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THE NONCONFORMING VIRTUAL ELEMENT METHOD FOR OSEEN’S
EQUATION USING A STREAM-FUNCTION FORMULATION

Dibyendu Adak1,* and Gianmarco Manzini2

Abstract. We approximate the solution of the stream function formulation of the Oseen equations on
general domains by designing a nonconforming Morley-type virtual element method. Under a suitable
assumption on the continuous problem’s coefficients, the discrete scheme is well-posed. By introduc-
ing an enriching operator, we derive an a priori estimate of the error in a discrete 𝐻2 norm. By
post-processing the discrete stream function, we compute the discrete velocity and vorticity fields. Fur-
thermore, we recover an approximate pressure field by solving a Stokes-like problem in a nonconforming
Crouzeix–Raviart-type virtual element space that is in a Stokes-complex relation with the Morley-type
space of the virtual element approximation. Finally, we confirm our theoretical estimates by solving
benchmark problems that include a convex and a nonconvex domain.
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1. Introduction

The incompressible Oseen equations are a linearized version of the Navier–Stokes equations. For the velocity
vector field 𝑢 and the scalar pressure field 𝑝 they read as

−𝜈Δ𝑢 + (∇𝑢)𝛽 + 𝛾𝑢 +∇𝑝 = 𝑓 in Ω, (1.1a)

div 𝑢 = 0 in Ω, (1.1b)

𝑢 = 0 on Γ, (1.1c)

(𝑝, 1) = 0, (1.1d)

where Ω ⊂ R𝑑, 𝑑 = 2, is a simply connected domain with boundary Γ, 𝜈 > 0 is the viscosity coefficient, 𝛽 is the
convection vector field, 𝛾 is a suitable positive coefficient, and (𝑝, 1) in (1.1d) stands for the integral of 𝑝 over
Ω. Hereafter, we consider a polygonal domain Ω, and, for simplicity of exposition, we assume that 𝜈, 𝛽 and 𝛾
are constant fields.

Several types of numerical schemes were designed and proposed in the finite element literature to approximate
the Oseen equations. See for instance, to the works of references [5–7, 12, 13, 26, 30, 31] for a presentation of
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such schemes and their convergence analysis. In most of these articles, the Authors propose mixed schemes to
approximate the velocity–pressure pair (𝑢, 𝑝). Instead, following [8], we consider a streamline formulation and we
propose and analyze a nonconforming Virtual Element Method (VEM). This combination yields a very effective
way of solving the Oseen equations. In fact, in the one hand, the stream function formulation reduces (1.1a)–
(1.1d) to a scalar problem that does not contain the pressure variable. The incompressibility condition is
automatically satisfied by setting the velocity equal to the curl of the stream function. On the other hand, the
VEM [10, 14] is a very robust and accurate discretization technique for solving partial differential equations
(PDEs) on unstructured polygonal and polyhedral meshes admitting very general shaped (even nonconvex and
degenerate) elements [49–51], elements with small edges and faces [28], and elements with curved faces [19,20].
An incomplete list of works pertinent with the topic of this paper includes conforming VEMs for the Stokes
equations [8,16,21,24,40,45,46], the Navier–Stokes equations [1,17,18], the Oseen equations [6,22,48], the Darcy
and Brinkman equations [47,52]. The VEM for the Navier–Stokes equations is also applied in the discretization
of 2D and 3D magnetohydrodynamics models, cf. [23].

The nonconforming VEM was initially proposed in [11] for elliptic problems, later extended to Stokes equa-
tions [32, 55], eigenvalue problems [37, 38, 41], plate bending problems [53, 54], biharmonic equations [9] and,
eventually, generalized to polyharmonic problems in any number of spatial dimensions [39].

We summarize our contributions to the technical literature of virtual elements and numerical approximation
of Oseen equations as follows:

– we design and investigate a Morley-type nonconforming VEM to approximate the stream function formula-
tion of the Oseen equations on generally shaped domain and unstructured polygonal meshes;

– we derive an a priori error estimate for the discretization of the Oseen equations with less regular exact
solutions by introducing an enriching operator remapping the nonconforming virtual element space onto a
conforming counterpart;

– we discuss a post-processing technique for velocity and vorticity based on computable projection operators;
– we recover the pressure variable by solving a Stokes-like problem using a Crouzeix–Raviart-like space in a

Stokes complex relation with the Morley-type nonconforming space.

While a post-processing technique provides the velocity and vorticity fields, pressure recovery is not straight-
forward and deserves special attention. Notably, the pressure recovery technique proposed in [47] is inadequate
for our approach since it relies on a 𝐶1-regular virtual element formulation, and requires at least𝐻3(Ω) regularity
of the exact solution. This regularity is usually not available if the model problem is formulated over a nonconvex
domain. Therefore, inspired by related works on FEM, see [35, 36], we recover the pressure variable from the
discrete stream function by solving a Stokes-like problem. To this end, we introduce a Crouzeix–Raviart-type
space that forms a Stokes complex with the Morley-type space of the stream function approximation and post-
process the pressure from the discrete stream function. Since we are interested in the approximation of solution
with low regularity, we focus onto the low-order case. Assuming more regularity of the exact solution, the VEM
can be extended to the arbitrary order almost straightforwardly and the pressure can be recovered in a simpler
way.

The paper is organised as follows. In Section 2, we present the variational stream function formulation of
model problem (1.1a)–(1.1d), and discuss its well-posedness. In Section 3, we introduce lowest-order Morley-type
and Crouzeix–Raviart-type nonconforming virtual element spaces for the approximation of the stream function
and the pressure variable, and present a virtual element method for the stream function formulation of the
Oseen equations. In Section 4, we introduce the enriching operator and derive an a priori error estimate in
a broken 𝐻2-like mesh dependent norm. In Section 5, we post-process the discrete stream function to obtain
a numerical approximation of the velocity and vorticity fields. In Section 6, we present the pressure recovery
algorithm. In Section 7, we assess the behavior of the VEM through numerical experiments confirming our
theoretical expectations. In Section 8, we offer our final remarks and discuss possible future developments that
could stem out of this work.
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2. Preliminaries and weak formulation of the problem

2.1. Notation

Throughout this paper, we adopt the notation of Sobolev spaces of reference [4]. Accordingly, we denote the
space of square integrable functions defined on any open, bounded, connected domain 𝒟 ⊂ R2 with boundary
𝜕𝒟 by 𝐿2(𝒟), and the Hilbert space of functions in 𝐿2(𝒟) with all partial derivatives up to a positive integer
𝑚 also in 𝐿2(𝒟) by 𝐻𝑚(𝒟), cf. [4]. For 𝒟 = Ω, we also consider the space 𝐿2

0(Ω), which is the subspace of
functions in 𝐿2(Ω) having zero average on Ω. We endow 𝐻𝑚(𝒟) with a norm and a seminorm that we denote
as ‖ · ‖𝑚,𝒟 and | · |𝑚,𝒟, respectively. We denote the space of polynomials of degree up to a given integer ℓ ≥ 0
and defined on 𝒟 by Pℓ(𝒟), and, for ℓ = −1, we conventionally assume that P−1 = {0}. We denote the unit
vector that is orthogonal to 𝜕𝒟 and pointing out of 𝒟 by n𝒟 = (𝑛1, 𝑛2)𝑇 , and the unit vector that is tangent
to 𝜕𝒟 by t𝒟 = (𝑡1, 𝑡2)𝑇 and oriented such that 𝑡1 = −𝑛2 and 𝑡2 = 𝑛1. For simplicity, we write 𝜕𝑖𝜑 = 𝜕𝜑/𝜕𝑥𝑖,
𝑖 = 1, 2, to denote the 𝑖-th directional derivative of the scalar field 𝜑 along the axis 𝑥 and 𝑦, and 𝜕n𝜑 = n𝑒 · ∇𝜑
and 𝜕t𝜑 = t𝑒 ·∇𝜑 to denote the normal and tangential derivatives along edge 𝑒 with unit normal and tangential
vectors n𝑒 and t𝑒, respectively. For any scalar field 𝜑 and vector field 𝑢 = (𝑢1, 𝑢2)𝑇 , we introduce the following
differential operators: the curl of 𝜑, defined as curl𝜑 = (𝜕2𝜑,−𝜕1𝜑)𝑇 ; the Hessian matrix of 𝜑, defined as
D2𝜑 := (𝜕𝑖𝑗𝜑)1≤𝑖,𝑗≤2; the gradient of 𝑢, defined as the matrix ∇𝑢 = (𝜕𝑗𝑢𝑖)𝑖,𝑗,=1,2; the rotor of 𝑢, defined as
rot𝑢 = 𝜕2𝑢1 − 𝜕1𝑢2. These definitions imply that rot curl𝜑 = (𝜕11 + 𝜕22)𝜑 = Δ𝜑 and div curl𝜑 = 0. We
denote the scalar product of any pair of tensors 𝜏 = (𝜏𝑖𝑗)𝑖,𝑗=1,2 and 𝜎 = (𝜎𝑖𝑗)𝑖,𝑗=1,2 by 𝜏 : 𝜎 =

∑︀2
𝑖,𝑗=1 𝜏𝑖𝑗𝜎𝑖𝑗 .

Furthermore, for any pair of sufficiently regular vector-valued fields 𝑣 = (𝑣1, 𝑣2)𝑇 and 𝑤 = (𝑤1, 𝑤2)𝑇 , the 𝑖-th
component of vector (∇𝑣)𝑤 for 𝑖 = 1, 2 is equal to

∑︀
𝑗=1,2 𝑤𝑗𝜕𝑗𝑣𝑖. For any pair of scalar fields 𝜑, 𝜓 ∈ 𝐿2(𝒟),

vector fields 𝑢,𝑣 ∈
[︀
𝐿2(𝒟)

]︀2, and tensor fields 𝜏 ,𝜎 ∈
[︀
𝐿2(𝒟)

]︀2×2, we consider the 𝐿2-inner products

(𝜑, 𝜓)𝒟 =
∫︁
𝒟
𝜑𝜓, (𝑢,𝑣)𝒟 =

∫︁
𝒟

𝑢 · 𝑣, (𝜏 ,𝜎)𝒟 =
∫︁
𝒟

𝜏 : 𝜎. (2.1)

In (2.1), we omit the subscript Ω on the left if 𝒟 = Ω. Finally, we recall that the letter 𝐶, possibly with a
subindex, a superindex, or a modifier on top such as “ ̃︀𝐶” or “ ̂︀𝐶”, denotes a costant whose value can be different
at any instance and that is independent of ℎ but may depend on the other parameters of the problem and the
discretization.

2.2. Weak formulation

The velocity–pressure variational formulation of the Oseen problem reads as follows: Find (𝑢, 𝑝) ∈
[︀
𝐻1

0 (Ω)
]︀2×

𝐿2
0(Ω) such that

𝜈

∫︁
Ω

∇𝑢 : ∇𝑣 +
∫︁

Ω

(∇𝑢)𝛽 · 𝑣 +
∫︁

Ω

𝛾𝑢 · 𝑣 −
∫︁

Ω

𝑝 div 𝑣 =
∫︁

Ω

f · 𝑣 ∀𝑣 ∈
[︀
𝐻1

0 (Ω)
]︀2
, (2.2a)∫︁

Ω

𝑞 div 𝑢 = 0 ∀𝑞 ∈ 𝐿2
0(Ω). (2.2b)

Next, we introduce the Hilbert space of divergence-free functions defined as V := {𝑣 ∈ [𝐻1
0 (Ω)]2 : div 𝑣 = 0}.

Since Ω is a simply-connected domain, we can represent every function 𝑣 ∈ V through a stream function
𝜙 ∈ 𝐻2(Ω) such that 𝑣 = curl𝜙 ∈ V. Consider the Hilbert space U = {𝜙 ∈ 𝐻2(Ω) : 𝜙 = 0, 𝜕n𝜙 = 0 on Γ},
endowed with the norm ‖𝜙‖U := |𝜙|2,Ω = ‖D2𝜙‖0,Ω, which is equivalent to the 𝐻2-norm ‖𝜓‖2,Ω for 𝜓 ∈ U

because of the Poincaré inequality. By introducing the stream function 𝜓, we write the variational formulation
as: Find 𝜓 ∈ U such that∫︁

Ω

𝜈D2𝜓 : D2𝜑+
∫︁

Ω

(∇ curl𝜓)𝛽 · curl𝜑+
∫︁

Ω

𝛾curl𝜓 · curl𝜑 =
∫︁

Ω

f · curl𝜑 ∀𝜑 ∈ U. (2.3)
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The divergence-free condition (2.2b) is automatically satisfied because setting 𝑢 = curl𝜓 implies that div 𝑢 =
div curl𝜓 = 0. Similarly, the divergence term in (2.2a) is absent in (2.3).

We rewrite the variational formulation (2.3) in the abstract form:

Find 𝜓 ∈ U such that A(𝜓, 𝜑) = ℱ(𝜑) ∀𝜑 ∈ U, (2.4)

where we define the bilinear form A(·, ·) : U× U → R in the left-hand side of (2.4) as

A(𝜓, 𝜑) := 𝒜(𝜓, 𝜑) + ℬ(𝜓, 𝜑) + 𝒞(𝜓, 𝜑) (2.5)

by using the three bilinear forms 𝒜(·, ·),ℬ(·, ·), 𝒞(·, ·) : U× U → R such that

𝒜(𝜓, 𝜑) :=
∫︁

Ω

𝜈D2𝜓 : D2𝜑, ℬ(𝜓, 𝜑) :=
∫︁

Ω

(∇ curl𝜓)𝛽 · curl𝜑, (2.6)

𝒞(𝜓, 𝜑) :=
∫︁

Ω

𝛾curl𝜓 · curl𝜑, (2.7)

and the linear functional ℱ(·) : U → R in the right-hand-side (2.4) as

ℱ(𝜑) :=
∫︁

Ω

f · curl𝜑. (2.8)

A straightforward calculation shows that 𝒜(·, ·) and 𝒞(·, ·) are coercive and continuous with respect to the
norms ‖ · ‖U and ‖ · ‖1,Ω, so that

𝒜(𝜑, 𝜑) ≥ 𝐶1(𝜈)‖𝜑‖2U and |𝒜(𝜓, 𝜑)| ≤ 𝐶2(𝜈)‖𝜓‖U ‖𝜑‖U,

𝒞(𝜑, 𝜑) ≥ 𝐶1(𝛾) ‖𝜑‖21,Ω, and |𝒞(𝜓, 𝜑)| ≤ 𝐶2(𝛾) ‖𝜓‖U‖𝜑‖U,

for some strictly positive constants 𝐶1(𝜈), 𝐶1(𝛾), 𝐶2(𝜈), and 𝐶2(𝛾) (note that for all 𝜓 ∈ U, it holds that
|𝜓|1,Ω ≤ ‖𝜓‖1,Ω ≤ ‖𝜓‖2,Ω and this latter is equivalent to |𝜓|2,Ω = ‖𝜓‖U). Similarly, the bilinear form ℬ(·, ·) and
the linear functional ℱ(·) are continuous with respect to the norm ‖ · ‖U, so that

|ℬ(𝜓, 𝜑)| ≤ 𝐶𝛽 ‖𝜓‖U‖𝜑‖U and |ℱ(𝜑)| ≤ ‖ℱ‖−2,Ω‖𝜑‖U, (2.9)

for some strictly positive constants 𝐶𝛽 , which may depend on 𝛽 = ‖𝛽‖, the Euclidean norm of the constant
vector 𝛽, and the usual definition of the dual norm ‖ℱ‖−2,Ω = sup𝜑∈𝐻2(Ω) |ℱ(𝜑)|/|𝜑|2,Ω. An application of the
Lax–Milgram theorem confirms the well-posedness of problem (2.3), and the regularity result that we state as
follows.

Theorem 2.1. The solution to problem (2.3) exists and is unique, and is such that

‖𝜓‖U ≤ 𝐶‖ℱ‖−2,Ω (2.10)

for some strictly positive constant 𝐶, which depends on 𝜈, 𝛽, and 𝛾.

Now, we move to assert an additional regularity result for the solution of problem (2.3).

Theorem 2.2. Let 𝜓 ∈ U be the unique solution of problem (2.3). If ℱ ∈ 𝐻−1(Ω), then there exist 𝑟 ∈ (1/2, 1],
and 𝐶 > 0 such that 𝜓 ∈ 𝐻2+𝑟(Ω) satisfying

‖𝜓‖2+𝑟,Ω ≤ 𝐶‖ℱ‖−1,Ω.

Interested readers are requested to refer to [25] for a detailed proof.

