ESAIM: M2AN 60 (2026) 15491573 ESAIM: Mathematical Modelling and Numerical Analysis
https://doi.org/10.1051/m2an /2026038 WWW.esaim-m2an.org

ERROR ESTIMATES FOR SPARSE TENSOR PRODUCTS OF B-SPLINE
APPROXIMATION SPACES

CLEMENT GUILLET*

Abstract. This work introduces and analyzes B-spline approximation spaces defined on general
geometric domains obtained through a mapping from a parameter domain. These spaces are constructed
as sparse-grid tensor products of univariate spaces in the parameter domain and are mapped to
the physical domain via a geometric parametrization. Both the univariate approximation spaces and
the geometric mapping are built using maximally smooth B-splines. We construct two such spaces,
employing either the sparse-grid combination technique or the hierarchical subspace decomposition
of sparse-grid tensor products, and we prove their mathematical equivalence. Furthermore, we derive
approximation error estimates and inverse inequalities that highlight the advantages of sparse-grid
tensor products. Specifically, under suitable regularity assumptions on the solution, these spaces
achieve the same approximation order as standard tensor-product spaces while using significantly
fewer degrees of freedom. Additionally, our estimates indicate that, in the case of non-tensor-product
domains, stronger regularity assumptions on the solution, particularly concerning isotropic (non-mixed)
derivatives, are required to achieve optimal convergence rates compared to sparse-grid methods defined
on tensor-product domains.
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1. INTRODUCTION

Many problems in computational science involve the approximation of high-dimensional functions. However,
representing such functions on isotropic, uniformly refined meshes quickly becomes computationally intractable
as the dimensionality increases beyond three or four. This phenomenon, known as the curse of dimensionality [7],
refers to the exponential growth of computational cost with respect to the number of dimensions. Sparse tensor-
product constructions, commonly referred to as sparse-grid methods, were introduced primarily to alleviate this
curse by reducing the computational complexity while maintaining high approximation accuracy.

Sparse-grid methods [10, 15] were originally developed for the interpolation of high-dimensional functions and
have since been extended to the approximation of partial differential equations [16-18]. Under the assumption
that the solution has bounded mixed derivatives, an accurate approximation that achieves nearly the same order
of accuracy as standard tensor-product methods using isotropic uniform meshes can be computed at a reduced
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cost. Convergence rates of sparse-grid approximations using piecewise linear functions are well established
[10, 25]. Specifically, the L? error of sparse-grid approximations scales as O(h?|logh|¢~!), where h denotes
the mesh size and d the dimension. Constructing the sparse-grid approximation requires only O(h~!|log h|?~1)
basis functions whereas standard tensor-product approximations require O(h~¢) basis functions to achieve an
L? error of O(h?). These results were extended to polynomials [2] and piecewise Lagrange polynomials [1, 8-10)
with an L? error scaling as O(hP*!|log h|?~1) for polynomials of degree p. Similar results have also been proven
for tensor-product operators [19, 21] and for non-tensor-product operators [20].

Sparse-grid methods were initially restricted to generic tensor-product domains. Some early works proposed
the use of transfinite interpolation to generate curvilinear domains [9, 13]. However, the regularity assumptions
on the solution may no longer hold if the geometric mapping is insufficiently smooth, as is the case with
transfinite interpolation. More recently, to overcome this limitation, sparse grids were introduced in the context
of isogeometric analysis (IGA) [4], which can be viewed as a natural extension of finite element analysis using
high-order, highly regular B-spline or non-uniform rational B-spline (NURBS) basis functions. The main idea
of IGA, initially introduced in [23], is to employ the same type of functions, that is B-splines or NURBS, to
define both the computational domain and the unknown solution of the differential equations. This approach
allows for more accurate representations of complex geometries and enables exact descriptions of common
geometries such as circles or ellipses. In [4], the authors introduce a sparse-grid isogeometric solver based on
the so-called sparse-grid combination technique [22], which consists of forming a linear combination of several
inexpensive tensor-product approximations to recover an approximation of nearly the same order as that of
full tensor-product discretizations. Numerical experiments demonstrated that the expected convergence rate of
O(hP*1log h|?~1) is achieved for sparse-grid approximations using NURBS basis functions of degree p.

However, rigorous approximation error estimates for sparse-grid spaces on general, non-tensor-product
domains are still lacking. Understanding such approximation properties is of fundamental importance in the
context of Galerkin methods applied to the variational formulations of differential equations. Indeed, error
estimates in appropriate Sobolev norms guarantee the convergence of the methods through the application of
Céa’s or Strang’s lemma. The first error estimates for IGA approximation spaces were derived in the case of
h-refinement with fixed polynomial degree [3]. The case of anisotropic meshes, involving different mesh sizes
in each coordinate direction, was addressed in [6]. This analysis was later extended to include the explicit
dependence on the polynomial degree p [5], although it did not cover the most relevant case of maximally smooth
B-splines. This gap was filled in [32], where error estimates and inverse inequalities with constants independent
of the spline degree and the mesh size were established for maximally smooth B-splines. An extension of this
result to arbitrary grids with non-uniform spacing was derived in [26], with a sharper, near-optimal constant.
The result was further extended in [27, 28] to splines of arbitrary smoothness defined on isogeometric multi-patch
domains.

In this work, we introduce and analyze approximation spaces based on sparse-grid tensor products of
B-splines. This extends the work of [26, 27, 32], where such estimates were established for univariate B-splines
of maximal smoothness and for d-dimensional spaces constructed from full tensor products. Here, we generalize
these results to sparse-grid tensor-product spaces in the parameter domain and their images in the physical
domain via a geometric B-spline mapping. For simplicity, we restrict our analysis to B-spline functions; however,
the extension to NURBS functions, as in [3], is straightforward. Following [32], we restrict our analysis to single-
patch geometric domains; however, an extension to multi-patch domains, along the lines of [27, 31], could also
be considered.

We propose two distinct approaches to construct such spaces. The first approach is based on the sparse-grid
combination technique, while the second relies on the hierarchical subspace decomposition of sparse-grid tensor
products. We show that, despite their different constructions, the two approximation spaces are identical and
can thus be considered a single, unified space. Here, we exclusively focus on the approximation properties of
the space, leaving implementation and performance considerations to future work.
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1.1. The main results

We summarize in the following the two main results of this paper, Theorems 1.1 and 1.2. These results
provide a priori error estimates and inverse inequalities in Sobolev norms for the sparse-grid approximation
spaces, with constants independent of the mesh size h, the spline degree p, and the B-spline regularity.

We consider the physical domain constructed by the application of a sufficiently smooth geometric mapping
F to a tensor-product parameter domain €2 := (0,1)%, d.e.,

Q:= F(Q). (1)

We denote by SS}L(Q) the sparse-grid approximation space of B-splines with mesh size h = 27", where n € Ny,
degree p € Np, and maximum regularity CP~1(Q).

