibility of the proposed DG
scheme (2.6) under suitable assumptions.

Theorem 3.6. Suppose that the kernel vs(s) satisfies the condition (2.2). Let (up,qn) € V¥ x ViF be the DG
approzimation of the exact solution (u,q) of the reformulated problem (2.4). If the exact solution (u,q) is
sufficiently smooth, the following suboptimal error estimates hold for any t € [0,T]

5
||€u||2L2(a,b) < Ch, / 82’}/5(8)||€q(l‘,t;8)”%2(11)17) ds < Ch, whenk=0 and h; =h,
L (3.23)
||€u||2L2(a,b) < Ch**, / 3275(8)||eq(:1c7t;s)||2L2(a’b) ds < Ch**,  when k > 1,
0

where C' >0 is a constant that only depends on ||uy(z,t)|| Lo (0,10 5%+ (a,p)), U@ ) ||Loe (0,77 5%+1 (ap)), and
Supse(o,é)HCI(%t; S)||L°°([0,T];H’°+1(a,b)ﬂWk+1=°°(a,b))'

Proof. The derivation follows a similar approach as presented in [19]. In our case, however, we must first obtain
an estimate for ||(eu)t|/z2(a,p) (step one), which is then used to derive an estimate for ||ey|[z2(a,5) (step two).
Moreover, since we are only able to derive a suboptimal convergence when k£ > 1, we divide our discussion into

two cases: k > 1 and k = 0. In the following, we first consider the case where £ > 1, and then k = 0. In addition,
for each subcase, we present a two-step process to estimate |[€y|12(q,p)-

CaseI: £ > 1.
Step one. To derive an estimate for ||ey||12(q,p), We first derive an estimate for ||(€y)¢]|12(q,p)- To this end,
following the error equation (3.9), we need to establish a bound for

6
- 2/ 5%75(8) (K (8g, (u)e; 8) + H ((0u)e, €43 ) ds. (3.24)
0

To achieve this, we consider two cases with 0 < hj; and 6 > h;. In particular, when J < h;, invoking the definition
of the operator K in (2.9), for the first term in (3.24), we have

5
— $?vs(s €u)t; S) ds
2/0 (5K (35 ()5 ) d

_ ‘52 1 o) 8 . -
— 22]:/0 s%(s)/ljs(éq( +5,1) = 04(x, 1)) (Eu(z, 1)), dzd

) ) acj7%+sl xj+%+sl
=2 E /0 s%vs5(s) / géq(x,t) (Eu(z,t)), do — / ;5q(x,t) (éu(z —s,t)), dz | ds
j xT xr

i—% it+d

(= (Cul@, 1)), + (Eulx — 5,1)),) 0g(x,t) dx ds

)
< 22/0 5%75(8) (2010q /Lo (a0 [ (Eu)ell oo (1) + (hy = $)18q] Lo (1)l (Eu)ta | Lo (1)) ds
j
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)
<2} / 5235(5) (200l @y |Gl ety + Bislldall o (1) | Eudex e r,) s
J
)
< ZZ/O 52795 (5) (20104 ]| Lo a1 (8w )ell Low (1) + 10g] oo (1) 1 (€0l os (1)) ds
J
)
< Coll oy / 25(5)ds 3 1ol 1y
i

é
< CRM e oy [ 55(s)ds, (3.25)
0

where the last inequality is derived based on the property of the L?-projection (3.3) and the inverse inequality
(3.5). Furthermore, applying Young’s inequality, (3.25) yields

5
- 1.
- 2/0 5275(8)K(0q, (€u)t; s) ds < Ch*F + §||(eu)t||2L2(a,b)~ (3.26)
When 6 > h;, we get
5 h; 5
- 2/ 5295 (8)K (0g, (Eu)t; 8) ds = —22 / +/ 5%75(8)KC; (3¢, (€u)e; 5) ds. (3.27)
0 ; 0 h;
Then, similar to the derivation of (3.25), for the first term on the right-hand side of (3.27), we can derive that
hj hj
*22/ 575(5)K; (8, (€u)es 5) ds < Chk||(éu)t||L2(a,b)/ s75(s) ds. (3.28)
7 Jo 0
As for the second term on the right-hand side of (3.27), invoking the definition of IC; in (2.5), we obtain that
° 1
~ 22/ 5275(3)/ ~ Byl + 5,8) = By, ) (B0, ), dds
s
<3 [ a6l G =1y 0
7 hi

o
< CM@udlincan | 5l ds. (3.29)
h.

