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A SEPARABLE AND ASYMPTOTIC-PRESERVING DYNAMICAL LOW-RANK
METHOD FOR THE VLASOV-POISSON-FOKKER-PLANCK SYSTEM

SHIHENG ZHANG*® AND JINGWEI HU

Abstract. We present a dynamical low-rank (DLR) method for the Vlasov—Poisson—Fokker—Planck
(VPFP) system. Our main contributions are twofold: (i) a conservative spatial discretization of the
Fokker—Planck operator that factors into velocity-only and space-only components, enabling efficient
low-rank projection, and (ii) a time discretization within the DLR framework that properly handles
stiff collisions. We propose both first-order and second-order low-rank IMEX schemes. For the first-
order scheme, we prove an asymptotic-preserving (AP) property when the field fluctuation is small.
Numerical experiments demonstrate accuracy, robustness, and AP property at modest ranks.
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1. INTRODUCTION

Kinetic equations provide a mesoscopic description of dilute particle systems by evolving the phase-space
distribution under transport, field effects, and collisions. In this work, we consider the Vlasov—Poisson—Fokker—
Planck (VPEFP) system

(Avf(z,0,1) + Vo - (vf(2,0,1))) (1.1)

M | =

Ouf(x,v,t) +v-Vyf(z,v,t) —|—§E($,t) Vo f(z,v,t) =

where f(x,v,t) is the distribution function depending on time ¢, position x € Q, C R% and velocity v € R%.
E(x,t) is the electric field governed by the Poisson equation with potential ¢(x,t):

E(*T7t> = —VI¢($,t), _Aw¢(xvt) = p(amt) - 77('75)7 (1'2)

where p(z,t) = fRdv fdv is the charge density and n(z) is a given background charge satisfying the global
neutrality condition fo (p(z,0) — n(x))dx = 0. The collision operator on the right-hand side of (1.1) is the
classical linear Fokker—Planck operator [10, 28]. The parameter ¢ > 0 is a nondimensional parameter that
determines the strength of both the electric field and the collisions. The regime £ — 0 is characterized by rapid
relaxation in velocity and macroscopic high-field dynamics in physical space [4, 25, 26]. In this paper, we focus
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on the high-field scaling, which leads to a hyperbolic equation in the limit, as shown below. We also note that
the alternative low-field regime, in which the field term is O(e) smaller than the Fokker—Planck operator, instead
leads to a parabolic limit [1, 27].

Since F(z,t) is independent of v, we have V,, - (Ef) = E -V, f. We may absorb the high-field drift into the
right-hand side of (1.1) to obtain a more succinct form

8tf+v-fo=§Vv-<MVv (%)) (1.3)

where the local Maxwellian M is defined as

M(z,v,t) = exp (=1 |v — E(z,t)%). (1.4)

1
(27)d:/2

Taking the zeroth and first velocity moments of (1.3) (i.e., [-dv and [-vdv) yields the continuity and
momentum balances

Op+Vy-J=0, (1.5)
1
O + Vg - v®vfdv:g(pE—J), (1.6)
Rv

where J(z,t) = [ fvdv is the current density. In the high-field limit, the stiff relaxation on the right-hand side
of (1.6) drives J = pE to leading order. Substituting this into (1.5) yields the closed macroscopic system

{atp+ V- (pE) =0, W

E=-V,0, —Az;p=p—n.

This macroscopic drift system represents the high-field limit of the VPFP system as ¢ — 0.

Numerical simulation of the VPFP system presents two principal difficulties: high dimensionality and stiffness.
The phase-space distribution f(x,v,t) evolves in R=Fdv, Discretizing this domain leads to computational and
storage costs on the order of O(Nd% N&), which becomes prohibitive in high dimensions. To mitigate this
“curse of dimensionality”, a promising approach is the dynamical low-rank (DLR) approximation [21, 24]. This
approach constrains the solution to a manifold of fixed rank r:

flavt) = > Xi(x,1)S;(H)Vi(v, 1),

i,j=1

where the orthonormal factors {X;}{_; and {V;}}_, are evolved by projecting the governing equation onto
the tangent space of the low-rank manifold. The efficiency of the DLR approximation relies critically on the
structure of the operators in the governing equation. When the operator exhibits a separable structure in x and
v, the computational cost scales as O(r?(Nd= + Ndv) + %), and the storage requirement scales as O(r(N% +
Ndv) +r?). This substantial saving in the regime 7 < min{N% N?} is what makes high-dimensional kinetic
simulations feasible. In contrast, if the operator lacks a separable structure, evaluating the dynamics typically
requires reconstructing the full tensor, which reverts the cost to the prohibitive O(Nd%= N%). Recently developed
interpolatory DLR methods [2, 8] bypass this issue by employing collocation or empirical interpolation. However,
additional error is introduced by replacing the orthogonal projection in the DLR method with an oblique
projection. There are many other recent developments on DLR methods applied to general kinetic equations;
we refer the reader to the review paper [14].

Due to the stiff field term and collision term, applying the DLR method to the VPFP system in the high-
field regime is not straightforward. Explicit time integration requires restrictive time steps At = O(g). This
necessitates asymptotic-preserving (AP) schemes, which allow e-independent time steps while recovering the
correct macroscopic limit [17, 18]. While AP schemes for the VPFP system are well established for full-tensor
methods [3, 19, 30], extending them to the DLR framework is non-trivial. Recent works have developed AP DLR
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formulations for several kinetic models, including linear transport equations in the diffusion limit [9, 11, 12], the
nonlinear Boltzmann equation in the fluid limit [13], and the radiative transfer equation [16]. In these models,
the collision operator is local in space and acts only on the velocity (or angular) variable, so its action on
a low-rank ansatz preserves the separable structure and admits an efficient low-rank projection. The central
difficulty in the present setting lies in the Fokker—Planck operator on the right-hand side of (1.3): the spatially
varying field F(z,t) creates a strong coupling between x and v that destroys the separability required for
efficient low-rank projection!. This non-separability issue was addressed in [7] by evolving the quotient f/M
rather than f, followed by a complicated change of variables. In this paper, we propose a direct approach: a
conservative and separable discretization of the Fokker—Planck operator that allows efficient low-rank projection
without variable transformation or full tensor reconstruction. Furthermore, the stiff Fokker—Planck operator
in the low-rank framework requires careful time discretization to ensure stability. We propose both first-order
and second-order low-rank IMEX schemes. For the first-order scheme, we prove an AP property when the field
fluctuation is small.

The rest of this paper is organized as follows. Section 2 establishes the DLR formulation for the VPFP
system. Section 3 describes the separable, conservative discretization of the Fokker—Planck operator and its
low-rank projection. Section 4 presents the fully discrete first-order and second-order low-rank IMEX schemes.
Section 5 provides the AP analysis for the first-order low-rank scheme. Section 6 reports numerical experiments
demonstrating the accuracy and robustness of the proposed methods, and we conclude in Section 7.

2. DLR FORMULATION FOR THE VPFP SYSTEM

In this section, we describe the projector-splitting DLR method, originally proposed by Lubich and Oseledets
[24], applied to the VPFP system adopting the form (1.3). We define the advection operator A and the Fokker—
Planck operator L as

A(f) ==—v-Vaf, (2.1)
L(f):=V, - (M v, (%)) : (2.2)

so that (1.3) can be written as )
0uf = AUJ) +L(S). (2:3)

The DLR method approximates the solution f(z,v,¢) by constraining it to the manifold M, of rank-r
functions. We employ the low-rank ansatz

flz,v,t) Zth (1) Vi(v, 1), (2.4)
i,j=1

where S(t) € R™" is the coefficient matrix, and {X;(z,t)}j_; C L*(Q,) and {Vj(v,1)}j_; C L2(R™) are
orthonormal bases satisfying

<Xi('7t)in'('7t)>x = i, <Vj('7t)’ Vj/('vt»v = 0557+

Here (¢, 1), fQ x)dz and (¢, ), = fRdu v) dv denote the spatial and velocity inner products,
respectlvely, we will also need (D, V) gy = fﬂz fRdv (z, v)¢(x, v)dx dv for the full phase-space inner product.

