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Abstract

In this work, a new Virtual Element Method (VEM) of arbitrary order k > 2 for the time
dependent Navier-Stokes equations in stream-function form is proposed and analyzed. Using
suitable projection operators, the bilinear and trilinear terms are discretized by only using
the proposed degrees of freedom associated with the virtual space. Under certain assumptions
on the computational domain, error estimations are derived and shown that the method is
optimally convergent in both space and time variables. Finally, to justify the theoretical
analysis, four benchmark examples are examined numerically.
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1 Introduction

In this work, we study a Virtual Element Method (VEM) for a fourth order nonlinear problem
arising in the numerical discretization of the Navier-Stokes problem. The VEM, introduced in [6],
is a generalization of the Finite Element Method (FEM) which is characterized by the capability
of dealing with very general polygonal/polyhedral meshes, and it also permits to construct in a
straightforward way highly regular discrete spaces. Indeed, by avoiding the explicit construction
of the local basis functions, the VEM can easily handle general polygons/polyhedrons without
complex integrations on the element (see [7] for details on the coding aspects of the method). The
VEM has been applied successfully for problems in fluid mechanics; see for instance [1, 10, 18, 24,
26, 30, 34, 33, 17, 39, 41], where Stokes, Brinkman, Stokes—Darcy and Navier-Stokes equations
have been recently developed.

The Navier-Stokes system is a paradigm of fluid flow problems. Usually, the variables w and
p denote the velocity and the pressure field, respectively. It is proved that if the body force f
and the initial data ug are smooth enough and the boundary of domain Q is locally Lipschitz
continuous, then the two dimensional non stationary Navier-Stokes problem has weak solution. In,
[38], Temam showed that w € L>(0,T; [H*(Q)]?) with the assumption that f and initial data ug
are suitably smooth. Since the model problem consists of nonlinear term, it is not straightforward
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to find analytical solution. Therefore, numerical approximation is the only available option in the
majority of the cases found in practice, which involves very difficult initial and boundary conditions.
A large amount of articles are contributed to improve the effectiveness of numerical schemes, the
computer resolution of Navier-Stokes equations still challenges the applied mathematician and
scientist. In this article, we have attempted to develop a VEM scheme for a time dependent
stream-function formulation of the Navier-Stokes equations.

In the proposed formulation, the stream-function is the principal unknown of the system [27,
28]. Salient features in formulations of this kind include that: there is only one scalar variable,
the incompressible condition is satisfied automatically, the stream-function is one of the most
useful tools in flow visualization. On the other hand, we note that the velocity and pressure
are not present in the formulation. However, the velocity can be easily obtained by a simple
postprocess from stream-function. In 1979 in [27] the standard weak formulation was presented
for the first time in terms of the stream-function for the Navier-Stokes equations, in this direction
in [20] the authors present conforming finite element method for the steady formulation, including
an algorithm for pressure recovery. More recently, in [25] a C! finite element method based
on the Argyris element has been proposed for the stationary quasi-geostrophic equations, which
corresponds to an extension of a stream-function formulation for the Navier-Stokes problem.

It is well-known that conforming finite element methods to solve the fourth order problems
require C'-continuity. The construction of finite elements with such regularity is not straight-
forward (see [23]). However, this can be easily achieved by using the virtual element strategy.
More precisely, we will follow the VEM approach presented in [16, 21] (see also [12, 8, 35, 36]) to
build global discrete spaces of H2(§2) of arbitrary order to solve the time dependent fourth order
nonlinear problem.

There are some works for the approximation by VEM for fluid flow problems using the stream-
function formulation. In [4] a C'! conforming virtual element method has been presented to solve
the Stokes problem on general polygonal meshes. More recently, a 2D Stokes complex structure
for the VEM was analyzed and a discrete curl formulation of the Navier-Stokes problem has been
obtained in [13]. The extension to the 3D case of the Stokes complex structure for the VEM has
been presented in [9].

The goal of this paper is to propose a conforming C' virtual element method to solve con-
tinuous weak formulation (2.5) (will be defined in Section 2) and to prove that the method is
optimally convergent in both space and time variables. More precisely, we will propose a new
VEM discretization to solve the time dependent Navier-Stokes problem written in terms of the
stream-function variable. We consider a primal variational formulation of the problem written in
H?(Q). Then, we propose a direct C! global virtual element subspace of arbitrary order k > 2 to
be used in the semi-discrete and fully-discrete formulations. We construct projection operators in
order to write bilinear and trilinear forms that are fully computable. In particular, to discretize
the trilinear form, we propose a form which does not need any stabilization. We prove that the
fully-discrete problem is well-posed by using fixed point arguments and assuming that the data is
in a certain sense small enough. Then, we obtain optimal rate of convergence in H?(Q) for the
proposed discretizations by using an adequate projection operator and under standard assumptions
on the computational domain. In addition, the velocity field is then obtained from the discrete
stream-function by a postprocess. In a summary, the advantages of the present method are: the C!
conforming virtual space can be built with a straightforward construction due to the flexibility of
the VEM and it provides a very competitive alternative to solve the time dependent Navier-Stokes
problem on polygonal meshes.

The rest of the paper is organized as follows: In Section 2, the model problem and the continuous
weak formulation are defined. Using the stream-function formulation, we rewrite the continuous
weak formulation that is nonlinear time dependent biharmonic problem. Further, the basic settings
of the functional analysis and the assumptions required to develop the theory are also highlighted.



In Section 3, we introduce the virtual element subspaces, the polynomial projection operators
and the discrete forms which are exploited to construct the discrete schemes. In Section 4, the
semi-discrete and fully-discrete schemes are introduced and the well posedness of the schemes
are also discussed. A priori error estimates for the semi-discrete and the fully-discrete schemes
are investigated in Section 5. The theoretical convergence rates are justified with four numerical
examples in Section 6.

2 Preliminaries and the model problem

Let Q C R? be a simply connected polygonal domain with boundary I' := 992. We denote by L?(9),
the space of square integrable scalar functions with the standard inner product (¢, ¢)o.q = fQ Po.
For each positive integer s € N, we define H*(Q2) [2], the Sobolev space with standard norm

1/2
16]s.0 :=< > ||3a¢||3,sz> :

0<a<s

where « is multi index and 0“¢ denotes o? partial derivative of ¢. Let ¢ denote the time variable
taking values in the interval I := (0, T, where T is a given final time. Moreover, the function space
L2(0,T; H*(2)) consists of scalar functions ¢ such that for almost all ¢ € [0,7], ¢(-,t) € H*(Q)
[15] with the norm,

T 1/2
ol 20,1, 12 () = (/0 H¢(@H§Q) i 19l Le 0,1 H () = eSStS<L}[I)||¢(t) 5,Q-

0<

In addition, given any Hilbert space V, we will denote by [V]? the space of vectors functions

2
with entries in V (see [2]). Further, we define 0i¢p := % , O = %, div ¢ := % + %,
curl ¢ := (%, —37), D%¢ := (8;;0)1<i,j<2 denotes the Hessian matrix of ¢, and 9,¢ := V¢ - n,
where n is outward normal vector. For second order tensor fields o, 7 : Q — R?*2, we define

scalar product : : R2*2 x R?*2 — R by

g:.T .= Z TiiTij,

1<i,j<2

where o;; and T;; are the entries at (¢, j)-th position of o and T, respectively.

2.1 Model problem

We consider the time-dependent Navier-Stokes problem (for more details, see for instance [28, 37]):
given a sufficiently smooth force density f € [L?(Q)]?, we seek (u(t),p(t)) such that:

ou—vAu+(u-Viu+Vp="~ in Q,
divu =0 in €,

u=20 on I, (2.1)
(pu l)O,Q = 07
u(0) = uy,

where u, p are the velocity and the pressure fields, respectively, and v > 0 is the viscosity of the
fluid. We introduce the following Hilbert spaces:

H={veH'(Q)]P:v=0 on I},



and
Q= {q€L*Q) : (¢.1)00 =0}

The standard velocity-pressure variational formulation of the Navier-Stokes problem reads as fol-
lows: find (u(t),p(t)) € H x @, such that

/8tu'v—|—1//Vu:Vv—F/(u'V)u'v—/pdivv:/f-v Vv € H,
Q Q Q Q Q

(2.2)
/qdivu:() Vq € Q.
Q

It is well known that (2.2) admits a unique solution (see [28]). Let us introduce the following space
of functions in H with vanishing divergence

Z:={veH:divv=0}.

Then, (2.2) can be rewritten in the following form: find u(t) € Z such that

/Btu-v—i—u/Vu:Vv—i—/(u-V)u-v:/f-v Yv € Z.
Q Q Q Q

Now, we reformulate the above problem as follows: since €2 is a simply connected domain, a
well known result states that a vector function v € Z if and only if there exists a scalar function
o € H?() (called stream-function) such that

v =curlyp € H.

The function ¢ is defined up to a constant. Thus, we consider the following space

H3(Q):={peH*(Q):¢p=0,0p=0 on T}.

We endow HZ () with the natural norm || [|2,o. Then, (2.2) can be formulated as follows: find
P(t) € H3(Q) such that

/8t(curlw)~curl¢+1//Aqu/)—&—/churlz/)-V(b:/f-curl¢ Vq’)EHg(Q),
Q Q Q Q

(2.3)
$(0) = o.
Now, we introduce the following trilinear form as follows,
C(s--)  H3(Q) x HF (Q) x H§(Q) — R,
(2.4)

C(v;1, ¢) = /QAvcurlw -Vo.

It is observed that C(v; ¢, ¢) = 0 and C(v; ¢, ¢) = —C(v; ¢, ). An application of Holder inequality
and the Sobolev’s embedding theorem H!() < L*(Q), we have

"(/)||27Q||¢||2,Q V’U,’(/),¢ € HQ(Q)

Further, let X’ be the dual space of X. For any smooth enough function u,v € HZ(£), we define
the function G(u,v) € H=2(Q) = [HZ(Q)]’ such that

C(v;9, ) < Co(Q) |lv

2,0

(G(u,v),w)_22q:=C(u;v,w) Ywe Hg(Q),



where (-, ) 52 o denotes duality pairing between H~2(Q2) and HZ(£2). It can be easily deduced
that
1G(u, u)]|~2,0 < Co(Dul3q  Yue HF(S).