Plugging (3.28) and (3.29) into (3.27) and using Young’s inequality yields
1
2 5 ok Lyoo e
-2 S 'yg(s)IC ((Sq, (eu)t; S) ds < Ch*" + §||(eu)t||L2(a,b)’ (330)
0

Now, combining (3.26) for the case of § < h; and (3.30) for the case of 6 > h;, we arrive at

o
i L
/0 355K (B (€0)es ) ds < OV 4 @) oy W0 > 0. (3.31)
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Similarly, for the second term in (3.24), one can derive that

o 6
/0 5*75(5)H ((6u)t, €q3 8) ds < Ch** +/O s*75(s)leq (@, t; )12 (apy ds VO > 0. (3.32)

Plugging (3.31) and (3.32) into the error equation (3.9) and using Gronwall’s inequality yields

1 . ° ~
5ll(eu)t|\i2(a,b> +/0 s*v5(s)|1€q (@, 15 8) |72 (0 ) ds < Ch?-. (3.33)

Step two. We next proceed to estimate ||€y[z2(q,p). To this end, we consider the error equation (3.17), and
use the L2-initial projection, the Young’s inequality, and the estimate (3.33) to find that

*||€u(93 T E2(ap < CR* + 7\\1, (,0)[172a0)
+ 2/ / $295(8) (=K (04, Zz,; 8) + H (L5, , €43 8)) dsdt. (3.34)
o Jo

Moreover, following the similar analysis as the derivation of (3.31) and (3.32) in step one, we obtain
/ / 5295(8) (=K (84, Zz,38) + H (Ls, , €45 5)) dsdt

T o
< Ot o / e+ [ [ oo ti) g dsc

1
2k ~ 2
<Ch™+ ¢ e, l[€u(@; OIZ2 (ap) (3.35)

where the last inequality is obtained by using the relation (3.20) and the estimate (3.33).
Finally, plugging (3.35) into (3.34) and invoking (3.20), we conclude that

< Ch?k, > 1. )
e el < CHF, k21 (3.36)

Case II: £ = 0.
In the following, we discuss the case where k = 0. Here, instead of the L?-projection defined in (3.1), we
consider the Gauss-Radau projection defined in (3.2). Denote the errors by

éu:eu—l—&u::(uh—u)—&—(u—PIju),
Eg=¢q+0q:=(qn—0q)+ (¢— P, q).

We then perform a two-step procedure to derive an estimate on |ley||z2(a,p)-
Step one. Similar to Case I, to derive an estimate for ||ey|2(q,5), We first derive an estimate for |[(€. )¢/l £2(a,b)-
We note that the error equation, following the same derivation as in (3.9), satisfies

d (1 0
@z +/ Pya() e £:9)| 2 o
dt (2 L2 ab) T f a L?(a.b)

4
— 2 / 535(5) (K (345 (u)ei 5) + H (3,)e: 6q3 5)) ds
0

b b b
- / (0w)et(€n)e dx — 2/ 3275(3)/ dy(x,t; 8)éq(x, t; s) da ds,
a 0 a
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)
= / P5(5) (K (8gs ()13 8) + H ()1, 641 8)) ds
0
2 1 ~ 2 o 2 ~ 2
+ Ch* + SlIEu)el 72 0,0 +/0 575 (8)[1€q (., 5 5) 72 0,1 A, (3:37)

where the last inequality is derived by using Young’s inequality and the property of the projection operator in
(3.4). To bound the terms involving K and # in (3.37) for the case k = 0, we follow exactly the argument in
(24, Eqgs. (4.29)—(4.33)] when h; = h, which relies on L*-type estimates for the projection errors. Under the
regularity assumptions stated in Theorem 3.6, this yields

)
_ 2/ 2r5(5) (K (8,1 (80)e3 8) + H (5u)e, 80: 5)) ds
0
Loy 2 °, - 2
< O+ @ + [ 6o 69 e 0 (3.39)