Theorem 1.1. Let u E qu( ) with ¢ € Ng. Then for all r € Ny satisfying 0 <r < q < p-+1, there exists a
spline approximation up h € S ( ) such that

1
lu — UZ(J,MHT(Q) < hT 7| log h|?! || graa(e)-
Theorem 1.2. For any q € Ny satisfying 0 < q < p, the inverse inequality

1 _ 1
S 1oy S B og A2 (|ul) | 120y

holds true for all spline approzimations u Sq (1)( Q), where SS:,(LD( ) C Sp h( ) is a spline subspace defined
in Section 5.1.2.

The symbol < refers to an inequality up to a constant that does not depend on the mesh size h or the
spline degree p, but may depend on the shape and the size of the domain Q2. The notation log := log, is used
throughout the manuscript.

This paper is organized as follows. In Section 2, we introduce the main notation related to Sobolev spaces
and the associated norms. In Section 3, we describe the construction of regular approximation spaces based on
univariate B-splines and their extension to anisotropic d-dimensional splines via tensor products. In Section 4, we
present the sparse-grid approximation spaces in tensor-product domains. In Section 5, we extend the results to
more general geometric domains and discuss the complexity and computational properties of the approximation
spaces. All proofs are provided in the appendix (Appendix A), to improve the readability of the paper.

2. PRELIMINARIES

In this preliminary section, we introduce the main notations for spaces and norms that will be used in our
analysis.

2.1. Sobolev spaces and norms

Let d € N denote the dimension of the physical domain of interest, which we take as a generic open set
Q ¢ R%. We denote by W9P () the standard L” Sobolev space of order ¢ € Ny with p € [1, +00], and by H9(Q)
when p = 2. Specifically, these spaces are defined as

WP (Q) :={u: Q= R | D € LP(Q), |a); <q},
HI(Q) := W3 (Q).
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In the above definitions, the derivative operator is defined, for multi-indices & = (a1, ..., q) € N¢, by
o™ o~
Dau::j~~~7adu.
o0z} Oz
For a smooth vector function F = (F,...,Fy) € (C®(Q))% and multi-indices o = (ay, ..., aq) € N%, we

introduce the multi-derivative tensor of F', defined componentwise by
(VOLF)l = DaFi, ’L:1,7d

We define the inner product on H(Q) for u,v € H1(Q) by

d
(U, v) ga(q) = Z / D*u(x) D%v(x)dx, where |afy := Z il
a1 <g 7 < i=1
and the associated seminorm and norm, respectively, by
ulfray = Y ID%ulZay  ullfraq) = (s w)mao)-

lee|1=¢

We define the L2-based Sobolev space with dominating mixed smoothness of order ¢ € Ny, also called the mixed
Sobolev space, by

q
Hmix

The associated seminorm and norm are defined by
q
|U|§Igﬂx(g) = Z ||Dau||2L2(Q)7 HUH%I:YMX(Q) = Z |U|%1;gix(9)-
|t oo =¢ m=0

The standard Sobolev space is a subspace of the mixed Sobolev space, and the following relation holds between
the full norms:

lull o) < llullge. (@) < llull o) (2)

mix

3. REGULAR TENSOR-PRODUCT APPROXIMATION SPACES

In this section, we introduce finite-dimensional approximation spaces
Sp.he(§2) C HI(2)

defined on the tensor-product domain Q= (0,1)4. These spaces provide increasingly accurate approximations

in H1()) as hy — 0 and will later serve as building blocks for the construction of sparse-grid approximation
spaces.

3.1. Parameter space meshes

We consider a family of meshes {Q,}1, on a tensor-product parameter domain € := (0,1)%, where & denotes
the family index and represents the global mesh size. In this work, we restrict ourselves to uniform grid spacing
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and consider a dyadic subdivision of the domain. Let £ = (f1, ..., ¢4) € N be a multi-index specifying the mesh
level in each coordinate direction. The corresponding mesh sizes are given by the d-dimensional vector

he == (270, ..., 27%) e R

These mesh sizes partition the d-dimensional parameter domain into elements constructed by tensor products
of unidimensional dyadic meshes:

-1
hei -1

d
Onp o= Q. where Qu, == | (hej, he,(j+1)).
i=1 j=0

The family {Qhe }e consists of anisotropic meshes indexed by the mesh levels £, where we allow the mesh size
to vary along different directions. This flexibility is essential for defining sparse-grid approximations.
3.2. Univariate B-splines spaces

In this section, we consider the unidimensional case corresponding to d =1, i.e., Q= (0,1). The mesh level
is denoted by £ € N. Let P be the space of polynomials of degree p € Ng and C*(€2) the space of functions with
continuous derivatives of order 0,1,...,k on €2, with k& € Ny.

Definition 3.1. The space of univariate B-splines is defined by
S () = {u e ch(@) ‘ Ul (hej ne(i1)) € PPy VG =0, hyt — 1},

where the parameter k, with 0 < k < p — 1, specifies the spline regularity.

We restrict ourselves to the case of B-splines with maximal smoothness, i.e., k = p — 1, and denote
S:DJL[, (Q) *= Pp,p—1,he (Q)

For r € Ny verifying 0 < r < p+ 1, we introduce the seminorm H"-orthogonal projection operator onto the
spline space and its complementary operator:

Tp,hy - HT(Q) - Spyh/z (Q),
(I 77TPJL@) : HT(Q) - HT(Q)/SP»M (Q)a

defined such that

I—m, n )l yrey = min U — V| ey -
ey = _min 0=l
The main result of this section, originally presented in ([32], Thm. 7.3) and further extended in ([26], Thm.
3.1) to arbitrary grids and improved with a sharper constant, provides an estimate of the approximation error
in the H" seminorm for B-spline spaces up to maximum regularity, with a constant independent of both the
spline degree and the mesh size. We recall this result here, expressed with our notations.

Lemma 3.1. Let u € HY(Q)) with ¢ € Ng. For all mesh levels £ € N, each spline degree p € Ny, and any r € Ny
satisfying 0 <1 < q < p+ 1, the following estimate holds true:

—_r y 1 q_‘,-
|(I —Wp,he)U‘HT(SAZ) < Cl(qar) hg ‘u|HQ(Q)’ with Cl(QaT) B <7T> .
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A similar result was initially introduced in ([32], Thm. 7.3) with a constant independent of the spline degree,
given by

Cila.r) = (V2)",

and under the assumption of sufficiently fine uniform grids, i.e., hp < 1. Note that, since
Spe () € Spok,n, (2),

forall 0 < k < p—1, Lemma 3.1 is also valid in that case. .
We also introduce, as in ([32], Thm. 7.1) and ([26], Sect. 8), a suitable subspace of S}, 5, (€2) to derive inverse
inequalities.

Definition 3.2. The space of ¢-vanishing derivative univariate B-splines is defined by
~ ~ . 821+q 821+q .
SZJM (Q) = {UPJLZ S Sp,hg (Q) Wup,hz (0) = WUP’M(D =0 forall [ € NO with 2] —+ qg < p} .
Note that according to ([32], Thm. 7.1), Lemma 3.1 also holds for the space S‘Z’ hy (Q). The following inverse
inequality is a result from ([32], Thm. 7.2) or ([26], Thm. 9.1).

Lemma 3.2. For all mesh levels £ € N, each p € Ny and each q € Ny with 0 < q < p,
[up,hel a0,y < Co(@)hy Nup,nellL2(0.1)

is satisfied for all spline approzimation upp, € 5”;;7,1 (Q) with Cy(q) = (2v/3)1.