Since 0¢(curl ¢) = curl (9y¢), problem (2.3) above can be written as follows: For a given
function £ € L2(0,T;[L*(2)]?) and ¢y € HZ(Q), the continuous weak formulation is defined as
find v € L2(0,T; H3(€)) such that

A0y, ) + vB(¥, ) + C(h; 9, ¢) = F(¢) Vo € Hi (1), (2.5)
¥(0) = o,

where 9(t) € HZ(S2) is the stream-function of the velocity field u(t) € Z ( i.e., u = curl ) and

A(-) s HE(Q) x HZ(Q) — R, A, @) :z/curlz/)-curlqb Vih, ¢ € HE(Q), (2.6)
Q

B(): HAQ) x HAQ) >R, B(b,0) = / AYAG vi,6 € BIQ),  (27)
F(): H3(Q) = R, F(¢) := / f-curl ¢ Yo € H3(Q). (2.8)
Q
Note that
B¢, 9)| < |¥ll2alldllee Vi, ¢ € HF (),

and
B(¢,¢) > C |93 0 V¢ € Hi(Q),

where C' is a positive generic constant. Next, we would like to discuss the well-posedness of
continuous weak formulation (2.5).

Theorem 2.1 Let f € L*(0,T;[L*(Q)]?) and vo € HZ(Q). Then, there exists a unique solution
€ L?(0,T; HE(Q)) of problem (2.5).

Proof. For detail proof, we refer to [31, Theorem 2.1] (see also [14]). O

3 Virtual element method

Let {71}, be a sequence of decompositions of € into general polygonal elements K. Let hx denote
the diameter of the element K and h the maximum of the diameters of all the elements of the
mesh , i.e., h := maxge7, hix. In what follows, we denote by Nk the number of vertices of K, by
e a generic edge of 7, and for all e € 0K, we define a unit normal vector n% that points outside
of K and a unit tangent vector t% to K. Further, we denote by h. the length of the edge e. For
each vertex V;, we associate a characteristic length hy, which is the average of the diameter of the
elements having V; as a vertex.

For the theoretical analysis, we will make the following assumptions: there exists a real number
C7 > 0 such that, for every h and every K € Ty,

Assumption 1
a) the ratio between the shortest edge and the diameter hx of K is larger than Cr;

b) K €Ty, is star-shaped with respect to every point of a ball of radius Crhy.



3.1 Local and global virtual spaces

Now, for any subset D C R? and non negative integer k, we will denote by P (D) the space of
polynomials of degree up to k defined on D. Then, for (s1,s2) € N x N, we define the set of scale

monomials as
_ S1 _ S2
MiE) =3¢ ¢ = (T24) (L22) s=si4 s,
hi hi

where (z4,ya) denotes centroid of K. Then, we define M(K) := Uj<s M7 (K) as a basis of Ps(K).
Analogously, we consider the set of the scaled monomials defined on each edge e:

L 5_56 g_ge 2 f_ge )
Ms(e).—{l, e () e (5 )}

where &, is the midpoint of e.

Then, for any & > 2 and for every polygon K € 7Ty, we introduce the following preliminary
local virtual space:

Va(K) = {¢n € H*(K) : A°¢y, € Pia(K), nlox € C°(OK), énle € Pr(e) Ve € OK,
Vonlox € [CO(OK)]?, Ons, ¢nle € Pale) Ve € 9K},

where r := max{3,k} and o := k — 1.

Next, for a given ¢y, € ‘7h(K ), we introduce five sets Dy — Dy of linear operators from the local
virtual space V;,(K) into R.

e D, : contains linear operators evaluating ¢; at the Ng vertices of K;

e D, : contains linear operators evaluating hy, Vo, (V;) for all vertices V; of K, where 1 < i < N;

1
e Dj : for r > 3, the moments W /Q(C)@L(C) g Vg € M,_4(e), Vedge e;

e Dy : for o > 1, the moments /q(C)@n;QSh(C) d¢ Vg € Mqo_2(e), Vedgee;

€

1
e Ds : for k > 4, the moments hT/ q(x)pn(x) de Vg € Mp_4(K), Vpolygon K.
K JK

In order to construct the discrete scheme, we first observe that

/QA<pA¢:/QD2<p; D2¢.

Then, we decompose the bilinear form (2.7) in the following element by element contribution:

Ble.0) = [ Do D= Y Brlpo)= 3 [ DPs Do Voo HHO).

KeTy, KeTn

In what follows, we are going to build the discrete version of the local bilinear forms listed above.
With this aim, we define the following projector operator H];}A : Vh(K) — Pr(K) C V(K) for
each ¢ € V;,(K), as the solution of the local problems (on each polygon K):

Br (%61, 9) = Bi(¢n,q) Va € Pr(K), (3.1a)
550 = én, VIR ¢y, = Vo, (3.1b)



—

where (-) is defined as follows:
_ 1
Xh = Ne xn(Vi) Vxn € 00(6[{), (3.2)

i=1
and V;,1 < i < Nk, are the vertices of K.

The following result establishes that the projector HI;(’A is computable using the output values
of the sets D; — Ds.

Lemma 3.1 The operator 1'[’;(’A : XN/h(K) — Pr(K) is explicitly computable for every ¢y, € Vh(K),
using only the information of the linear operators Dy — Ds.

Proof. For detail proof, we refer to [21]. O

For each k > 2 and for any K € T}, our local enhanced virtual space is given by:
WEH(K) = {¢h € Vi(K) : / ¢ 2y :/ q bn, Vg* € Mj_y(K) uM};_?,(K)}, (3.3)
K K

where M}_,(K) and Mj_5(K) are scaled monomials of degree k —2 and k — 3, respectively, with
the convention that M* | (K) = 0.

By using the linear operators D; — D5, we can evaluate H];(’Aqﬁh for all ¢y, € W}’L“(K), which is
stated explicitly in the next result.

Lemma 3.2 The operator H];(’A is well defined and computable on the local enhanced virtual space
Wi (K).

Proof. From definition of local enhanced virtual space (3.3), we deduce that W} (K) C V;,(K).

Consequently, for ¢, € W} (K) implies ¢, € Vh(K ) and hence H’;(’Agbh is well-defined and com-
putable. O

On the other hand, we observe that Pj(K) C W (K) which will guarantee the good approx-
imation properties for the space. Moreover, following similar arguments presented in [16, 3] (see

also [21]) we obtain that the sets of linear operators D1 —Djy constitutes a set of degrees of freedom
for WF(K).

Now, we introduce the global virtual space by combining the local spaces W/ (K) and incor-
porating the homogeneous Dirichlet boundary conditions. For every decomposition 7 of Q into
polygons K, we define

Wy, = {¢n € H}(Q): énlx € WE(K)}.

3.2 Construction of bilinear forms and the force term

In order to build the discrete local and global forms, we observe that the particular condition
appearing in the definition of the local virtual space Wff (K) will be useful to construct an L?-
projection which will be employed to build the discrete bilinear forms. In particular, we consider
the L?(K)-projection onto Py_»(K). For each ¢ € L*(K), TT52¢ € P_o(K) satisfies

/(H'}'{%)q:/ ¢q  Vq € Pr_2(K). (3.4)
K K

The following lemma establishes that H’;(_Q is computable on W,f(K ). The proof follows from
the definition of the local virtual space and the set of degrees of freedom.



Lemma 3.3 The operator 1152 : WF(K) — Py_o(K) is explicitly computable for each ¢p, €
W,f(K), using only the information of the set of degrees freedom Dy — Ds.

Proof. For a detail proof, we refer to [21]. O

Now, for k > 2, we will introduce some additional projectors which will be used to write the
€L
virtual scheme. First, we define H];(’v : WHEK) — Pr(K) C WE(K) for each ¢, € WF(K) as
the solution of the following local problem.

/ curl H];(’Vquh ~curlqg = / curl ¢y, - curlq Vg € Pr(K), (3.5a)
K K
Y 6 = on, (3.5b)

o~

where (-) has been defined in (3.2). The following result states that this operator is fully com-
putable.

Lemma 3.4 The operator H];(’VL : WE(K) — Pp(K) C WF(K) is explicitly computable for each
o1 € W,’f(K), using only the information of the set of degrees freedom Dy — Dsp.

Proof. First we note that (3.5b) is computable using the information of the set Dy. On the other
hand, we integrate by parts on the right hand side of (3.5a) to obtain:

/ curl ¢, - curl g = - / onlg + / ondnrd Vg € Po(K)
K K OK
= */ H];(_Q%Aqu/ GrhOnkq Vg € Pr(K),
K OK

where we have used the fact that Ag € Pr_o(K) and the definition of the projection H’;{z (cf.
(3.4)). The previous equality allows us to conclude that the polynomial H%’VLqﬁh can be explicitly
computed from the degrees of freedom D; — Ds. O

Now, we will introduce an additional projection operator onto the polynomial space [Py_1(K)]?,
which will be used to construct a local approximation of A(-,-) and C(+;+,-). For K € T, and
v € [L(K))?, we define TIX 1 : [L2(K)]? — [Pr_1(K)]? by

[ miva= [ vea vae PP (3.6)
K K

We observe that for any ¢, € WF(K), the vector functions IT% curl ¢, € [Py_1(K)]> and
51V, € [Pe_1(K)]? can be explicitly computed from the degrees of freedom Dy — Ds. In fact,

for all K € Ty, and for all ¢, € W} (K), using integration by parts on the right-hand side of (3.6)
(with curl ¢, instead of v), we have (see [28])

/ curl ¢, - q / gnrotq — / on(a-tx) Va € [Po_i (K)J2
K K oK
- / (I 5) vot g — / on(a-tx)  Va e [Por(K)P
K OK

where we have used (3.4). The first term on the right-hand side above depends only on H’;(_Q(bh
and this depends only on the values of the degrees of freedom (see Lemma 3.3). The second term
is an integral on the boundary of the element K, which is fully computable.



