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THE NONCONFORMING VIRTUAL ELEMENT METHOD FOR OSEEN’S
EQUATION USING A STREAM-FUNCTION FORMULATION

DIBYENDU ADAKY® AND GIANMARCO MANZINI?

Abstract. We approximate the solution of the stream function formulation of the Oseen equations on
general domains by designing a nonconforming Morley-type virtual element method. Under a suitable
assumption on the continuous problem’s coefficients, the discrete scheme is well-posed. By introduc-
ing an enriching operator, we derive an a priori estimate of the error in a discrete H> norm. By
post-processing the discrete stream function, we compute the discrete velocity and vorticity fields. Fur-
thermore, we recover an approximate pressure field by solving a Stokes-like problem in a nonconforming
Crouzeiz—Raviart-type virtual element space that is in a Stokes-complex relation with the Morley-type
space of the virtual element approximation. Finally, we confirm our theoretical estimates by solving
benchmark problems that include a convex and a nonconvex domain.
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1. INTRODUCTION

The incompressible Oseen equations are a linearized version of the Navier—Stokes equations. For the velocity
vector field u and the scalar pressure field p they read as

—vAu+ (Vu)B+yu+Vp=f inQ,
divu=0 in €,
u=0 onlT,

(p,1) =0,

where Q C R?, d = 2, is a simply connected domain with boundary I', v > 0 is the viscosity coefficient, 3 is the
convection vector field, 7 is a suitable positive coefficient, and (p,1) in (1.1d) stands for the integral of p over
Q). Hereafter, we consider a polygonal domain 2, and, for simplicity of exposition, we assume that v, 3 and v
are constant fields.

Several types of numerical schemes were designed and proposed in the finite element literature to approximate
the Oseen equations. See for instance, to the works of references [5-7,12,13, 26, 30, 31] for a presentation of
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such schemes and their convergence analysis. In most of these articles, the Authors propose mixed schemes to
approximate the velocity—pressure pair (u, p). Instead, following [8], we consider a streamline formulation and we
propose and analyze a nonconforming Virtual Element Method (VEM). This combination yields a very effective
way of solving the Oseen equations. In fact, in the one hand, the stream function formulation reduces (1.1a)—
(1.1d) to a scalar problem that does not contain the pressure variable. The incompressibility condition is
automatically satisfied by setting the velocity equal to the curl of the stream function. On the other hand, the
VEM [10, 14] is a very robust and accurate discretization technique for solving partial differential equations
(PDEs) on unstructured polygonal and polyhedral meshes admitting very general shaped (even nonconvex and
degenerate) elements [49-51], elements with small edges and faces [28], and elements with curved faces [19,20].
An incomplete list of works pertinent with the topic of this paper includes conforming VEMs for the Stokes
equations [8,16,21,24,40,45,46], the Navier—Stokes equations [1,17,18], the Oseen equations [6,22,48], the Darcy
and Brinkman equations [47,52]. The VEM for the Navier—Stokes equations is also applied in the discretization
of 2D and 3D magnetohydrodynamics models, cf. [23].

The nonconforming VEM was initially proposed in [11] for elliptic problems, later extended to Stokes equa-
tions [32,55], eigenvalue problems [37, 38, 41], plate bending problems [53,54], biharmonic equations [9] and,
eventually, generalized to polyharmonic problems in any number of spatial dimensions [39].

We summarize our contributions to the technical literature of virtual elements and numerical approximation
of Oseen equations as follows:

— we design and investigate a Morley-type nonconforming VEM to approximate the stream function formula-
tion of the Oseen equations on generally shaped domain and unstructured polygonal meshes;

— we derive an a priori error estimate for the discretization of the Oseen equations with less regular exact
solutions by introducing an enriching operator remapping the nonconforming virtual element space onto a
conforming counterpart;

— we discuss a post-processing technique for velocity and vorticity based on computable projection operators;

— we recover the pressure variable by solving a Stokes-like problem using a Crouzeix—Raviart-like space in a
Stokes complex relation with the Morley-type nonconforming space.

While a post-processing technique provides the velocity and vorticity fields, pressure recovery is not straight-
forward and deserves special attention. Notably, the pressure recovery technique proposed in [47] is inadequate
for our approach since it relies on a C'-regular virtual element formulation, and requires at least H> (Q) regularity
of the exact solution. This regularity is usually not available if the model problem is formulated over a nonconvex
domain. Therefore, inspired by related works on FEM, see [35,36], we recover the pressure variable from the
discrete stream function by solving a Stokes-like problem. To this end, we introduce a Crouzeix—Raviart-type
space that forms a Stokes complex with the Morley-type space of the stream function approximation and post-
process the pressure from the discrete stream function. Since we are interested in the approximation of solution
with low regularity, we focus onto the low-order case. Assuming more regularity of the exact solution, the VEM
can be extended to the arbitrary order almost straightforwardly and the pressure can be recovered in a simpler
way.

The paper is organised as follows. In Section 2, we present the variational stream function formulation of
model problem (1.1a)—(1.1d), and discuss its well-posedness. In Section 3, we introduce lowest-order Morley-type
and Crouzeix—Raviart-type nonconforming virtual element spaces for the approximation of the stream function
and the pressure variable, and present a virtual element method for the stream function formulation of the
Oseen equations. In Section 4, we introduce the enriching operator and derive an a priori error estimate in
a broken H2-like mesh dependent norm. In Section 5, we post-process the discrete stream function to obtain
a numerical approximation of the velocity and vorticity fields. In Section 6, we present the pressure recovery
algorithm. In Section 7, we assess the behavior of the VEM through numerical experiments confirming our
theoretical expectations. In Section 8, we offer our final remarks and discuss possible future developments that
could stem out of this work.
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2. PRELIMINARIES AND WEAK FORMULATION OF THE PROBLEM

2.1. Notation

Throughout this paper, we adopt the notation of Sobolev spaces of reference [4]. Accordingly, we denote the
space of square integrable functions defined on any open, bounded, connected domain P C R? with boundary
0D by L?*(D), and the Hilbert space of functions in L?(D) with all partial derivatives up to a positive integer
m also in L?(D) by H™(D), cf. [4]. For D = Q, we also consider the space LZ(Q), which is the subspace of
functions in L?(£2) having zero average on 2. We endow H™ (D) with a norm and a seminorm that we denote
as || ||, p and ||, p, respectively. We denote the space of polynomials of degree up to a given integer £ > 0
and defined on D by P,(D), and, for £ = —1, we conventionally assume that P_; = {0}. We denote the unit
vector that is orthogonal to D and pointing out of D by np = (n1,n2)?, and the unit vector that is tangent
to D by tp = (t1,t2)” and oriented such that t; = —ny and t3 = n;. For simplicity, we write 0;¢p = 0¢/0x;,
i = 1,2, to denote the i-th directional derivative of the scalar field ¢ along the axis z and y, and 9,¢ = n. - Vo
and 0y¢ = t. - V¢ to denote the normal and tangential derivatives along edge e with unit normal and tangential
vectors n. and t., respectively. For any scalar field ¢ and vector field u = (uy,us)”, we introduce the following
differential operators: the curl of ¢, defined as curl¢ = (920, —01¢)T; the Hessian matriz of ¢, defined as
D2¢p := (9i;0)1<i,j<2; the gradient of u, defined as the matrix Vu = (9;u;); j,—1,2; the rotor of u, defined as
rotu = Oyu; — Ojug. These definitions imply that rot curl¢ = (911 + 022)¢ = A¢ and divcurlg = 0. We
denote the scalar product of any pair of tensors 7 = (7;;); j=1,2 and o = (0;;)i j=12 by T: 0 = E?,j:l Tii0ij-
Furthermore, for any pair of sufficiently regular vector-valued fields v = (v1,v2)? and w = (wy,w2)?, the i-th

component of vector (Vv)w for ¢ = 1,2 is equal to ijl o, w;0jv;. For any pair of scalar fields ¢, € L*(D),

2

vector fields u, v € [L? (D)]27 and tensor fields 7,0 € [L*(D)] *?we consider the L2-inner products

@i = [ o0 @op=[wv (rop= [0 (2.1)

In (2.1), we omit the subscript Q on the left if D = Q. Finally, we recall that the letter C, possibly with a
subindex, a superindex, or a modifier on top such as “C” or “5”, denotes a costant whose value can be different
at any instance and that is independent of h but may depend on the other parameters of the problem and the
discretization.

