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COUPLED-CLUSTER THEORY REVISITED

PART I: DISCRETIZATION

Mihály A. Csirik1,* and Andre Laestadius2,1

Abstract. In a series of two articles, we propose a comprehensive mathematical framework for
Coupled-Cluster-type methods. These methods aim at accurately solving the many-body Schrödinger
equation. In this first part, we rigorously describe the discretization schemes involved in Coupled-Cluster
methods using graph-based concepts. This allows us to discuss different methods in a unified and more
transparent manner, including multireference methods. Moreover, we derive the single-reference and
the Jeziorski–Monkhorst multireference Coupled-Cluster equations in a unified and rigorous manner.
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1. Introduction

The Coupled-Cluster (CC) method is one of the most popular methods in computational quantum chemistry
among Hartree–Fock (HF) and Density-Functional Theory (DFT). In its full generality, the quantum many-
body problem is intractable, and it is one of the greatest challenges of quantum mechanics to devise practically
useful methods to approximate the solutions of the many-body Schrödinger equation. Although the stationary
Schrödinger equation itself is a linear eigenvalue problem, it is extremely high-dimensional even for a few particles
and a low-dimensional one-particle space1. Here, we focus on those fermionic systems which are described by
the so-called molecular Hamilton operator—on which most electronic-structure models are based in quantum
chemistry. The Galerkin method applied to the Schrödinger equation (sometimes combined with an initial
HF “guess”) is branded Configuration Interaction (CI) in computational quantum chemistry; unfortunately,
its applicability is limited due to the aforementioned high-dimensionality issue. The HF method is perhaps
conceptually the simplest, whereby the ground state is approximated by minimizing the energy of the system
over Slater determinants; the resulting Euler–Lagrange equations constitute a nonlinear eigenvalue problem that
yields the HF ground state. HF theory has attracted much interest in the mathematical physics community,
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, where 𝑁 is the number of particles, and 𝐾 is dimension of the one-particle Hilbert space.
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see e.g. [2,3,7,8,12,19,23,26,36]. The spiritual successor to the statistical mechanics-motivated Thomas–Fermi
theory—DFT—is the single most used method in quantum chemistry, and some of its mathematical aspects are
also highly non-trivial [10, 20–22].

CC theory is a vast and highly active subfield of quantum chemistry, consisting of many variants and refine-
ments. However, among the aforementioned methods, the CC approach has arguably received the least attention
in the mathematics community.

1.1. Previous work

It is beyond the scope of this paper to give a historical review of the CC method and its vast number
of variants. The interested reader is pointed to [4, 5, 14, 18, 35]. The survey article [27] is somewhat more
mathematically-oriented and also proposes a rather general framework.

The analysis of the single-reference CC method by R. Schneider and T. Rohwedder [31–33] serves as a starting
point of our description of the CC discretization. In Part II, we will briefly summarize [33] and its follow-up
works, where the context is more appropriate.

1.2. Outline

It is our intention to present both known and new results in a self-contained manner and primarily with a
mathematical audience in mind. In Section 2, we describe the setting of the quantum-mechanical problems the
CC theory is aimed at. Next, Section 2.3 gives a rough sketch of the most basic CI and CC methods.

We begin our discussion in Section 3.1 with the definition of a partial order relation which will be used to
encode the relevant transitions of the system, called excitations. This partial order, and the induced lattice
operations will be used in Section 3.2 to define the excitation graph, which fully describes the CC discretization
scheme. We give a few examples of the generality of our concepts and also extend the definition of the excitation
graph to the multireference (MR) case. After this, the corresponding excitation operators (Sect. 3.3), cluster
operators (Sect. 3.4) and cluster amplitude spaces (Sect. 3.5) are constructed, which are the essential building
blocks for the formulation of any CC-like method.

In Section 4, we give short derivations of the conventional single-reference (SRCC) and Jeziorski–Monkhorst
multireference (JM-MRCC) methods. We do so by generalizing the known procedure which is based on pertur-
bation theory.

In Appendix A we calculate various graph-theoretic properties of the excitation graph. In Appendix B we
propose a method based on linear programming to select reference determinants for the multi-reference setting
in an optimal way.

2. Background

In this section we collect the concepts and results that are necessary for the forthcoming discussion. For
proofs and more about the mathematical foundations of quantum mechanics, see e.g. [13, 15,25,28–30,38].

The spectrum of a linear operator 𝐴 is written 𝜎(𝐴), the elements of its discrete spectrum as ℰ𝑛(𝐴), where
𝑛 = 0, 1, 2, . . ., if 𝐴 is bounded from below. We use the usual notation [𝐴, 𝐵] = 𝐴𝐵 −𝐵𝐴 for the commutator.
The transpose of 𝐴 is denoted as 𝐴†. For normed spaces 𝑉 and 𝑊 , the symbol ℒ(𝑉,𝑊 ) denotes normed space
of bounded linear mappings 𝑉 → 𝑊 endowed with the operator norm ‖ · ‖ℒ(𝑉,𝑊 ). Furthermore, 𝑉 * denotes the
(continuous) dual space.

2.1. Function spaces

In the context of many-body quantum mechanics, the Lebesgue-, and Sobolev spaces 𝐿2(R3) and 𝐻1(R3)
are viewed as “one-particle spaces”. We ignore spin for simplicity and consider 𝐿2(R3) and 𝐻1(R3) as real
Hilbert spaces, again for clarity. These choices are justified for our model Hamiltonian (see Sect. 2.2 below), but
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we remark that all the forthcoming considerations can be trivially extended to the more general setting. The
one-particle spaces are then used to define the 𝑁 -particle fermionic spaces (see e.g. [24])

L2 =
𝑁⋀︁

𝐿2(R3), and H1 = L2 ∩𝐻1(R3𝑁 ),

endowed with the inner products

⟨Ψ, Φ⟩ =
∫︁

R3𝑁

Ψ(X)Φ(X) dX

and

⟨Ψ, Φ⟩H1 = ⟨Ψ, Φ⟩+
𝑁∑︁

𝑘=1

∫︁
R3𝑁

∇x𝑘
Ψ(X) ·∇x𝑘

Φ(X) dX,

respectively. Here, X = (x1, . . . ,x𝑁 ) ∈ R3𝑁 and z · w denotes the Euclidean inner product. Also, ∇x𝑘
=

(𝜕𝑥1
𝑘
, 𝜕𝑥2

𝑘
, 𝜕𝑥3

𝑘
) is the distributional gradient operator acting on the 𝑘th triple of the arguments. The norms

corresponding to ⟨·, ·⟩ and ⟨·, ·⟩H1 are denoted as ‖ · ‖ and ‖ · ‖H1 , respectively. We define the second order
Sobolev space as H2 = L2 ∩𝐻2(R3𝑁 ).

Let 𝐾 ≥ 𝑁 or 𝐾 = ∞ and assume that an 𝐿2-orthonormal (spin-)orbital set ℬ𝐾 = {𝜙𝑝}𝐾
𝑝=1 ⊂ 𝐻1(R3) is

given. We define the subspace 𝐻1
𝐾(R3) = Spanℬ𝐾 ⊂ 𝐻1(R3). Corresponding to ℬ𝐾 we can construct the set

of Slater determinants

B𝐾 = {Φ𝛼 ∈ H1 : 1 ≤ 𝛼1 < . . . < 𝛼𝑁 ≤ 𝐾, Φ𝛼(X) = 𝑁 !−1/2 det(𝜙𝛼𝑖
(x𝑗))1≤𝑖,𝑗≤𝑁}.

Then B𝐾 is L2-orthonormal. Set
H1

𝐾 = Span B𝐾 ⊂ H1.

The negative exponent Sobolev space H−1 will also be used in the sequel, which is given by the continuous
dual space (H1)*. We will exploit that the dense continuous embeddings H1 ⊂ L2 ⊂ H−1 hold true (see e.g. [1]),
i.e. the spaces in question form a Gelfand triple.

Remark 2.1. An important remark is in order. Recall that 𝑉 ⊂ 𝐻 ⊂ 𝑉 * are said to form a Gelfand triple if
𝑉 is a real reflexive Banach space, 𝐻 is real separable Hilbert space and the embedding 𝑉 ⊂ 𝐻 is continuous
and 𝑉 is dense in 𝐻 (see e.g. [39], Sect. 23.4). It follows that for any Ψ ∈ 𝐻 there is a ̂︀Ψ ∈ 𝑉 * such that
⟨̂︀Ψ, Φ⟩𝑉 *×𝑉 = ⟨Ψ, Φ⟩𝐻 for all Φ ∈ 𝑉 , and the mapping 𝐻 → 𝑉 * given by Ψ ↦→ ̂︀Ψ is linear, injective and
continuous. Hence, the embedding 𝐻 ⊂ 𝑉 * is also continuous (and dense). Henceforth, we will write Ψ in place
of ̂︀Ψ for brevity.

Convention: We will drop the subscript from ⟨·, ·⟩, as it is either obvious from its arguments that the duality
pairing ⟨·, ·⟩𝑉 *×𝑉 has to be used, or both ⟨·, ·⟩𝑉 *×𝑉 and ⟨·, ·⟩𝐻 are acceptable due to the Gelfand triple setting
as discussed above. In particular, we apply this convention to H1 ⊂ L2 ⊂ H−1, to the cluster amplitude spaces
discussed in Section 3.5 and also in the general framework of Section 4.

2.2. Schrödinger Hamiltonian

In this section, we introduce the model Hamiltonian for concreteness. Let 𝑉,𝑤 : R3 → R be Kato class
potentials: 𝑉,𝑤 ∈ 𝐿3/2(R3) + 𝐿∞𝜀 (R3)2 with 𝑤 even and define the quadratic form ℰ on H1 as

ℰ(Ψ) =
1
2
‖∇Ψ‖2 +

∫︁
R3𝑁

(︃ ∑︁
1≤𝑖≤𝑁

𝑉 (x𝑖) +
∑︁

1≤𝑖<𝑗≤𝑁

𝑤(x𝑖 − x𝑗)

)︃
|Ψ(X)|2 dX

2By definition 𝑓 ∈ 𝐿3/2(R3) + 𝐿∞𝜀 (R3), if for every 𝜀 > 0 there is an 𝑓1 ∈ 𝐿3/2(R3) and 𝑓2 ∈ 𝐿∞(R3) with ‖𝑓2‖∞ < 𝜀 so that
𝑓 = 𝑓1 + 𝑓2.
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for any Ψ ∈ H1. For every 𝜀 > 0, there is a 𝐶𝜀 > 0 so that Kato’s inequality (see e.g. [12] for a detailed proof),

1− 𝜀

2
‖∇Ψ‖2 − 𝐶𝜀‖Ψ‖2 ≤ ℰ(Ψ) ≤ 1 + 𝜀

2
‖∇Ψ‖2 + 𝐶𝜀‖Ψ‖2 for all Ψ ∈ H1,

holds true. This implies that the quadratic form induced by 𝑉 and 𝑤 is infinitesimally form bounded with
respect to −△. The KLMN theorem (see e.g. [29]) implies that there exists a unique self-adjoint operator
ℋ : 𝐷(ℋ) → L2 associated to ℰ , having form domain 𝑄(ℋ) = 𝑄(ℰ) = H1 and being lower semibounded. This
ℋ is given by

(ℋΨ)(X) =
∑︁

1≤𝑖≤𝑁

[︃
− 1

2
△x𝑖

+ 𝑉 (x𝑖)

]︃
Ψ(X) +

∑︁
1≤𝑖<𝑗≤𝑁

𝑤(x𝑖 − x𝑗)Ψ(X),

for all Ψ ∈ 𝐷(ℋ) and X ∈ R3𝑁 . Kato’s inequality implies that there is a constant 𝑀 > 0, such that

⟨ℋΨ, Φ⟩ ≤ 𝑀‖Ψ‖H1‖Φ‖H1 (2.1)

for all Ψ, Φ ∈ H1. Thus, ℋ can be extended to a bounded mapping H1 → H−1, which we denote with the same
symbol. We say that Ψ ∈ H1 and ℰ ∈ R satisfy the weak Schrödinger equation if ⟨ℋΨ, Φ⟩ = ℰ⟨Ψ, Φ⟩ for all
Φ ∈ H1.

As far as the finite-dimensional case 𝐾 < ∞ is concerned, we simply consider the Galerkin projection of the
weak Schrödinger equation. More precisely, let H1

𝐾 ⊂ H1 be as defined in Section 2.1. Then Ψ ∈ H1
𝐾 and ℰ ∈ R

are said to satisfy the projected Schrödinger equation if ⟨ℋΨ, Φ⟩ = ℰ⟨Ψ, Φ⟩ for all Φ ∈ H1
𝐾 .

The so-called (electronic) molecular Hamiltonian ℋ corresponds to the special case

𝑉 (x) = −
∑︁

1≤𝑗≤𝑀

𝑍𝑗

|x− r𝑗 |
and 𝑤(x) =

1
|x|

,

where 𝑍𝑗 ∈ N (𝑗 = 1, . . . ,𝑀) and r1, . . . , r𝑀 ∈ R3 denote the charges and the positions of the 𝑀 ∈ N nuclei.

2.3. The CI and the CC method

We now give a very rough description of the single-reference CI and CC methods. For the rigorous derivations,
we refer to Section 4.

In a preliminary step—typically using the Hartree–Fock method—the reference determinant

Φ0 = 𝑁 !−1/2 det(𝜙𝑖(x𝑗))1≤𝑖,𝑗≤𝑁

is constructed and normalized so that ‖Φ0‖ = 1. We restrict our discussion here to the case when relevant
the function spaces are real. The occupied orbitals ℬocc = {𝜙𝑝}𝑁

𝑝=1 ⊂ 𝐻1(R3) are extended to a basis ℬ𝐾 =
{𝜙𝑝}𝐾

𝑝=1 ⊂ 𝐻1
𝐾(R3) by adding 𝐾 −𝑁 virtual orbitals ℬ𝐾,virt = {𝜙𝑝}𝐾

𝑝=𝑁+1, so that ℬ𝐾 = ℬocc ∪ ℬ𝐾,virt. Here,
𝐾 = ∞ is allowed. The orthonormal set ℬ𝐾 generates the Slater determinants B𝐾 and the subspace H1

𝐾 ⊂ H1

(see Sect. 2.1). For later convenience, we introduce the space H1,⊥ as the L2-orthogonal complement of Span{Φ0}
in H1. Further, we also set H1,⊥

𝐾 = H1,⊥ ∩ H1
𝐾 . Further, we define L2,⊥ as the L2-orthogonal complement of

Span{Φ0} in L2.
In both the CI and the CC method, the Schrödinger equation ℋΨ = ℰΨ is solved based on the reference

wavefunction Φ0. For simplicity3, we consider the case when Ψ is sought after in the form Ψ = Φ0 + Ψ, where
⟨Ψ, Φ0⟩ = 0. In other words, Ψ is calculated via a correction Ψ to Φ0. Note that ⟨Ψ, Φ0⟩ = 1, which is called
the intermediate normalization condition. If the “targeted” wavefunction Ψ happens to be orthogonal to the
reference determinant Φ0, then the Ansatz Ψ = Φ0 + Ψ cannot yield a solution.

