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HYBRID FEM/IPDG SEMI-IMPLICIT SCHEMES FOR TIME DOMAIN
ELECTROMAGNETIC WAVE PROPAGATION IN NON-CYLINDRICAL
COAXIAL CABLES

AKRAM BENI HAMAD!"?®, SEBASTIEN IMPERIALE>*® AND PATRICK JOLY!

Abstract. In this work, we develop an efficient numerical method for solving 3D Maxwell’s equations
in non-cylindrical coaxial cables. The main challenge arises from the elongated geometry of the
computational domain, which induces strong anisotropy between the longitudinal direction (along
the cable) and the transverse directions (within the cross-sections). This leads to the use of highly
anisotropic meshes, where the longitudinal mesh size is much larger than the transverse one. Our
objective is to design a numerical scheme that is explicit in the longitudinal direction, with a CFL
stability condition depending only on the longitudinal mesh size. In a previous work, we achieved this for
cylindrical cables by employing prismatic edge elements, 1D quadrature for longitudinal mass lumping,
and a hybrid explicit/implicit time discretization. The present paper extends this approach to non-
cylindrical cables, addressing several new difficulties with the following key ingredients: (1) representing
the cable as a deformation of a reference cylindrical cable and employing mapping techniques between
the physical and reference domains; (2) using an anisotropic space discretization that combines an
interior penalty discontinuous Galerkin (IPDG) method in the transverse directions with a conforming
finite element method in the longitudinal direction; (3) utilizing prismatic edge elements on a prismatic
mesh of the reference cable; and (4) adapting the construction of the hybrid explicit—implicit time
discretization to the new structure of the semi-discrete problem. From a theoretical perspective, the
main difficulty lies in the stability analysis, which requires extending and adapting standard techniques
for discontinuous Galerkin methods in space and energy methods in time.
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1. INTRODUCTION AND MOTIVATION

The propagation of electromagnetic waves is governed by Maxwell’s equations. Solving these equations in
three dimensions is a challenging task due to complex geometries, possible structural defects, and the need for
fine meshes, especially in the case of thin coaxial cables. This work has been motivated by a project from the
ANR (the French Research Agency). This project, called SODDA, concerned the non-destructive control of
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networks of coaxial cables, like the one of SNCF (the national train company), using electromagnetic waves.
For the direct problem, one needs to simulate the propagation of such waves and in particular to take into
account defects in the cable (whose detection is the object of the inverse problem), consisting of local damages
or local crushing that result in local changes in the geometry and the material properties of the cable (breaking
its original cylindrical structure).

A coaxial cable is an electrical cable—its transverse dimensions are much smaller than its longitudinal
dimension—that consists of a dielectric material surrounding a metallic inner wire, which enables wave
propagation at the frequencies of interest, all encased in an outer sheath. The inner and outer structures are
made of perfect conductors, confining the electromagnetic field within the dielectric region. The dielectric region
can be modeled as a longitudinal succession of 2D transverse cross-sections with a central hole. Mathematically,
the propagation domain 2 for the electric field is the union of these cross-sections along the longitudinal axis x3.
In industrial settings, cables are thin, and their transverse dimension is proportional to a small parameter n < 1.
A typical simulation problem involves three characteristic lengths: the diameter of the cable 7, the wavelength
A along the cable, and the length of the cable itself. Due to the elongated nature of the propagation domain 2,
it is natural to use anisotropic meshes with stepsize h in the longitudinal direction x3 and stepsize h in the
transverse directions. These parameters are constrained by the problem’s requirements: h < 7 to accurately
represent the internal structure of the cable and the electromagnetic field variations within each cross-section,
and h ~ A to capture the solution’s variations in the longitudinal direction. Since n < A, we have h < h, leading
to a large number of degrees of freedom in the transverse direction compared to the longitudinal one.

Time discretization further complicates the problem. When using a time step At, one typically faces
two options: either a fully explicit time discretization, where stability (CFL condition) requires that At be
constrained by the small space step h, resulting in very small time steps, or a fully implicit time discretization,
where there are no stability constraints on At, but large linear systems must be solved at each iteration. Both
approaches are computationally prohibitive: either the number of time steps is too large, or each iteration is
too expensive. Therefore, the goal is to find a compromise where At is constrained only by the longitudinal
space step h, and the cost of each iteration remains manageable. This can be achieved through a hybrid time
discretization, implicit in the transverse directions and explicit in the longitudinal direction.

In [1], we have constructed—in cylindrical coaxial cables—an efficient numerical method for time domain
electromagnetic wave propagation to solve 3D Maxwell’s equations in coaxial cables. Our strategy is based on the
use of edge elements on prisms combined with numerical quadrature. In order to address more realistic situations,
we aim to extend this approach to non-cylindrical cables. Therefore, this paper presents a generalization of the
method proposed in [1].

In this work, we have not employed the classical interior penalty discontinuous Galerkin (IPDG) method
(see, e.g., [2] or [18]), for the entire problem domain, despite its widespread use for solving wave equations
and Maxwell’s equations, as seen in [12-14, 27]. The IPDG method, which is particularly effective for handling
complex boundary conditions and discontinuities, computes fluxes over the entire domain. While this provides
flexibility and accuracy in capturing the solution, it significantly increases the computational cost, especially in
the case of thin cables like the ones considered here.

Our approach is based on two main components. First, we use a section-by-section matching technique
between the non-cylindrical cable and a cylindrical reference cable. Second, we apply an anisotropic Piola
transformation to define new unknowns in the reference cable. The new problem formulated in the reference
domain introduces terms that depend on the cable’s geometry, which vanish in the cylindrical case. These terms
are incompatible with the finite element approach used in [1]. To address this issue, we propose a hybrid finite
element /discontinuous Galerkin (DG) method, where the DG part handles the new terms. The resulting method
extends the cylindrical case method and maintains similar stability properties.

The outline of this paper is as follows:

— Section 2 introduces the 3D Maxwell problem in non-cylindrical cables, discusses the limitations of the
classical 3D Piola transform for this setting, and presents the anisotropic Piola transform as a suitable
alternative. The weak formulation in the reference domain is then derived.
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— Section 3 applies the IPDG method to the 3D model, but restricts its use to the transverse direction,
resulting in an interior penalty weak formulation. This formulation is then mapped to the reference domain
using the anisotropic Piola transform.

— Section 4 details the spatial discretization of the problem using a hybrid finite element/IPDG approach.
The use of 1D numerical quadrature in the longitudinal direction is emphasized, as it is crucial for achieving
an explicit scheme in that direction.

— Section 5 presents the construction of a hybrid explicit—implicit time discretization. This relies on a specific
splitting of the stiffness matrix, based on its decomposition into seven submatrices that distinguish between
couplings of transverse and longitudinal fields, as well as between different cross-sections. The stability
analysis is then carried out using energy techniques, leading to the main theoretical results (Theorem 5.1
and Corollary 5.1).

2. THE MAXWELL’S EQUATIONS IN CABLES WITH VARYING CROSS-SECTION

2.1. Setting of the problem

We consider a cable for which the cross-section depends on x5 (see Fig. 1) and we assume, for simplicity of
exposure, that it is infinite so that

Q:= | S(as), (1)

r3€ER

where the cross-section S(x3) is the difference between two connected open sets of R?:

S(x3) = Oc(x3)\Oi(3), Oc(ws),O0i(w3) C R? connected, O;(ws) C O(x3), (2)

which means that the boundary of S(x3) has two connected components: 9S(z3) = I'e(x3) UT;(z3), where
Te(z3) := 00, (x3) (resp. I';(z3) := 00;(x3)) will be called the exterior boundary (resp. the interior boundary)
of S(JL‘g) .

The dielectric material is characterized by the electrical permittivity € and the magnetic permeability p which
are both functions of the space variable x € ) that satisfy the usual assumptions

O0<p_ <pux)<py, 0<e_<e(x)<ey, ae x=(x1,T2,23) €N

We shall also consider the possibility that the cable can be, at least locally, conducting, which is modelled
through the conductivity o,

0<o(x) <oy, ae x=(x1,22,x3)€ . (3)

The propagation of waves in the cable €2, through the unknowns E(x,t) (the electric field) and H(x,t) (the
magnetic field), is governed by 3D Maxwell’s equations completed with perfectly conducting boundary conditions
on I' := 092,
cO,E4+0cE—-V xH=0,in QxR",
wOH+V xE =0, in QxR (4)
Exn=0, onT' x RT,
where ¢ is the time, V x the 3D curl operator, and n stands for the unit outward normal. The model is completed

with initial conditions (for simplicity again we have supposed the absence of source terms, without any loss of
generality)

E(-,0)=Ey, H(-,0) = H,. (5)
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FIGURE 1. Left: slice of the domain; right: the geometry of the domain €.

Our method will be developed for the second-order electric field formulation of the problem, obtained after
elimination of the magnetic field,

cP’E+ 0O E+V xu 'VxE=0, in QxR
Exn=0, onT x RY, (6)
E(,O) = Eg, 8tE(,O> = E_I(V x Hy — O'E]())7 in .

Our approach will be based on a particular rewriting that well separates the roles of the longitudinal and
transverse space variables (resp. longitudinal and transverse electric fields). For simplicity, without any loss of
generality, we shall present our method in the case ¢ = 0.

We introduce the functional space

H(I‘Ot; Q) = {(ET,Eg) S L2(Q)2 X LZ(Q)/I‘OtTEg + e3 X 83ET S LQ(Q)QJ‘OtTET S LQ(Q)} .

