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DUALITY ANALYSIS OF INTERIOR PENALTY DISCONTINUOUS GALERKIN
METHODS UNDER MINIMAL REGULARITY AND APPLICATION TO THE
A PRIORI AND A POSTERIORI ERROR ANALYSIS OF HELMHOLTZ
PROBLEMS

THEOPHILE CHAUMONT-FRELET*

Abstract. We consider interior penalty discontinuous Galerkin discretizations of time-harmonic wave
propagation problems modeled by the Helmholtz equation, and derive novel a priori and a posteriori
estimates. Our analysis classically relies on duality arguments of Aubin—Nitsche type, and its originality
is that it applies under minimal regularity assumptions. The estimates we obtain directly generalize
known results for conforming discretizations, namely that the discrete solution is optimal in a suitable
energy norm and that the error can be explicitly controlled by a posteriori estimators, provided the
mesh is sufficiently fine.
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1. INTRODUCTION

Discontinuous Galerkin methods are a popular approach to discretize PDE boundary value problems [19].
Similar to conforming finite element methods [15,24], they can handle general meshes, which allows to account
for complicated geometries. In addition, the use of discontinuous polynomial shape functions facilitates the
presence of hanging nodes and varying polynomial degree. As a result, discontinuous Galerkin methods are
especially suited for hp-adaptivity [17,33]. Furthermore, since all their degrees of freedom are attached with
mesh cells, discontinuous Galerkin methods allow linear memory access, which is crucial for efficient computer
implementations, in particular on GPUs [8].

In the context of wave propagation problems, discontinuous Galerkin methods further display specific advan-
tages. For time-dependent problems, the resulting mass-matrix is block-diagonal [2,31], which enables explicit
time-stepping schemes without mass-lumping [16]. For time-harmonic wave propagation too, discontinuous
Galerkin formulations are attractive as they exhibit additional stability as compared to conforming alterna-
tives [6, 26, 27]. These interesting properties have henceforth motivated a large number of works consider-
ing discontinuous Galerkin discretizations of wave propagation problems, and a non-exhaustive list includes
[2,17,21,26,27,31,32,40].

Keywords and phrases. a priori error estimates, a posteriori error estimates, Aubin—Nitsche trick, discontinuous Galerkin,
Helmholtz problems, interior penalty, minimal regularity.

Inria Univ. Lille and Laboratoire Paul Painlevé, 59655 Villeneuve-d’Ascq, France.
*Corresponding author: theophile.chaumont@inria.fr

© The authors. Published by EDP Sciences, SMAI 2024

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/m2an/2024019
https://www.esaim-m2an.org
mailto:theophile.chaumont@inria.fr
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0

1088 T. CHAUMONT-FRELET

In this work, we consider the acoustic Helmholtz equation, which is probably the simplest model problem
relevant to the difficulties of wave propagation. Specifically, given a domain Q  R? d =2 or 3, and f : Q — C,
the unknown u :  — C should satisfy

—w?pu — V- (AVu) = f in Q,
u =0 onIp,

AVu-n =0 on Iy, (1.1)
AVu-n —iwyu =0 on I'g,

where I'p U I'y U T'r = 09 is a partition of the boundary and u, A and 7 are given coefficients. Precise
assumptions are listed in Section 2.1.

Our interest lies in interior penalty discontinuous Galerkin (IPDG) discretizations of (1.1). In particular,
we focus on the “minimal regularity” case, where we do not assume any specific smoothness for the solution
u. To the best of our knowledge, this problem has not been considered in the literature, and available works
essentially assumes that the solution belongs to H3/27¢, so that the traces of Vu are well-defined on mesh faces,
see e.g. equation (4.5) from [32] and Lemma 2.6 from [40]. Unfortunately, such assumptions rule out important
configurations of coefficients and boundary conditions, which may bring the regularity of the solution arbitrarily
close to H! (see the appendix of [18] for instance).

When considering conforming finite element discretizations of (1.1), the so-called “Schatz argument” enables
to show that the discrete solution wy is quasi-optimal if the mesh is fine enough [41]. Assuming for simplicity
that I'r = & and introducing the energy norm

[0l = ?[vlfa + [ Volae ve HE, (),
we have

— < —— mi — 1.2
lu—unllogn < 7 —7 i lu = vnllw,0; (1.2)

whenever the approximation factor
a:=2w max min [Juy —v 1.3
ou =20 max min ffu vl (1.3

[4ll,0=1

is strictly less than one (all these notations are detailed in Section 2 below). Above, uy solves (1.1) with
right-hand side p instead of f. Similarly, when considering a posteriori error estimation [14], we have

o = unllo.o < A/1+ 820, (1.4)

where 7 is a suitable a posteriori estimator.

Estimates similar to (1.2) and (1.4) are available for IPDG discretizations [37,40], but with energy norms
involving the normal trace of the gradient on faces, thus essentially requiring H%/?¢ regularity of Uy. Here,
in contrast, we extend (1.2) and (1.4) to IPDG discretizations without additional regularity assumptions on
the solutions u,. As detailed below, our key finding is that it can be achieved by redefining the approximation
factor as

B t? (i g~ ol + i, 1AV~ w,
Il =1

”?,div,Th) ) (1.5)

where W, is the BDM finite element space built using the same mesh and polynomial degree than V},, and
I-l+,1,7;, and [|-I+,aiv,7; are HE_ () and Hr (div, Q) norms appropriately scaled by the mesh size. The additional
term in (1.5) as compared to (1.3) is necessary to account for the non-conformity of the scheme.

Actually, the interest of the subject exceeds time-harmonic wave propagation. In fact, the a priori and o
posteriori error analysis of finite element discretizations to (1.1) rely on duality arguments of Aubin-Nitsche
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type [41]. Such techniques are crucial in time-harmonic wave propagation [36,40], but there also useful in other
contexts to establish convergence in weak norms, see e.g. Section 5.1 from [4]. To the best of our knowledge,
duality analysis for IPDG discretizations under minimal regularity has not been addressed in the literature, and
it is our goal to do so here.