3Although the CI method is more general.
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The Full Configuration Interaction (FCI) method can be summarized as follows: find Ψ ∈ H1,⊥
𝐾 such that

⟨ℋ(Φ0 + Ψ), Φ⟩ = ℰCI⟨Φ0 + Ψ, Φ⟩ for all Φ ∈ H1,⊥
𝐾 . (2.2)

Here, ℰCI = ‖Ψ‖−2⟨ℋΨ, Ψ⟩ is called the CI-, or variational energy. The projected CI method is simply the
Galerkin projection of the previous problem to some finite dimensional subspace V𝑑 ⊂ H1,⊥

𝐾 , i.e. to find Ψ𝑑 ∈ V𝑑

such that
⟨ℋ(Φ0 + Ψ𝑑), Φ𝑑⟩ = ℰ𝑑,CI⟨Φ0 + Ψ𝑑, Φ𝑑⟩ for all Φ𝑑 ∈ V𝑑. (2.3)

The choice of the Galerkin subspace V𝑑 is typically based on so-called truncation rank, for instance V𝑑 = VSD,
is the span of singly-, and doubly excited determinants in B𝐾 . The corresponding (projected) CI method in
this case is designated as “CISD”.

The CI equations are more commonly expressed using cluster operators. A cluster operator 𝐶 : L2 → L2 is a
bounded linear operator that is a linear combination of special products of fermionic creation and annihilation
operators 𝑎†𝑖 and 𝑎𝑖 (see Part II for a definition), so that the action of each such product is to replace some
occupied orbitals ℬocc with the same number of virtual orbitals ℬ𝐾,virt in a Slater determinant (see Rem. 3.18).
A cluster operator 𝐶 can therefore be parametrized with the said linear-combination coefficients, which are
denoted by the lower case 𝑐 and are called cluster amplitudes. The vector space of all cluster amplitudes is
denoted by V. There is a one-to-one correspondence between functions in L2,⊥ (resp. H1,⊥) and functions of
the form 𝐶Φ0, where 𝐶 : L2 → L2 (resp. 𝐶 : H1 → H1) is a cluster operator (see [31]). Therefore, (2.2) can be
expressed as follows: find a cluster operator 𝐶 (or, equivalently cluster amplitudes 𝑐), such that

⟨ℋ(𝐼 + 𝐶)Φ0, 𝑆Φ0⟩ = ℰCI(𝑐)⟨(𝐼 + 𝐶)Φ0, 𝑆Φ0⟩ for all cluster operators 𝑆. (2.4)

Here, ℰCI(𝑐) = ‖(𝐼 + 𝐶)Φ0‖−2⟨ℋ(𝐼 + 𝐶)Φ0, (𝐼 + 𝐶)Φ0⟩. Although this might seem an unnecessary complication
at first, cluster operators are essential for the formulation of the CC method.

In the CC method, the “exponential Ansatz” is assumed for the intermediately normalized wavefunction Ψ.
Substituting Ψ = 𝑒𝑇 Φ0 into the Schrödinger equation, where 𝑇 is a cluster operator, we get

ℋ𝑒𝑇 Φ0 = ℰCC𝑒𝑇 Φ0, (2.5)

for some ℰCC ∈ R. First, to determine ℰCC we premultiply (2.5) by 𝑒−𝑇 (𝑒𝑇 is always invertible), and take the
inner product with Φ0 to obtain the CC energy

ℰCC := ℰCC(𝑡) = ⟨𝑒−𝑇ℋ𝑒𝑇 Φ0, Φ0⟩, (2.6)

where we used the normalization ‖Φ0‖ = 1. Second, by premultiplying (2.5) by 𝑒−𝑇 again, but now testing
against functions in H1,⊥

𝐾 , we get the Full CC (FCC) method: find cluster amplitudes 𝑡* ∈ V such that

⟨𝑒−𝑇*ℋ𝑒𝑇*Φ0, 𝑆Φ0⟩ = 0, for all 𝑠 ∈ V. (2.7)

The projected CC method is the Galerkin projection of the FCC problem with respect to some subspace V𝑑 ⊂ V.
More precisely, the task is to find 𝑡𝑑,* ∈ V𝑑 such that

⟨𝑒−𝑇𝑑,*ℋ𝑒𝑇𝑑,*Φ0, 𝑆𝑑Φ0⟩ = 0 for all 𝑠𝑑 ∈ V𝑑. (2.8)

For the moment, we denote the corresponding CC energy by ℰ𝑑,CC. Again, V𝑑 is based on some truncation,
such as SD, in which case the corresponding method is called “CCSD”.

We now discuss the relation between CI and CC. It was shown that the FCI (2.2) and the FCC (2.7) equations
are equivalent, see Theorem 5.3 of [31].

Theorem 2.2 (Equivalence of FCI and FCC). The problems (2.4) and (2.7) are equivalent, i.e. a full CC
solution 𝑡* is also full CI solution 𝐼 + 𝐶* = 𝑒𝑇* , and vice versa. Moreover, ℰCC(𝑡*) = ℰCI(𝑐*) holds true.
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However, the corresponding Galerkin-projected problems are not equivalent. Further, while ℰCI ≤ ℰ𝑑,CI due
to the Rayleigh–Ritz variational principle, the same is not true for the CC method and numerical experience
undoubtedly shows that there is no obvious relation in general between ℰCC = ℰCI and ℰ𝑑,CC; this last phe-
nomenon is called the nonvariational property of CC theory. Note that according to Theorem 2.2, FCC is
variational.

Despite this, the gains of CC over CI are significant. First, by construction, the CC method is size-consistent,
even when truncated (Theorem 4.10 of [33]). This property is crucial for the precise determination of vari-
ous chemical properties. Second, the evaluation of expressions involving the similarity-transformed Hamilton
operator 𝑒−𝑇ℋ𝑒𝑇 is greatly eased by the formula

𝑒−𝑇ℋ𝑒𝑇 =
4∑︁

𝑗=0

1
𝑗!

[ℋ, 𝑇 ](𝑗), (2.9)

see Theorem A.1 of [33]4, where the iterated commutators are given by [ℋ, 𝑇 ](0) = ℋ and [ℋ, 𝑇 ](𝑗) =
[[ℋ, 𝑇 ](𝑗−1), 𝑇 ] for 𝑗 ≥ 1. Equation (2.9) may be referred to as the terminating Baker–Campbell–Hausdorff
series, and it makes the computer implementation of CC methods feasible even for moderately sized systems.
In particular, the Slater–Condon rules imply that the CC energy can be computed as5

ℰCC(𝑡) = ⟨ℋ(𝐼 + 𝑇1 + 𝑇2 + 1
2𝑇 2

1 )Φ0, Φ0⟩. (2.10)

Furthermore, (2.9) also implies that the polynomial system (2.7) (and hence its Galerkin projection (2.8)) is
quartic in terms of the cluster amplitudes 𝑡. Despite their apparent simplicity, the CC equations usually involve
many complicated terms and even their assembly is a nontrivial task. In summary, the CC method approximates
an extremely high-dimensional linear problem (2.2) by a low-dimensional nonlinear problem (2.8).

3. Coupled-Cluster discretization

Using an appropriate string of creation and annihilation operators, any fermionic state can be changed to
any other one (see Part II, or [14, 37]). In our context, a set of 𝑁 occupied orbitals is given; its complement
is called the set of virtual orbitals. The action of an excitation operator on a Slater determinant consists
of annihilating a few occupied orbitals and creating the same number of virtual orbitals (hence the particle
number 𝑁 is conserved). A de-excitation operator amounts to the reverse action: annihilating some virtual
orbitals and creating the same number of occupied ones. Obviously, any 𝑁 -particle Slater determinant can be
obtained by acting with an appropriate excitation operator on the “reference state”, which is the 𝑁 -particle
Slater determinant of all the occupied orbitals. However, it might also be possible to arrive at the same Slater
determinant from another state through successive excitations. The concrete relationships are nontrivial and
this section is devoted to their description.

3.1. Excitation order

Let Λ be a countable set called the orbital set and let 2Λ denote the power set of Λ. In concrete examples,
we will often use the numbers Λ = {1, 2, 3, . . .} to label the elements of Λ for the sake of simplicity, and set
𝐾 = |Λ|. Let 𝑁 ≥ 1 denote the number of particles, and set 𝑆 = {𝛼 ∈ 2Λ : |𝛼| = 𝑁}, the elements of which
are called (𝑁 -particle) states. The particle number 𝑁 is assumed to be fixed throughout. Fix 𝑀 ≥ 1 reference
states

Ω = {01, . . . , 0𝑀} ⊂ 𝑆.

For every 𝑚 = 1, . . . ,𝑀 define
𝐿𝑚 = 𝑆 r (Ω r {0𝑚})

4Their proof is straightforward to adapt to the more general Hamilton operator defined in Section 2.2.
5Actually, the term ⟨ℋ𝑇1Φ0, Φ0⟩ vanishes if Φ0 is the Hartree–Fock solution (Brillouin theorem).
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and on it, the partial order relation

𝛼 ⪯𝑚 𝛽 ⇐⇒ 𝛽
𝑚
⊂ 𝛼𝑚 and 𝛼𝑚 ⊂ 𝛽

𝑚

for any 𝛼, 𝛽 ∈ 𝐿𝑚, where
𝛼𝑚 = 𝛼 ∩ 0𝑚 and 𝛼𝑚 = 𝛼 ∩ (0𝑚)𝑐,

and the complement is to be understood relative to Λ. According to commonly used nomenclature, we call
𝛼𝑚 the occupied part of 𝛼 w.r.t. 0𝑚 and 𝛼𝑚 the virtual part of 𝛼 w.r.t. 0𝑚. This partial order relation is a
generalization of Definition 4.2 of [31]. By definition, 𝐿𝑚 = {𝛼 ∈ 𝑆 : 0𝑚 ⪯𝑚 𝛼} and for the sake of convenience,
we introduce the notations 𝑆 = 𝑆 r Ω and 𝐿𝑚 = 𝐿𝑚 r {0𝑚}. Note that the reference states are defined not to
be comparable with respect to ⪯𝑚 with each other.

The partial order ⪯𝑚 generates the join and meet lattice operations

𝛼 ∨𝑚 𝛽 =
(︀
𝛼𝑚 ∩ 𝛽

𝑚

)︀
∪
(︀
𝛼𝑚 ∪ 𝛽

𝑚)︀
,

𝛼 ∧𝑚 𝛽 =
(︀
𝛼𝑚 ∪ 𝛽

𝑚

)︀
∪
(︀
𝛼𝑚 ∩ 𝛽

𝑚)︀
,

for all 𝛼, 𝛽 ∈ 𝐿𝑚. Furthermore, we introduce the orthocomplementation 𝛼⊥ = Λ r 𝛼.
For the so-called single-reference (SR) case, 𝑀 = 1 and we will make the convention that all the 𝑚 indices

are dropped from the notation. For the next result, we extend ⪯, ∨ and ∧ to the whole 2Λ.

Proposition 3.1. The structure 𝐵 = (2Λ,∨,∧, 0, 1,⊥) is a Boolean algebra, that is, a distributive, bounded
lattice in which the de Morgan laws hold true. Here, we set 1 := Λ, the identity for ∧.

A similar statement holds true in the multi-reference (MR) case, for the individual structures 𝐵𝑚 =
(2Λ,∨𝑚,∧𝑚, 0𝑚, 1,⊥). Even though the algebraic structure on 𝐵 is nice, the subset 𝑆 loses this structure.
In fact, 𝑆 is not a sublattice of 𝐵, since for example 𝛼 ∨𝑚 𝛽, 𝛼 ∧𝑚 𝛽 ̸∈ 𝑆 for distinct 𝛼 and 𝛽 with 𝛼 = 𝛽 = ∅.
The reason why we stated Proposition 3.1, however, is because we will exploit the operational rules for ∨, ∧
and ⊥ on a few occasions; for instance, in the following trivial result.

Lemma 3.2. Let 𝛾, 𝛽 ∈ 2Λ be such that 𝛽 ⪯𝑚 𝛾. Then, 𝛼 ∨𝑚 𝛽 = 𝛾 if and only if 𝛼 = 𝛽⊥ ∧𝑚 𝛾.

Proof. We have

𝛼 ∨𝑚 𝛽 = (𝛾 ∧𝑚 𝛽⊥) ∨𝑚 𝛽 = (𝛾 ∨𝑚 𝛽) ∧𝑚 (𝛽⊥ ∨𝑚 𝛽) = (𝛾 ∨𝑚 𝛽) ∧𝑚 1 = 𝛾 ∨𝑚 𝛽 = 𝛾,

where in the last step we used 𝛽 ⪯𝑚 𝛾. Further, if 𝛼′ ∨𝑚 𝛽 = 𝛾 as well, then 𝛼′ ∨𝑚 𝛽 = 𝛼 ∨𝑚 𝛽. By joining 𝛽⊥

to both sides, we get 𝛼′ = 𝛼. �

The poset (𝐿𝑚,⪯𝑚) also admits a rank function which makes it a graded poset. Being a graded poset means
that there is a rank function rk𝑚 : 𝐿𝑚 → N satisfies rk𝑚(𝛼) < rk𝑚(𝛽) whenever 𝛼 ≺𝑚 𝛽, and rk𝑚(𝛽) =
rk𝑚(𝛼) + 1 if there is no element 𝛾 such that 𝛼 ≺𝑚 𝛾 ≺𝑚 𝛽. The choice rk𝑚(𝛼) = |𝛼𝑚| is easily seen to satisfy
the requirements. Obviously, the maximum value that rk𝑚(𝛼) can take is 𝑁 . For a geometric description of the
rank function, see Appendix B.