2.2. Weak formulation

The velocity—pressure variational formulation of the Oseen problem reads as follows: Find (u,p) € [Hg ()] %
L3(Q) such that

V/QV’U,:V’U+/Q(VU),6"U+/Q’YU°U—/deiV’UZ/Qf"v VUG[H&(Q)}{ (2.2a)
/qdivuzO Vg € L(Q). (2.2b)
Q

Next, we introduce the Hilbert space of divergence-free functions defined as V := {v € [H(Q)]? : dive = 0}.
Since 2 is a simply-connected domain, we can represent every function v € V through a stream function
© € H?(2) such that v = curlp € V. Consider the Hilbert space 4 = {p € H2(Q) : ¢ = 0, dnp = 0 on '},
endowed with the norm [|p|ly = |pl2.a = [|D%*p|0., which is equivalent to the H2norm ||¢||2,q for ¢ € U
because of the Poincaré inequality. By introducing the stream function 1, we write the variational formulation
as: Find ¢ € Y such that

/V©21/):©2¢+/(chrlw)ﬂ-curlqﬂ—/'ycurlw-curlgb:/f-curlgb Vo € 4. (2.3)
Q Q Q Q
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The divergence-free condition (2.2b) is automatically satisfied because setting w = curl+ implies that divu =
div curly = 0. Similarly, the divergence term in (2.2a) is absent in (2.3).
We rewrite the variational formulation (2.3) in the abstract form:

Find v € 4 such that A(¥, ) = F(¢) Vo € 4, (2.4)
where we define the bilinear form 24(-,-) : & x & — R in the left-hand side of (2.4) as
A, ¢) == A(Y, ¢) + B(v, ¢) +C (¥, ¢) (2.5)
by using the three bilinear forms A(-,-), B(-,-),C(:,) : & x { — R such that
Aw,0)i= [ V005 9%0, B(w,6) = [ (Veurly)s - curlo, (2.6
Q Q
Cy, ) = /Q ~veurly - curl ¢, (2.7)

and the linear functional F(-) : 4 — R in the right-hand-side (2.4) as

F(p) = /Qf -curl ¢. (2.8)

A straightforward calculation shows that A(-,-) and C(-,-) are coercive and continuous with respect to the
norms || - ||y and || - ||1,@, so that

A(g,0) = C1(v)|¢l§  and  |A(, §)| < Co(v)[Wlg (|l
Clp,¢) > C1(7) |9l3q. and [C(¥,8)| < C2(7) 1¥]lsullBll,

for some strictly positive constants Ci(v), C1(v), C2(v), and Ca(y) (note that for all ¢ € &, it holds that
[¥,0 < Yl < [|¥l2,o and this latter is equivalent to ||z o = ||9||y). Similarly, the bilinear form B(-,-) and

the linear functional F(-) are continuous with respect to the norm || - ||¢, so that
1B(¢, )| < Cp [Yllulldlly  and  |F()] < |F[-2,0ll¢llu, (2.9)
for some strictly positive constants Cg, which may depend on 3 = ||3||, the Euclidean norm of the constant

vector B, and the usual definition of the dual norm || F||—2,0 = supyep2(q) [F(#)|/|¢l2,0. An application of the
Lax—Milgram theorem confirms the well-posedness of problem (2.3), and the regularity result that we state as
follows.

Theorem 2.1. The solution to problem (2.3) exists and is unique, and is such that
[Pl < CllF] 2.0 (2.10)

for some strictly positive constant C', which depends on v, 3, and .

Now, we move to assert an additional regularity result for the solution of problem (2.3).
Theorem 2.2. Let ¢ € U be the unique solution of problem (2.3). If F € H=*(Q), then there exist r € (1/2,1],
and C > 0 such that ¢ € H**" () satisfying

[¥ll24r.0 < ClIF]-1.0-
Interested readers are requested to refer to [25] for a detailed proof.

Remark 2.1. By using the Green theorem, we can split equation (2.3) into a symmetric and a skew-symmetric
part [22]. If the convective field B is constant, so that V- 3 = 0, and noting that the skew-symmetric part
vanishes when we choose ¢ = 1, the coercivity of (2.3) directly follows from the coercivity of A(-,-), and C(, ).
If B is not constant and V - B # 0, the term (V - 3) (curl - curl ¢) can be absorbed by the reaction term, and
the coercivity follows from the coercivity of A(-,-) and C(,-).
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3. NONCONFORMING VIRTUAL ELEMENT METHOD

In this section, we introduce the Morley-type fully nonconforming virtual element space that we will use
to approximate the variational stream function formulation (2.3) of the Oseen equations. Nonconforming vir-
tual element methods for fourth-order problems were first proposed in the literature in references [9, 53-55].
Herein, we mainly consider the formulation of reference [54] for the approximation of biharmonic stream func-
tion formulation, and [55] for the recovery of pressure variable by using a post-processing technique. We also
briefly introduce the vector-valued Crouzeix—Raviart-type nonconforming space that we will use in Section 6
to approximate the pressure variable. The virtual element approximation of the variational formulation (2.4)
reads as

Find ¢ € 4, such that (v, dn) = Fr(odn) Vo € Uy,. (3.1)

n (3.1), ¢y is the virtual element approximation of ¢ and belongs to i;,, the Morley-type nonconforming
virtual element space that approximates ; ¢p, is the test function; (-, -) and Fp(-) are the virtual element
approximations of the bilinear form 2((-,-) and the functional F(-), respectively. In the rest of this section, we
introduce some basic notations and the mesh regularity assumptions, the functional space i;, which defines
the virtual element method, and the functional space Uy, which we will use to formulate the pressure recovery
technique in Section 6. Then, we introduce the polynomial projection operators, detail the construction of the
discrete bilinear form 2, (-, ) and the linear functional F(-), and discuss the well-posedness of the method.

3.1. Mesh notation and mesh regularity assumptions

Let {Qr}o<n<1 be a sequence of mesh decompositions consisting of star-shaped, polygonal elements K

with boundary 0K and diameter hx = maxx, x,ck |X1 — X2|. We label every mesh with the subindex
h := maxgeq, hik. We denote a mesh edge by e, the set of mesh edges of ), by &, = E}ft U E};dy, where
Ent and E}fdy are the subsets of internal and boundary edges, and the set of polygonal edges of the elemental
boundary OK by £/. We denote a mesh vertex by x, the set of mesh vertices by V), = Vihnt U V],)Ldy, where Vihnt

and Vzdy are the subsets of internal and boundary vertices, and the set of polygonal vertices of the elemental
boundary 0K by fo . For the convergence analysis, we assume that the mesh family {Qj}o<n<1 satisfies the
following regularity condition.

Assumption 1 (Mesh regularity). There exists a positive real number p independent of h such that for every
K € Qy,, it holds that

(A1) star-shapedness: K is star-shaped with respect to an internal ball with radius bigger than phy;
(A2) uniform scaling: the edge length h. for all e € EX is bounded from below by phy, i.e., he > ph.

Next, for any integer m > 0, we introduce the broken Sobolev space of degree m on €2, which is given by
H™(y) ={¢ € L*(Q): ¢x € H"(K) VK € WY} (3.2)

We endow this functional space with the broken seminorm

1/2
Bl = ( > |¢|i,K> : (3.3)

KeQy,

The functions in H™()},) can be discontinuous across the elemental boundaries 9K, so we introduce the concept
of jump across an edge. To this end, for any internal edge e € 5};“, we denote the two elements sharing e by K=,
so that e C 9K+t N 0K~ and the unit normal vector n, points from K+ to K~. We also denote the traces of a
function ¢ on e taken inside K+ by Ple,k+ - Then, the jump of ¢ across e is [¢] := ¢|c g+ —P|, k- Conventionally,

we identify the jump of ¢ at a boundary edge e € S,?dy as the trace of ¢ along e, i.e., [¢] := ¢j.. Then, we
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introduce H2NC(€),), the nonconforming subspace of H2(Q4) [9] by requiring some additional regularity such
as

H>NC(Qy,) = {d) € H%(Qy,) : ¢ is continuous at the internal vertices x € V¥,
d(x) =0V¥x € V¥, and /[[anqs]] =0Vee 5,,,}.
Finally, we note that we can decompose the bilinear forms defined in (2.6) and (2.7) and the linear functional

defined in (2.8) as the sum of local (elemental) bilinear forms A% (-,-), BE(.,-),CX(-,") : H}(K) x H*(K) — R
such that

Awo)= 3 Ao = 3 [ vorvi. (3.4a)
KeQ, Ke, VK
Blo)= 3 BXw.0)= 3 [ (Veurly)s-curls, (3.4b)
KeQy, KeQ, 'K
Cw,0)= > CH(w,0)= > /fycurlz/wcurlqb, (3.4¢)
KeQy, Keq, 'K
F@p)y= > Flu)= Y / f - curly, (3.4d)
KeQy, KeQy

for ¢, ¢ € 4. By using these local decompositions, we reformulate the bilinear form 24(-, -) introduced in (2.4) as
A, o) = Y Wwo) = > (AF(W,0)+ B (w,0)+CX(1,0)) Vb oeu
KeQ, KeQ,
3.2. Crouzeix—Raviart-like virtual element space

Let K € Qj, be a convex, polygonal element with interior angles different from 7. According to [55], to define
the nonconforming Crouzeix—Raviart-type virtual element space that we will use in Section 6 for the pressure
recovery, we first need to introduce the following auxiliary finite-dimensional spaces

—

M(K) = {vh e [H'(K)] : divoy, € Po(K), rot v, € Po(K), vy, - njo € Pr(e) Ve e g,{f}, (3.5)
Mo(K) := {qSh € H*(K): A% =0, ¢ =0, Agp . €Po(e)  Vee 55}. (3.6)
By adding space (3.5) and the curl of space (3.6), we define

B(K) := M(K) + curl My(K). (3.7)

Then, we introduce the set of bounded, vector-valued, linear functionals (F™) _ .« on U(K) such that
h

FOM(vp) = hi /e'Uh q (3.8)

e

for q € []P’o(eﬂ2 and vy, € B(K). We observe that [Py (Kﬂ2 C E/D\T(K) C V(K), and we introduce the elliptic
projection operator IIVX : Y(K) — [Pl(K)]z such that the vector polynomial TIY v, € [Py (K)]2 for any
vy, € U(K) is the solution to the variational problem

/ V(Hv’th - vh) :Vq=20 Vq € [Py (K)]%, (3.9)
K
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/6K (HV’th - vh) =0. (3.10)

Through an integration by parts on (3.9), we can prove that the polynomial projection IIV vy, for all v, € sﬁ(K)
is computable from the values (FSR(”h))eeg,f, cf. [55]. By employing the projection operator VX, we define
the local nonconforming virtual element space

,(K) = {'uh € V(K): /uh ‘n.q = /HV’th ‘n.g VgeP(K)/Py(K), Veec 55}. (3.11)

The virtual element functions vy, in U, (K) are uniquely characterized by the values (FSR(Uh)) which we

ecEf?
take as the degrees of freedom of vy,.