IThe separability is not an issue if one uses the original formulation (1.1). However, this form makes the design of an AP scheme
difficult.
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According to the Dirac—Frenkel variational principle [21, 23], the evolution of the low-rank approximation is
determined by the orthogonal projection of the vector field A(f) + éﬁ( f) onto the tangent space TyM, at the
current approximation f:

o =y (A + 220 25)

The projection operator Py : L?(, X R%) — TyM, is given explicitly by [24]
Pi(g)=(I®Py)g— (Px®@Py)g+ (Px ®1)g, (2.6)

where Px and Py are the orthogonal projectors onto the subspaces spanned by {X;}i_; and {V;}]_;,
respectively.

Direct integration of (2.5) is numerically challenging due to the curvature of the manifold. We employ
the robust projector-splitting integrator [24], which splits the projection (2.6) into three coupled differential
equations (K—S-L splitting) that are solved sequentially.

K-step (update the spatial basis). We first solve the subproblem corresponding to the term (I ® Py )(A +
1£)(f). In this step, the velocity basis {V;}}_, is frozen. We represent the solution as

fz,v,t) = ZKj(x,t) Vi(v,t), K;(z,t)= ZXi(z,t)Sij(t). (2.7)

Projecting the dynamics onto the fixed basis V; yields a system of r evolution equations for the spatial
coefficients K;:

5tKj($7t):<(A+i£) (iKeVz>,Vj> ;=1 (2.8)
=1 Y

After evolving (2.8) for one time step, a QR factorization of {K;(-,¢"*1)}7_, yields the orthonormal spatial

basis {X;(x,t"*1)}7_; and an intermediate coefficient matrix S(1).

S-step (update the coefficient matrix). Next, we solve the subproblem corresponding to —(Px ® Py )(A +
1L)(f). Here, both bases are frozen. The evolution is restricted to the coefficient matrix S:

ds;; 1 : L
dta<(,4+5,c) > Xk Sk Ve ,ij> . dj=1,...,r (2.9)

k=1

v

This step updates the coefficient matrix from S to S®). The negative sign implies that this step effectively
evolves backward in time.

L-step (update the velocity basis). Finally, we solve the subproblem corresponding to (Px ® I)(A+ 1L£)(f).
In this step, the spatial basis {X;}!_; is frozen. We represent the solution as

f(z,v,t) = ZXi(x,t) Li(v,t), Li(v,t) = Z Sii () Vj(v,1). (2.10)

Projecting onto the fixed basis X; yields r evolution equations for the velocity coefficients L;:

OLi(v,t) = <<A+ iﬁ) (iXk Lk>, Xi> , t=1...,m (2.11)
k=1

x
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After evolving (2.11) for one time step, a QR factorization of {L;(-,#"*1)}7_, yields the orthonormal velocity
basis {V;(v,t"*1)}j_, and the final coefficient matrix S(t"*1).

Separability of the advection operator. The efficiency of the DLR method relies on the separability of
the operator. The advection operator A(f) = —v - V, f naturally satisfies this requirement. Its projection onto
the low-rank basis does not require reconstructing the full distribution f. For example, in the K-step (2.8), the
projection onto the velocity basis V; becomes:

T

<A(f)’ Vj>v = - Z<Uvﬂavj>v -V Ky,

=1

where the velocity and space dependent terms can be computed separately. If one chooses to discretize the
differential operator first and then perform the projection, standard linear finite-difference approximations (e.g.,
upwind scheme) will preserve this separable structure.

The non-separable Fokker—Planck bottleneck. In contrast, the Fokker—Planck operator £ in (2.2) poses a
significant challenge: the Maxwellian function M (z,v,t), as defined in (1.4), depends on the macroscopic electric
field E(x,t), introducing a nontrivial coupling between x and v. Consequently, its projection onto the low-rank
basis, such as (L(f), X;)., would generally require constructing the full tensor, incurring a computational cost of
O(Ng= Ndv) | thereby defeating the purpose of the low-rank approach. Resolving this bottleneck is the primary
contribution of this work: in Section 3, we propose a novel discrete formulation of £ that recovers a separable
structure, enabling efficient DLR evolution.

3. SEPARABLE DISCRETIZATION OF THE FOKKER—PLANCK OPERATOR AND ITS
LOW-RANK PROJECTION

In this section, we construct a conservative finite-difference approximation of the Fokker—Planck operator
(2.2) that decouples the spatial and velocity components. We then project this discrete operator onto the
low-rank basis, demonstrating how this separable structure enables efficient DLR evolution.

We consider one spatial and one velocity dimension (1D1V); the approach can be extended to higher
dimensions straightforwardly.? We assume that the spatial and velocity domains are [Zmin, Tmax] and [Umin, Vmax),
respectively, with grid points given by

Ip:xmin'i‘(p_%)Axv p=1,..., Ny, ’Uq:vmin'i_(q_%)A% g=1,..., Ny,

where Az = (Zmax — Zmin)/Nz and Av = (Umax — Umin)/Ny. We impose periodic boundary condition in z and
zero-flux boundary condition in v. The discrete low-rank ansatz for the distribution f at grid point (x,,v,) is

fr.a (t) = Z Z Xim(t) Sij(t) ‘/jﬂ(t>7 (3-1)

i=1 j=1

where the basis vectors are orthonormal with respect to the discrete inner products defined by

N N,
(B 0)h = dpthpAx, (S, 0) = dgtpgAv.

p=1 q=1

2In the 1D1V setting used throughout the rest of this paper, the discrete distribution f, q is a matrix rather than a tensor as
referred to in Section 2. However, we retain the term “tensor” for consistency with the higher-dimensional formulation.
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The full phase-space inner product is given by

(9 @/1 xv Z¢p qUp,gAzAv.

p,q

3.1. Construction of the separable stencil

For the 1D1V Fokker—Planck operator L(f) = 0,(M3,(f/M)), we define its discretization at spatial grid
point z, and velocity grid point v, as

['Ch(f)}p,q = ﬁ (jp,qul/Z - jp,q71/2)’ (32)

where the flux J, 441/2 is given by

J/M)pge1 = (f /M)y,
Tparrsp = Mpquns D0t S UM na -y o /R W (53)

Note that we use a geometric-mean interpolation for the Maxwellian at the half grid point [20]. Other
interpolations, such as the arithmetic mean M, ;41/2 = %(Mp,q + M, q+1), are also possible, but would result
in more terms in the separable expansion.

Substituting (3.3) into (3.2) yields the three-point conservative stencil:

[Lr()lpg = ﬁ [ Myt fp,q+1 <\/Mp7q+1 \/an ! ) fpat+ j\i\f:il fp,q1‘| . (3.4)

Using vg4+1 — v = Av and M), ; x exp(—(vq — , we obtain
M, —E )2 — _ E.)2
PRI _ exp (vg+1 D p)\ _ = exp ( (vg + qu)) exp ( — & Ep> . (3.5)
Mp7q+1 4

= Ggt1/2 =05,

Hence, it factors cleanly into space-only and velocity-only terms. Using the notation ag41/2 and 3, (3.4) can
be written as

1
[ﬁh(f)]p,q = TUQ laq+1/2ﬂp fp,q+1 - ( + Oéq—1/25p> fp,q gﬂp fp q— 1] ) (36)

agy1/20p
which is a fully separable stencil.

