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LOCAL DISCONTINUOUS GALERKIN METHOD FOR THE PRESCRIBED
MEAN CURVATURE EQUATION

YUEWEN CHEN!, CHI-WANG SHU?>*® AND SHING-TUNG YAU'?

Abstract. We construct a non-polynomial local discontinuous Galerkin (LDG) scheme for the
prescribed mean curvature equation to approximate boundary gradient blow-up solutions and obtain
error estimates.
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1. INTRODUCTION

Consider the prescribed mean curvature type equation with Dirichlet boundary condition

\%
-V (ﬁ) = f(z,u,Vu), =€, (1)
u = b, x € 09, (2)

where © is a bounded domain in R? with 99 € €2 for some a,0 < o < 1. The most significant challenge is the
absence of a gradient estimate; such an estimate is not universally applicable, and boundary gradient blow-up
is a potential issue.

There is an interesting example, the Jang’s equation [25], which can be written as

i 3 i, j
\v2 v — (g” uu) Kijv (3)

1+ [Vl L+ [Vulg

where g;; (4,7 = 1,2, 3) are the components of the metric and K;; are the components of the extrinsic curvature;
u' = gYu; (where u; = 0;u, g% is the inverse of metric g;;) are the components of the gradient and |Vu|3 =
giju'u’ is the square of its norm. Near the boundary (apparent horizon), the gradient |Vu| blows up. Schoen and
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Yau [25] developed the application of the Jang’s equation in their famous proof of the positive mass theorem
in general relativity in the early 1980s. We are interested in studying the blow-up solutions numerically of the
Jang’s equation inside black holes, which is a very challenging task. We will complete this task in the following
three steps: First, we will study the prescribed mean curvature equation in flat space to obtain a good numerical
scheme; second, we will study the Jang’s equation under certain symmetry assumptions (such as spherical and
axial symmetry); and third, we will study the general Jang’s equation. This paper aims to complete the first
step, in which we will consider the prescribed mean curvature equation in flat space, rather than curved space.
For simplicity, in this paper, we assume that the source term f is a function of & only. We hope to construct a
local discontinuous Galerkin (LDG) scheme with non-polynomial basis to solve the boundary gradient blow-up
problem.

A simple property of (1) is that if the integration of the source term f(z) is “too large” on €, then Egs. (1)—(2)
will not have a classical solution of 2. As |Vu| — co at the boundary 09, the term ——=—=— — 1. Integrating

1+ Vul?

by parts, we obtain

Vu-n

where n is the outward unit normal vector of 92 and ds is the measure on 0f). A necessary condition for the
existence of a classical solution is

<109 . (4)

/Qf(w)dw

When the equality | [, f(x) dx’ = |0€2| holds in (4), classical solutions cease to exist; instead, Giusti [18] proved
the existence of an “extreme solution”, defined as a generalized solution whose gradient completely blows up
(][Vu| = o0) everywhere on the boundary 99Q. In fact, the gradient blow-up solution of the Jang’s equation
corresponds to such an “extreme solution”.

Moreover, what if “>" appears in (4)? Obviously, Egs. (1) and (2) does not have a solution. In this case,
when studying the parabolic equation

Vu

u =g, x € 0N (6)

we will find that u; - 0 when t — +o0.

In this paper, we study “extreme solutions” and aim to design an LDG scheme to approximate these blow-up
solutions. We use the parabolic equations (5) and (6) to find the steady-state solution instead of solving the
equations (1) and (2) directly; the theoretical guarantee that the solution of this parabolic equation converges
to the extreme solution as t — oo was rigorously established by Lichnewsky and Temam [21]. However, when
we use the LDG scheme with polynomial basis functions to approximate the “extreme solutions”, we observe an
interesting phenomenon on coarse grids: the time derivative of the numerical solution does not decay to zero,
that is (up)¢ - 0 when ¢t — +o00, which is due to the large numerical errors near the boundary. This indicates
that we need a better finite element space with suitable non-polynomial basis functions to approximate the
blow-up solutions. In the study of singular perturbation problems, exponentially fitted schemes were employed,
as referenced in [20] and [23]. To solve boundary layer and highly oscillatory problems, Yuan and Shu [27]
constructed discontinuous Galerkin (DG) schemes with non-polynomial basis functions, such as trigonometric
functions and exponential functions. Moreover, the non-polynomial DG method was to solve elliptic multiscale
problems [28, 29].

The LDG method, initially presented by Cockburn and Shu [13], extends the DG framework for convection
equations and builds on the foundational work of Bassi and Rebay [6] on the compressible Navier—Stokes
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equations. This method further develops the Runge-Kutta discontinuous Galerkin methodology [10-12, 14],
which was constructed for nonlinear hyperbolic systems. The LDG method has become a significant technique
among DG approaches, especially for convection—diffusion problems, due to its wide range of applicability and
its characteristics of local conservativity and high degree of locality. When dealing with purely elliptic problems,
the LDG method and the technique by Baumann and Oden [7] are closely linked to the interior penalty (IP)
methods, primarily investigated by Babuska and Zlamal [3], Douglas and Dupont [15], Baker [4], Wheeler [26],
Arnold [1], and further by Baker et al. [5], Rusten et al. [24]. These DG methods for elliptic equations fit into one
comprehensive framework, as shown by Arnold et al. [2], which helps in understanding their relationships and
aids in a comprehensive error analysis. As for the a priori error estimate of LDG methods for elliptic equations,
Castillo et al. [9] show that if the stabilization parameters of order % are taken, the optimal convergence order
can be achieved.

Returning to the above mean curvature equation, several numerical works exist for the non-extreme solution
(the smooth solution). Johnson and Thomée [19] studied a finite element method for the minimal surface
problem (with the source term f = 0), employing a piecewise linear basis and obtaining the optimal H' and
L? (for 1 < p < 2) error estimates. Dziuk and Hutchinson [16, 17] gave an algorithm for finding finite element
approximations to surfaces of prescribed variable mean curvature. Optimal error estimates in the H' norm
was given. Brenner et al. [8] used a finite element method to study the one-dimensional prescribed curvature
problem.

The rest of the paper is organized as follows. In Section 2, we consider the extreme solution for one-dimensional
prescribed mean curvature equation. We construct a non-polynomial basis LDG scheme and obtain an error
estimate. In Section 3, we study the LDG scheme for smooth solution. In Section 4, we show the non-polynomial
LDG scheme for the multi-dimensional case. In Section 5, we present a numerical test to confirm our error
estimates.

2. LDG SCHEME FOR ONE-DIMENSIONAL PRESCRIBED MEAN CURVATURE EQUATION;
THE NONSMOOTH CASE

To illustrate our ideas, we start with the one-dimensional problem

u(a) = u(b) = 0.
As mentioned above, if f(x) is “too big” on [a, b], then there exists no solution. This is because \/fiiug <1
Defining ¢ = Eey and integrating by parts, we obtain
b
[ H@)de < la(@) - a(t) < 2.

a

For simplicity, we assume f(x) = —1 and we know that
b—a<2.

If b — a = 2, as shown by Giusti [18], there is an extreme solution u(z) on [a, b]. Assuming a = —1,b = 1, we have

u(zr) = —v/1—2? (8)
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and

Ve ©)

As ¢ — 41, u, — oo. To construct a non-polynomial LDG scheme, the main idea is that, if we know the
singular part of the exact solution, denoted as g; (which can be obtained using an a priori estimate), we can
construct a group of basis functions ¢; = g192;, where gs; is a regular function. This allows us to effectively
approximate the blow-up solution.

In this section, we consider only the one-dimensional elliptic problem (7) with condition

/abf(x)dw

We will analyze the singular properties of u. For simplicity, we assume f(z) < 0. Define F(z) := f; f(s)ds,
since — fab f(z)dxz = 2. A Taylor expansion of F'(x) at x = byields F(z) =2 — f(b)(x — b) — @(m — b)2, hence
q(x) = =1+ [7 f(s)ds. Then

Uy =

=2 (10)

g(x) =1 = f(b)(z = b) + O((z — b)?).

Using u, = ———=
Vi1—g?’

Up X ) = —F———F—— —(EI/Q.
o(0) = e + 0= ) 7) (1)

Similarly, near x = a, we have

1

V-2f(a)Vz —a + 0z =) %), (12)

ug(z) =

We consider the parabolic problem

Uy = (\/W)x + f(l’) il’l [a, b], (13)

We define

-
1= V1472

We assume the following uniform mesh to cover the computational domain [a,b], consisting of cells I; =
[%i1,241],1 < i< N, where

T = Ug,

a=xL <wy < - <xN+%:b.

We denote h:=wz; 1 —z;_1,2;= (; +1+x;_1) and the finite element space consisting of piecewise
polynomials

ViEi={v:o|, € PA(I); 1<i<N}, (14)

where P*(I;) denotes the set of polynomials of degree up to k defined on the cell I;.
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We again denote
- {U : U|Ii € span{l,g(x)(x - xi)()vg(z)(z - IZ)17 i ,g(l‘)(ﬂf - zi)k}} (15)
and
. 1 1 1
Sk . { xirs {1,1’—%2‘0,.’)3—1811, .,x—xik}}, 16
: o T g g 1o
where g(x) = /(z — a)(b — ), because of (11) and (12).
The LDG scheme for Eq. (13) can be described as: find uy, € S*,r), € S*,q;, € V,f‘H, such that V¢ € S*, Vv €
Sk v € Vf“; there holds
/ rtpdz = - / unthe Az -+ (i), U7,y — ()3 0y, (17)
I,; Ii
Th
qnydx = / —F——7dz, 18
/17» n\/1+r; (18)

/1 (up)pdr = /1 fodr — /1 qn¢z Az + (Gn)iq 1 Pip1— (Gn);_

where the numerical flux at the interior nodes are given by
(@)ivy = (an) s (n)pps = (un);yy, 1<i<N -1 (20)
The numerical flux at the left boundary is
(Gn)s = (%); (Gn)y = (un)y = u(a), (21)
and the numerical flux at the right boundary is given by
(@)nry = @),y — 5 (up 0) —u®), a>1. (22)

(an) gy = (Un)yg s

2.1. Stability
We will consider the L? stability of the LDG scheme (17)-(19)

Theorem 1. For the LDG scheme (17)-(19) approzimating the problem with homogeneous Dirichlet boundary
u(b) = 0, we have the following stability estimate
b
(23)

b
/uhdx+// mdxdthet(Ht) (/ u%dw+/ f2dx>
a h @ @

Proof. Taking ¢ = up, ¥ = g, in (17)—(19), we obtain
V- @Dy + [ funde
2 I

1, .
/1 <<2Uh>t + qm"h) de = UZ-JF%(%)H?