Remark 2.1. By using the Green theorem, we can split equation (2.3) into a symmetric and a skew-symmetric
part [22]. If the convective field 𝛽 is constant, so that ∇ · 𝛽 = 0, and noting that the skew-symmetric part
vanishes when we choose 𝜑 = 𝜓, the coercivity of (2.3) directly follows from the coercivity of 𝒜(·, ·), and 𝒞(·, ·).
If 𝛽 is not constant and ∇ ·𝛽 ̸= 0, the term (∇ ·𝛽) (curl𝜓 · curl𝜑) can be absorbed by the reaction term, and
the coercivity follows from the coercivity of 𝒜(·, ·) and 𝒞(·, ·).
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3. Nonconforming virtual element method

In this section, we introduce the Morley-type fully nonconforming virtual element space that we will use
to approximate the variational stream function formulation (2.3) of the Oseen equations. Nonconforming vir-
tual element methods for fourth-order problems were first proposed in the literature in references [9, 53–55].
Herein, we mainly consider the formulation of reference [54] for the approximation of biharmonic stream func-
tion formulation, and [55] for the recovery of pressure variable by using a post-processing technique. We also
briefly introduce the vector-valued Crouzeix–Raviart-type nonconforming space that we will use in Section 6
to approximate the pressure variable. The virtual element approximation of the variational formulation (2.4)
reads as

Find 𝜓ℎ ∈ Uℎ such that Aℎ(𝜓ℎ, 𝜑ℎ) = ℱℎ(𝜑ℎ) ∀𝜑ℎ ∈ Uℎ. (3.1)

In (3.1), 𝜓ℎ is the virtual element approximation of 𝜓 and belongs to Uℎ, the Morley-type nonconforming
virtual element space that approximates U; 𝜑ℎ is the test function; Aℎ(·, ·) and ℱℎ(·) are the virtual element
approximations of the bilinear form A(·, ·) and the functional ℱ(·), respectively. In the rest of this section, we
introduce some basic notations and the mesh regularity assumptions, the functional space Uℎ, which defines
the virtual element method, and the functional space Vℎ, which we will use to formulate the pressure recovery
technique in Section 6. Then, we introduce the polynomial projection operators, detail the construction of the
discrete bilinear form Aℎ(·, ·) and the linear functional ℱℎ(·), and discuss the well-posedness of the method.

3.1. Mesh notation and mesh regularity assumptions

Let {Ωℎ}0<ℎ≤1 be a sequence of mesh decompositions consisting of star-shaped, polygonal elements 𝐾
with boundary 𝜕𝐾 and diameter ℎ𝐾 := maxx1,x2∈𝐾 |x1 − x2|. We label every mesh with the subindex
ℎ := max𝐾∈Ωℎ

ℎ𝐾 . We denote a mesh edge by 𝑒, the set of mesh edges of Ωℎ by ℰℎ = ℰ int
ℎ ∪ ℰbdy

ℎ , where
ℰ int

ℎ and ℰbdy
ℎ are the subsets of internal and boundary edges, and the set of polygonal edges of the elemental

boundary 𝜕𝐾 by ℰ𝐾
ℎ . We denote a mesh vertex by 𝜒, the set of mesh vertices by 𝒱ℎ = 𝒱 int

ℎ ∪𝒱bdy
ℎ , where 𝒱 int

ℎ

and 𝒱bdy
ℎ are the subsets of internal and boundary vertices, and the set of polygonal vertices of the elemental

boundary 𝜕𝐾 by 𝒱𝐾
ℎ . For the convergence analysis, we assume that the mesh family {Ωℎ}0<ℎ≤1 satisfies the

following regularity condition.

Assumption 1 (Mesh regularity). There exists a positive real number 𝜌 independent of ℎ such that for every
𝐾 ∈ Ωℎ, it holds that

(A1) star-shapedness: 𝐾 is star-shaped with respect to an internal ball with radius bigger than 𝜌ℎ𝐾 ;
(A2) uniform scaling: the edge length ℎ𝑒 for all 𝑒 ∈ ℰ𝐾

ℎ is bounded from below by 𝜌ℎ𝐾 , i.e., ℎ𝑒 ≥ 𝜌ℎ𝐾 .

Next, for any integer 𝑚 > 0, we introduce the broken Sobolev space of degree 𝑚 on Ωℎ, which is given by

𝐻𝑚(Ωℎ) :=
{︀
𝜑 ∈ 𝐿2(Ω) : 𝜑|𝐾 ∈ 𝐻𝑚(𝐾) ∀𝐾 ∈ Ωℎ

}︀
. (3.2)

We endow this functional space with the broken seminorm

|𝜑|𝑚,ℎ :=

(︃ ∑︁
𝐾∈Ωℎ

|𝜑|2𝑚,𝐾

)︃1/2

. (3.3)

The functions in 𝐻𝑚(Ωℎ) can be discontinuous across the elemental boundaries 𝜕𝐾, so we introduce the concept
of jump across an edge. To this end, for any internal edge 𝑒 ∈ ℰ int

ℎ , we denote the two elements sharing 𝑒 by 𝐾±,
so that 𝑒 ⊆ 𝜕𝐾+ ∩ 𝜕𝐾− and the unit normal vector n𝑒 points from 𝐾+ to 𝐾−. We also denote the traces of a
function 𝜑 on 𝑒 taken inside𝐾± by 𝜑|𝑒,𝐾± . Then, the jump of 𝜑 across 𝑒 is J𝜑K := 𝜑|𝑒,𝐾+−𝜑|𝑒,𝐾− . Conventionally,
we identify the jump of 𝜑 at a boundary edge 𝑒 ∈ ℰbdy

ℎ as the trace of 𝜑 along 𝑒, i.e., J𝜑K := 𝜑|𝑒. Then, we
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introduce 𝐻2,NC(Ωℎ), the nonconforming subspace of 𝐻2(Ωℎ) [9] by requiring some additional regularity such
as

𝐻2,NC(Ωℎ) :=
{︂
𝜑 ∈ 𝐻2(Ωℎ) : 𝜑 is continuous at the internal vertices 𝜒 ∈ 𝒱 int

ℎ ,

𝜑(𝜒) = 0 ∀𝜒 ∈ 𝒱bdy
ℎ , and

∫︁
𝑒

J𝜕𝑛𝜑K = 0 ∀𝑒 ∈ ℰℎ

}︂
.

Finally, we note that we can decompose the bilinear forms defined in (2.6) and (2.7) and the linear functional
defined in (2.8) as the sum of local (elemental) bilinear forms 𝒜𝐾(·, ·),ℬ𝐾(·, ·), 𝒞𝐾(·, ·) : 𝐻2(𝐾)×𝐻2(𝐾) → R
such that

𝒜(𝜓, 𝜑) =
∑︁

𝐾∈Ωℎ

𝒜𝐾(𝜓, 𝜑) =
∑︁

𝐾∈Ωℎ

∫︁
𝐾

𝜈D2𝜓 : D2𝜑, (3.4a)

ℬ(𝜓, 𝜑) =
∑︁

𝐾∈Ωℎ

ℬ𝐾(𝜓, 𝜑) =
∑︁

𝐾∈Ωℎ

∫︁
𝐾

(∇ curl𝜓)𝛽 · curl𝜑, (3.4b)

𝒞(𝜓, 𝜑) =
∑︁

𝐾∈Ωℎ

𝒞𝐾(𝜓, 𝜑) =
∑︁

𝐾∈Ωℎ

∫︁
𝐾

𝛾curl𝜓 · curl𝜑, (3.4c)

ℱ(𝜓) =
∑︁

𝐾∈Ωℎ

ℱ𝐾(𝜓) =
∑︁

𝐾∈Ωℎ

∫︁
𝐾

f · curl𝜓, (3.4d)

for 𝜓, 𝜑 ∈ U. By using these local decompositions, we reformulate the bilinear form A(·, ·) introduced in (2.4) as

A(𝜓, 𝜑) =
∑︁

𝐾∈Ωℎ

A𝐾(𝜓, 𝜑) =
∑︁

𝐾∈Ωℎ

(︁
𝒜𝐾(𝜓, 𝜑) + ℬ𝐾(𝜓, 𝜑) + 𝒞𝐾(𝜓, 𝜑)

)︁
∀𝜓, 𝜑 ∈ U.

3.2. Crouzeix–Raviart-like virtual element space

Let 𝐾 ∈ Ωℎ be a convex, polygonal element with interior angles different from 𝜋. According to [55], to define
the nonconforming Crouzeix–Raviart-type virtual element space that we will use in Section 6 for the pressure
recovery, we first need to introduce the following auxiliary finite-dimensional spaces

̂︁M(𝐾) :=
{︁

𝑣ℎ ∈
[︀
𝐻1(𝐾)

]︀2
: div 𝑣ℎ ∈ P0(𝐾), rot𝑣ℎ ∈ P0(𝐾), 𝑣ℎ · n𝐾 |𝑒 ∈ P1(𝑒) ∀𝑒 ∈ ℰ𝐾

ℎ

}︁
, (3.5)

M0(𝐾) :=
{︁
𝜑ℎ ∈ 𝐻2(𝐾) : Δ2𝜑ℎ = 0, 𝜑ℎ|𝑒 = 0, Δ𝜑ℎ|𝑒 ∈ P0(𝑒) ∀𝑒 ∈ ℰ𝐾

ℎ

}︁
. (3.6)

By adding space (3.5) and the curl of space (3.6), we define

̃︀V(𝐾) := ̂︁M(𝐾) + curl M0(𝐾). (3.7)

Then, we introduce the set of bounded, vector-valued, linear functionals
(︀
FCR

𝑒

)︀
𝑒∈ℰ𝐾

ℎ

on ̃︀V(𝐾) such that

FCR
𝑒 (𝑣ℎ) =

1
ℎ𝑒

∫︁
𝑒

𝑣ℎ · q (3.8)

for q ∈
[︀
P0(𝑒)

]︀2 and 𝑣ℎ ∈ ̃︀V(𝐾). We observe that
[︀
P1(𝐾)

]︀2 ⊂ ̂︁M(𝐾) ⊂ ̃︀V(𝐾), and we introduce the elliptic
projection operator Π∇,𝐾 : ̃︀V(𝐾) →

[︀
P1(𝐾)

]︀2 such that the vector polynomial Π∇,𝐾𝑣ℎ ∈
[︀
P1(𝐾)

]︀2 for any
𝑣ℎ ∈ ̃︀V(𝐾) is the solution to the variational problem∫︁

𝐾

∇
(︁
Π∇,𝐾𝑣ℎ − 𝑣ℎ

)︁
: ∇q = 0 ∀q ∈ [P1(𝐾)]2, (3.9)
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𝜕𝐾

(︁
Π∇,𝐾𝑣ℎ − 𝑣ℎ

)︁
= 0. (3.10)

Through an integration by parts on (3.9), we can prove that the polynomial projection Π∇,𝐾𝑣ℎ for all 𝑣ℎ ∈ ̃︀V(𝐾)
is computable from the values (FCR

𝑒 (𝑣ℎ))𝑒∈ℰ𝐾
ℎ

, cf. [55]. By employing the projection operator Π∇,𝐾 , we define
the local nonconforming virtual element space

Vℎ(𝐾) :=
{︂

𝑣ℎ ∈ ̃︀V(𝐾) :
∫︁

𝑒

𝑣ℎ · n𝑒𝑞 =
∫︁

𝑒

Π∇,𝐾𝑣ℎ · n𝑒𝑞 ∀𝑞 ∈ P1(𝐾)/P0(𝐾), ∀𝑒 ∈ ℰ𝐾
ℎ

}︂
. (3.11)

The virtual element functions 𝑣ℎ in Vℎ(𝐾) are uniquely characterized by the values
(︀
FCR

𝑒 (𝑣ℎ)
)︀
𝑒∈ℰ𝐾

ℎ

, which we
take as the degrees of freedom of 𝑣ℎ.

Remark 3.1. The nonconforming VEM space defined in (3.11) coincides with the Crouzeix–Raviart finite
element space whenever 𝐾 is a triangle. Therefore, we can see this space as an extension of the Crouzeix–
Raviart space from triangular to polygonal meshes in the virtual element context.

The global Crouzeix–Raviart-like space is naturally defined as

Vℎ :=
{︂

𝑣ℎ ∈
[︀
𝐿2(Ω)

]︀2
: 𝑣ℎ|𝐾 ∈ V(𝐾) ∀𝐾 ∈ Ωℎ,

∫︁
𝑒

[[𝑣ℎ]] · q = 0 ∀q ∈ [P0(𝑒)]
2 ∀𝑒 ∈ ℰℎ

}︂
. (3.12)

The dimension of Vℎ is equal to 2𝑁ℰℎ , where 𝑁ℰℎ is the total number of mesh edges, and the degrees of freedom
characterizing the functions in Vℎ are the edge values (FCR

𝑒 (𝑣ℎ))𝑒∈ℰℎ
.

3.3. Local and global nonconforming Morley-type virtual element spaces

For every polygonal element 𝐾 ∈ Ωℎ, we first consider the local, auxiliary space [53,54] defined as

̂︀Uℎ(𝐾) :=
{︁
𝜑ℎ ∈ 𝐻2(𝐾) : Δ2𝜑ℎ ∈ P2(𝐾), 𝜑ℎ|𝑒 ∈ P2(𝑒), Δ𝜑ℎ|𝑒 ∈ P0(𝑒) ∀𝑒 ∈ ℰ𝐾

ℎ

}︁
, (3.13)

where Δ2 is the biharmonic operator. Then, we introduce the two sets of bounded, linear functionals on ̂︀Uℎ(𝐾),
denoted as Ξ1 =

(︀
Ξ1,𝜒

)︀
𝜒∈𝒱𝐾

ℎ

and Ξ2 =
(︀
Ξ2,𝑒

)︀
𝑒∈ℰ𝐾

ℎ

, such that

– Ξ1,𝜒(𝜑ℎ) is the vertex value 𝜑ℎ(𝑥𝜒) for 𝜒 ∈ 𝒱𝐾
ℎ with position vector 𝑥𝜒;

– Ξ2,e(𝜑ℎ) is the zero-th order moment of the normal derivative of 𝜑ℎ on edge 𝑒 ∈ ℰ𝐾
ℎ , i.e., Ξ2,e(𝜑ℎ) =

∫︀
𝑒
𝜕n𝜑ℎ.

For each polygonal element 𝐾, we define the elliptic projection operator ΠΔ,𝐾 : ̂︀Uℎ(𝐾) → P2(𝐾), such that
for every 𝜑ℎ ∈ ̂︀Uℎ(𝐾), the quadratic polynomial ΠΔ,𝐾(𝜑ℎ) is the solution to the local variational problem

𝒜𝐾
(︀
ΠΔ,𝐾(𝜑ℎ)− 𝜑ℎ, 𝑞

)︀
= 0 ∀𝑞 ∈ P2(𝐾), (3.14a)

̂ΠΔ,𝐾(𝜑ℎ) = ̂︁𝜑ℎ and
∫︁

𝑒

∇ΠΔ,𝐾(𝜑ℎ) =
∫︁

𝑒

∇𝜑ℎ, (3.14b)

where ̂︁𝜑ℎ is the vertex average of 𝜑ℎ defined by

̂︁𝜑ℎ :=
1

𝑁𝒱𝐾
ℎ

∑︁
𝜒∈𝒱𝐾

ℎ

𝜑ℎ(𝑥𝜒), (3.15)

and 𝑁𝒱𝐾
ℎ is the number of vertices of element 𝐾. As stated in the following lemma, the projection ΠΔ,𝐾𝜑ℎ is

computable using only the values of the functionals Ξ1–Ξ2 of 𝜑ℎ associated with the local space ̂︀Uℎ(𝐾). The
proof is based on an integration by parts of (3.14a) and noting that all terms including the right-hand sides of
(3.14b) are computable using the values provided by Ξ1–Ξ2, and can be found in [54]. Furthermore, we stress
that curl𝜑ℎ ∈ ̃︀V(𝐾) and Π∇,𝐾(curl𝜑ℎ) for all 𝜑ℎ ∈ ̂︀Uℎ(𝐾), are computable from the values of the functionals
Ξ1–Ξ2, see Lemmas 15 and 18 from reference [55]. We summarize these results in the following lemma.
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Lemma 3.1.