The remainder of this work is organized as follows. In Section 2, we precise the setting and introduce key
notations. Section 3 presents the key argument that enables duality techniques for IPDG under minimal reg-
ularity. Sections 4 and 5 then employ the aforementioned reasoning to perform the a priori and a posteriori
error analysis of IPDG discretization for Helmholtz problems. Finally, for the sake of completeness, we provide
an estimate for the approximation factor v, in Appendix A.

2. SETTING AND PRELIMINARY RESULTS

2.1. Setting
Throughout this work, @ < R? with d = 2 or 3, is a Lipschitz polytopal domain. The boundary of € is

partitioned into three open, Lipschitz and disjoint polytopal subsets I'p, I'y and I'g such that 09 = I'puI'yUTR.
We employ the notation n for the unit vector normal to 02 pointing outside ).

We consider coefficients p: Q — R, A : Q — R%? and v : T'g — R satisfying the following properties. We
assume that there exists a partition &2 of ) into a finite number of disjoint open polytopal subdomains such
that pu|p = up € R and A|p = Ap € R?*? take constant values for all P € &2. Similarly, there exists a finite
partition 2 of I'r consisting of open polytopal subsets such that v|¢ = 7¢ € R is constant for each @ € 2. For
each P € &, we assume that Ap is symmetric, and let ap := mingera,j¢=1 Ap& - §. We then classically require
that minpe s pp > 0, minpe» ap > 0, and mingeo g > 0.

We also fix a real number w > 0 representing the (angular) frequency.

2.2. Functional spaces

If D < R? is an open set, we denote by L?(D) the Lebesgue space of complex-valued square integrable
functions defined over D, and we set L?(D) := [L?(D)]? for vector-valued functions. The notations (-,-)p and
|- then stand for the usual inner-product and norm of L?(D) or L*(D). In addition, if w : D — R is a
measurable function satisfying 0 < essinfp w and esssupp w < 400, then HH?UD := (w-,-)p defines a norm on

L?(D) equivalent to the standard one. We use the same notation in L?*(D) with matrix-valued weights. Besides,
we employ similar notations for d — 1 manifolds.

H'(D) is the Sobolev space of functions v € L?(D) such that Vv € L*(D), where V denotes the weak
gradient defined in the sense of distributions. If I' € ¢D is a relatively open subset of the boundary of D, then
HL(D) stands for the subset of functions v € H*(D) such that v|r = 0 in the sense of traces. We refer the reader
to [1] for a detailed description of the above spaces. On H}\_ (£2), we will often employ the following “energy”
norm:

12%9 + WHU

2 HIVolAq YveHE (Q). (2.1)

Ioll?.q = ?|lv
It turns out that Sobolev spaces of vector-valued functions will be key in the duality analysis we are about to
perform. Specifically, we will need the space H (div, D) of functions v € L*(D) such that V - v € L?(D) where
V. is the weak divergence operator [29]. Following, e.g., [28], if I' = 0D is a relatively open set, the normal
trace (w - n)|r of w € H(div, D) can be defined in a weak sense, and Hr(div, D) will stand for the space of
w € H(div, D) such that (w-n)|r = 0.
We are studying “Robin-type” boundary conditions which are not naturally handled in the H(div) setting.
We follow the standard remedy [10,39] and introduce the space

X (div, Q) == {w e H(div,Q) | (w-n)|r, € L*(Tr)},

where additional normal trace regularity is enforced on the Robin boundary. The notation X (div,Q) :=
X (div, Q) n Hr, (div, ) will also be useful.
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2.3. Helmholtz problem

Central to our considerations will be the sesquilinear form
b(p,v) i= —w?(ud,v)q — iw(Yp,v)ry + (AVY, V)o  Vo,ve HE (Q), (2.2)

corresponding to the weak formulation of (1.1). We will assume throughout this work that the considered
Helmholtz problem is well-posed, meaning that there exists s > 0 such that

1
min max Reb(¢p,v) = —- (2.3)
deHp_ () veHp (Q) Vst
Iélle,e=1 llvllw,o=1

In our setting, (2.3) always holds as soon as I'g has a positive measure due to the unique continuation principle.
On the other hand, if 'r = ¢, then (2.3) fails to hold if and only if w? is an eigenvalue of the resulting
self-adjoint operator. In general, it is hard to quantitatively estimate 74, but a reasonable assumption is that
it grows polynomially with the frequency [35]. It is also worth mentioning that the constant may be explicitly
controlled in some specific configurations [5,9, 12, 38].

In the remainder of this work, we fix a right-hand side f € L?(Q2), and let u € Hf._(€2) be the unique element
satisfying

b(u,v) = (f,v)q VYve Hp (). (2.4)

2.4. Computational mesh

We consider a mesh 7, of Q consisting of non-overlapping (closed) simplicial elements K. We classically
assume that 75 is a matching mesh meaning that the intersection of two distinct elements either is empty, or
it is a full face, edge or vertex of the two elements (see, e.g. [15], Sect. 2.2 or [24], Def. 6.11). The set of faces
of the mesh is denoted by Fj,. We also employ the standard notations hx and pg for the diameter of K € 7},
and the diameter of the largest ball contained in K (see [15], Thm. 3.1.3 or [24], Def. 6.4). Then, ki := hx/px
is the shape-regularity parameter of K € 7;, and k := maxger, £x. We also introduce the global mesh size
h := maxger7, hx. Similarly, hr stands for the diameter of the face F' € F},.

We further assume that the mesh 7; conforms with the partition of the boundary and coefficients in the
sense that, for each K € 7y, there exists a (unique) P € & such that K = P and for each F € F;, with F < 09,
we have either F < I'p, F < I'y or F < I'g. If F < T'r, we additionally require that F' = @ for some (unique)
Q € 2. We respectively denote by 7, Fr and F}! the set of faces F € F, such that F < I'p, I'y or ['r. We
also set Fj := .7:,]? U .7’:,11\I U .7:,11)‘, and F' := Fi\Fy. For K € T, we can then set ugx := pp, ag = ap, and
VK 1= y/ar /K, where P € & contains K. Similarly, if F' € F}, we set ap := ax where K € 7}, is the only
element having F' as a face. If F' € .7-',}}, we also introduce vp := g and ¥p := ap/yr where Q is the unique
subset in 2 containing F.