Next, we use the above projection operators to construct computable approximations of the
continuous bilinear and trilinear forms, and for the right-hand side. First, let s% (-, -) and s$¥*1 (-, )
be any symmetric positive definite bilinear forms to be chosen as to satisfy:

coB (6n, 1) < 5% (bn, 1) < c1 B (on, on) Yon € WE(K), with TT%¢, =0,
oAk (61, 8n) < S (S, dn) < csAk (b, dn) Vo, € WE(K), with TV ¢, =0,

with c¢g, ¢1, o and c3 are positive constants independent of h and K. From (3.7), we deduce that

s2(+,+), and s$¥1 (., .) scale same as Bg(-,-) and Ag (-, ), respectively.

(3.7)

On each element K, we define the local discrete bilinear forms
A () WR(K) x W(K) = R, Bi(-,-) : WE(K) x WE(K) = R
as follow, for all ¥y, 5, € WF(K)

L €1 L £
Al (ndn) = A (Y 4, 1Y gn) + 857 (n — T dn, d — TR ),
Ble($n, én) = Bre (W™, T on) + s (b, — S bn, o — 1135 ).
It can be observed that the forms s$**! (-, -) and s (-, -) reduce to zero when one of the two entries

¢p, or ¥y, is a polynomial function. Different computable form of the stabilizers are available in the
literature [5, 16, 35]. However, we choose the following representation

N}d(of
S (9 — T iy — TRV ¢y) = a9 Y dof (1 — Y )gy) dot. (1 — T )g),
z=1

dof
NK

s (¢n — 2y, 6y — ;) == ag Y dof. (I — I ey) dof. (I — II52)g,),
z=1

where a‘;‘(‘“l and a% are the suitable constants, and N?(Of denotes the number of degrees freedom
of WF(K). Adding the local contribution, the global forms are defined as

AMrpn) =Y A, dn)  Vn. b € W, (3.8)
KeTy,

B"(Yn,¢n) = Y Bi(n.dn)  You,én € Wi (3.9)
KeTs

The following result establishes the usual consistency and stability properties for the discrete
local bilinear forms.

Proposition 3.1 For k > 2, the local bilinear forms A%(-,-) and B%(-,-) on each element K
satisfy

e Consistency: for all h > 0 and for all K € Tp, we have that

Afc(a.0n) = Ax(a.0n) Vg€ Pu(K),  Vou € Wy(K), (3.10)

Bi(q,6n) = Bi(g,0n) Vg€ Pe(K),  Von € Wi(K). (3.11)

o Stability and boundedness: There exist positive constants a;,i = 1,...,4, independent of K,
such that:

a1 Ax (¢n, én) < Al (dn, dn) < 02Ag(9n,6n)  Von € Wi (K), (3.12)

a3Brc(¢n, ¢n) < Bl (dn, 1) < cuBr(on, ¢n)  Von € WE(K). (3.13)



Proof. For further details, we refer to [21, 19, 36]. |

We observe that from the symmetry of A"(-,-) and B"(-,-) and the stability conditions stated
before imply the continuity of A* and B". In fact, for all 1y, ¢, € Wi:

|A" (Y, o) | < Callvnllrallon]
|B" (n, 1) < Crllvnll2.llonl

e (3.14)

2,0-

The following result establishes that by virtue of (3.13), bilinear form B"(-,-) is uniformly
elliptic.

Lemma 3.5 There exists a constant o > 0, independent of h, such that

B"vp,vn) > aflonllsg  Von € Wi

Now, we proceed to discretize the force function as follows
Fr():WHEK) =R

such that
h o k—1 _ k—1 k
Fi(on) = / I}, f-curl ¢y = / f-II}; “curl ¢ Vo € Wi (K). (3.15)
K K

Globally, the force function FJ is defined as follows

FMon) =Y F(dn)  Yén € Wi (3.16)

KeTy

3.3 Discretization of the nonlinear term

In this section, we would like to discretize the trilinear term associated with the problem (2.3).
Using the projection operators H];(’A and H’;{l, we discretize the trilinear term.

Ol () s W) x Wi (K) x WE(K) —» R

such that
O (vn; Yny dn) = / (AR 0,k curl vy, - TTE 1V gy, Yo, ¥n, on € Wi (K).
K

The term is fully computable from the degrees of freedom. Globally, the trilinear term is defined
as

CM(on; Pn, dn) =Y Che(vn;¥n,dn)  Vou, ¥n, én € Wi (3.17)

KeTn

Moreover, it can be shown that the discrete trilinear form C"(-;-,-) is uniformly bounded on W,.

Lemma 3.6 Let CH(vn; Y, dn) be the trilinear form defined in (3.17). Then there exists a positive
constant C' such that

|C™ (vps ny d0)| < Cllon

where C is independent of mesh size h.

[Ynll2,0llPnll2,0,

2,0
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Proof. An application of boundedness of the projection operators H];(’A and H?{l, Holder inequal-
ity, and Sobolev’s embedding theorem yields the proof. O

Moreover, we have the following properties of C*(-;, )
C"(vn; ¢n,dn) =0 Vou, ép € Wi (3.18)

In addition, we observe that C"(;-,-) can be extended to HZ(Q2) only taking the projections of
the continuous v, v, ¢ € HZ(1).

Remark 3.1 The discrete trilinear form C"(-;-,-) does not contain non-polynomial part or sta-
bilizer. It is defined using the projection operators H];’(’A and Hf{l which are computable from
the information provided by the degrees of freedom. With this definition, we will show that the
semi-discrete and fully-discrete schemes are well-posed and we will obtain the corresponding error
estimates.

4 Discrete schemes and their well posedness

In this section we will introduce the semi-discrete and fully-discrete virtual element schemes for
problem (2.5), by using the discrete forms introduced in Sections 3.2 and 3.3. We will also prove
that under some assumptions on v, the fully-discrete scheme is well posed.

4.1 Semi-discrete formulation

The semi-discrete VEM formulation for the time dependent Navier-Stokes problem reads as follows.
For all t > 0, find 1y, € L(0,T; W},) such that

A" (0upn(t), dn) + vB"(Wn(t), ) + C"(Wn(t);Un(t), én) = F"(¢n)  Veéu € Wi. (4.1)

Additionally, we set ¥,(0) = ¥;(0), where ¥;(0) is a suitable interpolation of v (see Proposi-
tion 5.2). In this section, we will discuss the well-posedness of semi-discrete scheme (4.1).

First, we observe that the matrix representation corresponding to the discrete bilinear form
AR(.,-) is positive definite and hence inverse exists. Further, let us assume that A, B be the
matrix representation corresponding to the discrete forms A"(-,-), B"(-,-), respectively. Therefore,
problem (4.1) reduces to a system of nonlinear differential equations as follows

,‘/)h(o) = ¢07 (43)

where 1, denotes the vector whose entries are the components in the basis of i5,. Moreover,
C(v;,) is the matrix corresponding to the nonlinear term and F be the right hand side load vector
corresponding to the basis ¢p. Before going into further details, we would like to prove that the
nonlinear term , i.e., C"(yp; 1n, ¢1,) satisfies Lipschitz’s continuity condition. In this direction, let

11



1,937 be two elements in Wj. Then, we can write as

CM (Ui ¥k 6n) = C(WF R, on)| = | (Wi vk 6n) — CWF1 L, 0n) + COERs Ul ) — O (i 0 00|

> (] / AT () — I curl v - T V|
K

KeTy,

IN

Z:Ll
+| [ AmgAutm teun (v} - i) 00 ).

Z:L2

(4.4)

An application of Hélder inequality and using the continuity of H’;{l with respect to L*-norm and
stability of H];(’A, we obtain

> Ly < Cllby — dila

KeTy

|curl ¢}1L||L4(Q) IVénllLa),

using Sobolev’s embedding theorem, we obtain

> Ly < Cllvy = F2.allcurl ¢l ol Vén1.o. (4.5)

KeTy

2,0

Using analogous arguments, we derive that

> Ly < Cll¢illa.allcur] (v — v3)ll1 el Ve

KeTy

1,0 (4.6)

Inserting (4.5) and (4.6) into (4.4), we can claim that the nonlinear term C”(vy; v, ¢n) is
Lipschitz continuous. Therefore, from Picard’s Theorem of existence and uniqueness of system of
differential equation, we can deduce that (4.2)-(4.3) has a unique solution.

4.2 Fully-discrete formulation

A classical backward Euler integration method is employed for the time discretization of (4.1) with
time step At = T//N, where N is a positive integer. In addition, we introduce ¥} := 9y (t,) for
n=20,1,2,...,N. This results in the following fully discrete method: find ;' € W), such that

n _ ,mn—1
4 (wlmh m) +vB" (Y5, on) + CM (Wi Uk, 6n) = F*(@n)  VYon € Wi,

¢2 = ¢I(O)7

(4.7)

where wg € Wy, is an initial approximation of ¢ at t = 0. Next, we prove the well posedness of
the fully-discrete scheme (4.7). In this direction, we first recollect Brouwer’s fixed point theorem.
Then, under certain assumption, we will show that the fully-discrete scheme has unique solution
1} and the solution is bounded, ie, ||[¥} 2,0 < R, where R is a positive constant which will be
specified later.

Theorem 4.1 (Brouwer’s Theorem) Let KC be a Banach space and let B C K be a compact and
convex subset. If L : B — B is continuous, then L has a fixed point.