4
3.3. Anisotropic d-dimensional B-spline spaces

We extend the results of the previous section to anisotropic meshes in multiple dimensions, where d > 2. The
tensor-product parameter domain is = (0,1).

Definition 3.3. Let £ = ({1,...,44) € N? be the mesh level in each direction. The anisotropic d-dimensional
B-spline space is defined by the tensor products of the univariate spaces:

d
Sy () = ®s e, (0,1).
=1

Here, we consider B-splines of the same degree p in each direction, while allowing the mesh size to vary along
different directions.

To extend the notion of projection introduced in the previous section to this d-dimensional space, we begin
by defining the projection along a single direction.

Definition 3.4. The HT"-orthogonal projection onto the spline space Spyhei (0,1) in the single direction
i €{1,...,d} is defined by
Hp,hzi =l ®7Tp,hgi ®---Q1I.

Note that the unidimensional projections are commutative; i.e., for iq,is € {1,...,d},
Hp,hzil © Hthéiz = HPJLQQ © prhzil :

We introduce the projection onto the B-spline space in a subset of dimension indices by successively applying
the unidimensional projection.
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Definition 3.5. Let k € Ny with 0 <k <d and J C{l,...,d} be a subset of cardinality |J| =k. The
k-dimensional projection onto the B-spline space in the directions J is defined by

Hp hetW = < H HP»M@) u
ieJ

We also define the complementary projection by

(L= ,) 0 = <H (I—Hp,hei)>“

i€

Here the notation er ; indicates composition of the operators with respect to the indices in J, the order
being irrelevant since the operators commute. .

Based on these definitions, the projection of a function u onto the d-dimensional spline space Sp p,(£2)
can be defined as the composition of the univariate H"-orthogonal projections applied successively along each
coordinate direction, i.e.,

{1,....d},,
Uy ppw =10, 5, u. (3)

We introduce a first error estimate for the d-dimensional B-spline spaces. This result is a direct consequence

of ([32], Thm. 8.1), or ([26], Cor. 3.1), extended to spaces with anisotropic mesh sizes.

Proposition 3.1. Let u € H. Q) with q € Ny. For all mesh levels £ € N%, each p € Ny, and any r € N such

that 0 <r <q<p+1,

le (

1T =TTy 1) el ) < C5(ds g7 (th ) el ey

is satisfied with Cs(d, q,r) = (r 4+ 1)%/? (%)q_r

The result of Proposition 3.1 is not suitable for proving sharp approximation properties of the sparse-grid
spaces, as it does not provide sufficient information in the mixed directions.

In the remainder of this section, we introduce three lemmas that will be used later to study the approximation
properties of these spaces. First, in Lemma 3.3, we decompose the d-dimensional projection defined in
equation (3) into a telescopic sum of partial projections over subsets of coordinate directions. This decomposition
will allow us to exploit cancellations of coarse errors in the sparse-grid combination technique.

Lemma 3.3. For all mesh levels £ € N® and all u € LQ(Q), the following decomposition holds true:

(I- H;DJLe u= Z Z k ' a —1, he)Ju' (4)
k=1Jc{1,...,d}
| T=k
To prove Lemma 3.3, we introduce the combinatorial result of Lemma 3.4.

Lemma 3.4. For all i € Ng such that 0 <1 < d— 2, we have:

Z (") =o 5)

In Lemma 3.5, we give an estimate of the approximation error of each B-spline space defined by the partial
projections appearing in the decomposition equation (4).



1556 C. GUILLET
Lemma 3.5. Letu € ngix(Q) with ¢ € Ngy. For all mesh levels £ € Nd, eachp € Ny, each k e Nwith1 <k <d,
each index set J C {1,...,d} with |J| =k and each r € N such that 0 <r < g <p+1,

H (I _H%hl)JUHH:ﬂiX(Q) < C3(d7 ka q, ’I”) (H h;]’") ||u||HIqu(Q)

ieJ

k(g—r)

1
is satisfied with C3(d, k,q,r) = (r + 1)%/? () .
T

4. SPARSE-GRID TENSOR-PRODUCT APPROXIMATION SPACES

In this section we introduce finite-dimensional approximation spaces defined in the tensor-product parameter
domain Q = (0,1)¢ by the sparse-grid tensor products of the unidimensional spaces S, 5, (0,1).

We first introduce the so-called full tensor-product approximation space, constructed by taking uniform mesh
sizes in all directions. Let n € N be the maximum mesh level, i.e., hy, <h =27" foralli=1,...,d.

Definition 4.1. The full tensor-product approximation space is defined by

S = Sy, (@), where & =n, Yi=1,...,d.

p

In Section 4.1, we introduce a d-dimensional sparse-grid approximation space, denoted by S;li)L(Q), which is
a subspace of the full tensor-product space:

S € S ().

The construction proceeds by expressing the full tensor-product space as a direct sum of hierarchical subspace
increments and by neglecting the less significant contributions under the assumption that the target functions
possess sufficiently smooth mixed derivatives. In this setting, the approximation acts on the space Hglix(fl)
rather than on H9(Q2). The superscript (1) indicates that the levels are selected according to their discrete ¢!
norm, as opposed to the full-grid space where the > norm is considered.

Hierarchical B-splines, defined as a hierarchy of locally refined meshes with nested knot vectors, were initially
introduced in [14] to perform local refinement of tensor-product splines, while the approximation properties of
hierarchical quasi-interpolants were studied, e.g., in [29, 30]. However, hierarchical B-splines are used differently
in this paper. Our aim is to define a hierarchy of meshes globally refined so that an a priori sparse-grid
tensor-product truncation can be applied to reduce the computational costs.

In Section 4.2, we introduce a second approximation space, denoted by SL?L)(Q), based on the sparse-grid
combination technique, which is an approximation of hierarchical sparse-grid methods that is known, under
suitable regularity assumptions, to achieve the same approximation order [16, 21, 24].

4.1. Hierarchical subspace decomposition

A key element in the construction of sparse-grid tensor-product spaces is the definition of hierarchical
subspaces, also called hierarchical increments, yielding a direct sum decomposition. Specifically, we want to
express the anisotropic approximation spaces as the direct sum decomposition

SPJM (Q) = @ W, Jhi (Q)7 (6)

k<t

where the multi-index notation k < € stands for component-wise inequalities, i.e., k; < ¢;, for all j =1,...,d.
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A crucial property for obtaining equation (6) is that the B-spline spaces are nested under refinement via knot
insertion:

S;lhhzfej (Q) C Sp,hg (Q), Vj =1,... ,d,

where e; denotes the unit vector in the j-th direction. Since knot insertion preserves nestedness, every new
function introduced during refinement is linearly independent of the previous ones. The hierarchical subspaces
are then defined as

Wp,hk(Q _Sp,hk /@S Pk —e; Q (7)

where
Spne () :=0 if Fje{1,...,d} such that k; = —

By defining the hierarchical increments as in equation (7), equation (6) is satisfied. Intuitively, the hierarchical
increments Wpyhk(fl) span the new basis functions introduced at the refinement step.