Then, plugging (3.38) into (3.37) and using Gréownwall’s inequality, we arrive at

1, 0 i
5”(611)15”%2(0,,12) +/o 5275(8)[|€q (2, t; 8) |72 (4 ) ds < Ch. (3.39)

Step two. We next proceed to the estimation of ||éu||2L2(a py- Similar to Case I, following the same derivation
as in (3.17), we find that the error equation reads as

d (1 °
G (B1euan = [ (e, 08 5) (o ds
dt (2 L2ab) = o L2(a;b)

b
d
- [ G (@) o
5
+ 2/ $%75(8) (=K (04, Lz, 3 8) + H (L5, , 45 5)) ds
0
b 5 b
+/ (6u)e:Zz, dx—|—2/ 5275(5)/ Ts,(x,t; s)éq(, t; 5) da ds. (3.40)
a 0 a
Integrating (3.40) over (0,7) with respect to the time variable, we then obtain
5
*Heu(x L2 () — ||€u(90 072 (a.0) +/ 5%95(5)|1Ze, (2,0 )12 (a ) ds
:/ (€u(x,0)),Ze, (,0) dx—|—2/ / 5295(8) (=K (04, Zz,; 8) + H (Ls,, €4; 5)) dsdt
—|—/ /(5U)ttIéu dxdt+2/ / 3275(3)/ Ts,(z,t;5)€q(x, t;s) dr dsdt
0 0 a
1
< 2/ / s2ys(s K (6g,Z¢,;8) +H (ZLs,,€q;s)) dsdt + Ch + 3 rr[lax ||€u||L2(a by (3.41)

where the last inequality is derived by using the Gauss—Radau initial projection with wuy(z,0) = P;r u(z,0)
and gn(z,0;s) = P, q(z,0;s), the estimate (3.39), the property of the Gauss-Radau projection in (3.4), the
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Young’s inequality, and the relation between error and time-integrated error shown in (3.20). To bound the
term involving K and H in (3.41), we follow the same process as the derivation of (3.38) to find that

//S% K (0g,Zz,;8) + M (Ls,,€q;8)) dsdt

1
< Ch Ts
e +8T3/ I,

~ 2
<Ch+ g % €ullZ2(a,b):

et [ / 52955 (@ : )22 0y ds (3.42)

where the relations (3.20) and (3.39) have been used to derive the last inequality. Plugging (3.42) into (3.41)
then yields

Eull22iyy < Ch. 3.43
tgf%\le [Z22(ap) < (3.43)

Finally, combining (3.33), (3.36), (3.39), (3.43) and invoking the triangle inequality and the property of the
Gauss—Radau projection, we obtain the desired estimate (3.23). (]

Remark 3.7. For the asymptotic compatibility of the DG scheme proposed in Theorem 3.6, we can only
show suboptimal convergence for a general kernel satisfying (2.2). However, numerical results consistently show
optimal convergence, as shown in Section 5.1. A thorough theoretical study of this phenomenon is left to
future work. In addition, Theorem 3.6 relies on the assumption that the exact nonlocal solution possesses
sufficient regularity and that certain higher-order norms remain uniformly bounded with respect to the horizon
parameter §. Establishing such uniform bounds for general nonlocal models is nontrivial and is not addressed
here. Removing or relaxing these assumptions constitutes an interesting topic for future investigation.

Remark 3.8. The error estimates derived in this section are established at the semi-discrete level. In the
numerical experiments, the spatial discretization is combined with the Crank—Nicolson time integration, which
is second-order accurate, unconditionally stable, and energy-conserving for the nonlocal wave equation (2.1).
Under sufficient regularity assumptions on the exact solution, standard arguments imply convergence of the
fully discrete scheme, with the overall error consisting of the spatial discretization error analyzed above and the
temporal discretization error. A rigorous fully discrete convergence analysis is beyond the scope of the present
work and will be considered in future studies.

4. TIME DISCRETIZATION

In this section, we extend the semi-discrete DG scheme to the fully discrete method, which preserves the
fully discrete energy.