12



Theorem 4.2 Assume that

20? 2C*C} )
max{a%y?’ k2 [l 2o 0,612 () < 1- (4.8)

Then, for 1 <n < N and for sufficiently small values of At, there exists a unique solution of the
fully-discrete problem (4.7) and the solution v} satisfies the condition ||V} ||2.0 < R, with

1/2
((xladu” I 0, 1,L2(Q))+ ||7/’h||%oo(o,tn,1;H2(Q)))

202 ) 1/2
(1= 2 10nl3 00, ssrr2c)

Proof. Let ¢~ € Wj,. Define a mapping F : W), — W), such that ¢! = F(&,) for all &, € Wy,
where 1), is defined by

EA’L(@Z)Z, on) + vB (Y, dn) + C(Ensvn, dn) = F™"(¢n) + EAh( 1 o). (4.9)

The proof of the result will be divided in three steps. We first define a mapping F from W}, to
W}, and prove that the mapping is well-defined and maps a ball Bz to a ball Bz. In second stage,
we prove that the mapping is continuous. Then from Brouwer’s Theorem, we deduce that F has
a fixed point inside the ball Bz which is the solution of the fully-discrete scheme (4.7). Finally,
using assumption (4.8), we prove that the solution is unique.

Well possedness of F: Since the bilinear form B"(¢y,, ¢1,) is elliptic (cf. Lemma 3.5), (3.18)
and the fact that A" (¢, @) > 0, we have that problem (4.9) is well-posed, which follows from the

n—1
Lax-Milgram Theorem. Further, to present the analysis we denote by Dy} := %.

Now, we will construct a ball with radius R say Bg such that F : Bx — Br. We consider
¢n =Dy in (4.9) and obtain
AMDR, Dept) + vB" (U, Detppy) + C" (€ns U3, Dethyy) = F* (D).

An application of the stability property of the discrete bilinear forms (3.12)-(3.13), and (3.18)
yields

a1||cur1Dt1/Jh||on+ Wh”zn < |FM(Dyyp)|+ Bh( b Un >+7Ch(§h7whv 1. (4.10)

At

By exploiting Cauchy-Schwarz inequality and boundedness of the L?-projection operator H?{l,

we obtain
> / 5 1f - curl Dyyp

KeTy,

|FM(Dywyy)| = < [[fllo.cllcurl Degylo,q- (4.11)

Using the continuity property of B"(-,-) (cf. (3.14)), we get
[B"(Wp ¢ DI < Collvn laallvn ™ 2.0 (4.12)

Inserting (4.11)-(4.12) in (4.10), and using boundedness of the trilinear term C”(-;-,-) (cf.
Lemma 3.6), we obtain

P 20

< (Ifloalleur Do g + <22

(4.13)
[RCHo

m).

C
+ Kt”ﬁh
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Upon employing Young’s inequality, we obtain

31/

a1 n «
7||C111"1 Dl + —~ AL

[KCHo

Since the term %-||curl Dy}l ||3 ¢, is positive, we can neglect the term and obtain

[RCHo

At _ A
as Vl[vhl3 0 < Ellfllﬁ,n +Cpvlpllze 147 l2g + Cllén

Exploiting Young’s inequality and kick-back argument, we obtain

At CBZ/

043 v éz
——lvrl3a < 7||f||(2),9 lvn 3.0 + 7”&:, 5 1.6
A 2 e (4.14)
t v
< a0 zaian + (F27 + Wl ) lnlie o, irrace
Moreover, we adopt that ||{4 2,0 < R. Then from (4.14), we derive as
At 203 20% _,
ooy |f HLOO(O taoiL2(Q)) T <a7§+ a2 R )||¢hHLoo(o b 13 H2(Q)) <R (4.15)

Upon writing explicitly (4.15), we obtain

o2 T R A L 1,H2<Q>>)

- 2
(1- %||wh\|2m<0,tn,um<m))

Now, according to assumption (4.8), the term (1 - V2 ||1/1h||LOQ(Ot N H2(Q))) is positive and
Z e

consequently, we define Bg := {vy, € W}, : ||vp|l2,0 < R}. Therefore, we deduce that F : B — Bgr
is well defined.

Continuity of F: Let ¢ > 0 be a small number and let £, &, be two elements in Br such
that ¢} := F(&) and ¥y, := F(&,) and [|A(E; — &n)llo,o < 6. Then, from (4.9), we have

APy, — 5, dn) + AtvB" (Y, — Y5, dn) + At<ch(fh§¢ha on) — CM(&hs ¢Z»¢h)) =0. (4.16)
Putting ¢, = (¢, — ¢f) € W), in (4.16), we obtain
AP (W=7 o)+ At B (= =)+ (O™ (€05 Vs n—03) —=C™ (3 s Y —1i7) ) =
An application of stability property of A”*(-,-) and B"(-,-) yields

ar|leurl (¥, — Up)ll5 o + Atvas|A@Wn — i) 5o < AUC" (& v, vn — 7)) — C" (€ns Yny ¥n —(¢Z)|)-
4.17
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The difference on the right hand side above can be bound as follows:

|3 ([ Amtam eurt vy TV — o) - [ ATRAGII eurl v TV (0 — )|
KeTh

<> |( / AT 6, T curl oy, - TH 'V (1, — vf) — / ATAG T curl by - T (v, — 7)
KeT;, K K

=T

+|( /K AIE G eurl oy - TH MV (4 — 7)) — /K Al G I eurl ¢ - TV (¢ — )

::TQ

Using Holder’s inequality and the boundedness of the projection operator H];(’A, the term 73 can
be bounded as follows:

Th| < A6, — AR o, T curl v || o iy [IT05 Y (905 — 7)) | o)
<AL = &)llo,x leurl gy || La ) IV (n — i) || L4y

Suming the above inequality for all elements K and using the Sobolev’s embedding theorem,

Y 17 < CIAG = &)lloolleur] gn 0V (n — 7)1 ,0. (4.18)

KeTh

Now, using (3.18), we deduce that the term 75 = 0.
Inserting (4.18) into (4.17), we obtain

anlleurl (Y, — )50 + Atagv|vn — ¥il5.0 < CAtd|curl Ui llellV(@n — ¥5) 10

Since the term a4 ||curl (¢, — w}*L)H%Q is positive, we deduce that

s
lvn — Yille,0 < —|leurl ¢ 1,0.
[0 %34
Hence, using that ¢y, € Br, we conclude that |[¢, — ¥ |20 < € if
€
§ < B
CR

which implies that the function F is continuous.

Therefore, we claim that the function F has a fixed point 9, € Bgr from Brouwer’s fixed point
theorem (cf. Theorem 4.1) such that ¢, = F(¢5,). Hence the fully-discrete scheme (4.7) has a
solution. Now we proceed to show that the solution is unique.

Uniqueness of solution: Let ¢},9? € Bz be two solutions of (4.7). Then from (4.9), we
have

APk = U}, 0n) + AtwB" (), — vf, on) + At(CM (ki v, 0n) — CMivE n) ) = 0. (4.19)

To bound the nonlinear term in (4.19), we add and substract C"(¢)2; 1, ¢5,) in the above equality,
to get

C (W Vs 1) — C" (W7 07 dn) = C™ (Ups ps dn) — C™(WVins i, 1)

4.20
+Oh(w}2ww}1u¢h) _Ch(’l/)fml/)fu(bh) ( )
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Using Hoélder’s inequality and Sobolev embedding theorem, the first two terms in (4.20) can be
bounded as follows

Ch ik, 6n) = C" (WRs vk o)l = | D /K (AR (wh — v curl v} - ' Vo, )

KeTh
< Cllgp — ¥ ll2.0llcurl ¥4l ol Vénl|1e-

The last two terms on the right hand side of (4.20) can be written as follows,
CM(Wis iy d1) — C" (W Vs dn) = C™ (Vs iy, — Vi, b)-

Taking ¢y, = (¢} —1?) € Wy, in (4.19), we have that the right hand side above vanish (cf. (3.18)),
and using the stability property of the discrete bilinear forms A"(-,-) and B"(-,-), and Young’s
inequality, we obatin

ay || curl (¢ — 7/’}%)”89 + asAtv|[gy — i %Q < AtC||y} — b} 2.allcurl ¥ |11 ol| V(1 — ¥7) |10

An application of kick back arguments, we obtain
aufleurl (v} — v7)[3 o + At (azv — CR) [0k — vRl3.0 <0,

Now, according to assumption (4.8), and for sufficiently small values of At, (OégV — CA'R) > 0.

Hence, we have [|¢} — 22,0 = 0; therefore 1} = 7, and we conclude the proof. O

Remark 4.1 In Theorem /.2, we have proved the fully-discrete scheme (4.7) has unique solution
based on certain feasible assumption on the viscosity v (cf. (4.8)) and for sufficiently small values
of time-step At. In particular, for sufficiently large values of v, we have

20202
(a%y2 — o2 o ||wh||2L°°(07t,,L71;H2(Q))) > 0.

Then for sufficiently small values of At, we have

20202 c?
V(OégVQ - a§ £ ||¢h||%w(o,tn,1;H2(Q))) > oo AtHfH%oo(o,tn,l;Lz(Q))a

which implies
(a31/ — C‘\’R> > 0.

5 Convergence analysis

In this section, we will derive a priori error estimation for the virtual element semi-discrete and
fully-discrete schemes. With this aim, first we introduce a discrete energy projection operator
Sp : H3(Q) — W}, which is defined as follows:

Bh(Shu,wh) = B(u,wp) Ywp € Wh. (5.1)

Upon exploiting the energy projection operator Sy, we will split the error of the stream-function
as

Y= = — S + SpY — Yi.
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Next, we define

pn = — Sp,

5.2
Oy, == Yn — Sp. (5:2)

In what follows, we will prove approximations properties for Sy, thus the first term pj will
be easily bounded. Then, using the continuous problem (2.3) and the polynomial approximation
properties, we bound the term 6. In this regard, we introduce the polynomial approximation
property and the interpolation operator ¥; on the virtual element space Wj. Further, to derive
the a priori error estimations of the semi-discrete and fully-discrete schemes, some additional
results are needed which will be presented in the next subsection.