3.2. Low-rank projection

With the discretization (3.6), we now show that the projections onto the low-rank basis, as described in
the previous section, can all be evaluated efficiently. For brevity, we focus only on the terms that involve the
Fokker—Planck operator.
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K-step. We compute the projection of the discrete operator £, (f) onto the velocity basis V;. Substituting the
ansatz fpq = >y, KopVeq into (3.6), the pth component of the projected term reads:

{wh(f)v ]p ZKMJ[A 2 Z Agr1/2Vegr1 — Qq-1/2Veq) VigAv

=1
Vi,g—1 Va,
ﬂszz< — - : >Vj,qAU :

Qg—1/2 Cgr1/2

(3.7)

S-step. We compute the projection of the discrete operator L;(f) onto the tensor-product basis X;V;.
Substituting fpq =, 0 Xk p9%eVe,q into (3.6), the double summation over space and velocity decouples:

(Ln(D), XiVi)h = D S

k,e=1

Ny N.
. e
(Z 5pXk,pXi,pA$> (sz Z (0gt1/2Veg+1 — @g-1/2Via) VmA”)

p=1
X
<Z k,p ,pA>< 22(‘/@(;1_ Vg )VLQAU)]' (3.8)
Av Oéq_l/g aq+1/2

L-step. We compute the projection of the discrete operator L;(f) onto the spatial basis X;. Substituting
Ipia = >ore1 XkpLk,q into (3.6), the gth component of the projected term reads:

[<£h(f)a xL = Ug Z l (Z By Xk, szpAfC> (ovg+1/2Li,g+1 — ag—1/2Lkq)

ZXk,p ,pA <Lk,q1 o Lk,q >
Ag—1/2 Agt1/2

4. TIME DISCRETIZATION AND THE FULLY DISCRETE LOW-RANK SCHEME

Equation (2.3) involves an advection operator and a diffusive-type Fokker-Planck operator, the latter
becoming stiff in the limit € — 0. A robust time integrator must handle this stiffness without imposing overly
restrictive time steps, while preserving the correct asymptotic behavior. In the DLR setting, standard AP
schemes cannot be applied straightforwardly; the projector-splitting structure, specifically the backward S-step,
requires special stability considerations [29]. In this section, we propose first-order and second-order low-rank
IMEX schemes. We employ the discretize-then-project strategy discussed in the previous section, but omit the
subscripts p, ¢ for simplicity.

4.1. A first-order scheme

We first present a simple first-order IMEX scheme in the full-tensor case, which serves as a basis for
constructing the low-rank scheme. Let Aj, denote the discrete advection operator and £p,[E] denote the discrete
Fokker—Planck operator constructed using the electric field E. A simple first-order IMEX scheme reads

fn—i—l _ fn _

= A + LB (@)
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Due to the dependence on E™!, directly solving for f**! would require iterations. To get around this, one can
use the local mass conservation property, (L;[E"T](f"*1), 1)" = 0. Taking the zeroth moment of (4.1) yields:

pn+l_pn_A n h no.__ nlh 4.9
T_< n(f"), D), p" = (" 1)y (4.2)
Therefore, one can first compute p"*! via (4.2) and then solve the Poisson equation (1.2) to obtain E™"!. With
E™*! known, the scheme (4.1) can be easily solved by inverting a linear operator.

4.1.1. A first-order low-rank IMEX scheme

In the low-rank framework, we first use (4.2) to obtain a prediction of the density, and then use this predicted
density in the subsequent K-S-L steps to update the distribution function. Suppose that we start from the

low-rank decomposition f" = Z: =1 X553 V" The predicted density is then computed as

P ="+ ALAR(F), 1) (4.3)

We distinguish the predicted density p™ from the true density p™, defined through the moment of f™, because
the low-rank scheme introduced below does not strictly preserve mass. The Poisson equation is then solved
using p"*! to obtain E"*1,

With the field E"*! known, the Fokker—Planck operator becomes linear LZH := L,[E"1]. We then apply
the projector-splitting integrator to (2.3). However, applying the IMEX scheme (4.1) across all K-S-L steps leads
to instability, because the S-step evolves backward in time. The backward-in-time character of the S-step has
been observed in earlier studies of DLR integrators in various settings, motivating the basis-update and Galerkin
(BUG) integrators that avoid the backward S-step entirely [5, 6]. Instability has also been reported empirically
for projector-splitting IMEX schemes applied to a kinetic equation with stiff collisions in [7]. Subsequent stability
analyses include [22] for hyperbolic problems and, most directly relevant to the present setting, an L2-stability
analysis in [29] of a hybrid backward /forward-Euler projector-splitting scheme for a parabolic prototype equation
that mimics the diffusion structure of the Fokker—Planck operator. Motivated by [29], we propose a hybrid
IMEX scheme: the K and L steps use an implicit (backward Euler) update for the Fokker-Planck operator,
while the S step uses an explicit (forward Euler) update. The algorithm is summarized in Algorithm 1.

1. K-step. Define K" = "7, X/"S7%, and solve for K;l) using

KW _ gn 1
J J n n\h n+1 1 n\h
N (An(f™), Vi")y + gwh (f¢ ))an Vo (4.4)
where f1) = 22:1 Kj(l)l/j". Computing {K;l)}’;:l requires solving N, decoupled r X r linear systems, one for
each spatial grid point. A QR factorization of { K J(-l) }i-1 yields the new spatial basis {X*1r_ | and intermediate
coefficient matrix S,

2. S-step. Solve for S using
(2) (1)

Sy’ = Si;

At

n 1 n n
= _<-Ah(f(1))7Xi +1‘/jn>2v - g<£h+1 (f(l))?Xz +1‘/}n>2v’ (45)
where =) .. X V.. Note that this is a fully explicit step.
here f1) =Y, XIS V. Note that this is a fully explici
3. L-step. Define LZ(?) = Z;Zl Si(]?)Vj”, and solve for L?“ using

L?Jrl B LEZ) (2) n+1\h 1 n+1l/ pn+1 n+1\h
A (An(f2), X0 + gwh ("), X% (4.6)
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where f(2) =37 X?'HLZ(-Q) and [t =31 XTI Computing {L71!}7_ | requires solving a linear
system of size (rN,) x (rN,), which is block-tridiagonal in the velocity grid with r x r blocks. A final QR
factorization of {LT'}7_, yields the new velocity basis {‘/j"+1}§:1 and coefficient matrix S"*1.

Algorithm 1: First-order low-rank IMEX scheme
Input: Rank-r factors {X]'}i_,, S™, {V]'}7_, at t".
Output: Rank-r factors {X["'}r_  gn+l {Vf“};zl at "L,
Step 1: Density prediction
1: Compute density p" = (f",1)" and the predicted density p"+! = p"™ + At(Ax(f"), 1)".
2: Solve the Poisson equation using p"*! for E"+1,
Define the Fokker-Planck operator £t := £),[E"+1].
Step 2: Lie—Trotter projector-splitting evolution
K-step: Update {K;}7_; via Eq. (4.4).
QR factorization yields {X"*1}7_, and S(.
S-step: Update S from S to S?) via Eq. (4.5).
L-step: Update {L;};_; via Eq. (4.6).
QR factorization yields {V;"*'}7_, and S"*1.