Remark 3.1. The nonconforming VEM space defined in (3.11) coincides with the Crouzeiz—Raviart finite
element space whenever K is a triangle. Therefore, we can see this space as an extension of the Crouzeix—
Raviart space from triangular to polygonal meshes in the virtual element context.

The global Crouzeix—Raviart-like space is naturally defined as

0y, = {vh S [L2(Q)]2 : 'Uh|K S QI(K) VK € Qyp, /[[Uh]] -q=0 Vqe [Po(e)]z Ve € gh}- (3.12)

e

The dimension of U, is equal to 2N¢", where N®» is the total number of mesh edges, and the degrees of freedom
characterizing the functions in %, are the edge values (FC®(vp,))ece, -

3.3. Local and global nonconforming Morley-type virtual element spaces

For every polygonal element K € 2, we first consider the local, auxiliary space [53,54] defined as
U, (K) = {gbh € H*(K) : A%¢y, € Py(K), ¢n. € Pa(e), Agp), € Pole)  Vee 5,5}7 (3.13)
where A? is the biharmonic operator. Then, we introduce the two sets of bounded, linear functionals on ﬁh (K),
denoted as B = <E‘1’X)xev§ and By = (Eg,e)eegiﬁ such that

— By, (¢n) is the vertex value ¢p,(z5) for x € Vi with position vector a,;
— Zg.e(¢n) is the zero-th order moment of the normal derivative of ¢, on edge e € E,f(, i.e., Boe(Pn) = fe On®n.

For each polygonal element K, we define the elliptic projection operator II&X : £, (K) — P, (K), such that
for every ¢;, € U, (K), the quadratic polynomial IT4% (¢;,) is the solution to the local variational problem

AR (T2 (¢h) — dnog) =0 Vg € Po(K), (3.14a)
IAK(¢p) = o and / VIIAE (¢),) = / Vo, (3.14b)
where q/b; is the vertex average of ¢, defined by
—~ 1
bn = F D dnlay), (3.15)
xevk

and NV is the number of vertices of element K. As stated in the following lemma, the projection 2K gy, is
computable using only the values of the functionals Z1-22 of ¢, associated with the local space i (K). The
proof is based on an integration by parts of (3.14a) and noting that all terms including the right-hand sides of
(3.14b) are computable using the values provided by =;—E5, and can be found in [54]. Furthermore, we stress
that curl ¢, € (K) and IIV X (curl ¢y,) for all ¢, € iy, (K), are computable from the values of the functionals
B2, see Lemmas 15 and 18 from reference [55]. We summarize these results in the following lemma.
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Lemma 3.1.

— For every polygon K € S, the projection operator TI*K ﬁh(K) — Py(K) is computable on using the
values of the functionals/\ErEg; B R

— For each K € Qy,, curl U;,(K) C B(K); for all ¢j, € Uy, (K), IIV X curl ¢y, is computable on using the values
of the functionals B1-2o;

HVVK HA’K

By employing the projection operators and and , we define the nonconforming virtual element

space as
Up(K) = {m € Uy (K) : / curl ¢y, - n.q = / V" (curl¢p) -meg Vg € Pi(e)/Pole) Ve € EF,

/ Pnyq =/ I3%¢ng  Vge IP’Q(K)}. (3.16)
K K

The virtual element space i (K) has some major properties that are fundamental in our virtual element
formulation. We summarize these properties in the following lemma. Their proof can be obtained using the
arguments in [53,55].

Lemma 3.2.
- P3(K) C Up(K);
— the set of linear operators B1-29 uniquely characterize any virtual element function of U, (K) and can be
taken as the degrees of freedom for this space;
~ the polynomial projection operator I 80, (K) — Py(K) is computable for every ¢, € Uy (K) from the
degrees of freedom of ¢p,. Moreover, I q = q for every q € Po(K);
- dimU,(K) = NV + Nglf, where NV and N are the number of vertices and edges of K.

Remark 3.2. In the construction of the modified virtual element space i, (K'), we impose that fe curl ¢y, -n.q =
/. IV (curl ¢p,) - n.q where g € P1(e)/Py(e), and e C K. By following Lemma 18 of [55], we deduce that
the term fe curl ¢p, - n.q can be computed by using E;—=,, and the functional fe ¢p. However, considering
fe curl ¢y, - n.q as degrees of freedom may increase the complexity of the construction of the discrete space

ﬁh(K ) and consequently, we define the degrees of freedom as in Section 3.4 of reference [44].

Finally, we define the global nonconforming virtual element space built on the mesh decomposition j:
Sl = {th € H*NO(Qp) : dnii € Un(K) VK € Qh}. (3.17)

The nonconforming VEM space i}, is not a subset of the space HZ($2) but of the nonconforming space H2N¢(Qy,),
and, in particular does not require C%- or C'-regularity. Moreover, the following lemma also holds. The proof
is established in Lemma 5.1 of [54].

Lemma 3.3. For all oy € Uy, the following inequality holds

[6nllo.2 + [¢nl1n < C énl2n, (3.18)

for some positive constant C, which is independent of h but may depend on the mesh regularity parameter p of
Assumption 1. Moreover, the broken semi-norm |pp|2n i a norm on Uy,

Remark 3.3. In this article, we consider two lowest order nonconforming VEM spaces such as the fully-
nonconforming Morley-type VEM space (k = 2), and the Crouzeix—Raviart-like VEM space (k = 1). We use
the Morley-type space to approximate the biharmonic discrete equation in the stream function formulation
(3.1), and the Crouzeix—Raviart-like space for the pressure recovery. We highlight that the degrees of freedom
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defined in (3.7) are unisolvent for the Crouzeix—Raviart-like VEM space Uj [55]. In addition, the degrees
of freedom defined in E;-E, are unisolvent for the discrete space i, [54,55]. Precisely, for each K €
and e € 0K, we infer that v € ﬁh(K) implies that v|. € Pa(e), Av|. € Py(e), and A%v € Py(K), and
consequently dim(il,(K)) = NVi + 2N + dim(Py(K)). Furthermore, due to the restriction, it holds that
dim(4y, (K)) > dim (U, (K)) — N&& — dim(Py(K)) = NV& + N&° (]3], Sect. 3.4, [44]).

Remark 3.4. We assume that K is a convex polygon with all interior angles different from 7. However, if
the polygon possesses a hanging node and we consider the side containing the hanging node as a single edge,
the additional condition could be removed since the evaluation of the function at the edge midpoint meets the
requirement for the unisolvency of the discrete space. Interested readers may review [33] for a better explanation
of the Morley-type discrete space construction on a polygonal element with hanging nodes. However, the beauty
of the VEM is that a hanging node does not require any specific treatment or modification of the scheme. Citing
reference [34], pages 597, 598, we can claim that “The adaptive refinement generates hanging nodes because of
the way refinement strategy is defined, but this is not troublesome in VEM setting as a hanging node can be
treated as just another vertex in the decomposition of the domain.”

3.4. Other polynomial projections

The formulation of the discrete bilinear forms that approximate the local continuous bilinear forms in (3.4)
requires a few other L? orthogonal polynomial projections, which are computable from the degrees of freedom
E1—E5 of the virtual element functions of 4 (K). These projection operators are the two scalar projectors

H?&VL and II>% | and the vector-valued projector mhx applied to the curl operator.
The projection operator H?&Vi : Uy (K) — Po(K) is such that for all ¢, € Uy, (K), the quadratic polynomial
L
Higv ¢y, is the solution to the variational problem

2,v+ o
/ curl (th — 1% th) curlg=0  VgePy(K), (3.19a)
K
3" 61 = on, (3.19b)

where ¢y, is the vertex average (3.15). The projection operator 1% : L2(K) — Py(K) is such that the quadratic
polynomial 112X ¢ for all ¢ € L?(K) is the solution to the variational problem

/K(¢h ~T*%¢n)g=0 Vg ePy(K). (3.20)

Finally, the projection operator IV : [L2 (K)] 2, [IP’l (K)] 2, is such that the linear vector polynomial IT* v
for all v € [L*(K )]2 is the solution to the variational problem

/ (v-T"%v) . q=0 Vqe [}P’l(K)]Q. (3.21)
K

For future reference, we formally state the computability of the polynomial projections defined above in
the following lemma. We omit the proof that is obtained on using the arguments of [47], and Lemma 4.1 of
reference [48].

Lemma 3.4. Let K € Qp be a polygonal element and Up(K) the virtual element space defined in (3.16).

Then, the polynomial projections H%&Vld)h, 25 ¢, and IIM® curl ¢, are computable for any scalar function ¢y,
in Uy (K) using only the values of the functionals (E1(¢r)) and (Ez(¢r)). Moreover, there exists a real constant
Cn > 0, independent of h such that

" Xcurl ¢, S Cn|9la,x  Voén € Up(K);

)
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Hv - Hl’Kle S ONRE ol 1=0,1 re[01), and  Voe [H(K)]

L
Remark 3.5. To compute the projection operators Hi’v , and IIM® | we need the explicit polynomial repre-
sentation of the trace of the basis functions of {;,(K) that we obtain on interpolating the degrees of freedom
E1, and the restriction of the basis functions on the elemental edges as defined in (3.16), see [55].