4.1. Crank—Nicolson time discretization

We study the Crank—Nicolson scheme for time discretization and show the energy conservation properties of
the corresponding fully discrete scheme. Let 0 =ty <t1 < -+ <t, < --- < --- <ty, =T and denote h; :=
tn+1 — tn. Here we use the uniform time step h: and denote the DG solution at ¢t = ¢, by u} and gj}. We also
introduce the following three operators, which will be used in the rest of the content

un—i—l + un—l

mean value operator: Mu" := 3 ,
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and

un+1 _ un—l
2hy ’
un+1 — 2" + un—l
h2 '

first-order central difference operator: Du" :=

second-order central difference operator: D2y =

With these notations, the fully discrete approximation (u},qy) = (up(-,tn), gn(-,tn)) of problem (2.4) then
satisfies

o
/ D?upvy, dz — 2/ 5°75(s)K(Mgp, vn; 5) ds = 0,
I 0

/ qZHwh dz — H(uzﬂ, wp; s) =0, (4.1)
I.

J

/ qg_lwhdx - ’H(uz_l,wh; s) =0,

IJ
for all test functions vy, wy, € V;¥. Moreover, we have the following conservation property.

Theorem 4.1. For all n, the solution to the fully discrete DG scheme (4.1) conserves the discrete energy

n+1 n
s
h ht

2 6
n+12 n|2 d . 42
I A TR A TN (12)

Proof. To prove the fully discrete energy conservation (4.2), we choose the test function v, = Du} in the first
equation of (4.1) and sum the resulting equation over all subcells I; to obtain

b 5
/ (D*ui?)(Dul) da — 2/ 5295 (s)IC(Mq}t, Duy; s) ds = 0. (4.3)
a 0

Choose the test function wy, = Mg’ /h, in the second and third equations of (4.1), subtract the resulting two
equations, then sum them over all subcells to collect

b
/%mﬁ%%ﬂwﬂwﬁ%Mﬂm=0 (4.4)

Next, multiply (4.4) by s?ys(s) and take the integral over (0,d) in s, and sum the resulting equation with (4.3),
and invoke Lemma 2.3, we arrive at

b P b
/ (DQUZ)(DuZ) dz + 2/ s2y5(s) / (Dgy)(Mgy) dxds = 0,
a 0 a

which is equivalent to

“Zﬂ —up |2 ° 2 n+1)(2 n|2 d
hy L*a b)+ ; S 76(8)(”% ||L2(a,b)+||CIhHL2(a,b)) o
n n—1 2 5
_ Up, — Uy, 2 ni2 n—1(2
T+ L PR ey + 6 ) .

That is, we have E,’;H = E} for all n. O
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5. NUMERICAL SIMULATIONS

In this section, we present several numerical experiments to illustrate and support the theoretical studies of
the proposed DG scheme. Throughout these studies, we use a standard modal basis formulation, and consider
the kernel function

33—, _
75(8):2&37*'1'8' ¢ 0<a<3. (5.1)

It is straightforward to verify that ff 5 52vs(s)ds =1 and ~v;(s) is integrable when 0 < a < 1. We report
numerical errors in the L?-norm, which are computed as follows:

k42 ‘ 1/2
ew = [[u(z,T) — un(z, T)ll 24 ) (ZZW —Uh(vaT)F) ;

where xf are the Gauss—Labatto quadrature nodes in I; and wf are the corresponding weights.

5.1. Convergence study

We consider the following nonlocal wave equation:
utt(xat)"_ﬁt?u(x,t) = f&(l',t), (xat) € (Oal) X (Oal]v (52)

with fs(z,t) = — cos(2nt) (471'2 sin(27x) + 2 fis Y5(s) (sin(2m(x + s)) — sin(27x)) ds). Given the initial condi-
tions u(x,0) = sin(27x) and us(z,0) = 0 together with periodic boundary conditions, the exact solution of (5.2)
is u(z,t) = cos(2nt) sin(27x).

In the numerical experiments, we uniformly discretize the spatial interval with vertices z; = jh, j =0,..., N,
where h = 1/N, and choose the time step size h; =2 x 1075 to guarantee that the temporal discretization
error is dominated by the spatial discretization error. Throughout the study we consider the degree of the
approximation space for uy, to be k € {0,1,2}, and consider cases where the horizon 4§ is fixed or d/h is fixed.