3.2. Excitation graphs

As we remarked in the previous section, 𝐿𝑚 fails to be a sublattice of the Boolean algebra 𝐵𝑚. Therefore, let
us consider pairs (𝛼, 𝛽) ∈ 𝐿𝑚 × 𝐿𝑚 for which 𝛼 ∨𝑚 𝛽 ∈ 𝐿𝑚. In other words, pairs (𝛼, 𝛽) ∈ 𝐿𝑚 × 𝐿𝑚 for which
|𝛼𝑚 ∩ 𝛽

𝑚
| + |𝛼𝑚 ∪ 𝛽

𝑚| = 𝑁 , or, using the inclusion-exclusion principle |𝐴 ∪ 𝐵| = |𝐴| + |𝐵| − |𝐴 ∩ 𝐵|, we can
equivalently write

|𝛼𝑚 ∪ 𝛽
𝑚
|+ |𝛼𝑚 ∩ 𝛽

𝑚| = 𝑁, (3.1)
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Figure 1. Full multi-reference excitation multigraph for Λ = {1, . . . , 5} and 01 = {1, 2, 3},
02 = {1, 2, 4}. The edges corresponding to 01 and 02 are shown in red and blue, respectively.

since |𝛼𝑚|+|𝛼𝑚| = 𝑁 and |𝛽
𝑚
|+|𝛽𝑚| = 𝑁 by hypothesis. While still 𝛼∨𝑚𝛽 ∈ 𝐿𝑚 even in the case 𝛼𝑚∩𝛽

𝑚 ̸= ∅,
we wish to avoid that possibility on physical grounds. Namely, such an operation would introduce a repeated
virtual orbital in the state 𝛼 ∨𝑚 𝛽 and that is not allowed on the account of the Pauli exclusion principle. We
note in passing that 𝛼 ∨𝑚 𝛽 ∈ 𝐿𝑚 is equivalent to 𝛼 ∧𝑚 𝛽 ∈ 𝐿𝑚. In conclusion, we restrict our attention to the
set

ℒ𝑚 = {(𝛼, 𝛽) ∈ 𝐿𝑚 × 𝐿𝑚 : |𝛼𝑚 ∪ 𝛽
𝑚
| = 𝑁 and |𝛼𝑚 ∩ 𝛽

𝑚| = 0}. (3.2)

Hence, if (𝛼, 𝛽) ∈ ℒ𝑚, then we have 𝛼 ∨𝑚 𝛽 ∈ 𝐿𝑚. The set ℒ𝑚 is symmetric to the diagonal (which it does
not contain), i.e. (𝛼, 𝛽) ∈ ℒ𝑚 iff (𝛽, 𝛼) ∈ ℒ𝑚 and (𝛼, 𝛼) ̸∈ ℒ𝑚. Also, (0𝑚, 𝛼), (𝛼, 0𝑚) ∈ ℒ𝑚 for any 𝛼 ∈ 𝐿𝑚.
Furthermore, the rank function rk𝑚 is additive on ℒ𝑚 in the sense that

rk𝑚(𝛼 ∨𝑚 𝛽) = rk𝑚(𝛼) + rk𝑚(𝛽),

for any (𝛼, 𝛽) ∈ ℒ𝑚. This property may also seen to be a reason why we want to exclude the case 𝛼𝑚 ∩𝛽
𝑚 ̸= ∅.

Indeed, it could also be taken as the definition of ℒ𝑚.

Proposition 3.3. The set ℒ𝑚 can be written as

ℒ𝑚 = {(𝛼, 𝛽) ∈ 𝐿𝑚 × 𝐿𝑚 : 𝛼 ∨𝑚 𝛽 ∈ 𝐿𝑚 and rk𝑚(𝛼 ∨𝑚 𝛽) = rk𝑚(𝛼) + rk𝑚(𝛽)}.

Proof. Let ℒ′𝑚 denote the set on the right hand side of the preceding equation. Then, it is clear from the above
that ℒ𝑚 ⊂ ℒ′𝑚. Conversely, suppose that (𝛼, 𝛽) ∈ ℒ′𝑚. Then, |𝛼𝑚∪𝛽

𝑚| = |𝛼𝑚|+ |𝛽𝑚|, from which |𝛼𝑚∩𝛽
𝑚| = 0

using the inclusion-exclusion principle. Since 𝛼 ∨𝑚 𝛽 ∈ 𝐿𝑚, (3.1) holds true, and we have that |𝛼𝑚 ∪ 𝛽
𝑚
| = 𝑁 ,

so (𝛼, 𝛽) ∈ ℒ𝑚. Hence, ℒ𝑚 ⊃ ℒ′𝑚. �

The set ℒ𝑚 is used for our main definition.
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Definition 3.4. The digraph 𝐺full
𝑚 = (𝐿𝑚, 𝐸full

𝑚 ) is called the full (SR) excitation graph w.r.t. 0𝑚, where

𝐸full
𝑚 = {(𝛽, 𝛼 ∨𝑚 𝛽) ∈ 𝐿𝑚 × 𝐿𝑚 : (𝛼, 𝛽) ∈ ℒ𝑚, 𝛼 ̸= 0𝑚}.

A subgraph 𝐺𝑚 = (𝐿𝑚, 𝐸𝑚), 𝐸𝑚 ⊂ 𝐸full
𝑚 is said to be an (SR) excitation (sub)graph w.r.t. 0𝑚.

Notice that we excluded 𝛼 = 0𝑚 to omit loop edges. Lemma 3.2 can be refined in the following manner.

Lemma 3.5. Let (𝛽, 𝛾) ∈ 𝐸full
𝑚 . Then 𝛼 = 𝛽⊥ ∧𝑚 𝛾 ∈ 𝐿𝑚 is the unique 𝛼 such that 𝛼 ∨𝑚 𝛽 = 𝛾.

Proof. Using Lemma 3.2, we can uniquely solve the equation 𝛼 ∨𝑚 𝛽 = 𝛾 for 𝛼 to obtain 𝛼 = 𝛽⊥ ∧𝑚 𝛾 ∈ 2Λ.
Therefore, (𝛽, 𝛼 ∨𝑚 𝛽) ∈ 𝐸full

𝑚 , which implies that 𝛼 ∈ 𝐿𝑚 using the definition of 𝐸full
𝑚 . �

Corollary 3.6. The digraph 𝐺full
𝑚 does not contain parallel edges.

Various graph-theoretic quantities of the single-reference excitation graph are calculated in Appendix A.
A digraph 𝐺 = (𝑉,𝐸) is said to be transitive if (𝑢, 𝑣) ∈ 𝐸 and (𝑣, 𝑤) ∈ 𝐸 imply (𝑢, 𝑤) ∈ 𝐸. It follows by

induction that, if 𝐺 is transitive, and whenever 𝐺 contains a directed path ((𝑣0, 𝑣1), (𝑣1, 𝑣2), . . . , (𝑣𝑛−1, 𝑣𝑛)),
then (𝑣0, 𝑣𝑛) ∈ 𝐸.

Proposition 3.7. The digraph 𝐺full
𝑚 is transitive.

Proof. Suppose that (𝛾0, 𝛾1) ∈ 𝐸full
𝑚 and (𝛾1, 𝛾2) ∈ 𝐸full

𝑚 . Then there exists 𝛼 and 𝛽 such that 𝛾1 = 𝛼∨𝑚 𝛾0 and
𝛾2 = 𝛽 ∨𝑚 𝛾1. Since 𝛾2 = (𝛼 ∨𝑚 𝛽) ∨ 𝛾0 by the associativity of ∨𝑚, it follows easily from Proposition 3.3 that
(𝛾0, 𝛼 ∨𝑚 𝛽) ∈ ℒ𝑚. Therefore,

(𝛾0, 𝛾2) = (𝛾0, (𝛼 ∨𝑚 𝛽) ∨𝑚 𝛾0) ∈ 𝐸full
𝑚 ,

which is what we wanted to show. �

Transitivity of certain subgraphs, and of 𝐺full
𝑚 itself will come up later, since vaguely speaking this prop-

erty will imply the algebraic closedness of the set of excitation operators that we attach to the edges (see
Sects. 3.3 and 3.4).

We label the edges of 𝐺full
𝑚 with their corresponding 𝛼. Thus, to every directed edge (𝛽, 𝛼∨𝑚 𝛽) ∈ 𝐸full

𝑚 there
corresponds a map 𝑥𝑚,𝛼 : 𝐿𝑚 → 𝐿𝑚 defined with the instruction 𝑥𝑚,𝛼(𝛽) = 𝛼∨𝑚 𝛽. This way, the digraph 𝐺full

𝑚

may be interpreted as a commutative diagram (cf. Sect. 3.3). Note that a label 𝑥𝑚,𝛼 may appear on multiple
edges.

Furthermore, for any subgraph 𝐺𝑚 = (𝐿𝑚, 𝐸𝑚), we introduce the set of excitations Ξ(𝐺𝑚) ⊂ 𝐿𝑚 of 𝐺𝑚 via

Ξ(𝐺𝑚) = {𝛼 ∈ 𝐿𝑚 : (𝛽, 𝛼 ∨𝑚 𝛽) ∈ 𝐸𝑚 for some 𝛽 ∈ 𝐿𝑚}. (3.3)

Note that the excitations are indexed with the same set 𝐿𝑚 as the states themselves, but in general Ξ(𝐺𝑚) ̸= 𝐿𝑚.
Nonetheless, for the full excitation graph 𝐺full

𝑚 , we have in fact Ξ(𝐺full
𝑚 ) = 𝐿𝑚.

The reason why explicitly stated that we are considering the “full” excitation graphs is that, in practice, one
is forced to ignore the “degree of freedom” (called “cluster amplitudes”, see Sect. 3.5) corresponding to some
edges6. This is done by considering certain subsets of the full edge set 𝐸full

𝑚 .

Definition 3.8. An excitation subgraph 𝐺𝑚 = (𝐿𝑚, 𝐸𝑚) is said to be a consistent subgraph (of 𝐺full
𝑚 ) if

𝐸𝑚 ⊂ 𝐸full
𝑚 , and whenever (𝛽, 𝛼 ∨𝑚 𝛽) ∈ 𝐸𝑚 for some 𝛽 ∈ 𝐿𝑚 and 𝛼 ∈ 𝐿𝑚, then (𝛽′, 𝛼 ∨𝑚 𝛽′) ∈ 𝐸𝑚 for all

𝛽′ ∈ 𝐿𝑚.

The consistency criterion can be rephrased as follows: for a fixed 𝛼 ∈ Ξ(𝐺𝑚), either 𝐸𝑚 contains the whole
“orbit” {(𝛽, 𝛼 ∨𝑚 𝛽) ∈ 𝐸𝑚 : 𝛽 ∈ 𝐿𝑚} or it does not contain it at all. Note that the set Ξ(𝐺𝑚) can equally well
be used to define a consistent subgraph.

6 Note that the vertex set is still the “full” vertex set 𝐿𝑚—some vertices might become isolated.
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Definition 3.9. For a given 𝑟 = 1, . . . , 𝑁 , define 𝐺𝑚(𝑟) = (𝐿𝑚, 𝐸𝑚(𝑟)), where

𝐸𝑚(𝑟) = {(𝛽, 𝛼 ∨𝑚 𝛽) ∈ 𝐸full
𝑚 : 𝛽 ∈ 𝐿𝑚, 𝛼 ∈ 𝐿𝑚 such that rk𝑚(𝛼) = 𝑟}.

The subgraph 𝐺𝑚(𝑟1, . . . , 𝑟𝜌) = (𝐿𝑚, 𝐸𝑚(𝑟1, . . . , 𝑟𝜌)) is called a rank-truncated excitation subgraph if

𝐸𝑚(𝑟1, . . . , 𝑟𝜌) = 𝐸𝑚(𝑟1) ∪ . . . ∪ 𝐸𝑚(𝑟𝜌) for 𝑟1, . . . , 𝑟𝜌 ∈ {1, . . . , 𝑁}.

We refer to 𝐺𝑚(1), 𝐺𝑚(1, 2), 𝐺𝑚(1, 2, 3), etc. more colloquially as 𝐺𝑚(S), 𝐺𝑚(SD), 𝐺𝑚(SDT), etc.

Rank-truncation does not introduce isolated vertices in 𝐺𝑚(𝑟1, . . . , 𝑟𝜌) as long as one of the 𝑟𝑗 ’s is 1. However,
in the doubles (D) case, 𝐺(D) does in fact produce isolated vertices so that vertices of odd rank cannot be
reached. Also, note that these truncated subgraphs like 𝐺𝑚(S) and 𝐺𝑚(SD) are not transitive in general.

We shall summarize these observations in the next theorem. Recall that a digraph is said to be weakly
connected if every pair of vertices has an undirected path between them.

Theorem 3.10. Let 𝐺𝑚 = 𝐺𝑚(𝑟1, . . . , 𝑟𝜌) be a rank-truncated excitation subgraph. Then the following is true.

(i) 𝐺𝑚 is a consistent subgraph.
(ii) 𝐺𝑚 is weakly connected if one of the 𝑟𝑗’s is 1.

Proof. Obvious from the definition. �

Next, we briefly consider two rather “exotic” CC-like methods to demonstrate the generality of the excitation
graph concept.

Example 3.11. The excitation graph corresponding to the Tailored CC method (see e.g. [11]) can be described
as follows. In this SR method (𝑀 = 1), the orbital set Λ is partitioned according to ΛCAS = {1, . . . , 𝑁,𝑁 +
1, . . . , 𝑘} and Λext = Λ r ΛCAS for some 𝑘 = 𝑁, . . . , |Λ|. This induces a splitting 𝐿 = 𝐿(CAS)∪̇𝐿(ext), where

𝐿(CAS) = {𝛼 ∈ 𝐿 : 𝛼 ⊂ ΛCAS}, 𝐿(ext) = 𝐿 r 𝐿(CAS).