«

4.2. A second-order scheme

To achieve higher temporal accuracy, we employ a particular second-order IMEX scheme used in [15]. This
scheme is special in that its implicit tableau corresponds to the trapezoidal rule, which is required in the stability
analysis established in [29] for applying DLR methods to stiff parabolic problems.

In the full-tensor case, the scheme reads

n+1/2 _ fn
fAt/2f = An(f") + %ﬁh[EnH/Q](an/z)a (4.7)

n+1l _ fn
L = a2y 4 o (LB + LafE (). (4.8)

To resolve the coupling with the unknown fields E"*/2 and E™*', similar strategy in the first-order scheme
applies. Taking the zeroth moment of (4.7) yields:

At
p" T2 = ot = (An(f™), 1) (4.9)

We solve the Poisson equation using p™*'/2 to obtain E"*'/2 allowing us to solve (4.7) efficiently for f"+1/2.
Similarly, taking the zeroth moment of (4.8) yields:

P = o ALAR (), 1)) (4.10)
With p"*t! (and thus E"*!) determined, we finally solve (4.8) to obtain fm*1.

4.2.1. A second-order low-rank IMEX scheme

In the low-rank framework, we first compute the predicted density at ¢, /o:

At
PR = 0 S (A, 1) (4.11)
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We then solve the Poisson equation using p"*+1/2 to obtain E"*+/2. To obtain E™*', we need f"t1/2, which can
be computed using the first-order low-rank scheme (Algorithm 1) with step size At/2. Then,

pAn—&-l — pn +At<Ah(fn+1/2)’1>£L' (412)

Solving the Poisson equation using "' yields E**1. With the field E"*1/2 and E"*! known, the Fokker-Planck
operator becomes L) /? := £,[E"Y/2] and £ = £,[E™FY).
We then apply the projector-splitting integrator to (2.3) using Strang splitting

K(4L) 0o S(4) o L(AL) 0 S(5E) o K(5D).
In each substep, we employ the second-order IMEX scheme discussed above. The algorithm is summarized in

Algorithm 2.
1. First K-step (At/2). Define K = Yo, XS

", and solve for K(*) using

K —K" )
R = ARV L. v, (413
KU - Kn )

e = MUTE DV 4 S R IE™D) + L FE DD, V) (4.14)

Here, f[K] =", K,V;*. A QR factorization of {K;l)}gzl yields the intermediate spatial basis {Xi(l)};:1 and
coefficient matrix S,

2. First S-step (At/2). Solve for S using

(1),% 1)
sy -8y

n h 1 n n
g = ARSI XV = s, XV (4.15)
@) _ gn) PR —
it = (AL, - S (GUISYD + G (AP XYL, o)
Here, f[S] = Zk,l X,(CI)SMVE”.
3. L-step (At). Define Ll(.2) = Z;Zl Si(j)‘/}”, and solve for L®) using
(2),% (2
L - L n *
xip — AL, X) RO, x O, (4.17)
I 2 (Dyh L 2 1 3 (Dyh
A = AL, X5 4+ (LR (FIEP]) + £ (FIEP]), X3)s (4.18)
Here, f[L ] Y X Lk A QR factorization of {L( }7_, yields the new velocity basis {V”H} _ and coefficient
matrix SG
4. Second S-step (At/2). Solve for S™) using
Sy =S5 x® 172 M
i = AN XY) e (s, XDy (4.19)

) _ g®
St - st

N —(An(FIS@), x Pyt - %@Z(f[s(@]) + LSO, XDyt (4.20)
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Here, f[S]=3";, Xlgl)SkgVZ”H.

5. Second K-step (At/2). Define K](4) =>, XYW and solve for K™+ using

7 ij

KOs g W1 ntih o L mb12, s kv
~xgr = UIEOD VP 4+ (GRS VT (4.21)
K;L+1_KJ(~4)_ @y vnitvh L L ang @) ) A
R = WUV R UIR O]+ £ IRV (@22)

Here, f[K] =Y, K,V;""!. A final QR factorization of {K;-LH};:l yields the new spatial basis {X"™'}7_, and
coefficient matrix S™+1.

Algorithm 2: Second-order low-rank IMEX scheme

Input: Rank-r factors {X['};_;, 5™, {V]*}_; at t".

Output: Rank-r factors { X7 }7_), 57 {VIHr_ | ag ¢+
Step 1: Density prediction

Compute density p" = (f",1)" and pnt1/2 = p + %(Ah(f”), 1)k,
Solve the Poisson equation using p"*1/2 for E"+1/2,

Evolve f* — f"+1/2 using Algorithm 1 for At/2 step.
Compute p"H! = p™ + AL{A,(f71/2), 1)k

Solve the Poisson equation using p"*! for E"*1,

Define £ := L[E"], L7112 .= L[E"+1/2), L7+ .= L[E™H.
Step 2: Strang projector-splitting evolution

K-step (At/2): Evolve {K; };Zl via 2nd-order IMEX.

: QR factorization yields {Xi(l)};-":1 and SW.

9: S-step (At/2): Evolve S to obtain S?) via 2nd-order IMEX.
10: L-step (At):  Evolve {L;}7_; via 2nd-order IMEX.

11: QR factorization yields {V}"H};:l and S®).

12: S-step (At/2): Evolve S to obtain S® via 2nd-order IMEX.
13: K-step (At/2): Evolve {K;}}_; via 2nd-order IMEX.

14: QR factorization yields {X"*'}7_, and S"*!.

o

5. AP ANALYSIS

In this section, we analyze the asymptotic behavior of the proposed first-order low-rank IMEX scheme as
€ — 0. Our goal is to establish that the solution relaxes to the discrete Maxwellian determined by the macroscopic
field, with a residual error controlled by € and spatial field fluctuations.

We focus our analysis on the first-order scheme because it employs backward Euler time integration for the
Fokker—Planck operator during the K and L steps. In the stiff limit, backward Euler is L-stable and acts as a
projection onto the local equilibrium manifold, yielding a strongly AP scheme. This allows us to prove a global
relaxation property via coercivity estimates.
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5.1. Notation and micro—macro decomposition

We work in the 1D1V discrete setting and utilize the discrete norms and inner products defined in Section 3.
Unless otherwise specified, operations involving the velocity inner product (-, )" are understood to map phase-
space grid functions to spatial grid functions. Let L, = ¥max — Umin denote the length of the velocity domain.

We assume without loss of generality that the discrete Maxwellian M is normalized on the velocity grid:

(M, 1) =1. (5.1)

Under this normalization, the local equilibrium is given by pM, where the product implies row-wise scaling by
the density vector.

To quantify the distance to equilibrium, we employ the standard micro—macro decomposition of the
distribution function:

f=pM +g. (5.2)

Here, pM represents the projection of f onto the kernel of the Fokker—Planck operator (the local equilibrium
manifold), and g represents the kinetic fluctuation. Due to the normalization of M and definition of the
macroscopic density p = (f, 1), the fluctuation satisfies the zero velocity moment condition:

(9. 1)y =0. (5-3)

Our goal is to bound the norm of the fluctuation:

For the analysis, we fix the field E™*! and recall the space-dependent and velocity-dependent weights defined
in (3.5):

Bp = exp ( - % Eg“), Qgt1/2 = €Xp (% (vg + vq+1)). (5.5)

We assume that we are in a regime where the spatial variation of the field is controlled. We denote the fluctuation
of the spatial weights by 63, := 3, — 3 relative to the spatial arithmetic mean J3, with [|63||e = max, |3, — f|.
This fluctuation serves as a proxy for the local rank of the Maxwellian; §3 = 0 corresponds to a spatially
constant field where the Maxwellian is exactly separable (rank-1).