Finally, we associate with each F' € Fj, a unit normal vector np. If F' € F}, we require that np = n.
Otherwise, the orientation of nyp is arbitrary, but fixed.

Remark 2.1 (Hanging nodes). For the sake of simplicity, our assumptions on the mesh rule out the presence
of hanging nodes. However, this is not essential for the analysis performed in the manuscript. Instead, the key
assumption required is that the conforming Lagrange and Raviart-Thomas finite element spaces associated with
the mesh are sufficiently rich, which is known to be the case in a variety of situations, see e.g. [3,7]. Since
the precise assumptions are intricate, we have chosen to restrict our attention to matching meshes to ease the
presentation. The interested reader will find more details in Appendix A below. Related to this comment, notice
that the present analysis would be harder to extend to polytopal meshes.
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2.5. Polynomial spaces

In the remainder of this work, we fix a polynomial degree p > 1. For K € Ty, P,(K) is the set of polynomial
functions K — C of total degree less than or equal to g. For vector-valued functions, we also set P,(K) :=
[Pp(K)]3. If T < 7}, is a collection of elements covering the (open) domain O, then P,(K) := {v € L*(0); v|k €
Pp(K) VK € T} and Pp(7T) := [Po(T)]>.

2.6. Broken Sobolev spaces

We define H'(7},) as the subset of functions v € L?(Q) such that v|x € H'(K) for all K € 7}, For functions
in H'(7,), we still employ the notations V for the element-wise weak gradient, so that V(H'(7},)) = L*(Q). To
avoid confusions, we will employ the alternative notations (-,-)z, and ||z, for the L?(Q2) and L*(Q) norms and
inner-products when working with broken functions (we also employ the same notation for weighted norms).
Similarly, we write

[0]2 25 = >R s Yve LA(Tw).
FeFR

The notation

(6. 0)7, = >, (Bv)r  Vove @ L*(F)

FeFy FeFp
will also be useful.
2.7. Jumps, averages, lifting and discrete gradient

Considering ¢ € H'(7},), its jump through a face I € F}, is defined by

[¢]F = d+lrmy -np + d—|pn_ - np

with K4 € 7}, the two elements such that F = 0K, n 0K_, ¢|+ := ¢|k, and ny := ng, . For an exterior face
F e F;, we set instead
[6]F :=olr if FeFP and [¢]F := 0 otherwise.

Similarly, if w € P,(7},), its average on F € Fy, is given by
1 .
{w}r:= §(w+|p +w_|p) ifFeXF and {whr:=w|p ifFelF,

where w4 1= w|g, for the two elements Ky € 7;, such that F' = K_ n K in the case of an interior face.

A key part of our analysis will be to give a meaning to the terms ([¢], {AVv} - ng)z, appearing in the
IPDG form, for functions ¢ and v only belonging to H'(7},). This is subtle, since the normal trace of Vv is
actually not defined on faces. Following Section 4.3 from [19], the solution is to introduce a lifting operator
defined as follows.

For ¢ € H'(T},) we define the lifting £5([¢])) as the unique element of P,(7,) such that

Cr(lol) wr)z, = ([8llr: {wr} -nr)r,  Vwn € Pyp(7h).

Notice that we can then write (AL, ([¢]]), V)7, instead of ([¢]l, {AVv} - np)x, for functions ¢, v € Py(7y),
with the advantage that the second expression is still well-defined for general H'(7},) arguments.
The notion of weak gradient will also be useful. Specifically, we set

6(¢) == Vo —([6]) € L*(Tn)
for all ¢ € H'(7y,). Importantly, we have &(¢) = V¢ whenever ¢ € Hi_(€2), and
(&(¢), wn)7, + (¢, V- wp)7, = (¢, wn - n)ry
for all ¢ € H'(7;,) and wy, € Py(7n) N Xy (div, Q).
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2.8. Broken norms

For v € H(7},), the broken counterpart of the energy norm introduced in (2.1) is defined by

ol 7, == w0l g + @Vl er + 16 (0)I% 7,

Notice that it is equal to the |||, norm if v € H}_(£2). We will also employ the mesh-dependent norms

2h2.\ « whp\ o
2 — 1 YV ) XK 2 & ()2 1 WhE\ QFy o
fumim % {ma (1555 ) Sl IS0+ 3 mae (155) Sl

KeT, FeFR

o]

and

h2 hr
ol = 3 ol K1V i+ 5 2 ni?
KeTy K FeF} F

for w e X (div, ). These norms are “dual” to each other in the sense that
[(8(¢), w)7, + (6, V - w)7;, — (¢, w - n)rr| < [ @17 [wli,aiv, 7, (2.5)

for all ¢ € H'(7;,) and w € X (div, Q). For future references, we notice that the “max” in the definition of
the |-[+,1,7;,-norm chosen so that

lolos, < loltaz — Vve HY(Th). (2.6)

2.9. IPDG form
Following Section 4.3.3 from [19], our DG approximation of the (AV-, V-)q form is given by

ah(¢7v) = (A®(¢)> 6(1}))7h + Sh(¢a ’U) Vo,v e Hl(ITh> (27)

where s, : H'(T,) x H'(T) — C is a sesqulinear form satisfying sj(¢,v) = 0 whenever ¢ € H[_ () or
v e Hp_(Q). Importantly, we have
an(¢,v) = (AV¢, Vu)g (2.8)

when ¢,v € H{_ (Q).
It is worthy to note that the IPDG form is usually not presented (and not implemented) as it is presented in
(2.7). Instead [2,26,31,40], the method is usually written as

an(¢,v) = (AV$, Vo)z, — ({AVE} - np, [v])5, — ([¢]. {AVY} -np)g + ) %([[sb]], [vl)r  (29)

FeF} oFpP

where 3 ~ p? is a penalty parameter chosen to be large enough [2]. However, as shown in Section 4.3.3 from
[19], the formulation of (2.9) can be recast in the framework of (2.7) by setting

sn(d,v) = ) %([ML[[@]])F — (Abn([o]), n([v]))e- (2.10)
FeFi UFP
2.10. The discrete Helmholtz problem

Consider the sesquilinear form

bh(¢7 ’U) = _w2<u¢a U)Th - Zw(’}/(b, ’U)]-'}TL + ah(¢7 ’U) V(bv v E Hl(,];t)
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Then, the discrete problem consists in finding uy, € P,(75) such that
br(un,vp) = (fyon) T, Yo, € Pp(Th). (2.11)
For any uy, satisfying (2.11), recalling (2.4) and due to (2.8), the Galerkin orthogonality property
bp(u — up, wp) =0 (2.12)
holds true for all discrete conforming test functions wy, € Pp(75) N Hp (). Similarly, we have

[bn(; 0)| < [0l 73
for ¢,v € H'(T;,) whenever ¢ or v belongs to Hf_ ().