5.1 Preliminary results

We start with the following approximation result, on star-shaped polygons, which is derived by
interpolation between Sobolev spaces (see for instance [28, Theorem I1.1.4] from the analogous
result for integer values of s). We mention that this result has been stated in [6, Proposition 4.2
for integer values and follows from the classical Scott-Dupont theory (see [15] and [5, Proposition
3.1]):

Proposition 5.1 There exists a constant C' > 0, independent of mesh size h but depends on mesh
regularity parameter C (Assumption 1) such that for every v € H°(K) there exists vy € Prp(K),
k > 0 such that

v —vrllex < Ch vllsx 0<d<k+1,£=0,...,[0],

with [0] denoting largest integer equal or smaller than 6 € R.
Now, we present an interpolation result in the virtual space W}, (see [5, 12]).

Proposition 5.2 Assume A1-A2 are satisfied, then for all v € H°(K) there exist v; € W), and
C > 0 independent of h such that

v —vrllex <O lls, £=0,1,2, 2<3<k+1,
where C' is independent of mesh size h but depends on mesh regularity parameter Cr (Assump-

tion 1).

Next, in order to prove the convergence of our method, we introduce the following broken

Hseminorm (¢ = 1,2):
1/2
lea = ( 3 k) "
KeTh

which is well defined for every v € L?(Q) such that v|x € H*(K) for all polygon K € Ty,.

In order to obtain the error estimates, we prove the following approximation properties of the
discrete projection operator Sp, (cf. (5.1)).

Lemma 5.1 For each u € HZ(Q) N H?*T5(Q), with 1/2 < s < k— 1, there exists a unique function
Sn(u) € Wy, such that the following approximation properties hold:

1) There exists a positive constant C, independent of h, such that

lu— Su(wll0 < O lJulloss g (5.3)
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2) There exist a positive constant C' and § € (1/2,1], independent of h, such that

lu = Sn(u)l10 < Ch™*|lufl24s.0- (5.4)

Proof. We begin by proving 1). Since the bilinear form B”(-,-) is bounded and coercive in W}, and
the function B(u,-) is continuous on W), hence there exists an unique solution of the variational
formulation (5.1).

Now, we proceed to prove the approximation results. In this direction, we rewrite the term
u — Sp(u) as follows.
u—Sp(u) =u—ur +uyr — Sp(u),

where u; € W}, is the interpolation operator introduced in Proposition 5.2.
The estimation of u—wu;y is known, hence we proceed to bound the term &, := (Sp(u)—uy) € Wj,.
Using coercivity (cf. Lemma 3.5), we have
alénls o < B" (&, &n)
= B"(Sp(u), fh) B"(ur, &)

= B(u.&) — Y (Bl(ur — un &) + B (ur. &)
KeTh
= Blu,&)— Y. (B?((UI — tn &) + Bic(ur, &) )
KeTy,
= Z (B?((Uw —ur, &) + B (u— umfh)),
KeTy

where we have added and subtracted u, € Py(K), k > 2 and then we have used (3.11). Using the
continuity property of the bilinear form B”(-,-) and Cauchy-Schwartz inequality, we have

alénl3o < C (Jux — ulon + [u— url2,0) €20

Now, an application of the approximation properties of the interpolation operator and the projec-
tion operator u; and u,, respectively, we obtain

alénlz.0 < Ch¥|ull24s.0- (5.5)

Thus, we have that
u = Sp(w)l2,0 < CF°[ull245,0. (5.6)

Now, we proceed to prove 2). Let ¢ € HZ(Q) be the solution of the auxiliary variational
problem: find ¢ such that

B(¢,v) = 5 V(u—Sp(u))- Vo Yo e H3(Q), (5.7)

where B(-,-) is the bilinear form defined in (2.6).

As a consequence of a classical regularity result for the biharmonic problem with its right hand
side in H=1(Q) := [HZ(Q)]) (cf. [29]), there exists § € (1/2,1] such that ¢ € H*T5(Q) and

[6ll245.0 < Clu = Sh(u)l 0. (5-8)

Now, let ¢; € W}, be such that Proposition 5.2 holds true. Taking v := (u — Sp(u)) € HZ(Q)
as test function in (5.7), using the symmetry of the bilinear form and adding and subtracting ¢y,
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we obtain

u = Sn(w)i o < B(u— Si(u),0)
B(u
(u

(u), ¢
= — Sn(u), ¢ — ¢r) + B(u — Sp(u), ér1)
= — Sn(u), ¢ — ¢1) + B(u, ¢1) — B(Sn(u), ¢1) (5.9)
= B(u—Su(u),¢ — ¢1) + B"(Sh(u), ¢1) — B(Su(u), ¢r)
=T + Ty,

where we have used the definition of the continuous (see (2.5)) and discrete problems (see (5.1)).

Now, we bound the terms 77 and T5 separately. We start with 77 as follows.

Ty = B(u — Sp(u), ¢ — ¢r) < |lu — Su(u)ll2,0ll¢ — d1ll2.0
< Ch*([[ulla+s,0) R || 9ll245.0 (5.10)
< Ch¥5(||ullas,0)|lu — Sh(u)|1a,

where we have used the continuity of bilinear form B(-, ), (5.6) and Proposition 5.2.

Now, we continue with the term T3 in (5.9). Let u, € Pr(K), ¢r € Po(K) such that Proposi-
tion 5.1 holds true with respect to u and ¢, respectively. Using (3.11), we have

Ty = Z [B?{(Sh(u) - u7ﬁ¢l - ¢ﬂ') + BK(uﬂ' - Sh(u)7¢l - ¢W)]

KeTy,

< Y ClSu(w)

KeTn
< > C(Sn(w) Yllor = dlla,x + 16 — dxlla. i)
KeTh (5.11)

< Y CISh(w) = ulla,x + hicllullavs,x) (161 = Blla.x + Chiclldllars.x) »
KeTy

< C(ISh(u) — ull2,0 + Ch¥||ull24s,0) (Ch®||pll245.0 + é1 — dll2,0)
< C (h*||ull24s,0) Ch®|| 92450
< Ch¥ (lullags,0) [u — Su(u) 1,0,

Orll2, i

where we have used continuity of local bilinear forms By (-,-) and B%(-,-), Proposition 5.1, (5.6)
and (5.8). Thus, (5.3) follows from (5.9), (5.10) and (5.11). The proof is complete. O

5.2 FError estimation for semi-discrete scheme

In this section, we will derive the error estimation for the semi-discrete scheme (cf. (4.1)). With
this end, we state the following lemma.

Lemma 5.2 Let 1(t) € W be the solution of problem (2.5). Assume that ¥(t) € H>*t"(Q), for
% <r < k-1, for almost allt € [0, T]. Then there exists a positive generic constant C, which could

be depended on mesh regularity Assumption 1, Sobolev regularity of the solution v, but independent
of mesh size h such that

IC(;0, dn) — CM (3 b, én)| < ChT( , )‘w|2+r79||¢h”279 Vo, € Wy, (5.12)
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Proof. Using the definition of the continuous nonlinear term C(-;-,-) (see (2.4)) and discrete
nonlinear term C"(-;-,-) (see (3.17)), we have that

c<¢-¢ $n) — C" (439, dn)
— / Aveurl - Vo, — / (AITEA )T Y curl ¢ - TIE 1v¢h)

KeTy,
=Y / Apecurl - (I —TE1) (V) +/ A (I -5 Yeurly -5 'Ve,  (5.13)
KeTh K
+ / AT = T152)) T T eurl o) - H’;;lwh)
=: D1K+ Dy + Ds.

Next, we bound the term Dp, and we split it in two cases. First, we consider the case 1/2 <
r<1.

D, = Z / Aycurl sy - (I — T 1)V,

KeTn
< 1A e lleurl | o o) [|(T = T ) Vbnllo.x
KeTy,
1/4 1/4 1/2
<Ch ( > |A1/)f4(1<)> < > ||Cur11/)%4(x)> ( 3 )
KeTn KeTy, KeTn

< Chl|AY|| Lo llcurl ¥ L) [énl2,.0

< Chll¢l24r0llcurl ¥l of¢nl2.0

|2,Qv

where we have used the Sobolev embedding H"(Q)) < L*(Q) for r € (1/2,1]. On the other
hand, for the case 1 < r < k — 1, we proceed as follows. Using the orthogonality property of

the projection operator H’;{l on the polynomial function of degree k& — 1 and Cauchy-Schwarz
inequality, we bound the first term on the right hand side of (5.13).

D) = /Aipcurlw (I -5 YV, = Z/ (I — 51 (Aypcurl o) (I - TIE M)V,
KeTy KeTy,
< T =T (Ageurl ¥) ok |(T = T ) Venllo.x
KeTn

< Ch™|(Ayeurl ¥)|,—1 oCh|p|2.0.
An application of Holder’s inequality and Sobolev embedding theorem [11, Lemma 4.2] yields,

|AYcurll,—1.0 < C|AY|wr-1.4¢0) [[curlpllyr-1a) < Clldll24ra [0

Collecting the above inequalities, we obtain for r > 1/2 that

Dy = /Aibcurw (1 =T VeR)| < CR[Y 1sralldllz4relldnll2.0- (5.14)
KeTy,

Using Holder’s inequality, the term Ds in (5.13) can be bounded as follows

/A¢ (I-TI5" Y curly) TV, < (I-TL5 Meurly|| pa ) 15 V|l pa i)

KeTs KeTh
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Using the continuity of H’f{l on the space L*(K) and optimal approximation property of the
polynomial projection operator, we have

(1 — I eurl ¥ s iy < [leurl (¢ — )| sy + [T (curl v — curl ¥ | 2
< Ch[lwrar)-

Also, the term can be bounded as

1T Vonll @) < IVerllza@) < Clonlz.0,

where we have used that H*(2) < L*(Q). Hence, by the Sobolev embedding H**"(Q) < W™4(Q),
we can write

D<) | /K AY((I - I Heurl y) - TV, | < CR™|AY|o.0ldl2rraldnlzo.  (5.15)

KeTy

Using the Holder’s inequality and suming over each element K, the third term of (5.13) can be
bounded as follows

Dy= Y / A(I = T2 YT Y eurl o - THE 1V gy,
KeT, 7K

<> /K\(I—HI;(’A)¢|2,KHH§{1CUT11/’||L4(K)HHIf{lV¢h||L4(K)~
KeTh

Therefore, from the fact that H’;A is the projector defined by (3.1a), the continuity of TI% ' on
the space L*(K) and Sobolev’s embedding theorem, we obtain

D3 < Ch"[Yhlayr.0l?]2,0l¢n

2.0- (5.16)
Finally, the proof follows by collecting all the estimations (5.14), (5.15), (5.16) and inserting
into (5.13). O

The following theorem provides the error estimates for the semi-discrete virtual element scheme.