Using the definition of these hierarchical subspaces, we introduce the hierarchical-based sparse-grid
approximation space.

Definition 4.2. The hierarchical sparse-grid approximation space is defined by

= @ W, Jua(Q)v

Lest,

where

%:{EeNd‘\£\1§|logh|+(d—1), @21}.

4.2. Sparse-grid combination technique

The sparse-grid combination technique is an alternative formulation for representing functions from
hierarchical sparse-grid spaces, such as S ( ). In general, it yields an approximation of le(Q) of the same
order of accuracy [16, 24]. The method rehes on forming a linear combination of contributions that live in
standard tensor-product approximation spaces defined with admissible levels £ satisfying |€|; ~ | log h|.

Specifically, the admissible levels are such that £ € .%},. We introduce the index set of admissible levels as

L= |J G, where %= {e e N ‘ 0]y = |logh| +d—1—1, ¢; > 1}. (8)
0<I<d—1

We define the sparse-grid combination technique approximation space by combining the spaces Sp p, (Q)
associated with the admissible levels.

Definition 4.3. The sparse-grid combination technique approximation space is defined by

S\ @) = {u e H?, () ’ u= " Collpn,. Uph, € Sp,he(fz)},
LEDL),

with the combination coefficients given by

-1
ce = (—1)! <d ] >, for L€ %, .
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We extend the definition of the d-dimensional projection introduced in equation (3) to this space by defining
the projection as the combination of projections associated with the admissible levels:

C

LeL

4.3. Equivalence between spaces

In the previous sections, we have introduced two approximation spaces based on sparse-grid tensor products
of univariate B-spline spaces. We now establish that the two approximation spaces are identical.

Theorem 4.1. The hierarchical subspace decomposition and the combination technique formulations yield
identical spaces, i.e.,

S (@) = 859 ().

To prove this theorem (see Appendix A for the proof), we have to introduce two auxiliary lemmas. Lemma 4.2
establishes that the sum of the combination coefficients over the admissible levels equals one, while Lemma 4.1
is a combinatorial result used in the proof of Lemma 4.2.

Lemma 4.1. Let £,k € N be such that 0 < ¢ < |logh| and 0 < k < d— 1. Then,

= |logh|+d—2—1—1¢ 1 ifk=0, )
d—1—-k T 10 else

l:O

Lemma 4.2. The combination coefficients verify

Y =1 (10)

LeEL

As a result of Theorem 4.1, the two spaces and thus their approximation properties are the same. We shall
then derive properties of this space using either the combination technique or the hierarchical formulation,
choosing the approach that makes a particular proof more straightforward.

4.4. Error estimate and inverse inequality

4.4.1. Approximation error estimate

In this section, we provide an approximation error estimate in mixed Sobolev norm for the sparse-grid space.
To prove the result, we consider the combination technique formulation of the sparse-grid space. Before stating
the main result of this section, we introduce Lemma 4.3, which makes explicit the cancellations of the coarse
contributions in the combination technique.

Lemma 4.3. Let ke N with 1 <k <d, and J C{1,...,d} be an index set of cardinality |J| = k. Suppose
{aselscq,...ay is a family of d-dimensional functions depending on the directions indexed by J. Then the
following identity holds:

d
SNoead Y as Cad k) Y Y ane

el k=1 JC{1,..,d} =1 JC{1,....d} b€ 27,
|J|=k J|=k

- 204 (d.0) Y aq,..ape (11)

LEZL)

S8
[N~}

d—1
k

N
I
=
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where the notation

> ol =1logh| +k—1-1, £;, >1, for j:1,...7k}
=y

is introduced. The constants are given by
l
d—1\(d—2k—1+1—k fd—1
Cs(d, k,l) = 1" Cy(d,l) = (-1 .
k=3 ()TN awn=co ("))
With this lemma in hand, we can now state Lemma 4.4, which is the main result of this section.

Lemma 4.4. Let u € Hglix(fl) with g € Ng. For each p € Ng and eachr € N with 0 <r <g<p+1,
c . _
Ja-msyu] < Cuolda T log A ful o g (12)

mix )

1s satisfied with

_ (d=1p)*! = (q=r)d—1-1); v f{d—1 a2 (1 dla=n)

a constant that does not depend on the mesh size h or the degree p.

On tensor-product domains such as Q, it is well established that sparse-grid approximations using piecewise
linear functions achieve an L? approximation error of order O(h?|logh|¢~1), with a dependence on the H2,
Sobolev norm of the solution [10, 22]. This result has been generalized to piecewise Lagrange polynomials of
degree p, for which the L? error scales as O(h?*!|log h|*~1) and depends on the H”T!' Sobolev norm [10].
Lemma 4.4 further extends these results to B-splines of maximal smoothness, i.e., B-splines of degree p with
regularity H?(0,1) in each direction. Considering Lemma 4.4 with r = 0 and ¢ = p + 1, the L? approximation
error for such B-splines exhibits the same scaling as for Lagrange polynomials. Notably, as in the case of isotropic

full tensor-product spaces treated in [26, 32], the approximation error is independent of the spline degree p.

4.4.2. Inverse inequality

In this section, we derive an inverse inequality in mixed Sobolev norms for the sparse-grid approximation
space. To this end, we extend the definition of the unidimensional space of g-vanishing derivative univariate
B-splines (Definition 3.2) to the sparse-grid spaces. Specifically, we define the spaces SZ:,&D(Q) and gz:}(Lc)(Q)
by replacing the univariate spaces Spp,(0,1) with their counterparts Sg’hz (0,1) in Definitions 4.2 and 4.3,
respectively.

Using the same arguments as in the proof of Theorem 4.1, we can demonstrate that these two spaces are
identical. Moreover, according to ([32], Thm. 7.1), the estimate, equation (12) of Lemma 4.4, also holds for
spaces constructed with g-vanishing derivative B-splines.

Lemma 4.5. For each 0 < g < p, the inverse inequality
1 - 1
S s @y < Cur(ds )b ™| log bl ?|[ul) || 2 q (13)

1s satisfied for all ul(i;b € S’Z:g)(fl), with

2(d—1)2d/2

Cu(d,q) = (¢+ 1)%/2(2v/3)d al 3

a constant that does not depend on the mesh size h or the degree p.
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To prove this result, we consider the hierarchical sparse-grid formulation. We introduce Lemma 4.6, an
auxiliary result required to prove Lemma 4.5.

Lemma 4.6. Let s € N® with 0 < s1,...,54 < q<p, and for all mesh levels £ € A, each p € Ny, wp p, €

W ne (). Then,

oz -2

Ozt s Upohe
d

d
< (2v3)l*h (H h;ﬁ") lewpnell 2 - (15)
=1

L2($)

5. NON-TENSOR-PRODUCT APPROXIMATION SPACES

We now extend the previous results to more general non-tensor-product geometric domains.
Let the physical domain be defined by a smooth mapping

F:O— Q,
which is a diffeomorphism between the tensor-product parameter domain Q) and the physical domain €2, i.e.,
Q:= F(Q).