– For every polygon 𝐾 ∈ Ωℎ, the projection operator ΠΔ,𝐾 : ̂︀Uℎ(𝐾) → P2(𝐾) is computable on using the
values of the functionals Ξ1–Ξ2;

– For each 𝐾 ∈ Ωℎ, curl ̂︀Uℎ(𝐾) ⊂ ̃︀V(𝐾); for all 𝜑ℎ ∈ ̂︀Uℎ(𝐾), Π∇,𝐾curl𝜑ℎ is computable on using the values
of the functionals Ξ1–Ξ2;

By employing the projection operators and Π∇,𝐾 and ΠΔ,𝐾 , we define the nonconforming virtual element
space as

Uℎ(𝐾) :=
{︂
𝜑ℎ ∈ ̂︀Uℎ(𝐾) :

∫︁
𝑒

curl𝜑ℎ · n𝑒𝑞 =
∫︁

𝑒

Π∇,𝐾(curl𝜑ℎ) · n𝑒𝑞 ∀𝑞 ∈ P1(𝑒)/P0(𝑒) ∀𝑒 ∈ ℰ𝐾
ℎ ,∫︁

𝐾

𝜑ℎ𝑞 =
∫︁

𝐾

ΠΔ,𝐾𝜑ℎ𝑞 ∀𝑞 ∈ P2(𝐾)
}︂
. (3.16)

The virtual element space Uℎ(𝐾) has some major properties that are fundamental in our virtual element
formulation. We summarize these properties in the following lemma. Their proof can be obtained using the
arguments in [53,55].

Lemma 3.2.

– P2(K) ⊂ Uℎ(𝐾);
– the set of linear operators Ξ1–Ξ2 uniquely characterize any virtual element function of Uℎ(𝐾) and can be

taken as the degrees of freedom for this space;
– the polynomial projection operator ΠΔ,𝐾 : ̂︀Uℎ(𝐾) → P2(𝐾) is computable for every 𝜑ℎ ∈ Uℎ(𝐾) from the

degrees of freedom of 𝜑ℎ. Moreover, ΠΔ,𝐾𝑞 = 𝑞 for every 𝑞 ∈ P2(𝐾);
– dim Uℎ(𝐾) = 𝑁𝒱𝐾

ℎ +𝑁ℰ𝐾
ℎ , where 𝑁𝒱𝐾

ℎ and 𝑁ℰ𝐾
ℎ are the number of vertices and edges of 𝐾.

Remark 3.2. In the construction of the modified virtual element space Uℎ(𝐾), we impose that
∫︀

𝑒
curl𝜑ℎ·n𝑒𝑞 =∫︀

𝑒
Π∇,𝐾(curl𝜑ℎ) · n𝑒𝑞 where 𝑞 ∈ P1(𝑒)/P0(𝑒), and 𝑒 ⊂ 𝜕𝐾. By following Lemma 18 of [55], we deduce that

the term
∫︀

𝑒
curl𝜑ℎ · n𝑒𝑞 can be computed by using Ξ1−Ξ2, and the functional

∫︀
𝑒
𝜑ℎ. However, considering∫︀

𝑒
curl𝜑ℎ · n𝑒𝑞 as degrees of freedom may increase the complexity of the construction of the discrete spacê︀Uℎ(𝐾) and consequently, we define the degrees of freedom as in Section 3.4 of reference [44].

Finally, we define the global nonconforming virtual element space built on the mesh decomposition Ωℎ:

Uℎ :=
{︁
𝜑ℎ ∈ 𝐻2,NC(Ωℎ) : 𝜑ℎ|𝐾 ∈ Uℎ(𝐾) ∀𝐾 ∈ Ωℎ

}︁
. (3.17)

The nonconforming VEM space Uℎ is not a subset of the space𝐻2
0 (Ω) but of the nonconforming space𝐻2,NC(Ωℎ),

and, in particular does not require 𝐶0- or 𝐶1-regularity. Moreover, the following lemma also holds. The proof
is established in Lemma 5.1 of [54].

Lemma 3.3. For all 𝜙ℎ ∈ Uℎ, the following inequality holds

‖𝜑ℎ‖0,Ω + |𝜑ℎ|1,ℎ ≤ 𝐶 |𝜑ℎ|2,ℎ, (3.18)

for some positive constant 𝐶, which is independent of ℎ but may depend on the mesh regularity parameter 𝜌 of
Assumption 1. Moreover, the broken semi-norm |𝜙ℎ|2,ℎ is a norm on Uℎ.

Remark 3.3. In this article, we consider two lowest order nonconforming VEM spaces such as the fully-
nonconforming Morley-type VEM space (𝑘 = 2), and the Crouzeix–Raviart-like VEM space (𝑘 = 1). We use
the Morley-type space to approximate the biharmonic discrete equation in the stream function formulation
(3.1), and the Crouzeix–Raviart-like space for the pressure recovery. We highlight that the degrees of freedom
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defined in (3.7) are unisolvent for the Crouzeix–Raviart-like VEM space Vℎ [55]. In addition, the degrees
of freedom defined in Ξ1–Ξ2 are unisolvent for the discrete space Uℎ [54, 55]. Precisely, for each 𝐾 ∈ Ωℎ

and 𝑒 ∈ 𝜕𝐾, we infer that 𝑣 ∈ ̂︀Uℎ(𝐾) implies that 𝑣|𝑒 ∈ P2(𝑒), Δ𝑣|𝑒 ∈ P0(𝑒), and Δ2𝑣 ∈ P2(𝐾), and
consequently dim(̂︀Uℎ(𝐾)) = 𝑁𝒱𝐾

ℎ + 2𝑁ℰ𝐾
ℎ + dim(P2(𝐾)). Furthermore, due to the restriction, it holds that

dim(Uℎ(𝐾)) ≥ dim(̂︀Uℎ(𝐾))−𝑁ℰ𝐾
ℎ − dim(P2(𝐾)) = 𝑁𝒱𝐾

ℎ +𝑁ℰ𝐾
ℎ ([3], Sect. 3.4, [44]).

Remark 3.4. We assume that 𝐾 is a convex polygon with all interior angles different from 𝜋. However, if
the polygon possesses a hanging node and we consider the side containing the hanging node as a single edge,
the additional condition could be removed since the evaluation of the function at the edge midpoint meets the
requirement for the unisolvency of the discrete space. Interested readers may review [33] for a better explanation
of the Morley-type discrete space construction on a polygonal element with hanging nodes. However, the beauty
of the VEM is that a hanging node does not require any specific treatment or modification of the scheme. Citing
reference [34], pages 597, 598, we can claim that “The adaptive refinement generates hanging nodes because of
the way refinement strategy is defined, but this is not troublesome in VEM setting as a hanging node can be
treated as just another vertex in the decomposition of the domain.”

3.4. Other polynomial projections

The formulation of the discrete bilinear forms that approximate the local continuous bilinear forms in (3.4)
requires a few other 𝐿2 orthogonal polynomial projections, which are computable from the degrees of freedom
Ξ1−Ξ2 of the virtual element functions of Uℎ(𝐾). These projection operators are the two scalar projectors
Π2,∇⊥

𝐾 and Π2,𝐾 , and the vector-valued projector Π1,𝐾 applied to the curl operator.
The projection operator Π2,∇⊥

𝐾 : Uℎ(𝐾) → P2(𝐾) is such that for all 𝜑ℎ ∈ Uℎ(𝐾), the quadratic polynomial
Π2,∇⊥

𝐾 𝜑ℎ is the solution to the variational problem∫︁
𝐾

curl
(︁
𝜑ℎ −Π2,∇⊥

𝐾 𝜑ℎ

)︁
· curl 𝑞 = 0 ∀𝑞 ∈ P2(𝐾), (3.19a)

̂Π2,∇⊥
𝐾 𝜑ℎ = ̂︁𝜑ℎ, (3.19b)

where ̂︁𝜑ℎ is the vertex average (3.15). The projection operator Π2,𝐾 : 𝐿2(𝐾) → P2(𝐾) is such that the quadratic
polynomial Π2,𝐾𝜑 for all 𝜑 ∈ 𝐿2(𝐾) is the solution to the variational problem∫︁

𝐾

(︀
𝜑ℎ −Π2,𝐾𝜑ℎ

)︀
𝑞 = 0 ∀𝑞 ∈ P2(𝐾). (3.20)

Finally, the projection operator Π1,𝐾 :
[︀
𝐿2(𝐾)

]︀2 → [︀
P1(𝐾)

]︀2, is such that the linear vector polynomial Π1,𝐾𝑣

for all 𝑣 ∈
[︀
𝐿2(𝐾)

]︀2 is the solution to the variational problem∫︁
𝐾

(︀
𝑣 −Π1,𝐾𝑣

)︀
· q = 0 ∀q ∈

[︀
P1(𝐾)

]︀2
. (3.21)

For future reference, we formally state the computability of the polynomial projections defined above in
the following lemma. We omit the proof that is obtained on using the arguments of [47], and Lemma 4.1 of
reference [48].

Lemma 3.4. Let 𝐾 ∈ Ωℎ be a polygonal element and Uℎ(𝐾) the virtual element space defined in (3.16).
Then, the polynomial projections Π2,∇⊥

𝐾 𝜑ℎ, Π2,𝐾𝜑ℎ and Π1,𝐾curl 𝜑ℎ are computable for any scalar function 𝜑ℎ

in Uℎ(𝐾) using only the values of the functionals (Ξ1(𝜑ℎ)) and (Ξ2(𝜑ℎ)). Moreover, there exists a real constant
𝐶𝑁 > 0, independent of ℎ such that⃒⃒⃒

Π1,𝐾curl 𝜑ℎ

⃒⃒⃒
1,𝐾

≤ 𝐶𝑁 |𝜑|2,𝐾 ∀𝜑ℎ ∈ Uℎ(𝐾);
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𝑣 −Π1,𝐾𝑣

⃦⃦⃦
𝑙,𝐾

≤ 𝐶𝑁ℎ
1+𝑟−𝑙
𝐾 |𝑣|1+𝑟,𝐾 , 𝑙 = 0, 1 𝑟 ∈ [0, 1], and ∀𝑣 ∈

[︀
𝐻1+𝑟(𝐾)

]︀2
.

Remark 3.5. To compute the projection operators Π2,∇⊥
𝐾 , and Π1,𝐾 , we need the explicit polynomial repre-

sentation of the trace of the basis functions of Uℎ(𝐾) that we obtain on interpolating the degrees of freedom
Ξ1, and the restriction of the basis functions on the elemental edges as defined in (3.16), see [55].

3.5. The virtual element bilinear forms and right-hand side functional

Let 𝜑ℎ, 𝜓ℎ ∈ Uℎ(𝐾). We define the local, discrete bilinear forms 𝒜𝐾
ℎ (·, ·), ℬ𝐾

ℎ (·, ·), 𝒞𝐾
ℎ (·, ·) : Uℎ(𝐾)×Uℎ(𝐾) →

R as

𝒜𝐾
ℎ (𝜓ℎ, 𝜑ℎ) :=

∫︁
𝐾

D2ΠΔ,𝐾𝜓ℎ : D2ΠΔ,𝐾𝜑ℎ + S𝐾
𝒜
(︀
𝜓ℎ −ΠΔ,𝐾𝜓ℎ, 𝜑ℎ −ΠΔ,𝐾𝜑ℎ

)︀
,

ℬ𝐾
ℎ (𝜓ℎ, 𝜑ℎ) :=

∫︁
𝐾

(︁
∇Π1,𝐾curl𝜓ℎ

)︁
𝛽 ·Π1,𝐾curl𝜑ℎ,

𝒞𝐾
ℎ (𝜓ℎ, 𝜑ℎ) :=

∫︁
𝐾

Π1,𝐾curl𝜓ℎ ·Π1,𝐾curl𝜑ℎ + S𝐾
𝐶

(︁
𝜓ℎ −Π2,∇⊥

𝐾 𝜓ℎ, 𝜑ℎ −Π2,∇⊥
𝐾 𝜑ℎ

)︁
,

where S𝐾
𝒜 (·, ·),S𝐾

𝒞 (·, ·) : Uℎ(𝐾) × Uℎ(𝐾) → R, are symmetric, positive-definite bilinear forms satisfying the
following conditions

𝐶0,𝒜𝒜(𝜑ℎ, 𝜑ℎ) ≤ S𝐾
𝒜 (𝜑ℎ, 𝜑ℎ) ≤ 𝐶0,𝒜𝒜(𝜑ℎ, 𝜑ℎ) ∀𝜑ℎ ∈ Uℎ(𝐾) ∩ ker

(︀
ΠΔ,𝐾

)︀
,

𝐶0,𝒞𝒞(𝜑ℎ, 𝜑ℎ) ≤ S𝐾
𝒞 (𝜑ℎ, 𝜑ℎ) ≤ 𝐶0,𝒞𝒞(𝜑ℎ, 𝜑ℎ) ∀𝜑ℎ ∈ Uℎ(𝐾) ∩ ker

(︁
Π2,∇⊥

𝐾

)︁
,

for some choice of strictly positive constants 𝐶0,𝒜, 𝐶0,𝒜, 𝐶0,𝒞 , and 𝐶0,𝒞 , which are independent of 𝐾 and ℎ.
We define the global bilinear forms 𝒜ℎ(·, ·),ℬℎ(·, ·), 𝒞ℎ(·, ·) : Uℎ(𝐾)× Uℎ(𝐾) → R as the sum of the local ones

𝒜ℎ(𝜓ℎ, 𝜑ℎ) :=
∑︁

𝐾∈Ωℎ

𝒜𝐾
ℎ (𝜓ℎ, 𝜑ℎ), ℬℎ(𝜓ℎ, 𝜑ℎ) :=

∑︁
𝐾∈Ωℎ

ℬ𝐾
ℎ (𝜓ℎ, 𝜑ℎ),

𝒞ℎ(𝜓ℎ, 𝜑ℎ) :=
∑︁

𝐾∈Ωℎ

𝒞𝐾
ℎ (𝜓ℎ, 𝜑ℎ),

for all 𝜓ℎ, 𝜑ℎ ∈ Uℎ(𝐾). By using the vector-valued 𝐿2-orthogonal projector Π1,𝐾 , we discretize the load term
as

ℱℎ(𝜑ℎ) :=
∑︁

𝐾∈Ωℎ

∫︁
𝐾

Π1,𝐾f · curl𝜑ℎ =
∑︁

𝐾∈Ωℎ

∫︁
𝐾

f ·Π1,𝐾curl𝜑ℎ. (3.22)

Remark 3.6. We would like to highlight that in the discretization of the bilinear forms 𝒜𝐾
ℎ (·, ·), ℬ𝐾

ℎ (·, ·),
and 𝒞𝐾

ℎ (·, ·), we have used different projection operators such as ΠΔ,𝐾 , Π1,𝐾 , and Π2,∇⊥
𝐾 . By employing the

projection operator ΠΔ,𝐾 , we can discretize the bilinear form ℬ𝐾
ℎ which is computable from the degrees of

freedom associated with the discrete space. However, it is not straightforward to derive the convergence analysis.
In fact, to derive the boundedness of ΠΔ,𝐾𝜑ℎ in 𝐻1 norm is not known. On the other hand, by employing the
vector-valued 𝐿2 projection operator Π1,𝐾 , we can bound the discrete bilinear from ℬ𝐾

ℎ (·, ·) (Lem. 3.4), and
derive the convergence analysis. Moreover, the choice curlΠΔ,𝐾𝜓ℎ can lead to heavy losses in the order of
convergence, as mentioned in [15]. To avoid such difficulties, we have chosen suitable projection operators for
the discretization of the bilinear forms 𝒜𝐾

ℎ (·, ·), ℬ𝐾
ℎ (·, ·), and 𝒞𝐾

ℎ (·, ·). Further, we remark that the discretization
∇curl ΠΔ,𝐾𝜓ℎ affects the convergence order mildly for lowest order VEM space. However, we avoid such type
of discretization to propose a discrete scheme that will work for general order 𝑘.
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Moreover, the discrete bilinear forms satisfy the consistency and stability properties stated in the following
lemma.

Lemma 3.5. For 0 < ℎ ≤ 1, let Ωℎ be a domain discretization satisfying Assumption 1 and 𝐾 ∈ Ωℎ be a
polygonal element. Then, we have

– Polynomial consistency: for all 𝜓ℎ ∈ Uℎ(𝐾), it holds that

𝜒𝐾
ℎ (𝜓ℎ, 𝑞) = 𝜒𝐾(𝜓ℎ, 𝑞) ∀𝑞 ∈ P2(𝐾), 𝜒 ∈ {𝒜, 𝒞}.