Using (18) and taking v = r,,, we obtain

thhdz:/ —=—dx
/I LV1+7}

i

condition u(a) =
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Then,
1 5 r,QL de = u- - (4 3 N 1
I §(Uh)t + W T = uH%(Qh)H% uz_%(qh )l,% + . fuh x.
(qi)z-+;7 1 < N — 1, we have

1, and using (Gn);4 1

Summing over with i =1,..., N — 1,
+ -+
Z/ 1—1—7" Z/lfuhda:—&—u _1dy_1 T U4
0, the last term vanishes. In the final cell I, we have
(up, )n— 1+ fupdx.
In

Since u; =0,
2

T de = (6 — (7t
x—(Qh)N+%“N+% (a5 )n-1

L o5
/INQ( 2 1+77

Using (22) and u(b) = 0, we obtain

[N

(ﬁh,)NJr% = (g, )N

Adding (25) and (26), we get
2 b
N 1)2 = (QDN+%(U;)N+% +/ fup dx.

T} ) dzx + %(uNJrE

o1,
/a (2(uh)t+\/l+r%

Using Young’s inequality ab < 2a? 4+ b2

_ _ o, _
(qh )N+%(uh )N+é < E(uh )NJFl + 1 (qh )N+1
Inserting (28) into (27), we have
b 2 b b
Lo, "h h 19 1 2 1 2
A (2(uh)t+ m) 4 (qh )N-&-% +§ ; f d$+§ ) uhdx7

where gy, requires a uniform bound estimate. We state this result in Lemma 3
lanllzoja.01) < C-

(25)

(26)

(29)

To avoid interrupting the flow of the stability proof, the technical derivation of Lemma 3 is provided separately

after Lemma 2. Then,
h , _. hC
E(qh )N+% < T

and inserting this into (29), we have
b b
fAdx + / uf da.
a

2
2r;

b
C
u2 4+ —2 _dx < —
/a( w V31+r? !

(30)



LOCAL DISCONTINUOUS GALERKIN METHOD FOR THE PRESCRIBED MEAN CURVATURE EQUATION

Using

b ch b b
/(U}%)tdﬂcﬁg‘f'/ f2d95+/ uj, d,

b b b
/uidojget </ ugdz+t<0h+/ fzdav>>7
a a 4a a
t b b Ch b
//u%dxdtﬁ(et—l)/ udde + (ef(t —1) + 1) <4+/ f2dgc>.
0 Ja a «Q a

Using (30) and (31), we obtain
b t b 2
2r
2 h
uy, dz +/ / ——=dzdt
/a " 0o Ja 147}

b Ch b
get/ udde + (ef(t —1) +1+1) E—i—/ frdz ).

we have

2.2. Error estimate

Note that, using Lagrange mean value theorem, there is an rg between r and rj such that

T Th o T —Th
Vi+r2 1+ 71? (1+r§)%’

We define the errors e*,e”, e? as

e =u—up=n"—¢&"

ef=r—rp=n"-¢,

el =q—qn=n"-¢,
where

n* =u—1Ihu, & =u,—1Ihu,

,’77’ =T — H2T7 g’r‘ =Th — H2T7
n? =q—1Ilzq, &= qn—Ilzgq,

For the projection of ¢, we define

Y G \ — soan 1 z—ux (x — x;)" '
8400 = g3 P4 = { g }

I € Pk+1(IZ) by

On each cell [; = [;_1,2;,1], we define Il3q

/nqux:(), vy e SM(I), 0t =o0.
I 2

i

1673

(31)

~ o~
w w w
=W N
= O =
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The projection II,Il5 are defined in Lemmas 1 and 2, respectively. Then, we have £ = —e? + n9,
[e-nmao= [ EoTqan grevin vyesn (36
I; I; (1 + r@)f

Here the test space in (36) remains gk, since this equation is inherited from the LDG formulation for qp, whose
test functions lie in S*. The auxiliary space S* is used only in the definition of the projection I3q. We need
the following projection error estimate. We employ a bootstrap argument. Assume

1
196" |Loo (a8 < RE. (B1)

This ensures grp, remains close to gr, implying the uniform bounds
c1 < g?(14713) < co, (B2)

where ¢1, co > 0. Applying Lemma 4 yields ||g€" || p~ < Ch¥*%, which is strictly smaller than the assumed bound
for sufficiently small h, closing the bootstrap (the details are in Lemma 4). Thus, we have

lim g?(z)ra(z) >c¢; >0, lim ¢*(x)ri(x) > ¢ > 0. (B3)

T—a~ r—bt

Under assumption (B1), we verify the properties (B2)—(B3) of ry. Recall that 7y is a convex combination of r
and 7. Multiplying by g, we have:

gro = Agr)+ (1 = XN)(grp) =gr+ (A= 1Dg(r —rn), A€]0,1].

Note that [g(r — 1) < [|g7"|leo + [|g€7 ||oe- By Lemma 1 (39), we have ||gn" ||co < Ch**+1, and using Lemma 4, we
can control || g€ ||eo < CR*T3. So, |(A — 1)g(r — ry)| < Ch*T3. We assume |gr| > ¢o > h*3 near the boundary,
if h is small enough. The term gry preserves the sign and magnitude of gr, which is regular. Consequently, there
exist uniform positive constants ¢; and cs, such that

a1 <1413 <co, lim  g*(x)ri(z) > > 0.

z—a~or bt

Lemma 1. Assume that the function r has the form r(z,t) = ﬁR(m,t), where R(-,t) € C**1([a,b]) and g(z)

is the weight function defined in (16). Let Tlar € S* be the projection of r defined by the following conditions
for each cell I;:

/ (r—Ipr)dz =0, (r—Ir)f, =0, VyeV, (37)
I;

then, we have

Nl

(ﬂmWM><%W (38)

and

197" | £os (ap)) < CRFTL. (39)
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A direct corollary of (38) is

</ b de) s (40)
o (1+73)2

where C' is a positive constant independent of the mesh size h, and ry lies between r and rp,.

Proof. Without loss of generality, we perform the analysis on the reference interval [—1, 1] by the affine mapping
T W The general case on [a, b] follows directly by scaling, which introduces a constant factor dependent
on the domain size but does not affect the convergence order. We assume that the local weight function behaves
as g(x) ~ 1 — 22 (or /T — z near the boundary). We need to define a set of weighted orthogonal polynomial
bases, g, 91, ..., Yk, that satisfy the following relationships:

/¢w] dmfm,jl:QL“wh
First, we need to define a set of simple polynomial basis functions:

Bo=1

/81:1'*1:1'3

B = (z — z;)F,

where z; = %(xi+% + fze%) Define the inner product as (A4, B); := fl AB\/i dz. Using the Gram—Schmidt

orthogonalization process, we can construct the following orthogonal basis functions {¢;}, j=0,1,... k.
Assuming the z; =1 —¢,0 < % <& < 1, we have (see Appendix A)

Assume r = %R(x, t), where R(x,t) € C*°(R x R). Using Taylor expansion of R(z,t) at x;, we obtain

RII .
éxZ) (z— i)+ - +eilw—z)T

= botho + bithy + - -+ + by, + e (x — ;)T

R(x,t) = R(z;) + R'(z;)(x — x;) +

We define IIr := %(amﬂo + a1 + - + agthy). Then

dz, j=0,1,... k.

/“’"‘/’Jﬁ /¢W

Substituting the expansions for IIr and r, and denoting C; := a; — b;, the orthogonality property yields

C; = /1 ei(z)(r — xz‘)kﬂ%ﬁ dz.
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(k+1)
Since R(x,t) is smooth, the remainder coefficient e;(x) = % is uniformly bounded on I;. Utilizing the

boundedness of e;(z) and the estimate 1; = O(h_%)ai, we obtain the following bound:

1
051 < magled@) [ o=l ey o
1 1
SCHH L pTE [ da
o I, V 1—=z

< ChMFieh.

3

We note that the explicit integral estimation above focuses on the singular behavior near the right boundary
(x — 17), where the weight function is dominated by the term (1 — x)~'/2. For elements near the left boundary
(x — —1%1), the weight function ezhibits the symmetric singularity (14 z)~'/2. Due to the symmetry of
the domain and the weight function g(x) =1 —x2, the derivation is strictly analogous, yielding identical
asymptotic bounds for the coefficients C;. Thus, the estimate |C;| < ChF+3/2¢=1/4 holds uniformly for all
elements I; across the domain. Using the boundary condition n:jl /2= 0, we obtain the linear constraint

1 k
Q(T—lﬂ) <Rrem($il/2) - ;CJ¢j(le/2)> —0.

This relation uniquely determines Cy. Given the uniform boundedness of the remainder term R, ey and the
asymptotic behavior of the basis functions ; derived in Appendix A, the coeflicient Cj satisfies the same
asymptotic bound as C; (j > 1). Thus, we have:

1

ICo| < ChF+3e 74,

Combining the estimates for all coefficients C; (j =0,...,k), we estimate the weighted L? error norm. Using
the fact that |Ryem ()| < Ch**1 and the pointwise estimates for 1;, the local error on element I; satisfies

L 2
/(rfﬂr)zgzdx:/ (Rrem(I)Zde)j(@) da
I; I; 7=0
k
g?/ RfemderQZCf/ o7 da
I; 7=0 I;

k
< Ch B2 4 0N (hPH5ema) (h7 e )
j=0

< CR2+H3,

Note that we used the estimate [, z/)JQ- dx & h, which follows from the normalization in the weighted space (see
Appendix A). Summing over all N ~ 1/h elements, we obtain the global bound as follows:

b
/ (r— Hr)292 dz

N
< Z/, (r —r)%g* dz
i=1 /1
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< N - Ch2k+3
< Ch2k+2.

This implies

b 2
(/ (nr)QgQ dx) < Chk—H.

Finally, we convert this to the target norm. Using the boundedness of the domain (which implies g(z) is

bounded), we have
b \2
/ (") dz
a (1 + rg)i

b 3(,T\2
:/ 29 (772)2 _do

a (92 +g%r5)>

b

< O/ ¢*(n")?dz  (using (B2))
< C sup |g(z |/

z€[a,b]
S Ch2k+2.