The mapping F' provides a geometric parametrization of the physical domain. .
Given meshes of the parameter and physical domains, denoted respectively by €, and Q,, and an

approximation space Sp, (€2) defined on the parameter domain, we define the corresponding approximation space
in the physical domain as

She(Q) = {uhe Q= R | up, =Up, Olph;l7 Up, € Shz(Q)}-

Here, F},, denotes a C!-diffeomorphism that maps the parameter mesh th to the corresponding physical mesh
Qh :

0

th = th (th).

Several strategies exist in the context of sparse grids to define F},,, and consequently to construct the spaces
Sk (). In [1], Fp, is defined as the interpolant of F evaluated at the nodes of 2,. In [9, 13], curvilinear meshes
are employed and Fy, is defined by transfinite interpolation. In [4], F}, is represented using B-splines or NURBS
(rational B-splines with associated weights), where the geometry is defined as a linear combination of B-spline
basis functions weighted by control points.

In this work, we adopt the IGA representation, i.e., we define F} as a B-spline mapping. We restrict
ourselves to B-spline functions for simplicity; however, the extension to NURBS functions, as in [3], could also
be considered. In practical applications, the geometry of the physical domain is typically described on a coarse
mesh with relatively few elements, while the solution is approximated on successively finer meshes to achieve
the desired accuracy. This is possible because B-spline or NURBS mappings can represent the geometry exactly,
even on the coarsest mesh.

We assume that the geometry is described by a coarse parameter mesh Qho associated with a fixed coarse
mesh size satisfying

ho > h.

For any mesh size hg, the physical domain is then defined by

Qhe = Fho (Qho)a
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where the geometric mapping is given by

Fho (517 s ’gd) = Z T Z Pi17~--»id Sp,ho i1 (El) s sp,hoyid(gd)'

i1=1 ig=1

Here, 8p hg,i; € Sp,no(0,1) denote the univariate B-spline basis functions defined on the coarse mesh with n; =
(ho);1 for j=1,...,d, and P;

Following [3, 23], when the approximation spaces are refined, the control points are adjusted so that the
mapping Fj, remains unchanged. Thus, the geometry and its parametrization are kept fixed as the mesh is
refined, i.e., when considering Qhe for increasing £. Specifically,

Loia € R are the control points defining the geometric mapping.

th:Fhoa

where F}, is defined with control points Pz(lhl)m that are adjusted according to hy.
We define the IGA approximation space by composing the parameter space with the geometric mapping Fp,,.

This composition is also called the push-forward operation of the parameter space.

Definition 5.1. The physical domain sparse-grid approximation space is defined by

1 — 1 1
P @) | u=ull o FLL ul) € SO}

SQ) = {ue ny

Note that according to Theorem 4.1, this space can be defined equivalently using the sparse-grid combination
technique.
5.1. Error estimate and inverse inequality

5.1.1. Approzimation error estimate

In this section we extend the results from the parameter approximation space to the physical domain
approximation space. To prove the main result of this paper, Theorem 1.1, we introduce a lemma providing
bounds for the composition of a function with the geometric mapping Fj,, or its inverse F L

Lemma 5.1. Let Fy, : Q> Qbea bijective mapping with a sufficiently smooth inverse such that
Fy, e W), F, ' e W (Q)7,

with 0 < q¢ < p+ 1, and assume that the Jacobian determinant is uniformly bounded away from zero and infinity,
ie.,
0<c<detVF,, <C a.ec. inf.

Then, for all u € H(Q), it holds that

q
[ul o) < Y Cralu o Figlmay: (16)
m=0
dq
o Fgllia () < > Cualulum (o), (17)
m=0

where

Cua = Caslm, 0, | Fy oo, [ det T En < )
C(13 = 013(ma q, ||Fh0 ||qu00(Q)7 || det VF};]IHLO"(Q))
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are constants that depend in particular on the derivatives up to order q of the geometric mapping Fy, and its
inverse Fy, !

The assumptions on the geometric mapping F},, are standard in IGA and are satisfied by sufficiently regular
spline parametrizations with non-degenerate Jacobian.

This result is an extension of ([3], Lem. 3.5), or ([27], Lem. 12), to functions of mixed Sobolev spaces; it uses
an argument similar to the result from ([11], Lem. 3). Note that, according to equation (17), in order to bound
the H?. () norm of the composition of a function u with the geometric mapping Fy,,, it is necessary to control
the derivatives of u up to order dq in each direction. This arises because the mapping F},, is not a separable
function. Although F},, is expressed in a tensor-product form, its control points couple the contributions of
the individual basis functions, each of which is separable on its own. As a result, the mixed derivatives of
the composed function D*(u o Fp,,) with |a|s = g, appearing in the H%(2) seminorm, do not vanish, thereby
destroying the coordinatewise independence.

The first main result of the paper is Theorem 1.1. This result extends ([32], Thms. 7.3 and 8.1) and ([27],
Thm. 8) to the sparse-grid approximation space. In Theorem 1.1, the constant is independent of the mesh size
h and the spline degree p, and is given by

014(d7 q,T, HVF};JIHW‘I"’O(Q)’ ”VFho ”quw(Qy H det VFho ”LOO(Q)v ” det VF};JIHL"O(Q))'

However, the constant depends on the shape of the physical domain and on the coarse mesh size hg used to
define the geometric mapping.

Note that the result from Theorem 1.1 differs from the convergence results obtained for sparse-grid
approximations defined on tensor-product domains, such as Q. In those cases, Lemma 4.4, which can equivalently
be expressed in terms of the seminorm instead of the full norm, shows that the HITHIX(Q) seminorm of the
interpolation error is controlled by the mlx(fl) seminorm of the solution, for 0 < r < ¢g. However, for non-
tensor-product domains constructed through a geometric mapping F, controlling the H"(£2) seminorm of the
interpolation error requires controlling the H () norm of the solution, with 0 < < ¢. This implies that
higher-order derivatives of the solution must be bounded up to order dg in a single direction. Consequently,
employing sparse-grid tensor products to construct approximation spaces for non-tensor-product domains
necessitates stronger regularity assumptions, particularly on isotropic (non-mixed) derivatives, compared to
standard methods.

5.1.2. Inverse inequality

We extend the inverse inequality of Section 4.4.2 to the physical domain approximation space. To this end, we
introduce the spaces constructed from g-vanishing derivative B-splines. Specifically, we define the space Sq’ 1y Q)
by taking the push-forward operation from the g-vanishing derivative B-spline parameter space. Thanks to ([32],
Thm. 7.1), we can prove that Theorem 1.1 is also valid for this space.

The second main result of this paper is the inverse inequality of Theorem 1.2. In this theorem, the constant
does not depend on the mesh size h or the degree p, and is given by

Crs (¢, [V, lwa () 1V Fnollyyra. (@ [| det V[l o 3y, | det VMl e )

5.2. Complexity and computational properties

The main benefit of sparse-grid spaces is that they retain nearly the same approximation properties as
standard tensor-product spaces, as demonstrated in Theorem 1.1, while significantly reducing the number of
degrees of freedom. This can be formalized by the following result concerning the dimension of the sparse-grid
approximation space.