Tables 1 and 2 show the L2-errors for v with different numbers of elements N = 10, 20, 40, 80. In Table 1, the
nonlocal horizon is fixed at § = 1075 and § = 0.2, while in Table 2, we set § = h or § = 3h. The results show that
the proposed scheme consistently achieves robust and optimal (k + 1)-th order accuracy over different values of
a, where o measures the singularity of the kernel function 7s(s) (see (5.1)). However, we note that when ~s(s)
is not integrable (i.e., a > 1), only suboptimal convergence can be proved, as discussed in Theorem 3.6. A more
detailed theoretical analysis of optimal convergence in this scenario is left to future work.

5.2. Energy conservation

In this section, we test the energy conservative property of the proposed fully discrete DG scheme (4.1). To
this end, we consider the following problem:

w(x,t) + Lo(x,t) =0, (x,t) € (0,1) x (0,1000], (5.3)

with periodic boundary conditions and initial data u(z,0) = sin(27x), us(x,0) = 0. We uniformly discretize the
spatial interval with vertices x; = jh, where j =0,...,80 and h = 1/80, and choose the time step size h; = 0.1.

Figure 1 shows the numerical energy trajectories for integrable kernel ~s(s) with a = 2/3 (top) and non-
integrable kernel v5(s) with o = 3/2 (bottom). The left plot shows the results for a degree of approximation of
k =5, while the right plot corresponds to k = 6. In all the numerical tests, the nonlocal horizon is set to be
60 = 0.025 = 2h.

We observe that the numerical energy is well preserved in all cases: about 12 digits of accuracy for k =5
and 13 digits for k = 6 with an integrable kernel. For the non-integrable kernel, the energy conservation holds
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TABLE 1. L2-errors and corresponding convergence rates for u in the problem (5.2) when the
nonlocal horizon § = 1072 or § = 0.2, using P* polynomials with k& = 0, 1, 2. The time step size
is hy = 2 x 1075 with the terminal time T = 1, and the spatial interval is divided into N uniform
cells. These results show optimal convergence for both integrable kernels with 0 < o < 1 and
non-integrable kernels with a > 1.

a=1/4 a=1/2 a=23/2 a=5/2
kE N ey Order ey Order e, Order e, Order

10 1.2721e—01 - 1.2721e—01 — 1.2721e—01 — 1.2721e—01 —

20 6.3996e—02 0.9911 6.3996e—02 0.9911 6.3996e—02 0.9911 6.3996e—02 0.9911
0 40 3.2047e—02 0.9978 3.2047e—02 0.9978 3.2047e—02 0.9978 3.2047e—02 0.9978

80 1.6030e—02 0.9994 1.6030e—02 0.9994 1.6030e—02 0.9994 1.6030e—02 0.9994

10 1.0335e—02 - 1.0335e—02 — 1.0335e—02 - 1.0335e—02 -
20 2.5966e—03 1.9929 2.5966e—03 1.9929 2.5966e—03 1.9929 2.5966e—03 1.9929
§=10"" 1 40 6.4995¢—04 1.9982 6.4995¢—04 1.9982 6.4995¢—04 1.9982 6.4995¢—04 1.9982
80 1.6254e—04 1.9996 1.6254e—04 1.9996 1.6254e—04 1.9996 1.6254e—04 1.9996
10 5.4954e—04 - 5.4954e—-04 — 5.4954e—04 - 5.4954e—04 —
20 6.8965e—05 2.9943 6.8965e—05 2.9943 6.8965e—05 2.9943 6.8965e—05 2.9943
2 40 8.6292e—06 2.9986 8.6292e—06 2.9986 8.6292e—06 2.9986 8.6292e—06 2.9986
80 1.0789e—06 2.9996 1.0790e—06 2.9996 1.0789e—06 2.9996 1.0789e—06 2.9996

10 1.2721e—01 - 1.2721e—-01 — 1.2721e—01 - 1.2721e—01 -

20 6.3996e—02 0.9911 6.3996e—02 0.9911 6.3996e—02 0.9911 6.3996e—02 0.9911
0 40 3.2047e—02 0.9978 3.2047e—02 0.9978 3.2047e—02 0.9978 3.2047e—02 0.9978