Furthermore, the edge set 𝐸full may also be split accordingly

𝐸(CAS) = {(𝛽, 𝛼 ∨ 𝛽) ∈ 𝐸full : 𝛼 ⊂ ΛCAS, 𝛽 ∈ 𝐿}, and 𝐸(ext) = 𝐸full r 𝐸(CAS).

In other words, 𝐸(CAS) contains excitations which change CAS occupied orbitals to CAS virtual ones, and
as such, no edge in 𝐸(CAS) leaves 𝐿(CAS) that starts from 𝐿(CAS). It is easy to see that both 𝐺(CAS) =
(𝐿, 𝐸(CAS)) and 𝐺(ext) = (𝐿, 𝐸(ext)) are transitive and consistent subgraphs.

Example 3.12. A generalization of 𝐸(CAS) is the “CAS-type subalgebra” (denoted as “g(𝑁)(𝑅,𝑆)” in [17]),
which is constructed from two given subsets Λ𝑅 ⊂ {1, . . . , 𝑁} and Λ𝑆 ⊂ {𝑁 + 1, . . .}. Define Λint = Λ𝑅∪̇Λ𝑆

and Λext = Λ r Λint. This induces a splitting 𝐿 = 𝐿(int)∪̇𝐿(ext), where

𝐿(int) = {𝛼 ∈ 𝐿 : 𝛼 ⊂ Λint}, and 𝐿(ext) = 𝐿 r 𝐿(int).

The edge set 𝐸full decomposes as

𝐸(int) = {(𝛽, 𝛼 ∨ 𝛽) ∈ 𝐸full : 𝛼 ⊂ Λint, 𝛽 ∈ 𝐿}, and 𝐸(ext) = 𝐸full r 𝐸(int).

In other words, 𝐸(int) contains excitations that replace some orbitals in Λ𝑅 with ones in Λ𝑆 . Then 𝐺(int) =
(𝐿, 𝐸(int)) and 𝐺(ext) = (𝐿, 𝐸(ext)) are transitive and consistent subgraphs. Clearly, Example 3.11 can be
recovered with the choice Λ𝑅 = {1, . . . , 𝑁}, Λ𝑆 = {𝑁 + 1, . . . , 𝑘}.
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Finally, we define excitation graph in the multireference case, which is a natural extension of the above
concepts.

Remark 3.13. An important warning is in order. In general, 𝛼 ∨𝑚 𝛽 may or may not be equal to 𝛼 ∨ℓ 𝛽
for 𝑚 ̸= ℓ. In fact, take Λ = {1, 2, . . . , 7} and 01 = {1, 2, 3}, 02 = {1, 2, 4}. Then, with 𝛼 = {1, 3, 5} and
𝛽 = {2, 6, 7}, we have 𝛼 ∨1 𝛽 = 𝛼 ∨2 𝛽 = {5, 6, 7}. On the other hand, with 𝛼 = {2, 3, 4} and 𝛽 = {1, 2, 5}, we
have 𝛼 ∨1 𝛽 = {2, 4, 5}, but 𝛼 ∨2 𝛽 = {2, 3, 5}. Note that in the first case, we actually have (𝛼, 𝛼 ∨1 𝛽) ∈ 𝐸full

1

and (𝛼, 𝛼 ∨2 𝛽) ∈ 𝐸full
2 , i.e. a double edge.

Definition 3.14. The full MR excitation multigraph w.r.t. Ω, 𝐺full = (𝐿, 𝐸full) is defined as the union of the
individual full SR excitation graphs 𝐺full

𝑚 = (𝐿𝑚, 𝐸full
𝑚 ) for all 𝑚 = 1, . . . ,𝑀 , i.e.

𝐿 =
𝑀⋃︁

𝑚=1

𝐿𝑚, 𝐸full =
𝑀⨄︁

𝑚=1

𝐸full
𝑚 ,

where ⊎ denotes multiset union.

Note that as opposed to the SR graph 𝐺full
𝑚 , the MR graph 𝐺full might have parallel edges (called “redundant”

excitations), this justifies that 𝐺full was introduced as a multigraph. Notice that other references cannot be
“reached” from a given one (see Sect. 1). An algorithm for choosing the set of reference states Ω = {0𝑚}𝑀

𝑚=1 in
an optimal way, adhering to some given criteria is described in Appendix B.

3.3. Excitation operators

Recall that Ω = {0𝑚}𝑀
𝑚=1 denotes the set of references, and that 𝐿𝑚 does not contain the other reference

states Ω r {0𝑚}. The construction described below is to be repeated for every 𝑚 = 1, . . . ,𝑀 separately.
First, we fix an ordering of the indices in 𝛼 ∈ 𝑆. Then, for every element 𝛼 = {𝛼1, . . . , 𝛼𝑁} ∈ 𝑆 we assign

the lexicographically ordered 𝑁 -tuple

𝛼< = (𝛼<
1 , . . . , 𝛼<

𝑁 ) ∈ Λ𝑁 , 𝛼<
1 < . . . < 𝛼<

𝑁 , where 𝛼<
𝑗 ∈ 𝛼.

Without loss of generality, we can assume that the orbital indices contained in 0𝑚 are strictly less than the
virtual indicies Λ r 0𝑚.

As in Section 2.1, fix an orthonormal set ℬ𝐾 = {𝜙𝑝}𝑝∈Λ ⊂ 𝐻1(R3) and the corresponding Slater determinants

B𝐾 = {Φ𝛼 ∈ H1 : 𝛼 ∈ 𝑆, Φ𝛼(X) = 𝑁 !−1/2 det(𝜙𝛼<
𝑖

(x𝑗))1≤𝑖,𝑗≤𝑁}. (3.4)

Recall the notation H1
𝐾 ⊂ H1 for the subspace spanned by B𝐾 ; which is allowed to be finite-, or infinite-

dimensional depending on 𝐾 = |Λ|.

Definition 3.15. Let 𝐺𝑚 = (𝐿𝑚, 𝐸𝑚) be a subgraph of 𝐺full
𝑚 . The family of linear operators 𝑋

(𝑚)
𝛼 := 𝑋𝛼(𝐺𝑚) :

H1
𝐾 → H1

𝐾 given by

𝑋𝛼(𝐺𝑚)Φ𝛽 =

{︃
𝜎(𝛼, 𝛽)Φ𝛼∨𝑚𝛽 (𝛽, 𝛼 ∨𝑚 𝛽) ∈ 𝐸𝑚

0 (𝛽, 𝛼 ∨𝑚 𝛽) ̸∈ 𝐸𝑚

for each 𝛼 ∈ Ξ(𝐺𝑚) and 𝛽 ∈ 𝑆, and extended boundedly and linearly to the whole space H1
𝐾 (see [31]) is called

the family of excitation operators on 𝐺𝑚. Here, 𝜎(𝛼, 𝛽) is the sign of the permutation 𝜋(𝛼, 𝛽) that puts the
𝑁 -tuple ((𝛽

𝑚
)<, (𝛼𝑚)<) in lexicographical order.

Assuming Ξ(𝐺𝑚) ̸= ∅, by the definition of Ξ(𝐺𝑚) (see (3.3)) for every 𝛼 ∈ Ξ(𝐺𝑚) there is some 𝛽 ∈ 𝐿𝑚 such
that (𝛽, 𝛼 ∨𝑚 𝛽) ∈ 𝐸𝑚 and therefore 𝑋𝛼(𝐺𝑚) ̸≡ 0. Recalling rk𝑚(𝛼 ∨𝑚 𝛽) = rk𝑚(𝛼) + rk𝑚(𝛽) (see Prop. 3.3),
we can roughly say that an excitation operator 𝑋𝛼(𝐺𝑚) increases the rank by rk𝑚(𝛼).
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Since 𝐺𝑚 = (𝐿𝑚, 𝐸𝑚) is a subgraph of 𝐺full
𝑚 = (𝐿𝑚, 𝐸full

𝑚 ), some excitations might be missing, i.e. Ξ(𝐺𝑚) ⊂
Ξ(𝐺full

𝑚 ). The next result shows that the excitation operators constructed for a consistent subgraph 𝐺𝑚 (see
Def. 3.8) are precisely the same as the ones constructed for 𝐺full

𝑚 , with some of the excitation operators possibly
missing. This explains the use of the word “consistent”.

Theorem 3.16. Let 𝐺𝑚 be a consistent subgraph of 𝐺full
𝑚 . Then,

𝑋𝛼(𝐺𝑚) ≡ 𝑋𝛼(𝐺full
𝑚 ) for all 𝛼 ∈ Ξ(𝐺𝑚).

Proof. Fix 𝛼 ∈ Ξ(𝐺𝑚), then by (3.3) and Definition 3.8, (𝛽, 𝛼 ∨𝑚 𝛽) ∈ 𝐸𝑚 for all 𝛽 ∈ 𝐿𝑚. Consequently,
𝑋𝛼(𝐺𝑚)Φ𝛽 = 𝑋𝛼(𝐺full

𝑚 )Φ𝛽 for all 𝛽 ∈ 𝑆. �

Based on this result, if 𝐺𝑚 is consistent, it is safe to drop the “𝐺𝑚” from the notation 𝑋𝛼(𝐺𝑚) and simply
denote the excitation operators by 𝑋

(𝑚)
𝛼 , or by 𝑋𝛼 in the SR case. However, it is important to note that for a

given 𝛼, 𝑋
(𝑚)
𝛼 ̸= 𝑋

(ℓ)
𝛼 in general for differing reference states 𝑚 ̸= ℓ, see Remark 3.13.

The excitation operators enjoy nice algebraic properties which we summarize in the next theorem (cf. [31],
Lem. 2.5).

Theorem 3.17. Let 𝐺𝑚 = (𝐿𝑚, 𝐸𝑚) be a consistent subgraph of 𝐺full
𝑚 and let {𝑋(𝑚)

𝛼 }𝛼∈Ξ(𝐺𝑚) denote the set
of excitation operators on 𝐺𝑚. Then the following properties hold true.

(i) (commutativity) For all 𝛼, 𝛽 ∈ Ξ(𝐺𝑚), there holds 𝑋
(𝑚)
𝛼 𝑋

(𝑚)
𝛽 = 𝑋

(𝑚)
𝛽 𝑋

(𝑚)
𝛼 . In detail, for any 𝛾 ∈ 𝑆,

𝑋(𝑚)
𝛼 𝑋

(𝑚)
𝛽 Φ𝛾 =

⎧⎪⎨⎪⎩
𝜎(𝛼, 𝛽 ∨𝑚 𝛾)𝜎(𝛽, 𝛾)Φ𝛼∨𝑚𝛽∨𝑚𝛾 (𝛽 ∨𝑚 𝛾, 𝛼 ∨𝑚 𝛽 ∨𝑚 𝛾),

(𝛾, 𝛽 ∨𝑚 𝛾) ∈ 𝐸𝑚

0 otherwise

(ii) If 𝐺𝑚 is transitive, then {0} ∪ {±𝑋
(𝑚)
𝛼 }𝛼∈Ξ(𝐺𝑚) is multiplicatively closed. In particular, {0} ∪

{±𝑋
(𝑚)
𝛼 }𝛼∈Ξ(𝐺full

𝑚 ) is multiplicatively closed.

(iii) (nilpotency) For all 𝛼 ∈ Ξ(𝐺𝑚), (𝑋(𝑚)
𝛼 )2 = 0.

Proof. To see (i), first observe that if (𝛽 ∨𝑚 𝛾, 𝛼∨𝑚 (𝛽 ∨𝑚 𝛾)), (𝛾, 𝛽 ∨𝑚 𝛾) ∈ 𝐸𝑚, then (𝛼∨𝑚 𝛾, 𝛽 ∨𝑚 (𝛼∨𝑚 𝛾)),
(𝛾, 𝛼 ∨𝑚 𝛾) ∈ 𝐸𝑚 due to the consistent subgraph property of 𝐺𝑚. It is obvious that Φ𝛼∨𝑚𝛽∨𝑚𝛾 = Φ𝛽∨𝑚𝛼∨𝑚𝛾

from the commutativity of ∨𝑚. It remains to prove 𝜎(𝛼, 𝛽 ∨𝑚 𝛾)𝜎(𝛽, 𝛾) = 𝜎(𝛽, 𝛼 ∨𝑚 𝛾)𝜎(𝛼, 𝛾). Let 𝜋1, 𝜋2 and
𝜏1, 𝜏2 be the permutations that put ((𝛽 ∪ 𝛾)<, 𝛼<), (𝛾<, 𝛽

<
) and ((𝛼 ∪ 𝛾)<, 𝛽

<
), (𝛾<, 𝛼<), respectively, in

lexicographic order. Then 𝜋1 ∘ 𝜋2 = 𝜏1 ∘ 𝜏2 = 𝜎, where 𝜎 is the permutation that puts (𝛼, 𝛽, 𝛾) in lexicographic
order. The claim follows from the multiplicativity of the sgn function on permutations.

For (ii), suppose that 𝐺𝑚 is transitive and that 𝛼, 𝛽 ∈ Ξ(𝐺𝑚). Using (i), either 𝑋
(𝑚)
𝛼 𝑋

(𝑚)
𝛽 = ±𝑋

(𝑚)
𝛼∨𝑚𝛽 or

𝑋
(𝑚)
𝛼 𝑋

(𝑚)
𝛽 = 0. In the former case, (𝛽∨𝑚 𝛾, 𝛼∨𝑚 𝛽∨𝑚 𝛾), (𝛾, 𝛽∨𝑚 𝛾) ∈ 𝐸𝑚 implies that (𝛾, 𝛼∨𝑚 𝛽∨𝑚 𝛾) ∈ 𝐸𝑚

by the transitivity of 𝐺𝑚, so 𝛼 ∨𝑚 𝛽 ∈ Ξ(𝐺𝑚).
For (iii), it is enough to notice that (𝛼∨𝑚 𝛼∨𝑚 𝛾, 𝛼∨𝑚 𝛾) = (𝛼∨𝑚 𝛾, 𝛼∨𝑚 𝛾) ̸∈ 𝐸full

𝑚 , because 𝐺full
𝑚 does not

contain loop edges by definition. �

It is important to note that in general excitation operators corresponding to different reference states do not
commute: 𝑋

(𝑚)
𝛼 𝑋

(ℓ)
𝛽 ̸= 𝑋

(𝑚)
𝛽 𝑋

(ℓ)
𝛼 for 𝑚 ̸= ℓ, again, because of Remark 3.13.