Vw7, (2.13)

2.11. Conforming subspaces and projections

The sets Pp(75,) 0 Hf () and P, (75) n Xy (div, ) are the usual Lagrange and BDM finite element spaces
(see, e.g., [24], Sects. 8.5.1 and 11.5). Although they are not needed to implement the IPDG discretization, they
will be extremely useful for the analysis. The projections

g

TV 1= arg min v —vnl+1,7
h s, 2p
vaPP(Th)mH%D Q)
and
d, . :
THW 1= arg min lw — whllt.div, 7,

wh,EPp(Th)ﬁXI‘N (div,Q)

are well-defined for all v € H} (Q) and w € X (div, ), since the mesh-dependent norms appearing in the
right-hand sides are naturally associated with inner-product. We will also need the conforming projector

w8y = arg minﬂ) [v—s|+1,7

sEH%D(
defined for all v e H'(7p,).

2.12. Approximation factors

Following [14, 36, 37, 40], our analysis will rely on duality arguments and approximation factors will be a
central concept. For ¢ € L*(Q) and ¥ € L*(Tr), let uj, Uy € HE_ () solve

b(w, u:/;) = w(pw, ¥)a, b(w,Uy) = w1/2(7w7 \II)FR Yw e Hll‘D (€).

The approximation factors

X ._ * g, * X . * grr*
Yoag = max |uy — mpuyliaz,  Yeag = max Uy —mUgliaz,, (2.14a)
YeL?(Q) welL?(I'Rr)
I¥lu,0=1 %]y rg =1

where previously employed in [14] for the a posteriori error analysis of conforming discretizations. Here, we will
additionally need divergence-conforming approximation factors

5 = max |AVu, — 7l (AVuY, T s

“ba,d Wi 7 [ v — Tl ) t.div, 75,
9]l =1

Fbad = max [|AVU} — 7 (AVU})
VelL?(TRr)
@]y, rg=1

(2.14b)

It,div, T, »
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to deal with the non-conformity of the IPDG approximation under minimal regularity. We finally introduce the
following short-hand notations

7§a,g = 4X712>a7g + 2%&@ 'Ylga,d = 4”va2)a,d + 2’~Yt2>a,da (2.14c)
T = g + s T = g + s (2.140)

and
Voo = Veag + Voad = Hoa + 2V0a- (2.14e)

By combining elliptic regularity and approximation properties of finite element spaces, it is easy to see that
Yba — 0 as h/p — 0. However, the dependency on the PDE coefficients and on the frequency may be hard
to track. In particular, the stability constant g typically plays a central role in estimating v,,. Qualitative
estimates for 4, can be found in [11,36], and explicit estimates are available in specific situations [14]. We also
provide an estimate in Appendix A below.

3. DUALITY UNDER MINIMAL REGULARITY

Here, we state in a separate section the key technical result that enables us to perform duality techniques
under minimal regularity assumptions. We believe it will be important in other contexts, so that we make it easy
to reference. Although the arguments are not complicated, we were not able to find a proof in the literature.

Lemma 3.1 (Lifting error). For all ¢ € H'(73) and o € X, (div,$), we have

(6(¢),0)7, + (6, V- 0)7;, — (¢, 0 -1) pr =
(&(p—0),0—0n)g, + (06, V(0 —0n)g, — (6=, (0 —0on) n)s  (3.1)
and in particular
(8(0),0)7, + (6, V- o)1, — (b0 1) x| < ¢ — g
for all ¢ € HE_(Q) and o), € Ppy(T;) N Xy (div, Q).

11,7 |0 — onlt.aiv, T, (3.2)

Proof. We first observe that if 5 € HllD (), integration by parts gives
(8(0): )7, + (6, V- 7) = (&, 7 -m)ry = (V. 7)1, + (6, V- 7) = (4,7 -m)r,, =0

for all T € X (div, Q) due to the essential boundary conditions on I'p and I'y. Thus,
(6(0).0)7, + (6, V - 0)1, = (6.0 - n)5n = (6(6 — 9).0)7, + (6 =6,V -0)5, — (¢~ 6,0 1) zp.
If o, € Pp(Th) n Xy (div, Q), we also have
0=(8(¢),0n)7, + (6, V- 0n)7, — (9,00 1)z
= (8(¢) = Vb, 00)7, + (V,00)7, + (6, V - 1)1, — (6,05 1) 1
= (B(6—0),00)7, + (6= 6,V -0n)7, — (6~ 6,0n n)sn,
and (3.1) follows after summation. Then, (3.2) is a direct consequence of (2.5). O

A simple consequence of Lemma 3.1 is the following result, which is crucial to estimate the non-conformity
error in the context of duality arguments.

Corollary 3.2 (Control of the non-confomity). For all ¢ € H'(T},) and & € Hi_ () with AVE € X (div, ),
we have

an($,6) + (¢, V - (AVE))7, — (6, AVE - n) | < |6 — dl11, 5| AVE = ont aiv, 7, (3.3)
for all g€ HE (Q) and o € Pp(Th) 0 Xry (div, Q).
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4. A PRIORI ANALYSIS

The purpose of this section is to establish the existence and uniqueness of a discrete solution uy, € P,(7},)
to (2.11) and to derive a priori error estimates controlling u — uy, in suitable norms. The proof follows the line
of the Schatz argument [41], with suitable modifications to take into account the non-conforming nature of the
discrete scheme.