In that case, the weak formulation of (6) is: find E(-,t) = (Er(-,t), E3(-,t)) € H(rot; Q) such that

2

%/SE'FdX‘*‘/M_1V><E-V><Fdx:0, VF € H(rot; Q). (7)
Q Q

To conclude this introductory section, we rewrite Maxwell’s equations (6) as a system that distinguishes the
longitudinal and transverse space variables as well as the longitudinal and transverse fields, according to

X = (XT,{Zig), XT = (xl,xg), E = (ET,Eg), ET = (El,EQ). (8)

To rewrite (6), we shall use the following transverse curl operators and the transverse divergence operator (note
that the index T refers to transverse derivatives),

I“OtTET = 81E2 — 62E1, I‘OtTE3 = (82E3, —31E3), diVTET = 81E1 + 82E2. (9)

The first one is a scalar rotational operator whereas the second is a vectorial rotational operator which can be
seen as a “rotated” gradient

I‘OtTE3 = —e3 X VTEg, with ez X ET = (—EQ,E;L) and e3 = (0,0, 1>t. (10)

These rotational operators are related to the 3D curl operator via

tTFE3 + e3 x OsE
VxE:(rOT 37T e X Gs T). (11)
I"OtTET
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FIGURE 2. An (adapted) mapping approach.

Thus, the Maxwell’s equations (6) are rewritten as (these are straightforward computations)

E@EET — 83([1_183ET) + rotT(,u_lrotTET) + 63(u‘1VTE3) =0,
E@EE;), + rotT(/flrotTEg) + diVT(/J,_lag,ET) =0.

2.2. The principle of the mapping approach

In [1], the propagation domain of electromagnetic waves is a cylindrical cable
Q=39 x R,

with S an invariant cross-section in the longitudinal direction. In this section we introduce the case of the
variable cross-section, and the idea is to come back to the cylindrical case [1], via a mapping (see Fig. 2),

F Q = § x R — Q= U S(.’Eg), ]:(QT,.’L‘g) = (]:T(QT;.%‘3>7$3)7 (13)
r3€ER

with Fr := (F1, F2) a diffeomorphism,
Fr(sx3): S — S(xs). (14)

The specificity of the mapping F is to keep invariant the transverse planes, so, in some sense, it is a series of
2D transformations from reference cross-section S to each cross-section S(x3).

With respect to the cylindrical case, the deformation is characterized by the fact that Fp does depend on x3.
We shall assume that this dependence is smooth enough, typically of class C? and to measure deformations, we
shall use the quantity

6 := sup |05 Fr(x)]. (15)
xeN

Our strategy is then to deduce the solution E(x,t) of Maxwell’s equations in Q from an auxiliary unknown
E(?, t) defined in Q). More precisely, ]/i\)(ﬁ7 t) will be defined as the solution of a modified Maxwell-like problem
in the reference domain € to which we will apply—more precisely adapt—the method presented in [1]. Then,
E(x,t) will be deduced via a simple linear transformation

Eo F(X,t) = TR)E®X,t) (T is a matrix). (16)

The key issue is to find the appropriate transformation of the field E that will allow us to adapt the method
applicable in the cylindrical case [1].
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Remark 2.1. In what follows, the differential operators, like gradient, curl, or divergence, with respect to X,
will be denoted with the same symbols as those with respect to x except that we add the symbol - in order
to distinguish them, like for V, roty, or roty. However, to avoid a too heavy notation, for the derivative with
respect to one single scalar variable, Z; or x;, we shall use the same symbol 9;. The function which it is applied
to will make the difference: if g(x) is a function of x, 9;g(x) denotes the derivative with respect to x; while, if
g(X) is of X (which is indicated by the presence of the ~over g), 9;g(X) denotes the derivative with respect to Z;.

Why the usual Piola transformation is not adapted. For Maxwell’s equations, the most commonly used
transformation is the so-called 3D Piola transform [26] given by

E(x) = DF(X)*E(X), forx = F(X), (17)

where DF(X) is the differential matrix of the mapping F and, for any invertible matrix M, M~* := (M~1)* =
(M*)~1. Note that (17) corresponds to (16) with T = DF~*. This transformation is inspired by the usual
transformation of the 3D gradient operator V of a scalar field u(x) via the simple change of variable x = F(X),

Vu(x) = DF(X)*Vi(x), if u(x) = a().

This shows that E in (17) is curl-free when E is curl-free. More generally the main interest of the Piola transform
is that it preserves the curl operator up to a linear mapping. More precisely, see [26],

(V x E)(x) = J ' X)DFER)(V x E)(X) forx = F(X), with J(X)=det(DF(X)), (18)

where of course, we have as in (11),

~ <I‘6tTE3 +e3 X 83ET> (19)

V xE= -~
IOtTET

In particular, the space H(rot; (AZ) is preserved by the Piola transformation; this is the reason why it is adapted
to finite elements. For the case of the transformation F given in (13), the differential DF has the following
structure, where DrFr holds for the partial differential in the transverse variables:

DrFr(Xr,z3) 53JTT(§T,333)> Do F (31]:1 82~7:1>
) TS T — .

20
0 1 O Fa OaF> ( )

D]:()/ET, £U3) = (

The problem comes from the presence of the off-diagonal term d3F7 in (20). Indeed, by defining E(ﬁ, t) from
E(x, t) via (17), it is easy to obtain the weak formulation for E(%,t) from (7). Transforming also the test field
F into F via (17), using (18) for the transformation of the 3D curl operator and dx = |J(X)| dX, one obtains,
for any F € H(rot; ﬁ),

d? PP . PPN
= A?AE~Fdx+/A/f1A’1VxE-Vdex:O,
Q Q

where the matrix A and its inverse depend on x via DF as follows:

(21)

A=|JIDF'DF*, A'=|J|"'DF*DF=|J" ((DTIT)*(DTFT) (DTfT)*ang>

(53.FT)*(DT.FT) 1+ ‘33]:T|2

When 93 F7 # 0, the problem is the presence of off-diagonal terms in A and A !, which introduces new couplings
between longitudinal and transverse fields and longitudinal and transverse derivatives.
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The method of [1] relies on a mass-lumping strategy possible only when the mass bilinear form does not
couple longitudinal and transverse fields. Without mass lumping, performances are drastically reduced at the
point where it is then preferable to use a fully implicit time discretization. To circumvent this problem, we are
going to introduce a mapping approach that corresponds to a modified Piola transform.

2.3. Anisotropic Piola transform and its properties

An adequate alternative to (17) is obtained by treating differently the transverse and longitudinal fields via
what we shall call the anisotropic Piola transform,

E(Rr,73) = (Br, E3)(Rr,w5)  —  E(xr,23) = (Er, Es)(xr, 73),
defined as follows:
Er(xr,13) == DrFr(Xr,v3) "Er(Xr,23), Es(xr,23) = B3(Xr,23), for xp = Fr(Xr),  (22)
where DpFr is defined in (20). The formula (22) can be rewritten as

Dr(X) 0

E(x) = D*(X)E(R), D(?c):( 0

) B DT(i) = DT]:T(i) (23)

In other words, the passage from Er to ET results from a 2D Piola transform, while the one from Fj5 to Eg
results from a simple change of variable. For the following, we shall introduce the transverse Jacobian

JT(Q) = det(DT}'T(ﬁ)) = det DT(i) (24)

The rest of this section is devoted to describing how V x E is transformed through the transformation (22) for
E; in other words how the formula (18) is modified (see Remark 2.3), which will result in Theorem 2.1. For this
we shall use the expression (11) for V x E. Lemmas 2.1, 2.2, and 2.4 explain how the various terms appearing
in (11), namely rotpE3, rotrEr, and 0sEr, are transformed. In the following, for shortening the writing, we
shall introduce

B7 (%) := (D7) (X)D7 (%), vy (X) = 0Fr(X), by(X) =Dr' (X)v(x). (25)

Remark 2.2. In (25), as well as in the rest of the paper, the superscript § is used to identify terms due to the
deformation of the cable via 05 Fr (cf. (15)). In particular, these quantities vanish when ¢ = 0.

The first two lemmas are classical 2D variations of the formula in the 3D case.

Lemma 2.1. Through the transformation (22), the 2D vector curl operator is transformed according to
rotr F3(x) = J;l(ﬁ)DT(ﬁ)ratTﬁg(Q). (26)

Lemma 2.2. Through the transformation (22), the 2D scalar curl operator is transformed according to
rotrEp(x) = J; ' (R)rotr Er (X). (27)

For our next result, we shall need the technical lemma below:

Lemma 2.3. For any ur € L2(5)2, e3 x (D ur) = Jo'Dr(es x uy).
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Proof. First note that

o Fy —OuF,
D;* = ((DT]:T)*)71 = J/le ( 202 ! 2) s

—0F1 O
so that

(02 F2)ur — (01.F2)us
—(02F1)ur + (01F1)uso

D;*UT = J{wl (
Thus, using es X (vi,v2)! = (—v2,v1)t, we have
_ _q [ (02 F1)ur — (01F1)us 1 [O1F1 OoF1 [ —ue
e3 x DZfup = Jit =J ,
’ T T ((82]:2)U1 - (81]-'2)u2 T 81]:2 82]:2 Ul
which is nothing but the announced result. (]

The transformation of O3Er is not classical. This is the object of the next lemma.

Lemma 2.4. Through the transformation (22), the x3-derivative is transformed according to
0sBr(x) = D7 (X)(0sEr(X) — BYEr(X)) — (D7 (®)vh - Vi) (D7 Er) (%) (28)

Proof. We recall the chain rule, which we rewrite using d3F3(X) = 1 and 93F7(X) = v}(X). In the following,
we use Remark 2.1 for the notation.

With x = F(X), a®) =ux) = 05i(®) = d5u(x) + v () - Vou(x).