3.5. The virtual element bilinear forms and right-hand side functional

Let ¢p, ¢y, € Uy, (K). We define the local, discrete bilinear forms A (-, ), BE (-, ), CE (-, +) : Up(K) x Up(K) —
R as

AR (Yn, on) = /K DMKy, : DN E ¢y, + &K (v, — Ky, ¢, — T K gy,),

BE (¥n, on) 5=/

(VHl’Kcurl 1%)[)’ I X curl On,
K

€L €L
Cr (Yn, ) = / "X curlyy, - I curl ¢, + G5 (dm — T o, b, — T3 ¢h>,
K

where GK(-,), 85 (-,+) : Up(K) x tp,(K) — R, are symmetric, positive-definite bilinear forms satisfying the
following conditions

Co, A A(n, 1) < BK (dn, dn) < COMA(dn, dn) Vo € Up(K) Nker (ITHF),
CocClen, dn) < S (9, én) < COClon,n)  Von € Un(K) Nker (I177),

for some choice of strictly positive constants Cop 4, COA, Co,c, and C%€, which are independent of K and h.
We define the global bilinear forms Ay (-, -), Br(-,*),Cr(-,-) : Up(K) X U (K) — R as the sum of the local ones

An(Wn,én) = > AR Wn,6n),  Bu(n, dn) =Y BE (¢n, én),
KeQy, KeQy,

Cn(tn, dn) := Z CE (4n, on),
KeQy,

for all ¥y, ¢, € Uy, (K). By using the vector-valued L2-orthogonal projector IV 5 we discretize the load term
as

Fi(on) = Z /Kﬂl’Kf-curquh: Z /Kf-l_Il’Kcurquh. (3.22)

KeQy KeQy,

Remark 3.6. We would like to highlight that in the discretization of the bilinear forms AX(-,-), BE(.,.),

and Cff(~, 1), we have used different projection operators such as T4 I %, and H?%VL. By employing the
projection operator IT®¥ | we can discretize the bilinear form B{f which is computable from the degrees of
freedom associated with the discrete space. However, it is not straightforward to derive the convergence analysis.
In fact, to derive the boundedness of II*®¢;, in H' norm is not known. On the other hand, by employing the
vector-valued L? projection operator IT"* | we can bound the discrete bilinear from BX(-,-) (Lem. 3.4), and
derive the convergence analysis. Moreover, the choice curl IT4% 4, can lead to heavy losses in the order of
convergence, as mentioned in [15]. To avoid such difficulties, we have chosen suitable projection operators for
the discretization of the bilinear forms AX (-, ), BE(-,-), and CX (-, ). Further, we remark that the discretization
Veurl I K4y, affects the convergence order mildly for lowest order VEM space. However, we avoid such type
of discretization to propose a discrete scheme that will work for general order k.
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Moreover, the discrete bilinear forms satisfy the consistency and stability properties stated in the following
lemma.

Lemma 3.5. For 0 < h < 1, let Qp, be a domain discretization satisfying Assumption 1 and K € Qj be a
polygonal element. Then, we have

~ Polynomial consistency: for all vy, € Uy (K), it holds that

XK (Wn,q) = X" (Wn.q)  VgePy(K), xe{AC}

— Stability:

CoxX™(on,on) < XK (on,on) < CXS(onson) Vo € Un(K), x € {A,C}

or some pairs of positive constants (Cy,CX) that are independent of h.
X

The well-posedness of the VEM follows from the Lax—Milgram theorem, cf. [27]. To apply it, we need the
coercivity of the discrete bilinear form 2, (-, -), which holds under a condition on the viscosity coefficient v, cf.
Lemma 3.5 of reference [48].

Lemma 3.6. For all 0 < h < 1, let Qp be a mesh partitioning of domain  satisfying the mesh regularity
assumptions (A1) and (A2), cf. Assumption 1. Let C := C4C1(v)—CFC3/2C1(v)Ce be a constant independent
of h, but possibly dependent on the problem coefficients B, v, v, and the mesh regularity coefficient p through
the various stability constants in its definition. Ifa > 0, it holds that

Ap,(dn, dn) > Clonl3 -

The proof follows the same argument of Lemma 3.5 from [48]; hence, we omit it. Further, we choose the
coefficients v, 3, and ~ so that C4C1(v) > CXC3/2C:1(7)Ce to ensure that C > 0.

Remark 3.7. In Lemma 3.6, we stated the coercivity of the discrete bilinear form 2j(+,-). To establish the
constant C > 0, we need some assumptions on the coefficients v, 3, and . Accordingly, we assume that v and
~ are sufficiently big and @3 is sufficiently small. We emphasize that such choice of the coefficients produces a
stable numerical solution for the discrete scheme. For small values of diffusion coefficient the numerical solution
produces nonphysical oscillations, so that we need an additional stabilizer to have stable numerical solutions.
[22].

Remark 3.8. We derived the convergence analysis for the nonconforming VEM discretization for the Oseen
equations assuming a minimum regularity of the exact solution, i.e., u € H**"(Q), where r € [1/2,1]. To derive
the optimal order of convergence in the nonconforming VEM setting, we constructed an enriching operator. We
can extend our analysis straightforwardly to higher-order VEM spaces if we assume that the exact solution has
higher regularity and the computational domain has a convex shape. The discrete scheme and the apriori error
analysis for general order k can be achieved by employing analogous arguments as provided in [53, 54].

4. ERROR ANALYSIS

This section first introduces specific theoretical tools and concepts that will be useful for the convergence
analysis. Since we are interested in proving the convergence of the method for low regular solutions on nonconvex
domains, we need an enriching operator [43] to map the nonconforming virtual element space ;, to its C'-
conforming counterpart. Then, we introduce and estimate the nonconforming error, c¢f. Theorem 4.1, and,
eventually, prove the convergence of the method and estimate the approximation error, c¢f. Theorem 4.2, which
is the most important result of this section.
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4.1. Preliminary results
In the next two lemmas, we summarize some approximation properties from references [54,55].

Lemma 4.1. Under mesh-regularity assumptions (A1) and (A2), cf. Assumption 1, there exists a constant
C > 0 such that for all ¢ € H**"(K), r € [0,1],

— there exists a polynomial ¢, € Po(K) such that

I — ball, e <C PR |l2rrk,  1=0,1,2; (4.1)
— there exists a virtual element function ¢ € Uy (K) such that

6 = 1l i < C W lorrre,  1=0,1,2. (4.2)

Lemma 4.2. The projection operator T° : L?(K) — Py(e) defined by the average on e, i.e., Top 1= \%I 1. e,
satisfies the approximation property

H(p—TSngOe <C h}(/2|<p|1,K Vo € HY(K), and Ve € 0K (4.3)
where C' is a real, positive constant independent of h.

4.2. Enriching operator

In this section, we present the construction of the enriching operator %5, and discuss its properties. A similar
construction was proposed in [3] in the virtual element literature and in [42] for finite elements. Further, we
highlight that enriching operator was constructed on fully nonconforming VEM space [9] in [43] to derive
medius error estimates. We follow the construction of the enrichment operator derived in [3]. First, for each
mesh element K € ), we introduce the auxiliary space

UC(K) = {¢h € H(K) : A%, € Py(K), dnjoxc € C°(9K),
Onje € P3(e) Ve C OK, (Vén) o € [COOK)]?, Bn,én € Pi(e) Ve C aK}. (4.4)

A crucial property, which is a consequence of definition (4.4), is that {{'(K) contains Py(K), the space of
polynomials of degree at most 2 defined on K.

Let ¢, € UY(K). We consider the two sets of linear, bounded functionals Ef = (Bl x)xevx and B3 =
(B3 x)xevr acting on 0, (K), that for all ¢), € ﬁh(K), are such that

— B 5 (¢n) is the vertex value ¢p(zy) for all x € V¥ with position vector @,;

— B3 5 (¢n) consists of the values of hy01¢n(Ty ), and hyO2¢p(xy) for all x € V¥ with position vector &, and
associated characteristic length h.

In the definition of 25, we introduced a characteristic vertex length to remove the scaling of Vo (x,) with
respect to h. The characteristic length associated with vertex x can be defined in different ways, for example,
by taking the square root of the area of all the elements to which vertex x belongs or the average of the distance
from x to the connected vertices. However, the theoretical properties of the VEM are almost insensitive to this
definition if the quantlty hy, which is geometrically associated with vertex x, scales like h.

Let T Llc( ) — Po(K) C Llc( ) be the L?-orthogonal prOJectlon operator. For all ¢, € LIC( ), the
projection Hc ¢ is computable from the values of the functionals 2] —Z5 applied to ¢y, cf. [2]. Now, for all
K € Qp,, we define the C'-regular, conforming virtual element space

UC(K) = {¢heu0( ) : /<¢h—HOCK¢h)q—O vquQ(K)}. (4.5)
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The functionals E{—E$ are unisolvent in the finite-dimensional space 4$' (K), and we can take them as the
degrees of freedom of the functions of this space. We define the global, C'-regular, conforming virtual element

Space as
°e = {(,zsh € H2(Q) : dnxc € ug(K)}. (4.6)

r—C

The degrees of freedom of U, which we still denote as E{—E§ with some abuse of notation, are given by
collecting the elemental degrees of freedom.

Let (¥1,x)xev,, and (2 x)xev, be the canonical basis functions associated with the degrees of freedom Ef
and Eg)x, respectively. We define the enriching operator ¥, : 4, — ilg as

Tn(on) (@) = D (B (Tn(dn)1x(x) + B5  (Tn(on))ax (7)) Vi € thy, (4.7)

XEVh

so that for all ¢, € Uy, Th(on) € ilg is uniquely characterized through its vertex values and vertex gradient
values. To define such values, we consider the patch of a vertex x, denoted by 23(x), which is the union of the
elements of 2, sharing vertex x. Let 9(x) denote the total number of elements contributing to patch 20(x).
We define the degrees of freedom of Tj,(¢) by using the projection operator I on the nonconforming space
defined in (3.20), so that

— Bl 5 (Tn(on)) := Tuldn)(zy) = ﬁ Y Remw(x) HQ’KQZ)MIA((Q:X) for all internal vertices x;

— BE5  (Tn(on)) := ha VEn(dn)(xx) = ﬁ D Rem(x) hXV(HQ’quh‘f()(acx) for all internal vertices x.
We state the approximation property of T, see [3], in the following lemma.