Theorem 5.1 Let ¢(t) € W be the solution of problem (2.5) and let ¥y, (t) € W}, be the solution of
problem (4.1). Assume that ¢(t) € H**"(Q), 0u(t) € H(Q), for & <r < k—1 and for almost

all t € [0,T). In addition, assume that ¥, ¢, € K := {v eWw: % < 1}. Then there exists

a positive generic constant C, which could be depended on mesh regularity Assumption 1, Sobolev
reqularity of the solution v, Oy, Oup but independents of mesh size h such that the following
estimation holds

1Y — YnllLee 06,11 () + CllY — YullL2(0,,m2(0)) < 1¥(0) = ¥r(0)][1,0 + C(Ca)h” (||1/1(0)H1+r,9

+ Ell 200,10y + 100l 20 014 + |20 0,240 )

Proof. Upon applying the projection operator Sy, we split the error as (see (5.2)):

Y — Y =Yy — SpY 4 Sp —
=: 01 + ph.

Since the estimation for pj is known from the Lemma 5.1, we attempt to bound 6,.
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Using the semi-discrete scheme (4.1), definition of the projection operator S;, (5.1) and the
continuous weak formulation (2.3), we obtain

AM(0,0n(t), 6n) + vB" (01 (t), 6n) = F™(¢n) — C" (¥n; n, 6n) — A™(0:Sptb, dn) — vB" (Spt), dn)

=F"(¢n) — F(én) — C"(¥n; ¥n. dn) + C (439, o)

— AN, S, dn) + A0, dn) — VB (Spt, dn) + vB(1, éi)
(5.17)

Now, we will bound all the terms on the right hand side above. We start with the nonlinear terms
CW;, on) — C™(Yn; Yn, ¢r). We rewrite the term as follows:

C(;9, 0n) — C"(¥n; Yn, dn) = C(30, ¢n) — C (3, dn) + C™ (W50, ¢n) — C" (Wbn ¥, dn) -

=:Aq =:A5

The term A; has been bounded in Lemma 5.2. Thus, we will bound the term As.

We rewrite the term A, as follows

C" (59, ¢n) — C™ (4 Un, dn)

= ( / ATTEAITE Leurl o - 5 Leurl ¢, — / ATTEA gy, T Lcurl oy, - TTE curl ¢>h),
KeT, 'K K

Z (/ AH%Ai//H];{lcurl P - H’;{lcurl bp — / AH’;(’A@Z);LH’}“‘QlcurI P - Hf{lcurl on
KeTy K K

+ / AT, T curl ¢ - TI5  curl ¢, — / AH’;%hH’;glcumph-H’;glcurlth),
K K

=> (/I(A(H];(’Aw—H];(’Awh)l'[’;(_lcurlw~H§(_1curl¢h
KeTy
+ / AT, T (curl ¢ — curl ¢y,) - TTE T curl ¢h).
K
(5.18)

Using Holder’s inequality, the first term on the right hand side of (5.18) can be bounded as follows,

> / AR Y—T1%2 ) TTE  curl o - TTE T curl ¢,
KeT, ' K

<C AT (4 — ) llo,x 1T curl || pa ey | T curl ép | o)
KeTn

< C|| AR (% = dn)llo.el T curl ¥ s (o) [T curl ¢ pa(o)

< ClY — Yulz.allcurl Y[y of[curl ¢p 1.0

< C([Y = Sutdla, + [Sht — Ynlz,0)llcurl ¥y qflcurl ¢p |1 o

SO [Yla4ra +100(#)|2.0)[¥]2,0ll¢n 2,0,

(5.19)

where we have used the boundedness of H];(’A, Sobolev’s embedding theorem and the approximation
property of the operator Sy, (cf. (5.3)).

Using Holder’s inequality, we can bound the second term on the right hand side of (5.18) as
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follows,

> / AR ) ITE (curl ¢ — curl )T 1V ¢,
KeTh K

< Y NATA Y ) [T (curl ¢ — curl ¥n) || s (a0 ITL YV nl| s )
KeTn

< Clnla,allcurl ¥ — curl || Lo [[Vér |l Lao)

< Clnla,allcurl ¥ — curl ¢y ||1,0||Vonll1,0

< ClYnlza(h"[Yl2yra + 0n(1)]2.0) |¢n 2.0,

(5.20)
where we have exploited Sobolev inequality and approximation property of Sy, (cf. (5.3)).

Using the polynomial consistency property of discrete bilinear form A"(-,.) (cf. (3.10)), we can
represent the time derivative term in (5.17) as

—AM(0: S, o) + A0, on) = A" (—Sp0w, dn) + A(O4, é1)

+ 30 (AR B, 6n) — A (R 01, 60))
KeTh

= N ALY 00 — Su0b, on) + w00 — T 0, 6n)

KeTh
<C Y IRY 0w — Sn0bli i |dnli i + 1000 — TR Oy | bn 1
KeTy,
< C(Ca)R" 10 14,0l 0nl2,0,
(5.21)

where we have used the Cauchy-Schwarz inequality, the approximation property of the projection
k, v+ -
operator II};;” and Lemma 5.1.

Now, we move to bound the load term in (5.17). To bound this term (cf. (3.15)), we will
exploit the approximation property of the projection operator H?{% which implies

@) = Fonl = 3 | [ amite—1)-curl o,

KeTy

< Z ||H]]C(_1f — f||o7K||H];(_1curl (bh — curl ¢h||0,K (522)
KeTy

< Ch"f|r21,0lonl2.0-

Now, inserting the estimations (5.19), (5.12), (5.20), (5.21), (5.22) into (5.17), choosing test
function ¢, = 05 (t), using stability properties of the bilinear forms A”(-,-) and B"(-,-), we derive

1d
a1 2lleurl6,(8)| o + s v[0u(B)lF 0 < C B IEl—1,0l100(8)]l200 + CCON |0 14r0ll00 (D) 20
+ OB 1l21m0 + 168Dl 120010 (2)

el (B0l ira + 164(0) 20 ) 104Dl

Upon applying kick-back argument, we obtain

1d
a1 eurl 0 (1) o + (asv = [¢]20 = [¥nlla0 ) 1643

< C(CA)hr(|f|rfl7Q + |0l 14r0 + |¢|2+r,ﬂ) 0n(t)l|2,0-

2,0 2,Q

(5.23)
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Since ¥, € IC, from the assumption of the theorem, and applying Young’s inequality and
taking integration on both sides of (5.23), we derive

||CllI'l Qh(t) ||0$Q + C(a3, v, R)Heh(t)HLz(O’t,Hz(Q)) < chl‘l eh(O)HO,Q + C(CA)hT <|f|L2(07t,H7‘—1(Q))
+ 10| 20,0, 147 (02)) + |¢\L2(o,t,H2+r(Q))),

for almost all t € (0,T]. Using the approximation properties of S, (Lemma 5.1), we derive

1% = ¥nllLoe 0.6, 11(02)) + Clas, v, R) [ — nllL20.6.52(0)) < 19(0) — ¥r(0)[[1,0 + C(Ca)h” (|¢(0)|r+1,sz
20,6, 1)) T 100 L2(0,6, 5147 () + |¢|L2(o,t,H2+r(Q)))-

The proof is complete. O

5.3 Error estimation for fully-discrete scheme

In this section, we would like to derive the error estimation for the fully-discrete scheme (cf. (4.7)).
To derive the estimates, we first split the error as follows:

Vi — U(tn) = P — Sptb(tn) + Sutp(tn) — »(tn) = 0 + pjr,

where 0} := ¢} — Spv(ty,) and pf = Spt(tn) — ¥(tn). Since the estimation for p} is known from
the Lemma 5.1, we will focus in bounding the term 6}'.

Theorem 5.2 Let ¢} € W), be the virtual element solution generated by (4.7), and ¥(t,) € W
be the analytical solution of the problem (2.3) at time t = t,. Assume that Y(t,),v) € K :=
{v € Br: 3—5 < 1}. Also, we assume that the Assumption 1 is satisfied on mesh regularity. Then,

under the condition of the Theorem 5.1, there exists a positive generic constant C' that depends
on mesh reqularity parameter, and Sobolev reqularity of the exact solution v, Oy, Oy and force
function £ but independent of mesh size h and time steps At such that the following estimation

holds

1/2

o = ¥t + [ ALY [lvh —v(t)l5e | < C(Ca,as, R,w, 0ith, 0, £) (W + At)

Jj=1

for%<r§k—1.