We use this formula for differentiating in Z5 the formulas (22). This gives

63E1 (i) = (81.7:1)(83E1 (X) + v%(i)VTEl (X)) 83@2(?) = (82]-"1)(83E1 (X) + V%(ﬁ) . VTEl (X))
+(01F2) (03 B2 (x) + v5(X) -V Ea(x)) , +(02F2) (03 B2 (x) + v (X)-Vr Ea(x))
+8§1}"1 (&)El (X) + 8§1f2(§)E2(X), + 83%2]:1 (i)El (X) + a§2f2(§)E2(X),

which we can write in vector form as

P E (ﬁ) _ O F1 <§)83E1 (X) + 81f2(§)83E2(X)
o 02 F1(R) 03By (X) + 02 TF(X) 93 o (X)
OhF1 (ﬁ)V%(ﬁ) VrFE; (X) —+ 81.7-'2(52)v§5~(>?) . VTEQ(X) (29)
O F1 (ﬁ)v%(ﬁ) -VrE; (X) + 82f2(§)v%(§) . VTEQ(X)
95, F1(X) E1(x) + 95, Fa(X) Ea(x)
03 F1(X)E1(X) + 05, F2(X) Ea(x) )|
or in more compact form, by definition of D
0;E7(X) = D5 (R)[0:Er(x) + (V3 (X) - V) Er(x)] + (9:D5)(X)Er (%), (30)

from which we deduce 0;E7(x) after multiplication by D" (X)

03Er(x) = D" (X)35Er(X) — D77 (R)(9:D7)(R)Er(x) — (V3(R) - V) Er(x), (31)
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It remains to reexpress the second and third terms of the right-hand side of (31) with the help of ET. For the
second one, as by definition Er(x) = D7*(X)Er(X), we get, by definition of B,

(0:D%)(X)Er(x) = (9:D7)(%)D7" (R)Er(%) = BH(X)Er(%). (32)

The third term of (31) is the most delicate one because Er # EroF, ie., Ej #EjoF forj=1,2.
First by the chain rule, Vp(E; o F)(X) = D}(X)VrEj(x) with x = F(X) or equivalently

VrEj(x) = D" (X)Vr(E; o F)(X),

and consequently, by definition (25) of b%.(X),

V() - VrEj(x) = D7 (R)Vi(R) - V(B 0 F)(X) = b (R) - V(Ej 0 F)(R).
Since by the anisotropic Piola transform (22), Er o F(X) = D;*(Q)ET(Q), we have finally
Vi(R) - Vi Ej(x) = b3(R) - V(D7 Er - ¢))(R). (33)
The formula is obtained by substituting (33) and (32) into (31). O

For our final result, we introduce the first-order vectorial transverse differential operator P°(X, @T),

o & (PLERVIE JPSRN o s -
P°(%,Vy)E ;:( r . r) T), PS.(%,Vr)Er := e3 x [(b) - V1) (D;*Er) + D* BY: Eg). (34)

Theorem 2.1. Through the transformation (22), one has the formula
(V x E)(x) = Jr(X)'DE)(V x E)(X) - P*(X,V)ER) with x = F(). (35)
Proof. For the first line of V x E in (11), we first use (26), that is to say
rotr Es(x) = J; ' (%) Dy (X) roty Es(X). (36)
Next, using the formula (28) for 93Er (see Lemma 2.4), we also have
es x 3Ep(x) = [es x D" 03By — e3 x (D7 BS Ep + (b - V1) (D7 Ep)](X). (37)
In order to make ez x agﬁgp appear as in the first line of (19) for vV x E, we use Lemma 2.3,
Vur € L2(5)%,  e3 x D;* ur = J' Dr(e3 x ur), (38)
that we apply with ur = 63ET to obtain
e3 X B3Ep(x) = [J7! Dy(es x 93Er) —e3 x (D7* By Er + (b - V) (D7 Er))|(X). (39)
Joining (36) and (39), we obtain

[rotrEs + es x O3Ep)(x) = [J7! Dyp(rotrEs + e x dsEr)
—e3 x (D7* By Er + (b, - V) (D7 Er))](%).
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On the other hand, the second line of the expression of V x E is directly given by Lemma 2.2,
rotrEp(x) = J; L (X) 10trEp (). (41)

Finally, gathering (40) and (41) leads to

VxE— J,I_11 DT(I'atTE:\g —|—Ae3 X 83ET) _[esX (D;*B%ET + (b,‘% . VT)(DZ_"*ET)) 7 (42)
I‘OtTET 0

where we recognize (35), by definition (23) and (34) of D and P%(%, @T) and the expression (19) for V x E. O

Remark 2.3. According to Remark 2.2, P°(X, @T)I/*j = 0 when 0 = 0. In this case, one recovers (35) directly
from the formula (18) since in this case DF(X) = D(X) and J(X) = Jr(X).

2.4. Weak formulation in the reference domain and numerical difficulties
The correct functional space to work with for E is
V :={E = (Ep, E;) € L*(Q)*/E = D*E with E = (Er, E3) € H(rot, Q)}, (43)
where D is given by (23). According to Theorem 2.1, we have
V ={E € L*(Q)*/ wot7Er € L*(Q), Dy (rotrEs + e3 x 93E7) — PH(X, V)Er € L2(Q)?}). (44)
In the cylindrical case, Pg«(ﬁ, %T) = 0 and one sees that V = 170, where ‘70 is defined by
V, = {E € L*(Q)?/rotrEr € L*(Q),rotr Es 4 e3 x dsEp € L(Q)%}. (45)

However, in the general case, v % ‘A/c, which is the main reason why we cannot use the same finite element
method as in the cylindrical case. In the following, for shortening the writing, we shall set,

AT 0 . —1 —%
A = with Ap:=|Jp/ D7 DL". (46)
0 [Jr]

Theorem 2.2 (Weak formulation for the problem in E). IfE is a solution of (7), E given by (22) is a solution
of the problem: find E(.,t) = (Er, E3)(.,t) € V such that

~

—m(E,F) +k(E,F)=0, VF=(Fp, F;) eV, (47)
where the mass bilinear form m(-,-) is given by

m(E,F) = /f(AE F)d% = m(Br, Fr) + m(Bs, By),
“ (48)

m(Er,Fr) = /

SArEr -Fr)dx, m(Es, Fy) := /A £lJr|Es - Fy dx,
Q

Q

and the stiffness bilinear form is given by

k(E,F) = /Aﬁ‘llJTl (Jr'D(V x E) - P*(X,V7)E) - (J; ' D(V x F) = P°(%, V) F) dx. (49)
Q
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Proof. 1t suffices to start from the weak formulation of the original problem in E,

2

d
—/5E~Fdx+/u71V><E~V><Fdx:O, (50)

and to use the anisotropic transformation of both the unknown and the test fields
Ex)=D*E(X), F(x)=D *F(X), wherex=F(%), (51)

so that (50) is nothing but (47) where the bilinear forms m and k are given by

m(E,F) = /

¢E - Fdx, k(ﬁ,f‘):/u_1V><E-V><Fdx,
Q

Q

where (E,F) are related to (E, ﬁ) via (51). For this reason, the above expressions are thus implicit with respect

to (E, f‘) For obtaining the expression (48) for m, we use the change of variable and unknowns (51) to deduce,
since dx = |Jp(X)| dX,

m(E,F) = / ¢E - F dx = /AaJT\D‘*E D *Fdx. (52)
Q o)
To obtain (48), it suffices to remark that, by definition (46) of Ay,

/AaJT|D‘*f]-D‘*f‘d§:/A€ATET-f‘T d§+[aJT|E3.ﬁ3 dx. (53)
Q Q Q

To obtain the expression (49) of k, it suffices to proceed in the same manner and to use Theorem 2.1 for the
transformation of V x E and V x F. O

The fact that V #* ‘A/c when the cable is not cylindrical prevents us from proceeding as in the cylindrical case
for the space discretization, i.e. of using H(rot;{2) conforming finite elements associated to a prismatic mesh
of the reference cylindrical cable. That is why we will introduce a hybrid finite element/DG approach based on
DG in the transverse direction and conformal finite elements for longitudinal variables.

3. A TRANSVERSE IPDG APPROACH

3.1. Strategy for the transverse semi-discretization

Our discretization strategy in the transverse variable xp is based on the use of an IPDG approach found in
several works in the literature [2, 12-14, 18]. For our construction, we have chosen the following approach (see
also Remark 3.1):

(i) We first build a transverse mesh 75(Q) of the reference cylindrical domain Q with infinite prismatic
elements (Section 3.2.1) from which we build a corresponding mesh 75, (€2) of the deformed cable Q via the
transformation F (Section 3.2.2).

(ii) We write the DG weak formulation of Maxwell’s equations in 2, with solution E, associated to the
(non-cylindrical) mesh 75 (£2) (Section 3.4).

(iii) We write the DG weak formulation for the problem in E, defined in Q from E via the anisotropic Piola
transform, from the formulation obtained from the previous terms (in the same way that we passed from
(7) to (47) in Section 2.4). This formulation is then naturally associated to the cylindrical mesh Th(ﬁ)
(Section 3.3).
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Remark 3.1. An alternative (and equivalent) approach would have consisted in writing in strong form the
equations for E in the reference variable X and write directly the DG formulation of the resulting Partial
Differential Equations (PDEs) using the cylindrical mesh 75 (2).

3.2. Prismatic like meshes for the reference and deformed cables

8.2.1. Prismatic meshes in the reference domain

For the discretization in the transverse variables of the reference cable (AZ, we assume thatAg is a polygon
(that may be in practice a polygonal approximation of the true geometry); we introduce 75(S), a conformal
triangular mesh of S. We shall denote

h:= max hg, hg:=diam K, the transverse stepsize,
KeTn(S) R ,\ (54)
N, := #{interior edges of T,(S)}, N := #{interior nodes of T (S5)}.

We shall more precisely consider a family of such triangulations 7}L(§), indexed by h > 0, which is regular in
the following sense:

Definition 3.1. The family of triangulation 771(:9\) is said to be regular if:

(i) Forany K € T (S), there exists T € £(R?) invertible, such that K = Zx + hx Tk (K,), where T belongs
to K and K, the reference triangle:

K, = {xr = (xT71a'rT,2) € Rz/xr,l >0, 220, 1 + 22 < 1} ; (55)

(ii) There exists R > 0 such that for any h > 0 and K € T,(5), |Tk|| < R and ||Tc'| < R, where || - || stands

for any matrix norm.
Accordingly, we consider a corresponding partition E(ﬁ) of O into disjoint infinite elongated prisms 131(,
Th(Q) := {Px := K xR, K € Th(9)}. (56)
We shall also assume that the triangulations are ji-compatible in the following sense:
VTu(@), YPx € Ta(Q), Alp, € Wh(Px). (57)
In the following, we will denote the interface between two elements ]3;( and 13L by 5 KL,

Ski =Sk = 0Pr NP, which form the skeleton ), := U SkL. (58)
K#L

Note that each & kL is included in a plane parallel to the x3 axis. In the same way, for any K € 771(5'\), we set
'k := 0Pk N T, which form when K describes T,(S), a partitioning of I,

P- | T

KeTw(8)

3.2.2. Curved prismatic meshes in the deformed cable

According to the cylindrical partition ﬂl(ﬁ) of the cylindrical reference cable introduced in Section 3.2.1, we
define a curved prismatic partition (Fig. 3) of the deformed cable Q as

Th(Q) == {Px = F(Px), K € Tu(S)}. (59)
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FiGURE 3. The transformation of the infinite reference prisms to an infinite deformed prism.