Lemma 4.3. For all vy € iy, there exists a real, positive constant C, which is independent of h, such that

lon — Tnenllo.q + hlen — Tuenly p, + W21 Tuenly, < C h? lonly - (4.8)

Remark 4.1. In [43], the enrichment operator was first developed to derive medius error analysis of fourth-order
problems for the fully nonconforming VEM space of reference [9]. In [3], the construction and approximation
properties of the enrichment operator are derived on the fully nonconforming Morley-type VEM space as [54].
Furthermore, we emphasize that the construction of the enrichment operator in [3] is different from that in [43].
4.3. A priori error estimates

In this section, we prove the convergence of the method and derive an error estimate in the broken H?2-
seminorm (3.3). To this end, we need a few technical results. First, by employing the degrees of freedom
associated with the discrete space, and proceeding as in Lemmas 4.10 and 4.11 of reference [3], we deduce the
results that we formally state in this lemma.

Lemma 4.4.

— Let vy € H>**"(Q), r € [0,1]. Then, it holds that

A(¢»¢h - Th(bh) S Ch" ‘|1Z)||2+7",Q |¢h|27h V¢h € uha

for some positive constant C' independent of h.

— Let o,n € H>*™(Q), r € [0,1]. Then, it holds that

Alp,n = n1) < C 0" |@llz4ra [0ll24r.0,

for some positive constant C' independent of h, and where n is the interpolant of n in the virtual element
space Uy with the approximation property stated in Lemma 4.1.
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Then, we introduce the consistency error that for the scalar function v € H?(f2) is given by
Nu(u, ¢n) = A(u, ¢pn) — F(dn)  Yon € tp. (4.9)
By employing the enriching operator ¥, we bound the consistency error AV (+, ) as in the following theorem.

Theorem 4.1. Let 1 € H*'"(Q), r € (1/2,1], be the weak solution of (2.3). Then, there exists a constant
C > 0 independent of h such that

Nu(@, én) < Ch([[$ll21r.0 + Ifll0.0) [dnl2.n,

for each virtual element functions ¢, € Up. The constant C is independent of h, but depends on the stability
constants of A(-,-) and C(-,-), and the mesh regularity parameter .

Proof. By using the definition of A} (-, -) and (-, -), adding and subtracting F (% ¢,) and using equation (3.1),
we have

Nu(, én) = A, pn) — F(pn) = A, on) — F(Znon) + F(Tndn) — F(dn)
= AW, on — Tndn) + B(, dn — Tudn) + C(¥, ¢n — Tron) + F(Tnodn) — F(on)- (4.10)

By using Lemma 4.4, we bound the term A(, ¢y, — Tpoy) as follow

A, dn — Tndn) < C A" [Plarra [Brly - (4.11)
An application of the approximation properties of ¥}, yields the the following estimate
B(w, 6n — Tnon) < C [¢ll2,0 16n — Tadnlyp < Co [@ll20 b [nlsp, (4.12)

where 6’5 contains Cg, and the constant C' appeared in Lemma 4.3. Upon using the approximation property of
Ty, stated in Lemma 4.3, we bound the term C(-,-) as follows

C(,on —Tnén) < Cllia [én — Tndnly p, < Ch[[Yl1,0 |dnly - (4.13)

Using the approximation property of ¥, we bound the load term as follows

F(Snin) = Flon) < | 3 /K £ - curl (Tuon — 6n)| < [flloe [Tadn — dnlyr

KeQy,
< C |l b D]y (4.14)
Inserting the estimates (4.11)—(4.14) in (4.10), we obtain the assertion of the lemma. |

Then, we state two different bounds for the convective bilinear form B(-, ).

Lemma 4.5. Forr € [0,1], we let ¢p € H**"(Q) be the weak solution of (2.3) and T}, be the enriching operator
defined in (4.7). Then, for each discrete function ¢p € Uy, the following bound holds

B(Qj)h - ‘Ih¢haw) < C her||2+T,Q |¢h|2,h Vr € [07 1]7 (4'15)

where C' is a real, positive constant independent of h.
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Proof. According to Section 4.1 of [29], the theorem is true for all r € [0, 1] if it is true for » = 0 and r = 1. By
choosing r = 0, we bound the left-hand side of (4.15) as follows

B(¢n — Tnon, ) = Y /K(chrl (on — Tngn))B - curly

KeQy

< Csllon — Tndnllaplvhin < Coldbllz.e l19nlla -

Then, we assume 7 = 1, so that 1 € H3(Q). For ¢;, € Uy, from an integration by parts we obtain

B(¢n — Tuon, ) = Y /K(chrl (Pn — Thon))B - curly

KeQy,
= — [ curl(¢n — ZTpop) - (Veurly)s
th ( /K h— 2hPh
+ / (curl (¢, — Thop) - curly) (B - nK)) =T+ T>. (4.16)
0K

The Cauchy—Schwartz inequality and Lemma 4.3 provide an upper bound on the first term

1/2 1/2
T, < ( Z |(on —(Shcbh)iK) ( Z ||chr1¢/3|(2J,K>

KeQy KeQy,
< Cglon — Tnonly  1Yll2.0 < Cphlonlyy, ¥ll2,0- (4.17)

We rewrite the elemental summation in 75 as a summation on the internal edges; then, we split all edge integrals
into a tangential and a normal component as

L= 3 [ (V6= Tun) - V)8 nx)

KeQy,
— Odn — Thon) || OV
- ezg: () (/JW(% ~ Thon) - n ]V -, + / Hat]] at)
=151+ Tp. (4.18)

Since Ty € UY C CH(Q), and the normal derivatives of ¢y, along e € Y, i.e., Ongp, = n-V¢y, are the degrees
of freedom of the nonconforming space iy, we find that

/QO[[V(¢h — Thon) -ne] =0 Yqo € Po(e).

We choose o = T%(V4 - n.). Then, by employing the trace inequality from Lemma 4.2 and the estimate for
enriching operator from Lemma 4.3, we rewrite T3 ; as follows

Th, = Z [V(én — Thon) -n]VY - ng

int ¥ €
ec&}

S [ 1V(én — Tnon) 0] (Ve 0. — TV - n,))

int ¥ €
ec&}

< Ch Yl |¢h|2,h~ (4.19)
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Since Tpon € C1(Q), and ¢y, is continuous at the internal vertices, jump [¢n, — Tporn] must be zero at every
edge endpoint. Therefore, for all constant polynomial gy, we find that

Opn — % 0
/QO HWH =— 830 [6n — Tron] + ([én — Tronlqo)(®x,)
— ([¢n — Tuonlao)(xx,) =0,
where @y, and ,, are the position vectors of the vertices at the endpoints of edge e. We take go = —%2(d1)/0t)

and use the trace inequality of Lemma 4.2, and we bound term 73 » as follows

na= ¥ [[25] 5

€

eeg
0(on — Tnon) | (O o
N Z /e|[8t ot T ) ) S Ch|[¥ll2,0 |Pnly - (4.20)
ecgint
Finally, the theorem’s assertion follows on using estimates (4.17), (4.19), and (4.20) in (4.16). 0

Lemma 4.6. Forr € [0,1], we let £ € H*"(Q) and n € H**"(Q) N4. Then, the following estimate holds
8(77 - 771’§) <C hQT ||"7||2+T7Q||5||2+T7Q7

for some positive constant C independent of h.

Proof. As in the proof of Lemma 4.5, we only need to consider the lemma’s statement for » = 0 and r = 1. For
7 = 0, the result follows immediately from the Cauchy—Schwarz inequality. For r = 1, we first integrate by parts
and deduce that

Bl )= Y [ (Veurl(n-)p- curlé

Keq, 'K

—= > [ curlig—m)-(Veurl)p

KeQ,
—&-egggﬁ(ﬁ-m()(/eﬂv(n—m)-ne]]vg.ne+/e[[8(178—tvn)]] oy

=T, +Tb. (4.21)

We first use the Cauchy—Schwarz inequality; then, we note that n € H?(Q) and we apply the error estimate for
the interpolation operator from Lemma 4.1, ¢f. equation 4.2, and we find that

|T1| < Z

KeQy,
< Cp 12 |nllse €20,

[ curt =) (Veur1©)8] < ol — il g els

where 6‘; is the constant depends on C, and the constant appeared in the interpolation estimates in Lemma 4.1.
By using the same argument to estimate term 75 in the proof of Lemma 4.5, we find the following upper bound

for the edge integrals
1 o(n — 15]
T3 < E (B-nk) /[[V(n—m)~ne]]V§-ne+/|[(natm)ﬂ 8§

eeg;bnt
< Cs b? |l [I€ll2.0:

where again we used the fact that 1 is supposed to belong to H?((2). (I




THE NONCONFORMING VEM FOR OSEEN’S EQUATION 3319
Finally, we proceed to estimate the term |9 — ¢p|2,n. In the next theorem, we first provide an abstract
convergence result. Then, using the approximation estimates derived above, we show a bound for this error.

Theorem 4.2. Let the mesh reqularity Assumption 1 holds and ¥ € 8 and ¥, € U, be the continuous and
discrete solution of (2.3) and (3.1), respectively. Then, there exists a positive constant C such that

(w —rlon + 1 — Galzn + IF = Fullg-zy +  sup N(w"’bh)), (4.22)

én0est, |Pnl2n

where N (v, ¢p,) is the consistency error defined in (4.9) and ¥r and ¥, can respectively be any suitable inter-
polant of ¢ in Uy and any suitable piecewise-quadratic polynomial approximation of ¥ defined on .
Furthermore, if v € H>T7(Q), r € (1/2,1], we have the estimate

0 = wnllen < OB (

, ) (4.23)

The constant C in (4.22) and (4.23) is independent of h, but may depend on the model coefficients v and =,
constant Cg, the mesh regularity constant p, and the stability and coercivity constants of the bilinear forms used
in the method’s formulation.