Taking the square root completes the proof

1
b r\2 2
/ ) ) < on
a (1+72)2
Pointwise estimate for ||gn"||oo:

Recall the expression for the weighted projection error derived from the expansion of R(z,t):

g(x)n"(z) = g(z)(r —1Ir) Za;% = Z = ag)y + ei(a — z) <t

7=0

Substituting C; = a; — b;, we have gn” = — Z?:o Cjvj + O(hk*1). We now apply the bounds derived above:

|C;] < Ch*3=1 and [;| < Ch~%ci. A key observation is that the singular factors e~ and €1 cancel out
perfectly:

k
llgn™ Nz < D 1053l +max|e; (v — )|
7=0

<(k+1)- (Cthr%g*%) . (Chfégi) 4+ Opkt!
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Since this bound is independent of € and holds for any element I;, we conclude globally:

190" || Lo (fa,p)) < CHFTL.

Lemma 2. Assume that

u(x,t) = g(x)U(z,t), U(-t) € C*([a,b]).

Let TLiu € S* be defined cell wise by

/(u—nlu)qsdx:o, Vo € ViF,

I;

with condition
(u— Hlu);r% =0.

Then,
In“/I L2 (ap) < CHEHY,

where C' is independent of h.

Proof. We need to define a set of weighted orthogonal polynomial bases (g, (1, - . -

relationships:

/ P de = 650 G L= 0,1, k.
I.

i

First, we need to define a set of simple polynomial basis functions

180:17

/Blzx_'ria

B = (x — z;)F,

, Ck, that satisfy the following

where z; = %(J:H% +a;_1). Define the inner product as (A4, B); := [; ABg?dz. Using the Gram-Schmidt
orthogonalization process, we can construct the following orthogonal basis functions. Assuming z; =1 —¢,0 <

b < e < 1, we have (see Appendix B.1)

Assume u = g(z)R(x,t), where R(z,t) € C*°(R x R). Using Taylor expansion of R(z,t) at x;, we obtain

R”(l’i)
2
=boCo + b1t +bala + -+ +ei(w — )"

R(x,t) = R(z;) + R/ (z;)(z — x;) +

(x— )2+ - +ei(x — )k
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We define ITu := g(z)(aolo + @11 + - - - + axCx), then

/Hucjgdx:/u(:jgdx, i=0,1,....k—1,

I; I;

¢ = / e:g? (@) (z — z)FH¢; da,
I

where ¢; :=a; — b;. Using "7, = 0, we obtain
2
Jit+i (CLOCOAJr% 4+ o+ aka)iJr%) =it (bOCO,i+% 4+ o+ bk(k,w% + O(hkﬂ)) _
If Yir 1 # 0, we have
COC()’H_% + o 4+ Cka,i—i—% — O(hk+1)

If g; 1 =0 (on the last cell i = V), we need another condition (43) to replace (42)

Ci = / ei(a: — xi)k—i_ngCk dz.

I;
We also have the following estimate (details in Appendix B.2):

3 1
co < chk+§55,

[N

3
c1 < chFtaes,

3 1
ey < chFt2ez,

3 1
cr < chFtzes,

i

SC§/
1

/ (n")? da = / ¢ (coCo+ -+ + cal + OF1))? da
I; I

g*G dx + ci/ g dm+0(h2k+2)/ g% dz,
Ii I'i

/ ¢*¢Gde =1,
I,

i

i

where we have the estimates

/ g*dx = O(he),
I;
then

/ (nu)2 dz S O(h2k+3€) S O(h2k+3)
I;

1679

(43)
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and

d

To estimate the terms involving the time derivatives of the projection errors, such as ||ny*||, we rely on the fact
that the mesh is fized. Consequently, the projection operator II commutes with the time differentiation, yielding
Ny = ug — [uy. Assuming that the time derivative of the exact solution satisfies the same reqularity conditions as
the solution itself—namely, u; € H*T1(Q) and r; satisfy the structure vy = g~ 'Ry with Ry € O+t —the estimates
derived in Lemmas 1 and 2 apply directly to nf* and 0%, that is, |nf|| < ChF+L.

Lemma 3. Let g, € V}f“ be defined by the scheme (18). The following estimate holds:

llanll Lo (ja,b)) < C,
where C' is a constant independent of h.

The proof of this lemma is given in Appendix C. To obtain the estimate for ||n?| L, we present Lemma C.7
in Appendix C, namely,

Il o < CREF2. (44)

Note that this is because ¢ is smooth and ¢; € V,f“.
We define the local energy norm as H§’||2Ell = [, 1+ Tg)_% (€7)2 dz. Then, we have the following:

(1) Estimate for the cross-term volume integral ’ S RS dx’:

/ n"§ldx| <
I;

(2) Estimate for the boundary trace term —(§N+1/2) :

02
4—6112’”2 +ell€n|l% g, + Ch*F 2 e > 0. (45)

c . C
(€ ) < e €I+ P2 (46)

Remark 1. The € in (45) is a constant, which is different from the e defined in Lemma 1.
Remark 2. The proofs of (45) and (46) are given by Lemma C.10 in Appendix C.
Finally, we have the error estimate.

Theorem 2. For the LDG scheme (17)-(19) with boundary condition u(a) = u(b) =0, we have the following
error estimate: for k > 0,

/b(u—u )2dﬂc+/t/b2(1—cl)(r_rh)2dmdt<c (1 +t)eth?k+2
a " 0 Ja 20 (1+T3)% = 7

where a > 0, ¢y, c2 > 0 are constants which satisfy 1 — 5= > 0.
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Proof. The error equations are

/et“gbdz:—/eqd;xda:—k( ),+1¢Z+1—(q—qh)i_%¢j7%, (47)
I; I;
T —Th
q—qhwdx:/ivd 48
J @ T (43)
/ e"pdr = —/ e“1, dx + (u—uh)HmJJHl — (U_’&h)i—%w;%' (49)
I; I;
Considering ¢ = —€%, ¢ = —€9,v = &%, and for i < N — 1, and assuming g, = q;{, iy, = uy, , we obtain
1
[ stenrae == [ o rengrass [mreas
I; 2 I; I;
+ (=T + fq+)i+%§?+ = (=" + fq+)szfu+,
Using Gauss-Radau projection [ ;. niydx =0, it =0, ¥y e S* then (47) reduces to
i K3 3
1 )
| yei=- [ egarener, e + [ aerdn G-, (50)
I; I; 2 2 I;
Similarly, using Gauss—Radau projection fI n*¢ddx =0, n* +1 =0, (49) reduces to
I; I; I; 2 2 2 3
Summing (50) and (51) over 4 from 1 to N — 1, we obtain
N-1y
> S e = Z/ M+t de €L €T, — €1VEr (52)
i=1
where €77 = 0.
2
If i = N, (47) 4 (49) reduces to
1 u r ~ u— u— u u T
[ SR = - an (e 5,60, 4 [ e e
where
e
an = ap, — 3 (u )Ny
X — « — . — —
(aves = @)ne)(~Eny) =€ ybimy — 7 E0ny)? (using n, =0, my, =0).
Then (47) + (49) becomes
1 u T - « — - U U T
| openreaa—gr o, - Sent-al g, v [ e e 63)
IN IN

Summing (53) and (52), we have

e

1 -
/1 S € +€7¢tdr = /I ()€ + "€ do + €17, 1607 — 5 () (54)
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Using the definition of £7 in (36), the second term on the left-hand side in (54) becomes

b b \2 b b rer
(&) n"¢
relde = [ —>2 g wrdqe— [ —15 _dg. 55
/agé ’ /a(1+r9)3 I+/a775 ! /a(1+r§)3 v (55)
P
1 P

To obtain the estimate for |P;|, we present Lemma C.8 in Appendix C, namely,

b
/ ni¢" dx

and P, can be controlled by Lemma 1:

b \2 b 7\2 b 7\2
|P ‘ <= / (77 ) . dr + 671/ (5 ) SR A dz < C«h2k+2+ C1 / (g ) . dz
oo W T a0 ) Wt fad e

<= / b 705772 dz + Ch?+2
da J, (1+12)3/2 ’

Then, (54) becomes

\2
5+ (1= 55) s e < e erae €60, - 6P O 60

By Young’s inequality,

€y < ) (el )
2
< %(5};;%)2 + Z—; /ab ((lf@> dz + Ch**+2 (57)
< %(5}‘@;)2 Lf;/ab a +1rg)3 (5?”)2(1 +1 51 dz + Ch?+2
< %(5};;%)2 - Z;/b i +1 o S (€7)2dx + Ch2R+2, (58)

Let us provide a brief explanation of equation (57): From the error relation (46), we have Ia (§N+1/2)2
= ||§T||?;)IN + Zh2k+2_ Then, using (58) and (56), we obtain

b b
1 oo 1
- U T < u T ¢q = T
[ 2@+ e s [une s werar g —me (59)
By (45) of Lemma C.10 in Appendix C, we have
b b 7\2
/ retde| < cgh? 2 4 GL / (") > da (60)
a 4o (1 —+ ’l”e)f

The fj(nf)gu dzx can be controlled as

b b
2 / ()" < cah®+ 4 / (€")? da.
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We take 0 < « large enough such that 1 — 5= > 0; then, (59) reduces to

b “ C1 1 b u k
/a(g )§+2(1—%) m(g) dx</G(§ )2 da + coh?F T2, (61)
Finally, we have
/ (€") dx+/ / 1—— (1+r) ——— (€7 dadt < (e(t— 1) + 1 +t) coh®* 2. (62)
6
O

We now verify that the bootstrap assumption (B1l) is never violated by deriving a sharp
pointwise bound. With the bounds (B2), the error estimate (62) yields the time-integrated estimate

t b
/ / (€7 dxds < Ch?FF2, (63)
0 a

Set
Q(z, s) = g(x)€" (x, s).
For each fixed time s € [0, ¢], we apply only the spatial estimate (66) in Lemma 4 to the function Q(-, s):

b 1/2
Q¢ 9|z (@) < Ch**IV/G Q- 8)l|L2(apy = CR™*/* (/ gg(ér)zdl’> :

Squaring this inequality and integrating in s, we obtain

¢ b 1/2
1971 L2 (0,61 (ap)) < Ch™/ </ / g*(€)dz dS) < ChF*i (64)
0 a

Next, we differentiate the error system (47)—(49) with respect to ¢. Since the mesh is fixed, the projection
operators commute with time differentiation, and the same projection estimates apply to n¥, 0y, and nj.
Repeating the proof of Theorem 2 for the differentiated system yields

t b
/ / g3 (&)? dwds < Ch* 2. (65)
0 Ja
For each fixed time s € [0,t], apply again only the spatial estimate (66) in Lemma 4 to

Qt(" S) = g()ff(, S)'

Since g is independent of ¢, we have @y = g&/, and hence

b 1/2
1Qe(, 8) |z (ap) < CH ™3/ *[\/G Qi (-, 8)l| L2(apy = Ch™3/* (/ 9> (&)? da?) :

Squaring this inequality and integrating in s, we obtain

t b 1/2
1960 | 22 (0,8 1o (ap)) < Ch™3/4 </ / g* (&) da dS) < OhFta, (66)
0 a
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Under the standard projected initialization, £"(-,0) = 0, and therefore
9(x)¢" (2,0) =0.