In the following, we denote the interface between two elements Px and P, by Xk := F (EA] KL), so that
Ykr =3Yrk := 0Pk NOP;, which form the skeleton ¥, :={Xgk}. (60)

Finally the sets T'x := F(L'x) = dPx NT form when K describes T;,(S), a partitioning of T,

I = U N

KeTn(S)

3.3. Transverse DG formulation in the deformed cable

As is usual with DG methods, we shall assume that the exact solution of the problem E(.,¢) in our case is
sufficiently regular inside each element of the mesh. In the following, for any u in L?(Q)3, we shall denote by
uy its restriction to Px and we define the spaces

V(Q) := {ue L*(Q)*/VK € Th(S),ux € H*(Pg)*} C L*(Q)?,

R"(Q) :={ue V"Q)/VK € Th(5),u 'V x ug € H(Pg)*} Cc V*(Q). (61)

Vector fields u in V*(Q2) have L? traces on the interfaces Y. More precisely, on any interface Y, we can
define the two traces

ugls,, € L*(SkL), uLls., € L*(Skir). (62)

In the following, when it will be clear from the context that we look at traces on Xk, we shall often simply
write ug for the first trace and uy, for the second one. With this convention we shall define respectively the
tangential jump and mean trace of u on X, by

[nxu]gr =ng Xug +ng xuy, {ulxr=(ux+ug)/2, (63)

where ng (resp. ny) is the unit normal vector along Y, outgoing with respect to Pg (resp. Pr). The reader
will observe that the above quantities are invariant under the permutation of K and L. While it is clear that
the second quantity in (63) is a mean value, the fact that the first one is called a jump is due to the fact that
since ng = —ny, we also have

[nxu]KL:nKx(uK—uL)Ean(uL—uK). (64)

Note that V() is not a subspace of H(rot,(2) since no continuity is imposed through the interfaces Y.
Moreover we have the following characterization of functions u in V*(Q) N H (rot, ),

VEKL, [IIXII}KL:O, i.e., nKqu+nL><uL:0. (65)
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Of course, when u € R (1), all traces appearing with 'V x u instead of u make sense in L?(X ).
To write the DG formulation associated to the mesh 75 (2), we assume that the solution E of (6) has sufficient
regularity inside each element Py, namely

E(-1) € C2(R"; R (%), (66)
In this case it is easy to show that E satisfies the following variational problem (the so-called IPDG formulation):
for any F € R"(Q),
d2
@mQ(E, F) + kah(E, F) + 0'27h(E, F) + jgﬁh(E, F) =0, (67)
where the various symmetric bilinear forms are defined as follows:
— The mass bilinear form and the stiffness kg (E, F) bilinear form in V"(Q) are given by

mq(E,F) := /

eE-Fdx, and kqu(EF):= /,flvh x E- V), x Fdx, (68)
Q Q

where the broken curl, V;, x E, is classically defined in V*(Q):
VK € Th(S), (Vi xE)|p, =V xEg; (69)

— The coupling bilinear form, os ,(E,F) in R*(Q), supported by X5 UT, is given by

oz (B, F) := _/2 or ({p™'Viu x E}, -[nx F], + {u7'Viy x F}, - [n x E],) do; (70)

— The jump bilinear form js ,(E, F) in R"(Q), supported by %, UT), is given by

jz;,h(E,F) ::/E Fah[an]h-[an}hdU, (71)

where aj, € L>®(EZ, UT) is a positive weight function (at this stage arbitrary).
Note that, in (70) and (71), we used the following notations: for functions {1V}, x E}h 13, — R and
[n x F], : ¥ = R, we set

{u_lvh X E}h ={u 'V x E}gr, [n x F], =nxF],,, onXky, (72)

and for any fj, : ¥ — R,

fh do = Z fKL do with fKL = fh|ZKL' (73)
Zn SrpeS, Y UKL

Coming back to the definition of the bilinear forms, it is worth emphasizing that:

— The bilinear forms mgq and kg, do not couple mesh elements between themselves and are there to ensure
Maxwell’s equations inside each element;

— The coupling bilinear form o5 j, ensures the consistency with Maxwell’s equations across elements;

— The importance of the jump bilinear form jx, , will be clear after space discretization; note that jx ,(E, F)
vanishes for the exact solution E.
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Remark 3.2. After space discretization, the function «j; will then be chosen in order to ensure a certain
discrete coercivity inequality (see Section 4.1.2) which will imply the well-posedness and stability of the discrete
problem (see Section 4.1.2 and more precisely Lemma 4.2).

3.4. Anisotropic IPDG formulation in the reference cylindrical cable

As indicated in Section 3.1, this formulation is obtained by applying the change of variable x = F(X) to the
formulation (67) (Section 3.4.3). To do this, we first need to describe how the tangential jumps are transformed
(Section 3.4.2), for which we shall use preliminary technical results (Section 3.4.1).

3.4.1. Basic linear algebra results

We shall denote by u ® v the vector product in 2D as the bilinear form:
V(u,v) € RZxR? u®v= det(u, v) = ujvs — uguy, (74)
which is linked to the 3D vector product via the following formulae:

{V(u,v) ER* xR, (uxv)-es=ur®vr, (i (75)

u-eg=v-e3=0 = uxv=(ur®vy)es. (i)

We shall use later the following two elementary results in linear algebra, for which we provide a short proof to
make it easy for the reader. The first result is specific to dimension 2.

Lemma 3.1. For any 2 x 2 matriz A, for any (u,v) € R*, Au® Av = (detA)(u® v).
Proof. By continuity and density, it suffices to prove the result for diagonalizable A. As the map (u,v) —
Au ® Av is an alternating bilinear form on R?, it is proportional to the determinant u®v, i.e. Au® Av =
au®v.Foru=ej, v=eo, where (er, e) is an eigenbasis of A associated to eigenvalues (A1, A2), Ae; ® Aey =
A1Aze1 ® ea = (detA)e; ® ey, which proves o = detA. O
The second result is known as the Sherman—Morrison formula:
Lemma 3.2. Let Ay and A be two N x N matrices such that there exist a,b € RY satisfying
YueRY, Au=Apu+ (b-ua

If Ayg is invertible and b - Ao_la # —1, A is invertible and

VveRY, Alv=Ajlv-(1+b-Aj'a) '(b-A;'v)A ! a (76)
Proof. If v:= Au, Aqu=v — (b-u)a, then u= A 'v — (b-u)A;'a. Therefore

b-u=b-A;'v—(b-u)(b-A;'a) which yields b-u=(1+b-A;'a)"" (b-A;'v).

This shows that the map u +— Au is injective (if v = 0 then u = 0); hence A is invertible since N < +o0, which
leads to the conclusion since u = A~1v. 0

3.4.2. Transformation of tangential jumps and traces

Obviously, as Fr € C?(R?), if E and E are related by the anisotropic Piola transform (22), one has

EecV"Q) «— EeV"Q), EecR"Q) < EcR"Q),
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where R, () and V(Q) are defined similarly to R"(Q) and V() in Section 3.3, as follows:

VHQ) = {u e L2(Q)3/VK € Th(5), ugx € H'(Px)3} C L2(Q)3, -
Q) :={ue VH(Q/NK € Th(S), i~ (J7'D(V x ug) — P(X, Vr)ug) € H'(Pk)3}.

For x € 816;(, x = F(X) € 0Pk, and ng = nk(X), the outgoing (w.r.t. ]3K) unit normal vector to 813;( at X,
is related to ng = nk(x); the outgoing (w.r.t. Px) unit normal vector to Pk at x, by the formulas (see for
instance [26], page 79)

ng = |DF(R) x| DF(R) Tk (78)
As a consequence of the cylindrical nature of the mesh 7';1({2)7 we have the important property
VK eT(S), fig-e3=0, ie fig= (%70, (79)

so that the tangential jump of E € V" across iKL, defined similarly to [n x u]gr in (64) up to obvious
modifications, satisfies

~ ~

[ x Elgr = [Es]lxr (Mg X e3 + (Nxr ® Erlir)es, (80)

where, for any field f' : ﬁh — R%, [f] KL = fK — f'L. The next result concerns the transformation of the
tangential jumps by the anisotropic Piola transform.

Lemma 3.3 (Transformation of tangential jumps). Given (E,E) € V(Q) x V2(Q) related by (22),

n x Blxr = [E]xz == J;'D[f x E|xr + [E]%,, (81)
where we have defined

[E]%, = —es x |[DF *fig|” (b} - i) D *[E] kL. (82)

Remark 3.3 (Abuse of notation). The equality (81) has to be understood up to an abuse of notation: the
left-hand side is expressed at x € Xk, while the right-hand side is expressed at X € Yk, with x = F(X). The
same observation is applied in the proof of the lemma.