Proof. By using the interpolant v, we split the term ¢ — 1y, as ¥ — ¥p =¥ — Y5 + Y7 — . Then, we denote
dn = ¢p — 1. By using the coercivity property of (-, ), ¢f. Lemma 3.6, adding and subtracting the interpolant
11 € iy, and the piecewise-quadratic polynomial approximation v, built on mesh €, using the definition of the
non-conforming error given in (4.9), and equation (3.1), and suitably splitting the resulting terms, we obtain

Clonla s < An(0n, 0n) = An(n, o) — An (1, 51)
= Fn(0n) = Y W (s — v, 00) — Y AN (¥r, 60)

KeQy KeQy
= > A Wor = Uy 0n) = D (AR (o, 0n) — A (0, 00)) — D A (0, 6n)

KeQy, KeQy, KeQy,

= [Fu(0n) = F(On)] + [=Nu(w, 00)] + | = D ALK (s — b, 1)
KeQp,
+ |- Z (Q[}Il((wﬂ'75h)_glK(¢75h))‘|
KeQy,

=T+ T+ T35+ Ty (4.24)

The abstract convergence result (4.22) is an immediate consequence of (4.24). Further, by employing polynomial
consistency (Lem. 3.5) of 2A%(-,.), and Cauchy-Schwarz inequality, we bound T} as follows.

> A (W =1, 0)

KeQy,

|Ty| = < ClW —Yrlyy, Onl2n

> (U Wy 00) — A (1, 61)) ‘

KeQy

where C' is a positive generic constant. To prove (4.23), we will separately bound all terms Ty, for i = 1,2,3,4,
and assume that the polynomial approximation v, and the interpolant ¢; have the approximation properties
stated in Lemma 4.1. By employing the approximation properties of 5% we bound the term

Ty| = [Fn(0n) — F(0n)| < Ch[fllg ¢ 6l (4.25)
Upon employing the result of Theorem 4.1, we can bound the term N, (v, §;,) as follows
|T2| = [Na (¢, 6n)| < CR™([¥]l24r0 + Ifllo0) [0nls - (4.26)
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By using the continuity of discrete bilinear form Qlff (+,+), adding and subtracting v, and using Lemma 4.1, we
find that

T5] < > |6 (r —9a00)| < C D o1 = Ply g 10nly 1

KeQy KeQy,
<O Y (Wr = ¥lose + 16— wrla i) 19nlo
KeQy
< O(or = Wlo + 16 = Yrlo) 190la0 < CH 1YLyl (4:27)

The difference between continuous and discrete bilinear forms in (4.28) can be estimated as follows

sl < D7 |2 (vr, 01) — A (1, 61))|

KeQy,
< 7 (JAK (r, 0) — AR (1, 84)| + |BE (0, 81) — BE (1,61

KeQy,

+ |CE (Wn, 81) — CE (1, 04)]). (4.28)

We can reduce the discrete bilinear forms Ay(+,-) and Cp(-,) to their continuous counterpart, i.e., A(-,-) and
C(-,-), respectively, for polynomial functions. On using the continuity and the approximation property of mhx
yields

D AR (Wr,00) = AX(,6)| < CH[[9]|24r00 [8n]5 s (4.29)
KeQy,
and, similarly,
> |CK Wrs00) — CE(,00)| < C B ([ ]l24r2 [0lsp- (4.30)
KeQy

Then, we estimate |BE (1, ,) — BX (1), 8,)|, the local error on the convective term, as follows

B W d) = BX 00)| = S

KeQy, KeQy,

2

KeQy,

/ vt Ecurly, 8 - VX curl 6, — / VeurlyS - curldy
X K

/ (Hl’K(chrl Y B) — V5 (Veurly8) + M (Veurl v 8)
K

— Vcurl 7,[),8) -curl

On employing the approximation properties of % and boundedness of T in L2 norm, we obtain

> B (W, 00) = BX(,01)] < CBRT[4]l24+.0 19n]]1,5- (4.31)

KeQy,

Using estimates (4.29)—(4.31) in (4.28) provides the upper bound for |Ty|. By using the bound for Ty and
estimates (4.25)—(4.27) in (4.24), we obtain (4.22), which is the assertion of the theorem. O

5. POST-PROCESSING OF VELOCITY AND VORTICITY

Once the nonconforming virtual element approximation 1, of the stream function 1 is available, we can
recover velocity u, vorticity w, and pressure p through suitable projection operators. In this section, we discuss
the post-processing of velocity and vorticity. In the next section, we discuss the pressure recovery.
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5.1. Velocity recovery

We recall that if ¢ € 4 is the unique solution of the the stream function variational formulation (2.3), then,
the velocity field is given by u = curlvy. We define a piecewise-linear approximation of the velocity field u as
up = (uh|K) with

Up|K = I Xcurlyy,

for all K € Qp, where IIVX is the projection operator (3.21). In fact, the piecewise-linear vector polyno-

mial TIV® curley, is computable for all ¢, € 8, (K) from the degrees of freedom of curlyy, € [ilh(K)]z, cf.
Lemma 3.4. We state the convergence of the velocity variable approximation in the next theorem.

Theorem 5.1. Let ¢p € H*(Q), r € (1/2,1], be the unique solution of the stream function variational for-
mulation (2.3). Let up, = 5K curl ¢y, where ), € Wy, is the virtual element approzimation of ¥ solving (3.1)
under the mesh-reqularity assumptions (A1)—(A2), cf. Assumption 1. Then, it holds that

lu —unly ), < CR" (|9 ]l24r.0 + [[fllo0),
for some real, positive constant C, independent of h.

Proof. We add and subtract TI"'* curl ), use the approximation properties of II"** from Lemma 3.4, and find
that

2
lu — uh|ih ’curlw — l'Il’Kcurlwh‘1

)

IN

2
Z ‘curlw — Hl’Kcurlw’ + ’Hl’K(curlz/) — curlyy)
KeQy, LK ’

< ChQT(|w|§+r,Q+ | £ ||(2)Q)

2
1

5.2. Vorticity recovery

By applying the projection operator I1% and a post-processing technique, we compute an approximation of
the fluid vorticity w = rot w. Using the identity uw = curly and the definitions of the differential operators
curl and rot, see Section 2.1, yields

w =rotu = rot (curly) = A.

Let ¢y, € U, be the unique solution to (3.1). We define the local post-processed vorticity as

> [ onin (5.1)

1 1
wit = Y% (AY :—/mp =
A A TP

by noting that Ay, = V - V4, and applying the Divergence Theorem, where we recall that |K| is the area of
the polygon K. The local vorticity w{f is computable from the degrees of freedom Es. In the next theorem, we
will estimate the error of the approximation wy, in L? norm.

Theorem 5.2. Let ¢p € H*(Q), r € (1/2,1], be the unique solution of the stream function variational for-
mulation (2.3). Let 1y, € Uy, be the virtual element approximation of 1 solving (3.1) under the mesh-regularity
assumptions (A1)—(A2), cf. Assumption 1. Then, there exists a real, positive constant C, independent of h,
such that

lw—=whllgq < CA([[$ll24r.0 + [f]

0,2)-
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Proof. By using the definition of the continuous and discrete vorticity, the boundedness of the projection
operator I1%, and the result of Theorem 4.2, we obtain

lo —wnlloo =3 lw—wklox= D A —I% A}

KEQ}L KEQh,
< 3 2(]|av - W Av|fy o + [T (Aw = Avn)]5 )
KeQy,

< C R (W + IE12.0)-

6. POST-PROCESSING OF PRESSURE

In this section we present a post-processing technique that allows us to approximate the pressure variable
from the virtual element stream function v, solving (3.1), ¢f. Section 3. Such an approximation is found in the
discrete space

Qn = {qh € L2(Q) : qux €Po(K) VK € Qh}. (6.1)

To this end, we need to introduce the auxiliary space
Q/T;:: {vhe‘ﬂh: Z / ¢"divo, =0 thEQh}, (6.2)

Keq, 'K

which is obviously a subspace of the virtual element space U, defined in (3.12).
First, we prove that the virtual element space i), defined in (3.17) for the stream function approximation
and the velocity space U}, defined in (3.12) are in a Stokes complex relation.

Lemma 6.1. Let 4}, be the virtual element space defined in (3.17) and U}, the nonconforming virtual element
space space defined in (3.12). Then, it holds that

curl U, C Uy. (6.3)
Moreover, it also holds that
curl &, = Ty, (6.4)

where By, is the subspace of By, defined in (6.2).