Remark 3.18. The excitation operators are traditionally expressed using the language of second quantization.
Let 𝑎†𝑝 and 𝑎𝑝 denote the fermionic creation and annihilation operators. Then Φ𝛽 = 𝑎†𝛽1

· · · 𝑎†𝛽𝑁
|vac⟩, where

𝛽 = {𝛽1 < . . . < 𝛽𝑁}, and
𝑋𝛼 = 𝑎†𝑝1

𝑎𝑞1 · · · 𝑎†𝑝𝑛
𝑎𝑞𝑛 .
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Here, |vac⟩ is the Fock vacuum state, {𝑞1, . . . , 𝑞𝑛} = 0 r 𝛼 and {𝑝1, . . . , 𝑝𝑛} = 𝛼 with 𝑞1 < . . . < 𝑞𝑛 and
𝑝1 < . . . < 𝑞𝑛. In other words, 𝑋𝛼 changes the orbitals 0 r 𝛼 to 𝛼, as expected. Although the excitation
operators commute with each other, they do not commute in general with the Hamiltonian.

We now define a family of operators which “reverse” the action of 𝑋
(𝑚)
𝛼 .

Definition 3.19. Let 𝐺𝑚 = (𝐿𝑚, 𝐸𝑚) be a subgraph of 𝐺full
𝑚 . For all 𝛼 ∈ Ξ(𝐺𝑚), the linear operators (𝑋(𝑚)

𝛼 )† :
H1

𝐾 → H1
𝐾 defined via

(𝑋(𝑚)
𝛼 )†Φ𝛽 =

{︃
𝜎(𝛼, 𝛼⊥ ∧𝑚 𝛽)Φ𝛼⊥∧𝑚𝛽 (𝛼⊥ ∧𝑚 𝛽, 𝛽) ∈ 𝐸𝑚

0 (𝛼⊥ ∧𝑚 𝛽, 𝛽) ̸∈ 𝐸𝑚

for any 𝛽 ∈ 𝑆, and extended boundedly and linearly to the whole space H1
𝐾 , are called de-excitation operators

on 𝐺𝑚.

It is easy to see using Lemma 3.5 and Proposition 3.3 that

rk𝑚(𝛼⊥ ∧𝑚 𝛽) = rk𝑚(𝛽)− rk𝑚(𝛼), (3.5)

whenever (𝛼⊥ ∧𝑚 𝛽, 𝛽) ∈ 𝐸𝑚. Therefore, we may roughly say that the de-excitation operator (𝑋(𝑚)
𝛼 )† decreases

the rank by rk𝑚(𝛼). Of course, the notation † is not coincidental, and (𝑋(𝑚)
𝛼 )† is in fact the L2-adjoint of 𝑋

(𝑚)
𝛼 .

Theorem 3.20. Suppose that {𝑋(𝑚)
𝛼 } and {(𝑋(𝑚)

𝛼 )†} are the set of excitation and de-excitation operators
corresponding to the excitation graph 𝐺𝑚. Then

⟨(𝑋(𝑚)
𝛼 )†Φ, Ψ⟩ = ⟨Φ, 𝑋(𝑚)

𝛼 Ψ⟩ for all Φ, Ψ ∈ H1
𝐾 and 𝛼 ∈ Ξ(𝐺𝑚).

Proof. It is enough to prove the relation for Φ = Φ𝛾 and Ψ = Φ𝛽 , as the general statement follows by linearity.
Suppose that (𝛼⊥ ∧𝑚 𝛾, 𝛾) ∈ 𝐸𝑚, then

⟨(𝑋(𝑚)
𝛼 )†Φ𝛾 , Φ𝛽⟩ = 𝜎(𝛼, 𝛼⊥ ∧𝑚 𝛾)⟨Φ𝛼⊥∧𝑚𝛾 , Φ𝛽⟩ = 𝜎(𝛼, 𝛽)⟨Φ𝛾 , Φ𝛼∨𝑚𝛽⟩ = ⟨Φ𝛾 , 𝑋(𝑚)

𝛼 Φ𝛽⟩,

where we used that 𝛼⊥ ∧𝑚 𝛾 = 𝛽 ∈ 𝐿𝑚 if and only if 𝛼 ∨𝑚 𝛽 = 𝛾 ∈ 𝐿𝑚 (Lem. 3.5). �

Theorem 3.21. Let 𝐺𝑚 = (𝐿𝑚, 𝐸𝑚) be a consistent subgraph of 𝐺full
𝑚 and let {𝑋(𝑚)

𝛼 }𝛼∈Ξ(𝐺𝑚) and
{(𝑋(𝑚)

𝛼 )†}𝛼∈Ξ(𝐺𝑚) denote the set of excitation-, and de-excitation operators on 𝐺𝑚. Then the following proper-
ties hold true.

(i) (commutativity) For all 𝛼, 𝛽 ∈ Ξ(𝐺𝑚), there holds

(𝑋(𝑚)
𝛼 )†(𝑋(𝑚)

𝛽 )† = (𝑋(𝑚)
𝛽 )†(𝑋(𝑚)

𝛼 )†.

(ii) For any 𝛼, 𝛽 ∈ Ξ(𝐺𝑚) and 𝛾 ∈ 𝑆, the following formula holds true:

(𝑋(𝑚)
𝛼 )†𝑋(𝑚)

𝛽 Φ𝛾 = 𝜎(𝛼, 𝛼⊥ ∧𝑚 (𝛽 ∨𝑚 𝛾))𝜎(𝛽, 𝛾)Φ𝛼⊥∧(𝛽∨𝛾)

if (𝛾, 𝛽 ∨𝑚 𝛾) ∈ 𝐸𝑚 and (𝛼⊥ ∧𝑚 (𝛽 ∨𝑚 𝛾), 𝛽 ∨𝑚 𝛾) ∈ 𝐸𝑚 both hold true. Otherwise, (𝑋(𝑚)
𝛼 )†𝑋(𝑚)

𝛽 Φ𝛾 = 0.

In particular, (𝑋(𝑚)
𝛼 )†Φ𝛼 = Φ0𝑚

.

(iii) (𝑋(𝑚)
𝛼 )†Φ0ℓ

= 0 for any 𝑚, ℓ = 1, . . . ,𝑀 and 𝛼 ∈ Ξ(𝐺𝑚).
(iv) (nilpotency) ((𝑋(𝑚)

𝛼 )†)2 = 0 for any 𝛼 ∈ Ξ(𝐺𝑚).
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Proof. Part (i) follows from Theorem 3.20 combined with Theorem 3.17 (i). Part (ii) follows directly from the
definitions. Part (iii) comes from the fact that there are no edges between different 0𝑚’s. Part (iv) follows from
Theorem 3.17 (iii). �

It is highly important to stress that in general excitation-, and de-excitation operators do not commute with
each other:

𝑋(𝑚)
𝛼 (𝑋(𝑚)

𝛼 )† ̸= (𝑋(𝑚)
𝛼 )†𝑋(𝑚)

𝛼 ,

in other words, the 𝑋
(𝑚)
𝛼 ’s are nonnormal operators. Also, [(𝑋(𝑚)

𝛼 )†, 𝑋(𝑚)
𝛽 ] ̸= 0 in general. This fact is the

source of many technical obstacles in the analysis of the CC method, primarily because it implies that the
similarity-transformed Hamilton operator (2.9) is nonnormal.

3.4. Cluster operators

From now on, we omit the reference index 𝑚 from the notations, with the understanding that the consider-
ations hold true for every reference independently. Suppose that we constructed the set of excitation operators
{𝑋𝛼}𝛼∈Ξ(𝐺) for a given consistent subgraph 𝐺 = (𝐿, 𝐸). The completion of their linear hull

v(𝐺) = Span{𝑋𝛼}𝛼∈Ξ(𝐺)

‖·‖ℒ(H1,H1)

is called the space of cluster operators on 𝐺 endowed with operator norm ‖ · ‖ℒ(H1,H1). As mentioned earlier, if
𝐺 is not the full excitation graph 𝐺full, then certain excitation operators will be absent and therefore, they will
be missing from v(𝐺) as well.

Proposition 3.22. For any 𝑇 ∈ v(𝐺), we have 𝑇𝑁+1 = 0.

Proof. It is enough to prove that an arbitrary product of 𝑁 +1 excitation operators is zero. In fact, by definition
every excitation operator either increases the rank of a Slater determinant by at least 1 or maps it to zero. But
the rank cannot increase above 𝑁 , so the product must be zero. �

It is well-known that the vector space v(𝐺full) constructed on the full excitation graph 𝐺full forms a com-
mutative algebra (see e.g. [33], Lem. 4.2) with the usual multiplication (a subalgebra of the algebra of bounded
linear operators ℒ(H1

𝐾 , H1
𝐾)). According to Proposition 3.22, it is also nilpotent. More generally, we have

Theorem 3.23. v(𝐺) is a nilpotent, commutative algebra for any transitive excitation graph 𝐺.

Proof. Follows from Theorem 3.17 (ii). �

If, however, 𝐺 is not transitive, then v(𝐺) is not an algebra in general—for instance in v(𝐺(SD)) there are no
excitation operators of rank 3 and above, but the rank of the products of excitation operators can be arbitrary
(≤ 𝑁).

Example 3.24. We observed in Example 3.11 that the CAS-subgraph 𝐺(CAS) corresponding to the TCC
method is transitive and consistent, hence v(𝐺(CAS)) forms a subalgebra of v(𝐺full) (cf. [17]). Similarly, for
𝐺(int) in Example 3.12, v(𝐺(int)) also forms a subalgebra. However, in a truncated setting, where only certain
low-rank edges of 𝐸(CAS) (or 𝐸(int)) are retained, transitivity, hence the subalgebra property is lost.

Let now the excitation graph 𝐺 = (𝐿, 𝐸) be arbitrary. A cluster operator 𝐶 ∈ v(𝐺) may be decomposed
according to the excitation ranks of its constituent excitations as

𝐶 =
𝑁∑︁

𝑟=1

𝐶𝑟, where 𝐶𝑟 =
∑︁

rk(𝛼)=𝑟

𝑐𝛼𝑋𝛼. (3.6)

We say that 𝐶 is of rank 𝑟 if it contains excitation operators of rank at most 𝑟. Note that the graded structure
of 𝐺 is compatible with this decomposition in the sense that if 𝐶 and 𝐷 are of ranks 𝑟 and 𝑠, respectively, then
𝐶𝐷 is of rank at most 𝑟 + 𝑠.



COUPLED-CLUSTER THEORY REVISITED 659

Remark 3.25. In the SR case, the cluster operators can be used to express any wavefunction in H1
𝐾 if the full

excitation graph 𝐺full is used for their construction. In fact, in this case, 𝑋𝛼Φ0 = Φ𝛼 for every 𝛼 ∈ 𝐿, so we
may express any function in H1

𝐾 through a linear combination of the excitation operators and the identity 𝐼.
More precisely, if

Ψ =
∑︁
𝛼∈𝐿

𝑐𝛼Φ𝛼 = 𝑐0Φ0 +
∑︁
𝛼∈𝐿

𝑐𝛼Φ𝛼, then Ψ =

[︃
𝑐0𝐼 +

∑︁
𝛼∈𝐿

𝑐𝛼𝑋𝛼

]︃
Φ0,

for some scalars {𝑐𝛼}𝛼∈𝐿. Recall that in Section 2.3 we assumed the intermediate normalization condition
⟨Ψ, Φ0⟩ = 1, which implies 𝑐0 = 1. There is a one-to-one correspondence between functions Ψ ∈ H1,⊥

𝐾 and the
cluster operators 𝐶Ψ defined as

𝐶Ψ =
∑︁
𝛼∈𝐿

𝑐𝛼𝑋𝛼, where 𝑐𝛼 = ⟨Ψ, Φ𝛼⟩. (3.7)

It is not clear, however, that 𝐶Ψ ∈ ℒ(H1
𝐾 , H1

𝐾). See Theorem 3.26 below for the precise statement of this
nontrivial fact. Also, if the excitation graph does not contain every edge of the form (0, 𝛼)—which is typically
the case if some truncation is used—then it is not possible to assign a cluster operator (3.7) to every Ψ ∈ H1,⊥

𝐾 .

The following important result makes the aforementioned correspondence between functions and cluster
operators precise.

Theorem 3.26. (Theorem 4.1 and Lemma 5.1 of [31]) Fix Ψ ∈ H1,⊥. Then, the following hold true.

(1) The cluster operator 𝐶Ψ (3.7) satisfies 𝐶Ψ ∈ ℒ(H1, H1). Furthermore, there is a constant 𝑏 > 0 independent
of Ψ such that

‖Ψ‖H1 ≤ ‖𝐶Ψ‖ℒ(H1,H1) ≤ 𝑏‖Ψ‖H1 .

(2) 𝐶†Ψ ∈ ℒ(H1, H1), and there is a constant 𝑏′ > 0 independent of Ψ such that

‖𝐶†Ψ‖ℒ(H1,H1) ≤ 𝑏′‖Ψ‖H1 ,

and there cannot be a uniform lower bound in terms of ‖Ψ‖H1 .
(3) 𝐶Ψ can be extended to ℒ(H−1, H−1).

Next, we consider the so-called exponential Ansatz, which is the representation

𝐼 + 𝐶 = 𝑒𝑇 , where 𝑇 =
∑︁

𝛼∈Ξ(𝐺full)

𝑡𝛼𝑋𝛼 ∈ v(𝐺full),

and 𝐶 ∈ v(𝐺full). Here, 𝑒𝑇 is simply a finite sum due to the nilpotency of 𝑇 , i.e.

𝑒𝑇 = 𝐼 + 𝑇 + 1
2!𝑇

2 + . . . + 1
𝑁 !𝑇

𝑁 .

The inverse of the exponential should be the logarithm, as one would expect.

Theorem 3.27. Lemma 5.2 of [31] For any cluster operator 𝐶 ∈ v(𝐺full) there exists a unique cluster operator
𝑇 ∈ v(𝐺full), such that 𝑒𝑇 = 𝐼 + 𝐶. Furthermore,

𝑇 = log(𝐼 + 𝐶) = 𝐶 − 1
2𝐶2 + 1

3𝐶3 − . . . + (−1)𝑁−1

𝑁 𝐶𝑁 .