In this section, we require that there exists p > 0 such that

Re sy, (v, vn) = p*|vn — Wg”h”?,LTh Yop, € Pp(7h). (4.1)

This assumption always holds true when sp, (-, ) = B/h([]l, [-])#, with 8 > 0. It is also the case when s takes
the form (2.10) if the penalization parameter is sufficiently large [2]. We note that this assumption rules out
some choices of stabilization including complex-value stabilization parameters, as proposed e.g. in [26,40]. For
the sake of simplicity, we only consider stabilizations satisfying (4.1), but slight modifications of our proofs
could handle more general situations.

We start with the main duality argument, which is a generalization of the Aubin-Nitsche trick.

Lemma 4.1 (Aubin-Nitsche). Assume that uy, € Pp(71) satisfies (2.11). Then, we have

wllu = uppz, < vaglle — unllo,z, + Foadlun — 7unli 1z, (4.2)

and
W12

7,1, 7h (43)

Proof. For the sake of shortness, we set ey, := u — up,. We first establish (4.2). To do so, we define £ as the
unique element of Hp_(€2) such that b(¢,&) = w(ue,en)q for all ¢ € Hi_ (€2). Integrating by parts, we see that
the identities

lu = unlly, 77 < Abagllu — unllo, 7, + Foa,allun — Tusl
YsSh

—wWpE — V- (AVE) = wpey, AVE -n+iw =0
respectively hold in L?(Q) and L?(T'g). As a result,
wlenlf g, = —w?(pen, )z, — iw(ven, &) zr — {(en, V - (AVE)) 7, — (en, AVE - n)pn}

and we have from Corollary 3.2 that

> < |bn(en, )| + len — dlt.1.7

AVﬁ—O’h

It div, T,

wllen

for all ¢ € H} (Q) and o, € Pp(Tn) Xy (div, Q). On the one hand, we select ¢ = u—muy, and o), = Tl(AVE),
so that using (2.14b), we have

wlen|? 7, < br(en, )| + Foa,allun — 7unlt 1,7, len ]z -

On the other hand, using (2.12) and (2.13), we have

[b(en, )| = [bn(en, € = RO < llenllo. 7 IS — mhéllw.o < Foagllenllo. lenl.z.-

We then prove (4.3). Instead of &, we define x as the unique element of H} () such that b(¢,x) =
w'2(v¢, en)ry, for all g € HL (€2). We then have

—w?ux — V- (AVy) =0 AV -1 +iwy = wyey,
in L2(Q) and L?(T'r), respectively. We thus have

w1/2|\€h|\»2y,f5 = —w?(pen, X) 7, — iwlen, @) r — {(en, V- (AVX))7, — (en, AVX 1) pr},
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and applying again Corollary 3.2 we arrive at

AVy — 1 (AVY)

wl/leenHiﬂa < |br(en, x — mpx)| + lun — 78un 1.7, lt,div, 75, »

and the result follows from the definitions of Vs, and Fpaq given in (2.14c). O

We can now complete the Schatz argument, leading to quasi-optimality of the discrete solution for sufficiently
refined meshes.

Theorem 4.2 (A priori estimate). If Ypag < 1 and \@’yba,d < p, then there exists a unique solution up, € Pp(7p)
to (2.11) and the estimate

u—U T
hllew,Tn = 1-— )ga,g
) 1/2
. 2 . 2
min u—v + — min AVu—-o v T 4.4
<vh€'Pp(Th)r\HllD(Q) I hm“”Q P2 ohePy(Th)n Xy (div,Q | h|T*d‘V’ h) (44)

holds true. In addition, if \/E'yba’d < p, we also have

) 1/2
lun, — mEup 1,7, <
P S 0=, )07 — 22,0
) 1/2
. 2 . 2
min uU—v + — min AVu—o : . (4.5
<thPp(Th)r\HI1D . I rllG.0 2 0Py (T e (div.0 [ h|17dw,7h> (4.5)

Remark 4.3 (Higher-order term). The last term appearing in the right-hand side (4.4) is unpleasant, since in
general the finite element error is not solely controlled by the best-approximation error. Nevertheless, this term
exhibits the right convergence rate. Besides, it can be made higher-order for sufficiently (piecewise) smooth
solutions u. Indeed, the polynomial degree p appearing in the approximation of AVwu only depends on the
polynomial degree chosen for the gradient reconstruction &(uy,), not the polynomial degree of the discretization
space Pp(7y). It is therefore possible to reconstruct &(uy) in, e.g., Pp1+1(7p) to make the undesired term in
(4.4) negligible. Notice that this argument works if the stabilization parameter is sufficiently large according to
(4.1).

Proof. We first observe that

w1, = llen]

> lenl

Re by (en, en) + wHehH»Q%}'E + 2w° x| i,Th + Re sp(un, un)

2 2 g 2
o1, T 0 [un — mBuplli 1 7 -

On the other hand, for vy, € P,(T5) N Hf (2), we have
br(en,en) = bn(en,u — vp) + bu(en, vn — un) = bp(e,u — vn) + bp(u,vn —un) — (f,vn — un)z,-
Since ap, is Hermitian, Corollary 3.2 ensures that

ap(u, vy, —up) — (V- (AVw), v — up) 73, |

lup, — T

b (w, v — un) = (f;vn —un) 7| <|
|

<
<

£.1,75 min ~ [|AVu— ot div.7;-
o‘he’Pp(Th)erN(dlv,Q

1 .
+ 53 min
2p% 01,ePy(Th)nXry (div,Q

|AVY = on[} aiv. 75,

02 2
< 5\|Uh — mhunli 1z,
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As a result, we have

1
lenll? 7, + EPQH'U/h = mfup? 1 7, < [on(en,u—vn)l + 202 en]} 7, + wlenl? zx
1
— i AVu—opig
202 0P (Ti) K1y (div.© AV = onlt aw.m,