5.2. Key operator properties

We establish the key spectral properties of the discrete operator required for the main theorem. To obtain a
coercive estimate for the Fokker—Planck operator, it is necessary to work with the relative fluctuation g/M.

Proposition 5.1 (Discrete coercivity). Consider the decomposition f = pM + g with p = (f,1)", so that the
fluctuation g satisfies the zero velocity moment condition (g, 1) = 0. There exists a constant y, > 0 such that
the Fokker—Planck operator satisfies the coercivity estimate:

h h,2
—(Ln(f), g/M), > llg/M|. (5.6)
where the constant v, is defined as
Mmin )\N . 4 ) T
Yh = 3 with )\N = m Sin (2Nv), (57)

(1+ VI Mo )
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and the Mazwellian bounds

My = 111011;1 My g41/72,  Mpax := max{ H;a(,]X M, 4, n;aqx Mp’qul/Q}.

Proof. Let u = g/M denote the relative fluctuation grid function. Since Ly, (pM) = 0, the action of the operator
is determined solely by g. We test the operator against u. Using the summation by parts, we obtain the global
dissipation relation:

Ax
<£h(f)’ “>ZU -~ Av Z Z My 4172 (“p’qﬂ - Up,q)2'

We now seek a lower bound for the term on the right-hand side. Let D(u) be the spatial grid function representing
the local dissipation:

Ny—

1
1
[D(w)]p = Ao (Up,g+1 — Up,q)z-

g=1
Using the bound M, ;11/2 > Mpin, we have the pointwise lower bound proportional to D(u). We apply the
discrete Poincaré inequality on the uniform velocity grid. Let u denote the spatial vector of arithmetic means
(i.e., [u], = & >4 Up,q)- Then, pointwise:

D(u) > Ay flu —ally?.

To close the estimate, we need to relate the deviation from the arithmetic mean to the full norm. From the

zero-moment condition (g, 1)" = 0, we have

(u, M)y = (g/M, M)y = (9,1)}; = 0. (5:8)
Using the decomposition u = (u — @) + 1, the normalization (1, M)" = 1 and (5.8), we obtain
0= (u—1u,M"+a(l, M)" = a=—(u—a,M"
Applying the Cauchy—Schwarz inequality yields:

@ = |(u—a, MYy < Jlu—ally® [M5? < Minaxlu —ally?,

where the last inequality uses the mnormalization (1, M)" =1 to bound ||M||LL’2:Zqu2Av§

M ax Zq MyAv = Mpax. Since 4, is constant in v, ||| h2 = 421, < LyMpayx||u — @|/2. Substituting this back

into the triangle inequality for |lu":

2 2
h —11h —Ilh ik
el < (= allt + allt)” < (14 VI M) = a2,

Combining the local estimates and summing over all spatial nodes p yields:

N,

h = _nh.2 MminAN h,2
—(L B > Mmin)‘ - v A 2 x;) .
< h(f) u>mv = N Z ||u ’U,H € (1 I \/m)Q HU|

p=1

This completes the proof. O
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Proposition 5.2 (Fluctuation-based projection bound). Let Px be the spatial projector onto the subspace
span{X;}. Let  denote the arithmetic mean of Bp over the spatial domain, and define the fluctuation 68, =
Bp — B and the inverse relative amplitude Cp = maxp(ﬁpﬁ_)*l, Then, for any distribution f in the range of Py,
the orthogonal projection of the Fokker—Planck operator is bounded by

(T = Px)La(Ngo < Kl 150, (5.9)
where the fluctuation constant is defined by

2Oél’llax

2
Kh = ||55||m( Av2 + Cﬁa } sz)' (5.10)

Proof. Recall that the separable stencil (3.6) defines the operator £;,. We observe that this operator acts as a
sum of tensor products involving multiplication by spatial weights 8 and 8~':

Lh =BT+ T/,

The velocity difference operators 7(®) and T(/% act on a velocity grid function w as the two tensor factors
arising directly from grouping (3.6) by powers of j,:

(T(a)w)q = Auv2 (aq+1/2 Wg+1 — Cg—1/2 wq)a
1
1 -1 1
(T ), = Av2 (%-1/2 Wg—1 = 119 wg).
Since the projector Px acts only on the spatial coordinate, we can bound the two tensor terms separately.
Consider the first term involving 3. We use the property that the scalar operator 81 maps the subspace
ran(Px) into itself and that T(@) acts only on velocity, hence preserving ran(Py). Thus, for any f € ran(Px),
(I — Px)(BTf) =0. We write:

(I=Px)(BTf) = (I = Px)((B=B) T f).
Since ||[I — Px||* < 1, we bound the norm of the above:

(I = Px)(BT )L, < 18 =B) T LIk, < 116Bllool[ T2 N1 £1%,-

For the second term involving 37!, we similarly choose the scalar constant 3~'. The spatial coefficient
variation is bounded algebraically:

-1 _ 31 _ B_ﬁp
5 =871=153

Thus, [|(1 = Px)(B~" T )2, < CallaBlloc [T £
Finally, we bound the velocity operators. By applying the triangle inequality to the difference stencils defined
above, we observe that each operator acts on neighboring grid points with weights bounded by ayax (or a ! ).

min
A direct estimation of the induced norms yields:

1 _
= 7|ﬁp = Bl < Cs168]| -
P

2

zanlax
Omin Av2

1T < and [T/} <

Combining these estimates with the spatial bounds yields the total constant xj defined in (5.10). g
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5.3. Main results

We now prove the AP property. We assume the formal asymptotic regime 0 < ¢ < At < 1, wherein the
numerical solution f and its discrete derivatives are treated as bounded (smooth) O(1) quantities. Throughout
this analysis the spatial and velocity grids are fixed; consequently, constants such as 7, and x; may depend on
Ax and Awv, but are required to be independent of . Additionally, we require that the field fluctuation is small
relative to the dissipation gap:

Assumption 5.1 (Small-fluctuation regime). We assume that the field fluctuation kp (defined in Proposi-
tion 5.2) satisfies

kML < (5.11)

max

. .. oy n+l .__ n+1 n+1
where 7y, is the coercivity constant from Proposition 5.1 and M7 = max{ max, o My, max, 4 Mp7q+1/2},

an upper bound that controls both the cell-centered and half-grid Mazwellian values used in the proof.

Theorem 5.3 (AP property up to spatial fluctuation). Let f"*1 be the low-rank solution obtained after
the L-step update. Let p"+t1 = (f"+1 1) be the macroscopic density vector. Let G"*1 denote the discrete
residual defined by the time difference and advection operators (see (5.14)). Under Assumption 5.1 and the
formal asymptotic regime assumptions (implying ||G"HL||k, = O(1)), let © ==,/ (v — K M2EL) > 1. Then,
the Fokker—Planck residual satisfies

e DI, < O(eem 1, + w1 ) 512
and
+1
7= L, < 2 o (G, + ML VL ). (519

Proof. We focus our analysis on the L-step because it determines the final state f?*1. Recall the L-step update
(4.6) projected onto the updated spatial basis XZ’H:

L?Jrl B LEQ) (2) n+1\h 1 n+1/ en+1 n+1\h
A (An(f*), X2 + g<£h (f"), X7 )g

Multiplying by X 1-"“ and summing over i, we reconstruct the full distribution update projected onto the spatial
subspace. Let P;‘H be the orthogonal projector onto span{X i"‘H}. Rearranging the update equation to isolate
the Fokker—Planck term yields:

fnJrl _ f(2)
eli— 4

P;é+1£2+1(fn+1) — At

— PET AR(FP)] (5.14)