Proof. Using the fully discrete scheme (4.7), weak formulation (2.3), and the biharmonic projection
operator Sy, we obtain

AP 02702_1 é +I/Bh(n¢):Ah w}?i Z_l ¢ + B (ym
At s Ph hsPh At » Ph v (¢h7¢h)

_ gk (Sh'l/)(tn) _Afh’l/)(tnfl) , Qbh) — th(Shw(tn)> ¢h)

= Fh(¢h) - F(¢h) - Ch('(/J;Za w27 (bh) + C(i/)(tn), ¢(tn)7 ¢h)

+A(af1/}(tn),¢h) - Ah (Shd)(tn) Afhw(tn—l)’gbh) )

(5.24)
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In order to derive the desired estimation, we will put ¢, = 6} into (5.24).

r — 9"_1
A" <hh 92) +uB" (05, 05) = F"(07) — F(6) — C" (i 40, 05) + C((tn); (), 67)

At
+ A, o) — 4 (S Stllact) ),

(5.25)

The nonlinear term can be rewritten as follows:

CW(tn); ¥(tn), 01) — CM(Wh5 07, 01) = C((tn); ¥ (tn), 0) — C" (W (tn); 9 (tn), O) (5.26)
+ CM (W (tn); ¥(tn), ) — C™ (U759, 7).
Using analogous arguments as in the proof of the Theorem 5.1, we have
Y (tn) |20

163 |2, (5.27)

|C(¢(tn), w(tn)’ 92) - Ch(w(tn)§ w(tn)’ 92)‘ S Chr|w(tn)|2+7“,9

Proceeding same as semi-discrete case, another term of (5.26) can be estimated as follows

00 leurl 6(t.) |1, allcurl ;|1 o

00) IIV6;

|CM(W(tn); ¥ (tn), O) — C" (w3 ks 0)] < C(hrlw(tn)lzw,n + 265

+ 1863 llo.0 (B0 (n) 210 + 167 Lo

(5.28)

Using the projection operator Hl;(’A, and polynomial consistency property of the discrete bilinear
form A"(-,.), we obtain

A(’L/)t(tn), 9;}) o Ah (Shw(tn) ;’fhw(tn—l) , 92> = A <¢t(tn) _ %ﬁtz}(tn_l), QZ)

Y(tn) — P(tn-1) 32 (3 (tn) = (1)) \
P < At ) ( At ) ﬂh) (5.29)

KeT
((H%Aw(tn) - w<tn1)>>  Snt(tn) = Sutblta-1) 9n>

+ ) Ak

KeTh
= 21 + 22 + 23.

Following the analogous arguments as [410, Theorem 3.3], we can write the term ¥; as follows,

1 1
3 < KtW(tn) — P(tn—1) — At (tn)|1,0|0 1,0 SE

0% 1.0
1,0

/ " (5= ty0) o)

tn—1

<Nl L1 (b1 20222 [0 1,021

Further, in order to bound X5, we derive the following estimate

A

Yo Ait Z |lcurl (¥(t,) — ¥ (tn—1)) — curl H];(’A(qp(tn) — (tn-1))llo.x|07 1.1

KeTy

1
< ECW||3t¢||L1(tn,1,tn;Hrﬂ(Q))|9Z\1,9-

A
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Adding and subtracting curl (¢ (t,) — ¥ (t,—1)), the term X3 (cf. (5.29)) can be written as

S5 < —Cx 3 feurl (Sntltn) = Suto(ta-1) ) = curl AW (ta) = Y(ta1)llo.xc 67115

T At
KEeT
< ECAKEE% leurl (Sib(ta) = Suth(tu-a) ) — eurl (b(t) = v(ta1))lo.x16F |1.x

+ [leurl (¥(t,) — ¥(ty—1)) — curl IR (4 (tn) — 9 (ta-1))llo,x |0} 1. 5-

Using the approximation properties of the operator Sy, we obtain

D lewrl (Sp(tn) = Sutb(tu-1)) — curl ((tn) = ¢(tn-1))

KeTy,
S CR 0| Lty i1+ (2)) [OR 1,00-

Analogously, we have

> lleurl (t(tn) = (tn-1)) — curl 2 (Y (tn) — ¥(tn-1))llo.x |05 1.5

KeTn
S CR O Lty s+ ) [OR 11,0

Inserting the above estimates in (5.29), and then using it together with (5.27)-(5.28) into (5.25),
and multiplying by At, we obtain that

aulleurl 073 + vAtas |07 3o < CAL B IE],1.0l0F |20+ C At(AT1(t) 2.0 + 16} 20)

X etn) 2.0 1163 (Wt lrs20 + 16 I20) 16120
+ C(CA)AthTHat?/)HLl(t Hr+1(Q)) ||CllI‘l GZHOQ + CAtHatt'L/)||L1(tn717tn;L2(Q)) ||C11[‘l 02”079

+ay||curl 7! [|o.o |lcurl 67

n—1,tn;

0,Q-
An application of the Young’s inequality and kick-back argument yields
ail n |2 a1 n—12 n
U ewrl 0713 o~ S lewrl 0742 o + At(ag — ()20 — 16

< O (Itlr0 + [0 ()20 107 2.0 + CCDR 0D 110, pstir+ o el 6} o0
+ CAt||att1/JHL1(tn717tn;L2(Q)) HCI.II‘] @;.ZHO’Q.

RO

Since ¥(t,), vy € K, from the assumption of the theorem, and using Young’s inequality and
iterating j = 1,...,n, we have

ay
chrl 11§ o+ AtC (v, a3, R Z 163, 5.0 < ||curl g+ C AL ||5'tt7/’||2i1(0,tn;L2(Q))

+ O(CA)h2T(”fHLOO(O,tn;HT—l(Q)) F 1910 0,10 r7+2 () + “at¢|‘%%(O,tn;HW“*‘l(Q)))
< Cllpn — Su(¥(0))[I7 o + C(CA)hQT(”fH%OO(O,tn;H’”*l(Q)) 101 o (0,0, 72 (2))

+ ”atw”%W(O,tn;H’”rl(Q))) +C AP 10ut |71 0.0,0.22())
< C(|[1(0) = (0|17 .o + [4(0) = Sn((0))[[,0) + C AL 0u]|71(0,0,;22(02))

+ O(CA)h2T(”fHZLOO(O,t,L;HT—l(Q)) F 110 0,0 br7+2 () + H3t¢|\%oo(o,t,n;m+l(ﬂ)))-
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Using the approximation properties for Sy, and Proposition 5.2, we get

a7 - ;
?HCUTI 01150 + AtC(v, a3, S) Z 1031150 < C A (101171 (0.0.0.12(2))

=1
+ C(CA)hQT(”"/J(O)H%Jrr,Q I 0.1 90 + I 0.1,00742(00)
+ ||3t¢||%oo(o,tn;HT+1(9))>'

Finally, using the fact that ¢) —(t,) = 0} + pj, from the above estimation and approximation
properties for Sj, (see Lemma 5.1), we have the desired thesis. ]

Remark 5.1 In Theorem 5.1, and Theorem 5.2, we have chosen that the analytical solution
at time t = t,, and fully discrete solution 1} belong to a bounded subset of Br. To satisfy this
condition, an additional condition has to be imposed on viscosity v, which leads

202 20%(4 + C?)
max{ 5 £ H¢h||%oo(o,tn,1;H2(Q)) <L

27
asv asV

For sufficiently small values of At and v satisfying the above mentioned condition, we advocate a
numerical approzimation of (2.3) that converges optimally in both space and time variable. The
primary advantage of this scheme is that the condition imposed on v is independent of 1/At which
ensures the robustness of the scheme for very small values of At.

6 Numerical experiments

In this section, we report the results of four numerical tests carried out with the fully-discrete
virtual element scheme proposed in Section 4, in order to validate the theoretical results presented
in Section 5. We have developed a MATLAB code that implements the fully-discrete scheme
for k = 2 and k = 3. For the time discretization, we employ a backward Euler scheme and for
each time step, we use the Newton-Raphson method to solve the resulting nonlinear system, with
maximum 10 iterations, a user specified tolerance tol:= 108, and taking i = 0 as initial guess.

For our numerical tests, we have used different families of polygonal meshes (see Figure 1):

e 7,}: Uniform triangular meshes;

e 7,2: Trapezoidal meshes;

T;3: Sequence of Centroidal Voronoi Tessellation;

7714: Distorted concave rhombic quadrilaterals.
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Figure 1: Sample meshes: 7;! (top left), 7,2 (top right), 7,;> (bottom left) and 7;* (bottom right).

In order to test the convergence properties of the VEM method, we measure the errors as the
difference between the exact solution v and the suitable projections of the numerical solution .
More precisely, for the norm L2(0,T; H?(f2)), we consider the following quantity:

N 1/2
Es(y) := error(y, L?, H?) = (At D l(ta) — H’}}Az/)ﬁlg,h) -
n=1

6.1 Test 1. Homogeneous Dirichlet boundary conditions and initial
data.

In this numerical test, we solve the Navier-Stokes problem (2.1) on the square domain Q2 := (0, 1)
We take the load term f, boundary and initial conditions in such a way that the analytical solution
is given by:

_ sin(t) 2°(1 — 2)*(2y — 6y> + 4y°) _ (.33 1
u(l‘7y,t) =0.1 <_ sm(t) y2(1 _ y)2(2m _ 61)2 + 41,3) ’ p(l’,y,t) =1 ry — TG ’

U(w,y,t) = 0.1sin(t) (1 — 2)%y*(1 - y)*.
We consider the time interval [0, 1], for the viscosity we consider the values v = 1 and v = 1073
and we start the process with hg = 1/8 and Aty = 1/16.

We report in Table 1 and Table 2 the errors Eo(¢)) for different refinement levels and time steps
and using the family of meshes 7;? for k = 2 and the family 7;* for k = 3. Moreover, the maximum
number of iterations that are required for the Newton method in this example is 4 for all the
meshes and for £ = 2,3. It can be seen along the diagonal of Table 1, that the error Eo(¢)) reduces
linearly with respect to h and along the diagonal of Table 2 can be observed that the error Eqo(1))
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reduces quadratically with respect to h, which are the expected order of convergence for k = 2 and
k = 3, respectively. In addition, we have highlighted the errors which are dominated by space in
Table 1 and Table 2 for small values of time-step Af. We also observed that for big values of h,
the error Eo(?)) is almost constant with respect to At. Further, to examine the rate of convergence
for the space variable, we have included convergence graph using all family of meshes in Figure 2,
for k =2 and k = 3.

dof h Ato Ato/Q Ato /4 At0/8 At0/16

147 ho |1.076690e-3| 1.055725¢-3  1.045194e-3  1.039916e-3 | 1.037273e-3
675  ho/2  5.450550e-4 | 5.344520e-4|  5.291258e-4  5.264563¢-4 | 5.251199e-4
2883  ho/4  2.723653e-4  2.670638e-4  [2.644015e-4]  2.630672e-4 | 2.623994e-4
11907 ho/8  1.36123le-4  1.334675e-4  1.321353e-4  [1.31468le-4| |1.311342¢-4
48387  ho/16  6.80761le-5  6.673602e-5  6.606687e-5  6.573250e-5 | 6.556536e-5

Table 1: Test 1. Errors for the stream-function v, in the discrete L?(0,T; H?(©)) norm obtained
with k =2, v =1 and T,2.

dof h Ato Aty/2 Aty /4 Ato/8 Ato/16
211 ho |9.546949e-4]  9.395878¢-4  9.320480e-4  9.282763e-d  9.263893¢-4
899  ho/2  2.760235e-4  [2.701636e-4|  2.678057e-4  2.667518e-4 | 2.662540¢-4
3715  ho/4  8.270615e-5  7.376976e-5 [7.135559¢-5|  7.064923¢-5 | 7.041604e-5
15107 ho/8  4.423838e-5  2.603643¢-5  1.969686e-5 | 1.785950e-5] | 1.736430e-5
60931 ho/16  4.077910e-5  1.97683le-5  1.021248e-5  6.047226e-6 | 4.554491e-6

Table 2: Test 1. Errors for the stream function v, in the discrete L2(0,7T; H?(Q2)) norm obtained
with k =3, v = 1073 and T,*.