Proof. Relation (6.3) follows from Lemma 21 of [55]. To prove (6.4), we first note that any vector-valued field
vy, € curl Y, is (trivially) divergence-free, i.e., div v, = 0, and necessarily belongs to 0. Consequently, it holds

o~

that curl 4;, C Uy, and we only need to prove that the two spaces have the same dimension. Let NV», N¢»
and NP» denote the total number of vertices, edges, and polygonal cells of mesh €, respectively. The space
definition (3.12) implies that

dim(ﬁ) = 9N& — NP». (6.5)
Since div curl 4 = 0, we infer that

dim(curl ) = dim(8y,) — 1 = NV» 4 Né» — 1. (6.6)
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Using (6.6) and (6.5), and the Euler formula for a polygonal element, i.e., NY» + NPr» = N&» 4 1, we deduce
that

dim(curl 4) — dim(T,) = (N + N —1) = (2N — N7»)
= NY» + NP» — N —1 =0,
which implies the assertion of the lemma. O

Then, we rewrite (2.2a) as follows

b(v,p) ::/Qp divv:V/QVu:Vv—&—/Q(Vu)ﬁ-v—kv/Qu-v—/Qf-v. (6.7)

Consider the functional F(¢, £)(-) : [Hl(Q)]2 — IR such that
S, f)(v):=v | Vcurly : Vo + / (Veurly)s-v —|—7/ curly - v — / f-v. (6.8)
Q Q Q o

Using definition (6.8) in (6.7), we reformulate (2.2a) as a variational problem for the pressure variable: For any
given ¥ € 3 solving (2.4) with £ € L?(0), find p € L3(Q) such that

2

b(v,p) =F (W, f)(v) Yv € [Hé(Q)] . (6.9)

According to the result of Theorem 5.1 of reference [36], the solution p exists and is unique. Then, Lemma 6.1
implies that the discrete analog of (6.9) is also uniquely solvable. Now, we focus on redefining (6.9) into an
equivalent formulation that we know it is numerically solvable from the theory of the Stokes equations. To this
end, we consider the saddle-point problem: Find (w,p) € [H}(2)]? x LE(Q) such that

a(w,v) + b(v,p) = F(, f)(v) Yo € H(Q), (6.10a)

b(w,q) =0 Vg € LE(Q), (6.10Db)
where a(u,v) := [, Vu : Vv is an inner product on [H{ ()%

6.1. Discretization of the Stokes problem (6.10)

By employing the projection operator IV we discretize the bilinear form a(-,-) through the bilinear form
ap, : Up x Yy, — R, which is such that

ap(un, vp) = Z ajy (un,vn) = Z (aK (HV’KUh,Hv’K’Uh) + 5% (uh — IV R uy, v — HV7K’vh))7
KeQy KeQy

where S¥ (-, ) is a symmetric, positive-definite bilinear form satisfying the stability condition
Cya® (vn,vn) < 8% (v, vp) < CFa(vp,v)  You € Bp(K) N ker<HV’K),

for some pair of strictly positive, real constants C'x and C#. Then, we define the bilinear form by, : U, x Qn — R
as

bp(vp, p) = Z /Kpdiv'vh. (6.11)

KeQy,
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Following [55], we define the discrete functional §x(¢n,£)(:) : Uj, — R such that

Sn(Wn, £)(vp) = Z /K (VVHl’KCllI‘I’(/Jh VIIV Ko,

KeQy,

+ (VHl’Kcurl wh)ﬁ -PEv, + AT K curl yy, - PEv;, — £ ’P(vah>, (6.12)

where we introduced the orthogonal projection P{ : 20, (K) — [Po(K)]? such that the constant vector field
Py, for all v, € V,(K) is computable from the degrees of freedom FSR(vy,) of vy, see (3.8). Note that
|5 (Yn, £)(vr)| < C |vp|1,, for some real, positive constant C' independent of h.

Finally, we consider the virtual element discretization of the Stokes problem (6.10) that reads as: Find
(wh,pr) € By x Qp such that

an(wn,vp) + bn(vn, pn) = n(Yn, £)(vn)  Von € Uy, (6.13a)
bn(wh,qn) =0 Van € Qn, (6.13b)
where Qy, is the space defined in (6.1). The scheme (6.13a) is well-posed since ay (-, ) is coercive and continuous,

and by, (+,) is continuous and satisfies a discrete inf-sup condition on the pair of functional spaces U,—Qj,
according to the following lemma, cf. equation (5.7) of reference [55].

Lemma 6.2. Let by(-,-) be the discrete bilinear form defined in (6.11). Then, there exists a strictly positive,
real constant C, > 0 such that

bn (vp,
sup b0 (01, a1) > Chllgnll Yapn, € Q. (6.14)

v, €U \{0} |vh|1,h

Now, we focus on deriving a bound on the difference between the functional (6.12) applied to the stream func-
tion v solving the continuous variational formulation (2.4) and its virtual element approximation solving (3.1).

Lemma 6.3. Let Fp(¢;f) and Fp(¢¥n; ) be the functional defined in (6.12) respectively applied to ¥ € i, the
solution to (2.4), and 1, € Uy, the solution to (3.1). Then, there exists a real, positive constant Cy > 0,
independent of h, such that

18n (5 £)(vn) = Fn(¥n; £)(vn)| < Ox [ — Unlyy, [nl; (6.15)
Proof. Upon employing the definition (6.12), we obtain

IS1(0; £)(vn) — Fn(Wn; £)(vn)| < v Z

/ VIT X curl (¢ — o) : VITV Koy,
K

KeQy,
+ Z / vIT X curl (v — )8 - P& o,
Kequ VK
+7 Z / - curl (v — ) - PE ol (6.16)
Keq VK

Since ITX is a continuous operator with respect to the H!-semi-inner product, we bound the first term as
follows

v

KeQy

< CW)n —Plan [vnlin (6.17)

/ VIIM X curl (¢, — ¢) : VIIV Koy,
K
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Likewise, using the continuity of the projection operators ’P(If and TI"" | and applying the Poincaré inequality
yields the following bound on the second integral term

2

KeQy,

< C(Cp, Cp)|ppn — ¢|2,h |'Uh‘17h7 (6.18)

/K (VHl’Kcurl (¢, — 1/))),3 Py,

where we recall that Cj3 is the constant introduced in (2.9), and C), is the constant appeared in the Poincaré
inequality. Finally, applying the Poincaré inequality and the continuity of m-x yields the following bound the
third integral term

D>

< (I Feurl (vy, —¥)llo.e PG vallog

/ 1'% curl (Y, — ) - ’Pé{vh
K

KeQy,
< I Feurl (Y — )1 PG vallog
< C(CM), Cp)lbn = Ylan |vnl1n- (6.19)
The assertion of the lemma follows on inserting estimates (6.17)—(6.19) into (6.16). O

Before deriving an estimate for the pressure approximation error, we need to introduce the consistency error.
Let f and p be the right-hand side forcing term and the pressure solution to the variational formulation (2.2).
Then, the consistency error (-, ) is given by

Vi (¥, 1) = Fn(¥,£)(vp) — bp(vn,p) Vo € H*(Q), Yoy, € Ty,

The consistency error can be controlled as stated by the following lemma.

Lemma 6.4. Let ) € H*T"(Q), r € [0, 1], be the solution to the stream function formulation (2.3). Then, there
exists a strictly positive, real constant C' > 0, independent of h, such that

Dn(,vn)| < OB [Plosgr (vl Von € Dy (6.20)
Proof. Upon employing (6.12), we obtain
Su(, £)(vn) — bu(vn,p) = v Z / (VHLKCUI‘11/1 VITY Koy, 4 (VHI’Kcurl ¢)ﬁ Py,
KeQy, K

+ M curly - Pfvy, — £ fP(IJ('Uh) - Z / pdiv . (6:21)
KeQ, 'K

Reasoning as in the proof of Lemma 4.5, we need to prove that (6.20) is true for r = 0 and r» = 1. The case
for r = 0 follows directly from the continuity of the projection operators. Then, we consider the case for r = 1.
First, an integration by parts yields

pdiV’UhZ—/ vy - Vp+ Vp, - NeP.
/. i )3

eCOK ¥ ¢

Upon using (1.1a), we rewrite the integration over K as

/vh-Vp:/vh-(f—l—VAu—(Vu),B—'yu)
K K

:/vh-f—l—u/ vh~Au—/vh-(Vu),3—7/ vy, - U.
K K K K
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We integrate by parts the diffusion term, and we find that
/Auﬂuh:f/Vu:VvthZ (Vu)n, - vy,.
K K ecOK V€
We sum over all the mesh elements K and use the fact that w = curl to obtain

X:Ammw:—Ej

KeQy, KeQy,

+ Y [ (I - Vchrlw)ne~vh), (6.22)

ecdK V¢

(/ 'vh~f+y/ chrlz/J:Vvh—i—/ (chrlw)ﬂ~'uh+fy/ curly - vy
K K K K

I being the identity matrix. We substitute (6.22) in (6.21), rewrote the double sum “Y ;>
over all the mesh edges, and obtain

»”
ecOK as a sum

Fn (W, £)(vp) — by (vp, p) = Z V/K ((VHLKcurlw — chrl¢> : Vo, + (f — ’P(Iff)vh

KeQy,

+ (VHI’KcurW)ﬁ <Py on — (Veurly)B - Uh)

— Z (pI —vVeurly)n, - [vg]. (6.23)

ec&p €

In (6.23), we introduced the jump of a vector, which is defined as [vy,] = v;” — v}, where v is the trace of
vy, along edge e from the two opposite elements K, and K~ sharing e. The elements are labeled so that n,
points from K+ to K~. We denote the edge integrals as

Ty = Z (pI — vVecurly)n, - [vs],

ec&y €

and, to ease the notation, we introduce the symbol p = (pI —vVcurl 1/}) ‘n.. The definition of the nonconforming
space H>NC(Qy,), cf. (3.4a), and the fact that Uy, (K) ¢ H>NC(Qy,) implies that

/qkq [on] =0 Vo, € Uy, Yar-1 € [lpkfl(K)]zv

€

which holds for every mesh edge e € £,. Consequently, we have

Tsl=|>_ [ (b —"Pin) - [on —Pjon]

ec&, €

< Dl =Psulloe Ton — Peonlllo.e. (6.24)

ecly

where P§ is the vector-valued L2-orthogonal projection operator on edge e. By using the approximation property
of P§, we estimate

I = Poally.. < C W2 uly g, (6.25a)
1Ton = Pgoadlly,. < C B2 (Jonly v + [only - ) (6.25b)
where e is shared by two elements KT, and K. Inserting (6.25) into (6.24), we derive

|T| < C h (Iplia+I¥

3,9) Va1 h- (6.26)
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By using the orthogonality and approximation properties of the projection operator ’Pé( , we find that
Z / <f ~ P f) U,
K

KeQy,
Furthermore, by using the approximation properties of ITX | we derive the bound

>

KeQy

<Ch |f|0,Q |'Uh‘17h- (6.27)

V/ (VHl’Kcurlw — Vcurl ¢> : Vop
K

< CW)h|Yls.a ‘Uh|17h~ (6.28)

By splitting and employing the approximation property of II'"¥ defined in Lemma 3.4, and ’P5< , we bound the
term as

Z / (VHI’Kcurld)),ﬁ - PEv, — (Veurly)B - v, = / (V(Hl’Kcurlzp — curl¢)),@ Py,
K K

KeQy,

+/ (chrl¢)ﬁ<?é<vh — ’Uh) S C(Og,cp) h/|'l/}|37Q |'Uh|1,h~ (629)
K

Inequality (6.20) follows on using estimates (6.26)—(6.29) into (6.23). O

Finally, we estimate the approximation error for the pressure variable. The proof of this theorem is based on
the previous lemmas.