Hence, by the fundamental theorem of calculus in time and the Cauchy—Schwarz inequality,

s
sup [|g€" (- 8) |l oo (ab)y < M98 (5 0l Loo (ap) + S / 19& ¢ Tl Loe (a,p) AT
0<s<t <s<tJO

/ 1967 (7)1 (o A7
1
<2 987 || 20,60 (b)) < CrhFTa. (67)
Since k+ 1 > & for all k>0, the bound (67) is strictly smaller than the bootstrap threshold in (B1) for
sufficiently small h. Therefore, the bootstrap assumption (B1) is closed, and the bounds in (B2) remain valid.

In Lemma 4, we shall prove that for any £ > 0 and sufficiently small h,

9671 Loe (jap)) < CRFT3 < hs.

Lemma 4. Let&™ =r, —1lor € Sk and g(z) = \/m Assume the global weighted L? error estimate
(63) holds. Then, for the function Q(zx) := ( )" (), the global pointwise bound satisfies
1Qllz (fa)y < Ch™ 4 VFQI L2 ta) (68)
and
QI L~ (jap)y < CRF3. (69)

Consequently, for any k > 0 and small enough h, the bootstrap assumption ||g€"||p~ < h'/® is satisfied.

The proof of this lemma is given in Appendix C.

3. ONE-DIMENSIONAL SMOOTH CASE

In this section, we discuss the case with smooth solutions, and when using the same basis function S*, we
can achieve higher accuracy O(h¥*2). The essential difference in the error estimation is obtaining different
projection error estimates, which means deriving new versions of Lemmas 1 and 2.

Lemma 5. Assuming (4) holds strictly, which means there exists a sufficiently smooth solution on the interval
[a,b], we define a Gauss—Radau projection Ilor € S* to satisfy the following conditions for each cell I;:

/ (r—yrypde =0, (r—Ihr), =0, VeV, (70)
I; 2

then, we have

(/b ﬁ dm) ’ < ChF2, (71)
o (L+75)2

where C' is a positive constant independent of h.
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Proof. This proof fundamentally differs from that of Lemma 1 in that % is smooth. Using Taylor expansion, we

obtain
1 1 1\’
et (5) @, (72)
) .

/ ~
where 6, is between T 1 and z;, 1 and (%) is bounded. Then, the basis S* becomes

1
2

{1,;+ <;>9 (x—xi),...,é(xfxi)k + (;)9 (x:clv)kﬂ}.

i

This is equivalent to a polynomial basis function space of order k + 1. Using Taylor expansion, we have

r(z) = SS(z) = <S>i_

We define the projection Ilsr as

S S 1 1 S (k+1) .
H2r<9>i;+<g>i (mfxi_%)+...+(k+1)! (g)i (:rfxi_%) .

s\ (36
+ <) (@—wi_ 1)+ + M(m—xz;%)kw.

Then,

0 =r—Tr=Cr—x,_1)""?

T3

and

-

b r\2 2
/%dx < Chk+2,
o (1413)3

Similarly, we can obtain the following projection error estimate, which is a new version of Lemma 2.

Lemma 6. Assuming (4) holds strictly, which means there exists a sufficiently smooth solution on the interval
[a,b]. The Gauss—Radau projection Ilyu satisfies

/I n'¢de =0, 5, =0, Vo€ Vi (73)

then, we have
|| < Ch**2, (74)
where C' is a positive constant independent of h.

Proof. This proof fundamentally differs from that of Lemma 2 in that g is smooth. Using Taylor expansion, we
obtain

g(x) = gi + 9'(0:)(x — x3), (75)
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where 6; is between z,_1

1 1\’ 1 1\’
1, —+ () (x —z),..., (z — x:)* + () (z —x;)"1 5.
gi 9/ e, 9i—3 9/,

This is equivalent to a polynomial basis function space of order k + 1. Using Taylor expansion, we have

and z; 1 and gp, is bounded. Then, the basis S* becomes

(99)4F 2

o \k+2
G @ T

ul,t) = (), 0) = (95)1 3 + (98)is (1= apiy) + oo+

-

We define the projection II;u as

1 k
M= (98)03 + (98)y (@ =T + oo + 7w (@)Y (0 =)

Then

N =u-Thu=C(x—z;,1)""?

1
2
and

Il < Ch**2.

Finally, we can prove the following theorem using the same method as for Theorem 2.

Theorem 3.

b
/ (u —up)?dz < eo(1 + t)eth2 1,

4. THE LOCAL DISCONTINUOUS GALERKIN METHOD FOR THE MULTIDIMENSIONAL CASE

T

We introduce the auxiliary variable r = Vu, q = and obtain the equations

1+|7r|2
r=Vu in Q, (76)
r
- in Q, 77
1= e 70
u=V-q+ f(x) in €, (78)
u = by on I'p, (79)

where & € R?, d > 2 is an integer. To facilitate the illustration of our idea in multidimensional case, we assume
that f() is radially symmetric and that € is a region enclosed by a unite sphere, i.e. Q := {x : || <1} and
the boundary condition by is a constant. The extreme solution is given by a source term which satisfies

/f(a:)dm = |09). (80)
Q
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To construct the non-polynomial LDG scheme, as the first step, we need the boundary gradient estimate.
Consider the spherically symmetric u(r) satisfying the equation

where r = /|x|?. We analyze u, near r = 1 for the equation

1 d [ 41 ur _
_rd71 ar (r h T ug) - f(r)a
with u,(0) = 0 and u(1) = by. We rewrite and integrate

F(r) :=r¢ S.

-1 Ur " d
—_— = s s)d
V14 u? /0 fte)

Let y = w,.. Solving, we get

F(r) .
r2d=1) _ F(r)2

y:

Fore =1—rand F(1—¢) =1+ f(1)e + O(¢?), we obtain
B 1

V=2(d =1+ f(1))e
For simplicity, we assume that the source term satisfies f(1) < —(d — 1) to ensure the existence of the gradient

blow-up solution. We define ¢ = —————; thus,
—2(d—14£(1))

+ O(e).

Ur

C
1 _

Up(r) ~ asr — 17,

<

So, we can define, as before,

g(x) == m

Then, we can introduce the LDG scheme. We consider a triangulation 7, with elements K. We first define
the non-polynomial basis function space S* and S* (for simplicity, we demonstrate only the two-dimensional
case, the higher-dimensional case is analogous). Let (zk,yx) be the center coordinates of the Kth cell and

g(z,y) = m, then we can define

§*:={v: v|k €span {1,9(x,y),9(z,y)(z — zx),9(z,y)(y — yx),
9(z, ) (= — 2k)?, g(z,y)(x — ) (y — yx), 9@, ¥) (y — yx)?,
glz,y) (@ — )", .. 9@,y —yx)*, },

(z,y) € K},
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- 1 1

Sk = {v:v|K espan{l,g(x—xK),g(y—yK),
1 , 1 1 )
—X—2Trk), X —Tk)\Y —Yk), —\Y —YK),
g( ) g( ) ) g( )

;uxK>’2...,;<ny>’“},<z,y> e K}

Vf = {v tu|i € span{l, (x —zk), (Y — yK),
(x — k), (x —2x)(y —yx), (Y —yx)*, ...
('r_xK)kw'-a(y_yK)k}a(xvy) € K}

The LDG scheme is defined as: find rj, € S*, q), € V,f and u;, € S*, such that Vap € Vh’“,'y € Sk,qb € Sk:

/Krh~'¢d:c:—/Kuhv-z,bdx—l—/aKﬁh@b-nds, (84)
Th Y

cydx = —dex, 85

/K(uh)tqﬁda::—/th~V¢d:c+/aKéh~nqbds+/Kf¢dw, (86)

where the numerical fluxes @, and g, are defined as follows. We define &* as the collection of all interior faces
and T as the collection of all boundary faces. An edge e is considered to be in &? if there exist two elements
K*, K~ in Q) such that e = 9K (0K, and an edge e is considered to be in T if there exists an element
in Q, such that e = K (9Q,. We set & = & (JT. Let e be an interior face shared by elements K; and K,
and define the unit normal vectors n1, 9 on e pointing outward from K; and K5, respectively. We define the
average {{-}} and jump [-] at « € e as follows:

fulh = o w), {{ah = 5@+ a),
[u] := uim1 + uzmo, lq] == q1-n1 + g2 na,

where u; = u|sx,. We define a vector value function By on & such that, for e € 9K N &,

Bo - nsc(e) = sign (oo - (e),
where vg is any nonzero constant vector and
I, ={e€l:v-n. <0}, T =T\I'; .
Next, we are going to introduce the expressions of the numerical fluxes:

Hunly + Bo - [un], ifeec &
Up = 1§ 9, ifeecdQ, NI . (87)

Vg ?

Up, if@E@QhﬁF+

vo?
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Han}} — Bolarn], ifeecé?
dn = § qn, ifee o, NI

vo?

an — $(un —g)n, ifec o, NT

vo?

where « is a positive parameter.
We still have the following stability result.

1689

(88)

Theorem 4. For the LDG scheme (84)-(86) approzimating the problem with homogeneous Dirichlet boundary
condition u|gq = 0 (i.e., setting the parameter by = 0 in the numerical fluzes), we have the following stability

estimate

t
2ry - T
u2dm+// h"dmdt<0t+1e’f(/ u + zdzc).
/Qh " 0 Ja, V14 |ral? <o ) Qn ot/

Proof. Taking ¥ = gy, ¢ = uy in (84) and (86), we have

1 N .
/§(U%)t+rh'qhdw=/ —Uhqh'n+uhqh'n+Uth'nd5+/ fup dz,
K oK K

Taking v = rp, in Eq. (85), we have

1 LT . N
/g(ui)t‘*‘ h__h —uth'n-l-uth'n+uth'nd5+/ fup de.
K K

~ThTh dp =
V14 |rpl? oK
Summing up over K, with the numerical fluxes (87)—(88), we obtain

1 Th - Th
—(u3) + ——m——dx = boqn - nds +
/Q 2 V1+|ry|? 89,NT5, 89, NI,

= / UpQh - T — gui ds —|—/ up fdx.  (To simplify, assume by = 0.)
8th1‘to h Q

Upgp - M — %Uh(uh —bo)ds +/ fup dz,
Q

Using Young’s inequality, we have

h
/ unqn - nds < g/ (up)?ds + —/ (qn - n)? ds.
09,TY, h Joo,nri, 4a Joq,nr,

Then,
/1(u2)t+de<i/ (Qh'n)2d8+/f2—|—u2dx
a2 " L+ |rp?2 7 4o Jog,nry, Q h
h
< @|89h| +/Qf2 +ulde. (using ||q-nlle < 1).