– Stability:

𝐶𝜒𝜒
𝐾(𝜙ℎ, 𝜙ℎ) ≤ 𝜒𝐾

ℎ (𝜙ℎ, 𝜙ℎ) ≤ 𝐶𝜒𝜒𝐾(𝜙ℎ, 𝜙ℎ) ∀𝜙ℎ ∈ Uℎ(𝐾), 𝜒 ∈ {𝒜, 𝒞}

for some pairs of positive constants (𝐶𝜒, 𝐶
𝜒) that are independent of ℎ.

The well-posedness of the VEM follows from the Lax–Milgram theorem, cf. [27]. To apply it, we need the
coercivity of the discrete bilinear form Aℎ(·, ·), which holds under a condition on the viscosity coefficient 𝜈, cf.
Lemma 3.5 of reference [48].

Lemma 3.6. For all 0 < ℎ ≤ 1, let Ωℎ be a mesh partitioning of domain Ω satisfying the mesh regularity
assumptions (A1) and (A2), cf. Assumption 1. Let ̂︀𝐶 := 𝐶𝒜𝐶1(𝜈)−𝐶2

𝑁𝐶
2
𝛽/2𝐶1(𝛾)𝐶𝒞 be a constant independent

of ℎ, but possibly dependent on the problem coefficients 𝛽, 𝛾, 𝜈, and the mesh regularity coefficient 𝜌 through
the various stability constants in its definition. If ̂︀𝐶 > 0, it holds that

Aℎ(𝜑ℎ, 𝜑ℎ) ≥ ̂︀𝐶|𝜑ℎ|22,ℎ.

The proof follows the same argument of Lemma 3.5 from [48]; hence, we omit it. Further, we choose the
coefficients 𝜈, 𝛽, and 𝛾 so that 𝐶𝒜𝐶1(𝜈) > 𝐶2

𝑁𝐶
2
𝛽/2𝐶1(𝛾)𝐶𝒞 to ensure that ̂︀𝐶 > 0.

Remark 3.7. In Lemma 3.6, we stated the coercivity of the discrete bilinear form Aℎ(·, ·). To establish the
constant ̂︀𝐶 > 0, we need some assumptions on the coefficients 𝜈, 𝛽, and 𝛾. Accordingly, we assume that 𝜈 and
𝛾 are sufficiently big and 𝛽 is sufficiently small. We emphasize that such choice of the coefficients produces a
stable numerical solution for the discrete scheme. For small values of diffusion coefficient the numerical solution
produces nonphysical oscillations, so that we need an additional stabilizer to have stable numerical solutions.
[22].

Remark 3.8. We derived the convergence analysis for the nonconforming VEM discretization for the Oseen
equations assuming a minimum regularity of the exact solution, i.e., 𝑢 ∈ 𝐻2+𝑟(Ω), where 𝑟 ∈ [1/2, 1]. To derive
the optimal order of convergence in the nonconforming VEM setting, we constructed an enriching operator. We
can extend our analysis straightforwardly to higher-order VEM spaces if we assume that the exact solution has
higher regularity and the computational domain has a convex shape. The discrete scheme and the apriori error
analysis for general order 𝑘 can be achieved by employing analogous arguments as provided in [53,54].

4. Error analysis

This section first introduces specific theoretical tools and concepts that will be useful for the convergence
analysis. Since we are interested in proving the convergence of the method for low regular solutions on nonconvex
domains, we need an enriching operator [43] to map the nonconforming virtual element space Uℎ to its 𝐶1-
conforming counterpart. Then, we introduce and estimate the nonconforming error, cf. Theorem 4.1, and,
eventually, prove the convergence of the method and estimate the approximation error, cf. Theorem 4.2, which
is the most important result of this section.
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4.1. Preliminary results

In the next two lemmas, we summarize some approximation properties from references [54,55].

Lemma 4.1. Under mesh-regularity assumptions (A1) and (A2), cf. Assumption 1, there exists a constant
𝐶 > 0 such that for all 𝜑 ∈ 𝐻2+𝑟(𝐾), 𝑟 ∈ [0, 1],

– there exists a polynomial 𝜑𝜋 ∈ P2(𝐾) such that

‖𝜑− 𝜑𝜋‖𝑙,𝐾 ≤ 𝐶 ℎ2+𝑟−𝑙
𝐾 |𝜑|2+𝑟,𝐾 , 𝑙 = 0, 1, 2; (4.1)

– there exists a virtual element function 𝜑𝐼 ∈ Uℎ(𝐾) such that

‖𝜑− 𝜑𝐼‖𝑙,𝐾 ≤ 𝐶 ℎ2+𝑟−𝑙
𝐾 |𝜑|2+𝑟,𝐾 , 𝑙 = 0, 1, 2. (4.2)

Lemma 4.2. The projection operator T0
𝑒 : 𝐿2(𝐾) → P0(𝑒) defined by the average on 𝑒, i.e., T0

𝑒𝜙 := 1
|𝑒|
∫︀

𝑒
𝜙,

satisfies the approximation property⃦⃦
𝜙− T0

𝑒𝜙
⃦⃦

0,𝑒
≤ 𝐶 ℎ

1/2
𝐾 |𝜙|1,𝐾 ∀𝜙 ∈ 𝐻1(𝐾), and ∀𝑒 ∈ 𝜕𝐾 (4.3)

where 𝐶 is a real, positive constant independent of ℎ.

4.2. Enriching operator

In this section, we present the construction of the enriching operator Tℎ and discuss its properties. A similar
construction was proposed in [3] in the virtual element literature and in [42] for finite elements. Further, we
highlight that enriching operator was constructed on fully nonconforming VEM space [9] in [43] to derive
medius error estimates. We follow the construction of the enrichment operator derived in [3]. First, for each
mesh element 𝐾 ∈ Ωℎ, we introduce the auxiliary space

̂︁U𝐶
ℎ (𝐾) :=

{︁
𝜑ℎ ∈ 𝐻2(𝐾) : Δ2𝜑ℎ ∈ P2(𝐾), 𝜑ℎ|𝜕𝐾 ∈ 𝐶0(𝜕𝐾),

𝜑ℎ|e ∈ P3(e) ∀e ⊂ 𝜕𝐾, (∇𝜑ℎ)|𝜕𝐾 ∈
[︀
𝐶0(𝜕𝐾)

]︀2
, 𝜕n𝑒

𝜑ℎ ∈ P1(e) ∀e ⊂ 𝜕𝐾
}︁
. (4.4)

A crucial property, which is a consequence of definition (4.4), is that ̂︁U𝐶
ℎ (𝐾) contains P2(𝐾), the space of

polynomials of degree at most 2 defined on 𝐾.
Let 𝜓ℎ ∈ ̂︁U𝐶

ℎ (𝐾). We consider the two sets of linear, bounded functionals Ξ𝑐
1 = (Ξ𝑐

1,𝜒)𝜒∈𝒱𝐾
ℎ

and Ξ𝑐
2 =

(Ξ𝑐
2,𝜒)𝜒∈𝒱𝐾

ℎ
acting on ̂︀Uℎ(𝐾), that for all 𝜑ℎ ∈ ̂︀Uℎ(𝐾), are such that

– Ξ𝑐
1,𝜒(𝜑ℎ) is the vertex value 𝜑ℎ(𝑥𝜒) for all 𝜒 ∈ 𝒱𝐾

ℎ with position vector 𝑥𝜒;
– Ξ𝑐

2,𝜒(𝜑ℎ) consists of the values of ℎ𝜒𝜕1𝜑ℎ(𝑥𝜒), and ℎ𝜒𝜕2𝜑ℎ(𝑥𝜒) for all 𝜒 ∈ 𝒱𝐾
ℎ with position vector 𝑥𝜒 and

associated characteristic length ℎ𝜒.

In the definition of Ξ𝑐
2, we introduced a characteristic vertex length to remove the scaling of ∇𝜑ℎ(𝑥𝜒) with

respect to ℎ. The characteristic length associated with vertex 𝜒 can be defined in different ways, for example,
by taking the square root of the area of all the elements to which vertex 𝜒 belongs or the average of the distance
from 𝜒 to the connected vertices. However, the theoretical properties of the VEM are almost insensitive to this
definition if the quantity ℎ𝜒, which is geometrically associated with vertex 𝜒, scales like ℎ.

Let Π0,𝐾
𝐶 : ̂︁U𝐶

ℎ (𝐾) → P2(𝐾) ⊂ ̂︁U𝐶
ℎ (𝐾) be the 𝐿2-orthogonal projection operator. For all 𝜑ℎ ∈ ̂︁U𝐶

ℎ (𝐾), the
projection Π0,𝐾

𝐶 𝜑ℎ is computable from the values of the functionals Ξ𝑐
1−Ξ𝑐

2 applied to 𝜑ℎ, cf. [2]. Now, for all
𝐾 ∈ Ωℎ, we define the 𝐶1-regular, conforming virtual element space

U𝐶
ℎ (𝐾) :=

{︂
𝜑ℎ ∈ ̂︁U𝐶

ℎ (𝐾) :
∫︁

𝐾

(︁
𝜑ℎ −Π0,𝐾

𝐶 𝜑ℎ

)︁
𝑞 = 0 ∀𝑞 ∈ P2(𝐾)

}︂
. (4.5)
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The functionals Ξ𝑐
1−Ξ𝑐

2 are unisolvent in the finite-dimensional space U𝐶
ℎ (𝐾), and we can take them as the

degrees of freedom of the functions of this space. We define the global, 𝐶1-regular, conforming virtual element
space as

U𝐶
ℎ :=

{︁
𝜑ℎ ∈ 𝐻2(Ω) : 𝜑ℎ|𝐾 ∈ U𝐶

ℎ (𝐾)
}︁
. (4.6)

The degrees of freedom of U𝐶
ℎ , which we still denote as Ξ𝑐

1−Ξ𝑐
2 with some abuse of notation, are given by

collecting the elemental degrees of freedom.
Let (𝜓1,𝜒)𝜒∈𝒱ℎ

and (𝜓2,𝜒)𝜒∈𝒱ℎ
be the canonical basis functions associated with the degrees of freedom Ξ𝑐

1,𝜒

and Ξ𝑐
2,𝜒, respectively. We define the enriching operator Tℎ : Uℎ → U𝐶

ℎ as

Tℎ(𝜑ℎ)(𝑥) :=
∑︁

𝜒∈𝒱ℎ

(︀
Ξ𝑐

1,𝜒(Tℎ(𝜑ℎ))𝜓1,𝜒(𝑥) + Ξ𝑐
2,𝜒(Tℎ(𝜑ℎ))𝜓2,𝜒(𝑥)

)︀
∀𝜑ℎ ∈ Uℎ, (4.7)

so that for all 𝜑ℎ ∈ Uℎ, Tℎ(𝜑ℎ) ∈ U𝐶
ℎ is uniquely characterized through its vertex values and vertex gradient

values. To define such values, we consider the 𝑝𝑎𝑡𝑐ℎ of a vertex 𝜒, denoted by W(𝜒), which is the union of the
elements of Ωℎ sharing vertex 𝜒. Let N(𝜒) denote the total number of elements contributing to patch W(𝜒).
We define the degrees of freedom of Tℎ(𝜑ℎ) by using the projection operator Π2,𝐾 on the nonconforming space
defined in (3.20), so that

– Ξ𝑐
1,𝜒(Tℎ(𝜑ℎ)) := Tℎ(𝜑ℎ)(𝑥𝜒) = 1

N(𝜒)

∑︀
̂︀𝐾∈W(𝜒) Π2, ̂︀𝐾𝜑ℎ| ̂︀𝐾(𝑥𝜒) for all internal vertices 𝜒;

– Ξ𝑐
2,𝜒(Tℎ(𝜑ℎ)) := ℎ𝜒∇Tℎ(𝜑ℎ)(𝑥𝜒) = 1

N(𝜒)

∑︀
̂︀𝐾∈W(𝜒) ℎ𝜒∇(Π2, ̂︀𝐾𝜑ℎ| ̂︀𝐾)(𝑥𝜒) for all internal vertices 𝜒.

We state the approximation property of Tℎ, see [3], in the following lemma.

Lemma 4.3. For all 𝜙ℎ ∈ Uℎ, there exists a real, positive constant 𝐶, which is independent of ℎ, such that

‖𝜙ℎ − Tℎ𝜙ℎ‖0,Ω + ℎ|𝜙ℎ − Tℎ𝜙ℎ|1,ℎ + ℎ2|Tℎ𝜙ℎ|2,ℎ ≤ 𝐶 ℎ2 |𝜙ℎ|2,ℎ. (4.8)

Remark 4.1. In [43], the enrichment operator was first developed to derive medius error analysis of fourth-order
problems for the fully nonconforming VEM space of reference [9]. In [3], the construction and approximation
properties of the enrichment operator are derived on the fully nonconforming Morley-type VEM space as [54].
Furthermore, we emphasize that the construction of the enrichment operator in [3] is different from that in [43].

4.3. A priori error estimates

In this section, we prove the convergence of the method and derive an error estimate in the broken 𝐻2-
seminorm (3.3). To this end, we need a few technical results. First, by employing the degrees of freedom
associated with the discrete space, and proceeding as in Lemmas 4.10 and 4.11 of reference [3], we deduce the
results that we formally state in this lemma.

Lemma 4.4.

– Let 𝜓 ∈ 𝐻2+𝑟(Ω), 𝑟 ∈ [0, 1]. Then, it holds that

𝒜(𝜓, 𝜑ℎ − Tℎ𝜑ℎ) ≤ 𝐶 ℎ𝑟 ‖𝜓‖2+𝑟,Ω |𝜑ℎ|2,ℎ ∀𝜑ℎ ∈ Uℎ,

for some positive constant 𝐶 independent of ℎ.
– Let 𝜙, 𝜂 ∈ 𝐻2+𝑟(Ω), 𝑟 ∈ [0, 1]. Then, it holds that

𝒜(𝜙, 𝜂 − 𝜂𝐼) ≤ 𝐶 ℎ2𝑟 ‖𝜙‖2+𝑟,Ω ‖𝜂‖2+𝑟,Ω,

for some positive constant 𝐶 independent of ℎ, and where 𝜂𝐼 is the interpolant of 𝜂 in the virtual element
space Uℎ with the approximation property stated in Lemma 4.1.
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Then, we introduce the consistency error that for the scalar function 𝑢 ∈ 𝐻2(Ω) is given by

𝒩ℎ(𝑢, 𝜑ℎ) = A(𝑢, 𝜑ℎ)−ℱ(𝜑ℎ) ∀𝜑ℎ ∈ Uℎ. (4.9)

By employing the enriching operator Tℎ, we bound the consistency error 𝒩ℎ(·, ·) as in the following theorem.

Theorem 4.1. Let 𝜓 ∈ 𝐻2+𝑟(Ω), 𝑟 ∈ (1/2, 1], be the weak solution of (2.3). Then, there exists a constant
𝐶 > 0 independent of ℎ such that

𝒩ℎ(𝜓, 𝜑ℎ) ≤ 𝐶ℎ𝑟(‖𝜓‖2+𝑟,Ω + ‖f‖0,Ω) |𝜑ℎ|2,ℎ,

for each virtual element functions 𝜑ℎ ∈ Uℎ. The constant 𝐶 is independent of ℎ, but depends on the stability
constants of 𝒜(·, ·) and 𝒞(·, ·), and the mesh regularity parameter 𝛾.