=Gntt

In the assumed asymptotic regime, the term G™*! depends only on bounded transport and time-difference
operators acting on the smooth solution; thus, |[G"*1||2 = O(1) as e — 0.
We now decompose the Fokker—Planck operator image into projected and orthogonal components:
1 h 1 1 h 1
£ O, < PR LR ), + 1T = PEHLT (|

rv —

h

zv’

From (5.14), the projected component is exactly £[|G™*1||",. For the orthogonal component, since ™1 lies in
the range of Pit!, Proposition 5.2 bounds the orthogonal component by sy, || f* |2, .
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To utilize the coercivity estimate, we use the micro-macro decomposition f"*! = prtlpr+l 4 gntl We
bound the state norm by

LF s < o™ MR, + g™ Ry < Midhd v/ Lollo™ I + g™ Iz,

v — _ max
We now test the operator against the relative fluctuation g"**/Mn"*!. Proposition 5.1 provides the lower
bound —(LPTH(frHL), gnH /MY >y g /M2, Conversely, decomposing £ into eG™ ! + (I —

v —

P LI and testing against g™ ! /M™+! yields an upper bound:

n n n h n n n n
(LR, g M) L < (NG Gy + mnll ) g M

v — v

< (2IG™H8, + m [MEEET 1 + g™, ] g™ /M

Using the inequality [|g"*!|[%, = [[M" (g™t /M), < Myl [|gn*tt /M |}, we can absorb the [g"*||

max

term. Assuming ||g"*1/M" ||k > 0, we divide by ||g"t1/M" 1|2 and rearrange terms:

(v = s Myl /MR, < |G, + mn Mot v/ Lo llp" 1

max v —

Identifying the amplification factor © = 73, /(y, — kp ML), we obtain the bound for |g"*!/M"*Y||" . The

max

distance to equilibrium is simply ||f"+! — pntiMnH |k = ||gntL||h, < MY gn /M| which yields

v — max TV’

(5.13). The residual bound (5.12) follows by substituting this back into the norm decomposition of L. O

Remark 5.4. If the electric field is spatially constant (even if large), we may choose 3 = Bp, implying 68 =0
and kp, = 0. In this case, the error is purely O(g), recovering the strong AP property. More generally, if the
field fluctuation scales as k, = O(e) for bounded density at the fixed mesh, then both terms in (5.13) are O(¢)
and the strong AP property is recovered. For a general x;, Theorem 5.3 gives a relaxation estimate of order
0(6) + O(Hh).

Remark 5.5. The analysis in this section assumes the electric field E**! is given and fixed during the kinetic
update. In the full VPFP system, E is coupled to p via the Poisson equation. A complete AP analysis of the fully
nonlinear coupled system would require accounting for errors in the macroscopic field solver, which is beyond
the scope of this work.

Remark 5.6. Although Theorem 5.3 only proves AP property up to the spatial fluctuation O(ky), we observe
in the numerical experiments that the first-order scheme exhibits an AP error of O(e), regardless of the field
fluctuation.

6. NUMERICAL EXPERIMENTS

We validate the accuracy, efficiency, and AP property of the proposed first-order and second-order low-rank
IMEX schemes. All numerical tests are performed in a 1D1V phase space with periodic boundary condition in
x and zero flux boundary condition in the truncated velocity domain [—6, 6].

6.1. Convergence and AP tests

We consider two types of initial data:
Nonequilibrium initial data (used for the first-order scheme). We take a shifted Gaussian in v with a spatially
varying density,

S (,0) = po(\/;ﬂ) exp(— (1)215)2>, p’(z) = V2r (2 + cos(2mz)), =z €[0,1],
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and the background charge

_ 2V2m 6003(27\'3:)

i) = In(1)

so that the neutrality condition fol(po —n)dz = 0 holds. Here, I denotes the modified Bessel function of the
first kind of order zero, and Iy(1) ~ 1.2661. The initial electric field EY is obtained from the Poisson equation

—0a0” = p"(2) —n(z), E°(x) = —0u0".

Equilibrium initial data (used for the second-order scheme). For the second-order scheme, the AP property
in the full-tensor framework is guaranteed when the initial data is close to the equilibrium. Accordingly, for the
second-order low-rank scheme, we consider equilibrium initial data of the form

_ @) (v — E°())?
f(?q(xﬂv) - exp<—2>7

Ver

where p°(x) and EY(x) are the same as above.

Let ||-|/1  denote the discrete L' norm in phase space induced by the (z,v) grid and |- |/;1 the
corresponding L' norm in v at fixed . To measure the convergence rate in time, we consider a sequence of time
steps

At
Atg> Aty > - > Atg, Alpyq = Tk
and for each k we evolve the scheme up to a fixed final time T with time step A¢y. The time-discretization error
at level k is defined by the difference, at the same final time 7', between two complete simulations carried out
independently with two successive time-step sizes At and Atgy1 = Aty /2,

Enen(T) = [|130(T) = 02T, . (6.1)

If the scheme is pth-order accurate in time, then for small Aty one expects Eay, (T') = C (Aty)P, so the slope of
Eat, (T) versus Aty on a log-log plot reflects the observed convergence rate p.

To assess AP property, we quantify the deviation of f from its local Maxwellian p(x,t)M (z,v,t) and monitor
the global discrete L} , error

z,v

EAP(t) = Hf(’ 'at) - p('vt)M('v ’7t)||Lalv’v' (62)

First-order scheme. For the first-order low-rank IMEX scheme, we use (N, N,) = (64, 64) and rank r = 10.
We consider both the kinetic regime ¢ = 1 and the high-field regime ¢ = 1075, For the time-step convergence
study we take

At

5 k=0,...,4, Tmax=05x1075.

Atg=1073, Atpy =
Figure la shows Eat, (Tmax) versus Aty on a log-log scale. The observed slopes are close to one for both e =1
and ¢ = 1079, indicating first-order convergence in time that is essentially uniform with respect to .

For the AP test, we fix At = 2.5 x 1073, Tjhax = 0.1, and 7 = 10, and monitor the global AP error £4p(t)
defined in (6.2). As shown in Figure 1b, the error decays rapidly over a few time steps and then saturates at a
level proportional to €. This behavior is consistent with the AP property of the first-order full-tensor scheme,
indicating that the low-rank formulation retains robustness to nonequilibrium initial data.
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FIGURE 1. Time-step convergence and AP property for the first-order (top) and second-order
(bottom) low-rank IMEX schemes. (a) First-order: convergence of f ws. At for e =1 and
e = 107°. (b) First-order: global AP error £4p(t) over time. (c) Second-order: convergence of
f vs. At for e =1 and e = 1075. (d) Second-order: global AP error £4p(t) over time.

Second-order scheme. For the second-order low-rank IMEX scheme, we again use (N, N,) = (64, 64). When
e =0(1), there is no guarantee that the solution is close to an equilibrium manifold. To separate time-
discretization error from rank-truncation error in the convergence study, we therefore use a slightly larger rank
r =15 for € = 1. When ¢ is very small, the solution is expected to remain close to a local Maxwellian; in this
case, we choose a smaller rank r = 6 for ¢ = 1076 to illustrate the efficiency of the low-rank approach in the
fluid regime. The time-step convergence study uses

At
Aty =5x107%, Aty = Tk
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FIGURE 2. Mixed-regime test: comparison of macroscopic density (top row) and electric field
(bottom row) between the full-tensor reference solution (solid lines) and the first-order low-
rank IMEX scheme (circles) at ¢ = 0.10 and ¢ = 0.30. (a) Density at ¢ = 0.10. (b) Density at
t = 0.30. (c) Electric field at ¢ = 0.10. (d) Electric field at ¢ = 0.30.