6.2 Test 2. Non-homogeneous Dirichlet boundary conditions and initial
conditions.

In this numerical test, we solve the Navier-Stokes problem (2.1) on the square domain  := (0, 1)2.
We take the load term f, non-homogeneous Dirichlet boundary and initial conditions in such a
way that the analytical solution is given by:

—exp(0.1£)(1 4 cos(mx)) sin(my) 9 o 2
w(@,y,t) = 0.1 ( exII))(O.lt)(l + cos(my)) sin(mi‘/)> ’ p(@,y,1) = exp(=1) (x N 3) ’

Y(z,y,t) = 0.1 exp(0.1¢)(1 + cos(mz)) (1 + cos(my)).

In this test, we consider the time interval to [0, 1], the viscosity ¥ = 1072 and we start with
ho = 1/4 and Ato = 1/16

We report in Table 3 the errors Eo(t)) for the family of meshes 7, and different refinement
levels and time steps. In this example, the maximum number of iterations that are required for
the Newton method is 5. Once again, it can be seen along the diagonal of Table 3 that the error
Es (1)) reduces linearly with respect to h, which is the expected order of convergence for k = 2. In
addition, we have highlighted the errors which are dominated by space in Table 3 for small values
of time-step At.
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Figure 2: Test 1: Rate of convergence for space variable for different meshes with meshsize h =
1/4,...,1/64, v = 1 and for small values of time-step At. For k = 2 and At = 0.05 (left panel)
and k£ = 3 and At = 0.0025 (right panel).

dof h Ato Ato/Q Ato/4 At0/8 Ato/lG
123 ho ’ 3.312118e-1 ‘ 3.307043e-1 3.304508e-1 3.303242e-1 3.302609e-1
531 ho/2 1.674332e-1 ’ 1.672076e-1 ‘ 1.670951e-1 1.670389%-1 1.670108e-1
2211 ho/4  8.358238e-2 8.345864e-2 ’ 8.339822e-2 ‘ 8.336843e-2 8.335366e-2
9027 ho/8 4.229862e-2 4.222367e-2 4.218726e-2 ’ 4.216934e-2 4.216047e-2
36483  ho/16 2.163267e-2 2.160239e-2 2.158950e-2 2.158367e-2 2.158092e-2

Table 3: Test 2. Errors for the stream-function v, in the discrete L?(0,T; H?(£2)) norm obtained
with 7;} and v = 1073.

6.3 Test 3. Example with dominating time error

In the present numerical test, we study the order of convergence of the virtual scheme in time. We
solve the Navier-Stokes problem (2.1) on the square domain © := (0,1)2. We take the load term
f, boundary and initial conditions in such a way that the analytical solution is given by:

u( £ = sin(10mt) 22(1 — z)2(2y — 632 + 4y?)
RAE AR - sin(107t) y?(1 — y)?(2z — 622 + 423) )’

1 3 1
p(x,y,t) = — (333 +y® - 2) (2 +3 Sin(107rt)> . b(w,y,t) = sin(107t) 2% (1 — 2)%y* (1 — y)2.
We consider the time interval [0, 1], the viscosity ¥ = 1 and we start the process with hg = 1/8
and Aty = 1/8.

We report in Table 4 the errors Eo (1)) obtained for k = 2 and using the family of meshes 7! with
different refinement levels and time steps. In this experiment, differently to the first and second
tests, we can observe that, for small values of h, the error Ey(¢)) reduces linearly with respect to
At (see the last row of Table 4), which is the expected order of convergence in time according to
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Figure 3: Rate of convergence for time variable for different meshes with time-steps At =
1/8,...,1/128 and meshsize h =1/64, v =1 and k = 3.

Theorem 5.2. We also observe that for big values of At the error E5(1)) is almost constant with
respect to h. In this numerical test, the maximum number of iterations that are required for the
Newton method is 3.

dof h Ato Ato/Q Ato/4 At0/8 Ato/lG
147 ho |2.556643e-2| 1.851436e-2  1.439994e-2  1.256422¢-2  1.186603e-2
675  ho/2  2.437394e-2 [ 1.579445e-2|  1.025426e-2  7.432721e-3  6.296528¢-3
2883  ho/4  2.40634le-2  1.502749e-2  [8.911963e-3|  5.428423e-3  3.772418e-3
11907 ho/8  2.398373e-2  1.482783e-2  8.541759¢-3  |4.795144e-3|  2.800171e-3
48387 ho/16 [2.396363¢-2] [1.477733e-2| [8.446522¢-3] [4.623010e-3| [2.498059¢-3]

Table 4: Test 3. Errors and experimental rates for the stream-function ¢y, in norm L?(0, T'; H?(12))
obtained with the meshes Thl, k=2and v =1.

Further, in Figure 3, we have posted a convergence graph where errors Ey(1)) are dominated by
time and virtual element space of order k = 3 is chosen. We have used all family of meshes. We
deduce that the rate of convergence is closer to 1 (expected order of convergence for time variable)
for very small values of h.

6.4 Test 4. Chorin problem

In this example, we consider the well-known Chorin problem for incompressible Navier-Stokes
equations [22]. For this test the load term is f = 0, and the initial and boundary conditions
correspond to the analytical solution:

— cos(2mz) sin(2my)e 87 vt

1 2
5 s ’t = —— (4 4 —8m l/t7
sin(27z) cos(2my) ) p(,y,1) 4 (cos(4mx) + cos(4my)) e

u(zvyvt) = <

2
6787r vt

—8m2ut

1
P(x,y,t) = Dy cos(2mx) cos(2my)e
T
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It has been observed that some finite element methods for a velocity-pressure formulation, the
L? error of the velocity converge suboptimally or even lock for small values of the viscosity (see
[32, Section 4.2]). It can be seen that the L? error of the velocity is related with the H' error
for the stream-function. Thus, in order to assess the performance of the virtual scheme for this
numerical example, we introduce the following discrete quantity:

N 1/2
Ei(v) := error(y, L% H') = (At > (ta) — H’;e%mih> :
n=1

We observe that an additional order of convergence is expected in this discrete error. To show this
fact, we will compute experimental rates of convergence for each individual error as follows:

_ os(E()/E(0)
PO gy

=12,

where h, b’ denote two consecutive mesh sizes with their respective errors E; and E,.

We report in Table 5 the discrete errors Eq (1) and Ep(v)), for the family of meshes 7,3. The
results were obtained by considering the final time 7" = 0.01 and time stepping At = 0.001. For
the viscosity v, we take two values: ¥ = 1072 and v = 1075. The maximum number of iterations
that are required for the Newton method in this example is 4 for v = 1072 and 5 for v = 1075.

v dof h E1(¥) ri() Ex (%) r2(%)
54 1/4 2.589181e-2 — 3.689706e-1 —
294 1/8 6.856293e-3 1.916 1.979657e-1  0.898
1073 1371 1/16 1.796994e-3  1.931 1.012519e-1  0.967
5796 1/32 4.332627e-4  2.052  5.059189%¢-2  1.000
23874 1/64 1.078390e-4 2.006 2.519974e-2 1.005
54 1/4 2.590922e-2 — 3.691334e-1 —
294 1/8 6.858939¢-3 1.917 1.980514e-1  0.898
10~ 1371 1/16 1.796887e-3  1.932 1.012955e-1  0.967
5796 1/32 4.328584e-4  2.053 5.061318e-2  1.000
23874 1/64 1.074008e-4  2.010 2.520898e-2 1.005

Table 5: Test 4. Errors and experimental rates for the stream-function 1y, using the meshes 7,2,
and with different values of v.

It can be clearly observed from Table 5 a linear order of convergence in the norm Ey()) and
a quadratic order in the norm E;(1)) (which has not been proved). Thus, we conclude that our
virtual scheme does not suffer from a suboptimal order of convergence or locking phenomenon.

Exact and approximate solutions (including a postprocessed velocity field) are illustrated in
Figure 4.
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Figure 4: Test 4. Exact and approximate solutions v, ¥, and the postprocessed velocity field
uy, := curl ¢y, using At = 0.001 for 7' = 0.01, using the mesh 7,;> with h =1/32 and v = 107°.

Conclusion

In this article, we have proposed a C* VEM to discretize the time-dependent Navier-Stokes problem
in the stream-function form. Exploiting enhanced virtual element spaces, we have approximated
the spatial variables and we have discretized the time variable using the backward Euler scheme.
We have derived a priori error estimations for semi-discrete and fully-discrete schemes and the
theoretical results are verified by four numerical experiments. Moreover, the fourth numerical
experiment allows us to conclude that our virtual scheme does not suffer from a suboptimal order
of convergence when the diffusion coefficient v is small, in contrast to some finite element methods
in velocity-pressure formulation, where a suboptimal convergence is observed in L?-norm of the
velocity for the Chorin problem with small values of v (see [32]).
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