< llenllo, il = vallw.0

2
T71,Th)

+ 2 (Tagllenllo,z, + Foa,dlun — mup|
+ (Fraellenl

1
. 2
— min AVu—op|i g
202 04 Py (Th) A X1y (div, | If.aiv.7,

up, — m8unt1,7)

w, T + Vpa,d

< llenllo, 7 llv = vnllo.0
_|_

(4Fbag + 2Vbag)lenlls 7, + (4Vba,d + 2Vba,a) un — Tun|

1
. 2
— min AVu—op|i g
202 04ePy (Th) A Xy (div,© | If.aiv. 7

so that

o - 1 - ~
(1 —4 ga,g - 27§a7g)”|6h"|3;,’]’h + §(p2 - 87§a’d - 4fyga,d)“uh - W}gLuh”%LTh
1 .
m

< - + —
lerlonlu—umloat5g min

and

(1= 4900 ¢ — 2Teag)llenll? 7, + (0° — 87000 — 430a.a) lun — Thunl? 1 7,

1097

AV Y — Uh”%,div,Th

1 .
< lenll® + — min AV Y — o4l giv 7,

p O')IE'PP(Th)ﬁXFN (diV,Q

At this point, (4.4) and (4.5) follow recalling the definitions of Y, ¢ and pa,q in (2.14).

5. A POSTERIORI ANALYSIS

O

We now provide a posteriori error estimates under minimal regularity assumptions. We first present an

abstract framework, and then show how it can be applied to the particular case of residual-based estimators.

Throughout this section, we assume that uy, is a fixed function in P,(7}) satisfying (2.11). Notice that unique

5.1. Abstract reliability analysis

solvability of (2.11) is not required. In particular, the proposed analysis applies without any restriction on the
mesh size or polynomial degree. Also, in contrast to the a priori analysis, we do not need any specific positivity
assumption on the stabilisation form sy,.

Following Theorem 3.3 from [23], the discretisation error may be bounded using two different terms that

(Ry, vy = by(en,v) Yve Hp (), R, := sup [Ly, v)|.
UGHFD ()
[Vv]a,e=1

respectively control the equation residual, and the non-conformity of the discrete solution. For the equation
residual, we introduce the residual functional and its norm

(5.1a)
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Notice that this first term only involves conforming test functions. To account for the non-conformity of the
discrete solution, we additionally introduce

Re i= [lun — m8unf+1,7,- (5.1b)

The total abstract estimator is then the Hilbertian sum of the two above components:
R? := R? + RZ. (5.1c)

Following [14,40], our a posteriori analysis follows the lines of the Schatz argument [41]. Specifically, we
start by controlling weak norms of the errors with the estimator and the approximation factor using a duality
argument.

Lemma 5.1 (Aubin-Nitsche). The following estimates hold true:
wlu = unlpz, < FoaR, W7 u—up, 2r < FaR. (5.2)

Proof. Let us set e, := u — up,. We start with the first estimate in (5.2). We define £ as the unique element of
H}_(Q) such that b(w,§) = w(pw, ep)7, for all w € HE (). Following the lines the proof of Lemma 4.1, we
write
bn(en, €) = —w*(nen, &)z, — iw(ven, &) r + (B(en), AVE)T,
= (en, —w?pE =V - (AVE))7, — (en, AVE-n)zr + (e, V - (AVE))7, + (8(en), AVE)7,
= wllenl? 7, + ((7Bup — up), AVE —o4)7,
+ (mBup —un, V- (AVE — o)), — (Tun — un, (AVE —0p) - n)gr,

for all o}, € Pp(71,) n Xy (div, ), where we employed (3.1) in the last identity. It follows that

wlenl? 7, < lbn(en, )| + |un — 7unl1.7,|AVE = o4 aiv, 75, -

On the one hand, recalling the Galerkin orthogonality property stated in (2.12) and the definition of R, at
(5.1a), we have
[br(en; §)1 = [blen, € — )| < ReV(E = mi)|ae < FbagRelenl, -

On the other hand, recalling (2.14b) and (5.1b), we have

lun — 78up 1.7, |AVE — T (AVE)

It.div. 7, < FbaaRellen |,z -

Then, the first estimate of (5.2) follows from (5.1c) since

- - - o 1/2 12
'Yba,gRr + 'Vba,dRC < (’Y}ga,g + ’Yga,d) / (Rf + Rg) = ’YbaR~

For the sake of shortness, we do not detail the proof of the second estimate in (5.2) as it follows the lines of
the first estimate but using the function x from the proof of Lemma 4.1 instead of &. ]

We can now conclude the abstract reliability analysis. Following [23], our proof uses a Pythagorean identity
to separate the conforming and non-conforming parts of the error.

Theorem 5.2 (Abstract reliability). We have

o = unllo.z, < 4/1+ 78R (5:3)
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Proof. For the sake of simplicity, we introduce
biy (¢,0) := W (e, V), +w(yh,v) 5 + (AB(9), 8(v))7,  Vo,ve H'(Th),
and we define @ as the only element of H}_(£2) such that
by (W —up,v) =0  Vve Hp (Q).

Notice that this indeed a well-formed definition, since b; is equivalent to the usual inner-product of Hf_(£2).
Classically, we have the Pythagorean identity

lu = unll?, 7, = 0@ —unll?, 7, +2Reb™ (@ — up,u — @) + Jlu -1l 7,
= llun = all3, 7, + llu— @2 - (5.4)
Then, on the one hand, it is clear using (2.6) that

llun — @l

0T < [lun = mupflo,, < Jun = TEunli g, = Re, (5.5)
and on the other hand, we have
lu — @2 o = by (v — @ u — @) = by (en,u — )
= by, (en,u — ) + 2w (pep, u — W) 7, + (1 —i)w(ven,u — ) Fr

<RV (u—) a0 + 2aRwlt — ¥, 7, + V2AaRw™?u — @, £x
1/2

< (BY + (4700 + 290)R%) 7 lu — @l 0,
and recalling (2.14c), we arrive at
lu—al% o < RY + (455 + 230,)R? = RY +92,R™. (5.6)
The estimate in (5.3) then follows from (5.4), (5.5) and (5.6). O

5.2. Residual-based a posteriori estimator

The residuals R, and R. can be straightforwardly controlled using flux and potential reconstructions. We refer
the reader to [17,23] for details about these constructions. Here, we focus instead on residual-based estimators,
for which the link may be less clear. In this section, the letter C refers to a generic constant that may change
from one occurrence to the other, and that only depends on the contrasts of the coefficients pu, A and v as well
as the polynomial degree p and the shape-regularity parameter . The stability result for the lifting operator

(07
len(enDlas < C 3 5ol Von € Py(Th) (5.7)
KGTh

can be found, e.g., in Section 4.3 from [19] or Lemma 4.1 from [33].
We first establish that R, can be controlled by the jumps of uj. The notations
whi whp whie whg

:= max ——, 1= max ——,
5 FerFk Up V5 KeT, Vg

will be useful.