80 1.6030e—02 0.9994 1.6030e—02 0.9994 1.6030e—02 0.9994 1.6030e—02 0.9994

10 1.0335e—02 - 1.0335e—02 — 1.0335e—02 - 1.0335e—02 -

20 2.5966e—03 1.9929 2.5966e—03 1.9929 2.5966e—03 1.9929 2.5966e—03 1.9929
0 =02 1 40 6.4995e—04 1.9982 6.4995e—04 1.9982 6.4995e—04 1.9982 6.4995e—04 1.9982

80 1.6254e—04 1.9996 1.6254e—04 1.9996 1.6254e—04 1.9996 1.6254e—04 1.9996

10 5.4954e—04 — 5.4954e—04 — 5.4954e—04 — 5.4957e—04 —

20 6.8965e—05 2.9943 6.8965e—05 2.9943 6.8965e—05 2.9943 6.8979e—05 2.9941
2 40 8.6292e—06 2.9986 8.6292¢e—06 2.9986 8.6292e—06 2.9986 8.6308e—06 2.9986

80 1.0789e—06 2.9996 1.0789e¢—06 2.9996 1.0789e—06 2.9996 1.0791e—06 2.9997

up to about 11 digits for £k =5 and 12 digits for k = 6. The slight deviation from machine precision (double
precision is used) is due to numerical integration errors in evaluating the integrals in Ej,. Overall, we find that
numerical energy conservation improves as k increases, consistent with the fact that higher-order methods have
lower dispersion and dissipation errors compared to their lower-order counterparts.

5.3. Limitting behavior

In this section, we numerically demonstrate the behavior of the proposed DG scheme for the nonlocal wave
equations as 0 — 0. We consider the problem (5.3) with periodic boundary conditions and initial data

w(x,0) =sin(2rx) and wug(z,0) =0. (5.4)

Let us further denote the solution of the local problem (2.3) with the initial data (5.4) by wiee, which we
will use as the target solution. We then solve the problem (2.1) numerically using the proposed DG scheme
(2.6), with the degree of the approximation space set to be k = 2, a spatial discretization of h = 0.025, and a
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TABLE 2. L2-errors and corresponding convergence rates for u in the problem (5.2) when 6 = h
or § = 3h, using P* polynomials with k = 0,1, 2. The time step size is hy = 2 x 107> with the
terminal time 7' = 1, and the spatial interval is divided into N uniform cells. These results
show that optimal convergence for both integrable kernels with 0 < o < 1 and non-integrable
kernels with o > 1.

a=1/4 a=1/2 a=3/2 a=5/2
kE N e, Order e, Order e, Order e, Order

10 1.2721e—01 — 1.2721e—01 - 1.2721e—01 — 1.2721e—01 -
20 6.3996e—02 0.9911 6.3996e—02 0.9911 6.3996e—02 0.9911 6.3996e—02 0.9911
0 40 3.2047e—02 0.9978 3.2047e—02 0.9978 3.2047e—02 0.9978 3.2047e—02 0.9978
80 1.6030e—02 0.9994 1.6030e—02 0.9994 1.6030e—02 0.9994 1.6030e—02 0.9994
10 1.0335e—02 — 1.0335e—02 — 1.0335e—02 — 1.0335e—02 -
20 2.5966e—03 1.9929 2.5966e—03 1.9929 2.5966e—03 1.9929 2.5966e—03 1.9929
0=h 1 40 6.4995e—04 1.9982 6.4995e—04 1.9982 6.4995e—04 1.9982 6.4995e—04 1.9982
80 1.6254e—04 1.9996 1.6254e—04 1.9996 1.6254e—04 1.9996 1.6254e—04 1.9996
10 5.4954e—04 — 5.4954e—04 — 5.4954e—04 — 5.4954e—04 —
20 6.8965e—05 2.9943 6.8965e—05 2.9943 6.8965e—05 2.9943 6.8965e—05 2.9943
2 40 8.6292e—06 2.9986 8.6292e—06 2.9986 8.6292e—06 2.9986 8.6292e—06 2.9986
80 1.0789e—06 2.9996 1.0789e—06 2.9996 1.0789e—06 2.9996 1.0789e—06 2.9996