Theorem 6.1. Let (wp,pp) € By, x Qp be the solution of the variational problem (6.13a). Then, for p € H"(Q)
and ¢ € H**7(Q), r € (1/2,1], it holds that

Ip —prloe <C A" (|p|r,Q + [Yla4r0 + |f|o,9)~ (6.30)
Proof. We add and subtract §p, (¢, f)(vp) and by, (vp, p) in (6.13a), and we have

an(wn,vy) = §n (Y, £)(vn) — bu(vn, pr)
= Sn(¥n, £)(vn) — S (¥, £)(vn) + Fn (¥, £)(vn)
— by (v, p) + b (v, p — pr)- (6.31)

By inserting vy, = wy, in (6.31), and noting that by, (wp, pr) = br (v, pr) = 0, we find that
Clwnl? ), < an(wn, wn) = Fn(Wn, ) (wn) — n (¥, F) (wn) + Fn (v, ) (wn) — by (wp, p) + ba(wn, p — gn)

for all g, € Qp. By using Lemmas 6.3 and 6.4, we find the estimate

, U
il <C (10—l + I~ aalg + sup D0, (6.52)
’ ’ P veemfoy [Vl

Moreover, for any g € Qp, we have

b (Vh, gn — Pr) = bu(Vh, g — D) + bn(Vh, p — Pr) = bp(Vh, g — p) + an(wp, vp)
— Dn(¥,vn) — Fn(¥n, £)(vn) + Fn(, £) (V).

By using the inf-sup condition from Lemma 6.2, we obtain

Vi (16, 00|
95— Prloq < 1P — Ghlogs + [alyp + 6 — nlyp +  sup  L2eom)l
v, €9, \{0} |”h|1,h



3328 D. ADAK AND G. MANZINI
Upon bounding the term |wy|1,5, with (6.32), we have

lp = pulog <[P —anlog + IPn — anlog

i’Dh wﬂ’h
<= o+ 0=l +  sup DB
wnew\{0}  [Vnlip

By using the estimate for the consistency error from Lemma 6.4, and the H?-error estimates of ¢ from Theo-
rem 4.2 and choosing g5, = PIp we obtain

p=Prlog < W (IPla + [¥lasr0 + €00 )
which is the theorem’s assertion. O

Remark 6.1. In this remark, we highlight the regularity of the stream function v satisfying 2.3, in particular
that that 1 € H?*"(Q), where r € (1/2,1]. To derive the estimates of Theorems 4.1, 4.2, 5.1, 5.2, and 6.1, we
assumed that ¢ € H2t"(Q), where cf., Theorem 2.2. However, in Lemmas 4.1, 4.4, 4.5, 4.6, and 6.4, we derived
an estimates for general regularity of v, i.e., ¢ € H**"(Q), r € [0, 1] by employing real methods of interpolation
([29], Sect. 4.1).

7. NUMERICAL EXPERIMENTS

This section presents and discusses the results of two numerical benchmarks to confirm our theoretical esti-
mates and assess the method’s behavior. We first approximate the stream function in both tests and recover the
velocity field and vorticity through the post-processing technique of Section 5. Then, we recover the approxima-
tion of the pressure variable from the solution of the stream function formulation using the method discussed
in Section 6.

We quantify the approximation errors for stream function, velocity, and vorticity fields, and pressure by using
the projection operators, T2 TI1K | and 1%, according to the following definitions:

1/2
&)= Y (-1 aw= Y (ju-TFwf; ) "
KeQy, KeQy,
1/2 1/2
o = (Jo-Tkwnls ) &= (Ip-mlox) - (7.1)

KeQy, KeQy,

Furthermore, we let R;(n), ¢ € {0,1,2}, n € {¢, u,w, p}, denote the rate of convergence for the approximation
errors measured using the L? norm and the broken H', and H? semi-norms. Further, we emphasize that for
the numerical experiments, we have considered the following closed forms of the stabilizers such as follows:

K
Ndof

Sh(dn, &) = hiZ Y dofy(¢n)dofi(€n) VYo, &n € Un(K),
i=1

K
Ndof

S (dn, &) =i Y dofi(¢n)dofi(6n) Vo, & € Un(K),

i=1

where Ncﬁf denotes total number of degrees of freedom of a polygon K, and the stabilizers are completely
computable from DoF's associated with the discrete space.
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(a) (b) (c) (d)

FIGURE 1. We discretize the computational domain using four different mesh families: (a)
square mesh, (b) non-convex mesh, (c) smoothly remapped polygons, and (d) Voronoi mesh.

7.1. Test 1. Smooth solution in a convex domain

In this example, we solve the Oseen equations (1.1a)—(1.1d) on the unit square domain = (0,1) x (0, 1)
with the following coefficients: v = 1, v = 100. For convective field and the exact divergence-free velocity field,
we choose

[ 2221 —2)Py(y —1)(2y — 1)

5= amtmemtn)’ * ™ |0t ar— 1) (2

cos(z) cos(y)

The pressure variable is p = 23 + 3% — %7 and f is computed by inserting u, and p into (1.1a). Further, the

associated stream function is given by v = 2%(1 — z)%y?(1 — y)%.

The errors are evaluated by solving the discrete scheme (3.1) on the meshes of Figure 1 and considering four
further refinements.

Figure 2 shows the log—log plots versus the mesh size parameter h of the error curves for the virtual element
approximations of the stream function, and the post-processed velocity, vorticity and pressure field. The con-
vergence rates are reflected by the slopes of the error curves. We explicitly report the rate of the last refinement
on each figure and we show the corresponding slope with a triangle. Figure 3 shows a snapshot of these fields.

All convergence rates are in agreement with our theoretical expectations.

7.2. Test 2. Nonsmooth solution on L shaped domain

In this section, we focus on examining the convergence nature of the discrete stream function, discrete velocity
field, and vorticity on a non-convex L shaped domain where the exact solution % is not a smooth function. For
the computational domain, we consider Q = (—1,1) x (=1,1) \ (0,1) x (—=1,0). The ground-truth solution for
the stream function is given by 1 (z,y) = 7°/3 sin(%), where 7 is the radial distance from the origin and 6 is the
angle with the vertical axis. The radial derivative of 1 is unbounded near the origin; consequently, the solution
has a weak singularity at that location. Furthermore, ¥(x,y) € H?>*"(Q), where r < %, and the velocity vector
is given by u = curl. We choose the pressure variable as p(z,y) = 22+ — 2, so that p satisfies the zero mean
condition on the computational domain €2, i.e., fQ p = 0. We also set the coefficients v, 7, and the convective
field B as in Test 1.

Table 1 illustrates the convergence behavior of the numerical approximation of the stream function, the veloc-
ity field, and the vorticity field. Furthermore, the less regularity of the stream function affects the convergence
rate of the pressure variable approximation as shown in Table 1.

Remark 7.1. We stress that for the development of the theoretical analysis, we have assumed that the coeffi-
cients v, B, and ~ are constant. In fact, the proposed analysis can be extended for the variable coefficients by
imposing the admissible conditions on the norms of the coefficients. For numerical evidence, we have verified the
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FIGURE 2. Test 1. Error curves with respect to the mesh size parameter h and convergence
rates for the approximation of 1, u, w and p using the broken H2- and H'-seminorm and the
L?-norm.

theory by considering examples that have variable coefficients. Indeed, the numerical experiments performed for
a more general model problem with variable coefficients shows the wide applicability of the proposed numerical
scheme.

8. CONCLUSIONS

We considered the virtual element approximation of the stream function formulation of the Oseen equations
on convex and non-convex domains. In particular, we approximated the reduced biharmonic model problem by
using a Morley-type nonconforming VEM. We discussed the post-proessing of the velocity and vorticity fields
based on suitable polynomial projection operators on Morley space. Furthermore, to post-process the pressure
variable, we introduced an auxiliary Stokes-like problem that we discretized on a Crouzeix—Raviart-type discrete
velocity space. This latter space is in a Stokes-complex relationship with the Morley-type nonconforming virtual
element space. Two representative benchmark problems numerically show the performance of the method. A
numerical approximation of the eigenvalue problem for the Oseen equation would be a further field of interest.
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TABLE 1. Test 2. Approximation errors & (-) and corresponding comvergence rates R;(-) for the
stream-function, velocity, vorticity, and pressure fields using the broken H2- and H!-seminorms

and the L?-norm.

h E2(v) Ra(¥)  &i(u) Ri(u)  &Eo(w) Ro(w)  &o(p) Ro(p)
1/8 2.37144e-1 — 2.2810e-1 — 7.3410e-2 — 1.6603e-1 —
1/16 1.54398e-1 0.61 1.5896e-1 0.52 5.8825e—2 0.31 8.9592¢—2 0.89
1/32 9.7490e—2 0.66 1.0256e-1  0.63 3.8541e-2 0.61 5.2175e-2 0.78
1/64 6.2756e—2 0.64 6.5270e—2  0.65 2.4392e—2 0.66 3.1239e-2 0.74
1/128 3.9843e—2 0.65 4.1022e-2 0.67 1.5437¢-2 0.66 1.8834e-2 0.73
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