Lemma 5.3 (Control of the non-conformity). We have

hx wh*\ 2 «
R? < C'max L‘"f,( *K) Tl 3k (o) (5.8)
( % % K;h hy OK\(I'nuTR)
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Proof. We start with two estimates that are easily inferred from Lemma 4.3 from [22]. For all vj, € Pp(7},), there
exists a conforming approximation Jvy, € Py(T5) N Hf_ (€2) such that and all K € 7j, we have

1

lon — Tonlie < Chic Y Iwallder, 1V (on — Ton)|k < Cﬁ > Mnll3es

K’E'ZN’K KIE%K

where ’ZN’K collects those elements K’ € 7;, sharing at least one vertex with K. Employing the multiplicative
trace inequality

1 1
0 < € {08 + 1011901} < € ol + el Vol | voe 1)

we also have

lon = Tonl2e <C Y [lonlll3w-

K'E%K
It is therefore clear that

why (whi\” g
i = Tunl 17, < Cmax (1 = ( K)) 5 0 Dl

’ *x ) *
% V% Kt

and (5.8) follows from the definition of R, in (5.1b). O

We then control the conforming residual R,. This is classically done by combining element-wise integration
by parts and a quasi-interpolation operator.

Lemma 5.4 (Control of the residual). We have

h? hi K
R; <C Z <K|f +wipun + V- (AVW) |7, + —[[AVu] ~nKH3K\m + [[Uh]]gx\m>
Ker, \OK aK hk

ap hF hF .
+ Y aelwli ¥ EIAVe i+ Y W|Awh-n—wwh|%}. (5.9)

FeFpP F FeFN FeF}

Proof. We consider an arbitrary v € H%D (Q),and let v:=v—Qpv e H%D (Q), where 9y, is a quasi-interpolation
operator satisfying

1 1 1
@Hv — vk + EHU — O[3k + [V (v — Quu)|k < CJHVU”;?(’

with K the domain corresponding to all the elements K’ € 7;, that share at least one vertex with K. We refer
the reader to, e.g., Theorem 5.2 from [22], for the construction of Q. Thanks to Galerkin orthogonality (2.12),
we can write that

<<%’r,v> = bh(eh,v) = bh(eh,ﬁ)
= (f,0)a + w?(pup, V)7, + iw(yup, ) gr — (AS(up), V),
= (f,0)q + W (pun, V)7, + iw(yun, 0) i — (AVup, VO)7, + (Al ([un]), V07, - (5.10)

1 T2
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Then, on the one hand, we see that

= (f + w?pup + V - (AVuy), )7, + iw(yun, 0) g1 — Z (AVuy, -ng,0)ok

KGTh
= (f + W’pup + V- (AVu), 07, — Y, ([AVur] - np,d)r
FeF}
= (AVu, - n,0) gy — (AVup - n — iwyup, ) gr,

and therefore,

ril < ) (I + wPpun + V- (AVw) | 0] x + [[AVur] - nxlox 3] oxc)

KeTy,
+ > AV, n|p[d)r + D [AVuy -1 —iwyus| ] p
FeFN FeF}

h? h
< C{ 5 (E1s + s + V(AT [+ 2 TV] il )

KeTy,
L 1/2
£ Y AV nlp e Y FAVuh-n—z'wvuhn%} IVolag. (5.11)
afp
Fe]—‘N FeFR

On the other hand, we have

1/2
e
[ral < [[€n([unl)) <C{ >4 = | lun k00 + Z Hﬂwz]] I 1Volae, (5.12)
KGTh Fe]-'D
and (5.9) follows from (5.10), (5.11) and (5.12) recalling the definition of R, in (5.1a). O

We therefore define a residual-based estimator by

h2 hK
n? = Z <K|f +wpup + V - (Avuh)HQTh H[[AVuh]] nKHaK\aQ + H[[Uh]] |oK\oQ)
KeT,, a
h h .
+ 7HuhHF > LAV, -n|} + > AV, - — iwyu |}
aF ap
FeFpP FeFrN FeF}

As a direct consequence of (5.3), (5.8) and (5.9), we obtain a reliability estimate stated in Theorem 5.5. It is to
be compared with Theorem 2.3 from [14] and Theorem 3.6 from [40].

Theorem 5.5 (Reliability of the residual estimator). We have

whip\? wh
lenllos < C {1+ (5 + e | (L a)n
F K

5.3. Efficiency

For the sake of completeness, we state an efficiency estimate for the residual-based estimator. The proof can
be found in Section 3.3 from [40], and we also refer the reader to Section 4 from [17] for the corresponding result
for equilibrated estimators.
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Considering an element K € 75, we need a few additional notation. The component of the error estimator
associated with K reads

h2
N = 7KHf +wpup + V - (AVUh)HTh + H[[AV“h]] nKHaK\aQ + ||[[“h]]”aK\aQ

+ ) —HuhHFJr Z ||AVuh n|E+ D] EHAVuh.n—iw’yuhH%.

FeFpP FeFy FeF}
FcoK FcoK FcoK

Then, to measure the discretization error locally around K, we introduce

T T YR (o e 2 tnoie IV =)}
K'eTy,
OK'nOK#J
Finally, the quantity
osc%:z Z h%«f mlﬂ Hf pr2 K’
K'eT;, p€
OK' nOK#Q

is usually called the “data-oscillation term”. It is of higher-order if f is piecewise smooth.