Proof. In what follows, we set [E]x;, = Ex — EL on Xk, and [E]KL = EK — EL on X, so that, according to
the Piola transform (23) and Remark 3.3, [E]xr = D *[E]xy.
Let us compute the tangential jump [n x E]x using (78). This gives

n x Elxr = ng x [Elxy = |[DF *Ag|  DF *fix x D [B]xy. (83)

We next compute DF ~*n. For this we remark that

Dy Fr Vi DrF3 0 0 0
pr= (""" — pEp= (TN =D+, .
0 1 vy 1 vy 0

We can thus apply Lemma 3.2 with N =3, Ag =D*, A=DF* a=-e3,and b = (v%*,O)t. In particular

Aala = D™ "e3 = e3, which implies b - Agla =0.
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Applying (76), we get DF *w = D™ *w — (v} - D *wr)es for any w = (wr,w3)t in R®. In particular
DF *fig = D "fig — (v} - D figr)es = D *tig — (b - fig 7)es. (84)

We deduce from (83) and (84) using the definition (82) of [[E]]%L that

-1

nx Elgp = [DF*hg| " [(D g x D [E|xL) — (bS - k1) es x D*[E] 1]

o R - - (85)
= |DF k| (D76 x D [E|xy) + [E]%,.

Next, writing D—*[E]KL = (D;*[ET}KL, 0)t + [Eg]KL e3, we obtain

D_*ﬁK X D_*[E]KL = D_*ﬁK X (D;*[ET]KL, O)t + [E?)]KL (D_*ﬁK X eg) . (86)
However, as D™*ng - e3 = 0, using (75)(ii) and Lemma 3.1,

D "ng x (DE*[ET]KLO)t =D/ ng,r® D}*[ET]KL) e;=J; (Mg r® [ET]KL)63~

By Lemma 2.3, we have D*ur x e3 = J; 'Dr(ur x e3), for any ur € R?; we deduce from (86) that

D *fig x D~*[E|x, = Jo (g r ® [Er]xr)es + J ' Dr(fgr % e3)[Es)kr,
which, after substitution into (85) and using the block decomposition of D, leads to the conclusion. O

Remark 3.4 (Abuse of notation). From its definition (82), [[f]}]‘;(L is transverse, i.e., orthogonal to ez. In the
sequel we shall use the same notation for the 3D field and its 2D transverse component.

For the sequel, one important consequence of Lemma 3.3 is the corollary below.
Corollary 3.1. When E € V*(Q) N H(rot; ), [n X E]gy = [[f)]]‘;@

Finally we state (without proofs) the results that correspond to Lemma 3.3 and Corollary 3.1 for traces
instead of jumps.

Lemma 3.4 (Transformation of tangential traces). Given (E,E) € V*(Q) x V'(Q) related by (22), one has
the formula

(n % E)lr,e = [E]x := J;'D(@ x B)|g, + Ef, (87)
where we have defined

~ ke~ —1 Y S

E} := —e3 x [DF 1| (b} -ng)D*E[g . (88)
Corollary 3.2. When E € VH(Q) N H(rot;Q) andd x E=0 on T, (n x E)|p, = E‘;(

~ We can regroup the results of Lemmas 3.3 and 3.4. For this we use the notation: for any vector field
f:Q =R [fln = [flxr on Xp, and [f], = flr on T

Theorem 3.1. Given (E,E) € V*(Q) x V*(Q) related by (22), one has, using again Remark 5.3,
[n x E], = [E]s := J;'D[i x EJ;, + [E]}, (89)
where we have defined

[E]} = —e3 x [DF *fig| ' (bS - fig)D*[E],. (90)
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3.4.83. The DG formulation in the reference domain

Theorem 3.2 (Weak formulation for the problem in E) If E(-,t) € C2(RT;RMQ)) is a solution of (67),
E(-,t) € C2(RT;R"(Q)) given by (22) satisfies, for all F € R*((Q),

PPN ~ A ~ = ~ A
@m(E,F) +kL(E,F)+0o,(E,F) + j,(E,F) =0, (91)

where the various bilinear forms are defined as follows:

— The bilinear form m(f),ﬁ) is defined by (48);
— Defining the broken operators Vi, x and P9(X,Vr) by

~ ~

VK € Th(S), (Vi xE)s =V xEg, Py Vr)E|p, =P X Vr)Exk, (92)

the broken stiffness bilinear form ky(-,-) is given by
kn(E.F) = / Azl (J7 ' D(Vi % B) = P)(%,V7)E) - (J7'D(V, x F) = PR, Vr)F)dx:  (93)
a
— The coupling bilinear form oy, is given by

oy (B, F) = _/i f[[E]]h (i (DY, x F — PLR, U0)F) 1 do
U

- / B {5 (J5'DV, x B - PR, V1)B) ) do (94)
>

U
— The penalization bilinear form jj is given by

i (BF) = [ G[ED - [Fludo (95)

UL
In (94) and (95), [-]n is defined as in (89) and (90) and in all the surface integrals do = |Jr||(DF*)~'n| d7.

Proof. It suffices to rewrite (67) after recomputing mqo(E,F), ko ,(E,F), and ox 1 (E,F), j= »(E,F) from their
original expressions (68), (70), and (71) in the function of (E ﬁ), provided that (E, F) are deduced from (E, 13)
via the anisotropic Piola transform (23).

First, using the change of variable x = F(X) in integrals over K and Theorem 2.1 for the transformation of
the curl operator, we obtain, since dx = |Jr|dX,

mo(E,F) =m(E,F), ko (E,F) = k,(E,F). (96)

We do the same for the integrals over X, and I'i for o5 ,(E,F) and js »(E, F) using Lemma 3.4 and taking
into account that the change of variable x = F(X) induces a transformation of the surface measure according
to do = |Jr||(DF*)~'n| do (see [26], page 80). We show that

osh(E,F)=o,(E,F), jon(E,F)=j,(EF). (97)

This concludes the proof. ([
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4. SPACE DISCRETIZATION

4.1. DG semi-discretization in the transverse variables

4.1.1. Description of the semi-discrete problem

As usual, it consists in replacing in the weak formulation (91), the space Rh(ﬁ) by a finite-element-like
subspace (due to “finite dimensional dependence” in the transverse variables), namely

Vi(Q) = {Ej = (Er, E3) € H'(R, V,,(5)) x LA(R,V,(5))}, (98)
where V,(Q) is constructed as a subspace of H(rot, ), i.e
V1 (Q) C Hy(rot, Q) N R(Q), (99)

by choosing V;,(S) and V;,(S) as follows:

{ @ ={Er e Ho(rGtT,§)2/VKA€ F(g)’EﬂK € Napl, (100)
Vi(S) :={E5 € H}(S)/ VK € Ti(S), Es|x € P},
where we recall the definition of the 2D Nedelec space of edge elements (see [26, 28]),

Nop = {a(z2,—21)" + b, (a,b) € R x R*} C P}. (101)

Contrary to what is more classical with DG methods, the space is not made of fields that are completely
discontinuous between elements (see Remark 4.2 for further comment).

Our choice (98) for Vh(ﬁ) coincides with the conforming discretization subspace used in our previous
article [1] for the case of cyhndrlcal cables, thus keeping the continuity of the tangential traces.

Also, since Exfi=0onl in Vh(ﬁ) the exact boundary condition is taken into account strongly when the
cable is cylindrical since n = n. These two properties will ensure that the method proposed in this paper will
be an extension of the method in [1], see Remark 4.1.

Moreover, when writing the weak formulation (91) in Vh(ﬁ) instead of Rh(ﬁ), the main consequence is
a simplification of the bilinear forms op(-,-) and jp(-,-), due to the inclusion (99) which allows us to use
Corollaries 3.1 and  3.2.

For instance, for (Ex, Fy) € V,,(Q), by Corollary 3.1, [Ex] k1 = [En]%, so that

[En]wr - {i~ YJr J7'DV x Fj, — PY(X,Vr)F)) ks
= [Enlr - {7 (JF DV x Fp)r — PLE, Vr)Fh 1)} ki,

where we also used that [[Eh]]g( 1, is transverse (Remark 3.4). As a consequence,
Y (En,Fr) € Vi(Q) x Vi(Q),  o4(En,Fr) = op(En,Fr), 5n(En,Fr) =3 (En, Fy), (102)

where the bilinear forms a'h(f} f) and _]h(ﬁ f‘) are defined in Vh(ﬁ) X Vh(ﬁ) by

oI (BF) = —/i F[[E]}h (A (U5 (DY, x B)p — P (R, V)P do
- [ IR GO D9 < By~ P& TR do (103)
3 (B, B) = / B [Fl] do
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where the notation (D% X E)T represents the transverse part of (D% X E), and PfL7T(§7 §T) is defined from
PJ.(%, Vr) as P¢ 0 (X, Vr) is defined from P§ (X, V) (see (92)).
The semi-discrete problem is obtained by reducing (91) to the space V,(Q), instead of R"(2), reads, according
0 (102): find Ej(.,t) : RT —» V,(Q) such that, for any F, € V,(Q),

2

@m(ﬁm F1) + kn(Ep, Fp) + o) (Bn, Fr) + 30 (Ep, Fy) = 0. (104)

In the sequel, we shall denote by ah(ﬁh, f‘h) the total stiffness bilinear form:
an(En, Fy) = kn(Bn, F) + o) (Ep, Fr) + 55 (En, F), (105)
so that (104) can be written in compact form as

2

e m(E,, Fr) + an(E,,Fr) =0, VF, € V,(Q). (106)

Remark 4.1. The bilinear form k(- -) can obviously be decomposed as
(B, B) = kDB, F) + K (B, F), KO(E,F) =Y / ATV X BV x Fdg. (107)
K Y Px

~

According to (93) k9 ( ,F) =0 when 6 = 0 (the cylindrical case). In the same way, as [[f)]];i =0 when 6 =0,
cf. (90), ah(E F) = j2(E,F) =0 when 6 = 0. In that case, (106) reduces to

2

2™ EnFr) + k) (B Fy) =0, VE, € Vi), (108)

which is nothing but the semi-discrete conforming method of [1].