Proof. By using the definition of 𝒩ℎ(·, ·) and A(·, ·), adding and subtracting ℱ(Tℎ𝜑ℎ) and using equation (3.1),
we have

𝒩ℎ(𝜓, 𝜑ℎ) := A(𝜓, 𝜑ℎ)−ℱ(𝜑ℎ) = A(𝜓, 𝜑ℎ)−ℱ(Tℎ𝜑ℎ) + ℱ(Tℎ𝜑ℎ)−ℱ(𝜑ℎ)
= 𝒜(𝜓, 𝜑ℎ − Tℎ𝜑ℎ) + ℬ(𝜓, 𝜑ℎ − Tℎ𝜑ℎ) + 𝒞(𝜓, 𝜑ℎ − Tℎ𝜑ℎ) + ℱ(Tℎ𝜑ℎ)−ℱ(𝜑ℎ). (4.10)

By using Lemma 4.4, we bound the term 𝒜(𝜓, 𝜑ℎ − Tℎ𝜑ℎ) as follow

𝒜(𝜓, 𝜑ℎ − Tℎ𝜑ℎ) ≤ 𝐶 ℎ𝑟 |𝜓|2+𝑟,Ω |𝜑ℎ|2,ℎ. (4.11)

An application of the approximation properties of Tℎ yields the the following estimate

ℬ(𝜓, 𝜑ℎ − Tℎ𝜑ℎ) ≤ 𝐶𝛽 ‖𝜓‖2,Ω |𝜑ℎ − Tℎ𝜑ℎ|1,ℎ ≤ ̃︁𝐶𝛽 ‖𝜓‖2,Ω ℎ |𝜑ℎ|2,ℎ, (4.12)

where ̃︁𝐶𝛽 contains 𝐶𝛽 , and the constant 𝐶 appeared in Lemma 4.3. Upon using the approximation property of
Tℎ stated in Lemma 4.3, we bound the term 𝒞(·, ·) as follows

𝒞(𝜓, 𝜑ℎ − Tℎ𝜑ℎ) ≤ 𝐶|𝜓|1,Ω |𝜑ℎ − Tℎ𝜑ℎ|1,ℎ ≤ 𝐶ℎ‖𝜓‖1,Ω |𝜑ℎ|2,ℎ. (4.13)

Using the approximation property of Tℎ, we bound the load term as follows

|ℱ(Tℎ𝜑ℎ)−ℱ(𝜑ℎ)| ≤

⃒⃒⃒⃒
⃒ ∑︁
𝐾∈Ωℎ

∫︁
𝐾

f · curl (Tℎ𝜑ℎ − 𝜑ℎ)

⃒⃒⃒⃒
⃒ ≤ ‖f‖0,Ω |Tℎ𝜑ℎ − 𝜑ℎ|1,ℎ

≤ 𝐶 ‖f‖0,Ω ℎ |𝜑ℎ|2,ℎ. (4.14)

Inserting the estimates (4.11)–(4.14) in (4.10), we obtain the assertion of the lemma. �

Then, we state two different bounds for the convective bilinear form ℬ(·, ·).

Lemma 4.5. For 𝑟 ∈ [0, 1], we let 𝜓 ∈ 𝐻2+𝑟(Ω) be the weak solution of (2.3) and Tℎ be the enriching operator
defined in (4.7). Then, for each discrete function 𝜑ℎ ∈ Uℎ, the following bound holds

ℬ(𝜑ℎ − Tℎ𝜑ℎ, 𝜓) ≤ 𝐶 ℎ𝑟‖𝜓‖2+𝑟,Ω |𝜑ℎ|2,ℎ ∀𝑟 ∈ [0, 1], (4.15)

where 𝐶 is a real, positive constant independent of ℎ.
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Proof. According to Section 4.1 of [29], the theorem is true for all 𝑟 ∈ [0, 1] if it is true for 𝑟 = 0 and 𝑟 = 1. By
choosing 𝑟 = 0, we bound the left-hand side of (4.15) as follows

ℬ(𝜑ℎ − Tℎ𝜑ℎ, 𝜓) =
∑︁

𝐾∈Ωℎ

∫︁
𝐾

(∇curl (𝜑ℎ − Tℎ𝜑ℎ))𝛽 · curl𝜓

≤ 𝐶𝛽‖𝜑ℎ − Tℎ𝜑ℎ‖2,ℎ|𝜓|1,ℎ ≤ 𝐶𝛽‖𝜓‖2,Ω ‖𝜑ℎ‖2,ℎ.

Then, we assume 𝑟 = 1, so that 𝜓 ∈ 𝐻3(Ω). For 𝜑ℎ ∈ Uℎ, from an integration by parts we obtain

ℬ(𝜑ℎ − Tℎ𝜑ℎ, 𝜓) =
∑︁

𝐾∈Ωℎ

∫︁
𝐾

(∇curl (𝜑ℎ − Tℎ𝜑ℎ))𝛽 · curl𝜓

=
∑︁

𝐾∈Ωℎ

(︂
−
∫︁

𝐾

curl (𝜑ℎ − Tℎ𝜑ℎ) · (∇curl𝜓)𝛽

+
∫︁

𝜕𝐾

(curl (𝜑ℎ − Tℎ𝜑ℎ) · curl𝜓) (𝛽 · n𝐾)
)︂

=: 𝑇1 + 𝑇2. (4.16)

The Cauchy–Schwartz inequality and Lemma 4.3 provide an upper bound on the first term

𝑇1 ≤

(︃ ∑︁
𝐾∈Ωℎ

|(𝜑ℎ − Tℎ𝜑ℎ)|21,𝐾

)︃1/2(︃ ∑︁
𝐾∈Ωℎ

‖∇curl𝜓𝛽‖20,𝐾

)︃1/2

≤ 𝐶𝛽 |𝜑ℎ − Tℎ𝜑ℎ|1,ℎ ‖𝜓‖2,Ω ≤ ̃︁𝐶𝛽ℎ|𝜑ℎ|2,ℎ ‖𝜓‖2,Ω. (4.17)

We rewrite the elemental summation in 𝑇2 as a summation on the internal edges; then, we split all edge integrals
into a tangential and a normal component as

𝑇2 =
∑︁

𝐾∈Ωℎ

∫︁
𝜕𝐾

(∇(𝜑ℎ − Tℎ𝜑ℎ) · ∇𝜓)(𝛽 · n𝐾)

=
∑︁

𝑒∈ℰint
ℎ

(𝛽 · n𝐾)
(︂∫︁

𝑒

J∇(𝜑ℎ − Tℎ𝜑ℎ) · n𝑒K∇𝜓 · n𝑒 +
∫︁

𝑒

s
𝜕(𝜑ℎ − Tℎ𝜑ℎ)

𝜕t

{
𝜕𝜓

𝜕t

)︂
= 𝑇2,1 + 𝑇2,2. (4.18)

Since Tℎ𝜑ℎ ∈ U𝐶
ℎ ⊂ 𝐶1(Ω), and the normal derivatives of 𝜑ℎ along 𝑒 ∈ ℰ int, i.e., 𝜕n𝜑ℎ = n ·∇𝜑ℎ, are the degrees

of freedom of the nonconforming space Uℎ, we find that∫︁
𝑒

𝑞0J∇(𝜑ℎ − Tℎ𝜑ℎ) · n𝑒K = 0 ∀𝑞0 ∈ P0(𝑒).

We choose 𝑞0 = T0
𝑒(∇𝜓 · n𝑒). Then, by employing the trace inequality from Lemma 4.2 and the estimate for

enriching operator from Lemma 4.3, we rewrite 𝑇2,1 as follows

𝑇2,1 =
∑︁

𝑒∈ℰint
ℎ

∫︁
𝑒

J∇(𝜑ℎ − Tℎ𝜑ℎ) · n𝑒K∇𝜓 · n𝑒

=
∑︁

𝑒∈ℰint
ℎ

∫︁
𝑒

J∇(𝜑ℎ − Tℎ𝜑ℎ) · n𝑒K
(︀
∇𝜓 · n𝑒 − T0

𝑒(∇𝜓 · n𝑒)
)︀

≤ 𝐶 ℎ ‖𝜓‖2,Ω |𝜑ℎ|2,ℎ. (4.19)
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Since Tℎ𝜑ℎ ∈ 𝐶1(Ω), and 𝜑ℎ is continuous at the internal vertices, jump J𝜑ℎ − Tℎ𝜑ℎK must be zero at every
edge endpoint. Therefore, for all constant polynomial 𝑞0, we find that∫︁

𝑒

𝑞0

s
𝜕(𝜑ℎ − Tℎ𝜑ℎ)

𝜕t

{
= −

∫︁
𝑒

𝜕𝑞0
𝜕t𝑒

J𝜑ℎ − Tℎ𝜑ℎK + (J𝜑ℎ − Tℎ𝜑ℎK𝑞0)(𝑥𝜒2)

− (J𝜑ℎ − Tℎ𝜑ℎK𝑞0)(𝑥𝜒1) = 0,

where 𝑥𝜒1 and 𝑥𝜒2 are the position vectors of the vertices at the endpoints of edge 𝑒. We take 𝑞0 = −T0
𝑒(𝜕𝜓/𝜕t)

and use the trace inequality of Lemma 4.2, and we bound term 𝑇2,2 as follows

𝑇2,2 =
∑︁

𝑒∈ℰint
ℎ

∫︁
𝑒

s
𝜕(𝜑ℎ − Tℎ𝜑ℎ)

𝜕t

{
𝜕𝜓

𝜕t

=
∑︁

𝑒∈ℰint
ℎ

∫︁
𝑒

s
𝜕(𝜑ℎ − Tℎ𝜑ℎ)

𝜕t

{(︂
𝜕𝜓

𝜕t
− T0

𝑒

(︂
𝜕𝜓

𝜕t

)︂)︂
≤ 𝐶 ℎ ‖𝜓‖2,Ω |𝜑ℎ|2,ℎ. (4.20)

Finally, the theorem’s assertion follows on using estimates (4.17), (4.19), and (4.20) in (4.16). �

Lemma 4.6. For 𝑟 ∈ [0, 1], we let 𝜉 ∈ 𝐻2+𝑟(Ω) and 𝜂 ∈ 𝐻2+𝑟(Ω) ∩ U. Then, the following estimate holds

ℬ(𝜂 − 𝜂𝐼 , 𝜉) ≤ 𝐶 ℎ2𝑟 ‖𝜂‖2+𝑟,Ω‖𝜉‖2+𝑟,Ω,

for some positive constant 𝐶 independent of ℎ.

Proof. As in the proof of Lemma 4.5, we only need to consider the lemma’s statement for 𝑟 = 0 and 𝑟 = 1. For
𝑟 = 0, the result follows immediately from the Cauchy–Schwarz inequality. For 𝑟 = 1, we first integrate by parts
and deduce that

ℬ(𝜂 − 𝜂𝐼 , 𝜉) =
∑︁

𝐾∈Ωℎ

∫︁
𝐾

(∇curl (𝜂 − 𝜂𝐼))𝛽 · curl 𝜉

= −
∑︁

𝐾∈Ωℎ

∫︁
𝐾

curl (𝜂 − 𝜂𝐼) · (∇curl 𝜉)𝛽

+
∑︁

𝑒∈ℰint
ℎ

(𝛽 · n𝐾)
(︂∫︁

𝑒

J∇(𝜂 − 𝜂𝐼) · n𝑒K∇𝜉 · n𝑒 +
∫︁

𝑒

s
𝜕(𝜂 − 𝜂𝐼)

𝜕t

{
𝜕𝜉

𝜕t

)︂
= 𝑇1 + 𝑇2. (4.21)

We first use the Cauchy–Schwarz inequality; then, we note that 𝜂 ∈ 𝐻3(Ω) and we apply the error estimate for
the interpolation operator from Lemma 4.1, cf. equation 4.2, and we find that

|𝑇1| ≤
∑︁

𝐾∈Ωℎ

⃒⃒⃒⃒∫︁
𝐾

curl (𝜂 − 𝜂𝐼) · (∇curl 𝜉)𝛽
⃒⃒⃒⃒
≤ 𝐶𝛽 |𝜂 − 𝜂𝐼 |1,Ω |𝜉|2,Ω

≤ ̂︁𝐶𝛽 ℎ2 ‖𝜂‖3,Ω ‖𝜉‖2,Ω,

where ̂︁𝐶𝛽 is the constant depends on 𝐶𝛽 , and the constant appeared in the interpolation estimates in Lemma 4.1.
By using the same argument to estimate term 𝑇2 in the proof of Lemma 4.5, we find the following upper bound
for the edge integrals

|𝑇2| ≤
∑︁

𝑒∈ℰint
ℎ

(𝛽 · n𝐾)
⃒⃒⃒⃒∫︁

𝑒

J∇(𝜂 − 𝜂𝐼) · n𝑒K∇𝜉 · n𝑒 +
∫︁

𝑒

s
𝜕(𝜂 − 𝜂𝐼)

𝜕t

{
𝜕𝜉

𝜕t

⃒⃒⃒⃒
≤ ̂︁𝐶𝛽 ℎ2 ‖𝜂‖3,Ω ‖𝜉‖2,Ω,

where again we used the fact that 𝜂 is supposed to belong to 𝐻3(Ω). �
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Finally, we proceed to estimate the term ‖𝜓 − 𝜓ℎ‖2,ℎ. In the next theorem, we first provide an abstract
convergence result. Then, using the approximation estimates derived above, we show a bound for this error.

Theorem 4.2. Let the mesh regularity Assumption 1 holds and 𝜓 ∈ U and 𝜓ℎ ∈ Uℎ be the continuous and
discrete solution of (2.3) and (3.1), respectively. Then, there exists a positive constant 𝐶 such that

‖𝜓 − 𝜓ℎ‖2,ℎ ≤ 𝐶

(︂
|𝜓 − 𝜓𝐼 |2,ℎ + |𝜓 − 𝜓𝜋|2,ℎ + ‖ℱ − ℱℎ‖𝐻−2(Ω) + sup

𝜑ℎ ̸=0∈Uℎ

𝒩 (𝜓, 𝜑ℎ)
|𝜑ℎ|2,ℎ

)︂
, (4.22)

where 𝒩 (𝜓, 𝜑ℎ) is the consistency error defined in (4.9) and 𝜓𝐼 and 𝜓𝜋 can respectively be any suitable inter-
polant of 𝜓 in Uℎ and any suitable piecewise-quadratic polynomial approximation of 𝜓 defined on Ωℎ.

Furthermore, if 𝜓 ∈ 𝐻2+𝑟(Ω), 𝑟 ∈ (1/2, 1], we have the estimate

‖𝜓 − 𝜓ℎ‖2,ℎ ≤ 𝐶ℎ𝑟
(︁
‖𝜓‖2+𝑟,Ω + ‖f‖0,Ω

)︁
. (4.23)

The constant 𝐶 in (4.22) and (4.23) is independent of ℎ, but may depend on the model coefficients 𝜈 and 𝛾,
constant 𝐶𝛽, the mesh regularity constant 𝜌, and the stability and coercivity constants of the bilinear forms used
in the method’s formulation.

Proof. By using the interpolant 𝜓𝐼 , we split the term 𝜓 − 𝜓ℎ as 𝜓 − 𝜓ℎ = 𝜓 − 𝜓𝐼 + 𝜓𝐼 − 𝜓ℎ. Then, we denote
𝛿ℎ = 𝜓ℎ−𝜓𝐼 . By using the coercivity property of Aℎ(·, ·), cf. Lemma 3.6, adding and subtracting the interpolant
𝜓𝐼 ∈ Uℎ and the piecewise-quadratic polynomial approximation 𝜓𝜋 built on mesh Ωℎ, using the definition of the
non-conforming error given in (4.9), and equation (3.1), and suitably splitting the resulting terms, we obtain

̂︀𝐶|𝛿ℎ|22,ℎ ≤ Aℎ(𝛿ℎ, 𝛿ℎ) = Aℎ(𝜓ℎ, 𝛿ℎ)− Aℎ(𝜓𝐼 , 𝛿ℎ)

= ℱℎ(𝛿ℎ)−
∑︁

𝐾∈Ωℎ

A𝐾
ℎ (𝜓𝐼 − 𝜓𝜋, 𝛿ℎ)−

∑︁
𝐾∈Ωℎ

A𝐾
ℎ (𝜓𝜋, 𝛿ℎ)

= ℱℎ(𝛿ℎ)−
∑︁

𝐾∈Ωℎ

A𝐾
ℎ (𝜓𝐼 − 𝜓𝜋, 𝛿ℎ)−

∑︁
𝐾∈Ωℎ

(︀
A𝐾

ℎ (𝜓𝜋, 𝛿ℎ)− A𝐾(𝜓, 𝛿ℎ)
)︀
−
∑︁

𝐾∈Ωℎ

A𝐾(𝜓, 𝛿ℎ)

= [ℱℎ(𝛿ℎ)−ℱ(𝛿ℎ)] + [−𝒩ℎ(𝜓, 𝛿ℎ)] +

[︃
−
∑︁

𝐾∈Ωℎ

A𝐾
ℎ (𝜓𝐼 − 𝜓𝜋, 𝛿ℎ)

]︃

+

[︃
−
∑︁

𝐾∈Ωℎ

(︀
A𝐾

ℎ (𝜓𝜋, 𝛿ℎ)− A𝐾(𝜓, 𝛿ℎ)
)︀]︃

= 𝑇1 + 𝑇2 + 𝑇3 + 𝑇4. (4.24)

The abstract convergence result (4.22) is an immediate consequence of (4.24). Further, by employing polynomial
consistency (Lem. 3.5) of A𝐾(·, ·), and Cauchy–Schwarz inequality, we bound 𝑇4 as follows.

|𝑇4| =

⃒⃒⃒⃒
⃒ ∑︁
𝐾∈Ωℎ

(︀
A𝐾

ℎ (𝜓𝜋, 𝛿ℎ)− A𝐾(𝜓, 𝛿ℎ)
)︀⃒⃒⃒⃒⃒ =

⃒⃒⃒⃒
⃒ ∑︁
𝐾∈Ωℎ

A𝐾(𝜓𝜋 − 𝜓, 𝛿ℎ)