Theorem 5.6 (Efficiency of the residual estimator). For all K € T}, we have

th 1/2 th

<C 1+ max e U — U ~ + 0SC3>

e Ferh (55) 5 b=+ o
FcoK

APPENDIX A. APPROXIMATION FACTORS

In this section, we provide an estimate for the approximation factor =y, valid under minimal regularity
assumptions. For the sake of simplicity and shortness, we restrict our attention to the case where I'g = .
The reason behind this choice is twofold. Obviously, we automatically have Yu. ¢ = Fba,a = 0 in this case, since
there are no boundary right-hand sides. But more importantly, the norm |||+ aiv,7;, does not contain a boundary
term. This allows us to easily use the quasi-interpolation operators introduced in [25] to upper-bound b, g (see
the estimates in (A.2) below). Notice that, in principle, there is no obstruction to the construction of quasi-
interpolation operators with good interpolation properties on the boundary if they are defined on X (div, Q).
However, the author is not aware of any convenient reference where such an operator can be found. Alternatively,
the canonical Raviart—Thomas interpolation operator has optimal approximation properties on I'gr, but it is not
defined under minimal regularity (see e.g. [10]).

Classically, the analysis of this section relies on (arbitrarily low) elliptic regularity shifts. To properly state
them, we need to introduce (broken) fractional Sobolev norms [1]. First, for K € 7, w € L*(Q), and s € (0, 1),

we set ( )‘2
w\y
|w| e (x) : f f |$_ y[2+d e _apstd dydx

and, for s =1,
d
[wlin gy = Y | Vwa|k-
n=1
Then, the corresponding global norm reads

2 . 2
\’w|Hs(Th) = Z |w|Hs(K)-
KETh
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There exists 6 € (0,1] and such that such that all v e H{_(Q) with AVv e Xp (), we have
|AV | o (7;,) + Cmax| V0 o(z,) < CLT0 V- (AVD)|q, (A1)

where £ is the diameter of 2, and .« is the essential supremum of the maximal eigenvalue of A e.g. [34]. For
generic values of A, 6§ may be arbitrarily close to zero. On the other hand, if we assume that A is constant and
that either I'p = @& or 'y = &, (A.1) holds true with 8 > 1/2. Finally, if we further assume that  is convex,
(A.1) does hold true with # = 1. We refer the reader to [30] for these last two statements.

As respectively constructed for instance in [22,25], there exist (quasi-)interpolation operators Zy, : L?(Q) —
Pp(Tn) N HE_ () and Jy, L*(Q) — P,(Th) n Xry(div, Q) such that

D1 (&l = Tuvl + |V (0 = Tuo) %) < CR*|Vol30 g, (A.2a)
KeTy,
and
N (Jw = Fiwlk + BV - (w - Tuw) i) < C (ol g, + WV - wlo) (4.2)

KeT;,
for all v e Hp_ () and w € Xy (div, ).

Theorem A.1 (Approximation factor). The following estimate holds true:

wl ' wh \?
’YbaSCPYSt 9 9 ) (A3)

where Vmin := A/ Omin/lmax 1S the minimal wavespeed.
Proof. Fix ¢ € L*(Q). On the one hand, we have

* * aK *
ey = Thuy oz = 2 (Mu; — Tnuy i + [V (uy, — Ihumi,,K)
KeTy,
Somax Y, (hlul — Tnull + |V (uf) — Zhul) %)
KGTh
(8179h9)2

min

< Camaxh29|u;|?{1+e(7~h) <C v - (AVUL)H?)

due to (A.2a) and (A.1), where auin is the essential infimum of the smallest eigenvalue of A. Similarly, if we

let 0'; = AVu*w, we have

Mic

29 ¢

0% — Tt B, = 3 (w; Tt g+ Y (o7 Jhawi)

KETh

1 * * * *
S — Z (Haw_jho'lp“%(‘*‘h%(“v'(%_jho'w)H%()
Qmin KeTy,
1 . .
<0— (h29|AVuw|?{s(7h) RV - (AVuw)|52)>

where we employed (A.2b) and (A.1). By definition of u},, we have

IV - (AVuy)[E = lwpp + w?puy [f < Cpimaxw?® ([0 + @ [u) [} o) < Crmaxw? ¢

2
H,€20

with fimax the essential supremum of p. This leads to

wl " wh
nn <0 (5) (o) Wl

|uy, — Zhuy,
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and

1,2

) . W\ wn !
oy, — Tnoplt.aiv.z < Cse 9 3 %]

min
Since they are valid for all ¢ € L?(Q), these two estimates respectively enable to control Y, ¢ and Ypa,q, leading
to the bound on 7p, in (A.3). O

Remark A.2 (Frequency scaling). In the setting considered here, it can be shown that s, ~ w/d, where ¢ is
the distance between w and the closest resonant frequency (the square-root of an eigenvalue). In this case, under
the assumption of full elliptic regularity, we obtain

w wh

'-Ystgc

o min
This is consistent with previously obtained estimates, see e.g. [13].

Remark A.3 (Generalization to hanging nodes). As can be seen by the proof of Theorem A.1, the approach pro-
posed in this work does not need matching meshes, and allows for hanging nodes as long as (quasi-)interpolation
operators satisfying (A.2) are available. For the full elliptic regularity case where we can take § = 1 in (A.1),
such interpolation operators are available for some families of meshes with hanging nodes, see e.g. Lemma 12
from [3].

Remark A.4 (Comparison with earlier estimates). It is instructive to compare our results under minimal reg-
ularity assumptions to the more standard approach that requires more regularity. In this case, an approximation
factor similar to Ypa ¢ is defined, but with an enhanced norm including the normal trace of the gradient. This can
be seen, e.g., in respectively Proposition 3.5 from [37] and Definition 2.7 from [40] for a priori and a posteriori
error analysis. If p = 1 the estimate provided in Theorem 4.8 from [37] for such an approximation factor has
the same scaling as the one derived here (notice that the result in [37] is obtained under the assumption that
Yst ~ k1t? for some ¥ > 0 and that we can take § = 1). The results obtained in [36] and [20] for conform-
ing discretizations are also similar. We could also obtain sharp estimates for high-order polynomials by using
regularity splitting resulting [11,36]. We refrain from doing so for the sake of brevity though.
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