By Gronwall’s inequality, we obtain Theorem 4.

5. NUMERICAL TEST

(89)

In this section, we show some numerical evidence to confirm our a priori error estimate for the non-polynomial
LDG scheme. To verify the spatial accuracy of our scheme, we evolve the parabolic systems to a steady state
using the SSP-RK3. The iteration stops when ||u " — ul|| ;2 /At < 10712, At steady state, the temporal error
vanishes, so the reported ||u — up|| 2 represents the pure spatial discretization error. This allows us to directly

confirm our theoretical O(h**1) and O(h¥*2) bounds.
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TABLE 1. Error table of numerical solution for Example 1 with S* non-polynomial basis.

kN |lu—wunlgz Order

10 8.91E—-04 -
20 4.58E-04 0.96
0 40 2.32E-04 0.98
80 1.15E-04 1.01
160  5.76E—05 1.00

10 3.13E-06 -
20 8.27TE-07 1.92
1 40 2.08E—-07 1.99
80 5.21E-08 2.00
160 1.31E-08 1.99

Example 1. We compute the one-dimensional problem (13) in [a, b] = [—1, 1] with boundary condition u(a) =
u(b) = 0. The source term is

flay=-1+ % sin(z)

and satisfies

/_11 flx)dax = —2.

Then, the gradient |u,| — oo near boundary. Since we do not know the exact solution, we use the numerical
solution corresponding to the grid number N = 640 as the “exact solution”. Table 1 provides the error table.
This confirms the error estimate of Theorem 2 as O(h¥*1).

Example 2. We consider the same source term defined in Example 1. The computation interval is [—%, %],

with boundary conditions u(—3) = u(3) = 0. We can check that

so the solution is smooth. Since we do not know the exact solution, we use the numerical solution corresponding
to the grid number N = 640 as the “exact solution”. Table 2 provides the error table. This confirms the error
estimate of Theorem 3 as O(h**+2).

Example 3. We compute the one-dimensional problem (13) in [a, b] = [—1, 1] with boundary condition u(a) =
u(b) = 0. We define the source term as

sy 2 (2 4 coste) 20 (62~ 1) sinGa)
((:c cos(z) — (22 — 1) sin(z))? — 22 + 1)3/2

The source term f(z) is chosen such that the exact solution is given by

u(z) = V1 — 22 cos(z).
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TABLE 2. Error table of numerical solution for Example 2 with S* non-polynomial basis.

kN |Ju—wunlg2 Order

10 2.10E—-02 -
20 6.24E-03 1.75
0 40 1.58E—-03 1.98
80 3.92E—-04 2.02
160  9.62E—-05 2.02

10 2.15E-07 -
20 3.29E-08 2.71
1 40 4.60E—-09 2.84
80 5.71E-10 3.01
160  7.14E-11 3.00

TABLE 3. Error table of numerical solution for Example 3 with S* non-polynomial basis.

kN |Ju—wunlp2 Order

10 1.08E—-04 -
20 3.24E—-05 1.74
1 40 8.92E—-06 1.86
80 2.36E—06 1.91
160  5.99E-07 1.98

We can check that f(z) is smooth and f_ll f(z)dz = 2, the gradient blow-up near the boundary. Table 3 provides
the error table. This confirms the error estimate of Theorem 2 as O(h¥*1).

Example 4. We consider the same source term defined in Example 3. The computation interval is [—%, %],

with boundary conditions u(—3) = u(3) = 0. The exact solution is given by

) )

3 4
u(z) =1 — a2 cos(x) — = cos () -
which is a smooth solution. Table 4 provides the error table. This confirms the error estimate of Theorem 3 as
O(hk+2).
Example 5. We take f(z) = —1,u(xz) = —v1 — 22. We show the error table in Table 5.
Example 6. This is a two-dimensional case. Define r = y/1 — 22 — y2 and source term f(z,y) as

VI— 2=y f(ay) = (2= 1) sin’(r)

(=12 + ((sin(r) + r(cos(r) — rsin(r))) + )2 + 1)3/2
3r (7"2 - 1) sin?(r )(cos(r) + 1)
(=72 4 ((sin(r) + r(cos(r) — rsin(r))) + )2 + 1)3/2
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TABLE 4. Error table of numerical solution for Example 4 with S* non-polynomial basis.

kN |lu—wunlgz Order

10 2.10E—-05 -
20 6.24E—-06 1.75
0 40 1.58E—06 1.98
80 3.92E-07 2.02
160  9.62E—-08 2.02

10 2.39E-06 -
20 3.40E-07 2.81
1 40 4.23E-08 3.01
80 5.32E-09 2.99
160  6.61E—-10 3.01

TABLE 5. Error table of numerical solution for Example 5 with S? non-polynomial basis.

kN |lu—wunlgz Order

10 1.35E-15 -
20 2.50E-14 -
2 40 1.66E-13 -
80 4.89E-12 -
160 7.15E-12 -

3 (r? — 1) sin(r) (3r% cos(r)(cos(r) + 2) + 1)
(=r2 + ((sin(r) 4+ r(cos(r) — rsin(r))) +r)2 + 1)
7 (cos(r) (r* + r? cos(r)(cos(r) + 3) + 3) + 2)
(=2 + ((sin(r) 4+ r(cos(r) — rsin(r))) + r)2 + 1)

3/2

35 (90)

We solve (76)—(79) in @ = (—3,3) X (—3, 3) with Dirichlet boundary conditions. The source term f(z,y) is
chosen such that the exact solution is given by

u(z,y) =1 —22—y2(1+cos(r)). (91)

We present the numerical results using uniform rectangular meshes. Table 6 provides the error table.

Example 7. We define Q as a circular region with a radius of 1, Q = {(z,y) : V*? + y2 < 1}. We solve the
(76)—(79) in © with Dirichlet boundary conditions. The source term and exact solution are given by (90) and
(91). We can check that

/ flz,y)dzdy = —27.
Q

In this case, the gradient of the exact solution will blow up on the boundary.

We present numerical results using sequences of triangular meshes {7;},i = 1,2, ..., where the mesh size of
Ti+1 is half of T;. The triangular mesh sequence is generated through iterative global refinement of an initial
coarse mesh, with each triangle being subdivided into four similar triangles at every refinement stage. The
number of triangles of the meshes are 8, 32, 128, and 512. Table 7 provides the error table.
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TABLE 6. Error table of numerical solution for Example 6 with S* non-polynomial basis in
rectangular mesh.

k N JJu—wunl|p2 Order

10  1.89E-01 -

20  4.79E-02 1.98
0 40 1.19E-02 2.01

80  2.97E-03 2.00

10  8.75E—-03 -

20 1.12E-03 2.97
1 40 1.39E-04 3.01

80 1.73E-05 3.00

TABLE 7. Error table of numerical solution for Example 7 with S* non-polynomial basis in
triangular mesh.

kN |lu—unlg2 Order

8 1.23E-01 -
32 6.54E—02 0.91
0 128 3.29E-02 0.99
512 1.63E—-02 1.01

8 5.88E—02 -
32 1.58E—-02 1.89
1 128 4.04E-03 1.97
512 1.02E—-03 1.99

6. CONCLUDING REMARKS

In this paper, we present a priori error analysis for a non-polynomial LDG method, which is used to solve
the prescribed mean curvature type equation. Through boundary gradient estimation, we can determine the
blow-up rate of the exact solution along the boundary (for simplicity, we considered only a very simple boundary
in this paper; gradient estimation for general boundaries is also feasible, see [22]). We can design a set of
non-polynomial basis functions to well-approximate such singularities. We have obtained the error estimates.

For the Jang’s equation, we do not intend to discuss it in this paper because the metric g;; and the extrinsic
curvature Kj;; require solving the Einstein equations, which is very complex and deserves a separate paper for
discussion. In this paper, we establish only a general framework.
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A. DETAILED CALCULATION OF %9, 1, . ..,%, AND ORDER ESTIMATION

We begin by defining a set of simple polynomial basis functions on each cell I;:

BO = 17

Bl =T — T4,
62 = (ZZ - wi)27
B = (z — )"

Following the paper, we define the inner product

(A, B); = /1 AB\/% dz. (92)

We define ¢ := 1 — x;, where g <e<l1.

Calculation of 1o

First, we compute the normalization factor:

(Bo, Bo)i /1 ﬁdx

l—e+h/2 1
-/ . .
1—e—h/2 V1—1?

l—e+h/2 1 1
:/ dx
1—e—n/2 /2(1— 1) \/1+1—Tx

l1—e+h/2 1
= 01/ ——dux,
1—e—h/2 1/2(1 —x)

where ¢; = %, 1—e— % <EL<1l—e+ %, then c¢; is a bounded constant:

e <a <y —2—
2+e€ 24+€e—h
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1—5+% 1
(Bo, Bo)i = c1 - dz
1_5_% \/2(1 —33)

178+% N
:\/501/ 1—2z) 2de

1—e—L2

2
h / h
—2\/§Cl< E+§* 52),

1 11 1 3
oot =2t (=)
11 <\/E+\/5—h>%’

=271dc, R

[SIE
e

~Ch 2¢

Finally, we have

_1
1o = Po(Bo, Bo); > ~ Ch™2ei.
Calculation of 91

Following the Gram—Schmidt orthogonalization process

Y1 = B1 — (Yo, B1)ivo,

we need to compute (1o, 81)::

(Yo, B1)i = /1 Yo (z — mi)ﬁ da,

(%o, B1)i = /1 oz — xi)ﬁ dz,

~ C’(h_§)ei (%h%_% + R) ,  where |[R| < ch'e™3
~Ch2e7 1,
Now we can compute );:
Y1 = B1 — (Yo, B1)ivbo,
= (x—z:) — O(h%e ).