Moreover, the exponential map is a bijection between

𝒮 =
{︁

𝑆 ∈ ℒ(H1, H1) : 𝑆 =
∑︁
𝛼∈𝐿

𝑠𝛼𝑋𝛼

}︁
and 𝐼 + 𝒮.

Furthermore, the result also holds true if ℒ(H1, H1) is replaced with ℒ(H−1, H−1).
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It is important to note that if some proper excitation subgraph 𝐺 = (𝐿, 𝐸) is considered instead of 𝐺full, the
previous result does not hold. For instance, if 𝐺(SD) is considered, then it might not be possible to represent
𝐼 + 𝐶 as 𝑒𝑇 , where 𝐶 ∈ v(𝐺full) and 𝑇 ∈ v(𝐺). This in particular implies that wavefunctions of the form 𝑒𝑇 Φ0

where 𝑇 ∈ v(𝐺) is not the totality of intermediately normalized wavefunctions.
In the multireference (MR) case, the analogue of the exponential Ansatz is called the Jeziorski–Monkhorst

(JM) Ansatz, see Section 4.2 below. In the JM-MRCC method, 𝑀 wavefunctions, say Ψ1, . . . , Ψ𝑀 are “targeted”,
and the expansion

Ψ𝑗 =
𝑀∑︁

𝑚=1

𝑎
(𝑚)
𝑗 𝑒𝑇 (𝑚)

Φ0𝑚
, where 𝑎

(𝑚)
𝑗 ∈ R, (3.8)

is utilized. In the untruncated case, suppose that Ψ𝑗 = (𝐼 + 𝐶(𝑗))Φ0𝑗
= 𝑒𝑇 (𝑗)

Φ0𝑗
, as above, for all 𝑗 = 1, . . . ,𝑀 .

Then the JM expansion coefficients 𝑎
(𝑚)
𝑗 of Ψ𝑗 are simply 𝛿𝑗𝑚.

3.5. Cluster amplitude spaces

The linear combination coefficients of the excitation operators making up a cluster operator are called cluster
amplitudes. Let ℓ2(𝐺) denote Hilbert space of square summable real-, or complex-valued sequences indexed by
the edge labels of the excitation graph 𝐺, i.e.

ℓ2(𝐺) = {𝑡 = (𝑡𝛼)𝛼∈Ξ(𝐺) : ‖𝑡‖ℓ2 < ∞}.

The (real or complex) Hilbert space

V(𝐺) = {𝑡 ∈ ℓ2(𝐺) : ‖𝑇Φ0‖H1 < ∞},

endowed with the H1-inner product ⟨𝑡, 𝑠⟩V = ⟨𝑇Φ0, 𝑆Φ0⟩H1 is called the (cluster) amplitude space corresponding
to 𝐺. Nevertheless, from now on we use the convention that the unmarked ⟨𝑡, 𝑠⟩ = ⟨𝑇Φ0, 𝑆Φ0⟩L2 and ‖ · ‖ refers
to the ℓ2-inner product and ℓ2-norm. Clearly, ‖𝑡‖ ≤ ‖𝑡‖V.

Remark 3.28. Similarly to H1 →˓ L2 →˓ H−1, the spaces V(𝐺) →˓ ℓ2(𝐺) →˓ V(𝐺)* also form a Gelfand triple.

It is clear that the space of cluster operators v(𝐺) is canonically isomorphic to V(𝐺) via

v(𝐺) ∋
∑︁

𝛼∈Ξ(𝐺)

𝑐𝛼𝑋𝛼 = 𝐶 ↦→ 𝑐 = (𝑐𝛼)𝛼∈Ξ(𝐺) ∈ V(𝐺).

As customary in CC theory, we will never explicitly denote this isomorphism, and instead use capital letters
𝑆, 𝑇, 𝑈, 𝑉,𝑊 , etc. to denote the cluster operators and small letters 𝑠, 𝑡, 𝑢, 𝑣, 𝑤, etc. to denote their corresponding
cluster amplitudes.

Furthermore, to every amplitude space V(𝐺) there corresponds a functional amplitude space V(𝐺) ⊂ H1,⊥

through the (ℓ2, L2)-isometric isomorphism V(𝐺) → V(𝐺) given by

V(𝐺) ∋ 𝑐 ↦→ 𝐶Φ0 =
∑︁

𝛼∈Ξ(𝐺)

𝑐𝛼Φ𝛼 ∈ V(𝐺).

Clearly, an appropriate subset of the Slater determinant basis B𝐾 (see (3.4)) forms a basis of the functional
amplitude space V(𝐺).

Given a closed subspace U ⊂ V(𝐺), we will sometimes use the orthogonal projector ΠU : L2 → U ⊂ L2 onto
U, defined as

⟨ΠUΨ, Φ⟩ = ⟨Ψ, Φ⟩, for all Ψ ∈ L2, Φ ∈ U.

Hence, the inclusion map 𝐼U : U → L2, given by 𝐼UΦ = Φ for all Φ ∈ U satisfies 𝐼†U = ΠU.
We continue by recalling an important notion due to [33].
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Definition 3.29. The excitation graph 𝐺 is said to be excitation complete, if 𝛼⊥∧𝛽 ∈ Ξ(𝐺) for all 𝛼, 𝛽 ∈ Ξ(𝐺)
with (𝛼⊥ ∧ 𝛽, 𝛽) ∈ 𝐸 and 𝛼 ̸= 𝛽.

It is easy to see using (3.5), that commonly used rank-truncated graphs such as 𝐺(1, 2, . . . , 𝜌) and 𝐺(D) are
excitation complete.

Proposition 3.30. (Lemma 5.5 of [33]) Suppose that 𝐺 is excitation complete, let V = V(𝐺) and V0 =
Span{Φ0} ⊕V. Fix 𝑡 ∈ V.

(i) The linear mappings 𝑒±𝑇 †𝐼V0 : V0 → V0 are bijective.
(ii) The linear mappings ΠV𝑒±𝑇 †𝐼V : V → V are surjective.

The result follows easily from the next lemma.

Lemma 3.31. (Lemma 5.4 of [33]) Suppose that 𝐺 is excitation complete. Then, for every 𝛼, 𝛽 ∈ Ξ(𝐺) we
have 𝑋†

𝛼Φ𝛽 ∈ V(𝐺) ∪ {Φ0}.

Proof. From Theorem 3.21 (ii), we have

𝑋†
𝛼Φ𝛽 = 𝜎(𝛼, 𝛼⊥ ∧ 𝛽)Φ𝛼⊥∧𝛽 ,

if (𝛼⊥ ∧ 𝛽, 𝛽) ∈ 𝐸. If 𝛼 ̸= 𝛽, then right-hand side is in V(𝐺), since 𝐺 is excitation complete. If 𝛼 = 𝛽, then the
right-hand side is simply Φ0. �

Proof of Proposition 3.30. By linearity, Lemma 3.31 implies that the mapping 𝑇 † : V0(𝐺) → V0(𝐺) and so
𝑒±𝑇 † : V0(𝐺) → V0(𝐺) as well. But (𝑒𝑇 †)−1 = 𝑒−𝑇 † , which proves (i). Part (ii) follows easily from this. �

4. Derivation of the Coupled-Cluster equations

In this section, we give derivations of the SRCC-, and a variant of the MRCC equations. The approach
presented here is based on [27]. We would like to stress that the discussion only applies to the full (that is,
untruncated) CC methods.

The essence of the following theorem seems to be well-known in the physics and quantum chemistry literature,
and the method itself is generally attributed to C. Bloch [6], who devised it in the context of perturbation theory.

Theorem 4.1. Let H and L be (real or complex) Hilbert spaces so that they form a Gelfand triple: H ⊂ L ⊂ H*.
Let ℋ : H → H* be a bounded operator. Let M, N ⊂ H be any pair of closed subspaces so that the following
complementarity condition holds:

M⊕N⊥ = H. (4.1)

Then the following are equivalent.

(i) M ⊂ H is weakly ℋ-invariant: for every Φ ∈ M there exists ̃︀Φ ∈ M such that ⟨ℋΦ, Φ′⟩ = ⟨̃︀Φ, Φ′⟩ for all
Φ′ ∈ H.

(ii) (weak Bloch equation) There holds

⟨ℋΞΦ, (𝐼 − Ξ†)Φ′⟩ = 0 for all Φ ∈ N, Φ′ ∈ N⊥, (4.2)

where Ξ : H → H denotes the (oblique) projector onto M along N⊥, i.e. ran Ξ = M and ker Ξ = N⊥.

Furthermore, if

M = Span{Ψ𝑗 ∈ H : 𝑗 = 1, . . . , 𝐽}, where ⟨ℋΨ𝑗 , Φ⟩ = ℰ𝑗⟨Ψ𝑗 , Φ⟩ (Φ ∈ H) (4.3)

for some ℰ𝑗 ∈ C, then with the effective Hamiltonian ℋeff : N → N, given by ⟨ℋeffΦ, Φ′⟩ = ⟨ℋΞΦ, Φ′⟩ for all
Φ, Φ′ ∈ N, we have

⟨ℋeffΠΨ𝑗 , Φ⟩ = ℰ𝑗⟨ΠΨ𝑗 , Φ⟩ for all Φ ∈ N, (4.4)

where Π : H → H denotes the L-orthogonal projector onto N, i.e. ran Π = N and ker Π = N⊥.
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Proof. For (i)=⇒(ii), note that using ker Ξ = N⊥ and ran Ξ = M, it follows from (i) that for every Φ ∈ N there
exists ̃︀Φ ∈ M such that ⟨ℋΞΦ, Φ⟩ = ⟨̃︀Φ, Φ⟩ for all Φ ∈ H. Put Φ = (𝐼 − Ξ†)Φ′ to obtain

⟨ℋΞΦ, (𝐼 − Ξ†)Φ′⟩ = ⟨̃︀Φ, (𝐼 − Ξ†)Φ′⟩ = 0 for all Φ ∈ N, Φ′ ∈ H,

where we used that ̃︀Φ ∈ M and ran(𝐼 − Ξ†) = M⊥. From this, (4.2) follows.
To see (ii)=⇒(i), fix Φ ∈ M and note that (4.2) implies 𝐹Φ(Φ′) = 0 for all Φ′ ∈ M⊥, where 𝐹Φ(Φ′) := ⟨ℋΦ, Φ′⟩

for all Φ′ ∈ H. Here, 𝐹Φ(·) is a bounded linear functional on the dense subspace H ⊂ L. Extend 𝐹Φ to a
bounded linear functional ̂︀𝐹Φ on L. The Riesz representation theorem implies that there is a ̃︀Φ ∈ L such that̂︀𝐹Φ(Φ′) = ⟨̃︀Φ, Φ′⟩ for all Φ′ ∈ L. But 0 = 𝐹Φ(Φ′) = ̂︀𝐹Φ(Φ′) = ⟨̃︀Φ, Φ′⟩ for all Φ′ ∈ M⊥, so ̃︀Φ ∈ M⊥⊥ = M.
Therefore, we constructed a ̃︀Φ ∈ M such that ⟨ℋΦ, Φ′⟩ = ⟨̃︀Φ, Φ′⟩ for all Φ′ ∈ H, which is what we wanted to
prove.

To prove the “furthermore” part, first note that M is weakly ℋ-invariant. We now claim that ΞΠ = Ξ. In
fact, ran(𝐼 −Π) = ker Π = ker Ξ, so Ξ(𝐼 −Π) = 0. Continuing the proof, note that the second relation of (4.3)
is equivalent to

⟨ℋΞΠΨ𝑗 , Φ⟩ = ℰ𝑗⟨ΞΠΨ𝑗 , Φ⟩ for all Φ ∈ H.

Using (4.2), this can be further written as

⟨ℋΞΠΨ𝑗 , Ξ†Φ⟩ = ℰ𝑗⟨ΠΨ𝑗 , Ξ†Φ⟩ for all Φ ∈ H.

The desired result follows by noting that ran Ξ† = N. �

In practice, M (called the “exact model space”) is unknown and N (called the “model space”) is chosen in
a way that it provides a “reasonable approximation” to M, i.e. that (4.1) holds. In particular, M ⊂ N⊥ is not
permitted. Then, the unknown “wave operator” Ξ (hence M) can be determined by solving the weak Bloch
equation (4.2). Next, the eigenvalue problem for ℋeff is solved to obtain the energies ℰ1, . . . , ℰ𝑀 and (some of
the) eigenvectors.

Remark 4.2.

(i) It is important to note that solving the Bloch equation only provides a weakly ℋ-invariant subspace M

and it might not be a direct sum of (weak) eigenspaces in general. In other words, M might be spanned by
an incomplete set of eigenvectors. Clearly, in such a situation some of the eigenvectors cannot be recovered
through solving the eigenproblem for the effective Hamiltonian ℋeff .

(ii) The Bloch equation (4.2) is more commonly given in the “strong” form “ΞℋΞ = ℋΞ”.

The situation is greatly simplified, when one considers one-dimensional subspaces N and M, because a one-
dimensional invariant subspace is always an eigenspace.

Corollary 4.3. Let dim N = dim M = 1, and set N = Span{Φ0} for some Φ0 ∈ H. Further, let M = Span{Ψ}
for some Ψ ∈ H, and suppose that ⟨Ψ, Φ0⟩ = 1. Then, the following are equivalent.

(i) ⟨ℋΨ, Φ⟩ = ℰ⟨Ψ, Φ⟩ for all Φ ∈ H and some scalar ℰ.
(ii) ⟨ℋΞΦ0, (𝐼 − Ξ†)Φ′⟩ = 0 for all Φ′ ∈ N⊥.

Furthermore, ℰ = ⟨ℋΞΦ0, Φ0⟩.

4.1. The SRCC method

The single-reference Coupled-Cluster method easily follows from Corollary 4.3 through the exponential
parametrization of the wave operator. In the following theorem, we re-establish Theorem 5.3 of [31] (see
Thm. 2.2).
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Theorem 4.4. Let ℋ : H1
𝐾 → (H1

𝐾)* be a bounded operator. Fix Φ0 ∈ H1
𝐾 with ‖Φ0‖ = 1 and suppose that

Ψ ∈ H1
𝐾 is such that ⟨Ψ, Φ0⟩ = 1. Then the following are equivalent.