⃒⃒⃒⃒
⃒ ≤ 𝐶|𝜓 − 𝜓𝜋|2,ℎ |𝛿ℎ|2,ℎ,

where 𝐶 is a positive generic constant. To prove (4.23), we will separately bound all terms 𝑇𝑖, for 𝑖 = 1, 2, 3, 4,
and assume that the polynomial approximation 𝜓𝜋 and the interpolant 𝜓𝐼 have the approximation properties
stated in Lemma 4.1. By employing the approximation properties of Π1,𝐾 , we bound the term

|𝑇1| = |ℱℎ(𝛿ℎ)−ℱ(𝛿ℎ)| ≤ 𝐶ℎ‖f‖0,Ω |𝛿ℎ|2,ℎ. (4.25)

Upon employing the result of Theorem 4.1, we can bound the term 𝒩ℎ(𝜓, 𝛿ℎ) as follows

|𝑇2| = |𝒩ℎ(𝜓, 𝛿ℎ)| ≤ 𝐶ℎ𝑟(‖𝜓‖2+𝑟,Ω + ‖f‖0,Ω) |𝛿ℎ|2,ℎ. (4.26)
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By using the continuity of discrete bilinear form A𝐾
ℎ (·, ·), adding and subtracting 𝜓, and using Lemma 4.1, we

find that

|𝑇3| ≤
∑︁

𝐾∈Ωℎ

⃒⃒
A𝐾

ℎ (𝜓𝐼 − 𝜓𝜋, 𝛿ℎ)
⃒⃒
≤ 𝐶

∑︁
𝐾∈Ωℎ

|𝜓𝐼 − 𝜓𝜋|2,𝐾 |𝛿ℎ|2,𝐾

≤ 𝐶
∑︁

𝐾∈Ωℎ

(︁
|𝜓𝐼 − 𝜓|2,𝐾 + |𝜓 − 𝜓𝜋|2,𝐾

)︁
|𝛿ℎ|2,𝐾

≤ 𝐶
(︁
|𝜓𝐼 − 𝜓|2,ℎ + |𝜓 − 𝜓𝜋|2,ℎ

)︁
|𝛿ℎ|2,ℎ ≤ 𝐶ℎ𝑟‖𝜓‖2+𝑟,Ω|𝛿ℎ|2,ℎ. (4.27)

The difference between continuous and discrete bilinear forms in (4.28) can be estimated as follows

|𝑇4| ≤
∑︁

𝐾∈Ωℎ

⃒⃒
A𝐾

ℎ (𝜓𝜋, 𝛿ℎ)− A𝐾(𝜓, 𝛿ℎ)
⃒⃒

≤
∑︁

𝐾∈Ωℎ

(︀⃒⃒
𝒜𝐾

ℎ (𝜓𝜋, 𝛿ℎ)−𝒜𝐾(𝜓, 𝛿ℎ)
⃒⃒
+
⃒⃒
ℬ𝐾

ℎ (𝜓𝜋, 𝛿ℎ)− ℬ𝐾(𝜓, 𝛿ℎ)
⃒⃒

+
⃒⃒
𝒞𝐾

ℎ (𝜓𝜋, 𝛿ℎ)− 𝒞𝐾(𝜓, 𝛿ℎ)
⃒⃒)︀
. (4.28)

We can reduce the discrete bilinear forms 𝒜ℎ(·, ·) and 𝒞ℎ(·, ·) to their continuous counterpart, i.e., 𝒜(·, ·) and
𝒞(·, ·), respectively, for polynomial functions. On using the continuity and the approximation property of Π1,𝐾

yields ∑︁
𝐾∈Ωℎ

⃒⃒
𝒜𝐾

ℎ (𝜓𝜋, 𝛿ℎ)−𝒜𝐾(𝜓, 𝛿ℎ)
⃒⃒
≤ 𝐶ℎ𝑟‖𝜓‖2+𝑟,Ω |𝛿ℎ|2,ℎ, (4.29)

and, similarly, ∑︁
𝐾∈Ωℎ

⃒⃒
𝒞𝐾

ℎ (𝜓𝜋, 𝛿ℎ)− 𝒞𝐾(𝜓, 𝛿ℎ)
⃒⃒
≤ 𝐶 ℎ𝑟 ‖𝜓‖2+𝑟,Ω |𝛿ℎ|2,ℎ. (4.30)

Then, we estimate |ℬ𝐾
ℎ (𝜓𝜋, 𝛿ℎ)− ℬ𝐾(𝜓, 𝛿ℎ)|, the local error on the convective term, as follows∑︁

𝐾∈Ωℎ

⃒⃒
ℬ𝐾

ℎ (𝜓𝜋, 𝛿ℎ)− ℬ𝐾(𝜓, 𝛿ℎ)
⃒⃒
=
∑︁

𝐾∈Ωℎ

⃒⃒⃒⃒∫︁
𝐾

∇Π1,𝐾curl𝜓𝜋𝛽 ·Π1,𝐾curl 𝛿ℎ −
∫︁

𝐾

∇curl𝜓𝛽 · curl 𝛿ℎ

⃒⃒⃒⃒

=
∑︁

𝐾∈Ωℎ

⃒⃒⃒⃒ ∫︁
𝐾

(︁
Π1,𝐾(∇curl𝜓𝜋𝛽)−Π1,𝐾(∇curl𝜓𝛽) + Π1,𝐾(∇curl𝜓𝛽)

−∇curl𝜓𝛽
)︁
· curl 𝛿ℎ

⃒⃒⃒⃒
.

On employing the approximation properties of Π1,𝐾 , and boundedness of Π1,𝐾 in 𝐿2 norm, we obtain∑︁
𝐾∈Ωℎ

⃒⃒
ℬ𝐾

ℎ (𝜓𝜋, 𝛿ℎ)− ℬ𝐾(𝜓, 𝛿ℎ)
⃒⃒
≤ 𝐶(𝛽)ℎ𝑟‖𝜓‖2+𝑟,Ω ‖𝛿ℎ‖1,ℎ. (4.31)

Using estimates (4.29)–(4.31) in (4.28) provides the upper bound for |𝑇4|. By using the bound for 𝑇4 and
estimates (4.25)–(4.27) in (4.24), we obtain (4.22), which is the assertion of the theorem. �

5. Post-processing of velocity and vorticity

Once the nonconforming virtual element approximation 𝜓ℎ of the stream function 𝜓 is available, we can
recover velocity 𝑢, vorticity 𝜔, and pressure 𝑝 through suitable projection operators. In this section, we discuss
the post-processing of velocity and vorticity. In the next section, we discuss the pressure recovery.



THE NONCONFORMING VEM FOR OSEEN’S EQUATION 3321

5.1. Velocity recovery

We recall that if 𝜓 ∈ U is the unique solution of the the stream function variational formulation (2.3), then,
the velocity field is given by 𝑢 = curl𝜓. We define a piecewise-linear approximation of the velocity field 𝑢 as
𝑢ℎ = (𝑢ℎ|𝐾) with

𝑢ℎ|𝐾 := Π1,𝐾curl𝜓ℎ,

for all 𝐾 ∈ Ωℎ, where Π1,𝐾 is the projection operator (3.21). In fact, the piecewise-linear vector polyno-
mial Π1,𝐾curl𝜓ℎ is computable for all 𝜓ℎ ∈ Uℎ(𝐾) from the degrees of freedom of curl𝜓ℎ ∈

[︀
Uℎ(𝐾)

]︀2, cf.
Lemma 3.4. We state the convergence of the velocity variable approximation in the next theorem.

Theorem 5.1. Let 𝜓 ∈ 𝐻2+𝑟(Ω), 𝑟 ∈ (1/2, 1], be the unique solution of the stream function variational for-
mulation (2.3). Let 𝑢ℎ = Π1,𝐾curl𝜓ℎ, where 𝜓ℎ ∈ Uℎ is the virtual element approximation of 𝜓 solving (3.1)
under the mesh-regularity assumptions (A1)−(A2), cf. Assumption 1. Then, it holds that

|𝑢− 𝑢ℎ|1,ℎ ≤ 𝐶ℎ𝑟(‖𝜓‖2+𝑟,Ω + ‖f‖0,Ω),

for some real, positive constant 𝐶, independent of ℎ.

Proof. We add and subtract Π1,𝐾curl𝜓, use the approximation properties of Π1,𝐾 from Lemma 3.4, and find
that

|𝑢− 𝑢ℎ|21,ℎ =
⃒⃒⃒
curl𝜓 −Π1,𝐾curl𝜓ℎ

⃒⃒⃒2
1,ℎ

≤
∑︁

𝐾∈Ωℎ

⃒⃒⃒
curl𝜓 −Π1,𝐾curl𝜓

⃒⃒⃒2
1,𝐾

+
⃒⃒⃒
Π1,𝐾(curl𝜓 − curl𝜓ℎ)

⃒⃒⃒2
1,𝐾

≤ 𝐶ℎ2𝑟
(︀
|𝜓|22+𝑟,Ω+ ‖ f ‖20,Ω

)︀
.

�

5.2. Vorticity recovery

By applying the projection operator Π0
𝐾 and a post-processing technique, we compute an approximation of

the fluid vorticity 𝜔 = rot𝑢. Using the identity 𝑢 = curl𝜓 and the definitions of the differential operators
curl and rot, see Section 2.1, yields

𝜔 = rot𝑢 = rot (curl𝜓) = Δ𝜓.

Let 𝜓ℎ ∈ Uℎ be the unique solution to (3.1). We define the local post-processed vorticity as

𝜔𝐾
ℎ := Π0

𝐾(Δ𝜓ℎ) =
1
|𝐾|

∫︁
𝐾

Δ𝜓ℎ =
1
|𝐾|

∑︁
𝑒⊂𝜕𝐾

∫︁
𝑒

𝜕n𝑒𝜓ℎ, (5.1)

by noting that Δ𝜓ℎ = ∇ · ∇𝜓ℎ and applying the Divergence Theorem, where we recall that |𝐾| is the area of
the polygon 𝐾. The local vorticity 𝜔𝐾

ℎ is computable from the degrees of freedom Ξ2. In the next theorem, we
will estimate the error of the approximation 𝜔ℎ in 𝐿2 norm.

Theorem 5.2. Let 𝜓 ∈ 𝐻2+𝑟(Ω), 𝑟 ∈ (1/2, 1], be the unique solution of the stream function variational for-
mulation (2.3). Let 𝜓ℎ ∈ Uℎ be the virtual element approximation of 𝜓 solving (3.1) under the mesh-regularity
assumptions (A1)−(A2), cf. Assumption 1. Then, there exists a real, positive constant 𝐶, independent of ℎ,
such that

‖𝜔 − 𝜔ℎ‖0,Ω ≤ 𝐶ℎ𝑟(‖𝜓‖2+𝑟,Ω + ‖f‖0,Ω).
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Proof. By using the definition of the continuous and discrete vorticity, the boundedness of the projection
operator Π0

𝐾 , and the result of Theorem 4.2, we obtain

‖𝜔 − 𝜔ℎ‖20,Ω =
∑︁

𝐾∈Ωℎ

⃦⃦
𝜔 − 𝜔𝐾

ℎ

⃦⃦2

0,𝐾
=
∑︁

𝐾∈Ωℎ

⃦⃦
Δ𝜓 −Π0

𝐾Δ𝜓ℎ

⃦⃦2

0,𝐾

≤
∑︁

𝐾∈Ωℎ

2
(︁⃦⃦

Δ𝜓 −Π0
𝐾Δ𝜓

⃦⃦2

0,𝐾
+
⃦⃦
Π0

𝐾(Δ𝜓 −Δ𝜓ℎ)
⃦⃦2

0,𝐾

)︁
≤ 𝐶 ℎ2𝑟

(︀
|𝜓|22+𝑟,Ω + ‖f‖20,Ω

)︀
.

�

6. Post-processing of pressure

In this section we present a post-processing technique that allows us to approximate the pressure variable
from the virtual element stream function 𝜓ℎ solving (3.1), cf. Section 3. Such an approximation is found in the
discrete space

𝒬ℎ :=
{︁
𝑞ℎ ∈ 𝐿2

0(Ω) : 𝑞ℎ|𝐾 ∈ P0(𝐾) ∀𝐾 ∈ Ωℎ

}︁
. (6.1)

To this end, we need to introduce the auxiliary space

̂︁Vℎ :=

{︃
𝑣ℎ ∈ Vℎ :

∑︁
𝐾∈Ωℎ

∫︁
𝐾

𝑞ℎ div 𝑣ℎ = 0 ∀𝑞ℎ ∈ 𝒬ℎ

}︃
, (6.2)

which is obviously a subspace of the virtual element space Vℎ defined in (3.12).
First, we prove that the virtual element space Uℎ defined in (3.17) for the stream function approximation

and the velocity space Vℎ defined in (3.12) are in a Stokes complex relation.

Lemma 6.1. Let Uℎ be the virtual element space defined in (3.17) and Vℎ the nonconforming virtual element
space space defined in (3.12). Then, it holds that

curl Uℎ ⊂ Vℎ. (6.3)

Moreover, it also holds that

curl Uℎ = ̂︁Vℎ, (6.4)

where ̂︁Vℎ is the subspace of Vℎ defined in (6.2).

Proof. Relation (6.3) follows from Lemma 21 of [55]. To prove (6.4), we first note that any vector-valued field
𝑣ℎ ∈ curl Uℎ is (trivially) divergence-free, i.e., div 𝑣ℎ = 0, and necessarily belongs to ̂︁Vℎ. Consequently, it holds
that curl Uℎ ⊆ ̂︁Vℎ, and we only need to prove that the two spaces have the same dimension. Let 𝑁𝒱ℎ , 𝑁ℰℎ ,
and 𝑁𝒫ℎ denote the total number of vertices, edges, and polygonal cells of mesh Ωℎ, respectively. The space
definition (3.12) implies that

dim
(︁̂︁Vℎ

)︁
= 2𝑁ℰℎ −𝑁𝒫ℎ . (6.5)

Since div curl Uℎ = 0, we infer that

dim(curl Uℎ) = dim(Uℎ)− 1 = 𝑁𝒱ℎ +𝑁ℰℎ − 1. (6.6)
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Using (6.6) and (6.5), and the Euler formula for a polygonal element, i.e., 𝑁𝒱ℎ +𝑁𝒫ℎ = 𝑁ℰℎ + 1, we deduce
that

dim(curl Uℎ)− dim
(︁̂︁Vℎ

)︁
=
(︀
𝑁𝒱ℎ +𝑁ℰℎ − 1

)︀
−
(︀
2𝑁ℰℎ −𝑁𝒫ℎ

)︀
= 𝑁𝒱ℎ +𝑁𝒫ℎ −𝑁ℰℎ − 1 = 0,

which implies the assertion of the lemma. �

Then, we rewrite (2.2a) as follows

𝑏(𝑣, 𝑝) :=
∫︁

Ω

𝑝 div 𝑣 = 𝜈

∫︁
Ω

∇𝑢 : ∇𝑣 +
∫︁

Ω

(∇𝑢)𝛽 · 𝑣 + 𝛾

∫︁
Ω

𝑢 · 𝑣 −
∫︁

Ω

f · 𝑣. (6.7)

Consider the functional F(𝜓, f)(·) :
[︀
𝐻1(Ω)

]︀2 → R such that

F(𝜓, f)(𝑣) := 𝜈

∫︁
Ω

∇curl𝜓 : ∇𝑣 +
∫︁

Ω

(∇curl𝜓)𝛽 · 𝑣 + 𝛾

∫︁
Ω

curl𝜓 · 𝑣 −
∫︁

Ω

f · 𝑣. (6.8)

Using definition (6.8) in (6.7), we reformulate (2.2a) as a variational problem for the pressure variable: For any
given 𝜓 ∈ U solving (2.4) with f ∈ 𝐿2(Ω), find 𝑝 ∈ 𝐿2

0(Ω) such that

𝑏(𝑣, 𝑝) = F(𝜓, f)(𝑣) ∀𝑣 ∈
[︀
𝐻1

0 (Ω)
]︀2
. (6.9)

According to the result of Theorem 5.1 of reference [36], the solution 𝑝 exists and is unique. Then, Lemma 6.1
implies that the discrete analog of (6.9) is also uniquely solvable. Now, we focus on redefining (6.9) into an
equivalent formulation that we know it is numerically solvable from the theory of the Stokes equations. To this
end, we consider the saddle-point problem: Find (𝑤, 𝑝) ∈ [𝐻1

0 (Ω)]2 × 𝐿2
0(Ω) such that

𝑎(𝑤,𝑣) + 𝑏(𝑣, 𝑝) = F(𝜓, f)(𝑣) ∀𝑣 ∈ H1
0(Ω), (6.10a)

𝑏(𝑤, 𝑞) = 0 ∀𝑞 ∈ 𝐿2
0(Ω), (6.10b)

where 𝑎(𝑢,𝑣) :=
∫︀
Ω
∇𝑢 : ∇𝑣 is an inner product on [𝐻1

0 (Ω)]2.