Proposition 5.1. The dimension of the sparse-grid B-spline approximation space satisfies

dim 8 () < h™ Y log b7,
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For comparison, consider the full tensor-product space obtained by refining the univariate spline spaces

uniformly in all coordinate directions, denoted by S;(;C,);) (Q). From Proposition 3.1 and Lemma 5.1, for all
u € H1(Q), we have

1@ -TI5)) wll ey < BTl 1o sy, (18)

where H( denotes the H"-orthogonal projection onto S (Q)

When bparse grid spaces are employed instead of full tensor-product spaces, the approximation error
deteriorates only mildly (by a factor of | log h|¢~1) which becomes negligible as the mesh is refined (b — 0). This
mild deterioration is more than compensated by the significant reduction in the number of degrees of freedom.
Indeed, the dimension of the full tensor-product space is given by

dim {3 (Q) = (k™" + p)?, (19)

so the relative computational advantage of sparse grids increases rapidly with the spatial dimension d.

In the previous sections, we have introduced two approaches to construct sparse-grid approximation
spaces, using either a hierarchical decomposition or the sparse-grid combination technique. Although we prove
in Theorem 4.1 that these two constructions yield the same approximation space, they may exhibit different
computational properties. For instance, when applied to a Galerkin method for the variational formulation of
differential equations, the resulting mass and stiffness matrices differ significantly between the two approaches.

The number of basis functions required to represent a function in the space, and therefore the size of the
resulting linear system, is smaller when using the hierarchical decomposition than when using the sparse-
grid combination technique. Specifically, the number of basis functions used in the hierarchical decomposition

representation is given by
[log h|

w5 (e

whereas the sparse-grid combination technique representation requires

d—1
logh| —1+k
N(C) — 2| logh\ Z (| >2k
k=0 k

basis functions.

Both quantities scale as O(h~"|log h|¢~1), in agreement with the estimate of Proposition 5.1. However, N(©)
is larger than N by approximately a factor of 27.

Numerical experiments and a more detailed investigation of the computational aspects are addressed in a
forthcoming paper [12], in which the sparse-grid approximation space is applied within a Galerkin method
combined with a particle method for the discretization of a kinetic partial differential equation arising in plasma
physics.
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APPENDIX A. PROOFS

Proof of Lemma 3.1. According to ([26], Thm. 3.1), under the stated assumptions, there exists a spline approximation
Up,hy, € Sp,h, (€2) such that

1 a-r
lu — up,n, |Hr(s‘z) < <;h£) ‘U"HQ(Q)'
Applying the definition of the seminorm H"-orthogonal projection, we obtain the result. g
Proof of Lemma 8.2. From ([32], Thm. 7.2), by induction, we obtain the result. O

Proof of Proposition 3.1. The proof is strictly similar to ([32], Thm. 8.1), or ([26], Cor. 3.1), but considering different
mesh sizes he,, ¢ = 1,...,d, in each direction. d

Proof of Lemma 3.3. By expanding each of the following products as

k
(I —TIp,n,) Tu=1 Z anhw

JcJg
|J|=t

the right-hand side of equation (4) can be rewritten as

k=1Jc{1,...,d} k=1JC{1,...,d}
|J|=k |J)=k
d k
k— J
SODED DRNCAND DCHD - (A1)
k=1JC{1,..., d} =1 JjcJ
[J]=k |J]=l

M
M
HIH

d d d
St @ (4.2)

k=1JC{1,....d} k=1

-3 (Z) (1) (A3)

k=0

Il
=

(A.4)

Equation (A.2) is obtained by counting the number of elements in the sum on J C {1,...,d}, |J| = k; in equation (A.3),
we have added and subtracted the term k = 0 to the sum; in equation (A.4), we have used equation (5) for ¢ = 0, which
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is a direct consequence of the binomial theorem. We recast the second term of the right-hand side of equation (A.1) by
rearranging the sums as

d k d d

SN T o, = 0 S ST,

k=1Jc{1,..., d} =1 JcJ 1=1 k=l JC{L,....d} jcog
[J|=Fk |J|=t |Jl=k |J|=1

and we look at each term P(l), for 1 <[ < d, of the outermost sum. First, for I = d, we directly obtain:
P(d) = (T p,)
For 1 <1< d—1, we rearrange the sums appearing in P(l) as

P = Y n{hlZ} )”“(Z_ﬁ)
i
=0.

We obtain the last equation because the innermost sum vanishes. Indeed, by substituting xk = k — [, we have:
d d—1
—1 d—1
l+k 1 K
g = — E -1 =0.

Proof of Lemma 3.4. We demonstrate the result by induction. For ¢ = 0, the relation follows immediately from the
binomial theorem. We assume that equation (5) holds for 0 < ¢ < d — 3; then we have:

() (dj l)l"“ =Y (d; 1) e (A5)

=0 =1

O

=0 (A.8)
In the above, we have used the relation
d—1\ d-1{d-2
l Tl -1
in equation (A.6); the binomial theorem in equation (A.7); and the induction hypothesis in equation (A.8). O

Proof of Lemma 3.5. We demonstrate the result in two dimensions, for d = 2. The generalization to higher dimensions
is straightforward and uses the same arguments.

We start by estimating the term corresponding to the projection in both directions, i.e., k =2 and J = {1,2}. Let
s, m € N be such that 0 < s,m < r. Since I —Hp,hz2 is the H"-orthogonal complementary projection, it is a linear operator
and it verifies:

1 _Hp,hZQ Hﬁf(HQ(Q)) =1
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Then, for all 0 < s < 7,

S

Hf‘?; [ Hp’“?)u(x’y)]Hm(m Hay ule y)HHT@’ Yoy €0

As a result,
0° r m
gy LT, ) uC9)] € H'0,1) C HP(0,1), Wy € (0,1),

because u € Hq(Q) and 0 < m < r < q. Because of linearity we have:

o M) 2 ue)] = (1 Thp) | =T, JuCon)|.

According to Lemma 3.1,

0° 1 =
)t < (R )Tt (A9)
H™(0,1) m Y H4(0,1)
By squaring and taking the integral in y on both sides, we obtain:
o o 0, 1\ /1 a1 ?
<[ =h I1-1I —u(x,- dz. A.10
H Ox™ ay P hl) 2@ =\ L1 0 ( Pihey ) o U(IE ) Ho(0,1) T ( )

Since 2% u(z, ) € H*(0,1) for all z € (0,1), we can apply again Lemma 3.1 to obtain, for all 0 < s,m < r,
Oxd

2

m s 2 2(q—m) 2(q—s) 1
1 1 01
H 8m 0 Hthz){lyz}u < <7h21) (7’7'42) / 7“(1'7 ) dz
ox 8y £2(6) ™ T o |0z4 Ha(0,1)
<(Lnyn T Al
= ﬁ GRS Hu”Hgﬂx(fz)' ( . )
The second inequality is obtained by using the relations
1 . 01 01
;h’ei < 1, Vi = 17...,d, and ‘ %quu L2<Q) S H’LL”HZ“X(Q)

Each term in the H;, () norm can be bounded using equation (A.11), with 0 < s, m < . Since there are (r + 1)¢ terms
in the seminorm, we obtain the result for £ = 2.
Concerning the terms corresponding to projections along a single direction, i.e., k = 1, since

K] S

m a m
a—ysu(-,y) € H™(0,1), Vye€ (0,1), and %u(m, )€ H™(0,1)), Vz € (0,1),

we can apply Lemma 3.1 to these two functions and use the same steps as in equations (A.9)—(A.11) to obtain:

H am as

ox™ 6:1/ Hpvhe]- )’LL

1 a-r .
< (—hgj) lull e (@), forj=1,2. (A.12)
L2(6) T mix

We conclude by bounding all of the (r 4+ 1)¢ terms in the norm using equation (A.12). O
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Proof of Lemma 4.1. Equation (9) can be recast as:

1 d—1\[|logh|+d—2—1—1¢
Z(_l)l< I ><| * ‘d—tlfk >

=0
:Z<d;1)(d£_111k)! 7.:1—[7(|]0gh|7l7£*1+k+j).