(i) ⟨ℋΨ, Φ⟩ = ℰ⟨Ψ, Φ⟩ for all Φ ∈ H1
𝐾 for some scalar ℰ.

(ii) (Full CC) Ψ = 𝑒𝑇*Φ0 for some 𝑡* ∈ V(𝐺full) such that

⟨𝑒−𝑇*ℋ𝑒𝑇*Φ0, 𝑆Φ0⟩ = 0 for all 𝑠 ∈ V(𝐺full). (4.5)

Furthermore, ℰ = ⟨𝑒−𝑇*ℋ𝑒𝑇*Φ0, Φ0⟩.
(iii) (Full CI) Ψ = (𝐼 + 𝐶*)Φ0 for some 𝑐* ∈ V(𝐺full) such that

⟨ℋ(𝐼 + 𝐶*)Φ0, 𝑆Φ0⟩ = ℰCI⟨(𝐼 + 𝐶*)Φ0, 𝑆Φ0⟩ for all 𝑠 ∈ V(𝐺full), (4.6)

where ℰCI = ⟨ℋ(𝐼 + 𝐶*)Φ0, Φ0⟩. Furthermore, ℰ = ℰCI.

Proof. Let H = H1
𝐾 and L = L2. First, we prove (i)⇐⇒(ii). We apply Corollory 4.3 with the SRCC wave

operator
Ξ = 𝑒𝑇*ΠΦ0 ,

where 𝑇* is some cluster operator and ΠΦ0 is the orthogonal projector onto N = Span{Φ0}. Note that N⊥ =
V(𝐺full). It is easy to see that Ξ is idempotent, and that ker Ξ = N⊥. By an appropriate choice of 𝑇*, ran Ξ = M

using ⟨Ψ, Φ0⟩ = 1 and Theorem 3.27. Furthermore, Span{𝑒𝑇*Φ0} = ran Ξ ⊂ H due to Theorem 3.26. Applying
Corollary 4.3, (i) holds if and only if Ψ = 𝑒𝑇*Φ0 and 𝑇* satisfies the weak Bloch equation

⟨ℋ𝑒𝑇*Φ0, (𝐼 −ΠΦ0𝑒
𝑇 †* )𝑆′Φ0⟩ = 0 for all 𝑠′ ∈ V(𝐺full).

Recalling Proposition 3.30 (ii), and using the change of variables 𝑆′ = 𝑒−𝑇 †*𝑆,

⟨𝑒−𝑇*ℋ𝑒𝑇*Φ0, 𝑆Φ0⟩ = 0 for all 𝑠 ∈ V(𝐺full).

Here we used that 𝑒−𝑇* can be extended to a bounded H−1 → H−1 operator (Thm. 3.26)7. Note that ℋeff is
now a one-dimensional linear map (i.e. a multiplication by a scalar), so 𝜎(ℋeff) = ⟨𝑒−𝑇*ℋ𝑒𝑇*Φ0, Φ0⟩ = ℰ .

Next, we prove (i)⇐⇒(iii). We now apply Corollary 4.3 with the SRCI wave operator

Ξ = (𝐼 + 𝐶*)ΠΦ0 ,

where 𝐶* is some cluster operator and the claim follows from a straightforward calculation. Further, now
𝜎(ℋeff) = ⟨ℋ(𝐼 + 𝐶*)Φ0, Φ0⟩ = ℰ . �

4.2. The Jeziorski–Monkhorst MRCC method

In MRCC methods the “model space” N is chosen to be the space spanned by 𝑀 orthonormal reference
determinants,

N = Span{Φ0𝑚
: 𝑚 = 1, . . . ,𝑀}.

The Jeziorski–Monkhorst method [16] uses the following Ansatz for the wave operator:

Ξ =
𝑀∑︁

𝑚=1

𝑒𝑇 (𝑚)
ΠΦ0𝑚

, (4.7)

which corresponds to (3.8).

7We refer the reader to the proof of Theorem 5.3 of [31] for more details.
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Theorem 4.5. Let N be defined as above and set M = Span{Ψ𝑚 : 𝑚 = 1, . . . ,𝑀}, where {Ψ𝑚}𝑀
𝑚=1 ⊂ H1

𝐾 is
L2-orthogonal. Suppose that for every 𝑚 = 1, . . . ,𝑀 , ⟨Ψ𝑚, Φ0𝑛

⟩ ̸= 0 for at least one 𝑛 = 1, . . . ,𝑀 . Then, the
following are equivalent.

(i) M is weakly ℋ-invariant: for every Ψ𝑚 (𝑚 = 1, . . . ,𝑀) there exists ̃︀Ψ𝑚 ∈ M such that ⟨ℋΨ𝑚, Φ′⟩ =
⟨̃︀Ψ𝑚, Φ′⟩ for all Φ′ ∈ H1

𝐾 .
(ii) (Full JM-MRCC) M = Span{𝑒𝑇 (𝑚)

* Φ0𝑚
: 𝑚 = 1, . . . ,𝑀}, where 𝑡

(𝑚)
* ∈ V(𝐺full

𝑚 ) satisfies

⟨𝑒−𝑇 (𝑚)
* ℋ𝑒𝑇 (𝑚)

* Φ0𝑚
, 𝑆(𝑚)Φ0𝑚

⟩ =
𝑀∑︁

𝑛=1

ℋeff
𝑚𝑛⟨𝑒−𝑇 (𝑚)

* 𝑒𝑇 (𝑛)
* Φ0𝑛

, 𝑆(𝑚)Φ0𝑚
⟩, (4.8)

for all 𝑠(𝑚) ∈ V(𝐺full
𝑚 ) and 𝑚 = 1, . . . ,𝑀 , where the matrix elements of the effective Hamiltonian are given

by ℋeff
𝑚𝑛 = ⟨𝑒−𝑇 (𝑚)

* ℋ𝑒𝑇 (𝑚)
* Φ0𝑚

, Φ0𝑛
⟩.

(iii) (Full MRCI) M = Span{(𝐼 + 𝐶
(𝑚)
* )Φ0𝑚 : 𝑚 = 1, . . . ,𝑀}, where 𝑐

(𝑚)
* ∈ V(𝐺full

𝑚 ) satisfies

⟨ℋ(𝐼 + 𝐶
(𝑚)
* )Φ0𝑚 , 𝑆(𝑚)Φ0𝑚⟩ =

𝑀∑︁
𝑛=1

̂︀ℋeff
𝑚𝑛⟨(𝐼 + 𝐶

(𝑛)
* )Φ0𝑛

, 𝑆(𝑚)Φ0𝑚
⟩, (4.9)

for all 𝑠(𝑚) ∈ V(𝐺full
𝑚 ) and 𝑚 = 1, . . . ,𝑀 , where the matrix elements of the effective Hamiltonian are given

by ̂︀ℋeff
𝑚𝑛 = ⟨ℋ(𝐼 + 𝐶

(𝑚)
* )Φ0𝑚 , Φ0𝑛⟩.

Furthermore, suppose that ⟨ℋΨ𝑚, Φ⟩ = ℰ𝑚⟨Ψ𝑚, Φ⟩ for all Φ ∈ H1
𝐾 and 𝑚 = 1, . . . ,𝑀 . Then the following hold

true.

(a) Suppose M is given as in (ii). Then the coefficients 𝑎
(𝑚)
𝑗 in the expansion Ψ𝑗 =

∑︀𝑀
𝑛=1 𝑎

(𝑛)
𝑗 𝑒𝑇 (𝑛)

* Φ0𝑛
are

given as the solution to the eigenvalue problem

𝑀∑︁
𝑛=1

ℋeff
𝑛𝑚𝑎

(𝑛)
𝑗 = ℰ𝑗𝑎

(𝑚)
𝑗 where 𝑚 = 1, . . . ,𝑀.

(b) Suppose M is given as in (iii). Then the coefficients ̂︀𝑎(𝑚)
𝑗 in the expansion Ψ𝑗 =

∑︀𝑀
𝑛=1 ̂︀𝑎(𝑛)

𝑗 (𝐼 + 𝐶
(𝑛)
* )Φ0𝑛

are given as the solution to the eigenvalue problem

𝑀∑︁
𝑛=1

̂︀ℋeff
𝑛𝑚̂︀𝑎(𝑛)

𝑗 = ℰ𝑗̂︀𝑎(𝑚)
𝑗 where 𝑚 = 1, . . . ,𝑀.

Proof. Let H = H1
𝐾 . First, we prove (i)⇐⇒(ii) by applying Theorem 4.4. Clearly, for the JM wave operator

(4.7) we have Ξ2 = Ξ and ker Ξ = N⊥ and

ran Ξ = Span{𝑒𝑇 (𝑚)
Φ0𝑚

: 𝑚 = 1, . . . ,𝑀}.

The weak Bloch equation (4.2) is equivalent to

⟨ℋ𝑒𝑇 (𝑚)
* Φ0𝑚

, Φ′⟩ =
𝑀∑︁

𝑛=1

⟨ℋ𝑒𝑇 (𝑚)
* Φ0𝑚

, ΠΦ0𝑛
𝑒(𝑇 (𝑛)

* )†Φ′⟩
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for all Φ′ ∈ N⊥ and 𝑚 = 1, . . . ,𝑀 . Setting Φ′ = 𝑆(𝑚)Φ0𝑚
, we obtain

⟨ℋ𝑒𝑇 (𝑚)
* Φ0𝑚

, 𝑆(𝑚)Φ0𝑚
⟩ =

𝑀∑︁
𝑛=1

⟨ℋ𝑒𝑇 (𝑚)
* Φ0𝑚

, ΠΦ0𝑛
𝑒(𝑇 (𝑛)

* )†𝑆(𝑚)Φ0𝑚
⟩

=
𝑀∑︁

𝑛=1

⟨ℋ𝑒𝑇 (𝑚)
* Φ0𝑚

, Φ0𝑛
⟩⟨𝑒(𝑇 (𝑛)

* )†𝑆(𝑚)Φ0𝑚
, Φ0𝑛

⟩

=
𝑀∑︁

𝑛=1

⟨𝑒−𝑇 (𝑚)
* ℋ𝑒𝑇 (𝑚)

* Φ0𝑚 , Φ0𝑛⟩⟨𝑒𝑇 (𝑛)
* Φ0𝑛 , 𝑆(𝑚)Φ0𝑚⟩

for all 𝑠(𝑚) ∈ V(𝐺full
𝑚 ). Here, we used that (𝑇 (𝑚))†Φ0𝑛

= 0, see Theorem 3.21 (iii). The proof of (4.8) is finished
by invoking Proposition 3.30 (ii) and replacing 𝑆(𝑚) by (𝑒−𝑇 (𝑚)

* )†𝑆(𝑚).
Next, we prove (i)⇐⇒(iii). The MRCI wave operator reads

Ξ =
𝑀∑︁

𝑚=1

(𝐼 + 𝐶
(𝑚)
* )ΠΦ0𝑚

.

With this choice (4.2) is equivalent to

⟨ℋ(𝐼 + 𝐶
(𝑚)
* )Φ0𝑚 , Φ′⟩ =

𝑀∑︁
𝑛=1

⟨ℋ(𝐼 + 𝐶
(𝑚)
* )Φ0𝑚 , ΠΦ0𝑛

(𝐼 + 𝐶
(𝑛)
* )†Φ′⟩

for all Φ′ ∈ N⊥ and 𝑚 = 1, . . . ,𝑀 . Setting Φ′ = 𝑆(𝑚)Φ0𝑚
, this can be written as

⟨ℋ(𝐼 + 𝐶
(𝑚)
* )Φ0𝑚 , 𝑆(𝑚)Φ0𝑚⟩ =

𝑀∑︁
𝑛=1

⟨ℋ(𝐼 + 𝐶
(𝑚)
* )Φ0𝑚 , ΠΦ0𝑛

(𝐼 + 𝐶
(𝑛)
* )†𝑆(𝑚)Φ0𝑚⟩

=
𝑀∑︁

𝑛=1

⟨ℋ(𝐼 + 𝐶
(𝑚)
* )Φ0𝑚

, Φ0𝑛
⟩⟨(𝐼 + 𝐶

(𝑛)
* )†𝑆(𝑚)Φ0𝑚

, Φ0𝑛
⟩

=
𝑀∑︁

𝑛=1

⟨ℋ(𝐼 + 𝐶
(𝑚)
* )Φ0𝑚 , Φ0𝑛⟩⟨(𝐼 + 𝐶

(𝑛)
* )Φ0𝑛 , 𝑆(𝑚)Φ0𝑚⟩,

which is what we wanted to prove.
For the “furthermore” part of (a), expanding Ψ𝑗 as Ψ𝑗 =

∑︀𝑀
𝑛=1 𝑎

(𝑛)
𝑗 𝑒𝑇 (𝑛)

* Φ0𝑛
, for some scalars 𝑎

(𝑛)
𝑗 , we find

that 𝑎
(𝑚)
𝑗 = ⟨Ψ𝑗 , Φ0𝑚⟩. It is easy to see that (4.4) now reads

𝑀∑︁
𝑛=1

⟨ℋ𝑒𝑇 (𝑛)
* Φ0𝑛

, Φ0𝑚
⟩𝑎(𝑛)

𝑗 = ℰ𝑗𝑎
(𝑚)
𝑗

for all 𝑗 = 1, . . . ,𝑀 . The proof of the “furthermore” part of (b) is similar. �

5. Conclusions and further work

In this first part of a series of two articles, we proposed a framework to describe the discretization scheme
involved in CC-like methods. At the core of the description is the concept of the excitation graph (Def. 3.4), which
completely determines all necessary building blocks such as excitation operators (Sect. 3.3), cluster operators
(Sect. 3.4) and cluster amplitude spaces (Sect. 3.5). The excitation graph concept admits a straightforward
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extension to the multireference case (Def. 3.14). Another advantage of our approach is that it avoids the use of
second-quantized formalism and hence allowed us to prove the basic results (such as Thms. 3.17 and 3.21) in a
more transparent manner. Besides these, we also pointed out a number of structural properties of the excitation
graph in Section 3.2. It is important to note that some of these graph-theoretic properties are reflected in the
algebraic structure of the excitation operators (Thms. 3.16 and 3.23). Some relevant combinatorial quantities
have been calculated in Appendix A. Furthermore, we proposed an algorithm to determine the reference states
in an optimal fashion for the multirefence case in Appendix B.