4.1.2. Discrete coercivity inequality and stability result

Our goal is to obtain a coercivity inequality for the quadratic form
an(En, Ep) = ki (En, Ep) + o (Ep, Ep) + 50 (En, Ep). (109)

We follow quite closely what was done by Grote et al. in [13], the main difference being that we have to manage
variable coefficients and modified curl operators. The proof will rely on the following technical lemma which is
a variant of classical discrete trace inequalities in finite element spaces. The additional difficulty with respect
to Lemma 4 of [13], for instance, is that we have to deal with infinitely long elements (the prisms Px) and
especially that we need to deal with coefficients which are not necessarily constant inside each element, even
when [ is, because of the presence of the transformation F. For these reasons, usual homogeneity arguments are
no longer sufficient and additional technical points need to be dealt with. Although we believe this result holds,
a complete proof remains open. This is the reason why we have chosen to state the technical lemma below as a
conjecture.

Lemma 4.1 (Conjecture—Discrete trace inequality). There exists Cy > 0 such that, with hk being defined by
(54), for any K € Tp() and Xk C 0Pk, for any F € V,(2),

/A G (J7 (DY x Fr)r — PH(E, Vr)F i) do
P ) (110)
<*/ || (5 (DY x Fr)p — PLR, V) Fr) | dx.
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As a consequence, we are able to show the following:

Lemma 4.2 (Discrete coercivity inequality). Let v € (0,1). If the function &y, is chosen large enough so that

~ C’2
VK € Th()), anlyp, = T (111)
K’
one has the discrete coercivity inequality, for all Eec Vh(ﬁ),
an(E,B) > (1 —»)(kn(E.E) + 5 (E.E)). (112)

Proof. Since ay,(E,E) = kj,(E,E) + jg(ﬁ, E)+ ag(]/::}, E), proving (112) amounts to showing
o} (B, E) > —v(kn(E,B) + j; (B, E)). (113)

However from (103),
AEE) = -2 [El} 707 (DY x B)r — P (& Tr)B))ndor
ZhUF
and using Young’s inequality we get,

a; ' {a  (J7 (DY, x E)r — Py 1(%, V)E) 4 do (114)

ZhUF

~ =~ ~ =~ 1
oABE) > vil(B.E) -, [

The second term needs to be bounded from below by —vkj,(E,E) to obtain (113). From the definition of the
mean value, we deduce the following local inequality:

A= (J; ' (DV x E)r — P4(X,V1)E)} k1 |?
< AN (Jp (DY x Ex)r — PY(X, Vr)Ex)|?
+ A7 (J7 (DY x Ep)r — PR(X, Vr)EL) [

After multiplication by &;17 integration over 5 kL, and summation on K # L, we have, denoting by V(K) the
set of elements L in 7T, which are neighbors of K, i.e. such that X has a strictly positive measure,

> L N DY x By - P T B o
K#L

<3>. D / Ha~ ' (J7 ' (DV x Ex)r — P3(X, Vr)Ex)[*do

K Lev(K)YZKL

1Y T /E S (J2 (DY x By)r — P, V1)) 2do.
L Key(L)Y =KL

By inverting K and L in the second sum, we see that the two terms in the right-hand side of the inequality are

the same, and since 8]3;( = (U f)KL) U fK, we obtain

LeV(K)

/A W A (I DV x B)r — P (%, V) E) [ do
EhUF

(115)
< § / a; (I DV x Eg)r — PR, Vo)Eg)[*do.
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Then using the trace inequality (110) of Lemma 4.1, we get

. N JEP 2
/A ay! Hﬁ—l (J;l(Dvh x« B)p — P (%, VT)E)} ) do
pull h
2 ”a;l”L“(ﬁﬁK) ~ 1 (-1 o T 5o oam P e
<Cpy =00 | gl |t (07 (DY x Bi)r - PEE VB )| 4k (116)
K K Pre
185, e 07 ~ ~ -
< C? (sup w ky(E,E) < 1%k;,(E,E) (thanks to (111)).
K K

We have obtained

1 e N ~ FEPN PN
- ;/E fO¢h1|{u L' (DV, x E)r — P) (X, V7)E) u|?do > —vk,(E,E),
nU

which we can substitute into (114) to conclude the proof. O

To establish the stability of the semi-discrete problem (106), it suffices to recall that the solution of (106)
satisfies the discrete energy identity

d&,

E = O, where (E/‘\h =

Im(Ey, Ep) + San(Ey, Ep). (117)

With the help of Lemma 4.2, the remaining arguments to obtain uniform stability estimates for Eh under the
condition (111) are completely standard and left to the reader.
4.2. Full space discretization

4.2.1. The discrete approximation spaces

We introduce a constant longitudinal space step h > 0 in the xs-direction and decompose the cylindrical
cable € into finite cylinders of length h,

O=JC1, Cpy1 ={Rr23) € Q/jh <ws < (j+ 1h} = § x (jh, (j + 1)h). (118)
JEZ

These cells are separated by transverse cross-section §j, Jj € Z (see Fig. 4) where, by definition
VjeZ, & ={(xr,jh),xr €S} (119)

According to the transverse mesh ﬁl(g) introduced in Section 3.2, we thus have

viez, Ci= J Py i1 VK € Th(9), PK:U7PKJ+%,

KeTun(5) JEZ

1
2

where, by definition, P ;, 1 is the (finite) prism
PK7j+% =K x (jh, (j + Dh). (120)
As in [1], we shall use the letter h to denote the set of approximation parameters in space, namely

h:= (h,h). (121)
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Sections
8 = {(xr,jh), xr € 5}

Cjay = {(&r,zs) €0/ jh < 75 < (j + 1)h}
Cylindrical cells

FIGURE 4. Schematic representation of the sections and the cells of the cable 0 (adapted
from [1]).

We thus have built a prismatic mesh 7}1(6) of transverse stepsize h and longitudinal stepsize h,

711@) 3=U U PK,j+§- (122)

J€Z KeT;,(5)
The fully discrete space, indexed with h, takes the following form:

Vu(©) = Vir(Q) x Vie(Q) € VL(Q),

On the one hand, the transverse field ET S VhyT is searched piecewise linear continuous in x3 with value in the

-~

2D edge element space V,(.S), see (100),

Vir(Q) = {Er € C°(R; V,(S))/Vj € Z, ETch% € P1(R; V,(9))}. (123)

In other words, for any ET € thT((AZ), denoting ETJ- = ET|§j c Vh(g),

~

Er(xr,z3) = > Brj(xr)w;(3), (124)
JEL

where w; is the usual hat function (see Fig. 5). On the other hand, any longitudinal field E5 € thz(ﬁ) is
searched piecewise constant in x3 with value in the standard IP; finite element space.

Vie(Q) := {Bs : @ » R/Vj,Vas € (jh, (j + D), Es (-, 23) = By ;1 € Va(S)}, (125)

with V5,(5) defined in (100). Thus, for any Ej € Vh,¢, there exist E3’j+% € Vi(5),j € Z, such that

By(xr,w3) = Byji1 (xr)X;4(ws), By = Bslg, - (126)
JEZ T2
where X, 1 is the characteristic function of the interval (jh, (j 4+ 1)h) (see Fig. 5).
We have thus two types of degrees of freedom for the discrete electric field (Fig. 6). The first ones, associated to
the transverse field, are denoted by Er v, = {Er ;}, where Ep ; € R™e is the vector of the tangential components
of the discrete transverse electric field along the edges in the cross-section .S;.

The second ones, for the longitudinal field, are denoted by E3 n = {Ej ; 41 }, where Eg ; 1€ RY is the vector
of the values of the discrete longitudinal field at the nodes of the mesh.
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W . ' s Xt ! |

‘ 19 1

i+l

G-Dh jh  G+Dh G-Dh jh  (i+Dh

FIGURE 5. The 1D basis functions w; (left) and x;, 1 (right) (picture from [1]).

Transverse ﬁeld in each section S] Longltudlnal ﬁeld in each section S]+%

FIGURE 6. Two types of degrees of freedom (picture from [1]).

~

Remark 4.2 (About conformity properties). The space V() is non-conforming with respect to the transverse
variable since fields in this space satisfy by construction the jump conditions

g x Elgp =0
across the longitudinal interfaces ¥, while the correct jump condition is
J7'Dlg x Elxp, + [E]%, =0, with [E]%, #0 ford >0, see (81).

Conversely, across the transverse interfaces §j, for fields in Vh(ﬁ)7 the only jump condition is the continuity of
the transverse field, which precisely corresponds to the physical jump. In this sense, the approximation in space
is conforming with respect to the longitudinal variable. Note that our final space discretization will not involve
any jump terms across transverse interfaces (see Section 4.2.2).

4.2.2. The fully discrete scheme in space

~ o~

It consists in rewriting the variational formulation (104) in V() instead of V;,(Q) with an additional
approximation corresponding to the (O(h?) accurate) trapezoidal quadrature formula in 3. Setting

CR(R) :={g: R = R/Vj, g, 1 :=glyn+yn € CO([jh, (j + D]}

We define

Vo e CARINLIR). ¢ glan)drs i=h 3 loyy (G -+ 1)+ gy (1) (127)

From (127) and Fubini’s theorem, we build the 3D quadrature formula for integrals over Q:
Vfecl(Q)nLiQ), fA fdx = [ (7{ f(xT,asg)dxg) dxr, (128)
Q 5 \Jr

where by definition CJ(Q) :={f: @ > R/Vj, fio1 = fle,, € C°(S x [jh, (j + Dh])}.

I
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Similarly, we define, writing EA]KL =0xr X R and fK =9k xR,

fimfda = /GKL (ﬁf@,x;})dx:\,) dor, f e CSkyL),
_fd5 = /% (ﬂ f(ﬁT,zg)dxg) dor, feCO(Tx).