10 1.2721e—01 — 1.2721e—01 - 1.2721e—01 — 1.2721e—-01 -
20 6.3996e—02 0.9911 6.3996e—02 0.9911 6.3996e—02 0.9911 6.3996e—02 0.9911
0 40 3.2047e—02 0.9978 3.2047e—02 0.9978 3.2047e—02 0.9978 3.2047e—02 0.9978
80 1.6030e—02 0.9994 1.6030e—02 0.9994 1.6030e—02 0.9994 1.6030e—02 0.9994

10 1.0335e—02 — 1.0335e—02 - 1.0335e—02 — 1.0335e—02 -
20 2.5966e—03 1.9929 2.5966e—03 1.9929 2.5966e—03 1.9929 2.5966e—03 1.9929
0=3h 1 40 6.4995e—04 1.9982 6.4995e—04 1.9982 6.4995e—04 1.9982 6.4995e—04 1.9982
80 1.6254e—04 1.9996 1.6254e—04 1.9996 1.6254e—04 1.9996 1.6254e—04 1.9996

10 5.4954e—04 — 5.4954e—04 — 5.4954e—04 — 5.4954e—04 —
20 6.8965e—05 2.9943 6.8965e—05 2.9943 6.8965e—05 2.9943 6.8965e—05 2.9943
2 40 8.6292e—06 2.9986 8.6292e—06 2.9986 8.6292e—06 2.9986 8.6292e—06 2.9986
80 1.0789e—06 2.9996 1.0789e—06 2.9996 1.0789e—06 2.9996 1.0789e—06 2.9996

time step of hy = 0.1. The simulation is run to a final time of 7' = 100, with the horizon § varying between
3h,2h,h,1073,107%,107° to mimic the limit behavior as § — 0.

Figure 2 presents the difference between the numerical solution of (2.1), denoted by uy, and the local solution
Uloc- The left panel shows the results for an integrable kernel with o = %, while the right panel shows the results
for a non-integrable kernel with o = % In both cases, we observe that as § decreases, the numerical solution uy,
of the nonlocal problem converges to the local solution wuo.. This demonstrates the asymptotic compatibility
of the proposed DG scheme for nonlocal wave equations and confirms its accuracy for both integrable and
nonintegrable kernels.

Finally, it is also worth noting that the convergence of the nonlocal wave equation with the nonlocal operator
Ls to its local counterpart is theoretically expected to have an optimal order of O(4?) in the maximum norm
(see, e.g., [48]). Indeed, let v and wuj. denote the solutions of the nonlocal problem (2.1) and the local problem
(2.3), respectively. When s2v5(s) € LL (R), through a straightforward calculation one can show that

loc

1 §
w= (I -5 / s*y5(5) ds (O — Oza) ™" Opawe + 0(54)> (Dot — D)~ () + O(8%)) = wioe + O(52),
0
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FIGURE 1. The trajectory of the numerical energy, as defined by (4.2), for the problem (5.3).
(Top) Result with integrable kernel (a = 2/3). (Bottom) Result with non-integrable kernel
(v = 3/2). (Left) Result with the degree of approximation being k = 5. (Right) Result with
the degree of approximation being k = 6.

where ug = u(x,0) denotes the initial data, ” represents the second-order derivative with respect to the spatial
variable, and Z is the identity operator. Table 3 shows the L° norm of the difference between the numerical
solution of (2.1) and the solution of the local wave equation (2.3) for different horizon values §. The numerical
settings for the spatial and temporal discretization are identical to those used in Figure 2. The results show a
second-order convergence rate for both integrable and non-integrable kernels, which agrees with the theoretical
findings.

5.4. Nonsmooth solution

We conclude the numerical section with an example involving a nonsmooth solution to demonstrate the
effectiveness of the proposed DG scheme in handling low-regularity problems. Let the exact solution of (5.2)
be

et 1 <r< §
u(z,t) = R | (5.5)
0, elsewhere

with source term fs5(x,t) is computed consistently from the exact solution (5.5). The computational domain
is (z,t) € (0,1) x (0,1). Table 4 reports the L? errors and the corresponding convergence rates obtained
with the DG scheme (2.6) using « :% and § = 0.2. When the exact solution contains discontinuities, we
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FIGURE 2. The difference between the numerical solution of the nonlocal problem (2.1)
and the local wave equation (2.3). For the spatial discretization, we set h = 0.025. For the
time discretization, we use hy = 0.01, up to a final time of T'= 100 with the degree of the
approximation space being k = 2. (Left) Results for the problem with an integrable kernel of
o = 1. (Right) Results for the problem with a nonintegrable kernel of o = 2.
TABLE 3. L* errors and the corresponding convergence rates of the nonlocal solution uy to
the local solution uj,.. The numerical settings are identical to those used in Figure 2.