In Section 4, we provided unified and rigorous derivations of both the single-reference- (Sect. 4.1), and a
multireference (Sect. 4.2) CC method. The derivations used a general theorem (Thm. 4.1) motivated by a
known method based on perturbation theory.

Appendix A. Properties of the excitation graph

Here, we restrict ourselves to the single-reference case (𝑀 = 1) and drop the subscript 𝑚’s from the notation.
Recall that 𝐾 denotes the cardinality of the orbital set Λ. Given 𝛾 ∈ 𝐿, we introduce the set of paths of length
𝑛 from 0 to 𝛾 in 𝐺,

P𝑛(𝛾) = {𝛼 ∈ 𝐿× . . .× 𝐿 : there is a path 0 → 𝛾 in 𝐺 having edges 𝛼}.

The following theorem sheds light on the combinatorial structure of the excitation graph.

Theorem A.1. Let 𝐺full = (𝐿, 𝐸full) be the full SR excitation graph with 𝐾 orbitals and 2𝑁 ≤ 𝐾 particles.
Then the following properties hold true.

(i) The number of vertices in 𝐺 is given by |𝐿| =
(︀
𝐾
𝑁

)︀
.

(ii) The number of vertices of rank 𝑟 is |𝐿(𝑟)| =
(︀
𝑁
𝑟

)︀(︀
𝐾−𝑁

𝑟

)︀
.

(iii) There are no edges in 𝐸full entirely inside 𝐿(𝑟), and the number of edges from 𝐿(𝑟) to 𝐿(𝑟 + 𝑠) is given by

|𝐸(𝑟, 𝑟 + 𝑠)| =
(︂

𝐾 −𝑁

𝑟

)︂(︂
𝐾 −𝑁 − 𝑟

𝑠

)︂(︂
𝑁

𝑠 + 𝑟

)︂(︂
𝑠 + 𝑟

𝑟

)︂
,

for all 𝑟 = 0, 1, . . . , 𝑁 and 𝑠 = 0, . . . , 𝑁 − 𝑟, and |𝐸(𝑟, 𝑟 + 𝑠)| = 0 if 𝑠 = 𝑁 − 𝑟 + 1, . . . , 𝑁 . Furthermore,
the symmetry property |𝐸(𝑟, 𝑟 + 𝑠)| = |𝐸(𝑠, 𝑟 + 𝑠)| holds true.

(iv) The total number of edges is given by

|𝐸full| =
𝑁∑︁

𝑟=1

(︂
𝑁

𝑟

)︂(︂
𝐾 −𝑁

𝑟

)︂(︂
𝐾 − 2𝑟

𝑁 − 𝑟

)︂
.

(v) The number of directed paths of length 𝑛 ≤ 𝑟 = rk(𝛾) from 0 to 𝛾 is given by |P𝑛(𝛾)| = 𝑝(𝑟, 𝑛), where

𝑝(𝑟, 𝑛) =
∑︁

𝑟1+...+𝑟𝑛=𝑟
𝑟1,...,𝑟𝑛≥1

(︂
𝑟!

𝑟1! · · · 𝑟𝑛!

)︂2

. (A.1)

Proof. (i) is trivial, so is (ii). As for (iii), we enumerate the pairs (𝛼, 𝛽) in 𝐸full as follows. Fix 𝛼 with rk(𝛼) = 𝑟,
then 𝛽 must satisfy 𝑟 + 𝑠 ≤ 𝑁 , where rk(𝛽) = 𝑠, so that |𝛼 ∪ 𝛽| = 𝑁 is possible. In 𝛽, we must choose the
missing internal letters from 𝛼 and there are 𝑟 of them. For the remaining 𝑁 − 𝑠− 𝑟 elements, we may choose
freely: there are

(︀
𝑁−𝑟

𝑁−𝑠−𝑟

)︀
possibilities to do this. Next, 𝛽 must be disjoint from 𝛼, so there are 𝑀 −𝑁 −𝑟 letters

to choose from, giving
(︀
𝑀−𝑁−𝑟

𝑠

)︀
possibilities. Multiplying these independent choices by the number of ways 𝛼

can be chosen for fixed 𝑟, we get (︂
𝑁

𝑟

)︂(︂
𝑀 −𝑁

𝑟

)︂(︂
𝑁 − 𝑟

𝑁 − 𝑠− 𝑟

)︂(︂
𝑀 −𝑁 − 𝑟

𝑠

)︂
(A.2)
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for 𝑠 = 1, . . . , 𝑁 − 𝑟. This can be rewritten using the formula
(︀
𝑛
ℎ

)︀(︀
𝑛−ℎ

𝑘

)︀
=
(︀
𝑛
𝑘

)︀(︀
𝑛−𝑘

ℎ

)︀
as(︂

𝑀 −𝑁

𝑟

)︂(︂
𝑀 −𝑁 − 𝑟

𝑠

)︂(︂
𝑁

𝑠 + 𝑟

)︂(︂
𝑠 + 𝑟

𝑟

)︂
.

Using the aforementioned formula for the first two factors, we also get the desired symmetry property.
Next, to derive (iv) we sum up (A.2),

|𝐸full| =
𝑁∑︁

𝑟=0

𝑁−𝑟∑︁
𝑠=1

(︂
𝑁

𝑟

)︂(︂
𝑀 −𝑁

𝑟

)︂(︂
𝑁 − 𝑟

𝑁 − 𝑠− 𝑟

)︂(︂
𝑀 −𝑁 − 𝑟

𝑠

)︂
.

Using Vandermonde’s identity,

𝑁−𝑟∑︁
𝑠=1

(︂
𝑁 − 𝑟

𝑁 − 𝑠− 𝑟

)︂(︂
𝑀 −𝑁 − 𝑟

𝑠

)︂
=
(︂

𝑀 − 2𝑟

𝑁 − 𝑟

)︂
− 1,

we get

|𝐸full| =
𝑁∑︁

𝑟=1

(︂
𝑁

𝑟

)︂(︂
𝑀 −𝑁

𝑟

)︂(︂
𝑀 − 2𝑟

𝑁 − 𝑟

)︂
,

where we used Vandermonde’s identity once more.
Next, we prove (v). We need to change 0 into 𝛾 in 𝑛 steps (edges). Suppose that the rank-increment of each

step is 𝑟1, . . . , 𝑟𝑛, and are such that 𝑟1 + . . . + 𝑟𝑛 = 𝑟. In the 𝑘th step we replace letters (𝛼1, . . . , 𝛼𝑟𝑘
) with

(𝛽1, . . . , 𝛽𝑟𝑘
). These choices can be done independently, so there are 𝑟!2 possibilities. However, the order of the

𝛼’s and 𝛽’s is irrelevant in each step so we have to divide by (𝑟1! · · · 𝑟𝑛!)2. Summing over all 𝑟1, . . . , 𝑟𝑛 gives the
stated formula. �

Remark A.2.

(i) It follows that the vertex density per rank is hypergeometric,

𝜈𝑟 =

(︀
𝑁
𝑟

)︀(︀
𝐾−𝑁

𝑀−𝑁−𝑟

)︀(︀
𝐾
𝑁

)︀ , where 𝑟 = 0, 1, . . . , 𝑁. (A.3)

Therefore, its mean is 𝑁
𝐾 (𝐾 −𝑁) and its variance is (𝐾−𝑁)2𝑁2

(𝐾−1)𝐾2 .
(ii) The formula (A.1) implies that |P𝑛(𝛾)| is independent of 𝑁 and 𝑀 and is constant for all 𝛾 of fixed rank

𝑟.
(iii) If S truncation is in effect, we have 𝑝S(𝑟, 𝑛) = 𝑟!2 if 𝑟 = 𝑛 and 0 otherwise.
(iv) For the SD truncation, note that the number of (𝑟1, . . . , 𝑟𝑛) tuples with 𝑟𝑗 ∈ {1, 2}, 𝑟1 + . . . + 𝑟𝑛 = 𝑟 and

|{𝑗 : 𝑟𝑗 = 2}| = 𝑘 is given by
(︀
𝑛
𝑘

)︀
if 𝑟 = 𝑛 + 𝑘 and 0 otherwise. Therefore,

𝑝SD(𝑟, 𝑛) =
𝑟!2

4𝑟−𝑛

(︂
𝑛

𝑟 − 𝑛

)︂
.

(v) According to the proof of Lemma 4.4 of [31],

|{𝛽 ∈ 𝐿 : 𝛽 ⪯ 𝛼}| =
𝑟−1∑︁
𝑠=1

(︂
𝑟

𝑠

)︂(︂
𝑟 − 1
𝑟 − 𝑠

)︂
,

where 𝑟 = rk(𝛼).
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Appendix B. Optimal choice of multireference determinants

In this appendix, we describe an algorithm that can be used to automatically determine an optimal set of
multireference determinants. Let 𝐽 ∈ N and let

{𝛾1, . . . , 𝛾𝐽} ⊂ 𝑆

be a fixed set of determinants. Also, fix an excitation rank truncation, e.g. S, SD, SDT, etc. We want to select a
minimal set of reference elements Ω = {01, . . . , 0𝑀}, so that each 𝛾𝑗 is reachable through a direct S, SD, SDT,
etc. excitation from Ω, this is called “first-order interaction space” in MRCC theory.

Recall that each 𝛼 ∈ 2Λ can be represented as a binary characteristic vector −→𝛼 ∈ {0, 1}𝐾 such that

−→𝛼 𝑡 =

{︃
1 𝑡 ∈ 𝛼

0 𝑡 ̸∈ 𝛼

The set {0, 1}𝐾 endowed with the Hamming metric

𝑑H(−→𝛼 ,
−→
𝛽 ) = |{𝑡 : −→𝛼 𝑡 ̸=

−→
𝛽 𝑡, 𝑡 = 1, . . . ,𝐾}|

is a complete metric space, called the Hamming space. The closed balls and the spheres in this space are denoted
as 𝐵H(−→𝛼 , 𝑅) and 𝑆H(−→𝛼 , 𝑅). Using this language, 𝑆 is simply 𝑆H(

−→
0 , 𝑁), where

−→
0 = (0, . . . , 0)8. Further,

rk𝑚(𝛼) =
1
2
𝑑H(

−→
0𝑚,−→𝛼 )

for any 𝑚 = 1, . . . ,𝑀 . Notice that 𝑑H(−→𝛼 ,
−→
𝛽 ) ≥ 2 for distinct −→𝛼 ,

−→
𝛽 ∈ 𝑆H(

−→
0 , 𝑁).

This way, our optimization problem may be formulated as a covering problem in Hamming space. Let 𝜌 denote
the excitation rank truncation, e.g. 𝜌 = 1, 2, 3, . . . for S, SD, SDT, etc. Fix 𝐽 ∈ N and Γ = {−→𝛾 1, . . . ,

−→𝛾 𝐽} ⊂
𝑆H(

−→
0 , 𝑁). We need to find a minimal set of Hamming balls {𝐵H(

−→
0𝑚, 2𝜌) : 𝑚 = 1, . . . ,𝑀} with

−→
0𝑚 ∈ 𝑆H(

−→
0 , 𝑁)

such that

Γ ⊂
𝑀⋃︁

𝑚=1

𝐵H(
−→
0𝑚, 2𝜌) ∩ 𝑆H(

−→
0 , 𝑁).

Obviously,
−→
0𝑚 ∈ Γ2𝜌, where

Γ2𝜌 =
𝐽⋃︁

𝑗=1

𝐵H(−→𝛾𝑗 , 2𝜌) ∩ 𝑆H(
−→
0 , 𝑁).

In other words, it is sufficient to look for the
−→
0𝑚’s in the much smaller set Γ2𝜌. Let 𝑛 = |Γ2𝜌|, and introduce

some indexing in Γ2𝜌, say Γ2𝜌 = {−→𝛼 1, . . . ,
−→𝛼 𝑛}. The geometric form of the covering problem may be rephrased

as a binary integer linear program (BILP) [34],

𝑛∑︁
𝜈=1

c𝜈x𝜈 → min!∑︁
−→𝛾 𝑗∈𝐵H(−→𝛼 𝜈 ,2𝜌)

1≤𝜈≤𝑛

x𝜈 ≥ 1, 𝑗 = 1, . . . , 𝐽

x ∈ {0, 1}𝑛

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
where c ∈ Q𝑛 is a given rational cost vector.

8We warn the reader that the notation
−→
0𝑚 for the vector representation of 0𝑚 is slightly colliding with

−→
0 , the actual zero vector

for the Hamming space.
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Remark B.1. If c𝜈 = 0 for some 𝜈, then we will automatically have x𝜈 = 1 in the solution, even if 𝐵H(−→𝛼 𝜈 , 2𝜌)
does not cover. On the other hand, assigning a larger (resp. infinite) cost c𝜈 will likely (resp. surely) end up
x𝜈 = 0 in the solution.

The above problem is called a “multidimensional knapsack problem” in the optimization community, which
seems to be extensively studied. However, we just naively solve the BILP using general ILP methods available in
Mathematica. In our experience, the BILP can be built up and solved in a small amount of time for practically
relevant parameters 𝑁 , 𝐾 and 𝐽 , even on an older machine.

The reason for the apparent efficiency might be that the number of variables 𝑛 in the the BILP above is
significantly less then |𝑆| =

(︀
𝐾
𝑁

)︀
. In fact, using the binary entropy function 𝐻(𝑥) = −𝑥 log2 𝑥−(1−𝑥) log2(1−𝑥),

we have the rough estimate

𝑛

|𝑆|
≤ 𝐽 |𝐵H(

−→
0 , 2𝜌)|

|𝐵H(
−→
0 , 𝑁)|

≤ 𝐽
√︀

8𝐾𝜆′(1− 𝜆′)2−𝐾(𝐻(𝜆′)−𝐻(𝜆)),

where 𝜆 = 2𝜌/𝐾 and 𝜆′ = 𝑁/𝐾 valid for 0 < 𝜆, 𝜆′ < 1
2 Lemma 2.4.4 of [9]. Notice that 𝐻(𝜆′) ≥ 𝐻(𝜆), so

𝑛/|𝑆| → 0 as 𝐾 →∞.
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