Next, we compute (1,%1)::

(7/;17 '&1)1

—9 1
- -4
/Ii 1 1T—.2 Z
~ Ch3 2.

We need to consider two cases, h < £/2 and h = ¢, since € has a relation € = h, 2h, . ...
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Ifh <3,
(P1,91) /% T dz,
= — p?dz, where 1 —e < ¢<1—¢e+h,
T@/ﬂ ¢
where
h3 h2 5 —5
< — 4+ M 2
12_/11/)dm h(12+ h’e ),
and

Finally, we have

h3 3
c1——= < (¢1,¢1) < c¢2——, where c1,co > 0.
Ve~ Ve
Ifh=c¢,
, dz
(P1,91): / P 1—ac2
Ui dz, wherel —e <& <1,
\/1+§2 L Vi—-=z
where
8 s 8 3 _1 wl u 7 s
— 2 = —h% 2 < g4 —e2
455 T / de <e?d 4+ 305 ,
and
1 1
— < — <1,
\/ﬁ T V1I4& T
then,
3 h3
< (¢1,v1); < ca—=, where c3,cq4 > 0.
RV Ve

Combining the two cases, we have

3 3

C5h7<(¢1,¢1) <C6\/g,

where ¢5,ce > 0.

Therefore,

Y1 = 1 (P, 1) 2

1697
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Calculation of 12
Following the Gram—Schmidt process,

G2 = B2 — (B2,%0)i%0 — (B2, ¥1)ithr.
We compute (82, 10); and (B2,11); using similar techniques. After simplification,
c1h’e” 2 < (a,9ha)s < cah’e” 2 where c1,c2 > 0.

Thus,

=

P2 = Yo (2, P2), 2
= O(h™ 2ed).
General Pattern for ¥y, k > 2

We use mathematical induction to prove the following conclusion: i = (’)(h_%)e%.
We assume

and define
Yk = B — (Br, %o)ito — -+ — (Br, Pr—1)ithr—1.
Then,
O = (x — 2:)" — O(hF)e?.
Ifh <3,
SN Ui
(d)lwwk)’b - m
= — pedr, where 1 —e<¢<1—¢e+h,
kgﬁm ¢
where
h2k+l h2k+1 2ot 1
<
*(2k+1) / Yid < Tk TME e
and
1 1 1
< <\ —
V2e T J1-¢ 7 /e
Then,

1 -3
cth™e™2 < (g, )i < c2h®Te72, where c1,c2 > 0.
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Ifh=e,

_f a2 1
—/Iiwk L
_ 1 U
BRVET ol A=

dr, wherel —ec <& <1.
Similarly, we have

72

s 1

csh®t2 < / Yk g, < eah™ 2, where c3, ¢4 >0,
I;

Vi—z
and
% < 1 :— &2 =1
Finally,

Detailed calculation of Cyp

We need to compute Cp, which is defined as

Co = ap —bo

:/ ﬁ(x—xi)k“wodm,
I

where
— g(x) = v/1 — 22 is the function capturing the boundary singularity;
— o = (’)(h_%)si is the first orthogonal basis function;
- I; = [mfl,m. ;] withx, 1 =1—candz,,1 =1—¢e+ h; and
=5 1+2 =5 7,+2

— h < ¢ is the mesh size parameter.
Substituting ¢o = O(lf%)s% into the integral and using the first mean value theorem for definite integrals, we have
_ [ 1 k1
Co = g(ﬂ?—itl) ’L/)o da:
I;

:0(h*%ai)/ Lz de
5, 9

i

_ O(h*%si)om’“*l)/ LI
I; 11—z
11 h
— O(hFtici
( )\/E +Ve—h
O(hF+5c71)
Detailed calculation of C4
Following the definition, C; is given by

Cl =a1 — bl
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From our previous calculations,

I

1= (x — i) O(h™ 2e1). (93)

Substituting this into the integral for C; and using the first mean value theorem for definite integrals, we have

Cl Z/ l(xfxi)kJFll/Jl dx
L9

i

= O HO(R 2e1) / =l

h
Vet+Ve—h
= O(hFEeH),

= O(h*F et

Similarly, for Ci, k > 1, using ¢, = (’)(hiéai) and the first mean value theorem for definite integrals, we have

-,

= O(R*O(h 2e7)

(z — ) kHwk dz

<QM—‘

P

Ve+Ve—h
= O(h*3e7H),

— O(hFr2e)

B. DETAILED ANALYSIS OF THE GAUSS—RADAU PROJECTION ERROR ESTIMATES

In this section, we provide a comprehensive analysis of the error estimates for the Gauss—Radau projection stated in
Lemma 2. We present detailed calculations for the orthogonal polynomial bases (;, analyze the coefficients ¢;, and derive
precise order estimates for key integrals.

B.1. Construction and order analysis of orthogonal basis functions (o, ¢1,¢2,...,Ck

We begin by analyzing the weighted orthogonal polynomial bases constructed using the Gram—Schmidt orthogonal-
ization process. Recall that these bases satisfy

/ CeCig®de =650, 5, £=0,1,...,k. (94)
I

k3

Starting with the monomial basis functions

ﬁO = 17
fi=x—=x

B2 = (z— )%,
Bk = (iU - mi)k>

where z; = %(azwé +mi7%), and we assume z; =1 —e with 0 < h/2 <e < 1.
We define the inner product as (A, B); := [ 7 ABg? dz. The orthogonal basis functions are constructed as follows.
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Calculation of (o:

Co = fo(Bo, o)

o w)

i

‘We have

1
Zhe < / g% dz < 2he,
2 I

G = O(h™2e72),
Calculation of (;:

¢ = 1 — (Co, Br)io
=(z—m) - —2;)g° dz - {o.
@20~ [ Gle=o)gdr-G

k3

The inner product (o, 31): is given by

Computing the norm
(C15C1)i Z/ (P9 dz
I;

= /I (x —zi — O(h))*¢* dz

i

% < (G, 6)i < %
Therefore,
G =G, 71)2‘_%
=O(h)- (h%e)"*
= O(h~2c73)

Calculation of (2: Following the same procedure,

C2 = B2 — (B2,¢0)iCo — (B2,¢1)iCa
= (z —x:)* — O(h°).

1701
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Computing the norm

(52752)1' - L 52292 d.’B,

Eh5 - T 5

— < i < .

10 S (G G)i<eh

Therefore
_ o _1
G2 = (2(C2,C2); ?
= O(h?) - (W)
=O(h"Ee?).
General pattern for {;: By induction, we can show that for all j =0,1,...,k,

1

G =0(h"2e72).

We proceed by mathematical induction to verify the proposition. We assume that

1

G=0h"2c72), j=01,...,m—1.
Then,

Cm = Bm — (Bm, €0)iCo — (B, €1)iC1 — -+ — (B Cm—1)iCm—1,

where the inner product (8m,(;)i, 0 < j < m — 1 is given by

(B )i = / (& — )" g?¢; da

I;

Then, the inner product ({m, Cm)i is
(Em,im)l :/ 6727192 d$7
I;
ch?m e < (CmrCm)i < cah?m e,
Finally, we have
- - - 1
Cm = Gnl(Gm, Gm) ™ 2

= O(h™)O(h™ " EeE)
=O(h e 7).

(97)
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B.2. Calculation and order analysis of coefficients co,c1,c2,...,ck

Let us now analyze the coefficients c¢; that appear in the error expression. Given u = g(z)R(z,t) where R(z,t) €
C* (R x R), we can express R(z,t) using Taylor expansion around x;:

R// (ZU'L)

2
= boCo +b1C1 + baCa + - -+ + ex(w — z)* T

k+1

R(z,t) = R(z;) + R (z:)(x — z;) + (z — xi)z + - F e — )

We define the projection ITu := g(z)(aoCo + a1(1 + - - - + ax(x) such that
/ Mucjgdx = / uCijgde, j=0,1,...,k.
I I

The coefficients of interest are c¢; := a; — b;, which can be expressed as:

Cj:/ eig’(x)(x — ) TG de, j=0,... k-1
I.

i

(k+1) . . . . .
where e;(z) = H(Tl(ﬁ‘) is the coefficient of the remainder term in the Taylor expansion. We analyze the order of

magnitude for each term in the integrand on the element I; (with length h and distance to singularity ¢):

The solution is assumed to be regular enough locally, so |e;(z)] < C.

— The weight function satisfies g?(z) = 1 — 2 ~ 2(1 — ), thus ||g®|| L (r,) < Ce.

The polynomial term is bounded by the element size: ||(z — z;)" || Lo 7,y < RFT.

— The normalized basis functions ¢; (orthonormal with respect to weight g%) satisfy |||l zo0(r;) < Ch=1/2e71/2,

Applying the integral inequality yields, for 0 < j < k —1,

1< [ Jed@l-lg* @) (e =201 |G @)lda
<C

(Ce)- T (ChY2e )k

To compute ci, we need the condition 77;:1 =0:
3

Giis (aOCO,i+% R aka,H%) =i (bOCO,H-% + o BrGeags + O(hk+1)) , (98)
It il # 0, this implies
COCO,H—% oo+ Cka,H.% = O(hk+1). (99)
Since ¢; = (’)(h’”%s%), j=0,1,....,k—1and (; = O(hi%Eié),j =0,...k
cr = O(thr%E%).

If giry =0 (on the last cell ¢ = N), we need another condition (43) to replace (42), then

L = / ei(r — xi)k+192(k dz = O(hk+%5%).
I

i

Combining these results, we conclude as follows:

le;| < CR* 323, for j=0,1,...,k
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C. LEMMAS

Proof of Lemma 3

Proof. Let F(z) = \/% Then, we have ||F||poo(s,) < 1.
"h
k+1

We represent the numerical solution in the trial space thH using the ;—weighted orthogonal basis {9, i~o derived
in Appendix A:

k+1

qn(z) = Z a;; ().

Substituting the above relation into (18) yields the solution for a;:

/ qnydx / "n vydx
h = —— .
I; nV/1+r}

Step 1: Decoupling the first £ + 1 modes using singular test functions.

Since wg—] is a polynomial of degree j scaled by 1/g, it strictly belongs to the test space S* for 7 =0,...,k. Testing the

scheme with v; = % and invoking orthogonality | 5 wmw]% dz = dmj, the system (18) perfectly decouples:

o ¥i(x) _
a]—/IiF(:c) g](x) dz, forj=0,...,k.