a=1 a=3
§(x1072)  |jup — Uoc|lze  Order  |Jup — Uioc||ze  Order
271 1.4586e—01 - 5.8714e—02 -
272 4.2314e—02 1.7854  1.4877e—02 1.9806
273 1.1378e—02 1.8949 3.7614e—03 1.9837
274 2.9778e—03 1.9339  9.7053e—04 1.9544
275 7.8271e—04 1.9277  2.5810e—05 1.9109

observe approximately half-order convergence for P*-element with & = 0, 1, which is consistent with theoretical
expectations for solutions of limited regularity. Figure 3 presents the numerical solution wu; together with the
exact solution u at the final time ¢ =1 on a uniform mesh with N = 64 cells. Oscillations are visible in the
vicinity of the discontinuities when k& = 1, which is typical for high-order DG approximations in the absence of
limiters. Nevertheless, the oscillations remain bounded as N increases, and the DG scheme remains stable and
accurately captures the overall solution profile, demonstrating its effectiveness for nonsmooth nonlocal wave
problems. The development of limiter techniques for high-order DG discretizations in nonsmooth nonlocal wave
simulations is left for future work.
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TABLE 4. L? errors and the corresponding convergence rates for the nonsmooth solution u
presented in (5.5). The time step size is hy = 2 x 10~° with the terminal time ¢ = 1.

k=0 k=1

N llu — un|| L2 Order  ||lu — unl| 2 Order

16 2.16775868e—02 - 2.16769861e—02 —

32 1.53274702e—02  0.5000 1.53280531e—02  0.4999
64 1.08383784e—02  0.4999  1.08385496e—02  0.5000
128  7.66412782e—03  0.4999 7.66396849e—03  0.5000
256  5.41909166e—03  0.5000  5.41924200e—03  0.5000

k=0 k=1
0.5 ' ‘ exact sol. 0.5 ' ‘ ‘ exact sol.
0.4 o numerical sol. | o numerical sol. |
0.3
s 0.2

017 1

0 ‘@ E880550508080808
-0.1 - : ' ' ' ' -

0 0.2 0.4 0.6 0.8 1 0.4 0.6 0.8 1
T x

FIGURE 3. Plots of the numerical solution u; obtained with the DG scheme (2.6) at the final
time t = 1, using o = % and § = 0.2. The numerical solutions are visualized by evaluting u; at
k 4+ 1 Gaussian quadrature nodes within each DG cell, with the total number of cells set to N =
64. (Left) Piecewise constant approximation (k = 0). (Right) Piecewise linear approximation

(k=1).

6. CONCLUDING REMARKS

To summarize, we have developed and analyzed a DG method for solving a nonlocal wave equation in one-
dimensional space. By introducing an auxiliary variable, analogous to the gradient field in local DG methods
for classical PDEs, we have reformulated the problem into a system. The proposed scheme uses a DG method
for spatial discretization and the Crank—Nicolson method for time integration. We established the stability
of the scheme and derived optimal L2-error estimates for integrable kernels. In addition, we proved that the
DG scheme recovers the local DG method in the limit as the horizon § — 0. Furthermore, we show that the
fully discrete scheme, when combined with the Crank—Nicolson time integrator, preserves energy conservation.
Numerical experiments confirm our theoretical results.

This work also opens up several directions for future research. A key extension is to develop a more
comprehensive error analysis for the fully discrete scheme. Another important direction is to extend the proposed
method to nonlinear problems that capture physical phenomena beyond the linear setting. In addition, the study
of more general nonlocal initial and boundary value problems, including nonlocal Dirichlet and Neumann-type
models, would further enhance the applicability of the method. Furthermore, the study of nonlinear nonlocal
dynamics and coupled local-nonlocal systems could provide valuable insights into the modeling of complex
physical phenomena. We leave these challenges for future studies.
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