Accordingly we define, with £, =5, x R and T =7 x R,

Ve S, ul)n LS, uT), ﬁ Afd&::/ (j]if(xT,xg)dxg) A%z (129)
Spul’ Ahufy

o

The above ingredients are of fundamental importance for achieving a numerical scheme which will be explicit
in z3 after time discretization as will be explained in Sections 5.2 and 5.3. According to (104), the fully discrete
problem then reads, in variational form: R R R

Find En(,t) = (Ern(-,t), Esn(-,t)) € Va(Q), such that VFy € VL(Q), we have

d? PPN PPN PSS NN = a

72™n(En, Fn) + kn (En, Fn) + o} (En, Fn) + jn(En, Fn) =0, VFu € Va(Q), (130)
where a subtle but noticeable difference with (104) is that the bilinear forms m(-,-), kp(-,-), o2 (-,-), and 59 (-, )
defined in (48), (93), and (103), have been replaced by mu (-, ), kn(-, ), o5 (-, ), and 3o (-, -), defined by replacing
the integrals appearing in (48), (93), and (103) by their quadrature approximations (128) or (129) (note that
now the bilinear forms depend on h := (h,h)):

) Z(AE - F)dx,

Q

i (Bn, Fr) = f

kh(Em f‘h)

ﬁ AU | (DJ 5 x B)—P (R, V0)B)-(J7'D(V5 x F)—P (%, V1)F) dR,
Q

oh(EF)

- ]4 B {7 (J5 (DY x By — PYp(R, V) Fr) b do (131)

AU

- 74 B {7 (5 DV x By — P (R Vo) Br) )i do,
>

nUl

BT = f _@,[B] - [F] do-
>pul

By consistency with the definition (105) of ax(+,-), we shall define
an(En, Fp) == kn(En, Fy) + o (En, Fy) + 5 (En, Fp), (132)

so that (130) becomes

2

@mh(ﬁmﬁh) + ah(f)h,ﬁh) =0, Vﬁh S Vh(ﬁ) (133)

In order to write the problem (133) in algebraic form, we introduce here the (infinite) vectors of degrees of
freedom, namely (with obvious notation)

E Er
E, = ( T’h> = (]E T > € Vhi=Vhr x Vns, Er;eRY, Es 1 € RY, (134)
Esn 3.5+1
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where Vy, 7 = (?(Z, ]RNE) and Vy, 3 = (*(Z, ]RN). We shall denote

(Bn,Fn) = Er; - Fr;+Y EByji1-Fajpn (135)
J J

and, using Riesz representation theorem, Eq. (130) can be rewritten as

d’Ey,

M
b2

+ ApEL =0, Ap =K, +8S) +J¢, (136)

where My, and Ay, are the (infinite) symmetric mass and stiffness matrices defined by
(Mh]Eh, Fh) = mh(f)h, ]/:—‘\‘h), (AhEh, Fh) = ap (Eh, f‘h)
Both My, and Ay, are positive. According to (132), we have

Ay =Ky + S+ 74, (137)

where the symmetric matrices Ky, S§, and J{, are defined from ky(-,-), a3 (-, -), and j (-, ), respectively.
According to the decomposition of Vi, between transverse and longitudinal fields, the mass matrix My, has

the following block diagonal form:

ME 0
My, = (according to Vi, := V1 x Vi 3), (138)

0 M
MY = diag {MT} MT € L(RY), M} = diag{M? ,}, M3, € LRY), jeZ

In particular, the numerical quadrature used in (131) for my, allows us to achieve mass lumping in the xs-
direction. The use of the quadrature in the other bilinear forms will also have nice consequences on the structure
of Ay, which will be described in Section 5 when considering the time discretization.

4.2.8. Fully discrete coercivity inequality
For any pair of symmetric matrices X;, and Y}, we define the operator < (and >) as follows:

Xn <Y, & VE,eVy (XpEn,En)<(YLEn, En).

The next lemma corresponds to the fully discrete counterpart of the coercivity inequality of Lemma 4.2.
Lemma 4.3 (Discrete coercivity inequality). Let v € (0,1). If the function &y, is chosen large enough so that
2

~ =N C
VK € 771(9)7 ahlaPK Z 2 L 5 (139)
1% hK

one has
—v(Kn+J3) <Sh <v(Kn+Jp) and (1—v)(Kp+J3) < Ap. (140)

Proof. We omit the full details of the proof and instead outline the main steps. First, the discrete trace inequality
of Lemma 4.1 must be extended to the fully discrete setting. This can be achieved by taking into account the
properties of the quadrature rule, in particular the positivity of the weights. With this extension, the argument
used in Lemma 4.2 applies in the same way, leading to the desired estimate and discrete coercivity result. [
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5. TIME DISCRETIZATION

In this section, we are concerned with the time discretization of the semi-discrete problem (136). We shall
use a constant time step At > 0, and denote by Ep,n € N, the corresponding discrete solution such that

En ~En(t"), t":=nAt.

In Section 5.1, we present the class of finite difference schemes we wish to use as well as the goal we want to
attain. In Section 5.2, we recall how we build the splitting to reach this goal in [1], for the case of the cylindrical
cable. In Section 5.3, we explain how to extend this construction and the corresponding analysis to the more
involved case of the deformed cable.

5.1. Construction of the scheme: basic principles
We wish to use a hybrid explicit-implicit scheme based on an adequate splitting of the stiffness matrix Ay,
Ap = A} +Af. (141)

The scheme, which belongs to the class of IMEX schemes (for IMplicit/EXplicit schemes), can be seen as an
“interpolation” between the explicit leapfrog scheme and the implicit #-scheme:

Eptt — 2Ry + Ept

Mp A2 + Ail{Eﬁh’ + ALEL =0, (142)
where, # € RT being a parameter of the scheme,
{Ep}e := OEPT! + (1 — 20)E} + R} (143)

Obviously, for any 6, (142) is a second-order accurate approximation in At of the ODE (136) and at each time
step, we have to solve the linear problem

(Mp + 0 APAL) (Ept + Ef ') = (2My — APAf — (1 - 20)A?A}) Ep. (144)
The challenge is to build the splitting (141) cleverly enough in order that

(i) The matrix A} has the same block diagonal structure as the mass matrix Mp;
(ii) The scheme is stable if At is only constrained by the longitudinal space step h (and not h).

Indeed, achieving (i) and (ii) will result in the following two nice consequences:

(a) The computation, at each time step, of the next iteration is cheap: we have to solve a family of “small”
linear systems (indexed by j), each of them consisting in
— solving a sparse positive definite linear system in dimension IV, for updating E ;, namely the transverse
electric field in the cross-section x3 = jh,
— solving a sparse positive definite linear system in dimension N for updating Es ;,;/2, namely the
longitudinal electric field in the cross-section z3 = (j + 1/2)h.
The above systems can be solved in parallel, independently of one another.
(b) The choice of At can be made independently of the transverse dimension of the cable, which results in a
huge economy of time steps with respect to fully explicit schemes.

For studying stability, the usual trick [7] is to rewrite the scheme as a perturbation of the §-scheme (142) for
0= i. The resulting scheme involves a modified mass matrix. It is rewritten as:

Ept! — 2B} + Ep! A Ept! + 2B + Ep!
h

Ma (A1) At? 4

=0, (145)



1796 A.B. HAMAD ET AL.

where the modified mass matrix My, (At) is given by
My (At) =My + (0 — 1) APA} — TALPAS. (146)

ntl_pn—1
h

Multiplying classically (145) by ]E“T, we deduce the conservation of the discrete “energy’

)

nil 1
gnte <Mh(At)

(147)

At At *t3 2 2

_1 Ertt —Ep EpT —EP > 1 <Ah]Eﬁ+1 +Ep Eptt —HEﬁ)
=5 , , .

1
n+3

The stability analysis is then reduced to showing the positivity of £, ' * which amounts to proving the positivity
of the operator of My, (At). This depends of course on the choice of the matrices (A%, Af) in the decomposition
Ay = Al + A¢. In Section 5.2, we treat the cylindrical case, which is a recap of what was done in [1]. In
Section 5.3, we treat the (difficult) case of the deformed cable.
5.2. Recap on the cylindrical case

Recall the definition (46) of the matrix A,

(A7 O . L I —
A = ( 0 |JT|> with AT = |JT| DT DT . (].48)

In this case, according to Remark 4.1 and to the longitudinal discretization procedure (see Section 4.2.2), the
bilinear form ay(-,-) reduces to

Cl,h(]/"jh,f‘h) = k%(ﬁh,ﬁh) = % ﬁilAilﬁh X Eh . ﬁh X f‘h dx. (].49)
Q

The splitting will be based on a particular expression of the bilinear form k%(f}h, f‘h) which separates the roles
of the tangential and longitudinal components of the fields:
where we have set

K0, (E,F) := }é i Jp| ot Errotr Fr dx, kg (B, F) = ?é i 'AL'roty Es - roty Fs dX,

k), (E, F) := j%ﬁ*lA;l(eg x OsE7) - (e3 x 85F7) dX, (151)

k) (B, F) := %ﬁ i (AT ot Es - (e3 x 0sFp) + AZ'roty Fs - (e3 x 93Er)) dR.
Q

Remark 5.1 (Remark about the notations). In the definition (151), the indices have been used according to
the following rule: The occurrence of T corresponds to the appearance of one transverse derivative (in x7) of
one of the fields in the integrands while the occurrence of 3 corresponds to the appearance of one longitudinal
derivative (in z3). The bilinear form k3, (-, ) couples transverse and longitudinal fields and corresponds to the
appearance of both transverse and longitudinal derivatives.

According to (150), we can decompose the matrix Ay as a sum of four symmetric matrices:

Ap =KJp + Kfp + K5 + K. (152)
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The important observation is that, in particular thanks to the numerical quadrature,

— The matrices K}, and K do have the same structure (138) as My and M3,
— The matrices K95 and K3, do not since

e The matrix K3 couples E7 ; to E7 j41 and Er;_1,
e The matrix KgT couples Er ; to E3 ;11,2 and E3 ;_1/9 and E3 ;11,2 to Er j11 and Ep ;.

For the above reasons, for the splitting (141) of A}, = K, we choose
=Ko +K7r,  Af = K33 +Kir (153)

By construction, the criterion (i) of Section 5.1 is satisfied. The criterion (ii) can be proved using energy
techniques. As explained at the end of Section 5.1, the stability analysis amounts to proving the positivity of
the modified mass matrix My, (At) (see (146)) with (A%, AS) given by (153), under some upper bound on the
time step At. This has been done in [1].