=0 Jj=1

By expanding the products on the right-hand side, we obtain a sum of terms with powers (—1)* like the left-hand side
of equation (5) in Lemma 3.4, with 0 < ¢ < d — 1. As a result, the expression vanishes for £ > 0. If £ = 0, only one term
remains, the one with (—)?~'. Then by applying d — 2 times the calculations in equations (A.5)—(A.7), we obtain:

d—1 1
S <dl 1) (D" = ()2 I S ) (})l -1 (A.13)
=0 =0
O
Proof of Lemma 4.2. The sum can be recast into:
d—1 d-1
> ce—Z(—l)l< n > >
eLy, 1=0 ! eeLy
d—1
STy (d; 1> <| log h|;—7d1— 2 z) a1
1=0
=1. (A.15)

We obtain equation (A.14) by counting the number of elements in % ;; and equation (A.15) by using Lemma 4.1. O

Proof of Theorem 4.1. Let uy ), € S’I(,i)(ﬂ). Then by definition,

Up,h = Z Celp hy, Where upn, € Spn,(2).
Lezy,
Using the definition of the combination coefficients and the direct sum decomposition in equation (6), we have:

up =y _(=1)' (d? 1) DD wpn, (A.16)

1=0 LeL), | k<t

= wyn, Nk, h,d,p). (A.17)
k

We have rearranged the sums in equation (A.16) and introduced in equation (A.17) the following quantity:

d—1
-1 1 if [kl < |logh| +d—1
N(k,h,d,p) = Z( )( l ) Z if |k[1 < [logh| + ,

=0 Eejf’;hl
0 if |k|1 > |logh|+d — 1.

By counting the number of elements in .Z}, and using Lemma 4.1, we have:

1 if|kly <|logh|+d—-1,
N(’“’h’d’p)_{o if |k|1 > |logh| +d — 1.

As a result, up, p, € S;(,l,)l(fl) and th(fl) C S;l,)L(Q) By performing the same substitutions in the sums in reverse, we can

we also show that S;l})L(Q) C S;?;B(QL which concludes the proof. O
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Proof of Lemma 4.3. We recast the expression on the left-hand side of equation (11) by introducing the combination
coefficient expression:

Zcﬁi > au:zd: > di(—l)l(df) > ase (A.18)

e,  k=1JC{1,...,d} k=1JC{1,...,d} I=0 ey,
|J|=k |J|=k

Note that, in the above, the admissible levels verify a condition on the ¢* norm of all components and not only the J
directions.

If kK =d, we directly obtain the second term of equation (11), for which there is no cancellation. If k <d—1,
cancellations between the different admissible levels occur in the combination. The first step is to rearrange the innermost
sums of the right-hand side of equation (A.18), so that we can extract all the terms that will be cancelled. Specifically,
we have:

1=0 ey,

d—1

d—1 logh|+d—2—-1—(¢ R

_ (_1)1( l ) Z <| ogh| + d,1£21+ + Jk)>au (A.19)
1=0 Zeg};’lk
B [logh|+d—2—k— (s, + -+ +13,)
- 3wz S

L 4

logh|+d—2—-—k— (¢ s 4L
+Z 3 ajez ( )( ogh d—ﬁ1—(le ]k)>. (A.20)
=0 pez)]

h,l,k

We have introduced the set of levels,

j}il,k = {Z € Nd

Sl < |loghl+k—1—1, £;; > 1, forj—l,...,k}.

i€J

In equation (A.19), we have rearranged the sum on the levels, by summing in the J directions and letting the remaining
directions constrained by the I!-norm equality. We have rearranged again the sum on the levels into two terms: whether
the level appears in each term 0 < I < d — 1 of the sum in equation (A.19), which corresponds to the first term in equation
(A.20); or not, which corresponds to the second one.

According to Lemma 4.1, the first term in equation (A.20) is equal to zero. This corresponds to coarse contributions
that are cancelled in the combination technique. Substituting (£5, + --- + £7,) by its expression in equation (A.20), we
obtain the result for 1 < k <d—1.

Proof of Lemma 4.4. The local interpolation error can be written as

- u= (1= cellpn, | u
Lezy,

= Z Cg(I —Hp,hl)u (A'Ql)

Le2y

d
=D ey, Y, (D-Th)Tu (A.22)

LeL, k=1Jc{l,..d}
[J|=k

= Cald, k,)(=D)* 1 > > (1-T,n,)"u
k=11=1 JC‘{I‘ kd}eez,{lk
J|=
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d—1
+Cs(d, 1) D (I-Ton,) P, (A.23)
1=0 LELy

In the above, Lemma 4.2 has been used in equation (A.21); Lemma 3.3 has been used in equation (A.22); and Lemma 4.3
has been used in equation (A.23). Then, using the triangular inequality and applying Lemma 3.5 to each of the terms,
we obtain:

d—1d—2
[T NS 9 SLUEETRD DD Wl U1 (g [T PP
k=1 1=0

mix J 1,..., d J eJ
c‘{”:k Yee] | |
d—1
+y Gy Yo IT i | lullus, @) (A.24)
1=0 ey, \i€{l,...,d}

where the constants are
Cs(d,r, k1) = Cs5(d, k,1)Co(d, k,q,7), Cr(d,r, 1) =Cs(d,1)Ca2(d,d,q,r).
The number of elements in each sum is given by

_(d _ (logh| +k—2—1 ~ (logh|+d—2—1
Z }1<k)’ Z 1( k-1 )7 Z 1( d—1 .

Jc{1,....d ezl LELy
g 1,

Since the last two sums are maximal for [ = 0, equation (A.24) can be bounded by

< |logh|+k —2

1
— Cs(da q,T, k)( k 1 )th||u|H;1Dix

log h d—2 _r
+cg<d,q,r>(' oghl + )hq lullse .