We extract the uniform bound for the coefficients by applying Holder’s inequality:

1
las] < Pl a5 e / Lz,

I;

Using the explicit sharp asymptotic bounds from Appendix A, [|9h;[lL> ~ O(h™'/?¢/*) and [, Sdz~ O(he™/?), we
obtain the coefficient scaling

la;| < 1-Oh™ Y2 . O(he %) = OB 2=,
Therefore, the L contribution of each mode is a pure, dimensionless constant:
el < laslllvs e < OB 274 - O(R™H2eV%) < C.
Step 2: Securing the highest degree mode using the constant test function. _
The test space S* has dimension k + 2. The remaining linearly independent test function is the constant 1 € S*. Testing
with v =1 yields
k+1

k
Za]-/ wjdx:/ Fdr = ak“/ ’L/Jk+1d$:/ Fdx—Zaj/ ¥, dz.
o I; I; I; I; s I;

We bound the right-hand side. Clearly, | [, Fdz| < ||F|ze=h < h. Furthermore, using the coefficient bounds from Step 1,

w [ e
I;

Since | [} 1 da| ~ [Yrsi][Loh ~ OB/,

< lajl[[¢sllzeh < Ch.

O(h)

. 1/2 —1/4
|ak+1‘ S W = O(h € )
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This forces its spatial contribution to be bounded as well:
lak1¥r1l|Los () < O 271 O(R™2Vh) < C.

Applying the triangle inequality, gx is uniformly bounded:

k41 k+1
llgnllzoory < 3 llagillioe ) <Y C < Catopar-
3=0 3=0

Proof of Lemma 4

Proof. We analyze the function Q(z) = g(z)£"(x) on an arbitrary physical element I; = [x;_1/2,%;41/2] of size h. The
space V;,(I;) is finite-dimensional with dimension K = k + 2. We introduce an orthonormal basis {¢; ;(z)}/=:, for Vi (I;)
with respect to the weighted inner product:

(u,v)g,1, ::/ g(z)u(z)v(z) dz. (100)

I;

By definition, these basis functions satisfy [, g(z)d: ;(x)¢ii(x)dz = 6.
Any function @ € V4(I;) can be uniquely expanded in the orthonormal basis as

Q(z) = Zci,j¢i,j(x)~ (101)

First, utilizing the orthonormality of {¢;,;}/=; with respect to the weight g(z), the weighted L norm satisfies Parseval’s
identity

1/2

K 2 K 1/2
H\/§Q|\L2(Ii) = /1 g(z) <Z Ci,j¢i,j(l’)> dzx = (Z C?,j) : (102)

i

Next, to estimate the L° norm, we fix an arbitrary point = € I; and apply the discrete Cauchy—Schwarz inequality to
the sum

Q)| =

K

> ciidis(x)
_K /2, g 1/2

< (Z ) (z ¢$,j<x>)
=1 j=1

K 1/2
= [V9QllL2 1, (Zﬁ;(@) : (103)

j=1
Taking the supremum over all z € I;, we obtain

1@l ry = sup Q)] < AillVeQ 21y, (104)

where the constant is defined as

xel;

x 1/2
A; = sup (Z ¢?7j (m)) . (105)
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We estimate |A;| using a unified scaling argument. Let €; := |z; — a| denote the distance from the center of element
I; to the singularity a. Since the mesh is uniform, we have the geometric constraint e; > h/2, for all¢ =1,..., N, and
fli gdx ~ hy/g;. Scaling arguments consistent with Appendix A confirm that for all &; > h/2, the basis functions satisfy
the unified scaling law

|gij| < Ch™Y2e M4, (106)
We show the details in Remark C.3. Consequently, the local stability constant is bounded by
A < Chil/zsfl/‘l,
then,

max A; < Ch™2(h/2)~Y* < =3/, (107)

1<i<

This establishes the global inverse inequality:

QI < Ch™*"*|\/gQl 120y (108)

Bootstrap Closing: ,
We invoke the global energy estimate from Theorem 2: ||\/gQ||2(q) = llg/2¢ l2(q) < Ch**!. Substituting this into the
inverse inequality yields

Q| o0y < Ch™¥* - CHF = CRFT2, (109)
Finally, since Q = g£", we have ||g€" || Lo (q) < Ch*+1/4 For any k > 0, the decay rate k + 1/4 is strictly greater than
the required 1/8, thus validating the bootstrap assumption. O

Remark C.3. We will prove the |¢; ;| < Ch71/25;1/4. Consider a physical element I; = [x; — h/2,z; + h/2] and let
t = b— x denote the distance to the singularity at © = b. (Without loss of generality, we restrict our analysis to the
neighborhood of the singularity b, as the argument for the other half is symmetric.) The element maps to the interval
[e — h/2,e + h/2] in the t-space, where € = b — x; > h/2. The weighted inner product is defined as

e+h/2
(u,v)g = /7h/2 w(t)v(t)VEdt. (110)

First, we derive the scaling for the constant basis function . Let the unnormalized basis be 5o = 1. Its squared norm
is given by exact integration:

e+h/2 9 et+h/2 2
1602 = / Vidt = [43/2} == ((5 +h/2)3? (e - h/2)3/2) . (111)
e—h/2 3 e—h/2 3
By the mean value theorem, there exists £ € (¢ — h/2,e + h/2) such that
(e +h/2)*% — (e — h/2)*/* = h- ggl/? (112)

We use the notation A < B to denote that there exist positive constants C1, C2 independent of h and & such that C1 B <
A < C3B. Since € > h/2, we have the bounds /2 < £ < 3¢/2, which implies £€1/2 =< /2. Thus, there exist constants
C1,C5 independent of h, e such that

Crhe'? < ||Bo||Z < Cohe'/?. (113)
The normalized basis function ¥o = Bo/||Bol|g satisfies the L= bound

Cih ™2™V < lgo|ee < Coh™H2e™/1, (114)
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Next, we consider the linear basis function ;1. Let the unnormalized basis be f1 =t — €. Its squared norm is:

e+h/2

1.2 :/ (t—e)?Vidt. (115)
e—h/2

Applying the change of variable y = ¢t — ¢, the integral becomes

h/2
sl = [ s vEFuay (116)
2

For y € [-h/2,h/2] and e > h/2, the term /e + y is bounded by +/e/2 < /& +y < /3¢/2, implying /z +y =< e'/2
Factoring this term out of the integral yields

e [P, 2 vz [P,
Cse/ / 2 dy < 12 < Cae / V2 dy. (117)
—h/2 —h/2
Substituting the exact polynomial integral ff{iz y2dy = ’IL—Z, we obtain
Csh®e'? < |12 < Coh®e/2. (118)

The normalized basis function is ¥1(t) = (t — €)/||B1||g- The maximum absolute value of the numerator on the interval
is h/2. Therefore, the L> norm satisfies

h/2

A Crh 2™ <y ||l pee < Cgh™ /2714, (119)
1lg

1]z =

In summary, the first two orthonormal basis functions admit the uniform upper bound:

rllpee < Ch™V2e™M4 k=0,1. (120)
For higher-order basis functions, the same conclusion is verified using Python symbolic computation.

We now provide a rigorous L™ error estimate for the Gauss—Radau projection n? = g — Il3q.

Lemma C.7. Let n? be the projection error defined as

/ niyde = O,nfjl =0, VyeS,

I; 2

where

A 1
b span{l,z — x4, ..., (x — zl)k},

9(x)
then, we have L estimate

Iz < CRMF2,

Recall that the exact flux ¢(z) = uz/+/1+ u2 is smooth up to the boundary, admitting a regular Taylor expansion
such that ¢ € H*2(I,).

Proof. Let {’l/}j}?i& be the weighted orthogonal polynomial basis functions on I; with respect to the weight 1/g(x),
satisfying fl_ wmwjé dx = 0m;. According to Lemma 1, these basis functions satisfy the uniform bound

05l oo (1) < ChTH2eM2,
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We expand the smooth function g(z) up to degree k + 1:

kE+1

q(z) = Z bjv;(z) + Exta(),

where the truncation error satisfies ||Ex+2|zoc(r;) < Ch*™. Let the numerical projection be Il3q = fi& a;jv;i(x) €

th"'l. The projection error is then expressed as

k+1

n'(x) = Z Cjh;(x) + Exs2(z),

where C; = b; — a;.
By definition, the (k4 1)-dimensional test space S* := ﬁ span{l,z — z,..., (x — ;)*} is exactly spanned by
{1/11'/9}?:0- Taking the test function v =1),/g € S* for 0 < j <k, the internal orthogonality condition fl‘ niydz =0

yields

k+1 1/}
/ (Z Conthm + Ek+2> ?f dz = 0.
I;

m=0

Due to the orthogonality of 1, this directly simplifies to

Cj= _/ Eyio(2) ¥s () de, for 0 <j <k.
I; g(z)

Using the basis bound and the weight integral property fI‘ %dx < Che™2, we bound the first k + 1 coefficients:
1 _ _ _
|CJ| S ||Ek+2||L°°H¢jHL°°/ ;dl‘ S (Chk+2)(0h 1/251/4)(0}16 1/2) S Chk+2.56 1/4.
I;

To determine the final coefficient C 1, we enforce the boundary condition n?(z;_1,2) = 0:

k
Crp1ri1(Tic1y2) = —Brpa(@ic12) — Y Cihs(wim12).

3=0
Given the asymptotic behavior ¥gy1(z;—1/2) ~ Ch™=2&Y4 solving for C11 yields the same asymptotic bound:
|Chta] < CpEr25,.-1/4

Finally, substituting the coefficient bounds back into the expression for n?, the geometric singularity factors e~ Y% and
gl/4 perfectly cancel out:

k+1
n%ll ooy <D 1Csl[W5llLoe + || Bryall oo

=0

< (k+2) (Chk+2.5871/4) (Ch71/251/4) T ChF? < o,

Since this bound holds independently of ¢, we achieve the global optimal estimate ||77||p~ < ChFT2. O

Lemma C.8.