Figure 1c reports Eat, (Tmax) versus Aty. The measured slopes are close to two for both values of ¢, confirming
second-order convergence in time and suggesting that the order is essentially uniform in the kinetic and fluid
regimes.

For the AP test, we fix At =5 x 1075 and Tiax = 2 x 1073, and monitor £4p(t). The results in Figure 1d
demonstrate rapid relaxation toward the local Maxwellian with a plateau at a level proportional to &, consistent
with the AP theory for the second-order, full-tensor scheme.

6.2. Mixed regime

In the rest of the tests, we use the first-order low-rank IMEX scheme.
We prescribe a spatially varying Knudsen number

e0=1073 =z e€[-1,1],

() g0 + 5 (tanh(5 — 10x) + tanh(5 4+ 10z)), = < 0.3,
e(z) =
€0, x> 0.3,
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FIGURE 3. Phase plots in the mixed-regime test: full tensor, low-rank, and absolute difference.
(a) Full model. (b) Low-rank model. (¢) | ftun — fiow|-
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(a) e(z) profile. (b) Eap(x,t) at t = 0.10. (c) Eap(z,t) at t = 0.30.

FIGURE 4. Spatial profiles for the mixed-regime test: (a) the Knudsen number e(x); (b) and
(c) the pointwise AP error E4p(z,t) at t = 0.10 and ¢ = 0.30, respectively.

so that the left part of the domain has () of order one, while the right part has a smaller, nearly constant
value () =~ €g. The initial density and distribution are

p(x) = \/TQ?(Q-i—sin(wx)), Oz v) = f’\(ﬁ;; exp<_ (U—EQ(LU))>

with background charge
77(-73) — Cﬁ ecos(mc)7

where the constant C), is chosen so that the neutrality condition

| @)= ) de =0

-1

holds (numerically, C,, ~ 0.6599). Thus, f° is a local Maxwellian with density p°(z) and field E°(x). We use
N, =100, N,, = 128, a time step At = 107, and a moderate fixed rank r = 13 for the low-rank approximation.

Figure 2 illustrates the density and electric field at ¢ = 0.10 and ¢ = 0.30, demonstrating that the low-rank
scheme accurately reproduces the macroscopic evolution in both regions. Figure 3 compares the phase portraits
of the full-tensor reference solution and the low-rank solution, alongside their absolute difference at the final time.
The low-rank scheme exhibits excellent agreement with the full-tensor benchmark. These results confirm that
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FIGURE 5. Bump-on-tail test: macroscopic density and electric field in the kinetic (¢ = 0.10,
g0 = 1) and fluid (¢ = 0.50, g9 = 107°) regimes. (a) Density at ¢t = 0.10, o = 1. (b) Electric field
at t = 0.10, 9 = 1. (c) Density at t = 0.50, g9 = 107°. (d) Electric field at ¢ = 0.50, g9 = 107°.

a moderate rank is sufficient to effectively capture the dominant phase-space structures in both the order-one
and small-e(x) subdomains.
Finally, Figure 4 reports the spatial profile of e(z) together with the pointwise AP error

Eap(x,t) = | f(z,- 1) — p(x, )M (z, -, 1) Ly

at t = 0.10 and ¢ = 0.30. The error is of order O(e(x)), consistent with the expected AP behavior and with the
mixed-regime results for the full-tensor reference scheme.
6.3. Bump-on-tail instability

The bump-on-tail instability (adapted from [7]) serves as a nonlinear kinetic benchmark. The initial
distribution consists of a thermal background and a cold shifted beam:

_ (v=15)*
2Too1a ) Tcold =5 X 1073,

oz, v) = G (6_1}; +e
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FIGURE 6. Bump-on-tail phase space plots at ¢ = 0.10 in the kinetic regime (gg = 1). (a) Full
model (¢ = 0.10). (b) Low-rank model (¢ = 0.10). (¢) | frun — fiow| (t = 0.10).
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FIGURE 7. Bump-on-tail phase space plots at t = 0.50 in the fluid regime (g9 = 107°). (a) Full
model (¢t = 0.50). (b) Low-rank model (¢t = 0.50). (¢) |frun — fiow| (t = 0.50).

with spatially localized density and background charge

pO(x):O'g_i_eXp(_(x_o'?))), 77(3;):0.3+6Xp<—($;.(§)1‘6)>;

The Knudsen number is uniform: e(z) = 9. We take N, = 100, N,, = 128, time step At = 1073, and rank r = 6.
We examine two regimes:

— Fluid regime: ¢y = 1079, final time T = 0.5;
— Kinetic regime: ¢y = 1, final time 7" = 0.1.

The rank 7 = 6 is deliberately small relative to (N, N,) in order to demonstrate that the first-order low-rank
IMEX scheme can capture the main bump-on-tail dynamics with only a few modes. We note that Coughlin
and Hu [7] simulated this same benchmark using a quotient-based DLR method for f/M; while their approach
is optimally efficient (r &~ 3,4) in the fluid limit, it requires significantly higher ranks (r = 20) to capture the
nonequilibrium dynamics in the kinetic regime. In contrast, our proposed method maintains high accuracy with
a consistently small rank (r = 6) across both regimes.

Figure 5 displays the macroscopic density and electric field. The first-order low-rank IMEX scheme yields
stable results that are consistent with the full-tensor reference solutions in both kinetic and fluid regimes. This
confirms that the method effectively captures the correct macroscopic dynamics in these scenarios.
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FIGURE 8. Bump-on-tail AP error £4p(t) over time for the first-order low-rank scheme in fluid
and kinetic regimes. (a) Eap(t) vs. t (fluid, g = 1076). (b) Eap(t) vs. t (kinetic, g9 = 1).

To visualize the phase-space dynamics, Figures 6 and 7 show phase space plots of the full-tensor reference
solution, the low-rank solution, and their absolute difference at representative times in the kinetic and fluid
regimes, respectively. In the kinetic case (¢ = 0.10, g = 1), the low-rank solution approximates the full-tensor
reference solution well, accurately capturing the phase-space structures. In the fluid case (t = 0.50, gg = 1079),
the phase-space distribution has nearly relaxed to a local Maxwellian, and the low-rank approximation is
extremely accurate across the domain.

Finally, Figure 8 plots the global AP error £4p(t) for both regimes. In the fluid case (eg = 107°), the error
decays rapidly and remains very small, indicating fast relaxation to the local Maxwellian shape. In the kinetic
case (g9 = 1), the deviation remains larger but bounded, reflecting the persistent kinetic structures associated
with the bump-on-tail instability.

7. CONCLUSIONS

We have presented a DLR method for the Vlasov—Poisson—-Fokker—Planck system that effectively addresses
both the curse of dimensionality and the stiffness of the high-field regime. The cornerstone of this method is a
conservative, separable discretization of the Fokker—Planck operator. By constructing a three-point stencil where
coefficients factor into space—only and velocity-only components, we enable the efficient implicit treatment of the
Fokker—Planck operator directly on the low-rank manifold without requiring expensive full-tensor reconstruction.
To handle the stiffness within the low-rank framework, we proposed both first-order and second-order schemes
using proper IMEX treatment to ensure stability. We provided a theoretical analysis for the first-order low-
rank scheme, proving an AP property in the case of small spatial field fluctuations. Numerical benchmarks
demonstrate that the proposed methods are asymptotically preserving and robust, maintaining the reduced
computational and storage cost while accurately capturing macroscopic limits and kinetic structures at modest
ranks. Extending the present separable AP IMEX construction to alternative DLR time integrators, such as
BUG-type schemes [5, 6] which avoid the backward-in-time S-step entirely and admit rank-adaptive variants,
is a natural direction for future work.