17H<C>) H <
H( ph ) U g @ =

mix

d 1 mix

where
d—2 d—2
Co(d.gr k) = [ > 2m @O (d e k1), Co(d,q,r) =Y 27 9TET0Cy(d, D).
k =0 =0

Eventually, we conclude with the bound

llogh| +d—2) _ (d=D"" .,
R
< d—1 S @y Neshl

so that the constant does not depend on p. O

Proof of Lemma 4.6. As in the proof of Lemma 3.5, we demonstrate the result for d = 2, as the extension to higher
dimensions uses the same arguments. Let 0 < s, m < g be two integers. The hierarchical increment verifies

Wp,hy € Wpyhz (Q) C HP(Q) C Hq(Q):

so that we have:

S

0 m
Tyswnhz('vy) €H (03 1)7 Vy € (07 1)7

wp,h, (,+) € H?(0,1), Vz €(0,1).
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Therefore, we can demonstrate the bounds

2 1
L2(Q) a /0
1oy s 2
< (2\/§)th[2m/ / ——wp,n,(x,y) | dzdy (A.25)
YoJo Jo \Oy?

1
< (2\/§)2mhzl2m/ |wp,ne (2, ')‘25(0,1) dz
0

< (2\/5)2(m+5)h212mh222s||wp,he||2LZ(Q>- (A.26)

o° 2
87y5wp‘h‘("y) dy

H™(0,1)

H am 88

— W
™ Dy F )

We have used Lemma 3.2 twice: in equation (A.25) and in equation (A.26). a

Proof of Lemma 4.5. The following inequalities are true:

o5t o%d N ‘ o5t o%d
S MR S U -~ S M Tw N A.27
Haxll Quyt "Ph L3O gem, day! oy rhe L2(Q) ( )
d
<Y (v (H h) ez (A9
Le i=1
d 1/2
< (2v3)" (Z Hhﬁi) lufihll 20 (A.29)
Le s i=1

We have used the triangular inequality in equation (A.27); applied Lemma 4.6 in equation (A.28); and used Cauchy—
Schwarz inequality in equation (A.29). We then have the relation

d
Z Hhé_z?si Sh—2q22(al71) Z 1 , (ASO)

e, i=1 Le 6,

and we bound the last term of the product by counting the number of elements in J#:

_ |logh| +d
di= > 1§< J ) (A.31)

Lesty, keNd
[k[1<[|logh|

Gathering equations (A.30) and (A.31) together, and since A, > 1, we obtain:

d _ 2(d—1)od
> IIm™ <h2q22<”<1°gh'I ’ 1) <0 log (4.32)
L), i=1 :

Eventually, we substitute the right-hand side of equation (A.32) relation into equation (A.29) and bound all the (¢ + 1)¢
in the H%. full norm to get:

mix

) < D2(2v/3 RS I
e g < @t D VI T g .

mix

u

Proof of Lemma 5.1. The proof uses arguments similar to those in ([11], Lem. 3), and is based on the multivariate Fad di
Bruno decomposition formula. Let e be such that |a|o = ¢. Using the Fad di Bruno formula, the triangular inequality,

0
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the relation [|f - (I[; g;)ll2 < [Ifllz2 I, [l9;llze, and putting together the factors which correspond to identical values
of indices of derivatives of Fj,, we obtain:

dq q )
1D (w0 Fg)ll 20y < C@) 3 1D u(Fio)liz@y o [LIV/Fuolli g,
m=0 i€l(m,q,a) j=1
dq
—1y1/2
C(q)l| det VFhOIHL/OC(Q) Z ||VmUHL2(Q) Z H ||V]Fho||Loo(Q) (A.33)
m=0 i€l(m,q,a) j=1

In the above, we have introduced the following index set:

Ilm,q,a) ={teN? | lii=m, 1-i1+2-i2+ -+ +q-ig = |1}

Equation (A.33) is obtained with a change of variable. Then, using the Holder inequality, and gathering all the terms in
a constant C12, we get:

dq
||luwo Fh, Hngix(Q) < Z Ci2(m, q, || Fn, HWLLOC(QV [| det VF%;)IHL‘X’(Q))MH’”(Q)'

m=0
We obtain equation (16) by applying the same arguments to || D%ul|,2(g) = [[D*(u 0 Fy, o F[OI)HLQ(Q), with a1 =¢q. O

Proof of Theorem 1.1. For simplicity of notation, we omit the dependence of the constants on the parameters. The
interpolation error in the H" () seminorm is bounded by

1= =] [0-TD) (wo Fiy)] 0 By
-] = [0 o )] o B
(C)
< E .
= (ogi%xdq 012> ‘ ~ILh) (we Fi,) H™ () (A-34)
(S)]
< — .
< <o£1na§dq 012> NG H(I 1Y) (uo Fi,) ‘Hm) (A.35)
(©)
< - ‘
- (ognagxdq Cl2> " H(I I, ) (uo FhD)HH;“ () (4.36)
< (Oglna%(dq 012> Crov/rh*"[log h|*™" |lu o Fyy || ;e (@) (A.37)
dq
—r d—1
< <0§max qC12> Ciov/T h¥ " "|log h| E 0013 |u|Hm(Q) (A.38)
q—r d—1
< (Oglnagdq C’u> Cho (Ogr?naé(dq 013) Vdgr k" [log h|* [[ull raq q) - (A.39)

In the above, equation (16) of Lemma 5.1 has been used to obtain equation (A.34); Cauchy—Schwarz inequality has been
used in equation (A.35); and the norm inequalities equation (2) has been used in equation (A.36). We used Lemma 4.4
to obtain equation (A.37). This lemma is applied to the composition u o Fy,, which, by equation (17) in Lemma 5.1,
belongs to HY. (Q)7 and thus implies equation (A.38). Finally applying again the Cauchy—Schwarz inequality, we obtain

mix

the result of equation (A.39). O

Proof of Theorem 1.2. For simplicity of notation, we omit the dependence of the constants on the parameters. Let
;12L € SZ:S)(Q). Then its H?(Q2) seminorm error is bounded by
1 1 -1
gl o) = (1) © Fi) © Byl 11a(o)
q
< 012\7«6;1’;)1 o Frglpm (e (A.40)

m=0
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1
< VaChal[ul), o Fug |l ragar
1
< VaCizlluyy © Frollgs (@)
< CaaCuah=] og [ ul) ;
v/qC12C11 |log A Hu OFh0||L2(Q)
<VqC12C11Cizh™ q|10gh\d/2|\u h||L2(Q)

In the above, equation (16) of Lemma 5.1 has been used to obtain equation (A.40); Cauchy—Schwarz inequality has been
used in equation (A.41); and the norm inequalities (2) have been used in equation (A.42). Then, we used Lemma 4.5 to
obtain equation (A.43) and eventually we apply equation (17) of Lemma 5.1 with ¢ = 0 to get equation (A.44). O

Proof of Proposition 5.1. The dimension of the physical domain approximation space coincides with that of the parameter
domain space. To prove the result, we choose the sparse-grid combination technique formulation and count the number
of basis functions involved in the combination:
-1
l

Since all of the basis functions of Sy n, (Q), for a given level £ € N%, are linearly independent, we have:

d—1

dim 50 (©) <3 ’

=0

> dim S, 5, (). (A.45)
e|1=]log h|+d—1—L,
;>1

d
dim Sy 5, () = [ [ (R, + ). (A.46)

=1

Substituting equation (A.46) into equation (A.45), we obtain:

dim S(c) Z ( ) <| log h\;—idl— 2 — l> (1 +p)d2—(d7171)‘

‘We conclude with the estimation

[logh|+d—-2-1) _ d—1
1 .
( d—1 < [log Al
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