6.1. Discretization of the Stokes problem (6.10)

By employing the projection operator Π∇,𝐾 , we discretize the bilinear form 𝑎(·, ·) through the bilinear form
𝑎ℎ : Vℎ ×Vℎ → R, which is such that

𝑎ℎ(𝑢ℎ,𝑣ℎ) :=
∑︁

𝐾∈Ωℎ

𝑎𝐾
ℎ (𝑢ℎ,𝑣ℎ) =

∑︁
𝐾∈Ωℎ

(︁
𝑎𝐾
(︁
Π∇,𝐾𝑢ℎ,Π∇,𝐾𝑣ℎ

)︁
+ 𝑆𝐾

(︁
𝑢ℎ −Π∇,𝐾𝑢ℎ,𝑣ℎ −Π∇,𝐾𝑣ℎ

)︁)︁
,

where 𝑆𝐾(·, ·) is a symmetric, positive-definite bilinear form satisfying the stability condition

𝐶#𝑎
𝐾(𝑣ℎ,𝑣ℎ) ≤ 𝑆𝐾(𝑣ℎ,𝑣ℎ) ≤ 𝐶#𝑎𝐾(𝑣ℎ,𝑣ℎ) ∀𝑣ℎ ∈ Vℎ(𝐾) ∩ ker

(︁
Π∇,𝐾

)︁
,

for some pair of strictly positive, real constants 𝐶# and 𝐶#. Then, we define the bilinear form 𝑏ℎ : Vℎ×𝑄ℎ → R
as

𝑏ℎ(𝑣ℎ, 𝑝) :=
∑︁

𝐾∈Ωℎ

∫︁
𝐾

𝑝 div 𝑣ℎ. (6.11)
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Following [55], we define the discrete functional Fℎ(𝜓ℎ, f)(·) : Vℎ → R such that

Fℎ(𝜓ℎ, f)(𝑣ℎ) :=
∑︁

𝐾∈Ωℎ

∫︁
𝐾

(︂
𝜈∇Π1,𝐾curl𝜓ℎ : ∇Π∇,𝐾𝑣ℎ

+
(︁
∇Π1,𝐾curl𝜓ℎ

)︁
𝛽 ·𝒫𝐾

0 𝑣ℎ + 𝛾Π1,𝐾curl𝜓ℎ ·𝒫𝐾
0 𝑣ℎ − f ·𝒫𝐾

0 𝑣ℎ

)︂
, (6.12)

where we introduced the orthogonal projection 𝒫𝐾
0 : Vℎ(𝐾) → [P0(𝐾)]2 such that the constant vector field

𝒫𝐾
0 𝑣ℎ for all 𝑣ℎ ∈ Vℎ(𝐾) is computable from the degrees of freedom FCR

𝑒 (𝑣ℎ) of 𝑣ℎ, see (3.8). Note that
|Fℎ(𝜓ℎ, f)(𝑣ℎ)| ≤ 𝐶 |𝑣ℎ|1,ℎ for some real, positive constant 𝐶 independent of ℎ.

Finally, we consider the virtual element discretization of the Stokes problem (6.10) that reads as: Find
(𝑤ℎ, 𝑝ℎ) ∈ Vℎ ×𝒬ℎ such that

𝑎ℎ(𝑤ℎ,𝑣ℎ) + 𝑏ℎ(𝑣ℎ, 𝑝ℎ) = Fℎ(𝜓ℎ, f)(𝑣ℎ) ∀𝑣ℎ ∈ Vℎ, (6.13a)
𝑏ℎ(𝑤ℎ, 𝑞ℎ) = 0 ∀𝑞ℎ ∈ 𝒬ℎ, (6.13b)

where 𝒬ℎ is the space defined in (6.1). The scheme (6.13a) is well-posed since 𝑎ℎ(·, ·) is coercive and continuous,
and 𝑏ℎ(·, ·) is continuous and satisfies a discrete inf-sup condition on the pair of functional spaces Vℎ–𝒬ℎ

according to the following lemma, cf. equation (5.7) of reference [55].

Lemma 6.2. Let 𝑏ℎ(·, ·) be the discrete bilinear form defined in (6.11). Then, there exists a strictly positive,
real constant 𝐶𝑏 > 0 such that

sup
𝑣ℎ∈Vℎ∖{0}

𝑏ℎ(𝑣ℎ, 𝑞ℎ)
|𝑣ℎ|1,ℎ

≥ 𝐶𝑏‖𝑞ℎ‖ ∀𝑞ℎ ∈ 𝒬ℎ. (6.14)

Now, we focus on deriving a bound on the difference between the functional (6.12) applied to the stream func-
tion 𝜓 solving the continuous variational formulation (2.4) and its virtual element approximation solving (3.1).

Lemma 6.3. Let Fℎ(𝜓; f) and Fℎ(𝜓ℎ; f) be the functional defined in (6.12) respectively applied to 𝜓 ∈ U, the
solution to (2.4), and 𝜓ℎ ∈ Uℎ, the solution to (3.1). Then, there exists a real, positive constant 𝐶𝜆 > 0,
independent of ℎ, such that

|Fℎ(𝜓; f)(𝑣ℎ)− Fℎ(𝜓ℎ; f)(𝑣ℎ)| ≤ 𝐶𝜆 |𝜓 − 𝜓ℎ|2,ℎ |𝑣ℎ|1,ℎ. (6.15)

Proof. Upon employing the definition (6.12), we obtain

|Fℎ(𝜓; f)(𝑣ℎ)− Fℎ(𝜓ℎ; f)(𝑣ℎ)| ≤ 𝜈
∑︁

𝐾∈Ωℎ

⃒⃒⃒⃒∫︁
𝐾

∇Π1,𝐾curl (𝜓 − 𝜓ℎ) : ∇Π∇,𝐾𝑣ℎ

⃒⃒⃒⃒

+
∑︁

𝐾∈Ωℎ

⃒⃒⃒⃒∫︁
𝐾

∇Π1,𝐾curl (𝜓 − 𝜓ℎ)𝛽 ·𝒫𝐾
0 𝑣ℎ

⃒⃒⃒⃒

+ 𝛾
∑︁

𝐾∈Ωℎ

⃒⃒⃒⃒∫︁
𝐾

Π1,𝐾curl (𝜓 − 𝜓ℎ) ·𝒫𝐾
0 𝑣ℎ

⃒⃒⃒⃒
. (6.16)

Since Π1,𝐾 is a continuous operator with respect to the 𝐻1-semi-inner product, we bound the first term as
follows

𝜈
∑︁

𝐾∈Ωℎ

⃒⃒⃒⃒∫︁
𝐾

∇Π1,𝐾curl (𝜓ℎ − 𝜓) : ∇Π∇,𝐾𝑣ℎ

⃒⃒⃒⃒
≤ 𝐶(𝜈)|𝜓ℎ − 𝜓|2,ℎ |𝑣ℎ|1,ℎ. (6.17)
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Likewise, using the continuity of the projection operators 𝒫𝐾
0 and Π1,𝐾 , and applying the Poincaré inequality

yields the following bound on the second integral term∑︁
𝐾∈Ωℎ

⃒⃒⃒⃒∫︁
𝐾

(︁
∇Π1,𝐾curl (𝜓ℎ − 𝜓)

)︁
𝛽 ·𝒫𝐾

0 𝑣ℎ

⃒⃒⃒⃒
≤ 𝐶(𝐶𝛽 , 𝐶𝑝)|𝜓ℎ − 𝜓|2,ℎ |𝑣ℎ|1,ℎ, (6.18)

where we recall that 𝐶𝛽 is the constant introduced in (2.9), and 𝐶𝑝 is the constant appeared in the Poincaré
inequality. Finally, applying the Poincaré inequality and the continuity of Π1,𝐾 yields the following bound the
third integral term

𝛾
∑︁

𝐾∈Ωℎ

⃒⃒⃒⃒ ∫︁
𝐾

Π1,𝐾curl (𝜓ℎ − 𝜓) ·𝒫𝐾
0 𝑣ℎ

⃒⃒⃒⃒
≤ 𝐶(𝛾)‖Π1,𝐾curl (𝜓ℎ − 𝜓)‖0,Ω ‖𝒫𝐾

0 𝑣ℎ‖0,Ω

≤ 𝐶(𝛾)‖Π1,𝐾curl (𝜓ℎ − 𝜓)‖1,ℎ ‖𝒫𝐾
0 𝑣ℎ‖0,Ω

≤ 𝐶(𝐶(𝛾), 𝐶𝑝)|𝜓ℎ − 𝜓|2,ℎ |𝑣ℎ|1,ℎ. (6.19)

The assertion of the lemma follows on inserting estimates (6.17)–(6.19) into (6.16). �

Before deriving an estimate for the pressure approximation error, we need to introduce the consistency error.
Let f and 𝑝 be the right-hand side forcing term and the pressure solution to the variational formulation (2.2).
Then, the consistency error Yℎ(·, ·) is given by

Yℎ(𝜓,𝑣ℎ) := Fℎ(𝜓, f)(𝑣ℎ)− 𝑏ℎ(𝑣ℎ, 𝑝) ∀𝜓 ∈ 𝐻2(Ω), ∀𝑣ℎ ∈ Vℎ.

The consistency error can be controlled as stated by the following lemma.

Lemma 6.4. Let 𝜓 ∈ 𝐻2+𝑟(Ω), 𝑟 ∈ [0, 1], be the solution to the stream function formulation (2.3). Then, there
exists a strictly positive, real constant 𝐶 > 0, independent of ℎ, such that

|Yℎ(𝜓,𝑣ℎ)| ≤ 𝐶 ℎ𝑟 |𝜓|2+𝑟 |𝑣ℎ|1,ℎ ∀𝑣ℎ ∈ Vℎ. (6.20)

Proof. Upon employing (6.12), we obtain

Fℎ(𝜓, f)(𝑣ℎ)− 𝑏ℎ(𝑣ℎ, 𝑝) = 𝜈
∑︁

𝐾∈Ωℎ

∫︁
𝐾

(︁
∇Π1,𝐾curl𝜓 : ∇Π∇,𝐾𝑣ℎ +

(︁
∇Π1,𝐾curl𝜓

)︁
𝛽 ·𝒫𝐾

0 𝑣ℎ

+ 𝛾Π1,𝐾curl𝜓 ·𝒫𝐾
0 𝑣ℎ − f ·𝒫𝐾

0 𝑣ℎ

)︁
−
∑︁

𝐾∈Ωℎ

∫︁
𝐾

𝑝 div 𝑣ℎ. (6.21)

Reasoning as in the proof of Lemma 4.5, we need to prove that (6.20) is true for 𝑟 = 0 and 𝑟 = 1. The case
for 𝑟 = 0 follows directly from the continuity of the projection operators. Then, we consider the case for 𝑟 = 1.
First, an integration by parts yields∫︁

𝐾

𝑝div 𝑣ℎ = −
∫︁

𝐾

𝑣ℎ · ∇𝑝+
∑︁

𝑒⊂𝜕𝐾

∫︁
𝑒

𝑣ℎ · n𝑒𝑝.

Upon using (1.1a), we rewrite the integration over 𝐾 as∫︁
𝐾

𝑣ℎ · ∇𝑝 =
∫︁

𝐾

𝑣ℎ ·
(︀
f + 𝜈Δ𝑢− (∇𝑢)𝛽 − 𝛾𝑢

)︀
=
∫︁

𝐾

𝑣ℎ · f + 𝜈

∫︁
𝐾

𝑣ℎ ·Δ𝑢−
∫︁

𝐾

𝑣ℎ · (∇𝑢)𝛽 − 𝛾

∫︁
𝐾

𝑣ℎ · 𝑢.
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We integrate by parts the diffusion term, and we find that∫︁
𝐾

Δ𝑢 · 𝑣ℎ = −
∫︁

𝐾

∇𝑢 : ∇𝑣ℎ +
∑︁

𝑒∈𝜕𝐾

∫︁
𝑒

(∇𝑢)n𝑒 · 𝑣ℎ.

We sum over all the mesh elements 𝐾 and use the fact that 𝑢 = curl𝜓 to obtain∑︁
𝐾∈Ωℎ

∫︁
𝐾

𝑝 div 𝑣ℎ = −
∑︁

𝐾∈Ωℎ

(︂∫︁
𝐾

𝑣ℎ · f + 𝜈

∫︁
𝐾

∇curl𝜓 : ∇𝑣ℎ +
∫︁

𝐾

(︀
∇curl𝜓

)︀
𝛽 · 𝑣ℎ + 𝛾

∫︁
𝐾

curl𝜓 · 𝑣ℎ

+
∑︁

𝑒∈𝜕𝐾

∫︁
𝑒

(𝑝𝐼 − 𝜈∇curl𝜓)n𝑒 · 𝑣ℎ

)︂
, (6.22)

𝐼 being the identity matrix. We substitute (6.22) in (6.21), rewrote the double sum “
∑︀

𝐾∈Ωℎ

∑︀
𝑒∈𝜕𝐾” as a sum

over all the mesh edges, and obtain

Fℎ(𝜓ℎ, f)(𝑣ℎ)− 𝑏ℎ(𝑣ℎ, 𝑝) =
∑︁

𝐾∈Ωℎ

𝜈

∫︁
𝐾

(︁(︁
∇Π1,𝐾curl𝜓 −∇curl𝜓

)︁
: ∇𝑣ℎ +

(︁
f −𝒫𝐾

0 f
)︁
𝑣ℎ

+
(︁
∇Π1,𝐾curl𝜓

)︁
𝛽 ·𝒫𝐾

0 𝑣ℎ − (∇curl𝜓)𝛽 · 𝑣ℎ

)︁
−
∑︁
𝑒∈ℰℎ

∫︁
𝑒

(𝑝𝐼 − 𝜈∇curl𝜓)n𝑒 · [[𝑣ℎ]]. (6.23)

In (6.23), we introduced the jump of a vector, which is defined as [[𝑣ℎ]] = 𝑣+
ℎ − 𝑣−ℎ , where 𝑣±ℎ is the trace of

𝑣ℎ along edge 𝑒 from the two opposite elements 𝐾+, and 𝐾− sharing 𝑒. The elements are labeled so that n𝑒

points from 𝐾+ to 𝐾−. We denote the edge integrals as

𝑇𝐵 =
∑︁
𝑒∈ℰℎ

∫︁
𝑒

(︀
𝑝𝐼 − 𝜈∇curl𝜓

)︀
n𝑒 · [[𝑣ℎ]],

and, to ease the notation, we introduce the symbol 𝜇 =
(︀
𝑝𝐼−𝜈∇curl𝜓

)︀
·n𝑒. The definition of the nonconforming

space 𝐻2,NC(Ωℎ), cf. (3.4a), and the fact that Vℎ(𝐾) ⊂ 𝐻2,NC(Ωℎ) implies that∫︁
𝑒

q𝑘−1 · [[𝑣ℎ]] = 0 ∀𝑣ℎ ∈ Vℎ, ∀q𝑘−1 ∈
[︀
P𝑘−1(𝐾)

]︀2
,

which holds for every mesh edge 𝑒 ∈ ℰℎ. Consequently, we have

|𝑇𝐵 | =

⃒⃒⃒⃒
⃒∑︁
𝑒∈ℰℎ

∫︁
𝑒

(𝜇−𝒫𝑒
0𝜇) · [[𝑣ℎ −𝒫𝑒

0𝑣ℎ]]

⃒⃒⃒⃒
⃒ ≤ ∑︁

𝑒∈ℰℎ

‖𝜇−𝒫𝑒
0𝜇‖0,𝑒 ‖[[𝑣ℎ −𝒫𝑒

0𝑣ℎ]]‖0,𝑒, (6.24)

where 𝒫𝑒
0 is the vector-valued 𝐿2-orthogonal projection operator on edge 𝑒. By using the approximation property

of 𝒫𝑒
0, we estimate

‖𝜇−𝒫𝑒
0𝜇‖0,𝑒 ≤ 𝐶 ℎ1/2|𝜇|1,𝐾 , (6.25a)