FuNDING

This work was partially supported by DOE Grant DE-SC0023164, NSF Grants DMS-2409858 and 11S-2433957, and DoD
MURI Grant FA9550-24-1-0254.



1738 S. ZHANG AND J. HU

DATA AVAILABILITY STATEMENT

The code reproducing the numerical experiments in this paper is publicly available in a GitHub repository: https://
github.com/shzhang3/DLR-VPFP.

[1]
2]
3]
[4]
[5]

REFERENCES

A. Arnold, J.A. Carrillo, I. Gamba and C.-W. Shu, Low and high field scaling limits for the Vlasov— and Wigner—
Poisson—Fokker—Planck systems. Transp. Theory Stat. Phys. 30 (2001) 121-153.

B. Carrel, D. Kressner, H.Y. Lam and B. Vandereycken, Interpolatory dynamical low-rank approximation: theoretical
foundations and algorithms. Preprint arXiv:2510.19518 (2025).

J.A. Carrillo, L. Wang, W. Xu and M. Yan, Variational asymptotic preserving scheme for the Vlasov—Poisson—
Fokker—Planck system. Multiscale Model. Simul. 19 (2021) 478-505.

C. Cercignani, .M. Gamba, J.W. Jerome and C.-W. Shu, Device benchmark comparisons via kinetic, hydrodynamic,
and high-field models. Comput. Methods Appl. Mech. Engrg. 181 (2000) 381-392.

G. Ceruti, J. Kusch and C. Lubich, A rank-adaptive robust integrator for dynamical low-rank approximation. BIT
Numer. Math. 62 (2022) 1149-1174.

G. Ceruti and C. Lubich, An unconventional robust integrator for dynamical low-rank approximation. BIT Numer.
Math. 62 (2022) 23-44.

J. Coughlin and J. Hu, Efficient dynamical low-rank approximation for the Vlasov-Ampére-Fokker-Planck system.
J. Comput. Phys. 470 (2022) 111590.

A. Dektor and L. Einkemmer, Interpolatory dynamical low-rank approximation for the 3+ 3d Boltzmann-BGK
equation. J. Comput. Phys. 547 (2026) 114515.

Z. Ding, L. Einkemmer and Q. Li, Dynamical low-rank integrator for the linear Boltzmann equation: error analysis
in the diffusion limit. SIAM J. Numer. Anal. 59 (2021) 2254-2285.

J.P. Dougherty, Model Fokker-Planck equation for a plasma and its solution. Phys. Fluids 7 (1964) 1788-1799.

L. Einkemmer, J. Hu and J. Kusch, Asymptotic-preserving and energy stable dynamical low-rank approximation.
SIAM J. Numer. Anal. 62 (2024) 73-92.

L. Einkemmer, J. Hu and Y. Wang, An asymptotic-preserving dynamical low-rank method for the multi-scale
multi-dimensional linear transport equation. J. Comput. Phys. 439 (2021) 110353.

L. Einkemmer, J. Hu and S. Zhang, Asymptotic-preserving dynamical low-rank method for the stiff nonlinear
Boltzmann equation. J. Comput. Phys. 538 (2025) 114112.

L. Einkemmer, K. Kormann, J. Kusch, R. McClarren and J.-M. Qiu, A review of low-rank methods for time-
dependent kinetic simulations. J. Comput. Phys. 538 (2025) 114191.

F. Filbet and S. Jin, A class of asymptotic-preserving schemes for kinetic equations and related problems with stiff
sources. J. Comput. Phys. 229 (2010) 7625-7648.

M. Frank, J. Kusch and C. Patwardhan, Asymptotic-preserving and energy stable dynamical low-rank approximation
for thermal radiative transfer equations. Multiscale Model Simul. 23 (2025) 278-312.

S. Jin, Efficient asymptotic-preserving (AP) schemes for some multiscale kinetic equations. SIAM J. Sci. Comput.
21 (1999) 441-454.

S. Jin, Asymptotic-preserving schemes for multiscale physical problems. Acta Numer. 31 (2022) 415-489.

S. Jin and L. Wang, An asymptotic preserving scheme for the Vlasov-Poisson-Fokker-Planck system in the high
field regime. Acta Math. Sci. 31 (2011) 2219-2232.

S. Jin and B. Yan, A class of asymptotic-preserving schemes for the Fokker-Planck-Landau equation. J. Comput.
Phys. 230 (2011) 6420-6437.

0. Koch and C. Lubich, Dynamical low-rank approximation. SIAM J. Matriz Anal. Appl. 29 (2007) 434-454.

J. Kusch, L. Einkemmer and G. Ceruti, On the stability of robust dynamical low-rank approximations for hyperbolic
problems. SIAM J. Sci. Comput. 45 (2023) A1-A24.

C. Lubich, From Quantum to Classical Molecular Dynamics: Reduced Models and Numerical Analysis. European
Mathematical Society, Ziirich (2008).

C. Lubich and I.V. Oseledets, A projector-splitting integrator for dynamical low-rank approximation. BIT Numer.
Math. 54 (2014) 171-188.

J. Nieto, F. Poupaud and J. Soler, High-field limit for the Vlasov-Poisson-Fokker-Planck system. Arch. Ration.
Mech. Anal. 158 (2001) 29-59.


https://github.com/shzhang3/DLR-VPFP
https://github.com/shzhang3/DLR-VPFP

[26]

[27]
(28]
29]

[30]

A SEPARABLE AND ASYMPTOTIC-PRESERVING DYNAMICAL LOW-RANK METHOD FOR THE VPFP SYSTEM 1739

F. Poupaud, Runaway phenomena and fluid approximation under high fields in semiconductor kinetic theory.
ZAMM-Journal of Applied Mathematics and Mechanics/Zeitschrift fir Angewandte Mathematik und Mechanik 72
(1992) 359-372.

F. Poupaud and J. Soler, Parabolic limit and stability of the Vlasov—Fokker—Planck system. Math. Models Methods
Appl. Sci. 10 (2000) 1027-1045.

C. Villani, A review of mathematical topics in collisional kinetic theory. In Handbook of Mathematical Fluid
Dynamics, Vol. 1. North-Holland (2002) 71-305.

S. Zhang and J. Hu, On the stability of the low-rank projector-splitting integrator for hyperbolic and parabolic
equations. Preprint arXiv:2507.15192 (2025).

S. Jin and Y. Zhu, Hypocoercivity and uniform regularity for the Vlasov—Poisson—Fokker—Planck system with
uncertainty and multiple scales. STAM J. Math. Anal. 50 (2018) 1790-1816.

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model (S20). We
are thankful to our subscribers and supporters for making it possible to publish this journal in open
access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal donation
to the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports, is available at
https://edpsciences.org/en /subscribe-to-open-s2o.


mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	A separable and asymptotic-preserving dynamical low-rank method for the Vlasov--Poisson--Fokker--Planck system
	1 Introduction
	2 DLR formulation for the VPFP system
	3 Separable discretization of the Fokker--Planck operator and its low-rank projection
	3.1 Construction of the separable stencil
	3.2 Low-rank projection

	4 Time discretization and the fully discrete low-rank scheme
	4.1 A first-order scheme
	4.2 A second-order scheme

	5 AP analysis
	5.1 Notation and micro--macro decomposition
	5.2 Key operator properties
	5.3 Main results

	6 Numerical experiments
	6.1 Convergence and AP tests
	6.2 Mixed regime
	6.3 Bump-on-tail instability

	7 Conclusions
	Funding
	References