The precise stability result involves the function Sy, (Xr) : S — R* defined by:

7? (o)~ oy 2dz
R

Bu(xr)? := sup € Lm(g)a (154)
un €P1 j{E('aXT)luh‘de?,
R
where 1 ;, denotes the usual 1D finite element space,
Pip == {un € CO(R) N LA(R)/ V) € Z, up|(jn,j+1)m € P1}- (155)

Proposition 5.1 (Theorem 5.1 of [1]). In the case § = 0, the scheme (142) is stable if 6 > % and

1
2 —_— —
Hﬁhll Sl-15 (156)

5.3. The decomposition for the deformed cable

5.3.1. The decomposition Ap, = Al + A§, for the deformed cable

We have to find the equivalent of the decomposition (141). In the spirit of Remark 4.1, we start by rewriting
kn(E,F) as a perturbation of kj) (E, F):

kn(E,F)=k)(E,F) + K (E, F), (157)
where, from the definitions of kj, (E, f‘), see (131), and kY E, ) see (149), one deduces that
k) (E,F) = jéﬁ—luﬂpg(ﬁ,%)ﬁpg(ﬁ, Vr)Fdz,
Q
~ Bl "DV x B) - PAR Va)F + I D(Y, x F) - PR, 9B
Q

This bilinear form can be decomposed as the sum of three terms using the transverse and longitudinal
components of V}, x E, in particular, using the definition (23) of D,

(De X E)T = DT(I‘/O\tTE;), + e3 X (93]/5\]'1“),



1798 A.B. HAMAD ET AL.
and using that PJ (X, @T)I/*j is a transverse field (see (34)). We have

k), (E,F) = kf-p(E, F) + K7 (E, F) + ki (E, F),
where we have defined, with the same convention of notation as in Remark 5.1,
Ko (B.F) = § 5 12[Pr (V) Br - P o(Fr)Fr
K (B, F) = - 7% A (Dr(es x 05Br) - PYp (V) Fr) A

—j{ ﬁ_l(DT(eg X (931‘/;7*) . P;SL,T(§T)ET) dﬁ,
Q

Of course, (157) and (158) correspond, with the obvious notation, to the matrix decompositions

Ky = Kj, + KJ, K}, = Kip + Kip + Ko
Similarly, one can deduce from formula (131), the following decomposition of o’fl(f), f)
ol (E,F) = 6)(E, F) + 0 (E,F) + 03.(E, F),
where we have set, again with the convention of Remark 5.1,

ohBF)= § Bl (P& Vr)Fr)ndo +

Spul’ flhul"

AEF) =~ § Bl (7 ;' Drles x BFr)} do

Ypul’

- 7{ A[[f‘]]i A I Dy (es x 83ET)}h do,
Spul’

o3 (B, F) = — 7{ [B]S - {7~ J7 ' Dyrots By }p do
ihuf

- ]{A A[[f]]i : {ﬁiljj_‘lDTratTEg%}h do.
YUl

According to (161), we have the matrix decomposition,

S) =S5 485 + S5,

where the matrices S%, Sg, and Sg are defined from o4.(-,-), a3(-,-), and o3.(-, -), respectively.

k5 (B, F) = — fé i~ (Drrotr Es - Py 1 (Vr)Fr + DrrotrFy - Py (V) Er) dX.

[FIS - {7 'P 4 (%, V) Er )y do,

(158)

(159)

(160)

(161)

(162)

(163)

The interest in the decompositions of Kj, and S¢ given by (160) and (163) respectively is explained below.
Among the matrices appearing in the right-hand side of (160) and (163), the ones that make the index 3
appear, namely K9;, K3, K5, and SJ couple the degrees of freedom of S; to those of S;j;1 (or those of Si1

to those of S; 1). These matrices must then be incorporated in “the explicit part” Aj.
2

This is also the case of the matrices K} and S5 since they couple the degrees of freedom of S; to those of
Siy 1 because they couple the transverse and longitudinal fields. Even though the matrix S5T does not couple
different cross-sections, we shall make the choice to incorporate it in “the explicit part” Aj so that the whole

matrix SP is “treated explicitly” (see also Remark 5.2).
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The matrices K%, K%T, and K‘sTT, as well as the matrix J fl do not imply any coupling between different
cross-sections (and thus have the same structure (138) as M{ ) and will be incorporated in “the implicit part”
Al

Therefore, according to the criterion (i) of Section 5.1, we need to adopt the following splitting of Ay,:

AL =K%, + Koy + Kip + 39,
{ h T T TT h (164)

Remark 5.2. An alternative choice would be to move the matrix S§ into A. The corresponding alternative

scheme would have similar stability and complexity properties to the one corresponding to the choice (164).
However, its stability analysis would be slightly more involved than the one for the choice (164).

5.3.2. Stability analysis
According to the choice (164) for A} and A§, we choose to decompose My, (At) (see (146)) as follows:

My, (At) =My, + (0 — HA?(KGy + Kyp + Ko +39)
— AR (K + Kip + Kip + Ko +87).

We use (140), more precisely S < v (K;1 + Jfl)7 to deduce that

My, (At) > My, + (0 — HAR(KGr + Ky + K + J2)
— AR (K + K + K3 + Kop)
— %A (K + J9).

Using the decomposition Ky, = K + Ky + K9 + K57 4+ K8 + K3y + K3 (see (152) and (160)), one can
rewrite the right-hand side of the previous inequality to obtain

My, (At) > My, + (0 — H29)A (K + Ky + Ko +39)

) (165)
— AR (K, + K7 + Kir + Kip).

We have the following lemma.

Lemma 5.1. For anyn > 0,
Koy < %K%T + K,
Kgr < K83 + 1K,
K3 < 1K + nKfp.

Proof. We show only the first inequality. The two others are proven similarly. We recall that, for a vector of
degrees of freedom Ej, corresponding to Ey an element of Vy,, we have

1
Kyp < ;K(Y)“T +1Kyr & (KirEn,En) < = (K37En, En) + n(K)7En, Ep), (166)

SE

and

(K$7En,Ep) = k3p(En, En),  (K97En,Epn) = k37(En, Ep),  (K37En, En) = k3 (En, Ep),
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the inequality (166) is then a trivial consequence of Young’s inequality: indeed, using A;' = |Jp| 'D%Dyp
(see (46)),
kgﬂT(E,E) = 727{ (/A ﬁ’lDTrGtT Eg 'Pin(ﬁT)ETd§T> dzs
R \JS

1 N =~ ~ ~ A
< 7‘% </ ﬂ_lA;lrotT FEs - rotr EngT) dxs
nJr \J§

vf (L elPl oG B Pazr ) dzs
R S

1 N S
= Ek%T(Ehth) + 1k (En, Ep).
O

We now use Lemma 5.1. We set 7 = 1 in the first inequality of this lemma, and then sum the three inequalities
of the lemma to deduce that for any n > 0,

K7 + K3 + Kfp < (1+77)(K8”T+K r) + %Kg:s

With this inequality, we deduce from (165) that

M, (At) > My, + (0 — 222+ 9)) A2 (KGp + Kiop)
+(0 - 1) A (KGr + 37) (167)
—(1+4 2) X AtKS,

Accordingly, the quadratic form associated to My (At) satisfies, for

1+v

>
9_4

(2+m), (168)
the following estimate:
(M}, (At)Ep, Ep) > jﬁgAEh ‘Epdx — (1+ %)%At?y{ﬁ—m;l(eg x O5Er) - (e3 x sEr)dx,  (169)
Q Q

where Ej, denotes the element of Vy, associated to the vector of degrees of freedom Ey,.

Theorem 5.1. Assume that 0 > (1 + v)/2, where v is the parameter in Lemma 4.3. Then the scheme is stable
under the sufficient CFL condition

AR o (1+v)?
= <177
where the function By(xr) € L°(5) is defined by
h § Aoor) " (Al ) dog
Bn(xr) := sup R ,  with Py defined in (155). (171)

un€FY f ey zr) (Ar (-, zr)uy - up) dog
R
Proof. We can use the formula (128) for f = A, (e3 x 93E7) - (e3 x dsEr), which gives

7{ ﬁ_lA;l(eg X 83ET) . (93 X agﬁT) dx = /
Q

(7{ ﬁ_lA;l(eg X 83ET) . (93 X 83ET> d$3> diT
S R
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Using the definition (46) of A7 and Lemma 2.3, we leave it to the reader to verify that
%Aﬁ_lA;l(eg X 83ET) . (63 X agﬁT) dx = j{ﬁ_lAT&;ET . 83]/5\31“ dx. (172)
a a
As a consequence, introducing B, as given by (171) (by analogy with (154)), we have

fi //L\_lA;«l(eg, X 63ET) . (eg X (93ET) dx < Hah”c%o ﬁgATET . ET dx. (173)
Q Q

Now, from (168), we choose the largest value of 1 (6 being fixed) such that (169) holds, i.e.,

46
77—(1+V—2)7

which is positive since 6 > (1 4+ v)/2. Now, (169), together with (173) and the chosen value of 7, reads

(Mp(At)En, En) > (1 - XAthH//G\th%o) ﬁgATET -Er, (174)
Q
with
-1 20 —1—v
—1+2040) (#5-2) = x=o
x=1+2(01+v) (15 X 20+ v+ 02
which proves that the stability of the scheme will be obtained under the CFL condition (170). O

From the theorem above, one can deduce a CFL condition similar to the one of Proposition 5.1 as soon as &
is chosen sufficiently large.

Corollary 5.1. Assume that 8 > 1/2 and that the function Qj is chosen large enough. Then the scheme is
stable under the sufficient CFL condition

A2~ 1
TH/gh”oo <1l- 2% (175)

Proof. First note that it can be shown, since 6 > 1/2, that the function

(14 v)?

v folv)i=l- g

is smooth, monotonically decreasing on [0,1] and fy(0) =1 — 1/(260). Therefore since (175) is verified, there
exists v, € (0,1) such that

A2~
S 1B < fotw).
To conclude the proof, it is sufficient to assume that @, is sufficiently large so that

o1

VK € Th(), ah|aﬁK > I/ETK
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