/b qérdx < g/b (£T)2 d$+0h2k+2
o S da ), T+ ‘
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Proof. To rigorously estimate the residual term I, := ff n?¢" dz uniformly over the domain without artificially splitting
the boundary and interior cells, we proceed as follows. By the scaling argument and the inverse inequality established in
Lemma 4, the local L* norm and L? norm satisfy a uniform relation on any element I;. Recalling that the energy norm
weight satisfies 1 + rg ~ g~2, the pointwise value of £&” € S* can be uniformly bounded by the local energy norm

\2 1/2
€0 = (| T mee)

1
g(x)

T T C — T
€@ < 198 ey < s IE s

Given that the projection space is V}f“, the projection error satisfies ||7?||z < Ch*T2. Integrating the absolute value
of the product n%¢" over a single element I; yields

‘/ n%" dx
I;

We introduce a local geometric weight sequence w; := [ 5 g(2) ™! dz. Summing the integrals over all elements and applying
the discrete Cauchy—Schwarz inequality, we obtain a global bound

N
I <) / ¢ dw
i=1 1V 1i

To bound the sum of the squared geometric weights, we analyze w;. Near the boundary x = a, the singular weight
behaves as g(x) ~ /2 — a. Exact integration over I; = [x;_1/2, i11/2] gives

'd 5 ' 1
< Il / €7 (@)] dz < CREHS /¢ 1, / L4
I; I; g(x)

=1

N N 1/2
< ORI S (wille”|lp.1,) < CREFS/4 (Z w ) €

=1

Tit1/2 1 d 2%
T = .
Ti_1/2 Vr—a \/"Bi+1/2—a+\/1’i,1/2—a

w; =

For the first element,where i = 1, we have w1 = 2v/h, which implies w? = 4h. For the remaining elements, where i > 2,
we can strictly bound the squared weight by

2 4h? 4h* 4h
Ti—12—a  (t—1)h i-1

Summing the sequence over the entire mesh N ~ h~! yields
N No1y
> wi <4h+4h > = S Ch(1+|Inh|) < ChlInh|.
i=1 i=1

Substituting this purely geometric bound back into the global estimate for I,, we have
| g < Ch* T2/ (ORI k)2 ||€7 | = CRM T4 I b€ .
Finally, we apply Young’s inequality with a free parameter o to absorb the energy norm term:

11 < S + R

b \2
_a [f @) 2k+3.5
=40 ) Grpne dz + Ch |1n A
1 b (57')2

dz + Ch**+2,

IN

1), e



1710 Y. CHEN ET AL.

This confirms that the residual term I, remains of higher order, modulo a mild logarithmic factor, and can be strictly
absorbed into the left-hand side of the stability estimate without requiring a piecewise domain decomposition. O

In this section, we establish the fundamental control inequalities linking the numerical flux error and the numerical
gradient error. Let the approximation errors be decomposed as e¢?=q—qn=n?—€&% and e" =r —rp, =n" — €. We
define the local energy norm as ||§TH2EIL = fIi we(€7)? dz, where the nonlinear weight function is given by we(z) =

(14 15)757.

It has been established that the error estimate ||n?|| . < Ch*™2. However, the exact gradient blows up at the
boundaries as r ~ 1/g(x), where g(z) = y/(z — a)(b — x). Thus, its interpolation error strictly satisfies the weighted
estimate ||gn" || o < CRFTL.

Lemma C.9. Let &9 € Vf“ and £ € §*. Assume that the projection error
n? :=q—1Ilsq

is defined locally by
/ n?¢dz =0, ¥¢ e ' (L), 't =0,
I,

k3

where

1 Loson | o),
g9(x) 9(x)” glx) 77 glx)

For any local element I;, there exists a constant C' > 0 independent of the mesh size h such that

P*(I;) = span {

1€ 22,y < CIE N g, + OREFD). (121)
Proof. The local error equation for g is
/ Elydx = / nydz +/ we€" ydx — / wen’ydz, Vye S*. (122)
I; I; I; I;

According to the definition of the space S*, any test function v € S* can be uniquely decomposed as

’Y($)200-1+%7 co €R, wePk(Ii).

To match the finite element scaling, we introduce the composite measure norm on the local space S*:
1
IVl 7, == leol h2 + (1Yl 21, - (123)

Let F : S* — R denote the residual functional defined by the right-hand side of (122):

F(v) ::/ nq'ydx+/ wggrydxf/ wen' ydx.
I I I3

By linearity, for
Y=+, Yo := Co, "=

)

¥
9

we have
[ €mde= o) + P,
I;

We now bound these two modes separately.
I. Control of the constant part o = co.
For the truncation error term, using wes ~ ¢° and

llgn" [l Lo < CREHY,
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we have

/ wen' co dx
I.

k3

< |cO\/
I;

< Jeol lgn" Il e / Cg? du

We r
7‘ lgn"| dz
g

< |eol(CRFTYY(Ch) < CRFHL (|c0|h%) .

For the energy term, by Cauchy—Schwarz inequality,

’/ we&" co dx
I;

For the projection error, since the constant mode 1 ¢ Sk (1), we use the L* estimate from Lemma C.7:

‘/ n%co dx
I;

Collecting these bounds, the total action on the constant mode is controlled by

1 1
<N Nz, 1w llzos o lleollzary < 1€ mor, (Jeolh?)

< |ln o cry ol < CR**Jeolh = CH**>® (leoln? ) < O (Jeoln?)

FO0)| < (1€711.1, + CH*+2) (leoln?)

II. Control of the singular part v1 = 1/g.
Since ¢ € P*(I;), we have

Y1 = % S §k(12)
g
Therefore, by the definition of the projection Ilsq,

/nq’nda::/andxzo.
I; L 9

i i

For the truncation error term, we group the weights as

/wgnrgda: §/
I; g I;

i i

< Clgn iy [ 9t)lvldo

I;

1/2
< oRi ( / 1da:) lllaa,
I.

i

< Chk+1‘5||¢||L2(113)-

Wo
2

lgn"| 1| dz

For the energy term, the Cauchy—Schwarz inequality gives

" w'/?
[ e ae] < e | 2
fi g I ey
Since wg ~ g°, the ratio
Wo
g2

is uniformly bounded. Hence,

/ weé" = dx
I; g

i

< ClE e 1Yl L2y

1711
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(126)

(127)
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Combining this with (126), we obtain

FO)] < (ClIE g, +CP) Il aqr,) -
III. Synthesis and inf-sup condition.

Summing (125) and (128), and using
[F)] < [F(o)l+ [F(n)l,

we get

r . 1
FOI < (CIE N5y, +OH5) (jolh + [9l5201,) -

By the definition of the composite norm,
1
w1, = |colh? + ||¢‘|L2(Ii)7

11

we obtain

FOI < (CUE g, + OB ) s,

Dividing by ||7v||«,7, and invoking the uniform local L? stability, namely, the local inf-sup condition,

[F'(7)]

)
*, 15

1€ 127y < Cstab Sup
L2 sesk 1

we obtain
r k .
1670 21,y < CNE g, + ORFT2).

This completes the proof.

Remark C.4 (On the local L? stability: an inf-sup perspective). Let the local bilinear form be

B = [ e

We assert that there exists a universal constant 8 > 0, independent of h, such that

(¢
inf sup M2ﬁ>0a

gaevF I\ (0} yegh\ oy 1€ L2y 1V Il«.z

where
1/2
Ivllw.r, = leolh*/? + (AR

for the unique decomposition

v(x) = co + %, co €R, o€ P*(I).

Proof sketch. Observe that
dim(V;F) = dim(S%) = k + 2.

k41

The trial space V,f“ is spanned by the 1/g-weighted orthogonal basis {1;};2 satisfying

1
m;—dr = Om;.
/Iiw F )

Choose the test basis
v="2eS, 0<j<k mp=1€eS"

(128)

(129)

(130)
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With respect to these bases, the Gram matrix G associated with B;(-, ) has the block lower-triangular form

Tiet1)x (k1) 0
G =
VT / ¢k+1 dzx
I;

vl = (/qu/;odm,...,/l‘wkdx>.

After the standard scaling to the reference element, the h-factors in

Bi€%7), M€z Il

where

cancel exactly. Since the scaled spaces are finite-dimensional and the above Gram matrix is non-singular on the reference
element, the corresponding reference inf-sup constant is strictly positive. Hence, the physical inf-sup constant is bounded
below uniformly in A, which proves (130).

Lemma C.10. Under the conditions of Lemma C.9, the following estimates hold strictly:

(1) Estimate for the cross-term volume integral:

02
/ n &l da| < Zh%“ +ell€ NG, + ChE, Ve 0. (131)
I;
(2) Estimate for the boundary trace term:
h 4 C |or c
1o €2 < €y + kT (132)

Remark C.5. The € in (131) is a constant, which is different from the ¢ defined in Lemma 1.

Proof. 1. Rigorous Proof of the Cross-Term Integral:
Since the exact gradient blows up at the boundary (r ~ 1/g), its standard interpolation error " diverges in the L? space.
Therefore, the Cauchy—Schwarz inequality must not be applied directly to [ ;. m €%dx. Instead, we utilize the Lt-L

Hélder’s inequality coupled with the local inverse estimate ||| ;0 < Ch=Y2 ¢ ;2 for the finite element polynomial

¢ e V,f”'l:
‘ [ reras
I;

To evaluate ||n"||;1, we use the weighted bound ||gn"||; < C
Ch'/?:

< ||77T||L1(1i) qullmoui) < ||77T‘|L1(1i) (Ch_1/2 quumui) ) (133)

h**1 and the convergent singular integral fI‘ g ldz <

r r 1 r 1 .
I Nsrr = [ 1o [ do < g, / £ do < (CH)(CRY?) = ORH1. (134)
I;

I;

Substituting this back, and employing the result ||€7]|,. < C'||€7|| 5 + O(h* %) from Lemma C.9,

/ n"§*dx
I.

i

< (CREEYNCRTY2 1€ o r,y) = R o,

< CREHCE | g, + ORIT2)) < CRFY €75, + O(RPFH29), (135)

Applying Young’s inequality (ab < % + €b?) to the principal term yields

/ n ¢dx
IA

k3

2
< T e, + O ), (136)
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The term e ||§T||12E 7, will ultimately be absorbed by the coercivity of the global energy equation, perfectly preserving the
optimal order O(h2k+2) while rigorously circumventing the L2-divergence crisis of n".

2. Proof of the Boundary Trace Term:
For the boundary element Iy, since £7 € P**'(Iy) is a standard polynomial, the local trace inequality vgdry <

Ch™1 H'U||2L2 is applicable. Thus,
( ;1\7_+1/2)2 <Ch™ ||qu2L2(1N) . (137)

Squaring the estimate (121) (i.e., ||€7]3, < C||§TH2EIN + O(R**3)) and multiplying by the measure weight -
accompanying the LDG penalty term,

h _ h - 2 k
o (€512)" £ e (ORI 0 + CR2)
_C e C . okys
= D€y + ot
C 2 C 2k+2
<= = .
< CNEI  + ot (138)
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