‖[[𝑣ℎ −𝒫𝑒
0𝑣ℎ]]‖0,𝑒 ≤ 𝐶 ℎ1/2

(︁
|𝑣ℎ|1,𝐾+ + |𝑣ℎ|1,𝐾−

)︁
, (6.25b)

where 𝑒 is shared by two elements 𝐾+, and 𝐾−. Inserting (6.25) into (6.24), we derive

|𝑇𝐵 | ≤ 𝐶 ℎ (|𝑝|1,Ω + |𝜓|3,Ω)|𝑣ℎ|1,ℎ. (6.26)
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By using the orthogonality and approximation properties of the projection operator 𝒫𝐾
0 , we find that∑︁

𝐾∈Ωℎ

⃒⃒⃒⃒∫︁
𝐾

(︁
f −𝒫𝐾

0 f
)︁
𝑣ℎ

⃒⃒⃒⃒
≤ 𝐶 ℎ |f |0,Ω |𝑣ℎ|1,ℎ. (6.27)

Furthermore, by using the approximation properties of Π1,𝐾 , we derive the bound∑︁
𝐾∈Ωℎ

⃒⃒⃒⃒
𝜈

∫︁
𝐾

(︁
∇Π1,𝐾curl𝜓 −∇curl𝜓

)︁
: ∇𝑣ℎ

⃒⃒⃒⃒
≤ 𝐶(𝜈)ℎ|𝜓|3,Ω |𝑣ℎ|1,ℎ. (6.28)

By splitting and employing the approximation property of Π1,𝐾 defined in Lemma 3.4, and 𝒫𝐾
0 , we bound the

term as∑︁
𝐾∈Ωℎ

∫︁
𝐾

(︁
∇Π1,𝐾curl𝜓

)︁
𝛽 ·𝒫𝐾

0 𝑣ℎ − (∇curl𝜓)𝛽 · 𝑣ℎ =
∫︁

𝐾

(︁
∇
(︁
Π1,𝐾curl𝜓 − curl𝜓

)︁)︁
𝛽 ·𝒫𝐾

0 𝑣ℎ

+
∫︁

𝐾

(∇curl𝜓)𝛽
(︁
𝒫𝐾

0 𝑣ℎ − 𝑣ℎ

)︁
≤ 𝐶(𝐶𝛽 , 𝐶𝑝) ℎ|𝜓|3,Ω |𝑣ℎ|1,ℎ. (6.29)

Inequality (6.20) follows on using estimates (6.26)–(6.29) into (6.23). �

Finally, we estimate the approximation error for the pressure variable. The proof of this theorem is based on
the previous lemmas.

Theorem 6.1. Let (𝑤ℎ, 𝑝ℎ) ∈ Vℎ×𝒬ℎ be the solution of the variational problem (6.13a). Then, for 𝑝 ∈ 𝐻𝑟(Ω)
and 𝜓 ∈ 𝐻2+𝑟(Ω), 𝑟 ∈ (1/2, 1], it holds that

|𝑝− 𝑝ℎ|0,Ω ≤ 𝐶 ℎ𝑟
(︁
|𝑝|𝑟,Ω + |𝜓|2+𝑟,Ω + |f |0,Ω

)︁
. (6.30)

Proof. We add and subtract Fℎ(𝜓, f)(𝑣ℎ) and 𝑏ℎ(𝑣ℎ, 𝑝) in (6.13a), and we have

𝑎ℎ(𝑤ℎ,𝑣ℎ) = Fℎ(𝜓ℎ, f)(𝑣ℎ)− 𝑏ℎ(𝑣ℎ, 𝑝ℎ)
= Fℎ(𝜓ℎ, f)(𝑣ℎ)− Fℎ(𝜓, f)(𝑣ℎ) + Fℎ(𝜓, f)(𝑣ℎ)
− 𝑏ℎ(𝑣ℎ, 𝑝) + 𝑏ℎ(𝑣ℎ, 𝑝− 𝑝ℎ). (6.31)

By inserting 𝑣ℎ = 𝑤ℎ in (6.31), and noting that 𝑏ℎ(𝑤ℎ, 𝑝ℎ) = 𝑏ℎ(𝑣ℎ, 𝑝ℎ) = 0, we find that

𝐶|𝑤ℎ|21,ℎ ≤ 𝑎ℎ(𝑤ℎ,𝑤ℎ) = Fℎ(𝜓ℎ, f)(𝑤ℎ)− Fℎ(𝜓, f)(𝑤ℎ) + Fℎ(𝜓, f)(𝑤ℎ)− 𝑏ℎ(𝑤ℎ, 𝑝) + 𝑏ℎ(𝑤ℎ, 𝑝− 𝑞ℎ)

for all 𝑞ℎ ∈ 𝒬ℎ. By using Lemmas 6.3 and 6.4, we find the estimate

|𝑤ℎ|1,ℎ ≤ 𝐶

(︃
|𝜓 − 𝜓ℎ|2,ℎ + |𝑝− 𝑞ℎ|0,Ω + sup

𝑣ℎ∈Vℎ∖{0}

|Yℎ(𝜓,𝑣ℎ)|
|𝑣ℎ|1,ℎ

)︃
· (6.32)

Moreover, for any 𝑞ℎ ∈ 𝒬ℎ, we have

𝑏ℎ(𝑣ℎ, 𝑞ℎ − 𝑝ℎ) = 𝑏ℎ(𝑣ℎ, 𝑞ℎ − 𝑝) + 𝑏ℎ(𝑣ℎ, 𝑝− 𝑝ℎ) = 𝑏ℎ(𝑣ℎ, 𝑞ℎ − 𝑝) + 𝑎ℎ(𝑤ℎ,𝑣ℎ)
−Yℎ(𝜓,𝑣ℎ)− Fℎ(𝜓ℎ, f)(𝑣ℎ) + Fℎ(𝜓, f)(𝑣ℎ).

By using the inf-sup condition from Lemma 6.2, we obtain

|𝑞ℎ − 𝑝ℎ|0,Ω ≤ |𝑝− 𝑞ℎ|0,Ω + |𝑤ℎ|1,ℎ + |𝜓 − 𝜓ℎ|2,ℎ + sup
𝑣ℎ∈Vℎ∖{0}

|Yℎ(𝜓,𝑣ℎ)|
|𝑣ℎ|1,ℎ

·
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Upon bounding the term |𝑤ℎ|1,ℎ with (6.32), we have

|𝑝− 𝑝ℎ|0,Ω ≤ |𝑝− 𝑞ℎ|0,Ω + |𝑝ℎ − 𝑞ℎ|0,Ω

≤ |𝑝− 𝑞ℎ|0,Ω + |𝜓 − 𝜓ℎ|2,ℎ + sup
𝑣ℎ∈Vℎ∖{0}

|Yℎ(𝜓,𝑣ℎ)|
|𝑣ℎ|1,ℎ

·

By using the estimate for the consistency error from Lemma 6.4, and the 𝐻2-error estimates of 𝜓 from Theo-
rem 4.2 and choosing 𝑞ℎ = 𝒫𝐾

0 𝑝 we obtain

|𝑝− 𝑝ℎ|0,Ω ≤ 𝐶ℎ𝑟
(︁
|𝑝|𝑟,Ω + |𝜓|2+𝑟,Ω + ‖f‖0,Ω

)︁
,

which is the theorem’s assertion. �

Remark 6.1. In this remark, we highlight the regularity of the stream function 𝜓 satisfying 2.3, in particular
that that 𝜓 ∈ 𝐻2+𝑟(Ω), where 𝑟 ∈ (1/2, 1]. To derive the estimates of Theorems 4.1, 4.2, 5.1, 5.2, and 6.1, we
assumed that 𝜓 ∈ 𝐻2+𝑟(Ω), where cf., Theorem 2.2. However, in Lemmas 4.1, 4.4, 4.5, 4.6, and 6.4, we derived
an estimates for general regularity of 𝜓, i.e., 𝜓 ∈ 𝐻2+𝑟(Ω), 𝑟 ∈ [0, 1] by employing real methods of interpolation
([29], Sect. 4.1).

7. Numerical experiments

This section presents and discusses the results of two numerical benchmarks to confirm our theoretical esti-
mates and assess the method’s behavior. We first approximate the stream function in both tests and recover the
velocity field and vorticity through the post-processing technique of Section 5. Then, we recover the approxima-
tion of the pressure variable from the solution of the stream function formulation using the method discussed
in Section 6.

We quantify the approximation errors for stream function, velocity, and vorticity fields, and pressure by using
the projection operators, Π𝐾,Δ, Π1,𝐾 , and Π0

𝐾 , according to the following definitions:

ℰ2(𝜓) :=
∑︁

𝐾∈Ωℎ

(︀
|𝜓 −Π𝐾,Δ𝜓ℎ|22,𝐾

)︀1/2
; ℰ1(u) :=

∑︁
𝐾∈Ωℎ

(︁⃒⃒
u−Π1,𝐾uℎ

⃒⃒2
1,𝐾

)︁1/2

;

ℰ0(𝜔) :=
∑︁

𝐾∈Ωℎ

(︁⃒⃒
𝜔 −Π0

𝐾𝜔ℎ

⃒⃒2
0,𝐾

)︁1/2

; ℰ0(𝑝) :=
∑︁

𝐾∈Ωℎ

(︁
|𝑝− 𝑝ℎ|20,𝐾

)︁1/2

. (7.1)

Furthermore, we let ℛ𝑖(𝜂), 𝑖 ∈ {0, 1, 2}, 𝜂 ∈ {𝜓,u, 𝜔, 𝑝}, denote the rate of convergence for the approximation
errors measured using the 𝐿2 norm and the broken 𝐻1, and 𝐻2 semi-norms. Further, we emphasize that for
the numerical experiments, we have considered the following closed forms of the stabilizers such as follows:

S𝐾
𝒜 (𝜑ℎ, 𝜉ℎ) := ℎ−2

𝐾

𝑁𝐾
dof∑︁

𝑖=1

dof𝑖(𝜑ℎ)dof𝑖(𝜉ℎ) ∀𝜑ℎ, 𝜉ℎ ∈ Uℎ(𝐾),

S𝐾
𝒞 (𝜑ℎ, 𝜉ℎ) := ℎ2

𝐾

𝑁𝐾
dof∑︁

𝑖=1

dof𝑖(𝜑ℎ)dof𝑖(𝜉ℎ) ∀𝜑ℎ, 𝜉ℎ ∈ Uℎ(𝐾),

where 𝑁𝐾
dof denotes total number of degrees of freedom of a polygon 𝐾, and the stabilizers are completely

computable from DoFs associated with the discrete space.
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Figure 1. We discretize the computational domain using four different mesh families: (a)
square mesh, (b) non-convex mesh, (c) smoothly remapped polygons, and (d) Voronoi mesh.

7.1. Test 1. Smooth solution in a convex domain

In this example, we solve the Oseen equations (1.1a)–(1.1d) on the unit square domain Ω = (0, 1) × (0, 1)
with the following coefficients: 𝜈 = 1, 𝛾 = 100. For convective field and the exact divergence-free velocity field,
we choose

𝛽 :=
[︂
sin(𝑥) sin(𝑦)
cos(𝑥) cos(𝑦)

]︂
, 𝑢 :=

[︂
2𝑥2(1− 𝑥)2𝑦(𝑦 − 1)(2𝑦 − 1)
−2𝑦2(1− 𝑦)2𝑥(𝑥− 1)(2𝑥− 1)

]︂
. (7.2)

The pressure variable is 𝑝 = 𝑥3 + 𝑦3 − 1
2 , and f is computed by inserting u, and 𝑝 into (1.1a). Further, the

associated stream function is given by 𝜓 = 𝑥2(1− 𝑥)2𝑦2(1− 𝑦)2.
The errors are evaluated by solving the discrete scheme (3.1) on the meshes of Figure 1 and considering four

further refinements.
Figure 2 shows the log–log plots versus the mesh size parameter ℎ of the error curves for the virtual element

approximations of the stream function, and the post-processed velocity, vorticity and pressure field. The con-
vergence rates are reflected by the slopes of the error curves. We explicitly report the rate of the last refinement
on each figure and we show the corresponding slope with a triangle. Figure 3 shows a snapshot of these fields.

All convergence rates are in agreement with our theoretical expectations.

7.2. Test 2. Nonsmooth solution on 𝐿 shaped domain

In this section, we focus on examining the convergence nature of the discrete stream function, discrete velocity
field, and vorticity on a non-convex 𝐿 shaped domain where the exact solution 𝜓 is not a smooth function. For
the computational domain, we consider Ω = (−1, 1) × (−1, 1) ∖ (0, 1) × (−1, 0). The ground-truth solution for
the stream function is given by 𝜓(𝑥, 𝑦) = 𝑟5/3 sin( 5𝜃

3 ), where 𝑟 is the radial distance from the origin and 𝜃 is the
angle with the vertical axis. The radial derivative of 𝜓 is unbounded near the origin; consequently, the solution
has a weak singularity at that location. Furthermore, 𝜓(𝑥, 𝑦) ∈ 𝐻2+𝑟(Ω), where 𝑟 ≤ 2

3 , and the velocity vector
is given by 𝑢 = curl𝜓. We choose the pressure variable as 𝑝(𝑥, 𝑦) = 𝑥2 +𝑦2−2, so that 𝑝 satisfies the zero mean
condition on the computational domain Ω, i.e.,

∫︀
Ω
𝑝 = 0. We also set the coefficients 𝜈, 𝛾, and the convective

field 𝛽 as in Test 1.
Table 1 illustrates the convergence behavior of the numerical approximation of the stream function, the veloc-

ity field, and the vorticity field. Furthermore, the less regularity of the stream function affects the convergence
rate of the pressure variable approximation as shown in Table 1.

Remark 7.1. We stress that for the development of the theoretical analysis, we have assumed that the coeffi-
cients 𝜈, 𝛽, and 𝛾 are constant. In fact, the proposed analysis can be extended for the variable coefficients by
imposing the admissible conditions on the norms of the coefficients. For numerical evidence, we have verified the
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Figure 2. Test 1. Error curves with respect to the mesh size parameter ℎ and convergence
rates for the approximation of 𝜓, u, 𝜔 and 𝑝 using the broken 𝐻2- and 𝐻1-seminorm and the
𝐿2-norm.

theory by considering examples that have variable coefficients. Indeed, the numerical experiments performed for
a more general model problem with variable coefficients shows the wide applicability of the proposed numerical
scheme.

8. Conclusions

We considered the virtual element approximation of the stream function formulation of the Oseen equations
on convex and non-convex domains. In particular, we approximated the reduced biharmonic model problem by
using a Morley-type nonconforming VEM. We discussed the post-proessing of the velocity and vorticity fields
based on suitable polynomial projection operators on Morley space. Furthermore, to post-process the pressure
variable, we introduced an auxiliary Stokes-like problem that we discretized on a Crouzeix–Raviart-type discrete
velocity space. This latter space is in a Stokes-complex relationship with the Morley-type nonconforming virtual
element space. Two representative benchmark problems numerically show the performance of the method. A
numerical approximation of the eigenvalue problem for the Oseen equation would be a further field of interest.
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Figure 3. Test 1: “Snapshots” of the approximate stream function, and the post-processed
velocity, vorticity, and pressure. (a) Discrete stream function. (b) Discrete velocity. (c) Discrete
vorticity. (d) Discrete pressure.

Table 1. Test 2. Approximation errors ℰ𝑖(·) and corresponding comvergence rates ℛ𝑖(·) for the
stream-function, velocity, vorticity, and pressure fields using the broken 𝐻2- and 𝐻1-seminorms
and the 𝐿2-norm.

ℎ ℰ2(𝜓) ℛ2(𝜓) ℰ1(𝑢) ℛ1(𝑢) ℰ0(𝜔) ℛ0(𝜔) ℰ0(𝑝) ℛ0(𝑝)

1/8 2.37144e–1 – 2.2810e–1 – 7.3410e–2 – 1.6603e–1 –
1/16 1.54398e–1 0.61 1.5896e–1 0.52 5.8825e–2 0.31 8.9592e–2 0.89
1/32 9.7490e–2 0.66 1.0256e–1 0.63 3.8541e–2 0.61 5.2175e–2 0.78
1/64 6.2756e–2 0.64 6.5270e–2 0.65 2.4392e–2 0.66 3.1239e–2 0.74
1/128 3.9843e–2 0.65 4.1022e–2 0.67 1.5437e–2 0.66 1.8834e–2 0.73
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